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ABSTRACT 

This thesis presents an alternative approach for 

optimizing maintainability cost models. The objective of 

the optimization process is to determine the values of the 

preventive maintenance times so that the system maintenance 

cost is minimized while still meeting the overall system 

reliability goal. Under conventional methods, the optimum 

preventive maintenance times are found for a fixed set of 

values for cost model parameters. In practice, however, 

the precise estimates of the parameters can be difficult to 

obtain. Our approach incorporates the parameter value 

uncertainties into the objective function. Our strategy, 

which is similar to Taguchi's parameter design strategy, 

attemps to find a combination of the levels of the 

preventive maintenance times that is robust over the space 

spanned by the ranges of values for the cost model 

parameters. We use Bazovsky's maintenance cost model to 

illustrate the approach in two examples. The results are 

then compared to the solution found by conventional 

methods. The examples provide a general framework of the 

method that can be applied to other cost models. 

Extensions of the approach are also discussed. 

vii 



CHAPTER 1 

INTRODUCTION 

Equipment that is built for long operational life 

requires periodic maintenance. There are two basic types 

of maintenance: corrective maintenance (replacing parts as 

they fail) and preventive maintenance (replacing parts on 

schedule regardless of whether they fail or not.) 

Strategically replacing parts prior to failure can cut down 

equipment downtime, increase equipment availability, and 

hence reduce operational costs. 

In system maintainability, many cost models have 

been developed for determining the optimum times for 

preventive maintenance action. These cost models are 

commonly used for a complex system consisting of many 

components. These models usually assume that components 

may fail due to wearout or fatigue or by chance. 

The major difficulty in applying these cost models 

is obtaining the accurate point estimates of the cost model 

parameters. The primary model parameters are the costs of 

preventive maintenance, corrective maintenance, and 

downtime. These costs include the costs of parts, labor, 

and logistics. The cost parameters that one typically uses 

l 
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ii a 
in these model are at best good estimates of the actual 

values. Another difficulty in using these models is 

estimation of the reliability function parameters. For 

example, although the exponential distribution might be 

assumed for the chance failure distribution, uncertainty in 

the estimated failure rate can affect the optimal 

preventive maintenance times. In general, the uncertainty 

of the parameters values makes it difficult to apply the 

cost models to obtain the optimum preventive maintenance 

times. 

One common remedial method is post-optimality 

sensitivity analysis. This approach often applies one-at-

a-time changes in cost parameters and thus only shows the 

affect of changes in one of the parameters, ignoring 

interaction effects. The post-optimality approach offers 

only limited information on the sensitivity of the cost 

model and therefore is not an adequate method for 

determining the preventive maintenance times. 

In this study, we propose an alternative approach 

which incorporates a form of the sensitivity analysis into 

the objective function. Applying the cost model introduced 

by Bazovky (1962), two examples will be presented to 

illustrate this alternative method. Within each example, 

two type of reliability functions will be used to examine 
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the cost model. The proposed method can also be applied to 

other reliability and maintainability cost models. 

The cost model under consideration is applied to 

the maintenance cost of a system consisting of two groups 

of components. According to the model, the components in 

groupl and group2 are preventively replaced every TPl and 

TP2 hours, respectively, and each component will be 

replaced when it fails. Hence, there are two types of cost 

incurred by each group, the cost of preventive maintenances 

and the cost of corrective maintenance. Our examples are 

concerned with the optimum preventive times, TPl and TP2 

for each group, so that the equipment maintenance cost can 

be minimized while meeting a minimum reliability goal. 

A detailed discussion of the cost model and 

reliability functions is presented in section 2. The 

proposed method and optimizing process are described in 

section 3. In section 4 results and discussions of the two 

methods are presented. Conclusions and recommendations for 

future consideration are offered in section 5. 



CHAPTER 2 

MAINTAINABILITY COST MODEL 

In this section we will consider a maintenance cost 

model based on Bazovsky (1962) which consists of several 

independent homogeneous groups of components, each group of 

components having different reliability characteristics. 

For simplicity we will consider a system with just two 

groups of components. The reliability function of each 

group will reflect both chance failures and wearout 

failures. 

System maintenance schedules generally include 

three types of maintenance actions (Bazovsky, 1962.) These 

actions are: repair maintenance (replacing or correcting a 

component when the system fails), preventive maintenance 

(periodically replacing components on some schedule to 

prevent failures due to normal wearout and fatigue during 

system operation) and servicing (regular minor maintenance 

such as lubrication and adjustments to prevent premature 

wear.) However, we will assume that servicing actions and 

costs are negligible and therefore need not be considered 

in the cost model. 

4 
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In our examples, it will be assumed that the 

preventive maintenance schedule remains fixed for each 

component. This implies that the component is replaced 

every TP hours, even if the item has been recently 

replaced. This assumption is valid when the maintenance 

schedules are based on equipment operating time rather than 

unit, component, or part operating time. The maintenance 

cost model accounts for the preventive and corrective 

maintenance costs but does not account for the system down 

time cost. The cost model development is described below. 

The purpose of preventive maintenance is to prevent 

failures that would otherwise have occurred during 

equipment operation. By performing preventive maintenance 

every TP hours, the equipment mean time between 

failures(MTBF) can be increased to a new value, I1T, which 

is a function of the original equipment MTBF and time 

interval, TP. The new mean time between failure, MT, is 

equivalent to the inverse of the steady state failure rate 

of the equipment. 

Renewal theory plays an important role in 

determining the steady state failure rate of the equipment. 

Based on the theory of renewal processes, the failure rate 

of a system which is subject to renewal asymptotically 

approaches the constant failure rate (Pieruschka 1958.) 

The item failures then occur entirely at random so that the 
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process becomes Poisson and the time between failures 

becomes exponentially distributed. Figure 1 shows the 

stabilized failure rate due to a renewal process. 

Instantaneous failure 
rate before renewal. 

U-

9 = Steady state failure 
rate with renewals. 

Time, T 

Figure 1: Failure rate stabilization due to a renewal 

process 

With renewal process, the system failure rate approaches 

constant value as shown in Figure 1. 

