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ABSTRACT 

Using computer simulation, three loop stability 

compensation techniques are applied to a buck switched mode 

power converter to determine their effects on load transient 

response . 

A buck converter computer model is developed and 

the load transient responses of three compensation techniques 

are simulated. The results are tabulated and evaluated to 

establish quideiines to aid in the design of switched mode 

power converters that operate under load transient conditions. 

Also included are a discussion of the need for compen

sation and a description of the two industry used compensation 

techniques - dominant pole compensation and two real zero 

cancellation compensation; and a third, new compensation 

technique - two complex zero cancellation compensation. The 

design equations for this new compensation technique are 

given in the appendix and an HP41-C calculator program is 

listed to aid in the selection of component values for the 

circuit. 



CHAPTER 1 

INTRODUCTION 

In this day and age, the quest for miniaturized 

systems has forced power supply design engineers to become 

inventive in their solutions for providing efficient power 

from an unrefined source to an often demanding load. 

The conventional linear power supply, in which 

the power regulating transistor operates in a continuous 

conduction mode, can dissipate large amounts of power 

at high load currents and large input-output voltage dif

ferences. This in turn requires heavier duty power tran

sistors and heat-sinking , both of which increase the size 

of the power system. Also, a larger power source (battery, 

for example) is necessary to provide both the necessary 

power to the load and the power to be dissipated (wasted) 

by the power supply. Thus, the higher dissipations asso

ciated with linear power supplies is detrimental to the 

cause of miniaturized systems. 

In response to the need for smaller, more efficient 

power systems, the method of switched mode power conversion 

was developed. This method consists of applying a DC voltage 

to the collector of a power transistor and varying its 

ON-OFF duty cycle. The resulting switching waveform is 

1 



then put through an LC low pass filter, which removes 

the higher frequency switching components and allows the 

'average' or DC value to go to the load. The output voltage 

is sampled by an error amplifier and compared with a re

ference voltage. If the output voltage is not within the 

'error margin* allowed by the loop gain, the ON-OFF duty 

cycle will be varied until the output voltage falls within 

the desired limits. Since the power transistor is either 

turned-on and saturated or is cutoff (except for a brief 

transition between the two states), the power dissipated 

within the transistor itself is small. This reduces the 

size of the power transistor, the size of the associated 

heatsinking, and possibly the size of the power source. 

Also, since the basic switching frequency of the power 

transistor can be controlled, the frequency can be made 

high such that smaller and more efficient filtering element 

can be used. To everyone involved, the solution to more 

miniaturized power systems seems to have been found. 

As with all new discoveries, a multitude of ques

tions follow. What are this new system's shortcomings? 

How can it be improved? Of the questions that 1 have heard 

asked in my several years in the power supply field, the 

one I have been most intrigued with is the effect of the 

loop stability compensation of a switched mode power supply 

on the load transient response. The answer to this question 



is invaluable to a power supply design engineer who is 

given the assignment of designing a power supply with 

a given closed loop response and with the capability of 

handling a large step change in load with a very small 

instantaneous change in output voltage. The constraints 

of the required closed loop response dictate that loop 

compensation be used, but the effects of loop compensation 

on the load transient response have not, as yet, been 

characterized. The material following is an attempt to 

answer this question. 



CHAPTER 2 

COMPUTER MODEL 

In my experience, the best way to see how a circuit 

will work under different operating conditions is to develop 

a working computer model for it and then make any changes 

to the' model. This alleviates the problem of building 

the circuit and having it not work due to an incorrect 

design or a destructive operating condition being applied. 

Once the different operating conditions have been success

fully modelled, the circuit can be built and the different 

operating conditions can be applied to it. When the testing 

of the circuit is complete, the original computer results 

can be compared with the hardware test results and adjust

ments can be made to the computer model to take into account 

any 'non-ideal* component parameters that will invariably 

be present in the actual circuit. As a result of this 

philosophy, this second chapter will be concerned with 

the development of a computer model for the switched mode 

power supply topology on which I have concentrated my 

efforts. The circuit simulation program that will be used 

is called Simulation Program with Integrated Circuit Em

phasis, better known as SPICE (NageI 1975). 

4 
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Source-to-Output Circuit Model 

Of the three conventional SMPS topologies used 

throughout the industry, the one I have chosen to look 

at in depth is the buck power supply (or buck 'converter* 

as they are often called), also referred to as the 'chopper' 

or "step-down" converter. Figure 1 shows the basic source-

to-output circuit of the buck converter, with the feedback 

circuitry not  shown. The circuit consists of a power source 

(Vg), a power transistor (Q^), a "catch" diode (D^), an 

LC output filter and the load (R^). 

Swi tch E ng States 

Figure 2 shows the two switching states of the 

buck converter, assuming ideal properties of the transistor 

and diode. The transistor is switched ON and OFF as directed 

by the control circuitry. Figure 2a shows ON and sa

turated, acting as a short circuit. This allows to 

be applied to one side of the inductor. The voltage drop 

across the inductor at this time is 

d li 
VL " L Sr~ = vs " ̂  • 

Therefore, the slope of the current waveform, l^, during 

this t ime period is 

d  ' L VS - VQ 
dt L 
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nmn 

Figure 1. Buck Converter Source-to-Output Circuit 
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(a) Transistor Saturated 

(b) 

Figure 2. Two Switching 

Transistor Cutoff 

States of the Buck Converter 
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The time that Q 1  is ON will be denoted by 

«s - ir Ts - DTs • (1) 

where T,. is the period of one cycle of the switching fre

quency. Therefore, D represents the duty cycle of the 

converter. 

Figure 2b shows cutoff, acting as an open circuit 

Because the current through the inductor, l L, cannot change 

instantaneously, the voltage across the Inductor goes 

negative until conducts. The voltage across the inductor 

during this switching state becomes 

d lL 
v - L -ar̂  - " vo • 

The slope of the current waveform during this state becomes 

d I V 
L O 

dt 

The time that is OFF will be denoted by 

'oFF ~ TS 4ON 

- Ts - DTs 

= (1~D)T $  . (2) 
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Input-to-Output Switching Relationship 

Because the voltage across L changes sign, the 

instantaneous current flowing through L must be increasing 

and decreasing about some steady state average value, 

'l_avg' a s  s^ o w n  ' n  Figure 3. For a steady state average 

current to be present, the initial and final values of 

instantaneous inductor current must be equal. Therefore 

lL <TS ) = lL (0) 

or lL (Ts ) - lL (0) = 0 

This is the integral of dl^ evaluated from t=0 to t=Tg 

? 
IL (Ts ) - lL (0) « 0 = / d lL . 

d ,L 
Using VL = L~dt 

VL 
or d 1 L = —£ dt , 

therefore 

, . h  H - f v  
0 0 



L 

dt 

Lavg 

d t 

DT 

t 

Figure 3. Voltage and Current Waveforms of L 
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JBN J s  
= /V Ldt + I V Ldt .  

JQ t 
" ON 

From t=0 to t = t_.. 
ON 

VL = VS " X) 

and from t s a toN '° t =^S 

VL ~ " V0 * 

Therefore 

r0N fs 
0  -  < vs  -  vo ) d t  +  /  ( -V 

^0 

t_. T 

^ d t  

"ON 

=  < vs " vo*'ON " vo'Ts " 'ON^ * 

From equations 1 and 2 

*0N ~ DTs 

AND 'OFF ~ Ts 'ON 

= (1-D)TS 
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The refore 

0 = (Vs - V0)DTS - V0(1-D)TS 

Final I y (3) 

This shows that the output voltage is the duty cycle 

times the source voltage. Therefore, the output voltage 

can be as small as 0 volts () or as large as the 

source voltage a n <* a n^ v a  ' u e  ® n  between. It 

can now be seen why the buck converter is also referred 

to as the "chopper" or "step-down" converter. The output 

voltage is a "chopped" or 'stepped-down" input voltage. 

Similarly, it can be shown that the output current 

is related to the input current by 

Circuit Mode I 

Equations 3 and 4 represent a dependent voltage 

and a dependent current generator, respectively. These 

dependent generators are not only controlled by the input 

voltage (for the dependent voltage generator) and the 

load current (for the dependent current source), but they 

are also controlled by the duty cycle (D). For the purpose 

of this thesis, the source voltage, V^, will be considered 

(4) 
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purely DC (this model can be used with a small signal 

source voltage input if the transfer function of the tow 

pass filter is taken into account) This being the case, 

V s  acts as a gain factor with the duty cycle being the 

input. Figure 4 shows the circuit model for the source-

to-output. As can be seen, the necessity for modelling 

the transistor and diode has been eliminated with the 

inclusion of the dependent generators. The low pass output 

filter and load remain as they were before. This model 

will be used in subsequent sections to develop an overall 

c i rcu i t mode I . 

Duty CycIe-to-Output Circuit Model 

Using Figure 4 as the starting point, the duty 

cycle-to-output circuit model and transfer function (with 

V s  constant) will be developed. Pictorially, Figure 5 

shows the steps in the process of obtaining the circuit 

model with Figure 5a a repeat of Figure 4 for ease of 

reference. 

The duty cycle, d, is first perturbated with a 

small signal change, d", superimposed upon the DC duty 

cycle, D. Thus 

d(t) = D(t) 4 S(t) . 

This duty cycle perturbation causes a corresponding per

turbation in the controlling current for the dependent 
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DV, o RL 3 VO 

Figure 4. Buck Converter Source-to-Output Circuit Model 
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(a) Source-to-Output Model 
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(b) Perturbation of Duty Cycle 
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+ 

J(DVS * 3VS) C = 

V
 V
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_
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II 

(c) Expansion and Simplification of Terms 

Figure 5. Development of Duty Cyc1e-to-Output 
Circuit Mode I 
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(d) Splitting into AC and DC Generators 

A 

•s  +  's  

= O DVsO 
(DI L  + 

D?L) 

(e) Composite AC/DC Duty CycIe-to-Output Circuit Model 

Figure 5.--Con t i n ued 
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current source such that 

i L  C t) = l L(t) + ? L(t) . 

This is shown in Figure 5b. The total perturbation is 

expanded as follows (with time dependence references removed 

for clarity) 

d iL = ( D + a*) {iL + ?L) 

= Dt L + D?Y+ dlL + "3Tl . (5a) 

and dV g  = (D + eT)V s  

« DVg + 3VS . (5b) 

As shown by the results of the expansion in equation 5a, 

the duty eye Ie-to-output function is non-linear. This 

non-linear equation (and thus, the duty cyc I e-to-output 

transfer function) can be linearized by restricting the 

amplitude of the perturbations of the duty cycle to be 

small such that the terms di are negligible compared to 

the rest of the equation. Imposing this restriction 

d < < D , 

This forces the induced perturbation on the current to 

be 
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Equation 5 then reduces to 

+ d I 
L 

+ Di 
L 

and dV 
S 

DV 
S 

* avs . 

Correspondingly, the circuit shown in Figure 5b is reduced 

to that shown in Figure 5c. 

can now be split into two dependent generators, an AC 

and a DC generator, as shown in Figure 5d. Using standard 

circuit techniques, the AC dependent current source is 

reflected to the other side of the DC dependent voltage 

source, as shown in Figure 5e (the techniques used to 

do this are the same as one would use to reflect a current 

source from one winding of a transformer to another, since 

the DC dependent generators can be thought to be circuit 

models for an AC/DC transformer). Figure 5e represents 

the final composite AC and DC duty eye Ie-to-output computer 

circuit model that will be used later, with the AC dependent 

generators being given the circuit symbols IPWM (dependent 

current generator) and EPWM (dependent voltage generator) 

for ease of reference. 

Figure 6 shows the AC and DC models broken apart, 

with corresponding equations 

DC mode I =  DVS 

Each dependent generator (voltage and current) 
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dV 

O  

o s  +  
mm 

dl 

D 0 

(a) AC Duty CycIe-to-Output Circuit Model 

CD 
L l0 

DV 6 RL < vo 

(b) DC Duty CycIe-to-Output Circuit Model 

Figure 6. AC and DC Duty CycIe-to-Output 
Circuit Models shown Separate 
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V 
O 

DV 
S 

L O R 
L 

R 
L 

AC model % = "f ?vs (6a) 

D =  DR L  
(fib) 

where is the transfer function of the output filter. In 

the case of this particular buck converter, IPWM is bypassed 

by a DC dependent voltage source. This is effectively 

a short circuit under AC conditions. Therefore, IPWM is 

not necessary and not included in the duty eye Ie-to-output 

transfer function. The time that IPWM becomes critical 

is when there is an input filter between the DC voltage 

source, V^, and the DC dependent source. This input filter 

can be reflected across the "AC/DC transformer", as was 

done previously to IPWM. Now, IPWM is no longer looking 

at a zero impedance DC dependent voltage generator, but 

has the output impedance of the input filter to contend 

with. Research (Middlebrook 1978) has shown that IPWM 

interaction with the input filter output impedance can 

cause power supply oscillation problems. As far as the 

model for this thesis is concerned, IPWM will be retained 

for the sake of completeness. 
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Control Input-to-Duty Cycle Output 
C i rcu i t ModeT 

The next step in achieving a useable circuit model 

is to characterize the circuitry that controls the duty 

cycle. This circuitry, referred to as a pulse width modu

lator (PWM), is shown in Figure 7. The PWM is simply a 

comparator that compares a triangle wave signal against 

the output from an error amplifier. This comparison results 

in a *high' or a 'low* output from the PWM that turns 

on and off the transistor switch. 

