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ABSTRACT 

Power deposition in ferromagnetic implants of cylindrical and 

spherical shape from an externally applied uniform time harmonic 

radio-frequency magnetic field has been investigated by means of 

quasi-static analysis. The dependence of absorbed power of the 

implant on the value of it's permeability is important because of two 

reasons: first, inductive heating efficiency is related to the 

relative permeability and second, the temperature dependence of 

permeability can be exploited to limit the maximum temperature rise to 

the desired value by proper choice of Curie point of ferromagnetic 

material. It is shown that the power absorption per unit volume of 

cylindrical implant reaches a peak when the induction number lies 

within a value of 2 to 3. It is found that theoretically calculated 

power absorption versus orientation of the cylindrical implant with 

the direction of magnetic field is in good agreement with the 

experimental results. The results of parametric studies shown here 

are currently being used in hyperthermia clinical practice. The 

parametric studies are based on a two-dimensional finite difference 

model for calculating temperature distribution in perfused tissues due 

to induction heating of an array of implants. An approximate 

analytical model was also developed for a large regular array of 

implants in perfused tissues. The results of the analytical model are 

compared with those of the numerical model. 
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CHAPTER 1 

INTRODUCTION 

Hyperthermia in general implies that the elevated temperature 

beyond some index temperature (42°C) would result in preferential 

destruction of malignant tissue and leaving the surrounding normal 

tissue unharmed [1]. In principle, the only means to achieve 

hyperthermia is to deposit thermal power to the desired tumor volume 

in a controlled fashion so that only the specified region would be 

heated uniformly to the temperature above the therapeutic level 

(42°C) and at the same time the normal tissues should not exceed 

certain prescribed maximum temperature levels. Therefore, not only 

the power deposition mechanism has to be addressed but also the 

problem of precise temperature control within the tumor volume needs 

to be given careful attention. These are essentially the associated 

engineering problems of hyperthermia. 

A great variety of modalities of tissue heating have been 

proposed, are under development and investigation, are currently in 

clinical trials or in routine use. These modalities can be broadly 

catagorized into two major groups: non-invasive and invasive 

methods. Actually, none of the methods are absolutely non-invasive 

in the strictest sense. The dilemma lies in the fact that even non

invasive power deposition mechanisms require invasive 
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temperature monitor and control mechanisms. Microwave [2], 

ultrasound [4] and focused ultrasound scanning [5] are among the 

category of non-invasive methods of inducing hyperthermia. The 

interstitial techniques such as resistive heating with r-f current 

by implanted electrodes [3,6-10], implanted microwave antennas 

[11-14] and implanted ferromagnetic seeds [15-17] are examples of 

invasive methods. 

Interstitial hyperthermia induced by ferromagnetic implants 

is the topic of my thesis. These implants are made of ferromagnetic 

materials such as type 430 stainless steel and various nickel alloys 

[18-22] usually in a cylindrical shape of finite length; spherical 

shapes are also possible. The implants, being surgically placed 

within the tumor volume, are heated by an externally applied uniform 

r-f magnetic field [16]. The power thus deposited inductively into 

implants heats up the implanted tumor volume by thermal conduction 

and convection processes. 

In subsequent Chapters power deposition mechanisms coupled 

with thermal conduction through perfused tissues, the prediction of 

the temperature field and its dependence on ferromagnetic implant 

properties, various other parameters that characterize the system, 

induction field strength, frequency, and so forth, will be outlined 

in detail and systematically. Since this form of hyperthermia is 

already in the stage of clinical trials, the associated problems in 

treatment planning, and retrospective analysis are given careful 

attention. Efforts are undertaken to solve them effectively and 

efficiently. 



The promise of success of this modality of induced 

hyperthermia lies in the fact that it has certain and definite 

advantages over other modalities in treating deep seated tumors. 

The prominent advantages are described below: 

1. Once implants are surgically placed in the tumor volume 

the power deposition is non-invasive in nature. 

2. Surgical implantation technique is identical to that of 

well established interstitial radioactive brachytherapy. 

3. Auto-thermoregulation is possible by proper choice 

implants with the Curie transition temperature within 

45*C to 75*C range. 

4. The target or planned temperature field is susceptible to 

the only influential unknown parameter, the blood 

perfusion. Some uncertainties can be overcome by 

suitable selection of implants having higher curie 

transition temperature, higher relative permeability, 

small transition width and relatively closely pack 

implant array. Nevertheless, a priori knowledge of blood 

flow patterns is of immense benefit in treatment 

planning. 

5. It is used usually in combination with radioactive 

brachytherapy. 

6. Concurrent treatment evaluation is possible by monitoring 

temperatures at certain preselected points. 
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7. Periodic heat treatment could easily be administered by 

permanent implantation with the implants coated with bio

compatible material. 

The limitations of this form of interstitial hyperthermia are: 

1) power is absorbed only by the ferromagnetic implant with thermal 

conduction as the primary method of heat transfer rather than 

distributed direct power absorption by tissues as in the case for 

interstitial microwaves; 2) no real time control is possible. 

Rather the heating pattern and resultant temperatures are determined 

by the implant geometry and proportion of the implants selected. 

A considerable amount of work has been done by numerous researchers 

at the University of Arizona in various fields related to this form 

of hyperthermia such as materials development, equipment design, 

instrumentation, software development, thermal dosimetry, and 

clinical implementation. Citations to these other efforts are given 

where they impact upon the present study. This thesis represents a) 

analytical description of power absorption by ferromagnetic implants 

in uniform r.f. magnetic field; b) numerical parametric studies of 

the thermal field that result as a function of implant properties 

(Curie transition temperature, transition width), tissue properties 

(thermal conductivity, blood flow) and implant spacing. 
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CHAPTER 2 

FERROMAGNETIC MATERIALS FOR HYPERTHERMIA 

It has already been pointed out in the introduction that 

inductively heating the surgically placed implants in the tumor 

volume could result in successful hyperthermic treatment if the 

target volume is elevated to a temperature above some index 

temperature (e.g., 42°C) but certainly below a prescribed maximum 

tolerant temperature. The ferromagnetic materials were chosen [16] 

for efficient eddy current heating of the implants from an 

externally applied radio-frequency magnetic field. In order to 

justify the choice, it is necessary to discuss briefly the 

properties and behavior of ferromagnetic materials. 

A substance is said to be ferromagnetic [29] if it can 

exhibit a spontaneous magnetic moment, that is, a magnetic moment 

even in the absence of an applied field. For a given ferromagnetic 

material this spontaneous magnetization can occur only below a 

critical temperature 0C, called ferromagnetic Curie transition tem

perature. Well above the Curie temperature such materials are found 

to be paramagnetic in nature and to have a well defined paramagnetic 

susceptibility which follows the Curie-Weiss law [29], namely, 

_ c 
m 0-0p » 9 > 0p> 6c 
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in which C is the Curie constant, 6 is temperature, and 0p is called 

the paramagnetic Curie temperature. The five elements which exhibit 

ferromagnetism are iron, cobalt, nickel, gadolinium and dysprosium. 

The Curie temperatures of these elements are shown in Table 1. 

There are two reasons for choosing ferromagnetic materials as 

implants. One of them is related to power absorption efficiency 

which would be apparent in subsequent Chapters. The other reason is 

to exploit its temperature dependent magnetic transition property in 

order to achieve thermoregulation. 

The magnetic permeability p is the measure of the magnetic 

property of a material which is a complex scalar quantity in general 

for the isotropic materials. For the ferromagnetic materials, the 

permeability n is very high at temperatures below ferromagnetic 

Curie temperature. As its temperature approaches the Curie 

temperature Be, the permeability drops to a very small value. The 

inductive heating (or power absorption) of a ferromagnetic implant 

is dependant on its permeability (quantitatively discussed in the 

next Chapter) and so falls significantly at its Curie temperature. 

The exploitation of this property provides a means of 

thermoregulation in inductive heating of the ferromagnetic implants. 

Figure 1 illustrates the typical dependence of permeability on 

temperature for this purpose. 
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TABLE 1 

The Curie Temperatures of Elemental Ferromagnetic Materials 

ELEMENTS IRON COBALT NICKEL GADOLINIUM DYSPROSIUM 

CURIE TEMP. 
IN CC Fe Co Ni Gd Dy 

Ferromagnetic 770 1120 358 16 -168 

Paramagnetic 
0P 

820 1155 377 
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fJLman. 

80 = Curie Temp, 

a Q = Transition Width 

—Ideal, a Q-0 

a: 

6c-* 9 

TEMPERATURE,# 

Figure 1. Typical dependence of permeability, /i, of a ferromagnetic 
m a t e r i a l  w i t h  t e m p e r a t u r e ,  6 .  
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The required properties of a suitable ferromagnetic material 

to be used in fabrication of the implants for hyperthermia are 

described below: 

1. The Curie transition temperature 6C, has to be few degrees 

above the therapeutic temperature, 42®C (i.e., 45® ~ 65®C). 

2. The transition width A0 should be as small as possible to 

have efficient temperature regulation; the most desired and 

ideal one is, of course, with L9 = 0, which is represented by 

a step function in Figure 1. Since this is theoretically 

impossible, a practical goal is dp/pdl z 0.1/°C. 

3. The material should be highly permeable at low temperature 

(ie., Q < 0C-A0). 

4. The implant must be electrically conductive so as to allow 

eddy current circulation. 

5. In general, p is complex but the imaginary part of p has been 

neglected because of the fact that hysterisis loss is about 

one percent of eddy current loss [31] for the particular type 

of alloyed ferromagnetic material developed for hyperthermia 

at the University of Arizona. 

As none of the five ferromagnetic elements of Table 1 has the Curie 

transition temperature within the required range of 45® ~ 65®C, the 

idea of alloying a suitable ferromagnetic element as base material 

with other elements seemed to provide a solution to the problem. 

The use of nickel as base metal for alloying with other non

magnetic elements was selected by various groups of investigators. 
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Chen et al. [20] succeeded in bringing down the Curie temperature to 

the desired range 45* ~ 75®C by alloying nickel with approximately 4 

wt. pet. silicon. Brezovich et al. [21] reported to achieve a Curie 

temperature of 50'C by using an alloy of nickel with 29.6 wt. pet. 

Kobaythi et al. [22] reported about the nickel-palladium alloys with 

Curie temperatures in the range of 43* ~ 58®C. 
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CHAPTER 3 

THE POWER DEPOSITION MECHANISM IN FERROMAGNETIC IMPLANTS 

The power is inductively deposited in surgically implanted 

ferromagnetic seeds in a tissue volume from an externally applied 

uniform radio-frequency magnetic field. The power absorption in these 

implants from a time varying field is primarily due to the induced 

eddy current circulation through the resistive path. This chapter 

discusses the explicit dependence of absorbed power on the implant 

material properties (electrical conductivity, a, and magnetic permea

bility, n) and various other parameters (such as frequency of the 

oscillating field, radius and length of the implant, orientation of 

the implant with respect to the field polarization). The expressions 

for power absorption will be derived for the two specific geometrical 

shapes of the implant (viz. cylindrical and spherical) subjected to 

axial and/or perpendicular magnetic fields. This is really a special 

case of a plane wave incident on the cylinder at normal incidence with 

+llnc parallel or perpendicular to the axis. The free space wavelength 

of the incident field is so large in comparison with the diameter of 

the cylinder that; the incident field could be assumed to be uniform 

(i.e., independent of R and $) outside the cylinder. This type of 

field is generated within a coil made of circular current sheet, 

frequency of exciting current being in the r.f. range. If the 

diameter of such coil is much smaller than the free space wavelength, 
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the axial magnetic field in the vicinity of axis could be assumed to 

be uniform. It is to be mentioned here even though the field.is 

assumed to be uniform outside, it would vary radially within the 

cylinder because of finite conductivity a. 

