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ABSTRACT

The plastic behavior of circular two-hinged steel 
arches is studied analytically, considering the effect of 
the axial forces as well as the bending moments in the 
analysis. The combined effect of bending moment and axial 
force is studied by means of an interaction curve which 
for simplifying the analysis is approximated by straight 
lines.

Arches with built-up I sections are analyzed for 
three different loading conditions: a concentrated load,
a uniformly distributed load, and a uniform load on half
span.

A method for calculating the deflections of 
structures at the plastic load is applied to the case of 
arches and is adapted to include the effect of axial 
forces. A simple equation is then presented for the 
deflection of a uniformly loaded 120° arch.

By analyzing a number of arches, typical design 
data are obtained for uniformly loaded 120° arches with 
built-up I sections. The IBM 7072 digital computer is 
utilized in solving the equation.
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CHAPTER I

INTRODUCTION

For many years, engineers based the analysis and 
design of steel structures on a linear theory of elasti
city. On the whole, the results were satisfactory, but 
these methods failed to take advantage of an important 
property of steel, its ductility. Mild steel can deform 
plastically after being stressed to its yield point. This 
means that the load carrying capacity of a steel structure 
is not exhausted when the yield stress is reached. While 
elastic design (or also called allowable stress design) 
specifies a working stress whose value is well within the 
elastic range, in plastic design the members are so selec
ted that the structure will reach its Mmaximum” strength 
at the factored load— a load determined by multiplying the 
working load by a load factor.

This ability of structural steel to deform 
plastically, at and above yield point, is shown in Fig. 1. 
Beyond A, the point of maximum elastic strain, the mate
rial continues to deform in the direction of applied 
stress for a displacement much larger than that produced 
elastically, with no significant increase or decrease in 
applied stress. After that, strain hardening takes place

1
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Fig. 1. Ideal stress-strain diagram for structural 
steel.
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and further deformation is possible only with some increase 
in applied stress. Plastic design uses PQ as the maximum 
strength, or the limit of structural usefulness.

Plastic design is advantageous over allowable 
stress design because the factor of safety is based on the 
limit of usefulness of the structure which can be deter
mined by the nature of the design, and a more economical 
design usually results. Due to these advantages, plastic 
design is being utilized increasingly in structural design. 
Several new methods for designing beams and frames have 
been based on plastic theory, and the new codes reflect 
this trend.

Although simplified methods of design, design 
tables and specifications.have been developed for plastic 
design of beams and frames that are now in common use, the 
application of plastic theory to arches is still in its 
first stages. To the extent of the author's knowledge, no 
design tables or charts have so far been arranged for 
arches which incorporate plastic design, and all design 
methods and tables available to engineers are based on 
elastic theory. The most recent arch design data is a 
design table for two-hinged circular arch ribs based on 
elastic analysis (Hooper and Vang 1963, and AISC 1963b). 
Michalos (1956 a and b) applies a direct design method to 
two-hinged arches. Methods of designing parabolic arches
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have also been introduced using influence coefficients 
(Miller 1962, and Desayi 1962), and conventional methods 
of analysis for indeterminate arches (Leontovich, 1959). 
All these sources, and a few others not mentioned here, 
base their analysis on elastic theory. The work done in 
plastic analysis of arches includes a general theoretical 
analysis of circular two-hinged arches (Onat and Prager 
1955i and Hodge 1959), an approximate analysis of para
bolic arches (Hendry, 1952) and a study of the effect of 
axial thrust on the carrying capacity of arch ribs (Lowe, 
1961). Some of these works make use of an interaction 
curve, which represents the critical combinations of axial 
force and bending moment, to study the combined effect of 
these two factors on the collapse load of arches with 
rectangular cross sections. The approach is herein 
applied to arches with built-up sections, which are more 
practical than the rectangular or rolled sections. The 
analysis takes into consideration the deformation 
characteristics of the arch'and the theorems of limit 
analysis as well as the interaction curve. The collapse 
load is then found by equating the external work to the 
mechanical energy dissipated in the yield hinges.

Due to the involvement of many variables such as 
loading, arch span, arch angle and arch cross section, a 
general solution which includes every combination of the



variables is impractical, if not impossible. For the same 
reason, a direct design method cannot be developed, but 
the results obtained from analyzing a number of arches can 
be arranged to form design data.

The deflections may become excessive at the 
maximum load, or even at the working load, The "yield 
hinge" method, adapted as to include the effect of axial 
forces, gives a close approximation to the exact deflec
tions.

5



CHAPTER 2

ELASTIC BEHAVIOR OF TYPICAL SECTIONS

General Theory: Consider the solid rectangular
cross section in Fig. 2(a). To find a critical combi
nation of axial force N and bending moment M assume an 
ideal fully plastic stress distribution such as that shown 
in Fig. 2(b). From the top fiber down to a depth y the 
section is under tlie yield (plastic) stress in, say, 
compression, while the rest of the section is under the 
yield stress in tension. In the following these yield 
stresses will be assumed to have the same absolute value 
Fq. With the notation used in Fig. 2(a), the resultant of 
these stresses is found to be

N= B (H - 2y) Fo, (l)

and the resulting bending moment with respect to horizontal 
through the centroid of the section is found to be

M = B (H - y) y Fq. • (2)

For y = 0, the section is stressed in simple
tension:

M = 0, N = B H 3?0 = No, " (3)

6
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(a) (b) (c)

Fig. 2 Ideal fully plastic stress distribution for a 
typical section at maximum stress.
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where NQ denotes the limiting value of axial force in the 
absence of bending. For y = H, the section is stressed in 
simple compression:

M = 0, N = - B H Fq = - N0, (4)

and for y = H/2, the section is stressed in pure bending:

H - BH2F0A  = M0, H = 0, (5)

where Mo denotes the limiting value of bending moment in 
the absence of axial force. For values of y between zero 
and H, limiting combinations of axial force and bending 
moment can be obtained by eliminating y from (1) and (2). 
With the use of NQ and M0 as given by (3) and (4)t the 
relation resulting from this elimination of y can be 
written in the form of

+{%-=]-, (6)o o

or in terms of the dimensionless variables n and m,

n^ + m = 1,

where

n (8)
In Fig. 3i where n and m are used as rectangular 

coordinates, equation (7) is represented by the parabolic
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Fig. 3 Interaction curve for a rectangular section.
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arc, ABC.'*' If the fully plastic distribution of Pig. 2(c) 
had been used instead of that shown in Fig. 2(b), the para
bolic arc ADC would have been obtained instead of the arc 
ABC. The combination of the two parabolas is referred to 
as the "interaction curve" for combined bending and axial 
force.

Points within the area bounded by these parabolic 
arcs in Fig. 5 represent "safe" combinations of axial 
force and bending moment, while points on these arcs 
represent critical combinations.

Under any such critical combination of axial force 
and bending moment a certain type of plastic deformation 
becomes possible which is characterized by the value of 
the ratio between the unit axial extension, e, and the 
angle of rotation per unit length, 0. Note that the 
values of n and m do not determine the values of 0 and e 
but only the ratio e/0, since the material can flow 
plastically under constant stress. For n = 0 , m = 1 for 
instance, the plastic deformation must be pure bending 
with e = 0, but the angle of rotation remains undeter
mined.

