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ABSTRACT 

Both static and dynamic aspects of oligopoly are 

discussed in the beginning of this thesis and four expectation 

schemes of dynamic oligopolies are investigated and tested. 

Some modifications are also added to an earlier computer 

program developed originally by Wu (1991) to improve the 

stability of the models. 

Computer simulation results are reported at the end of 

this thesis. 
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l.INTRODUCTTON 

An oligopoly is a special model for describing a market 

in which a small number of firms produce the same or related 

goods and sell them on the same homogeneous market. The game 

theoretic literature has a long list of books and papers 

dealing with static and dynamic oligopolies. The classic book 

of Cournot (1838) introduced the single product oligopoly game 

without product differentiation, and since then the existence, 

uniqueness of equilibrium points as well as numerical methods 

for their computation were discussed by many authors. A 

comprehensive summary and literature review can be found in 

Okuguchi (1976) , where dynamic extensions and stability 

criteria are also examined. The classical game and its 

extensions with product differentiation are all special cases 

of multiproduct oligopolies, which were introduced by 

Szidarovszky (1977). He and his associates have developed a 

new theory including the stability analysis of multiproduct 

oligopolies with discrete and continuous time scales during 

the last and half decades. Their results are summarized in 

Okuguchi and Szidarovszky (1990). In their work they obtained 

results on the local and global stability of dynamic 

oligopolies under Cournot expectations, adaptive and 
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extrapolative expectations, and under certain combinations. 

Their results are theoretical, they are not combined with the 

analysis of human behavior, and only special cases and 

conditions were possible to be considered and analyzed. 

In this thesis more complicated forms of expectations will be 

discussed. Since theoretical investigation is hopeless because 

of the resulting complicated difference equation structures, 

empirical investigation was performed. Computer simulation was 

designed and the stability analysis was based on the numerical 

results of that simulation. We do not claim that our results 

and the observed tendencies always hold, however they can help 

the theoretical researchers to find the right and applicable 

theoretical reasoning. 

This thesis is developed as follows. After introducing the 

single and multiproduct models the equilibrium is defined. 

Dynamic oligopolies are introduced and discussed in section 2. 

Four special predictions are examined in section 3, and the 

thesis summary is given as section 4. The computer program is 

presented in the appendix. References conclude the thesis. 
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1.1 SINGLE PRODUCT OLIGOPOLIES 

Assume that N firms produce the same kind of product and 

sell it on the same market. The market is assumed to be 

homogeneous. Under this special assumption the decision of 

each firms is its own production level, which is denoted by 

xk. If Lk is the capacity limit of firm k, then obviously 

xke [0,1,*] . 

The cost of each firm depends on its own production level, 

Ck(xk) , however the unit price is a function of the total 

output of the industry. That is , the price is P(s), where 

s = Xj + x2 + ... + xN. The profits of the firms equal the 

differences between their revenues and costs. 

Therefore the profit of firm k is given as 

< V k { X i ,  .  .  .  , x N )  = xJtP(x1+x2+. . . + x N ) - C k ( x k )  

This model can be considered as an N-person game, where the 

firms are the players, the set of strategies of firm k is the 

interval [ 0, I* ], and the payoff of firm k is the profit 

function <pk (x,, ... , xN) . 
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1.2 MULTI-PRODUCT OLIGOPOLIES 

Firms usually produce more than one goods, therefore the 

multiproduct generalization of the previous game is more 

realistic. Let N denote again the number of firms, and let M 

be the number of products. The output of each firm is now 

characterized by production vector 

K k =  { x l ,  .  .  .  , x " )  T ,  

where xkm is the output of firm k of product m. It is also 

assumed that the price of each product depends on the total 

output of the industry, since the products are not independent 

in the market. 

Let Pm(x, + x2 + ... + xN) denote the price of product m, then 

P = ( P1, ... ,PM)T is the price vector on the market. If 

Ck(xk) denotes the cost of firm k, then the profit of firm k is 

given as 

.  •  •  + X N )  '  C k ( K k )  

Let Xk denote the set of all feasible outputs of firm k, then 

an N-person game is defined again with the firms being the 

players, sets Xk being the strategy sets and functions y>k 

being the payoffs. 
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1.3 STATIC SOLUTIONS 

In the game theory literature several solution concepts 

are known for N-person games like single - or multiproduced 

oligopolies. In this section the mostly known non-cooperative 

solution concept will be defined. This solution is known as 

equilibrium point and it is defined as follows: 