There is extensive literature available on the electromagnetic 

problems associated with cylindrical and spherical objects. Some of 

these publications relevant to our problem are listed [32-38, 48, 49] 

in the references. The implant material is assumed to be homogeneous 

and isotropic. It is also assumed for analytical simplicity that 

electrical conductivity a, magnetic permeability p and dielectric 

constant are real and do not depend on field strength and frequency 

within the range of application. In fact, these materials do exhibit 

some hysteresis loss and not linear. So the assumption of no 

dependence upon field strength is not strictly true. This is being 

studied more extensively in the laboratory where Sinno, R. [private 

communication] has shown the hysteresis losses to be about 1% of the 

eddy current losses for these materials. This justifies the 

assumption that p is real by neglecting its very small imaginary 

portion of it. The B-H curve is approximately linear in the operating 

region. 

Power Absorption by a Cylindrical Implant 

in Axial Magnetic Field 

It is assumed tiiat a solid cylindrical implant of radius a with 

electrical properties defined by a, p, e is infinite in length and 

subjected to an axially oriented uniform magnetic field. The 
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cylindrical coordinates (r, 0, z) are chosen for convenience with the 

unit vectors r, $ and z in the respective directions. 

The applied magnetic field is z-polarized and can be expressed 

as 

H(t) = zH0eJwt 3.1 

The axis of the implant is coincident with the z-axis as shown in 

Figure 2. The magnetic field inside the implant (o £ r £ a) is 

expressed as: 

"H = zHz e^wt 3.2 

where Hz must satisfy the scalar Helmholtz's equation [32], 

(V2 - 72)Hz = 0 for o i r i a 3.3 

The time factor eJut is suppressed in subsequent analysis for 

convenience. In the equation 3.3 the propagation constant within 

cylinder (o $ r <, a), 

1 / 2 7 = [j wpia + jwe)] 

and cylindrical Laplacian operator, 

3.4 
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t 

I 
i 

00 

Figure 2. Geometry showing circular cylinder with electrical 
properties (a, p, e) in axial magnetic field. 
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The problem (Figure 2) is axially symmetric, furthermore, the diameter 

of cylinder is assumed to be much smaller than the external wave 

length, therefore in 3.5, we assume Hz varies only with radial 

coordinate r. Therefore equation 3.3 can be expressed as Bessel's 

modified equation of zero order as follows: 

? d2H_ dH ? ? 
r& + r -i-r - i r W = 0, for o i r i a 3.6 

dr 

The solution of equation 3.6 is of the following form [32], 

Hz(r) = AIQ(7r) + BKgfyr) for o i r i a 3.7 

where IQ and K0 are modified Bessel's functions of first and second 

kind of zero order, respectively; A and B are arbitrary constants to 

be determined from the associated boundary conditions. The solution 

3.7 implies that axial magnetic field varies radially with r within 

the cylinder with propagation constant, 7. 

The Boundary Conditions: The field inside the implant at 

r = 0 must be finite and the tangential component of"fl field is 

continuous across the implant surface at r = a. In other words, the 

boundary conditions are as follows: 

i. H
z(r)|r = 0 1s fin1te 

2- Hz«lr-a- -HzM|r = a+ 

It is to be noted that we have assumed Hz(r) = H0 for r = a. 

Application of the boundary conditions to equation 3.7 yields, 
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H0 
A W 3*8 

and, B = 0 3.9 

It is easy to show that a z-directed magnetic field which 

varies only with r would induce only the azimuthal electric field (E^) 

within implant. It is given by 

-1 dHz(r) 
Vr> " "3^ dr for ,iril 

The expressions for magnetic and electric field inside the implant 

therefore can be written as follows: 

Hn 
Hz(r> • ypj 'oW 3-10 

for o $ r <, a 

"7h
0 

Io(7r) 
(ff+jue) IQ(7a) 3,11 

Where I'0 is the derivative of IQ with respect to its argument. 

In writing equation 3.10 the values of A and B from equations 

3.8 and 3.9 have been used in equation 3.7. The objective is to 

calculate the time averaged power absorption by the implant from the 

inductive field. The Poynting vector, "§ is given by 

S = \ Re ft x H*] 3.78 
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Where 'Re' means real part and * means complex conjugate. Since the 

magnetic (3.10) and electric (3.11) fields are axial and azimuthal, 

respectively, the Poynting vector is radial, therefore the radial 

component of "5 in 3.12 is found to be 

Sr = Re[E0H*] 3.13 

Making proper substitution of 3.10 and 3.11 in 3.13, we can easily 

show that 

Sr(r) - f Re 
7I

0(7r)I
0(7r) 

(a+jwe) | IQ (*ya) | 
3.14 

The power absorped per unit length of the implant with radius a from 

magnetic field parallel to its axis should be therefore 

P|f /jSr(r)rd#]r-a 3-l5 

where Sr(r) given by 3.14. Evaluating the integral we get 

PI|= ffaHp Re 
7*i(7a) 

Ur+jwe)In(7a) 3.16 

where the identity 110(z) = I^z) has been used. 
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The term within parenthesis on right hand side of 3.16 can be 

identified with the implant surface impedence per unit length Zs 

[26,32], that is 

V _ h] 

Hz. 

7Ji(7a) 
(<r+jwe)I0(7a) 3,17 

r=a 

Therefore, we can write 3.16 as 

P., = ?ra H02Re(Zs) 3.18 

where Zs is defined by 3.17. 

The cylinder is highly conducting and frequency of excitation 

is low enough so we can neglect the displacement current in the 

cylinder. This implies ue/a « 1 and can be neglected in the 

expression of 7, therefore we can approximate the folowing: 

(ff+jwe) =: or, 3.19 

7a 2: = xe"3*^4, 3.20 

„ fw.n/2 ft 'iH'74) 
3" U J T f„ J't/41 3nd ̂  J I^xe^4) 3,21 

where the induction number x is defined by 

x = (ufta) 1/2a 3.22 

In order to evaluate Re(Zs), we will have to express IQ and Ij in 

terms of 'ber' and 'bei1 functions [23] as shown below: 



Igfxe^''4) = ber x + jbei x 
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3.23 

IjCxe^*"^) = •p [ber'x + jbei'x] 3.24 

Substituting 3.23 and 3.24 in 3.21 and separating the real 

(Re) and imaginary (Im) parts of Zs, we get 

1/2  
Re(Z ) • f«1 [berx ber'x - bei xbel'xl 3 25 

s I ber x + berx J 

1/2 
Im(Z ) = (^) ^er x ber'x - bei x bei'x 

[ i 2„ , u„-2. ber x + bei x 
3.26 

Utilizing the expression for Re(Zs) from 3.25 in 3.18 we get finally 

the desired expression of 'power absorption' per unit implant length 

from the magnetic field parallel to its axis as follows in SI units of 

measurement, 

1/2 1 ' rber x ber'x + bei x bei'x P . « H I  M  [ ber x ber'x be1 
'' L ber x + bei x 

Watts/meter 3.27 

It is to be noted that expression (3.18) is identical to (2) of Wait 

et al. [26], The above expression (3.27) is the explicit form of 

(3.18) where real part of surface impdence Zs is evaluated in terms of 

appropriate ber, bei, functions. If the induction number x » 1, then 

the term within square parenthesis on the right hand side of 3.27 

containing ber, bei function could be approximated by [23] first 

member of their series expansions, thus yielding 1/ 2. 
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Hence, 

r, 1/2 o 
P|| ~ H0 Watts/meter for x » 1 3.28 

This is the result quoted by Stauffer et al. [16]. A number of 

important conclusions could be drawn from 3.28. First, the 

expressions 3.27 and 3.28 are valid only for axially parallel 

applied magnetic field. The power absorption is proportional to the 

square root of magnetic permeability, p and angular frequency, w. 

The ratio, » 1 for ferromagnetic material justifies the use of 

ferromagnetic materials as implants instead using non-ferromagnetic 

materials which would be relatively poor absorbers by comparison. 

The power absorbed by the implant is dissipated principally by 

thermal conduction into the tissues, thus inducing local 

hyperthermia. 

The magnetic permeability, p of ferromagnetic materials are 

in general temperature dependent as outlined in Chapter 2. It will 

be shown in subsequent chapters that the proper exploitation of this 

property results in the self-thermoregulating seeds to deposit 

controlled thermal power into the tumor volume. 

Optimization of power deposition [26] can be achieved by 

proper choice of implant shapes, size, permeability, and conductiv

ity, and by the frequency of induction field constrained by 

available materials, circuit components and by safety considerations. 

A discussion on the problem of optimization is included in the last 

part of this chapter (3). 
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POWER RBSORPTION IN PARALLEL FIELD 

u> 

20 

INDUCTION NUMBER X 

Figure 3. Plot of (Eq. 3.27) Pi| vs. x, showing dependence of 
absorbed power/unit length of a cylindrical implant in 
axial magnetic field with induction number x. 
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Obviously one of the factors would directly affect the implant power 

absorption is its orientation with respect to the field 

polarization. To determine quantitatively the effect of the implant 

orientation with respect to field polarization on the power 

deposition, we will derive an expression for the power absorption 

from a magnetic field perpendicular to the implant axis. 

Power Absorption by a Cylindrical Implant in Uniform 

The time-harmonic magnetic field is assumed to be polarized 

in the x-direction, spatially uniform prior to introduction of the 

implant and thereby can be expressed as, 

where H0 is the field amplitude and the time factor eJwt has been 

suppressed for convenience. Expressing the Cartesian unit vector, x 

in terms of the cylindrical unit vectors (r, $, z) we can rewrite 

3.29 as 

This magnetic field could be derived from the z-directed magnetic 

vector potential, 

Magnetic Field Perpendicular to its Axis 

"Fl = xH0 3.29 

H = rHgCos^ - $HQSin0 3.30 

Ap = z = Z HQrSin0, 3.31 

r being the radial coordinate, by using the definition, 

H = VxA 3.32 
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It is to be noted that the relation 3.31 expresses the primary 

vector potential due to presence of the magnetic field in absence of 

the implant. 

An infinitely long circular cylinder of radius a with 

electrical properties (a, p, e) is introduced into the otherwise 

uniform, time harmonic field perpendicular to its axis, which is 

coincident with z-axis (Figure 4). No variation along z is assumed 

(i.e., 3/5z = 0) due to the infinitely long cylinder. The magnetic 

vector potential external to the implant (r > a) would be 

A-= 2 (AP+ A*) 

where A® satisfy Laplace's equation, V2A| = 0 for r > a 

with the property that A® vanishes at infinity, i.e. 

Azlr-..-° 

Within the implant (0 $ r i a), A~ would satisfy the scalar 

Helmholtz's equation, 

(V2 - 72)A~ =0, for a S r S a 3.36 

with the property A" is finite at r = 0, i.e. 

Azlr = 0 = fimte 3*37 

In 3.34 and 3.36 the Laplacian, V2 has the following form 

3.33 

3.34 

3.35 

,2 = i a. f si + i_ ai 
r dr lr arJ r2 

3.38 
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Z 

t 

J* ~ 

CO 

Figure 4. Geometry showing circular cylinder with electrical 
properties (a, p, e) in magnetic field perpendicular to 
the axis. 



The propagation constant, 7 in 3.36 is expressed by 

1/2 7 = [jw/«(a + jwe)] 

36 

3.39 

The superscripts '+' and mean external to and within the implant 

regions, respectively. The general solutions of 3.34 [28] with the 

condition 3.35 and of 3.36 [23] with the condition 3.37 are 

respectively as follows: 

if r~m (p eW+ Qme"Jin'l, for r > a 3.40 
z m=0 1 m m J 

AzaIJ V7r) [VW+ , for Oi r$ a 3.41 

where m = 0,1,2... and Pra, Qm, Um and Vm are arbitrary constants. 

Since primary potential (3.31) varies as sin^ we find that only 

existing mode, m = 1 is possible with P1 =-Q1 and U1 =-V1, therefore 

3.40 and 3.41 can be written as 

A® = QHor"1S1n0, for r > a 3.42 

A~ = UHqI^(7r)Sin^, for 0 £ r i a 3.43 

where Q and U are new undetermined coefficients to be determined 

from the boundary conditions. The vector potential for region 

extenal to the implant is 



37 

A+(r,0) = z Hfi[r + Qr_1]sin0r for r > a 3.44 

and within the implant, 

A~(r,^) = zUHq^(7r)Sin^, for 0 £ r £ a 3.45 

In writing 3.44 the relations 3.42 and 3.31 were used in 3.33. 

