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This thesis presents a method for the training of dynamic, 

recurrent neural networks to generate continuous-time 

trajectories. In the past, most methods for this type of 

training were based on gradient descent methods and were 

deterministic. The method presented here is stochastic in 

nature. The problem of local minima is addresed by adding 

the enhancement of incremental learning to the learning 

automaton; i.e., small learning goals are used to train the 

neural network from its initialized state to its final 

parameters for the desired response. The method is applied 

to the learning of a benchmark continuous-time trajectory -

the circle. Then the learning automaton approach is applied 

to stabilization and tracking problems for linear and 

nonlinear plant models, using either state or output 

feedback as needed. 
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Chapter One 

Introduction 

1.0 Neural Networks in Control System Design 

The capabilities of control systems seem to follow the 

technological advances of the day. Early control systems 

were mechanical in design. Some examples are the flyweight 

controls for steam engines and simple gyroscope controls for 

roll correction in early airplanes. With the advent of 

electronics, more sophisticated controls are realized, and 

the design of these controllers has evolved from single-

input, single-output, linear designs to multi-input, multi-

output, linear designs and onward to more complex 

distributed and nonlinear controllers. Digital electronics 

continued the evolution, but limitations in these design 

techniques always forced the designer to make compromises. 

Continuing this trend, another technique to apply to 

the design of controllers is the application of neural 

networks. These networks are composed of interconnections of 

artificial neurons — circuit elements which simulate some 
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of the more important properties of biological neurons. The 

promise of this approach is the possibility of a massively-

parallel computation capability and adaptability to changing 

environmental conditions. However, there are several 

problems that have yet to be solved in order to make this 

approach practical. Among these are the difficulty of 

training large networks, training for true continuous-time 

trajectory generation and determining an optimal network 

size; i.e., the number of neurons. 

The remainder of this section will be a brief overview 

of several important aspects of neural networks, including 

neuron models, network architecture and training. This 

summary must necessarily be brief; further information can 

be found in the references cited. The focus of this overview 

will be the possible application of neural networks for 

continuous-time control system design using existing 

training methods. These training methods can either be 

supervised, where an error criterion is explicitly 

minimized, or unsupervised, where the learning does not make 

explicit use of error functionals or training feedback in 

the calculation of the modifications to be made to the 

network. 

1.l Review of Neural network Models 

1.1.1 Mcculloch and Pitts Model 

The earliest form of neuron modelling is found in the 
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work of McCulloch and Pitts [1]. This simplified model, 

shown in Figure 1, is a binary threshold unit; that is, the 

unit is capable of a binary output based on the weighted sum 

of the inputs with respect to some threshold level. The 

weighting of the inputs corresponds to the nature of the 

synapses in a biological network; a positive weight 

represents an excitatory synapse while a negative weight 

represents an inhibitory synapse. 

Figure 1 McCulloch-Pitts Neuron Model 

A mathematical representation for this neuron model is 

Wil 

Mi 

given by 

N 

ni ( fc+l) =9 (WijUji t) -(ij)) (l) 

where 

e( ={o Hhefwlse . <2) 

McCulloch and Pitts proved [1] then when the weights 

are chosen correctly and the network is updated 



13 

synchronously, networks of these types of neurons are 

capable of universal computation. 

1.1.2 Hopfield Model 

A similar model of the neuron was used by Hopfield [3] 

to formulate the concept of associative memory. This neuron 

model is binary as in the case of the McCulloch and Pitts 

model. The neurons are connected in a one-layer network, 

that is, each neuron is connected to every other neuron. If 

some neurons are designated as output neurons, then there is 

feedback from these output neurons to the other neurons. For 

a given N-unit network, where N denotes the number of 

neurons and denotes the output of the ith neuron, it is 

desired to output a specific pattern of outputs for a 

certain class of inputs. This class of inputs might be all 

those that are "close" to the desired pattern, where a 

metric must be defined in order to determine "closeness". 

For the simple case of learning one pattern, it is only 

necessary that the output of the network be stable when it 

has attained the desired pattern 

ssmC£ wJ:lZj) = , (3) 
j 

where ̂  is the desired pattern and is the starting value 

of the outputs of the network. Note that the signum function 

used in equation (3) is defined by 
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sgn {x) ={_J . «> 

Because the outputs arid inputs can take only the values 

+1 and -1, it is seen that 

€ 3  =  1 .  < s >  

So when 

and this is substituted into equation (3), the desired 

pattern is achieved whenever more than half of the bits are 

correct. If some of the neurons are not in the correct state 

initially, the correct bits will force the state of the 

network to the desired pattern. Consider the sum variable h^ 

where 

hi •  < 7 >  

J 

It is seen that the correct bits will overwhelm the sum and 

force each bit to the correct state. In other words, once 

the weights have been selected for the desired pattern, that 

pattern becomes an attractor for the network. However, it is 

also true that the opposite state (where each output is of 

the opposite polarity from the desired polarity), called the 

reversed state, is also an attractor by equation (5); i.e., 

when = -1, £j2 = 1 and if the state of the network is at 

gj -1, it will stay there, as can be seen when these 

values are substituted into equation (3). 
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The generalized Hebb rule for learning can be used 

where there is more than one pattern to be learned. This 

rule will be defined below. The learning rule defined in 

equation (6) is a form of Hebbian learning. 

This, then, is the associative memory. A given set of 

desired patterns can be learned by the neural network, and a 

particular pattern will be retrieved when an input pattern 

is "close" enough to it. 

Hopfield also defined [3] the concept of the energy 

function. Since each desired state is an attractor, it is a 

point of minimum energy of the system as the state evolves 

according to its dynamic rule. Hopfield was able to show 

that the weights determined by using Hebbian learning are 

the optimum weights for minimizing the energy function. The 

function itself is given by 

where is the desired state and Sj is the actual state. 

1.1.3 Perceptrons 

Rosenblatt [2] worked with networks of McCulloch-Pitts 

neurons, primarily trying to determine ways of calculating 

the weights, w±j. The network architecture he proposed 

consisted of a layered, feed-forward configuration called 

the perceptron. Again, the neuron has the mathematical 

representation 

(8 )  
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Sd = sgni^WjjSj - ©j) . (9) 

The threshold of each unit, 8^, is sometimes dropped or set 

equal to zero. Very similar networks called adalines were 

invented around the same time by Widrow and Hoff [48], where 

adaline is an acronym for adaptive linear estimnator. The 

adaline is also a feedforward network of static neurons used 

for control system applications. 

M outputs 

N Inputs 

Figure 2 Two Layer Perceptron 

Rosenblatt was able to show the convergence of a 

learning algorithm for a simple class of perceptrons that 

did not have any intermediate layers. However, Minsky and 

Papert [47] were able to show that this simple type of 

perceptron was incapable of solving even very simple 

problems; the most famous of these is the XOR problem. 

Although this stifled further research for the next 20 

years, it was later shown that the XOR problem and others 

could be solved by multilayer networks. 

It has been shown that in order for a problem to be 
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solvable by a perceptron, the problem must be linearly 

separable. Referring to Figure 2, it is seen that the 

perceptron has N inputs and M outputs, and these are defined 

as either ±1 or 0 and 1. The input can be considered an N-

dimensional vector, called a pattern vector, and designated 

The outputs can also be considered vectors in an M-

dimensional space and are designated O1. For each pattern 

vector, there is an associated target vector, C1 in M-space, 

which is the desired output for that pattern vector. Linear 

separability means that a plane can be found in the i; space 

such that the patterns characterized by = +1 can be 

separated by that plane from the ̂  = -l patterns. The XOR 

problem is not linearly separable for a simple one-layer 

perceptron. 

A simple learning rule for perceptrons is based on 

Hebbian learning. The "Hebb" rule makes each weight the 

superposition of terms of the form 

"u =  < 1 0 >  

where N is the total number of units in the network. This 

gives the learning equation for the weights 

- it w <"> 

where the term, denotes the ith bit of training pattern 
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The training algorithm eventually developed by-

Rosenblatt for the perceptron weights is given by 

w?jew = wfjd + A wik (12) 

where 

{13, 
ik [o otherwise 

Note that this rule applies when the outputs only take on 

the values ±1. The parameter, TJ, is called the learning 

rate. 

If a problem has been shown to be linearly separable 

(otherwise a solution does not exist), it can be shown that 

the dot product of the desired and the actual outputs must 

be ±1, or =±1. Splitting up equation (13) into two 

equal terms gives 

Awik = n(l - C/O/K/S/ (14) 

or 

Awj* = ntCi" - 0/)^ . (15) 

Let 

v = E tie) 
k 

which is then the input to the sgn() function. It may be 

desirable to have this value be greater than some threshold 

value as well as have the correct sign, which modifies the 

product term in the learning rule to 
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Zfhf * > N* , (17) 
k 

where the product, Nk, defines the desired threshold in 

terms of the size of the network, where this threshold gives 

some measure of confidence that switching will occur as 

desired. In a hardware implementation of these networks, 

this threshold will help to overcome noise problems which 

cause spurious switching. 

The sum over k scales with N, and hence, in order to 

keep the margin size, K, fixed for any number of input 

units, N is included on the right-hand side. This changes 

the learning rule to 

Lwik = rieufic - C/VK/e/ <18> 

where 0 is the unit step function. 

It should be noted that in these cases, for Hebbian 

learning to be valid, it is assumed that w^j = w^. 

1.1.3 Dynamic Recurrent Networks 

The neuron models described in the previous sections 

may all be classified as static models; that is, for a 

particular input, there is an instantaneous change in the 

neuron to a new state. However other models may be defined 

where the state of the neuron evolves over time with respect 

to its internal state and the state of the inputs. Models 

such as these would define a dynamic neuron. One possible 

form for a dynamic model given by Cohen and Grossberg [53] 
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and Hopfield [54] is 

= -CiSr(2^^ + 5,) , (19) 

where denotes the state of the ith neuron in a particular 

network, is its time constant called the relaxation time, 

g() is some nonlinear function, normally a sigmoid function 

such as those shown in equation (20) and equation (21) 

below. Si is some threshold value for switching. A dynamic 

neuron is shown in Figure 3. 

Wl 

Wi1 

Wl2 

Vn— WD 

Figure 3 A Dynamic Neuron 

Now the neuron output is a continuous function of time, 

dependent on its initial state and the state of the other 
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neurons in the network. 

Networks, such as the perceptron, are characterized by 

having fixed layers of neurons connected in a feedforward 

configuration. Another possible configuration is to allow 

connections in the feedback direction. When connections are 

allowed in both the feedforward and feedback directions, the 

network is said to be recurrent. An example of a recurrent 

network is shown in Figure 4. 

Output 

Input 

Figure 4 A Recurrent Neural Network 

Learning methods for dynamic, recurrent networks are 

somewhat more complicated than those for static feedforward 

networks. Some of these methods are described in the next 

section. A new training method will be described in Chapter 

2 .  

1.2 Learning in Neural Networks 
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Several learning methods have been described in the 

previous paragraphs as they relate to specific neuron models 

and network configurations. Other learning methods have also 

been developed which can be applied to these same models. 

1.2.1 Backpropagation in static Networks 

Backpropagation is a method that has been successfully 

used for training several different configurations of neural 

networks. It was invented independently by Werbos [5], 

Parker [6] and Rumelhart, Hinton and Williams [7]. This is a 

gradient scheme and, as such, requires that the mathematical 

description of the neuron nonlinearity be differentiable. 

Consequently, the McCulloch-Pitts model can no longer be 

used. 

