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ABSTRACT 

The theory of structural sub-band decomposition of an FIR filters is extended 

to adaptive filters. It is shown that this sub-band decomposition is equivalent to the 

transform of input data by orthogonal matrices, of which the Walsh-Hadamard 

Transform (WHT) is a special case. Thus, the proposed method is a generalization 

of the transform domain adaptive filtering (TDAF) using WHT, which is already 

known to enhance the convergence speed of adaptive filters. Furthermore, our 

method yields one possible hardware implementation of the fast WHT. 

The convergence behavior of the proposed sub-band adaptive filters is 

simulated using the Least Mean Squares (LMS) and Recursive Least Squares (RLS) 

algorithms. The results show the faster convergence speed of the proposed adaptive 

filters compared to conventional adaptive filters. 
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INTRODUCTION 
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An adaptive filter is defined as a filter whose characteristics can be adaptively 

modified to achieve some objectives. Adaptive filters enjoy wide applications such 

as echo cancellation, adaptive pulse code modulation and channel equalization 

[l]-[7]. With three decades of history, the adaptive filter is still a very active area 

for research in the signal processing community. 

The adaptive filter may be a Finite Impulse Response (FIR) or an Infinite 

Impulse Response (IIR) filter. FIR filters have some advantages over IIR filters such 

as guaranteed stability and linear phase if necessary. Furthermore, FIR filters are 

easier to analyze. The drawback of an FIR filter is the computational cost in its 

implementation, since large taps may be required in many cases. Using interpolator 

and subfilter structure is one example of the effort to reduce this problem [12],[13]. 

The structural sub-band decomposition of FIR filters suggested in [12] uses 

simple interpolators and sparse subfilters. It was shown in [12] that a full N band 

decomposition of an FIR filter of length N = 2L (L is a positive integer) can be 

represented by a (N x N) Hadamard transform. This is of particular importance since 

transform domain adaptive filtering (TDAF) using Walsh-Hadamard Transform 

(WHT) is known to enhance the convergence rate of adaptive filters [8]-[10]. 

The sub-band decomposition method described by Mitra and Mahalanobis [12] 

is more general and can be applied to any FIR filter with N = 2LP taps (L is a positive 

integer and P is a odd number). It was shown that a N = 2LP tap filter can be 

decomposed up to 2L sub-bands. The full N band decomposition is a special case 

when N is a power of 2 (i.e., N = 1L). In this thesis, we study the application of the 
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sub-band decomposition to adaptive filters to enhance convergence speed. The WHT 

TDAF is a special case of the theory of sub-band structural decomposition for 

adaptive filters studied in this thesis. 

A review of adaptive filter algoritlims is presented in Chapter 2. The Least 

Mean Squares (LMS) and Recursive Least Squares (RLS) algorithms are explained 

in the context of the Wiener filter approximation. The Wiener filter theory forms 

the basis of the adaptive algorithms discussed in this thesis. 

A brief review of structural sub-band decomposition is presented in Chapter 3. 

In Chapter 4, the sub-band decomposition is shown to be equivalent to the trans

forming the input vector with a simple orthogonal matrix. The elements of this 

transform matrix are either 1 or -1. Using this relation between input transform and 

sub-band decomposition, adaptive algorithms can be easily designed for the sub-band 

structure. 

In Chapter 5, several simulation results are presented. A variant of LMS called 

normalized LMS (NLMS) is simulated and its convergence behavior for different 

degree of structural decomposition are compared using various input under different 

additive noise conditions. Similar studies are also conducted for the RLS algorithm. 

The simulation results demonstrate improved convergence properties of the sub-

band decomposition method. 

Finally, Chapter 6 identifies new problems of interests and suggestions for 

further study. 

The contributions of this thesis are: 

(1) A new transform which includes the Hadamard Transform as a special case 

is proposed to improve the convergence speed of adaptive filters. This approach 

can be applied to any FIR filter with even number of taps and is a generalization 

of the previous works on WHT TDAF. 
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(2) The relationship between the structural sub-band decomposition and the 

transform domain adaptive filtering (TDAF) using WHT is explained. Using 

the proposed sub-band decomposition structure, the TDAF can be easily 

realized in hardware. 

(3) The TDAF approach, generally used for the LMS algorithm, is extended to 

the RLS algorithm. For both LMS and RLS cases, the convergence speed is 

shown to improve using our method. 
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CHAPTER 2. 

REVIEW OF ADAPTIVE ALGORITHMS 

Adaptive filters have transfer functions that vary with time according to some 

predetermined optimization criteria. The time varying characteristics are necessary 

for some signal processing applications where the required filter characteristics are 

unknown a-priori. Like conventional non-adaptive filters, adaptive filters can be 

realized as FIR or UR structures. 

As noted in Chapter 1, FIR filters have some advantages over 13R filters like 

guaranteed stability, linear phase and analytical simplicity. But FIR filter imple

mentation requires large number of computations. In an effort to reduce this problem, 

a new method based on structurally decomposing a FIR filter into several sub-bands 

has been suggested recently [12]. We apply this structure to adaptive algorithms 

reviewed in this chapter. Our concern is limited to FIR type filters only, and not to 

IIR cases. 

In this chapter, we briefly review the basic theory of adaptive filters as pertinent 

to our research. Although several texts deal with this subject [l]-[7], we closely 

follow the notation of the book by Mulgrew and Cowan [4], since it provides a 

coherent framework for comparing various adaptive algorithms. 

2.1 The adaptive filter 

The general structure of adaptive filter is shown in Figure 2.1. The purpose of 

the adaptive filter in this diagram is to track the desired signal d(n) by adjusting its 

coefficients adaptively. The adaptive algorithms for this purpose have the following 

form: 

h(« +*) = h(n)+/{x(n),y(n),e(n)} (2.1) 
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where h(«) is filter parameters at time n, x(«) is the vector of the past input up to 

time n, y(n) is the vector of past filter output, and e(n) is a vector of past error signal 

defined as: 

e{n) = d{n)-y{n). (2.2) 

The form of function/is important to identify various algorithms: 

• If y(n) does not exist, the filter is FIR type. 

• If vector e(n) is of order one, it is sample by sample basis adaptive filter 

• If e(n) has order greater than one, the adaptive algorithm is of block type. 

x(n programable y(n) ^ 
• filter -

adaptive 
algorithm 

d(n) 

-© 

e(n) 

Figure 2.1 - The adaptive filter 

In this thesis, we only consider non-block type FIR adaptive filter. 

Adaptive filter has three basic modes of operation as shown in Figure 2.2. The 

first structure in Figure 2.2 (a) is called direct modeling or system identification. 

This structure is used in applications like echo cancellation. After convergence the 
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adaptive filter coefficients "match" the coefficients of the unknown system, so that 

the system identification is achieved. (If additive noise is present at the input, the 

response of adaptive filter will not exactly match the unknown system). This mode 

of operation is most widely discussed in adaptive filter literatures. We simulate this 

structure in our work, since in addition to being popular it allows adjustment of 

various parameters independently. 

The second structure in Figure 2.2 (b) represents the inverse system modelling 

problem and used in application such as channel equalization. In this mode, the 

transfer function of the adaptive filter converges to the inverse of the unknown 

system's transfer function. The third structure is called linear prediction. This is the 

basic structure of linear predictive code for speech. The input to the filter is delayed 

version of the desired signal, so the filter predicts the future input. Structure in Figure 

2.2 (b) and 2.2 (c) are not considered in our work. 

e(n) 

x(n) 

unknown 
system 

adaptive 
filter 

adaptive 
filter 

unknown 
system 

(a) 

(b) 

x(n) 

delay adaptive 
filter 

(c) 

Figure 2.2 - Three modes of operation of the adaptive filter 
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2.2 Adaptive FIR filter algorithms 

The adaptive algorithms considered in this thesis are the well known Least 

Mean Squares (LMS) and the Recursive Least Squares (RLS). The basic principle 

of the LMS and RLS algorithms are briefly reviewed in this section. 

