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ABSTRACT

The Milne-Eddington curve of growth method is 
modified in two ways. The assumption that the ratio of 
line to continuous absorption is constant with optical depth 
throughout the atmosphere is modified by assuming that the 
atmosphere is divided into two layers. It Iszassumed that 
line formation occurs in only one of the layers,

The assumption that the lines of an element in a 
particular ionization state and particular excitation 
interval are formed at one optical depth is modified by 
defining a mean depth of formation for each line of an 
element.

The abundances of carbon I, nitrogen Ij oxygen 13 
and sulphur I in the sun are calculated on the basis of 
these two modifications. The abundances from this paper are 
compared with the abundances determined by Goldberg, Muller, 
and Aller (i960). It is concluded that the method presented 
is acceptable for abundance determinations.

vii



I. INTRODUCTION

Abundance determination methods can be grouped into 
two broad categories, the fine analysis methods and the 
coarse analysis methods. The fine analysis methods take 
into account the structure of the atmosphere while the 
coarse analysis methods are based on the approximation that 
a unique temperature and pressure can be specified as the 
conditions under which a spectral line is formed.

This paper is concerned with the modification of the 
Milne-Eddington curve of growth method. This coarse analysis 
method assumes that r|5 the ratio of line to continuous 
absorption, is constant throughout the atmosphere. The 
modification of this method assumes that the atmosphere can 
be divided into two types of layers, no line absorption 
occurring in one of the layers and p = constant ^ 0 in the 
other layer. All comments about line formation in this 
paper are to be interpreted in the light of the above assump
tion, unless otherwise stated. The purpose of this modifica
tion is to combine the two types of analysis so that much of 
the accuracy of the fine analysis method and simplicity of 
the coarse analysis can be retained.

t 1 is defined as the optical depth above-which no 
line absorption occurs and t s is defined as the optical

1



2
depth below which no line absorption occurs. Ti and fs are 
measured in terms of the continuum optical depth. In order 
to simplify matters, it is assumed that either Ta = 0 or 
t3 = oa for each line, although this simplification is not 
necessary for the analysis; therefore, the atmosphere is 
assumed to be composed of two layers. If Ta = 0, the line 
forming layer (p = constant) is the upper layer; if t 3 = 
the line forming layer is the lower layer. Once t 1 or t3 
is known, the mean depth of formation of a line can be 
found. Knowledge of enables all depth dependent quanti
ties required by the analysis to be obtained from an avail
able model atmosphere. Each line will have its own t1 or t3 ; 
each line will have its own t^. This means each line will 
have its own temperature, electron pressure, etc. This is 
to be contrasted with the unmodified Milne-Eddington method, 
where the lines have the same temperature, etc.

Although it has been assumed that local thermodynamic 
equilibrium holds, it is not a necessary feature of this 
analysis. Since LTE is assumed, the source function in the 
line and continuum is the Planck function.



II. DEFINITIONS

1- ® = the damping constant
2- ct̂  = the atomic absorption coefficient
3“ = the partition function
4-. C = the velocity of light
5~ Av d  = the Doppler half-width
6- e = the charge on an electron
7- ri = the depth dependent ratio of line to continuous

absorption
8- r\ = the constant value of T] used to replace the actual

varying one
9- ho = the value of h at the line center

10- f = the oscillator strength
11- gi = the statistical weight of the lower level
12- h = Planck’s constant
13- I = the specific intensity in the lineV \ ...■;
14- I sb the specific intensity in the continuum 
1'5“ IP = the ionization potential
l6~ k = the Boltzmann constant
17- k = the absorption coefficient upon which the inde

pendent depth parameter of the model atmosphere 
is based

18- = the monochromatic line absorption coefficient
3



4
19“ nG = the monochromatic continuous absorption coefficient
20- t" = the depth variable of the model atmosphere
21- rQ = the optical depth in the continuum,, at some wave

length
22- =s the optical depth in a line

23- \, = tl + t=
24- = the mean depth of formation of a line in terms of

kg

25- t" = the T  value of the mean depth of formation of a
line

26- Tj = the continuum optical depth above which no line
absorption occurs

27- t3 = the continuum optical depth below which no line
absorption occurs

28- X0 = the wavelength of the line center
29- v0 = the frequency of the line center
30- m = the mass of the atom
31- p = cos cp 5 where cp is the angle between the line of

sight and the normal to the star's surface
32- N = the total number of atoms and ions per gram of

material
33~ = the number of atoms in a given degree of ioniza

tion per gram of material
34- KL. = the total number of hydrogen atoms per gram of ri

material



35- tss the number of atoms per gram of material in 
lower level of the line in question

36- Sv S3 the source function
37- Pe SS the electron pressure
38- T0 =3 the boundary temperature of a star
39- T S3 the temperature
40- 0 5040/T
41- VT 32 the microturbulent velocity
42- Xi S3 the excitation potential of the lower level
43- W (p.) = the equivalent width in frequency units
44- M_(p) = the equivalent width in wavelength units
45“ the subscript 1 refers to the lower level in the transi

tion, and the subscript 2 refers to the higher level



Ill. THEORY

The purpose of this part of the paper is to develop
the expressions for the quantities needed to construct the 
theoretical and observational curves of growth and to 
explain the fitting procedure. It is assumed that the source 
function can be expressed as a linear function of the con
tinuum optical depth, i.e..

The equivalent width of a line in frequency units is 
defined by

Sv = B0 + B1Te . (D
The general solutions to the equation of transfer

are;

00

(2)

(4)

It is seen from equation 4 that the expression for I must
6



7
be evaluated before the equivalent width can be determined.
The relation between and tq must be found in order .to
evaluate equation 2, since the source function is expressed
in terms of r . The desired relation can be obtained from
the definition of r <,v

. h ■
dTv = d(tc + tl ) « dTc(l + n) . (5)

As mentioned in the introduction, the atmosphere isj .
assumed to be divided into two layers. Stated mathematically: 

r) = 0 rc < r1 s (6a)

rf = const ^ 0 s t s %  , (6b)
and

t} = 0 r0 > r2 . (6c)

where we remember that either Ta «- 0 or t s =? «> .
The desired relation.between and tq is obtained 

by combining equations 5 and 6:

T == Tv c (7a)

Tv « (! + . ^ Te s Ts , (7b)
and

TV ” Tc + " Ti) . > Ts , (To)
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With the aid of equations 7, I can be evaluated for 

the two different cases. When t s = » 5

I = B0 4- Bxp(l - -SL e~Ti/P) . (8a)
V l+il

When Tj ss o ,

Iv = Bo + h E (1 + ie"(i r 1)T=) . (8b)
V ■■ , 1+11 ■ '

For stars other than the Sun, where one must work with 
fluxes, the properties of the fluxes may be approximately 
obtained from the corresponding properties of the intensities 
evaluated at p. = 2/3 .