Definition. A vector (x,* , , xN* ) is an equilibrium point 

of the multi-product oligopoly game if for all k, 

a) x/ E Xk; 

b) for all ̂  E Xk, 

<P* (2CJ . Xk, 2£+1, • • • , x*N) * <P k(xl 

That is, no firm can increase its profit by changing its 

output from the equilibrium assuming that all other firms 

still keep their equilibrium outputs. The equilibrium is 

optimal for each firm assuming that all others keep the 

corresponding equilibrium strategies. In other words, if no 

cooperation is assumed between the firms, the common interest 

of all firms is to keep the equilibrium situation. This 

static solution has only limited importance, since firms 

produce and sell products repeatedly in time. In the next 

section dynamic solution concepts will be introduced. 
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2. DYNAMIC OLIGOPOLIES 

Dynamic multiproduct oligopolies can be defined in the 

following way: 

At the initial time period each firm selects an initial output 

vector Xj-(O) . At each later time period t > 0, each firm 

proceeds as follows: 

Step 1. Estimates, or predicts the expected output of the rest 

of the industry, s^Ct). 

Step 2. Based on the prediction it maximizes its expected 

profit. Notice that at each time period the firms make 

simultaneous decisions on their production levels. Therefore 

when firm k makes its decision it does not know what is the 

decision of the others, therefore only speculates on it. This 

speculation is modeled by a certain prediction, which is based 

on past observations and earlier predictions. Particular 

schemes will be discussed later. In the second step the 

expected profit 

is maximized, and the new production level Xk(t) is selected 

as the maximizer of this function. 
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For the sake of simplicity, assume that 

£ ( s )  =  A s  +  h  ( l i n e a r )  
C k ( x k )  =  x T

k h k  +  c k  ( l i n e a r )  

Then, the expected profit of firm k is : 

< P j c  ( x y ,  •  •  •  , x N )  = x T
k  ( A s .  +  h )  -  C k  ( x k )  

= x T
k ( A x k + A & E

k ( t )  + h )  -  ( x T
k h k  +  c k )  

Assume interior optimum, take derivative to find the maximum: 

( A + A t )  X k + A S k  ( t )  + h - h k  =  Q . ,  

that is, 

( A + A T ) x k  =  - A & k ( t )  + h k - h  

Assume that A + AT is invertible, then 

X k ( t )  = - ( A+A T)- 1  (AS E
K( t-1) +H K-H) (1) 

Since s^ft) depends on previous data, a difference equation 

is obtained, which depends on the particular form of the 

prediction scheme s^ft)• In the next part, some special 

schemes will be examined. 



15 

(i) Cournot expectations : 

£ k  ( t )  =  E K i  ( t _ 1 )  
i*k 

This prediction assumes that the other firms keep the output 

vectors what they selected in the previous time period . 

Substituting this equation into the general difference 

equation we get 

K K  (t) = - (A+A t) _1 X I  (t-1) +  h k - h )  ( k = l  , 2, . . .  , N )  (2) 
i*k 

which is a special linear first order difference equation. The 

stability of this system has been theoretically investigated 

by Okuguchi and Szidarovszky (1990). It is proven that under 

general conditions this system is asymptotically stable if and 

only if only two firms are present. 

(ii) Cournot expectation with correction term : 

iTk 

where ^(t) is a correction term. 

Usually the firms select these corrections by observing their 

prediction errors in the previous time periods. 
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\ 

1 

I. 

t-2 t-1 ; t+1 " 

F.l Expectation with correction term 

Simple substitution leads to the following : 

Xk(t) = - (A+A^'1 (AJ2 Xi(t-D + Az k(t) + hk - h) (3 )  
i*k 

which can be considered as a system with 

s t a t e : n k  ( t )  ,  k = l , 2 , . . . , N  
i n p u t \ z . k  ( t )  ,  k = l , 2 , . . . , N  
o u t p u  t : < p k ,  k = l , 2 , . . . , N  

The output function will be the profit. 

tpk • • • , XN) = xl(A&+h) -ck(xk) 

where 

s  =  x  + X  + . . . + x  

We have again a first order difference equation system with 

constant coefficients. 
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(iii) Adaptive expectations : 

£ % ( t )  = fc-1) + (1 -a*) (t_1) 
i*k 

which assumes that the new expectation is selected in between 

the previous expectation and observation on the output of the 

rest of the industry. 

(iv) Extrapolative expectations : 

•fif(t) = + (1-a*) 53-2^ (t-2) 
i*k i*k 

which assumes that the new expectation is selected from the 

linear segment connecting the two previous observations. 

