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abstract

The major portion of the present investigation 
centers on the determination by analytical and experimen
tal means, the flow properties (density, pressure, tem
perature and Mach number) of a plasma at the exit of a 
nozzle for selected reservoir properties.

Argon was selected to represent closely an ideal 
gas while nitrogen was chosen as being typical of a real 
gas. The exit flow properties of the two gases, argon 
and nitrogen, were first predicted analytically. Then, 
some of these flow properties were measured experimentally 
and comparisons were made with the analytical values.

The analytical prediction of the flow properties 
of argon is a relatively simple matter because the inter
nal properties (Cp, Cy and Y) remain essentially constant 
over the experimental temperature range. Therefore, the 
ideal gas dynamical equations are sufficient for the 
prediction of the flow properties. The analysis of the 
flow properties of the real gas, nitrogen, is very complex 
because of the sensitive variation of its internal proper
ties. . Theoretical development of the governing equations 
for a real gas is presented, and computer methods are used 
to solve them.

xv



CHAPTER 1

DEVELOPMENT OF PROPERTY RELATIONS OF REAL 
GASES FOR THEORETICAL PREDICTION OF NOZZLE FLOW

1.1 Purpose of the Theoretical Predictions
The main purpose of the analytical portion of the 

present work is to present the derivations which lead to 
a set of equations which will allow a prediction of the 
flow properties of a plasma at any point in a convergent — 
divergent nozzle. These equations are written for real 
gases; however, they can be simplified so that they 
apply to ideal gases.

1.2 Recombination Effects in Nozzle Flow
The gas originates, for the sake of the flow 

analysis, in the reservoir stagnation region at an 
extremely high temperature. In some instances the temper
ature can be as high as 18,000° R. At this temperature, 
the gas is in a high state of dissociation and ionization 
known as a plasma state. A loose definition of a plasma 
is a partially ionized gas where the number of ion par
ticles is equal to the electron particles. Since each

1



elementary ionization results in one atom breaking down 
into one ion and one electron, this electrically neutral 
condition exists.

Because the cross-sectional area of the supersonic 
nozzle is divergent, the resulting temperature decrease 
causes the plasma to undergo recombination reactions 
between the ions and the electrons to form atoms, and 
between atoms to form molecules. The equations of these 
reactions are written below for nitrogen gas.

N+ + e“ Sep: N Ionization Recombination
(1.1)N + N 3=?: Ng Dissociation Recombination

As the temperature decreases, the reactions go to 
the right and are exothermic. Between any two points in 
the direction of the flow in the expansion portion of the 
plasma tunnel nozzle, there is a temperature drop. If 
the gas flow velocity between these points is small, then 
the plasma would have time to reach its equilibrium compo
sition as determined by the temperature and pressure for 
that particular end point. However, if the flow is 
extremely rapid, the plasma may not have sufficient time 
to reach equilibrium and the composition (percent of each 
species present such as N+, e~, N and Ng for nitrogen gas) 
may be somewhere between that at the initial state and 
that for equilibrium at the downstream location. If the 
composition remains the same as that at the first state
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point, the composition is said to be frozen in that por
tion of the flow. If, on the other hand, the flow has 
time to reach equilibrium, the flow is said to proceed in 
thermodynamic equilibrium in this region. Most likely, 
the composition usually is somewhere between the two 
cases. An examination for the exact composition would 
have to include a consideration of reaction kinetics which 
involves the reaction time at which a process proceeds.
In the present study, equilibrium flow is assumed through
out the flow in the analytical predictions.

kinetic energy is stated in equation 1.2. The exothermic 
recombination reactions provide energy, some of which 
goes into the creation of kinetic energy of mass motion in 
the downstream direction.

In rocket engines, it is desired to convert as much
as possible of the total enthalpy into kinetic energy which 
provides the thrust. This can only be done if the recom
bination reactions, which are exothermic, proceed at such a 
rate so as to release all of the heat of dissociation and 
ionization that was stored earlier in the gas products 
during burning or heating. This means that the maximum

The relationship between changes of enthalpy and

stagnation
(1.2)



amount of recombination is desired and this is obtained if 
the flow proceeds in thermodynamic equilibrium with suffi
cient expansion permitted.

In a plasma tunnel, however, if electromagnetic 
forces are to act on a plasma gas, the plasma should have 
the highest degree of ionization possible. Thus, it would 
be desirable in this case to retard the recombination 
reactions. Frozen flow would be the type favored in this 
instance. Two factors that enter into determining whether 
the flow will be frozen or in equilibrium are temperature 
and flow velocity. At higher temperatures, the reaction 
kinetic equations predict faster recombination reaction 
rates (Reference 2). At lower velocities, for a given 
nozzle geometry, there is more time for equilibrium to be 
established. The combination of these two effects tends 
to produce equilibrium flow. These two conditions exist 
in the subsonic or convergent section of the plasma tunnel 
nozzle, and for a region shortly after the throat area in 
the supersonic or divergent section. In this region of 
the plasma flow, the plasma will be close to equilibrium. 
For a point shortly after the throat where the velocity is 
becoming large and the temperature is decreasing, the flow 
begins to approach a frozen condition. Within a short span 
of the nozzle distance, these effects become large enough 
to set the recombination reactions to practically zero and

4



5
frozen flow is the dominant condition from there on out to 
the exit. Thus, there are three major nozzle divisions for 
the recombination reaction (Reference 2): the thermodynamic 
equilibrium region existing up to a short distance down
stream of the throat (Region 1), a short transition region 
within which the effects of high flow velocity and smaller 
temperatures reduce the rate of the recombination reaction 
to zero (Region II), and lastly the frozen composition 
region which extends out to the nozzle exit (Region III). 
The graphical picture of this condition is presented below 
in Figure 1.1.

Figure 1.1 Recombination Composition Versus 
Axial Nozzle Position

Thermodynamic
Equilibrium
Frozen Flow 
After Deviation 
From Equilibrium 
Frozen Flow 
Composition

Axial NozzlePosition

In the present study, thermodynamic equilibriumi
was assumed throughout the plasma tunnel. This assump
tion was essential to reduce the extreme complication of 
the exact problem. It is recognized that a certain amount 
of error is introduced with this assumption, but a compari
son will be made with the experimental values so that any
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large deviation will be noted as a determination of the 
reasonableness of the assumption.

1.3 Real Gas Effects
1.3.1 Introduction

A simplifying assumption for a gas is that it 
is composed of particles which are solid spheres. The 
spheres, by designation, are considered to be perfectly 
elastic in collision and exert no attractive or repulsive 
forces over the separation distances between particles 
which are large compared with the particle radii. These 
simplifications are the usual ones of ideal gas kinetic 
theory which reduce the complexity of the mathematical 
analysis.

Simplified microscopic ideal gas assumptions 
do not allow for a multi-atomic molecule which is capable 
of rotation, vibration, dissociation and ionization of its 
atoms under high temperatures, but state that the internal 
energy of an ideal gas is entirely translational kinetic 
(Reference 3)• Neither does it take into account the 
influence of the attractive-repulsive forces of charged or 
of neutral particles at high pressures. However, for 
moderate temperatures and pressure ranges, the ideal gas 
assumptions give results which are very nearly correct. 
What is to be considered in this investigation are the 
effects of extreme conditions, the deviations that follow.



and how they effect some of the classical equations founded 
upon the ideal gas assumptions.

A gas is usually considered to be ideal if it 
obeys the equation of state, p = (>RT. It is considered to 
be a real gas if p * £RT. In such a case, the equation of 
state, p = 3-pRT, can be written where % is called the com
pressibility factor (in some literature the departure 
coefficient) which corrects for the deviation (Reference 3). 
The value of 3 varies and is a function of the state prop
erties. There are three major conditions in which a gas 
will deviate from an ideal behavior: 1) very high temper
atures, 2) very high pressures, and 3) exposing the gas to 
high-energy radiation. In the flows considered in the 
current study, the dominant condition of these three is 
the exposure of the gas to extremely high temperatures and 
for this reason the others will not enter into the discus
sion.

Because of the difficulties that arise in analyzing 
an ionized gas, certain simplifying assumptions are neces
sary for the successful outcome of such an analysis. The 
assumptions that are adopted in the present study are that 
the plasma is electrically neutral and the flow is isen- 
tropic and in thermodynamic equilibrium at all points in 
the nozzle flow. This means that at each point in the flow 
field, the gas percentage in dissociation and ionization

7
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corresponds to that which it would have were there time to 
reach equilibrium at that point.

With these simplifications in mind, a partially 
satisfactory analysis can be made which includes the diver
gence of the real gas state from that given by an ideal 
• state equation.

1.3.2 Real Gas Equation of State
The form of the ideal gas equation of state 

can be used if a departure coefficient is inserted. The 
departure coefficient is defined as -3- “ p/^RT = S(p,T).
For high densities, the intermolecular forces, called van 
der Waal forces, cause the departure situation. The pres
sure range is not large enough in the current study to be 
important so that the departure coefficient will be a 
function of temperature only, 3 = -S (T).

A major effect of very high temperature, because 
of dissociation and ionization, is to cause a change in 
the number of particles present. Dalton's Law states that 
for ideal gases in a given volume, the total pressure is 
the sum of the partial pressures of the components.

n
P = Pi U*3)i=l 1

Since the real gas in the experimentation phase of 
this study will be nitrogen, all examples from this point
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on, with the purpose of determining the supporting equa
tions for predicting the flow properties, will be for 
nitrogen.

The partial pressures in equation 1.3 are due to 
the molecules, neutral atoms, positive ions, and electrons 
all existing together in the plasma.

Pn2 - mN2 rN2 tA
PH - mH Bn TA  (1.4)

% +  ■ v -  IV T/V'

Pe- ■ °e- Rt r  TA

where m^^, m^+ and me- are the total masses of the

respective particles. The total pressure would be:

pt - M1 V
mN2 + mN + mN+ + me~ 

«n -L % Me™
(1.5)

where Rj_ = R0^ i  anĉ  ^i the molecular weight of the gas. 
Also let mrp be the total mass of the gas:

mN2 + mN + + me- (1.6)

The numbers of moles in ionization n^+ * 
and ne- = me- ^ e-. are the same and consequently the par
tial pressures will be equal for these two species.
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Further approximations can be made if it is assumed that

MN /2

Putting these relations into equation 1.5 gives,

PT ” r %  + 2mN + 40^+1

P , - 5 £
™N.

R0T Or 1 4 - %  +
%  m™

(1.7)

(%2 + mN + mN+) + mN + Sm^+j (1.8)

XN - mN/mT and XN+ - ny+/m^ (1.9)

then, X^ and X^+ are the mass fraction of dissociation and 
ionization respectively for the entire system of particles. 
Therefore,

p = e % 2 T (1 + XN + 3XN+) (1.10)

and the departure coefficient for ^  gas undergoing dis
sociation and ionization is equal to

(i + xN + 3Xn+) - a (i.u)
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The reason why the 3 term is sometimes called the 

compressibility factor is that it is a measure of how many 
new particles are now in the system which, in a given 
volume, would have a pressure greater than that which the 
ideal gas equation for the original gas would predict (by 
an amount equal to (1 + + 3Xfl+)). This will be assumed
to be the only factor effecting deviation in the ideal gas 
equation for the gas Ng in this study. All others will be 
small under the present operating conditions.

1.3.3 Equilibrium Prediction of the Mass Fractions 
- Separate Reactions of Dissociation and 
Ionization
The law of mass action gives the desired equa

tion for calculating the mass fractions. The equilibrium 
constant for the law of mass action for a specific chemical 
reaction involving ideal gases is defined as follows:

K = Pj^i = Pi^-Pa^2 ••• Pn^  (1.12)

where p^ is the pressure of the ith component and is 
the concentration (Y^ particles react for every Ŷ > par
ticles that react).

At equilibrium, consider the reaction Ng— + N 
where the equilibrium constant is defined as

PN pnK (1.13)
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Suppose that there is initially 1 lb. of Ng. At equili
brium, Xp is the mass fraction dissociated. Then, remain
ing (at equilibrium) are 1 - Xp pounds of Ng and X%) pounds 
of N where the partial pressures are:

PN “ XD %  T/'r (1.14)

pn 2 * " z d  ̂ % 2 TA (1.15)

Since = R0/M^ = 2R0 -̂1̂  ̂“ 2R^^, the equilibrium constant

for N2 2N is,

^dissociation '
pN2 (1 - XD ) eH2 tA

(1.16)

The total pressure p^ is obtained by adding the partial
pressures which yield.

pT - (1 + XD ) rN2 tA (1.17)

Ihen’ kd = ^ !  p t
1 - Xd2

(1.18)

The equilibrium constant for N — »-N+ + e“ is
derived similarly and is given below:

^ionization “ — — = ^  Pj
PN 1 - X%2

(1.19)
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1.3.4 The Mass Fractions at Equilibrium when Both 

Dissociation and Ionization are Present 
Another set of equations is needed which will 

relate Xq and Xj to the mass fractions present at final 
equilibrium.

Ng. When it dissociates, where Xp is the mass fraction of 
dissociation, the system is composed of:

Now, let the amount of dissociated nitrogen, N, be ionized 
where Xj is the mass fraction of ionization. Then, from 
the amount of dissociated N, there is now:

Since there are Xp pounds of N from the original one pound 
of Ng, then, for one pound of original Ng, the mass frac
tions are:

Assume that there is originally one pound of

(1 - XD) lb. N2 
XD lb. N

(1.20)

(1 - Xj) lb. of N 
Xi lb. of N+ (1.21)

Xj x d  » xN+ (1.23)

! - xD “ xN (1.24)2
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1.3*5 Further Real Gas Deviations from the Ideal

Besides changing the equation of state, what 
are some of the other effects of high temperature on the 
properties of an ideal gas? First of all, the assumption 
of a solid sphere as a valid representation of the molecule 
is no longer possible. Instead, the molecule must be 
visualized as possessing atoms which can vibrate and 
rotate. These new degrees of freedom absorb energy from 
what would normally be possessed by the translational 
motion. If the molecules were assumed to be solid spheres, 
then for any given temperature, the internal energy must 
be completely in the form of translational kinetic energy.
If this same energy is now applied to a real gas, the 
translational energy would receive only a portion of the 
whole since now it must share the total energy with the 
rotational and vibration degrees of motions. The amount 
of the total energy that is channeled into the translational 
kinetic energy is less than in the ideal case and tempera
ture, considered as a measure of this kinetic energy, will 
be correspondingly less. A real gas, then, will be in a 
state of lower kinetic temperature for the same total energy 
possession as an ideal gas.

The activation of the rotational degrees of freedom 
of a molecule at one atmosphere of pressure begins in the 
neighborhood of 10* K (Reference 3). At higher temperatures,
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around 1000* K, the vibrational degree of freedom begins 
to become excited. In all cases, the dominant means in 
the transfer of energy is by collision. When the molecular 
impacts become so great that the bonds between atoms are 
stretched to the breaking point, dissociation occurs. For 
nitrogen, dissociation begins around 4500* K. Dissociation 
is an endothermic reaction so that an amount of energy 
known as the dissociation energy must be supplied to the 
gas. At still higher temperatures, the electrons within 
the atoms acquire additional energy and occupy higher 
quantum states. This effect is negligible up to 5000® K 
since the molecules would have a greater tendency to 
absorb energy in other forms (vibration and dissociation). 
At still higher temperatures, these electrons can acquire 
enough energy to escape their.atomic nucleus. This is 
the process known as ionization and it, too, is an endo
thermic reaction.

Since molecules of different gases differ in their 
atomic separation distance, bonding strength and electron- 
nucleus attraction strength, some molecules may be dis
sociated and ionized more readily than others. Thus, 
certain gases'can be made highly conductive with only a 
relatively small power input due to the low dissociation 
and ionization energies. This presents an important engin
eering opportunity since the gas can be chosen to fit the



requirements of the project. In this case, it is to make 
the gas responsive to MHD (magnetohydrodynamic) effects.