The Boundary Conditions 

1. The tangential component of H field is continuous across 

the boundary at r = a. That is 

3A+(r.<J) 
3r 

= 9A~(r,rf) 
r = a 9r r = a 3.46 

2. The normal component of B field is continuous across the 

boundary at r = a. 

^0 9A+(r.ri) = k 3A~(r.<fr) 
Ir = a r M r = a 3.47 

Application of the boundary conditions 3.46 and 3.47 to 3.44 and 

3.45 yields: 

Q = a2 

1 

O
 

-5
 

j—t
 

h-»
 
-

+ 
0?a Il â). 
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2p0a 
U = 2 ; 

f i l foa) + /iQ 7a ^(73) 

Making use of recurrence formulas [24] Q and U could be written in 

the form, 

_ a2 [» * PqHqW + [<• + <*g)12(7»)] 

[&* + '0)I0(1,a) " C'* " '*o)I2(''a)] 

% 
= 7 [(/» + P0)I0W ~ (/* - FdhW] 3'49 

These types of functions are discussed in [37]. Once the magnetic 

vector potential is determined (equations 3.44 and 3.45), it is a 

matter of simple calculation to show that the magnetic and electric 

fields within the implant (0 £ r i a) are exactly given by: 

H = HqU 7 Ij(7r)Cos0 - j& 7 I1(7r)Sin^ 3.50 

zh0U72 
E = " (A jt/e) Ii(7T)S1n# 3.51 

It can be shown by using 3.50 and 3.51 that power absorped per unit 

length of cylindrical implant of radius a, from an external uniform 

magnetic field perpendicular to its axis is, 

Py \ jra|H0|2|U|2|7|2Re {ff J jt|/£ Ij^aJI^fra)} 3.52 
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where H0 is the amplitude of external magnetic field, 7 and U are 

given by 3.39 and 3.49, respectively. In the limit of quasi-static 

approximation (ue/a « 1) we find, 

7 2 (jw/w)1/2 3.53 

and 

(a + jwe) 2 a 3.54 

Evaluating |U|2 and 

Re[? Ii(7«)Ii*(7«)] 

in terms of appropriate 'ber' and 1bei1 functiuons [23] of required 

order by exploiting the approximate form of 7 (eq. 3.53) we get 

|U|2 = 16/|72|V 3.55 

Re[^11 (*ya)11 (7a)] = —— [ber x ber'x + bei x bei'x] 3.56 
i ac 

where V = [(/ir+l)ber x + (/ir-l)ber2x]2+ [(/ir+l)bei x + (/*r-l)bei2x]2 

3.57 

1 /2 x = (u/ia) ' a (induction number), 3.58 

anc' tfy,= £ (relative permeability) 3.59 
r r 0 
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Now substituting the values obtained by 3.55, 3.56 and 3.58 in the 

expression for power absorption, we get (in SI units) 

This result is quoted by Atkinson et al. [25]. The ratio of Pj to 

Pjl (3.27) is found to be, 

where V is given by 3.57. 

It is to be noted that in deriving 3.60 and 3.61 only the 

dipole terms corresponding to m=l in the general solutions 3.40 and 

3.41 were considered. But it is well known that plane wave 

scattering by a thin conducting cylinder [32] is dominated by 

azimuthally symmetric term which corresponds to m=0 in the general 

solutions. If we consider the azimuthally symmetric potentials 

Az and Az by taking m=0 terms only in 3.40 and 3.41 it can be shwon 

that electric and magnetic fields within the cylinder (O^r^a) are 

given by: 

1/2 
P| = 8*a(^) Hq (ber x ber'x + bei x bei1x)/V Watts/m 3.60 

3.61 

7*q(7*0 
(ff+jwe)Ij(7a) 

*l(7r) 
il (7a) 

3.62 

3.63 
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POWER ABSORPTION IN PERPEND ICULflR FIELD 

Conductivity,*?" = 2 x IC^Si 
H0 = 1500 A/m 

o U) 
<a 

20 

INDUCTION NUMBER. X 

Figure 5a. Plot of (Eq. 3.60) P| vs. x showing dependence of 
absorbed power/unit length of a cylindrical implant in 
axially perpendicular field with induction number x. 
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PONER ABSORPTION IN PERPEND ICULRR FIELD 
s 

Conductivity,cr = 2 x itf Si 

Hq=I500 A/m 

t*> — 
/ir =200 

o to 

20 
INDUCTION NUMBER. X 

Figure 5b. Plot of (Eq. 3.60) P| vs. x showing dependence of 
absorbed power/unit length of a cylindrical implant in 
axially perpendicular field with induction number x, but 
for implant with different permeability. 
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fp/Jj> AS FUNCTION OF INDUCTION NUMBER 
in 

Q 19 
M 
Dr 
V CM 
or . 
G 

s 

20 

INQUCTIQN NUMBER, X 

Figure 5c. Plot of (Eq. 3.61) P|/P|| vs. x showing dependence of 
ratio of absorbed powers in axially perpendicular to 
parallel magnetic field with induction number x. 
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The power absorbed by the cylinder per unit length is therfore given 

by — 

2 f 1 
P1 " ' a H° Re 3"64 

Using low-frequency approximation for highly conducting medium as 

before it can be shown that 

ber„ x bei., x - bei„ x ber, x 
P. = Ho 2 0 , 1 2 ! w/m 3.65 

m - o berl x + be1l2 * 

Power Absorption by a Sphere From a 

Uniform Axial Magnetic Field 

The general treatment of excitation of a conducting sphere 

due to externally applied electromagnetic field which is the 

superimposition of two partial fields (spherical TE and TM modal 

fields) is given by Wait et al. [48]. The excitation of a sphere by 

a dipole field is also discussed in that reference. The applied 

time-harmonic (eJwt) magnetic field, H is spatially uniform in 

absence of the sphere and polarized in the z-direction. Both 

Cartesian (x,y,z) and spherical (r,0,$) coordinate systems are 

employed for the analysis with x, y, z, r, and $ unit vectors in 

the respective directions. The uniform magnetic field, H could be 

represented as 

H = zHq = rHoCos0 - #Sin0 3.66 



45 

in both the coordinate system, where the time factor eJwt has been 

omitted for convenience. 

The magnetic field, "fl can be derived from a vector magnetic 

potential, "A by definingT) = VxA (3.67). In particular, the form of 

magnetic field related to this problem, as shown in 3.66 can be 

derived from vector potential, Ap = $l/2H0rSinfl (3.68) where 

superscript p indicates that it is the primary potential. It is to 

be noted that the primary potential, ~A has the ̂ -component only and 

function of r and 6 (i.e. independent of A). 
> * 

We introduce a sphere of radius 'a' with electrical 

properties a, ft and e into the field. The center of the sphere is 

coincident with the origin of the coordinate system (Figure 6). The 

vector potential would be perturbed by the sphere in the region 

external to it (r > a). Exploiting the symmetry of the situation we 

can set 9/9^ = 0, which means no variation with We can write, 

3.69 

where Ax = -A^Sin^ 3.70 

and Ay = A^Cos $ 3.71 

because of the fact that, $ = -xSin0 + yCos^ 

we now find 

3.72 

3.73 



46 

and * Ay= Cos0 V„ -A, -
r,e t r2S1 n20. 

3.74 

where Laplacian operators V2 and V2r g are with respect to spherical 

coordinate system and defined by 

n2- i_ 9_ f„29_1, 1 9_ fc.J]A 1 
V " JL 9r [r 9rJ 2C. 90 lSln090j 2,.j r^Si n0 v WJ r^Sin20 992 

and Vr,0= \z 9r(r29r)+ 90(Sin4e) 

Applying V2 operator to relation 3.69 and making use of 3.72, 3.73 

and 3.74, we get 

O . A 

= <f> vt „A. - JL 
V,Q * r2SinZ6. 

3.75 

In the limit of quasi-static approximation A = $A^(r,0) would 

satisfy V2A = 0 for r > a, or more explicitly, 

V2 flA. - 7 v 7 =0 for r > a 
r»e t Ain2fl 

3.76 
r Si n 9 

and (V2 - 72)A = 0 for 0 S r S a, or more explicitly, 

'*• ~ — 7^ = 0 for 0 S r S a 
v'° * r Sin 0 * 
V„ /,A, - 3.77 

where 7 = [jw/«r]1/2. 
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Figure 6. A sphere of radius a with electrical properties (a, p, 
e) in axial magnetic field. 



In region r > a total potential, should be 

AJ = AjJ + A| 3.78 

where primary potential, A^ given by 3.68 and the secondary 

potential, A| is the solution of 3.76, which must vanish at 

infinity. 

It could be easily shown that the partial differential 

equation 3.76 could be decoupled into two ordinary differential 

equations as shown below, seeking solutions in the product form A^ = 

R(r) 0 (0). 

r2 OM + 2r - 1 (1 +1)R(r) = 0 3.79 
dr ar 

0 = 0  3 . 8 0  Sin0 d0 (Sin0 0D + [1(1+1) " s.^2fl 

where 1 = 0,1,2.... 

The solution [28] of 13 is found to be given by 

R(r) = S^1 + ̂ r-1 -1 3.81 

where S| and T( are arbitrary constants. The equation 3.80 could be 

transformed into the associated Legendre's equation for m = 1 as 

shown below by substituting the new independent variable, u = Cos0. 

as I'1-"2) - [hi-d 0 (u) = 0 3.82 
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The solution of 3.82 is expressed as linear combination of 

associated Legender's functions P] and Q] of first and second kind, 

respectively, as follows 

0 (6) = C, P](Cos0) + D,Q](Cos0) 3.83 

where C( and D| are arbitrary constants. Since R(r) must vanish as 

r + » and Q] (COS0) is singular at Q = 0, a- we can set Sj = 0 and 

D( = 0 in 3.81 and 3.83, respectively. 

Finally using the principle of superposition we can write the 

solution of 3.76 as 

00 

A2^(r,0) U1r"1"1p}(Cos0), r>a 3.84 

where U( are the undetermined coefficients. 

It is the primary potential (3.68), Ap = $HorSin0 = 

^H0rPj1(Cos0) exciting eddy currents within sphere that again in 

turn give rise to secondary potential, A^. Therefore the possible 

mode that exists in 1 = 1 in 3.84 and thereby the summation collapse 

to a single term 

A|(r,fl) = U1r"2P](Cos0) = U^Sinfl 3.85 

substituting 3.68 and 3.19 in 3.78, we get the potential external to 

the sphere, as 

A+(r,0) = #[l/2H0r + U1r"2]Sin0, r > a 3.86 



50 

Following the similar procedure as above the equation 3.77 for the 

region 0 £ r i a, can also be decoupled into two ordinary 

differential equations, one of these in H (0) is identical to 3.80 

and the other one in R(r) is 

The equation 21 can be transformed into modified Bessel's equation 

of order (1+1/2) by substituting R(r) = ^(r)/ r as follows 

The solution of 3.88 is expressed as linear combination of modified 

spherical Bessel's functions, 11 +1/2(*yr) anc* ̂ 1 + 1/2« t'ie later 

being singular at r=0 could be thrown away. 

Therefore, we can write down the general form of vector 

potential, A" within the sphere 

Where V('p are the coefficients yet to be determined and P,'s as 

associated Legender's functions. The summation in 3.89 will 

collapse to a single term due to the fact that only mode, 1 = 1 can 

exist as explained earlier. Hence we can write 3.89 in the 

following form 

r + 2r - [i2r2 + l(l+l)}R(r) = 0, for OSrSa 3.87 

3.88 

T ( r , e )  = i j r  \ i ] r ' 1 / ZI1+1/2 (-yr)P-j(Cos0), OSrSa 
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A~(r,0) = Jvlr"l/2I3/2(7r)S1n0, OSrSa 3.90 

where the identity P^(Cos0) = Sin0 have been used. 

In the relations 3.86 and 3.90, the arbitrary constants U1 

and respectively, have to be determined from the boundary 

conditions. 

Boundary Conditions: 

1. The tangential component of H field across the boundary of 

r=a is continuous, which implies 

8A+ 
9r lr=a 

8A" 
8r r=a 3.91 

2. The normal component of B field is continuous across the 

boundary at r=a, which implies, 

M — PO 80 r=a /$r r=a 3.92 

Applying these boundary conditions to 20 and 24 we get two 

simultaneous equations in U1 and Writing them in the matrix 

form as shown below. 