For the stress distribution of Fig. 4(a), for 
which m »• 0, the neutral fiber which does not experience

1. Since n is restricted to lie between the 
values + 1» only that portion of the parabola lying above the horizontal axis is relevant.
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any axial extension is at the depth y below the top fiber. 
If it is assumed that the cross section remains plane, the 
following relation between the unit extention e of the 
centroidal fiber and the angle of rotation 0 is obtained, 
considering the strain distribution shown in Pig. 4(b).

e = (ly - y) 0. (9)

From (1), (3), (5) and (9)
N e
pi— = 2n- (10)o

If equation (7) is differentiated with respect to n,

dm
dn~  = - 2n N e

(i d

Equation (11) establishes the following important 
fact: If a critical combination of n and m is represented
in Fig. 3 by point E on the interaction curve, and a 
corresponding plastic deformation by the vector OF with 
components NQ e and Mq 0 , this vector is perpendicular 
to the tangent to the interaction curve $ since the product 
of the slope of the strain curve M 0/(NQ e), «nd the 
right hand side of (11) is -1. The vector OF will be 
called an "exterior normal" to the curve. The following 
consideration leads to a physical interpretation of the 
above fact. Since the plastic deformation(e, 0)develops 
under constant values (N, M), the mechanical energy
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dissipated in this deformation is given by

D = Ne + M 0 = n(N0 e) + m(H0 0). (12)

This expression proves D to be the scalar product of the 
Vectors OE and OF in Fig. 3» that"is the product of OF and 
the projection of OE on OF. Inspection of Fig. 3 shows 
then that the energy dissipation computed from a given 
plastic deformation (e, 0) and the critical combination 
(n, m) causing this deformation is larger than the energy 
dissipation computed from the given deformation and any 
safe combination of axial force and bending moment. This 
is the special form which the principal of maximum plastic 
work (Hill 194-8, and Hodge 1959) assumes for the case of 
combined axial load and bending.

Approximate Interaction Curve. When the axial 
forces contribute appreciably to the collapse failure of 
the structure, the parabolic interaction curve leads to 
rather complex equations. To simplify the analysis, Onat 
and Prager (1953) have suggested the use of an approximate 
interaction curve consisting of straight lines. As the 
dashed lines in Fig. 3 indicate, a reasonably good approxi
mation in the case of solid rectangular cross sections is 
given the octagon with the vertices (+1, 0), (+)6, +30,
(0, _+l). Since any point on this polygon is within the 
exact interaction curve, the carrying capacity computed 
on the basis of this approximation is conservative.
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The relationships between (e, 0) and (m, n) must 

also he modified so as to preserve the validity of the 
* principle of maximum work. Due to the symmetry of the 
interaction curve, the discussion can he limited to one 
quadrant, or in other words only the absolute values of n 
and m have to be considered (Fig. 5)•

Using the above approximation and other simpli
fying assumptions, Onat and Prager (1953)% and Hodge (1959) 
have analyzed arches.with rectangular cross sections.

Built-up Sections. In the cases of non- 
rectangular sections, application of the above theory 
becomes more complex, due to the fact that the interaction 
curve is no longer a simple parabola, and it has a dif
ferent path for each new section, rather than the same for 
all sections in the case of rectangular cross sections.

The above analysis and its continuation will now
fbe applied to arches with built-up I sections, since 

built-up sections are commonly used for structures and 
the use of rolled sections for arches is impractical.

The one-quadrant interaction curve for an I 
section consists of two parts corresponding to the flanges 
and the web. The stress diagrams for the two parts are as 
shown in Fig. 6. Referring to these diagrams, the follow
ing equations for axial force and bending moment can be 
written.
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sections.
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If y = t:

N = FQ(wd + 2 bt - 2yb) = FQ (A - 2yb) (13)

M = FQ y b (d + 2t - y). (14)

I f t S y * | + t :

N =  FQ w (d - 2y + 2t), (15)

. M = Fo bt(d + t) + w(y - t) (d + t - y)j . (16)

Here, A is the cross sectional area, and the other nota
tions correspond to those used in Fig. 6.

By substituting y = 0 in (13) and y * d/2 + t in 
(16), the limiting values of axial force and bending 
moment are found to be

No - V wd + 2bt) = Fq A, (17)

Ho - Fo|bt(d + t) + w ̂  j . (18)

It can be seen that these equations are more complex than 
those for rectangular sections, and it is more convenient 
to leave M and N as functions of the parameter y than to 
eliminate y and change equations (13) and (16) to the 
dimensionless forms. For sections with common ratios of 
the cross section dimensions, however, any three of the 
four dimensions w, t, b and d can be substituted for, and
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equations (13) to (16) can be written in their dimension
less forms.

An inspection of the arch design tables based on 
allowable stress design (ASCE 1963b Tables 12 and 13) 
shows that the three cross section ratios w/d, b/d, and 
t/d are different for each of the listed sections. The 
five sets of section ratios listed in Fig. 7» however, are 
within about 13 per cent of all sets of ratios correspon
ding to the listed sections and could represent all of 
them. These five sets of section ratios can thus be used 
to plot the interaction curves for the listed section.
The ratios of each set are substituted in equations (13) 
to (18) to obtain the dimensionless expressions for m and 
n in terms of the parameter y.

Using Set No. 4 of Fig. 7 for example, whose 
ratios are

- 0.30 = 0.026 ^ = 0.023,

- the interaction equations are found to be as follows.
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Section Ratios

No. b
d

t
3

w
d

1 0.38 0.028 0.0232 0.35 0.026 0.017
3 0.32 0.030 0.020
4 0.30 0.026 0.023
5 0.30 0.023 0.026

,No. 5

SectionPolygonal
Approximation

Fig. 7 Interaction curves for typical built-up I sections
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If y = t or ^ = 0.026:

n = 1 - 15.54 m = 22.95 J  - 21.82 §2.

If "t *= y = ^ + t or 0.26 ^ ^  = 0.526:

n = 0.627 — 1.192 

m = 0.538 = 1.760 g  - 1.673 fl.

Using the above and similar equations for the 
other sets, the interaction curves for one quadrant are 
plotted for each set, as shown in Pig. 7-

These plots show that the interaction curves for 
I sections are not as far apart as could be expected, and 
thus a single straight-line interaction curve, which lies 
inside every one of the plotted curves, would give a 
reasonably good approximation for all of the built-up I 
sections listed in the elastic design tables. The octagon 
with the vertices (+1, 0) (+0.4, +0.8), (0, +1), one qua
drant of which is shown in Fig. 7» almost coincides with 
the flat part of the plotted curve and is close enough to 
the curved segment. The small protrusion of the approxi
mate curve into the exact curve at the corner (0.4, 0.8) 
is negligible, as compared to the approximations being 
used in analysis and design. This approximation, there
fore, will be used in the following work.

The polygonal approximation is re-drawn in Fig. 8.