1.3*6 Modes of Internal Energy
From kinetic theory it is known that for every 

"fully developed" degree of freedom, an amount of internal 
energy equal to £ RT per unit mass is contributed to the 
total energy. Before a degree of freedom becomes fully 
developed, its energy absorption is predicted by a more 
complicated equation. However, for the fully developed 
degrees of freedom in a diatomic molecule, there are 
three translational, two rotational and two vibrational 
degrees of freedom.
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^trans. - 3/2 RT
urot - 2/2 RT (1.24)

^vib - 2/2 RT

In addition, a gas can also absorb the inter-
nal energy of dissociation. Up, energy of higher electron 
orbit states, U elect, and also the energies of ioniza
tion of which there may be many, Uj, each with a greatly 
higher ionization energy. (More than one electron can be 
separated from an atom.) The total internal energy of 
one pound of nitrogen, which contains both dissociated 
and ionized particles, is the sum of its components.
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uT - 5 ui
UT " utrans + urot + uvib + UD + Uelect + UI (1*25)

Each specific energy, U^, is that required to give all the 
particles the energy modes they now possess. For example, 
Utrans is the energy that all the particles (Ng, N, N+, e“) 
absorbed in their translational kinetic energy mode. The 
specific energy Up is the energy absorbed by just those 
molecules that have dissociated.

In the temperature range usually encountered in 
magnetohydrodynamics above 5000*K, it is reasonable to 
assume that fully excited or developed degrees of freedom 
in rotation and vibration exist. Another assumption that 
has been made is that the electronic energies, Uelect* ln 
the nitrogen molecule, Ng, are negligible, since it is 
more probable that the molecule will absorb energy in 
vibration and dissociation. If it does not dissociate, 
then it may be assumed that this particular molecule does 
not possess the average or mean energy distribution for 
which higher electron states are possible.

1.3.7 Determination of the Electron Absorption of 
Internal Energy
The Maxwell-Boltzmann statistics renders a 

method that can be used to evaluate the electron energy of 
the electron cloud of an atom or ion. It states that the
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"number of particles in the ith cell of phase space in 
the state of maximum thermodynamic probability is,”

nj. ” 6i e (1.26)

where is the energy of the ith energy level and is 
the degeneracy or statistical weight of the level (Refer 
ence 3)• The sum of n^ is the total number of particles 
and the sum n^U^ is the sum of the total energy.

n e-Ui/kT

B
e ' U l A T

T - 5  gl e'-Uj/kT
JL

Uelect " ^ uini = | 5!uigi e'^i/k? (1.28)

The equation 1.28 is the one used to obtain the 
energy in the higher electron orbit states. The energy 
states, U^, increase rapidly so that for a given tempera
ture the value of one over the natural log will be a very 
small number. Consequently, it is possible to cut off the 
summation of Y values in equation 1.27 to some limit beyond 
which the terms will be small for the operational temper
ature range.



The general form of the partition function used to 
obtain the energy of the higher electrical quantum states 
is (Reference 1):
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dissociation

Tm+
ionization

e-Di/kT
i

. 4 + 1 0  e-27656/T + 6 e-41485/T (1.29)

1 + 3  e-70.63 + 5 e-188.9/T + 5 e-22031/l 

+ e-47019/T

The energy of the higher order electrons orbit states are:

UN = i l j t Z  ■_  BTU f  5 x 276,560 e -2 7 6 5 6 /(T /l .8 )
welect Yĵ  lb mole L

+ 9 x 249,000 e-41485/(T/l.8)] (1.30)

UN+ » bJ£L BTU f 5 x ail.Se”70,63/ ^ / 1*8)
elect Ŷ j+ lb-mole L

+ 3 x 945 e-188.9/(T/1.8)

+ 4 x 110.000 e-22031/(T/1.8)

+ 5 x 47019 0-47019/(1/1.8)j

Also from the methods of the partition function, an equa- 
tional form for equilibrium constants can be obtained (Ref
erence 3). Their general form is expressed below where 
the constants CD (T) and Cj (T) are a function of tempera
ture.
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For N2 — v- N + N, KD = CD (T) T5/̂2 e~UD^kT 

For N — N+ + e“, Kx » Cj (T) T5/2 e~Ul/kT
(1.31)

The energy of dissociation, UD, divided by Boltzmann*s con 
stant is Uy/k m 113200*K and for ionization it is Uj/k ® 
168,500eK (Reference 3)•

1.3.8 Empirical Equations for the Equilibrium Con
stants for Dissociation and Ionization 
In. some of the numerical calculations of the 

current study, empirical equations for Kq and Kj are used. 
These have been obtained from the data of Reference 5*
The forms are shown here as equations 1.32. They are used 
in preference to equations 1.31 because they fit the 
experimental data better.

The equilibrium equation is to be in the 
following form:

Kjj = CD (T) T5 A  e-U3200/T > ^  . 0l (T) T5 A  e-168500/T
(1.32)

As a numerical example, the empirical data for the equili
brium constant at 6000®K and 6500°K are:

Kd (6000°K) - e"2,82 Ki (6000®K) - e~19*62
Kd (6500°K) - e"1*29 KX(6500*K) - e-17.40

The terms Cp and Cj in equations 1.32 are next computed for 
6000®K and 6500®K.
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CD (SOOO^K) = e113200/6000/((6000)1,25 e2*82)
Cd (6500#K) - ei:L3200/6500/((6500)1.25 @1*29) (1.33)

Cj(6000*K) - el68500/6000/((6000)1*25 @19.62)

CI(6500°K) - el68500/6500/((6500)1*25 e17,^°)

Interpolation for Cy and Cj for any temperature in between 
is found from a linear curve.

A T  _ T2 ~ T1 _ T - 6000*K 
A \ 2 ~ °D(T2) - CQ(Ti) CplT) - Cd (6000«K)

c (T) _ T - 6000*K + c {6000.K ) (1.34)
a T/a CDi2

Oj IT) T - 6000*K 
AT/a Ct „

+ CI(6000*K)

Inserting Cq and Cj in equations 1.32 yields the working 
equations for Kp and Kj.

1.3.9 Specific Heat Equations
Another property of the real gag that differs 

from the ideal case is the specific heat of the gas. For 
an ideal gas in which the particles can only have transla 
tion energy, the total energy of the particles must be:

U 'trans T



There are, however, the already discussed additional influ
ential energy elements in addition to that of translation 
that add to the internal energy of a real gas.
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Ut " (CVtrans+ °Vrot+ ° W  ̂ diss* % l e c t +  S o n ’ T
(1.35)

It is assumed that the rotational and vibrational degrees 
of freedom are fully developed for the temperature range 
encountered in the plasma tunnel operation. Thus the 
specific heat equation will be:

Crr = % UtOtall
total 2? Jv

_ ?Utrans ^ urot 5uvib , ^udiss ^ ̂ Uelect 
^ t o t a l = 2? 2T JT ? T  ^ T

, ^ i o n  
2 T

1? (LansRT) +i
.3  Udiss Select

2 T 3  t
$̂diss ^̂elect2? 2T

RT)rot
+ JL
jV 2vib

. ?uion 

P Uion

RT)

(1.36)

The major problem is to find the equivalent speci
fic heats, CptOy,for the multi-species gas as a whole. The 
specific heat of the system depends not only on the type of 
energy, but on the percent of the gas species possessing it.
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The total enthalpy is the sum of the enthalpy of 

the individual components.

A %
The term is the mass fraction of component J? and 
is the enthalpy that component possesses per pound of gas.

The specific heat for a constant pressure process 
is calculated by taking the derivative of the enthalpy with 
respect to temperature.

cF - f T (1.38)

The specific heat for a constant volume process is 
calculated similarly.

But,
« r - S

- PXT  and m .
dT It  ?T It

I _ v Zejl

fa It "■ I1 and5^  Ir" It "

It - 1̂  I t
(1.39)
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1.3.10 Determination of the Partial Differentials of 
the Mags Fractions with Respect to Temperature

The terms which must now be determined before 
the specific heats can be found are the partial derivatives 
of the mass fractions with respect to T for constant pres
sure and volume respectively, and

These quantities are derived from the equations of equili
brium, law of mass action, and the equation stating that 
the sum of the mass fractions is equal to one (method from 
Reference 7)• Using the latter equation first and taking 
the partial derivative with respect to temperature for a 
constant pressure process gives:

+  XN + *N+

CM

rx> + J%N+
9 T p 3 T P 3 T (1.40)

Two more equations are obtained from the laws of 
mass action for dissociation and ionization where the par
tial pressure of species is X^P/^and the molecular 
weight relations are ” Mjĵ /2 .

PN2 I„, My
(l.u)
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V  V h ^ M 2 - v 2 p ,KT
XN " W

(1.42)

The partial derivatives of equations 1.41 and 1.42 
with respect to temperature are to be performed. According 
to Reference 3, the partial derivatives of Kj and Kg are 
most easily performed if they are put into the form of equa
tion 1.31 and Cj and Cg are simplified by assuming them 
constant.

The partial derivative of Kj yields:

The partial derivative of the quantity

3 V .1 *NP 2 •%+1
% (XH )

JKj
3T

(1.43)

( y ) 2 p
ZN “n

is:

P

1 J xirh 1 3 % „ [*_ + ui 1
p [If kT2_ (1.44)

A similar process for the law of mass action of dissociation 
yields:
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Z p XK
XN ^

1 3x»2 |
I T T T  p " [̂  + iJ. (1.44)

The process whereby the volume is held constant and 
the partial derivative with respect to temperature is taken 
is more difficult since the pressure is now allowed to vary.

R- T m,p
P ’ - T C - V  C1 + XN + 3 V )

3P
3T . a  + XN + 3Xn+ ) + T + 3- T T :)v ]

+ 3 3%%+ 
JT~ “J t (1.46)

The term 2 is the departure coefficient equal to (1 + Xjj 
+ 3 + ). The partial derivative of the quantity

V P for constant volume is now taken:
XN N

9
Wl

(V >2 p"x »  k n  J CN [2pXH T F  +il ,XN)2] ' (XN ,2p 7^
v (XK)'

’p U ji+)2 1 2 3x„+

1—
 

=r 1_ |V
'p(-V)2 ' 1 2 xn

I
J8 

__1 Xn 5 t 1

p (xn+)2 i i dp

k  + y
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Substitution of^p/PT L. results in:

T T kT2 .
(1.47)

A similar procedure for the law of mass action for disso
ciation yields:

axi,
3t

i 3 xn
l i T T r2 T

(1.48)

Equations 1.42, 1.44* 1.47 and 1.48 are best solved 
simultaneously by matrix algebra. The matrix equation for 
the constant pressure process is:

1 1 1 3 % 0
3t~

o **L. 2—
V

PXH
3T ,- + & )

\  k  0
3XN+
3i P

(1.49)



28
The matrix equation for the constant volume process is:

1 1  1
-a. r=L + il 1

3xn2
"Jt
3xn

0 .

Xr2 Lxk 6J * IT*

0 D  - %] V
• (1.50)

1.3.11 Uncoupled Partial Derivatives of the Mass 
Fractions with Respect to Temperature 
The methods of section 1.3.10 for obtaining 

the partial derivative with respect to temperature are very 
cumbersome. The author has attempted to uncouple the equa
tions so that the computations could be made in a straight
forward manner. The coupling between the.equations is 
slight in any case because the processes of dissociation 
and ionization take place relatively independently of one 
another. Thus,when one process is dominant, the other is 
dormant. From the mass fraction equations for the system 
as a whole, equations 1.22, 1.23 and 1.24, the partial 
derivatives can be taken of the mass fractions for the 
particular reactions of dissociation and ionization.

3X ,,2 -  9 T l -  Xnl  -  -st L DJ inr (1.51)
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£  - £  ■ I V 1 - m
(1.52)

2 % +
3 F “r ~ "  $  • xi] ■ x d  • +J cr < J ^ " (1.53)

In the region where the rate of dissociation __2.
9 T

is large, the percent ionization, Xj, is very small and
in the region where Xj is large, the rate of dissociation
will be small. Thus, the terms in equations 1.52 and 1.53

3X dinvolving — ^  . Xj can be neglected. As a result, the 
partlals of the mass fraction for the whole system have 
been reduced to the partials of the mass fraction for the 
respective systems of dissociation and ionization.

Note that when 3Xj/9T is small, the rate of change 
of Xy^ Is equal to the rate of change of X^ with respect 
to temperature, and in the region where £ Xp/^T is small, 
the rate of change of Xjj is equal to the rate of change 
X^+ with respect to temperature.

1.3.12 Partial Derivative of the Mass Fraction for 
the Separate Reactions of Dissociation and 
Ionization
The partial derivatives of the mass fractions 

for the separate reactions of dissociation, Xg, and ioniza
tion, Xj, are derived in a manner similar to that used for
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equations 1.44 through 1.48. The partial of Xq with 
respect to temperature for a constant volume process is
derived below:

a [4 Id2 Pi 3kd2T .1 - XD2. T "

[i-V] . 1- % 3x d2 x d • y r

-113200L3:
9 Ji

t " jTT (CDT2 e 

„ u. y_2 3Pl

)v  (1-54)

(1 -
KT [I

V'2
4. 113200 

r '
<Pp
J7

" 5 R T " a* <Ljl Ro 1 t + s r =
M n 2 J T  ^ Lt  m h 2 j ^ ' 2

(1.55)

Xn^)
^ x D 

2 : 7 ?

The value of ^Xp/^T is only important in the dis
sociation region since its value outside this region is 
small. Therefore, near the dissociation range, the depar
ture coefficient 3 is equal to (1 + Xq ).
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1 p xg 1
5  5 t Ti + xd)

^ xp „ x d (i ~ xd) + 1132001
.yf V  2 - XD [_ 2T t2 J (1.56)

The other partial derivatives are (equations 1.56 
1.59 from Reference 3):

5x„ _ X„ (1 - XD2) fi + 113200] (1.57)"jT P [2 T J

P Xj
-Jt

= Xj(1 - Xl2) 
p 21 [l + MT ] (1.58)

^X z
j r

_ x j d  - Xj) 
V  f(2 - Xj) 1--

--
1 4 *—1 (1.59)

1.3.13 Enthalpy of the Gas Components
The general enthalpy equation for one pound

of a gas is:

H* “ + UX

^  = + ̂ trans + ̂ rot + ̂ vib + d̂iss + ̂ elect + ̂ ion
(1.60)

What is desired, however, is the enthalpy per pound of each 
component species contained within the gas system where
Dtrans “ 3/2 RjeT. urot ' 2/2 and Uvlb - 2/2 R^T.
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%  G 9/2 Rjj T (Rotation and vibration fully excited)

H„ - 5/2 %  T + UD + Uelect

Hfj+ “ 5/2 R^+ T + UD + Uelect +l/2 Uz (1.61)

V  = 5/2 Re- T +l/2 Uj
The enthalpy of the nitrogen molecule will consist 

of the energy of translation, rotation, and vibration so 
that its enthalpy will simply be 9/2 Rjj T. The atoms of 
the molecules that have been split apart are not capable 
of rotation or vibration since there are no bonds between 
them. Thus the internal energy consists of translational 
motion, the higher electron energy states, and the disso
ciation energy. The enthalpy of the ionized nitrogen will 
contain in addition to that of the'nitrogen atom, the 
energy of ionization. The energy of ionization has arbi
trarily been divided between the positively charged nitro
gen atom and its escaped electron.

The kinetic energy of translation of an electron is 
3/2 kT. Since the number of electrons is equal to the 
number of ions, the kinetic energy will be the same for both.

A change occurs in the gas constant R = R0A* since 
now the molecular weight of the neutral and positively 
charged nitrogen atoms is one-half that of the nitrogen 
molecule (RN = R^+ - Z R ^ ).