Combining equations 3 and 8a, one finds that

_n_ e~Ti/uBq/Bx+p ;l+— t3 = » j

combining equations 3 and 8b, one finds that

1 w 14___-JL.
Ic • B0/B1+p 1 - e - ^ ^ s " r.x W  0

The expression (equation 4) for the equivalent width 
can now be written as

(9)
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where

l+r|
©(ri5'r1) = .

" - e
l+T] L

Defining #  »- " » where Av-̂  =
dividing both sides of equation 
equivalent width can be written

t s = <» 5 (10a)

i ± n w iH ; SJ. Tx * 0 . (10b)

! ~§~ [ ^ F - + Vt ] i and .
9 by v0  ̂ the expression for 
finally as

v0 ^0 ( uV0 ^o/Bj+p ).'4 8(ii3X1)d"u (11)

where G(t}5t ^) is again given by equations 10a and 10b.
The lines are assumed to be characterized by the 

Voigt profile. Therefore,

a
v

(! .~hvAT^iresf 1mC Avt H(a,u) a0H(a,h) , (12)

where

H(a,u) a I6” e~y dy
tt -<»J (p-y)s+a®: °

Therefore, one can write

MiCX
V Mi%K(a,u)

K %H(a,u) .
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Prom this equation it is seen that

(13)

Using Boltzmann’s Law, equation 13 can be expressed
as

(14)

is introduced by expressing the continuous absorp
tion coefficient in terms of the abundance of hydrogen such 
that,

It should be noted that %  and both have to be corrected 
for induced emission, but since the correction factors are 
essentially the same, these factors may be left out -

It is now possible to discuss the observational and 
theoretical curves of growth and the fitting procedure. 
Writing equation 11 in logarithmic form, we define log F as

(15)

W,(n).log F = log ....A.0 " 106 Bo/Si+p- = log + log D
1 v 0 (16)

CO
where D
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Combining the expression for %  from equation 12 and

■̂ A NlOg Jjr- = lOg ^  + lOg ¥ -

with equation 14, it is found that

log r)0 = log - log ;D , NA
v0 + los Ba v0 + l0g N

- log - 8X1 - 1.82

The above equation can be written as

Tvr
log ri0 = log z + log ==- - - log ,' Vq (17)

where

N fl gif
log z « -1.82 + log + log - log Kq - OXx . (18)

It is to be noted that practically all of the 
quantities that vary from line to line are included in the 
quantity log z . The knowledge of the value of t 1 or ts.5 and 
from this enables one to evaluate these quantities with 
the aid of a model atmosphere.

The theoretical curve of growth is constructed by 
plotting log D versus log r]0 j the observational curve of
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growth is constructed by plotting log F versus log z . The

s ' ■
observational curve of growth is so named because the quan
tities involved are either directly obtained from observe-I
tions or from the model atmosphere once is known.

. When the two curves are compared, it is found that
the observational curve of growth is essentially the same
shape as the theoretical curve of growth. This is because
all the quantities that vary from line to line are included
in log F and log z, so that the difference between the
curves are essentially constant. However, the observational
curve of growth is shifted both vertically and horizontally
with respect to the theoretical curve of growth, i.e., there
is a difference in zero points on the two curves. The
vertical shift is due to the essentially constant factor
log ^2. while the horizontal shift is due to the essen- v0 .AvT) Ntially constant factor log — ---log • Once the verticalv0 %
shift is known, log ™- can be found from the horizontal%
shift.

An important fact should be mentioned about the 
theoretical curve of growth. For the case t s == <» , rj is 
separable from ir1 , as seen in equation 10a. This means 
that only one theoretical curve of growth is necessary for 
different t 1 values. In this case, the rl factor may be 
included in the ordinate of the observational curve of
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growth plot. The observational curve of growth Is con
structed by plotting log F 1 versus log z, where

W (pi)
log F 1 = log ^ — - log( ) + log eTl

log D 1. + log D (19)

where

log D* = log D + log e^1 .

Since r] Is not separable from t s for the case = o5 
a different theoretical curve of growth Is needed for each 
Tg value >



IV. PROCEDURE

The way r\ varies with depth determines whether t 1 ss 0 
(f| decreases with depth) or t2 = <» (n Increases with depth). 
The most strongly depth dependent part of p can be written as

XL N 1cxeH(a,u)
PL K:

xeTS
(20)

-* 1where the T factor comes from the -r—  factor In the expres-
avD

sIon for %  (equation 12).
It Is seen from the excitation and Ionization equa

tions that

%  to , (21a)

Hi to , (21b)

Nr to NT4,T"5ys'P IPl-Xi )f*■ 14-1 e (21c)

where is the number of atoms in the same stage of ioniza
tion as the line5 is the number in the next lower stage
of ionization, and is the number in the next higher
stage of ionization. Usually, most of the element in ques
tion will be in one of the three consecutive stages of
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ionization^ so that the corresponding N or
in the applicable equation (21a, 21b, or 21c) is approximately
constant with depth.

Using equations 20 and 21, the depth dependence of p 
may be expressed as

| log 0 - 0Xi (22a)

log p a const - log k 0 + -2 log 0-0(lPI_1+x1)- log (22b)
3 log 0 + ©(IPj -Xx ) + log Pe (22c)

The relative depth dependence of p can be determined 
from equations 22 with the aid of a model atmosphere.