2
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2 /n/ + /m/ = 1
/n/ + ^  /m/

/n/ and IT /e/

Fig. 8 Approximate interaction curve for built-up I sections.
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If the principle of maximum plastic work is to remain 
valid, the vector with the components N^/e/, MQ/0/ must 
have the direction OF for all critical combinations of 
axial force and bending moment represented by interior • 
points on segment AB, and the direction OF' for all criti
cal combinations represented by interior points of segment 
A ’B. For segment AB, then

N0/e/ 4
no/ 0/  - 7 (19)

and for segment A'B
N0/e/ 1
MQ/0/ - ? (20)

For a plastic deformation satisfying (19), the mechanical 
energy dissipated can be evaluated by means of (12), from 
the critical combination represented by any point on AB, 
for instance from that represented by A. Thus,

D = NQ/e/ i f yff/ = 7 and /n/ + ^/m/ = 1, n>^. (21)
'

Similarly
N /©/

D = H0/0/ if = \ and -^/n/ + /m/ = 1, nc^. (22)

For critical combination of axial force and bending moment 
represented by vertices A, B, and A*, the type of plastic 
deformation is not narrowly restricted. For the vertex B,V e/for example, any value of p f / "between the limits set by
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(19) and (20) is possible. Thus,

33 = f V e/ + 5 ̂0̂/  ̂= K q /0/ * 3 and = ft
/m/.jt: (23)

•: }
Similarly

N /e/
D = NQ/e/ if W y 0/ = ^  and /n/ = 1, /m/ = 0, (24)

and
N /e/ -1

D = Ho/0/ if 0 s 5 ^  and /n/ = 0, /m/ = 1. (25)

f



CHAPTER 4

COLLAPSE LOAD OF CIRCULAR ARCHES

Definitions.
Yield hinge or plastic hinge. An idealized de

vice at a section with the following properties:
1. If the stress point is within the interaction 

curve, the yield hinge will transmit the applied moment 
and axial force without allowing any rotation or extension.

2. If the stress point is on the interaction 
curve, the yield hinge will transmit the applied moment 
and force but will permit a rotation about the neutral 
axis of the stress distribution and an approach or sepa
ration of the adjoining sections, corresponding to the 
stress point.

3. The yield hinge will not transmit any com
bination of moment and force which corresponds to a point 
outside of the interaction curve.

Using the polygonal approximation of Fig. 7, 
equations (21) to (25) define the mechanical behavior of 
such a yield hinge, provided that e is now interpreted as 
the separation or approach of the sections joined by the 
hinge, and 0 as their relative rotation.

24
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Statically admissible field. A distribution of 

moments and axial forces over the entire structure which 
satisfies the following two conditions:

1. The moments and forces are in an internal and 
external equilibrium with the loads.

2. All the stress points fall inside the inter
action curve.

Kinematically admissible field (mechanism). A 
state of displacement where yield hinges are assumed at a 
sufficient number of sections to allow infinitesmial dis
placements in the structure even though the lengths 
between successive yield hinges are treated as rigid.

Fundamental Theorems of Limit Analysis.
The methods of analysis of arches in the following 

are based on two fundamental theorems (Onat and Prager 
1955, and Hodge 1959).

Theorem JE: The given load cannot be critical if a
statically admissible field can be found for these loads.

Theorem II: The given loads exceed the critical
loads if an "unsafe” kinematically admissible field can be 
found for the given loads.

Here the term "unsafe" applies to the condition 
that the work done by the given loads on the kinematically 
admissible field is larger than the mechanical energy dis
sipated in the yield hinges, as evaluated from equations



26
(21) to (25).

Collapse Load of a Two-Hinged Arch.
Let us consider a two-hinged circular arch of 

built-up I section carrying a single vertical load 2P at 
the center (Fig. 9). The vertical component of the reac 
tion R at each support equals P, while the horizontal 
component is the redundant thrust T. At any section of 
the arch the axial force IT and the bending moment M are

IT = —R cos(@Q — a — c) | (26)

M = P(r sin - r sin c) - T(r cos c - r cos dQ),

where

M = Rr jcos a - cos(0Q - a - c)j ,

n . P'sinC^0 - a)*

(2?)

It can be shown from (26) and (2?) that the critical sec
tions of the arch (sections 1 and 2 in Fig. 9) are at 
c = 0 and c = 0Q - a. At section 2, the tangent to the 
centerline of the arch is parallel to the reaction R.
From (26) and (27), then

IT]_ = -R cos(0o - a), = rR^cos a - cos(0Q - a)j , (28)

1. Hodge (1959) does a more thorough discussion 
for locating the yield hinges, by means of "stress 
profiles."
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2P

Original position

Collapsed position

Fig. 9 Collapse of an arch under a concentrated load 
at the center.
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where

1*2 = -R, Mg = -rR(l - cos a),

p Psin(60 - a)*

(29)

(30)

Since T = P cot (6o - a), the angle a is determined by the 
value of T. This angle, therefore, plays the role of a 
statically indeterminate quantity in (28) to (30). A way 
of determining a is indicated by the following reasoning. 
Whereas complete neglect of axial forces would not be 
justified, this influence is secondary as compared to that 
of the bending moments in the case of single loads. For a 
rough estimate of the collapse load, the influence of the 
axial forces may therefore be neglected. To produce yield 
hinges at the dangerous sections, the moment arms of the 
reactions R must therefore be the same with respect to 
these sections. From Fig. 9(b) then

1 - cos a = cos a - cos(Oq - a). (3D
After a has been determined from (31) by trial and error, 
the absolute value of M at, say, section 2 is set equal 
to Mq , and the resulting equation is solved ’for P. Thus

Pu = r
iln (eo - a> 
1 - cos a (32)

where P„ is the maximum value of P. For = 60°, u o 1

r = 30', for instance, we find a = 24° 44.1' from (31) 
and Pur/MQ = 6.29 from (24).
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Because of the predominant effect of bending 

moments, it may be assumed that /n/< 0.4 throughout the 
arch (Fig. 8). Accordingly, (22) must be used when the 
influence of axial forces is considered. The condition

(33)

(34)

(35)

After a has been determined from (54) by trial and error, 
the expression % /n/ + /m/ at, say, section 2 is set equal 
to unity according to (22), and the resulting equation is 
solved for P^. Thus

3ia(&° ~ a) . (36)
1 — cos a +

that sections 1 and 2 be equally dangerous is then

# /n-j/ + /m1/ = % /n2/ + /m2/. 

By substitution from (28) and (29), we obtain

# + Kr(l - cos a) = # cos(00 - a) +•r.Kr l̂ cos a - cos(0(

where K = —2.
M

- a)j »
w d + 2 b t

bt(d + t) + )4 wd

For -&0 = 60°, r = 30', and an I section with the dimen
sions d = 2', b = 9", w = 0.5*, t = 0.?5*, we find 
K = 1.306, a = 24° 38.4®, and P^r/M^ = 5•57. With this 
value of Pu the value of n at section 2 is found to be
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n = Nq sln(^0 - a) ' r K sinCeo - aj = °*246*

Since this value is below 0.4, the use of (22) was 
justified.

In the case of this example, taking account of 
axial forces thus does not shift the dangerous sections 
appreciably but lowers the critical load by 11 per cent.

A second method of analysis takes a kinematical 
approach to the same problem by using the second funda
mental theorem of limit analysis. Yield hinges are 
assumed at a sufficient number of sections to produce a 
kinematically admissible field. Then the maximum load to 
produce a "safe” kinematically admissible field is found 
by equating the work done by the load to the mechanical 
energy dissipated in the yield hinges (See Theorem II).

