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The behavior of particulate media, in contrast to the behavior of 

continuous media, is governed by the interaction of particles/grains at contacts. The 

current approach to model particulate media is through a disc model assembly 

composed of rigid discs linked by normal and tangential springs at contacts. In this 

project, a novel approach using a lattice type model is investigated. The 

mathematical concepts related to the formulation of the lattice model are developed 

and are numerically implemented by a computer code. Numerical experiments were 

conducted on a two dimensional assembly of spheres subjected to a vertical load and a 

simple shear strain. The results of numerical simulation are in general agreement 

with observations from simple shear tests. 
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INTRODUCTION 

1.1 Particulate materials 

A particulate material is defined as a material composed of mutually 

contacting solid particles, or structural units, within the liquid and/or the gaseous 

phase and which exhibit dilatancy, contractancy and sensitivity to hydrostatic stress. 

The description of a particle as "solid" is relative. A 'solid particle' is that part of 

the skeleton which moves as a single unit during a mechanical process. In a granular 

medium these solid particles are referred to as structural units or "grains". Thus a 

grain may be defined as an assemblage of elementary particles. The structure of a 

particulate material is schematically shown in Fig 1.1. 

The grains of a particulate material are in mutual contact. The 

existence of the mutual contact restricts the freedom or autonomy of motion of the 

individual grains and thus conditions the strength and the rigidity of a particulate 

material. The strength and rigidity depend on the number and strength of the contact 

bonds which are themselves a function of the size, shape, roughness, relative position 

and strength of the grains, and of the nature of interaction between the grains. In the 

course of a deformation process, the degree of the autonomy of motion of the 

structural units varies with the magnitude of the applied stress. The most significant 



Fig 1.1 Structure of a particulate material 
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feature of particulate materials is that their deformation is brought about by mutual 

sliding of the grains (intergranular deformation), in contrast to the deformation of the 

individual grains (intragranular deformation) typical of continuous media. 

The mechanical behavior of particulate materials is an expression of 

their structure, which is the character of the autonomy of motion of the grains. The 

deformation mechanisms and the engineering range of stresses in particulate materials 

are governed by the nature, shape, size and the mobility of the grains. This is why 

the mechanical behavior of particulate materials radically differs from the mechanical 

behavior of continuous materials which form the elementary particles. 

1.2 Mechanics of Particulate materials 

In a structural approach to the mechanics of particulate materials, the 

grains are idealized to a set of elastic spheres in mutual contact. Research into the 

behavior of a set of elastic spheres is based on Hertz's solution (Johnson, 1985) for 

two deformable elastic bodies in contact. The Hertz theory of normal contacts was 

extended by Mindlin (1949) to include the effect of tangential forces at the contacts 

for small deformations of particulate media. In Mindlin's approach the medium is 

assumed to be composed of isotropic, discrete, elastic spheres under localized forces. 

The spheres can only be in contact or slip relative to each other. The displacements, 

contact stresses and stress-strain relationship are found from the Hertz's solution. 

The Hertz-Mindlin theory of contacts provides a foundation for research into the 

behavior of particulate media. 
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The uncertainties regarding interior stresses in samples of sand led to 

the development of models of granular media that are geometrically simpler than 

sand. These models consist of assemblies of discs or spheres and may be analytical, 

physical or numerical. A typical disc assembly model is shown in Fig 1.2. 

The direct determination of contact forces between the particles was 

proposed by Dantu (Cundall & Strack, 1979) and Wakabayashi (1957). Experimental 

difficulties to measure the stresses, displacements and rotation of particles within a 

particulate medium have led to the development of numerical simulation techniques. 

Serrano and Rodriguez-Ortiz (1973) and Rodriguez-Ortiz (1974) developed a 

numerical model for assemblies of discs and spheres. Cundall and Strack (1979) 

developed an efficient numerical technique for the modelling of two dimensional 

assembly of discs using the distinct element method (DEM) and implemented the 

method using a computer program called BALL. Bathurst and Rothensburg (1988) 

obtained expressions for elastic constants in terms of microstructure for dense 

isotropic assemblies using the DEM. Chang and Misra (1989) developed constitutive 

laws for granular media based on micro-structural continuum method, i.e, the 

continuum field variables, namely the mean stress and mean strain are related to the 

micro-structural factors such as contact forces, particle displacements and geometrical 

measures. Then the constitutive law was evaluated by comparing the derived stress-

strain relationship with the results from numerical simulation techniques based on 

DEM. Bardet and Proubet (1990) investigated the structure of persistent shear bands 



Fig 1.2 Disc model assembly of particulate medium 
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in granular materials by numerically simulating an idealized two dimensional 

assembly of discs. Thus all the investigations carried out into the behavior of 

particulate media is by idealizing the particulate media to an assembly of discs. 

However, statistical physicists study the brittle failure of solids by the analyses of the 

rupture of disordered elastic lattices (Krajcinovic et al. 1991). They concentrate 

mainly on the statistics of the disordered discrete system and neglect factors such as 

particle geometry, shear interaction between particles, rotation of particles, etc., 

which are important for engineers and mechanicians. For a better understanding of 

the behavior of particulate media, it is perhaps worthwhile to simulate the 

arrangement of the particles by a lattice type network. 

1.3 Objective 

The objective of this project is to determine whether a lattice type 

simulation can lead to promising insights into the mechanical behavior of particulate 

media that may result in a better understanding of it's behavior. 

1.4 Scope 

The scope of this project is to 

(a) develop the mathematical concepts of a lattice type model for particulate media 

(b) implement the concepts numerically using a computer program 

(c) apply the lattice model on a particulate packing subjected to a vertical load and 

simple shear strain, and 

(d) compare the results of numerical simulation with laboratory simple shear test results. 
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In this research project kinetics of particulate media will not be 

considered. However, the next major step in this research will be to develop the 

concepts to deal with the kinetics (sliding and rotation) of grains. Once significant 

breakthrough is made on the theoretical concepts related to the lattice model, the 

model could be applied on particulate packings under different loading conditions such 

as bi-axial loading, etc. Further research on the lattice model along with an 

experimental program is expected to give a fundamental understanding of the 

behavior of particulate media without placing specific restrictions on particle 

geometry, particle kinetics and particle interactions. 
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CHAPTER 2 

LITERATURE REVIEW 

2.1 Hertz-Mindlin theory of contacts 

Relative movement of two deformable elastic bodies in contact resulting 

from normal force was developed by Hertz (Johnson, 1985). Fig 2.1a shows two 

homogeneous, isotropic, elastic bodies in contact at a point, O, in an unstressed state. 

Fig 2.1b shows the two bodies being pressed together with a normal force ' N '. 

Under the action of this normal force, the two spheres come in contact over a small 

surface in the neighborhood of O. The radius of this surface is called the contact 

radius 'a'. For two particles in contact, considering the contact pressure distribution 

to be parabolic, the deformation at the contact is obtained from elasticity solutions. 

The relationships for the contact radius (a), normal displacement (<5n) and normal 

stiffness (KJ are as follows. 

a = (3(1 -v)/g/V ji/3 

8 G 
(2.1) 

8 GRVZ 
(2.2) 



Fig 2.1a Elastic Bodies in contact in unstressed state 

f*~ 2Q 

2 (fc>) 

Fig 2.1b Elastic Bodies pressed together with Hertz force P z 



where N is the normal force at contact, R is the radius of the sphere, v is the 

poisson's ratio and G is the shear modulus. 

The Hertz's theory of normal contacts was extended by 

Mindlin (1949) to include the effect of tangential forces at the contact. The tangential 

force at the contact results in deformation caused by the development of slip over a 

part of the contact surface. When the tangential force exceeds the frictional strength 

at the contact, sliding takes place. Based on Mindlin's (1949) results, the relative 

tangential displacement and the tangential contact stiffness are given by 

5 = [1-(1-_ZL)2/3] (2.4) 
8 Ga v \iN' 1 

where n is the coefficient of friction at the contact, T is the tangential force at the 

contact, 5S is the tangential displacement at the contact and Ks is the tangential 

stiffness at the contact. 