A value for the energy of dissociation can be deter 
mined from the value U p A  = 113,200 shown in equation 1.32.

k(Boltzman*s constant)

= 1«38 x 10“23 joule/"K . 6.02 x 1023 particle 
particle g-mole

= 8,3 joule/(°K g-mole)
UD = 940,000 joule/g-raole. BTU/1055 joule .454 gm/lb 

» 404060 BTU/lb-mole

Similarly, from the value U^/k = 168500, the energy of 
ionization can be solved for, and Uj = 602,000 BTU/lb-mole.

Now, all the terras in the enthalpy equations 1.61 
have been fully accounted for, so that the specific heat 
equations can now be adequately described.

1.3.14 Complete Equations for the Specific Heats
The terras of specific heat equations 1.38 and 

1.39 are now specified and the method for their solution 
given. Thus, the complete forms are shown below.

t , * 1! v  +
2 W

P) + (H
2 %  

n JT p ) + (H % +  
e- j r p )

(1.62)
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9 in in
2 Xn2 + "2 RN2 XN + "T RN2 XN+ - % 2 * 2

+ (h»2 - r»2 t) • 7 7 + (H„ - Rm T)

+ ( % + - V  T> v* • V  «  ■ j f V  

(1.63)
The order of magnitude of the change in mass frac

tion concentration with a change in temperature, 9X /^T, 
is very small. However, a compensation is derived from the 
quite large enthalpy to which it is multiplied, thus making 
it an important factor in the equation.

1.3.15 Influence of Temperature on the Specific Heat 
Ratio - Y
The ratio of the specific heats is designated 

as where Y  = Cp/Cy. To a large extent, Y will be of prime 
concern in evaluating those relationships pertinent to the 
flow of nitrogen in a divergent channel under extremely 
high temperatures. It will be shown later (section 2.6) 
that to get the largest kinetic energy increase in a nozzle 
for a given temperature drop, Y should approach unity. It 
is, therefore, desirable to look at those factors which 
tend to make Y approach unity. These factors are tempera
ture and pressure. From the equations for Cp and Cy above.



35
equations 1.62 and 1.63, it can be theorized that for the 
temperature ranges where is significant, the speci
fic heats will be large. This is true for both Cp and Gy. 
The temperature range corresponding to a significant 
dl-x/QT is in those regions where the rate of dissociation 
or ionization is largest.

At temperatures around 5000®K, the rate of disso
ciation is large and the specific heat value increases 
markedly as the term^X^/^T . H^becomes large. As the 
dissociation process approaches complete dissociation,

approaches zero. The specific heat value at com
plete dissociation is that which a moratomic gas would 
possess, namely, Cp = (1 +3/2) R%.

As the temperature increases further, the rate of 
ionization becomes large, and the specific heat values 
again become large as the terms ̂ X^+Z^T again becomes 
large. Since the total enthalpy of the gas in ionization 
is larger than the total enthalpy in dissociation, the Cp 
peak will be higher than the Cp peak during dissociation. 
Figure 1.2 illustrates the variation of Cp with tempera
ture T.
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Figure 1.2 Cp Variation with Temperature-Nitrogen

The graph for Cy is similar, but the point to be 
made is that at the peaks on the curves, both Cp and Cy 
are large in value and their ratio approaches unity. 
Knowing this, it should be understood that to get the 
value as close to unity as possible, a temperature corre
sponding to a peak would be selected.

At point (1) on the dissociation "peak," the rate 
of dissociation is a maximum and at point (2) it is near 
zero, meaning that dissociation is nearly complete. At 
point (3) on the ionization "peak," the rate of ionization 
is a maximum and near zero at (4)•

Pressure has a pronounced effect on these curves. 
High pressure tends to blunt the peaks while low pressure 
elongates and narrows them. •



Lower pressures also tend to shift the curve toward 
the left. Thus, lower pressures bring the dissociation and 
ionization reactions into low temperature ranges. In 
summary, to obtain a near unity value of y at the lower 
temperatures, a mass flow rate, whose reservoir stagnation 
pressure that is as low as possible, should be selected 
since this will shift the peaks into the lower more obtain
able temperature ranges. Then, the reservoir temperature 
selection should be one that coincides with one of the 
"peaks’* on the Cp versus T curve.

The lower the pressure, the more elongated the 
"peaks" will be. Also, the higher multiple ionization 
"peaks" become accessible in the lower temperature ranges 
due to the curve shift. Thus, the lower the operating 
pressure, the better.
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CHAPTER 2

DERIVATION OF EQUATIONS GOVERNING THE FLOW OF A 
REAL GAS IN A NOZZLE

With the development of the real gas relationships 
of Chapter 1 completed, the next step in the analysis is 
to explore the physical relations that govern a real gas 
flow in a nozzle. The classical gas dynamic equations 
that determine the flow of a gas in a converging-diverging 
nozzle are correct only for an ideal gas. It is the intent 
in this chapter to derive flow equations which are valid 
for a real gas. These equations will then be used to 
solve for the flow properties of the real gas, nitrogen, 
in Chapter 3.

2.1 Flow Rate and Stagnation Pressure Relations
The University of Arizona plasma tunnel has a 

flow rate operating range, for nitrogen, of 50 to 250 
standard cubic feet per hour. In order to convert the 
units to slugs per second, the flow rate is multiplied by 
the standard atmospheric density of nitrogen, .00224 slug/ 
ft^. Since the mass flow rate for the plasma tunnel is

38
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controllable, mass flow rate is considered to be one of 
the independent variables of operation.

The gas, flowing from its source, undergoes various
pressure reductions, but when it reaches a point near the 
arc gap, it approaches a stagnation pressure designated as 
pQ. Both before and after the arc gap, the gas velocity 
is relatively small, being of the order of 100 ft/sec; 
hence, little difference will exist between the static and 
stagnation pressures in this region. As the gas is heated 
in passing through the arc gap, the pressure still 
remains practically a constant since the gas is free to 
expand.

In choosing the location of the reference reservoir
stagnation point, it must be recalled that a great amount 
of energy is added at the arc gap. Thus, in order to 
comply with the energy equation 1.2, the stagnation point 
must be selected shortly downstream from the arc gap, and 
it will serve as the reference point upon which subsequent 
flow calculations will be made.

The equation for the choked rate of mass flow in a 
one-dimensional flow nozzle, for an ideal gas, is

(2.1)



Given the physical dimensions of the plasma tunnel. A*, the 
total pressure in the upstream reservoir required to pro
duce any mass flow rate can be related to the reservoir 
temperature. The justification for the use of this isen- 
tropic ideal gas equation to describe the flow of a real 
gas is that Y  is practically a constant. This occurs 
because Y  is near unity at the high reservoir temperature 
and, therefore, from the equation below, •

| 2 ' 2 )

T*/T0 remains approximately unity so that the change in 
temperature will be small between the reservoir and the 
nozzle. Thus, since the temperature change is small, the 
change in Y  would likewise be small, and the isentropic 
ideal gas equation 2.1 for a constant Y  would be valid.

2.2 Real Gas Isentropic Equation
The flow process has been assumed to be nearly 

isentropic so that the heat energy equation with the heat 
addition zero is:

dT p dV ,Cv -^ + — - d S - 0  (2.3)

An isentropic relationship can be derived between the state 
properties of pressure, volume and temperature. The ideal 
gas case is solved by differentiating the ideal equation 
of state, p V  = RT, which gives,
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p dT + V  dp = R dT or dV = ?-.dT 7., T-dp
P

Cy ^  | [R dT -IT dp] /p - 0

41
(2.4)

(2.5)
J LIntegration yields pg/p^ " ^Tg/Tg] Y-l for the isentropic

ideal gas relation where % does not vary.
The isentropic relationship for a real gas is

altogether different. Its derivation differs first in the
differentiation of the real gas equation p T  m Z- R^ T.w2The departure coefficient must be considered as a variable 
in this case, hence.

p dT + V  dp » S RN^ dT + dg- R ^  T 

Substitution into equation 2.3 yields:

(2.6)

Cy dT + Rjj & dT + dg RN T -  T  dp 2 2
(Cy + Rjj^ g ) dT = V  dp -  d2 Rn  ̂ T 

(V Rm 3~  M2 dT _ dp . da

X 3 1 p
S' + R dT y dT 
R T y-i t

g (2.7)

(2.8)

where R is the instantaneous effective gas constant.
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Combining equations 2.7 and 2.8, and integrating.

(2.9)

The second difference from the ideal isentropic 
equation is that the variation of Y prevents a simple inte
gration of the integral portion of equation 2.9. Thus,

ature range to solve for the pressure ratio in terms of Sg 
and This is the form of the isentropic real gas equa
tion where equation 2.5 is a simplified case for constant y . 
The isentropic relationship between density and tempera
ture is derived similarly and is presented below.

2.3 Integration of the Isentropic Equations by Slmpson*s

means of numerical analysis in which Simpson's Rule could 
be employed. This involves selecting three points along a

gration of the integral portion of equation 2.9. Thus, y*-. 

must be integrated by numerical methods over the temper-

(2.10)

Rule
These equations, 2.9 and 2.10, must be evaluated by



curve, y * f (x), separated by a constant distance,a X,
and then approximating the equation of the curve by a para-

2bolic equation, y = ax + bx + c in the region of the set 
of three points. Thus,

zvlX aa-k.
I ydx =/ (ax2 + bx + c) dx = —  (y + 4y-, + y2) (2.11) 

^ax V-ax 3

and the general equation for integration between points a 
and b would be the summation of all the three point sets 
between a and b.

[ 7 o +  ?! + 4 Tj +

+ [2 72 + 2 y4 + • • • ]  + ynJ

Then, relating this to equation 2.9 gives:

In Pnzo" ^ n Y dT ^n “ 0̂ f  ¥0 1_ □Li + ILV„. J
To 7=1 "T “ 3n [ yo-l T0 + >1-1 "

t B i  k + -

. / n  1 (2.12)

2.4 Speed of Sound Equations for a Real Gas
Following along this same general line, the speed 

of sound for a real gas can be derived from the real gas



equations. In general, the equation for the speed of sound
44

is:

a
1/2

(2.13)

The isentropic ideal gas relationship offers an 
evaluation for the speed of sound of an ideal gas:

dp - Xde or . rp _ a% (2.14)

2This is the usual form of the equation for a . 
However, for a real gas having an equation of state con
taining the compressibility factor, the speed of sound 
relationship, derived from the isentropic equation 2.7, is 
shown by the form below.

dp , dZ , *df>

(2E) « X £  + £ d S  (2.15)
Pp's e S dp

It is possible that the additional term, £a 00
can be quite significant in some temperature ranges.

2.5 Relationships Between Air Ratio and Flow Properties 
The final flow equation to be derived for a real 

gas is the relationship between the area ratio and the flow 
properties in the divergent section of the plasma tunnel 
nozzle. The total enthalpy equation 2.16 for any point in 
the divergent channel is:
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Cp dT
■ f .

Cp dT (2.16)
atm " ■‘atm

The integrals are integrated from an initial temperature 
(atmospheric) up to the temperature corresponding to that 
at some axial nozzle position. Each integral has a differ
ent "Cp versus Tncurve since the pressures at the different 
points are not the same. Thus, the velocity from equation 
2.16 is:

V «iiatm Cp dT Cp dT

atm

1/2
(2.17)

and these integrals must be evaluated numerically.
From continuity considerations and the relationships 

previously defined, the area ratio can be computed:

A* £>* V* = A V
AX* V*. r .

(2.18)

A
A*

f T*-2-£T
/T %-i T 1,2

/'T /%T -i 1/2
2( ] 0 Cp dT -/ Cp dT)
- ' ^atm y *atm

(2.19)

The value V* comes from equation 2.15, comes from
equation 2.10, and V comes from equation 2.17.



It is probably already obvious to the reader that 
numerical computations using the above equations is much 
beyond the hope of attainment without the use of a digital
computer.

2.6 Ideal Plasma Tunnel Operating Conditions
In the following analysis, it is assumed that the

energy input from the arc is 25,000 BTU/lb. This is the 
specified limit for The University of Arizona1s plasma 
tunnel for nitrogen gas. Both the energy transferred and 
the rate of mass flow limits are designed to prevent reach
ing a temperature that would melt or damage the components 
of which the plasma tunnel is constructed. Other energy 
inputs were considered also in predicting performance of 
the tunnel.

The specific heat versus temperature curve has been
presented before in Figure 1.2. The area under this curve 
is equal to the enthalpy per pound. For any rate of mass 
flow decided upon, in the range of limitations, 50 to 250 
SCFH, there is a corresponding reservoir pressure. This 
pressure in the arc gap chamber then influences and 
describes the shape that the"Cp versus T”curve will take. 
The pressure corresponding to the minimum mass flow will

To
Cp dT - 25,000 BTU/lb (2.20)

530
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naturally be less than that required for the maximum mass 
flow. As stated previously, a lower pressure has a ten
dency to narrow and elongate the MCp versus T” curve and 
also shifts it toward the left. The effect of the maximum 
and minimum pressure conditions on the nCp versus Tn 
curve is shown below in Figure 2.1. If 25,000 BTU/lbs of 
heat are added to the gas under either pressure conditions, 
then the area under the nCp versus Tn curve must be equal 
to this heat addition.

P m  in

Figure 2.1 Effect of Pressure on tlGp versus T" 
Curve for Nitrogen

The area under curve p max up to the temperature 
Tp max is equal to the area under the curve p m^n up to 
the temperature Tp min» Both have an area representing
25,000 BTU/lb. The graph, although exaggerated slightly, 
points out the fact that for the higher mass flow, in



order to deliver 25,000 BTU/lb to the gas, a larger reser
voir stagnation temperature is required than for the lower 
mass flow.

. Since one of the purposes of the plasma tunnel is 
to be able to apply electromagnetic forces on a flowing 
plasma, it is desirable to have the conductivity and 
velocity of the gas mutually as large as possible. The 
more charged particles there are in the flow field, the 
more conductive the plasma becomes. The basic magnetic 
force equation states that the force on a particle of con
ducting fluid moving in a magnetic field is proportional 
to the velocity and the magnetic field strength,
(F =■ <r (V x B ) x B). Thus, the conducting fluid will be 
subjected to a larger force in a magnetic field if the 
fluid velocity and conductivity is large. Thus from the 
standpoint of achieving large MHD effects in a plasma tunnel, 
the optimum flow is one which creates the largest veloci
ties and highest concentration of charged particles.

Ionization is a function of both temperature and 
pressure as seen in the equilibrium equation (2.23), Con
trary to what is desired, the temperature is decreasing in 
the divergent section of the plasma tunnel nozzle, in the 
region where the electromagnetic forces are to be applied. 
The best possible outcome in this particular situation will
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be examined from the view of the isentropic ideal gas 
equations for constant % even though they are not valid 
for a real gas. This will be done to gain an insight into 
what is required for a solution to the problem. The equa
tions which define the temperature and pressure relation
ship are given below for an ideal gas:

(2.21)

(2.22)

From the equilibrium equation 2.23 for ionisation
below,

! l L  - ̂  T5/4 e"168500/1 (2.23 )
1-X%2 P0

the desirable case for a flow expansion where both tempera
ture and pressure are decreasing, would be for the pressure 
to decrease greatly and at the same time for the tempera
ture to decrease only slightly. In this way, the amount 
of ionization, Xj, will not decrease.

This could only happen, as equation 2.22 suggests 
(section 1.3*15), if Y were very close to one. Then in



50%/ •!
the limit as X approaches unity, the quantity (p/p0 ) y 
in equation 2.22 approaches unity,

[p/Po] y - 1 - T/T0

and the corresponding temperature ratio will be only 
slightly less than one for any pressure ratio however small 
it is. This would be true regardless of how small the 
pressure ratio became in the physically possible case and 
it is desirable that a large pressure reduction occur.

Another effect of the conditions where X is close 
to one and the pressure ratio is small, is on the area 
ration equation, 2.21. It can be seen that the denominator
becomes small in this case.

