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ABSTRACT

For a reinforced concrete flexural member near ulti
mate load, the distribution of stress along the depth of a 
rectangular member section varies nonlinearly with respect 
to the concrete strain. To study the ultimate load capacity 
of a reinforced concrete member, mathematical representation 
of the stress-strain relationship is essential. By fitting 
the Richard equation to the experimentally obtained stress- 
strain curve, an analytical expression may be obtained.

The Whitney rectangular and the parabolic stress 
blocks have been widely accepted as two of the more accurate 
approximations to the actual stress distribution in the re
inforced concrete member section. Knowing the actual 
stress-strain relationship, and applying, the trapezoidal 
rule and the numerical integration procedure, a more accu
rate approximation of the actual stress distribution may be 
determined.

Comparisons of results obtained by Whitney's rectan
gular and the parabolic stress block with that obtained by 
the numerical integration method were made. Excellent 
agreement between the three methods was found for lower 
strength concrete. However, the error progressed with the 
increase in concrete strength. Special considerations on 
concrete strengths of 6000-10,000 psi were made. It was
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ix
concluded that both Whitney and the parabolic stress block 
method are conservative in the practical working load range,
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CHAPTER 1

INTRODUCTION

High strength concrete (f^ > 6000 psi) , relatively 
unknown a decade ago, has gained its popularity due to the 
modern trends in the design of concrete multi-story build
ings. Concrete with strength greater than 8000 psi is con
sidered economical for lower floors of high rise buildings. 
High strength concrete columns are more slender in propor
tion and are capable of carrying higher loads. Larger in
terior spaces between columns and a generally more 
economical structure results.

Numerous experimentally obtained stress-strain 
curves for concretes with strength up to 7500 psi can be 
found in various professional journals. The Richard equa
tion was fitted to these curves. However, for concretes 
with strength of 8000-10,000 psi, there is no experimentally 
obtained stress-strain curve published. Curves of concrete 
strengths versus two of the Richard equation parameters, 
namely the tangent modulus and the plastic modulus, were 
plotted and the values of the Richard parameter for higher 
strength concrete were obtained from these curves. Hypothet
ical stress-strain curves for high strength concretes were 
generated from these parameters. These curves were then

1



used in the study of validity of Whitney's rectangular 
stress block assumption on high strength concretes.

The compressive force of a concrete section is equal
to the product of the average area under the stress distri
bution curve and the width of the section. The resultant 
force can be computed by integrating a mathematical equation 
of the stress distribution curve or it can be approximated 
by the Whitney's rectangular stress block method. The for
mer,method, based on a numerical integration procedure using 
the trapezoidal rule, is presented in this thesis.

The value of concrete strain of the extreme fiber on
the compressive face of a column section is assumed to be
.003 in/in by the American Concrete Institute Design Code. 
For high strength concrete, the ultimate strain obtained in 
tests is found to be less than that of the assumed value. A 
study of effects of the compressive strain value on ultimate 
column load capacity was made. It is concluded that a vari
able ultimate strain value based on the concrete strength 
should be used in order to obtain the true maximum load 
capacity.



CHAPTER 2

HISTORICAL DEVELOPMENTS

The geometrical shape of the stress distribution in 
a reinforced concrete member section, often referred to as 
the stress block, depends largely on the stress strain rela
tionship of the concrete used. Since R« M. Von Thullie’s 
flexural theory of 1897 and W. Ritter's introduction of the 
parabolic stress block in 1899, a large number of ultimate 
strength theories involving a variety of hypothetical stress 
blocks have been developed (1). In 1912, E. Suenson first 
introduced the use of the rectangular stress block. His 
analysis covers the case of tension failure in a rectangular 
beam only, and strain compatibility equation was not used.
In 1914, L. J. Mensch applied Ritter's parabolic stress 
block to both tension and compression failure of rectangular 
beams with or without compressive reinforcement (2). . Empha
sis on the ultimate strength theory was diminished due to 
the wide acceptance of the elastic straight-line theory and 
the concept of the working stress in design. In the 1930's, 
field studies were made by F. Von Emperger on the modular 
ratio and working stresses used in column design. The elas
tic straight-line theory concept of stresses in steel and 
concrete being in proportion to the moduli values was found



unacceptable. Due to the creep of concrete, reinforcing 
steels carry much more load than calculated by straight-line 
theory. Renewed interest in ultimate strength theory was 
initiated at this time (1, 3).