Transfer Function 

Figure 8 shows the time and amplitude relationships 

between the two PWM inputs and its output. V^, is the output 

signal of the error amplifier which is the amplification 

of the difference between the converter output voltage, 

VQ, and the reference voltage, For a constant VQ 

and V R £p, V^, is constant and is represented by the solid 

line in Figure 8. When compared with a triangle wave, 

this constant produces a square wave with a constant 

duty cycle, D. Now, if has a small signal variation 

superimposed on it such that 

vC ( t )  =  v c ( t )  +  *C ( t )  ' 

(where v^ is represented in Figure 8 by the dashed line 

with gradually increasing slope), then the resulting square 
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+ 

V s 

PWM AM PL I F I ER 

v (t) REF 
d( t) 

Figure 7. Pulse Width Modulator Circuitry 
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M dTJ«-

Figure 8. PWM Input/Output Relationship 
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wave from the comparator will have a duty cycle that varies 

about the DC duty cycle D such that 

d (t) = D(t) + d(t) . 

As can be seen in Figure 8, the square wave output of 

the comparator (and consequently, the duty cycle d) is 

dependent on the relationship between the instantaneous 

value of V^. and the peak-to-peak magnitude of the triangle 

wave signal, V . As the instantaneous value of V„ approaches 
M L 

the bottom of the triangle wave, the duty cycle output 

approaches 0 (no pulse out). Conversely, if the instan

taneous value of V c  approaches the top of the triangle 

wave, the duty cycle approaches 1 (constant DC out). Thus 

the control signal input-to-duty cycle output transfer 

function can be written 

V c
(t) + V* <t) 

D(t) + d(t) = - v • 
M 

This transfer function is only applicable at frequencies 

that are small compared to the switching frequency of 

the converter. As the frequency range of interest approaches 

the switching frequency, the modulator begins to contribute 

phase lag (Wester and Middlebrook 1972, Middlebrook and 

Cuk 1977, and Middlebrook 1978) that must be included 

in the model. For the purpose of the modelling required 
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for this thesis, the low frequency transfer function will 

be adequate. 

C i r cu i t Mode I 

Referring back to Figure 5e which shows the final 

duty eye Ie-to-output circuit model, and equation 6, the 

duty cycle dependence can be replaced by control signal 

dependence such that (with time dependence removed for 

clarity) 

vo - DVs - ^7- • <7a> 

DV V,.Vr 
nr- = V  R  = • < 7 b )  

RL VMRL L 

2 2 
D vs vsvc 

1 = DI =. (7c) 

L  VM RL 

^ V v 

VEPWM = DVS = * T7D) 

dV V v". 

AND ') PWM = R! = V R.' * T7E)  
L ML 

Figure 9 shows the results of this change as it affects 

the dependent generators. The dashed lines show the source 

of the controlling parameters for all the dependent gener-
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{E PWM) 

(IPWM) 

AM PL IFIER 
REF 

Figure 9. Control SignaI - to-Output Circuit Model 
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ators (including a dashed line from the input source vol

tage, V &, to the AC dependent generators since they are 

dependent on it as well). 

Out put - to-ControI Signa 
Circuit Mode I 

The final step in the converter modelling process 

is to model the output-to-control signal circuit. 

Transfer Function 

The transfer function of the output-to-control 

signal circuit is essentially the transfer function of 

the error amplifier, which is 

VC <" * ?c(
t) - --in [V 0

( t )  + v Q  ( t) ] 

R. 
1 + VREF ( t> 

This can mathematically be separated into its DC and AC 

components as follows 

V c(t) = TCT vo(t) + i + VREF ( t> (8a) 

VC < l> - % CO (6b) 

However, a slight problem presents itself in that the 



actual circuit model for the output of the error amplifier 

also needs to be separated into its DC and AC components 

in order to control the correct dependent generators. This 

problem can effectively be solved by making the assumption 

that the closed loop gain of the error amplifier is much 

greater than 1 

and equals VQ. This means that from equation 8a 

V c<«> = [V R E F<«) - = 0' 

and the signal from the error amplifier will be purely 

AC. Now, the AC generators can be controlled directly 

from the output of the error amplifier. To take care of 

the dependence of the DC generators, will be made a 

part of the gain constant of the DC generators. Similarly, 

the dependence of the AC dependent generators on Vg will 

be eliminated by including the value of Vj as part of 

their gain. 

Circuit Mode I 

Figure 10 shows the model used for the error ampli 

fier circuit. It is simply the AC model for a simplified 
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operational amplifier (in dashed lines) with associated 

feedback resistors and Rp. 

Final Converter Circuit Model 

The final closed loop circuit model for a buck 

converter is shown in Figure 11. The extra circuitry in 

parallel with EPWM is due to the dependence of IPWM on 

the load resistor, R^. Equation 7c shows that EPWM 

has a vaIue of 

V s v c ( t )  
W < t )  =  — — '  ( 9 )  

and equation 7d shows that ' | pyVM ^ a s  a  v a  ' u e  

V c ( t >  
'l PWM (  * )  ~ V R * t 1° )  

M L 

Substituting equation 9 into equation 10 gives 

VFPWM< 
• i P W M t * ) - — ^  *  ( 1 1 )  

Equation 11 is simply the current flowing through R^ with 

the voltage of across it. Thus, the final circuit 

model shows R^ across EPWM with the current flowing through 

R^ controlling IPWM. Unfortunately, the only provision 

that the SPICE circuit analysis program has for controlling 

a current controlled current source is by using the current 
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through a voltage source. Therefore, a zero valued voltage 

source, , is placed in series with to sense the current 

and ultimately control IPWM. The effects on 1PWM of any 

change in output load resistance can now be modelled by 

simulating the same step change across EPWM. As mentioned 

previously, this has no bearing on this thesis since IPWM 

is bypassed by a zero impedance dependent voltage genera

tor. However, the complete model is presented for future 

work on this subject. 

Similarly, a zero valued voltage source, Vpj , 

is placed in series with the DC dependent voltage generator 

to allow control of the DC dependent current generator. 

The compensation network, not shown in Figure 11, 

will be placed after the error amplifier when it is needed 

in the circuit. This subject will be covered in more detail 

in the following chapters. 



CHAPTER 3 

DEVELOPMENT OF OPEN AND CLOSED LOOP 
TRANSFER FUNCTIONS 

Now that the buck converter circuit model has 

been developed, the open and closed loop transfer functions 

for the circuit will be developed so that hand calculations 

can be compared with SPICE results to more fully understand 

the circuit operation. The transfer functions will be 

developed in two steps - the open loop transfer function 

first and then, from this, the closed loop transfer func

tion. 

Open Loop Transfer Function 

The circuit can be separated into four blocks, 

as shown in Figure 12, where the loop is opened up between 

the output of the converter and the error amplifier. The 

product of the transfer functions of each of these blocks 

will give the overall open loop transfer function. 

Figure 13 shows the error amplifier (block 1) 

that will be used. For the purpose of finding the AC trans

fer function, V appears as an AC short circuit as in-
Kcr 

dicated by the dashed line to ground. The circuit is a 

simple inverting amplifier (Wait, Huelsman, and Korn 1975) 

3 3  
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with the transfer function 

RF 
1EA< 5> =-R 

I 

The compensation network (block 2) will be discussed 

in more detail in Chapter 4. For the time being, the tran

sfer function of this block will be represented by 

*toMP (S) = D( s) ' 

where N(s) is the numerator polynomial containing the 

transfer function zeros and D(s) is the denominator poly

nomial containing the transfer function potes. As will 

be seen later, these compensation network poles and zeros 

will be used to modify the uncompensated open loop gain 

to obtain a desired converter closed loop transfer func

tion. N(s) and D(s) are such that they will not affect 

the DC open loop gain. Therefore, they are of the form 

N(s) « Nj (s) +1 

and D{s)=E^(s)+1, 

where {s) and {s) consist of s terms and their coeffi

cients. 

The third block, the PWM transfer function, has 

already been determined in Chapter 2. Transferring equation 
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7d to the s domain gives 

1»WM ( S) " Vc( s ) 

VEPWM ( S )  VS 

VM 

By using standard circuit analysis techniques, 

the filter transfer function (block 4) is found to be 

( s )  ~ LCs 2  + s + 1 
RL 

This transfer function assumes that ideal components are 

available. In designing actual hardware, two other para

meters should be included in the above equation - the 

wire resistance of the inductor, denoted by R§, and the 

equivalent series resistance (ESR) of the capacitor, 

denoted by Appendix A gives this modified transfer 

function and explains how these parameters affect the 

open and closed loop transfer functions, and the transient 

response. The inclusion of R g  and ' s  beyond the scope 

of this thesis and will tend to complicate the analysis 

without contributing pertinent information. Therefore, 

they will be neglected. 

1. The ESR of a capacitor is resistance due to 
four factors - the aluminum oxide thickness, the electro
lyte/spacer combination, the length of the capacitor, 
and the ohmic contacts. 



The open loop transfer function is the product 

of the transfer functions of each of the blocks. The resul 

i s 

R fV sN(s) 

R1 VM D ( S )  

2 L 
LCs * + s + 1 

RL 

( 1 2 )  

Equation 12 determines the stability, closed loop response 

transient response, and ultimately, the toad transient 

response of the converter. 

The closed loop response with V a c c  as input and 
Kfc r 

VQ as output can be found by using the equation 

The open loop gain is known from the previous section 

and the forward gain can be found by combining the transfe 

functions of each of the blocks shown in Figure 14. 

13, the only difference is the configuration of the error 

amplifier circuit. Looking back at VQ from , the AC 

impedance is small. Therefore, the connection between 

R .J and VQ can be broken and replaced with a ground (shown 

as a dashed line in Figure 14). This transforms the error 

Closed Loop Response 

1 - open Ioop gain * 
forward gain 

(13) 

Comparing Figure 14 with Figure 12 and Figure 
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amplifier to a simple non-invert ing amplifier (Wait, Hue Is 

man, and Korn 1975) with the transfer function 

V S >  , RF 
= I + 

V R E F<s) Ri 

Making the assumption (as done before) that 

R, > > 1 • 

Therefore , 

, RF _ RF 
1 + 

R, R„ 
1 1 

The transfer function of the remaining blocks is the same 

as before. Therefore, the forward gain is found to be 

R pV sN(s) 

R V D(s) 
forward gain = - j . (14) 

LCs + s + 1 
KL 

Substituting the open loop gain equation (equation 12) 

from the last section, and the forward gain equation (equa 

tion 14) into equation 13 gives the closed loop transfer 
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function 

HCL< 5> = 
V s  >  

VREF< S> 

RfVsN(s) 

RI VM D ( S )  

LCs 
_L_ 
R. 

s + 1 

1 + 

RpVjjN ( s ) 

RI VM D ( S )  

LCS 
TT 
R. 

s + 1 

(15 ) 

Equation 15 is the final closed loop equation that will 

be used to analyze the results of the open loop equation 

manipulation to achieve desired closed loop response charac

teristics. 



CHAPTER 4 

COMPENSATION 

We now have a general model and equations for 

the buck converter. This chapter will be concerned with 

the aspects of characterizing the compensation block which 

presently has the transfer function 

HCOMP< S> = D< s> = D1< S )  +  1  

Before getting into specifics, however, the necessity 

of compensation will first be discussed. 