[l - (p/p0) Limit (p/p0) ^  1

■ [* - 1-
L - Limit6 —F 0

Y->1

I---
1

'XT' - Limit € €-*• 0 
Y-*l

(2.25)

The small denominator produces a large area ratio which is 
greatly desired since this means an equally large velocity 
increase.

Now assume that the conditions of section 1.3.15 
have been satisfied so that X is close to unity and the 
smallest possible pressure ratios have been created as 
end conditions. The flow regulating equation 2.22 predicts 
that the temperature drop will be small and, hence, the



ionization level will remain very much the same. Also, the 
area ratio physically required to accept these boundary con
ditions must, by necessity, be large (equation 2.21) which, 
in turn, sets up large flow velocities.

Because the ionization is high, the magnetohydro- 
dynamic force acceleration can induce a high velocity to 
the plasma. Then, the exit velocity will be the product 
of the two effects, the supersonic nozzle velocity plus 
the MHD acceleration. The ideal case would be to optimize 
both the MHD acceleration and the flow velocity which is 
achieved theoretically through the creation of'a low pres
sure coupled with a y value very close to one.

In order to visualize physically how the optimum 
flow conditions described above can actually be achieved 
for a real gas (isentropic real gas relations), it must be 
remembered that y comes the closest to unity when the tem
perature corresponds to a specific heat value lying on a 
"peak" in the specific heat versus temperature curve 
(section 1.3.15). In this position, a small drop in temper
ature will account for a great amount of energy that is 
converted into the kinetic energy of velocity. An example 
will illustrate this.

51



52

Figure 2.2 Enthalpy Converted to Kinetic Energy

Let the static temperature in the arc gap chamber be 
15,000°K and after the expansion in the divergent nozzle, 
it drops to 13,000*K. Also, let Cp average be 4 BTU/lb-*K 
between 15,000eK and 13,000®K (a conceivable value at this 
high temperature). Then the adiabatic energy equation is:

cP (t 2 - Tl) - |

- 4(2000-K) B E --- . 778 lbF-ft _ 32.2 Ibm
Ibm -eK QYU slug

- 5.22 x 108
sec^

V = 17,900 ft/sec.
This points up the fact that a small decrease in 

temperature, when it is at a point on a npeak,* can create 
a great amount of kinetic energy. The temperature ratio 
for this temperature reduction is .866. If the static tem
perature in the arc gap chamber were to be only 10,000®K, 
in the region of a valley between two "peaks,” it would
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require a temperature drop of 4000eK to achieve the same 
kinetic energy creation and the temperature ratio would 
only be .6. In summary, the idealized case for the appli
cation of MHD forces is brought about when the temperature 
lies on the specific heat versus temperature curve "peak* 
in that much energy can be delivered to kinetic energy 
without adversely decreasing the temperature markedly. In 
this way, the temperature remains high and a high degree 
of ionization is preserved along the nozzle for use in 
magnetohydrodynamic acceleration.



CHAPTER 3

DIGITAL COMPUTER COMPUTATION METHODS

This chapter combines the equations developed in 
the past two chapters into a systematic order such that a 
solution for the flow properties of a plasma in a nozzle 
can be obtained by a sequence of steps performed by a com
puter. Some of the computer logic behind certain steps in 
the solution and the inherent difficulties encountered are 
presented.

3*1 Computer Operational Steps for Obtaining a Solution 
to the Plasma Flow Properties

The steps in the operational method for finding 
any of the flow properties of the plasma are heavily inter
twined, and interdependent on each other. For example, 
the determination of the reservoir pressure for a desired 
mass flow rate requires that the temperature and V be 
known (equation 2.1). Temperature is a function of the 
area under the ’tip versus T"curve being equal to 25,000 
BTU/lbs (maximum enthalpy absorption). The shape of 
this curve is, however, a function of the reservoir pres
sure, but this is the properties that is desired to be 
obtained. Finally, the V value is a function of both
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pressure and temperature. ?All these relationships are 
important enough in their order of magnitude so that their 
effects must be considered. The main method of attack is 
to use an iterative process in the solution of the flow 
properties.

I) The iterative solution begins with an estima
tion of the reservoir stagnation pressure. If some value 
for # , R, and temperature can be selected, the pressure 
can be computed from the rate of mass flow equation 2.1, 
for a specified mass flow rate and A*.

The gas constant R is equal to R ^  5. It will 
initially be estimated to be Rjĵ  for a state of fully 
excited vibrational motion.

The value of Y is initially estimated to be 
that value which a diatomic molecule would have if its 
translational, vibrational, and rotational degrees of 
freedom were fully excited.

+ Y A i t i T s :  m f c t :  -  $

To start the iterative process, the stagna
tion temperature is arbitrarily given a value of 10,000*R. 
Actually, any Y and temperature could have been selected 
since the iterative solution would have converged on the 
same actual value in time. However, these initial esti-
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nations will require less iteration since they are close 
to the actual flow conditions.

II) a. Up to 6,000*R, the specific heat value 
changes only slightly and can be predicted by the empir
ical equation:

Cp » .338 - 117.5/T + 41,400/T2

used:
b. Beyond 6,000eR, the following method is

i) Solve for the mass fraction of disso 
elation from the equilibrium equation where Cq is com
puted from equation 1.34,

i3 L _  Po - Kd (T) . CD r,(T/1.8)5 A  e- l « 200/(1/1.8)]1-ID2 D D L  -1
ii) Solve for the mass fraction of ioniza

tion from Saha's equilibrium equation where Cj is computed 
from equation 1.34,

i L _  Po - Kt (T) - Cl F(T/1.8)5 A  ,-1168500/(7/1.8) 
1-Xj2 ± A L

The temperatures are in degrees Rankine 
and must be converted to degrees Kelvin by the factor of 
T/1.8. The reservoir stagnation pressure, pQ, is the 
one estimated in step I).
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ill) The mass fractions for the independent 

dissociation and ionization reactions must be converted 
to the mass fractions finally present for the system as 
a whole.

XN2 - 1 - *D

- XD(1 - Xj)
XN+ - Xjj.Ij 

* - (i + in + 3Ih+)

iv) With the mass fractions, the gas con
stant can be computed,

R ■ R» 2. 2
This new value for R is the first correction to 

the mass flow equation and will be set aside until a 
new estimation for Y and temperature can be computed.

Ill) The numerical integration of the area under 
the specific heat versus temperature curve (enthalpy), 
whose shape is defined by the" estimated reservoir stag
nation pressure p0 (from step I), is executed next. 
Simpson’s integration rule is the numerical method used. 
A temperature interval, AT equal to 2$0*R is used.

T - 530#R + 250*R(N)
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The letter N represents the iteration or counter 

number. For each counter number, the temperature is set 
and the corresponding specific heat must be computed. 
Since three points are needed for Simpson*s integration 
rule, two iterations are required to obtain two tempera
ture points and their corresponding specific heats before 
the enthalpy can be evaluated. (The third point is Cp^ 
at 530°R and is known).

a) Up to 6,000°R, the empirical equation 
for Cp in step Ila is used.

b) Beyond this, Cp is determined from equa
tions 1.38,

Cp - ixj. Cpi + [gXi/rr ] p

The partial derivatives of the mass fractions of 
the system needed in the above equation are derived from 
the partial derivatives of the mass fractions for the 
respective process of dissociation and ionization (section 
1.3.11).

9 %
2 t P

- 2 xd
9T p

9T p
%
^ T P

2 v
J T p p
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The partial derivatives of the mass fraction for 

the independent reactions of dissociation and ionization 
are (section 1.3.12),

p = -Pi1-!— 0!.? (2.5 + 113200/(T/l.8))/T

= I1/,1 7. (2.5 + 168500/(T/1.8))/T
P 2

The T in the denominator at the end of each of the above 
equations has units of degrees Rankine so that units of 
the partial derivatives assume those of degrees Rankine.

The enthalpy equation for one pound of nitrogen 
gas, one pound of completely dissociated nitrogen, and 
one pound of completely ionized nitrogen are written 
below from equation 1.61.

9%D
#T

?T

Hn ■ 9/2 « 1.985/28'T (Fully excited transla- 112
tional, rotational and vibrational degrees of freedom) 

Hn = 5/2'1.985/14'T + 414060/28 + uNelect/ U

% +  - 5/2-1.985/14'T + 414060/28 + 301000/14 (3.1)
+ U«+electh  + U,elect/14

H - - 5/2-1.985/14*7 + 301000/14

The values 414060 BTU/lb-oole and 602,000 BTU/lb- 
mole are the heats of dissociation and ionization,
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respectively. The lb-mole for dissociation is based on 
the number of moles of nitrogen molecules that must be 
separated to form the dissociated atoms (28 lb-mole). 
Similarly, the lb-mole for ionization is based on the 
number of moles of nitrogen atoms that are to have their 
electrons stripped from them (14 lb-mole).

For higher temperatures, the electrons in nitrogen 
atoms and ions receive energy, Ueiect» an<* subsequently 
move into higher energy states. This energy is obtained 
from the partition functions (equation 1.29), thus com
pleting the terms of equations 3.1.

IV) After the two iterations have been completed 
and the specific heat, Cp, for each temperature has been 
determined, enthalpy changes can be evaluated using 
Simpson's rule. Enthalpy change for a 500*R temperature 
difference is:

H2 - Ho ~ (CPo + CPl + CP2) (3l2)

Two more iterations are next made through step III 
(incrementing the counter, N, for each iteration). The 
two new Cp values (Cp^ and Cp^) are put into a similar 
form as equation 3.2. The enthalpy change between points 
2 and 4 is:

- H2 - 500/3 (Cp2 + 2Cp3 + Cp4)
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The enthalpy change between the $00*R temperature 

increments are added together to get Hjj-H0.This process 
continues until a value of 25,000 BTU/lb for the enthalpy 
is reached. The temperature of the last iterative step 
(T * 530 + 250 (N)) is then assumed to be the stagnation 
temperature.

V) The specific heat for a constant volume pro
cess, Cy, is next computed from equation 1.39:

Cy “ - % 2 2 + I^^xi/?TJ T  ” ^.RiTP xi/^T]v

Using the methods of step III, Cy can be evaluated. The 
value of V can then be determined.

V  ™ Cp/Cy

As the solution now stands, the value of T, Y and 
equivalent R are known for the estimated stagnation pres
sure pQ. A new and more exact pressure can now be evalu
ated from the rate of mass flow equation 2.1, since the 
values that effect its magnitude, T, Y and R are now known. 
With this new pressure, steps III and IV are again per
formed in order to find the corresponding new values of 
T, Y and R. When the change between computed pressures 
falls below some error limit, the iterative process can be 
assumed to have converged to its true value.
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VI) The flow properties are next calculated for 

the throat section. As before, the isentropic ideal gas 
equation is used since Y  does not vary markedly over the 
distance from the reservoir to the throat.

T [throat - T0 (J3L)

P I throat - p0 (—&_) ̂ ^  1 0 y+i

elthroat - (§7̂ )

V [throat (sonic)

1/Y-l

w (
- e0l 1 1/2

er-f' J
Note that the d2/d^> for the speed of sound 

equation is approximated by a change between two points, 
the stagnation chamber and the throat.

VII) The flow velocity for some point, D, in the 
divergent nozzle whose flow temperature is Tq is deter
mined from the equation,

J d
J/2V « (2 x 778 x 32.2 (25, (3-3),000 - J  CpdT))

530
where the total enthalpy is 25,000 BTU/lb.

The temperature drop from the throat to some point 
in the divergent nozzle is arbitrarily set at a certain 
interval value,

T = T throat - 2,000eR - 500eR (N)
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and the corresponding velocity is then computed for the 
above equation. The number N is the iterative count.
Thus, the first temperature point for which the velocity 
is to be evaluated is T = T throat - 2,500*R. Again step 
III for the integration under the^Cp versus T"curve is 
repeated (this time using the throat pressure condition) 
and the iterative process is continued until the tempera
ture is equal to (T throat - 2,500°R). The resulting 
enthalpy value is substituted into equation 3.3 and the flow 
velocity corresponding to a temperature of (T throat - 
2,500eR) is now known even though its axial nozzle location 
is not and it is only an estimated value since the throat 
pressure, rather than Pq , was used.

the throat and this point in the divergent channel are 
(from earlier equations 2.9 and 2.10):

VIII) The pressure and density ratios between

^throat „ ^throat e (3*4)

uiirud v ^

e throat -u f=I "7— o~Z—  " e

throat
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The integrals.

throat
J L d T  
Y-l T _E

throat
- L

are evaluated by the combination of 
using Simpson*s rule, with 3 points

50°/3 [ +
f.- 500/3

The pressure and density at this nozzle position after the 
integrations are obtained from equation 3 •4»

PD " [Pthroat/eB] [a/* thr°at] (3,6)

^throat/e^"
If this evaluated pressure, pp, differs greatly 

from the original assumed pressure, then step VII must be 
done over again using the new pD. This will be done until

steps III through V,
0, 1, 2.
Y2
Ta+I i2

i__ll +i t2 J
(3.5)

some error limit is reached.
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IX) The area ratio corresponding to these values 

of the flow properties (̂>, p, T and V) at point, D, some
where in the divergent channel can be determined using the 
equation below where V* was calculated in step VI, V^in 
step VII, and ^*/^in step VIII.

divergent nozzle section.
X) The speed of sound at this nozzle position,

D, is:

where Z@ and pp are the values at the previous channel

XI) When the area ratio reaches 12, the exit has 
been reached and all the flow variables are those of the

(3.7)

After the area ratio has been calculated, the posi
tion of the temperature point, Tq , is now located in the

(3.8)

point corresponding to the temperature.

T " '’throat " 2,000*11 - 500*R (N-l)

The Mach number at this point is now defined as:

Md » Vu/au (3.9)
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exit. If the area ratio is not 12, then the iterative 
count N is increased by one and the process continues until 
an area ratio of 12 is obtained.

The actual computer program used in this study is 
attached at the end of this thesis.

3.2 Accounting for the Variation in Pressure when Inte- 
grating under the wCp versus T" Curve

It is important that the "Cp versus T* curve corre
sponds to the correct pressure. Since y for nitrogen will 
be near unity, a relatively small drop in the temperature 
ratio will have a related pressure ratio drop of much 
larger proportions. For example, a temperature drop with 
a ratio of .6 could have a pressure drop with a factor of 
48 when If is 1.185 (from computer results).

If the expansion process is divided into a larger 
number of small steps where each step is selected by some 
amount of temperature reduction, then the corresponding 
pressure reduction could be computed. This new pressure, 
however, would redefine a new curve on the "Cp versus T" 
graph. Since the decreased pressure shifts the curve over 
toward the left to lower values of temperatures and makes 
it more peaked, there is now more area under the curve for 
a given temperature difference such as T2 - T^ (refer to 
Figure 3.1). There can be no increase in total energy
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(kinetic energy plus enthalpy area under the "Op versus Tn 
curve) but for the interval temperature drop from to Tg 
the area under the curve has increased. Thus, the differ
ence in area between the two curves at Tg (shaded region. 
Figure 3.1) must be the energy that is retained by the 
gas to satisfy the conservation of energy. Instead of all 
the enthalpy from to T2 under curve p^ being converted 
to kinetic energy, only this amount minus the enthalpy of 
the shaded region is converted.

A temperature interval of 2$0*R was used in a 
computer program to solve this type of problem by numeri
cal integration, given an enthalpy curve with a specific 
stagnation temperature and pressure as the defining curva
ture criterion.