The adaptive FIR filter is closely related to the FIR Wiener filter which is 

optimum in a mean-square error (MSE) sense. The Wiener filter equation can be 

derived as a solution to the linear estimation problem shown in Figure 2.3. 

desired 
signal 
(d(n)} 

error 

distorted linear 
signal — ^ 
(*(n)> 

estimated 
signal 
(y(n)} 

Figure 2.3 - Linear estimation problem 

In the Figure 2.3, all signals are expressed as sequences. The estimation problem 

can be stated as follows: 
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• Given the input {*(«)} and a desired signal{</(n)}, find a linear filter hopl which 

gives an optimum estimate^1 (h)} of the desired signal. The criterion of opti-

mality is a positive non-decreasing cost function of the error [e(n)} defined 

as: 

e(n) = d(n)-y(n) (2.3) 

The most widely used cost function is the mean square error (MSE): 

z{n) = E[e\n)]. (2.4) 

where E {•} represents the expectation operator. 

To find the optimum FIR solution, the MSE in (2.4) must be expressed as a 

function of the filter h. Toward this end, we write the output of filter y(n) as 

y(n)= t  h sx(n-i) 
i-O 

= h'x(n) (2.5) 

where the N x 1 vectors h and x(n) are 

h = [/i0  hx  - hN_J (2.6) 

and 

x(n) = [x(n) x(tt-1) ••• x{n -N +1)]'. (2.7) 

If the sequences {*(«)} and {din)} are wide sense stationary (WSS), then by sub

stituting Eqns. (2.S) and (2.3) into Eqn. (2.4) we obtain 

e = E [d\n)] + h'4»^h - 2h'<j>Aj (2.8) 

where is the (N xN) auto-correlation matrix 

Oxt=£[x(«)x'(n)] (2.9) 

and §xd is (N x 1) cross-correlation vector 
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^E[d(nyx(n)]. (2.10) 

Note that the MSE function is quadratic in h, which lends a gradient type solution. 

The minimum for this MSE is obtained by setting the gradient to zero 

ah 

J Be de de T 
[d/f„ dh t  

= 2^h-2^ = 0. (2.11) 

Thus, the optimum filter hopl is the solution to the linear equations 

= (2-12) 

If the matrix is nonsingular, the solution is 

«V = (2.13) 

The filter hop, is the well known Wiener FIR filter. Eqn. (2.12) is called the "normal 

equation". 

Though the Wiener filter is an optimal filter, it has two problems which make 

it difficult to implement. The first problem is that the solution requires the knowledge 

of the auto-correlation matrix and cross-correlation vector. Second order statistics 

can be unknown in many situation, particularly when only actual data sequences are 

supplied without their explicit statistics. The role of the adaptive filter is to find a 

time varying solution vector h(fc) which, using actual data, converges to hop, in the 

mean as k approaches to infinity. 
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The matrix inversion in the Eqn. (2.13) may also be impractical for large filters. 

The LMS and RLS algorithm solve these two problems inherent in the Wiener 

solution of Eqn. (2.13). In other words, LMS and RLS use actual data, not their 

statistical properties, and do not require matrix inversions. 

In the next two subsections, the LMS and RLS algorithm will be reviewed 

briefly. 

2.2.1 LMS algorithm 

The LMS algorithm can be derived from the iterative steepest descent method, 

. which use the gradient of the MSE function. The method of steepest descent is 

governed by following equation: 

h /+1 = h,-nV,(e) (2.14) 

where the subscript i represents the i-th iteration step. The gradient of the error 

function is 

ae(h;) 

'<e)=~3hr 

= 24.„h,-2<t,,J. (2.15) 

This method will converge to optimum solution if the convergence factor fi satisfies 

0 < |l<r—~ (2.16) 
"IMX 

where Aw, is the largest eigenvalue of <!>„. 

The steepest descent method does not involve direct matrix inversion, but still 

requires the knowledge of statistical quantities and §xd- The LMS algorithm can 

be derived by replacing the iteration step i with the time step k and the true gradient 

with an estimate of the gradient. Hence, the simplified update rule is 
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h(Jfc + l) = h(it)-n%) (2.17) 

where h(fc) is an estimate of Wiener filter ho p t  at time k and $(k) is an estimate of 

the true gradientV(fc). The exact gradient is defined by: 

ae(h(*)) V(*) = 
dh 

9E[(</(H)-h'(*)x(/i))2] 
5h 

= -2 E[x(n)(d(n) - h'(it)x(«))]. (2.18) 

The gradient estimate V is obtained by replacing the ensemble average with 

the time average over n. Since the h(&) changes at every data points, the time average 

i s  r e d u c e d  t o  t h e  v a l u e  a t n ~ k  +  l  

$ = —2\(k + \)e(k +1) (2.19) 

e(k +1) = d(k +1) - h'(fc)x(fc +1). (2.20) 

Substituting Eqn. (2.19) in (2.17), the LMS equation is obtained as 

h(Jfc +1) = h(/t) + 2fix(k +1 )e(k +1). (2.21) 

Here, e(k +1) is called "a-priori error" because it is computed using the coefficient 

vector of previous time index. 

The LMS algorithm in Eqn. (2.21) requires simple 0 ( N )  operation and very 

little memory. This is attractive for many real time applications. The drawback of 

LMS is its relatively slow convergence speed which is governed by the largest time 

constant [4]: 

(2.22) 
ZAmln 
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where A^„ln and are the minimum and maximum eigenvalues of auto-correlation 

matrix Thus, if the eigenvalue ratio (condition number) of is large, LMS 

will converge slowly. 

The LMS algorithm will converge slowly for inputs with high eigenvalue ratio 

(EVR) of auto-correlation matrix. In general, input decorrelation improves con

vergence since decorrelation has the effect of reducing the eigenvalue ratio. One 

method used for this purpose is the Transform Domain Adaptive Filtering (TDAF) 

using WHT, which is a special case of our sub-band decomposition approach dis

cussed in this thesis. 

The goal of TDAF is to reduce the condition number of by transforming 

the input signal \(n) with some unitary transform T. The resultant auto-correlation 

matrix is 

T^T^diagfrt \ ... VI- (2.23) 

If normalization is performed, the TO^T' matrix becomes the identity matrix and 

all eigenvalues are equal. In this case, the minimum EVR is achieved. 

The best unitary transform for this purpose is the well known Karhunen-Loeve 

transform (KLT). The KLT is a time consuming process and is therefore replaced 

by other simple unitary transforms which approximate the KLT. Among these is the 

Walsh-Hadamard transform (WHT) which is very attractive since all the matrix 

elements are either 1 or -1 and no multiplications are necessary. 

There are already many papers describing the TDAF [7]-[12]. The paper by 

Marshall et. al. [ 10] simulated many unitary transform for convergence enhancement. 

It was shown that the relatively simple transform like WHT can do the job very well 

in some cases. 
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2.2.2 The RLS algorithm 

The MSE solution involves the evaluation of the expectation E of the squared 

error. If only finite data set is available, the expectation must be replaced by a "sum" 

and the MSE function is replaced by the "cumulative squared error measure" 

e ( n ) = i x n ~ i e \ i ; n )  (2.24) 
i-O 

where e ( i \ n )  is defined as 

e ( i ; n )  =  d ( i )  - x'(i)h(n). (2.25) 

Thus e ( i  ; n )  is the error made in the prediction of the desired sample d ( i )  using h(n), 

and e(n) is time average. 

The parameter A,(0 < A,< 1) is a constant chosen to weight recent data more heavily 

in the RLS computation. A,= 1 corresponds to so called " pre-windowed case" and 

used for stationary data. For general non-stationary data, 0.95 <X< 0.9995 is gen

erally used. 