Thus, the expressions for normal stiffness derived by Hertz and the 

tangential stiffness derived by Mindlin (1949) provide the basis for research in 

contact mechanics and into the mechanical behavior of particulate media. 
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2.2 Disc model analysis of particulate media 

The mechanical behavior of particulate media, composed of a random 

packing of grains of various sizes, is studied by geometrically simpler models 

consisting of assemblies of discs or spheres. The solution technique for these models 

could be analytical, physical or numerical. The analytical approach is to evolve 

closed form solutions. The physical approach is to conduct experiments in 

laboratories. Numerical approach is to conduct numerical tests through numerical 

computations using computer codes. Due to several difficulties encountered in the 

analytical and physical approaches, numerical techniques have become the method of 

choice for modelling assemblies of discs and spheres. Numerical modelling is more 

flexible in application than analytical modelling and has the advantage over physical 

modelling that any data are accessible at any stage of the numerical test. The 

flexibility of numerical modelling extends to loading configurations, particle sizes and 

physical properties of the particles. 

Serrano and Rodriguez-Ortiz (1973) and Rodriguez-Ortiz (1974) 

developed a numerical model for assemblies of discs and spheres. Contact forces and 

displacements are calculated for equilibrium conditions assuming that increments of 

contact forces are determined by incremental displacements of the particle centers. 

Hertzian-type contact compliances are used for normal forces, the effects of tangential 

forces are considered according to Mindlin's theory (1949), and shape changes are 

assumed to be negligible. In this method, the calculation is time-consuming and only 
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a relatively small number of particles can be processed. 

An efficient numerical scheme was developed by Cundall (1978) and 

Cundall & Strack (1979) for the modelling of two dimensional assemblies of discs. 

This numerical scheme based on distinct element method (DEM) was implemented 

through a computer program, BALL. Since the development of this method, several 

researchers have used a modification of the DEM and the BALL program to study 

various aspects of the behavior of particulate media. 

2.2.1 Formulation of Disc assembly model 

The elastic behavior of two discs in contact is replaced by the action of 

springs attached at the contact point in the normal and tangential directions. Each 

disc is displaced and rotated as rigid bodies. The conceptual assembly of a two 

dimensional packing of discs is shown in Fig 2.2. The deformation behavior of the 

springs connecting the discs is assumed to be governed by the Hertz-Mindlin theory 

of frictional contacts. The springs in the normal direction can take only compressive 

force. The springs are assumed to be broken under tensile force. The normal and 

tangential stiffnesses of the springs are given by equations (2.3) and (2.5) 

respectively. Discs can overlap each other, and only at that time a contact force is 

produced between them. Usually, the amount of overlapping is small compared with 

the radii of the discs. For the slippage between discs, Coulomb's friction law is 

assumed. To attain the equilibrium state of the disc assembly, each disc is displaced 

and rotated iteratively. 
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Tangential 
spring Rigid disc Normal 

spring 

Fig 2.2 Conceptual assembly of a two dimensional 
packing of discs 



2.2.2 Distinct element method (DEM) 

In the distinct element method, the equilibrium contact forces and 

displacements of a stressed assembly of discs are found through a series of 

calculations tracing the movements of the individual particles. These movements are 

the result of the propagation of disturbances originating at the boundaries through the 

medium. Thus, the boundary is strain-controlled. The displacement of a boundary is 

simulated by giving a velocity 'v'for the boundary over a small time step At. The 

velocities and accelerations are assumed to be constant over these time steps. The 

DEM is based upon the idea that the time step chosen may be so small that, during a 

single time step, disturbances cannot propagate from any disc further than its 

immediate neighbors. The displacement of the boundary, 5=vAt, results in a force in 

the springs linking the discs to the boundary. This force is equal to K5, where K is 

the stiffness of the springs. Thus an unbalanced force is produced on the discs in 

contact with the boundary. Now each disc is displaced and rotated one by one until 

all the discs are in equilibrium. The unbalanced force produces an acceleration of the 

disc over the next time step. From the acceleration, the velocity is computed. From 

the velocity, displacement is computed and the disc is displaced and rotated. From 

the velocity of the disc, the relative velocity at the neighbouring contacts of the disc 

are computed. From this the relative displacement of the contacts are computed. 

This will result in forces developing in the springs at these contacts. Thus, 

unbalanced forces develop on the neighboring discs. The computations are done for 
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each disc until all the discs are in equilibrium. 

The calculation cycle 

The calculations performed in the distinct element method alternate 

between the application of Newton's second law to the discs and a force-displacement 

law at the contacts. Newton's second law gives the motion of a particle resulting 

from the forces acting on it. The force-displacement law is used to find contact 

forces from displacements. 

The deformations of the individual particles are small in comparison 

with the deformation of the granular assembly as a whole. The latter deformation is 

due primarily to the movements of the particles as rigid bodies. Therefore, precise 

modelling of particle deformation is not necessary to obtain a good approximation of 

the mechanical behavior. The particles are allowed to overlap one another at contact 

points. This overlapping behavior takes the place of the deformation of the individual 

particles and are small in relation to the particle sizes. The magnitude of the overlap 

is related directly to the contact force. 

To illustrate how forces and displacements are determined during a 

calculation cycle, the case represented in Fig 2.3a will be considered. Two 

weightless discs, labelled as disc x and disc v, are compressed between a pair of rigid 

walls. The walls move toward each other at a constant velocity v. Initially, at time t 

= to , the walls and discs are touching and no contact forces exist. For an increment 

of time At, the walls move inward over distances vAt. In accordance with the 



(a) t = t0 

Fig 2.3 Two discs compressed between rigid walls 
(the overlaps are exaggerated) 

(Cundall & Strack, 1979) 



assumption that the disturbances cannot travel beyond a single disc during one time 

step, both discs are assumed to maintain their initial positions during the time interval 

from t = to to t = to+At. Overlaps therefore exist at time t, = t0 +At at contacts A 

and C (Fig 2.3b) and are of magnitude An = vAt. 

Points A(D) and Am (Fig 2.3b) are points on the disc and the wall 

respectively that are lying on the line drawn perpendicular to the wall and through the 

center of the disc. The contact A is defined as the point halfway between A(D) and 

Afw, . The relative displacement (An(A))„ at the contact (the overlap) is defined as the 

displacement of point A(Vl) relative to that of point A(D) occurring over one time 

increment. The subscript tl in (An(A)),, refers to time step number one (t,). 

The relative displacements occurring at contacts A and C at time 

t, = t0 + At (see Fig 2.3b) are used in a force-displacement law for the calculation of 

contact forces. In the BALL program, an incremental force-displacement law of the 

following form is used 

AFn = K^n)tl = knvAt  (2-6)  

where k„ is the normal stiffness and AFn represents the increments in normal force. 

Defining the positive 1 direction as pointing from disc x to disc y 

(Fig 2.3b) the sums of force F(x)1 and Fw)1 for discs x and y at time t, = to +At are : 

*V)1 = F(y)1 = "MM; <2-7> 

These forces are used to find new accelerations using Newton's second law 



28 

i , .  5m, j , .  3 a i  ( 2 . 8 )  
wW wW 

where x'j and y, represent the respective accelerations of discs x and y in the 1 

direction and where the subscripts (x) and (y) refer to discs x and y. The 

accelerations found from equation (2.8) are assumed to be constant over the time 

interval from t, = t0 +At to t2 = to +2At and are integrated to yield velocities 

[*,],, • [5ai]Ar, I*],,. [5ai]A( (2.9) 
'"w ">01 

The relative displacement increments at contacts A, B and C at time t2 = to +2At are 

found from 

(2.10) 
'"M 

(*»<«>« * «—lAl " 12-11) W-
™(y) 

F, 
- M)Ar (2.12) 

w(y) 

where An(A) , An(li) and An(C) are taken as positive for compression. 

The above cycle is repeated many times. Forces corresponding to the 

displacements are found using the force displacement law (eqn 2.7). Consequently 

the accelerations are found from Newton's second law (eqn 2.8). The displacements 



are obtained by integrating eqn (2.8). 

The above example is an illustration of the cycling through a force-

displacement law and Newton's law of motion. In the general case of an assembly of 

many discs, the force-displacement law is applied at each contact of any disc and the 

vectorial sum of these contact forces is determined to yield the resultant force acting 

on that disc. When this has been accomplished for every disc, new accelerations are 

calculated from Newton's second law. The equations used a calculation cycle for a 

general assembly are presented in the following section. 

