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ABSTRACT 

Covering a polygon by a set of rectangles has many applications in the VLSI CAD 

area. For example, in order to produce masks for integrated circuits, every polygon on 

the pattern generator must be covered by the smallest possible number of rectangles. In 

this paper, we develop a new efficient algorithm to cover a polygon which is not limited 

by the rectilinear restriction, but each inner angle of the polygon is at least 90 degrees. 

The algorithm has two phases. The first phase decomposes a non-rectilinear polygon Pn-

into two parts. One part is a rectilinear polygon Pr, and the other part includes the rest 

of Pn. This phase also generates a set of rectangles covering the non-rectilinear part. The 

time complexity of this phase is 0{b * n), where b is the number of oblique edges and n 

is the number of vertices in Pn. The second phase finds an overlapping rectangle cover 

for the rectilinear part Pr by generating a non-overlapping cover first. The complexity of 

this phase is 0(klog(k) + r + m2), where k is the number of inversions, r the number of 

the vertices in PT> and m the size of the non-overlapping rectangle cover. The algorithm 

has been implemented and experimental results are provided to show the effectiveness of 

our approach. 
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CHAPTER 1 

INTRODUCTION 

1.1 General Background 

The problem of covering a polygon by basic geometry components is essential to many 

applications such as computer graphics, VLSI layout, image processing, and artwork 

analysis [1,2,3,4,5]. In most cases, the basic geometry components are rectangles. For 

example, in the mask generation process for the VLSI circuits, the polygonal areas of 

each layer in the layout must be first decomposed into rectangles. For other applications 

such as performing the design rule check and filling the polygons on the screen, it is 

usually easier to perform these functions with rectangles than with the original polygons. 

Therefore, finding a rectangle cover as small as possible always minimizes the cost in the 

process. 

A set T of rectangles is said to cover the polygon P if and only if P is the union of 

the rectangles of T. A cover T is a partition of P if and only if the rectangles in T are 
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disjoint. Let Q be the set of hole-free general polygons with interior angles > 90 degrees. 

Given a polygon let The the set of rectangle covers of the polygon P. A minimal 

overlapping cover (MOC) of polygon P is a cover of P that has the fewest number of 

rectangles. A minimal non-overlapping cover (MNC) of a polygon Pis a partitioning of 

P with the smallest number of rectangles. In Figure 1.1 shows a rectilinear polygon P for 

which | MOC(P) |= 3 (Fig.l(a)) and | MNC(P) |= 2 (Fig.l(b)). 

1.2 Previous Works on Finding MOC and MNC of Rectilinear Polygons 

For rectilinear polygons, i.e., a subset of Q, the problem of determining the MOC of 

a rectilinear polygon with holes is iVP-complete[6]. Culberson and Reckhow [6] further 

showed that for a hole free rectilinear polygon the problem is still iV-complete. The 

existence of a polynomial time heuristic algorithm to find the MOC of a rectilinear polygon 

has been developed in [7]. Franzbiau and Kleitman [8] developed an algorithm to find 

the MOC of a rectilinear polygon that are convex in either the x and y direction with 

a complexity of 0(n2), where n is the number of vertices in the polygon. Recently, 

Wu and Sahni [9] developed three algorithms to find a overlapping cover of a hole free 

rectilinear polygon with the complexities of O(nlogn), 0(n2) and 0(n4), respectively. 

The experimental results in [9] show that the 0(n2) and 0(n4) algorithms often generate 

optimal or near optimal covers. The algorithm of finding the MNC of a rectilinear polygon 

3 
has been developed with 0(n?logn) time complexity [10]. Nahar [11] developed a fast 

algorithm for polygon decomposition in 0(klog(k)+n), where n is the number of vertices, 

and k the number of inversions. This algorithm finds anon-overlapping cover of a hole free 
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Figure 1.1: Rectilinear covers of a rectilinear polygon, (a) nonoverlapping cover(size = 
3). (b) overlapping cover (size = 2). 
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rectilinear polygon. Asano, etc [12] present an 0(n2 algorithm to decompose a polygon 

with, no hole into a minimum of trapzoids. Lee[13] developed an 0{nloglog{n)) algorithm 

to partition a simple rectilinear polygon into a minimal set of rectangles. This algorithm 

shows that the maximum matching and the maximum independent set of the bipartite 

graph derived from the chords of a simple rectilinear polygon can be found in linear time 

without constructing the bipartite graph. If the vertex-edge visible pairs are found, where 

the vertex-edge visible pair is a vertex and an edge that can be connected by a horizontal 

or vertical line segment that is entirely inside the rectilinear polygon. 

1.3 Previous Works on Finding Cover of General Polygons 

In [14], Hegedus developed an algorithm to cover a orthogonal polygon by rectangles. 

Figure 1.2 shows that the flowchart of the algorithm for covering orthogonal polygon. He 

also developed another algorithm to cover a general polygon by rectangles. The flowchart 

of the second algorithm is shown in Figure 1.3. However Hegedus didn't present any 
i 

analysis of the algorithm, except some experimental results. 

Levcopoulos [15] found that the lower bound of the MOC of a polygon with the number 

of vertices > 6 is where / is the length of the longest edge of P, b the 

diameter of the largest empty circle within P, s the minimum distance between any two 

disjoint edges in P, and n the number of vertices in P. However, this bound can only be 

applied when I = b. 
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Yes Are the 
concave sides 

covered ? 

No 

No 

are more remainder? 

Yes 

Algorithm ORTCOV 

Data Preparation 

Rectangles on the uncovered sides 

Maximum rectangle on the convex sides 

Covering of the remainder 

The polygon is covered 

Elimination of idenatical rectangles 

Union of rectangles 

Figure 1.2: Flowchart of the algorithm for covering orthogonal polygons 
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The polygon is covered 

Data Preparation 

Elimination of identical rectangles 

Determination and covering of the remainder 

Maximum rectangle on every side 

Elongation of the sides at the concave vertices 

Elimination of redundant rectangles 

Algorithm GENCOV 

Figure 1.3: Flowchart of the algorithm for covering general polygons 



14 

Figure 1.4: A hole-free non-rectilinear polygon. 