Weiss(1956) has shown that if the component in the 

system is preventively replaced every TP hours, then the 

failure rate approaches a constant level. The component 

average failure rate can be approximated as: 



7 

QCTP) 
eav(TP> - —— (1) 

r TP 
R(t) dt 

J 0 

where Q(TP) = 1 - R(TP) , the unreliability function, and 

R(t) is the original component reliability function. The 

component reliability is the probability that the component 

operates without failure for a mission time interval t. 

Preventive maintenance can also play a key role in 

prolonging the life of a complex system that consists of 

components that have combined effects of chance and wearout 

failure modes or components from population that has mixed 

distributions of chance and wearout failures. In the 

following examples, we will consider both types of 

components. 

The reliability function for components with mixed 

distributions of chance and wearout failures is given as 

R(t) = (% chance failure) Exp(->»t) 
a 

+ (* wearout failure) Exp[ -((t-£)/ I) ] (2A) 

where the chance failure is represented by the exponential 

distribution, the wearout failure is represented by the 

Weibull distribution with value greater than 1 

and 100* = (% chance failure) + (% wearout failure), 

H = constant failure rate of chance failure, 

# = shape parameter of Weibull distribution. 
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& • location parameter, 

1 = scale parameter, and 

t = system operational or mission time. 

For a detailed explanation of the Weibull distribution 

parameters see Appendix l. 

The reliability function for components which have 

combined effects of chance and wearout failure modes is a 

product of the chance failure and the wearout failure 

reliability functions. 

<i 

R(t) = Exp(->*t) * Exp[ -((t-S) / *1) 1 (2B) 

where the parameter definitions are the same as above. 

The general cost relationship for this system is 

difficult to compute exactly (Welker 1959.) However, 

Bazovsky (1962) has shown that the maintenance cost per 

hour for each component can be approximated as: 

Q(TPi) l 
Ci(TPi) = COR$i + PRE$i 

ITPi TPi 
R(t) dt 

0 

where CORii = the cost of repairing the ith 

component,including labor and parts and 

PRE$i = the cost of doing preventive maintenance on 

the ith part including labor and parts. 
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For a system consisting of two groups of 

components, (each with N1 and N2 components, respectively) 

the total cost per hour for the system becomes: 

Ni Ql(TPi) l 
C(TPi) = Z I COR$li + PRE*li 1 

i=l fTPl TP1 
Rl(t)dt j: 

N2 Q2(TP2) 1 
+ Z [ C0R$2i + PRE$2i ] . 

i=l f TP2 TP2 
R2(t)dt i: 

Within each group, we assume that the corrective cost is 

the same for each component, as is the preventive cost. 

The model equation now can be reduced to a system 

consisting of two units in series. The equipment 

maintenance cost per hour is: 

Ql(TPl) 1 
C(TP) = C0R$1 + PRE$1 

I TP1 TP1 
R1(t)dt 

0 

Q2(TP2) 1 
C0R$2 + PRE$2 , (3) 

TP2 TP2 I R2(t)dt 
0 

where COR^l is the corrective maintenance cost of unit l, 

C0R*2 is the corrective maintenance cost of unit 2, 

PRE$l is the preventive maintenance cost of unit l, 

and PRE$2 is the preventive maintenance cost of unit 2. 
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We will now consider the overall system 

reliability. This is refered to as the stabilized system 

reliability and is denoted as R sys. stab. 

As previously discussed, the failure rate of the 

equipment which has components that are subject to renewal 

reaches a constant steady state failure rate. 

Consequently, the stabilized reliability function for the 

system reduces to the exponential distribution, 

R sys.stab.(t) = Exp(- ©sys * t) (4) 

where the constant failure rate, 0sys, of the system of two 

units in series can be approximated as (Bazovsky (1961)): 

Ssys = eav(TPi) + eav(TP2) 

where eav(TPl) and ©av(TP2) are the average failure rates 

of items that preventively maintained every TP1 and TP2 

hours, respectively. The average failure rate can be 

calculated as shown in equation (1). 

As mentioned previously, we will discuss two 

separate situations for the system's components. In 

situation A, each component is assumed to come from a 

population of mixed distribution of chance and wearout 

failures. In situation B, each component is assumed to 

have combined effects of chance and wearout failure modes. 
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For situation A, where each component comes from a 

population of mix distributions between chance and wearout 

failures, the average failure rate of items replaced every 

TP hours is obtained by substituting the reliability 

function, R(t) in equation (2A), into the expression for 

eav(TP) (equation (1)) yeilding: 

Q(TP) 
eav(TP) = . 
(5A) fTP ft 

{ (*chance)Exp(->tt) + (%wear)Exp[-( (t-J) / 1) ] Jdt 
J 0 

For situation B, where each component has combined 

effects of chance and wearout failure modes, the average 

failure rate is obtained by substituting the reliability 

function R(T) of equation (2B) into the equation (1) of 

©av(TP). This yeilds: 

Q(TP) 
eav(TP) = . (5B) 

fTP <3 
J { Exp(-Ht) X Exp[ -((t-£)/ T|) 1 Jdt 

Substituting the average failure rate of each unit 

into equation (4), the stabilized system reliability of two 

units in series is then express as: 

R sys. stab.(t) = Exp [- (eav(TP2)+eav(TP2)) • tl (6) 
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Equation (6) is used to calculate the overall system 

reliability in the following two examples. In each 

example, we examine the cost model using both types of 

reliability functions of situation A and B. 



CHAPTER 3 

ROBUST DESIGN FOR A COST MODEL 

In this section we will describe the proposed 

approach that incorporates the sensitivity analysis into 

the objective function. The objective function in 

consideration is the expected cost expression, equation (3) 

for the maintainability cost model. As described 

previously, the cost model is for a system consisting of 

two units in series. The objective is to determine the 

preventive maintenance times for each unit so that the 

system maintenance cost is minimized while still obtaining 

the system reliability target. 

The traditional approach attemps to find optimum 

preventive times for known fixed values of the parameters 

in the cost model. Rather than considering the cost model 

parameters as known fixed constants, the alternative 

approach seeks to determine the optimal maintenance 

preventive times that are robust over a specified range of 

values for the cost model parameters. Hence, we call the 

;/ 9t 

proposed approach the robust method. To aid in 

understanding the new approach, the conventional method 

13 
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will be briefly described. Examples of the optimization 

process will be presented to help clarify the procedure. 