Several different kinds of nonlinear input-output 

functions have been used for the neuron. Examples of these 

are 

glh) = tanh(pA).^—(20) 

and 

SW • 'T~rpm • < 2 1> 

Backpropagation to determine the weights for a 

feedforward network as shown in Figure 2 is comprised of 

several steps: 

1. The weights are initialized to small, random values. 

2. An input pattern, is applied to the neural 
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network input layer. 

3. The signals are propagated forward from the input 

layer through the network to the output layer via 

the neuron equation 

v£h = g(£ wyV/-1) . (22) 
j 

where M denotes the particular later under 

consideration and i denotes the ith neuron in that 

layer. 

4. A value that will be used to calculate the change in 

weights is determined by taking the gradient of the 

error criterion. In the case where this is the 

square of the difference between the input and the 

output, this value is 

Br~ = rc/ - Vt"] (23) 
OW^j 

where g'() denotes the derivative of the 

nonlinearity with respect to the weight and h^ is 

the summation shown in equation (22). 

5. The gradient can be calculated for weights in each 

previous layer by using a similar method. Taking the 

error for the output layer and substituting into 

equation (22) for gives 

5^-1 = £ Wifbj" . (24) 
j 

This step propagates the error backward through the 
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system for the gradients, or the backpropagation 

step. 

6. The change in the weights is then given by 

Avy" = y\h . (25) 

The weights are then updated by 

Winew = w^old + Alfy . (26) 

7. These steps are repeated for the succeeding layers 

by propagating the error backwards using 

S/"1 = gr,(him-1)^v:f:taSja (27) 
J 

for m = M, M-l, ..., 2 until a delta has been 

calculated for every unit and all units have been 

updated according to equation (12). 

8. The process is repeated for the remaining training 

patterns. 

1.2.2 Backpropagation in Dynamic Recurrent Networks 

Backpropagation learning can be extended to dynamic 

recurrent networks. This has been independently pointed out 

by Pineda [8], Almeida [9] and Rowher and Forrest [10]. 

Manipulating equation (19) gives 

= ~Vi + + W ' (28) 

It is assumed that only stable responses of the neural 

network are desired. This condition reduces to 
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(29) 

With this requirement, equation (28) reduces to 

Vj = ?(E VijVj * li) (30) 
J 

which is the same condition as for the static neuron. 

There are several error criteria that can be used to 

determine the gradients necessary for backpropagation. The 

integral of the square of the error is the easiest to work 

with since it is differentiable. This is given by 

error = E = £ (- vj2 . (31 
i E  Q  

where fl is the set of output nodes. 

The change in the weights is determined from 

where Ek is the error for output unit k. The partial 

derivative on the right hand side of equation (32) is 

determined by differentiating the fixed-point equation, 

equation (30), with respect to the weight, wpq. This partial 

derivative becomes 

Aw = -11-=— = nE Ek^~jL 
M dwpg V dvpq 

(32) 

(33) 

where 
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hi=J2wijVj + ̂ i (34) 
J 

and 5ip is the Kronecker delta function. A set of linear 

equations can be generated by taking the partial derivative 

for all the outputs with respect to the weight under 

consideration. This system of equations can then be solved 

to determine the desired partial derivatives to substitute 

into the right hand side of equation (32). Then the desired 

Awpq can be calculated. 

Note that in order for this method to work, the system 

of equations must be consistent; otherwise, the desired 

partial derivatives cannot be exactly determined. 

1.2.3 Stochastic Learning Methods 

The learning methods described in the preceding 

paragraphs might be termed deterministic methods as they use 

the mathematical description of the neurons explicitly in 

the determination of the changes to the weights. However, 

there are other neuron models and training methods that are 

based on stochastic and statistical arguments. 

One such model, which has been used by Hinton and 

Sejnowski [11] and Peretto [12] considers the neural network 

to be made up of a lattice of binary units where the state 

of each unit is determined by 

hi = + h"C (35) 
j 

where h^ is the state of neuron i, w^j measures the effect 
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of neuron j on neuron i and hext is some influence external 

to the neural network. 

The motivation for this approach is taken from the 

field of statistical mechanics, related specifically to 

magnetic materials. The state of a neuron, is likened to 

the state of a magnetic particle which can have one of only 

two orientations, +1 or -1. The external influence 

corresponds to some external magnetic field. 

So-called "thermal" effects are then added into the 

model. These effects take into account the stochastic nature 

of the transitions of the neuron outputs. In other words, 

the deterministic rule for neuron transitions becomes 

stochastic with the degree of randomness to be determined by 

a parameter called "temperature". At any particular time, 

{+1 with probability ,36% 
-1 with probability l - fihj 

The choice for the probability density function is given by 

1 (37) g(h) = f&Qi) = - , 
p 1 + exp (-2Pia) 

The parameter P is related to the "absolute temperature" T 

(desired randomness) by 

p = A . (38) 
KT 

where K is Boltzmann's constant. Note that as T -* 0, the 

unit becomes deterministic. 
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Using equation (36) , an average value of the state of 

each neuron can be defined as 

(s) = (+1 )-Prob(S = +1) + (-l)'Prob(S = -1) 
= 1 _ 1 , (39) 
1 + exp(-2PA) 1 + exp(2pii) 

where the notation () denotes the statistical average. This 

reduces to 

(s) = tanh (PA) . (40) 

An enhancement of this method of analysis is the method 

of mean field theory, where the true value of is replaced 

by an average value 

(hd) = + hext (41) 

where the average output, ( S$) , can be computed from 

(s^ - tanhtpOi^) = tanh {p£ + P-heji:t) . (42) 
j 

By applying the equations for Hebbian learning to equation 

41, the weights for this network can be calculated using 

(SJ = tanh (1 £ S/V^j)) - (43) 
N 3.V 

In this mean field method, it is not so much the 

training method as the neuron model which is stochastic. 

One stochastic learning method, based on the so-called 

ALOPEX methods, has been described by Venugopal, Pandya and 

Sudhakar [13]. This method is independent of the neuron 

model used. 
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With this method, during the nth iteration, the weight, 

w^j, is updated through 

w^in) = w1:j(n-l) + (44) 

where 5ij is a small negative or positive step of size S. 

The polarity of the increment is determined from the 

probabilities 

c _ f-6 with probability Pi:j [n) (45) 

1+5 with probability 1 - P^in) 

where 

p. An) = ± . 
-A^M) <«> 

1 + exp ^ J 

The parameter, (n), is the correlation between the change 

in weight, w^j, and the associated change in the error 

functional defined for learning; e.g., the sum of the square 

of the errors in the output nodes. The parameter, T, is 

started out at a large value and, as learning progresses, it 

is set to the average value of the correlation. With a large 

value of T, it is seen that the probability, Pi;j(n), starts 

out at 0.5 for n = 0. As the correlation between a change 

and its corresponding increase or reduction in error 

progresses, the selection of that polarity for the change in 

weight will decrease or increase, respectively. 

1.2.4 Genetic Learning 

Genetic learning is a method that attempts to duplicate 
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the process of evolution or selection of characteristics 

using analogs of reproduction. With this approach, the 

network is thought of as an entire organism whose 

parameters, such as neuron interconnection weights, can be 

associated with determining factors similar to the genes of 

living organisms. These individual genes can be collected 

into something like a chromosome that determines the overall 

make-up of the parameters of the network. 

As in genetics, traits from one network may be combined 

with traits from another network, as in sexual reproduction, 

to form a new neural network. Mutations are also allowed 

based on some randomly determined rate. The resulting 

networks may then be subjected to some survival criteria to 

determine which networks may go on to produce more networks 

and which networks will not. In this way, a population of 

neural networks evolves until a population of networks is 

achieved which is better suited to meet the survival 

criteria of its environment. 

The survival criteria are based upon some error which 

is desired to be minimized; such as, to solve some logic 

problem like the XOR problem, or perhaps perform pattern 

recognition. Ichikawa and Sawa [33] have successfully 

demonstrated the use of a genetic algorithm in designing 

controllers for linear and nonlinear systems using static 

networks. 

1.2.5 Unsupervised Learning 
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Unsupervised learning methods are useful when it is 

desired that the neural network sort data into equivalence 

classes; i.e., perform a transformation from some N-

dimensional input space to an M-dimensional output space 

where M < N. This method can also train networks to do 

encoding of data patterns of N bits into patterns of M bits, 

thus doing data compression. This method has also been used 

for teaching a network to distinguish features; for example, 

mapping a 2-dimensional visual array into features such as 

edges and simple shapes. Early research in unsupervised 

learning was done by Rosenblatt [2]; later researchers 

include von der Marlsburg [49], Fukushima [50], Grossberg 

[51] and Kohonen [52]. 

Hebbian learning can be applied for training linear 

units. Figure 5 shows a simple network of one linear unit. 

The output is just the weighted sum of the input bits. 

Hebbian learning has also been applied in an unsupervised 

environment with nonlinear units. 

A simple problem for this network to learn is to find 

which input pattern occurs with the greatest frequency. In 

this case, it is desired that the more frequently a 

particular input vector, £, occurs with respect to other 

input patterns to the neuron, then the greater will be the 

value of the neuron output. 
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output 

Input nodes 

Figure 5 Architecture for Unsupervised 
Learning 

A simple application of Hebbian learning would be to 

update the weights by 

Awj = i\VZd . (47) 

where V is the neuron output. This strengthens the output 

pattern for each input presented, so frequent inputs will 

have the most influence over time. However, there is no 

bound on the weights and the learning is never completed. 

Note that this learning is performed on a one-layer, 

feedforward network. 

This problem is overcome by using Oja's rule [19] which 

is an enhancement of Hebbian learning. Oja's rule uses the 

equation 

AWj = TlVfSj - VWj) . (48) 

This method forces the norm of the weights to equal zero. 
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Oja's rule for M output units is 

n 

AWjj = ~ ̂ 2 Vkwkj) < J = 1,2, ... ,M . (49) 
Jc-i 

Another learning rule for an M-output network is 

Sanger's rule [20]: 

i  

AWJJ = TiVjUj - J2 vkwkj~> ' J = 1, 2 , . . . , Af . (50) 
Jc-l 

Both learning rules project the input vector £ onto the 

first M principal components since the weights converge to 

an orthogonal set of unit vectors. The difference between 

Sanger's rule and Oja's rule is that Sanger's rule takes the 

principal components of the input data space in order while 

there is no ordering when Oja's rule is used. The principal 

components are the orthogonal set of axes which give a basis 

for the input data space into which the input data can be 

categorized. The selection of which rule to use for learning 

would depend on the desired output specifications. 

Linsker [21] has successfully used these methods with 

multi-layer, linear arrays interfacing with 2-dimensional 

visual arrays. The layers were trained separately to 

recognize features. It may be thought that since linear 

elements are being used, only one transformation is needed 

and hence only one layer. However, by training the layers 

separately, simple visual images were successively refined. 

With the Hebbian learning approach, the outputs can 
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take on any real value, and with multiple output networks, 

all outputs can be active to some extent. When competitive 

learning is used, only one output is active at any one time. 

Here competitive refers to the winner-take-all aspect of the 

output activation, or they compete for the one to be active. 

This method is useful for categorizing input data into 

specific categories. In order to guarantee that only one 

output is active at a time, lateral inhibitory connections 

are made between the output units as shown in Figure 6. 

Input 

Figure 6 Simple Competitive Network 

The Standard Competitive Learning Rule defined by 

Grossberg [51] is given by 

- "n (?/ - witj) (67) 

where is the weight to unit i, when unit i is the 

winning unit, from unit j. AwiAj = 0 when unit i is not the 

winning unit. This rule normalizes the sum of the weights to 

1 and keeps the learning from becoming unbounded in a way 

similar to Oja's rule. 
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1.3 Time-Dependent Trajectory Learning 

In the preceding paragraphs, the training to be 

accomplished with the neural networks was fixed-point 

learning; that is, for a fixed input vector, it is desired 

that there be a fixed output vector, in other words, the 

neural network reach some fixed stable after a finite period 

of time. 