The force-displacement law 

The force-displacement law will be presented for the case of two discs 

in contact, discs x and y in Fig 2.4. The co-ordinates of the disc centers are 

represented as x, = (x, , x2) and y, = (y, , y2) where the indices 1 and 2 refer to the 

co-ordinates of a Cartesian co-ordinate system as indicated in Fig 2.4. The 

components of the velocity vectors of discs x and y are x, = (x, , x2) , y, = (y, , y,) 

and the angular velocities are 0(x) and 8(>) , taken positive if they are in 

counterclockwise direction, where the dots stand for differentiation with respect to 

time. Discs x and y have radii R(x) and R^., and masses mU) and m0). Points P(x) 

and P^, are defined as the points of intersection of the line connecting the disc centers 

with the boundaries of discs x and y respectively. Two discs are taken to be in 

contact only if the distance D between their centers is less than the sum of their radii, 

i.e, if 
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X; 

CX) 

Fig 2.4 The Force - Displacement law 
(Cundall & Strack, 1979) 
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(2.13) 

If this condition is met, the relative displacement at the contact C (Fig 2.4) is 

determined by integration of the relative velocity. The relative velocity at the contact 

is defined as the velocity of point P(x) with respect to P&.,. The unit vector 

e; = (cos a, sin a) (Fig 2.4) is introduced as pointing from the center of disc x to the 

center of disc y, i.e. 

e, = = (cos a , sin a) (2.14) 

and the unit vector t; is obtained by a clockwise rotation of e; through 90°, i.e. 

t, = (e2, -e,) (2.15) 

The relative velocity of point P(x) with respect to P<_v) now may be expressed as Xj with 

(2-161 

The normal (n) and tangential (s) components of the relative velocities are the 

projections of X; onto e; and t: respectively, 

n =X ie r{x l  - (0 W/?M+0^))^,.=(j, -y^e, (2.17) 

and 

i = ( i r ^ ) r , .  -  ( 0  W / ? M + 0 M / ? M ) t i ( i = ( i ,  - y ^ r .  -  ( 6 W ^ W
+ 6 W « M )  ( 2 - 1 8 )  
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where the Einstein summation convention is adopted for the index i; i.e. the 

summation is performed over the index that occurs twice in each expression (indices 

in parentheses are not summed). Integration of the relative velocity component with 

respect to time gives the components An (normal displacement) and 

As (shear displacement) of the relative displacement increment as : 

Art=(n)Af=[(ii->l)ei]Af (2.19) 

and 

A j=(i) A^[(ir>,.)rr(ewi?w+eM/?M)] A t (2.20) 

These relative displacement increments are used with the force-displacement law to 

calculate increments of the normal and shear forces, AFn and AFS 

AFn=knAn=kn[(x ry^e]At (2.21) 

and 

AF s=k sAs-k s[(x i  -y t)t r(e{x )R{x )^6{} )R{y])]At (2.22) 

where k„ and ks represent the normal and shear stiffnesses, respectively. 

Finally at each time step the force increments AFn and AFS are added into the sum of 

all force increments, Fn and Fs , determined for previous time steps: 

(2.231 



where the indices N and N-l refer to times tN and tN., such that tN- tN_, = At. The 

sign convention for the normal and shear forces acting on disc x is as indicated in 

Fig 2.5: F„ and Fs are taken as positive in the directions opposite to e, and t, . 

A Coulomb-type friction law is incorporated as follows. The 

magnitude of the shear force Fs found from equation 2.23 is checked against the 

maximum possible value (Fs)m.,x defined as 

Cy™. -ton V « ,2 24) 

where is the smaller of the interparticle friction angles of the two discs in contact 

and c the smaller of their cohesions. If the absolute value of (FS)N, as found from 

eqn 2.23, is larger than (F,)ni.lX , (FJN is set equal to (Fs)m.,x preserving the sign 

obtained from eqn 2.23. 

Once the normal and shear forces have been determined for each 

contact of a disc, for example disc x, they are resolved into components in the 1 and 

2 directions. The sum of these contact force components gives the resultant forces 

^ F(x)| and E F(x)2. The resultant moment acting on disc x, E M(x) = E FSR(X) where 

summation is taken over all contacts of disc x. 

The resultant moments and forces acting on disc x are used with 

Newton's second law to determine the new accelerations X; and 6W . 
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Fig 2.5 Sign convention for F0 and Fs 

(Cundall & Strack, 1979) 
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Motion 

The velocities x( and 0(x) used in the force-displacement law in eqns 

(2.21) and (2.22) are obtained as follows. The current resultant force and the 

moment at time tN are assumed to act on disc x during the interval At from t^,^ to 

In+i/2 • Newton's second law applied to disc x is 

nwi, = SFW (2.25) 

'(.) (2-26) 

where I(M represents the moment of inertia of disc x. Taking x"; and 0(x) constant over 

the time step At, eqns (2.25) and (2.26) lead to the following expressions for the 

velocities 

1/2 = 1/2 + I (2.27) 

(®m)N-I/2 = (®(*))am/2 + (2.28) 

These equations are applied to each disc in turn. These new values for the velocities 

now may be used in the force-displacement law and the cycle repeated for a new time 

increment. The new values for velocities are used also to update the positions and 

rotations of the discs by a further numerical integration as 

Wn.1 " (XilN + (^i)w*1/2 (2.29) 

(9W)*-1 * <<W» + («(.)W (2'301 



The finite difference equations 2.27, 2.28, 2.29, 2.30 represent a time-centered 

system. The above cycle of calculations are repeated for each disc until all the discs 

are in equilibrium. In the distinct element method, the boundary conditions are of the 

strain-controlled type. The motion of the wall is specified rather than the forces 

applied to it. Movement of the wall is defined in terms of the velocity of the wall . 

The output from the BALL program is a graphical display of the contact forces 

(Fig 2.7) . Rectangles are plotted through the contacts along the direction of the 

contact forces. The lengths of the rectangles are equal to the sum of the radii of the 

discs in contact and the widths are proportional to the magnitudes of the contact 

forces. 

2.3 Numerical experiments on disc assembly - an Overview 

Cundall & Strack (1979) attempted to duplicate numerically the test on 

photoelastic discs described by De Josselin de Jong and Verruijt (1969). In tests on 

photoelastic discs, the assembly of discs was placed between two vertical Plexiglas 

plates and was loaded by means of two horizontal and two vertical rigid beams which 

formed the side boundaries. The horizontal beams were subjected to vertical forces 

and the vertical beams to horizontal forces. All beams were free to rotate. De 

Josselin de Jong and Verruijt(1969) present diagrams showing disc locations and 

contact forces for two stages of the test as shown in Fig 2.6. 



(a) Stage A, ratio FH / Fv =0.39 (b)Stage B, ratio FH / Fv -0.33 

Fig 2.6 Force vector plots obtained by De Josselin de Jong 
& Verruijt(1969) 

(a) Stage A, ratio FH / Fv =0.43 (b)Stage B, ratio FH / Fv =0.40 

Fig 2.7 Force vector plots from the BALL program by 
Cundall & Strack(1979) 
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Cundall & Strack (1979) conducted numerical test on a similar assembly of discs and 

the force vector plots produced by BALL program (Fig 2.7) were compared with 

those presented by De Josselin de Jong and Verruijt. The verification was primarily 

qualitative and in interpreting the results, significant emphasis was placed upon visual 

comparison. The conclusion from the numerical tests was that the correspondence 

between numerically and photoelastically obtained force vector plots establishes that 

the distinct element method is a valid tool for fundamental research into the behavior 

of granular assemblies. 

Cundall & Strack (1983) introduced measures that may be used in a 

constitutive model. The main measures, a partitioned stress tensor, and a constraint 

ratio, related to the stability of the assembly, were introduced and illustrated for some 

numerical experiments with BALL. 