Using this definition of new error measure, the normal equation can be written 

R«(if)h(ft) = r^(rt) (2.26) 

where R«(«) is called "sample auto-correlation matrix" and defined as 

R ( 2 . 2 7 )  
1-0  

and r^(n) is called the "sample cross-correlation vector," 

r ^ n ) = i r - ' x ( i ) d ( i ) .  (2.28) 
i-O 
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The direct solution of Eqn. (2.26) involves a matrix inversion, which requires 

order of O (N3) multiplications. This computational load can be reduced if we obtain 

R^'(m) recursively. 

The recursive solution to Eqn. (2.26) can be derived as following. First we rewrite 

the Eqn. (2.26) as 

h(/i) = R^,>(rt)r^(/i). ( 2 .26.a) 

Rewrite Eqn. (2.27) and (2.28) as 

R«(") = ^R«(rt - l) + x(«)x'(rt) (2.27.a) 

rxJ(n) = ̂ (« -1) + x(n)d(n). (2.28.a) 

The matrix R~'(h) can be recursively calculated using the matrix inversion 

lemma, which has following form: 

(A + be')"' = A"1 - A"'b(l + c'A_,b)c'A~\ (2.29) 

Applying this lemma to Eqn. (2.27.a) results in 

D-V.u^n-i, R"'(m - l)x(n)x'(«)R^(» - 1)] J { m 
where 

^/i) = x'(/I)R;,(«-l)x(«). (2.31) 

Substituting (2.30) and (2.28.a) into (2.26.a) and after some .algebra, we can 

derive the filter update equation 

h(n) = h(/i -1) + g(n)e(n-,n - 1) (2.32) 

where 

, x R^(n - 1)X(H) 
s(">— 
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M<w) = x'(n)R^(n - l)x(w) (2.33) 

e(n\n - l) = rf(n)-x'(n)h(n -1) (2.34) 

Using these results, the RLS algorithm can be easily formulated. The steps of 

the algorithm are 

• Initialization: 

h(0) = x(0) = 0„ (2.35) 

R~'(0) = 5IW(5»1) (2.36) 

• Operation: 

For n = 1 to n - final do: 

1) Get new data x(n) and d(n). Form input vector 

x(rt) = [*(«) jc(/i — 1) x(rt -N + l)]' 

2) Calculate prediction error: 

e(n;n -1 ) = d(n)-x'(/i)h(« -1) 

Note that e(n;n -1) is same as "a-priori error" e(ti) defined in Eqn. (2.20). 

3) Calculate new "gain vector" 

M<") = X'(«)R~!(« - l)x(W) 

, x R«(« - l)x(n) 
8(n)—jffiSo-

4) Update filter by: 

h(«) = h(« -1) + g(n)e(n-1) (2.37) 

5) Update matrix inverse for next iteration: 

R>) = £[R> - l)-g(«)x'(n)R^(n - 1)] (2.38) 
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The key difference between LMS equation (2.21) and RLS equation (2.37) is the 

inverse of auto-correlation matrix R~' contained in the RLS algorithm. By pre-

multiplication of the input vector x with the matrixR^1, we obtain decorrelated vector 

g for updating the filter h. Thus RLS algorithm contains a input decorrelation scheme, 

so can converge faster than LMS. 

The RLS algorithm converges faster than LMS in many cases. But the price of 

this fast convergence is the high computational requirements. RLS involves 0(N2) 

multiplication, contrary to simple 0(N) multiplication for LMS case. 
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Finite impulse response (FIR) filters have several advantages over infinite 

impulse response (IIR) filters like stability and linear phase if necessary. The dis

advantage is that FIR filters generally require fairly large number of taps to imple

ment and correspondingly large number of computation. 

There have been several attempts to reduce FIR computations using simpler 

structures [12],[13]. One approach is to use several sub-filters and interpolators 

suggested by Mitra and Mahalanobis[12]. It was shown in [12] that a special full N 

band decomposition for a iV = 2l tap FIR filter is represented by the WHT. As 

described in Chapter 2., the application of WHT enhances the convergence speed. 

We will show that it is possible to apply the sub-band structure in [12] to the 

adaptive filter for improved convergence, provided we use the suitable update 

equation corresponding the decomposition structure. First, in this chapter, we 

describe the sub-band decomposition of a FIR filter. 

3.1 General case 

Consider an FIR filter with impulse response hw = [A0 hx ••• /;N_,]'ofeven 

length N. The transfer function H(z) of this filter 

H(z) = Nf! h(n)z-" (3.1) 
n -0 

can be rewritten as 

H(z) = He(z2)+z' iH0(z2) (3.2) 

where 
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,(Z2) = K+ V"2 + V4 + • • '^N-2Z~^~2) 

H0(z2) = ht + h3z-2 + hsz-4+-hft_tz-{N-2). (3.3) 

Note that H0 and Heare of length N/2. 

By defining 

G0{z2) = ±{He(z2)+Ho(z2)} 

G,(22) = i{//e(z2)-//0(22)} (3.4) 

we rewrite H(z) as 

//(z) = (1 + z-'JG^z2) + (1 - z-*)G,(z2). (3.5) 

The length of each subfilters G„(z2) and G,(z2) is N/2. Thus G0(z2) and G,(z2) have 

M2 non-zero coefficients with a zero at alternate samples. Based on this decom

position, the filter structure is sketched in Figure 3.1 

The sections (1 +z"!) and (1 -z-1) are called "interpolators" since their effect is to 

interpolate the sparse impulse responses of the subfilters. 

We can apply this decomposition further to the sub filters G0(z2) and G,(z2) 

provided their length Nil is even. We express the subfilters G0(z2) and G,(z2) as: 

G„(Z2) = (1 +Z-2)GOO(Z4) + (1 - z~2)G0,(z4) 

Gt(z2) = (1 + Z~2)G,0(Z4) + (1 — z~2)G,,(z4). (3.6) 

Note that the subfilters G00(z4),G0i(z4),Gl0(z4),Gu(z4) have (N/4) non-zero multi

pliers, each followed by 3 zero valued samples. 
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Using the notations /0(z) = 1 +z~ l  and /,(r) = 1 - z"1 we can re-draw the two- and 

four band decomposition structure as shown in Figure 3.2. 

x(n) 

1 + z' 
v0(n) ^ 

q(z)  1 + z' q(z)  

v,(n) 
1 -z"' 

v,(n) 
q< z )  1 -z"' q< z )  

y(n) 

Figure 3.1 - Structural two subband decomposition 

The decomposition process can be continued until an odd number of coefficients 

are left in each subfilter This structural decomposition can be applied to any FIR 

filter of length N = 2LP, where P is an odd number. For example case of N = 20, L 

can be up to 2 and P is 5 (i.e, a 20-tap filter can be decomposed up to 4 bands with 

5 non-zero coefficients per subfilter). 
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x(n) y(n) 

x(n) — 

(b) 
Figure 3.2 - Two and four band decomposition (alternate representation) 

3.2 Special case (N = 2L) 

If the original filter length N is 2L (i.e, power of 2), we can decompose the 

filter up to full N band decomposition. In this case, we can derive simple algebraic 

relation using Hadamard matrices. We define the filter coefficient vector h„ as 

hjv= [Ao " * hn _,]. (3.7) 

Let aN be a N x 1 vector such that 

ai a2 aAT-|] • (3*8) 

Consider a length 2 FIR filter with transfer function H ( z )  =  h 0 + h , z ~ l .  
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We can decompose filter H(z) into two sub-bands. In this case, the sub-filters 

G0(z2) and G,(z2) in Eqn. (3.5) are 1 tap filters with coefficients a0 and au respec

tively. Thus H(z) can be written in terms of 2 interpolators and 2 subfilters 

We write the time domain version of Eqn. (3.9) relating a2 and h2as a matrix-

vector equation 

where H2 is the (2x2) Hadamard matrix. 

The relation between h2 and a2 is shown in Figure 3.3. 