We notice that the mathematical formulation and detailed 

analysis can be found in Okuguchi and Szidarovszky (1990), 

therefore we do not examine these cases in this thesis. 
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3. STABILITY OF THE SYSTEM 

Market stability is a very important property of 

economies. Therefore in the oligopoly theory the stability of 

dynamic oligopolies has been examined by many authors. For 

single product oligopolies Okuguchi (1976) has a comprehensive 

description, which is generalized for multiproduct cases by 

Okuguchi and Szidarovszky (1990). The stability analysis is 

always based on investigating the stability of the driving 

difference equations. 

The system x(t+l) = H x(t) + h is globally asymptotically 

stable (i.e., x(t) converges always to the unique equilibrium 

as time goes to infinity, regardless which initial vector x(0) 

is selected) if and only if all eigenvalues of H are inside 

the unit circle. This result is well known from the 

mathematical literature. 

Introduce the notation 

n = - (a+a ^̂ a  
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then for k =1, 2, , difference equation (2) can be 

written as 

x, (t) = - D (x2(t-l) + x3(t-l) + .... + xN(t-l)) + Bj 

x2 (t) = - D (x, (t-1) + x3(t-l) + +  X N ( t - l ) )  +  f i 2  

where fli,fi2,.. are constant vectors. 

Therefore the coefficient matrix has the special form 

H  

Q. -n -n -n 
-n Q. -n -n 

-n -n -n n 

For the sake of simplicity, the single product case is first 

examined. Now only one product is considered, 

i.e. A is not a matrix, it is a scaler ( AT = A ) , that is, 
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Therefore 

In order to examine the stability of the system, the 

eigenvalues of H must be determined. We will need the. . 

following elementary result : 

Lemma : The eigenvalues of matrix 

1 - 1 

E = 

1 - 1 

are 0 and N 

Proof : see Okuguchi and Szidarovszky (1990) 

Notice next that H has the form 

0 1  
2 

JL 
2 

_1 
2 

0 -1 -1 

1 - 1 0  - 1  

2  i  I I I :  

-1 -1 0 

• i "-•» 
1  __1 
2 2 

0 
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So the eigenvalues of H are : 

1/2 ( 1 - 0 or N ) = 1/2 or (1-N)/2 

They are inside the unit circle if and only if 

-1 < ( 1 - N )/2 < 1 

that is, 

-2 < 1 - N < 2 

or 2 > N - 1 > -2 

and finally 

3 > N > -1 

That is, the system is globally asymptotically stable if and 

only if N=1 or N=2. 

For N > 2 the system is unstable. One possible explanation of 

this instability is that there is usually too much output 

change at each time period in replacing 

^ ( f c - l )  b y  X k ( t )  

We may stabilize the system by lowering these changes. One 

possible way of doing it is given by the modified equation 

x (t+i) =axk (t) + (l-o) [-(A+At) _1 (^53 x2 (t) +hk-h) ] 
l*k 

which selects a profit between the profit maximizing and 

previous outputs. 
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If only one product is considered, then this equation reduces 

to 

xk( fc+1) =axk(t) + (1-a) Xj (t) +pj 

The new matrix of coefficients is 

l*k 

M = 

a (l-a) 

-—(l-a) a 

- - | ( l - a )  - A  ( i - a )  

-4- d-a) 

Simple calculation shows that 

with eigenvalues 

M = al+(R-I) (--±) (l-a) 

=aI+-^E--^Ll 

1.A*L+AIL .(Oor N) = or-£±i 
2 2 2 2 2 

The system is globally asymptotically stable if and only if 

these eigenvalues are between -1 and +1. Since two eigenvalues 

are found, two cases are examined. 
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Case 1 : The first eigenvalue is inside the unit circle if and 

only if 

2 
-2<a+l<2 

which reduces to « 
-3 < a < 1 

Case 2 : The second eigenvalue is inside the unit circle if 

and only if 

-1 < < i 

that is 

or 

In summary 

-2 < a + 1 +  N a - N  <  2  

-3 + N  <  a •  ( 1 + N )  <  1 + N  

~
3 + N  <  a  <  1  
1  + N  

Notice that this inequality is stronger than that of the 

previous case. So this last inequality is the necessary and 

sufficient condition for global asymptotical stability. In 

other words, the system always can be stabilized by an 

appropriate selection of the control parameter a. 
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In the remaining part of this thesis four more expectation 

types will be examined. Mathematically they lead to 

complicated systems, so theoretical analysis seems impossible. 