Bathurst and Rothensburg (1988) presented a micromechanical analysis 

of plane granular assemblies of discs with a range of diameters, and interacting 

according to linear contact force-interparticle compliance relationships. Contacts were 

assumed to be fixed and indestructible. Macroscopically, the system is described in 

terms of a two-dimensional analogue of generalized Hooke's law. Explicit 

expressions for elastic constants in terms of microstructure are derived for dense 

isotropic assemblies. It is shown that Poisson's ratio for dense systems depends on 

the ratio of tangential to normal contact stiffnesses. The derived expression for 

Poisson's ratio is verified by numerically simulating plane assemblies comprising 
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1000 particles. The numerical simulation is carried out by a modified version of the 

BALL program. The effect of density on Poisson's ratio is investigated using 

numerical simulations. Finally, it is shown that Poisson's ratio v = 1/4 is recovered 

for spherical particles with central interactions. 

Chang & Misra (1989) studied the mechanical properties of particulate 

systems from a micromechanics point of view. Two approaches, namely, computer 

simulation and micro-structural continuum modelling are used. In the micro-structural 

continuum method, a constitutive law is evolved, i.e, the continuum field variables, 

namely, the mean stress and strain in the granular assembly is related to the 

microstructural factors such as the contact forces and particle movements. The 

computer simulation method is based on the distinct element method. The constitutive 

law is evaluated by comparing the stress-strain relationship and the displacement field 

obtained from the micro-structural continuum method with that from the computer 

simulation method. The computer simulation is carried out by the disc model 

analysis. The packings used in this study were produced by randomly placing 

aluminium rods in a box. Two sizes of rods of radius 0.25 in and 0.125 in were used 

in the packings. The rod assembly was then photographed and digitized to obtain the 

co-ordinates of the rod centers. The packing is shown in Fig 2.8. The loading 

conditions for the computations are shown in Fig 2.9 on a normalized deviatoric 

stress vs shear stress plot. The packing is initially subjected to an isotropic stress of 

2.5 psi( 17.24 kN/m2), represented by the point of origin in Fig 2.9. Then the 
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Fig 2.8 A typical packing of the rods 
(Chang & Misra,1989) 

Fig 2.9 Loading path for the computations 
(Chang & Misra, 1989) 
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Fig 2.10 The stress-strain relationship of the packing shown 
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Fig 2.11 Displacement field (Chang & Misra,1989) 
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deviatoric stresses are applied such that the inclination of the principal stress axis to 

the Y-axis is a as shown in Fig 2.9. The stress-strain relationships from the two 

methods are compared in Fig 2.10 and the displacement fields are compared in 

Fig 2.11. The conclusions derived are 

(1) Comparison of the computer simulation results with those from the micro-

structural continuum model shows that at low levels of stress ratios, typically a, / a3 

less than 1.5, it is reasonable to assume the strain field to be uniform and very little 

particle rotations. These assumptions do not hold at large deformation when a large 

number of contacts are sliding. 

(2) For low levels of stress ratio or small deformation conditions, the micro-structural 

continuum model can be applied to study the mechanical properties of sand idealized 

as isotropic or anisotropic packings of equal sized spheres. 

Bardet & Proubet (1990) investigated the structure of shear bands in 

granular materials by numerically simulating an idealized assembly of two-

dimensional particles. The principles of the numerical simulations are slightly 

different from BALL program. The packing used in the numerical test is shown in 

Fig 2.12. The sample is made of 2000 disks. Two horizontal rigid walls are defined 

as the loading platens. The left and right boundaries are flexible boundaries where an 

external force is continuously distributed. The flexible membrane is stress-controlled 

and is similar to the rubber membrane used in triaxial tests. The randomly generated 

particles are compacted by applying a uniform pressure p0 to the flexible boundary 
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Fig 2.12 Initial and deformed configurations of the 
sample(Bardet & Proubet, 1990) 

Fig 2.13 Displacement of particle centers at e=4% and at 
e=22.6%(Bardet & Proubet, 1990) 
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while fixing the rigid boundaries. At the reference state of Fig 2.12, the vertical 

stress is equal to 0.6po and the horizontal stress is equal to p0(a3>ff,). During the 

shear loading, the horizontal stress is maintained constant at p0. The loading is 

controlled by squeezing the upper and lower platens in small steps. A total of 105 

cycles was carried out to reach the axial deformation e = 22.6 %. The observed 

shear bands are shown in Fig 2.13. The displacement, rotations of the particles and 

rotations of their neighborhoods have been examined inside the shear band. The main 

observation is that the rotation of particles and the rotations of their neighborhood are 

concentrated inside the shear bands and that the particle rotations are induced by the 

rigid rotation of their neighbourhoods. 

Most researchers since Cundall & Strack (1979), have concentrated on 

some particular aspects of the particulate material behavior. The behavior of 

particulate media , however, is very complex and many aspects of the particulate 

material behavior remain uncovered. Recently, there has been growing interest 

among physicists and engineers (Krajinovic & Basista, 1991) and Adley et. al(1992)) 

to study the behavior of materials through a lattice-type network. While the interests 

of physicists are on the statistics of the disordered discrete system, the interests of 

engineers are on the evolution of continuum models for materials through a lattice-

type microstructure. 



2.4 Lattice model 

Particulate media are materials composed of granular and/or fibrous 

microstructures. In these materials, loads are transmitted along discrete paths within 

the material. The dispersion of loads, within the material can be envisioned to be 

through a network formed by linking the particle contacts and particle centroids. It is 

this network pattern of load distribution within a material that gives the idea of lattice 

modelling. In recent times, there is a growing interest among physicists and 

engineers to study the behaviour of materials through a lattice approach. 

Physicists use lattice model to study the brittle failure of solids. Here 

the material is replaced by a lattice composed of elastic links. The initial disorder is 

introduced by assuming the rupture strengths of the individual links to follow a 

specified distribution function. Then, under a specified load the extent of damage is 

estimated. For this, a parameter called damage variable is defined as the ratio of the 

number of ruptured bars and the total number of bars. The extent of damage is 

studied by varying the rupture strength distribution and the applied load. In this way, 

statistical models are evolved for a gradually damaging structure. Krajcinovic et al. 

(1982) studied the fracture phenomenon of brittle materials under a uni-axial load by 

idealizing the material with a loose bundle of parallel bars (Fig 2.14). Hansen et al. 

(1989) considered a planar triangular lattice and presented the effects of lattice size 

and initial disorder on the deformation and rupture of brittle solids. Thus, physicists 

have concentrated on the statistics of the disordered discrete system. 



(a) Parallel bar model 

p<£> 

(b) Rupture strength probability density function p(fR) 

JL 

r 
(c) Uniform rupture strength probability density function 

Fig 2.14 Parallel bar model (Krajcinovic et al. 1982) 



The interests of engineers have been to evolve continuum models for 

materials with lattice-like microstructure. The relationship between a continuum and 

a gridwork of discrete elements was first examined in some early work by Hrennikoff 

(1941) and Newmark (1949) which involved analyzing a continuum by replacing it 

with an equivalent elastic gridwork. Noor et al.(1978,1986), Kollar et al.(1985) , 

Dow et al.(1985) present continuum methods for the analysis of space frames and 

space trusses. The ability to replace a large repetitive gridwork with an equivalent 

continuum provides a means to simplify certain calculations for large space trusses 

and space frames. Based on this approach of continuum modelling of large space 

structures, Adley et al.(1992) presented the possibility of evolving continuum models 

for materials with lattice-like microstructure. 

Thus it appears that a lattice model for particulate media could be a 

novel approach and could lead to significant insights into the micromechanical 

behaviour of particulate materials. 
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CHAPTER 3 

FORMULATION OF LATTICE TYPE MODEL 
FOR PARTICULATE MEDIA 

3.1 Introduction 

In the lattice type simulation presented here, the particulate medium is 

idealized as a lattice composed of bars arranged as a truss. The bars initially link 

each grain at the center of their contact diameter as given by Hertz's theory. An 

example of this idealized particulate medium is shown in Fig 3.1a. In a two 

dimensional simulation, the particulate packing is simulated by a two dimensional 

truss framework as shown in Fig 3.1b. Here a bar is considered "active" if it is 

connected to a bonded joint. If during deformation, debonding occurs, the bar 

becomes "inactive". The bars comprising the truss could deform elastically or elasto-

plastically. Constraints are imposed such that the joints could either bond together, 

slip, debond(gap,separate), rebond(reattach) or rotate. Through this strategy, we 

hope to gain an insight into the micro-mechanical behavior of the particulate medium. 