Figure 3.1 Variation of Pressure on the "Cp versus T" Curve



Under the curve, the cross-hatched area is equal 
to the change in enthalpy that would have been available 
to change the kinetic energy of motion if p^ were constant 
throughout the flow. However, because of the change in 
pressure, energy of an amount equal to the shaded region 
had to be left with the system. The velocity under the p^ 
curve would have been:

68

but an amount of energy equal to the shaded region must be 
subtracted from the kinetic energy for otherwise an increase 
in energy would have occurred which is not possible. The 
energy not available for conversion to kinetic energy is:

P1

This amount is subtracted from the cross-hatched area 
which is equal to the kinetic energy change that would have 
been created with a constant pressure p-p What is left is 
equal .to that energy transferred into kinetic energy.

dT
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3.3 Determination of the Pressure and Density Ratio 

while Accounting for the Pressure Variation
All the flow properties are known at the throat 

region of the nozzle. The static properties at some point 
in the divergent supersonic nozzle region are now desired. 
The points downstream from the throat are found methodi
cally. A temperature lower than the throat temperature is 
chosen (temperature decreases in the divergent nozzle).
A temperature drop interval of 250eR was chosen for numeri
cal analysis.

The integration of the pressure and density equa
tion,

a  -  I s M  . 2 -

must be carried out in such a manner that the new pres
sures over the integration interval in Simpson's integra
tion method are accounted for. Simpson's temperature inte
gration interval was set at 250°R.

Figure 3 *2 Temperature Interval of 250*R Downstream 
of Throat Section



Note that the equal temperature intervals will not 
correspond to equal axial separation distances as in Fig
ure 3.2. The integration was accomplished in the follow
ing way.

As an example, if flow properties are to be eval
uated at a temperature of T - ^throat ** 2,500*R, ten tem
perature intervals are chosen downstream from the throat 
to point (11). The first three temperature intervals 
from the throat to be integrated by Simpson's rule are at 
positions (1), (2) and (3). The governing "Cp versus T 
curve" pressure over this Interval set is the throat pres
sure. The governing "Cp versus T curve" pressure over the 
next interval set, (3), (4), and (5), is evaluated as that 
obtained at point (3) where JE^ is evaluated by equation 
3.5.
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P, = pthroat 52______
e •*■3 ^throat

The temperature interval sets, of three points each, 
are integrated by Simpson's rule down to a temperature of 
T = T^hroat “ 2,500®R. Then, the values of JL are added 
for all the temperature interval sets. The pressure and 
density for the temperature ^throat ~ 2500 are:

p _ » ^throat gll p  _ Pthroat
11 T X T  ^throat Vll



The process is continued until the state properties 
correspond to those at an area ratio of 12, at which time 
the procedure is terminated.
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CHAPTER 4

COMPUTED NOZZLE FLOW PROPERTIES FOR NITROGEN

4.1 Objectives of the Computer Calculations
Various plasma tunnel operating conditions for 

nitrogen gas were fed into the computer as inputs in order 
to predict the flow properties along the nozzle. The two 
main variables at the disposal of the experimenter which 
regulate the plasma flow properties are the mass flow rate 
and the power input. Together, these two variables define 
the amount of energy that could be absorbed by a pound of 
gas. Thus, when these two variables are each set at a 
prescribed value, a specific plasma flow field pattern is 
created throughout the plasma tunnel. The object of the 
computer program is to describe this flow pattern for the 
particular reservoir conditions. In order to estimate 
the accuracy of the flow computations, experimentation was 
performed to measure the Mach number at the plasma tunnel 
exit. Thus, a comparison of the computer predicted and 
the experimentally measured Mach numbers at the exit will 
determine how successful were the computer solutions of 
the flow pattern. This is done in Chapter 6.



4.2 Computer Input Data
The computer was first used to predict the flow 

pattern of nitrogen when the mass flow rates were at their 
maximum (250 SCFH) and minimum (50 SCFH) flow conditions.
For both cases, computations were performed with full input 
power (25,000 BTU/lb) and then again under approximately 
half the maximum input power (12,000 BTU/lb). The results 
are tabulated in Tables 4-1 through 4*4. Later, in Chap
ter 6, the experimental input conditions corresponding to 
the different testing runs. Table 5«4> were fed into the com
puter. The results of these latter computations will be 
compared with the experimental results.

4.3 Factors that Will Influence the Plasma Flow Proper
ties in a Divergent Nozzle

One of the main effects of power input is the 
establishment of the reservoir stagnation temperature and 
its location on the "Cp versus TM curve. Whether or not 
the specific heat, corresponding to the stagnation tempera
ture, lies on a Cp "peak" or in between two Cp "peaks" will 
be quite significant in regulating how much enthalpy is 
converted into kinetic energy (see Figure 2.2 in section 
2.6).

For example, consider the case where the reservoir 
stagnation temperature is very high, in the range of
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18,000•R. The specific heat, Cp, for nitrogen will be 
close to the base of the valley between the dissociation 
and ionization Cp "peaks" on the "Cp versus T" curve. 
Several observations from the computer results when this 
situation occurs are:

1. Initially, the enthalpy that is converted into 
kinetic energy of mass motion for every 500eR temperature 
drop will be comparatively small since Cp is not large.

2. At the initially higher temperatures, the tem
perature ratios for any small interval temperature drop, 
500*R, will be small and, hence, the corresponding pres
sure and density ratios will be small.

3. The speed of sound will be large due to the 
high temperatures and the fairly large compressibility 
values, &, whose change is fairly significant, which 
makes the term.

I2 - 3l)/(f2 - fl)
in the speed of sound equation 2.15 a greater contributor.

From conditions 1. and 3., where the enthalpy con
verted into kinetic energy is small and the speed of sound 
is high, the Mach number will be small (only slightly 
larger than unity).

Mach Number - Function of Enthalpy Converted to K. E.Speed of Sound (4»1)



From condition 2., where the density ratio is not 
large and the velocity increases slowly, the area ratio 
will be small.

jfe " (near unity) ^  (near unity) (4»2)

Thus, the main effect of these simultaneous events 
is to produce a low Mach number and low area ratios.
Since the area change is small over these 500*R temperature 
interval drops, a divergent nozzle will have these temper
ature intervals closely spaced together.

Now, as the temperature decreases further down
stream of the throat into the region where the dissociation 
"peak" occurs on the "Cp versus T" curve, there are large 
changes in the compressibility, for neighboring loca
tions. At the same time, the density ratios from throat to 
local regions have reached a range of from 9 to 15. Locally, 
then, density changes for neighboring locations are small. 
Together, these effects produce a large term,

p (^2 ~ "Sr̂ )
(e2 -fi>

in the speed of sound equation 2.15, whose value is close to 
50% of the ~  term.

The amount of expansion that has been able to build 
up before a "peak" in the "Cp versus T" curve is reached
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is quite important. If significant expansion has a chance 
to occur before a "peak" is reached, then the large amount 
of enthalpy that is converted into kinetic energy in this 
region meets with a speed of sound that is also large.
(The larger speed of sound is caused by the dg/dp term).
The Mach numbers will then be reduced considerably from 
what might have been produced from this large conversion 
of heat to kinetic energy.

In this range (i.e., near the Cp "peak"), the 
increase in Mach number became very small. In one instance, 
when the speed of sound was 9,660 ft/sec at a temperature 
of 10,200eR, it increased during expansion so that at a 
temperature of 9,700®R, the speed of sound was 10,800 ft/ 
sec (Table 4.3). This caused the Mach number to decrease 
from a value of M - 2.87 to M ■ 2.72, which is very unusual 
in an expanding flow. In the next 1,000*R temperature 
drop, the Mach number rose to M - 3*03 and thereafter rose 
in an orderly manner.

The general effect in passing over the Cp "peak", 
when significant expansion already exists, is for the Mach 
number values to fluctuate in a somewhat irregular fashion. 
Thus a conflict develops between the lower temperatures 
that are tending to cause a lower speed of sound, and the 
larger compressibility changes that are tending to cause a 
higher speed of sound. This occurs in such a way as to
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cause a fluctuation in the Mach number between nozzle 
positions as successive points are taken in the downstream 
direction.

If the reservoir stagnation temperature had initi
ally been fixed at the Op "peak" rather than between the 
"peaks" in a valley, then the Mach numbers would have been 
larger. This would have happened since the large kinetic 
energy conversion would have occurred without the benefit 
of having expansion create a large d&/d^> in the speed of 
sound equation to countereffect it.

Furthermore, now that the density ratio and the 
flow velocity are becoming larger, the area ratio will be 
large (equation 4*2). This means that the temperature 
interval drops of 500*R will be associated with large area 
ratio changes. Since these area changes are large, the 
temperature intervals will be spaced far apart. The tem
perature distributions along the nozzle for the conditions 
described will be one of large axial temperature gradients 
near the throat and small temperature gradients near the 
exit.

Section 4-4 gives the actual computer flow predic
tions for the types of input conditions whose behavior has 
been estimated in this section.
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4»4 Calculated Flow Properties at the Maximum Flow Rate 

- 250 SCFH
At this flow rate of 250 SCFH, the data for the 

two power inputs of 25,000 BTU/lb and 12,000 BTU/lb were 
fed to the computer in order to calculate the plasma flow
properties along the nozzle. The reservoir stagnation*•
temperatures for these conditions will be approximately on 
the Cp "peak" for the 12,000 BTU/lb power input and in the 
valley between the Cp "peaks* of dissociation and ioniza
tion for the 25,000 BTU/lb power input.

The following conclusions have been drawn from 
the 25,000 BTU/lb power input computer results (Table 
4.1):

• 1. The Mach numbers and area ratios increased in 
an orderly manner except in the temperature interval of
11,000 to 9,700®R. As the plasma expands from a tempera
ture of 11,000*R to a temperature of 9,700*R, the kinetic 
energy of mass motion of the gas is increased by approxi
mately 8,000 BTU/lb, which represents a velocity change 
from 21,900 ft/sec to 29,900 ft/sec. However, because of 
the large change in compressibility, the speed of sound 
increased from 8,880 ft/sec to 10,800 ft/sec. Thus, the 
Mach number increase was limited and, in fact, was not as 
large as that for the previous temperature interval drop.
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2. As the lower temperatures are reached, there 

are rapid increases in the density and pressure ratios. 
This makes the area ratio increase at a correspondingly 
rapid rate (see equation 4.2).

3. The temperature interval spacing is somewhat 
concentrated in the nozzle section just downstream from 
the throat. The temperature drops 6,000*R from the 
throat to a point in the nozzle where the area ratio is 
2.48, but from the area ratio 2.48 to 11.32, the temper
ature only drops 3,500*R.

4.. One other notable observation is that the 
maximum speed of sound does not occur at the throat but at 
a point where the area ratio is 2.48. Also, the speed of 
sound at the throat is approximately equal to what it 
would be at an area ratio of 11.32.

The following conclusions have been drawn from 
the 12,000 BTU/lb power input computer calculations (Table 
4.2):

1. Since the stagnation temperature occurs at the 
Cp "peak", the kinetic energy build up occurs quite 
rapidly during the expansion process. The velocity 
increases sharply downstream of the throat (increases 
from 6,600 ft/sec to 14,400 ft/sec for a 2$00*R tempera
ture drop) because it is still on the Cp "peak* curve.
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2. The main effect of the sharp rise in kinetic 

energy is to cause a quick build up in the Mach number.
At an area ratio of 2, the Mach number is 2.54.

3. When the temperature decreases to a value 
giving smaller Cp values, there is only a small increase 
in velocity for a given temperature change. Hence, the 
Mach number increase is small for a large area ratio 
increase.

4. The final exit velocity, however, is practi
cally proportional to the power input. At 25,000 BTU/lb, 
the exit velocity is close to 32,560 ft/sec and 15,800 ft/ 
sec at 12,000 BTU/lb.

4*5 Calculated Flow Properties at the Minimum Flow Ratio 
- 50 SCFH

Most of the same events observed for the mass flow 
rate of 250 SCFH occurred for the flow rate of 50 SCFH, 
although at slightly different positions. There was one 
significant difference. The speed of sound was generally 
smaller than for the corresponding 250 SCFH flow rate.

The explanation lies in the compressibility term, 
•3. For a flow rate of 250 SCFH, dissociation was main
tained (3 near 2) until a temperature of 12,200*R was 
reached. However, for the flow rate of 50 SCFH, disso
ciation was maintained down as far as 10,500*R. This was



TABLE 4.1
COMPUTER DATA FOR THE MAXIMUM FLOW RATE - 250 SCFH WITH 25,000 3TU/LB POWER INPUT

Maximum Flow Rate - 250 SCFH .... 24,700 Btu/lb Power Input

Property Values in the Reservoir Stagnation Chamber_____________________
Mass Flow Rate * .000155 slug/sec. Density = 2.66 x 10-5 slug/ft3 
Temperature “ 13,035*R, 3 “ 2.02, Cp = .87 Btu/lb-®R

_______ Pressure = .81 Atm., T  - 1.296, C# = .67 Btu/lb®R_______________
Property Values at the Throat Section

Temperature * 15,700*R, Density = 1.66 x 10-5 slug/ft3
Pressure = .44 Atm.. T  - 1,235. Sonic Velocity = 8660 ft/sec_____

Property Values Downstream of the Throat________________________________
A/A* T°R V 3 e*/e P*/P V* M H”H530*R T
1.37 13,200 12,285 1.91 1.94 2.23 8,170 1.5, 19,900 1.22
1.48 12,200 16,541 1.8 2.84 3.33 8,016 2.06 17,458 1.241.68 11,200 21,942 1.59 4.27 4.83 8,886 2.47 13,310 1.25
2.13 10,200 27,808 1.2'? 6.85 6.77 9,660 2.87 7,485 1.187
2.48 9,700 29,432 1.169 8.45 8.08 10,800 2.72 5,630 1.16
3-7 8,700 31,151 1.06 13-32 12.88 10,278 3.03 3,551 1.157.35 7,200 32,188 1.008 27.34 30.36 9,299 3.46 2,240 1.22



TABLE 4.2
COMPUTER DAT\ FOR THE MAXIMUM FLOW RATE - 250 SCFH WITH 12,000 BTU/L3 POWER INPUT

Maximum Flow Rate - 250 SCFH .... 12,000 Btu/lb Power Input

Property Values at the Reservoir Stagnation Chamber_____________________
Mass Flow Rate ™ .000155 slug/sec. Density = 3.87 x 10”5 slug/ft3 
Temperature = 12,035*R, 3 - 1.457, Cp ■ 5.24 Btu/lb-*R

_______ Pressure .569 Atm.. T  = 1.259. Cy 38 4.16 Btu/lb-0R____________
Property Values at the Throat Section___________________________________

Temperature = 10,650*R, Density = 2.4 x 10™5 slug/ft3
_______Pressure = .315 Atm., f  = 1.17. Sonic Velocity = 6614 ft/sec
Property Values Downstream of the Throat_______________________________ _

A/A* T*R V g <?*/e P*/P V* M H-H530eR r

2.015 8,149 14,406 1.016 4.38 4.78 5,650 2.54 2,683 1.1752.68 7,649 14,768 1.013 5.99 6.93 5,620 2.62 2,472 I.203
3.36 7,149 15,214 1.005 7.74 9-52 5,467 2.78 2,206 1.23
4.76 6,649 15,562 1.002 11.2 14.75 4,938 3.15 1,992 1.26
7-2 6,149 15,855 1.0009 17-3 24.59 4,716 3.36 1,808 1.275
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TABLE 4.3
COMPUTER DATA FOR THE MINIMUM FLOW RATE - 50 SCFH WITH 25,000 BTU/LB P0V7ER INPUT

Minimum Flow Rate - 50 SCFH .... 24,700 Btu/lb Power Input

Property Values at the Stagnation Reservoir Chamber_________________
Mass Flow Rate = .0031 slug/sec, Density = 5.34 x 10-6 siug/ft3 
Temperature = 18,035*%, 8 = 2.06, Cp * 1.26 Btu/lb 
Pressure = .166 Atm., Y = 1.24, C\r = 1.01 Btu/lb

Property Values at the Throat Section______________________________
Temperature = 16,080*R, Density = 3*33 x 10-6 slug/ft3 
Pressure * .093 Atm., T  == 1.29, Sonic Velocity - 8650 ft/sec

