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ABSTRACT 

Low-density parity-check (LDPC) codes have shown capacity-approaching per

formance with soft iterative decoding algorithms. Simulating LDPC codes at very 

low error rates normally takes an unacceptably long time. We consider importance 

sampling (IS) schemes for the error rate estimation of LDPC codes, with the goal of 

dramatically reducing the necessary simulation time. In IS simulations, the sample 

distribution is biased to emphasize the occurrence of error events and efficiency can be 

achieved with properly biased sample distributions. For LDPC codes, we propose an 

IS scheme that overcomes a difficulty in traditional IS designs that require codebook 

information. This scheme is capable of estimating both codeword and bit error rates. 

As an example, IS gains on the order of 10® are observed at a bit error rate (BER) 

of 10"^® for a (96,48) code. 

We also present an importance sampling scheme for the decoding of loop-free 

multiple-layer trees. This scheme is asymptotically efficient in that, for an arbitrary 

tree and a given estimation precision, the required number of simulations is inversely 

proportional to the noise standard deviation. The motivation of this study is to shed 

light on an asymptotically efficient IS design for LDPC code simulations. For an 

example depth-3 regular tree, we show that only 2400 simulation runs are needed to 

achieve a 10% estimation precision at a BER of 10"^®. Similar promising results are 

also shown for a length-9 rate-1/3 regular code after being converted to a decoding 

tree. 

Finally, we consider a convolutionally coded CDMA system with iterative mul

tiuser detection and decoding. In contrast to previous work in this area, a differential 

encoder is inserted to effect an interleave! gain. We view the CDMA channel as a 

periodically time-varying ISI channel. The receiver jointly decodes the differential 

encoders and the CDMA channel with a combined trellis, and shares soft output 

information with the convolutional decoders in an iterative (turbo) fashion. Dra

matic gains over conventional convolutionally coded systems are demonstrated via 
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simulation. We also show that there exists an optimal code rate under a bandwidth 

constraint. The performance and optimal code rates are also demonstrated via density 

evolution analysis. 
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CHAPTER 1 

INTRODUCTION 

Recent advances in the communications industry has spurred a rapid-growing 

market. To accommodate the ever-increasing demand for higher capacity over hmited 

communication channel resources, research has been conducted in various new areas, 

such as advanced channel coding and channel multiple access. In this dissertation, we 

study techniques for efficiently evaluating the performance of modern channel codes 

and we also study the efficient application of modern codes to multiple channel access. 

1.1 Channel Coding 

For a given communication channel with noise impairment. Shannon's Noisy 

Channel Coding theorem [1] gives the upper bound on the maximum information 

rate that can be conveyed by the channel when the codeword has infinite length. 

For a code of finite length, the coding theorem also states that for a large variety of 

channel models, encoders and decoders exist such that the probability of decoding 

error is bounded by values that diminish to zero at a rate exponential in the code 

length. 

Performance and complexity are the two key issues of concern for any coding 

scheme. Reliable data transmission at rates approaching capacity is of course always 

desirable. On the other hand, the encoder and decoder need to be simple enough to 

be implemented at a reasonable cost. Random long block codes have provably good 

performance, but they are difficult to decode. Traditional codes such as convolutional 

codes (CC), Reed-Solomon (RS) codes, and BCH codes, have fairly low complexities, 

but their performance fall short of that given by Shannon's Coding theorem. 

Forney [2] showed that the concatenation of two simple codes can yield improved 

performance with a reasonable increase in complexity. A good example is the con
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catenation of an RS code and a convolutional code (RS+CC). An optimal decoding 

of such concatenated systems is unattainable due to its prohibitive complexity. Con

ventionally, this is achieved by decoding the two component codes sequentially. 

Berrou et al. [3] first introduced the concept of convolutional turbo codes in 1993 

where two simple constituent convolutional codes were concatenated via a random in-

terleaver. Each convolutional code was decoded optimally using the forward-backward 

algorithm [4] (also known as BCJR) to produce (log-) likelihood ratio (LLR) values. 

The output LLR values of one code were treated as the input of the other code, 

and this process was conducted iteratively. It was shown in [3] that near-capacity 

error-correcting performance can be achieved by this simple turbo structure. 

Another class of capacity-approaching codes are low-density parity-check (LDPC) 

codes. First introduced by Gallager in 1962 [5], LDPC codes had been shelved for 

nearly forty years until recently. These codes are characterized by a sparse parity-

check matrix where columns and rows correspond to code bits and check equations, 

respectively. The LDPC codes can also be represented by a bipartite graph called a 

Tanner graph [6] where one side consists of code bit (variable) nodes and the other 

side consists of check nodes. The edges in the Tanner graph correspond to the I's 

in the parity-check matrix. Similar to turbo codes, there exist iterative sub-optimal 

decoding algorithms for LDPC codes, so-called message-passing algorithms, where 

the variable nodes and check nodes can be considered to be sub-processors within the 

decoder. A better interpretation, however, is to consider each check node equation 

to be a constituent decoding block that updates a subset of all code bits. An LDPC 

code is regular if all variable nodes in its Tanner graph have the same degree and 

similarly for the check nodes. An LDPC code is irregular if it is not regular. 

1.2 Research Issues and Applications 

Most research on turbo codes has been focused on performance analysis and im

plementation issues. An interesting phenomenon of turbo codes and LDPC codes 
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is the existence of both waterfall and error floor in their error performance curves, 

where the curves start to flare at a more shallow slope after a steep waterfall. For 

turbo codes, the error floors can be partially attributed to low-weight codewords in 

the code [7], especially for high rate turbo codes achieved by puncturing. Density evo

lution [8,9] is a convenient way of analyzing the waterfall behavior, or the decoding 

threshold. It treats each decoding block as a probability distribution transformer and 

analyzes the final probability distribution after iterative decoding. A variant of this 

approach that approximates the probability densities as Gaussian further simplifies 

the analysis [8,9]. Due to their superb performance, turbo codes have been widely 

adopted such as in the 3GPP CDMA, and it is also an optional coding scheme in the 

IEEE 802.16 proposal. 

Research on LDPC codes includes performance analysis, design, and implemen

tation. Gallager in [5] analyzed a special class of regular LDPC codes. He gave a 

tight minimum distance bound and derived the decoding threshold for different reg

ular codes under maximum likelihood (ML) decoding. He also suggested a density 

evolution analysis for binary symmetric channels (BSC). Richardson [10] extended 

the analysis to include general LDPC codes (both regular and irregular) on various 

channel models. It was shown that irregular LDPC codes generally surpass regular 

codes by having lower decoding thresholds. 

The design of LDPC codes normally implies the construction of the parity-check 

matrix whose approaches fall into two categories, random design and structural de

sign. Random designs attempt to randomly search for a matrix that satisfies certain 

criteria, such as row/column weight distribution, avoidance of length-four cycles, and 

so on [11-13]. Structural designs, on the other hand, formulate the matrix based on 

some combinatoric or algebraic rules [14-17]. 

The most challenging task in the implementation of LDPC codes is the relatively 

large memory consumption required by the decoder. There have been a number of 

published works that address this issue [18,19]. LDPC codes have not been mature 

enough to be admitted into the current standards, but they have attracted much 
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interest in industry and academia for their good performance. 