In 1940, C. S. Whitney presented a paper on rectan
gular stress block which gained wide acceptance in the 
United States (4) . His theory became the basis of design 
codes in many countries. Whitney assumed that the parabolic 
stress distribution in a concrete section could be replaced 
by an equivalent rectangular stress block whose area is 
equal to the actual curved stress diagram, and whose resul
tant force acts at the same distances from the neutral axis 
(see Figure 1).

■Cu

— N. A .
a) Strain b) Actual Stress c) Whitney's Stress

Block Block

Figure 1. Comparison of Whitney's stress block with the 
actual stress distribution.
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Whitney’s assumption agreed with values obtained 

from other methods and checked with the experimental re
sults. The agreement is excellent for low to medium 
strength concrete members. The percentage of error in
creases with increases in concrete strength. A maximum 
error of nine percent for concrete strength of 10,000 psi 
was presented by Ho'ffman and Rice (5) when comparing Whit
ney’s with the parabolic stress block method. Various other 
geometric shapes (see Figure 2) were introduced, such as the 
hyperbolic stress block by C. Schreyer in 1933, trapezoidal 
stress block by J. Melan in 1936, cubic parabola used by the 
Russian specification in 1938 and a combination of cubic 
parabola and sine curve representation by R. Chambaud in 
1949 (2). The Whitney’s rectangular stress block theory is 
used more in practice because of its simplicity while others 
are used more by researchers.



u £cu

yperbola

C. Schreyer (1933)

cbf

Cubic
Parabola

Russian Specification (1938)

Figure 2. Assumptions in flexural analysis.

J . Melan (1936)

Cubic
Parabola

Sine Wave

R. Chambaud (1949) 

Source, Hognestad (2) .



CHAPTER 3 

STRESS-STRAIN RELATIONSHIP

The performance and behavior of structural members 
under load depends largely on the materials stress - strain 
relationship. Reinforced concrete is composed of materials 
with two distinct characteristics, namely the strain harden 
ing material of steel and the strain softening material of 
concrete. The stress - strain relationship of both materials 
must be considered.

The Richard Equation 
Numerous expressions have been developed to repre

sent the experimentally obtained stress-strain curve mathe
matically. A widely accepted and used expression is the 
Ramberg-Osgood (6) three parameter polynominal which gives 
the strain explicitly in terms of stress:

e = w + K[£]n CD

where a is the stress, e is the strain, E is Young's modulus 
and K is a constant defined in Figure 3. The Ramberg-Osgood 
equation, however, applies only to materials that exhibit an 
elastic-perfectly plastic stress - strain relationship. It



cannot be used to approximate stress -strain curve exhibiting 
strain softening.

Strain

Figure 3. Ramberg-Osgood equation parameters.

Eivind Hognestad (2) has developed an expression to 
approximate a concrete stress-strain curve exhibiting strain 
softening. Hognestad's expression represents the curve by 
two equations; a parabola for strain less than e0 and a 
straight line for strain greater than e0 (see Figure 4).
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V)
V)<U
4->(/)

Figure 4. Analytical expression for concrete stress-strain 
curve developed by E. Hognestad.

The American Concrete Institute adopted a similar
two-equation representation. For strain less than e0, the 
curve is represented by a parabola. For strain greater than
e0, a constant stress value of 0.85 f^ is assumed. However, 
the strain-softening characteristic is ignored by AC I code
(see Figure 5).

e0 Strain
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t/1to<u
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CO

fc

Figure 5.
Strain u = .003

Concrete stress - strain curve assumed by the 
American Concrete Institute.