U1 1 a' 
-1 

V 

vl. 1 p. V" 

3.93 
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where a = a3/2[| I3/2(7a) + a7I3/2<7a>] 

and p = -a3/2 jj- IJ/2(Ta) 

Inverting the matrix on the R.H.S. of 3.93 we can write the solution 

as, 

U1 = a3H0Au/A 3.94 

V, = 3/2 a3/2H0/I3/2(7a)A 3.95 

where 

&U = ' 4 " \ 7aI3/2^a)/I3/2(7a) 

and A = jjj- + | 3.96 

The Eddy current density in the sphere of permeability, /* could be 

found from the relation 

i(r,0) = - fia (r,8) = -jw/kt (r,0) 

Using the expression of A^ from 3.90 in the above relation we get, 

i(r,0) = -jw/taV1r"ly'2I3^2(7r)Sin0 3.97 
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The time averaged power absorption by the sphere is given by, 

P = i f|i(r,0)| p2dv 3.98 
vol. 

where resistivity, p = ̂  and spherical volume element 

dv = r2Sin0drd0d^ 

Therefore 3.98 could be written as 

p = |VJ2 i3/2(7r)l3/2(7r)rdr 3.99 
J0 

Now the rest of the problem is to evaluate the integral and IV^2. 

Evaluating the integral on the right-hand side of 3.99 and 

expressing it in terms of hyperbolic functions [23], it can be shown 

that 

/ I3/2^ I3/2^r^rdr = (f2 x)+ Sin Cf2 x)j 

- Cosh (f2 x) + Cos J2 x ] 3.100 

where induction number, x = (w/icr)1/2a 3.101 

The expression for V1 as given by 3.95 and 3.96 could also be 

expressed in terms of spherical Bessel's functions I1/2 and I_1/2 

for convenience. Therefore we can write, 

2 
IV112= 9/4 ̂ ol^|2/|[(^o)7-I.i/2(7-)^0t1+7V)-/'}Ii/2(7-)] | 

3.102 
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Expressing I1/2 and I_1/2 in 3.102 in terms of hyperbolic functions 

[23] and applying considerable amount of complex algebra, it can be 

shown that 

IVjI2- (9/4),ra3H2/i2 x3[(/*-/g2 {(x2+ l) Cosh J2 x + 

(x2- l] Cos 42 x - f2 x (sinh J2 x + Sin f2 x)} 

+ PQ[li-Poy2 x3 (sinh J2 x - Sin J2 x) + /i2 x4 

(cosh f2 x - Cos J2 x J1 3.103 

Substituting 3.100 and 3.103 into 3.99 we finally get the 

closed form expression of time averaged power absorption by the 

sphere of radius, a and permeability, /* from an externally applied 

otherwise uniform magnetic field as follows: 

P = 3jra5ffw2/i2/ijjHjj (p/q) 3.104 

where: p = — (sinh Cl2 x) + Sin C[2 X)) - Cosh Cf2 x) + Cos (|2 x) 
nr j 

3.105a 

q = Q)2 [(x2+ l) Cosh Ci2 x] + (x2- l) Cos (f2 x) 

- J2 x {sinh [n. x) + Sin (j2 x)j] 

+ HQ (/*-/<0) J2 x3 (sinh (j2 x] - Sin C[2 x)} 

+ p20 x4 {cosh (f2 x) - Cos J2 x } 3.105b 

and induction number x = (u/ia)U2a. 
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The Temperature Dependence of Magnetic Permeability 

of Ferromagnetic Ni-Si Alloy and its Measurement 

The particular type of ferromagnetic alloy used for 

hyperthermia in the clinical trials [51] were produced by Chen et 

al. [20]. As already mentioned, these are nickel silicon alloys 

with Curie transition temperatures in the range of 45 ° ~ 75°C, 

usually in the shape of solid circular cylindrical rod of 1-2 mm in 

diameter. To measure the permeability as a function of temperature 

of these ferromagnetic implants, a device was developed in the 

laboratory by Sinno [31]. The primary coil wound on a glass tube 

and the secondary coil directly wound on the implant to be tested, 

which was then placed symmetrically within the tube. The primary 

coil was energized at a frequency 100 kHz as a part of matching 

network consists of a variable capacitor, a transformer and a 

resistor, R. As a result, a voltage was induced at the secondary 

coil. The current through the primary coil was monitored by 

measuring the voltage drop across the resistor R. The temperature 

of the loaded secondary coil was controlled by circulating water 

through the glass tube. The measurements were recorded at various 

steady state temperatures by employing the HP data acquisition 

system. Each set of data consists of a measured temperature, 

corresponding secondary voltage and the voltage drop across the 

resistor, R, of primary coil. The permeability of a ferromagnetic 

sample as a function of temperature can be computed from the 

measured data and various other measurable parameters of the system. 



56 

PONER PBSORPTION BY SPHERE 

Conductivity,O* = 2 x 10 Si 

20 

INDUCTION NUMBER, X 

Figure 7. The plot of (Eq. 3.104) P vs. x showing dependence of 
absorbed power of a sphere with induction number. 
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The voltage induced at the secondary is given by the 

Faraday's law, 

3.106 

where Ns equals the number of turns in the secondary coil and $ 

equals magnetic flux linkage to the secondary coil. It is assumed 

that the ferromagnetic core within the secondary coil is of 

cylindrical shape with radius a, electrical conductivity a and 

magnetic permeability ji. The magnetic field strength within the 

primary coil carrying a current, ip is given by Ampere's law, 

where Np = number turns in primary and Lp = length of primary coil. 

The magnetic field in the secondary core loaded with the 

sample is expressed as (using expression 3.10) 

where 7 = (jw/*ff)1/2, u = angular frequency of the applied field. 

Therefore the flux linkage to the secondary coil is 

3.107 

3.108 

t ' S l ' & s '  #>/h(r)dAs - |aJ%0(7r)rdr# 
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where As is the corss-sectional area of the coil. Evaluating the 

integral and substituting the value of h0 from 3.107, it is found, 

rIt 
ilP > 

3.no 

The expression for the induced voltage at the secondary coil is 

found by substituting the expression of <j> (3.110) into 3.106 as 

follows: 

es = 
Ii(7a) 

2*a/1 

N N 
P s 

P 
dt 3.111 

The amplitude of es is calculated for the time harmonic primary 

current of the form ip = Ipeiwt which is found to be as follows: 

[2?raN N I s p p (f) 
1/2 ber x bei'x - ber'x bei x 

ber2 x + bei2x 
3.112 

where x = {u/ia)^2a 

The equation 3.112 is transcendental can not be solved directly for 

/*. For large values of x however, the expression containing ber x 

bei x functions can be approximated [23] by 1/J2. 

Es~ 

2?raN NI s p p 
(f] 

1/2 
3.113 

Solving 3.113 for magnetic permeability, /i, we get: 
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E2 L2 a 
J- fS P 

12 3.114 
2wKVpJ 

It is evident from 3.114 that the magnetic permeability of the 

material of the secondary coil is proportional to the square of the 

induced voltage or conversely the induced voltage is proportional to 

the square root of permeability for constant primary current. It 

is, therefore, necessary to adjust the primary current to a constant 

value throughout the measurement time in order to sustain a fixed 

magnetic field within it. 

The relation 3.114 could easily be written as 

/t1/2(0) = cEs(0) 3.115 

where 0 is the temperature in Celsius scale and the constant, c, is 

given by 

L , v1/2 
P E [f] 3.116 
12 «NsNpIp W 

The measurements were carried out at the frequency of 100 kHz and 

other parameters those appear in the expression 3.116 are shown in 

Table 2. 
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TABLE 2. 

The Values of Experimental Parameter Used to Evaluate 
Constant c in Eq. 3.115 

PRIMARY COIL SECONDARY COIL PRIMARY CURRENT 

Number 
of turns 

NP 

Length of 
coil in 
meters 

Lp 

Number 
of turns 

Ns 

Radius of 
coil in 
meters 

a 

*P 

240 22 x 10"2 50 6.25 x 10"3 Vp/R = Vp/2 Ohm 

Plotting of experimentally measured secondary voltage, Es, as a 

function of temperature, 9 ,  the Curie transition temperature, 9 C ,  

and the transition width A0 can be inferred. In addition the 

relation 3.114 can be employed to determine the maximum relative 

permeability, /ir>raax (for 9 > 0C + A9) and relative permeability 

Hr{8) as a function of temperature. Replotting the same data 

(Figure 8) by normalizing the induced secondary voltage Es with 

respect to its maximum value could be more meaningful. The figure 

is indeed the 0*//imax)1/2 versus temperature plot too. 

From either of these plots we observe that the magnetic 

permeability ft, retains its maximum value /imax fairly constant below 

0C + A9, but above it drops almost linearly with the temperature 

rise and falls to an insignificant value at the ferromagnetic Curie 

temperature 0C. It is to be recalled that the power absorption in 

the cylindrical ferromagnetic implants (3.28) per unit length is 

approximately proportional to the square root of its permeability. 
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POWER ABSORPTION CHARACTERISTICS 

OF THERMALLY REGULATWG FERROMAGNETIC IMPLANTS 

HIS. "High Temp. Seeds, 62°C, A0 «t5J8°C 

LTS.aLfl*f Temp.Seeds, ft® 5I°C, &B «I33°C 

M 

z S " 

QC o 
(A 0 
<E 

Q -

tt Li 2 
o 
a. 

-i 
LI 

L.T.S. HIS. 

36.67 43.33 56.67 

TEW. IN 0£G. CELSIUS (C> 

Figure 8. Experimentally measured induced secondary voltage as a 
function of temperature. Data taken from Chen et al. 
[20] and Sinno et al. [31]. 



62 

Therefore, the plot of the figure can be interpreted as implant's 

power absorption versus temperature characteristic. The Curie 

transition temperature 8C would limit the implant temperature rise 

during heating it up in the oscillating magnetic field and as a 

result the degree of sharpness of linear portion of the curve 

(figure ) within the transition width A9 would effectively 

contribute to its self thermoregulating property. The above 

discussion of the experimental results could easily lead to the 

following conclusions: 

1. The higher the value of maximum permeability (measured by 

maximum relative permeability, /<r>max = paix/p0, where pQ is 

the free space permeability) the greater will be power 

absorption per unit length of the implant from the induction 

number, x = (w/«7)1/2a, lies within 2 to 3. It will be shown 

later that power absorption per unit volume of cylindrical 

implant is maximum for x £ 2.5. 

2. The maximum temperature of the implants, hence the implanted 

tumor volume, would automatically be limited to Curie 

transition temperature 0C. This is a part of safety 

requirements in the clinical environment. The Curie 

transition temperatures of the Ni-Si alloys are observed to 

be within the range 45° ~ 75'C depending on the composition 

and, therefore, are suitable for the clinical applications. 
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3. The transition width A6 or the slope of the linear fall of 

permeability with temperature relates to the thermal 

regulating properties. The narrower the width (or sharper 

the fall) the more effective the temperature regulation. 

Fitting Experimental Data of Ferromagnetic 

Cylindrical Seed to an Analytical Expression 

The normalized experimental data (implant relative power 

absorption versus temperature) represented in Figure 10 must be 

fitted to an analytical expression in order to use it conveniently 

in the computational problem of temperature distribution in an 

implanted tumor volume. It is evident from the conclusions of the 

preceding section that the two parameters of the implant's power 

absorption characteristics, vis. the Curie transition temperature, 

0C and the slope 

d_ 
d0 

jdei 

max 

1/2 

are crucial. Therefore it is desired to have an analytical fit to 

the experimental data explicitly characterized by those two 

parameters. It is found that the following analytical function fits 

the data adequately and satisfies the criterion described above. 

n 1 
p ~ 1 + a exp[/?(0-0c)] 

3.116 
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J/2(e) 
where p = ^YJl ' 0< p i  1  ,  

''max 

p related to slope by 

9C is the Curie transition temperature defined by the intersection 

of tangent to the plot of p vs. 9 at p = 1/2 and the temperature 

axis and a = e2 = 7.389, a constant for all the implants. The plot 

of p = (/i//tmax)1/2 vs. temperature is shown in Figure 9a. Figure 9b 

shows how accurately the experimental data fit the closed form 

expression 3.116. 