1.3 Importance Sampling for LDPC Codes 

One interesting issue for LDPC codes is the error floor. Recent simulations of 

LDPC codes on either computers or high-speed hardware platforms indicate that a 

typical LDPC code exhibits an error floor. Often these error floors are not observed 

because they are below the reach of simulations. Richardson recently introduced a 

computational technique that accurately predicts performance for a given LDPC code 

in the error floor region [20], Besides the purpose of locating error floors, being able 

to predict the LDPC performance at very-low error probabilities is still desirable for 

many reasons. The conventional Monte Carlo simulation is not suitable for this task 

due to the long simulation times required. 

Importance sampling (IS) is a special Monte Carlo simulation in which the sam

pling distribution is biased away from the original in order to emphasize the error 

events. IS has seen great success in the error performance estimation of simple codes 

such as convolutional codes and very-short block codes [21]. Dramatic gain in terms 

of simulation time saving (IS gain) has been reported. It is hence natural to consider 

IS for LDPC code simulations. 

This dissertation contains a detailed study of one importance sampling design 

for LDPC code simulations. The strategy for dealing with a code as complex as an 

LDPC code is to break the problem into small pieces that we might be able to handle. 

Particularly, we consider the Tanner graph representation of the LDPC code. For each 

code bit (variable node) in the Tanner graph, a decoding tree is derived and this tree 

is further approximated by a two-layer tree. The choice of two layers rather than more 

layers is because most practical LDPC codes have a minimum cycle length of six, and 

thus can support only two layers. This two-layer tree is composed of several single 

parity-check codes joined at a single node. For the much simpler single parity-check 

code, we derive an IS biasing scheme, and further trace back to form an IS scheme 
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for the LDPC code. When apphed to a short (96,48) regular code, this scheme sees 

an IS gain that increases with the channel signal-to-noise ratio (SNR). For example, 

a gain on the order of 10® has been observed at the bit error rate 10~^^. This scheme 

suffers from a so-called "divide-by-n" problem in that the gain obtained from single-

bit simulation has to be divided by the code length when estimating the average bit 

error rate. Another observation is that this scheme is not asymptotically efficient. In 

plain language, a simulation is asymptotically efficient if the number of simulations 

required to obtain a specified estimation precision remains near-constant with the 

target error rate. The direct consequence of not being asymptotically efficient is that 

the proposed scheme cannot estimate error rate as low as desired, although it is still 

significantly more efficient than the MC simulations in the high-SNR region. 

We also make an attempt to find an asymptotically efficient IS scheme for a 

general decoding tree with no loops. The purpose of this study is to shed some 

light on the design of asymptotically efficient IS schemes for LDPC codes due to the 

tight connection between Tanner graphs and decoding trees. We again start with the 

simplest single parity-check codes. This is followed by multiple parity-check codes, 

symmetric trees, and then general trees. We show that the IS scheme developed is 

indeed asymptotically efficient. 

1.4 Turbo-Coded CDMA 

Convolutional codes have been traditionally employed in CDMA systems to im

prove performance [22]. In the wake of turbo codes and the related iterative pro

cessing, research has shown that iterative multiuser detection and decoding can yield 

performance very close to single-user performance [23]. We therefore propose a serial 

turbo-coded CDMA system by inserting a differential precoder for each user before 

the CDMA channel. We first show that the CDMA channel model can be trans

formed to a periodic causal inter-symbol interference (ISI) channel model with a 

period equal to the number of users, K. We then show that the complexity of the 

combined trellis for the precoded ISI channel model can be reduced to 2^^"'"^), which 
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is significantly smaller than that of the precoded CDMA channel, 2'^^. We apply the 

density evolution technique to the performance analysis of the turbo-coded CDMA 

system with iterative multiuser detection and decoding in conjunction with Monte 

Carlo simulations. 

1.5 Dissertation Organization 

This dissertation is organized as follows. In Chapter 2, we study importance 

sampling simulations for the error rate estimation of LDPC codes using the two-

layered tree approximation discussed above. A short background description on im

portance sampling is also provided. In Chapter 3, we further study the asymptoti

cally efficient importance sampling simulations for loop-free decoding trees as outlined 

above. In Chapter 4, we study turbo-coded CDMA with iterative multiuser detection 

and decoding. Finally, we give conclusions and discuss topics for future research in 

Chapter 5. 

The material in Chapter 2 was presented in part at [24,25] and has been submitted 

for publication [26]. The material in Chapter 3 was presented in part at [27] and has 

been submitted for publication [28]. The material in Chapter 4 was presented in part 

at [29,30]. 
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CHAPTER 2 

IMPORTANCE SAMPLING FOR LDPC CODES 

2.1 Introduction 

The introduction of low-density parity-check (LDPC) codes by Gallager [5] and 

later by MacKay [11] has drawn increasing interest within the coding and communi

cations communities for their capacity-approaching performance and low-complexity 

iterative message-passing decoders. In practice, Monte-Carlo (MC) simulations are 

normally conducted to evaluate the performance of LDPC coded systems. Despite 

the simplicity and versatility of MC simulations, a large computational burden exists, 

particularly in very low error probability regions. Gate array implementations would 

help accelerate the simulations, but only by one or two orders of magnitude. 

Importance sampling (IS) has been used to estimate the error performance of 

communications systems [21,31-33]. The principle of importance sampling (IS) is to 

alter the sample distribution so that error samples are favored in simulations. With 

appropriate weighting in the estimator expression to account for the altered sample 

distribution, IS may achieve unbiased estimation with a vastly reduced estimation 

variance. For coded systems, IS has seen success for trellis codes and the short (7,4) 

Hamming code with maximum likelihood (ML) decoding in [21] and for short block 

codes (shorter than 20 bits) with maximum a posteriori (MAP) decoding in [33]. In 

either case, the IS design relies upon the codebook knowledge or at least knowledge 

of dominant low-weight codewords. This reliance immediately rules out their candi

dacy for application to LDPC codes of reasonable length since such knowledge is not 

attainable. 

The great complexity of the error boundaries of LDPC codes under message-

passing decoding leads us to believe that it may not be practical to find a globally 

optimal IS design, and this forces us to start with very simple codes in such a way 
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that may contribute to more compHcated LDPC codes. 

In this chapter, we develop an importance samphng design structure for LDPC 

code simulations. The design procedure comprises four steps. First, we consider the 

simplest parity-check codes, namely, the single parity-check (SPC) codes, and design 

an IS structure to estimate their bit error probabilities. In the second step, we extend 

this structure to two-layer decoding trees that consist of multiple SPC codes. In the 

third step, we study bit error probabilities for multi-layer trees and LDPC codes. For 

a given LDPC code, we model each code bit with a multi-layer decoding tree, and 

further reduce this decoding tree to a two-layer tree. The error probability of each 

code bit can then be estimated through this two-layer tree. In the fourth step, we 

extend the design so that both codeword and bit error probabilities may be estimated 

simultaneously. This step involves the partitioning of the codeword error set as well 

as the usage of the IS structure for decoding trees. 