Conventional method 

Under the conventional method, the optimal 

preventive maintenance times of the two components, TP1 and 

TP2, are considered as unknown values. All preventive and 

corrective maintenance costs are assumed to be known with 

certainty. Similarly the parameters of the reliability 

functions are also considered to be known fixed constants. 

The optimum values of TP1 and TP2 can found by an iterative 

process,such the grid search described below. 

The first step in the grid search method is to 

establish the boundaries containing the optimum preventive 

times. Initially, a set of three levels for each of the 

preventive times, TPl and TP2 may be chosen arbitrarily. 

The three levels are designated as low, middle, and high. 

The low value might be taken as some percentage, say fifty 

percent, of the middle value, and the high value might be 

taken as one-hundred-fifty percent of the middle value. The 

system maintenance cost is then calculated for all nine 

combinations of TPl and TP2 levels. The value levels of 

TPl and TP2 that give the minimum maintenance cost are 

designated as the new middle values. A new fifty percent 

range about the new middle values is then assigned. Again 
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the system maintenance cost would be calculated for all 

nine combinations of the new levels. Another two new 

middle values of TPl and TP2 are determined again. This 

process continues until the middle values remain the same 

for two consecutive iterations. The newest low and high 

values of each preventive time now act as the boundary 

within which the optimum preventive time lies. The next 

step is to narrow the range until the optimum value is 

obtained. The boundary is reduced by gradually truncating 

the range that does not contain the optimum value. 

For example, suppose that the initial three values 

of TPl are chosen arbitrarily as 5, 10, and 20 hours. 

Similarly, the three levels for TP2 are 20, 30, and 40 

hours. Suppose that the cost function is then evaluated at 

these nine combinations of TPl and TP2 and that the minimum 

equipment maintenance cost over these nine combinations 

occurs at TPl equal to 20 hours and TP2 equal to 40 hours. 

The new levels are taken to be 10, 20, and 30 hours for 

TPl, and 20, 40, and 60 hours for TP2. The same process is 

repeated until the same middle values occur after two 

consecutive iterations. The boundaries have now been 

established for each preventive time. If we assume that 

the boundaries have been found to be 10 to 30 for TPl, and 

30 to 90 for TP2, the next step is to narrow the boundaries 

by eliminating the ranges that does not contain the optimum 

value. 
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The boundaries are reduced by selecting the value 

halfway between the low boundary and the center value as a 

new low level; and the value halfway between the high 

boundary and the center value as a new high level. TPl has 

three new levels of IS, 20, and 25 hours, and TP2 has 45, 

60, and 75 hours. Let a TPl value of 15, and a TP2 value 

of 75 be the combination that gives minimum maintenance 

cost over all nine combinations of TPl and TP2 levels. The 

new boundaries are now between 10 to 20 hours for TPl, and 

60 to 90 hours for TP2. Again by bisecting the ranges, we 

get that the values for TPl are : 12.5, 15, and 17.5 hours, 

while those for TP2 are 67.5, 75, and 67.5 hours. The new 

middle levels of preventive times are selected, and the 

elimination process continues until the last two medium 

values for TPl and TP2 are found. These are then 

designated as the optimum preventive times. In the 

examples below, the optimum values were rounded to the 

nearest hour. 

Note that the choice of fifty percent range about 

the middle value is for illustration purposesti the range 

can be increased or reduced for the ease of calculation. 

Other grid searches are also possible to determine the 

optimum values; but in the following examples the above 

optimization process was implemented. 
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Robust method 
The robust approach is similar to Taguchi's 

parameter design methods (Kackar 1985). The proposed 

method uses Taguchi's strategy as a empirical technique but 

not his tactics. The differences in the strategy of 

Taguchi and the tactics of Taguchi are discussed in detail 

by Pignatiello (1986). 

With this method, TP1 and TP2 are considered to be 

controllable variables. The expected cost function in 

equation (3) becomes a function of controllable variables 

and uncontrollable or nnoisen variables. Instead of one 

fixed value, each noise variable is assigned low, medium 

and high values. The range of a noise variable's values 

reflects the uncertainty or imprecision of the point 

estimate of the noise variable. For the examples below, 

three levels were chosen although two levels or four or 

more could easily be accommodated. Our objective is to 

determine the optimal values for the controllable variables 

over the space spanned by the noise variables. 

For each combination of TPl and TP2, a performance 

statistic is calculated over the noise space. For 

illustration purposes. Figure 2 shows a situation with two 

controllable variables Dl, D2, and two uncontrollable 

variabls Wl, W2, each with two levels of values. 
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i 1 2 -3 4 

Wl 1 1 2 2 Z 
W2 1 2 1 2 

j Dl D2 

1 1 1 Yll Y12 Y13 Y14 Zl 
2 1 2 Y21 Y22 Y23 Y24 Z2 
3 2 1 Y31 Y32 Y33 Y34 Z3 
4 2 2 Y41 Y42 Y43 Y44 Z4 

Figure 2: Typical Taguchi Layout with Two 
Controllable Variables (D1 and D2) and 
Two Noise Variables (W1 and W2.) 

The low and high levels for Dl, D2, wi, W2 are designated 

as l and 2 respectively. 

Since there are two noise variables with two levels 

each, a total of four levels combinations (i=l, 2, 3, 4) 

can be obtained for the noise variables. If three levels 

have been assigned for each variable, then there would be a 

total of nine combinations of the levels. The symbols Yli, 

Y12, Y13, and Y14 designate the cost function (equation 

(3)) values for the combination of the controllable 

variables, Dl and D2 each at low levels across all four 

levels combinations of the noise variables. The 

performance statistic Zl is a function of the cost function 

values Yll to Y14. Reasonable performance statistics 

include the average, maximum, minimum, or mean square error 

of four cost function values about zero. The four values 
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of the performance statistic (Z1 to Z4) are used to compare 

the combinations of the controllable variables Dl and D2. 