As an example consider again the problem indicated 
in Fig. 9. As has been shown above, the statical analysis 
which neglects the axial forces gives a good approximation 
to the location of the yield hinges. The yield hinge 2 
will therefore be assumed to be at a = 24° 44.1'.

Fig. 10 shows the notations used in evaluating 
the displacements from the deformations in the yield 
hinges. It is convenient to determine the displacements 
relative to the center of the yield hinge 1. Herefe^, 0^) 
and(eg, 0g) indicate the approach and the relative rotation
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*1
T

el2"

Pig. 10 Arch displacements and rotations.
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between the sections which are joined by yield hinges 1 
and 2, respectively. Since (22) has been found to apply 
to all hinges,

*1 * 2

si = ar* e2 s w (37)

where K is defined by (35)* The condition that horizontal 
displacement of the end A with respect to the center of 
hinge 1 is zero is now used to find 6 ^ / 0 2

01 2[2Ky + cos(eo - a)]
= 2kh - 1 =

(gg + 2) cos(e0 - a) - 2 cos 0-^ 
1 - cos »0 -

(38)

The vertical displacement of point A relative to the
tcenter of the hinge 1 is found to be

0
v = ^ x -

sin(»0 - a)

0 or 0i2(1 + sin (0^ - a) - (2 - r ) s i n  0^ . (39)

The work done by the load 2P is V = 2Pv and, according to 
(22), the total mechanical energy dissipated at all yield 
hinges of the arch is D = MQ(0^ + 2^) • Thus, the consi
dered kinematically admissible field is unsafe if P 
exceeds the value
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^  r ̂ C1 + 3r), sin (eo " a) " (2 - 4 ) Sin &°]

Here, 0j/^2 must calculated from (38). With 0Q = 60°, 
r = 30*, the same section dimensions as in the last exam
ple, and a = 24° 44.1*, it is found that Pu = 3.58 MQ/r. 
This value exceeds the actual critical load in accordance 
with Theorem II, "because an approximate location rather 
than the exact location of the yield hinges has been used. 
The critical value found above from statical considerations 
was Pu = 5.57 M0/r.

Arches with Uniformly Distributed Loads.
In this case it is no longer possible to determine 

the approximate locations of the dangerous sections by 
neglecting the axial forces, because in this case the axial
forces are relatively higher than in the case of concen-

/trated loads.
Consider a two-hinged circular arch of built-up 

I section carrying the distributed load p per unit length 
of the span. Since two yield hinges will form as in Fig. 
11, some of the kinematical formulas of the last example 
are still valid. Only, due to predominance of the axial

1. Number 2 hinges form at the same instance due 
to symmetry, therefore they act as a single hinge.



forces, (21) must now be used instead of (22). This means
54-

that, since e = 40/3K, in equations (38) and (39) the 
value K is replaced by 3K/8; also, the angle *0 - a is
replaced by 0 as indicated in Fig. 11. Thus

'lV t + 2) cos 0 - 2  cos 0Q 
1 _ cos 0Q -

(41)

and
02r
“ 2" [2(1 3KF

0-i) sin 0 - (2 - ■sr—) sin 0 (42)

where 0^ and 02 have the directions shown in Fig. 10.
The work of the given load is now found to be
S qW = 2(vp ^ % 2~ P "5 - e2 sin 0 px + 34 02 x px) =

r 01 p p2p v r sin 0Q - ■jp rc sin^ 0Q - e2r(sin 0Q - sin -0) sin 0
0, (43)+ —^ r^(sin 0Q - sin 6)^ j

According to (21)

e2 = ~3E* (44)

By substituting (44) and (42) into (43) we obtain

V = 02pr£ 0
(K (JT - 1) sin^g + (1 + -jlj) Sin2©- (45)

Now, using (21), the mechanical energy dissipated in the
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Pig. 11 A uniformly loaded arch.
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yield hinges is found to be

D = N0(e1 + 2e2) = ^  ITo(01 + 202) t |  M()(01 + 202). (46)

By setting D equal to V and' solving for p, we obtain

10i8 V z r  + 2)

F
2) sin^dQ + (2 + sin^ &]'

(47)

It will be more convenient to write (47) in terms of the 
section constants. The plastic modules Z of a built-up I 
section with the dimensions as in Fig. 6 is given by

PL ,2
Z = y— = bt(d + t) w — (48) 

o

and the cross sectional area is

• A » wd + 2bt. (49)

Using (35)$ equation (47) can now be written as

A8 «0( ^  + 2) .
PU = 2 F 2 \GL T T '3r 1 ^ 2  ~ sin @0 + (2 + -̂j j ) sin -BJ

where 0^/02 computed from (41), and MQ = FQ Z.

For any value of O other than the exact location 
of the yield hinge 2, the right side of (50) will, give a 
value of p larger than the critical value Pu . This 
critical value can therefore be found by determining -6- so
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that the right hand side of (50) is minimized. This is 
accomplished by computing p from (50) for a few values of 
-0- and determining the minimum p from a graph of p versus 
■0\

After the critical load pu has been found, the 
horizontal reaction T can be determined by applying the 
interaction equation to either one of the yield hinges. 
For the case of predominant axial force the interaction 
equation is given by (21) as

/n/ + ^ /m/ = 1. (51)

Writing the expressions for moment and axial force at 
yield hinge 1, and substituting them in (51), would 
result the following equation:

! 8 Me - 3 Pu r2 sin2 ^
- 6 r (l - cos ■Q'q ) (52)

For -0^ = 60°, r = 30*, and a section with dimensions 
d = 2*, b = 8", t = 0.75”i w = 0.5"* minimizing equation 
(50) results the critical values -0- = 47° 57*,
Pu = 25.514 MQ/r^. The horizontal thrust is then found 
from (52) to be T = 17*77 M^/r. Notice that at hinge 1 
the ratio n = T/NQ = 0.453, and this is greater than 0.4, 
which verifies the correct use of equation (21) in the 
above analysis.
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Arches with Uniform Load on Half-Span.

Consider the same arch as in the previous examples 
when only the left-hand half carries a uniformly distrib
uted load p as shown in Fig. 12. Under such unsymmetrical 
loading the bending moment is predominant and the axial 
forces may be neglected in a preliminary analysis. Consid
er separately the two bending moment diagrams corresponding 
to (1) the load and the vertical reactions, and (2) the 
horizontal thrust. To a suitable scale, the second moment 
diagram (M = Ty) is given by the centerline of the arch.
By trial and error, the first diagram must now be drawn to 
such a scale that after superposition of the two diagrams 
the extreme bending moments for the two sides of the arch 
have equal absolute values. These extreme bending moments 
are found to have the value 4.21T for a load p = 0.095 T, 
and they occur at the sections defined by -6-̂ = 20.5° and 
-02 = 31.6°. The extreme bending moment is now equated to 
Mq, for which the load is found to be p = 20.52 M^/r^ and 
the thrust T = 0.182 NQ. The axial forces at the sections 
1 and 2 of Fig. 12 can now be computed. It is found that 
n^ = 0.251 and ng = 0.250. Since both these values are 
smaller than 0.4, equation (22) will be used in the 
following kinematic analysis.