This chapter is organized as follows. Section 2.2 presents background and nota

tions for importance sampling, and illustrates some difficulties in designing IS struc

tures for LDPC codes. We study IS for SPC codes in Section 2.3 and extend this study 

to general decoding trees in Section 2.4. The improved IS scheme for LDPC codes 

with partitioning is described in Section 2.5. A brief summary is given in Section 2.6. 

2.2 Background 

2.2.1 Importance sampling 

Consider the error probability estimation of a random variable X having distri

bution represented by the density /(•) and the decision error set denoted by E. The 

error probability may be written as 

(2 .1)  
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where symbol E f [ - ]  denotes the expectation w.r.t. /(•), and !£;(•) is the indicator 

function of the error set E. The Monte Carlo estimator of P takes the form 

L 
-PMC = Y 

i = l  

where Xi are i.i.d. realizations of X and L is the number of realizations. The variance 

of this estimator is 

V a r u c - ^ { P - P ^ ) -

By rewriting (2.1) as 

P = [ I r{x'')w{x*)dx* = Ef,[w{x*)lE{x*)], 
JE J ) JE 

where /*(•) is a biased density and w { - )  =  is a weighting function, we can form 

an IS estimator of P as 
1 ^ 

Pis = Ĵ J2'"{x:)1E{X:), (2.2) 
i  —  1  

where x* are i.i.d. and drawn according to /*(•)• It can be verified that the IS 

estimator is unbiased and its variance is 

Vans = ̂  Var ['«;(x*)lij(x*)] = 

and V = Var [lE(2;*)iy(a;*)] can be estimated by 

V ^ ^J2w'^{x*)1e(X*) - P'^. (2.3) 
i = l  

The IS efficiency is directly characterized by the variance v. For a fixed e > 0, 

l e t  L g  d e n o t e  t h e  n u m b e r  o f  s i m u l a t i o n s  t o  o b t a i n  a  1 0 0 e %  p r e c i s i o n  ( e  =  a f , / P ) .  

Specifically, 

(2.4) g2p2 

where [x] is the smallest integer > x. Note that the ideal case of zero variance can 

be achieved when 
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but this optimal IS density requires the knowledge of P and is thus unrealistic. How

ever, it hints that a good IS distribution should resemble the original distribution in 

the error set. 

We define the IS gain 7 as the variance ratio for the MC and IS estimators given 

equal number of simulations: 

It is clear from (2.4) that this IS gain is also the ratio of number of simulations for 

the MC and IS estimators when the estimation variance is fixed. 

2.2.2 Asymptotically efficient importance sampling 

In the context of estimating a small probability that vanishes with exponential rate 

as some parameter n —i- 00, the terminology asymptotically efficient was used in [34] to 

describe a sequence of simulation distributions for which the number of simulations 

required to obtain a specified estimator precision does not grow exponentially fast 

with n. It was further pointed out in [34] that the asymptotically efficiency relies 

upon the identification of a certain point called a dominant point, or more generally, 

when a dominating point does not exist, one must identify all minimum rate points. 

Intuitively, these points are the outermost points on the convex error set boundary. 

Mean translation (MT) method is a popular IS scheme for biasing Gaussian noise 

distributions by shifting the mean vector to a new point. This shift, denoted by /2, 

is also called a bias here, and the new point is referred to as the bias point b. It was 

indicated in [34] that the simple MT method is asymptotically efficient if the sample 

Gaussian distribution is biased at the single dominant point or separately at all the 

minimum rate points. This provides a guideline in the establishment of an efficient 

IS design, particularly for systems with simple error sets whose dominant point or 

minimum rate points can be readily located. 

For uncoded binary-input AWGN channels under asymptotically efficient IS sim-

Varuc ''^MC 
WIS 

(2.5) 
given L 
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Figure. 2.1: An example of complex decision boundary. 

ulations, it can be derived from (4.20) in [31] that 

L .  -  y f ( 2 . 6 )  
V 2 e^cr e-^a 

In general, we would expect that the number of simulations satisfies 

L, « (2.7) 

under asymptotically efficient IS simulations, where C is a system-dependent con

stant. 

We illustrate an example of a fairly complex decision boundary in Figure. 2.1, 

where the point x is the original Gaussian distribution center and the shaded area is 

the error set. For this example, there exist multiple minimum rate points on the error 

set boundary dE that will act as the bias points. We can imagine how fast the number 

of these bias points will grow as the dimensionality increases as well as the boundary 

becomes more complicated. This growth of complexity poses an immediate obstacle 

to finding an IS design that is asymptotically efficient. A similar conclusion can be 

drawn for systems whose minimum rate points cannot be located. For LDPC code 
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simulations under message-passing decoding, it is unfortunate that both situations 

hold. 

2.2.3 IS for LDPC codes 

There has been an application of IS design for very short block codes (shorter 

than 20 bits) [33]. The error set was partitioned according to all the error codewords, 

and for each partition, a bias point is chosen to be the mid point between the correct 

codeword and the error codeword. This design, however, does not lend itself to the 

IS design for LDPC codes of practical length. On one hand, the codebook size of 

practical LDPC codes is exponentially large, hence prohibiting the partitioning of 

the error sets based on the error codewords. In fact, even the subset of those small-

weight dominant codewords is not attainable. On the other hand, since the geometry 

of the decision boundary becomes more and more unpredictable as the number of 

decoding iterations grows, it becomes increasingly more difficult to find a good bias 

point for each partition. 

Admitting that it is nearly impossible to find an asymptotically eflicient IS design 

for LDPC code simulations, we therefore seek approaches to efficient IS designs that 

are not asymptotically efficient. If we take a closer look at Figure. 2.1, an immedi

ate possible IS design would be the variance scaling (VS) method, which biases the 

Gaussian noise distribution about x by increasing the distribution variance. At first 

glance, this seems to be able to ease the burden of too many bias points in the MT 

method. However, as indicated in [32], VS methods suffer from a so-called dimen

sionality effect, i.e., their efficiencies diminish with the distribution dimensionality n. 

In fact, as n —>• oo, VS methods reduce to the MC methods. Our experiments on VS 

for LDPC code simulations also support this conclusion. 

LDPC codes may be represented by Tanner graphs, from which a tree-like struc

ture can be formed for each code bit. The IS design that follows will start from 

the simplest tree, namely, the single parity-check codes, and then extend to trees of 

multiple layers and general LDPC codes. We decode the codes with the sum-product 
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message-passing decoding algorithm in the logarithmic domain. 

2.3 IS for Single Parity-Check Codes 

2.3.1 Single parity-check code 

A binary n-bit single parity-check code, denoted by SPC-n, is a collection of 2"~^ 

n~tuples w = (fi,..., Vn) of binary bits that satisfy the parity-check equation 

V\ + Vn = Q, (2-8) 

where the addition is in GF(2). The choice of symbol v instead of c is for the con

vention of Tanner graph where v is for the variable node (code bit) and c is for the 

check node (check equation). 