1.4 Statement of the Problem 

In this paper, the problem we address is to cover a general polygon by overlapping 

rectangles. Due to the advances in VLSI technology, polygons in the layout are not 

necessarily rectilinear now. Therefore, the polygons can have any degree angles. However, 

since an acute angle can only approximately be covered by rectangles, i.e., it cannot be 

covered by a finite number of rectangles, we consider here only polygons with interior 

angles > 90 degrees. Also the polygons are assumed hole-free because most of the polygons 

are hole-free polygons in VLSI circuit layout. Figure 1.4 shows an example legal polygon. 

However, the polygon in Figure 1.5 is an illegal polygon because it is not hole free and 

also has an interior angle < 90 degrees. 
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Figure 1.5: Polygon with a hole and a less than 90 degrees angle. 

To cover such a hole free polygon without the rectilinear constraint, the algorithm is 

divided into two phases. The first phase decomposes a non-rectilinear polygon P into 

two parts. One part is a rectilinear polygon, and the other part consists of the rest of 

P. This phase also generates a set of rectangles covering the non-rectilinear part. The 

decomposition procedure will be shown in chapter 2. The second phase produces an 

overlapping rectangle cover for the rectilinear part of P as described in chapter 3. A 

new combining procedure which reduces the size of a cover by combining rectangles is 

presented. Experimental results and discussion are depicted in chapter 4 followed by the 

conclusions in chapter 5. 
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CHAPTER 2 

DECOMPOSITION OF A NON-RECTILINEAR 

POLYGON 

In this section, we present an algorithm to decompose a polygon P into a rectilinear 

polygon by covering the non-rectilinear areas with rectangles and separating the non-

rectilinear areas from P, where P £ Q. 

2.1 Preliminaries 

Since the decomposition algorithm will transform a general polygon P into a rectilinear 

polygon plus the non-rectilinear part, we need to introduce some definitions on the hole-

free rectilinear polygons. A hole free rectilinear polygon may be described by its boundary 

vertices and edges. The number of vertices is always even and equal to the number of 

edges. Two vertices (®i, yj) and (x2,1/2) are cohorizontal (coverttcal) iffy\ = yi (ari = xi). 

A vertix is convex (concave) iff the interior angle made by the two edges incident on 

this vertex is 90° (270°). A chord is a line that joins two cohorizontal or two covertical 
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C8 

C4 C9 C13 C17 

CI C2 C5 C I O  C14 C18 

C3 C6 C l l  C15 C19 

C7 C12 C16 

Figure 2.1: Cells formed by horizontal and vertical cuts. 

concave vertices without passing through any polygon edge. An extended edge is a longest, 

continuous horizontal or vertical segment comprised of edges and chords. Two chords are 

independent iff they do not intersect. 

From the definition in [9], a horizontal (vertical) cut of a hole free rectilinear polygon is 

a horizontal (vertical) line which begins with a concave vertex, pass through the interior 

of the polygon, and ends at the first point at which it meets an edge of polygon. A vertex 

is convex (concave) if the interior angle made by the two edges incident on this vertex 

is 90 (270) degrees. The cells of a hole free rectilinear polygon are the rectangle regions 

formed by the horizontal cuts, the vertical cuts, and the boundary edges. In Figure 2.1, 

the horizontal and vertical cuts are drawn as broken lines and the cells of the polygon 

h a v e  b e e n  l a b e l e d  a s  C i ,  C 2 , . . . ,  C \ 9 .  

The cuts also divide the edges of the polygon into segments called edge segments. A 

boundary cell is a cell that has at least one side that is an edge (or edge segment) of the 
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polygon. The boundary cells of Figure 2.1 are C\, C2, C3, C4, C7, Cs, C\2, Ci3, Cie, C17, 

Cis, and Ciq. A cell that is not a boundary cell is called an interior cell. C5, C&, C9, Ciq, 

Cn, C14, and C15 are the interior cells of Figure 2.1. 

A convex cell is a cell which has two or three of its edges that are parts of the boundary 

edges of the polygon. Cells C\, C3, C4, C7, Cs, Ciq, C17, Ciq in Figure 2.1 are the convex 

cells of the polygon. A cell that is not a convex cell is called a non-convex cell. A maximal 

rectangle expanded from a convex cell is the largest rectangle in the interior of the polygon 

which contains the convex cell. In Figure 2.1, the maximal rectangle expanded from Cs 

is the rectangle which is the union of Cs, Cg, CIQ, Cn, Ci2-

From the definition of a convex cell, we have the following two properties. 

1. For a non-convex cell, there exists at least one maximal rectangle expanded by a 

convex cell which covers this non-convex cell. In Figure 2.1, Cjo is a non-convex 

cell. C10 has the same height as C\. The maximal rectangle expanded from C\ is 

the rectangle that contains cells (C1, C2, C5, C10, C14, Cjs). Cell C10 is covered by 

this maximal rectangle. 

2. The maximal rectangles expanded from all convex cells cover the whole polygon. 

In Figure 2.1, there are nine convex cells in the polygon and the nine expanded 

maximal rectangles cover the polygon. 

However, some of the expanded rectangles are identical. In Figure 2.1, we have only 5 

distinct maximal rectangles as shown in the following: {Ci,  C2, C 5 ,  C\ q ,  C14, Cis}? {CZ, 

C3> C5) Ce, C10, Cn, Cm, C15, Cis, C19}, {C4, Cs, Cs, Cg, C10, Cn, C\3, C\4, Cis, C14, 

Cis, Cie}, {Cs, C9, C10, Cn, C12}, {C4, Cs, Ce, C7, C9, Ciq, Cn, C12, C13, C14, C15, 
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Cie}. Therefore, the set of maximal rectangles expanded from all the convex cells is not 

an MOC of the polygon. However, the number of maximal rectangles expanded from all 

the convex cells is an upper bound of the size of the MOC. 