The methods of choosing r1 and rs are as follows: 
t1 can be approximately determined by noting that it is the 
optical depth where line absorption starts becoming impor- - 
tant. This knowledge enables one to make a suitable choice 
for rz , as will be seen in the next section of the paper. 
t3 can be chosen by noting that it should be the region where 
p is small compared to the surface value. The important 
fact to remember when choosing rs (or ) is that the 
precise value of t s (or ) is not as important as the 
knowledge of whether it is much larger than, about equal to, 
or much smaller than unity.

may be evaluated as the average r value in the . 
region of line formation weighted by attenuation factor e T v .
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Therefore.

p vs
r e~rv dr

r J v vlVi
n T.

T., ■«
e"lv dr

which readily reduces to

t3 = <»

1 -
e > - l

T 3. == 0

(23)

(24)

Since t^= , because there is only continuous absorption
in this layer, equation 7b can be written as

T - » (1 + tl)(T - rl) . (25)
VM - . CM ■ -

Therefore, equation 23 becomes

= Ti '+ -4z = 60 (26)- 1+T]

while equation 24 becomes
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M l#r) D
(w)

ts(i#3e 8 5 (27)

where is now in terms of the continuum optical depth.
It is seen that "p must be known before can be 

determined o rf must be estimated, which means an iterative 
scheme is to be employed. An accurate value of rf is not 
needed, only the knowledge of whether rf is large, small, or 
comparable to unity.

The procedure is then:
1. Estimate rf •
2. Determine t 1 or t s (from the considerations

mentioned above).
3. Determine (from equation 26 or 27).
4. Determine from

rM ~ rM  ̂ T

where is the optical depth at which all depth dependent 
quantities are evaluated in the model atmosphere.

5. Determine n fromG

*0H = ft X — - 
G K

where it is the value of the absorption coefficient from the
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model atmosphere at optical depth t . Log n f can then be 
determined from equation 15•

6. where Hj the number of ions

per gram5 is determined by using the ionization equation.
7« Log z is determined from equation 18.
8. Log F 1 (or log F) is determined from equation 19

(or 16).
9. The observational curve of growth can be con

structed, once log z and log F ‘ (or log F) are known for 
each line. The observational curve is then fitted to the 
theoretical curve, and the abundance by mass of the element 
is found. This is done by determining the vertical and
horizontal shifts in the zero point (vertical shift =

Avd  .
log — — | horizontal shift = log %  ~ log z)• Then apply fo
equation 17-

10. The estimate of rf (Step l) should be compared 
with 0.7 ho to see whether the estimate was good or not. '•,
0.7 ho Is chosen because "r} is the average over the line.

The quantity is needed a number of times, for
instance in equation 28. In order to evaluate this quantity 
it" must be chosen, it is usually either some mean value of %.. .. G
or a convenient monochromatic value. In either case % /% is 
not very sensitive to depth in the atmosphere, and so it may 
be assumed without much loss in accuracy that this ratio



depends only upon wavelength. Table 1 shows the wavelength 
variation of % /% for the case in which iT is the mono-......  C .... ■ ■
chromatic absorption at X 5050 and for moderate temperatures 
in which the main source of continuous absorption is negative 
hydrogen.

Once % /% is known, the quantity B0/Ba can be 
determined by using equation 8-94 Aller ,

19

Bn /Bs 8
3

l-e""X o (30)

where Xg = hv/kT0 , The quantity B0/B1 is used in equations
, r v'-iB' * -16 and 19 in the form log g- yg ^  . The present investiga

tion is concerned with intensities at the center of the
solar disc, so p. = 1 has been used throughout the ealcula-

1tions. Therefore, the quantity log must be known
before equation 19 (or 16) can be used in the construction 
of the observational curve of growth. The way this quantity 
varies with wavelength is shown in Table 1.
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TABLE 1

The Variation of and log 1 with WavelengthBq/Bj-KL

A.(in A)
it

loc ,1•iOS B0/B1+l

4000 .80 - .09
5000 1.00 - .17
6000 1.15 - .21
,1000 1.28 - .25
8ooo 1.33 - .28
9000 1.32 - .30
10000 1.21 - .30
11000 1.05 - .29
12000 .90 - .27
13000 .74 - .25 .
i4ooo .57 OJ 1 '

15000 - .22
. 16000 - .20
17000 1 H 00

18000 - .17



V. CALCULATIONS AND RESULTS

This section of the paper will be concerned with the 
specific methods and simplifications used to carry out the 
calculations. The purpose of this paper was to reanalyze

othe data from the paper by Goldberg, Muller, and Aller 
using the method described in this paper. Abundances were 
determined for carbon I, nitrogen I, oxygen I, and sulphur I. 
A number of elements from the Goldberg, Muller, Aller data 
were tested to see how r] varied with depth. Of the elements 
investigated, a significant variation of ri with depth was 
found only in the four above mentioned elements. In order 
to see whether or not this method is worthwhile to use, 
abundances Were again determined for the four elements under 
the condition t 1 = 0 and t s = =o „ All of the steps and 
formulae used in the modified method are applicable to this 
"unmodified" method. The criteria employed for deciding 
whether or not the modified method is worthwhile are: the
accuracy in the abundance determinations (these values will 
be compared to the values found in the Goldberg, Muller,
Aller paper), the quality of the fit of the observational 
curve of growth to the theoretical curve of growth, and the 
difference in turbulent velocities found. Since the time 
required for both methods is about the same, the time element

21
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is not a factor in determining whether or not the modified 
method is worthwhile. It should be noted that the "unmodi
fied" method itself is a more detailed method than is usually 
employed to determine abundances by the coarse analysis 
method.

The Goldberg, Muller, and Aller data were used to 
obtain the quantities log W^(p)A0 , log gf, Xi , and log v0 
Xi = IP - AX j> was determined for carbon I and sulphur I

Qwith the aid of the Multiplet Tables^, from which the values 
of the ionization potential for the two elements were 
obtained, / ■

The value of the partition function for the element
must be known in order to calculate log N^/N (Step 6),

hTables 8a and 8b from Aller were used to determine the 
required values of the partition function.

The depth dependent quantities, such as Q and % 
were obtained from the model atmosphere supplied by Dr, T . L. 
Swihart, The necessary calculations for the construction of 
the theoretical curve of growth were also obtained from Dr, 
Swihart. The two branches of the theoretical curve of 
growth correspond to log a = -1 for the upper branch and 
log a = -3 for the lower branch.