Reason for Compensation 

The reason compensation is necessary can best 

be seen by looking at Figure 15 which shows a Bode plot 

of an uncompensated buck converter's open loop gain and 

phase characteristic. Equating this plot with equation 

12 in Chapter 3 

RFVsN(s) 

V S )  R1 VM D< S )  

Vi(s) L C s2 +  L s  +  , ' 

RL 

and letting ' D(s )— ~ ^"° comPensa1®onJ» 

41 
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Figure 15. Bode Plot of Uncompensated Buck Converter 



the DC gain of 40 dB corresponds to 

4 3  

20 Log F  S  o 20 Log (100) = 40 dB . 
1 M 

The 180 degree phase shift at DC corresponds to the negative 

sign preceding the transfer function. The 40 dB/decade 

break frequency, w
nf> corresponds to the second order 

LC filter poles such that 

Wnf =  LC * 

The break frequencies of the phase at the 180 

degree and 0 degree asymptotes are a function of the quality 

factor (Q) of the filter, given by 

The higher the Q, the closer to ^ the break frequencies 

will occur and the quicker the phase will shift from 180 

degrees to 0 degrees. Thus, if the open loop gain and/or 

the Q of a converter is large enough, the phase shift 

will approach 180 degrees before the gain has a chance 

to fall to less than 1. Based on the Nyquist criteria, 

this creates the potential for oscillation. Depending 

on the desired performance of the closed loop response 

of the system, the phase shift of the open loop response 
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should lie somewhere between 90 degrees and 135 degrees 

while the gain is greater than 1. Phase shifts in excess 

of this will result in a closed loop transient response 

with a damped AC oscillation superimposed on the DC voltage. 

The larger this phase shift, the larger the amplitude 

of the oscillation will be and the longer it will take 

to subside. As can be seen by again referring to Figure 

15, for a DC gain of 40 dB and a Q of .7071, the converter 

has a phase margin of less than 5 degrees. As a result, 

the closed loop transient response will have a large, 

and very slowly subsiding oscillation superimposed on 

its DC output voltage waveform which could induce pro

blems in the load circuitry that the voltage is being 

supplied to. For a more typical Q (i.e., larger than .7071), 

the phase shift is smaller and the underdamped oscillation 

is worse. This creates the need for some form of open 

loop gain and phase "shaping", more commonly known as 

compensation, to resolve the problem. 

Methods of Compensation 

There are basically four methods of compensation 

techniques used in the industry for compensating a PWM 

controlled buck converter: 

1. dominant pole compensation with damping, 

2. dominant pole compensation without damping, 

3. two real zero cancellation compensation with damping, 
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4. two real zero cancellation compensation without 

damp i ng . 

Another compensation technique has recently been developed 

by Dr. W.J. Kerwin of the University of Arizona. This 

technique will be referred to as complex zero cancellation 

compensation, and can be used with and without damping. All 

of the aforementioned methods of compensation will be 

discussed in detail in the following sections. 

Damping versus No Damping 

Damping is the technique of adding resistance 

to the output filter to reduce its Q. This in itself might 

be enough to change the phase shift of the open loop gain 

to a level such that the system will be acceptably stable, 

as can be seen in Figure 16. The phase shift is originally 

at an unacceptable 150 degrees. Adding damping changes 

the phase shift to an acceptable 135 degrees. 

Unfortunately, this will only work for systems 

with sufficiently low gain (only 20 dB in Figure 16) and 

does not allow enough control of the phase shift to dictate 

a specific closed loop response. Therefore, this technique 

is used more as an aid in compensating a system rather 

than as an actual compensation technique, since lower 

Q systems are easier to compensate than higher Q systems 

due to the slower changes in phase shifts that occur in 

lower Q sys tems . 
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Figure 16. Using Damping as a Compensation Technique 
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The actual method of adding damping to the filter 

circuit is shown in Figure 17. L, C, and R^ are the known 

original filter components with transfer function 

Hf t 5  ) = 5 i 
LCs + s + 1 

RL 

The resulting Q for this circuit is 

Q = w 
If the Q of the system with just these components is too 

high, it can be reduced by decreasing . This is accom

plished by placing a resistor, R^, in parallel with 

to give However, this reduction in the value of 

R^ is only desired at the resonant frequency of the filter 

and is not desirable at DC since the switching transistor 

and inductor would have to handle the additional current 

required by R^' . Thus, capacitor is added in series 

with Rp to prevent DC current from flowing. The filter 

transfer function with damping added becomes 



rrm 

Figure 17. Adding Damping to Filter 
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with damped Q 

= 
rl / / r d  r i  
7T * 

V c v c 

The major drawback of adding damping is the fact 

that Cp must be of sufficient value to appear as a short 

circuit at the resonant frequency of the filter. This 

means that it must be larger than the filter capacitor, 

C. Since C is usually quite large to reduce output ripple, 

C D  must be extremely large. A general equation for deter

mining the allowable damped Q that a system can have in 

terms of the ratio of to C (Middlebrook 1978) is given 

by 

?d =  y~ 
(1 + n)(2 + n) 

2 

h C° where n = —^— 

For a damped Q of .71, must be 100 times larger than 

C. If C is 1000 microfarads, must be .1 farad. Since 

this problem is not one of the issues in this thesis, 

a value of 1 farad will be used for C D  in all computer 

simulations where damping is used so as not to affect 

the results. 



The design formula for choosing is solved for 

as foilows 

5 0  

1 

d 

R 
D 

"p/ j -

1 " «d V-5- ' 

( 1 6 )  

From the known values of L, C, R^, and Q q, the value of 

Dominant Pole Compensation 

Dominant pole compensation (DPC) is the method 

of compensating a converter by placing a pole at a low 

enough frequency that the open loop gain will roll off 

pole phase shift causes the open loop phase shift to exceed 

180 degrees. Figure 18 shows an example of DPC. The maximum 

phase shift while the gain is greater than 0 dB should 

be between 90 and 135 degrees, depending on the closed 

loop transient response. This means the phase shift of 

the complex filter poles should begin to take effect at 

about the frequency that the gain crosses the 0 dB asymptote 

Rp can be chosen 

and pass the 0 dB asymptote before the complex filter 
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Figure 18. Example of Dominant Pole Compensation 
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(there is a range of frequencies at which this can occur, 

depending on the desired phase margin and the Q of the 

particular filter used). 

The major drawback of this type of compensation 

is the loss in closed loop bandwidth that occurs with 

such a low frequency pole. This, in turn, causes unde

sirably long turn-on characteristics in the closed loop 

transient response. 

Another more subtle problem occurs if the open 

loop gain characteristic forces the resulting third order 

closed loop system poles to be such that the real pole 

is small and the Q of the complex poles is large. The 

closed loop transient response could have some ringing 

superimposed on it as it rises from zero to its final 

value (WADC-TR-5 3-66); or, the overshoot might be the 

desired value but the settling time might be extremely 

long. For these cases, adding damping to the filters to 

modify their Q might aid in forcing the closed loop system 

to operate in the 'good transient response' region. 

The circuitry for adding DPC to the converter 

is an RC low pass filter placed after the error amplifier, 

as shown in Figure 19. The transfer function for this 

compensation network is given by 

HDPC* S' ~ S RDPC CDPC +  1  * 



r —— 

'1 

Figure 19. Dominant Pole Compensation 
Imp Iemen t a t i on 



The open and closed loop converter transfer functions 

can be found by substituting this transfer function for 

—— in equations 12 and 15, giving 
D(s) 

RFVS 
R1 VM 

H (s) ^ - [  , (17) 

(DPC) ' S RDPC CDPC +  1)« L C« +-R[ S + 1> 

RFVS 
RIVM 

H c,(s) = = -r- T-T 2~ * ( 1 8 )  

(DPC) RDPCGDPCLCS + LC + RDPCCDPC~R^" S 

+  | RDPC CDPC +  RL j  
„ RFVS s + 1 + 

R1 VM 

These two equations will be used in Chapter 5 to design 

and evaluate a dominant pole compensated buck converter. 

Two Real Zero Cancellation Compensation 

Two real zero cancellation compensation (TRZCC) 

utilizes two zeros, z 1  and z 2, on the real axis of the 

-jw plane to approximately cancel the effects of the 

two complex filter poles. Two real poles, p^ and p^, are 

then placed on the real axis, one at low frequencies to 

roll off the gain and one at high frequencies to cancel 

the effects of any parasitic zeros that could occur (such 

as the zero caused by the ESR of the filter capacitor -

see Append i x A). 



Figure 20 shows an ideal example of TRZCC, where 

the maximum phase shift at (and below) the gain zero cros

sing frequency is 90 degrees. Unfortunately, in actual 

converter applications where the output filter Q is greate 

than .7071, the phase shift of the two added zeros does 

not exactly cancel the phase shift of the two complex 

filter poles. The phase shift of two real zeros begins 

rolling off at a frequency of • 1 w
z-j2 ( w^ere W Z1 = W

Z2 =  

w^j) with a slope of +90 degrees/decade. The phase shift 

of a pair of complex poles with a Q greater than .7071 

will begin rolling off at frequencies closer to w n^ than 

• 1 w
nf and with a slope greater than -90 degrees/decade. As 

a result, the overall open loop gain and phase could look 

like that shown in Figure 21. The phase shift is the same 

as that shown in Figure 20 until the frequency *^ w
z-]2 

is reached. At this frequency, the phase begins to rise 

with a slope of +90 degrees/decade due to the two real 

zeros. Since the Q of the complex filter poles is larger 

than .7071, its phase shift will not take effect until 

some frequency (^-j being a function of Q) . At this 

frequency, the complex filter poles phase shift will begin 

rolling off with a slope greater than -90 degrees/decade, 

thereby causing the overall open loop phase shift to fall. 

This rolloff will continue until some frequency 

(k 2  is also a function of Q) where the complex poles' 
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Figure 20. Ideal Example of TRZCC 
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Figure 21. TRZCC with High Q Filter 
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phase shift will flatten out. At this frequency, the open 

loop phase will again rise at a rate of +90 degrees/de

cade until frequency 10 w
zf2' w^ e r e  phase shift of 

the two real zeros flattens out. From this frequency on, 

the phase shifts are the same as that shown in Figure 

20. As a result of these various break points in the open 

loop phase shift, the maximum phase shift before the gain 

crosses the 0 dB asymptote is greater than 135 degrees. 

There are two possible solutions to this problem. 

The first is to add damping to the filter to force its 

Q to be approximately .7071. A second solution is to adjust 

the location of the zeros to a frequency less than w n^ 

to allow the effects of their phase shift to take effect 

at a lower frequency (known as "phase lead'). This will 

allow the open loop phase shift to increase to a level 

such that the effects of the complex poles' phase shift 

will not cause the open loop phase shift to exceed 135 

degrees. The location of zand zcan be controlled to 

give any phase shift desired. The actual method for doing 

this will be covered in more detail in Chapter 5. 

TRZCC can be implemented using one of the two 

circuits shown in Figure 22. 

Circuit A, the complex inverting amplifier (CIA), 

is the one currently being used in industry today (Dixon 

1985). Its major drawback is that it requires the use 
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(b) Modified Bridged-Tee 

Figure 22. TRZCC Circuit Implementation 
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of two additional inverting amplifier stages, one stage 

preceding it and one stage following it. The preceding 

amplifier stage is a buffer, preventing interaction between 

the output filter and , R^, and of the CIA stage. As 

a result of this buffer stage, an inverting amplifier 

stage must be added following the CIA stage to maintain 

a negative feedback configuration. 

Circuit B, the modified bridged-tee, was recently 

introduced by Dr. W. J. Kerwin as a part of his complex 

zero cancellation compensation technique. It was also 

found to work admirably well for the TRZCC technique. More 

details on this circuit can be found in the next section 

where complex zero cancellation compensation is covered, 

and in Chapter 5. 

Both circuits are used in evaluating the TRZCC 

technique in an effort to determine if the circuitry used 

has an effect on the load transient response. 