A three parameter expression similar to the Ramberg- 
Osgood equation which gives stress explicitly in terms of 
strain is the Richard equation (7):

(2)
E,e n 1/n + ^

ii * i ^ l  i

where is the plastic modulus, E is Young’s modulus, E^ = 
E - Ep, n is the shape parameter of the stress strain curve 
and a0 is a 'reference1 plastic stress (see Figure 6).
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(/>(/)o
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CO

oa

ea
Strain

Figure 6. Richard equation parameters

For an elastic-perfectly plastic stress-strain curve 
(Ep = 0), the Richard equation is reduced to:

a =  —   (3)
a o

Solving equation 3 for strain explicitly in terms of stress:

e  5Z£  (4)
n 1/n 

[1 - 1

Figure 7 is a nondimensional plot of equation 3 demonstrat
ing how the value of n affects the shape of the stress - 
strain curve.



e/eo

Figure 7. Nondimensional stress-strain relationship of 
equation 3.

The shape parameters may be determined by forcing 
the analytical expression through two points on the stress - 
strain curve (Ga>aa) and Ce^,o^) where = 2ea. The re
sulting equation:

An - 1 - —  (Bn - 1) = 0 (5)
2n

where A = E^/(Ea - E )

B = Ei/(Eb - EP)

Ea = °a/Ea



13

Eb = °b/eb

The shape parameter is then obtained either by numerical 
iteration of equation 5 or from Figure 9 (p. 14) which is a 
set of curves satisfying equation 5. The parameter aq is 
obtained from the following equation:

only stress - strain curves exhibiting strain hardening as the 
Ramberg-Osgood equation, but also applicable to concrete 
stress - strain curves as the Hognestad equations. An experi
mentally obtained concrete stress - strain curve and the cal
culated curve using both the Richard and Hognestad equations 
are given in Figure 8.

(6)

The Richard equation can be used to approximate not

5

Experimental
Hognestad
Richard

. 001 .002 . 003 .004 . 005 .006 .007
Strain

Figure 8. Concrete stress - strain curve and corresponding 
analytical curves.
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Concrete Stress-Strain Curves
In relation to its compressive strength, the tensile 

strength of concrete is low and is often neglected in flex
ural calculations. Its compressive stress-strain relation
ship become the only concern in design. The stress-strain 
relationship is usually obtained by measuring load and de
formation in concrete cylinder tests, or by measuring defor
mation on the compression face of a beam in flexure tests. 
Results have proved that stress-strain curves obtained by 
both methods are identical if the stress is applied at the 
same rate (1).

Concrete is a strain-softening material in compres
sion, and its stress-strain relationship is nonlinear. The 
curve exhibits a distinct maximum stress, after which the 
stress decreases with increases in strain. Figure 10 shows 
a typical set of concrete stress-strain curves used in this 
thesis. All of the curves are similar in character. .At the. 
initial, stage of loading, the curves are substantially lin
ear. The initial slope of these curves, commonly referred 
to as the tangent modulus or the modulus of elasticity, in
creases with the increase of concrete cylinder strength fV 
(fee Figure 11). The slope of the strain-softening region 
of the curve, defined by the Richard equation as the plastic 
modulus, varies nonlinearly with the concrete cylinder 
strength (see Figure 12). These two parameters, together 
with the reference plastic stress and the shape parameter n,
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define the stress-strain curve for various strengths of con
crete. Table 1 gives the value of the parameter used in 
fitting the Richard equation to various strengths of con
crete.

Reinforcing Steel Stress-Strain Curves
Reinforcing steel is primarily used in reinforced 

concrete members to resist tensile stresses while the con
crete is made to resist the compressive stresses. For 
columns where smaller cross-sectional dimensions are de>' . 
sired, compressive reinforcement also could be used. Steel 
has similar characteristics when subjected to tensile or 
compressive loadings, and its stress-strain curve is assumed 
to be identical. Tests have shown that the modulus of elas
ticity E for all grades of available reinforcements is vir
tually a constant value. The American Concrete Institute 
Design Code assumes a constant value of 29 x 10^ psi for E 
for steel grades up to ACI grade 80. Figure 13 illustrates 
a set of stress-strain curves assumed by the ACI Design 
Code.