We consider a coded system with binary signaling over an additive white Gaussian 

noise (AWGN) channel. The codeword v is mapped into a bipolar representation 

X = (—1)'' which is transmitted over the AWGN channel with noise distribution 

A/'(0,C7^). Without loss of generality, the all-zero codeword is assumed to be sent (so 

that each Xi = 1), and the first code bit Vi is picked for evaluation. The "error" 

hereafter refers to decoding Vi = 1, or Xi = —1. For simplicity purposes, we will use 

Xi to refer to the bit fj. 

In the signal space, let S denote the set of all words {x}, and S'^ and S" its 

disjoint subsets with xi = ±1, respectively. For each received channel vector y, a 

maximum a posteriori (MAP) decoder computes two probabilities, 

P±[y) = P{xi = ±1 I I/) = C exp{-jj-^^^^}, (2.9) 

where C is a function of y and cr^ that does not affect the decision. We decode 

= +1 if P+{y) > P-[y), and —1 otherwise. The set £• = {y | Xi = — 1} is hence 

the error set. (In practice, a message-passing decoding algorithm is used instead.) 
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Figure. 2.2: Signal space of SPC-3. is the transmitted signal, and dE is the 
decision boundary for xi. At low SNRs, the bias point is the center of the side ei; 
at high SNRs, a moves away from the center of ei, and b is the bias point. 

2.3.2 Signal space representation of SPC-3 

We first consider an SPC-3 code whose signal constellation is illustrated in Figure. 2.2 

as forming a cube. The center of this cube is o, and the centers of the two faces con

taining and are 02 and 03, respectively. Note that the lines 

002 and 003 coincide with the axes y2 and ys, respectively. The two subsets are 

S~^ = } and and the transmitted signal is a; = The 

surface dE gives the decision boundary for Xj. In the figure, ej is the cube side parallel 

to the Pi axis, and the point is the intersection point of dE and Ci. 

In order to find a good bias point, dE needs to be located first. This involves two 

steps: finding "skeletons" of dE (axes and yz) and locating a key point a. The 

significance of a is that if a is close to the center of ei, the projection of on dE 

would approach this center point a; while if a is far apart from the center of ei, the 

center of line O2O3, b, would be a proper bias point. 



30 

We first notice that y2 and y a  axes C dE. This is because V y  G y 2 -axis, ||y — =  

||y — and l|y —= l|y — so P+{y) = P-{y)- A similar argument applies 

to the y3-axis. To locate a = (ai, +1, +1), we notice that [ja — — |la — and 

IIa — < ||a — Therefore, when cr^ is small (at high SNRs), the following 

approximation can be made starting with P+{y) = P-{y) and (2.9), 

a —„ f ||a — 
exp < — S « 2 exp 

2a2 j ^ [ 2(t2 

as the exponential term for vanishes faster than the others. Solving for ai, we 

have 
2 

a i ~ - ( l - y l n 2 ) .  ( 2 . 1 0 )  

This implies that a moves away from as decreases, or as the SNR increases. 

In fact, as cr^ 0, a —>• (—1, +1, +1). 

On the other hand, at low SNRs when is large, based on the Taylor approxi

mation ^ 1 + X near x = 0, we have 

^  | | a - x ( ° ) | P  ^  ^  l | a - S ^ ^ ^ P _ o  o l l ^ "  
2(T2 2^2 ~ 2^2 

or 

||a — + ||a — ~ 2||a — 

and a is indeed the center of ei. 

We therefore find a proper bias point for SPC-3. At low SNRs, we choose the 

center of ei as the bias point, and the bias is p, = (—1,0, 0). At high SNRs, we choose 

b, the center of line O2O3, as the bias point, and the bias is /i = ( — 1,—0.5,—0.5), 

although in general b does not reside on dE (neither does the line O2O3). 

2.3.3 SPC-n 

The above argument extends similarly to a general SPC-n. Denote n — 1 subspaces 

yi — {y \ yi = Vi — 0}, i = 2,.. . ,n. (For the SPC-3, the two axes y^ and y2 constitute 

3^2 and 3^3, respectively.) We first have the following proposition. 
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" 

Figure. 2.3: Signal space of SPC-n. The points Oi is the center of the face containing 
and and the bias point b is the center of the hyperplane 0203 • • • o„. 

Proposition: C dE. 

Proof: Pick an arbitrary y G 3^j. \/x'^ 6 S~^, pick x" so that xj = —x^ for 

j = l,i, and xJ = xJ elsewhere. Obviously x~ G S" and [[y — x"|| = l|y — i-+||. Since 

the mapping of a;"*" ^ x~ is bijective, the two a posteriori probabilities P+{y) and 

P-{y) are equal. Hence y € dE, and C dE for y G yi was arbitrary. 

For i  =  2 , .  . . ,  n ,  denote signal = —1 for j  =  1, i ,  and = +1 elsewhere, 

i.e., is different from only at positions 1 and i. These n — 1 signals are the 

nearest to in 5". Denote by Oj the center of the hypercube face containing 

and i = 2,. . . ,n, as illustrated in Figure. 2.3. The above proposition identifies 

n — 1 skeletons for the decision boundary dE, and, similar to the SPC-3 case, we 
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will only need to consider the hyperplane 0,0203 • • - On for the bias center h. It should 

be noted that line ei is not perpendicular to the hyperplane O2O3 • • • »„ and that the 

center b of 02O3 • • • o„ is not on ei, though it appears so due to the limitation of 

drawing a high-dimensional topology. 

Following the same line as for the SPC-3, we see that, at low SNR,s, the point a 

is close to the center of ei, and it gives the bias point which corresponds to the bias 

This indicates that a moves away from as the SNR increases, therefore the point 

6 is a good candidate bias point, and the corresponding bias is 

2.3.4 Simulations 

In order to verify the effectiveness of (2.11), we examine several biases in the form 

J1 = ( — 1, —/i,..., —ft), where // is a variable parameter (0 < // < 1). In simulations, 

the bias is added to the received channel vector y = + n, where n is noise. The 

weight value for y is computed via 

We select SPC-3 and SPC-40 for simulation and the bit error probabilities are es

timated via (2.2). The IS gains 7 are estimated via (2.5) and (2.3), and the simulation 

At high SNRs, (2.10) can be generalized as 

(2.12) 
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Figure. 2.4: IS gain vs. n for SPC-3 at 10 dB. The bias is in the form Jl = 
( — 1, —fi). Pb = 2.4 X 10"^. The plot indicates the optimality at n ~ 0.5. 

stops when the estimation precision reaches e = 10%. Note that due to symmetry, all 

code bits have the same error rate performance. Thus, the estimation on the first bit 

gives the average performance. As an example. Figure. 2.4 plots the IS gains for the 

SPC-3 code at Eb/No = 10 dB with various //. The plot indicates an optimal bias of 

(—1, —0.5, —0.5) at 10 dB, consistent with (2.11). 

Table 2.1 lists the bias parameter n as well as IS gains for both codes at 6 dB 

and 10 dB. It is observed that the biases at high SNR (10 dB) agree closely with the 

analytical result in (2.11). At low SNR (6 dB), the biases are slightly off. 
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Table 2.1: Optimal bias schemes for SPC codes. 