The transfer functions for the two circuits shown 

in Figure 22 are given as follows: 

Circuit A 

R f[(R a  
+  R-,> ca s  +  1H rB cR s  +  1 1  

l_| _ F  A  1 A B D / -IQ,1 
CIA - R^R^S + 1][(R b  + R f)C bS + 1] ' ;  

^F where —^ = 1 , 
R 1  
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( RA +  R1) CA - RB CB = WZ1 = Wz2 = Wz12 ' 

R . C . = w . , 
A A p1 

(R B  - R F)C B  = w p 1  

Circuit B 

C 1C_R,R.s 2  + R,(C- + C_)s + 1 
H (S) = 1 2 3 4 5—J 2_ ,(19b) 

R 3
R4 [ C1 C2 +  C4 ( C1 +  C2 ) 1 S  

+ [R 3(C 1  + C 2) + R 4(C 2  + C 4)]s + 1 

W h e r C  C- R_ R . =  Wz1 Wz2 " Wz12 ' 
12 3 4 

r3(CI * c2> = -^r~ * -zr~ - "sr- -
J  1 z  z1 z 2 z12 

=! W „ W 
R 3R 4[C 1C 2  + C4(C1 + C 2)] p1 P2 ' 

R,(C, + C„) + R„(C, + C„) = —+ 1  

^ 1 2' 4 2 4' wp1 wp1 

The open and closed loop transfer functions can be found 

by substituting the transfer function of either compensation 

circuit for • [li 5  ?— into equations 12 and 15 and simplifying, 
LJ { S ) 



giving 

< S> = 

(TRZCC) 

RFVS 
R1 VM 

w 
+  1  

z12 

nzzzzTzn 
| Wp1 Wp2 L wp1 Wp2J 

( 2 0 )  

s + 1 

* lLCs2 * 5 - n) 

HCL< 5> -

(TRZCC) 

RF VS Wp1 Wp2 

R1VMLCv"Z12 
W 

+ 1 

z"l 2 

s 4  . 
RTC- * WP1 * V] 

LC 
w - + w _ R,-V cw w  

-El E2_ • w ,w , • F S "2 
p1 p2 rlC 

R1VMWZ12 

Wp1 * wp2 WP1 W
P2 2 RF VS Wp1 Wp2 

LC R LC R-,V mw z 1 2  

RFVS 
RIVM 

+ 1 
w „w _ 
p1 p2 

LC 

( 2 1  )  

These equations will be used in Chapter 5 to compensate 

and evaluate a converter using the TRZCC technique. 

Complex Zero Cancellation Compensation 

As mentioned in previous sections, the technique 

of complex zero cancellation compensation (CZCC) is a 

relatively new one. What makes it unique is that, until 

it was developed, the only compensation techniques used 
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were those that used poles and zeros placed on the real 

axis of the -jw plane to 'shape' the open toop gain and 

phase (as evidenced by the DPC and TRZCC techniques). CZCC 

technique actually places a pair of zeros on top of the 

existing complex filter poles (the zeros are, thus, com

plex), thereby exact Iy cancelling the gain and phase effects 

of the complex poles (this avoids the problems associated 

with the TRZCC technique). A pair of poles is then placed 

on the real axis in the -jw plane, forming the open loop 

response that will give the desired closed loop response. 

Therefore, the overall open loop system remains a second 

order system even though there are two zeros and four 

poles in the transfer function. 

Figure 23 illustrates the "before" and "after" 

open loop response using CZCC technique. Figure 23a shows 

the response of the converter with no compensation. Figure 

23b shows the response when the complex filter poles are 

cancelled and replaced with two real poles at w^ and 

Wpj, giving an acceptable 45 degree phase margin at, and 

below, the zero crossing frequency. 

The circuit used to obtain this compensation tech

nique is the modified bridged-tee circuit shown in Figure 

22b. The transfer function is that of equation 19b from 

the previous section, where w.^ and w^ a r e  complex con

jugate zeros, rather than two real and equal zeros. When 
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Figure 23. Illustration of CZCC 
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the compensation circuit transfer function is substituted 

for 
N(s) 

D(s) 
•in equation 12, the open loop transfer function 

RFVS 

h
0L(O = 

(CZCC) 

R1VM w „w „ 
z1 2.2 

w 
z1 

w 
s + 1 

z2 

w . W „ 
p1 p2 

w 
p1 

RFVS 
R1VM 

w 
s + 1 

P2 

LCs 2  + L  s + 1 

w . w „ 
p1 P2 

( 2 2 )  

w 
P1 

w 
s + 1 

p2 

This equation can now be substituted into equation 15 

to give the closed loop transfer function 

V ( s )  =  

(CZCC) 

RFVS 
RIVM 

w „ w _ p1 p2 
w 
P1 

w 
P2 

s + 1 + 
RF VS 

RIVM 

(23) 

These transfer functions (along with equation 

19b in the previous section) are used to derive equations 

that will give the actual component values for the modified 

bridged-tee compensation circuit from the output filter 

parameters and the desired closed loop response specifica

tions, This will be covered in more detail in Chapter 5. 

There appear to be no drawbacks to this compensation 

technique. However, limitations have been found that need 
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further exploration. These limitations show up as negative 

component values when the component values for the bridged-

tee compensation circuit are calculated. This implies 

that certain pole pairs cannot be substituted for the 

cancelled complex filter poles. A detailed evaluation 

of this problem, however, is beyond the scope of this 

thesis. 

The next chapter will be concerned with taking 

each of the compensation techniques outlined in this chapter 

and applying it to actual converter design. 



CHAPTER 5 

LOAD TRANSIENT RESPONSE 
COMPUTER SIMULATION 

This chapter is concerned with the design of a 

buck converter using specifications normally given to 

power supply designers. This converter will then be simu

lated using SPICE and the information from Chapter 2. The 

compensation techniques from Chapter 4 wi I I then be applied 

and mode lied. 

Throughout the design and modelling process, four 

responses will be simulated and tabulated for comparison 

of compensation techniques. These four responses are: open 

loop frequency response, closed loop frequency response, 

reference voltage input transient response, and load tran

sient response. Based on the evaluation of these responses, 

the effects of compensation technique on load transient 

response will be more clearly understood. 

Buck Converter Design 

To begin the comparison of different compensation 

techniques, a converter circuit is needed. This circuit 

will be designed using typical design specifications and 

will initially take the form of the circuit shown in 

Figure 24. This circuit will then be transformed to the 

6 7  



6 8  

V 
KEF 

Figure 24. Buck Converter Circuit 
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final buck converter circuit model, shown in Figure 11, 

and simutated on SPICE. The results of this design will 

illustrate the stability problems associated with buck 

converter design and will show the necessity for having 

some form of compensation. 

Following are the specifications used to design 

Output VoItage 

Load Current 

Output Voltage Ripple 

Load Transient Output 
VoItage Change 

Sou r ce VoItage 

Switching Frequency 

Each of these parameters provides a piece of information 

that will be used in selecting component values for the 

converter . 

Feedback Circuit Design 

The specification parameter of interest in the 

design of the feedback circuitry is the tolerance on the 

output voltage, +_ 0.1%. This tolerance establishes the 

required DC loop gain using 

% Tolerance 1 

the typical buck converter 

V Q  = 5 +_ 0.1% vol ts 

. e  + 5 .0 
O ~ - 0.0 ampS 

V0(R) = *°5% 

V0(LT) " 2 , 5 %  

V g  = 25 voIts 

f s  = 50 KHz 
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where K D C  is the DC loop gain. Solving for gives 

K 
100 1 0 0  

DC % Tolerance 0 . 1  

1 0 0 0  

Referring back to equation 12 in Chapter 3, the DC loop 

gain (neglecting the minus sign) is given as the product 

of the DC gain of the output filter = 1), the DC 

RF 
gain of the error amplifier (K e aQQ = —^— ) t  

a nd the DC 

In this equation, V s  is the only known quantity. V^, the 

peak-to-peak value of the triangle waveform that the error 

signal is compared to, must be chosen. Most integrated 

circuit PWMs use values of ranging from 1 volt to 5 

volts. The value chosen for this design will be 2.5 volts. 

This gives a PWM gain of 

gain of the PWM (K p w M D C  = -y-
•1 

Therefore 

•fee 
1000  

'WMDC = VM 
25 

(24) 
2.5 

1 0  

This is an arbitrary selection of V.. and, in actual hardware 
M 

design, the design of the triangle wave generator may 
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play into the decision. The value of 2.5 volts was obviously 

chosen to make the numbers easier to work with. 

Since ' s  equal to 10, the gain of the error 

amplifier is given by 

K 
RF KDC 1000 

eaDC R-j KPWMDC 1 0 0  

=  1 0  

Choosing Rj. = 10k ohms, R^ is found to be 

o RF . 10k 

^ " KeaDC ' 1 0  

= 100 ohms . 

Applying this to the circuit given in Figure 24, Rp and 

R.j can be substituted directly in. The PWM gain (equation 24) 

cannot be readily substituted into Figure 24 since it 

is inherent in the comparator circuitry. Later, however, 

it will be incorporated into the final buck converter 

mode I in Figure 11. 

Reference Voltage Selection 

The selection for reference voltage is obvious. 

Since VQ is 5 volts, and since there is no resistive divider 

between the output and the error amplifier input, the 

reference voltage must also be 5 volts. 
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Load Resistor and Output Filter Design 

The selection of the output filter component values 

is a critical operation in terms of the expected load 

transient response, as will be seen shortly. 

The load resistor is selected based on the output 

voltage and load current requirements. Using Ohm's law, 

this gives an R^ of 

R. - V° 5  

L  ' o  

= 1 o hm . 

The selection of the inductor, L, is not as straight 

forward. The equation that will be used is 

V v s  "  V  
1  f V I • ( 2 5 )  T S V S ' L P K  

All the parameters of this equation are based on the speci

fications given except I a v. This parameter, the peak-
L rK 

to-peak inductor ripple current, is primarily chosen to 

keep the inductor from operating in the discontinuous 

conduction mode. Ideally, this parameter should be chosen 

as small as possible to reduce the peak current requirements 

2. Discontinous conduction occurs when the inductor 
current falls to zero before the off time of the switching 
transistor is complete. 
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of the switching transistor (the peak current seen by 

Q.j is given by I = I ̂  + ——- I L p K)• However, when 

the load transient response is an important consideration, 

a secondary concern comes up in that the inductor must 

be small enough so as not to impede the change in current 

required of a large change in load. The larger the inductor, 

the longer it will take to 'charge up* or 'charge down' 

to the currents demanded of it. This means the output 

capacitor must source or sink the extra current until 

the inductor current can change, causing the output voltage 

to rise or fall. The capacitor, therefore, must be of 

sufficient value that this rise or fall in output voltage 

is controlled. This will be covered in more detail when 

the capacitor value is selected. 

To come up with a reasonable size inductor to 

meet the load transient requirements, ' Lp K  should be 

chosen to be between 20% and 40% of the minimum load current 

requirements (Pressman 1977). This value will provide 

a large enough inductance to keep discontinous conduction 

from occurring and still allow the inductor current to 

change quickly. The range of values for l^p K  
i s  

°* 2 1L(MIN) — 'LPK- °* 4 lL(MlN) 

0.2(5) < l L p K  < 0.4(5) 

1.0 amp < I < 2.0 amps 
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Substituting these two values of peak current into equation 

25 and solving for L gives a range of  inductance values 

of 

80 yH > L £ 40 fiH 

A value of 50 microhenries wilt be chosen, corresponding 

to about 30% of 

With the value of inductor chosen, it is now pos

sible to choose the capacitor value. As mentioned pre

viously, to meet the load transient requirements, the 

capacitor must be of sufficient value that it can handle 

the excess currents with controlled output voltage change 

for a period of time while the inductor current builds 

up or down. It also must be of  sufficient value that it 

can meet the output voltage ripple specifications require

ments of V
0(R) = -05%. 

Capacitor value based on output ripple requirements 

is g i ven by 

C = vvs - V 
8 L V S F S V 0 ( R )  

5(25 - 5 ) 

8(50u)(25)t50k) 2(2.5m) 

= 1600 uF 



7 5  

Capacitor value to meet the load transient requirements 

can be calculated using 

^ ' L ' C 
C - v  V  ' C 2 6 )  

O(LT) L 

where; vo(ltj ' s  the maximum output voltage change allowed 

under load transient conditions; 

i^ is the additional current that the inductor 

must build up or down to; 

1^ is the maximum excess current that the capacitor 

is expected to handle; 

and is the maximum voltage available across the 

inductor that causes the inductor current to change 

V0{LT) ' S  e' t* , e r  £ i ven or selected. In the specifi' 

cations list, it is given as 2.5% of the output voltage, 

or .125 volts. 

1^ is the difference between the load current 

at t = 0 +  and the inductor current at t = 0 +  (t = 0 being 

the time at which the load is switched from 5 amps to 

10 amps). Therefore 

'c - - 'L (t=0+ ) 

Since lL (t=0+ ) = lL (t=0_ ) = 5 amps , 



and !0 {t=0+ ) = 10 amps , 

7 6  

then l c  = 10 - 5 

= 5 amps . 

i^ is also the difference between the load current 

at t = 0 +  and the inductor current at t = 0 +. Therefore, 

iL = lc = 5 amps . 

is the smaller of the two 'maximum" voltages 

that can be across the inductor during load transient 

conditions. The extremes for will occur when the tran

sistor is constantly on or constantly off. Under these 

extremes, can take on the following values 

VL = VS " VQ = 23 " 5 

= 20 volts (Q 1  on) , 

and V
L  = - V Q  

= - 5 volts (Q^ off) . 

For this design, the lower of the two maximum voltage 

magnitudes is 5 volts. 