Therefore we selected a computer simulation method. We know 

that this is not a proof, it does not provide generally valid 

conclusions, however this method of study gives hints to 

discover tendencies and unknown properties. 

In the computer study reported in the next sections, we used 

the following data: 

N = 3, M = 1 

Ck(xk) = 2xk (k = 1, 2, 3) 

P(s) = 30 - s 
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3.1 LAGRANGE INTERPOLATION 

It is well known (Yakowitz and Szidarovszky, 1989) that 

Lagrange Interpolation Polynomial for the data set (xk, fk), 

k = 1, 2, ... , n has the form 

Pn-1 = fl1l  +f212 (*)+••• •  

where for j = 1, 2, ... , n, 

1  ( X )  ( x - x z )  •  •  •  ( x - x ^ )  ( x - x j + 1 )  .  .  .  ( x - x a )  
0  ( X j - X i )  ( X j - X 2 )  .  .  .  ( X j - X j ^ )  ( X j - X - j ^ )  .  .  .  ( X j - X n )  

We can use this approximation for prediction, if the previous 

time periods are the Xj values and the corresponding 

observations are the fj values. 

Hence with notation 

s*(*> = Exi(x) 
l*k 

the expectation is as follows : 

/ 7 \ (t-1) . . . (fc-(-Z-l) ) (t-(i+l) ) . . . (fc-(fc-l) ) 
* KZ) ~h k (-Z-D • • • U-U-D) (i- (i+i)) . . . (J-(t-D) 
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A computer program was written and tested with one 

hundred time periods. The program listing is given in the 

appendix. The run terminated with an overflow. For the first 

thirty time periods, the results are as follows: 

*1 x2 *3 

5.000000 4.000000 3.000000 
10.50000 10.00000 9.500000 
0 .0000000E+00 0 .OOOOOOOE+OO 0 .0000000E+00 
39.75000 40.00000 40.25000 

0 .0000000E+00 0 .OOOOOOOE+OO 0 .0000000E+00 
460.5000 460.0000 459.5000 

0 .0000000E+00 0 .0000000E+00 0 .OOOOOOOE+OO 
11137.88 11140.00 11142.13 
0 .0000000E+00 0 .0000000E+00 0 .0000000E+00 
462475.5 462460.0 462444.5 
0 .0000000E+00 0 .0000000E+00 0 .0000000E+00 
2 .9330572E+07 2 .9330744E+00 2 .9330916E+07 
0 .0000000E+00 0 .0000000E+00 0 .OOOOOOOE+OO 
2 .6381791E+09 2 .6381765E+09 2 .6381740E+09 
0 .OOOOOOOE+OO 0 .0000000E+00 0 .0000000E+00 
3 .1943272E+11 3 .1943275E+11 3 .1943285E+11 
0 .0000000E+00 0 .0000000E+00 0 .0000000E+00 
5 .0096184E+13 5 .0096184E+13 5 .0096180E+13 
0 .0000000E+00 0 .0000000E+00 0 .0000000E+00 
9 .8784087E+15 9 .8784087E+15 9 .8784087E+15 
0 .0000000E+00 0 .0000000E+00 0 .0000000E+00 
2 .3921723E+18 2 .3921723E+18 2 .3921723E+18 
0 .0000000E+00 0 .0000000E+00 0 .0000000E+00 
6 .9790960E+20 6 .9790960E+20 6 .9790960E+20 
0 .0000000E+00 0 .0000000E+00 0 .OOOOOOOE+OO 
2 .4143862E+23 2 .4143862E+23 2 .4143862E+23 
0 .0000000E+00 0 .0000000E+00 0 .OOOOOOOE+OO 
9 .7723757E+25 9 .7723757E+25 9 .7723757E+25 
0 .0000000E+00 0 .0000000E+00 0 .0000000E+00 
4 .5752237E+28 4 .5752237E+28 4 .5752237E+28 
0 .0000000E+00 0 .0000000E+00 0 .0000000E+00 

T.l Lagrange interpolation model 
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The computer results show large fluctuation, which can be 

seen from the 1025, 1028 order of magnitude of the Xj values. The 

reason for this trouble is the well known problem with 

interpolation polynomials used for extrapolation. The error 

of interpolation polynomial is 

fin) tf\ 

(n) ,  ( X ~ X J  ' * ' • ' (X~ X^  '  

where f is the interpolated function, n is the number of 

points and xlf x2/ ... , x„ are the nodes. If x is outside the 

range, this error term can become large and even tend to oo , 

when x -» oo . 