A totally redundant maximal rectangleis a maximal rectangle which is totally contained 

in or identical to another maximal rectangle in the cover. In Figure 2.1, if the maximal 

rectangle expanded from C4 is included in the cover, the maximal rectangles expanded 

from C7 and C\& will be totally redundant. Therefore, a totally redundant maximal 

rectangle can be deleted from the cover. 

A partially redundant maximal rectangle is a maximal rectangle which is not totally 

identical to any other maximal rectangle in the cover, but if it is deleted from the cover, 

the cover is still a complete cover of the polygon. In Figure 2.2, only C3 is a non-convex 

cell. The maximal rectangles expanded from convex cells are {Ci,C2}, {C2,C3,C5}, 

{C3, C4}, and {Cs,Ce}. However, rectangle {C2,Cz,C$} is partially redundant since if it 

is deleted from the cover, the polygon is still covered by the other three rectangles. 

The size of a cover without any totally redundant rectangle gives us a pretty good 

upper bound of MOC. Further, if we can delete all the partially redundant rectangles 

from the cover, we find an MOC of the polygon. However, there is no known algorithm 

to do this in polynomial time since the covering problem is NP-complete. 

2.2 Decomposing a Non-rectilinear Polygon 

Let an oblique edge be an edge of a polygon which is neither vertical nor horizontal. Let 

(®i> yi) and (i2, Jfe) be the end points of an edge. For an oblique edge, xi ^ and yi 7^ 3/2-
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Figure 2.2: A partially redundant maximal rectangle. 

The basic idea of reducing a general polygon to a rectilinear polygon is to find a set of 

rectangles to cover the non-rectilinear areas, separate these areas, and form a rectilinear 

polygon. In Figure 2.3, edge d,e is the oblique edge of the polygon {a, 6, c,rf,e}. The 

non-rectilinear area is triangle {e,/, d} and the rectangle {e, e', d', d} can cover it. After 

deleting the non-rectilinear area, {d,e, /}, the resulting reduced polygon {a,b,c,d, /,e} 

is a rectilinear polygon. 

The MOC of a polygon is closely related to the geometry of the polygon and cannot 

be found in polynomial time. However, from the discussions in the last section, we have 

the upper bound of the MOC of a hole free rectilinear polygon. Therefore, we have the 

following heuristic: 
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d 

Figure 2.3: Concept of decomposition. 

Minimizing the number of convex cells of a rectilinear polygon can minimize the size 

of the rectangle cover of the polygon. 

This is the guideline that we will follow in reducing a general polygon to a rectilinear 

polygon. We have the following decomposition algorithm: 

procedure Decomposition{P, C) 

/* Decompose a polygon P into a rectilinear polygon and a rectangle 

set C covering the non-rectilinear areas*/ 

begin 

C := 0; 

ob := set of the oblique edges in P; 
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while (ob ^ 0) 

begin 

s := an oblique edge in ob; 

rar := expand(s); /* expand function */ 

ob := ob - s; 

G := C + mr; 

delete totally redundant mr in C; 

end; 

while (ob 0) 

begin 

mr := one rectangle in C; 

P := extract(.P,mr); /* extract function */ 

ob := ob - s; 

end; 

end; 

The function expand is to expand an oblique edge to a maximal rectangle mr which 

is totally contained in the polygon. In Figure 2.3, d, c is an oblique edge of the polygon. 

Rectangle {e,m,n,d} is the maximal rectangle expanded from d, e. The reason why the 

maximal rectangle expanded from an oblique edge has to be found is that the bigger the 

expanded rectangle we get, the fewer rectangles we need to cover the non-rectilinear areas. 

The newly produced maximal rectangle will be added to the cover of the polygon. Then, 
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e 

Figure 2.4: A totally redundant maximal rectangle. 

we check the redundancy of the cover. The totally redundant rectangles are deleted from 

the cover. This is the first while loop. 

The second while loop is to extract the non-rectilinear areas. We reduce the polygon 

to a rectilinear polygon by applying the function extract to each maximal rectangle in 

the cover. For the polygon in Figure 2.3, the second while loop will reduce the original 

polygon into the rectilinear polygon {a,b,c,d,f,e} by extracting the triangle, d,e,f, from 

the original polygon. 

Lemma 1 An oblique edge is covered by exactly one maximal rectangle of the set C 

generated by the procedure Decomposition. 
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proof: Since each oblique edge of a polygon can be expanded to a maximal rectangle, if 

the maximal rectangle of the oblique edge is not totally redundant, this maximal rectangle 

will be included in set Cand this oblique edge will be covered by this rectangle. Otherwise, 

this maximal rectangle is totally covered by another maximal rectangle. Although the 

original maximal rectangle of this oblique edge is not in C, the oblique edge is covered by 

the maximal rectangle which contains the original maximal rectangle. • 

In Figure 2.4, the maximal rectangles expanded from d^e and e, f are rectangles 

{d,e,f,h} and {e,fj,i}, respectively. Since rectangle {d,e,f,h} is totally contained in rect

angle {e,fj,i}, rectangle {d,e,f,h} is totally redundant and is not included in the cover. 