SPC-3 SPC-40 

0.4 0.01 

6 dB P 0.0011 0.001 

7 34 43 

0.5 0.025 

10 dB P 2.4 X 10"^ 7.3 X 10"® 

7 5140 3630 

2.4 IS for Multi-Layer Trees 

Our strategy is to first extend the IS design for single parity-check codes to codes 

with multiple parity-checks, or two-layer trees. This will be further extended to multi

layer trees, with or without loops. A direct consequence of this procedure is that since 

LDPC codes can be modeled by decoding trees, the IS design for trees may be directly 

applied to LDPC codes. 

2.4.1 Two-layer trees 

Denote by T a 2-layer tree. An example is shown in Figure. 2.5, where circles 

represent bit nodes and squares represent check nodes. The tree T comprises multiple 

SPC codes (denoted by Tfj]) with a common bit xi. We want to show that finding 

the bias point for T is equivalent to finding the bias points for all these SPC codes. 

Denote by A the index set of the bits of T and by 3^ the signal space of T. Denote 

by A[j] the subset of A and by the subspace of y corresponding to Clearly, 

A[j] n A[^] = {1} and 3^[i] = yi axis, Vi 7^ j. Denote by dE the decoding boundary 

for T in y, and by dEfij the decoding boundary for in We have the following 

proposition. 

Proposition: = dBny[ij, i.e., 3B[i] is the intersection of dE with the subspace 
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Vl 

Figure. 2.5: A two-layer tree. The proposed IS design adds bias -1 to xi and 
to other bits. 

Proof: Vy 6 cE n we have P{xi = +1 | y) = P{xi = — 1 | y), and y/c = 0 for 

k G A\A[j]. These zero-value nodes, considered as erasures, do not contribute to the 

decoding of Xi. In the decoding tree, this corresponds to decoding 7[i] only. Hence 

P{xi = +1 I y) = P{xi = — 1 I y) holds on 3^[j] too, i.e., y G c!E[t]. This concludes 

dE n C 9E[i]. This derivation is reversible, thus we also have dE[i] C dE f\ so 

that 9E[j] — dE r\ . 

This proposition gives partial information on the decision boundary in each local 

subspace, and is graphically illustrated in Figure. 2.6. Though the boundary dE[i] 

alone is not sufficient to expand to the boundary dE, it does contribute to finding 

the proper bias. Suppose b is the bias center. Let xy^.^ and by^.^ be the projections 

of X and b onto the subspace y^i^. Generally, the projection by^.^ is different from the 

local bias center, denoted by b[i\. If we make an approximation that these two points 

do coincide, finding all 6[i] would be tantamount to finding b. In other words, the IS 

design for the two-layer tree is simply to apply (2.11) to each individual SPG code 
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Figure. 2.6: Decision boundaries for a two-layer tree, 

for 7[j]. That is, adding —1 to yi, and — to all other bit nodes. 

2.4.2 Multi-layer trees and LDPC codes 

As the number of layers increases, finding the decision boundaries for trees be

comes much more difficult. To ease this burden, we instead analyze a derived two-

layer tree as shown in Figure. 2.7, which basically represents the message-passing of 

the final decoding iteration. Although this two-layer tree is different from that in 

Figure. 2.5 in that the Lj-layer bit nodes contain cumulative decoding information, 

we treat it as if they were the same, and continue to apply (2.11) to each individual 

SPC code. This results in an IS scheme that adds biases to all LQ and Li bit nodes 

in the original tree. 
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Figure. 2.7: A decoding tree representation of parity-check codes. The proposed IS 
design adds bias —1 to yi and — to all Li-layer bits. 

An LDPC code may be modeled in the form of a decoding tree, with the root 

node xi being the bit of interest. This decoding tree, however, possesses loops in 

its structure unlike real trees. If this tree has a minimum loop length of six, we 

can still form a two-layer tree absent of loops, and the above IS design is still valid. 

For general LDPC codes, this requirement amounts to the elimination of length-four 

cycles in the parity-check matrices due to the detrimental effect of length-four cycles 

in the iterative message-passing decoding. The bit error probability may be estimated 

via this IS design for each code bit, and the average bit error probability of this code 

can be computed. 

2.4.3 The "divide-by-n" problem 

In the IS simulation for LDPC codes, a bias is added to the transmitted signal, 

and a decision is made for one bit after the decoding. In contrast, in the conventional 

Monte-Carlo simulations, decisions on all n code bits (or all information bits) are 

made simultaneously after a decoding to estimate the average bit error rate (BER). 

Assuming that all code bits bear an equal BER, the average BER estimates from 
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conventional MC simulations yield variances n times smaller than that from MC 

simulations for one single bit given the same number of simulations. Therefore, the 

IS gain obtained from (2.5) over single-bit MC simulations has to be reduced by a 

factor of n. We call this phenomenon the "divide-by-n" problem. 

This discussion is not just a reminder of correctly computing the real IS gains, 

but, more importantly, it implies that the proposed IS design will likely perform less 

efficiently for longer codes without taking other factors into account. Imagine in the 

simulation of a code as long as 10,000-bit long. It appears to be wasteful to count 

errors for bit Xi only in one IS simulation whereas and MC simulation would count 

errors for all 10,000 bits. 

2.4.4 Simulations 

We show the results of IS simulations for a single parity-check product codes 

(SPC/PC). An SPC/PC code with (n— 1)^ information bits is constructed by adding 

parity bits along the rows and columns of an (n — 1) x (n— 1) array, making the code 

size n^, and we denote this code by SPC/PC-n. Due to symmetry, all information 

bits have the same performance, and hence the average information bit error rate 

may be predicted by the performance estimation of Xi alone. 

Figure. 2.8 plots IS gains versus bias parameter fi for an SPC/PC-3 code with 

five decoding iterations. It is observed that the best bias is at // = 0.4 rather than 

0.5 as suggested by (2.11). This slight inconsistency is most likely due to all the 

approximations made during the analysis. 

2.5 IS for LDPC Codes via Partitioning 

2.5.1 Partitioning 

We notice that the previous IS design for LDPC codes fails to address the issue of 

codeword error rate estimation. This is not surprising since this design considers the 
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Figure. 2.8: IS gain vs. fi for SPC/PC-3 at 10 dB. Pf,  = 5.3 x 10~®. 

error statistics of only one bit at a time. In order to estimate codeword error rates, 

the IS design needs to record error statistics for all bits. 

Denote by Fj the error set for bit Xj (the symbol Ei is reserved for another defini

tion which will be described soon.) If, in the IS simulations, instead of counting errors 

for Xi alone, we count errors for all code bits (or all information bits), we will be able 

to estimate both the bit error rate and the codeword error rate within Fi. However, 

this approach is not conducive to a design to estimate either error rate within E by 

summing all these error probabilities. This is because, though the union of the Fi 

constitutes E, the Fi are not disjoint to each other. This provides a clue that we need 

to find a disjoint union of E, {Ei}, i.e., a partition of E, and hopefully with a close 

correspondence to each code bit so that the IS design for each bit will be conveniently 

used. 