Fig. 15 shows the displacements in the hinges as 
well as the angular displacement 0 of the far left end
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i t + + + + + i ' n r r

Fig. 12 Moments for a half loaded arch

Fig. 13 Deflections for a half loaded arch.
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of the arch. The condition that the horizontal and verti
cal displacement components of the right-hand end B vanish 
are

0^r(cos 0^ - cos -B0) - e^ cos 0^ -

02r(cos Bg - cos 0O) - eg cos 6g = 0. (55)

2 0r sin - 0^r(sini0o + sin 0 )̂ + e^ sin 0^ +

02r(sin 0Q - sin 0g) - GgSin 0g = 0. (54)

According to (22)

el e2 1
^  = ^  = 2k *

By substituting this into (53) and (54), we find 

^  = 1.246, |j-- = 0.458.

(55)

(56)

The work of the applied load is
2 2

V = 0 sin^6Q + e^pr sin^0^ - 0^ ■ sin^0^ =

sin2eo - (1 - Eg) sin2ei]• (57)

Also, according to (22) the mechanical energy dissipated 
in the hinges is

D = M0 (01 + 02). (58)
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From V = D it follows that

02 n

2 Ho (1 + ^
sin 0Q - (l - sin 0^ = 20.1 ( 59) r

Since the hinge locations used in this kinematic 
analysis are only approximate, the value of pu is slightly 
larger than the actual critical value. For more accurate 
results the influence of small variations of and ©g %ay 
he studied for minimizing p to the actual critical load 
Pu . However, this correction does not exceed one or two 
per cent and is obtained at an unnecessary expense in 
labor.

The above approximate analysis can be applied to 
other load distributions, like those including a wind load, 
only if it is verified that the bending moment is predom
inant, that is n c 0.4. If the axial forces are predom
inant , the method of analysis discussed in the last sec
tion can be used. For non-symmetrical loads, however, the 
case of predominant axial force will be much more complex, 
for in this case there would be two unknown angles corre
sponding to the locations of the yield hinges, rather than 
only one as in the case of symmetrical loading.

All methods of analysis already discussed require 
known spans, areas and plastic moduli to begin with and 
involve equations to be solved by trial and error; thus



making them impractical to be used directly for arch de
sign. Design data, however, can be obtained by analyzing 
arches with different combinations of spans, cross- 
sectional areas and section moduli, using a digital 
computer to speed the computations. This procedure is 
applied in the next chapter to uniformly loaded arches.
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CHAPTER 4

DEFLECTIONS

Although deflections are of secondary importance 
in a structure, it is desirable to have a method for cal
culating those deflections in case they are limited by a 
building code or by the designer. Several methods for 
calculating the deflections of structures in the plastic 
range are available (ASCE 1961b, Ch. 9), but none of 
these methods includes the deflections due to axial loads. 
A simple approach, the "yield hinge" method will be 
applied to arches, and will be modified to include the 
deformations due to axial loads.

The "yield hinge" method assumes that the struc
ture has only elastic regions and localized yield hinges. 
This allows the use of conventional methods of calculation 
of deflections. The method also assumes that rotation and 
extension are possible at the hinge sections at a plastic 
condition (a stress point on the interaction curve). How
ever, deflections are calculated for the condition that 
continuity still exists at the section at which the last 
yield hinge forms. • ,

The "virtual work" method will now be utilized to 
find the deflections. The procedure is as follows: First

43
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the moments M and the axial forces N due to the applied

applied at the point and in the direction of the desired 
deflection, the moments m' and the axial forces n*. are 
determined. The conditions for this method are:

1. All members are assumed to be fully elastic 
between yield hinges.

2. Continuity is assumed at the last yield hinge.
3. The unit load is applied to an auxiliary

structure with frictionless hinges assumed at all but the 
last yield hinge.

The deflection, v, can now be determined from the 
virtual work equation

where ds is the distance along the member, E is the 
modulus of elasticity and I and A are the moment of iner
tia and area of the cross section. Equation (60) is 
integrated over the structure, using continuous intervals.

Arch Deflections. For a two-hinged circular arch 
of constant cross section, equation (60,) can be written as

loads are determined. Then, with only a dummy unit load

(60)

M m' dc +
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o
N n' dc , (61) ,

where r is the radius of the arch, 6^ the angle corres
ponding to the first yield hinge, 9^ is the arch half 
angle, and c is the variable angle, all the angles meas
ured from the centerline of the arch.

first yield hinge for a unifprmly loaded circular arch 
forms at the center (Fig. 14), thus the integration can be 
performed for half of the arch and then doubled. Finding 
the values for M and N from the base structure (Fig. 14 a) 
and the values for m' and n* from the auxiliary structure 
(Fig. 14 b), and substituting in (61), the vertical de
flection at the center of the arch will be given by

Uniformly Loaded Arches. As shown previously, the

% Pu r^ sin^ c - Tr cos c) (^ sin 9 Q - sin c) dc +

o p(T cos c + p r sin c) # sin c dc. (62)

After integrating and simplifying, equation (62) becomes



+ 4 + * + + i t  * 4 K T m

M and N
(a) Base structure

Ik

%k

(b) Auxiliary structure

Fig. 14 Calculation of deflection by virtual work 
method.
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v =

1 sin2e0 + i
cos ec + |) +

The first bracket in (63) represents the deflection dug to 
moments and the second bracket corresponds to the de
flection due to axial forces.

v = — £—(0.4584 n S - 1.1005 T) +10bI u

-^c-(0.2314 n S + 2.1650 T), (64)10 u

where all the values are in units of inches and kips.
It should be noted that the above expressions were 

derived for the deflections due to the ultimate load, the 
occurence of which is very rare. The deflections usually 
desired are those due to the working load. An exact 
solution of those deflections requires an elastic analysis

The expression for the deflection of an arch with
■0-Q = 60° is now obtained from (63), using E = 30 x 10^ ksi 
and r = 8/(2 sin -6^) , where S is the arch span.
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of the structure. For an approximate value, however, it 
has been suggested (ASCE 1961 b) that an upper bound for 
the deflection at working load may be obtained by dividing 
the calculated deflection at ultimate load by the load 
factor; that is

where v' is the deflection at working load, and F is the 
load factor.

As an example, the deflection is calculated at the
center of the uniformly loaded arch analyzed in Chapter 5. 
Using A36 steel, the maximum load and the horizontal thrust 
are found to be pu = 18.60 kips/ft and T = 385*8 kips.