For a 4-tap filter H(z) = h0+h tz~ l  + fi2z~2+h3z~3, we can decompose it into a 4 

sub-band structure. In this case, the subfilters (G^z4) etc.) are 1-tap filters with 

coefficients a0,a„a2 and a3. Thus H{z) can be rewritten in terms of 4 interpolators 

and 4 subfilters using Eqns. (3.S) and (3.6) 

H(z) = (1 + z_,)(l +z~2)a0+(l +z_,)(l —z~2)a t  +(1 -z"')(l +z'2)a2 + ( 1 -z"')(l +z'2)a3 

H(z) = (l+z-')a0+(l-z- ,)av (3.9) 

1 "I «o 
-1 a. 

or 

(3.10) 

(3.11) 

Eqn. (3.11) is pictorially represented in Figure 3.4 
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©— 

Figure 3.3 - Two band decomposition of 2-tap filter 

4̂ r 
Figure 3.4 - Four band decompoisition for 4-tap filter 



The matrix-vector equation corresponding to Eqn. (3.11) is 
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"V " l i  l  1  "  
"o0" 

K 1 1  - l - i  

h 1 - 1 1  - l  
* 2  

h3 l  - l - i  l  
* 3  

(3.12) 

If we rearrange the multiplier coefficients a=[a0 ax az  a3]f in Hadamard order, 

the matrix equation becomes: 

" V  " 1 1  1  1  "  "«o" 

*» 1
 

>—
* 

J—
* 

1
 

* 2  

h2 1 1  - 1 - 1  
1

 

•
C
 

1
 

1
 

I 

r
 

ft 
1 

III
 
.
 .
 

(3.13) 

Note that the matrix in Eqn. (3.13) is a (4x4) Hadamard transform, which is the 

Kronecker product of two Hadamard matrices of order 2. Thus 

h4 = H4a; = H2®H2a; (3.14) 

where ® denotes the Kronecker product. 

This process can be continued further for full iV-band decomposition, when the 

length is power of 2. The general equation for this case is: 

hN = HwaN = H2®H2®."OH2aw. (3.15) 

Since the Hardamard transform is orthogonal,H^1 = 1/NHN, it is therefore easy to 

determine the multiplier coefficients as  for a given impulse response via 

aN = = l//VHNh„. 

The Eqn. (3.15) implies following fact: 
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•  l f N  =  2 l ,  a full N band decomposition of N tap fUterhw results in a new N tap 

filter aN where aN = l/NHNhN. 

The canonical form of full N band decomposition is shown in Figure 3.5 

x(n) 

I 
z1 lx(n-1) 

,-1 
x(n-2) 

A. 
,-i 

xfn-N-^) 

N point VL(n)r 

Hadamard 
v2(n) r  

transform L  

t«N 

M > [  

\ y(n) 

Figure 3.5 - Canonical form of full N band decomposition 

Comparing this structure with conventional FIR filter, we observe that the 

difference is the Hadamard transform before filter taps. (Actually, the multiplier 

coefficients of this structure is in bit-reversed order of conventional filter but we 

will not distinguish it furthermore). The equivalence between original filter hN and 

transformed filter Hwaw is now analyzed. 

In Figure 3.5, transformed input v can be represented by 

v(n) = H^x(«) = Hwx(«). (3.16) 

The output y(n) is therefore 
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j(«) = [Hwx(«)]'aw 

= [Hwx(n)]'(l/iVHJvhiV) 

= *'(») (H^l/NHw)hw 

= x'(«)hw. (3.17) 

This fact is pictorially represented in Figure 3.6. 

X 
h 

y 
-N 

HA, 

X V 

(a) 

(b) 

(c) 

Figure 3.6 - Full decomposition and Hadamard transform 

Figure 3.6 represents following fact: 

• For N = 2l, the full N band decomposition of the filter hw can be represented 

by a WHT (HN) of the input x followed by a transformed filter aw = l/WHNh„. 

This observation is important for the development of the theory in the next chapter. 
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CHAPTER 4. 

SUB-BAND STRUCTURE FOR ADAPTIVE FILTERS 

The sub-band decomposition discussed in the previous chapter is equivalent to 

applying a Walsh-Hadamard transform (WHT) to the input. As discussed in previous 

chapters 2 and 3, a special case occurs for a length N =2L filters when a full TV-band 

decomposition becomes possible. From the discussions of previous works in chapters 

2 and 3, we know that: 

• 1) a full TV-band decomposition of N = 2L tap filter can be represented by a 

WHT using a (NxN) Hadamard matrix. 

• 2) a N x N  Hadamard transform of the input can enhance the convergence speed 

of the adaptive filter. 

We now show that the WHT transform method can be generalized to filters 

with length N = 2LP. Thus in our approach N is not required to be a power of two. 

The sub-band decomposition approach provides a more general framework of 

which the (NxN) WHT is a special case. The convergence properties will be studied 

later in chapter 5. 

In this chapter, we first derive the input transform matrix for our decomposition 

(which contain the Hadamard matrix as a special case). The adaptive algorithms 

using our sub-band structure will be discussed thereafter. 

4.1 Matrix-vector representation of sub-banded structure. 

For the special case of N = 2L filter, a simple algebraic relation exists between 

original filter coefficients and full TV-band decomposed filter coefficients. As shown 
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in chapter 3, this turns out to be a WHT. In this section, we develop matrix-vector 

representation of our sub-banded FIR filter structure of more general N = 2LP taps 

where P is odd. 

For simplicity, let us consider a 2 sub-band structure of a 8 tap FIR filter shown 

in Figure 3.1. The more general case will be discussed subsequently. 

The transfer function of the first sub-band//0(z) is the cascade of the sub-filter 

G0(z2) and interpolator/0(z) = 1 + z"', i.e, 

Recall that each sub-filter has 4 non-zero multipliers with 1 zeros between them. 

Therefore, the corresponding time domain representation of (4.1) using vector 

notation can be written as 

where * denotes the convolution. In this expression, superscript and subscript of the 

filter coefficients represent branch number and tap number, respectively. For 

simplicity, we delete the time step («) although all quantities except interpolator 

coefficients are time varying in adaptive filter. Using vector notation, (4.2) becomes 

H0(Z) = G0(Z2MZ). (4.1) 

h" = g? * i° 

= L?o o g,° o gl o g3°]' * [i i]' 

= feo° 8°o &° g°2 g° ft°f (4.2) 

(4.3) 

where 
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A0 = 
(8/2) ~ 

'1 0 0 0' 
1 0 0 0 
0 1 0 0 
0 1 0 0 
0 0 1 0 
0 0 1 0 
0 0 0 1 
0 0 0 1 

a4 = 

80 

8t 

82 

83 

(4.4) 

Here the subscript (8/2) denotes the decomposition of a 8 tap filter into 2 bands. 

For the second branch, we can write a similar equation 

h« = g; * i l
2  

= fed  0  g ! 0 gl 0 gtf * [1 -1]' 

= feo "So gl ~gl 82 -82 83 -83]'-

(4.5) 

The corresponding vector representation for the second band is 

1*8 = A-(8/2)a4 (4.6) 

where 

\sa)~ 

" 1 0 0 0 ' 
-1 0 0 0 
0 1 0 0 
0 -1 0 0 
0 0 1 0 
0 0 -1 0 
0 0 0 1 
0 0 0 -1 
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ai = feo gl 82 gH- (4.7) 

Thus, we can re-draw Figure 3.1 using a matrix-vector interpretation in Figure 

4.1, where all signal and filter coefficients are represented by vectors. 

A° 0 

(̂012) - * 
A° 0 

(̂012) - * d 
I 

A1 a1 A1 a1 

Figure 4.1 - Matrix vector representation of two band decomposition 

In the Figure 4.1, let x be input vector at time n with 

x = [*(«) x(n -1) ••• x(n-7)]\ 

The net output at time n can be written 

y = x'(A°g/2)a£) + x'(A|8Q)ag) 

= * [A(g/2)a8 + A(g/2)ag] 

= x (A(gQ)a 8) 

= (^(8/2>X) a8 (4.8) 
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where matrices A°8/2) and A(8/2) are combined to obtain A(8/2) and a" and a] are 

grouped to get a8. Mathematically, 

^(8/2) ~ f^(8/2) ^(8/2)] — 

*1 0 0 0 1 0 0 0 " 
1 0 0 0 -1 0 0 0 
0 1 0 0 0 1 0 0 
0 1 0 0 0 -1 0 0 
0 0 1 0 0 0 1 0 
0 0 1 0 0 0 -1 0 
0 0 0 1 0 0 0 1 
0 0 0 1 0 0 0 -1 

and 

a.= a!" 
(4.9) 

Thus, the overall filter structure, represented by A(8/2)a8, is equivalent to Figure 4.2. 

t 

^1 

t 
A x -IfilZ)- ' 

Rgure 4.2 - Subband decomposition and input transform 
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Figure 4.2 represents following fact. 