In this research, the mathematical concepts related to the lattice model 

are formulated and implemented numerically through a computer program. The 

application of the lattice model is carried out on a particulate packing formed by a 

two dimensional assembly of spheres subjected to a vertical load and simple shear 

strain. 
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(a) 

(b) 

typical inactive bar 

typical active bar 

centroid 

Fig 3.1 (a) Particle arrangement (b) Lattice type simulation 



3.2 Model Formulation 

Consider an elastic sphere, shown in Fig 3.2a, subjected to a vertical 

load with a platten at the top. A contact area develops between the sphere and the 

platten and between the sphere and the bottom boundary. In effect, the load can be 

assumed to be transmitted through a vertical bar (AB) of circular cross-sectional area 

'A' given by Hertz's solution as : 

A = jt a2  (3.1) 

where 'a' is the contact radius given as, 

a = [EL^M] 1/3 (3.2) 
8G 

p is the Poisson's ratio, G is the shear modulus, R is the radius of contact area, 

N is the normal force at the contact surface. 

Now, consider the same sphere constrained by two rigid vertical 

boundaries as shown in Fig 3.2b. The vertical boundaries prevent the lateral strain 

caused by the Poisson's effect of the material. Thus, a contact force develops 

between the vertical boundary and the sphere. This contact force can be assumed to 

be transmitted through a horizontal bar (CD) of cross-sectional area given by Hertz's 

theory. 

The above condition can be simulated by a lattice/truss shown in 

Fig 3.2c. The concept of the main bars interlinking the mass center of the sphere to 



p " 

Bar of circular 
cross—section , 

2a 

Fig. 3.2a Elastic sphere under vertical load 
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Fig 3.2b Elastic sphere under vertical load constrained 
by two rigid vertical boundaries 
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Fig 3.2c Lattice type simulation of the sphere under 
vertical load 
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the boundaries has already been explained. In addition to these main bars, diagonal 

bars are introduced, interlinking the adjacent contact nodes around the sphere. 

Diagonal bars act as members through which contact forces at one node are 

transmitted to the neighboring contact nodes around a grain. In the case of the sphere 

shown in Fig 3.2b, the dispersion of the vertical load to the lateral boundaries takes 

place through these diagonal bars and results in the development of lateral pressure at 

the vertical boundaries. In a way these diagonal bars simulate the Poisson's effect of 

the grains. Thus, the lattice simulation is carried out by introducing two kinds of 

bars. (1) Main bars such as AB and CD and (2) Diagonal bars such as AC,CB,AD 

and BD. The cross-sectional area of the diagonal bars are proportioned to the 

cross-sectional area of the main bars in relation to the Poisson's effect of the material. 

This is based on a parametric study and is explained further in Chapter 4. 

In a particulate packing, particles interact according to linear contact 

force-interparticle compliance relationships. An individual particle or grain may be in 

contact with several neighboring particles. The problem in particulate media is the 

determination of the stresses at the contacts of the grains and the displaced position of 

the grains under the application of a load. Thus, the aim is to obtain these results 

from an analysis of the particulate media idealized as a truss. 

The analysis of the truss is carried out by the direct stiffness method. 

The equation governing the direct stiffness method is : 
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[*1PH<?1 <3-3> 

where [K] is the global stiffness matrix, [D] is the displacement vector and [Q] is the 

load vector. 

If the degree of freedom (d.o.f) at a node is specified as fixed, the 

corresponding value in the [Q] vector will be read as a displacement in that direction 

of d.o.f. If the d.o.f at a node is specified as free, the corresponding value in the [Q] 

vector will be read as a load in that direction of d.o.f. Thus, the externally applied 

load could be either stress controlled or strain controlled. 

The analysis of the truss gives the axial loads in the members, linear 

strains of the bars and the x-y displacements of the nodes. The contact forces at the 

contact points can be computed by resolving the axial forces in the bars normal to and 

parallel to the contact area. The normal component of the contact force acts along the 

contact normal. The contact normal is the vector obtained by linking the mass center 

of the two grains (Fig 3.3). The shear component of the contact force acts normal to 

the contact normal. The orientation of the contact normal can be obtained from the 

nodal co-ordinates of the mass center of the two grains. Thus, the normal and shear 

components of the contact force are given by 

nfj = £ axtiSinO, (3.4) 
M 
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AB 

X 

A - Mass center of grain A 

B - Mass center of grain B 

C - Contact area 

]AB Contact normal 

Fig 3.3 Contact normal between two grains 
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n 

sfj = £ wse, (3.5) 

where nfj is the normal component of the contact force at the contact node * j*, sfj is 

the shear component of the contact force at the contact node ' j', ax.j is the axial force 

in the member ' i' linked to the contact node ' j', 6t is the angle made by the member 

' i' with the contact area at ' j', n is the number of bars in the grain linked to the 

contact node. 

The normal stress (a), shear stress (t), and the ratio of these stresses (t la)  (called 

shear stress ratio) at the contact nodes are calculated as follows, 

(3.6) 

SA 
A; 

(3.7) 

(3.8) 

where, 

normal stress on the contact area at the contact node ' j ' 

Tj - shear stress on the contact area at the contact node ' j 

Aj - contact area at the contact node ' j ' 



sij - shear stress over normal stress ratio at the contact node ' j ' 

It is assumed, at this stage of the research, that there will be no inter-

grain slip until a stage when a continuous slippage plane is developed. Continuous 

slippage plane develops when the shear stress ratios at all the contacts on that plane 

reaches the coefficient of friction of the material (n). Until this stage, if the shear 

stress ratio at a node exceeds '/n', the additional shear force is redistributed. The 

additional shear force at a critical node to reduce the shear stress ratio to '/*' is : 

the bars linked to the critical contact node. The internal forces are obtained by 

resolving the additional shear force (Asfj), applied at the critical contact node ' j' in 

the opposite direction (Fig 3.4); Asfj is resolved by assuming that the nodes A,E,B of 

the bars AD,ED,BD respectively are fixed. Thus the internal forces in the bars 

Ml, M2, M3 are 

Asfj = (srr^i)nfj (3.9) 

The redistribution analysis is carried out by applying internal forces in 

(3.10) 

FED = 0 (••• e2*9<r) (3.11) 



A s f :  

CD 

Asf( 

Fig 3.4 Redistribution of additional shear force at 
contact node "j" 
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Similarly, internal forces are applied in the bars M4, M5 and M6. The redistribution 

of additional shear forces is carried out in the direct stiffness method by modifying 

the load vector for that bar in which internal force is applied (Fig 3.5). The modified 

load vector is given by : 

['J --I*J M + M <3-13> 

where, 

[rT] = F [- c - s c s ] 

[rT] = load vector at element level due to internal force in a bar 

F = internal force in the bar 

c = cos /3 

s = sin 13 

[k] = stiffness matrix at element level 

[d] = displacement matrix at element level 

[k] [d] = forces applied by nodes to an element due to nodal displacement 

Structural equilibrium equations are written by isolating each node as a 

free-body and equating the algebraic sum of the loads applied to it as zero. Loads 

consist of externally applied forces [P] and forces [rM] from each bar. 
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.i 

x ,u  

Fig 3.5 Truss element arbitrarily oriented in the xy plane 
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The equilibrium equation at a node is : 

numel 

II • E M. - o <3-141 

11 = 1 

where, numel = number of elements. Equations 3.13 and 3.14 yield 

MID]-[<?] (3151 

where, 

numel 

[K] . £ [*1, (3.16) 
n=1 

numel 

m - •r N. (3-171 

n=1 

The redistribution analysis is carried out at each critical node one by 

one and the shear stress ratio at all critical nodes are brought down to ' n ' through 

an iterative process. As incremental loads are applied, there will be sliding and 

rotation of grains. In this project, the model formulation of the lattice simulation is 

completed until a stage when there is incipient sliding. The next major step in the 

model formulation (not dealt with here) is to deal with the problem of the kinetics of 

grains. 