Making use of the model atmosphere is contingent 
upon being.able to define Ti or t s such that , and sub
sequently "r̂  , can be found. TjL signifies the region of the



atmosphere where line absorption starts becoming important. 
Since rt1 is measured in the continuum, the -quantity 'r1Tl(T1) 
is essentially the optical depth in the line. An optical 
depth of less than .1 means that line absorption is unimpor
tant, while an optical depth of greater than .3 or .4 means 
that line absorption is more than just becoming important,
The criterion used for determining r1 is T'1rf(T1) = .1, where 
the value of .1 was chb'sen because it gave fairly consistent 
results. An upper limit of t 1 = 1, was imposed, as seen in 
the calculations in Appendix A.

In order to determine whether or not the modified 
method is worthwhile, a study of the results of the calcula
tions for each element is beneficial.

Carbon I:
(a) Abundance: The abundance from the modified

method is better than the abundance from the "unmodified" 
method as seen in Table 2.

(b) Quality of the fit: The fit using the modified
method is essentially the same as the fit using the "unmodi
fied" method, as seen in Figures 1 and 2.

(c) Remarks: The results in point (b) are not
surprising once the calculations shown in Appendix A are 
examined. It is seen that the ,r1 *b are small for the modi
fied method. Hence, the values of when using the modified 
method are similar to 7^ values calculated using the

23
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TABLE- 2.
Abundances

Element Modified Unmodified
Goldberg, 
Muller, 

and Aller

Cl - 3.26 ± .20 - 3.02 ± .25 - 3.28
NI - 4.14 - 4.12 "" 4.02
01 (Tj - 2.93 ± ,08 - 2.79 ± .27 - 3.o4
01 (irs) - 3.20 3.04
SI I 4=- g ± .15 - 4.85 ± .14 - 4.70

This Table gives the values of log N/N^ for each element.
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’'■unmodified11 method. Therefore, both observational curves 
of growth, and hence, the results derived from both curves, 
should differ only slightly.

Nitrogen I:
(a) Abundance: From Table 2, it is seen that the

abundances are essentially the same,
(b) Quality of the fit: Since there are no strong

lines present for nitrogen I,, the fit for both methods can 
be accomplished anywhere on the 45° portion of the theoreti
cal curve of growth (See Figures 3 and 4). The quality of 
the fit is the same for either method.

(c) Remarks: Upon inspection, it is found that
Step 9 of the abundance calculations cannot be used - The 
calculations were made by noting that equations 17 and 19, 
which are used in Step 9* can be modified to fit the situa
tion. The modified equations are:

•NT 4 Vt\
log ri0 = log z + log ~~ - log - K* | (31)

1NH Vo
Av-p.

log F 1 = log D 1 + log -r-H + K 1 , (32)vo

where K* is a constant. These equations say the vertical 
shift between the two curves og growth = log(Av^/v0 ) + K ! , 
and the horizontal shift = log r|0 - log z + K* j" therefore, 
log N/Njj , although not log AvD/v0  ̂ can be determined by 
using equations 31 and 32.
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Since all the lines are weak lines, falling on the 

45° part of the theoretical curve, it is to be expected that 
results will not differ significantly between the two 
methods.

Oxygen I:
(a) Abundance: The abundance from the modified

method is better than the abundance from the "unmodified" 
method, as seen in Table 2.

(b) Quality of the fit: The fit for the modified
method is clearly much better than the fit for the "unmodi
fied" method, as is seen in Figures 5 and 6.

(c) Remarks: Only for oxygen ± did the case t3 = »
occur. The case occurred for lines 10-12 (See Appendix A). 
t2 should be the region of the atmosphere where p is small 
compared to the surface value. It was felt that t3 = 1 was 
a good choice for these lines. Since the lines are weak, 
the same problem that occurred when using the nitrogen I 
lines, namely having to fit to the 45° portion of the theo
retical curve, occurred for these three lines. The abundance 
from these three lines is somewhat better than using the 
"unmodified" method.

The important point in the oxygen I calculations is 
the effect of dividing the lines into and Tg lines, 
instead of grouping all of the lines together. Comparing
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Figures 5 j 65 and 7, it is seen that the scatter of the 
points is cut down considerably by dividing the lines into 
Ti and t s lines.

Sulphur I:
(a) Abundance: From Table 2 it is seen that there

is no great improvement in the abundance determined using 
the modified method over the "unmodified” method.

(b) Quality of the fit: The fit using either
method is of the same quality, as seen in Figures 8 and 9•

(c) Remarks: None.
The modified method is much better than the "unmodi

fied” method in approximating the physical conditions. The 
modified method does take into account the fact that certain 
layers are more important than others in the formation of 
lines by including the definition of a t1 or t s in the 
method, and using the or Tg in the determination of .

The values of the turbulent velocity for the differ
ent lines of each element (where applicable) were found 
using the formula.

Since log Av^/vq was not obtainable at all for the lines of 
nitrogen I, or for lines 10-12 of oxygen I when using the 
modified method, was not obtainable for these lines. In
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this case, T was obtained from the calculations and 
log AvD/vo was then calculated from equation 33.using = 0. 
Then log %  could be determined to see whether or not the 
estimate of rf was good.

The values of the turbulent velocities calculated by 
the modified method differ appreciably from the values 
calculated by the "unmodified" method for both sulphur I and 
oxygen I (See Appendix A ) . There is no appreciable differ
ence for carbon I, which is not surprising in the light of 
the remarks about carbon I (See Carbon I: Remarks).

It has been seen for sulphur I that the "quality of 
the fit" and the abundance are essentially the same whether 
the modified or "unmodified" method is used. Although 
sulphur I was chosen because p varies significantly with t , 
most of the lines were formed at small ‘s s therefore, the 
shape of the observational curve of growth and hence the fit 
was not significantly changed when using the modified method. 
The value of log Av^/vq is higher and value of log r|0 - log z 
is lower when using the modified instead of the "unmodified" 
method. This means that the changes produced by the modi
fied method tend to cancel each other in the determination 
of log N/Ntt (See equation 17). This fact together with the

FI  , • * . . . . .

fact that the observational curve of growth is not signifi
cantly altered explains why the derived abundance for
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sulphur I Is essentially the same whether the modified or 
"unmodified" method is used.