We tried to overcome the large fluctuations by setting up an 

upper and a lower bound for the function values. These bounds 

were selected as 0.1 and 20 respectively. The results are 

given in Table 2. The program ran up to eighty-two periods and 

an overflow occurred again. In summary, the introduction of 

these bounds did not make the process stable. 
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t k Xk(t) 

2 1 10.50000 
2 2 10.00000 
2 3 9.500000 
3 1 0.1000000 
3 2 0.1000000 
3 3 0.1000000 
4 1 20.00000 
4 2 20.00000 
4 3 20.00000 

80 1 20.00000 
80 2 20.00000 
80 3 20.00000 
81 1 0.1000000 
81 2 0.1000000 
81 3 0.1000000 
82 1 20.00000 
82 2 20.00000 
82 3 20.00000 

T.2 Lagrange interpolation with upper & lower limits 
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3.2 MOVING LINEAR INTERPOLATION 

Assume again that all the previous values sk(0), sk(l), 

... , sk(t-l) are given for all firms at each time period t. 

The large fluctuation of the previous method can be reduced by 

a moving linear interpolation process. Then the prediction at 

time period t from the two previous periods t-1 and t-2 is the 

following: 

That is, a linear extrapolation is performed from the two 

previous data. The procedure is illustrated in Figure 2. 

s/(t) =2'SJC( t-1) - s k (  t-2) 

t-2 t-1 t t 

F.2 Moving linear interpolation model 
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A computer program was written and tested for one hundred 

time periods. The program listing is given in the appendix. 

The results are given in Table 3. 

*1 X2 X3 

5.000000 4.000000 3.000000 
10.50000 10.00000 9.500000 

0.0000000E+00 0.0000000E+00 0.0000000E+00 
23.75000 24.00000 24.25000 

0.0000000E+00 0.0000000E+00 0.0000000E+00 
38.12500 38.00000 37.87500 

0.0000000E+00 O.OOOOOOOE+OO 0.0000000E+00 
51.93750 52.00000 52.06250 

0.0000000E+00 0.0000000E+00 0.0000000E+00 
66.03125 66.00000 65.96875 
O.OOOOOOOE+OO 0.0000000E+00 0.0000000E+00 
79.98438 80.00000 80.01563 
0.0000000E+00 0.0000000E+00 0.0000000E+00 
94.00781 94.00000 93.99219 

0.0000000E+00 0.OOOOOOOE+OO 0.0000000E+00 
598.0001 598.0001 598.0001 

0.0000000E+00 0.0000000E+00 0.0000000E+00 
612.0001 612.0001 612.0001 

0.0000000E+00 0.0000000E+00 0.OOOOOOOE+OO 
626.0001 626.0001 626.0001 
0.0000000E+00 0.0000000E+00 0.0000000E+00 
640.0001 640.0001 640.0001 

0.0000000E+00 0.0000000E+00 0.0000000E+00 
654.0001 654.0001 654.0001 
0.0000000E+00 0.0000000E+00 0.0000000E+00 
668.0001 668.0001 668.0001 
0.0000000E+00 0.0000000E+00 0.0000000E+00 

T.3 Moving linear interpolation model 
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From the computer results we can see that the system is 

not stable at all, since no convergence occurs. The 

fluctuation becomes a lot smaller, however did not disappear 

completely. We tried three further modifications to improve 

stability. They are the following: 

1) Once the output starts increasing allow it to 

increase only a certain portion of the computed amount. 

2) After the production level increases several periods, 

force it to start decreasing again. 

3) Select a maximum production capacity, once the system 

increases over that limit, force it back to the maximum 

level. 

With an upper bound of 20.0 and lower bound of 0.1, the 

results of this model are given in Table 4. The results show 

that even these modifications did not stabilize the system. 

In summary we can conclude that interpolative expectations do 

not lead to stable systems even with additional modifications. 