In our examples, the equipment maintenance cost is 

a function of the controllable variables. TPl and TP2. and 

the noise variables (the corrective maintenance cost, the 

preventive maintenance cost, and the parameters of the 

reliability functions.) For each noise variable, we 

decided to use three levels because, in many situations, 

practictioners can often easily define low. medium, and 

high values for a parameter. Each controllable variable 

will also be assigned three levels in the iterative grid 

search as described above for the traditional approach. 

Our objective is to determine the optimal values of TPl and 

TP2 over the noise space. However, rather than considering 

all possible combinations (which can easily run into 

hundreds) of the noise variables, we use only a sample of 

this noise space as selected from a fractional factorial 

design. Pignatiello and Tsai (1986) show that using such a 

sample can give very good results and substantially reduce 

the computational effort. The optimum values of TPl and 

TP2 are found by the same iterative process as described in 

the conventional method. 

Two examples are used to illustrate the flexibility 

of the robust method. The difference between the two 

examples is the number of noise variables involved. In 
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example l. only the cost parameters of corrective and 

preventive maintenance model are considered as noise 
i t  

variables . In example 2, in addition to the cost 

parameters of corrective and preventive maintenance model, 

the reliability functions parameters are also considered to 

be noise variables. Within each example, the two types of 

reliability functions (described earlier as situation A and 

B) for mixed distributions and combined effects of failure 

modes are also considered. A FORTRAN computer program was 

written to generate the data (see Appendix 2) 

Noise Variables 

This section defines the variables used in the two 

examples. The cost model (equation (3)) for the system 

with two units in series presented in the maintainability 

section (chapter 2) is shown below: 

Ql(TPl) 1 
C(TP) C0R*1 + PRES1 

ITPl * 0 

TP1 
Rl(t)dt 

Q2(TP2) 1 
+ C0R$2 + PRE$2 

ITP2 * 0 
R2(t)dt 

TP2 

where Rl(t) is the reliability function of unit l. and 

R2(t) is the reliability function of unit 2. 
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The general unit reliability function for situation A, 

equation (2A) and situation B, equation (2B) are: 

<3 
R(t) = (P)Exp(- Ht) + (1- P)Expr -((t-«ff)/ n) ] (2A) 

a 
R(t) = Exp(- J»t) • ExpE -((t-6)/ n) ] (2B) 

respectively, where: 

H = constant failure rate of chance failure, 

(3 = shape parameter of Weibull distribution, 

£ = location parameter, 

1 = scale parameter, and 

t = mission time. 

P = the proportion of chance failure in the 

reliability functions. 

In example 1, situation A, the five noise variables 

are: 

_ C0R$1 = the corrective maintenance costs of unit l. 

_ C0R$2 = the corrective maintenance costs of unit 2. 

_ PRE$l = the preventive maintenance costs of unit 1. 

_ PRE$2 = the preventive maintenance costs of unit 2. 

_ P = the proportion of chance failure in the 

reliability functions. 

The remaining parameters of the reliability functions are 

considered fixed values and will assume the values given in 

an example by Kececioglu (1985) : 



22 

Unit l Unit 2 

ft 0.0003 failure/hr. 0.0006 failure/hr. 

n 300.0 hrs. 500.0 hrs. 

fi 2.5 3.5 

For simplicity, the location parameter, 8, is assumed to be 

o for both functions. In the scope of the examples, the 

overall system reliability (refered to as the stabilized 

system reliability, R sys. stab.(t) of equation (6)) is 

required to be greater than or equal to 0.98 for a mission 

time of 8.0 hours, ie. R sys. stab.(8 hours) l 0.98. 

For situation B, the conditions in situation A 

remains the same, except there are only four noise 

variables, since variable P is not applicable. 

In example 2 (for both situations) all parameters 

of the reliability functions will also be considered as 

noise variables . Hence, there are a total of 11 noise 

variables in the evaluation of the cost model for situation 

A, and 10 noise variables for situation B. 

Each noise variable is assigned low, medium, and 

high values. The low and high levels reflect the 

percentage deviation from the middle value. In each 

example, the noise variables will be examined under three 

noise scenarios: fifty percent, thirty percent, and a 

mixture of percentages of noise levels. For example, in a 
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fifty percent noise scenario, the corrective maintenance 

cost of unit 2 might have low, medium, and high values of 

*5, $10, and $15. While in a thirty percent noise scenario 

the values would be $7, $10, and $13. For a mixture of 

percentages in the noises, the corrective maintenance cost 

might have fifty percent noise while the preventive 

maintenance might have thirty percent noise. Under a zero 

percent noise scenario, no range of uncertainty is allowed 

for the noises values and the method reduces to 

conventional approach. The middle values of the noise 

variables are shown in Table 2. 

Fractional Factorial design 

The traditional method evaluates the cost function 

at just one point in the noise space. In the robust 

approach, we are assuming three levels for each noise 

variable, thus the noise space consists of many 

combinations of the noise levels. However, rather than 

evaluating each TPl,TP2 pair at all 3* combinations of the 

noise levels, where n is equal to the number of noise 

variables, only a small subset of all possible combinations 

of noise variables will be considered here. The noise 

variable combinations used in our examples were selected 

according to Taguchi's L27 array. Each column in the array 

corresponds to a noise variable, while each row designates 
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a noise variable combination. The array and the 

corresponding noise variables are shown in Table 1. The 

maintenance cost function is evaluated at each of the 27 

combinations and the performance statistic is then derived 

from these 27 values of the cost function. 

Performance Statistic 

For a given level of the controllable variables, 

the expected equipment maintenance cost is calculated for 

each of 27 combinations of the noise levels. Based on the 

results of an experiment on a cost model for control charts 

by Pignatiello (1986), it was shown that, for a "smaller is 

better' objective the mean square error is the best 

performance statistic to use in the optimization process. 

Concurrently with the evaluation of the maintenance 

cost, the system reliability is also calculated for each of 

the 27 noise levels combinations. To meet the minimum 

reliability constraint that R sys. stab.(8 hours) i 0.98, a 

penalty cost is added to the expected cost function if a 

TPl, TP2 pair were infeasible with respect to reliability. 