For applications such as pattern recognition, this is 

certainly adequate, since it is only required that 

particular patterns be determined or categorized. For 

control system applications, this type of network can be 

used for system identification, as has been shown by 

Narendra and Parthsarathy [14] and Karakasoglu, Sudharsanan 

and Sundareshan [15] and [55]. 

However it may also be desirable for a dynamic neural 

network to be able to learn to generate a control signal in 

continuous time. This is a time-dependent task where the 

states that the neural network passes through may be 

significant for the task of minimum energy optimization. 

This ability to train a dynamic, recurrent neural network to 

perform continuous-time trajectories is also important for 

control tasks where a digital control system may be 

difficult to implement due to instability, the loss of high 

frequencies or quantization errors that may be introduced 

due to sampling. Continuous-time trajectories are also 

important for the control of repetitive tasks; that is, 
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where a signal may have to be constantly regenerated, for 

example in assembly line tasks. 

Some work has recently been done in the area of time-

dependent trajectory learning. These efforts have used 

backpropagation in one form or another. 

The earliest work in this area was done by Williams and 

Zipser [16]. The neural network used was a discrete time 

system using dynamic neurons as defined in section 1.4. An 

error functional was defined as 

pi /1-\ /Cjt (t) - Vk(t) if is defined for time t (52) 
k 1 0 otherwise 

where Ek is the error for output unit k. This gives a total 

cost function of 

T 

E = B( t) (53) 
C - 0 

where 

E{ t) = Ay; [^(t) ]2 . (54) 
2 Jc 

Note that this is a discrete time method so a summation over 

T is used instead of an integration. Gradient descent can 

then be determined by taking, as in the fixed-point case, 

r ~ • <«> 
pq k PI 

The full change in wpq can be taken as the sum of Awpq over 

T, the trajectory length. The partial derivative on the 
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right hand side of equation (49) can be determined in a 

manner similar to the fixed point case: 

-•(JMe-ink.Vt-i) • . <S6> 
cwpq L J pgr 

Williams and Zipser found that updating the weights at 

each time increment instead of waiting until the sequence is 

complete works well if the learning rate, t|, is sufficiently 

small. They have called this method Real Time Recurrent 

Learning (RTRL). 

A modification they and others have found useful is 

called teacher forcing. Note that the networks used are 

recurrent networks, so the signals from the output neurons 

can be made available to all other neurons in the network. 

For the teacher forcing the desired output signals are 

propagated through the network while the actual outputs are 

used for calculating the error and determining the 

gradients. This seems to speed up the learning since, even 

at the beginning of learning, the actual outputs will be 

forced to be somewhat similar to the desired outputs, since 

there is some input-output relation for the neuron. Learning 

then progresses by forcing the actual outputs closer to the 

desired outputs. This is in contrast to learning without 

teacher forcing where the shape of the desired trajectory 

must be learned as well as reducing the error. 

Another backpropagation method has been developed by 
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Pearlmutter [17]. While the method of Williams and Zipser 

only performs backpropagation of the weights, Pearlmutter 

also calculates the gradients on the time constants; i.e., 

the of equation (19). This method uses ordered 

derivatives, with variables ordered by time. The ordered 

derivative measures how much a small change in a neuron 

output at some time t affects the error measure as the 

change is propagated forward in time. A new variable, z(t), 

is set equal to this ordered derivative. For an 

infinitesimal change to a weight, there will be a 

corresponding change to the error which is given by (for 

first order integration) 

dE = Vi(t)g'(hj(t) ) A^zj(t)dwy (57) 

and is then used to calculate the gradients via 

^ (58> 
^ 3 e0 J 

and 

( 5 9 )  

j t:1J dt 

These gradients are then used, as before, to calculate 

incremental changes in the weights and the time constants. 

A third gradient method has been developed by Toomarian 

and Barhen [18]. This method uses an adjoint system of 

equations in conjunction with a different method of teacher 
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forcing to program time dependent trajectories. The adjoint 

equations are derived from a system of forward sensitivity 

equations (FSE's) which are generated by differentiating the 

neuron dynamics with respect to a parameter of the neural 

network; i.e., a weight, a time constant or a gain in the 

nonlinearity. Also, a modified neuron dynamic equation is 

used: 

dv• m 
* tiVi = gig, (V vij))  ( S O )  

where the gain, gi# controls the slope of the nonlinearity 

and is an internal input which includes the teacher 

forcing. Note that g(.) is typically a sigmoidal function. 

The teacher forcing in this method is only applied to 

the output neurons as an extra input. It has the form 

It = -V,(t))P (61) 

where a^t) is the desired value for the ith output neuron, 

V£ is the output of the ith output neuron and p is a value 

determined heuristically as 7/9. The value k is a 

coefficient that is reduced as the error decreases in order 

to diminish the effect of the teacher forcing with time. 

The FSE's have the form 

dVT ^ dV± 

dp7 + = J'p 

where = dV/dt and equation (60) has been differentiated 
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with respect to pix one of the neural network parameters, 

^i.Pj = - g&'wy (63) 

and 

«i.,, = -Vfi,,,. * eaT, Vtstf>tv»a * ftp,.* • («> 
J 

Note that . is the Kronecker delta function and g' is the 
+ t J 

derivative of the sigmoidal function with respect to one of 

the neuron outputs in the summation of equation (60). 

Solving for the gradients is accomplished by means of 

the adjoint system of equations (ASE's). They have the form 

-ir± + = 5/ (65) 
J 

where vL is the adjoint variable and the superscript T 

denotes transpose. The source term, Sj_*# and the initial 

conditions need to be specified before the ASE's can be 

solved. 

The source term of equation (65) is selected so that 

its inner product with one of the terms, called the indirect 

effect, in the gradient of the error with respect to the 

system parameter under consideration is equal to zero. This 

indirect effect is developed as follows. Let 

E = JFdt (66 )  
to 

be the error functional where F is some function like the 
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sum of the square of the errors. Then the gradient becomes 

The second term on the right hand side is the indirect 

effect. 

Once the indirect effect is eliminated by finding the 

desired source term, the gradient can be determined from 

combining equations to give 

where the second term on the RHS is an inner product and can 

be determined indirectly using a simple forward integral. 

Note that SffJ denotes the inhomogeneous source term of the 

forward sensitivity equations (62) and uifl is the 

sensitivity of u to the parameter fi. The bar denotes a 

vector, and the source term in the integral is taken as the 

vector of source terms determined previously. 

All of these backpropagation methods suffer from the 

shortcoming that the desired output of the neural network 

must be known a priori in order for training to be 

accomplished, especially where teacher forcing is a 

(67) 

which is expanded, using the chain rule, to 

(68) 

(69) 
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necessity for successful learning. This may be unrealistic 

in the cases where it is desired to generate a control 

signal for some system where that control is unknown or is 

difficult or impossible to calculate analytically. 

1.4 Application of Neural Networks to Control 

There are several approaches that may be taken when 

selecting a system configuration in order to meet control 

system specifications. Classical approaches generally 

revolve around the use of feedback and compensators or 

simply the generation, in a feedforward configuration, of a 

predetermined control signal, while more modern approaches 

typically involve the use of adaptive controllers, model 

reference controllers and parameter estimators. Neural 

networks have been used in some of these applications, both 

as regulators and as tracking controllers. 

1.4.1 Regulator Problems 

A regulator may be defined as a control system which 

drives a plant from some arbitrary initial state to the zero 

state in some finite time. The classic nonlinear regulator 

problem is the balancing of an inverted pendulum. In this 

problem, it is desired to force an inherently unstable 

system; i.e., vertical rod to be balanced, by applying a 

force in one dimension. This is shown in Figure 7. The 

system is considered to be stable when the rod is completely 

vertical and unmoving. 
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Figure 7 Inverted Pendulum 

Using two-layer, static networks, Widrow and Smith [36] 

and Widrow [37] have demonstrated the ability of a neural 

network to regulate the inverted pendulum by using classical 

techniques to determine the desired control signal (the 

force applied to the cart) and then train a static network 

to simulate the control. The control signal was generated to 

ensure that the rod was held in the vertical position. 

Barto, Sutton and Anderson [38] have also designed a 

controller for this problem using a two-layer network and 

reinforcement learning. In their configuration, the force is 

of a fixed magnitude. 

A reinforcement scheme is used by Barto, et. al. to 

train a static neural network. When learning is accomplished 

by a reinforcement scheme, a neural network parameter is 

modified based on some signal coming to the neural network 
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from the environment. 

For the Barto method, the reinforcement algorithm takes 

the form 

^(t+1) = w1(t) +ar(t)ei(t) , (70) 

where a is a positive constant, r(t) is the real-valued 

reinforcement at time t and e^t) is the eligibility. 

In this reinforcement scheme, the state space of the 

inverted pendulum is decomposed into disjoint subsets. For 

some state of the inverted pendulum, one of these subsets is 

selected at random, constituting a pathway to a particular 

synapse of the neural network (an interconnection weight) 

when the state values are applied to the network. A 

particular weight becomes eligible if the signal passing 

through it causes its associated neuron to fire. Then the 

weight will be updated depending on the value of the 

reinforcement, r(t). 

This approach is a modification to a method previously 

defined by Michie and Chambers [39] where they similarly 

divided the state space into small parts but used a 

nonneural implementation. Anderson [40] also used this 

division scheme but employed error backpropagation to train 

a two-layer network. 

Reinforcement learning will be described in greater 

detail when the generalization of the Learning Automaton is 

defined in Chapter 2. 
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Another successful demonstration of a neural network as 

a regulator is the one mentioned earlier by Ichikawa and 

Sawa [33]. 

1.4.1 Inverse Dynamics 

Consider the problem where the output trajectory of a 

plant has been specified and it is desired to determine the 

control signal to the plant that achieves the desired plant 

output. If a unit could be designed that represents the 

inverse dynamics of the plant then, if the input to that 

unit is the desired plant output, then the unit will give 

the desired control signal. This is shown in Figure 8. This 

type of controller is a feedforward controller. 

Ytkslitd inverse 
Dynamics Control Plant 

Dynaaics 
9(v, t) J u(t) 

Plant 
Dynaaics 
9(v, t) 

Yevtput 

Figure 8 Inverse Dynamics Controller 

Successful demonstrations of this approach have been 

shown by Psaltis, Sideris and Yamamura [42] and Kawato, et. 

al. [43]. Miller, et. al. [44] have demonstrated the use of 
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a Cerebral Model Articulated Controller (CMAC) network as a 

controller for robotic manipulators. CMAC is a lookup table 

technique for generating nonlinear functions. 

Since the neural network is designed around one set of 

parameters, it is not robust with respect to changes in the 

plant parameters. The control signal that is generated is 

only due to the reference input, so it is tailored to the 

original plant dynamics. 

1.4.3 Control by Identification of System Dynamics 

Adaptive controllers seek to modify the control system 

structure to compensate for variations in plant dynamics. In 

order to do this, some method must be found to identify the 

changing plant dynamics and then use the identification to 

either modify the controller or select between various 

controllers which have been designed to meet system 

requirements based on selected parameter neighborhoods. Some 

examples of adaptive controllers include the Model Reference 

Adaptive Control (MRAC) and self-tuning regulators. 

Narendra and Parthasarathy [46] have shown that 

parameter identification can be learned using recurrent 

configurations of dynamic neurons. Here the dynamic neurons 

are discrete time models instead of continuous time models. 

One identification scheme is shown in Figure 9. Note that 

TDL denotes a tapped delay line. 