Substituting these known values into equation 

26 gives 

r SOu(5)(5) 
(.125 ) {5 } 

= 2000 uF . 
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Therefore, a 2000 microfarad capacitor wilt be used. As 

it turns out, a lower value of capacitance could be used 

if necessary. The reason for this is that equation 26 

is based on the assumption that the capacitor would have 

to handle a I I of the excess current until the inductor 

current reached the level of the output current. This 

is not actually the case. The current flowing through 

the inductor, as it builds up or down /  immediately begins 

reducing the current the capacitor has to handle. This 

reduces vQ{LT). 

The values of L, C, and can now be substituted 

directly into Figure 24. 

Diode and Transistor Selection 

The selection of D„ and Q„ will not be considered 
1 1 

in this thesis since they are averaged out of the computer 

simulation model. The design of the relevant circuitry 

of the buck converter is, therefore, complete. 

Spice Evaluation 

The buck converter design from the previous section 

will now be fitted to the final buck converter model shown 

in Figure 11. 

Final Buck Converter Model 

All the variables are known except for V c. 

can be found as follows: 
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f rom equa t i on 7 a 

VM 

therefore, V c  = VyD volts . 

Also, V Q  = DVj volts , 

therefore, D = V,, =25 = .02 , 

giving V c  = V mD b (2.5)(0.2) 

= 0.5 voIt s . 

Now all the variables are known and Figure 11 can have 

actual values substituted in. Working from left to right 

in Figure 11 

V g  = 25 volts , 

V 

's =  V M  
1DI =  2.5 'd| ~ 0 , 2 IDI a m p S  ' 

Vp| = 0 volts (current sensing source), 

E5 =  V VS =  2.5 VS =  0,2 VS v o l t s  ' 
M 

EPWM = -I5_ ?c= _|£_ ?c = 10?c volts , 

M 

tPWM = l Y  amps (current flowing through 

V , 
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R l  a 1 ohm 

L = 50 pH , 

C = 2000 fiF , 

Rp = 10k ohms , 

R„ = 100 ohms , 
1 

Rq = 1 ohm , {s impl i f i ed error 

C A i  = 100k mhos , > amplifier model given 

R | N  = 10M ohms , in Figure 10) 

and V 
REF 

5 voIt s . 

With these values substituted into Figure 11, the SPICE 

model is complete (the resistor, R^, in parallel with 

EPWM has had its variable name changed to R^; SPICE wilt 

only allow one component called 

Simulation Responses 

Following is a description of the responses that 

are simulated on SPICE for the uncompensated and compensated 

conve rter: 

1. Open loop response - The loop is physically opened 

between the output of the converter and the feedback 

resistor, R^, and a DC voltage of the same potential 

as the output voltage is connected to R^ . An AC 

voltage is then superimposed on top of the DC 



voltage applied to and a plot of the magni

tude and phase of this AC signal across (the 

output of the converter) is printed out. This 

information is used to verify that the compensation 

poles and zeros ended up where they were designed 

to be, and to look at the maximum phase shift 

to get a feel for the transient response. 

2. Closed Loop Response - An AC signal is superimposed 

on top of V D C I. at the input of the closed loop 
Ktl* 

system and the magnitude and phase plot are printed 

out. This information is used to verify the closed 

loop bandwidth, which is a parameter that is de

signed for when the converter is compensated. 

3. Reference Voltage input Transient Response -

is stepped from 0 volts to 5 volts and the 

output signal waveform is printed out versus time. 

This response verifies the extent of the compen

sation (or lack thereof). The amount of transient 

response overshoot and rise time are parameters 

that are designed for when the converter is com

pensated. 

4. Load Step Response - The output load resistance 

is changed from 1 ohm to .5 ohms and then back 

to 1 ohm. This causes a change of current from 



81 

5 amps to 10 amps and back to 5 amps. The circuit 

used to do this is illustrated in figure 25. To 

increase the total current (') ^ r o m  5  amps 

to 10 amps, a voltage source (VJ_QA D) in series 

with a resistor (R^') is placed in parallel with 

t?L ' s  t' i e  s a m e  va' u e  a s  ) • The initial 

value of V.is set equal to the V . When the 
L UnL/ U 

time comes to increase to 10 amps, V. 
TOTAL LOAD 

is stepped to 0 volts* This places R^' in parallel 

with R^ and 1yQTAL * s  a mP s  • To decrease the 

current from 10 amps to 5 amps, is placed in 

parallel with a current source, ' LQAD' t' i a t  ini

tially has a value of 5 amps. The sum total of 

t h e  c u r r e n t s  f l o w i n g  t h r o u g h  R L  a n d  ' ' s  1 0  

amps. When l_~,. A 1  is to be decreased from 10 amps 
TOTAL 

to 5 amps, ' lqad ' S  s t ePP e <* t o  0  amps. Now R^ 

is by itself and only draws 5 amps. Obviously, 

separate SPICE simulations were run to achieve 

both load changes. The reason such an involved 

procedure was used is that the equivalent resistance 

looking at the load affects the damping of the 

output variation caused by the load step change. 

This being the case, the resistance seen by the 

output filter should be the resistance that Is 

actually drawing the current, not some high 
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I 
TOTAL 

5 volts —-1 i voi I 

VLOAd( sJ I 0 volt 

V 

(a) Load Step from 5 Amps to 10 Amps 

TOTAL 

R. 1 LOAD 0)1. 

5 amps 

amps 

(b) Load Step from 10 Amps to 5 Amps 

Figure 25. Method Used to Simulate Load Current Steps 
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impedance current source that will have a constant 

current, whatever the output voltage is. The basic 

converter model without compensation was simulated 

to establish a baseline. The results of this, 

and subsequent simulations, are tabulated in Tables 

2 and 3 at the end of this chapter. An evaluation 

of these results will be given in Chapter 6. 

Compensation Criteria 

Before compensating the converter, some criteria 

must be established that will allow a comparison to be 

made without too many variables being different. Therefore, 

the following 'compensation criteria" will be used: 

1. The closed loop -3 dB bandwidth will be designed 

for 30 krps (4.77 kHz). This corresponds to a 

transient response rise time {t„) of 73.3 micro-
K 

seconds . 

2. The closed loop transient response will have between 

a 3% and a 5% overshoot and as short a settling 

time (t§) as possible. 

3. The compensation techniques will be applied to 

the uncompensated converter with and without the 

converter output filter damped to a Q D  of .7071. 
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As will be seen, not all these conditions will be met 

with all the compensation techniques. 

Damping Resistor Value 

The value for the damping resistor, can be 

found using equation 16, where is chosen to be .7071 

.7071 "fl 
50 u 

„ 2000U 
o 55 rrnr 6 1  _ .7071 V 2000 u 

C^ is chosen to be 1 farad, as explained in Chapter 4. When 

circuit simulations with damping are desired, the series 

combination of C^ and R^ will be placed in parallel with 

rl. 

Dominant PoIe Compensation Simulation 

The DPC technique will be the first one simula

ted. The location of the dominant pole can be found using 

the following method: 

1. A check must be run to determine if the DPC tech

nique will provide the desired transient response when 

applied. This can be done by comparing the the Q of the 

output filter with the Qs given in Table 1 (the Qs in 

Table 1 are chosen to give a transient response that has 

less than a 10% overshoot). If the Q of the output filter 

does not fall within the range specified in Table 1, the 



Table 1. Acceptable s for DPC Design 

_b c %0S [s_ 

3.3 2.5 .48 5.9 10.8 

3.0 2.5 .53 4.2 10.0 

2.5 2.5 .63 1.0 0.0 

2.0 2.0 .71 8.7 7.0 

1 .9 2.1 .76 5 .1 6.5 

2.0 2.5 .79 0.0 8.5 

2.0 3.0 .87 0.0 11.3 

1.5 2.0 .94 6.7 10.5 



output filter will have to be damped to force 

the Q to the desired value. 

When the output fitter Q is acceptable, the DPC 

transfer function (equation 17) can be equated 

to the following equation 

K 
( s) = F  

DC 
cK 
DC 

K, 
s + 1 

cK, 
s 2  • 

CK: 
s + 1 

, (27) 

whe re LC = 

RL 

cK 

cK f  ' 

and where b and c are the coefficients from Table 

1 and Kf is the frequency scaling factor. 

From equation 27, the frequency scaling factors 

can be calculated as follows 

Kf " \J { LC) c 
and 

«, - bRj 

cL 

When Kj is found using the above equations, the 

DPC circuit component values, Rpp^ and Cp p c, can 
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be found by using 

*bpc SPC ~ K 

C KDC 

Either R Dp C  or Cppc c a n  chosen and the other 

solved for. 

This method was used on the uncompensated buck 

converter as follows. The Q of the undamped output filter 

was calculated to be 

7F 7- 50 u  

2000u 

= 6.3 . 

This does not fall within the range specified In Table 

1. As it turns out, if the compensation were to continue 

from this point, a 4% overshoot could be achieved - at 

the expense of having an extremely long rise and settling 

time. Needless to say, the DPC technique was not applied 

to this circuit as it is. 

Using damping, the Q of the filter was changed 

to Q d  = .7071. The desired overshoot is between 3% and 

5% with a short settling time. Referring to Table 1, this 

corresponds to a b and c equal to 1.9 and 2.1, respectively, 

and a Q of .7600. So as not to create too many differences 

with the later comparisons, the Q D  of .7071 was retained 
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rather than designing the damping specifically for a 

Q d  of .7600. The values of 1.9 and 2.1 were used for b 

and c. Solving for results in 

Kfi -f (50u)(2000U)(2.1) 

•« 2182 rps , 

and 
1 .9(1//.126) 

nf 2 ~ (2.1)(50u) 

= 2025 rps . 

The reason these values are not the same goes back to 

the difference between the actual Q used and the Q suggested 

in Table 1. The average of the two frequency scaling factors 

was taken and used, giving 

Kf = 

Kf1 +  Kf2 2182 + 2025 

Thus , 

= 2100 rps . 

cK 

T>PC ^PC " K 
DC (2.1 )(1000 ) 

2100  

= 1 . 

Choosing C D p c  = 10 uF, 

_  1  . 0  
1 Ou 

= 100k ohms 
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These values were used on SPICE to compensate the buck 

converter. Unfortunately, the major drawback associated 

with DPC (loss in closed loop bandwidth) kept the -3 dB 

closed loop bandwidth requirement from being met. In order 

to meet the closed loop bandwidth and the transient response 

requirements, the output filter cutoff frequency would 

have to be made larger, thereby requiring different values 

for the output filter capacitor and inductor. Again, trying 

to limit the differences in circuitry to be compared, 

the results with smaller closed loop bandwidth were re

tained. These results are tabulated in Tables 2 and 3 

at the end of the chapter. 

Two Real Zero Cancellation Compensation Simulation 

The method to obtain the pole and zero locations 

for the TRZCC technique is not as straightforward as for 

the DPC technique. The steps taken are listed as follows: 

1* Make an initial selection for the pole and zero 

locations. A rule of thumb for placing the zeros 

is to locate them at one-half the output filter 

cutoff frequency if the output filter Q is greater 

than or equal to 1 

Wz12 =  (0, 5 ) w nf f o r  Q 1  • 

If the output filter Q is less than 1, place the 
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zeros at the output filter cutoff frequency 

*„2 " w„f for Q < 1 . 

The higher frequency pole, p, should be placed 

at the frequency of any known zeros in the loop. If 

there are none, p 2  should be placed at a frequency 

that is at least 10 times that of the desired 

-3 dB closed loop bandwidth 

wp 2  2. 1 0 w-3dB(CL) * 

This is so as not to cause interaction that might 

degrade the compensation effects of the two real 

zeros. The lower frequency pole, p^, should be 

placed at a frequency that will allow the open 

loop gain to roll off with a slope of -20 dB/decade 

from Wp^, through the 0 dB asymptote at a frequency 

equal to the closed loop -3 dB bandwidth (this 

assumes the real zeros cancel most of the effects 

of the complex poles). This can be done by placing 

p at a frequency that is — of the closed 
1  KDC 

loop -3 dB bandwidth 

w _ «= — w , • 
pi -3dB( CL) 

2. With the initial selection of these pole and zero 
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locations, the closed loop transfer function coef

ficients must be found using equation 21. From 

this equation, the magnitude at DC and at the 

-3 dB bandwidth frequency must be solved for to 

see if the selected pole and zero locations actually 

give a magnitude that is down -3 dB at the desired 

-3 dB bandwidth frequency 

20 Log 
l HCL< W  " W-3dB>l 

Hcl( w  = 0) 

? 
= - 3 dB 

3. If the calculated gain magnitude from step 2 is 

significantly greater than -3 dB (i.e., closer 

to 0 dB), then p^ must be shifted to a lower 

frequency. Likewise, if the gain magnitude is 

significantly less than -3 dB, p^ must be 

shifted to a higher frequency. Select another 

location for w^ and repeat step 2 until the gain 

magnitude at the -3 dB bandwidth frequency is 

3 dB down from the gain at DC. 