Property Values Downstream of the Throat
A/A* T*R V a f*/f P*/P V* M H“H530*R T
1.7 14,580 7,958 2.008 1.56 1.71 7,799 1.02 21,914 1.1412.0 13,580 10,090 1.997 2.33 2.72 7,479 1.35 21,146 1-134
2.75 12,580 11,944 1.98 3-78 4.75 7,378 1.62 20,331 1.116
3.9 11,580 14,442 1.93 6.51 8.65 7,108 2.03 19,015 1.122
4-94 -10,580 18,568 1.80 10.59 14.34 7,464 2.48 16,297 1.167
6.78 9,080 27,350 1.35 21.44 25-3 8,710 3.14 8,248 1.1313.18 8,080 30,742 1.12 46.82 51.67 8,181 3.76 4,315 1.12



TABLE 4.4
’ COMPUTER DATA FOR THE MINIMUM FLOW RATE - $0 SCFH WITH 16,000 BTU/LB POWER INPUT

Minimum Flow Rate - 50 SCFH .... 16,000 Btu/lb Power Input

Property Values in the Reservoir Stagnation Chamber____________________
Mass Flow Rate = .00031 slug/sec. Density = 7*15 x 10”^ slug/ft3 
Temperature « 12035*R, 2 = 1.74, Cp » 4.91 Btu/lb-eR

_______ Pressure ■ .125 Atm.. 7T « 1.24. Cv = 3.97 Btu/lb-aR____________
Property Values in the Throat Section______________ ______ _____________

Temperature = 10,753°R, Density = 4.46 x 10-6 slug/ft3
_______Pressure m .07 Atm.. ~B~ = 1.149. Sonic Velocity » 7279 ft/sec
Property Values Downstream of the Throat

A/A* T*R V 2 f*/P P*/P V* M H-H53o *r y
1.6? 8,258 19,177 1.034 4-39 4.14 6,829 2.8 2,962 1.147
2.14 7,758 19,540 1.026 5.75 5-72 6,767 2.88 2,681 1.167
3-0 7,258 20,000 1.012 8.26 8.67 6,220 3.21 2,303 1.198
3.49 6,758 20,350 1.005 12.94 14-48 5,826 3-44 2,035 1.23
6.5 6,257 20,611 1.002 18.43 22.2 5,789 3-56 1,823 1.26
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due, of course, to the lower pressure shifting the rtCp 
versus Tn curve to lower temperatures. This means that the 
speed of sound term, %Tp/o, was reduced to a lower value 
before the dS/dp term begins to increase significantly so 
that their summation is now smaller.

4*6 Accuracy of Computer Results
4.6.1 Satisfying the Equation of State

One check for consistency and, to some degree, 
accuracy of the computer results would be to question how 
well the results check with the real gas equation of 
state.

A typical state point for nitrogen was selec
ted for evaluation from Table 4.2. When the flow rate was 
50 SCFH (.000031 slug/sec) and the enthalpy input was 
24,700 Btu/lb, the throat temperature was 16,080*R, the 
throat pressure was .0926 atmospheres and the throat den
sity was 3 «33 x 10"^ slug/ft3. The difference between 
p/p and SSRfl̂ T is calculated below:

2 (.0926) 2116________
e - 3.33 x 10-6 32.2.778 " 2353 BtU//lb
2RN<5T = (2.02) . 16,080 - 2320 Btu/lb2 29

The percentage disagreement is 1.4$.
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A compatibility check at another point, this time 

in the divergent nozzle region where T * ll,080eR, & == 
1.87, the pressure ratio p*/p = 11.43 and the density 
ratio = 8.47 was made and the quantities p^o and
Z % 2T were again compared with the following results:

p _ 2116 (.0729)/ll.43_______
? (4.52 x 10-6/8.47 32.2.778 1742 Btu/lbm

= 1.87 • ii2§i . 11,080 - 1400 Btu/lbm 1N2 28
The percentage disagreement is 15%•

It was expected that the throat properties values 
would be more nearly correct than those calculated in the 
divergent section since any error is compounded with the 
additional approximating manipulations in solving for the 
properties in the divergent nozzle.

A significant factor that enters into the error 
accumulation in the pressure ratio integration by Simpson’s 
rule is the large temperature interval of integration. If 
the temperature interval were decreased, the results would 
be more accurate. Thus, a large integration interval means 
a less exact solution to the integration. This large inter
val was needed because of the many iterations that were 
required to obtain a solution and the limited time avail
able on an IBM 7074 computer.



4.6.2 Comparison, with the Ideal Isentropic 
Equation
Whether or not the computer results are in

the correct perspective could be determined by comparing 
them to the ideal isentropic equations for a small temper
ature interval where the % does not change rapidly.

section 4.5 (Table 4«3), for an enthalpy input of 24,700 
BTU/lb and a flow rate of 50 SCFH, is Y "  1.154 where the 
two points have temperatures of “ 11,080°R and Tg “
10,580eR. The pressure ratio for these values is:

The pressure ratio p*/pj at T^ = 11,080*R is 11.43 and the 
pressure ratio p^/pg at Tg = 10,580"R is 14.34* Therefore, 
the pressure ratio between these two temperature state 
points, Pg/Pi* is 0.8. The magnitudes are comparable, 
with the difference being attributed to the fact that the 
equations for an ideal and a real gas are different.

The average Y for the temperature interval in

4.6.3 Comparison of Computer Calculations of Cp,
Cy and Y with Preference #1

A comparison of the computer results of the
present work with those of reference #1 may, in most cases, 
show reasonably good agreement. The first important
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comparisons are the Cp and Gy versus T curves (Figure 4*1) • 
The values calculated herein are somewhat larger than those 
of reference #1 in the dissociation range but the "peak" 
occurs at the same temperatures. The comparison of the 
"peak" heights in the ionization range reveals that they 
are about the same but they occur at different temperatures.

The ratio of the Cp and Cy values at each partic
ular temperature gives the specific heat ratio Y . These 
curves are given in Figure 4*2. The computer predicted 
values for Cp and Cy, while similar to those of reference 
#1, combine in such a manner (ratio of Cp to Cy) that 
there is much less correlation in the values o f Y .
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CHAPTER 5

EXPERIMENTAL DETERMINATION OF NOZZLE EXIT FLOW PROPERTIES

This chapter contains a discussion of the experi
ments performed on the gases argon and nitrogen for the 
determination of some of their flow properties (pressure 
ratios and Mach numbers) at the exit of the plasma tunnel. 
The equipment, experimental set up and the testing proce
dure are also described. The data are presented along with 
the corrections that were performed in order to improve 
their accuracy.

5.1 Equipment
The University of Arizona Plasma Tunnel was used 

for the experimental phase of this investigation. The 
existing facilities were inadequate for the techniques of 
experimentation that were to be employed; consequently, 
various components of the plasma tunnel had to be altered.

A complete description of the previously-used 
plasma tunnel facility can be found in Reference #4* A 
brief outline of the present experimental set-up is given 
below.

The compressed gas first passes through the control 
console. Here the gas flow rate and power inputs are
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controlled so that unsafe levels are not reached. The 
gas then flows to the plasma head (Figure 5.1) (the sec
tion where the power input turns the gas into a plasma). 
While passing through an arc gap, the gas becomes heated 
to the reservoir stagnation temperature (velocity is 
small at this point). The arc gap is the only point at 
which energy is introduced to the gas.

The efficiency of the process of energy transfer 
for a gas flow through the arc-gap was unknown. An 
efficiency curve versus applied voltage (voltage across 
the electrode that constitutes the arc gap system) was 
given by the instruction manual for the "Plasma Flame 
System," but the operating voltage used in the experiments 
was outside this curve range.

Obtaining the correct efficiency for the heat 
transfer operation is a critical factor in the experimental 
phase of this study. A value of $0% was chosen after con
sultation with the thesis adviser. Undoubtedly, the effi
ciency does not remain the same for the various power 
inputs, but for moderate power inputs, the 50% assumption 
was assumed to be reasonable. Of course, results reported 
from the experimental work will be influenced by this 
assumption, and the results reported are strictly valid 
only for the chosen efficiency. The results should be
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Figure 5.3 Plasma Tunnel Nozzle Section
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viewed with this in mind. Within reasonable time limits 
there was no time to develop a means of obtaining a more 
accurate measure of the efficiency.

After reaching its high temperature state, the 
plasma flows through a de Laval nozzle where it reaches 
sonic velocity at the throat. Attached to the nozzle is a 
magnetohydrodynamic test section which has a divergent 
channel. The gas is further expanded in this region. It 
is hoped that the temperature after expansion is still 
significant enough that electromagnetic forces can be 
applied in this component of the plasma tunnel. A section 
of constant area connects the magnetohydrodynamic section 
and the large vacuum test chamber. From the vacuum test 
chamber, the plasma is pumped out to the atmosphere.
The vacuum test chamber has four windows so that the plasma 
jet can be seen as it exits from the connecting section 
into the larger vacuum test section. An opening for the 
stagnation pitot tube at the front end of the test chamber 
allows the total pressure to be measured through the flow. 
Various bodies can be attached to the end of the pitot 
tube and the shock wave created by the supersonic flow can 
be photographed through the windows.

The vacuum test chamber is an improvement over the 
older arrangement. The advantages in being able to view 
the exit plasma jet are obvious. With this section open
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to sight, the shock waves off various bodies of known 
geometry determine the Mach number of the flow. Also, the 
relative position of the pitot tube with respect to the 
exit area traverse line is known at all times which allows 
the pitot tube to be placed in the flow field where the 
velocity seems the greatest. Any signs of the overheating 
of the pitot tube can be observed. Finally, the traver
sing of the pitot tube across the exit area allows an 
estimation to be made of the boundary layer thickness from 
the total pressure profile. The apparatus is pictured in 
Figures 5.1, 5.2 and 5«3*

5.2 Reasons for the Selection of Argon and Nitrogen for 
the Experimentation

The problem is essentially one of having a gas, 
initially at an extremely high temperature, and allowing 
it to flow through a nozzle into a vacuum chamber. The 
nozzle is the convergent-divergent type (where the velocity 
is designed to reach the sonic velocity at the throat) in 
which there is exchange of enthalpy for kinetic energy 
along the axial flow. When the gas is in its initial con
dition, in the reservoir stagnation chamber, the tempera
ture may reach upwards of 18,000*R. Because of the 
author's relative inexperience with both the apparatus and 
the high temperature effects on the equipment, no attempt



was made to reach temperatures above this point. It should 
be stressed that even this maximum temperature of 18,000eR 
is an estimation based on the assumption that half of the 
power input is transferred to the gas. It is quite pos
sible that the efficiency was much lower than this, in 
which case the temperature would have been lower. At these 
high temperatures most multi-atomic gases exist in a high 
state of dissociation and with a small amount of ioniza
tion. This, of course, depends on the bonding strength 
of the specific gas under analysis. Most of the elements 
that exist as gases under standard conditions and possess 
two or more atoms in their molecule are fairly significantly 
dissociated in this temperature range. However, the diffi
culty with which an electron is stripped from a monatomic 
gas is quite different. It is a function of the distance 
of the outermost electron (the outer-most electron will be 
the first to be stripped off) from the atomic nucleus and 
the number of protons (strength of attraction) in the 
nucleus. Helium, for example, requires 24.58 electron 
volts to strip off an electron, while for hydrogen, the 
ionization potential is only 13.59eV. The ionization of 
helium at 18,000eR would be small while that of hydrogen 
could be fairly large by comparison.

Below a certain temperature, the specific heats of 
a monatomic gas remain unaffected by temperature. Since it
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cannot absorb energy in the form of rotation, vibration, 
or dissociation, it then acts as an ideal gas. The 
specific heat value of a diatomic gas, for example, is 
extremely sensitive to temperature since it is able to 
absorb energy in rotation, vibration and dissociation.

During the expansion portion of the plasma flow, 
the temperature of the gas will decrease from the throat 
to the exit. Over this temperature range encountered in 
the expansion, a monatomic gas will behave as an ideal 
gas (assuming ionization is small) while a diatomic gas 
will have a behavior similar to a real gas (rotation, 
vibration and dissociation are possible). In order to 
compare the effects of having gases that exhibit both 
ideal behavior and a departure therefrom, the monatomic gas 
argon and the diatomic gas nitrogen were used in the exper
imental testing operation.

5.3 Testing Observations
5.3.1 Power Input •
In the actual operation of the plasma tunnel, the 

electric arc gap through which the gas must pass may be 
set to produce a certain power input. This power input 
multiplied by an efficiency of 50% was assumed to be the 
heat actually added to the flow.

For a high mass rate of flow, there will be less 
energy transferred to each unit of mass. Stated briefly,



99
a large mass flow must accept less energy per unit mass 
which results in lower temperatures. On the other hand, a 
low mass flow may have too much energy per unit mass trans
ferred to it and the resulting high temperatures may damage 
the equipment. Thus, a relationship between the power 
input and the mass flow rate must be developed such that 
no more than 25,000 BTU*s per pound are introduced into 
the gas. This is done belowI

Power Input (Kilowatts) x .947 x lO”-* BTU/SEC
m Number of BTU*s/sec Kilowatts

The number of BTU*s per second divided by the number of 
pounds of gas flowing per second (converted from standard 
cubic feet per hour) is equal to the BTU*s per pound.

exceed

25,000 BTU/lb. Therefore,
Maximum # kilowatts ■ 25,000/.947 x 10™3 m (5*1)

(assuming 100$ of electric power transferred to enthalpy of 
the gas.)

5.3.2 Boundary Laver Build Up
The temperature and velocity gradient produced 

by the boundary layer on nozzle wall cause certain problems. 
The thermal boundary layer will create a variable property 
distribution of the gas over the nozzle cross-section.
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The problem that the velocity boundary layer 

creates is that it reduces the effective area ratio from 
that given by the simple geometric dimensions. As the 
velocity boundary layer displacement thickness, 8*, 
increases, the effective area decreases.

From the argon gas experiment, it was estimated 
from the total pressure plot across the exit area 
(obtained by swinging a pitot tube through the flow), that 
the flow was concentrated in the lower section of the 
nozzle. At the higher temperatures and lower pressures, 
the effects of the boundary laywer were the most pro
nounced, reducing the exit to throat area ratio from its 
physical dimension of 12 to a ratio of between 3 and 4, 
as will be shown later.

In any case, the boundary layer thickness will be 
much greater than any predicted analytically, since in 
many portions of the flow,discontinuities exist in the 
nozzle geometry. For example, large flow disturbances 
will occur in the vicinity of the various area discontin
uities such as the circular de Laval nozzle area transi
tion to the rectangular MHD divergent section and further 
downstream where the divergent MHD section changes to a 
constant area section. At the position where the MHD 
electrodes are situated, further flow complications result
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since even with the electrodes retracted as much as pos
sible, the tip, which is hemispheric, still sticks out at 
least l/8 of an inch, and the resulting boundary layer 
separation of these two electrodes, one on top and the other 
on the bottom of the MHD section, probably constituted a 
significant area reduction at this point. All these abrupt 
contour changes cause turbulence in the flow and result in 
a significant boundary layer thickness increase. There
fore, it can be seen that considerable uncertainty is intro
duced into the area ratio calculations. Perhaps the best 
area ratio estimates can be made from the analysis of the 
total pressure distribution across the exit area diagonal 
and also from the plasma jet pictures. The total pressure 
can be assumed to give an approximate description of the 
velocity distribution and from this pattern, a boundary 
layer displacement thickness, 8*, can be estimated. The 
pitot tube traverse across the exit area revealed that 
the velocity distribution was roughly parabolic. That is, 
velocity rose from zero at the wall to a maximum velocity 
near the center of the nozzle. Actually, the maximum 
measured velocity never occurred oh the horizontal center 
line but was usually in the lower portion of the nozzle 
for the lower power inputs and in the upper portion for 
the higher power inputs. No explanation could be found for 
this but its cause was assumed to be in the disturbance flow 
patterns.
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The total pressure profile cannot easily be con

verted into a mass flow profile (£V magnitude). Therefore, 
the only remaining alternative was to simply assume that 
the pressure profile was, in some measure, a description 
of the mass flow profile. From this pressure profile, 
the effective area has been estimated (see Figure 5-4)•
In one run, instead of an exit area of 1.9 in.2, the 
effective area was approximately .65 in.^, and the throat 
(.15 in.2) to exit area ratio was 4*33•

Pressure

Figure 5*4 Estimated Exit Area from the 
Pressure Traverse

5.3.3 Underexpanded Flow
In the experimental work, it was found that the 

nitrogen nearly always was underexpanded. Apparent reasons 
for this behavior will now be presented.