• The structural sub-band decomposition of 8 tap filter to 2 bands is represented 

by a (8x8) transform matrix A(8/2). 

The columns of A(8/2) are obtained by padding the columns of (2x2) Hadamard 

matrix with zeros. It is interesting to note that the cube of A(8/2) (i.e., (Am))3) is the 

(8x8) Hadamard matrix Hg. This is expected in our decomposition scheme, since 

three consecutive 2-band decompositions of 8-tap filter results in the full 8-band 

decomposition corresponding to the (8x8) Hadamard transform. 

Furthermore, the elements of the matrix A m )  are only 1 or -1, leading to only 

8 additions/substractions per matrix-vector operation. The direct multiplication 

using (8x8) Hadamard matrix on a (8x1) vector requires 56 add/sub (=8 rows * 7 

add/sub per row). However, three consecutive operation of A(8/2) requires 24 add/sub 

(=3 operations * 8 add/sub per operation). This is exactly same as fast WHT! In 

general, fast algorithm requires Nlog2N additions/subtractions. Our sub-band 

structure thus suggests a hardware implementation of the fast WHT. 

We now discuss the 4-band case as another example. Referring to Figure 3.2 

in the previous chapter, the interpolator of first branch has following transfer 

function: 

(1 +z_,)(l + z-2) = (1 +z~ l  +z-2 + z-3). (4.10) 

Using the same technique as in the 2-band case, (Eqns. (4.2) - (4.9)), we can 

easily derive following matrix-vector relations for the 4-band sub-band structure. 

Note that there are only two non-zero samples in each sub-filter. For the first sub-

band, the impulse response is 



41 

h° = g5 * 

= feo° 0 0 0 s,0]' * [1 1 1 1]' 

= lgo go go go g ?  g,° g> ^(4.11) 

Eqn. (4.11) can be rewritten as: 

where 

h°-A° a 0  
"8 — rt(g/4)d2 (4.12) 

A0 = 
^*(8/4) 

'1 0" 
1 0 
1 0 
1 0 
0 1 
0 1 
0 1 
0 1 

'go 

gi 
(4.13) 

Note that this matrix has 8 rows, which is same as the number of filter tap (N = 

8), and 2 columns, which is the number of non-zero coefficients in the subfilters. 

The columns of this matrix is made by the first column of (4x4) Hadarmard matrix 

where the number 4 is equivalent to the number of bands. 

Similar matrix-vector equation can be derived for the second band. Using the 

interpolator ij = [1 -1 1 -1]' and same procedures (Eqns. (4.11) - (4.13)), we 

construct the matrix \lm) and filter vector al
2 as: 
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1 0 ' 
-1 0 
1 0 
-1 0 
0 1 
0 -1 
0 1 
0 -1 

'go 

s1 

Continuing this approach enables us to derive all four matrices A°m) to A^m) 

for our four-band structure. The 4-band FIR filter is shown in Figure 4.3. 

Figure 4.3 - Matrix-vector form of 4 band decomposition 

The output of this filter is 
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y — x (A(g/4)a2 + A(g/4)a2 + A(g/4)a2 + A(8/4)a2) 

— x A(8/4)a8 

~~ (A(8/4)X) a (4.15) 

where 

A(8/4) — 

"1 0 1 0 1 0 1 0 ' 
1 0 -1 0 1 0 -1 0 
1 0 1 0 -1 0 -1 0 
1 0 -1 0 -1 0 1 0 
0 1 0 1 0 1 0 1 
0 1 0 -1 0 1 0 -1 
0 1 0 1 0 -1 0 -1 
0 1 0 -1 0 -1 0 1 

a.= (4.16) 

Using this matrix A(g/4) and vector ag, we can redraw the filter as a 8x8 transfonn 

shown in Figure 4.4. 

If we continue this scheme up to full band decomposition (8-bands for this 

example), the input transfonn matrix is (8x8) Hadamaid matrix and each sub-filter 

has tap length of 1. 

We can generalize these procedures for any FIR filter of length N = 2LP. For 

example, consider decomposing a filter of length N = 12 filter into 4 bands, where 

each subfilter will be of length 3 (see the Figure 3.2 in the previous chapter). Using 

same method described here, we can obtain overall (12x12) transform matrix A(l2/4), 

which is constructed from the rows of the 4x4 Hadamard matrix. Figure 4.5 illustrates 
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orthogonal 

transform 

8x8 

(8/4) 

Figure 4.4 - Canonical form of 8tap/4band decomposition 

the method for constructing matrix A(12M). 

As shown in this section, our sub-band decomposition of FIR filter can always 

be represented by input transformation matrices. A special case of full N band 

decomposition, the corresponding transform matrix is (N xN) Hadamard matrix, 

i.e., AQf/N) = Hw 

In the subsequent sections, we will use the notation A for any AQimr 
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N = 12 

B = 4 

first 
column of 

4 x 4  
Hadamard -
matrix 

ri (i2/<) r 

* 
2nd 

A 
3rd 4th column of 

4 x 4  
Hadamard 
matrix 

Figure 4.5 - Construction of transform matrix (12tap/4band) 

4.2 Adaptive algorithms using sub-band structure 

The transform domain adaptive algorithms discussed in Chapter 2 give us some 

insight to the adaptive algorithm for our structure. The idea of transform domain 

adaptive filtering is the decorrelation of input via orthogonal transform followed by 

power normalization. The optimal transform for this purpose is well known KLT. 

Unfortunately, KLT is signal dependent and requires much computational burden. 

As mentioned in Chapter 2., there are many orthogonal (unitary in general) trans

forms to approximate the KLT and sometimes simple transforms like the WHT can 

sometimes do the job well, compared to other complicated transforms. 
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Our transform matrix A, which contains Hadamard matrix as a special case, is 

orthogonal. It is easy to verify that A A' =BlN where Iw is (NxN) identity matrix and 

B is number of bands. Using this orthogonal transform, the proposed adaptive filter 

is shown in Figure 4.6. 

d(n) x(n) 

I 
-1 

-1 

x(n-2) 

i 
-1 

NxN 

orthogonal 

transform 

A 

Vi(n) h<ai(n) 

x(n-N+1" 

\ 
(n)p*f2(n> <© © 

vN.(n) 
e(n) 

Adaptive 
Algorithm 

Figure 4.6 - Adaptive filtering using input transform 

To derive the adaptive algorithms for the transformed structure, let's consider 

the Wiener solution for the transformed structure. The MSE for this structure is 

TMSE = er = E[e\n)1 (4.17) 

where the errors («) is 

e(n) = d(n)-y(n) (4.18) 

and the output y(n)is 

y(n) = \'(n)a(n). (4.19) 
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In the above equations, d(n) is the desired signal and v(n) is the transfoimed input 

data. Thus, 

v(n) = [v0(«) v,(w) ••• _„(«)]' 

= A'x(n). (4.20) 

The subfilter coefficients are represented by 

a(n) = [a0(n) a t(n) ••• (4.21) 

We can obtain optimum Wiener solution by minimizing er as discussed in Chapter 

2. The result is: 

^ = i (4.22) 

= (4.23) 

where 

^vv = £[v(n)v'(«)] (4.24) 

^E[d{nyv{n)l (4.25) 

It is straightforward to verify that 

0vv = A'0„A (4.26) 

^ = (4.27) 

a0p( = l/5A'h0;>,. (4.28) 

Using this Wiener solution, we can easily derive LMS and RLS for the transformed 

structure. 