Before the neural network is installed in this 

configuration, it has been trained to model the input-output 
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function of the nonlinear plant. Then the configuration, a 

series-parallel configuration, gives an error which 

indicates the deviations in the nonlinear plant from the 

model. This error can then be used by a controller to 

determine what changes must be made to meet control 

specifications. 

u(k) 

m 

Z-I 

TDL TDL 

neural 
network 

nonlinear 
plant 

Figure 9 Identification of Nonlinear Plants 

One application of this approach where neural networks 

have been successfully used was done by Karakasoglu, 

Sudharsanan and Sundareshan [15] and [55] in the control of 

robot manipulators with dynamic recurrent networks 

simulating digital filters. Muhsin, Sundareshan, Sudharsanan 

and Karakasoglu [45] and Sudharsanan, Muhsin and Sundareshan 

[56] have also demonstrated an application of this method 

for controlling nonlinear power generators. Backpropagation 

learning was used to train the networks in both cases. 
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1.4.4 Continuous Time Control 

Most applications of neural networks to control system 

problems have been either with static networks or with 

dynamic networks operated in a static mode; i.e., the 

network is trained to operate in a discrete-time mode in a 

manner similar to a digital filter. This is due, in part, to 

the difficulty in training a dynamic, recurrent network to 

generate continuous-time waveforms. Of the training schemes 

described so far, the only ones possibly applicable to the 

design of a continuous-time controller would be the 

backpropagation schemes applied to trajectory learning in 

recurrent dynamic networks. Unsupervised learning is only 

applicable to static networks or to dynamic networks 

operated in a fixed-point mode as are most of the other 

methods previously described. The disadvantage of those 

backpropagation schemes is that the desired signal must be 

known a priori before learning can be attempted. In the case 

of simple linear systems, standard methods can be used to 

determine a control signal that meets some specified cost 

function; however, in the case of nonlinear plants which may 

not have a neat analytical representation, it may not be 

possible to analytically determine the desired control 

signal. 

If it were only possible to use neural controllers when 

the desired control signal is known, there would be little 

advantage to neural controllers over more standard methods 
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of control. On the other hand, if it is possible for the 

neural network to learn a control signal for an arbitrary 

plant and cost function where the control law cannot be 

determined analytically, there would be a distinct advantage 

with using the neural network. A possible learning method 

will be described in Chapter 5 which points to an attractive 

solution to this problem. 

l.5 Organization of Thesis 

This thesis is organized as follows. 

In Chapter 2, two methods of trajectory learning for 

dynamic, recurrent networks are described in detail. 

The first method uses the concept of a learning 

automaton. This starts off as a trial and error method that 

learns by experience. If an action taken by the automaton is 

successful, that is if the action brings the output of the 

neural network closer to its objective, then that action 

will have a higher probability of being selected again. An 

action is defined as the modification of a parameter or a 

group of parameters in the neural network. As an adjunct to 

this method, the concept of incremental learning is defined, 

where the learning goals are generated which bring the 

neural network from some initial configuration to the final 

desired configuration in smaller steps. Incremental learning 

is used to lessen the problem of getting stuck at a local 

minima which is encountered in many methods of neural 
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network training. 

The second method is a direct gradient calculation 

method similar to the method described by Toomarian and 

Barhen [18]. This method calculates the gradient directly by 

making small changes in a parameter and then calculating the 

change in the selected error criterion. This is a good 

approximation to the gradient when an accurate integration 

algorithm is used to calculate network dynamics. 

In Chapter 3, the implementation of these two methods 

with regard to simulating the neural network in a learning 

environment is described. The specific algorithms and data 

structures are given along with details of the problems to 

be solved with the learning methods outlined in Chapter Two, 

viz., the implementation of the learning automaton and the 

generation of learning goals. 

In Chapter 4, the simulation results are given for one 

benchmark trajectory, the circle trajectory. Several 

experiments are performed: some showing the effects of 

initial conditions on the ability to find a satisfactory 

solution to the problem, some showing the effects of using 

different specifications of the problem and finally, one 

showing the effects of a different type of learning 

automaton. The results of the simulations are given in plots 

showing the final outputs and also showing the progression 

of the learning. Some discussion is given concerning these 

results. A comparison is made between the learning automaton 
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approach to trajectory learning and the gradient approach. 

The data and final neural network parameters for the 

solutions to these problems are also given. 

In Chapter 5, the learning automaton method is applied 

to two control problems — a linear trajectory tracking 

problem and a nonlinear stabilization problem. The data and 

neural network parameters are given. 

In the first case, a simple linear plant is defined for 

which a desired output is specified. The neural network is 

trained in a feedback configuration to generate a control 

signal which meets the output specification within a 

prespecified error tolerance. The final control signal and 

plant output are given along with network parameters and 

data showing the progression of the learning. 

In the second case, it is desired to stabilize a 

nonlinear plant from some set of nonzero initial conditions. 

The same system configuration is used as for the linear 

case. In this case, it will be seen that incremental 

learning is not required. 

In Chapter 6, final conclusions concerning the 

effectiveness of the learning automaton method with regard 

to control system design are given. 

The major contributions of this thesis are the 

following: 

1. Two,new methods of neural network learning are 

proposed and their performance is evaluated. These 
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are the learning automaton approach and a new, 

simplified gradient descent method. These methods 

are described in detail along with theoretical 

justification for their use. 

2. A method of determining control laws implicitly 

without the necessity of solving the system 

equations is discussed. This is an application of 

the learning automaton approach with the use of 

incremental learning applied to dynamic, recurrent 

neural networks. 

3. A successful demonstration of trajectory learning 

and control learning with dynamic, recurrent neural 

networks is given. 
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Chapter Two 
Learning Automata 

2.0 Learning Automata 

A significantly different approach in the training of 

neural networks might be to determine which parameters of 

the neural network, when incremented or decremented, reduce 

the error between the actual response and the desired 

response. A method such as this might be one in which 

parameters are selected based on some probability 

distribution. The probability of selection might be 

increased each time it can successfully be changed to reduce 

the error while the probability might be decreased if a 

change in the parameter increases the error. A method like 

this has been developed by Tsetlin [23] and enhanced by 

others. It makes use of a learning automaton. 

In general, an automaton is a system whose states take 

on only certain fixed values, normally 0 or 1. The states, 

labeled 0if of an automaton evolve according to some preset 

rule based on the present states and any inputs. 
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A learning automaton has been defined by Narendra and 

Thathachar [22] by the following construction: 

automaton = ({, ct, P, Ff G) 

where S = state (0lf 02» ••• > ^s) 

a = output (Q-1 , a2, ... , ar) 

P = input (Plf p2, ... , pm) 

F = updating algorithm 

G = output function G : 9 -» a 

Note that boldface denotes a vector. The automaton 

interfaces to a structure called the environment (see Figure 

10) which is a function mapping the automaton output to its 

input, or 

environment = E : o -» P 

The environment also serves to give feedback on the 

effectiveness of the learning through rewards and penalties. 

This will be discussed in greater detail below. 

The structure of the learning automaton may take on 

several forms. One variation has to do with the structure; 

it can be either fixed or variable. The fixed structure 

automaton is not altered as learning progresses while the 

variable structure may have changes occur in either the 

state or output updating functions. Here structure refers to 

the way in which the learning automaton state or output is 

determined. Note that with a fixed structure automaton, 

there will be no actual learning. 
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outputs 

teaming 
eutomaton 

Figure 10 Learning System 

Another variation is in the state and output functions 

themselves which can either be deterministic or stochastic. 

A deterministic automaton has state and output functions 

which are deterministic; that is, a normal mapping function 

from the state to either the state or the output. The state 

and/or output functions for a stochastic automaton take the 

form of the probability of changing from one state to 

another based on the present state and the input. 

Learning algorithms are generally in the form of 

reinforcement schemes. In a reinforcement scheme, the output 

of the environment is used to determine whether the action 

of the automaton has been favorable or unfavorable. The 

convention for a favorable response from the environment is 

Pi = 0, while an unfavorable response is denoted p^ = 1. 

When a favorable response is received from the environment, 

the structure of the automaton is altered to make that 

action occur more often. In the case of the deterministic 
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automaton, for the same inputs and state, the rule that 

defines how the states and outputs are updated is modified 

so that the favorable action is the one which occurs. In the 

case of the stochastic automaton, the probability of a 

favorable action is increased for a favorable response and 

reduced for an unfavorable one. 

In the case of the stochastic automaton, the 

reinforcement scheme can be either linear or nonlinear. The 

most basic scheme is the Linear Reward-Penalty scheme where 

the state update probability function or output update 

probability function is changed by an amount proportional to 

the value of the probability. If a favorable response is 

received from the environment for action then the 

probability for this action is increased through some reward 

function g(P(cr)) while the probabilities for all other 

actions are reduced by some linear function h(P(at)). 

Ptcij) = P^) + g(P{ a)) forpfej) =0 (71) 

P(ccj) = P(ctj) - h(P(a)) for j*i (72) 

Here, the notation, pfa^), refers to the environmental 

feedback for the automaton output o^; P() = 1 for an 

unfavorable response, while p() =0 for a favorable 

response. The overbar refers to the vector of possible 

actions. 

In the case of an unfavorable response for aif the 

probabilities are changed according to the rules 
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P(ad) = P(ad) - h(P(a)) for P (c^) =1 (73) 

P(ctj) = P(a.j) + g(P(a) ) for i*j . (74) 

Note that g(P(a)) and h(P(ct)) are positive definite 

functions. Another reinforcement scheme, called the Reward" 

Inaction scheme, has h(P(a)) equal to 0, so changes occur to 

the structure only for favorable responses from the 

environment. A modification of the Linear Reward-Penalty 

scheme is the Linear Reward-ePenalty where the penalty 

function is modified by a positive coefficient e < 1. 

Several researchers have shown successful applications 

of learning automata to the problem of telephone call 

routing. These include Narendra, Wright and Mason [24], and 

Narendra and Mars [25]. Meybodi and Lakshmivarahan [26] and 

Srikantakumar [27] have successfully used learning automata 

in the study of waiting time in queueing systems. Hashim, 

Amir and Mars [28] have also successfully applied learning 

automata to the problem of image data compression. 

2.1 Learning Automata and Neural Networks 

The principal advantage of the learning automaton is 

its ability to determine optimal actions among a set of 

possible actions. This is discussed below under the topic of 

convergence. In the case of neural network training, it is 

desirable to determine which increments or decrements to 

parameter can be adjusted successfully to reduce some error 
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criterion and which cannot. In order to apply the learning 

automaton approach to neural network training, some set of 

actions must be defined which can be used to reduce the 

error criterion. 

2.1.1 Learning Configuration 

Define the set of possible actions to be the 

incrementing or decrementing of a neural network parameter 

by some fixed amount. The action of incrementing a parameter 

is distinct from decrementing a parameter. If a neural 

network has N neurons then the automaton will have 2*(N2+2N) 

possible actions corresponding to the N2 weights, N time 

constants and N nonlinearity gains. The learning automaton 

is stochastic; i.e., the actions are selected based on 

assigned probabilities. 

A probability is initially assigned to each action. 

Since there is no a priori knowledge about a particular 

neural network as to which of its parameters can be altered 

to reduce some error criterion, the entropy with respect to 

learning is maximum at the beginning of training. Therefore 

a uniform distribution is used for the action probabilities 

at the beginning of training. 

As learning progresses, the probability associated with 

each action is changed. This probability determines the 

relative frequency with which a particular action will be 

selected. The more successful an action is at reducing the 

error, the more likely it will be selected. 
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The environment for this configuration becomes the 

neural network itself and its associated error criterion. 

The feedback to the learning automaton is the success or 

failure of an action to reduce the error criterion. In the 

case of trajectory learning, the error criterion may be 

calculated with respect to the neural network outputs vis-a

vis the desired trajectory; in a control system problem, the 

error criterion is calculated with respect to the desired 

plant output or trajectory. 