Determination of Operating Frequency Range 

In inducing localized hyperthermia by inductive heating of 

the ferromagnetic implants it is necessary that the section of the 

body containing the implanted organ or the tumor volume be subjected 

to an externally applied oscillating magnetic field. This may 

result in substantial direct tissue heating if the frequency of the 

oscillating field is too high. It is due to the fact that the 

finite conductivities of tissues allow eddy currents to be induced 

and hence heating of peripherial tissues. The operating frequency 

range of the applied magnetic field is selected such that regional 

direct tissue heating is not significant compared to localized 

ferromagnetic implant heating. 
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TemperoLuref C) 

Figure 9a. Plot of p = ( /*/ /*D av) vs. temperature 0 as expressed 
by equation 3.11b for 6c = 56®C and various values of 
p. Slope of linear portion is = - /?/4. 
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IMPLANT CHARACTER IST ICS 

Curie Temp. 8C — 61 °C 
Slope- -7.3% /°C 

o s 
u> m 

2 S 
A UJ 

70 es 60 55 35 40 50 30 45 

TEMPERATURE IN DEC. CELSIUS 

Figure 9b. This figure shows how well the experimental data fit 
the closed form expression (3.116). 
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If a cylindrical volume with radius b of homogeneous tissue 

having electrical conductivity at, permittivity et and permeability 

/tt is subjected to the axial time harmonic magnetic field zH0eJwt 

then the induced electric field is given by expression 3.11 as 

$7, HI, IV r) 
E<r> * " vTSt 

where 7, a, e, /t, a have been replaced by 7t, at, et, /it, b 

respectively. The propagation constant in the tissue 7t is, as 

usual, determined by the following relation: 

n = [j^tCV jwet)]1/2 3-118 

The direct time averaged power absorption density in the tissue is 

given by 

Pt(r) = | fftE(r)E*(r) Watts/m3 3.119 

when all quantities are expressed in SI units. In 3.119 the E*(r) 

is the complex conjugate of E(r). Substituting expression of E(r) 

from 3.117 and its complex conjugate into the expression of Pt(r) in 

3.119, we get, 

,2,  ,2 
„ M - I °t|Ttl Ho 
1 ~ 2 f„2* „2„21 

K+ " HI 

'iM 

.CTtb) 
Watts/m3 3.120 
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The above expression of absorbed power density Is exact and takes 

into account the radial field variation within the tissue. Using 

the specific values of tissue electrical properties at, et, pt and 

radial dimension b of the tissue volume the following simplifying 

approximation could be applied to the power density expression 

3.120. The tissue conductivity at [39] is of the order 0.58(0hm-m)"1 

at 1 MHz increases linearly to 0.7(0hm-m)~1 at 100 MHz. The 

relative permittivity (defined by etr = et/e0, where free space 

permittivity, e0 = 8.854 x 10"12 F/m) is of the order 80 or less 

[39] for the tissues; hence fft > > wet for frequencies up to 10 MHz. 

Therefore, 

at + jwet =: at, 

and 

7t - (jw/it0-t)1/2. 

The average radius of human torso is roughly 15 cm. Estimating the 

arguments of modified Bessel's functions of first kind of order zero 

and one (i.e., I0(x) and ^(x)) as appear in 3.120, we find that 

those are much smaller than unity. Thus we approximate I0(x) by 

unity and I^x) by half of its argument. 

Applying these approximations to 3.120 it is easy to show 

that 

p
t(r) | etfj\u2\\*v2 Watts/m3 3.121 
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or pt(r) ~ § fft^twZhor2 x 10~6 Watts/cm3 
2..2U2 2 3.122 

This is the result derived directly by Oleson et al. [30] 

using a different approach and assuming uniform field within tissue 

volume. It is to be mentioned here that tissue permeability, = 

[tQ, the free space value. The direct power absorption in tissue is 

proportional to the square of the frequency and radial distance of 

the eddy current loop. We need to compare the direct tissue heating 

with that of the ferromagnetic implant heating. For this purpose 

the following assumptions were applied by Stauffer et al. [16]. The 

power absorped from axial field by a centimeter long ferromagnetic 

implant embedded in the tissue can be calculated from 3.28 as 

this amount of power is assumed to be distributed uniformly over one 

cubic-centimeter of the surrounding tissue; thus giving the tissue 

power absorption density due to implant heating, 

The above mentioned assumption to deduce P( is compatible with the 

implanted array of 1 cm spacing. The ratio of P|/Pt versus 

frequency is plotted in log-log scale in Figure 10 [16] and the 

following conclusions are drawn: 

1/2 
P = *a (gj) H* x 10~2 Watts; 

Watts/cm' 3.123 
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Figure 10. The plot of P./Pt vs. frequency. Reproduced from 
Stauffer et al. [16]. 
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1. At about 2 MHz the direct tissue heating on an abdominal 

surface is of the same order as tissue heating by a 

ferromagnetic implant array. 

2. The upper limit of the frequency is approximately 500 kHz at 

which P|/Pt - 10. At higher frequencies a mix of regional 

heating (direct tissue absorption) and local implant heating 

(by the seeds) will result. 

3. From safety considerations relating to the ability of humans 

to directly sense electromagentic fields, the lower frequency 

limit is about 20 kHz at which P|/Pt - 200. 

The Problem of Optimization of Power Deposition 

in Ferromagnetic Implants 

Encouraged by Wait [26], the problems of optimization are 

given careful attention. Present clinical practice of tumor heating 

by ferromagnetic implants is done in combination with radiation 

brachytherapy treatment in which radioactive line sources are 

replaced with segmented needle shaped (cylindrical) ferromagnetic 

seeds in the teflon catheters. Since now the cylindrical shaped 

implants of diameter 1 ~ 1.5 mm are in clinical use we need to 

consider the optimization problem for this shaped ferromagnetic 

implant. The power absorption per unit length form axial field is 

given by 3.27 which can be normalized to power absorption per unit 

volume as follows: 

w/iH^ 
PM̂  f (x) Watts/m3 3.124 
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1 /? where induction number, x = (upa) a, 3.125 

radius of the cylindrical seed = a, 

I I 

and f(x) = 
ber„x berrt x + bei x bei x o o o o 3.126 2 2 ber'; x + bei'; x o o 

fi and a are, respectively, the permeability and electrical 

conductivity of the ferromagnetic implant. 

The power absorption per unit volume of cylindrical implant 

versus induction number has been plotted in Figure 11a and lib 

(i.e., plot of P| | vs x) for various values of p (i.e., pr = 1000, 

500 etc.). In 11a, the power absorption per unit volume has been 

normalized to the power absorption by implant with pr = 1000 whereas 

in lib normalized by P| j (p=500). It can be observed from these 

figures that power absorption per unit volume attain a peak at the 

induction number, x = 2.5. This is in agreement with Wait et al. 

[26]. The induction number x = (w/wr)1/2 a is the amalgamation of two 

implant properties (namely permeability p and conductivity a) 

implant radius a and the angular frequency of the applied field. 

For optimum power absorption, 

x = 2.5 = (w/K7)^2a = J2 ̂  3.127 

where <5 is the skin depth. 
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OPTIMIZITION OF POWER RBSORP. IN FERRO. IMPLANTS 
Q 

Ui * 03 * tc a 1000 

Q N 

500 

INDUCTION NUMBERS 

Figure 11a. The plot of (Eq. 3.124) showing normalized power 
absorption/unit volume of cylindrical implant in axially 
parallel magnetic field as a function of induction 
number x. 
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OPTIMIZITION OF POWER flBSORP. IN FERRO. IMPLANTS 

3 4 
INDUCTION NUMBERS ,X 

Figure lib. The plot of (Eq. 3.124) showing normalized power 
absorption/unit volume of cylindrical implant in axially 
parallel magnetic field as a function of induction 
number x. 
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1. Clinical restrictions do not allow much variation in a; it 

will range from 0.5 mm to 0.75 mm. 

2. The implant has a a 2 x 106 (Cl-cm)"1. 

3. The implant, pr a 150 2 200. 

4. The frequency much be in the range 20 kHz ~ 500 kHz; we 

currently operate near 100 kHz. 

If we fix implant radius a = 0.5 mm then we can plot 3.127 

for conductivity versus frequency in log-log scale for various 

values of realistic (50 ~ 500) as shown in Figure 12a. 

Similarly keeping the value of conductivity, a = 2 x 106 Si, we can 

plot optimum radius versus frequency (Figure 12b) using 3.127. 

Power Absorption of Cylindrical Implant 

Oriented at an Arbitrary Angle with the Applied Field 

Practical implementation of aligning implants in patients 

exactly parallel to the direction of field polarization is difficult. 

It is necessary to investigate the effect of orientation of implants 

on its power absorption. If the implant is at an arbitrary angle + 0 

with the field polarization, then H0cosB and HoSin(+0) are the compo

nent of field parallel and perpendicular to the seed, respectively. 

Now utilizing the expressions 3.27 and 3.60 for Pj| and Pj and 

replacing the term H2 in them by H2Cos20 and H2Sin20 we get the 

following resultant power absorption formula as a function of 

orientation angle, i.e. P(0) = Pj jCos20 + PjSin20 3.128 

Normalized P(8) vs 0 is plotted in Figure 13 with the 

experimental results taken from Buechler et al. [40]. 
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OPTIMUM CONDUCTIVITIES VS. FREQUENCY 
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Figure 12a. Plot of (Eq. 3.127) conductivity vs. frequency for 
various possible values of permeability at the optimum 
value of induction number, x = 2.5, for a cylindrical 
implant with 1 mm. diameter in axially parallel field. 
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Figure 12b. Plot of (Eq. 3.127) cylindrical implant radius vs. 
frequency for various possible values of permeability at 
the optimum value of induction number, x = 2.5 for 
conductivity a = 2 x 106 Si. 
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PONER RBSORPTION VS. ORIENTRTION 
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Figure 13. Plot of (Eq. 3.128) P vs. 6 showing dependence of norm 
absorbed power/unit length on orientation of the 
cylindrical implant with the direction of magnetic 
field. Experimental data taken from Buechler et al. 
[40]. 
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CHAPTER 4 

PARAMETRIC STUDIES WITH 2D-FINITE DIFFERENCE MODEL 

Introduction 

The thermal power inductively deposited into the surgically 

placed ferromagnetic seeds is diffused into the implanted volume and 

surrounding region by the process of thermal conduction and 

convection. The resulting steady state temperature field of course 

does depend on the thermal properties and blood perfusion rate of 

the region but other controllable parameters such as the geometrical 

patterns of the implanted array, interseed spacing, the power 

absorption characteristics of the seeds Curie temperature, slope of 

transition curve conductivity and permeability and applied external 

power may certainly contribute significantly. The optimization of 

the steady state temperature field such that overall target volume 

is heated above 42°C but not beyond 48°C can be achieved by: 

1. Identifying the influential parameters and their temperature 

response. 

2. Estimation of their optimal values. 

Therefore, it is necessary to carry out the parametric studies and 

employ the findings as guidelines for specific treatments. 

The Bio-Heat Transfer Equation 

The heat transfer mechanism in the living biological tissues 

is undoubtedly complicated. The most extensively used mathematical 
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model in hyperthermia thermal dosimetry, the so called bio-heat 

transfer equation, originally developed by Pennes [41] is a simple 

approximation to the heat transfer process in the tissues. The bio-

heat equation takes into account the two dominating heat loss 

mechanisms (i.e. thermal conduction and convection) occurring in 

deep tissues. The general form of the equation reads as follows: 

-V(kVT) • wcb(T-Ta) + pc H . Qm + Qp 4.! 

where k is the tissue thermal conductivity (W/m/'C), c is tissue 

specific heat (J/kg/'C), p is tissue density (kg/rn3), cb specific 

heat of blood, w is the blood perfusion rate (kg/m3/s), Ta is 

arterial temperature, Qm is metabolic heat generation in tissue 

(W/m3), Qp is the power deposition into tissue firom external source 

(W/m3) and T is the temperature field. We are neglecting 

evaporation losses from skin cooling which are not relevant to our 

problem. 