Specifically, the expected equipment maintenance cost is 

increased by *1000 if a combination of the noise levels 

yeilds a value of R sys. stab.(8 hours) which is less than 

0.98. Thus the performance statistic that was adopted was: 
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*' t 
Z = Z (Yi) + PENALTY* 

i-1 

where Yi = the equipment maintenance cost (equation (3)), 

for the ith combination of noise levels and 

{0 if R sys. stab. > 0.98 

1000 if R sys. stab. < 0.98 

Optimization Process 

An iterative grid search, as described above, was 

used to find the best TPl. TP2 pair. The starting values 

of TPl and TP2 were chosen arbitrary. Based on the 

criterion of minimizing the performance statistic, the 

boundaries about the optimum preventive times were first 

established. The ranges of TPl and TP2 were then gradually 

narrowed until optimum values are reached. This is the 

same iterative process that is applied in the conventional 

method. In each example, the results for each type of 

reliability function were then compared with the optimum 

values from the zero percent noise scenario (that is the 

conventional method.) The results are presented in the 

next section. 



CHAPTER 4 

RESULTS AND DISCUSSIONS 

As mentioned previously, the proposed method is 

illustrated in two examples, each using two types of 

reliability functions. The noise scenarios were carried out 

for three percentage levels: fifty percent, thirty percent, 

and a mix percentage of noise levels. Recall that the zero 

percentage noise scenario reduces to the conventional 

approach. The results are shown in the table 3. 

In example 1, for the system with units from 

population of mixed distributions, there are no significant 

differences in the optimum preventive times between 0 

percent noise levels (conventional method) and 30 percent, 

50 percent, and mixed percent noise scenarios. The optimum 

values range from 131 hours to 134 hours for TPl, and 283 

hours to 2 89 hours for TP2. For the combined failure rates 

situation, the optimum times vary little from 115 to 117 

hours for unit l and 263 to 2(7 hours for unit 2. 

To understand the behavior of the maintenance cost 

functions, the maintenance cost with noise of each unit is 

plotted against the preventive times. These graphs confirm 

26 
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Table 3: The Results of Two Examples 

Mixed Distrib. 
Optimum hours 

Combined Effects 
Optimum hours * of uncertainty 

in noise 
variables TPl TP2 TPl TP 2 

* of uncertainty 
in noise 
variables 

132 285 117 267 0.0 % noise 

EXAMPLE 1 

133 287 117 267 30 % noise 

134 289 118 267 50 % noise 

131 283 115 263 
Mix % noise: 
20* of P 
50* of COR$ cost 
30* of PRE$ cost 

EXAMPLE 2 

65 195 22 | 146 30 * noise 

4  12 infeasible 50 * noise 

9 0  236 46 145 
Mix * noise: 
20* of P 
50* of COR$ cost 
3 0* of PRE* cost 
25* of Parameters 
reliab. functions 

that as the noise variables vary, the curvatures change but 

the optimal preventive maintenance times do not vary 

considerably. 

In example 2, the changes in the reliability function 

parameters affect the preventive maintenance times 

profoundly. For the system with units from population of 

mixed distributions, at 30 percent noise levels the optimum 
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time for unit l, TPl, decreases from 133 hours in example l 

to 65 hours in example 2. As the percentage of uncertainty 

increases to 50 percent, the optimum preventive time 

decreases from 134 hours to 4 hours. Similarly, the optimum 

time for unit 2 has also reduced to 195 hours and 12 hours 

for the 30 percent and 50 percent noise levels, 

respectively. The mix percentage produced the optimum times 

of 90 hours for TPl, and 236 hours for TP2. The mixed 

percentage scenario only utilizes 25 percent of noise levels 

in the reliability function parameters. The optimum times 

for the mixed percentage scenario results in values of TPl 

and TP2 that are closer to the zero percentage noise 

scenario. This demonstrates the sensitivity of the 

reliability function parameter values. 

For the system with units that have combined effect 

of failure rates, the constraint of meeting the system 

reliability target is overwhelming in example 2. The 

optimum values obtained are much less than those found in 

the system with units from population of mixed ditributions. 

At the 50% noise levels no feasible solutions can be found. 

The proposed method has determined the levels of the 

preventive times that are robust over a wide range of noise 

levels. However, in example l, the optimum values found 

using the robust method were the same as using the 

conventional approach. Therefore, if precise estimates of 
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the reliability function parameters can be obtained, then 

the conventional approach would be sufficient to determine 

the optimum preventive times 

The advantages of robust method are more apparent in 

example 2. Using this approach, the preventive times had to 

be reduced significantly to allow for the uncertainty in the 

reliability function parameters. In addition, the proposed 

approach also helps to identify the levels of noise 

variables that fail to produce the reliability goal. This 

information can aid in determining realistic reliability 

goals and/or redirecting effort to minimize the uncertainty 

of particular noise variables. As shown in the system with 

units that have combined effects of failure rates, if the 

reliability function parameters have uncertainty level of 

50%, it would be best for this example to stop the 

optimization process and concentrate one's effort on 

obtaining more precise reliability model parameters. With 

the robust method, once the optimum values of controllable 

variables are found, the results would be robust over the 

specified range of the uncontrollable variables. 

For illustration purposes, the maintenance cost 

model and the reliability functions were kept simple. Other 

possible models and functions that could be applied to this 

robust approach are discussed in the next section. 



CHAPTER 5 

CONCLUSIONS AND RECOMMENDATIONS 

An alternate approach to the conventional method 

was presented in two examples. Our robust method allows 

for uncertainty in the parameters of the maintainability 

cost model. Since only a sample of the noise space was 

considered, one possible extention would be to calculate 

the performance statistic over the entire noise space. 

Also in our examples, the noise levels were specified at 

three discrete levels with the low and high level being 

equidistant from the middle value. The noise variable 

values could be based on a distribution. For example, 

each noise parameter might be considered to be normally 

distributed random variable with a given mean and 

variance. 