2.1.2 Learning Algorithm 

A simple reinforcement scheme to use for the action 

probabilities is the linear reward penalty scheme. As will 

be discussed below, convergence of the learning automaton is 

not desirable. An example of a simple scheme to be used is 

= PUj) + 0.02P(ai) for P (ttj) =0 ( . 
P(ccj) = PUj) - 0. OlP(a^) j*i 1 1 

P(aj) = PUj) - 0.01P(ai) for P CoCjj) =1 . . 
P(aj) = PUj) + 0.02P(aJ) j*i 1 ' 

Referring back to equation (71) and equation (72) , g(P) = 

0.02P(a) and h(P) = 0.01P(a). These values are used in some 

of the experiments described in Chapter 4 and were selected 

on the basis of experimentation to give good results for 

learning. 

If an action reduces the value of the error criterion, 

then the probability of selecting that action again is 

increased proportional to the value of the probability while 



60 

the values of the probabilities of the other actions are 

decreased. Conversely, if the action increases the value of 

the error, the probability of selecting that action is 

reduced, while the probabilities of the other actions are 

increased. In this manner, the probability of selecting 

actions can change as the sensitivity of the error to 

parameter changes changes. 

Once it has been determined that an action has reduced 

the error, the corresponding change to the neural network 

parameter is retained. However, if the action increases the 

error, the corresponding parameter change is not kept. 

Therefore the only modifications to the neural network are 

those which reduce the value of the specified error 

criterion. 

2.1.3 Convergence 

Two types of convergence can be discussed with respect 

to the learning automaton approach to neural network 

training; convergence of the error and convergence of the 

automaton to some optimal action. 

Convergence of the error is assured by the learning 

algorithm. For any set of initial conditions of the network 

and some error criterion, the initial error before learning 

starts will be some finite positive number, say E0. Because 

of the learning algorithm, changes to the neural network are 

only made if the error is reduced. Therefore a monotonic 

decreasing sequence of real numbers is generated. The error 
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is always a positive number, so the sequence is bounded. By 

the Monotone Convergence Theorem (see, for example, Bartle 

and Sherbet, [31]) the sequence converges. This is not to 

say that the error will converge to zero, but it will 

converge to some number. 

Under certain conditions, the learning automaton will 

converge toward some optimal action depending on the type of 

reinforcement scheme used. Associated with each action, 

there is a probability of penalty, cL. It has been shown 

(see Narendra and Thathachar, [22]) that if these 

probabilities are stationary, then the action probabilities 

will converge towards some optimal action. In the case of 

the linear reward-inaction scheme, convergence is assured. 

However, this may not be desirable in the case of 

neural network training. The probability penalties are not 

known at the start of training; especially it is not known 

if their distribution is stationary. It is assumed that this 

is not the case, since the structure of the neural network 

is constantly changing during the training process. An 

action that may produce a favorable response at some point 

in the learning process may not provide a favorable response 

at some later time. For example, if a weight is continually 

decremented until it becomes negative, the response may be 

changed from something that is approaching the desired 

trajectory to something that may be different from what is 

desired. In addition, the neuron model only uses gains and 
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time constants which are nonnegative real numbers. The time 

constant is the decay time for the neuron. A negative time 

constant would force the neuron response to be increasing 

instead of decreasing for nonzero initial conditions, which 

is undesirable. A negative gain would switch the response of 

the nonlinearity which would have the effect of reversing a 

neuron's polarity. Therefore, convergence of the learning 

automaton to an optimal action is not desirable and will not 

occur when the reward-penalty reinforcement scheme is used 

since the probability of any action going to 1.0 is not 

possible with this scheme for a nonstationary environment. 

2.2 Incremental Learning 

One of the major problems associated with neural 

network learning is the tendency for the learning to 

progress for some time, with regards to reducing the value 

of an error criterion, but then reach a point where the 

error can no longer be reduced. In the case of trajectory 

learning, this occurs when the integral of the real error, 

C(t) - V(t), is zero but the value of error criterion, which 

is strictly positive, is not. If the integral of the real 

error is zero, then the gradient of the integrated error 

with respect to any of the network parameters must equal 

zero. This implies that the average error versus the system 

parameters is either at a maximum or a minimum. Assuming it 

is at a minimum, then any parameter change around the 
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neighborhood of the existing parameters can only increase 

the error. 

This condition may be visualized by considering a 

surface in an N2+2N+l-space, where the N2+2N axes correspond 

to the parameters of the neural network, and the final 

dimension corresponds to the error criterion. The error has 

been reduced vis-a-vis the parameters but has fallen into an 

energy well, called a local minimum, from which the type of 

parameter changes already used in the learning cannot remove 

it. Some radical change to the parameters is then required 

to enable learning to progress. It may be necessary to 

increase the error initially in order to enable learning to 

progress. It may also be the case that no change, other than 

restarting the learning from another set of initial 

conditions, may enable learning to progress past the error 

value achieved at the local minimum. 

A solution to the problem of getting stuck at local 

minima is to control the evolution of the learning so that 

the integral of the real error is close to zero only when 

the strictly positive error criterion is close to zero. In 

this way, the problem of the learning progressing into a 

local minimum is minimized. This can be accomplished by 

setting small learning goals from the present state of the 

neural network to the final desired state. Such a strategy 

is particularly useful in the learning of continuous 

trajectories. 
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For example, assume that it is desired that a dynamic, 

recurrent neural network learn the trajectory 

Let v0(t) be the initial trajectory of the neural network 

for some initial state of the neurons and some initial set 

of parameters. Note that the initial state must be nonzero; 

otherwise, the output of the neural network will remain at 

zero. Select an arbitrary number of learning targets, say 

100. Then these learning targets are defined by 

When v0(t) « ci(t) within some predetermined error bound, 

the next learning target becomes Ci+i(t). Learning 

progresses through these increments until the final desired 

target is reached. Figure 11 shows a succession of these 

desired trajectories which represent incremental targets, 

assuming that the initial trajectory of the network is close 

to zero. 

v(t) = 0 .5sin (TT* time) , for 0 s time s 1.0 (77) 

CJt) = v0(t) + 

(78) 
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Figure 11 Trajectory Targets 

2.3 Neural Network Structure Variation 

The actions of the learning automaton are already 

defined as incrementing or decrementing the parameters of 

the neural network. The size of these increments has yet to 

be determined. Since there are no criteria available for the 

selection of the increment size, it is set at some 

arbitrarily small value, then applied as a structure change 

to the selected parameter. If the error is reduced by the 

structure change, the increment is increased and tried 

again. This process is continued until the selected 

structure change is no longer successful at reducing the 

error. At that point, a new structure change is selected 
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based on the probability distribution in the learning 

automaton. This completely defines the actions of the 

learning automaton. 

Once the error is within some specified bound, the next 

trajectory target is used for the calculation of the error 

criterion. 
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Chapter Three 

Simulation 

3.O Simulation Structure 

A program was written in C to simulate the neural 

network/learning automaton system. The major data structures 

and algorithms are described below. 

Three sets of simulations are performed. The first two 

involve a comparison test between the learning automaton 

method of neural network training and a gradient descent 

approach. For comparison, one of the benchmark trajectories 

defined in the literature will be used. This is the circle 

trajectory. The third simulation set will be applications of 

neural networks to control problems. 

The circle is generated by a neural network with two 

outputs; the first output generates a sine wave of set 

amplitude and frequency while the second output generates a 

cosine wave of the same amplitude and frequency, or 
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v01{t) = A-sin(ovfc) . . 
vo2(t) = A'c os(co0-t) 

The generation of the circle is shown in Figure 12. 

v1(t)-sln(cit) 

V«2 

Figure 12 Circle Generation 

3. l Data Structures 

3.1.1 Neural Network Structures 

The following data structures define the parameters and 

states of the neural network being trained. The dimension of 

the array is given by the value in brackets. Note that this 

is the convention for the C programming language. 

1. wij[t][f] - This two dimensional array holds the 

interconnection weights. It has size 

t x f where the first index is the 
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neuron to which the weight goes and the 

second index is the neuron the 

connection is coming from. 

2. tau[t] - This array holds the relaxation time 

constants for the t neurons of the network. 

3. gain[t] - This array holds the nonlinearity gains 

for the t neurons of the system. 

4. v[t] - These are the neuron outputs. 

5. h[t] - These are the intermediate sums of the 

weighted outputs of the neurons at neuron t. 

3.1.2 Learning Automaton Data Structures 

The only learning automaton structure that needs to be 

stored is the discrete probability distribution function of 

the automaton actions. This is stored as an array of real 

numbers whose sum is 1 and has dimension 2(N2 + 2N). Its use 

is described below. 

3.1.3 Gradient Descent Data Structures 

The gradient descent method uses the same neural 

network data structures as the learning automaton. 

3.2 Algorithms 

3.2.1 Learning Automaton Algorithms 

A fourth order, Runge-Kutta algorithm is used to 

integrate the neuron differential equations for all 

simulations and plant differential equations for the control 

system simulations. A time increment of 0.02*T is selected 
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for the integration time constant, where T is approximately 

the period of the trajectory to be generated. This 

integration algorithm has a relative accuracy of 0.0001, 

which is accurate enough for the parameters and signals in 

question. 

An output function, a(n), must be generated for the 

stochastic automaton structure. This output function maps 

the trial, n, into a selection of the appropriate action to 

take in a probabalistic fashion. Since these action 

probabilities are unknown at the start of the experiment, 

they are initialized to a uniform distribution. Then, as the 

experiment progresses and successful actions are found, a 

discrete probability density function is built up, with the 

probability for a particular action being increased or 

decreased by the reinforcement functions, equations (75) and 

(76). 

As the density function is being generated it is used 

for parameter selection; i.e., action generation. This is 

done by generating uniformly distributed random numbers and 

then summing the numbers in the density function to create a 

distribution function until the generated random number is 

greater than the sum. The action is selected at the point 

where the sum of the densities is greater than the uniform 

random number. This is known as the inverse distribution 

method. The uniform random numbers are generated by the 

Lewis-Paine method [4]. 
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A method of teacher forcing, similar to that used by 

Williams and Zipser [16] for trajectory learning, was used 

for the learning of the circle. The learning steps were used 

as output feedback to the neurons of the network instead of 

the actual outputs. When the fiftieth step was reached, 

teacher forcing was disabled, and the actual outputs were 

used until the training was complete. Teacher forcing was 

not used for the control learning problems. 

In the case of trajectory learning, the teacher forcing 

signal is the desired trajectory learning increment function 

and is fed back to the other neurons in the recurrent 

configuration. In the case of control signal generation, 

however, the appropriate network output is not known, and 

therefore teacher forcing cannot be used, since the 

appropriate signal cannot be fed back into the recurrent 

configuration. 

The actual trajectory learned for the circle is 

val{t) = (1 - e_a'c) -sin(Tft) . 
vo2 (t) = (1 - e~o t) *cos (n't) 

where a is used to control the trajectory rise time rather 

than try to force the network to generate the circle with an 

unknown rise time. The value of a was varied during the 

experiments to determine the consequences of varying the 

trajectory rise time. Note that the state of the neurons at 

the beginning of the trajectory is a set of random numbers 
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approximately equal to zero. 

3.2.2 Gradient Descent Algorithms 

For the most part, gradient descent algorithms have 

been used to train dynamic, recurrent neural networks to 

generate trajectories; for example, see Pearlmutter [17] and 

Toomarian and Barhen [18]. Therefore it is desirable to 

compare the learning automaton approach to trajectory 

learning with the gradient descent methods. 

For calculation of the gradients, a simple 

approximation of the partial derivative is used: 

In this case, E(p) is the value of the error for the present 

value of p. The increment, A, is arbitrarily set to a small 

value — l.OxlO-8. By the definition of the derivative of a 

real function, 

as the value of At approaches 0, the derivative is more 

accurate. With a value for A of 1.0xl0~8, the gradient will 

be very accurate, relative to the values of the trajectories 

being generated. 