We now describe the adaptive algorithms for this structure. 
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4.2.1 LMS algorithm 

There are many papers describing the transform domain adaptive filter (TDAF). 

Lee and Un [11] clearly describe the exact algorithm for the TDAF and discuss 

practical considerations like the convergence factor. In particular, the four algorithms 

compared in reference [11] are: 

• (1) The LMS with constant convergence factor 

• (2) The LMS with time varying convergence factor 

• (3) The transform domain LMS with constant convergence factor. 

• (4) The transform domain LMS with time varying convergence factor. 

The algorithms (2) and (4) have desirable property that the steady state MSE can be 

constant regardless of the input signal power. Algorithm (2) is applied to original 

filter h and input x and (4) is applied to the decomposed filter a and transformed 

input data v. 

Algorithm (2) is called the normalized LMS (NLMS) [11] and can be written: 

h(w + l) = h(n)+-^— x(« + l)e(n +1) (4.29) 
o?(«) 

where a^(n) is the estimation of input signal power and obtained by: 

qfti) = p6£(/t -1) + (1 - P) (x\n)), 0 < p < 1. (4.30) 

The algorithm (4) is called the transform domain NLMS [11] and can be written: 

a (n +1) = a(n)+y$>~l(n)v(n +1 )e(n +1) (4.31) 

4>:l(n) = diagtf-\n) - tft_,(»)] (4.32) 

where 

fy«) = Pfyn - 1) + (1-P)(V;(«)), 0 <j <,N-1. (4.33) 
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Here l?;(n) is the estimation of input power at j-th branch. 

For actual implementation, the choice of parameters a, p and y and initial 

conditions 6£(0) and Vj(0) are very important to ensure good performance. This issue 

will be discussed in Chapter 5. 

The effective convergence factors a/6j and yl$j are time varying, which enables 

stabilized operation of transform domain LMS . If the power of a specific band is 

too small, adaptation step size become too large and results in adaptation failure. To 

prevent this situation, an adaptation disabling mechanism for this specific band has 

also been proposed in the literature [10]. 

4.2.2 RLS algorithm 

The RLS algorithm for the transformed structure can be easily derived from 

the normal equation (Eqns. (4.22)-(4.25)), by replacing the expectation with 

weighted sample averages and defining the matrix R„ and vector rvj as 

RJn)=iX"-'v(i)v'(i)  (4.34) 
i -O 

R»=IR"'D(0V(0. (4.35) 
;-o 

The RLS algorithm can now be re-expressed by replacing x,h andR„ by v,a and Rvu, 

respectively, in Eqns. (2.32)-(2.38). 

In general, "exponential weighting" is used in RLS to attenuate the effect of 

"old data". One drawback of this approach is that it may cause the correlation matrix 

to be near singular. As a result, finite precision effects can adversely affect the 
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accuracy of the RLS filter coefficient vector. A new algorithm called Normalized 

Recursive Least-Square (NRLS) has been proposed recently to do away with 

exponential weighting [14]. The NRLS is now briefly summarized for reference. 

Consider the following system identification problem. 

noise 

d(n) x(n) 

y(n) 

e(n) 

NRLS 

unknown 
system ft 

adaptive 

filter h(n) 

Figure 4.7 - System identification using NRLS algorithm 

A 
Let the (JVx 1) vectors h, h(/i) and x(«) represents the unknown system weight 

vector, estimated weight vector and input vector, respectively. The outputs of the 

unknown system and adaptive filter are (neglecting the noise) 

d(n) = \ '(n)h 

y(n) = x'(n)h(n).  (4.36) 

The general equation for updating filter coefficients are 

h(w) = h(« -1) + |xM~'x(n) (4.37) 
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where the (N x N) matrix M is arbitrary transform matrix and |i is time varying 

scalar. 

Next, choose |x such that a squared "a posteriory error" e2(n) is minimized, 

efyi) is written 

e2(n) = (d(n)-y(n)f 

=  (d(n) — x'(n )h(n ) f .  (4.38) 

Substitute Eqn. (4.37) into Eqn. (4.38) and differentiate with respect to n results in 

= 2nx'(n)M-'x(n) - 2{d(n)~ x'(«)h(n -1)). 

The required (x is now obtained by setting the derivative equal to 0 

d(n)-x'(n)h(n -1) 
^ = L_ (439) 

x (n)M x(w) 

Thus the filter update equation is obtained by substituting Eqn. (4.39) into (4.37) 

rf(«)-x'(n)h(n -1) 

xf(«)M"'x(«) 
h(n) = h(« -1) + „ . M"'x(»)- (4.40) 

By setting M equal to the deterministic input correlation matrix 

M = I \(k)\ '(k) = R„(n) (4.41) 
k**Q 

we finally obtain the NRLS equation 

h(/i) = h(n -1) + Ad(n) -  \'(n)h(n -1)) 
z '(H)X(H) 

= h(n — 1)+ ^ e(n) (4.42) 
z'(n)x(n) 

where z (n) = R„(«)x(n). 
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The constant a(0<a< 1) is a constant to control the convergence step size and 

usually set to 1. For a smaller than 1, the algorithm become more stable but converges 

more slowly. 

We now describe the steps of NRLS algorithm applied to our sub-band structure. 

• At given time n ,  input x(ti)  and desired output d(n) is provided. 

• Form an input vector x which is a vector consists of past N input samples: 

x(n) = [jt(n) x(n-1) x(n— 2) ••• x(n-N +1)]'. (4.43) 

• This input vector is processed by (N x N) orthogonal transform matrix A and 

form a new input vector v(«) for the filter 

v(«) = [v0(«) v,(«) ••• _,(«)]' = A'X(M). (4.44) 

• The adaptive tap vector a(«) is defined as: 

a(n) = [a„(") «i(«) •• ,(«)]'. (4.45) 

This tap vector is initialized by all zero elements. 

• Calculate the filter output using previous filter coefficients 

y(n) = a'(n-l)v(n).  

• Calculate the output error 

e(n) = d(n)-y(n).  

• Calculate the "sample auto-conelation matrix" 

R^QLvwv'wy.  

This matrix is initialize by large diagonal matrix. 

• Calculate the "gain vector": 

z(«) = R~'(«)\(n) = (tov(fc)v'(A:)j v(«). (4.49) 

(4.46) 

(4.47) 

(4.48) 
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Update the tap vector using NRLS equation 

a(«) = a(« -l)+-^^y-(rf(n)-v'(n)a(n -1)) 
z(n)v(n) 

= a(/i -1) + ^ e(n).  (4.50) 
z'(n)v(w) 

Update the matrix R~l(n) 

R.-I/ X N-I, , R~'(« - 1)V(H)V'(H)R~'(« -1) 
R,>) = R> -1) ' ' ' ' • (4.51) 

For conventional 1-band filter, we use x,h and R"1 instead of v,a and R~\ respec

tively. 
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4.3 Comparison with previous literature 

As already mentioned, our decomposition structure has close relation to the 

TDAF using the WHT [8]-[10]. In this section we address the similarity and dif

ference between those schemes. 

The first difference is the available number of decomposition and taps. For the 

TDAF using the WHT, only N = 2L taps can be decomposed to full N bands. On the 

contrary, our scheme allows more flexible decomposition of B bands 

(.B = 2m; m = 1,2, ...,L ) forN = 2LP taps. Thus the the TDAF using the WHT is 

a special case of our scheme. 

It is also worthwhile to note the efficiency of our scheme for hardware real

ization of the WHT. As stated in Chapter 3, the example of full N band decomposition 

demonstrates the hardware realization of fast Hadamard transform. 

The next difference is the adaptive algorithm. Previous literature uses only 

LMS algorithm, But RLS algorithm is also investigated in this thesis. 
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CHAPTER 5. 