Both oblique edges d, e and e, / are covered by rectangle {e,f j,i} 

Theorem 1 The number of maximal rectangles generated by the procedure 

Decomposition is the minimum number of rectangles needed to cover the non-rectilinear 

area of the polygon. 

proof : Let s be one oblique edge of the polygon. 3r G C such that t contains s. By 

Lemma 1, r is unique with respect to s. So we need at least the number of the maximal 

rectangles in c to cover the non-rectilinear area of the polygon. • 

2.3 Connecting Two Points in a Rectangle 

Before we discuss the function extract, algorithm CTPR (Connecting Two Points 

in a Rectangle) needs to be introduced first. The CTPR algorithm is to connect two 

points which are on the edges of a rectangle by as few lines as possible. The connecting 
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d 

Figure 2.5: Example of connecting two points in a rectangle. 

lines should be parallel to either x or y axis. Suppose we have points s and t on the 

edge of the rectangle {a,b,c,d}. The x and y coordinates of a point w are x(w) and 

y(w), respectively. Let p and q be two auxiliary points such that point p is (x(s), y(t)) 

and point q is (i(t),y(s)). An Imaginary Connecting Point (ICP) is a point which is p 

or q depending on the condition that will be introduced in the CTPR procedure. The 

rectangle in Figure 2.5 is an example for CTPR problem. Points s and t are two points 

to be connected and p and q are also shown in the figure. 

procedure Connecting_TwoJPoints (s,t,{a,b,c,d}) 

/* Points s and t are two points on the edges of the rectangle {a,b,c,d} 

and they need to be connected by a finite number of vertical or horizontal paths. */ 



begin 

if (®(s) = x(t) or y(s) = y(t)) 

begin 

connecting two points s and t directly; 

return; 

end; 

calculate p and q; 

if (p or q is in the rectangle {a,b,c,d}) 

begin 

if (p is in rectangle {a,b,c,d}) 

ICP = p 

else ICP = 5; 

connecting st t in order s-ICP-t; 

return; 

end; 

if (aTp has intersection with edges of {a,b,c,d}) 

ICP = p 

else 

ICP = « 

t' = intersection point of t,ICP and edges of {a,b,c,d}; 

3' = intersection point of t, ICP and edges of {a,b,c,d}; 

Connection.Two.Points(s, s', {a,b,c,d}) ; 
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b 

Figure 2.6: Another example of connecting two points in a polygon. 

Connection.Two-Points(t, t', {a,b,c,(fy) ; 

Connection-Two-Points($',t', {a,b,c,d}) ; 

end; 

In the CTPR algorithm, we notice that the more recursive iterations we have, the more 

line segments will be produced, and the more new convex cells will be generated. As we 

can see in Figure 2.6, the original polygon {a,b,c,d,e,f,g} has 7 vertices. If we connecting 

point a and g and take out those non-rectilinear parts. The final rectangle will have 

16 vertices. It takes 7 rectangles to cover this polygon. In the decomposition process, 

different polygon geometry need different decomposition methods. 



28 

f 

Figure 2.7: The extensible region and the minimal blocking distance of an oblique edge.-

2.4 Complexity and Implementation 

The concept of the function expand is simple, but the complexity is not, since we have 

to check all the vertices and all the edges to determine the maximal rectangle expanded 

from an oblique edge and contained exclusively in the polygon. Let the extensible region 

of an oblique edge be a semi-rectangle region which is formed by the oblique edge and the 

two parallel semi-infinite lines which start from the two end points of the oblique edge 

and going toward the interior of the polygon to infinity. An example extensible region 

enclosed by f,g, and /,n is shown in Figure 2.7. The two semi-infinite lines are 

called boundary edges of the extensible region. 

Let a blocking point of an oblique edge be a point which is a vertex of the polygon 

within the extensible region of the oblique edge or the intersection point of a polygon 
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edge and a boundary edge of the extensible region. In Figure 2.7, m,6,c,rf(n are blocking 

points of the oblique edge /, g. Let the minimal blocking distance of an oblique edge be 

the shortest distance between the oblique edge and its blocking points. In Figure 2.7, 

| <7, m | is the minimal blocking distance of the oblique edge f,g. Once the minimal 

blocking distance of an oblique edge is determined, the maximal rectangle of the oblique 

edge can be determined. It is the rectangle formed by the line which has the minimal 

blocking distance and the oblique edge. In Figure 2,7, rectangle {f,g,m,m'} is the maximal 

rectangle of the oblique edge f,g. 

The complexity of the procedure expand dominates the complexity of the whole de

composition process. It takes 2n time to find the minimal blocking distance for an oblique 

edge because there are n vertices and n edges that have to be visited. Here n is the num

ber of vertices of the polygon. If we have b oblique edges in the polygon, the complexity 

is 0(b * n). 

Since we already discuss the CTPR algorithm in last section, the following is how 

to extract the non-rectilinear part of a polygon by using the CTPR algorithm. Let a 

non-separate line set (NSLS) of an expanded rectangle be a set of line segments which 

lie on the edges of the rectangle as well as of the polygon and are connected in sequence 

without any separation. In Figure 2.8, ab is a non-separate line set. The end points of a, 

non-separate line set are the end points of the first edge and the last edge which are edges 

of the polygon and part of the edges of the maximal rectangle. In Figure 2.8, points a 

and 6 are the end points of the NSLS. Depending on the number of NSLS's for a maximal 

rectangle in the polygon, we have the following categories for the extract function. 
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a g 

Figure 2.8: Example polygon of category 1. 

Category X A maximal rectangle of the polygon has only one NSLS. 

To separate the non-rectilinear area, we find the two end points of the non-separate 

line segment of the maximal rectangle. Then we apply the CTPR algorithm to connect 

these two end points. In Figure 2.8, there is a maximal rectangle with only one NSLS, 

ab. The end points a and b are connected by the two dotted lines meeting at point k. 

In the following categories, we will assume that each NSNL contain only one line 

segment for the convenience of introduction without affecting the generality. 

Category 2 A maximal rectangle of the polygon has two NSLS's. 