It is seen that the modified method improves the 
abundance determination for carbon I, while it does not 
affect the "quality of the fit." The reason the "quality 
of the fit" is not affected is due to the fact that the lines 
of carbon I are formed at small The observational
curve of growth, although not altered in shape, is shifted 
with respect to the theoretical curve of growth, when using 
the modified method as against using the "unmodified" 
method (See Figures 1 and 2). This explains why the deter
mined abundance is different for the two methods,

For oxygen I, it has been seen that there is a con
siderable difference in the "quality of the fit" and the 
abundance determination when using the two methods. Lines 7 
and 8 determine the fit of the observational curve to the 
theoretical curve of growth. These two lines are on the 45° 
portion of the curves of growth. Hence, although a number 
of lines have small t -̂ 's (i.e,, lines 1-5), a considerable 
difference between the observational curve of growth for the 
modified method and "unmodified" method is to be expected; 
therefore, a considerable difference in the values of 
calculated by the two methods is to be expected.

In conclusion, I feel that the modified method is 
worthwhile to use. I base this judgment on four facts:
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(1) The modified method approximates physical 

reality much better than the "unmodified" method, since it 
takes into account the fact that certain layers of the 
atmosphere, are more important in the formation of lines than 
other layers.

(2) There is a significant difference in the values 
of Vm for the two methods.

(3) There is a significant difference in the "qual
ity of the fit" and the abundance determination for oxygen I 
and in the abundance determination for carbon I .

(4) The time required for each method is essentially 
the same.
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Figure I

C arbon  I  (M o d ified )

Circled dote ore A weight linee 
Dots ore B weight linee 
-Theoretical curve of growth

-  3 - 2  log z -  I 0  I

Figure 2
Carbon I  (Unmodified)

Circled dots ore A weight lines 
Dots ore B weight lines 

-Theoretical curve of growth
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Figure 3

Nitrogen I  (M odified)

-Theoretical curve of growth

Figure 4
Nitrogen I  (U n m o d ifie d )

-Theoretical curve of growth

log z



Fleur* »
0»ye*n I (M » d H I« d )(T i llw **)

C ire M  dot* a n  A w«l«ht lie#*

C lr * M  + *  a r t  0  w a lfk t He**

to* i  - 3

Figure •
Oxygen I (U n m o d H le d )

C ire M  dot* o n  A eetgM He** 
Dot* a r t  ■ weight He*e 

V *  ere C weight H e** 
C irc led + *  ere 0  weight He** 

he o r e t Ice I curve of growth

Oxygen I  (M odified) (T» line*)

Circled del i» A weight line 
+  i*  C w eight lin e *
C irc led  +  i» 0 weight line 
-Theo re tica l curve of growth



Figure 8
Sulphur I  ( Mo d i f i e d )
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Circled dote ore A weight lines 
Dots ore B weight lines 

-Theoreticol curve of growth

Figure 9
Sulphur I  (Unmodified)

Circled dots ore A weight lines 
Dots ore B weight lines 
-Theoretical curve of growth

log z



CARBON I

LineNo >, fc>S_J__ log > % r„

10691.24 1 7.52 -4.58 -.29 -15.10 29. .003 .0333
10685.36 2 7.51 -4.75 -.29 -15.70 14. .007 .0676
10729.59 3 7.52 -4.82 -.29 -15.83 9*. .01 .102
10707.36 4 7.51 -4.80 -.29 -15.83 9. .01 .101
10754.02 5 7.52 -5.27 -.29 -17.00 2.4 .04 .309
9111.88 6 7.52 -4.70 -.30 -15.84 7. .01 .103
4770.00 7 7.52 -5.50 -.16 -17.85 1.5 .07 .480
4775.89 8 7.51 -5.42 -.16 -17.76 1.5 .07 .480
8335.15 9 7.53 -4.86 -.29 -15.96 7. .01 .102

’ 5380.32 10 7.53 -5.37 -.18: -17.86 1.5 .07 .448
5052.I6 11 7.53 -5.07 -.17 -16.92 5. .02 .187
6587.64 12 8.56 -5.54 -.24 -16.84 .8 .125 .553
11748.28 13 8.66 -4.89 -.28 -15.08 6. .02 .175
11801.10 14 8.67 -5.15 -.27 -15.80 5. .02 :203
11630.50 15 8.67 -5.29 -.28 -15.81 2.5 .04 .343
12581.68 16 8.81 -5.21 -.26 -15.88 5. .02 .239
12549.50 17 8.81 -5.42 -.26 -15.98 2.5 .04 .407
12562.21 18 8.81 -5.46 -.26 -15.98 2.5 .04 .407
12569.11 19 8.81 -5.48 ‘ -.26 -16.10 2.3 .04 .429
12614.14 20 8.81 -5.15 -.26 -15.40 5. .02 .239

(MODIFIED)

k
Log e Log z Log F* •7a Vm(km/see)

1.09 -24.92 1.045 7.86 .14 -4.29 77. 0
1.09 -24.78 1.028 7.72 - .46 -4.46 19. 0 ’
1.08 , -24.70 1.014 7.63 -.58 -4.53 14 0
1.09 -24.70 1.014 7.62 - .57 -4.51 14 0
1.08 -24.44 .944 7.10 -1.48 -4.96 1.8 . 0
1.31 -24.61 1.014 7.63 - .68 -4.40 11. 0
.98 -24.33 .905 6.81 -2.15 -5.31 .38 0
.98 -24.33 .905 6.80 -2.05 -5.23 .47 0
1.33 -24.61 1.014 7.64 - .81 -4.57 8. 0
1.05 -24.33 .912 6.87 -2.22 -5.16 .31 0
1.00 —24.60 .979 7.37 -1.51 -4.89 1.6 0
1.23 -24.17 .891 7.63 -2.12 -5.25 .4 0
.93 -24.65 .983 8.51 - .76 -4.60 8.5 0
.92 —24.62 .974 8.44 -1.44 -4.8? 1.9 0
.95 -24.47 .935 8.11 -1.2? -4.99 2.8 0
.78 -24.65 .963 8.48 -1.53 -4.94 1.6 0
.80 -24.48 .920 8.11 -1.43 -5.14 2.0 0
.80 -24.48 .920 8.11 -1.43 -5.18 2.0 0
.80 -24.46 .916 8.0? -1.53 -5.20 1.6 0
.78 -24.65 .963 8.48 -1.05 -4.88 . 4.7 0