The ideal stress-strain relationship for steel 
should contain a yield plateau and a strain-hardening re
gion. High strength steel does not have a pronounced yield 
point or yield plateau and its strain-hardening region 
starts soon after its proportional limit. The stress-strain 
curve for high strength steel is more rounded, while the



Table 1» Richard equation parameters for concrete stress-strain curves.

Parameters
Concrete Strength

1150 2100 3000 4000 4800 6000 7000 7800 8400 9900
E (xlO6) 1.65 2.6 3.33 3.92 4.29 5.25 5.4 5.8 6.0 6.5
Ep (xlO6) . - .09 - .40 - -87 -1.55 -2.31 -3.35 -4.67 -7.43 -9.1 -12.8
E1 (xlÔ ) 1.74 3.0 4.20 5.47 6.6 8.60 10.7 13.2 15.1 19.3

0o 1435 4330 6030 8720 11570 13720 19780 26620 32430 45720
n 1.9 1.9 1.9 2.3 2.5 3.8 3.3 4.2 4.2 4.5

too
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Figure 13. Typical stress-strain curve for reinforcing 
steel.
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mild steel can be idealized as bilinear. The Richard equa
tion is fitted to the stress-strain curve for both the mild 
and high strength steel. The values.of parameters used in
the Richard equation are given in Table 2.

. )

Table 2. Richard equation parameters for reinforcing steel 
stress-strain curves.

Parameters
Grade
"40

Grade
.'•60

Grade 
. 75

E (xlO6) 29 29 29
Ep (xlO6) 0 .42 .92
E1 (xlO6) . 29 28.58 28.08

°o 40,000 57,500 . 69,500
n 10 10 10



CHAPTER 4

METHOD OF SOLUTION

Basic Assumptions 
The following basic assumptions are made in the 

derivation of expressions for the ultimate load capacity of 
reinforced concrete members:

1. Analysis is limited to short columns only; buckling 
is not a consideration.

2. Column cross-sections are limited to square or rec
tangular in shape. The procedure can be expanded to 
cover sections with at least one axis of symmetry.

3. The conditions of equilibrium and compatibility of 
strain are satisfied.

4. The distribution of strain across the depth of the 
member remains linear.

5. Tensile strength of concrete is neglected.
6. The strain in the reinforcing steel is assumed equal 

to the strain of concrete at the same position.
7. The stress in concrete is not proportional to 

strain; the shape of the stress distribution depends 
on the corresponding value of strain from the 
stress-strain curve.
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8. The reinforcing steel is assumed to be located as a 
lump-sum mass at its center of gravity. Its stress 
distribution is assumed uniform across the cross- 
section and the value is dependent of the strain.

With the exception of the last two assumptions, these are 
similar to those made by Whitney and many other investiga
tors. The latter assumptions depends on the results of the 
cylinder tests or the established stress - strain curves.

Numerical Integration of Stress Block 
The geometric shape of the stress block of a rein

forced concrete member differs with the strength of concrete 
used (see Figure 14). The total compressive force in the 
concrete is equal to the product of the area under the 
stress block and the width of the member section. For exact

____I

a) Low Strength b) Medium Strength c) High
Concrete Concrete Strength

Concrete
Figure 14. Typical stress distribution at failure.
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analysis, a mathematical expression for the stress distribu
tion is essential. Whitney's method represents the stress 
distribution with a rectangular stress block without the 
knowledge of the exact stress distribution. For low 
strength concrete, Whitney's method yields reasonable agree
ments with the 'exact' analysis. However, the error in
creases with the increase in concrete strength.

The area under the stress distribution curve can be 
approximated by using a numerical integration method. The 
knowledge of a mathematical equation for the stress distri
bution is not required. For a column section subjected to 
flexure, failure strains for extreme concrete fiber and ten
sile reinforcement are assumed. Strain is assumed to be 
linear along the depth of section so that corresponding 
stress values can be obtained from the stress strain curve. 
By applying the trapezoidal rule, the area under the stress- 
distribution curve can be approximated (see Figure 15).