Xl x2 *3 

5.000000 4.000000 3.000000 
10.50000 10.00000 9.500000 
1.125000 1.000000 0.8750000 
17.46875 17.50000 17.53125 

0.1000000 0.1000000 0.1000000 
20.00000 20.00000 20.00000 

0.1000000 0.1000000 0.1000000 
20.00000 20.00000 20.00000 
0.1000000 0.1000000 0.1000000 
20.00000 20.00000 20.00000 

0.1000000 0.1000000 0.1000000 
20.00000 20.00000 20.00000 

0.1000000 0.1000000 0.1000000 
20.00000 20.00000 20.00000 

0.1000000 0.1000000 0.1000000 
20.00000 20.00000 20.00000 

0.1000000 0.1000000 0.1000000 
20.00000 20.00000 20.00000 

0.1000000 0.1000000 0.1000000 
20.00000 20.00000 20.00000 

0.1000000 0.1000000 0.1000000 
20.00000 20.00000 20.00000 

0.1000000 0.1000000 0.1000000 
20.00000 20.00000 20.00000 

0.1000000 0.1000000 0.1000000 
20.00000 20.00000 20.00000 

0.1000000 0.1000000 0.1000000 
20.00000 20.00000 20.00000 

0.1000000 0.1000000 0.1000000 
20.00000 20.00000 20.00000 

0.1000000 0.1000000 0.1000000 
20.00000 20.00000 20.00000 

0.1000000 0.1000000 0.1000000 
20.00000 20.00000 20.00000 

0.1000000 0.1000000 O.IOQOOOO 
20.00000 20.00000 20.00000 

T.4 Moving linear interpolation with limits 
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3.3 LINEAR LEAST SQUARES 

The linear least-squares approximations are also called 

the linear regression functions, and defined as 

P  ( t )  =  a x t  +  a 0  

where the coefficients are given by formulas 

_  _  x l -  ( x )  ( 7 )  
<2 

x̂ -x2 

a^T-aJc 

For detailed derivation see, for example, Yakowitz and 

Szidarovszky (1989). Here we used the notation 

J Ji=l i=l 

If interpolation polynomials are replaced by these linear 

regression functions, then the predictions, for periods 2, 3, 

... , are: 

s/( t) = ax t + a0 

where the coefficients a0 and a, have to be updated at each 

time period. At time period t, the x; values are xk(0) , xk(l) , 

... , xk(t-l) and the f; values are sk(0) , sk(l) , ... , sk(t-l) , 

for firm k (k = 1, 2, ... , N). 
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The results of the Linear Least Squares model for one 

hundred time periods are presented in Table 5. 

Xl x2 x3 

5.000000 4.000000 3.000000 
10.50000 10.00000 9.500000 

0.0000000E+00 0.0000000E+00 0.0000000E+00 
13.08333 13.33333 13.58333 
2.291666 2.666666 3.041666 
7.362500 7.800000 8.237501 
6.199999 6.666665 7.133332 
6.275298 6.752378 7.229463 
6.299629 6.776190 7.252753 
6.323062 6.792592 7.262123 
6.347207 6.805820 7.264430 
6.371562 6.816968 7.262378 
6.395638 6.826569 7.257503 
6.419131 6.834954 7.250783 
6.441851 6.842360 7.242872 
6.463706 6.848959 7.234221 
6.484647 6.854884 7.225132 
6.504669 6.860245 7.215825 

6.968701 6.950286 6.931668 
6.970515 6.950632 6.930744 
6.972290 6.950973 6.929653 
6.974025 6.951307 6.928585 
6.975720 6.951635 6.927547 
6.977380 6.951960 6.926535 
6.979000 6.952278 6.925546 
6.980588 6.952590 6.924582 
6.982141 6.952898 6.923644 
6.983663 6.953198 6.922728 
6.985150 6.953494 6.921835 

T.5 Linear least squares model 
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From the computer results, we can see that the linear 

least squares estimation leads to a stable model. The x,, x2 

and x3 values converge to the static equilibrium point of the 

three-person oligopoly game. Similarly to the previous 

methods, upper and lower bounds have also been applied to this 

model, however, the results were not affected by the selection 

of the bounds. 

The observation that least squares approach works in 

stabilizing the system is understandable. The least squares 

approach filters out the random errors, random choices, and 

keeps only the long-term tendencies. These random effects 

made Lagrange interpolation useless, since interpolation 

polynomials follow these random values, and therefore long-

term tendencies are hard to discover. The least squares 

approach simply concentrates on only long-term trends, and 

makes it a useful stabilizer. 
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3.4 ADJUSTMENT FOR PRICE 

Our last approach was not a function approximation. In 

this last case a simple price adjusting procedure was applied 

and tested. Notice that at time period t the price is given 

as: 

n 

P i t )  =  B - A j ^ X j i t )  
i=i 

Assume that the outputs are adjusted by equation 

That is, 

n 

1) 
x k ( t )  = x k ( t - l )  •  £ £  

t - 2 )  
i= 1 

This scheme is illustrated in Figure 3. 
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P,XK 

t-2 "FT 

F.3 Adjustment for price model 

The motivation behind this method is the fact that higher 

prices give an incentive to the producers to increase 

production levels, and price reductions usually lead to 

production decrease. 