CARBON I

X
Lino
No X Log

Ac
—

N , T 1
Log

6aV. 9 r

10691.24 1 7.52 -4.58 -.29 -15.10 543 .00169

10685.36 2 7.51 -4.75 -.29 -15.70 143 .00637

10729.59 3 7.52 -4.82 -.29 -15.83 100 .00917

10707.36 4 7.51 -4.80 -.29 -15.83 106 .00857

10754.02 5 7.52 -5.27 -.29 -17.00 18 .0487

9111.88 6 7.52 -4.70 -.30 -15.84 79 .00954

4770.00 7 7.52 -5.50 -.16 -17.85 3 .255

4775.89 8 7.51 -5.42 -.16 -17.76 4 .204

8335.15 " 9 7.53 -4.86 -.29 -15.96 60 .0123

5380.32 10 7.53 -5.37 -.18 -17.86 2.5 .272

5052.16 11 7.5JL -5.07 -.17 -16.92 25 .0385

6587.64 12 8.56 -5.54 -.24 -16.84 2.2 .254

11748.28 13 8.66 -4.89 — .28 -15.08 50 .0211

11801.10 14 8.67 -5.15 -.27 -15.8.0 9 .109

11630.50 15 8.67 -5.29 -.28 -15.81 32 .0319

12581.68 16 8.81 -5.21 -.26 -15.88 31 .0401

12549.50 17 8.81 -5.42 —.26 -15.98 24 .0500

12562.21 18 8.81 -5.46 — .26 -15.98 24 .0500

i2569.ll 19 8.81 -5.48 -.26 -16.10 18 .0658

12614.14 20 8.81 -5.15 — .26 -15.40 9 .128

(UNMODIFIED)

■> Lig e 6%,

1.09 -25.51 1.058 7.96

1.09 -25.24 1.056 7.93

1.08 -25.17 1.055 7.93

1.09 -25.18 1.055 7.92

1.08 -24.85 1.037 7.80

1.31 -25.08 1.055 7.93

.98 -24.54 .959 7.21

.98 -24.59 .974 7.31

1.33 -25.02 1.053 7.93

1.05 -24.49 .954 7.18

1.00 -24.93 1.041 7.84

1.23 -24.44 .959 8.21

.93 -25.07 1.049 9.08

.92 -24.76 1.011 8.77

.95 -24.99 1.045 9.06

.78 -25.03 1.041 9.17

.80 -24.97 1.036 9.13

.80 -24.97 1.036 9.13

.80 -24.92 1.029 9.07

.78 -24.80 1.003 8.84

Log z Log F« .1%
VT

(km/see)

.63 -4.29 490. 0

—■ • 0 21 -4.46 70. 0

- .41 -4.53 44. 0

— .39 -4.51 46. 0

-1.77 -4.98 1.9 0

- .51 -4.40 35. 0

-2.34 -5.34 .53 0

-2.30 -5.26 .58 0

- .69 -4.57 23. 0

-2.37 -5.19 .4? 0

-1.65 -4.90 2.5 0

-2.43 -5.30 .42 0

- .91 -4.61 14. 0

-1.63 -4.88 2.7 0

-1.70 -5.01 2.3 0

-1.84 -4.95 1.6 0

-1.96 —5.16 1.3 0

-1.96 -5.20 1.3 0
-2.0? -5.22 .95 0

-1.26 -4.89 6.3 0



NITROGEN I

A LineNo % Log Log 1 Log 3,i: 9 %

8683.38 1 10.29 —6.04 -.29 -15.05 .2 .83 1.308
8680.10 2 10.29 -5.66 -.29 -14.77 .20 .50 1.010
8718.76 3 IO.29 -6.24 -.29 -15.42 .06 1.00 1.472
8711.67 4 10.29 -6.29 -.29 -15.34 .07 1.00 1.466
8703.15 5 10.28 -6.24 -.29 -15.45 .06 1.00 1.472
8216.30 6 10.29 -6.07 -.28 -15.05 .12 .83 1.298
8222.88 7 10.29 -6.22 -.28 -15.45 .06 1.00 1.461
7468.27 8 10.29 -6.27 -.27 -15.30 .08 1.00 1.482
7442.23 9 10.29 -6.40 -.27 -15.49 .06 1.00 1.495
8629.16 10 10.64 -6.24 -.29 -15.08 .07 1.00 1.466

(MODIFIED)

Jkif Log Kc ex, Log a Log F*

1.32 -23.65 .790 8.13 -1.35 -5.39 .36
1.32 -23.82 .823 8.47 —1.24 -5.15 .49
1.32 -23.57 .775 7.97 • -1.64 -5.52 .18
1.32 -23.57 .775 7.97 -1.56 -5.57 .22
1.32 -23.57 .775 7.97 -1.67 -5-52 .17
1.33 -23.65 .791 8.14 -1.36 -5.43 .36
1.33 -23.57 .776 7.99 -1.62 -5.51 .16
1.30 -23.57 .774 7.96 -1.51 -5.57 .25
1.30 -23.56 .773 7.95 -1.70 -5.70 .16
1.32 -23.57 .775 8.25 -1.58 -5.52 .21

w- < 3



NITROGEN I

LineNo Log & Log _J___ Log ■ 3iir 
6aVc "P %

-.29 -15.05 .11 .6828683.38 1 10.29 -6.04
8680.10 2 10.29 -5.66
8718.76 3 10.29 -6.24
8711.67 .4 10.29 -6.29
8703.15 5 10.28 -6.24
8216.30 6 10.29 -6.07
8222.88 7 10.29 -6.22
7468.27 8 10.29 -6.27
7442.23 9 10.29 -6.40
8629.16 10 10.64 -6.24