We illustrate in Figure. 2.9 an example partitioning of a two-dimensional error set 
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Figure. 2.9: An example partitioning of a 2-D error set. The two subset Ei and E2 
are separated by the line yi — y^-

E, where Ej = En{y \ yi < ^2} and E2 = En{y \ y2 < yi}- The overlapping of these 

two subsets at the line yi = y2 is not considered a violation of the disjoint requirement 

since the overlap has measure zero. The intuition behind this partitioning is that the 

code bit vi tends to err in the direction of yi more than in the direction of y2, and 

so El has much in common with Fi. The selection of the separation line yi = y2 is 

merely for symmetry and simplicity purposes. Though the decision boundary dEi is 

far more complex than dFi in detail, we consider them to be similar in geometry at a 

larger scale. Therefore, the bitwise IS design for dFi will be applied directly to dEi. 
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For an n-dimensional error set E, we similarly define the partitioning as 

Ei = E n \ Vi ~ , i = l,...,n. (2.13) 

Note that if we are only considering errors for information bits, then n in (2.13) is 

set to the number of information bits. The IS design for each subset Ei is exactly the 

same as that for the tree rooted at Xj, i.e., add — 1 to Xj and — to all Li-layer bits 

in that tree. 

2.5.2 Estimation of error probabilities 

Denote by and F;, ^ the bit error probabilities of Xi in E and Ej respectively. 

I.e., 

Pb,i  = Pr [y G Fi] and Pb,ij  = Pr [y € Fj Pi Ej] . 

Then the average bit error probability is 

- n  - n n  ^  n  n  

i=l ^ = 1 j=l 1=1 
- n n L 

~ n S  S  L S  (yi)  
j=l i^i  1=1 

^  n  L  n  

3^1 /=1 i=l 
^  n  L  

wiVihEjivi)- (2.14) 
j=i 1=1 

Here the ~ sign comes from the IS estimator for Pij  in (2.2) and ue^ (y i )  — ^FiOEj  {y i )  

is the total number of bit errors for decoding yi when yi G Ej. Also L is the number 

of simulations for each subset Ej which amounts to a total of nL simulations. The 

weights w[yi) are computed via (2.12). 

A similar derivation applies to the estimation of codeword error probability that 

results in 
^  n  L  

p =(2.15) 
i=i 1=1 
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2.5.3 Estimation of IS gains 

There are two IS gains, one for codeword error rate and the other for bit error 

rate. To obtain these values, the estimation variances need to be identified first. For 

codeword error rate in (2.15), 

Var [w{y)lEj{y)] ^ E [w'^{y)lE^{y)] 

1=1 

The E'^[-] term is omitted in the variance computation because simulations show that 

it is an order of magnitude smaller than the E [-^j term. In fact, only if the IS design 

is asymptotically efficient will these two terms be of the same order. We then have 

Varis 
1 

Var [w{y)lEj{y)] 
i=i 

n 
1 , 

w'^{yi)iEj{yi)-
j=i 1=1 

The variance for the nL Monte-Carlo simulations is 

r -1 P P Varuc P = —- « —. 
L J nL nL 

Hence the IS gain for the codeword error rate is 

Varuc PL 
7 P 

Var IS 
(2.16) 

The IS gain for the bit error rate can be similarly obtained to be 

PbL 
7 Ph 

j:UT.li^'iyi)nEMy 
(2.17) 

Note that the "divide-by-n" problem does not disappear with this IS design. In

stead of being caused by counting errors for one bit a time in Section 2.4.3, this 

time, it is caused by the error set partitioning and counting errors within one subset 

at a time. In contrast, Monte-Carlo simulations count errors in the whole error set 

each time. The introduction of partitioning is intended to improve the per-partition 

asymptotic efficiency, but it also increases the simulation complexity. 
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Table 2.2: IS/MC comparison for a MacKay (96,48) LDPC code. 

SNR (dB) Pc. (MC) Pew (IS) Pb (MC) Pb (IS) 7 

4 3 X 10"^ 3 X 10-3 2.77 X 10-4 2.84 X 10-4 1.39 

5 1.15 X 10-4 1.17 X 10-4 8.99 X 10-® 9.15 X 10-® 1.56 

6 3.71 X 10-® 3 X 10-® 2.16 X 10-^ 1.78 X 10-^ 4.2 

7 1.72 X 10"^ 1.69 X 10-^ 8.21 X 10-® 7.99 X 10-'^ 30 

8 7.66 X 10-9 5.69 X lO-'^ 3.40 X 10-1° 2.65 X 10-1° 171 

9 1.04 X 10-1° 5.61 X 10-12 900 

10 1.40 X 10-12 6.48 X 10-14 5000 

11 5.02 X 10-14 1.36 X 10-1^ 50000 

2.5.4 Simulations 

We apply this IS scheme to a MacKay (96,48) rate 1/2 regular LDPC code [35] 

with 50 decoding iterations. This code has a bit degree dy = 3 and a check degree 

dc = 6. In the IS simulations, the bias is chosen to be /x = 2;^ — 0-2-

Table 2.2 gives comparison data for MC and IS simulations for a binary-input 

AWGN channel. The estimated codeword and bit error probabilities for MC and 

IS simulations are listed in the column Pew (MC), (IS), Pb (MC) and P^ (IS), 

respectively. We intended to list separate gains for the codeword and bit error rate 

simulations. However, these two values appear to be similar according to simulations 

despite their difference in formulas. Hence we list these two IS gains in the same 

column 7. The results for MC simulations above 8 dB are not available due to the 

long simulation time required. 

It is evident from the table that the IS estimates agree with their MC counterparts 

at all SNRs. The IS estimate at 9 dB {Pf, — 5.61 x 10"^^) took 2 hours to simulate 

via our IS approach. From Table 2.2, we see that the MC approach would take 900 

times this long, that is, 75 days! Imagine the situation at 11 dB. 
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Figure. 2.10: IS simulation results for a MacKay (96,48) LDPC code. 
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For illustration purposes, we also plot the results of Table 2.2 in Figure. 2.10. 

2.5.5 Limitations 

One foreseeable problem with the proposed IS design is that it may not work 

very well for longer codes due to the "divide-by-n" problem described earlier. A less 

obvious but in fact more dominant problem is that this scheme is unable to provide 

sufficient IS gain to simulate codes that normally operate at low-SNR region, say, 

lower than 6 dB, the region typical for long or strong codes, despite their increasing 

gain with SNRs. This is unfortunate because, just like MC simulations, the number 

of simulations needed for the proposed IS design also increases exponentially fast with 

the SNR, though not as fast as the MC simulations, a direct consequence from not 

being asymptotically efficient. Thus the proposed IS technique has its limitation on 

how low the error probabilities can be reliably estimated for a specific code, regardless 

of the actual IS gain. For short or weak codes that normally operate at high SNRs, 

it is easy to observe a big gain at a reasonably low error probability, but our IS 

technique is still unable to pursue lower error probabilities indefinitely. For long 

codes that operate at low SNRs, the IS design will likely reach the limitation even 

short of a gain due to the "divide-by-n" problem. 

For coding researches, the ability to quickly observe an low error floor is highly 

desired. However, our experience in simulations (both MC and IS) suggest that error 

floors primarily happen to strong codes that demonstrate a sharp waterfall region 

drop. For weak codes, their performance curves do not possess waterfall cliffs or error 

floors. We deem this phenomenon as not surprising since as codes become weaker, 

the cliffs get less sharper, and eventually merge with the so-called error floors. This 

is somewhat disappointing since this means it is difficult to detect error floors with 

importance sampling simulations because they probably only exist for strong codes. 