The compression zone of the concrete cross-section 
shown in Figure 15 is divided into m equal segments. Each 
segment has width b and depth d' = c/m, where c is the dis
tance from the neutral axis to the compressive face of the 
member. Strain at the edges of each segment is obtained by 
proportion of similar triangles. The corresponding value of 
stress is obtained from the stress-strain curve. The area 
under the curve in each segment is approximated by the trap- 
ezoid form by replacing the curve by its secant line drawn



__________ n

#3
#4

# m - 1
N.A.

m+1

b) Straina) Column Section

Figure 15. Trapezoidal approximation of concrete stress distribution.

m-1

m+1

c) Stress Distribution

ON
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between the end points of the curve. The compressive force 
for each segment is calculated by the following equation:

al + °2 c

The total compress ive force is s imply the algebraic sum of 
forces for each segment;

m _ o. + o. ic = Z (£)(bn 2 ) (8)c i=l m z

Cc = ^  tol + 2o2 + 2o3 + ••• + °m1 (9)

The bending moment caused by the total compressive 
force Cc is equal to the sum of moments caused by the force 
in each segment. For convenience, the summation of moment 
is taken about the tensile face of the member. The total 
moment can be expressed by following equation:

m
M = E F.X. (10)
c i=i 1 1 .

where is the distance between the tensile face of the 
member and the centerline of each segment, expressed mathe
matically :

m , d'.
X, = d - Id, - (11) 
1 i = l
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The degree of accuracy depends on the number of seg
ments used. In most practical cases, ten segments give 
errors in compressive forces and bending moments of two per
cent or less (see Figure 16). The error is negligible when 
20 segments are used.

Axial Force
Bending Moments

Number of Segments

Figure 16. Percent differences between actual and computed 
forces vs. number of segments.
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Successive Approximation of Failure Strain 
Failure of a concrete member subjected to flexure 

can be assumed when its concrete strain on the compressive 
face exceeds the allowable ultimate strain value (compres
sion failure), Or the strain of the reinforcing steel . 
reaches its maximum (tension failure). Ideally, the member 
should be designed such that both steel and concrete fail 
simultaneously (balanced failure). The distribution of 
strain across the depth of a member section varies with the 
intensity of the applied load and its distance from the mem
ber's centroidal axis. Figure 17 illustrates the column ac
tion in relation to the eccentricity e. In order to perform 
the numerical integration and to calculate the load capaci
ty, a knowledge of the failure strain distribution and the 
location of the neutral axis is necessary.

Since the failure strain is not readily known until 
the balance of forces is achieved, an iterative method must 
be employed. The successive approximation procedure is used 
to find the values of concrete and reinforcing steel strains
y

that satisfy the equilibrium requirements.
An outline of the procedure follows:

1. The maximum strain in the extreme compression fiber, 
of the member and the maximum strain of the tensile 
reinforcement is assumed.

2. Assume a linear strain distribution and locate the 
neutral axis.



Type of FailureStrain StressLoading
Compression Over 
Entire Section

uc
P’=P

e=o Compression Failure
M ’ =0

euc

o<e<«
Tension Over Part of 

Section

c uc’ s us 
Tension Failure

c uc’ s us 
Balance Failure

c uc s us 
Compression Failure

gure 17. Column action in relation to eccentricity e.
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3. Divide the compression zone of the concrete section 

into m segments. Compute the values of strain at 
the edges of each segment. The corresponding stress 
values can then be computed using the Richard equa
tion.

4. Evaluate the forces of each concrete segment and 
calculate the bending moment of this force about the 
tensile face of the member.

5. Find the corresponding strain for reinforcing steel 
and calculate its force and moment.

6. Check equilibrium of all forces. If equilibrium is 
achieved, the assumed strain values are the correct

t
failure strain, otherwise, make appropriate changes 
in strain values and return to step 1.

The solution by successive approximation procedure 
can be very laborious and time consuming if the calculation 
is performed manually. The solution can be easily pro
grammed and solved by the digital computer. A computer pro
gram based on the above procedure was written to obtain the 
solutions.