There are two methods to separate the non-rectilinear area, depending on the geometry 

of the polygon. The two NSLS's may be parallel to each other or not. If they are not, 

the maximal rectangle expanded from the smaller oblique edge are totally redundant and 
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a i 

Figure 2.9: Example polygon of category 2. 

will be deleted. In Figure 2.9, lines a, b and <7, / are two NSLS's of the maximal rectangle 

{a,b,k,f}, and they are not parallel. In this case, we simply connect the two end points 

of each NSLS by applying the CTPR algorithm. In Figure 2.9, we connect points a and 

b and points g and / to separate the non-rectilinear areas, triangles {a,b,m} and {f,g,n}, 

which are covered by the maximal rectangle {a,b,k,f}. 

If the two NSNL's are parallel, as in Figure 2.10, the connecting method is different. 

If the two end points of each oblique edge can be connected in only one step, i.e., one of 

the auxiliary points of those two points is inside the maximal rectangle, we simple apply 

the CTPR algorithm to connect these two end points. In Figure 2.10, lines m,/ and ft, i 

can be connected in one step. 
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Figure 2,10: Another example polygon of category 2. 

Figure 2.10 also shows another case, where the two end points of an oblique edge 

cannot be connected in one step. In this case, we will connect the two higher end points 

of the two oblique edges as well as the two lower points by applying the CTPR algorithm. 

In Figure 2.10, we will connect points a and /, and points b and e to determine the 

non-rectilinear areas. 

Category 3 A maximal rectangle of the polygon has more than two NSLS's. 

In Figure 2.11, the maximal rectangle {a,b,ej} has three NSLS's. They are a75, e,/, 

and 777* Let a dominant oblique edge be the longest oblique edge of the maximal rectangle. 

If all pairs of end points of the oblique edges can be connected in one step, the connecting 

method is the same as in Category 2. Otherwise, we will use another method to separate 

those non-rectilinear areas. Taking as an example of the polygon in Figure 2.11, we 
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a m 

Figure 2.11: Example polygon of category 3. 

connect the higher end point a of the dominant oblique edge and the higher end point 

j of the highest non-dominant oblique edge. Next we connect the lower end point b of 

the dominant oblique edge and the lower end point e of the lowest non-dominant oblique 

edge. Then we trace the non-dominant oblique edges from top to bottom and connect 

the lower end point of higher edge with the higher end point of lower edge one by one by 

the CTPR algorithm. In Figure 2.11, points i and / are connected. After separating the 

non-rectilinear areas of the polygon in Figure 2.11, we produce three rectilinear polygons, 

{b,c,d,o}, {p,g,h,i}, and {a,qj,k,l,m}. 
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CHAPTER 3 

COVERING RECTILINEAR POLYGONS 

In the last section, we introduced the algorithm of converting a polygon P € Q into 

a hole free rectilinear polygon. In this section, the algorithm of covering the rectilinear 

polygon by as few overlapping rectangles as possible will be presented. This algorithm is 

independent of the procedure Decomposition. 

The algorithm of covering a hole free rectilinear polygon by rectangles has two parts. 

The first part is to partition the polygon into rectangles by using only horizontal cuts in 

Oiklogk + n) time where k is the number of inversions number and n is the number of 

vertices in the polygon [11]. 

The second part of the covering algorithm is to combine the rectangles produced from 

the first part into overlapping rectangles. If two or more rectangles can be combined into 

a bigger rectangle, we will get a smaller size rectangle cover. 
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d 

Figure 3.1: LES and LESWE of a polygon. 

3.1 Preliminaries 

An extended edge is the longest continuous horizontal or vertical segment comprised 

of edges and chords. A left extended segment (LES) is an vertical extended edge whose 

right boundary edges are deleted form it. A left extended segment with edges (LESWE) 

is a LES that contains at least one left boundary edge. In Figure 3.1, a,b,c and d, e 

are LES's, but only a,6,c is an LESWE. Right extended segments(RES), top extended 

segments(TES), bottom extended segments(BES), RESWE, TESWE, and BESWE are 

similarly defined. In Theorems 5 and 6 of [9], | MOC \ > max { |jLESWE, jjRESWE, 

%TESWEt $BESWE } and §LES < 2 | MOC | have been shown, respectively. 
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3.2 Wu and Sahni's Approach to Cover a Rectilinear Polygon 

Since this part of my research has the same objective as [9]. I like to make a review 

of the work done by San-Yuan Wu and Sartaj Sanhi before introducing my approach in 

covering a rectilinear polygon by overlapping rectangles. 

Wu and Sahni proposed three algorithms on this topic. All of them are base on the 

greedy heuristic : 

procedure Greedy 

begin 

Cover := 0 ; 

while (uncover(Couer) ^ 0) 

if there is a nonchoice cell X then 

add the rectangle that contains neb(X) H uncover (Cover) to Cover; 

else 

pick any uncovered cell X and add to Cover any maximal rectangle 

that includes X\ 

end; { of Greedy } 

The following two examples are to explain the algorithm 1 and 2 proposed by [9]. Since 

algorithm 3 and 2 are very similar, only the first two algorithms are shown here. 
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Algotihm 1 used the concept of a support edge. Such an edge has the property that 

both of the vertices at its ends are convex. Figure 3.2(a) show an example polygon. It 

has two support edges, ab and uv. {abgh} is the maximal rectangle one of whose sides 

is ab and {uvjt'} is the maximal rectangle one of whose sides is uv. If the support edge 

uu is picked the rectangle {uvjt'} is added to the cover T being constructed. Next, the 

polygon is constructed into the polygon of Figure 3.2(b). 

The polygon of Figure 3.2(b) has the single left support edge ab and the rectangle 

{abgh} is added to the cover T. Then we get the polygon of Figure 3.2 (c). sd is its only 

left support edge. The maximal rectangle, one of whose sides is sd is {sder'}. This is 

added to T and the polygon contracted. Figure 3.2 shows the results. Next, {qii'q'} is 

added to T and the polygon contracted to get Figure 3.2 (e). The rectangles {nopq'} 

and {jklm} are added to T in the next two iterations. The complexity of algorithm 1 is 

0(nlogn). 