3.3 Numerical implementation of the lattice type model 

The first step in the numerical modelling is to simulate the particulate 

medium as a two-dimensional truss. This is done by introducing nodes at the mass 
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centers and contact points of the grains, and linking these nodes by bars of 

appropriate stiffnesses. As explained before, the initial stiffness of the bars are 

obtained from Hertz solution and the initially applied loads at the boundaries of the 

particulate packing. Appropriate boundary conditions are assumed for the contact 

nodes of the grains with the boundaries. Then the nodal co-ordinate data, element 

data, boundary condition data, geometric property data, material property data and the 

load data are created for the truss analysis. A flow chart showing the various steps in 

the truss analysis is shown in Fig 3.6. The numerical implementation is carried out 

through a computer program. 

The structure is first analyzed for an initial vertical load, and then the 

axial forces and linear strains in the bars and the x-y displacements of the nodes are 

computed. In the next step, the contact forces and the shear stress ratios are 

calculated at the contact points of the grains. The normal component of the contact 

force acts along the contact normal obtained by linking the mass center of the two 

grains. Thus, the normal forces and the shear forces at the contact points are 

calculated from the nodal data and the axial force data of the bars linked to the 

contact nodes. This is explained in the flow chart (Fig 3.7), in relation to the 

parameters shown in Fig 3.8. The parameters are explained in Appendix - A. 



NO 

YES 

Superimpose the results 

YES 

NO 

START 

STOP 

Calculate the shear stress ratios 

Analyze the structure for the given load and displacements 

Check for kinetics of grains 
i.e. sliding or rotation of grains 

Find the maximum shear stress ratio (srmax) 
Check if srmax > ju 

Create the data for the calculation of shear stress 
ratios at the contact points 

Analyze for incremental loads 
and superimpose the results with 
the results of previous analysis. 

Do redistribution analysis at this critical node and 
distribute the additional shear force to other contact points 

Calculate the axial forces in the members, linear strains 
of members and the x—y displacements of the nodes 

Update the x-y co-ordinates of the nodes and the cross-
sectional areas of the bars. Calculate the contact stresses 

at the internal contact nodes and the boundary nodes 

Fig 3.6 Flow chart of numerical simulation by truss analysis 
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Determine tl & t2 

Calculate the co-ordinates of n(i,j) w.r. to the rotated axes 

Reduce the co-ordinates w.r. to origin through (J) 

Read the data at contact node (7) 

Determine the angles tx(i,j), i= 1,6 made by the 

members m(i,j) with the direction of shear force 

Calculate the normal force, shear force and 
shear stress ratio at the contact nodes as 

n 
cf(j)= £ ax(m(i,j))sin(tx(i,j)) 

j=i 

Fig 3.7 Calculation of contact forces and shear stress ratios 
at contact points in the particulate media 
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X2 — Plane of contact area/plane of shear stress 

Fig 3.8 Calculation of contact forces from the nodal data & 
element data of the truss 
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After the calculation of the shear stress ratios, the maximum shear 

stress ratio is determined as 'srmax'. If 'srmax' is greater than the friction coefficient 

of the material, then redistribution analysis is carried out at this critical node. After 

the redistribution analysis, the results are superimposed with the previous results and 

the new shear stress ratios are computed. Then the redistribution analysis is carried 

out at the next critical node. This iterative process is continued until the shear stress 

ratios at all the critical nodes are brought down to 

' ix the friction coefficient of the material. At this stage the analysis is concluded 

after (1) Updating the co-ordinates of the nodes for the next stage of analysis. 

(2) Calculating the new contact areas based on the new contact forces and updating 

the cross-sectional areas of the bars for the next stage of analysis. (3) Calculating the 

contact stresses based on the updated contact areas. After this, the kinetics of the 

grains are checked. If there is no rotation or sliding of grains, then incremental loads 

are applied and the analysis is repeated. Thus the numerical implementation has been 

carried out until a stage when there is no sliding or rotation of grains. 
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3.4 Comparison of Lattice model & Disc Assembly model 
for Particulate media 

The behaviour of particulate media is currently studied using disc 

model analysis after Cundall & Strack (1979). In this model, the grains/particles are 

idealized as rigid discs and are assumed to be connected by normal and tangential 

springs at the contacts. The discs are allowed to overlap each other. Thus, the 

elastic behaviour of the particles and the frictional contacts are not retained in the 

analysis. In particulate materials, loads are transmitted along discrete paths or 

through a network formed by linking the particle contacts and particle centroids. 

Thus, a lattice model is likely to be more appropriate for particulate media. Some of 

the significant differences between the two models are listed in the table below : 
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DISC ASSEMBLY MODEL LATTICE MODEL 

The elastic behavior of a disc is 
replaced by the action of springs 
attached at the contact points with the 
neighbouring discs/boundaries in the 
normal and tangential directions. The 
discs are assumed to be rigid bodies. 

The elastic behavior of the grains are 
retained by the elastic deformation of 
the bars in the microstructure. 

The conceptual assembly of the discs 
linked by springs does not consider the 
Poisson's effect of the individual 
grains. 

The Poisson's effect of the grains are 
retained through the deformation of 
diagonal bars in the grains. 

The particles/discs are allowed to 
overlap one another at the contact 
points assuming that these overlaps are 
small in relation to the particle sizes. 

Non-overlapping Hertz-Mindlin type 
of frictional contacts are retained at 
the contact points of the grains. 

If the shear force at a contact point is 
more than the shear strength given by 
Coulomb's law, the shear force is set 
equal to the shear strength and the 
additional shear forces are not 
redistributed in the system. 

The additional shear force exceeding 
the Coulomb shear strength is 
redistributed in the system by 
applying the components of this force 
as internal forces in the bars linked to 
the contact node and then analyzing 
the lattice for the same. 

The interaction between the boundaries 
and the discs in contact with the 
boundaries is represented by virtual 
springs in a similar way as the 
interaction between two discs. 

The interaction between the boundary 
and the grains is retained through the 
Hertzian contact area. 

The discs are assumed to be rigid and 
thus there is no possibility to study 
fracture phenomenon. 

Fracture phenomenon can be studied 
by the fracture of bars and the 
consequent removal of the fractured 
bars in the lattice analysis. Thus, 
there is a tremendous potential to 
understand how localized 
microstructural failure will lead to 
global failure of the entire body. 
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CHAPTER 4 

APPLICATION OF LATTICE MODEL FOR AN IDEALIZED 
PARTICULATE MEDIUM UNDER SIMPLE SHEAR 

4.1 Model simulation 

4.1.1 General 

The application of the lattice model is carried out on a particulate 

medium formed by a two-dimensional assembly of elastic spheres of radii one inch 

(Fig 4.1). The material of the spheres is assumed to be of quartz. The particulate 

packing is assumed to be enclosed in a simple shear apparatus with a rigid bottom, 

constrained by two frictionless vertical boundaries and subjected to a vertical load at 

the top. Nodes are introduced at (a) mass center of the spheres (b) contact points of 

the spheres (c) contact points of the spheres with boundaries. These nodes are 

interlinked by bars of appropriate stiffnesses based on Hertz theory. Thus the 

particulate packing is modelled as a truss/lattice as shown in Fig 4.1. 

4.1.2 Loading condition 

The loading comprises of a vertical load followed by the superposition 

of a shear displacement (forward shear). The total vertical load applied is 36.0 N. 

4.5 N is applied at each of the top eight nodes (Fig 4.2). The shear strain is 



71 

Typical bar 

Joint 

406.4 mm 

Fig 4.1 Two dimensional assembly of spheres and 
Lattice type simulation 



Fig 4.2 Loading condition and boundary conditions of the truss 
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simulated by giving a triangular distribution of displacements for the nodes on the 

vertical boundaries. The structure is initially analyzed for a shear strain of 0.05% 

and incremental shear strains of magnitude 0.005% are applied. 

4.1.3 Boundary conditions 

The bottom boundary is fixed, the vertical boundaries are simulated 

by rollers and the top is free (Fig 4.2). The conditions simulated are not ideal 

simple shear (Budhu, 1979). In ideal simple shear, the top boundary remains at the 

same level and there is no volume change change of the material. 