CHAPTER 5

DISCUSSION OF RESULTS

A 20" x 20" square concrete column was selected for 
the studies in this thesis. Two reinforcement patterns cor
responding to the maximum (eight percent) and minimum (one 
percent) percentage of steel permitted by the American Con
crete Institute Design Code were used. Reinforcing steel 
with yield strength of.60,000 psi and concrete of cylinder 
strength of 4,000, 6,000, 8,000 and 10,000 psi were chosen. 
Their properties and Richard equation parameters were given 
in Tables 1 and 2 in Chapter 3.

Studies were made in two areas. First, a compara^ 
tive study was made on the ultimate moment capacity of the 
column section for a given axial load computed by the three 
methods: the Whitney, the parabolic stress block, and the
numerical integration methods. Interaction diagrams for the 
applied load and its corresponding maximum allowable bending 
moments were generated by these three methods. Secondly, 
the effect of the maximum compressive strain of the extreme 
fiber on the ultimate moment capacity of the member are 
being investigated. The common assumption of .003 in/in for 
concrete strain is found applicable to low strain concrete 
only. The value of ultimate strain should vary with respect

32
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to the concrete strength in order to correctly predict the 
maximum failure loads.

Comparison of the Three Methods of Analysis 
The reinforcing steel stress-strain diagram is as

sumed to be bilinear for both the Whitney’s and the parabol
ic stress block method. The yield strength of steel is 
constant for all strain values beyond the ’yield point1 of 
the steel. The assumption is valid for mild steel. For 
high strength steel, the steel strength is not constant, but 
increases with the increase in strain. The yield point is 
defined as stress at which the total strain is .5 percent. 
For purposes of comparison, the ultimate steel strain is 
assumed equal to .005 in/in in this thesis.

In their paper published in 1973, Hoffman and Rice 
(5) studied the interaction diagrams for a 20’" x 20” square 
concrete section obtained by both parabolic and Whitney’s 
rectangular stress block method. They have concluded that 
the variation between the two results increases with in^ n 
creases in concrete strength. Further comparisons of these 
two methods with the numerical integration method were made 
in this thesis. The results obtained by these three methods 
are shown in Figures 18-21.

Excellent agreement between the three methods was 
achieved for concrete strength of 4000 to 6000 psi. For 
concrete with strength greater than 6000 psi,however, the .
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differences are slightly higher. Better agreements were 
found with the Whitney's method than with the parabolic 
stress block method. The difference is almost negligible 
for concrete with strength up to 6,000 psi. The numerical 
.integration method yields a higher overall ultimate moment 
capacity than the other two methods, whereas the parabolic 
stress block method gives the most conservative results of 
the three methods.

In computing the ultimate axial load capacity P , 
the numerical integration method uses the actual ultimate 
strength of concrete at peak stress. The Whitney and the 
parabolic stress block methods, on the other hand, employed 
the ACI assumed stress-strain curve and used only 85 percent 
of the concrete cylinder strength (.85 f^). As a result, 
the ultimate axial load obtained by the numerical integra
tion method is much higher than that computed by Whitney's 
or the parabolic stress block method.

Figure 22 shows a comparison of the balanced moment 
computed by the three methods. For a one percent rein

forcement ratio, the numerical integration method yields a 
higher result; but Whitney's method gives a greater value 
for the eight percent reinforcement ratio. In the region of 
the interaction diagram where failure is controlled by rein
forcing steel strain, lower ultimate moment values were com
puted by the numerical integration method. Such a low value 
is caused by the assumed low reinforcing steel strain value
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(.005 in/in). When higher values of steel strain are as
sumed, the ultimate moment increases.

Effect of Maximum Concrete Strain 
on Moment Capacity

A reinforced concrete column fails when its extreme 
compressive fiber strain reaches a maximum value. For low 
strength concrete, strains of .003 to .004 in/in have been 
measured immediately preceding failure. For high strength 
concrete, the ultimate strain values are lower. The common 
assumption of using .003 in/in as the ultimate strain for 
all concrete is inadequate for predicting the ultimate load 
capacity. The result based on this assumption is found to 
be conservative for all strength concretes.