4. When the the pole and zero locations have been 

selected to give the correct -3 dB bandwidth, 

the next step is to see if these same pole and 

zero locations will provide the correct transient 

response. This can be accomplished by whatever 

method is available. The overall converter with 
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the selected pole and zero locations can be modelled 

on SPtCE to see if the resulting transient response 

is correct; or, the transient response can be 

solved for by hand by finding the roots of the 

closed loop transfer function, applying an s-domain 

I 
step function (• ••--) , and taking the inverse 

laplace transform to find the time domain step 

response. Values of time can then be substituted 

into this time domain equation and the transient 

response characteristic can be found. When this 

characteristic is known, if the overshoot is sig

nificantly larger than desired, the two real zeros 

must be shifted to a lower frequency (to provide 

more phase lead before the complex poles begin 

to affect the loop phase shift). Similarly, if 

the overshoot is smaller than desired, the zero 

locations must be shifted to a larger frequency. 

5. Steps 2 through 4 must be repeated until the final 

compensation pole and zero locations give the 

desired closed loop bandwidth and transient re

sponse. When the final locations have been de

termined, the pole and zero frequencies can be 

equated with equations 19a and 19b and the component 

values can be found using the following equations 
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Circuit A 

Choose Rp = R 1  = R . (28a) 

Solving for R . : 
A 

CA<RA •  R 1 »  W Z 1 2  

RACA 

w  „  
p2 

RA wz12 

RA * R1 Wp2 

R 1  \ = ST—1 • <"») 

- 1 
Wz1 2 

So Iv i ng for R : 
D 

C
B(RB * RF> _ WP1 

RBCB 
Wz1 2 

RB WP1 

RB + RF WZ12 

RF 
% - w ' < 2 8 c> 

Z12- - 1 
w . 
p1 



Solving for : 
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RACA " WP2 

Ca = ™P2RA 
(28d) 

So 1v i ng for C 
B 

Let 

RB CB W Z 1 2  

CB = 
WZ12 RB 

(28d) 

Circuit B (the derivation of these equations is 

given in Appendix B) 

a = 

w 
zl 2 

b = 
w 
zl 2 

c = 
w „w _ p1 p2 

d = • 1  

w „ w _ pi p2 



Choose 
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c4 - c4. (29a) 

R c  " a  
4 ~ bC . 

(29b) 

C2 = 

C.{b - db + c - a) 
4 

a - c 
(29c) 

R3 ~ C. 
b -

C2R4 
(29d) 

C
2
R3 R4 

(29e) 

The methods described above were implemented on 

the undamped buck converter (Q = 6.32) with the following 

results for TRZCC zero and pole locations 

WZ1 - Wz2 = Wz12 = 1700 tpS ' 

w p 1  = 7 rps , 

w p 2  = 300k rps . 

Substituting these values into equations 2B and 29 gives 

Circuit A Rp = = 10k ohms , 

R. = 57 ohms , 
A 

R Q  = 41.3 ohms , 
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= 58.5 n F , 

C R  a 14.2 fiF 

Circuit B C, = 1 n F , 
4 

R 4  = 110.6k ohms , 

C 2  = 1 .3 fiF , 

Rj = 917.5 ohms , 

C 1  = 2.66 nF . 

These two circuits were used to compensate the undamped 

buck converter, with the results tabulated in Tables 2 

and 3 at the end of this chapter. 

The TRZCC technique was also applied to the damped 

buck converter (Q^ = .7071). The pole and zero locations 

for this are given as follows 

w „ = w „ = w „ - =  3 . 1 6 k  r p s  ,  
z1 z2 z12 

w p l  = 25 rps , 

w p 2  = 300k rps . 

Substituting these values into equations 28 and 29 gives 

Circuit A Rj. = R = iok , 

R^ = 106 ohms , 

R B  = 80 ohms , 



97 

C A  o 31.5 nF , 

C B  = 3.96 fiF . 

Ci rcuit B C. B 1 nF , 
4 

R. = 52.7k ohms , 
4 

C 2  = .746 pF * 

R 3  = 844 ohms , 

C 1  = 3 nF . 

Applying these two circuits to the damped buck converter 

gives the results that are tabulated in Tables 2 and 3 

at the end of the chapter. 

Complex Zero Cancellation Compensation Simulation 

The CZCC technique is, by far, the easiest to 

implement. The method used to obtain CZCC component values 

is outlined as foilows : 

1. Solve for the denominator of the output filter 

transfer function 

D, ( s) = LCs 2  + s + 1 . 
f Rl  

2. Equate this equation with the numerator of equation 

19b (this step places the compensation zeros on 
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top of the filter poles) 

C
1
C2 R

3R 4S 2  + R3< C-, +  c2> s  +  1  - L C s 2  +  Hf" 5  +  1  ' 

whe r e 

LC = C^C 2RjR 4  ~ a , 

-E- - K, <S * S> ) - b • 

3. From the closed loop specifications, solve for 

the closed loop denominator using 

DCL <S> = 
w 
-3dB_ 

s 2  • 
W-3dB QCL 

s • 1 

4. Equate this equation with a slightly modified 

form of equation 23 

w 
-3 dbj 

2 
s + 

^3dB QCL 

s + 1 = 

w „ w „ p1 p2 
1 + 

rfvs 

rivM 

2 
5 + 

w 
1 - + 

1 

P1 
w 
p2 

1 + 
RFVS 
R1VM 

s + 1 

whe r e 

w 
-3dB 

w w „ 
pi p2 

1 + 
R V "• ' 
F S 

R IVM 



o r  

and 

RF VS 

R1 VM 
W „ w _ w - , D  p1 p2 -3dB 

vv „ w _ 
Pi P2 

w-3dB QCL . . RF VS 

R1 VM 

99 

= c , I 30 a) 

W
P1 Wp2 W-3dB^CL 

rfVs 

R1 VM 1  M  — = d . (30b) 

5. Since the overall objective is to solve for the 

component values, equations 30a and 30b can be 

equated with equation 19b to give 

c = -=r-£ = R*R^C,C0 + C.tC, + C,)l 
p1 p2 

d = + = R„(C„ • C,) + R, (C_ + C. ) 
w „ w _ 3 v  1 2' 4 2 4 ' 
P1 P2 

6. The equations for giving the component values 

using a, b, c, and d can be found in the previous 

section (equation 29). 
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These six steps were programmed into an HP-41C 

calculator with the listing for the program given in Ap

pendix B, along with the derivation of the equations for 

the component values (portions of the program can also 

be used to solve for the TRZCC, circuit B component values). 

The calculator program (called TEE) was used to 

solve for the modified bridged tee component values to 

compensate the undamped and damped buck converter. The 

component values chosen are given as follows 

Undamped = .1 JIF , 

R. = 202k ohms , 
4 

C 2  = .132 pF , 

R 3  = 348 ohms , 

C 1  = .011 jiF . 

Damped = .01 pF , 

R 4  = 226.5k ohms , 

C 2  = .196 pF , 

R 3  = 2 .26k ohms , 

C n  = 993 pF . 

The results of using this compensation technique are ta

bulated in Tables 2 and 3 in the following section. 
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Tabulation of Results 

The following two tables give the results of  all 

the SPICE runs completed for the buck converter designed 

at the beginning of this chapter. Table 2 gives the results 

of the AC open and closed loop responses to verify the 

location of the compensation poles and/or zeros. Table 

3 gives the results of the input transient and load tran

sient responses. These tables will be evaluated in the 

following chapter. 
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Table 2. Open and Closed Loop AC Response Results 

Compensat ion 
Techn I que wnf Wp1 WP2 WZ1 Wz2 W-3dB 

None 3150 .256 99.6k 

Damping 315 0 

CZCC 20.1 42k 

2.4 99.6k 

65 29k 

CZCC 
w/ Damping 

DPC 

20.1 42k 65 29k 

DPC 
w/ Damping 

TRZCC 
{Ckt. A) 

TRZCC 
(Ckt. A) 

w/ Damping 

TRZCC 
(Ckt. B) 

TRZCC 
(Ckt. B) 

w/ Damping 

3100 .942 -- -- -- 63 2k 

3149 7.0 276k 1772 1772 79 30.1k 

3149 25 283k 3020 3020 79 31.5k 

3147 7.1 280k 1771 1771 7fi 30.1k 

3140 25 289k 3140 3140 80 30.2k 



103 

Table 3. Input and Step Transient Response Results 

r„mnon„, • n t1*) (0.1%) (0.1%) 

TTChnt que *0S tS<roS> % VUP tS(mS) % VDN tS^S) 

None 13 92 -- -.481 1.4 .459 1.4 

Damping 12 92 -- -.979 -- .991 

CZCC 75 4.1 .240 -1.72 10 1.76 10 

CZCC 75 3.9 .220 -1.85 1.5 1.87 1.5 
w/ Damping 

• PC 

DPC 1200 4.2 3.2 -6.5 4.6 6.86 4.2 
w/ Damping 

TRZCC 71 5.0 3.1 -1.62 2.4 1.62 2.4 
(Ckt A) 

TRZCC 76 3.0 .890 -1.27 1.3 1.24 1.3 
(Ckt A) 
w/ Damping 

TRZCC 71 5.0 3.1 -1.77 2.47 1.62 2.45 
(Ckt B) 

TRZCC 72 4.4 .860 -1.44 1.36 1.47 1.36 
(Ckt B) 
w/ Damping 



CHAPTER 6 

LOAD TRANSIENT RESPONSE EVALUATION 

This chapter will be used to evaluate the results 

of the SPICE simulation that are documented in Tables 

2 and 3 at the end of Chapter 5. This evaluation will 

then be used to present guidelines that can be used in 

selecting the compensation for a buck converter that will 

used under varying load conditions. 

Observat i ons 

For the most part, the open and closed loop circuit 

simulation responses were pretty close to the design ob

jectives (except, of course, for the expected loss in 

closed loop bandwidth for the DPC simulation). Most of 

the apparent errors in determining the open and closed 

loop pole and zero locations can be explained by the fact 

that their determination was based on looking at the phase 

and gain plots and printout, and making a best guess as 

to where the given poles and zeros were located. This 

was a difficult task in the regions where the phase and/or 

gain characteristics of the poles and zeros overlapped. 

Another interesting observation is the fact that 

the maximum phase shift (while the open loop gain was 

104 
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greater than 0 dB) of all but two of the simulations with 

compensation used was around 120 degrees. This indicates 

that for an input transient response with a 4% overshoot, 

the most the open loop phase should be allowed to shift 

while the open loop gain is greater than 0 dB is 120 de

grees . 

There are three general observations that can 

be made about the load transient response results given 

in Table 3. 

The first observation is that the load transient 

results for the DPC technique are the worst of the simu

lation runs, with the output voltage varying in excess 

of 6.5% (.325 volts) with a settling time greater than 

4 mS. This, coupled with the fact that the -3 dB closed 

loop bandwidth requirement could not be achieved (meaning 

the rise time is longer for this circuit than when the 

other compensation techniques are used), makes the DPC 

technique the least desirable one to use. 

The second observation deals with the comparison 

of the results of the TRZCC compensation technique with 

the results of the CZCC technique. It appears that the 

TRZCC technique is, by far, the better of the two when 

no damping is used (10 mS settling time for CZCC compared 

to only 2.47 mS for TRZCC). When damping is used, the 
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TRZCC still comes out as being slightly better than CZCC 

(_+ 1.27% change in output voltage with 1.3 mS settling 

time for TRZCC versus _+ 1.85% change in output voltage 

with 1.5 mS settling time for CZCC). 

The third observation is that there appears to 

be a slight difference in the results when using circuit 

A as opposed to using circuit B. Circuit A appears to 

have a slightly better response under both damped and 

undamped conditions 

Circuit A (damped) VQ  « +_ 1.62% t g  = 2.40 mS 

d + 1.79% . 2.45 mS 
Circuit B (damped) V Q  = _ 1 > m  t s  = m S  

Circuit A (undamped) V Q  = +_ 1.27% t g  = 1.30 mS 

Circuit B (undamped) VQ  = * *44% *s =  ̂ *^6 

Part of this difference may be due the convergence criteria 

of the SPICE simulation program and the complexity of 

circuit B as compared to circuit A. Circuit B has three 

reactive components whereas circuit A only has two. Also, 

circuit B is in a split tee configuration. Both of these 

circuit topology characteristics might force SPICE to 

converge to a slightly different "correct" value. 
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Mathematical Characterization 
°f Load Transient Response 

This section will be used to derive a mathematical 

representation of the load transient response in order 

to have something to compare the results of the simulations 

with. 