The computer results for this approach are given in Table 

Xi *2 

5.000000 4.000000 3.000000 
7.000000 8.000000 9.000000 
2.333333 2.666667 3.000000 
8.555555 9.777778 11.00000 
0.2592590 0.2962960 0.3333330 
11.32099 12.93827 14.55556 

0.0000000E+00 0.0000000E+00 0.0000000E+00 
0.0000000E+00 0.0000000E+00 0.0000000E+00 
0.0000000E+00 0.0000000E+00 0.0000000E+00 
0.0000000E+00 0.0000000E+00 0.0000000E+00 
0.0000000E+00 0.0000000E+00 0.0000000E+00 
0.0000000E+00 0.0000000E+00 O.OOOOOOOE+OO 
0.0000000E+00 0.0000000E+00 0.0000000E+00 

T.6 Adjustment for price 

X2 *3 

5.000000 4.000000 3.000000 
7.000000 8.000000 9.000000 
2.333333 2.666667 3.000000 
8.555555 9.777778 11.00000 
0.2592590 0.2962960 0.3333330 
11.32099 12.93827 14.55556 

0.1000000 0.1000000 0.1000000 
0.1000000 0.1000000 0.1000000 
0.1000000 0.1000000 0.1000000 
0.1000000 0.1000000 0.1000000 
0.1000000 0.1000000 0.1000000 
0.1000000 0.1000000 0.1000000 
0.1000000 0.1000000 0.1000000 

T.7 Adjustment for price with limits 
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As we can observe from Table 6, once an output reaches 

zero, the same output stays at zero for all future times. 

Mathematically this is a consequence of the adjustment rule. 

This means that once a producer leaves the market, he will 

never be able to come back to the market again. To overcome 

this difficulty a minimum production level was selected and we 

assumed that no firm can decrease the production level under 

this minimal level. Therefore no firm will leave the market. 

The tendency of the results remained the same: zero 

production was replaced by minimal production. We think that 

more sophisticated price adjusting rule might be useful, but 

this simple scheme does not stabilize the market. The 

development and testing of more complicated schemes will be 

the subject of a future study. 
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SUMMARY 

Making as high as possible profit is the goal of human 

economic activities. Therefore profit maximization has become 

the main pursue of economic research. Since profit depends on 

market predictions, they are definitely the ultimate research 

goals for economists. 

Among the four expectation models which were discussed in 

this thesis, only the linear least squares model was useful 

for stabilizing dynamic oligopolistic markets. 

These models can be further modified and more 

sophisticated schemes will be investigated in our future 

study. 
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APPENDIX 

Program listing 

program oligopoly 
c ************************************************************ 
c ** WE need to read in data from the data file DATA.DAT ** 
c ** first. The number of firms are less or equal to 10 and ** 
c ** the time periods are less or equal to 100. The initial ** 
c ** output file will also be read in from the data file. ** 
c ** Their orders are: n, AA, BB, TT, key, bi, X(o). ** 
c ************************************************************ 

dimension X(10,100), b(10), s(10) 
open (unit=l, file='data.dat', status='old') 
open (unit=2, file='myout.dat',status='new') 
read (1,*) n, AA, BB, TT 
read (1,*) (b(i), i = l,n) 
read (1,*) (X(i,l), i = l,n) 
write (6,10) 

10 format(x, 'please indicate the expectation (1,2,3,4)?') 
write (6,*) ('1 : Lagrange interpolation') 
write (6,*) ('2 : Moving linear interpolation') 
write (6,*) ('3 : Linear least square') 
write (6,*) ('4 : Adjustment for prices') 
write (6,*) ('5 : Adjustment for prices#2') 
read (5,*) key 
write (6,*) ('The data read in from data file are:') 
write (2,*) ('The data read in from data file are:') 
write (6,*) n, AA, BB, TT 
write (2,*) n, AA, BB, TT 
do i=l,n 

write (6,*) b(i) 
write (2,*) b(i) 
write (6,*) X(i,l) 
write (2,*) X(i,l) 

end do 
if (key .eq. 1) then 

write (2,*) (' ') 
write (6,*) ('Lagrange Interpolation') 
write (2,*) ('Lagrange Interpolation') 

elseif (key .eq. 2) then 
write (2,*) (' ') 
write (6,*) ('Moving Linear Interpolation') 
write (2,*) ('Moving Linear Interpolation') 

elseif (key .eq. 3) then 
write (2,*) (' ') 
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c ** 
c ** 
c ** 
c ** 
c ** 

write 
write 

else 
write 
write 
write 

end if 

( 6 , * )  
( 2 , * )  