The deflection at maximum load is then found from (64) to 
be

v = 0.895 + 0.275 = 1.170 in.

and the estimated deflection at working load is obtained 
from (65) to be

(65)

1.170
lies 0.635 inV s



CHAPTER 5

DESIGN DATA FOR UNIFORMLY LOADED ARCHES

In Chapter 5, equations (41), (50) and (52) were 
developed for analysis of a uniformly loaded arch. Using 
these equations, a series of cross sections are now 
analyzed in order to obtain design data. A study of (50) 
and (41) shows that the value of the maximum load pu 
depends on the properties F0 , ©Q, r, A, and Z. The ulti
mate strength Fq is assumed to be 56,000 psi, which is the 
value for A-56 steel (AISC 1963a). According to Hooper 
(1963) and AISC (1963 b), maximum overall economy is 
generally realized when the rise of the arch is approxi
mately one-forth to one-third of its span S (See Fig. 11), 
or in other words when the arch half angle ©Q is between 
53° and 67°. This angle is therefore assumed to be 60* in 
order to reduce the number of variables to three, namely 
r. A, and Z. Furthermore, (41), (50),and (52) can be 
written in terms of span S rather than radius r , using the 
relation S = 2r sin ©Q. With these three substitutions, 
equations for a uniformly loaded arch simplify to the . 
following:

01 (0.3849 fg + 2) cos © - 1
^2 . 0.5 - 0.1924
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(66)



500,24 Zi (^| + 2)
(67)P

1.5 + 2 sin2e + 0.77 sin2e)

T a 9 P S2 - 288 Z 
20.785 S - 8 j

(68)

where S, A,.Z, 0 , p and T are in units of feet, square 
inches, cubic inches, degrees, and kips.

of arch sections with varying spans by utilizing a 
computer program. Next, the section properties, load 
capacities and horizontal reactions are listed to form a 
typical design table. The procedure is as follows:

1. Selection of variables. As a guide to 
selecting a range of areas and plastic moduli, the section 
properties of the arches listed in the elastic design 
tables (AISC 1965 b. Tables 12 and 15) are used to obtain 
a set of values for A and Z. When plotted, these values 
fall in the range shown in Fig. 15. It can be seen that 
for a certain value of A a set of values of Z are possible. 
The span S is varied from 80 to 180 feet at 10-foot inter
vals, and the collapse load p is planned to fall in a 
range of 2 to 5 kips per foot. Now, for each span a set 
of values of A is selected so that the corresponding values 
of p are estimated to fall slightly beyond the upper and 
lower limits of the desired range; also for each area a

The above equations are then solved for a series
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20 25
Area

Fig. 15 Range of plastic modulus versus area for
sections from allowable stress design tables.
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set of values of Z is selected, using Fig, 15 as a guide.

2. Computer flow chart and FORTRAN program.
From the last step, 455 sets of values of S, A and Z are 
obtained for which the collapse load pu , the horizontal 
reaction T and the angle O- corresponding to the location 
of the second yield hinge are to be computed, using 
equations (66) to (68). A computer program is written to 
solve these trial and error equations for each of the 455 
sets of input. The flow chart and the FORTRAN program are 
shown in Appendix B. Notice that the following replace
ments are made in order to have all variables in the 
FORTRAN language: PHI for 0]/^2» P and P2 for p and
THETA for 6 .

5. Design Table. From the output of the com
puter program those collapse loads that fall within the 
desired range of 2 to 5 kips are selected and listed with 
their corresponding data as in Table I. This is a typical 
design table for uniformly loaded arches. In order to use 
the table, the maximum load, pu , is obtained by applying a 
load factor to the expected working load; that is

pu - P Pw t (69)

where pw is the working or service load and F is the load 
factor. Since only gravity loading is considered in this 
analysis, the specified value of load factor, 1.85* should 
be used (AISC 1965a).
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Entering Table I with the values of the maximum 

load pu and the span S of the arch, the section properties 
A and Z, the horizontal thrust T and the angle to the yield 
hinge 0 can be read. An arch cross section is then 
designed to have an area and a section modulus not smaller 
than those found from the table, and to satisfy the 
specification requirements.
Wind Load Limitation.

Since only gravity loading is considered in the 
analysis. Table I may not be safe to use when the horizon
tal loading due to wind is relatively high. Using thef
elastic method of arch design (AISC 1963 b, p. 41) as a 
guide, the use of Table I will be restricted to the load
ing conditions for which P^/Pw = 0.5, where is the unit 
horizontal load in accordance with the recommendations' of 
ASCE Task Committee on Wind Forces (ASCE 1961 a). 
Additional Design Considerations.

When an arch section is designed using the values 
of A and Z as found from Table.I, it should also meet the 
limitations against shear failure and local and lateral 
buckling. Sections 2.4, 2.5 and 2.6 of the 1963 AISC 
Specifications indicate such limitations for shear and 
local buckling. The laterial stability problem, however, 
is not covered in the AISC Specifications for the case of 
considerable axial force. An extensive study of this



problem, similar to the work done1 before (ASCE 1961b, pp. 
34-63), may be necessary in order to set the lateral 
stability requirements for the structures with combined 
axial load and bending.

Excessive deflection is sometimes limited by codes 
or by construction requirements. The deflection at the 
arch center at the maximum or working loads can be found 
from (64) and (65).

Design Example.
Given:

Arch spacing: 20' - 0" o.c.
Span: 120' - 0"
Dead load: 30 Ibs/sq. ft. of horizontal

projection
Live load: 40 Ibs/sq. ft. of horizontal

projection
Wind pressure: 20 Ibs/sq. ft.

Solution:
P
~~ = - 0.29< 0.5 O.K.

Pw = 70 x 20 = 1400 Ibs/ft.

pu = 1.85 x 1400 = 2590 lbs/ft.

Enter Table I with S = 120 ft., and 
Pu = 2.59 kips/ft. For pu = 2.61 read:
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reqd. A = 14 sq. In.t reqd. Z = 100 cu. in., 

T = 12? kips and 0 = 46.1"

Try sections 2 flange plates 7 x J4 and a web 
plate 18 x 7/16.

Use equations (48) and (49) to find
A = 14.9 sq. in. Z = 104.3 cu. in.

Check shear according to Sec. 2.4 of AISC 
Specifications.

0.00055 F0w(d + 2t) = 165 kips.
Ultimate shear at the supports

vu = 32 kips<=165 kips O.K.
Check web crippling according to Sec. 2.5 of AISC 

Specifications.
Use 17# x 2.5 x 1/4 web stiffeners at the yield 

hinge locations, i.e., at center of the arch and at two 
points 16.5' away from both ends, measured horizontally.

Check minimum thicknesses according to Sec. 2.6 
of AISC Specifications. ,

Flange: 5/5, - O-RIB = 5.56 <8.5 O.K.

Web: N
3 b x - °-256

70 - 100 = 46.4
0

d + 2t
w 43.4<46.4 O.K



TABLE I

ARCH DESIGN DATA
it * * * TT M l  J I

FQ = 36 ksi*

%  = 6 0 °

ph^pw ~ °*5

S s  8  0  FT. S = 9 0  F T.

A
SQ.IN.

z
CU.IN.

e
DEGREE

Pu
K P /F T .

T
K IP

A
SQ.M.

z
CU.IN.

0
DEGREE

Pu
K ify F T .

T
K I P

9 30
40
50

46.8
46.1
46.3

1.952.40
2.78

63.5
77-990.2

10 40
50
60

45-946.1
46.2

2.02
2.372.68

74.086.6
97-6

10 40
! o

46.0
46.246.4

2.48
2.893.24

80.593.6 105.1
12 60

1 8
90

46.0
46.246.4
46.5

2.85
3.153.43
3.69

103.9
115.1125.1134.211 50

60
70

46.1
46.346.5

2.98
3.36
3.70

96.7
108.9119.7

14 80
90100110

46.2
46.3
46.546.6

3.633-92
4.18
4.24

132.5
142.7152.2
160.9

12 60
70
80

46.2
46.3 
46.5

3.47
3.834.15

112.4
123-9134.2 16 100110120130

46.346.4
46.546.6

4.40
4.674.92
5.15

160.3 170.0 
179.0
187.4

13 70
80
90

46.346.4 
46.6

3.94
4.28
4.60

127.7
138.7 148.6

14 80
90100

46.3
46.546.6

4.41
4.74
5.04

142.7
153.3162.9

a. For steels other than A-36, the maximum load 
can he found by multiplying the listed p by the ratio of 
the corresponding F to 36. The horizontal reaction T 
can then be obtained from equation (52).

b. The unit horizontal load ph is in accordance 
with the recommendation of ASCE for wind forces (ASCE 1961a).
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TABLE I (continued)

S=I00 F T . 5*110 f t .A
S O N

z
C U N .

o
DEGREE

Pu
K IP /F T .