The first step in this procedure is to define 

a simplified circuit model that will establish the output 

characteristics of the converter before and after the 

load transient occurs. This is easily done as shown in 

Figure 26, which shows a buck converter with its gain 

stages and compensation stage. The parameters that dictate 

the output characteristics before the toad transient occurs 

are the initial conditions that are present in the actual 

circuit, with the voltage across the capacitor being the 

same as the output voltage of the converter 

V c(t=0_) = V Q(t = 0_) 

and the current flowing through the inductor being the 

same as the output load current 

I L(t=0_) = l o(t=0_) 

The step input of V D C t  is used to establish the final 
K E r  

(steady state) output characteristics that will be present 

after the load transient has occurred and the initial 
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Figure 26. Circuit Model for Mathematical 
Characterization of Load Step Response 
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conditions have died out. Thus, the load transient has 

been modelled by a set of initial conditions and an input 

step in reference voltage. 

The transfer function of the circuit model in 

Figure 26 was found with the help of the circuit shown 

in Figure 27. The initial conditions have been modelled 

by impulse voltage and current generators (Huelsman 

1972). Applying standard circuit analysis techniques to 

this circuit, V_ can be found in terms of VD (the input 
u d 

of the output filter), given as follows 

VQ(s) 
VB + KLKIR + KCKiRLS 

LCs2 + 
_L_ 
R .  

s + 1 
(31 ) 

whe r e 

and 

1 » 'L 11 >•-

ifc = vc (0. >C 

Kj R = Impulse Response Input 

solving for V„ in terms of V„ and V0_c gives b U Kt r 

^ <o i + 

— F 
R. REF 

REF 

RF 
R -

" R F"  
-

" R F"  
V O 

N ( s ) 

_ R 1  -

V O D(s) ^WM 

O 
N<5) K 

D(s) PWM ' 
( 3 2 )  
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lL(0_)LK,R L 

Q mm 

C V C<° -> K IRQ vC —r C RL 

Figure 27. Circuit Model using Impulse Generators 
to Control Initial Conditions 



1 1 1  

Substituting equation 32 into 33 and solving for VQ yields 

R
FN(s)KpWM 

VQ(s) -
R 1 D(S)  'REF 

LC5 
2  

+ _t_ s + •, + RFN(5)KPWM 
LCs + RL 5 1 r̂ dTT) 

(33) 

K IR K L +  K IR K C L S  

2  L  „  R F N F S ) K PWM 
LCS + "R[ 5 + 1 + R,D(s) 

To generate a steady state final output voltage of 

V~(0 ), Vocc. should be a step function of magnitude 
U ~ Kcr 

v o < ° - >  

V(0_) 

VREF<S> -

Applying this step function to equation 33, assuming for 

the moment that 
N(s) is 1, and taking the inverse laplace 
D( s) 

transform of the resulting equation gives the following 

result s 

'°(t) " Kl [ „2 I b2 4 

+ K2 e ats'n(bt)j + K 

b a2 + b2 

e~atsin(bt - 0.)| (34) •„] 

whe r e * - tan 

2 2 
a + b " a' i # u ̂ r* \ 

g e sin(bt + 01) 

-1 

a = 
2R L (0 + )C  
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b - a 
2 

LC 

RFKPWM 

*l LC 

RL(0_)C 

and K3 = VQ(0_) . 

Applying this equation to the uncompensated, un

damped buck converter, the hand calculated results were 

compared with the SPICE simulation results and tabulated 

in Table 4. The correlation between the hand calculations 

and the computer simulations is very good. The calculated 

peak change in output voltage is within .04% of the sim

ulated value. The settling time calculated results (1*4 mS) 

are exactly the same as the simulation results. The largest 

difference occurs at 700 uS with a 0.4% discrepancy. Based 

on this comparison, equation 33 appears to be the governing 

equation for load transient response. 

Application of Governing Equation 

The intent of this section is to apply equation 

33 to each of the compensation techniques in an effort 

to find out what causes the differences in the load tran-



TABLE 4. Load Transient Response Comparison of SPICE 
Simulation and Equation 34 

(SPICE) (EQ. 34) 
Time(uS) N^(volts) N^(volts) 

0 5.050 5.050 

5 5 .042 5 .038 

10 5 .032 5.032 

20 5.026 5 .026 

40 5 .063 5.065 

45 5 .070 5 .073 

50 5.072 5 .074 

55 5 .070 5 .070 

60 5 .065 5.061 

70 5 .042 5 .037 

80 5 .028 5 .026 

100 5 .051 5 .060 

1 50 5.031 5 .033 

200 5 .046 5 .030 

400 5 .042 5.035 

700 5 .057 5 .035 

1000 5 .041 5 .053 

1380 5 .046 5 .047 

1400 5 .042 5 .042 

* Peak Output Voltage Change 
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sient response tabulated in Table 3. The evaluation will 

be done in general terms. 

Applying the general compensation network transfer 

f un c t i on 

N(s) _ as2 + bs + 1 

c2 + ds + 1 

to equation 33 and simplifying gives 

KCL 2 
KLKIR(1 +  ~1C— sHas + bs + 1) 

V ( s) = 
0 (LCs2 + s + 1)(cs2 + ds + 1 ) + (as2 + bs + 1 ) 

K L (35) 

KLKIRC1 +  ~K~ s)(cs2 + ds + 1) 

(LCs2 + —••• ••• s + 1)(cs2 + ds + 1 ) + K-^-tas2 + bs + 1 ) 
L LA-

whe re kl = lL(0_) , 

K L 

-jjj- - RL(O.)C , 

. „ RFKPWM 
an<l tc -—r— • 

Applying equation 35 to each compensation technique (in 

general terms) yields the following equations 



DPC: (a a b = c = d) 

w / x KDCKREF . v (s) = ( (36) 
(LCs + s + 1)(ds + 1) + K DC 

KLKIR<1 * 5><D5 * 1> 

(LCs2 + -j~- s + 1 ) (ds + 1 ) + Kdc 

CZCC: (a = LC, b = ) 
KL 

V0„, VW (37) 

(cs + ds + 1 + K^) 

KCL .. 2 K L K, R (1  +  —g s)(cs + ds + 1  )  

(cs2 + ds + 1)(as2 + bs + 1) + KD£, (as2 + bs + 1) 

TRZCC: (Refer to equation 35) 

Based on the above equations, the reason that 

a small inductor value is desired in the circuit design 

for improved load transient response is that it reduces 

the impulse response term (IR) of each of the equations 

above. This would have the effect of reducing the overall 

output voltage change due to load transients. 

Pole-zero diagrams for each of the equations (35, 

36, and 37) were drawn to see if they revealed any furthe 
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information. This is shown in Figure 28. The pole and 

zero locations of the IR term appear to be a modified 

combination of the compensation network pole-zero locations 

and closed loop pole-zero locations. The compensation 

network poles and zeros are transformed to zeros and poles, 

respectively, in the IR term. The closed loop poles remain 

as they are for the IR term. The closed loop zeros are 

the same as the compensation network zeros, which are 

already included in the IR term. These transformations, 

as well as the additional zero which is a function of 

the initial conditions, dictate the differences seen in 

the transient responses given in Table 3 (this is based 

on the assumption that the step responses of each of the 

compensated converters is approximately equal, which it 

should be based on the compensation criteria established 

i n 

Chapter 5). 

Following are the observations made about the 

different compensation techniques based on the pole-zero 

diagrams and equations 35, 36, and 37: 

1. One of the reasons that the DPC technique causes 

a larger change in output voltage under load tran

sient conditions is that there are two dominant 

zeros in the IR term (this statement neglects 
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DPC 
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Figure 28. Pole-Zero Diagrams of Open Loop, 
Closed Loop, and IR Term Functions 



1 1 8  

the differences in step response that are obvious

ly there due to the differences In -3 dB band-

with). These two zeros will have the tendency 

to increase the magnitude of the time response 

of the IR term which, in turn, increases the change 

in output voltage. 

2. The reason that the TRZCC technique is better 

than the CZCC technique is due to the real poles 

and zeros evident in the IR term of the TRZCC 

transient response equation. As a result, the 

time magnitude of the TRZCC's IR term will be 

less, as will be its settling time. The CZCC IR 

term, on the other hand, contains four complex 

poles. Two of these poles are the transformed 

'cancelling zeros' from the compensation network. If 

the open loop response had high Q output filter 

poles, the cancelling zeros which were designed 

to cancel these poles are also high Q. This now 

causes two high Q poles to be created in the IR 

term. Now it can be seen why the settling time 

of the undamped CZCC filter is so long (10 mS). The 

high Q 'transformed' poles prolonged the transient 

response. When damping was applied, this shifted 

the output filter poles away from the jw axis 
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and allowed the 'cancelling* zeros to have a lower 

Q. This was transformed to the IR term as two 

lower Q poles, which did not as adversly affect 

the load transient response. The settling time 

was appreciably better (1.5 mS). 

3. There is nothing that is evident in the equations 

or in the pole-zero diagrams that would explain 

why the circuit A implementation of the TRZCC 

technique should be any better than the circuit 

B implementation. This further lends to the theory 

that it was a convergence difference within SPICE 

that created the discrepancies, not the confi

guration of the circuits. 

The fact that the TRZCC closed loop response and 

the IR term had all real zeros and poles is a curious 

phenomena. Apparently, the output filter complex pole 

pair moves to the real axis and splits. While one of the 

two poles heads for one of the two compensating zeros 

located at a lower frequency, the other pole heads towards 

the high frequency compensation pole. When these two poles 

meet, they break away from the real axis and head for 

the zeros located at infinity. Further investigation of 

this phenomena is beyond the scope of this thesis. It 
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would be beneficial, however, to find out how to purposely 

achieve it, as can be seen by the simulation results. 

Compensation Guidelines 

Based on the information from the last section, 

several guidelines can be suggested for the compensation 

of buck converters that will be used under load transient 

condIt i on s. 

1. First of all, in the original design of the con

verter, make the inductor as low in value as reason

ably possible in order to reduce the IR term in 

the transient response equation. 

2. If the CZCC technique is going to be used (it 

is the easiest to implement), the Q of the output 

filter complex poles must be damped so as not 

to create a high Q, 'transformed* pole in the 

IR term of the load transient response equation. 

3. The DPC technique should be avoided if possible. Not 

only does the dominant pole in the open loop re

sponse convert to a dominant zero in the IR term, 

thereby causing a larger change in output voltage 

when the load changes, but the loss in bandwidth 

associated with the use of this technique creates 



1 2 1  

a very slow loop response. This reduces the capa

bility of the loop to respond quickly to variations 

in input or output voltage. As a result, the output 

voltage regulation is degraded. 

4. If a compensation technique other than those covered 

in this thesis is used, the open loop poles and 

zeros should be selected such that the closed 

loop poles and zeros are located on the real axis 

(similar to the TRZCC technique) and the location 

of the compensation network zeros should be care

fully selected so as not to cause high Q poles 

in the IR term. 

Implementing these four suggestions should result 

in a buck converter design that will work acceptably well 

under load transient conditions. 



CHAPTER 7 

SUMMARY AND CONCLUSIONS 

In concluding this thesis, the effects of compen

sation on load transient response have been explored and 

characterized. Guidelines have been developed that will 

aid the circuit designer in designing a buck converter 

that will operate with reasonable success in a load tran

sient environment. 

These goals were achieved by first developing 

a circuit model that could simulate a buck converter's 

open loop, closed loop, input transient, and toad transient 

responses. Chapter 2 took care of this aspect of the the

sis. From this circuit model, the open and closed loop 

response equations were developed in Chapter 3 to aid 

in the analysis and evaluation of the transient response 

comparisons for the buck converter. 

Chapter 4 was then used to give insight into the 

need for compensation and presented an overview of the 

different forms of compensation used in industry. Also 

presented in Chapter 4 was an introduction to a new form 

of compensation that used complex zeros to cancel the 

effects of the output filter complex poles, rather than 

real zeros or poles. 

1 2 2  
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Chapter 5 was used to describe the process an 

engineer goes through in designing a buck converter from 

specifications given to him. This process was then used 

to design a sample converter in order to model it on SPICE. 

This was successfully done with the results of the SPICE 

simulation tabulated in Tables 2 and 3. Chapter 6 then 

evaluated this tabulated data with emphasis placed on 

looking at the load transient response data from Table 3. 