(2,*) 
(6,*) 
(2,*) 

('Linear Least Square') 
('Linear Least Square') 

(' ') 
('Adjustment for Prices') 
('Adjustment for Prices') 

AA*s(i) - BB)/(2*AA) 

after read in data from the data file, the specific 
type analysis needs to be performed, print out the 
data and now start the prediction process. 

do nt = 2,TT 
call pred(n,AA,BB,nt,key,X,s) 

do i = l,n 
if (key .It. 4) then 

X(i,nt) = -(b(i) + 
else 

X(i,nt) = s(i) 
end if 
if (X(i,nt) .It. 0.1) then 

X(i,nt) = 0.1 
end if 
if (X(i,nt) 

X(i,nt) 
end if 

end do 
end do 
write (2,*) (' ') 
write (2,*) ('The X 
write (6,*) ('The X 
do nt = 1,TT 

write (2,*) 
write (6,*) 

end do 
stop 
end 

.gt. 20) then 
= 20 

matrix values are:') 
matrix values are:') 

(X(i,nt), 
(X(i,nt), 

= 1, n) 
= 1/ n) 

c ************************************************************ 
c ** This subroutine let user change the values of matrix. ** 
c ************************************************************ 

subroutine pred(n,AA,BB,nt,key,X,s) 
dimension X(10,100),s(10),xx(100),ff(100) 
if (nt .eq. 2) then 
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do i = l,n 
s(i) = 0 
do j = l,n 

if (i .ne. j) then 
s(i) = s(i) + X(j,l) 

end if 
end do 

end do 
return 
end if 
if (key .eq. 1) then 

nn = nt - 1 
do k = l,nn 

xx(k) = k 
end do 
do i = l,n 

do k = l,nn 
ff(k) = 0 
do j = l,n 

if (i .ne. j) then 
ff(k) = ff(k) + X(j,k) 

end if 
end do 

end do 
t = nt 
call lagr(nn,xx,ff,t,ss) 
s(i) = ss 

end do 
return 
end if 
if (key .eq. 2) then 

do i = l,n 
sp = 0 
spp = 0 
do j = l,n 

if (i .ne. j) then 
sp = sp + X(j,nt-1) 
spp = spp + X(j,nt-2) 

end if 
end do 
s(i) = 1.5 * sp - 0.5 * spp 

end do 
return 
end if 
if (key .eq. 3) then 
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nn = nt - 1 
do k = l,nn 

xx(k) = k 
end do 
do i = l,n 

do k = l,nn 
ff(k) = 0 
do j = i,n 

if (i .ne. j) then 
ff(k) = ff(k) + X(j,k) 

end if 
end do 

end do 
xe = 0 
fe = 0 
x2e = 0 
xfe = 0 
do k = l,nn 

xe ='xe + xx(k) 
fe = fe + ff(k) 
x2e = x2e + xx(k)**2 
xfe = xfe + xx(k)*ff(k) 

end do 
xe = xe / nn 
xfe = xfe / nn 
fe = fe / nn 
x2e = x2e / nn 
a = (xfe - xe*fe) / (x2e - xe**2) 
b = fe - a * xe 
s(i) = a*nt + b 

end do 
return 
end if 
if (key .eq. 4) then 

ss = 0 
se = 0 
do i = l,n 

ss = ss + X(.i,nt-1) 
se = se + X(i,nt-2) 

end do 
do i = l,n 

s(i) = X(i,nt-1) * (BB - AA * ss)/(BB - AA * se) 
end do 

return 
end if 
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c*********************************************************** 
c ** When key = 1, this subroutine will calculate the ** 
c ** Lagrange interpolation expectation. ** 
c*********************************************************** 

subroutine lagr(nn,xx,ff,tt,ss) 
dimension xx(lOO),ff(100) 
ss = 0.0 
do k=l,nn 

factor=l.0 
do i=l,nn 

if (i .ne. k) then 
factor=factor*(tt-xx(i))/(xx(k)-xx(i)) 

end if 
end do 
ss=ss+factor*ff(k) 

end do 
return 
end 
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