T
K I P

A
SQIM

z
CU.IN. DEGREE

Pu
K IP /F T

T
K IP

10 50
60

46.0
46.1

1.98
2.25

80.591.2 12 60
'70
80
90

45.946.0
46.1 
46.3

2.02
2.25
2.47
2.67

90.2100.6
110.1
118.8

12 60
70
80
90

46.0
46.1
46.2 
46.4

2.38
2.65
2.893.12

96.6
107.4
117.1126.1

14 80
90
100110

”46.0
46.1
46.2
46.3

2.592.81
3.013.20

113.7125.4
134.4
142.7

14 80
90100110

46.1
46.2
46.346.4

3.05
3.29
3.533.74

123.5
133.5 
142.7 
151.3

16 100110120130
140

46.1
46.2
46.346.4
46.5

3.153.36
3.56
3.74
3.91

140.6
149.8
158.4
166.5 174.2

16 100110120130
140

46.2
46.346.4
46.546.6

3.70
3.934.15
4.36
4.56

149.8
159.3 168.1
176.4 
184.1

18 130
140150
160170

46.2
46.346.4
46.546.6

3.90
4.09
4.27
4.454.61

174.0
182.4
190.3197.8
204.9

18 130
140150
160

46.346.4
46.546.6

4.56
4.78
4.98
5.17

184.8
193.3201.4 209-0 20 160170

180
46.346.4
46.5

4.634.81
4.98

206.2
214.0
221.3'
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TABLE I (continued)

c> = 120 FT. S = I30 FT.
A z ■& l°u T A Z O Pu T

SO IN CU.IN . DEGRE E K i t y p i K 1 P SQ.IN CU.IN. DEGREE K IP /F T K IP

12 70 45.9 1.94 94.7 14 80 45.9 1.95 102.880 46.1 2.13 103.9 90 46.0 2.12 111.890 46.2 2.31 112.4 100 46.0 2.28 120.314 80 4 5 - 9 2.23 108.9 110 46.1 2.43 128.290 46.0 2.43 118.2 16 100 45.9 2.37 125.3100 46.1 2.61 127.0 110 46.0 2.54 133.9110 46.2 2.78 135.1 120 46.1 2.70 142.1
16 100 46.0 2.72 132.5 130 46.2 2.84 149.8110 46.1 2.91 141.4 140 46.3 2.98 157.2120 46.2 3.08 149.8 18 130 46.1 2.95 155.8

• I J O 46.3 5.25 157.7 140 46.1 3.11 163.8140 46.3 3.40 165.2 150 46.2 3.25 171.4
18 130 46.1 3-58 164.4 160 46.3 3.39 178.6140 46.2 3.55 172.6 170 46.3 3.52 185.5150 46.3 3.71 180.3 20 160 46.2 3.52 185.4160 46.4 3.86 187-7 170 46.2 3.66 192.8170 46.4 4.01 194.7 180 46.3 3.80 200.020 160 46.2 4.02 195.3 190 46.4 3.93 206.8170 46.3 4.17 202.9 22 180 46.2 3.93 207.0180 46.4 4.35 210.1 190 46.2 4.07 214.3190 46.5 4.47 217.1 200 46.3 4.20 221.4
22 180 46.3 4.48 217.9 210 46.4 4.34 228.2190 46.3 4.64 225.4 220 46.4 4.46 234.7200 46.5 4.79 232.6 24 210 46.3 4.48 235.7210 46.4 4.93 239.5 220 46.3 4.61 242.7220 46.5 5.07 246.1 230 46.4 4.74 249.5240 46.4 4.87 256.0250 46.5 4.99 262.4
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TABLE I (continued)

S  = 1 4 0  F T . S =I5()  F T .A z •e l°u T A z e I°U T
SQ.IN. CD. IN. DEGREE KIP /FT. K IP s o w cu. IN. DEGREE KlfVFT. KIP
14 1 0 0 46.0 2 . 0 1 114.3 16 1 1 0 45.9 1.99 1 2 1 . 1

1 1 0 46.1 2.15 1 2 2 . 0 1 2 0 46.0 2 . 1 1 128.8
16 1 0 0 45.9 2.09 118.8 1 3 0 46.0 2.24 1 3 6 . 1

1 1 0 45.9 2.24 1 2 7 . 2 140 46.1 P.33 143.P
1 2 0 46.0 2 . 3 8 135.1 18 1 3 0 45.9 2 . 3 2 141.111
1 5 0 46.1 2.51 142.7 140 46.0 2.44 148.6140 46. P P.64 149.R 150 46.1 2 . 5 6 155 R18 1 3 0 46.0 2.61 148.1 160 46.1 2 J 6 8 162.7140 46.1 2.74 155.8 170 46.P P-79 IRQ.4150 46.1 2 . 8 8 1 6 3 . 2 2 0 160 46.0 2.77 168.4160 46.2 3 . 0 0 170.3 1 7 0 46.1 2 . 8 8 175.5170 46.3 3.IP 177.6 180 46.1 3 . 0 0 182.3

2 0 160 46.1 3 . 1 1 176.5 190 46.2 3.11 188.9
1 7 0 46.1 '3.24 1 8 3 . 8 2 2 180 46.0 3.09 188.1180 46.2 5-55 190.7 190 46.1 3 . 2 1 195.1190 46.3 3.48 197.5 2 0 0 46.1 3.32 2 0 1 . 022 180 46.1 3.47 197.1 2 1 0 46.2 3.43 208.4
1 9 0 46.2 3.60 204.3 2 2 0 46.2 3.53 214.8
2 0 0 46.2 3.72 2 1 1 . 2 24 2 1 0 , 46.1 5.53 214.7
2 1 0 46.3 3.84 217-9 2 2 0 46.2 3.46 221.5
2 2 0 46.3 3.96 224.3 2 3 0 46.2 3.75 228.024 2 1 0 46.2 3.96 224.7 240 46.2 3 . 8 6 234.3
2 2 0 46.2 4.08 2 3 1 . 6 2 5 0 46.3 3-96 240.4
2 3 0 46.3 4.20 238.3 260 46.3 4.06 246.4240 46.3 4.32 244.7 26 2 3 0 46.1 3-85 234.3
2 3 0 46.4 4.43 250.9 240 46.2 3.96 241.026 2 3 0 46.2 4.32 245.2 2 5 0 46.2 4.07 247.5240 46,2 4.44 2 5 2 . 0 260 46.2 4.18 253.8
2 5 0 46.3 4.56 258.7 2 7 0 46.3 4.28 260.0260 46.3 4.68 265.1 280 46.3 4.38 265.4
2 7 0 46.4 4.79 271.3 290 46.4 4.48 271.7280 46.4 4.90 277.4 29 2 7 0 46.2 4.45 270.3

2 8 2 5 0 46.2 r4.68 265.7 280 46.2 4.55 2 7 6 . 8260 46.2 4.80 272.5 2 9 0 46.2 4.66 283.1
2 7 0 46.3 4.92 279.1 300 46.3 4.76 289.3280 46.3 5.04 285.5 3 2 0 46.4 4.96 301.1



TABLE I (continued)
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S =160 F T . 5=170
C U IK DEGREE K IP /F T . O W N . DEGREE! K IP /F T

46.0 2.11 142.9

149.1
155.8

179.12.79 181.1
179.9 46.1

46.1 2.86 197.1

46.0 46.2
46.0

230.8
46.1

4.03

4.66311.6
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TABLE I (continued)

S= l(30 FT .