4.1.4 Material properties 

The materia] of the spheres in the particulate packing is assumed to be 

of quartz. The properties of quartz (Mantell) are 

Elastic modulus (E) = 6895 MPa 

Poisson's ratio (v) = 0.25 

.Shear modulus (G) = 2758 MPa 

Friction coefficient (/x) = 0.5 

4.1.5 Geometric properties : 

The geometric properties for a truss analysis are the cross-sectional 

areas and lengths of the bars. The cross-sectional areas of the main bars are 

determined from Hertz solution (Eqns 3.1 & 3.2). The cross-sectional area of a 

main bar is a function of the normal force at the contact node. Thus, for the first 

stage of analysis, the cross-sectional areas are evaluated based on the initially 
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applied load on the system and are updated at the end of each analysis based on the 

computed contact forces. The cross-sectional areas of the diagonal bars are fixed as 

one tenth of that of the main bars. This is based on a parametric study explained in 

section 4.3.4. 

4.1.6 Lattice/truss analysis 

The particulate packing, simulated as a lattice/truss, is analyzed for 

the loading condition along the steps given in the flow chart (Fig 3.6). 

4.2 DISCUSSION OF RESULTS 

4.2.1 Initiation of failure 

The state of stress for a material in simple shear is shown in Fig 4.3. 

The shear stress ratios on vertical and horizontal planes are defined as rx>. /crx and 

ryx /cry respectively. In a granular material, failure is initiated when there is a 

continuous plane of slippage/sliding within the material. This stage is reached when 

the shear stress ratio on a plane exceeds the coefficient of friction of the material. 

Thus, in a granular material, failure is initiated in a zone of maximum shear stress 

ratio. 

The shear stress ratios at the contact nodes for three different shear 

strains are plotted in Figs 4.4a, 4.4b, & 4.4c. It can be observed that on vertical 

planes, the shear stress ratios increase at a much faster rate than on the horizontal 

planes. Contours of shear stress ratios on vertical planes are plotted in Figs 4.5a, 

4.5b & 4.5c. Fig 4.5a shows that at a shear strain of 0.001, the maximum shear 
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stress ratio of 0.2 is concentrated in a zone near the bottom boundary. Since the top 

boundary is assumed to be free and thus cannot take any shear stress, the shear 

stress will be maximum near the bottom boundary. This is why the maximum shear 

stress ratios are concentrated near the bottom boundary. As shear strain is 

increased, the shear stress ratios on vertical planes gradually increase to the 

coefficient of friction of the material (0.5). At a shear strain of 0.00245, the shear 

stress ratio on vertical planes at the contacts between two grains located at the center 

of the bottom bottom boundary reached the failure shear stress ratio (^=0.5). On 

further increase of shear strain, the failure zone, initially concentrated near the 

bottom boundary, gradually stretches towards the right vertical boundary (Fig 4.4c 

& Fig 4.5c). Initially, the shear stress ratios on the vertical plane adjacent to the 

right vertical boundary were considerably less than 0.5. As shear strain is 

increased, this plane develops into a continuous failure plane. Fig 4.4c shows that 

the shear stress ratios at the contact nodes on this plane have all reached the friction 

coefficient of the material (0.5), at a shear strain of 0.00275. This is analogous to 

the slippage of the extreme right card when a pack of cards is held vertically and 

sheared in the forward direction. At the shear strain of 0.00275, the shear stress 

ratios on the vertical planes in a triangular zone formed by the bottom boundary, 

right boundary and the diagonal have all reached 0.5 (Fig 4.4c). In summary, the 

failure zone, initially concentrated near the bottom boundary develops into a 

triangular zone near the right vertical boundary. 



yx 

xy 

Normal stress on vertical planes 

Normal stress on horizontal planes 

Shear stress on vertical planes 

Shear stress on horizontal planes 
Lateral stress 

Fig 4.3 Stress for Ideal simple shear 
(Budhu 1979) 



77 
Shear stress ratio on vertical plane (Typ) 

Shear stress ratio on horizontal plane (Typ) 

0.068 

0.1zj 

O.lSo 

0. 74 

0.167 

0.25 0.50 

X/L (Length rat io)  
0.75 

•Grain (Typ) -Contact node (Typ) 

Fig 4.4a Shear stress/normal stress ratio at contact nodes for 
shear strain = 0.00100 
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X/L  (Length  ra t io )  

Fig 4.4b Shear stress/normal stress ratio at contact nodes for 
shear strain = 0.00200 
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X/L  (Length  ra tLo)  

Fig 4.4c Shear stress/normal stress ratio at contact nodes for 
shear strain = 0.00275 



80 

0.9 

0.X 

0.7 

0 . 1 &  

0.6 c 

0.2 

0.3 

0.2 

0.6 0.8 0.7 0.5 0.4 0.3 0.2 

X/L (length ratio) 
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Fig 4.5c Contours of shear stress ratios on vertical planes @ 
shear strain = 0.00275 
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In simple shear deformation failure is initiated by the sliding of 

grains, de Josselin de Jong (1971) proposed that failure in simple shear could occur 

either by sliding on horizontal planes or sliding in conjunction with rotations on 

vertical planes. But, if the boundary conditions are such that both modes of failure 

are equally possible, the sample will choose the one with the least resistance, the 

latter mode. Wroth (1984) explained de Josselin de Jong's hypothesis in his 

interpretation of the failure of normally consolidated Boston blue clay tested in 

Norwegian Geotechnical Institute (NGI) device and tests conducted by Borin (1973) 

on normally consolidated kaolin in the Cambridge University simple shear device. 

Wroth (1984) showed that failure occured as proposed by de Josselin de Jong. The 

vertical planes were the planes of maximum stress obliquity. He suggested that 

failure in frictional materials should be associated with conditions of maximum shear 

stress ratio (shear stress normalized with respect to normal stress). 

Budhu (1988) conducted simple shear tests on similarly prepared 

samples of loose sand (relative density-7%) and dense sand (relative density-95%). 

These samples were tested in two different devices-the Cambridge University's 

simple shear device and Norwegian Geotechnical Institute type device. The 

variation of shear stress ratios with shear strain obtained from these tests are shown 

in Fig 4.6. The conclusions made from these tests were that failure was initiated on 

vertical planes but neither these planes nor the horizontal planes are the planes of 

maximum stress obliquity. 
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Results from the above mentioned simple shear tests conducted in 

laboratories indicate that failure would be initiated on vertical planes. Thus, the 

prediction of the lattice type simulation conducted here is qualitatively in agreement 

with the results from the laboratory tests. 

4.2.2 Cluster formation 

Contour plots of shear stress ratios on vertical planes (Fig 4.5a, 4.5b, 

& 4.5c) indicate a concentration of failure of vertical planes in a triangular zone 

formed by the bottom and right boundaries. Fig 4.4c shows that the shear stress 

ratios on the vertical plane next to the right boundary have all reached the friction 

coefficient of the material (0.5). This shows that the column of grains adjacent to 

the right boundary have a tendency to slip with the adjacent column of grains and 

thus push up. This is analogous to the lifting of the top platten near the right 

boundary in simple shear tests. If the shear strain is increased, it is expected that 

interaction of grains (sliding and rotation of grains) would be concentrated in this 

zone. In simple shear tests, as shear strain increases, it is observed that the right 

boundary develops a distorted shape whereas the left boundary retains it's straight 

plane surface (Budhu, 1979). 

Thus, even though the material is a homogeneously packed medium, 

cluster formation occurs in the case of non-ideal simple shear. The material chooses 

a preferential zone of failure when volume change is allowed. 



4.2.3 Distribution of stresses within the medium and at the boundaries 

The variations of the normal stress ay and the shear stress ryx are 

plotted in Figs 4.7a and 4.7b respectively. These figures indicate that even though 

non-uniform state of stresses prevail at the boundaries, conditions in the middle of 

the medium are uniform. Roscoe (1953) analyzed an elastic material deforming in 

the Cambridge simple shear apparatus using Airy's stress function. He showed that 

even though the stresses and strains on the boundaries of the sample as a whole may 

not be uniform, conditions in the middle third of the sample perpendicular to the 

direction of shear can be expected to be uniform. Thus the observations from this 

research are in agreement with Roscoe's analysis (Fig 4.8). 