RESULTS AND DISCUSSIONS 

In this chapter, the convergence behavior of adaptive algorithms using the 

sub-band decomposition structure are simulated and compared to the conventional 

adaptive filter. 

5.1 Simulation Method 

The performance of various algorithms and structures may be compared using 

standard simulation method. One popular strategy for adaptive filters is to test their 

convergence behavior on the system identification problem, which adequately 

quantifies the performance of most algorithms. In this chapter, the system identifi

cation problem shown in Figure 5.1 is tackled using various filter structures and 

algorithms. In particular, 

Given input x(n) and desired output d(n) at each step, the impulse response of 

the adaptive filter h(«) must adjust itself to reduce the error e(n). Upon con

vergence, h(«) approximates the unknown system's impulse response h. 

It should be noted that one way of specifying d(n) in simulation is to equate it with 

the impulse response of the unknown system h. In our work, h is set to an arbitrary 

unit norm 16x1 vector. 

It is also important to choose a suitable performance measure for comparing 

various algorithms and structures. One widely used measure is the squared error 

signal e2(n). However this quantity is signal dependent thus does not solely represent 

the filter performance. Another measure which overcome this limitation is the 

normalized error energy (NEE) [16] defined as 
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Figure 5.1 - Simulation structure 

[amK\A(e},a)-H{ei,a)\2d(ii 
NEE = —^— (5.1) 

Jta-0 

where A(e J m) and H(e i < a) are transfer functions of unknown system and filter. 

Unfortunately, this method requires Fourier transform at each step. A more practical 

performance measure is the statistical norm [4] 

p(n) = £[(h(«) - h)' (h(n) - h)]. (5.2) 

In practice, the expectation is estimated by the ensemble average over several 

simulations results (20 simulations are used in our work). 
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The characteristics of the input signal aire equally important. For a given filter, 

convergence rate varies for different signals. The most significant factor is the degree 

of correlation in the input data. As mentioned in Chapter 4, the goal of input transform 

in adaptive filtering is to reduce the dependency on correlation in the data. 

To investigate the effect of transforms on convergence rates, it is necessary to 

control the amount of color in the signal. Towards this end, in Figure 5.1, zero mean 

unit variance white Gaussian signal z(n) is filtered by a 3 tap FIR "coloring channel". 

Thus the filtered signal x(n) has varying degrees of correlation determined by the 

channel. The characteristics of three different channels [4] and their effect on the 

eigenvalue ratio (EVR) are shown in Table 5.1.( EVR is calculated using 16 tap 

filter) 

Channel Impulse Response EVR 

1 [1.0000,0.0000,0.0000] 1.0 

2 [0.2602,0.9298,0.2602] 11.8 

3 [0.3842,0.8704,0.3842] 68.6 

Table 5.1 Input channels for simulation 

The coefficients of channel and the unknown system are normalized to 

Ic?=l  (5.3)  
1*0 

so that the variance of the data x(n) is same as of and equal to 1. This choice of 

ojj is convenient to determine the initial input power estimate 6^(0) (Eqn. (4.30)) 

used in NLMS algorithm and will be used in next section. 
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The degree of correlation depends on the eigenvalue ratio (EVR) which is 

defined as the ratio of maximum and minimum eigenvalues of the correlation matrix 

R„ of the input data. The size of R„ is determined by the number of taps in the 

adaptive filter. In our simulation, the tap number N is set equal to 16. 

The power of the zero mean additive white Gaussian noise source v(«) may 

affect the convergence behavior. However, since we set the input data x(w) to have 

unit variance and the unknown system to have unit gain, the output "estimation error" 

converges to the power (variance) of the noise v(«). The noise source thus serves as 

a "'floor of convergence". In our simulation, the noise floor is set variously to -70 

dB, -90 dB and -30 dB. 

5.2 Simulation Results 

As we now show, the parameters which affect the convergence rate are the 

decomposition structure (number of sub-bands) of the adaptive filter, the adaptive 

algorithm itself, the input correlation (expressed by EVR), and the power of the 

additive noise. The convergence behavior of the adaptive filter for system identifi

cation is now studied as a function of these parameters. 

5.2.1 LMS Results 

We now use the normalized LMS (NLMS) to compare the performance of the 

conventional (i.e., 1 band), 2-band and full 16-band adaptive filter. The corre

sponding transform matrices are I)6 (no transform), A(t6/4) and A(16/I6) = H,6, 

respectively. 

The paper by Lee and Un [11] describes a method to choose parameters 

associated with NLMS algorithm. Following their guidelines, the parameters used 

in our LMS simulation are: 
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(1) the convergence factor a = y = 1 IN for all case (N is the total number of taps). 

Therefore a = y= I IN = 1/16 = 0.0625 is used in our simulation. 

(2) the factor P is chosen as 1 - y. 

(3) The initial value of variance estimation for single band case, 6^(0), must be 

larger than 50 = yiVc^. In our simulation the variance of the input signal is 

set to 1, as mentioned in the previous section. Therefore 8^ equals to 

yNcfi = ^-N • 1 = l,and 0^(0) must be equal to or larger than 1. We set 6^(0) = 1. 

The corresponding initial variance for the B bands case is B times larger than 

the 1-band case 

t f /O) = B -6^(0) = B, (5.4) 

The reason for this multiplication by B is that our transform matrix is not normalized 

(A(n/b)A'(n/B) = B Iw) thus the power estimation for each band is on the average B times 

larger than the 1-band case. 

If the initial value of the variance estimation is too small, the initial convergence 

step, which is inversely proportional to the variance, will be too large and an over

shoot is likely to occur. This overshoot results in slower convergence [11]. 

The result of LMS simulation for the different input channels in Table 5.1 are 

shown in Figure 5.2 to Figure 5.6. Figure 5.2 represent the result with channel 1 (no 

color) and noise of -70 dB. In Figure 5.2, channel 1 is used. Therefore, like the noise 

v(n), the signal x(n) is white. The power of the noise v(n) is set at -70 dB. Clearly, 

the 16-band structure converges the fastest. The 4-band case also demonstrates better 

performance than the conventional 1-band filter. However, since the EVR is small 

« 1 and the data is essentially white, the convergence rate for the sub-band structure 

and the conventional approach are similar. 
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Figure 5.2 - NLMS result (channel 1, noise = -70 dB) 

Figure 5.3 is the result with channel 2 (slightly colored) and noise of -70 dB. 

In Figure 5.3, the effect of introducing some color using Channel 2 is shown. Once 

again, the 16-band decomposition performs the best. Note that the extent of corre

lation in this case is moderate corresponding to an EVR of 11.8. The 16-band structure 

succeed in decorrelating this data, and converges somewhat faster (in approximately 

500 iterations), while the direct 1-band conventional filter is relatively slower and 

converges last (in approximately 650 iterations). 

The results are most dramatic in Figure 5.4 for the highly colored data (EVR 

=68.6). In this case, the conventional LMS filter converges extremely slowly, while 

4-band and 16-band cases converge much faster (within 900iterations). The 16-band 

filter perform the fastest as in the prior experiments since the A(I6/lfi) matrix decor-
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Figure 5.3 - NLMS result (channel 2, noise = -70 dB) 

relates the data best. However, it should be noted that the convergence rate for the 

16-bandcase is still slower when the datax(n) is completely white (Figure S.2). The 

reason is that the Hadarmard transform is successful in partly decorrelaling the input 

but does not make it white like the Karhunen-Loeve Transform (KLT) [8]. Non the 

less, since the KLT is impractical for on-line filtering, the proposed sub-band 

structure based on Hadamaid transform is very attractive. We have shown that it 

dramatically improve the performance of the LMS algorithm by partly decorrelating 

the input data. 
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Figure 5.4 NLMS result (channel 3, noise = -70 dB) 

Figure 5.5 demonstrates the effect of noise v(«). The parameters for this 

experiment are the same as Figure 5.4, except the noise power has been reduced to 

-90 db. Interestingly, the difference between 16-band and 4-band convergence rate 

is more noticeable when the noise is smaller. 