A z *6" R. T A z e Pu TSQ.1N. CU.IN. DEGREE K lfyFT K IP SOW. CU. IN. DEGREE K IP /F T . KIP
20 160 45.9 2.02 148.0 29 270 46.0 3.27 239.0170 45.9 2.11 154.6 280 46.0 3.36 245.1180 46.0 2.20 161.0 300 46.1 3.52 256.9190 46.0 2.29 167.2 320 46.2 3.67 268.222 180 45.9 2.26 165.5 340 46.2 3.82 278.0190 45.9 2.35 172.0 32 310 46.0 3.71 271.1200 46.0 2.44 178.3 330 4-6.1 3.87 282.9210 46.0 2.33 184.5 350 46.1 4.03 294.2220 46.1 2.61 190.5 370 46.2 4.18 305.O24 210 45.9 2.39 189.4 390 46.3 4.33 315.5220 46.0 2.68 195.7 35 360 46.1 4.23 308.8230 46.0 2.76 201.8 380 46.1 4.39 320.2240 46.1 2.83 207.8 400 46.2 4.54 331.1260 46.1 3.00 219.2 420 46.2 4.69 341.726 230 45.0 2.83 206.8 440 46.3 4.83 351.9230 46.0 3.00 219.1 38 410 46.1 4.74 346.2270 46.1 3.16 230.0 430 46.2 4.90 357.2290 46.2 3.32 242.1 450 46.2 5.04 367.0



CHAPTER 6

CONCLUSIONS

The method of analysis presented herein is 
developed for plastic analysis of circular two-hinged 
steel arches. The design table is developed for uniformly 
loaded arches with 120* arch angles for a load range of 
two to five kips per lineal foot. Similar data can be 
obtained for other arch angles, using the same computer 
program and input data as are used herein for a 60° arch. 
Arches with other loading conditions might involve more 
complex expressions, but can be approached in a similar 
manner. However, an inspection of the values of the yield 
hinge angle 0 in Table I shows that this angle varies only 
between 4-5.8° and 4-6.6°, and this might aid in simplifying 
the collapse load equation by replacing a constant value 
for 0 without altering the results appreciably.

In order to compare the presented design method 
with those based on allowable stress design, the numerical 
example of the last chapter is also solved according to an 
allowable stress method (Hooper and Vang, 1965)• Using 
the given values of loading and arch span and the same 
depth of the section, the latter method leads to the fol
lowing arch section: two flange plates 8 x 5/8 and a web
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plate 18 x )£. The required cross sectional area based on 
the allowable stress design is therefore 19.0 sq. in.
Based on the present plastic design, however, this requir
ed area is only 14.9 sq. in. (see example). This shows a 
saving of about 22 per cent in material.

An important limitation in connection with the 
analysis should be noted. A structure will not collapse 
at the assumed maximum load if any kind of buckling takes 
place before the formation of the last yield hinge. A 
study of the instability problems is thus required in 
order to protect the structure against premature failure. 
The limitations set by 1963 AISC Specifications against 
lateral buckling of structures (Sec. 2.8) does not consid
er the case of considerable axial force, which occurs in 
uniformly loaded arches. An extensive research thus may 
be required to include the effect of axial forces on 
stability problems.
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APPENDIX A

SYMBOLS

A Cross sectional area
B Width of a rectangular section
b Flange width
c Variable angle
D Mechanical energy dissipated 
d Depth of the web
E Young's modulus of elasticity 
e Unit axial extension
F Load factor (p u/pw)
FQ Maximum, plastic or yield strength 
H Depth of a rectangular section
I Moment of inertia
K. V H o
M Bending moment due to applied loads 
Mq Limiting M when N = 0
m M/Mq
m' Bending moment in auxiliary structures in equilibrium 

with unit load
IT Axial force due to applied load 
IT0 Limiting IT when M = 0
n N/N0
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n* Axial force in auxiliary structure in equilibrium 

with unit load
P Vertical concentrated load
P Maximum value of PU-
p Distributed vertical load per unit length of 

horizontal projection
p^ Unit horizontal load
Pu Maximum value of p
Pw Service or working value of p
R Reaction
r Arch radius
S Span
T Horizontal reaction
t Flange thickness
u Horizontal deflection
v Deflection; vertical deflection
W Work done by the applied load
w Web thickness
Z Plastic modulus
6- Half arch angle
0 Rotation per unit length



APPENDIX B

1. FLOW CHART 

Analysis of Circular Arches

START

Print Title

Find P
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V
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Univ. of Arizona Library



2. COMPUTER PROGRAM

COMPILE FORTRAM, EXECUTE FOR TRAM 
PRINT 10

10 FORMAT (7X,8HS <FT . ) «6X»10HA l£0.IN.)»5X»
11OBZ ( CU • I N • ) ,4X,12HTHF.TA (DEG. ) »4X • 10HP ( K IP 
2/FT.) ,0X,8HT (KIP))
DO 10 I = 1,435 
READ 11, J, S, A, Z

11 FORMAT ( 14 ,F6.1 ,2F5.1)
THETA = 43.0
PHI =(((.3849 * Z ) / (A * S)+ 2 . 0 *  COSF 
1( .0174533* THETA)-1 .0)/(.5-(.19245 * l ) /

2 (A* S ))
P =(24.0 * Z *(PH I +2.0))/(S**2*(.75*PHI-1.5 
1+ 2.0 * SIMF(.01745 33 *THE FA)** 2 +((.7696 *
2Z)/(S+A))*(SINF(.0174533* THETA))*+2))

16 THETA = THETA + 0.1
PHI =(((.3849 * Z )/< A * S)+ 2.0)* COSF 
K . 0174533* THLTA)-1.0)/(.5-(. 19245 * Z)/
2 (A* 5))
P 2 =(? 4.0 * z * 1 PH I +2 .0 ))/(S * * 2 * <.75*PHI— 1 .5 
1+ 2.0 •> S I N F ( . 0 17 4 5 3 3 * T HE T A ) * * 2 +((.7698 *
2Z )/(S*A) )»(SINF(.0174533* THETA))«*2))
IF(THETA - 57.) 13,12,12

12 PRINT 30
30 FORMAT {14H THETA TOO DIG)

STOP
13 IF(P - P2115,15,14
14 P = P2 

GO TO 16
15 T = (9.0 * P * S*+ 2 - 268.0 * Z)/(20.7846 

1* S - 8.0 * Z/A)
PRINT 17, J, S, A, Z, THETA, P* T

17 FORMAT (!4 ,F8.0,2F15.0,F16.1 ,2F16.3)
10 CONTINUE

STOP
END
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