To aid in determining why the different compensation tech

niques changed the transient response characteristics,, 

a general mathematical model was generated which put the 

load transient response in equation form. This equation 

was then evaluated in terms of its poles and zeros and 

certain load transient response characteristics could 

be seen to be affected by the form of the equation. From 

this evaluation of the equation, guidelines were developed 

that would aid a designer in developing a converter that 

would not be as susceptible to load changes. 



Append i x A 

EFFECTS OF PARASITIC RESISTANCES 
ON CONVERTER RESPONSE 

In actual hardware, the outputrfilter contains 

additional damping in the form of the wire resistance 

in the inductor (Rj) and the ESR of the capacitor 

(R£SR)* These parasitic resistances will reduce the 

effective Q of the output filter, thereby reducing the 

closed loop system Q and improving the closed loop input 

transient response. Unfortunately, the ESR of the capacitor 

also creates a mid-to-high frequency zero that increases 

the complexity of the open loop response and makes it 

more difficult to compensate the' converter. The output 

filter transfer function with the parasitic resistances 

included is 

Hf (s) 
C R ESR 5  •  1  

IC(Rl « RESR) "I 

L Rs * Rl J 
LC(RL + RESR) 1 2  ̂  LC(Rl + R£SR 

Rc + R, 

s + 1 

whe re I 

1  2 4  
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and = 

w. 
n f 

CtRLRS + RESRRS + RESRRL} +  L 

R S +  R L 

Wz * CR 
ESR 

The denominator can be simplified by assuming 

RL > > Rs 

and R L >  >  R ESR 

This is usually a good assumption to make unless high 

output current levels (low values of R^) are being used 

With these assumptions made 

w 
nf V LC T ' 

Qf -
wnfC(RS + RESRJ +  R. 

where Q^. is the unloaded Q of the filter (Demaw 1978 ), 

defined by the equation 

Qc = 
Z C ( W  =  w n f > l  

R 
eq(unloaded) 



1 2 6  

w ,C 
n f 

RL + RESR 

wnf[C(Rc + R C C D ) ]  '  
E SR' 

and where is the loaded Q of the filter, defined by 

the equation 

QL = 
R 
eg( loaded) 

ZL(W = wnf) 

Rs • R, 

W r L 
n f 

RL 

w„fL 

The zero at 
RESRC 

will cause the gain stage slope to 

change from -40 dB/decade to -20 dB/decade and the phase 

eventually to begin increasing with a slope of +45 de

grees/decade. If the zero is low enough in frequency, 

it can actually help the uncompensated closed loop system 

response by keeping the phase shift from reaching 180 

degrees before the gain crosses the 0 dB asymptote, as 

shown in Figure 29. In this figure, the phase shift of 

the zero reduces the slope of the complex pole phase shift 

enough to keep the overall open loop phase shift from 

exceeding 135 degrees (shown with the dark lines in 
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Gain Phase 
(degrees) 
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(w/ ESR) 

180 
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(w/o ESR) 

80 
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(w/ ESR) 

90 
Ga i n 

{w/o ESR) 

F req ( rps) w 
z ESR 

Figure 29. Compensation Effects of Zero Caused by RgSR 
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Figure 29). Otherwise, the open loop phase shift would 

have continued down at a rate of -90 degrees/decade and 

would have reached the 180 degree asymptote before the 

gain is anywhere near 0 dB (shown with the dashed lines 

in Figure 29). 

Unfortunately, the ESR of the capacitor is not 

always that predictable and should not be depended on 

to provide adequate compensation from converter to converter 

(especially if the converters are to be built for mass 

production). Therefore, some other form of compensation 

is usually required. When this is the case, the additional 

ESR created zero makes it more difficult to determine 

the location of the compensation poles and zeros (especially 

in the case where the compensation must be determined 

by iteratation such as the TRZCC technique). In most cases, 

the power supply designer will cancel the zero, thereby 

simplifying the compensation process. 

The standard method used to cancel the zero is 

to place a capacitor, Cp, in parallel with Rp in the error 

amplifier circuit. This creates a pole in the open loop 

response that can be adjusted to exactly cancel the ESR 

zero by choosing Cp such that 
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If the TRZCC technique is being used, there is 

already a higher frequency pole, p^, in the transfer func

tion that can be used to cancel the ESR zero. Either method 

will wo r k. 



Appendix B 

MODIFIED BRIDGED-TEE CIRCUIT 

Figure 22b in Chapter 4 illustrates the modified 

bridged-tee circuit that can be used to implement the 

TRZCC and CZCC techniques. The transfer function of this 

circuit is given by equation 19b, repeated here for ease 

of reference 

C.C.R.R.s2 + R,(C + C_)s + 1 
Htee ( S ) = 1 2  3 4 2_J 2 . (38 ) 

R3R4[C1C2 + C4(C1 + C2)]s 

[R3(C1 + C2) + R4(C2 + C4)]s + 1 

When the coefficients of the desired modified bridged-tee 

transfer function are known 

"COEFF" '  -  "2  *  *  1  •  < 3 9 >  
CS2 + ds + 1 

the component values in terms of these known coefficients 

can be found in the following manner. 

Equating equation 38 with equation 39 gives 

3 = C1C2R3R4 ' (40) 

b  =  R 3 ( C i  *  c 2 )  ,  

1 3 0  

(41 ) 
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c - ^ % IS s + c4 (S *  C 2 )  

= C1C2R3R4 • R4C4[R3(C1 + C,) , (42) 

d = R3tC1 + C2} + R4(C2 + C4> 

- R3(C^ * C2) • R4C2 + R4C4 . (43) 

Substituting equations 40 and 41 into equations 42 and 

43 results in 

c = a + R4C4b , (44) 

d = b + R4^ + R4C4 . (45) 

Solving for using equation 44 yields 
4 4 

R4C4 = C b 3 ' (46> 

and substituting this equation into equation 45 gives 

d = b + R4 Cj + ° "b 
3  . (47) 

Now, solving for R4C2 in equation 47 gives 

r
4 s  = d  - b  -  c b 3 • k ( 4 8) 

Letting C, be some arbitrary chosen value 
4 

C4 = C4 (49) 
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arid solving equation 46 for yields 

R 4  =  c ~ b
a  .  ( s o )  

Solving equation 48 for results in 

d - b c " a 
C2 = 

S =  

R4 

bd - b2 - c + a 
bR, 
4 

b2 - bd + a - c 
" (bR4) 

50 into this equat i on 

b2 - bd + a • - c 

b I c ' a \ 
I C4" I 

C4(b2 - bd + c - a) 
C 2 =  —  a~ ~ ^ ~ c  '  < 5 1 >  

Solving for from equation 40 gives 

^-R^cJ • <52> 

Substituting this equation into equation 41 and solving 
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for yields 

b - R3C1 * R3C2 

3 + R-C. 
R4C2 3 2 

The refore, 

R_C_ = b - 3 

3 2 " R4C2 

and R = [b ^r- ] . (53) 
3 2 4 2 

Finally, solving equation 52 for gives 

S--C77R7 • <"> 

Now all the component values can be found in a progressive 

manner from the known coefficients of the modified bridged-

tee transfer function. 

In order to apply these equations specifically 

to the CZCC technique, five additional equations are needed 

to solve for the 'known* coefficients a, b, c, and d, 

based on the output filter characteristics (Qf and 

w^ ) and the desired closed loop characteristics ' 

w , and K„). These five equations are 
nLL l/L 

a = ^ = LC , (55) 
w , 
n f 
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b = -o-J— = nr ' (56) 
QfWnf RL 

- 1 * Kpc (57) c — 2 ' (57) 

WnCL 

1 + KDC d = — , (58) 
QCLWnCL 

R F V S 
•be • (59) 

Since the filter has already been designed by the time 

the compensation network is added, the values of a and 

b have already been determined. As for determining c and 

d, is also already known and can be found by 

selecting the desired rise time (t ) of the closed loop 
K 

transient response and solving 

2 . 2  ,  ,  
wnCL q* * (60) 

All that is left is to specify . This would probably 

be specified based on the desired input transient response 

overshoot (%OS). The equation used to solve for based 

on %OS is given by 
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Now, c and d can be calculated. 

To faciIitate the design of a modified bridged-tee 

circuit to be used for CZCC, equations 49 through 51 and 

equations 53 through 60 were used to generate an HP-41C 

calculator program. This program, called TEE, is reproduced 

at the end of this appendix. The input parameters for 

the program are: 

L - output filter inductor value 

C - output filter capacitor value 

- lo-a-d— resJ s tor value 

R c - capacitor ESR value (if used) 
cbK 

Rg - inductor winding resistance (if used) 

V, 

VM 
PWM gain 

Rp - error amplifier feedback resistor 
va I ue 

- error amplifier input resistor value 

t_ - closed loop transient response rise 
t ime 

Q̂ l - closed loop transfer function Q 

The program will then calculate and display the 'known" 

coefficients a, b, c and d. The program wilt then request 

a value to use for . Using this value and the 'known' 

coefficients, the component values R4, C2, R^, and C1 

are then solved for and displayed. If the values are not 
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reasonable for the value of chosen, pressing the R/S 

key will allow another value of to be selected. 



Program TEE Listing 

01 LBL 'TEE' 49 STO 10 
02 ENG 6 50 

1 a=" 

03 •CALC. COMP.a 51 ARCL 10 

04 • L?' 52 PROMPT 
05 PROMPT 53 •CALC b 
06 STO 00 54 PROMPT 
07 • c ? "  55 RCL 02 
08 PROMPT 56 RCL 04 
09 STO 01 57 • 

10 ' RLT * 58 RCL 03 
11 PROMPT 59 RCL 04 
12 STP 02 60 • 

13 'RESRT" 61 + 

14 PROMPT 62 RCL 02 
15 STO 03 63 RCL 03 
16 "RS? * 64 « 

17 PROMPT 65 + 

18 STO 04 66 RCL 01 

19 •VS/VM? * 67 • 

20 PROMPT 68 RCL 00 
21 STO 05 69 + 

22 1 RF? ' 70 RCL 02 
23 PROMPT 71 RCL 04 
24 STO 06 72 + 

25 •R1 ? " 73 / 
26 PROMPT 74 STO 11 

27 STO 07 75 
1 b=' 

28 LBL b 76 ARCL 11 

29 *TR? * 77 PROMPT 

30 PROMPT 78 'CALC. 

31 STO. 08 79 PROMPT 
32 •Q? ' 80 2.2 
33 PROMPT 81 RCL 08 

34 STO 15 82 / 
35 •CALC. a* 83 STO 09 
36 PROMPT 84 RCL 02 

37 RCL 02 85 RCL 04 
38 RCL 03 86 + 

39 + 87 RCL 07 

40 RCL 01 88 • 

41 • 89 1 / X  
42 RCL 00 90 RCL 02 

43 • 91 • 

44 RCL 04 92 RCL 06 
45 ENTER 93 • 

46 RCL 02 94 RCL 05 

47 + 95 • 

48 / 96 1 



97 + 147 
98 STO 14 148 
99 RCL 09 149 
100 X* • 2 150 
101 / 151 
102 STO 12 152 
102 "AL PHA=' 153 
103 ARCL 12 154 

105 PROMPT 155 
106 •CALC. BETA- 156 
107 PROMPT 157 

108 RCL 14 158 
109 RCL 15 159 

110 / 160 

111 RCL 09 161 
112 / 162 
113 STO 13 163 
114 " B ETA= * 164 
115 ARCL 13 165 
116 PROMPT 166 

117 LBL a 167 
118 • C4 ? " 168 
119 PROMPT 169 

120 STO 16 170 
121 'CALC. R4 * 171 

122 PROMPT 172 
123 RCL 12 173 
124 RCL 10 174 
125 - 175 

126 RCL 11 176 
127 / 177 
128 RCL 16 178 

129 / 179 
130 STO 17 180 
131 " R4=" 181 

132 ARCL 17 182 
133 PROMPT 183 
134 •CALC. C2' 184 

135 PROMPT 185 
136 RCL 13 186 

137 RCL 11 187 

138 • 

139 CHS 
140 RCL 11 
141 X* * 2 
142 + 
143 RCL 12 
144 + 
145 RCL 10 
146 -

RCL 16 
• 

RCL 10 
RCL 12 

/ 
STO 18 
•C2=* 

ARCL 18 
PROMPT 
•CALC. R3 
PROMPT 
RCL 10 
RCL 17 

/ 
RCL 18 
/ 
CHS 
RCL 11 
+ 

RCL 18 

/ 
STO 19 
• R3=" 

ARCL 19 
PROMPT 
'CALC. C1 
PROMPT 
RCL 10 
RCL 18 
/ 
RCL 19 

/ 
RCL 17 
/ 
STO 20 
*C1 = * 
ARCL 20 
PROM PT 
GTO a 
END 
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