This method of gradient calculation was selected over 

others; such as Toomarian and Barhen [18], and Pearlmutter 

[17], because of its simplicity. It was also found to be 

more accurate than the other methods because of the accuracy 

dE _ £( p+A) - JE^ p) 
dp A 

(81) 

df( t) _ lim f(t+At) - f(t) 
dt At-0 At 

(82) 
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of the integration algorithm used. In the case of these 

other gradient methods, only a forward Euler method was 

used, which is somewhat inaccurate, on the order of 0.1, or 

about one significant digit. The inaccuracy causes errors to 

build up in the calculations which in turn will cause errors 

in the final gradients. 

As a modification to normal gradient descent, the 

effectiveness of the gradient was tested before any 

permanent change was made to the neural network structure. 

In some cases, the neighborhood of the gradient around the 

parameter being tested may be very small, and when the 

gradient is multiplied by the learning rate, the resulting 

change in the parameter may cause the error to increase 

instead of to decrease. Therefore, the change in the 

parameter was tested before a permanent change to the 

network was made. If the error was increased, smaller values 

of the learning rate were tried until a resulting change in 

the parameter did indeed reduce the error or, after three 

unsuccessful attempts, the parameter was not changed. 

The parameters were selected for testing in an 

arbitrary order, and a parameter was not tested again until 

all of the other parameters had been tested. This 

constitutes one loop. 

A method of teacher forcing, similar to the one used by 

Toomarian and Barhen was used. In their scheme, two feedback 

signals are generated; however, only one signal is input to 
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one output neuron. For the circle trajectory 

if voutdes(t) = k'sin(iz't) (83) 
2 7 

then vTF = X-[ic-3in(7fC:) ] 9 [iosin (it*t) - vout(t)] 9 

and 

if voutdee( t) = k'cos (n*fc) (84) 
2 7 

then vTF = X [Jc-cos (u-t) ] 9 [iccos (jr-t) - voufc(t)] 9 

where voutdea(t) is the desired output and vTF(t) is the 

teacher forcing signal. 

Toomarian and Barhen use 

however this was found to be difficult to initialize. In 

this case, T, is the loop count. When the simulation is 

started, there is an initial value for the error. When this 

is substituted into equation (82), A instantaneously changes 

and the teacher forcing instantaneously changes. This 

changes the error and an unstable situation occurs. If an 

initial value of error can be selected such that this 

instability does not occur, then equation (82) is 

satisfactory. 

A better expression for X was found to be 

j _ fl.O, for erior>0.9 (86) 
\1.0-0.01*(a), for a > loop count at error=0.9 

This was found to have better convergence properties than 

the coefficient used by Toomarian and Barhen. 

X (t) = 1 - e~EM (85) 
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3.3 Program Structure 

The program structure is essentially modular and 

linear. The program starts out with initialization of the 

parameters before learning commences. Integration and random 

number generation routines are in separate modules. The 

program proceeds to reduce the errors until the final 

objective is achieved or until no further progress in 

learning can be achieved. Final results are written to a 

data file. 

3.4 Comparison of Methods 

In order to determine the functionality of the learning 

automaton method of training dynamic recurrent neural 

networks, some method of comparison must be made between the 

automaton method and the several gradient descent methods. 

The following table summarizes the comparison of memory and 

program requirements for the learning automaton approach and 

the three gradient descent approaches discussed above. 

As can be seen, the simple gradient method has better 

properties than the other gradient methods for the same set 

of initial conditions and provides a better comparison for 

the learning automaton method. In the bottom row of the 

table, a loop for the gradient descent method has been 

previously defined as one gradient calculation for each 

parameter. A loop for the learning automaton method is 

defined to be an action, so this comparison for the methods 
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Table I Comparison of Learning Methods 

learning 
automaton 

Pearlmutter Toomarian 
-Barhen 

simple 
gradient 

computational 
complexity 

medium medium high low 

memory 0(N2) 0 (N3) 0 (N3) 0 (N2) 

accuracy high low medium medium 

computational 
time 

2000 loops 10000 loops 200 loops 200 
loops 

may not be appropriate. 
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Chapter Four 
Trajectory Learning Results 

4.0 Simulation Environment 

The simulations were run on a personal computer 

compatible with an IBM PC/AT using an Intel 80386 processor 

with an 80387 coprocessor, both operating at 25 MHz. 

For each trajectory learning simulation, a dynamic 

recurrent network was used consisting of six neurons. Four 

neurons were hidden nodes and two neurons were used as 

output nodes. There were no input nodes. 

4.1 Circle Trajectory 

The results of three runs for learning a circle 

trajectory using the learning automaton approach are shown 

in the experiments below. The tables list three sets of 

network parameters while the figures show the actual 

trajectories output by the neural network. The time to 

complete the simulations ranged from 5 hours to 24 hours. 

The results shown are only for the initial conditions 

used; that is, for the initial states of the outputs of the 
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neurons. If a trajectory is started from a different set of 

initial conditions, the desired trajectory will not be 

achieved. 

4.1.1 Experiment 1 

For the first experiment, the weights were initialized 

to 0, the time constants were initialized to random numbers 

centered around 6.0 and the gains were initialized to 10.0. 

The initial neuron outputs were initialized to small random 

numbers centered around zero. The results of the simulation 

are shown below. 

Figure 13 shows the parameter changes or actions that 

were attempted by the automaton for each learning increment. 

This shows how the automaton gained experience with the 

environment as the learning progressed. For this experiment, 

teacher forcing was used for the first fifty learning steps 

and was then removed. Note that learning appears to be 

easier when teacher forcing is active. However, teacher 

forcing only teaches the network how to output the desired 

trajectory if that trajectory were already present. 

Therefore at step 50, when the teacher forcing is removed, 

the network output is not the desired output at step 50; it 

is something similar but with a much lower amplitude. 

After step 50, learning becomes more difficult, as the 

network must now meet the learning goals on its own. Figure 

13 shows that learning increased in difficulty until step 

82, then the automaton had enough experience to begin making 
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better selections. This is not always the case, as later 

experiments show. 

M> -

-

1*0 -

m -

» -

learning step40 90 « M 

Figure 13 Actions per Learning Increment - Experiment 
1 

Figure 14 shows the final trajectory after learning has 

been completed. The time over which trajectory learning was 

simulated was 4.0 seconds. In this case, the simulation time 

was extended to 8.0 seconds to see how stable the circle 

trajectory was. It can be seen that the trajectory is 

approaching a limit after 8.0 seconds, so the trajectory is 

stable. 



80 

M -

<M 
tt -

4J 

41 44 •U u u 
neuron output 1 

Figure 14 Final Trajectory - Experiment 1 

The final neural network parameters are in the tables below. 

Table II Neuron Interconnection Weights 

from/to 0 1 2 3 4 5 

0 -0.008 0.22325 -1.5005 7.4225 1 o
 

• o
 
H
 

-0.05175 

1 0. 008 0.03775 -0.02475 5.8135 0.00025 0.00025 

2 0.0105 0.0545 0.00075 2.54275 -0.00025 0.00025 

3 0.00025 -0.00075 -0.00975 0.05225 

o
 • 

o
 

o
 • 

o
 

4 0.0975 0.0665 1.0395 7.09625 0.1 -0.00075 

5 -0.214 3.0665 -5.73675 -13.1578 0.14475 -0.00125 
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Table III Neuron Time Constants and 
Gains 

neuron tau gain 

0 3.982919 11.47875 

1 1.66565 10.69375 

2 2.402844 13.7225 

3 1.932819 7.62575 

4 6.916434 11.56275 

5 2.401347 10.41225 

4.1.2 Experiment 2 

It is desired to determine what the effect of 

increasing the learning time might have on the learning 

performance. For this experiment, the learning time was 

increased from 4.0 seconds to 5.0 seconds with a 

proportional increase in the error tolerance from 0.06 to 

0.075 to account for the increased time of integration of 

the error criterion. In addition, the rise time is reduced 

from 1.2 seconds to 0.8 seconds. 

The parameters were initialized randomly to the same 

range of values as for the previous experiment. 

Teacher forcing was used only for the first 25 steps 

instead of the first 50 steps. Since teacher forcing is only 

used to get the learning started more quickly, it is desired 

to determine if it can be taken off more quickly so that 

real learning may start earlier. 



82 

These conditions give similar results as those of the 

previous experiment as is seen from the trajectory plot in 

Figure 15. 

If-
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Figure 15 Final Trajectory - Experiment 4 

A plot for actions per learning increment is shown in 

Figure 16. Note that learning became more difficult after 

step 85. This may be due to several factors; the inability 

of the neural network to generate a trajectory that differs 

from the desired trajectory or, more possibly, the reduction 

in the ability of actions to reduce the error; that is, 

where a particular action may have reduced the error by a 

certain amount 6, the action may later only reduce the error 

by only a fraction of 6. In this case more actions need to 

be taken to meet the learning target. 

The neural network has been successful in learning the 



desired trajectory with this set of operating conditions. 
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Figure 16 Changes per Learning Step 
Experiment 4 

Table IV Neuron Interconnection Weights - Experiment 2 

from/to 0 1 2 3 4 5 

0 0.021725 -0.00048 -0.35855 -0.0038 

o
 • 

o
 0.0 

1 -0.0748 0.000050 1.47298 0.16038 o
 

•
 
o
 o

 

o
 

2 -0.000275 -0.0001 0.141325 -0.050 

o
 •
 

o
 0.0 

3 0.020475 0.061 -0.165525 -0.00988 0.0 

O
 

o
 

4 -36.44003 -0.291 140.679 -6.30725 0.10038 -0.02148 

5 -21.15035 11.12045 -127.9962 23.8286 0.03058 0.061525 
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Table V Time Constants and Gains - Experiment 
2 

neuron tau gain 

0 3.313519 10.916125 

1 4.484987 9.686070 

2 0.957068 9.236622 

3 46.049375 8.068208 

4 11.283719 10.165453 

5 5.45620 15.918817 

4.1.3 Experiment 3 - A Nonlinear Reinforcement scheme 

It is desired to continue the trend investigated in the 

previous experiment; that is, reduce the trajectory rise 

time and determine its effect on the ability of the neural 

network to accurately generate the desired trajectory. 

However, it was found that the learning automaton actions 

were not adequate for training the network for this 

trajectory. Some of this failing is due to the learning 

automaton only modifying one parameter at a time; there is 

no provision for determining the effects of modifying more 

than one parameter. Since the neural network is nonlinear, 

the effect of changing more than one parameter at a time 

will not be the same as the combined effect of changing them 

individually. 

For this experiment, a different learning method was 

used with somewhat different initial conditions. A nonlinear 

reinforcement scheme is used. It is nonlinear in the sense 
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that the probability of selection of a particular action is 

changed in a nonlinear fashion instead of a linear method as 

given in equations (75) and (76) . 

In addition, a new set of learning automaton actions is 

created, where multiple parameter actions are allowed. The 

number of actions now increases. Consider a six neuron 

network. There are 36 weights, 6 time constants and 6 gains. 

The number of possible actions is now the number of 

permutations of the 36 weights multiplied by the number of 

combinations of time constants and gains. The number of 

permutations of the weights taken from l at a time to 6 at a 

time needs to be used since weight wij is not the same as 

weight w.^ or 36!, while the number of combinations of 6 

things taken from 1 to six at a time is needed for the time 

constants and gains. The number of actions in this case is 

number of actions = (JW2 +2*iV) ! . (87) 

In order to reduce this number to something more 

manageable, the actions are limited to those for which the 

number of changed parameters is less than or equal to 10. 