-.29 -14.77 .21 .626
-.29 . -15.42 .05 .722
-.29 -15.34 i06 .715
-.29 -15.45 .05 1722
-.28 ' -15.05 .11 .677
-.28 -15.45 .05 .717
-.27 -15.30 .06 .726
-.27 -15.49 .04 .740
-.29 -15.08 .05 .722

(UNMODIFIED)

i  .
Log 6 6*, Log a Log F*

1.32 -24.04 .869 8.94 -1.77 -5.75 .10
1.32 -24.09 .878 9.03 -1.53 -5.37 .18
1.32 -24.01 .862 8.87 -2.10 -5.95 .05
1.32 -24.02 .864 8.89 -2.03 -6.00 .06
1.32 -24.01 .862 8.86 -2.12 -5.95 .05
1.33 -24.05 .870 8.95 -1.77 -5.79 .10
1.33 -24.01 .863 8.88 -2.14 -5.94 .04
1.30 -24.02 .862 8.87 -1.97 -6.00 .07
1.30 -24.01 .860 8.85 -2.15 -6.13 .04
1.32 -24.01 .862 9.17 -2.06 -5.95 .05

w00



OXYGEN I (MODIFIED)

X LineNo % Log Log I Log 9 y . Hi Log 6 ex, Log z Log F« Vm(km/sec)
A. 6aVo Li T?

7771.95 - 1 9.11 -5.02 -.27 -15.21 4. .03 .174 1.32 -24.50 .983 8.96 -1.49 -4.74 2.1 1.39
7774.18 2 9.11 -5.07 -.2? -15.36 3.5 .03 .191 1.32 -24.48 .978 8.91 —1.6l -4.79 1.6 1.38
7775.39 3 9.11 -5.19 -.27 -15.58 2.3 .04 .267 1.32 -24.39 .955 8.70 -1.71 -4.90 1.3 1.34
8446.35 4 9.48 -5.06 -.29 -15.28 2.6 .04 .239 1.33 -24.42 .963 9.13 -1.81 -4.75 1.0 1.35
8446.73 5 9.48 r5.23 -.29 -15.52 1.4 .07 .366 1.33 -24.30 .930 8.82 -1.86 -4.91 .9 1.28
■6453.61 6 10.69 -6.33 -.25 -16.95 .05 1.00 1.627 1.20 -23.54 .762 8.15 -3.38 -5.65 .03 .63
6158.18 7 10.69 -6.02 -.22 -15.94 .21 .48 1.107 1.18 -23.81 .811 8.67 -2.62 -5.59 .16 .91
6156.81 8 10.69 -6.06 -.22 -16.09 .20 .50 1.130 1.18 -23.80 .809 8.65 -2.76 -5.62 .12 .89
5436.85 9 10.69 -6.74 -.19 -17.14 .05 1.00 1.842 1.06 -23.50 .745 7.96 -3.42 —6.12 .03 .50

X .LineNo % Log Log 1 Log ■ P % % & Log hi 6 6X, Log z Log F
I T -H

5577.35 10 1.96 —6.23 -.19 -23.90 .07 1 .378 1.09 -24.37 .927 1.82 -3.1?- -6.04 - .04
6300.33 11 0.00 -6.13 -.22 -25.31 .18 1 .339 1.19 -24.37 .936 0.00 -2.76 -5.91 .10
6363.88 12 0.02 -6.63 -.22 -25.80 .06 1 .344 1.20 -24.36 .935 0.02 -3.28 -6.41 .03



OXYGEN I (UNMODIFIED)

X
LinoNo Log J Log 9/ T

6»y6 . 9 %

7771.95 1 9.11 -5.02 -.27 -15.21 41. .0180
.7774.18 2 9.11 -5.07 -.2? -15.36 31. .0237
7775.39 3 9.11 -5.19 -.27 -15.58 18 .0399
8446.35 4 9.48 -5.06 -.29 -15.28 15 .0470
8446.73 5 9.48 -5.23 -.29 -15.52 9.0 .0752
6453.61 6 10.69 -6.33 -.25 -16.95 .03 .809
6158.18 7 10.69 -6.02 -.22 -15.94 .26 .673
6156.81 8 10.69 -6.06 -.22 -16.09 .18 .718
5436.85 9. 10.69 -6.74 -.19 -17.14 .02 .925
5577.35 10 1.96 -6.23 -.19 -23.90 .9 .483
6300.23 11 0.00 -6.13 -.22 -25.31 2.8 .221

f
Log /r[ e 0L, Log z Log F« *1%

Vt
(km/sec)

1.32 -24.95 1.051 9.57 -1.65 -4.75 2.6 2.24

1.32 -24.90 1.048 9.55 -1.83 -4.80 1.7 2.24

1.32 -24.80 1.041 9.48 -2.08 -4.92 1.0 2.24

1.33 -24.76 1.038 9.84 -2.18 -4.77 .76 .2.23

1.33 -24.67 1.025 9.72 -2.39 -4.94 .47 2.22

1.20 -23.99 .849 9.08 -3.86 -6.08 .02 1.96

1.18 -24.10 .871 9.31 -2.97 -5.80 .12 2.00

1.18 -24.07 .863 f 9.23 -3.07 -5.84 .10 1.99

1.06 -23.97 .834 8.92 -3.91 -6.55 .01 1.94

1.09 -24.28 .905 1.77 -3.21 —6.04 .07 2.06

1.19 -24.49 .968 0.00 -2.64 -5.91 .27 2.15

1.20 -24.28 .912 0.02 -3.36 -6.41 .05 2.0712 ..22



SULPHUR I (MODIFIED)