The first and second terms on the right hand side of 4.1, 

respectively, represent the heat losses due to thermal conduction 

and convection processes. In general, the blood perfusion rate and 

metabolic heat generation are temperature dependent (i.e., W = W(T) 

and Qra = Qm(T)) and are dependent upon recent history. That is, 

they are affected by complex physiological control mechanisms and 

are not simple functions of temperature only. The solution of the 

equation 4.1 for the temperature field require the following 

information: 
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1. The physical properties (k,/>,c,cb) as well as physiological 

properties (w, Ta, Qm) of the tissues. 

2. The anatomical boundaries of tumor and related organs. 

3. The power deposition characteristics. 

The physical properties of tissues have been well 

investigated and can be reasonably estimated [42]. The anatomical 

boundaries can be found from computed tomographic (CT) scans usually 

taken for diagnostic purposes. Equation 4.1 can be simplified by 

assuming that the thermal conductivity, k of a particular tissue 

type does not have any spatial variations. This means we can set 

Vk=0 in the expansion of the term -V°(kVT) in 4.1 and write, 

-KV2T + »Cb(T-TJ • pc §1 = Qm • QP 4.2 

The equation 4.2 could be solved by applying numerical methods for 

multiboundary regions. 

The Two Dimensional Finite Difference Model 

An interactive computer program developed by Miller and Chen 

[43] based on the two dimensional finite difference solution of the 

simplified bio-heat transfer equation 4.2 which currently is used 

for prospective treatment planning and retrospective analysis for 

interstitial hyperthermia by the inductive heating of ferromagnetic 

implants. The relevant anatomical boundaries of tumor and 

surrounding organs are read into the computer from the CT scan 
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via a digitizing tablet. The planned implant and temperature probe 

locations are similarly read into the computer. 

The parametric studies were carried out for two types of 

self-thermoregulating ferromagnetic implants of cylindrical shape 

having Curie-transition temperatures around 51°C (labeled L.T.S.) 

and 62*C (labeled H.T.S.). Their transition widths were 13.9®C and 

15.8'C, respectively (Figure 11). The power absorption 

characteristics of these implants as a function of temperature are 

shown in Figure 11. These are actually square roots of normalized 

permeabilities of the implants (i.e. /i//*raax)1/2) versus temperature 

plots. As mentioned in Chapter 3, these experimental data were fit 

to a closed form analytical function shown in 3.151 and which read 

as follows: 

p ~ 1 + a exp[/?(0-0c)] 4.1 

where p = 

''max 

0 < P S 1 

p is related to slope 

P = 1/2 
= ->3/4 
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9C is the Curie transition temperature and a = e2 = 7.389 (a 

constant for all the implants). The power absorption per unit 

length of the cylindrical implant from the uniform magnetic field 

polarized parallel to its axis is given by 3.28 as 

where a, fi and a are radius, permeability and electrical 

conductivity of the implant respectively. H0 and u are the 

amplitude and angular frequency of the applied magnetic field. The 

coil used to generate the magnetic field bears a linear relationship 

with the applied power to the field strength squared [40] in the 

central region of the coil which can be represented by 

where PApp = applied generator power in Watts, a1 and a2 are 

constants for particular coils and power meter calibration factors. 

Upon substituting the expressions for /t1/2 and H2 from 4.3 

and 4.5 into 4.4 we get the appropriate expression for power 

deposition in ferromagnetic implants as a function of temperature as 

follows: 

1/2 
P.. = ira HQ Watts/meter 4.4 

H2 = a, + a2 PApp (Amp/m)2 4.5 

4.6 
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In computer simulations, 16 implants arranged in a 4 x 4 

square array embedded in the muscle tissue were considered. The 

temperature field in the blood perfused muscle tissue due to the 

inductive heating of the implant array was calculated by using the 

steady state temperature field of the heated muscle tissue resulting 

from inductive heating of the implanted array was computed by using 

the two-dimensional finite difference model varying the blood flow 

as a parameter. The Figure 14 shows the implanted muscle tissue 

with the locations marked x1, x2 and x3 for the temperature sensors 

SI, S2 and S3, respectively. These are the locations at which the 

calculated temperatures were stored in the form of data files. 

Sensor SI, at location x1 give the temperature on inner implants; x2 

and x3, corresponding to the sensors S2 and S3, are located between 

two nearest neighbor implants and at the center of the implant 

array, respectively. The calculated temperatures at these locations 

at a given generator power level of 3.5 kW (which corresponds to the 

magnetic field strength of 1500A/m) are plotted against the various 

assumed blood flows in Figures 15a and 15b for the low temperature 

seeds (L.T.S., 0C a 51'C) and high temperature seeds (H.T.S., Gc = 

62'C) respectively. In general it is observed that for blood flows 

below about 1 Kg/m3-sec, the heating process is thermal conduction 

dominated; the temperatures are nearly independent of blood flow 

and are determined principally by the implant Curie transition 

temperature and array spacing. At higher flow rates, the 

temperatures are sensitive to flow rate and tissue heating 
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PARAMETRIC STUDY 
FERROMAGNETIC IMPLANT AND SENSOR LOCATIONS 

MUSCLE TISSUE 

. SEEO LOCATION 
X' SENSOR Si LOCATION 
X2 SENSOR S2 LOCATION 
X3 SENSOR S3 LOCATION 

Figure 14. Muscle tissue implanted with 4x4 square array of 
ferromagnetic seeds with 1 centimeter interseed spacing. 
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R4RAMETRIC STUDY (LIS) 
APPLIED POWER 3.5 KW 
TEMP VS. BLOOD FLOW 

U N 
• T O 
Ui 

z m 

ui 
t- 01 

100.00 10.00 I .00 
BLOOD FLOW IN K.G/M3-SEC 

0. 10 

Figure 15a. Plots showing calculated implant (Sj) and tissue (S2,S3) 
temperatures as a function of assumed blood flows for 
51'C Curie point seed, applied power 3.5 kW (1500 A/m). 
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PARAMETRIC STUDY (HIS) 
APPLIED POWER 3.5 KW 
TEMP VS. BLOOD FLOW ost 

in (j> 
3 in 

o m 

Z N 

10 1 .00  
BLOOD FLOW IN KG/M3-SEC. 

10.00 100.00 

Figure 15b. Plots showing calculated implant (Sj) and tissue (S2fS3) 
temperatures as a function of assumed blood flows for 
62'C Curie point seed, applied power 3.5 kW (1500 A/m). 
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above therapeutic temperature level (42'C) is increasingly more 

difficult to achieve and to predict. Fortunately many tumors, have 

these low flow rates [44,45]. The implants with higher Curie 

transition temperature preferred in heating tumors of highly 

perfused organs (e.g. brain, kidney) whereas low Curie point 

implants are suitable for necrotic type (poorly perfused) tumors. 

The effect of using thermally self-regulating seeds are 

evident from implant temperature versus blood flows plots represents 

by the upper curves of the Figures 15a and 15b. The heating of the 

implants are limited by their Curie transition temperatures at the 

lower flow rates and at higher flows implant temperatures drop only 

few degrees. These curves would have been flatter at higher flow 

levels if the implants had sharper transition characteristics. The 

effect of implants thermal self-regulation are also shown in the 

Figures 16a and 16b. These are the plots of temperatures (implant 

and selected tissue points as indicated) versus applied power levels 

(I.e. square of generated magnetic field strength) for the two kinds 

of implants discussed earlier, at a fixed blood flow of 1 kg/m3-sec. 

It is observed that both the implant and tissue temperatures do not 

rise significantly with the increased applied power (or the magnetic 

field strength squared) above 3kW (i.e., H*) and approach a limiting 

value depending on the implant Curie transition temperatures. 
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Figure 16a. Plots showing calculated implant (Sj) and tissue 
(S2,S3) temperatures as a function of applied generator 
power for 51°C Curie point seed and at assumed blood 
flow 1 kg/m3-S. 
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Figure 16b. Plots showing calculated implant (S^ and tissue 
(S2,S3) temperatures as a function of applied generator 
power for 62"C Curie point seed and at assumed blood 
flow 1 kg/m3-S. 



91 

The dependence of temperature distribution on the implanted 

array geometries and inter-implant spacing were also investigated. 

Two typical implant geometries, a square array of 16 implants and an 

hexagonal array of 12 were used in brain tissue (Figure 17). The 

inter-implant spacing in both the geometries was varied from 1 

centimeter to 2 centimeters with 0.25 centimeter increment. The 

implant number density per unit volume of tissue is always higher in 

the hexagonal array than that of the square array for the same 

inter-implant spacing. The Figure 18 represents the plot of 

calculated implant temperatures versus inter-implant spacing for 

various blood flows for the square array with high temperature Curie 

point seeds (H.T.S., 8C = 62°C). The similar plots are shown in the 

Figure 19 for the selected tissue point. The other set of Figures 

20a, 20b, 21a and 21b also represent the plots of temperatures 

versus interseed spacing for the selected implant and tissue point 

for square and hexagonal arrangement of the implants but with low 

temperature seeds (L.T.S., 8C = 51°C). Comparing the temperature 

versus interseed spacing plots for the square geometry with those of 

the corresponding square geometry, it is found that calculated 

temperatures for both the cases are substantially the same and do 

not depend very much on the type of geometry chosen as long as 

interseed spacing remains the same. It is also observed that at 

higher blood flows both the implant and tissue temperatures are 

almost insensitive to the increased interseed spacing. 
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Figure 17. Two possible geometries of implantation the square array 
and hexagonal array. Temperatures at x, (implant) and 
x2 (tissue) are to be calculated. 
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Figure 18. Plots showing calculated implant temperature vs. 
interseed spacing for various assumed blood flows for a 
square array with 62*C point seeds. Applied power level 
= 3.5 kW (1500 A/m). 



94 

TISSUE TEMPERRTURE vs SEED SPRCING,H.T.S. ,3.5kW 
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Fioure 19. Plots showing calculated tissue temperature at the 
selected point x, vs. interseed spacing for various 
blood flows for a square array with 62'C Curie point 
seed at a power level 3.5 kW (1500 A/m). 
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IMPLANT TEMPERATURE VS. INTERSEED SPACING 
SQUARE ARRAY, 3.5KW. L.T.S.C51 DEG. CURIE SEED) 
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Figure 20a. Plots showing calculated implant temperature vs. 
interseed spacing for various assumed blood flows for a 
square array with 51°C point seeds. Applied power level 
= 3.5 kW (1500 A/m). 
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IMPLANT TEMPERATURE VS. INTERSEED SPACING 
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Figure 20b. Plots showing calculated implant temperature vs. 
interseed spacing for various assumed blood flows for a 
hexagonal array with 51°C point seeds. Applied power 
level = 3.5 kW (1500 A/m). 
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TISSUE TEMPERATURE VS. INTERSEED SPACING 
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Figure 21a. Plots showing calculated tissue temperature at the 
selected point x2 vs. interseed spacing for various 
blood flows for a square array with 51*C Curie point 
seed at a power level 3.5 kW (1500 A/m). 
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TISSUE TEMPERATURE VS. INTERSEEO SPACING 
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Figure 21b. Plots showing calculated tissue temperature at the 
selected point x2 vs. interseed spacing for various 
blood flows for a hexagonal array with 51*C Curie point 
seed at a power level 3.5 kW (1500 A/m). 
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In pre-treatment planning these plots can be used as guidelines in 

selecting suitable type of implants, interseed spacings and 

geometries knowing the physical dimension and blood flows.of the 

tumors. In order to achieve therapeutic temperatures (42®C and 

above) in tissues with flows in the neighborhood of 2 kg/m3/s. the 

choice of L.T.S. with 1.5 centimeter spacing would be adequate but 

for necrotic tissues the spacing could be increased to 2.0 

centimeters. However, these values are influenced by the fact that 

the calculations are 2-dimensional which is equivalent to assuming 

no heat loss in directions normal to the plane of calculation. For 

short implants, these calculations significantly over estimate the 

actual temperatures, but for long implants (> 5 cm) the errors are 

less than about l'C. 
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CHAPTER 5 

APPROXIMATE ANALYTICAL MODEL FOR A SINGLE AND A REGULAR ARRAY 

OF SELF-THERMOREGULATING IMPLANT IN PERFUSED TISSUE 

Introduction 

A fairly simple analytical model is constructed based upon bio-

heat transfer equation for a single cylindrical implant embedded in 

the perfused tissue and heated inductively by an uniform time varying 

magnetic field. The effect of a regular array of inductively heated 

implants also can be taken into account approximately by idealizing 

one of the boundary conditions. The most interesting feature of the 

model (either for a single or a regular array of implant) is that 

temperature distribution resulting from changes in the vicinity of the 

implant can be calculations. For example, the effect of a dielectric 

coating on the implant can be considered. 