However, even with this reduction, the number of actions is 

still quite large. In addition the probability density 

function becomes 10-dimensional. 

As a result of the above issues, the reinforcement 

scheme is changed to take into account this increase in 

complexity. The successful actions are stored in a 
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repertoire. An action is added to the repertoire if it can 

be used successfully to reduce the error. If an action in 

the repertoire does not successfully reduce the error, it is 

removed. Once all behavior modifications in the repertoire 

have been used, new behavior modifications are selected 

randomly, based on a uniform distribution of all possible 

behavior modifications. If it takes fewer behavior 

modifications to reduce the error to its target value than 

are in the repertoire, then those behaviors are not used for 

achieving the learning target. When rewarded, the 

probability for an action in the repertoire stays at its 

previous value, whereas for a successful action not in the 

repertoire it is increased from its value in the uniform 

distribution to some other value. When penalized, the action 

probability is reduced to its value in the uniform 

distribution. In addition, actions are removed from the 

repertoire if they are not used; that is, if the behaviors 

ahead of it in the repertoire are sufficient to meet some 

number of learning goals, say 10, then the unused behavior 

is removed from the repertoire to make room for others that 

might be needed. 

The learning algorithm is described in the following 

steps: 

1. At the start of learning, parameters are selected 

randomly, except gains which are set to 10.0 on 

hidden layer neurons and 1.0 for output layer 
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neurons. These values are not changed during 

learning. 

2. If an action has been used successfully, it is saved 

in a repertoire of learning actions. 

3. Learning proceeds stepwise incrementally as before. 

4. In any learning step, the learning actions in the 

repertoire are used first. Once these have been 

exhausted, new actions are selected at random until 

the step has been successfully learned. 

5. Successful learning actions are placed at the bottom 

of the repertoire. Unsuccessful actions are deleted. 

6. The size of the incremental changes to the 

parameters are scheduled based on the learning step 

and the size of the error; furthermore, these are 

scheduled to decrease with the step and the error. 

7. The duration of the learning is started out with a 

time of 2.0 seconds. It is increased incrementally 

after the 50th step until it reaches 4.0 seconds, or 

two complete cycles of the circle. This was done to 

reduce computation time. 

The results using this method were better than with the 

linear method used in the first two experiments, as is shown 

in the figure below. These results compare with the same 

results achieved by Toomarian and Barhen [16] for the case 

where learning was started with the values of the output 

neurons on the circle. This level of accuracy could not be 
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achieved with their method when learning was started at 

approximately the same initial conditions as in this 

experiment. 

One reason for the better results in this case is that 

the trajectory rise time was decreased to 0.2 seconds, so 

the waveform essentially stopped increasing in amplitude 

before the end of the simulation time during training. Also, 

since more than one parameter can be changed for each 

behavior modification, other nonlinear effects come into 

play which cannot occur with the linear reinforcement scheme 

of the previous experiments. 

In this case, learning was restricted to changes in the 

weights and time constants. Other experiments would have to 

be done in order to determine what effects would occur if 

learning was extended to the gains. This would have the 

disadvantage of increasing the amount of memory required to 

store the behavior modifications. 
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Figure 17 Trajectory From Nonlinear Learning 

Figure 18 shows the number of behavior modifications 

stored per learning step. In this case, learning is easier 

at the beginning, becomes difficult, but then becomes easier 

again. 



learning step 

Figure 18 Behavior Modifications Stored 

Table VI Neuron Interconnection Weights - Experiment 3 

from/to 0 1  2 3  4 5 

0  -0.02847 0.37719 0.41382 0.89337 -0.38815 -0.16833 

1 -0.44113 -0.37424 -0.12475 0.35261 -0.15201 -0.33707 

2 -0 .10397 -0.41506 0.1331 -0.155223 0.57979 0.071725 

3 -0 .02099 0.06476 0.069281 0.126604 0.033235 -0.18256 

4 0.35916 -0.3247 0.24363 0.56533 0.33486 -3.10767 

5 0 .1637 -0.25548 0.080121 0.05760 0.46822 0.40242 
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Table VII Time Constants and Gains 
Experiment 3 

neuron tau gain 

0 4.54595 10. 0 

1 1.387306 
o
 • 

o
 
H
 

2 56.813994 

O
 • 

o
 
H
 

3 5.472248 

O
 • 

o
 
H
 

4 2.419643 1.0 

5 6.179582 1.0 

4.2 Experiment 4 - Gradient Descent Learning 

For this experiment, the gradient descent algorithm was 

used. Initial conditions used were the same as used by 

Toomarian and Barhen [18]; that is, the weights were set to 

positive and negative random numbers of magnitude 0.1 

centered around 0, the time constants and gains were set to 

similar conditions as before, and the initial neuron outputs 

were set to random numbers of magnitude 0.1 centered around 

zero. 

The error reduction versus time is shown in Figure 19. 

The error is approximately the same value as was achieved by 

Toomarian and Barhen [16] in a fewer number of loops, and 

the computation time is less. Their error graph is shown in 

Figure 20. 
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The final output is shown in Figure 21. Although, a 

circle is not achieved, there is a stable limit cycle with 

an amplitude of about half of the desired 0.5. Learning 

progressed until the error could not be reduced past this 

point. This also compares favorably with the Toomarian and 

Barhen approach. 

error 

Figure 19 Error Vs. Time for Gradient Learning 
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Figure 21 Final Trajectory from Gradient Learning 
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The main purpose of this experiment is to compare the 

gradient descent method with the learning automaton approach 

to trajectory learning. In terms of computation time, the 

two methods are equivalent, both reaching solutions in about 

5 hours. In terms of the accuracy of the results for similar 

sets of initial conditions, the learning automaton approach 

is shown to be superior. However, its real utility will be 

demonstrated in the design of controllers. 
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Chapter Five 

Neural Control 

5.0 Control System Design 

It is desired to use a neural network as a controller 

in a feedback configuration. However it is desired that the 

neural network be more than just a compensator; that is, it 

is not used in a configuration where its input is an error 

signal. Instead, the inputs to the network are the reference 

input and plant feedback — either output or state —, and 

its output is the control signal(s) to the plant. This is 

shown schematically in Figure 22. 

A configuration such as this has been shown to be 

effective in control systems applications by Ichikawa and 

Sawa [33]. However in their application, static neurons were 

employed in a perceptron type of arrangement and a genetic 

learning algorithm was used for training. 

In this chapter, the learning automaton approach will 

be used for training with dynamic neurons in the network. 

The learning steps will now be generated from the desired 
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Figure 22 Control System Configuration 

output of the plant instead of the desired output of the 

neural network. 

Note that in all cases, the terra input node is used to 

identify input signals to the neural network and does not 

imply that the input node is a neuron. 

5.1 Control of a Linear Plant 

It is desired to generate a control signal for a plant 

having a transfer function 

G(s) = 1-° . (88) 
s(s+1.0) 

The desired output for the plant is 

y(t) = {C 

The learning automaton approach with linear 

/0.25*time, for 0  £  time < 2 . 0  
0.5, for time ̂ 2.0 

(89) 
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reinforcement and one parameter actions is used for this 

experiment. The error criterion to be used by the 

environment is now relative to the output of the plant 

instead of the output of the neural network. Incremental 

learning is also used with 50 learning steps. 

The neural network will consist of two input nodes, 

five hidden nodes and one output node. The inputs to the 

network consist of the desired output, shown in equation 

(89), which will act as the reference input and the actual 

output of the plant for feedback. The output neuron is 

connected directly to the plant. This is shown schematically 

in the figure below. Note that the network is a recurrent 

one so that each neuron is connected to all other neurons. 

For clarity, not all of the connections are shown in the 

diagram. 

This particular network was selected for the experiment 

because it was the same size as the configuration used to 

generate the circle trajectory. It was assumed that the same 

type of signal would be required from the output, in that it 

would have a similar spectrum and amplitude, although not 

necessarily exactly the same ones. 

The final system parameters and signals generated are 

shown below. 
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Figure 23 Neural Network/Plant configuration 

Table VIII Neuron Interconnection Weights - Control System 

to/from 0 1 2 3  4 5 

0  8.17739 -0.01354 -0.01909 -0.04654 -2.42612 0.00228 

1  -9.6699 0.03896 0.01682 0.03016 -4.9379 -0.03436 

2 -4 .94147 0.006823 0.06394 -0.08458 4.91281 0.037213 

3 -4 .17068 0.03779 0.06410 0.000921 -7.33842 -0.02187 

4 7.30146 -0.00828 -0.00586 -0.02034 19.5449 0.00184 

5 12.20746 -0.02826 -0.34186 0.03763 2.4321 0.05052 

6 43.0403 -0.00347 0.00339 -0.01193 42.9410 0.04573 

7 13.2360 -0.00764 -0.03016 0.0250 9.76821 -0.05278 



Table IX Time Constants and Gains 

neuron time constant gain 

0 25.0 50. 0 

1 25.0 8.241445 

2 1.706567 9.353442 

3 25.0 42.847826 

4 25.0 50.0 

5 25.0 16.477181 

o 

s 

1.3 2 a 3.3 0 0.3 1 
Tlnw I n Seconds 

Figure 24 Generated Control Signal 



fcf -

M -

U 

u 1 14 > I 4 

TWhlwh 

Figure 25 Desired and Actual Outputs 

0.06 

0.03 

0,02 -

-0.01 -

-0.02 

1.5 3 3.3 2 2.5 0 0.5 1 

Timet in 5*condc 

Figure 26 Output Error 
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In this case, the neural network has met its 

performance criterion. Note that in Table IX, several of the 

time constants and gains were attained an upper limit during 

the learning; 25.0 for the time constants and 50.0 for the 

gains. This was done to determine the effect of limiting of 

these values as the learning progressed. In this case, the 

neural network was still able to learn to generate a control 

signal to meet the specifications. As shown in Figure 26, 

the error was kept below 0.05 for most of the trajectory. 

There are no instabilities present in the control signal. 

The low magnitude of many of the weights suggests that 

fewer neurons are needed than were used in the network 

configuration. Most of the error is at the points where the 

signal changes the most; that is, at the beginning and at 

the point of inflection at 2.0 seconds. Clamping the time 

constants at 25.0 shows that most of the learning effort 

went into meeting the high frequency requirements of the 

trajectory. 

Even though the plant is linear, note that the control 

signal does not appear as an output of a linear controller 

might; a smoother waveform would be expected. But this 

control still meets the requirements. 

The robustness of the neural controller to changes in 

the initial conditions must be determined. Let the initial 

outputs of the neural network and the initial states of the 

plant be set to random numbers centered around zero with a 
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maximum magnitude of 0.1. The results for this simulation 

are shown in Figure 27. As can be seen, the output of the 

plant still tracks well for this change, so the neural 

controller is indeed robust. 

5.2 Nonlinear Plant stabilization and Control 

5.2.1 Stabilization 

As mentioned in Chapter 1, Ichikawa and Sawa have 

applied neural networks to the problem of stabilizing a 

nonlinear system. They used a perceptron-like network of 

layers of static neurons to achieve their goal. For 

comparison, a dynamic recurrent network is used to stabilize 

the same system. The learning automaton will again use the 

single parameter actions with linear reinforcement. 

The system dynamics are given by 

desired output 

actual output 

u 
limo In Seconds" 

Figure 27 Response for Random Initialization 
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= sgn(x)-uin , (90) 
dt2 

where x is the plant output and uin is the plant input. 

The error criterion to be used for this experiment is 

to simply minimize the difference between the plant output 

at some specified time, in this case 10 seconds, and zero. 

So incremental learning as used in the previous experiments 

is not needed. 