The isentropic ideal gas equation 5•2 will be used. 
Assuming that the gas is completely expanded to the vacuum 
chamber pressure, the pressure ratio P0/Pv# where py is 
the vacuum chamber pressure and pQ is the reservoir stag
nation pressure, is a function of area ratio and Y as 
defined by the relationship below:
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A
I*

y=I (

(£o) y [l - (Eo) ^  
Pv L Py

1/2
(5.2)

The dominant factor in this relationship is the
term PV* For a specified area ratio, a gas with a
lower X will require a smaller pressure ratio, ^2, than a 
gas with a higher Y . This is for complete expansion to
occur.

Argon gas, considered as an ideal gas, has a Y
equal to 1.67. This means that the pressure ratio 2̂. for

Py
argon will be slightly larger than that for nitrogen gas,
for which a comparable Y = 1.4* Thus, nitrogen gas will
require smaller pressure ratios.

The reservoir stagnation pressures were difficult
to adjust so that the only alternative in obtaining a
smaller pressure ratio, Es, for nitrogen was to increasePy
the pressure in the vacuum tank. This is a very difficult
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operation since the total pressures are low to begin with 
(3 to 7 inches of mercury). For example, with the nitro
gen gas flowing at a rate of 80 SCFH, and the power input 
of 12 k.w., the reservoir stagnation pressure was approxi
mately 3.37 inches of mercury. With the vacuum pressure 
at .28 inches of mercury, the pressure ratio E2. was 12.
In order to reduce the pressure ratio to 10.3, the vacuum 
pressure had to be reduced by .05 inches of mercury.
Since the chamber pressure was measured using a U-tube 
mercury monometer with one end open to the atmosphere, 
it meant that a change in mercury height of .025 inches 
had to be made. Because of this difficulty in correctly 
reducing the vacuum pressure to the desired pressure, the 
nitrogen was never able to achieve complete expansion and 
was underexpanded in most cases.

However, after a slight pressure ratio decrease, 
by increasing the pressure in the vacuum chamber, the 
plasma jet did become slightly more concentrated so that 
the testing could then proceed. The exhaust still remained 
somewhat underexpanded and any further vacuum pressure 
increase resulted in a subsonic flow. The experiments for 
nitrogen had to be made while utilizing an underexpanded 
flow.
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5.4 Plasma Flow Measurements by the Pitot Tube

A pitot tube pressure traverse was made diagonally 
across the plasma jet about one-quarter of an inch down
stream of the nozzle exit. A pressure transducer connected 
to a Speedomax recorder graphed the pressure magnitude by 
a longitudinal displacement of the indicating ink marker. 
The chart paper moved under the ink marker at a constant 
speed so that the pressure with respect to time was indi
cated. The pitot tube traverse across the exit area was 
made at nearly a constant rate. The chart paper movement 
was initiated at the same time that the pressure traverse 
was taken and terminated on the completion of the pass.
By this method, the pressure distribution with respect to 
the exit area traverse position could be determined.

The testing procedure was conducted in two parts. 
First, a constant power input was established and the 
pressure measurements were made for various mass flow 
rates. Second, a constant mass flow rate was selected and 
the power input was varied from run to run. Both methods 
should give similar results for the same power input and 
mass flow rate combination.

At the conclusion of each experimental run for 
the exit pressure measurement, the static pressure was 
measured at an orifice upstream of the de Laval nozzle



TABLE 5.1
EXPERIMENTAL FLOW DATA FOR ARGON 

Constant Kilowatts - 8.4 Variable Flow Rate
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300
SCFH

2155
SCFH

100
SCFH

Po-l
inches He 5.25 4.3 2.7
P02
inches He 1.06 1.02 .73

Constant Flow Rate - 151 SCFII Variable Kilowatts
151SCFH 3.7 kw 8.5 kw 13.9 kw 24 kw _20 vf 25 v* 29 v i185 amp 370 amp 550 amp 800 amp
P01
inches 1.77 __ 3.2 _ 4*16 5.05
P°2
inches Kg .245 ^ 6  .. 1.0 1.5

Constant Flow Rate Variable Kilowatts
300
SCFH 3.7 kw 8.5 kw 13.9 kw
P01
inches Hg 1.85 3.14 4.16
P°2
inches Hg .187 ____,53______ 1.05
151SCFH 3.7 kw 8.5 kw 13.9 kw
p°i-inches Kg 1.5 2.35 2.93
P°2
inches He .28 • 46 .69

Po
Po

1
2

Stagnation Pressure - Reservoir 
Stagnation Pressure - Exit
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throat. This static pressure was assumed to be approxi
mately equal to the reservoir stagnation pressure since 
the flow velocity at this static orifice is small.

5*5 Correction to Exit Total Pressure Due to the Lack of 
Uniformity of This Pressure

It has been reported previously that the peak 
pitot pressure at the nozzle exit occurred somewhat off 
the horizontal centerline. Therefore, the maximum pres
sure was not measured, since the pitot tube traverse was 
made diagonally and hence passed through the centerline 
above the actual point of maximum pressure. An attempt 
has been made to correct for this occurrence. The maxi
mum pressure was recorded by the pitot tube traverse at 
point (2) in Figure 5*5.

Maximum Pressure 
on the Traverse-® Estimated Maximum 

Pressure Location-©

Figure 5*5 Location of the Maximum Pres 
sure at the Exit
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From the pressure traverse recordings (see Figure 

5.5), it appears that the pressure distribution can be 
roughly estimated to be conical (from point (1) to point 
(7) in Figure $.4). Point (2) in Figure 5.5, where the 
pressure is a maximum on the traverse, does not necessar
ily represent the point of the highest pressure. The maxi
mum would be expected to lie on the centerline (at point 
(3)) a distance,J023# measured perpendicular to the trav
erse arc (Figure 5.6).

Figure 5.6 Pressure Profile at the Exit 
Area

Since the slope on the cone is constant, the ratio 
of distance should be the same &3Jltf/Jj$()•

A z  _
zt 24 /? 56
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From Figure 5.6, the distances^^2 and^^5 ”^23 can be 
measured. Since the distance^ 24 Is proportional to the 
maximum measured pressure by the pitot tube, the length, 
^ 36, at point (6) can readily be computed:

J L &  , 6/16 » £56
yf 12 P24 P$6 " O'43 P24

P36 " P24 + P56 - le43 P24
The actual maximum exit pressure is calculated 

as 1.43 times the measured maximum pressure. The pressure 
ratios can now be corrected and computed. These pressure 
measurements, which employ the Speedomax recorder and 
transducer equipment, are referenced with respect to the 
vacuum chamber pressure and must, therefore, have this 
vacuum chamber pressure added to them.

5.6 Calculated Enthalpy Input and Temperature for Argon 
From the known power input and mass flow rates, 

the enthalpy delivered to the gas per unit mass can be com
puted only if the efficiency is known. So other calcula
tions could be made, it was assumed that half the power 
input was absorbed by the gas. The enthalpy per pound of 
gas corresponding to the various power input and mass flow 
rate combinations is listed in Table 5*2.
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The specific heat, Cp, of argon can be assumed to

be constant in most of the temperature ranges that were 
reached under operating conditions. The change that does 
occur, which is brought on by ionization, will be slight 
because the extent of the ionization is small. On one 
occasion, a significant level of ionization was obtained. 
The method for finding the reservoir temperature when 
ionization varies the specific heat, Cp, is given imme
diately following Table $.2. The equation for computing 
the reservoir temperature for a constant Cp is given below:

a) Power input (kw) . (.947 x 10 
Flow rate (SCFH) . (2.92 x 10

BTU/sec

SCFH
b) Assume that the efficiency is fifty percent:

# BTU/lb . 5
T - 530 (5-3)



RESERVOIR ENTHALPY AND TEMPERATURE
TABLE 5.2
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Constant Kilowatts - 8.4 kw - 237 and 365 amps
Variable Fi.ow Rate
300 SCFH 200SCFH 100 SCFH

Enthalpy
BTU/lb 907 1360 2720
temperature (T - 530)R 3600 • 5520® 11050®

Constant Flow Rates
Variable Kilowatts

151 SCFH
3*7 kw 8.5 kw 13.9 kw 24 kw 

79TT. 
800A26v &185A 53V & 370A

25V & 
550A

Enthalpy
BTU/lb 795 1825 2980 5150
Temperature 
(T - 530)R 3220®R 7400-R 12050®R 18500*

_3..7lcw_. 8.5 lew 18.9 kw
Enthalpy
BTU/lb 400 920 1510
Temperature 
(T - 530)R 1620® 3720® 6100®

* This value computed as shown in the following paragraphs.
The temperature for 24 kw of power input and a flow

rate of 151 SCFH must be determined in another manner 
than from equation 5.3, since Cp varies at the high tem
perature region. The unsuitability of equation 5*3 is 
brought about because ionization becomes significant at 
this temperature range but note that Cp is constant until 
9000*K is reached. The ̂ p versus T*for argon is shown 
on the following page in Figure 5*7.
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Figure 5.7 Cp versus Temperature - Argon

The curve can be approximated piecewise by a hor
izontal straight line, representing a constant Cp, up to 
a temperature of 9000®K; thereafter, Cp can be approxi
mated by an inclined straight line up to a temperature 
of 11,600°K. For any reservoir temperature, the area 
under the curve is equal to the rise of enthalpy to the 
stagnation enthalpy. The area under the curve is the sum 
of regions (1) and (2).

In order to find the reservoir stagnation tempera
ture, an area under the curve of Figure 5.7 must be found 
that is equal to heat input of the arc.

Area (1) - l/2 (T - 9000eK) A  Cp

ACP - Cp2 ~ Cpl (t - Ti) - .75 - .123 (T-9000"K)
T2 " T1 11,600°K-9000*K
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Area (1) - l/2 (T - 9000°K)2 (2.4 x 10"4) 1.8 
Area (2) = (T - 273eK) (.123) 1.8 
H - “ total area * .123 (T - 273) 1.8

+ 1.2 x 10"4 (T - 9000)2 1.8

For an enthalpy input in the above equation of 5150 BTU/lb 
(or 2575 BTU/lb of the efficiency is 50%), the algebraic 
equation becomes, with T in degrees Kelvin,

1.2 x 10~4 T2 - 2.037 T + 8230 - 0 
The solution, for an effective heat input of 2575 

BTU/lb, is a stagnation temperature of either 10,250*K or 
6,750*K. Since the temperature, by the set-up for the 
area computation, cannot be less than 9000*K, the stagna
tion temperature must be 10,250°K (or 18,500eR).

It is extremely doubtful whether this high a tem
perature was ever obtained and points out that the effi
ciency may have been lower than 50% for this power input.

5.7 Effects of High Energy Inputs on the Pressure Ratio 
for Argon

From the physical dimensions of the plasma tunnel, 
(it has an area ratio, Aex^/A*, of 12) the theoretical 
exit total pressure ratio should have been 8.50 and the exit 
Mach number 5*34. The reason why the measured quantities 
do not attain these values is that the boundary layer 
reduces the effective nozzle cross-sectional area which



in turn produces a smaller ratio of total pressures.
High temperatures reduce the density and increase 

the viscosity of a gas. Thus the Reynold’s number is 
smaller at the higher temperature for the same flow rate 
(Reynold’s number equals ). The displacement
thickness, 8*, is a function of one over the Reynold’s 
number. Therefore, at a given nozzle position, as the tem
perature increases, the boundary layer thickness increases 
and the effective area is reduced.
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5.8 Calculated Exit Mach Number - Argon
Using the measured stagnation pressure ratios, the 

exit Mach number can be computed from equation 5»4» A bow 
shock wave forms in front of the pitot tube and the flow 
is brought to rest isentropically downstream of the normal 
shock.

Po1 a
P°2

(y-DM i2 + 2
Ltf+UAU2

y+i
z/^-Or-D

y^I (5-4)

With Y equal to 1.67 for argon, the Mach number can be cal
culated by a trial-and-error process. For the total pres
sure ratio of 2.64, for example, a Mach number of 3.15 was 
reached. The pressure ratios and Mach numbers for the 
pressure measurements listed in Table 5.1 are given in 
Table 5*3•
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TABLE 5.3

‘ CORRECTED TOTAL PRESSURE RATIOS AMD MACH NUMBERS FOR ARGON 
Constant Kilowatts - 3-4 kw - 23 v & 365 Amps

Variable Flow Rate
3CO SCFH 200 SCFH 100 SCFH

Po]^Po2 3.18 2.68 2.28
""Mach number 3TT 3.15 ____3.0 ______

R UN #1
Constant Flow Rate

Variable Kilowatts
151 3CFH IzjL M  2dv &

13 5A
8.5 kw 13.9 kw
%3 v & 25v &370A 550A

24 kw 
29v & 800A

P01/P02 3.29 3.28 2.64 2.23
Mach number 3.5 3.5 3.15 3.0

151 SCFH 3.7 kw
RUN #2

8.5 kw 13.9 kw
Po^/Po2 3.94 3-35 2.53
Mach number 3.85 3.6 O
"'360 SCFH 3.7 lew 8.5 kw 13.9 kw
P01/P02 2.7 2.84 2.57
Mach number 3.2 3.3 ___L l  ______

5.9 Experimental Data and Calculated Mach Number for 
Nitrogen

The diatomic gas nitrogen is expected to undergo 
various deviations from an ideal behavior during its flow 
through the nozzle. At any particular point, knowing the 
temperature, pressure, and specific heat ratio, all other 
state properties can be evaluated. However, none of these 
properties is known at a point directly before the bow
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shock in front of the pitot tube. Some approximations will 
be necessary at this stage in order to make any use of the 
nitrogen experimental data.

For similar mass flow rates and power inputs, it 
can be predicted that the argon gas would achieve a higher 
temperature than the nitrogen. Argon will absorb most of 
the energy into its translational motion while nitrogen 
must supply energy into rotation, vibration and the disso
ciation degrees of freedom. Thus, while argon could reach 
a temperature of 18,000*R, nitrogen most probably would 
only reach a temperature of perhaps 12,000*R for the same 
heat input per pound of gas. After expansion in the diver
gent nozzle, the static temperature of nitrogen may only 
be in the 6000e-8000*R range. At the same time, the nitro
gen static pressure will probably decrease by a factor of 
10 from a value of .50 atmospheres (required reservoir 
pressure for a flow rate of 100 SCFH) to a value of .05 
atmospheres. The % for these conditions will be near 
1.185 (Reference 1). These values for nitrogen flow have 
also been verified by the computer calculations. Since 
there is no other evidence on which to base an approxima
tion, a V of 1.185 will be used as the value that exists 
in the vicinity of the pitot tube at the nozzle exit.

The results of the calculations for nitrogen gas 
flow are given in Table 5.5. The data obtained from the 
experiments with nitrogen are tabulated in Table 5.4.



TABLE 5-4
EXPERIMENTAL DATA - NITROGEN
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117 SCFH
P°2 
in. Hg

p°i 
in. Hg P°2

Corrected
**exit ~ H supply gas 
Enthalpy 
BTU/lb

12.b kw 
42V & 300A 1.32 3.41 2.3 6230
“14.V kw42V & 350A 1.535 3.67 2.19 ___ 7200
22.5 kw 
45V & 500A .92 3.85 2.62 12800

A certain amount of difficulty occurred in obtain
ing the data for nitrogen because of the occurrence of an 
underexpanded flow. The one run for which the data are 
given above was believed to have been the best so it was 
the only run considered. The inability to get a completely 
expanded flow is one reason for the Po^/Pog ratio fluctua
tion.