Algorithm 2 uses the concept of nonchoice edge. If a support edge E has a nonchoice 

cell adjacent to it, edge E is a nonchoice edge. Other, it is a choice edge. Figure 3.3 

(a) shows an example of algorithm 2. All cells are uncovered initially. Edges ci, e2, 63, 

abd e4 are the support edges. Cells C\, Ci, • • . >Ci8 are the boundary cells. Of these, 

only cell C4 and C15 are detected as nonchoice cells. So edge ex,e2,e3, and e4 are all 

nonchoice edges. Let NSE denote the set of nonchoice support edges and let CSE denote 

the set of choice support edges. At first, we have NSE = { ex,e2,e3,e4 } and CSE = 0. 

Assume that edge ei is selected. The covering rectangle is { abed }. The contraction is 

accomplished by shifting edge ei right to edge e2 up. The contracted polygon is shown in 
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Figure 3.2: Example for Algorithm 1 in [9] 
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Figure 3.3 (b). We see from Figure 3.3 (b) that NSE = { 63,64} and CSE = {e^e^}. If 

the nonchoice edge e3 is selected, the covering rectangle {efgh} is added to T. The next 

step is to contract the polygon. This is accomplished by shifting the edges e3 to t\. The 

contracted polygon is shown in Figure 3.3 (c). The new support edges are { e' l te'2,e'3,e'4}. 

None is a nonchoice edge. At this time ej is chosen. The maximal rectangle with e[ 

as one side is {ijkl}. The contracted polygon is shown in Figure 3.3 (d). All edges are 

nonchoice. A single rectangle { mnop} covers all remaining cells. The rectangle cover 

obtained is T= { abed,efgh, ijkl,mnop }. The complexity of algorithm 2 is 0(n2), 

3.3 Partitioning a Rectilinear Polygon 

The algorithm to partition a hole free rectilinear polygon has been developed in [11] 

with 0(klog(k) + n) time complexity based on the fact that over 85 percent polygons have 

one inversion (i.e. k = 1) and over 95 percent have at most two inversions (i.e. k < 2). 

The number of vertical inversion kv of a hole-free rectilinear polygon is obtained by 

traversing the vertices of the polygon in anticlockwise order. This traversal begins at a 

vertex with least y coordinate. Of the several vertices that have this y value, the one with 

least xis chosen. This vertex is called avertix. Consider the sequence of distinct y values 

encountered in the traversal. This sequence is initially increasing, then decreasing, the 

increasing, then decreasing, etc. The tail end of this sequence is always decreasing. Each 

time the sequence changes from increasing to decreasing, there is a vertical inversion. 

The number of horizontal inversions is defined in an analogous manner. This time, 

the anticlockwise traversal begins at a vertex with least x value. Of the several vertices 
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Figure 3.3: Example for Algorithm 2 in [9] 
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that have this x value, the one with the lowest y value is used. This start vertex is called 

Tvertex. Consider the sequence of distinct x values encountered during the traversal. This 

sequence is initially increased during the travasal. This sequence is initially increasing, 

then decreasing, then increasing, then decreasing, etc. The tail end of the sequence is 

always decreasing. Each time the sequence changes from increasing to decreasing, there 

is a horizontal inversion. Let kv be the number of vertical inversions; kh be the number 

of horizontal inversions. We define the number of inversions k to be: k = min {kv ,kh}. 

For the examples of Figure 3.4, k = 1, 2, and 3 of Figure 3.4 (a), (b) and (c), respectively. 

At the top level, the algorithm proposed in [11] is divided into two parts : one for the 

case k = kv and the second for the case k = kh. For each parts, there are three subparts 

: one for the case k = 1, another one for the case k = 2, and the third for the case k > 2. 

the following is an example with k = kv = 1 : Consider the partial polygon of Figure 3.5, 

let i be the lowest left edge and j be the lowest right edge initially. The first rectangle 

is obtained by drawing a horizontal edge from the top of 1 to edge a. The pointer j is 

advanced to the next vertical edge, 2, on the right wall. At this time, a horizontal edge 

to 2 is drawn from the top of a and i advanced to 6. Since the tops of i and j edges are 

the same, t and j are both advanced following the drawing of the next rectangle. This 

process continue until the tops of the left and right vertical walls are reached. 

Theorem 2 The number of rectangles in the cover generated from the algorithm in 

[11] is at most 2| MOC |. 
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Figure 3.4: Example for polygon having different numbers of inversions. 
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Figure 3.5: Portion of a k=l polygon 
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Proof : The partitioning algorithm in [11] generates the rectangles by only using the 

horizontal cuts. The number of horizontal cuts is no more than |jLESWE + ((RESWE. 

In Theorem 5 of [9], | MOC |> max{tLESWE, $RESWE, jTESWE JBESWE) has 

been proved. So the number of rectangles generated from the algorithm cannot be more 

than 2| MOC j. • 

The 2| MOC | is the upper bound of the rectangles which can cover the hole free 

rectilinear polygon. 

3.4 Combining Rectangles 

After the rectilinear polygon is partitioned into non-overlapping rectangles, we will 

try to combine non-overlapping rectangles into bigger overlapping rectangles to minimize 

the number of rectangles in the cover. The polygon in Figure 3.6 is an example for 

this problem. The polygon is partitioned into rectangle 1, rectangle 2, rectangle 3, and 

rectangle 4. The number of the rectangles now is 4. However, we see that rectangle 1 

and rectangle 4 can be combined into a bigger rectangle. After the combination, we have 

only three rectangles left. 

For the convenience of explanation, let vbl, vbr, vtl, vtr be the bottom left vertex, 

bottom right vertex, top left vertex, and top right vertex of a rectangle, respectively. The 

vbl(x) stands for the x position of the point vbl. vbl(y), vbr(x), vbr(y), vtr(x), vtr(y), 

vtl(x), and vtl(y) are defined similarly. 