Variations of normal stress at the bottom boundary and the left and 

right boundaries with increase in shear strains are plotted in Figs 4.9, 4.10a and 

4.10b respectively. With incremental shear strains, the following observations have 

been made (a) The normal component of the contact stress on the bottom boundary 

decreases near the left boundary, remains constant in the middle third region and 

increases in the remaining one third region towards the right boundary (b) The 

normal contact stress distribution on the left boundary is opposite to that on the right 

boundary. The above observations are in agreement with the distribution of stresses 

existing at boundaries in simple shear tests (Fig 4.11). With further increment in 

shear strain, the normal contact stress at the top of the right boundary 
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Fig 4.11 Development of normal stresses during cyclic simple shear test 
(Budhu 1979) 
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will become zero, i.e, the material loses contact with the top of the right boundary, 

which is observed in simple shear tests (Fig 4.11). 

4.2.4 Cross-sectional area of Diagonal bars 

The particulate media is simulated by a lattice structure using two 

kinds of bars, (1) main bars (2) diagonal bars. Main bars are those bars linking the 

mass center of a grain to the contact points with neighbouring grains. Diagonal bars 

are the bars linking the adjacent contact nodes around a grain. The cross-sectional 

area of the main bars are determined using Hertz's solution based on the known 

contact force at the contact area. It is uncertain what cross-sectional areas should be 

used for the diagonal bars. 

If a vertical load is applied on a particulate packing, restrained by 

rigid boundaries on three sides, a lateral pressure develops on the vertical 

boundaries (Fig 4.12). This lateral pressure is developed because the lateral strain 

due to Poisson's effect is prevented. In the lattice type simulation, this lateral 

pressure is developed due to the force flow through the diagonal bars. In effect, the 

diagonal bars act as members to distribute the forces in the lateral direction and thus 

simulate the Poisson's effect of the material. Thus, it appears that the cross-

sectional area of diagonal bars should be linked to the cross-sectional area of the 

main bars in relation to the Poisson's effect of the material. A parametric study was 

carried out to derive 
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Fig 4.12 Particulate packing under a surcharge load 



this relationship. The particulate packing shown in Fig 4.12, idealized by a lattice, 

is analyzed for a vertical load of 36.0 N or a nodal load of 4.5 N each at the top 

eight nodes. The analysis is carried out for various ratios of diagonal bar area / 

vertical bar area, and the contact stresses or lateral pressures on the vertical 

boundaries are obtained. The vertical stress on the particulate packing is constant 

throughout the analysis and is obtained as follows, 

Applied normal load (N) = 4.5 N 

Cross-sectional area of vertical bars (A) = 0.132297 mm2 (From Eqns 3.1&3.2) 

Vertical stress (av) = N / A = 34.0 MPa 

Fig 4.13a shows the variation of horizontal stress with respect to the variation of 

diagonal bar area / vertical bar area. For a granular medium, this lateral pressure is 

ah = K0ctv , where ctv is the surcharge pressure and K0 is the coefficient of earth 

pressure at rest. Thus, K0 is related to the diagonal bar area / vertical bar area 

ratios and is shown in Fig 4.13b. From plane strain conditions, the relationship 

between Poisson's ratio (»0 and K0 is as follows, 

Thus ' c' is related to the diagonal bar area / vertical bar area ratios and the 

relationship is plotted in Fig 4.13c. From this parametric study it is proposed that 

the diagonal bar area / main bar area ratio is to be fixed in relation to the Poisson's 

ratio of the material. 
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CHAPTER 5 

CONCLUSIONS 

5.1 CONCLUSIONS 

The following conclusions are derived from the formulation of lattice 

type of simulation of particulate media and the application of the lattice model on a 

particulate medium under non-ideal forward simple shear. 

Formulation 

(1) The encouraging results from the lattice type of simulation indicates the 

validation of the approach and further research on this is likely to lead 

to promising insights into the mechanical behavior of particulate media. 

(2) The key to the lattice type simulation is the introduction of the diagonal bars 

linking the particle contacts. It is through these bars that the network-like 

pattern of load distribution observed in particulate media is simulated. 

(3) The lattice model for particulate media has the following significant 

advantages over the disc assembly model. 

(a) The elastic behavior of the particles/grains are retained in the model 

simulation in contrast to the disc model where the discs are assumed to be 

rigid. 

(b) The interaction between two particles is retained through non-overlapping 

Hertz-Mindlin type of frictional contacts as different from the overlapping 

type of contacts in the disc model. 



(c) The additional shear force at the contacts exceeding the Coulomb shear 

strength is redistributed within the system. 

(d) In the lattice model there is a tremendous potential to study fracture 

phenomenon and thus to understand how localized microstructural failure 

will lead to global failure of the entire body. 

Application 

(1) The failure is initiated on vertical planes. The shear stress ratios on 

vertical planes reach the friction coefficient of the material at a much faster 

rate than on the horizontal planes. 

(2) The material chooses a preferential zone of failure even though the material 

is a homogeneously packed array of spheres. In forward simple shear, this 

preferential zone is observed as a triangular region whose sides are the 

bottom boundary, right boundary and the diagonal of the packing. 

(3) The first slippage plane is the vertical plane adjacent to the right boundary. 

The column of grains adjacent to the right boundary slides up and the top 

platten is lifted up. 

(4) The stresses at the boundaries of the sample as a whole are not uniform. 

However, conditions in the middle third of the sample perpendicular to the 

direction of shear are uniform. 

(5) The distribution of the normal component of the contact stress on the right 

boundary is opposite to that on the left boundary. As shear strain is 
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increased, the contact stress on the top of the right boundary becomes zero 

and thus the material loses contact with the top of the right boundary. 

5.2 Scope of future research 

The objective of this project was to investigate whether a lattice type 

of simulation to understand the behaviour of particulate media could be a promising 

approach. The results of preliminary analysis have been very encouraging. 

The lattice type simulation has been carried out by introducing 

diagonal bars linking the contact points in a particulate medium. In this research, a 

parametric study is carried out to fix the cross-sectional area of diagonal bar. 

However, more investigation has to be carried out to derive an expression for the 

cross-sectional area of the diagonal bar from theory of elasticity. Experiments 

should be conducted on an elastic sphere as shown in Fig 3.2b, using photoelastic 

methods. The experiment will help us to have a thorough understanding of the 

diagonal distribution of loads within the sphere. 

In this project, kinetics of particulate media was not considered. 

Thus the next major step would be to evolve a numerical scheme to determine the 

re-orientation of grains due to sliding and rotation of grains at the end of each 

incremental shear strain. Once this is accomplished the model has to be extended to 

a random particulate packing with grains of various sizes and on particulate packings 

subjected to different loadings such as bi-axial loading, etc. 
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Once substantial progress is made on the numerical simulation, an 

experimental program will be devised to validate the lattice type approach. 

Experiment should be conducted on particulate media made of glass beads in a 

simple shear apparatus. Video images of the arrangement of the particles could be 

taken during deformation. Through image processing, one could obtain the 

structural arrangement of the particles, the patterns of displacements and rotations 

and the contact behaviour. The experimental results will help us to validate and/or 

calibrate the numerical model and thus will open new directions to understand the 

mechanical behavior of particulate media. 
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APPENDIX - A 

PARAMETERS IN THE CALCULATION OF CONTACT FORCES 

j - contact node between the grains 1 & 2 

m(i , j),i = l,3 - member nos of grain 1 linked to the contact node 'j' 

m(i , j),i=4,6 - member nos of grain 2 linked to the contact node 'j' 

n(i , j),i = l,6 - back node of members m(i , j) 

n(2 , j) - mass center of grain 1 

n(5 , j) - mass center of grain 2 

X,Y, - local x-y axes 

X2Y2 - rotated x-y axes 

X2X2 - plane of contact area/direction of shear force 

Y2Y2 - direction of normal force 

tl - angle made by the contact normal with horizontal 

t2 - angle made by the rotated X-axis with the positive direction 

of X-axis 

tx(i , j) - angle made by the members m(i , j) , i = 1,6 

withpositivedirection of X2 - axis. 

cf(j) - normal component of contact force at the contact node 

sf(j) - shear force 

fc(j) - stress ratio at the contact node (sf( j )/cf( j )) 

ax(m(i , j)) - axial force in the member m(i , j) 
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