We give simulation results in Table 2.3 for a relative longer (still not too long) 

code, a (529,460) array code from [15]. The agreement of MC and IS simulation 

results again approves the usability of this IS design, and the declining achievable IS 
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Table 2.3: IS/MC comparison for a (529,460) array LDPC code. 

SNR (dB) Pc^ (MC) Pc. (IS) Pb (MC) Pb (IS) 7 

4 5.59 X 10-2 5.85 X 10-2 9.22 X 10-4 9.94 X 10-4 0.82 

5 4.70 X 10-4 4.81 X 10-4 6.41 X 10-® 6.41 X 10-® 2.42 

6 3.93 X 10"® 4.02 X 10-® 5.10 X 10-® 4.98 X 10-® 3.74 

7 2.24 X 10"® 1.61 X 10-® 2.41 X 10-^° 1.82 X 10-1° 11.2 

8 2.19 X 10-" 1.52 X 10-1^ 197 

gains compared with those in Table 2.2 also supports our discussion. In fact the IS 

gain at 8 dB is comparable to that in Table 2.2 at 8 dB. However, since the array 

code has much lower error probabilities at 8 dB, it is difficult to continue simulations 

at higher SNRs. 

2.6 Summary 

In this chapter, we introduced an importance sampling design that can be easily 

applied to the estimation of both codeword and bit error rates of somewhat short 

low-density parity-check codes. A simple bias scheme was derived for message-passing 

decoders in conjunction with a properly designed partitioning scheme and this design 

has been supported by large IS gains observed in simulations. As our discussions and 

simulations suggest, this design has intrinsic limitations and is likely not applicable 

to strong codes that normally operate at low SNRs. 
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CHAPTER 3 

IMPORTANCE SAMPLING FOR TREES 

3.1 Introduction 

We have developed a simple importance sampling (IS) design for simulations of 

short to medium-length LDPC codes in Chapter 2 and an acceleration on the order 

of 10^ relative to Monte-Carlo simulations was reported at the bit error rate 10"^^ 

for a (96,48) code. A potential problem of this design as stated, however, is that it is 

not asymptotically efficient. This directly leads to its difficulty in simulating strong 

codes that operate in the low-SNR regions. Although there have existed asymptoti

cally efficient IS designs for extremely short block codes and trellis codes [21], these 

earlier designs were based on the premise that either the entire codebook or the set 

of dominant low-weight codewords is known. Therefore, these designs do not lend 

themselves to the simulation of LDPC codes since such information is not attainable 

in this case. 

The goal of this chapter is to unveil some key discoveries that may lead to asymp

totically efficient IS simulations for LDPC codes. Specifically, we present an asymp

totically efficient IS design for loop-free multi-layer decoding trees. This design par

titions the decoding error set (the error region) so that there exists a sole dominant 

point for each error subset, and according to [34], this dominant point serves as the 

shift center of the asymptotically efficient IS distribution for this subset. 

As shown in Chapter 2, the number of simulations for asymptotically efficient IS 

simulations of uncoded binary-input AWGN channels is 

(3.1) 

and we expect that the number for a general IS design satisfies 

(3.2) 
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where C is a system-dependent constant. We will use this formula to verify the IS 

design to be developed for the decoding of trees. 

This chapter is organized as follows. We start our IS design with the single parity-

check codes in Section 3.2. We then study multiple-parity-check codes and symmetric 

trees in Section 3.3, which leads to the IS design for general non-symmetric trees in 

Section 3.4. In Section 3.5, IS design for LDPC codes is discussed and an example is 

provided. Section 3.6 gives a brief summary. 

3.2 IS for Single Parity-Check Codes 

We will use the symbol v for the variable node vector and c for the check node 

vector. The symbol x = (—1)^ corresponds to the transmitted bipolar channel vector. 

We assume that the channel is the additive white Gaussian noise (AWGN) channel, 

and denote the received vector by y = a; -f- n, where n is a Gaussian noise vector 

with the distribution A/'(0, cr^/). Since the code (tree) is linear and the channel is 

symmetric, we will assume without loss of generality that the all-zero codeword is 

sent so that each Xi = -|-1. The decoding of y will be based on the well-known sum-

product message-passing algorithm and we will focus only on the decoding error of 

xi, the root of the tree. We will denote the error decoding region of Xi by E and the 

decision boundary by dE. 

3.2.1 SPC decoding 

We first consider an n-bit binary single parity-check code, denoted SPC-n, that is 

characterized by the parity-check equation 

V i - \  f- = 0, 

where addition is in GF(2). The message-passing decoding algorithm for vi is as 

follows. 

1. For each bit, compute its channel log-likelihood ratio (LLR), = -^yk-
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2. For bit Vi, compute its cumulative LLR 

/ n 

ml = mi + 2tanh""^ I J^tanh 
\j=2 

3. For bit fi, hard decision Xi — sgn(mj). 

For simplicity, denote by 

M(m2,..., m„) = 2 tanh 

the check update (extrinsic information) from the other n — 1 input messages. The 

key to the IS design to be developed is that M is dominated by the input of minimum 

magnitude. That is, 

In fact, this is the basis of the min-sum message-passing decoding algorithm which 

approximates the sum-product algorithm. 

Figure. 3.1 illustrates this decision boundary for SPC-3 in terms of y, axes with the 

system operating at Eb/No — 10 dB. The axes are organized for a better visual 

perspective, though still preserving the right-hand rule. 

The decision boundary dE in the plot is saddle shaped, and according to [34], there 

exist multiple dominant points. Visually, the decision boundary can be partitioned 

into four parts delimited by the planes y2 + ya = 0 and y2 — ys = 0. Note that the 

variable y in these equations can be replaced by m due to a constant scale factor 

n  

M(m2,... ,m„) « J][sgn(mj) • min(|m2|,. • •, |m„|). (3.3) 

3.2.2 IS for SPC-3 

The decision boundary dE is the solution to the equation 

m i  +  M ( m 2 , . . . ,  m „ )  =  0 .  (3.4) 
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-n 
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+1 +1 

Figure. 3.1: Error boundary of SPC-3 at Eh/No = 10 dB. The coordinate system 
comphes with the conventional right-hand rule. However, the axes are organized to 
provide a better view. The transmitted signal is x = (1,1,1). The meshed area is 
the decision boundary dE, and the area above the boundary is the error set E. The 
two bias points corresponding to the two error sub-boundaries dE^'^^ and dE^^^ are 
6(2) = (0,0,1) and = (0,1,0), respectively. 