Basically, there are two cases where two smaller rectangles can be combined into a 

bigger rectangle. The first case is shown in Figure 3.6. If two rectangles have the same 



45 

1 

2 

3 

4 

Figure 3.6: Simple combining. 

values in vbl(x) (vbr(y)) and vbr(x) (vtr(y)) and do not have any intervening rectangle 

whose right vertical (top horizontal) edge is on the the left (bottom) of vbr(x) (vbr(y)) or 

left vertical (bottom horizontal) edge is on the right (top) of vbl(x) (vtr(y)). In Figure 3.6, 

rectangle 1 and rectangle 4 satisfy this condition, but rectangle 2 and rectangle 3 cannot 

be combined since the condition above is not satisfied. In Figure 3.7, rectangle 1 and 

rectangle 4 cannot be combined into a rectangle, either. This process is referred as simple 

combining. 

The second case, called 3-to-2 combining, is to combine three non-overlapping rect

angles into two bigger overlapping rectangles. In Figure 3.8, rectangle 1, {a,b,ij}, rect

angle 2, {c,d,h,i}, and rectangle 3, (d,e,f,g)t are the rectangles after partitioning. These 

three rectangles can be combined into two rectangles : {a,m,h j} and {c,e,f,m}. The con

dition that three rectangles can be combined by the 3-to-2 combining is that the first two 

rectangles have one of the topologies in Figure 3.9. 
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Figure 3.7: Example case in which the simple combining fails. 
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Figure 3.8: Example 3-to-2 combining. 
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Figure 3.9: Topologies for 3-to-2 combining. 

After partitioning a hole free rectilinear polygon, the non-overlapping rectangles which 

cover the polygon are generated. The procedure Combining iB then applied to combine 

those rectangles that satisfy the simple combination or 3-to-2 combination condition. 

Assume there are T non-overlapping rectangles in the beginning. 

procedure Combining; 

begin 

for i := 1 to T-l begin 

flag := FALSE; 

for j := i to T begin 

if ( flag = FALSE ) then 
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if ( r[i] and r[j] satisfy the requirement of the middle rectangle in 3-to-2 

combining ) then perform simple combining 

else if ( r[j] satisfy the requirement of the middle rectangle ) then begin 

r[m] := r[j]; 

flag := TRUE; 

end 

else if ( r[j] blocks r[i] ) then break and goto outer loop 

else if ( r[i], r[j] and r[m] satisfy the 3-to-2 combining condition ) then 

perform 3-t.o-2 combining 

else if ( r[j] and r[m] satisfy the simple combining condition ) then 

perform simple combining on r[m] and r[j] 

else if ( r[j] blocks r[m] ) then break and goto outer loop; 

end; 

end; 

end; 

Theorem 3 A rectangle produced by the partitioning algorithm in [11] can combine 

with no more than 2!±! rectangles, where T is the total number of rectangles produced 

by the partitioning algorithm in [11]. 
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proof : The partitioning algorithm uses horizontal cuts to decompose a rectilinear 

polygon into a set of rectangles. It is easy to see that { n | 1 < n < n rectangles 

which have the same x coordinate of their left edges and right edges }. Only two rectangles 

whose left edges and right edges are at the same x coordinate can possibly be combined 

into a overlapping rectangles. So a overlapping rectangle can not compose more than 2I±i 

non-overlapping rectangles. • 
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CHAPTER 4 

DISCUSSION AND EXPERIMENTAL RESULTS 

To find the minimal set of rectangles which cover the hole free rectilinear polygon, the 

algorithm in this paper has the time complexity of 0(k * log(k) + n + T2), where k is the 

number of inversions, n is the number of vertices in the polygon and T is number of the 

rectangles generated by the partitioning algorithm. 

This algorithm can find a smaller cover than the greedy algorithm in [9] if the S-to-2 

combining can be applied. In Figure 4.1, the partial part of the polygon can be covered 

by two rectangles {a^m^a'} and {c,e,/',n}, using the proposed algorithm. While the 

same polygon will be covered by three rectangles {c,e,/',m}, {a,f,/',m}, and {n,e',d',a'}, 

by the algorithm in [9] as shown in Figure 4.2. 

The other advantage of this algorithm is that it has fewer overlapping areas than other 

methods. The greedy algorithm in [9] generates rectangles which cover as much as they 
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Figure 4.1: Rectangle covers generated by decomposition and combining. 

can. However, for the algorithm in this paper, the rectangles after partitioning are non-

overlapping, and the rectangles are then combined into bigger rectangles if they satisfy 

the simple combining or 3-to-2 combining condition. 

But we still cannot guarantee to generate a minimum cover. Since the partitioning 

algorithm cannot produce minimum number of rectangles, the cover generated by the 

procedure Combining cannot guarantee to be MOC. 

The procedures Decomposition, Partitioning, and Combining have been programmed 

in C on SUN 3 workstations. We have run 3 groups of polygons. Each group has 3 sets 

of polygons. Each set contains 10 different polygons which have aprroximately the same 

number of vertices and oblique edges. We also rotate the polygons by 90 degree to get 

different polygons in this experimental result. Table 1 shows that the raw data of the 
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Figure 4.2: Rectangle covers generated by the algorithm in [9]. 

sets of the polygons. As we can see, the polygons in the same group have approximately 

the same number of vertices. But the polygons in set a of each group have fewer number 

of oblique edges than the polygons in the other two sets. The number of oblique edges 

in set a is less than one-third of the number of vertices. The polygons in set b and set 

c of each group have approximately the same number of oblique edges. But we let the 

oblique edges of the polygons in set c be more symmetrical. Table 2 shows the result 

of the decomposition phase. Because the number of polygons in set a of each group is 

less than those in the other two sets. So the number of rectangle covers which cover the 

non-rectilinear parts of the polygon in set a is less than that in set b. The reason why 

the nui oer of rectangle covers in set c is smaller than the other two sets is that because 

the oblique edges in set c are more symmetrical. In the other words, one rectangle cover 



53 

Table 4.1: Raw data of the polygons. 