Using X equal to 1.185, the Mach number corre
sponding to the pressure ratios of Table 5.4 are listed 
below in Table 5.5,-

TABLE 5-5
MACH NUMBERS FROM PRESSURE RATIOS - NITROGEN

12.6 kw .14.7 kw 22.5 kwIWach number 2.3 2.22 2.4
Equation 5.5 was used to obtain these values even though it 
is applicable for an ideal gas only. Thus these Mach num
bers contain a degree of incorrectness.
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5.10 Plasma Flow Measurements from Wedge Shock Waves - 

Argon and Nitrogen
A wedge with a 1.5 inch width was constructed to 

fit over the pitot tube. The wedge could thus be maneu
vered over the same traverse across the exit area diagonal 
as the pitot tube. At least part of the wedge would remain 
in the flow region for all the traverse locations. The 
only problem was that the wedge could only be level at one 
location and would be tilted at all others. Thus the region 
where the maximum velocity was expected had to be chosen 
beforehand and the wedge situated so that it would be level 
there. After a few trials, this could be accomplished rel
atively easily. It was important to select that location 
where the velocity profile reached its peak, otherwise a 
smaller Mach number was obtained.

Most of the shock waves were weak but could be 
detected because the high temperature increase across the 
oblique shock made the plasma more luminescent. Also, the 
density is greater downstream of the shock wave and hence 
more material is present to emit visible light.

From the pictures, the location of the plasma jet 
with respect to the exit area and the point of maximum exit 
velocity could be estimated. The plasma jet can clearly 
be seen to be in the lower portion of the nozzle exit 
(Figures 5.8 and 5.9)• It appears that the maximum intensity
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of the plasma jet flame (point of maximum temperature and 
density w h ic h  would emit the largest amount of illumination) 
has its location two-thirds of the way down from the top of 
the nozzle area. This corresponds very closely to the 
estimated location by examining the pitot tube pressure 
profile in section 5*3»2.

When the wedge half angle, S, and the shock angle, 
6, are known, the Mach number can be computed from the 
following equation:

sin^0 - /X+l. tan 8________
' 2 ' tan# + cot S (5-5)

The Y for argon is 1.6? and the Y for nitrogen was again 
estimated to be 1.185.

TABLE 5.6
MACH NUMBERS FROM SHOCK WAVES PRODUCED BY 

A WEDGE-NITROGEN ARGON

Argon
S=l£", @=>42° 
13.9 kw- 151 SCFH

8=126, 6 =49* 
13.9 kw- 300 SCFH

6=13.75*,©-53
13.9 kw- 151 SCFHMach number 275?  ̂ 1.8 _ 1.79

Nitrogen
8=13.75°,©-39°
10 kw- 
119 SCFH

8=13.75*, @=40e 
14.7 kw - 119 SCFH

8=13.75, ©-43 
20.3 kw- 110 SCFHMach number 2.13 2.1 ____ ________

These calculations were obtained from photographs 
of the plasma jet at the exit. Figures 5.8 and 5.9 are 
typical of the plasma jet pictures.



Figure 5*8 Sample Photograph of the Argon
Plasma Jet at 13.9 kw - 151 SCFH 
6 = 53°, Mach number ■ 1.79

Figure 5-9 Sample Photograph of the Nitrogen 
Plasma Jet at 20.3 kw - 119 SCFH 
6 = 47°, Mach number = 1.8
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From the negatives of these pictures (Figures 5.8 

and 5.9), the exit flame is very sharp and concentrated 
for argon. The nitrogen exit flame was more hazy due to 
the flame spreading out because of an underexpanded condi
tion at the exit. Because different contrasts were used 
in developing these pictures to obtain detailed clarity, 
this is only slightly apparent.

5.11 Conclusions - Experimental Phase—irgon
Except near the ionization range, the specific 

heats and Y for argon will be constant since it possesses 
no rotation, vibration nor dissociation tendencies as 
an atom. Initially, in the reservoir stagnation region, 
the temperatures could be in the ionization range (to a 
very small degree) but further downstream, shortly past 
the throat, the temperature will be in the range of almost 
constant Cp and Y values. Thus argon acts as an ideal gas 
for most of the nozzle flow and the ideal axial nozzle 
flow equations apply with,Y equal to I.67. Equation 5*4 
can then be used for determining the Mach number from the 
stagnation pressure ratio.

From the physical dimensions, neglecting the boun
dary layer, a Mach number equal to 5*34 and a total pres
sure ratio of 8.5 should have been obtained for an area 
ratio of 12. Generally, because of the boundary layer.
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the Mach number was in the vicinity of 2.5 and the total 
pressure ratio near It must be recalled that two
factors prevented an accurate determination of the stagna
tion pressure ratios. These factors were the result of:
1) the pressure measured near the reservoir was not quite 
stagnation pressure, and 2) because the stagnation pres
sure measurement of the pitot tube at the exit was not 
made at a point where the velocity was a maximum. An 
attempt was made to correct for these errors but it 
appears that the correction for the stagnation pressure 
in the exit area was not large enough since the Mach num
ber for the corrected stagnation pressure ratios (in the 
vicinity of Mach 3) was much larger than that obtained 
from the shock waves off the wedge (in the vicinity of 
Mach 2).

It should be mentioned that there was some diffi
culty in obtaining the exit stagnation pressure values.
The higher energy inputs should increase the stagnation 
pressure but once in a while the exit stagnation pressure 
failed to respond to the same extent and would remain in 
the range of the previous power input. This will, of 
course, result in a much larger stagnation pressure ratio 
increase. A possible explanation may be that the velocity 
profile shape changes but that the pitot tube traverse, 
which is fixed, could not measure it. In Figure 5*10, a
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slice of the pressure profile is shown. The pitot tube 
passes over the same traverse path each time.

Higher power input
Lower power input

Figure $.10 Exit Pressure Profile at Differ
ent Input Powers

However, because of the increase in the boundary layer 
thickness, the velocity profile is distorted inward. In 
the region of point (1), where a traverse may have been 
made, the pressure is roughly the same for both profiles 
even though the pressure profile as a whole has changed 
and velocities have increased at the higher power level 
as expected.

Because of the difficulties discussed above, it is 
recommended that another pitot tube be installed so that 
its traverse is perpendicular to the floor. It is expec
ted that the velocity profile will be symmetrical with 
respect to the vertical sides so that the correct maximum 
pressure can be found somewhere in the vertical center —
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line. Even though the tip of the velocity profile will 
shift above and below the horizontal center line, it should 
always lie on the vertical center line.

With this correction in the experimental technique, 
the Mach number computed from the stagnation pressure ratio 
should correspond a little more closely with the shock 
wave Mach number measurement.

5.12 Nitrogen
The most notable feature of the nitrogen flow char

acteristics was the amount of underexpansion. The pres
sure ratios measured for nitrogen were smaller than those 
for argon. This was to be expected since the specific 
heat ratio, X , is much closer to unity (in the range of 
1.2 as an approximate flow average).

In.order to achieve a workable pressure ratio and 
to avoid an underexpanded flow, the lower mass flows cor
responding to the lower reservoir stagnation pressures 
were employed. This, however, did not suffice. The vac
uum chamber pressure was also slightly increased (by bleed
ing air in) but it only required a small pressure increase 
before the flow became subsonic. Thus, the desired pres
sure ratio could not be produced and the underexpansion 
could not be fully eliminated. The experimental results 
are not entirely complete for this reason. The lightness



and diffusiveness of the nitrogen flame can be seen in the 
photographs of the shock waves produced by the wedge. It 
is sharply in contrast to the argon flame.

The stagnation pressure ratio computation of the 
Mach number (in the range of Mach 2.3) was simply an esti
mation since the ideal total pressure equation 5*4 is not 
valid for a real gas such as nitrogen. The Mach number 
determined from the shock wave off the wedge placed in the 
plasma flow is the most reliable of the methods of measure
ments used. The % value had to be guessed but this did 
not produce much error since its value is fairly well 
known. From the shock angle method, a Mach number in the 
range of 2 was obtained. Thus, the computed Mach numbers 
for both methods were very similar.
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CHAPTER 6

CONCLUSIONS FROM THE COMPARISON BETWEEN COMPUTER 
CALCULATED AND EXPERIMENTAL MACH NUMBERS FOR NITROGEN

It is the purpose in this chapter to compare the 
computer results for the same input conditions with the 
experimental results. Then, final conclusions are stated 
as to how well the analytical methods were able to pre
dict the experimentally-obtained results.

6.1 Computer-Predicted Flow Properties Corresponding to 
the Experimentally-Tested Input Conditions

Several internal property relationship checks 
for the computer results for various input conditions 
were shown in section 4*8. The general conclusion from 
these checks is that the computer results should be reason 
able predictions of the flow properties. The final test, 
of course, is the ability to predict the same results as 
were obtained experimentally for the same input conditions 
Thus, the corresponding pressure ratios (vacuum chamber 
pressure to reservoir stagnation pressure) and Mach 
numbers measured experimentally will be compared with the 
computer calculations under the same input conditions.
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, A note of caution must be attached, since the
experimental data contain a certain amount of error. The 
error-producing elements in the nitrogen experiments were 
the underexpansion of the flow and the unknown efficiency 
of the heat transfer in the plasma head that was estimated 
to be 50^. With these errors in mind, the comparison 
between the computer-predicted and the experimental results 
will now be made.

Table 6.1 shows a comparison of experimental 
results with computer predictions for similar power inputs. 
For a given power input, the experimental exit Mach number 
was obtained from both the total pressure ratio equation 
and the bow shock-wave photographs.

Tables 6.2 and 6.3 contain the computer predic
tions for power inputs similar to what were experimentally 
used. The computer predicted the pressure ratios for vari
ous nozzle positions. Thus, when exit expansion pressure 
ratio, ~ ,  which is known through experiment, is the same 
as the expansion pressure ratio predicted by the computer, 
the Mach number should likewise be similar. The computer- 
predicted pressure ratios in Table 6.1 were obtained from 
Tables 6.2 and 6.3 by the following method:

Eo.Ei , P£
P* Pv Pv

Enthalpy = 6500 Btu/lb p0/p* = 1.77 and p0/p ” 1.77 P*/pv 
Enthalpy = 3900 Btu/lb p0/p* = 1.75 and p /p ” 1.75 P*/Py
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The pressure ratios from Tables 6.2 and 6.3 that 

are the closest to those experimentally measured are the 
ones listed in Table 6.1.

In the 3100-3900 BTU/lb enthalpy range, the Mach 
numbers generally agree within 10^. The Mach number is 
somewhat insensitive to changes of power input at these 
relatively low-power settings. Therefore, it would appear 
that, for predicting Mach number, the 50$ efficiency 
assumption is not so critical as it first seemed.

In the 5800-6500 BTU/lb enthalpy range, the agree
ment between the experimental Mach numbers obtained from 
the total pressure ratios and the computer-predicted 
values was very reasonable. Discrepancies are of the order 
of 10$. Agreement was much-poorer for the bow shock-wave 
measured Mach number. It is quite possible that the wedge 
from which the shock propagated was not placed in the 
flame where the exit jet velocity was the greater. There
fore, a smaller Mach number was obtained.

The area ratios in Table 6.1 show some disagree
ment. The experimental values shown were estimated as 
average or equivalent flow areas at the locations of pres
sure traverses. This estimation was done somewhat crudely 
(see Chapter 5), which could account for the discrepancies.
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COMPARISON OF EXPERIMENTAL AND COMPUTER CALCULATED
EXIT PROPERTIES

TABLE 6.1

£0
PV Mach

Number
Effec
tive A/A*

3100 BTU/lb Experimental from
total pressure ratio
(Table 5.4) 12.1 2.3 4-32500 BTU/lb Experimental from
shock-wave (Table 5*5) approx.
photographs 12.1 2.13 4.33600 BTU/lb Experimental from
total pressure ratio

, (Table 5.4) 13.1 2.22 4.336OO BTU/lb Experimental from
shock-wave (Table 5*5)
photographs 13.1 2.1 4.33900 BTU/lb Computer calculated 16.0 2.19 3.6

n " Interpolated 13.4 2.08 3-2
" M Computer calculated 10.75 1.97 2.8

Po Mach Effec
Number tivePV A/A*

64OO BTU/lb Experimental from
total pressure ratio
(Table 5.4) 13.7 2.4 4.35800 BTU/lb Experimental from
shock wave (Table 5.5! approx.photographs 13.7 1.95 4.365OO BTU/lb Computer calculated 14.4 2.66 3n n Interpolated 13.7 2.60 2.9” n Computer calculated 9.25 2.34 2.1

The experimental BTU/lb values result from assuming 50^ 
efficiency in the arc heating.

~  = Reservoir stagnation pressurepv Local pressure for the area ratio and Mach number shown



TABLE 6.2
COMPUTER CALCULATED RESULTS - 6$00 BTU/LB - NITROGEN

Flow Rate = 11? SCFH .... 6500 Btu/lb Power Input

Property Values in the Reservoir Stagnation Chamber___________________
Mass Flow Rate = .000073 slug/sec. Density = 2.15 x 10-5 slug/ft3 
Temperature = 10,535*%, ^ = 1.22, Cp = 3.83 Btu/lb-°R 
Pressure = .23 Atm., Cy = 3*17 Btu/lb-0R, T  = 1.206

Property Values at the Throat Section
Temperature =* 9554®%, Density ** 1.34 x 10“5 slug/ft3

_____Pressure = .13 Atm.. V  = 1.14. Sonic Velocity = 5227 ft/sec_____
Property Values Downstream of the Throat______________________________

A/A* T°R V 3 f* /e P*/P V* M H“H530*R r

1.285 9,054 5,881 1.096 1.44 1.48 4,867 1.21 4,278 1.107
1.365 8,554 8,347 1.063 2.18 2.29 4,321 1.73 3,577 1.11
1.698 8,054 9,894 1.037 3.21 3.51 4,778 2.03 3,014 1.126
2.183 7,554 10,949 1.019 4.57 5.23 4,678

! : t *
2,575 1.162

3-0 7,054 11,676 1.008 6.7I 8.13 4,385 2,247 1.20
3.94 6,554 12,179 1.003 9.18 11.91 4,245 2.86 2,008 1.24
5.515 6,054 12,573 1.0004 13.26 18.58 4,122 3.05 1,813 1.268



TABLE 6.3
COMPUTER CALCULATED RESULTS - 3900 BTU/LB - NITROGEN

Flow Rate = 117 3CFH .... 3900 Btu/lb Power Input

Property Values in the Reservoir Stagnation Chamber__________________
Mass Flow Rate = .00073 slug/sec. Density = 2.44 x 10**5 slug/ft3 
Temperature = 9535°R, 3 - 1.075, Cp - 1.798 3tu/lb-°R 
Pressure •= .209 Atm., y. *= 1.157, Cv m 1.55 Btu/lb-*R

Property Values at the Throat Section_______________  _____________
Temperature = 8833*R, Density = 1.5 x 10~5 slug/ft3
Pressure = .12 Atm., y  = 1.157. Sonic Velocity = 4526 ft/sec Property values Downstream of the Throat

A/A* T*R V « <Ve P*/P v* M h~h530*R ?-
1.53 8,333 4,394 1.026 1.48 1.55 4,290 2,837 1.024 1.142
1.71 7,832 6,025 1.014 2.28 2.50 4,158 2,498 1.45 . 1.172.21 7,332 7,062 1.007 3.45 4.02 4,039 2,227 1.75 1.21
2.85 6,832 7,816 1.003 4.93 6.15 3,967 2,003 1.97 1.24
3-67 6,332 8,409 1.001 6.83 9.16 3,837 1,811 2.19 1.27
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