The analytical model for the regular array of thermoregulating 

implants is approximate because of the assumed boundary condition. 

Nevertheless many important trends can be estimated. 

Analytical Model for a Single Implant in Perfused Tissue 

An unbounded blood perfused region implanted with a single bare 

self-thermoregulating ferromagnetic seed is considered first. 
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The heat transfer mechanism of the region is governed by the bio-heat 

equation 4.6 which is rewritten below: 

-kV2T + WCb(T-Ta) = Qm + Qp 5.1 

where W = uniform perfusion rate or blood flow 

Ta = arterial temperature 

Qm = metabolic heat deposition rate 

Qp = power deposition into tissue 

k = thermal conductivity of the tissue 

Cb = specific heat of blood. 

The ferromagnetic implant is assumed to be circular cylindrical in 

shape with diameter 2a. A cylindrical coordinate system (r, 0, z) is 

employed with r, $ and z unit vectors in the respective directions. 

The problem is reduced to one dimensional if we assume the implant and 

the region extend to infinity in + z directions and no ^ variation 

exists because of circular symmetry. The geometry of the problem is 

sketched in the Figure 22. The region r > a 1s the uniformally 

perfused tissue with Qm very small compared to -kV2T and so is 

neglected. No direct power deposition (i.e., Qp = 0) is assumed. The 

problem is to be solved in two steps: the first step is to obtain a 

homogeneous solution of 5.1 for the region external to the implant by 

assuming that the implant surface is maintained at a constant 

temperature Ts. The next step would be obviously to determine Ts by 

considering the energy conservation principle and thermoregulating 

property of the implant. 
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OUTER PERFUSED TISSUE 
BLOOD FL0W=Wkg/m3-s 

ARTERIAL TEMP.=Ta 

Th.CON.= k 

IMPLANT 

TEMP.=TC 

2 a k 

Figure 22. The cross-section of a single implant in unbounded 
perfused mass of tissue with arterial temperature Ta, 
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Considering only radial variation, the homogeneous form of 

steady state bio-heat equation 5.1 for region external to the implant 

is transformed into the modified Bessel's equation of order zero as 

follows: 

rZ + 37 ' = °» for a* r < • 5.2 
d/ ar 

where T = T - Ta 5.3 

9 wch 
and * = ~j< 5.4 

with the boundary conditions T(r)L , = T 5.5 
I i - a S 

the solution of 5.2 is the linear combination of modified Bessel 

functions of first and second kind of order zero. Therefore we can 

write the solution as 

T(r) = AI0(Xr) + BK0(Xr) 5.6 

where A and B are arbitrary constants to be determined from the 

boundary condition. Since T(r) must be finite at r = », the term 

in I0(Xr) can be eliminated by setting A = 0. Applying the boundary 

condition 5.5 and taking care of the relation 5.3 we can write, 

V T(R) = K (Xa) K0(Xr) + Ta» for a £ r < «° 5.7 
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In order to determine the implant surface temperature Ts we 

invoke the energy conservation principle: at steady state the 

amount of power flowing out per unit length of implant boundary is 

It is to be noted here that inductive power deposition into the 

implant is dependent on implant temperature. The thermal conductivity 

of the implant is much greater than the surrounding tissue thermal 

conductivity and also due to skin depth considerations the power is 

deposited mostly onto the surface of the implant; the core is passive 

and its temperature assumes the value of its surface, Ts. In other 

words, there is no thermal gradient across the implant. 

The power flowing out of the implant boundary is given by 

the amount of power per unit length deposited inductively into the 

implant. This is given by (4.6) 

1/2  u ' f&L_] u2 max 

l2aJ Mo 1 + a exp[^(Ts- TJ] W/m 5.8 

W/m 5.9 

where VT = r ̂  = r (
Ts - Ta)x ' 
yxlj^ K>r), d~s = rrd^ 

and s.j= implant surface per unit length. 
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Evaluating the integral as shown in 5.9 we get 

Pout = ZjrAkaCTg-TaJK^XaJ/KjAa) W/m 5.10 

According to the energy conservation principle we can equate the 

expressions for Pabs and Pout from 5.8 and 5.10 respectively and solve 

for Ts. Unfortunately it is transcendental. The normalized function: 

1 + a exp [J(TS- TJ] 2 (*0 " ®s *Tx " <Ta + V) for Ts < Tc 

for Ts > Tc 

appearing in the expression 5.8 is approximated by a linear function 

as shown above and also shown graphically in Figure 23. 

Substituting the above linear function in the expression 5.8 we 

get, 

''abs 

1/2 
"»(!?) Ho /-max ['""s <V <V To»] f°r Ts< Tc 
0 for T * T s c 

Equating the expressions for Pabs and Pout and solving the equation 

for Ts we get, 

T ('+'sTo) +T 
S "  , 1 / 2  ~  U9 + 'a 

m) Ho "max V 2Xk ^(XaJ/K^Xa) 

5.11 
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+ Q exp f^(Ts-Tc)] 

l -Og {V (Ta-T0 ) f  for TS<TC 

0 for Ts> Tc  

Slope =03 
Tn + Tr 

0 
Temp. 

Figure 23. The linearization of normalized function. 



The implant temperature Ts is determined and substituted into the 

expression 5.7 to give the complete radial temperature field. 

The rate of change of implant and tissue temperatures with 

respect to blood flow can easily be determined from the expression 

5.11 and 5.7; these are found to be as follows: 

8TS 7»CbHg[l + «ST„) Q.,2) 

8w K°s *2Xks)2 

8Tfr) Ko<Xr> 8Ts 
Ti11 " OlaT ST + x (Ts-TJ»M/<' 5"13 

where 7 S 

fMAa))2  

SE W 

1/2 

and t/(r) = [aKQ(Xr)Kx(Xa) - rKQ(Xa)Kx(Xr)]/l^(Xa) 

Similarly, expressions for — and 
app app 

can be derived from the expression 5.11 and 5.7, by first replacing 

terms using relation 4.3 and taking derivatives of these with 
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respect to Papp. It is to be noted here the equation 4.5 relates Hg 

with the applied power to the coil which generates the magnetic field. 

9Ts 2Xk7a2(l + as TJs 

9Papp [7«s(al+ a2Papp) + 2XksJ2 
5.14 

nri 9Tfr) K
0(Xr) 9TS 

5P ~ iT~(Xa) 9P 5,15 
app urapp 

where Papp = applied power to the coil in watts. 

a1 and a2 are constants for the coil. 

Analytical Model for a Dielectric Coated Implant 

in Perfused Tissue 

The implants are coated with 0.25 centimeter thick teflon, a 

dielectric material with thermal conductivity 0.35 W/m-°C in order 

to make them biocompatible to tissues. It is therefore necessary to 

investigate the effects of the dielectric coating on the implant and 

tissue temperatures. The Figure 24 shows the geometry of the 

problem; the coating thickness is (a,-a) where a1 and a are the 

radii of coated and bare implant. The usual cylindrical coordinate 

system (r, 0, z) would be employed for the analysis as done in the 

preceeding section. This is essentially a three region problem as 

described below. 
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OUTER PERFUSED TISSUE 
BLOOD FL0W-Wkg/m3-s 
ARTERIAL TEMP.= Ta 
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IMPLANT 
TEMR=TS 

DIELE. COATING 
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•2ai 

Figure 24. The cross-section of a coated implant in unbounded 
perfused mass of tissue with arterial temperature T . 3 



110 

The region I,o£r£a1s the implant with thermal conductivity ks on 

whose surface temperature, Ts is assumed to.be constant at steady-

state. The region II, a i r <, a^, is the coating with thermal 

conductivity k1 £ ks and is devoid of any perfusion. Laplaces 

equation is satisfied in this region. 

V2T(r) = 0 for a i r <, aj 5.16 

with boundary conditions as follows: 

T<r>U = Ts 

TM|r-a,- Tt 

The region III, a1 i r < « is the tissue mass with thermal 

conductivity k having uniform blood perfusion w at arterial 

temperature Ta. The bio-heat transfer equation 5.1 is assumed to 

describe thermal processes in this region. It is transformed into 

the modified Bessel's equation of order zero as in 5.2 by 

considering the radial variation only. 

The solutions of 5.2 and 5.16 are written as follows: 

T(r) = BK0(Ar) + Tfl, for a1 £ r < «> 5.17 

T(r) = CLnr + D, for a i r S a1 5.18 

The arbitrary constants B,C, and D are to be determined by applying 

the following boundary conditions: 
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B.C.I The implant surface is maintained at a constant 

temperature Ts, i.e., T(r)|r=a = Ts. 

B.C.2 The temperature T(r) is continuous at boundary r=a1t 

i .e., 

TC)|r-^-T(r)|r...Itt-T1 

where T1 is the coated surface temperature. 

B.C.3 The exploitation of the fact that at steady state 

there is no loss of energy in the dielectric coating; that is, the 

amount of power flowing out of the boundary at r = a is the same as 

that flowing out of the boundary at r = a,. Mathematically it is 

expressed as follows: 

kj f VT(r) • dsi I = k VT(r) • dsQ| r=a 
Jsi lr=al Js„ 

where S| and s0 are the inner and outer coating surface per unit 

length. Application of the boundary conditions 1, 2 and 3 outlined 

above to the equations 5.17 and 5.18 yields three linear equations 

and therefore three unknown coefficients B,C and D can be determined 

by writing in the matrix form below: 

0 Lna 1 B II Ts 

"Ko(Xal) Lnal 1 C Ta 

XajkK^Xa^ kj 0 D 0 

5.19 
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Solving 5.19 for B,C and D and substituting their values into the 

5.17 and 5.18 we get, 

T(r) = K0(Xaj)+ Xajfk/kJLnpj/aJKjpaj) 
[V Ta)Ko""-> 
]+ Xa^k/kjJLn 

+ T a for a£r*«> 5.20 

and 

T ( r )  , (V Ta)Lnr - TsLnal + TaLna - ["l/k1sl 
Lnf-J-1 - fk,/kls [f[] " (Vk) 

for aSrSaj 5.21 

where s1= K^Xa^/XajK^Xa^ 

The implant temperature Ts in 5.20 and 5.21 is yet to be determined. 