A lineNo Log W,\Ac log )-- Log
S*yc 9 . r, 4

4694.13 1 6.50 -5.53 -.15 -17.07 1.3 .08 .531 .97
4695.45 2 6.50 -5.72 -.15 -17.22 1. .1 .619 .97
4696.27 3 6.50 -5.67 -.15 -17.44 .7 .14 .751 .97
10455.46 4 6.83 -4.91 -©29 -15.14 42. .002 .224 1.13
10459.44 5 6.83 -4.99 -.29 -15.36 13. .01 .0721 1.13
10456.75 6 6.83 ~ -5.18 -.29 -15.83 5.6 .02 .152 1.13
5278.96 7 6.83 -6.05 -.18 -17.64 .23 .43 1.207 1.03
8694.64 8 7.84 -5.41 -.29 -15.44 2. .05 .290 1.32
8671.31 9 7.83 -6.04 -.29 -16.16 .8 .125 .516 1.32
8693.96 10 7.84 -5.71 -.29 -16.03 .7 .14 .552 1.32
8670.63 11 7.83 -5.86 -.29 -16.05 .7 .14 .552 1.32
8678.95 12 7.83 -6.04 -.29 -16.52 .3 .33 .833 1.32
8670.20 13 7.83 —6.04 -.29 -16.40 .4 .25 .731 1.32
7686.13 14 7.83 -6.11 -.27 -16.57 .3 . .33 .833 1.32
7679.60 . 15 7.83 -6.28 ■ -.27 -16.79 .2 .50 1.010: 1.32
6757.20 16 7.83 -5.55 -.25 -15.94 1. .10 .480 1.25
6052.66 17 7.83 -5.78 -.23 -16.30 .55 .18 .705 1.17

log Kt 6 e*. Log

-24.29 .895 5.82 -.01
-24.23 .879 5.71 —.01
-24.13 .858 5.58 -.02
-24.51 .968 6.61 -.01

- -24.75 1.027 7.01 .00
-24.60 .993 ' 6.78 .00
-23.81 .799 5.45 -.04
-24.37 .949 7.44 -.01
-24.17 .898 7.03 —.01
-24.15 .891 6.99 -.01
-24.15 .891 6.98 —.01
-23.94 .846 6.62 -.02
-24.01 .861 6.74 -.02
-23.94 .846 6.62 -.02
-23.82 .823 6.44 -.03
-24.23 .905 7.09 -.01
-24.08 i 6.77 -.02

Log z Log F* ■ h
vT(Kb/sec)

- .43 -5.35 .94 0
- .53 -5.53 .75 0
- .73 -5.46 .47 0
.93 -4i62 23. .44
.56 -4.70 9.4 .59
.17 -4.88 3.9 .51

-1.14 -5.68 .18 0
- .34 -5.10 1.16 .37
- .85 -5.70 .36 0
- .70 -5.36 .54 0
- .71 -5.51 .51 0
-1.04 -5.61 .23 0
- .97 -5.64 .27 0
-1.09 -5.70 .20 0
-1.26 -5.79 .14 0
— .63 -5.26 .60 .08
- .83 -5.4? .38 0

H



SULPHUR I (UNMODIFIED)

X LinoNo X,
K

Lok / Log 3if % 1 i*g kL © ©*,
* •4-

Log a Log F* Vj(kn/ooe)
e,v=

4694.13 1 6.50 -5.53 -.15 -17.07 1.2 .469 .97 -24.35 .908 5.90 -.01 - .45 -5.38 .4? 1.23
4695.45 2 6.50 -5.72 -.15 -17.22 .9 .543 ' .97 -24.29 .893 5.80 -.01 - .56 -5.57 .35 1.21
4696.2? 3 6.50 -5.67 -.15 -17.44 .52 .678 .97 -24.18 .869 5.65 —.02 - .75 -5.52 .23 1.17
10455.46 4 . 6.83 -4.91 -.29 -15.14 41. .0211 1.13 -24.99 1.049 7.16 0 .87 -4.62 10. 1.37
10459.44 5 6.83 -4.99 -.29 -15.36 24. .0354 1.13 -24.89 1.043 7.12 0 .59 -4.70 5.2 1.37
10456.75 • 6 6.83 -5.18 -.29 -15.83 8. .0983 1.13 -24.69 1.015 6.93 0 .11 -4.89 1.7 1.35
5278.96 7 5 6.83 -6.05 -.18 -17.64 .15 .844 1.03 —24.04 .844 5.76 -.02 -1.20 -5.87 .08 1.14
8694.64 8 7.84 -5.41 -.29 -15.44 1.8 .271 1.32 -24.39 .954 7.48 -.01 —, *36 -5.12 .56 1.28
8671.31 9 ‘ 7.83 -6.04 -.29 -16.16 .36 .557 1.32 -24.14 .890 6.97 -.01 — .82 -5.75 .20 1.20
8693.96 10 7.84 -5.71 -.29 , -16.03 .47 .515 1.32 -24.17 .898 7.04 -.01 - .73 -5.42 .25 1.21
8670.63 11 7.83 -5.86 -.29 -16.05 .46 .519 1.32 -24.17 .897 7.02 -.01 - .73 -5.57 .25 1.21
8678.95 12 7.83 -6.04 -.29 . -16.52 .16 .653 1.32 -24.07 .873 ' 6.84 -.02 -1.13 -5.75 .10 1.18
8670.20 13 7.83 -6.04 -.29 —l6.40 .21 .626 1.32 -24.09 .878 6.8? -.02 -1.02 -5.75 .12 1.19
7686.13 14 7.83 -6.11 -.2? -16.57 .14 .665 1.32 -24.06 .872 6.83 -.02 -1.18 -5.84 .09 1.18
7679.60 15 7.83 -6.28 -.2? -16.79 .08 .701 1.32 -24.03 .865 6.77 -.02 -1.37 -6.01 .06 1.17
6757*20 16 7.83 -5.55 -.25 -15.94 .65 .485 1.25 -24.22 .903 7.07 -.01 - .62 -5.30 .31 1.22
6052.66 17 7.83 -5.78 -.23 -16.30 , -33 .643 1.17 -24.13 .875 6.85 -.02 - .86 -5.55 .18 1.18



REFERENCES

1. Allerj Lawrence H'.> The Atmospheres of the Sun and Stars,
Second Edition, p. 373-

2. Goldberg, Leo, Muller, Edith A., and Aller, Lawrence H ,,
Ap. J . Supp. 5., 1, I960.

3. Moore, Charlotte E ., A Multiplet Table of Astrophysical
Interest, National Bureau of Standards Technical 
Note 36, 1959•

4. Aller, Lawrence H., "Interpretation of Normal Stellar
Spectra’” in Stellar Atmospheres (J. L. Greensteih, 
Ed.) p. .246. ... -

\

43

/