A productive direction for future research is the 

expansion of the cost model to cover equipment downtime 

costs and/or the consideration of other failure 

distributions. In particular, the study of normal or 

lognormal distributions may produce interesting results. 
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As shown in the examples* the uncertainty in the 

reliability functions' parameters can affect the solution 

greatly. Besides other maintainability cost models* this 

robust method could be applied to reliability cost models 

that have the criteria of meeting the system relability 

goals. 
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Table 1: Taguchi's L27 Array 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11)(12)(13) 

1 1 1 1 1 1 1 1 1 1 1 1 1 
1 1 1 1 2 2 2 2 2 2 2 2 2 
1 1 1 1 3 3 3 3 3 3 3 3 3 
1 2 2 2 1 1 1 2 2 2 3 3 3 
1 2 2 2 2 2 2 3 3 3 1 1 1 
1 2 2 2 3 3 3 1 1 1 2 2 2 
1 3 3 3 1 1 1 3 3 3 2 2 2 
1 3 3 3 2 2 2 1 1 1 3 3 3 
1 3 3 3 3 3 3 2 2 2 1 1 1 
2 1 2 3 1 2 3 1 2 3 1 2 3 
2 1 2 3 2 3 1 2 3 1 2 3 1 
2 1 2 3 3 1 2 3 1 2 3 1 2 
2 2 3 1 1 2 3 2 3 1 3 1 2 
2 2 3 1 2 3 1 3 1 2 1 2 3 
2 2 3 1 3 1 2 1 2 3 2 3 1 
2 3 1 2 1 2 3 3 1 2 2 3 1 
2 3 1 2 2 1 1 1 2 3 3 1 2 
2 3 1 2 3 3 2 2 3 1 1 2 3 
3 1 3 2 1 1 2 1 3 2 1 3 2 
3 1 3 2 2 2 3 2 1 3 2 1 3 
3 1 3 2 3 3 1 3 2 1 3 2 1 
3 2 1 3 1 1 2 2 1 3 3 2 1 
3 2 1 3 2 2 3 3 2 1 1 3 2 
3 2 1 3 3 3 1 1 3 2 2 1 3 
3 3 2 1 1 1 2 3 2 1 2 1 3 
3 3 2 1 2 2 3 1 3 2 3 2 1 
3 3 2 1 3 3 1 2 1 3 1 3 2 

For example l: columns (l),(2),(5), (8), and (11) represent the 
levels combinations of five noise variables. 

For example 2: columns (l) to (11) are applied to the eleven 
noise variables. 

The number l, 2, and 3 in each column represent the low, 
medium, and high level of the noise variable. 
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Table 2 :  Model Parameter Values for the Noise Variables 

Unit l Dnit 2 

% chance 
failures 25 % 25 % 

Corrective 
cost $75 *145 

Preventive 
cost $10 $35 
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SUMS* 

Figure 3A: Units from Mixed Distributions, 
Zero% Noise Scenario. 

SUMS$ = Performance Statistic values for each unit. 
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SUMS* 

2.8 

2.6 

2.4 

2 . 2  

2.0 

1.8 

1.6 

1.4 

1.2 

1 . 0  

. 8  

. 6  

.4 

100 
I  

200 300 400 TP, Hours 

Figure 3B: Units from Mixed Distributions, Example 
1 wiht 30% and 50% Noise Scenarios. 

SUMS* <= Performance Statistic values for each unit. 
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SUMS* 

2.8 

2 . 6  

2.4 

2 . 2  

2.0 

1 . 8  

1.6 

1.4 

1 . 2  

1 . 0  

. 8  

30% Optimum Point 

Mix% Optimum Point 

30% Optimum Point 

h 1- H H 

Mix% Optimum Point 

The performance 
statistic values 
without penalty cost 
due to failing to 
meet reliability goal 

100 200 300 400 TP, Hours 

Figure 3C: Units from Mixed Distributions, Example 
2 wiht 30% and Mix% Noise Scenarios. 

SUMS* = Performance Statistic values for each unit. 
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SUNS* 

.20 

.18 

.16 

.14 

.12 

.10 

.08 

. 0 6  

.04 

.02 

100 200 300 400 TP, Hours 

Figure 4A: Units with Combined Effects, 
Zero* Noise Scenario. 

SUMS* = Performance Statistic values for each unit, 
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SUMS* 

3.0 

2.8 

2 . 6  

2.4 •• 

2 . 2  •  

2 . 0  •  

1 . 8  •  

1.6 

1.4 

1.2 •> 

1 . 0  •  

. 8  • •  

. 6  

t 

30% 

100 200 300 400 TP, Hours 

Figure 4B: Units with Combined Effects. Example 
l wiht 30% and 50% Noise Scenarios. 

SUMS$ = Performance Statistic values for each unit. 
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TP, 
•30% Optimum Point 

6 • 

5 • 

30% Optimum Point 

Mix% 
Optimum 
Point 

Mix% Optimum Point 

The performance 
statistic values 
without penalty cost 
due to failing to 
meet reliability goal 

I 
200 100 300 400 TP, Hours 

Figure 4C: Units with Combined Effects, Example 
2 with 30% and Mix% Noise Scenarios. 

SUMS$ = Performance Statistic values for each unit. 



APPENDIX 1 

Weibull Distribution Characteristics 

In this appendix, the parameters of the Weibull 

distribution are explained in more detail. The following 

section is an excerpt from class notes for a senior level 

course entitled Reliability Engineering taught by Dr. 

Kececioglu in the Department of Aerospace and Mechanical 

Engineering, University of Arizona, Tucson AZ. 

The Weibull distribution is one of the most 

commonly used distributions in reliability engineering 

because of the many shapes it attains for various values of 

a. The Weibull probability density function (pdf) is given 

by 

fl-i a  
f(t)= (P/n)((T-<T)/ *1) • exp[-( (T-<£)/ *)) ] 

where 

f(t) > 0, T > S.  <1 > 0, n > 0. -co < S <eo ,  

(i = shape parameter, 

^ = scale parameter, 

s = location parameter, 

and 

T = system operational or mission time. 

40 
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Figure 5 shows how the shape of the Weibull pdf changes as 

a changes from ft = 1/5 to ft = 5. Some of the specific 

characteristics of the Weibull pdf are the following: 

1. For 0=1 the Weibull distribution becomes 

exponential distribution. For ft > l, f(t) assumes wearout 

type shapes. For (S = 2 it becomes the Rayleigh 

distribution. For ft « 3.313 the Weibull pdf approximates 

the normal pdf well. For ft values up to 3.313 the pdf is 

skewed to the right,, for ft » 3.313 it is approximately 

symmetrical, and for ft > 3.313 it is skewed to the left. 