In Figures 23 and 24 a family of interaction dia
grams for a 20" x 20" column section with concrete strength 
of 4,000 and 10,000 psi and reinforcement ratio of one per
cent and eight percent are illustrated. Various failure 
strains were selected for generating these curves. For a 
concrete strength of 4,000 psi, small differences result in 
the ultimate moment due to changing in strain values. For a 
concrete strength of 10,000 psi, the differences are much 
higher. Differences as high as 20 percent were found for 
the eight percent reinforcement ratio. An ultimate strain 
of .0026 in/in, rather than the .003 in/in assumed by the 
AC I Design Code, gives the highest value in moment capacity 
for a concrete strength of 10,000 psi for this column.
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"CHAPTER 6

CONCLUSIONS

The Whitney and parabolic stress block method of 
analysis for reinforced concrete flexural members give rea
sonable approximation of ultimate moment capacity for low 
strength concrete. However, these results tend to be over 
conservative for high strength concretes. The numerical 
integration method of analysis gives a better approximation 
of the actual moment capacity when an accurate stress-strain 
relationship of the material is used. The Richard equation 
provided this necessary relationship and was fitted to the 
experimentally obtained stress-strain curve and incorporated 
in the numerical integration method of analysis.

The commonly assumed ultimate strain value of .003 
in/in was found inadequate for predicting ultimate moment 
capacity for high strength concrete. A variable ultimate 
strain value based on the concrete strength should be used 
in order to accurately predict the ultimate moment capacity. 
The actual ultimate strain value, usually obtained by the 
cylinder or the flexural tests, is difficult to measure for 
high strength concrete. The complete stress - strain curve 
for high strength concrete is urgently needed.
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APPENDIX

NOTATIONS 

depth of Whitney stress block

V<Ea " V
area of tensile reinforcement in column 
width of flexural members

V  <Bb - V '
distance from neutral axis to the extreme compres
sive fiber
resultant force of the compressive concrete stress 
block
resultant force of the compressive steel stresses 
effective depth of flexural members
depth of segments used in the numerical integration 
method
eccentricity of the axial load measuring from the 
centroidal axis of the member
Young's modulus or modulus of elasticity
tangent modulus at point a of the stress-strain 
curve
tangent modulus at point b of the stress-strain 
curve
modulus of elasticity for concrete 
plastic modulus
modulus of elasticity of reinforcing steel
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fc - compressive stresses in the extreme fiber of

flexural member
f1 - ultimate compressive strength of concrete obtained
c from concrete cylinder test
f£u - ultimate compressive strength of concrete obtained

from concrete cube test
Fĵ - compressive force for segment number i
fg - allowable stress in tensile reinforcement
h - total depth of flexural member section
K - Ramberg-Osgood equation constant
m . - number of segments used in the numerical integra

tion method
Mc - resisting moment of concrete compressive stresses,

taken about the tensile face of the member
Mi - bending moment corresponding to in column analy

sis, the balanced moment,
M - allowable moment when column section is in pure

flexure
M ’ - ultimate moment corresponding to P ’ in column
u analysis u

n - parameters used in the Ramberg-Osgood and the
Richard equations

N.A. - neutral axis
Pv - the value of axial load below which the allowable

eccentricity is controlled by tension, above which 
by compression in the column interaction diagram

PQ - axial load capacity
P - value of axial load in the column interaction dia^

gram
T - resultant of the reinforcing steel tensile stresses

- distances between face of member and the centerline 
of each segment



strain
value of strain at point a of the stress-strain 
curve
value of strain at point b of the Stress-strain 
curve
concrete extreme fiber strain
value of strain at i-th node between segments
concrete strain corresponding to maximum stress
reinforcing steel tensile strain
ultimate strain value .
ultimate concrete strain
ultimate steel strain
stress
value of stress at point a,of the stress-strain 
carve
value of stress at point b of the stress-strain 
curve
value of stresses corresponding to
initial reference stress; for Richard equation-- 
initial reference plastic stress
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