Group/Set 1a 1b 1c 2a 2b 2c 3a 3b 3c 

# of vertices -20 -20 -20 -50 -50 -50 -100 -100 -100 

H of oblique edges 4—6 6-10 6-10 12-16 20-24 20-22 10-20 34-42 34-48 

average # of oblique edges 4.8 8.4 8.4 13.6 21.6 21.2 14.8 39.6 42.8 

can usually cover two or even more oblique edges. After decomposition,, our heuristic 

will cut the non-rectilinear parts of the polygon and construct a new rectilinear polygon. 

This process always produces new vertices in polygon. We still can see that the polygons 

in set b in each group have more vertices after the decomposition. Table 3 shows the 

result of the Partiotioning and Combining phases. The first row shows the number of 

rectangles generated by procedure Partitioning. The third row shows the number of 

rectangle covers which can cover the reduced rectilinear polygon generated by procedure 

Combining. The last row shows the average total number of rectangle covers for the 

whole general polyogns in each group. 

In Figure 4.3, we can see clearly the number of vertices increased by the decomposition 

phase in each set of polygons. The polygons in set 6 in each group have more increased 

vertices than the polygons in the other two sets. Because polygon in set b have more 

oblique edges which have less symmetrical relation. In Figure 4.4, the ratio of the number 
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Table 4.2: Data for decomposition pbase. 

Group / Set 1a 1b 1c 2a 2b 2C 3a 3b 3c 

# of rectangles 4-6 6-10 2-5 12-16 18-22 8-14 10-20 32-34 14-26 

average # of rectangles 4.8 8.4 3.4 13.6 19.6 11.2 14.8 33.2 20.8 

average # of new vertices 24.8 27.fi 232 66.5 71.6 62 114.8 136.4 118.8 

Table 4.3: Data for partition and combining phase. 

Group /Set 1a 1b 1c 2a 2b 2c 3a 3b 3C 

# of rectangles generated 
by partitioning phase 

6-12 8-14 8-12 20-28 26-32 18-32 46-52 48-62 44-56 

avenge # of rectangles 
after partitioning 

8.8 11 9.2 25.2 29. .6 23.6 49.2 55.2 49.2 

# of rectangles generated 
by combining phase 

4-10 6—10 6-10 18-24 18-24 18-28 12-26 40-50 38-48 

avenge # of rectangles 
after combining 

7.4 8 7.2 20.8 24.4 19 37.4 44.8 42.8 

average total # of rccl-
tangles to cover polygon 12.2 16.4 10.6 34.4 44 30.2 52.2 78 62.8 

average running time 
(second) 

0.06 0.08 0.06 0.22 0.28 0.24 0.88 1.12 1.04 
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Figure 4.3: Average number of vertices increased after decompoistion. 
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Figure 4.4: Ratio of the number of covers to the number of vertices of polygons. 
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CHAPTER 5 

CONCLUSIONS 

We have developed an efficient algorithm for the covering of a hole-free non-rectilinear 

polygon by overlapping rectangles. The algorithm has two phases. The first phase consists 

of the procedure Decomposition which separates the non-rectilinear areas from a general 

polygon and generates a hole-free rectilinear polygon in 0(b* n) time. In this procedure, 

we find all the oblique edges firstly, and expand each edge to a maximal rectangle which 

is contained in the polygon. Then we extract the non-rectilinear parts of the polygon to 

get a rectilinear polygon. In the extraction process, we characterize the polygons into 

different categories. In each category, a different extraction method is applied. In this 

phase, we also develop a general algorithm for connecting two points in a rectangles by as 

few line segments as possible. This helps us to minimize the number of increased convex 

cells which reduces the number of rectangles needed to cover the rectilinear polygon in 

the next phase. It was Bhown that no more than b rectangles are needed to cover the 
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separated non-rectilinear areas, where b is the number of oblique edges in the polygon. 

The time complexity is propotional to the number of oblique edges and the number of 

vertices. 

In the second phase, we first use the partitioning algorithm in [11] to generate non-

overlapping rectangles covering the rectilinear polygon which is the output of phase 1. 

This algorithm is based on the obervation of small number of inversions on most of the 

polygons in VLSI mask data. It uses the horizontal cut only and reports nonoverlapping 

rectangles whose union is the original polygon. The complexity of this procedure is 

0{klog{k) + n). Then, we develop an algorithm Combining to combine the rectangles 

reported by the partitioning procedure into non-overlapping rectangles. The complexity 

of the whole phase is O(klog(k) + n + m2) ,where m is the number of the rectangles 

generated by the partitioning procedure. 

Our contribution in this research is developing an efficient heuristic to generate rect

angles which cover the general polygons. As we can see from the experimental results, 

the running time for most of the polygons with less than 100 vertices is within a second. 

On the number of the rectangles generated by our algoruthm, we can find the minimal 

number of rectangles to cover an oblique edge in reduceing a general polygon to a recti

linear polyogn. We also show that our approach can produce better result than Wu and 

Sahni's[9] approach in covering a rectilinear polygon by rectangles in some cases. 

Possible future work includes the problem of covering a general polygon with holes 

by rectangles. Our research here can be utilized as a starting point, since we already 

provided the concept of how to reduce a non-rectilinear polygon to a rectilinear polygon. 
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For a polygon with holes, the procedure expand needs to be modified to consider the 

vertices of the holes. The procedure extract will have more categories of polygons to 

handle. In the second phase, the procedure partitioning can not take advantage of the 

small number of inversion in the polygon. But the procedure combining can still be 

used in that case. In summary, although it is an NP-complete problem to cove a general 

polygon by rectangles, our heuristic approach is efficient and produces small number of 

rectangles. And this approach is also useful to the general polygon with holes. 
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