2. A change in the scale parameter <1 has the same 

effect on the distribution as a change of the scale of the 

abscissa. If 1 is increased, while ft and 6 are kept the 

same, the distribution gets stretched out to the right 

while maintaining its shape and location. If is 

decreased, while ft and S are kept the same, the 

distribution gets pushed in towards the left, towards its 

beginning, i.e. towards 0 or S. These effects of 1 on 

f(t) are illustrated in Figure 6. 

3. The location parameter 6 , as the name implies, 

l o c a t e s  t h e  d i s t r i b u t i o n  a l o n g  t h e  a b s c i s s a .  W h e n  6 = 0  

the distribution starts at T = 0. If £ is positive the 

distribution starts at a location to the right of the 

origin. If S is negative the distribution starts at a 

location to the left of the origin. These effects of S on 

f(t) are illustrated in Figure 7. 



0 0.2 0.4 0.6 0.S 1.0 1.2 1.4 1.6 1.8 2.0 2.2 

Age, T, hours 

Fig. 5 - Plot of. the Weibull density fraction f(T), for various values of 
p. r) * 1, and i « 0. 
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0.2  

0 
3.5 2.5 3.0 2 . 0  1.5 0.5 1 . 0  

Aje, T, hours 

f i g .  6 "Hie effect of the scale paTameteT, tj, on the Weifcull and 
exponential distributions. 
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Weibull distribution 

Eiraonential distribution 

\ 

Age, T, hours 

Fig 7 - The effect of the location paraaeter, on the Weibull 
and exponential distributions. 



APPENDIX 2 

FORTRAN Listing of Program to Generate 
the Performance Statistic Values 

This Program generate the Performance Statistic Values 
for a system of two groups in series. 

SUMS/l • The performance statistic values of group 1. 
SUMS/2 = The performance statistic values of group 2. 
SUMS/TOT - SUMS/l + SUMS/2, the total system 

performance statistic values including 
the reliability penalty cost. 

RELOFSYS = The system reliability value. 

parameter (NUM_INNER=9,NUM_INVAR=2) 
parameter (NUM_0UTER=27,NUM_0UTVAR=1l) 
parameter <NUM_GROUPS=2,NUM_LEVELS=3) 

! num_inner is the # of inner array designs, 
I num.invar is the # of variables 
I num_outer is the # of outer array designs. 
! num_outvar is the # of variables 
I num_groups is the # of groups of items in the system 
! num_levels is the # of levels for inner 

and outer array variables 

dimension INNER(NUM.INNER,NUM.INVAR), 
J OUTER(NUM_OUTER.NUM_OUTVAR) 

d imens ion COR/(NUM_GROUPS),PRE/(NUM.GROUPS) 
dimension PREVTIME1 (NUM_LEVELS) >PREVTIHE2(NUM_LEVELS) 
d imens ion USEFULPERC(NUM.LEVELS), 

J C0RC0ST1(NUM_LEVELS),C0RC0ST2(NUM.LEVELS). 
J PREC0ST1(NUM.LEVELS).PREC0ST2(NUM.LEVELS), 
J USELAMDA1(NUM.LEVELS),USELAMDA2(NUM.LEVELS), 
J XLEVELSETA1 (NUM.LEVELS) ,XLEVELSETA2(NUM.LEVELS) , 
J XLEVELSBETA1(NUM.LEVELS).XLEVELSBETA2(NUM.LEVELS) 

dimension TP(NUM.INVAR). XLAMPRE(NUM.GROUPS), 
J AGAMA(NUM.GROUPS),GROUP/(NUM.GROUPS), 
J SUMS/(NUM.GROUPS) 
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common/func_par/xlamda(num_groups),gama(num_groups), 
J eta(num_groups),beta(num_groups),perchance(num_groups) 

data (GAMA(I),1-1,NUH.GROUPS) / 0., 0. / 
data TMISSION,RTARGET /8.,.98/ 

I 
I Read in the values of the inner and outer variables 

open(unit«10,file='dorissl0',status='old') 
open(unit=ll,file®'dorissll',status='old') 
open(unit-22,file='doriss22',status®'old') 
open(unit=66,file='ddout',status='new') 

write(6,*)' Program is running, please do not touch 11111 ' 
read(10,*) (PREVTIMEl(k),k=l.num_levels), 

J (PREVTIME2(k) ,k«=l,num_levels), 
J (USEFULPERC(k),k=l,num_levels), 
J (CORCOSTl(k),k=l,num_levels), 
J (CORCOST2(k),k=l,num_levels), 
J (PRECOSTl(k) ,k*=l,num_levels), 
J (PRECOST2(k),k=l,num_levels), 
3 (USELAMDAl(k),k=l,num_levels), 
J (USELAMDA2(k),k=l,num_levels). 
J (XLEVELSETAl(k),k=l,num_levels), 
J (XLEVELSETA2(k),k=l,num_levels), 
J (XLEVELSBETAl(k),k=l,num_levels), 
J (XLEVELSBETA2(k),k=l,num_levels) 

write(66,l0) 
10 format(//,8x,'The System Cost per hour: 
J 'SUM SQURD statistic',//. 
J t5,'Prev. Time l',t20,'SUMS GR.l', 
J t35,'Prev. Time 2',T50,'SUMS GR.2',T60,' SUMSTOT',/) 

! 
! Read in TAGUCHI's design for inner array 
I (controllable variables) 

do JIN=1, NUM_INNER 
read(ll,»)(INNER(JIN,kin),kin=l,NUM_INVAR) 
enddo I for JIN - NUM_INNER loop 

I Read in TAGUCHI's design for outer array(noise variables) 

do IOUT=l, NUM_0UTER 
read(22, •) (OUTER( IOUT, kout),kout«=l.NUM_OUTVAR) 
enddo I for IOUT - NUM_OUTER loop 

! 
I Calculation for system cost of each inner 
! design over the range of outer designs 
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! initialize value to find the min. sumstot 
Bummin • 40000. 