Utilizing the same technique outlined in the preceding section 

analysis for a bare implant, the implant temperature is determined as 

follows: 

a7"o (' * °sTo] 
5.22 

a7asHo + 2k/[k/kiLn[a1/aj + Sj] 

where 

S1B  Ko(X a l) / X a lK l(X a l)  
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Using the results 5.7 and 5.11 obtained for bare implant, the 

plot of normalized temperature rise as a function of normalized 

distance is shown in Figure 25a. Similarly using the results 5.20, 

5.21 and 5.22 obtained for dielectric coated implant, the plot of 

normalized temperature rise as a function of normalized distance are 

shown in Figures 25b-25d for various assumed values of coating thermal 

conductivities. It is observed from these plots that thermal 

conductivity of coating material is an influential parameter. If the 

thermal conductivity of coating is of the order of thermal 

conductivity of surrounding tissue mass the effect is negligible 

(compare Figure 25a with 25b). If the thermal conductivity of coating 

is very low (as shown in Figure 25c and 25d) the heating of tissue 

mass is extremely difficult. 
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Figure 25a. Plots show normalized temperature rise as a function of 
normalized distance for a bare implant. 
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TISSUE HEATING BY COATED IMPLANT, fC=0.35W/m/°C 
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Figure 25b. Plots show normalized temperature rise as a function of 
normalized distance for an implant coated with 
dielectric material, k1 = 0.35 W/m-*C. 
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Figure 25c. Plots show normalized temperature rise as a function of 
normalized distance for an implant coated with 
dielectric material, k1 = 0.10 W/m-*C. 
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TISSUE HEATING BY COATED IMPLANT,lC=0.03W/m/ °C 
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Figure 25d. Plots show normalized temperature rise as a function of 
normalized distance for an implant coated with 
dielectric material, k, = 0.03 W/m-'C. 
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Analytical Solution for Temperature Field of a Regular Array 

A homogeneous and uniformly perfused region implanted 

regularly with a large number of ferromagnetic seeds arranged either 

in square or hexagonal array is considered. It is to be observed 

that any seed, except those at the boundary of the array is placed 

symmetrically within other seeds. The region around it is heated by 

itself and other seeds placed symmetrically around it. If all the 

seeds possess indentical heating characteristics then the 

temperatures at midpoints in between adjacent pairs of seeds would 

be constant at steady state and the gradient of temperature VT(r) at 

these points would vanish. There are four and six such points 

around a seed in square and hexagon arrays respectively. If a 

circle is drawn around a seed with a diameter equal to the interseed 

spacing the gradient of temperature VT(r) on this circular boundary 

can be assumed approximately to vanish. In other words, the heating 

contributions of other seeds around a seed is assumed to approximate 

an insulated circular boundary around the seed. This approximate 

boundary condition mathematically can be expressed as follows: 

VT(r)I = 0 5.23 
r=a 

where 2R is interseed spacing. The implants are assumed to be 

coated with dielectric material of thickness (a^a) where a1 and a 

are coated and bare implant diameters. The cylindrical coordinate 

system (r, z) is employed as in the preceding sections for 
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analysis. The implants are infinitely long and parallel to z-axis. 

The following analysis is similar to that of the preceding section 

with the only exception that the perfused tissue region is now 

bounded and insulated at R which contributes one additional 

arbitrary constant. The boundary condition 5.23 obviously will take 

care of that. 

This is essentially a three region thermal conduction and 

convection problem as similar to that discussed earlier. Region I, 

o S r S a is the ferromagentic implant, whose surface is maintained 

at constant temperature Ts at steady state. 

Region II( a Z r i a1 is the dielectric coating having 

thermal conductivity k1 and is devoid of any perfusion. Laplace's 

equation is satisfied in this region: 

V2T(r) =0, for a S r £ a1 5.24 

The region III, a1 $ r £ R is the uniformly perfused tissue 

satisfy the equation 5.2 with solution 5.6 and rewritten here as 

follows: 

T(r) = AI0(Xr) + BK0(Xr) + Ta, for a1 i r S R 5.25 

where X = 

Ta = arterial temperature 
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The solution of 5.24 for radial variation only is shown in 5.25 as 

T(r) = CLnr + D, for a 4 r £ aj 5.26 

In order to determine four arbitrary constants A, B, C and D four 

boundary conditions are required; three of them are described by 

B.C.I, B.C.2 and B.C.3 in the preceding section. The fourth 

boundary condition is expressed in 5.23. The application of these 

boundary conditions to 5.25 and 5.26 yield the following four linear 

equations which are to be solved for A,B,C, and D. 

CLna + D = Ts 5.27 

AlJXa,) -+ BK0(Xa,) - CLna! - D + -Ta 5.28 

AXa^I^Xa^ - BXa^K^Xa^ - Ck! = 0 5.29 

AX11 (XR) - BXK-| (XR) =0 5.30 

The equations 5.27 through 5.30 are written in matrix form as shown 

below: 

0 

W l )  

Xa^I^Xa-J 

XIj(XR) 

0 Lna 1 A' = 
V 

Ko(Xal) "Lnal -1 B ~Ta 

-Xa^kK^XaJ -kj 0 C 0 

-XKj(XR) 0 0 D 

O
 



r 
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Carrying out the detailed algebra of inversion of the 4x4 matrix 

in 5.31 and after some simplification the arbitrary constants A, B, 

C and D are determined as follows: 

A = (V Ta)aR 5 30 

V Xal(k/kl)Ln(al/a)?l 

(V Ta) 
B = V Xa1(k/k1)Ln(a1/a)7l 5'33 

c _ iTs- Ta)?l 3. 

" 9o+ Xa^k/k^Ln^/a)^ 5*34 

n Xalfk/kl) lTs
Lnar TaLna)V Vo 

V Xâ k/kjjLnfaj/aĵ j 

MXR) 
where aR = , 5.36 

% = K0(Xai) + aRIQ [Xaj) , 5.37 

and rj1 = KjfXajJ - 5.38 

Substitution of values of A and B as given by 5.32 and 5.33 into 

5.25 gives steady state temperature field in the perfused tissue 

region (a1 $ r$ R) as follows: 

tw - tv T«Hyo(Xr),* Ko(Xr)i s < „ < „ 
^ ) r/0+ Xa1(k/k1)Ln(a1/a)71 ' al* r * R 5,39 
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Similarly we can determine steady state temperatures within the 

dielectric coating (a £ r £ a,) by substitution of values of C and D 

from 5.34 and 5.35 to the expression 1(7) given by 5.26 as follows: 

tM . [x'l 'k/kl»TsLn
ar TaLna> - <V WHl* Vo , .. 

|)0+ Xa1(k/k1)Ln(a1/a)fj1 

The steady state implant temperature Ts is determined following the 

technique outlined earlier and is found,to be given by: 

a7H* (1 + a T ) 
X _ T 2 S_2 5 41 
s a a7H 1+ 2k/[(k/k1)Ln(a1/a) + ̂ /Xa^] 

where 7 = 
1 1 / 2  nnax I 

2a 

Finally, the value of (Ts-Ta) is to be utilized in 5.40 and 

5.39 to predict temperatures within the coating (a £ r £ a^ and in 

tissue mass (a1 £ r <, R). It is to be noted that solutions 5.39 and 

5.40 are general in the sense that a finite dielectric coating on the 

implant surface has been incorporated into it. By simply making a = 

a1 and k=k1 into those expressions, the temperature field due to bare 

implant array can be found. 

Comparison of results in predicting implant and tissue 

temperatures by numerical and analytical modes are shown in Figures 

26a and b and 27a and b. The analytical prediction of implant 
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SEED TEMP.VS.B.F. ( 3.5KW, H. T . S. ) 
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oNUMERICAL 
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1G.G7 20.00 

Figure 26a. Comparison of numerical and analytical models with implant 
temperature vs. assumed blood flows. 
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Figure 26b. Comparison of numerical and analytical models with implant 
temperature vs. blood flows in logarithmetric scale. 
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Figure 27a. Comparison of numerical and analytical models with tissue 
temperature vs. blood flows. 
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Figure 27b. Comparison of numerical and analytical models with tissue 
temperature vs. blood flows in logarithmetric scale. 
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temperatures is in good agreement with the numerical ones. As 

expected the analytically predicted tissue temperatures are higher 

than the numerical model because of the assumed formation of insulated 

boundary around the seed in analytical model. The interesting aspect 

of the analytical model is that we can determine response of implant 

and tissue temperatures Ts and T(r), respectively, with the changes of 

applied power and blood flow by simply taking derivatives of Ts and 

T(r) with respect to Papp and W. The rate of change of implant 

temperature with respect to applied power 

and blood flows 

are shown in Figures 28 and 29, respectively, as a function of blood 

flows for various levels of applied power. Another interesting aspect 

of the analytical model is shown in Figure 30. It is found that the 

thin dielectric coating with thermal conductivity of the order of 

tissue is nevertheless good. If air is trapped in between the implant 

and plastic tubing that holds the implant in the tissue, it will not 

induce any heating. 
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RRTE DF CHANGE OF SEED TEMPERATURE WITH POWER 

APP POWER IN kW 

BLOOD FLOW IN fcg/m3-e. 

Figure 28. Plots show dTg/dP.pp vs. blood flows for various power 
levels. Results derived using analytical model. 
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Figure 29. Plots show dT$/dW vs. blood flows for various power 
levels. Results derived using analytical model. 
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THE EFFECT OF DIELECTRIC COATING ON IMPLANTS 

Interseed spacing=i.5 cm 
Coating thickness=0.25 cm 

Applied power=3.5kV 
H.T.S.C62°C) 

Th. cond.(coating) 

k-0.35 U/o- C 
Bare Implants 
k-0.10 U/m- C 

k«0.03 U/o- C 

k-0.35 W/o-*C 
* Hare Implants 
* k-0.10 W/n- C 
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i ii | 

Blood flow 
1 kg/«>3-s 

(6 ml/lOOg-mln) 

Blood flow 
5 kg/m3-s 

(30 ml/lOOg-mln] 

RRQlfiL DISTANCE R IN am. 

Figure 30. Effect of dielectric coating is shown using analytical 
model. 
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CHAPTER 6 

EXPERIMENTAL TREATMENTS AND RETROSPECTIVE ANALYSIS 

A number of in vivo experiments using normal canine brains and 

kidneys were performed. Retrospective analyses were carried out for 

almost all the patients who received treatments so far. One 

experiment and one brain treatment will be discussed. 

When experiment or treatment is over two radiographic images of 

the implanted organ are taken at two different arbitrary angles. A 

computer code was written following Siddon et al. [52] to reconstruct 

the implant and sensor locations in three dimensions. The implant and 

sensor locations can be determined in any plane from the above data. 

Using these locations of implants and thermal properties of the 

relevant organs [42], treatment simulations can be performed using two 

dimensional numerical models developed as treatment planning rograms. 

Plots are generated for tissue temperatures at the location of 

sensor placements for various assumed blood flows. On these curves 

plotting corresponding to measured temeprature of the blood flows can 

be inferred. Figures 31a, b, and c correspond to the canine brain 

experiments and Figures 32a, b, and c correspond to an actual 

treatment (patient #594). 
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CURVES SHOW CALCULATED TEMPERATURE VS. BLOOD 
FLOW AT THE SENSOR LOCATIONS IN CANINE BRAIN 
HEATED BY FERROMAGNETIC IMPLANTS AT 3.5 KW POWER 
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Figure 31a. Calculated temperature vs. assumed blood flows at the 
location of four sensors with experimentally measured 
temperature. 
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Figure 31b. Isotherms for blood flow is 10 kg/mf3-s. 
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Figure 31c. Isotherms for blood flow 1 kg/m3-s. 
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Figure 32a. Reconstructed implant and sensor location in mid plane for 
patient #594. 
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Figure 32b. Calculated temperature vs. blood flows at the location 
sensors with measured temperature. 
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Figure 32c. Isotherms for blood flow 3 kg/m3-s. 
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CHAPTER 7 

CONCLUSIONS 

l.a. Power absorption in cylindrical and spherical shaped 

ferromagnetic implants from a uniform magnetic field were 

extensively investigated. Exact expressions for absorbed power 

in these implants were derived using low-frequency quasi-static 

approximation. 

l.b. The condition for optimum power absorption by a cylindrical 

implant in an axially parallel magnetic field was derived. On 

the basis of this optimization condition (x = 2.5), the values 

of a and a were plotted as a function of frequency for various 

values of p. These can be utilized in designing future 

implants. 

I.e. The explicit dependence of absorbed power on orienting angle 

with the polarization of the magnetic field was shown. 

l.d. Closed form expression to represent experimentally measured 

dependence of permeability on temperature was determined. 

1.e. Interactive methods can be developed to calculate accurate 

values of permeability, as a function of temperature utilizing 

exact form of induced voltage formula. 

2. Results of parametric studies were used to develop practical 

guidelines for hyperthermic treatment. The plots of implant 
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and tissue temperature as a function of blood flow, applied 

power, interseed spacing were used in selecting implant type, 

interseed spacing for a treatment. 

3. Analytical study with heat conduction problems in perfused 

medium showed how dielectric coating affects the temperature 

field depending on thermal conductivity of the coating. It 

also shows that rate of change of temperature with applied 

power is insignificantly small. 

4. Post-treatment evaluation with accurate knowledge of implant 

and sensor location can lead to infer blood flows of the 

implanted region which in turn result in designing more effect 

subsequent treatment. 
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