The conventional LMS is found to converge almost at same rate as for the -70 dB 

noise power case. The 1-band filter achieves the "noise floor" well after 1000 

iterations, the 16-band filter, on the other hand, performs significantly better than 

even the 4-band case. The reason is again the successful decorrelation of the input 

by the full sub-band structure. Although not shown in Figure 5.5, all three filters 

achieve the minimum NEE of about -90 dB, with the 16-band case converging 

significantly ahead of the others. 
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Figure 5.5 - NLMS result (channel 3, noise = -90 dB) 

Figure 5.6 shows the results for a noise level of -30 db for channel 3 data. For 

higher additive noise power, the sub-band structure converges to the lowest NEE 

much faster than the conventional LMS. For unconelated data, the conventional 

LMS can work just as well. However, since Channel 3 was used, the 16-band and 

4-band Alters succeed in decorrelating the data better and converging faster, Thus 

in general, it is advantageous to use the sub-band structure since any correlation in 

the input data is handled better by the multi-band filter. 

From the experiments shown in Figures 5.2 - 5.6, we conclude that for the LMS 

algorithm: 

• Convergence rate is generally improved with sub-band decomposition. 
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Figure 5.6 - NLMS result (channel 3, noise = -30 dB) 

• The effect of using more number of bands (16 as opposed to 4) is more evident 

for the low noise case. 

• The effect of decomposition is more significant for highly colored inputs. 

In summary, the sub-band decomposition is likely to enhance the convergence 

rate for highly colored data, like voice signal. Obviously, the price paid for this faster 

convergence is the additional computation required to implement the sub-band 

filters. However, the increase in computing is insignificant since only addition-

/substraction and multiplication by ±1 are required for the realization of the sub-band 

structure. 
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5.2.2 RLS Results 

Simulation similar to those in Section 5.2.1 were conducted using the RLS and 

NRLS algorithm. Once again, the conventional RLS (1-band), the 4-band and 

16-band structure were compared for different powers of additive noise. The result 

using Channel 1 and additive noise of -70 dB are shown in Figure 5.7. 
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Figure 5.7 - RLS result (channel 1, noise = -70 dB) 

Since the RLS algorithm is known to converge much faster than the LMS, it 

is not surprising that the 1-band filter converge rapidly to the noise floor at about 

-70 dB. However, it is interesting to note that the 4-band and 16-band sub-band 

structure perform even better, arriving at the noise floor in about half the numbers 

of iterations compared to the conventional RLS. In the presence of colored data 

generated by Channel 3, the sub-band structures again outperforms conventional 
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RLS. In fact, Figure 5.8, the 16-band structure appears quite immune to the effects 

of correlation and converges almost as rapidly as it did for white data in Figure 5.7. 

On the other hand, the conventional RLS does not appear to be slowed down by the 

correlation in the input data also. 

The RLS algorithm in general is not affected significantly by the coloring of 

the input data, a fact indicated by the overall similarity of Figures 5.7 and 5.8. More 

importandy, in each case, the sub-band structure converges faster than the con

ventional RLS regardless of the correlation in the input data. 

ITERATIONS 

Figure 5.8 - RLS result (channel 3, noise = -70 dB) 
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In Figure 5.9, the effect of reducing the noise power is shown. Again after 300 

iterations, the 4 and 16 band sub-band structure are close to minimum NEE of -90 

dB. The 16 band structure stays almost 10 dB ahead of the conventional filter during 

most of the adaptation period. 
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Figure 5.9 - RLS result (channel 3, noise = -90 dB) 

Next, we compare the performance ofNRLS and RLS using 1 -band and 16-band 

structure. The results are illustrated in Figures 5.10 to 5.13. 

In Figure 5.10, for Channel 3 and -70 dB noise, the RLS with 16-band structure 

converges the fastest. 

The advantage of decomposition is clearly shown in Figure 5.10 for the RLS case. 

The NRLS algorithm converges faster than RLS for initial adaptation step and shows 
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Figure 5.10 RLS and NRLS result (channel 3, noise = -70 dB) 

the advantage of decomposition. But after about ISO iterations, NRLS become a bit 

unstable and do not converge further. It is interesting to note that 1 -band and 16-band 

have no difference for the NRLS after 150 iterations. 

Next, we investigate the effect of additive noise to the convergence behavior. Figure 

5.11 represents the result using Channel 3 and additive noise power of -90 dB. 

In this low noise case, the NRLS converges faster than the RLS. The effect of 

decomposition is clearly shown for both RLS and NRLS. As shown in Figures 5.10 

and 5.11, the RLS performance is very consistent. On the contrary, the NRLS is 

more sensitive to the additive noise. 

\ 

II 
•-S. 
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Figure 5.11 - RLS and NRLS result (channel 3, noise = -90 dB) 

To investigate the effect of color in the input data, we changed the Channel 3 

to Channel 1. Figure S.12 shows the result using -70 dB noise and Channel 1. Note 

that this figure is very similar to Figure 5.10 which use Channel 3. Thus both RLS 

and NRLS are immune to the color in the input data. 

The effect of additive noise is further investigated and the results are shown in 

Figure 5.13, where we use -30 dB noise. 

RLSB=16; NRLS B=16 
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Figure 5.12 - RLS and NRLS result (channel 1, noise = -70 dB) 

InFigureS.13,1-bandand 16-band results are coincide and the effect of the sub-band 

decomposition is not shown. For this high additive noise, the RLS algorithm con

verges faster than the NRLS algorithm. 

The simulation results using RLS and NRLS gives following implications. 

• For RLS or NRLS, input correlation has little effect. This is expected because 

RLS or NRLS has input decorrelating mechanism via the inverse of input correlation 

matrix in these algorithms. 

• Sub-band decomposition enhances the convergence in general, except the high 

additive noise case. In this high noise environment, the decomposition has no effect 

on the convergence. 
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Figure 5.13 RLS and NRLS result (channel 3, noise = -30 dB) 

5.3 Summary 

The most dramatic effect of structural sub-band decomposition is shown in the 

case of NLMS algorithm with highly colored input data. It is interesting to note that 

a relatively small number of decomposition significantly improves the convergence 

speed in this case. 

Compared to the NLMS algorithm, the RLS and NRLS algorithms are relatively 

insensitive to the color in the input data. The advantage of decomposition is shown 

in almost all case, except the case of high additive noise. 
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The theory of structural sub-band decomposition for FIR filter was extended 

to adaptive filters. The relation between structural sub-band decomposition and input 

transforms was established. The corresponding transform matrix was shown to be 

orthogonal with 1 and -1 elements. The special case of a full N band decomposition 

when N is a power of 2 turned out to be the WHT of the input data. Our method is 

therefore more general than earlier techniques in the literatures which use the WHT 

for transform domain adaptive filtering. 

Using our theory, adaptive algorithm can be applied to the sub-band structure 

for FIR filters. The simulation results showed the improvements in convergence 

rates for the system identification problem. 

The advantages of decomposition were best observed using the LMS algorithm 

for highly correlated input data. In this case, the relatively simple four band 

decomposition also worked well. For the RLS case, convergence enhancement was 

evident regardless of input correlation. The price for the faster convergence is the 

additional computation required for realizing the sub-band structure. However, the 

implementation can be done cheaply, since no multiplication is actually required. 

Future work will focus on extending the theory presented here to the fast RLS 

algorithm. Recall that the computational complexity of RLS is O (N2) multiplication, 

which is a big burden for long tap filter. Several authors have developed various fast 

RLS algorithms to reduce the computational complexity to 0(N). These fast algo

rithms utilize the shifting property of input data vector 

x(n) = [*(«) x(n-l) ••• jc(«-iV + l)]' 

If the input is transformed to 
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v(n) = A'x(n) = [v0(n) v,(«) ••• vN_,(«)]' .  

the shifting property is lost. This means that fast RLS algorithms for transformed 

structure are hard to find. Since our sub-band structure is one form of transform, the 

development of fast RLS algorithm for this structure will require further study. 
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