! [[[[[[[[[[[[[[[[[[ 
do JIN=1, 3 !NUM_INNER 
TP(1)"PREVTIME1(INNER(JIN, 1)) 
TP(2)=PREVTIME2(INNER(JIN.2)) 

I initialize sum square of system unit cost 
! of each group for each inner array design 

SUMS/(l)=0.0 
SUMS/(2)=0.0 
PENALTY/"0.0 

! [[[[[[[[[[[[[[[[[[[ 
do I0UT»1.NUM_0UTER 
PERCHANCE(1)- USEFULPERC(OUTER(IOUT,1)) 
PERCHANCE(2)-PERCHANCE(1) 
COR/(1)-CORCOST1(OUTER(IOUT,2)) 
COR/(2)-CORCOST2(OUTER(IOUT»3)) 
PRE/(1)-PRECOST1(OUTER(IOUT,4)) 
PRE/(2)=PRECOST2(OUTER(IOUT.5)) 
XLAMDA(1)-USELAMDAl(OUTER(IOUT,6)) 
XLAMDA(2)-USELAMDA2(OUTER(IOUT.7)) 
ETA(1)=XLEVELSETA1(OUTER(IOUT,8)) 
ETA(2)-XLEVELSETA2(OUTER(IOUT,9)) 
BETA(1)-XLEVELSBETAl(OUTER(IOUT,10)) 
BETA(2)=XLEVELSBETA2(OUTER(IOUT.11)) 

! Calling subr. to fail, rates w/ prevt. maint. 

do k"=l ,num_g roups 
! rename gama to pass it in argument list 

AGAMA(k)=GAMA(k) 
enddo 

call XLAMSUB(TP,NUM_INVAR,AGAMA,NUM.GROUPS.XLAMPRE) 

! cal. the system reliability 

call SYSREL(XLAMPRE.NUM.GROUPS. 
J TMISSION,RTARGET,RELOPSYS) 

if (RELOFSYS .It. RTARGET) then 
PENALTY/- PENALTY/ +1000.0 
endif 
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! 
I Cal. the system cost per hr. and the 
I Performance statistic of each group:SUMS(jgroup) 

do jgroup,=l,num_groups 
GROUP/(jgroup)= PRE/(jgroup)*(1./TP(jgroup)) 

J + COR/(jgroup)•XLAMPRE(jgroup) 
SUMS/(jgroup)= SUMS/(jgroup) +GROUP/Cjgroup) ** 2. 
enddo 

enddo ! for IOUT - NUM_OUTER loop 
1 ]]]]]]]]]]]]]]]]]]]]]]]]]]]]]] 

SUMSTOT= SUMS/(1) + SUMS/(2) + PENALTY/ 
write(66,20) TP(1) ,SUNS/(1) »TP(2),SUMS/<2).SUMSTOT 

20 format(t5,f6.2,t20,F9.5,t35,F6.2,T50,f9.5,T60,F9.3) 

If ( summin .gt. sumstot ) then 
summin = sumstot 
Tminl - TP(l) 
Tmin2 = TP(2) 
endif 

enddo ! for JIN - NUM_INNER loop 
! ]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]] 

write(66.*) Tminl, Tmin2 
write(6,*)' The results are shown in DDout.dat' 
stop 
end 

subroutine XLAMSUB(TP,NUM_INVAR,AGAMA,NUM_GR0UPS,XLAMPRE) 

* Subroutine to calculate the failure rates of groups 
* of items that received preventive maintenance. 

! 
I Passed in arguments 

dimension TP(num_invar),AGAMA(num_groups) 
I 
! Passed out arguments 

dimension XLAMPRE(num_groups) 
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! Simpson subr. is called to apprx. integral 

NUM_SUBINTG=100 
do jgroup=l,num_groups 

! identify the rel. fuct. of whic: group 
IFUNCT«= jgroup 

UNREL - 1. - RELFUN(TP(IFUNCT),IFUNCT) 
XLOWL - AGAMA(IFUNCT) 
HIGHL •* TP (IFUNCT) 
call SIMP(XLOWL,HIGHL,NUM_SUBINTG»IFUNCT,XREL) 
XLAMPRE(jgroup)= UNREL/XREL 
enddo 

return 
end 

function RELFUN(T,IFUNCT) 

* Each group has a function with similar over all equation 
* as the other groups, but with different parameters. 

common/func_par/xlamda(2),gama(2), 
J eta(2),beta(2),perchance(2) 

RELFUN= EXP(-XLAMDA(IFUNCT)*T) 
J • EXP(-((T/ETA(IFUNCT))**BETA(IFUNCT))) 

Return 
end 

subroutine SIMP(XLOWL,HIGHL,NUMJSUBINTG,IFUNCT.XREL) 

* This routine approximate the integral value of 
• the reliability function from XLOWL to HIGHL 

! 
I Passed in arguments 

! XLOWL,HIGHL,NUM.SUBINTG,IFUNCT 
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! ; 
! Passed out arguments 

! XREL ! the integral value of the reliability function 
! 
1 

A= XLOWL 
B= HIGHL 
M= NUM_SUBINTG 

E=RELFUN(A,IFUNCT)+RELFUN(B.IPUNCT) 
H=(B-A)/(M-l) 
X=A-H 

••••• compute the sum of odd index terms •••••• 
do i-l.H-l,2 

X«=X+2. *H 
E=E+4.*RELFUN(X,IFUNCT) 

enddo 
••••• compute the sum of even index terms 

X=A 
do i«=2 ,M-2 ,2 

X=X+2•*H 
E=E+2.»RELFUN(X,IFUNCT) 

enddo 
E- E*H/3.0 
XREL«=E 
return 
end 

subroutine SySREL(XLAMPRE,NUM_GROUPS,TMISSION, 
J RTARGET,RELOFSYS) 

* This routine calculate the system reliability 
* based on the assumption that the two groups of 
* components are in series. 

Passed in arguments 

TMISSION 
dimens ion XLAMPRE(NUM_GROUPS) 

Passed out arguments 

RELOFSYS 

Relofsys = exp ( -(xlampre(l)+xlampre(2)) • Tmission ) 
return 
end 
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