Obviously, if the plant is at zero initial conditions, 

then it will remain at zero, so some set of initial 

conditions is specified. In this case, the output of the 

plant can either start at +1 or -1. The derivative is set 

equal to 0 at t=0. 

It then becomes the task of the learning automaton to 

train the network to force the system to zero for both sets 

of initial conditions. State feedback will be used for the 

system, where the states are defined to be the position 

variable, x, and its time derivative, dx/dt. The error 

criterion to use is then to drive x and dx/dt to zero for 

both sets of initial conditions. 

The configuration of the system together with the 

neural network controller is the same as that shown in 

Figure 22, with the exceptions that there is no reference 

input, the neural network has eight neurons instead of six, 

where seven neurons comprise the hidden nodes and one neuron 

is the output node, and a gain of 10.0 has been placed 
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between the network and the plant. The inputs to the network 

are the states of the plant. The configuration was selected 

after several other network sizes were tried unsuccessfully. 

Because the plant is characterized by a double 

integration to get the position response, longer periods of 

simulation are required to achieve the desired response, on 

the order of 20 to 40 seconds. It was found that the longer 

periods of integration caused the neuron outputs to become 

very large due to the presence of the time constant term on 

the right hand side, so the neuron equation used is 

+ *ivi = tanhicr^w^Vj) . (91) 

Note that the t^ factor has been deleted from the right hand 

side of the equation. The loss of this time constant term 

slows down the response and reduces the magnitude of the 

neuron outputs, so a gain of 10.0 is placed between the 

neural network and the plant. This factor of 10.0 in the 

configuration speeds up the response. 

Figure 28 and Figure 29 show the evolution of the state 

errors versus training loop. Note that these are the errors 

at the end of the trajectory training time, not the initial 

values. An initial training strategy was to allow only 

changes which reduced the errors in both states. It was 

found, however, that the.training might reach a point where 

no further reduction in the error was possible. An alternate 
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strategy which allowed small increases in one error as long 

as the other error decreased was more successful. As can be 

seen in Figure 28, there was a small increase in the error 

in dx/dt around step 200. This allowed further decreases in 

the other error. Note that the error curves evolve in a 

manner similar as those seen for gradient learning. 

D.S -

*• 

400 Q 
loop 

Figure 28 Error in dx/dt Versus Training Loop 
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Figure 29 Error in x Versus Training Loop 

Expediency is defined (see Narendra and Thathachar 

[22]) as the frequency of receiving a penalty reinforcement, 

P = 1, from the environment. As shown in Figure 30, after 

about step 300, the expediency is monotonically increasing. 

This indicates that, for this particular example, no further 

learning is possible; that is, the errors can no longer be 

reduced. 
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The following figures show the final control signals 

generated by the neural network for each set of initial 

conditions and the response of the plant. 
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Figure 32 Plant Output For x(0) = +1 
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Figure 34 Plant Output For x(0) = -1 

So, the learning automaton method can be used to train 

dynamic recurrent network to stabilize a nonlinear plant. 

The final weights and time constants for the network 
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are shown in the tables below. The weights were initialized 

to small random values centered around zero with a maximum 

amplitude of 0.05. The time constants were initialized to 

1.0, since the time constant of the plant has the same order 

of magnitude, and the gains were initialized to 2.0 for the 

same reason. Note that for a time varying input, the neuron 

response is much faster for a large nonlinear gain. 

Table X Neuron Interconnection Weights ... first half 

to/from 0 1 2 3 

0 0.016551 -0.016864 -0.047622 -0.008858 

1 1.286964 0.013887 -0.013694 -0.023658 

2 -0.047948 0.044046 0.047275 -0.798193 

3 0.032955 0.040068 0.035103 0.018619 

4 -0.048456 0.048193 0.038429 -0.01450 

5 -0.001784 0.009158 0.018097 -0.110562 

6 0.032033 -0.001841 -0.010608 0.03710 

7 0.007909 -0.013052 0.049913 -0.198926 

8 0.032124 -0.009596 -0.047206 0.059478 

9 -0.001522 -0.043383 0.039006 0.185164 

Note that since there were fewer loops attempted during 

the learning in this experiment, about 300, versus previous 

experiments, on the order of several thousand, there is not 

much change in the parameters from their initial values, 

especially the time constants and gains. This problem 

appears to be a much simpler problem to solve for the neural 

network/learning automaton than the previous trajectory and 
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Table XI Neuron Interconnection Weights ... second half 

to/from 4 5 6 7 

0 0.023814 0.015311 0.011125 -0.048974 

1 -0.036690 -0.049258 -0.042540 -0.042793 

2 -0.012306 -0.024522 -0.005366 -0.038861 

3 -0.006418 0.009793 -0.003575 0.004720 

4 0.011623 0.023152 -0.054862 -0.044257 

5 -0.043197 0.028011 -0.043582 0.033647 

6 0.013097 0.018003 -0.038408 0.036652 

7 0.017717 0.103699 0.068462 -0.009631 

8 0.079204 0.001854 0,016817 0.04799 

9 0.018967 -0.367236 0.029181 -0.047887 

control system experiments. 

In this case, it is difficult to make a comparison 

between the learning automaton approach and the genetic 

learning approach used by Ichikawa and Sawa. They used a 

population size of 20 with a maximum number of generations 

of 100. Ten loops were run per generation. This gives a 

total loop number of 20000, which is much larger than the 

number of loops run with the learning automaton approach, 

which ran about 200 loops before the error ceased to be 

reduced, possibly due to a local minimum. Ichikawa and Sawa 

used static neurons operating with zero-order holds in order 

to mimic the operation of a digital filter, whereas a 

continuous-time simulation was run with the learning 

automaton and the dynamic neurons. After training was 

complete, stabilization also occurred in roughly the same 
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amount of time, between 10 and 20 seconds. In terms of loop 

count and the number of individual neural networks trained, 

the learning automaton approach has an advantage. 

Table XII Time constants & Gains 

neuron tau gain 

0 1.0 2.0 

1 i->
 

• o
 

2.012 

2 1.0 2.0 

3 1.0 2.0 

4 1.0 2.0 

5 
o
 • 

H
 2.45360 

6 1.0 2.0 

7 1.0 2.0 

Although not specifically performed by Ichikawa and 

Sawa, it is desirable to know if the system stabilizes for 

other sets of initial conditions. The results for another 

set of initial conditions are shown in Figure 35. 

As can be seen from the graph below, the neural network 

has been able to generate control signals which stabilize 

the nonlinear plant with a response that is similar for the 

case where x(0) = ± 1.0. The plant response appears to be 

scaled down by 0.5; which is same scaling as the size of the 

initial conditions. 
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Figure 35 Output for Alternate Initial 
Conditions 

For the stabilization experiment, the neural network 

was trained to perform two tasks; that is, stabilize the 

plant for two sets of initial conditions. This is in 

contrast to the linear tracking problem where the network 

was only required to solve one problem. This suggests that 

adaptability of the controller may be a result of the number 

of cases that the network is trained to handle. 

5.2.2 Nonlinear Control 

Consider the nonlinear system defined by the following 

state equations: 

=u(t) - x1 (t) -x2 (t) , (92) 

and 
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It is desired to design a tracking controller for this 

system to meet the requirements defined in equation (89). 

The single parameter action automaton with linear 

reinforcement is used for training, along with incremental 

learning. For this problem, 50 learning increments are used 

with a network of eight neurons, comprising seven hidden 

nodes and one output node. The error criterion used is the 

integral of the absolute value of the error with a target 

final value of 0.06. This network size was arrived at by 

experimentation. 

As can be seen in Figure 36, the neural network has 

learned to achieve its results quite well. The control 

signal generated by the neural network and the final 

parameter values are shown below, along with a plot of the 

error. These results are comparable to the results achieved 

with the linear plant. 
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Figure 37 Desired and Actual Plant Response 



116 

0.03 -

a 3 .  S  a A e o.» 1 1. s 

Figure 38 Error For Nonlinear PLant 

Table XIII Neuron Interconnection Weights 1 -
Nonlinear Control System 

to/from 0 1 2 3 

0 -0.0083 0.06121 0.05821 -0.2779 

1 0.03158 -0.00653 0.03078 0.04703 

2 0.04721 0.02966 0.02840 -0.00585 

3 0.03681 0.01039 0.00174 0.01648 

4 -0.01119 0.00793 0.04702 0.01321 

5 -0.02525 -0.02407 0.05366 0.04230 

6 -0.02693 -0.08295 0.02417 -0.03866 

7 0.04036 0.01727 -0.04265 -0.00219 

8 0.03933 -0.07188 0.02071 -0.02021 

9 -0.03451 0.07220 -0.02062 -0.0010 
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Table XIV Neuron Interconnection Weights 2 -
Nonlinear Plant 

to/from 4 5 6 7 

0 -2.6299 0.02762 0.01421 0.03657 

1 3.03528 -0.00066 0.00221 -0.02047 

2 4.74659 0.01068 0.04052 0.0310 

3 8.62614 -0.04197 -0.02234 -0.04607 

4 3.79768 0.02522 -0.01270 -0.0219 

5 2.1440 0.04487 -0.04050 0.023643 

6 -2.06235 -0.02081 0.05969 0.05319 

7 -1.0304 -0.07284 0.00602 -0.01096 

8 -43.4050 0.03050 0.01070 0.03929 

9 7.2743 0.02079 -0.03767 -0.01245 

Table XV Time Constants and Gains 

neuron tau gain 

0 6.905936 9.455895 

1 4.412911 9.411852 

2 3.895649 8.078579 

3 30.0 50.0 

4 30.0 49.9999 

5 2.533961 11.550721 

6 7.385071 10.499654 

7 30.0 11.425292 

As with the neural control of the linear plant, it is 

desired to determine if the controller is robust with 

respect to alternate initial conditions. The figure below 

shows that this is again the case. In this instance, the 

same type of initial conditions are used; that is, random 
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numbers centered around zero with a maximum magnitude of 

0.1. So this neural controller is robust with respect to 

changes in the initial conditions. 

U  

actual output 

U 4 U I 11 t u 
Tim© In Sooonda 

Figure 39 Response for Random Initialization 
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Chapter Six 

Conclusions 

6.0 Contributions 

It has been shown that the method of the learning 

automaton can be successfully applied to the training of 

dynamic recurrent neural networks. This method is a 

formalization of the method of reinforcement training that 

has been used successfully with static networks in the past. 

The learning automaton method enables the neural network to 

gain experience with its environment and be trained based on 

that experience. 

It has been demonstrated that dynamic, recurrent neural 

networks can be trained to generate the circle trajectory, 

learn to generate control signals to linear plants based on 

a specification of the desired output of the plant and 

stabilize a nonlinear plant. This training was accomplished 

with the learning automaton. These controllers have been 

shown to be robust with respect to changes in the network 

and plant initialization. 

In addition, a simplified gradient descent algorithm 
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has been described for training dynamic, recurrent neural 

networks to generate trajectories. This method compares 

favorably with other methods. It has been shown that 

training neural networks with the learning automaton has 

accuracy and flexibility advantages over the gradient 

descent methods. 

6.2 Topics for Further Investigation 

Many of the parameters used in the learning automaton 

approach have been selected based on trial and error. Some 

investigation will have to be performed in the future to 

determine optimum values for such parameters as: 

1. Increment sizes for changes to the network 

parameters, 

2. Optimum reinforcement functions for rewards and 

penalties, 

3. Less memory intensive methods for constructing the 

learning automaton to handle more complicated 

learning actions; i.e., changes to the neural 

network involving more than one parameter, 

4. Defining more optimal training targets for the 

incremental learning 

5. Most importantly, how to determine an optimum size 

for the neural network vis-a-vis a particular 

problem to be solved. 

In addition, the learning automaton method must be 

applied to train neural networks to control more complex, 



nonlinear systems. 
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