2/a^. Each of the four parts is approximately a flat quarter-plane, though they 

look triangular in the figure. We define — dE {\m2\ < ma} and dE'^^^ = 

d E  n  {Imal < m2} to be the two quarter-planes that are closer to the transmitted 

v e c t o r  5 ,  a n d  p a r t i t i o n  E  i n t o  ~  E  r \  { r n 2  <  m ^ }  a n d  =  E  D  { m - i  <  m 2 }  

that are delimited by the plane m2 = rris. (The two subsets and E^^"* are not 

completely disjoint, but their overlap has a zero measure, and thus does not affect the 

calculation of error probabilities.) It is clear from Figure. 3.1 that dE^"^^ and dE'^^^ are 

the two dominant decision boundaries for the error subsets and E'^^\ respectively. 
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It is not surprising to see that both and are nearly flat. The definition 

if a is small, that is, in the asymptotic region, ma is significantly smaller in most of 

dE^^\ except near the delimiters |m2| = 771,3. Therefore, from (3.3), M{m2,mz) ~ m2 

nil + sgn(m2) • sgn(m3) • |m2| = rtii + ma = 0. 

The '+' sign is due to the fact that my, is non-negative on dE^'^\ The decision boundary 

can be similarly shown to be mj + ma = 0. The two dominant points for 

and E^^^ can then be easily determined to be = (0,0,1) and = (0,1,0), 

respectively, both in the y coordinate system. 

The error probability Pe can be calculated via 

-PB = -PE(2) + -PB(3)) 

where Pg(2) and P^(3) are the error probabilities in the two error subsets and E^^\ 

respectively. Due to symmetry, only Fg(2) needs to be considered. For the estimation 

of Pe12) within E^^\ the biased density f* is centered at and only those y € E^"^^ 

are counted. The weighting function w[-) is computed as 

of guarantees that ma has a smaller magnitude than ma does, and particularly. 

on dE^'^\ and from (3.4), OE^"^^ can be well approximated by the plane 

3.2.3 IS for SPC-n 

The results for SPC-3 can be easily generalized for SPC-n. 

• Partitioning. Define 

^ ( f c )  _  ̂  P i  I  i  =  2 , . . . ,  n }  
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Table 3.1: IS simulations for SPC-n. e = 10%. 

n Eb/No a A (MC) A (IS) N (3.5) U C 

3 10 dB 0.2739 2.32 X 10"^ 2.42 X 10"^ 2.42 X 10"^ 588 1.61 

3 20 dB 0.0866 - 6.05 X 10-®° 6.05 X 10-®° 1840 1.60 

20 10 dB 0.2294 - 6.71 X 10"^ 6.72 X 10"^ 711 1.65 

20 20 dB 0.0725 — 1.16 X 10-^3 1.18 X 10-^^ 2380 1.68 

for A; = 2,..., n. Hence E = u and ail are mutually disjoint except 
k=2 

for the zero-measure boundaries. 

• Biasing. The n — 1 nearest decision sub-boundaries are 

gig; ( f c )  =  g E  f ]  { y  \  \ m k \  < TTii, i = 2,..., n} 

for A; = 2,..., n, which can be approximated by the plane 

+ f n k  = 0. 

The single bias point for and is 

^ kth 
6('=)  =  (0 ,1 , ... ,1 ,  0 ,1 , . . . ,1) .  

• Estimation. Pe — {n — 1)Pe{ 2 ) .  Here we say the multiplicity of E^'^^ is n — 1. 

Observing that the minimum distance from x to is approximately y/2 at medium-

to-high SNRs, we give an upper bound on the error probability for a general SPC-n 

as 

P E <  { n  -  l ) Q  (3.5) 

3.2.4 Simulations 

We list simulation results in Table 3.1 for SPC-3 and SPC-20 at Eb/No = 10 dB 

and 20 dB. We note the agreement between Monte-Carlo (MC) and IS estimators 
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Figure. 3.2: A biased 3-layer regular (3,3,2) tree. The three parameters correspond 
to variable degree, check degree, and the number of tree layers. 

for the SPC-3 at 10 dB, though the MC results in other cases are not attainable via 

simulations. We also see close agreement between the IS simulation results and the 

bound in (3.5). We also list L, the estimated number of simulations required given 

e = 10% in (3.2), and C, the constant in (3.2). It can be seen that the constants 

C are slightly higher than that for the binary-input uncoded AWGN channel case 

in (3.1). It should be noted that both L and C are estimated for one partition 

only. To achieve the same estimation precision e for Pe in the error set E, the number 

of required simulations should be multiplied by the number of partitions of E. 

3.3 Symmetric Trees 

Before studying more general trees, we first consider symmetric trees. Symmetric 

trees are trees in which all nodes on the same layer have identical connection degrees. 

(Nodes on different layers may have different connection degrees.) A more specific 

case is a regular {dv,dc,l) tree, defined as an /-layer tree (root being layer-0) whose 

check nodes have a constant degree and variable nodes have a constant degree dy, 
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except that the root has a degree — 1 and the leaves have a degree 1. Figure. 3.2 

illustrates an example regular (3,3,2) tree. 

For notational simplicity (only three parameters), we will only consider regular 

trees. As will be seen, our discussions on regular trees make assumptions only on the 

symmetry property of trees, and hence they apply also to any symmetric tree. 

3.3.1 Multiple-parity-check codes 

We begin with multiple-parity-check codes, with the root Vi involved in multiple 

check equations. This is one step beyond the single parity-check codes. An example 

of this code corresponds to variables v\,V2T • • only in Figure. 3.2. The decision 

boundary for this structure is the solution to the equation 

rn-i + M(m2, ms) -(- M{mi, 777-5) = 0. 

Similar to the discussion for SPC codes, we define = dEn{\m2\ < 7n3}n{|r77,4| < 

777,5}. When o is small, we have the approximation (except near the delimiters) 

mi + m2 + mi = 0. 

This again is a plane, and the dominant point is — (0, 0,1, 0,1). This biasing is 

indicated in Figure. 3.2 as shaded variable nodes. The error subset corresponding to 

^(2,4) £;(2.4) = Pi < ma} n {1714 <777,5}. 

3.3.2 Regular trees 

Now we expand our attention to the entire tree in Figure. 3.2. Our discussion for 

the multiple-parity-check codes is still valid except that now the channel messages 

7772 are replaced by decoded messages, denoted ~ Therefore, we define 

3£;(2,4) = QE f] {\m2\ < 7773} n {1777,4! — "^5} will have 

nil + 1712 + ml = 0- (3.6) 
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This equation is not immediately helpful in the search of a dominant point since it is 

not a linear plane in the y coordinate system. However, if we consider that 

ml = 1712 + M{me, mj) + M { m s ,  mg), 

and 

777-4 = 7714 + M(r?7,i4, mis) + M { m i Q , m n ) ,  

we can further partition into 16 symmetric sub-boundaries, one of which is 

c)£;(2.4,6.8.14,16) _ (1 {\me\ < 777,7} njlmgl < 777.9} n{|777i4l < 777,15} n{|?7li6| < 777,17}. 

This sub-boundary can be approximated by the hyper-plane 

7711 -I- 777,2 + ?Tl4 + 7776 + 7718 + "^14 + "7,16 = 0. (3.7) 

Since all summands in the equation are scaled channel values, this equation is linear 

in the y coordinate system. The sole dominant point for a£;(2>4,6,8,i4,i6) jg ^(2,4,6,8,14,16) 

whose element bk is 0 if ruk appears in (3.7), and 1 otherwise (A: = 1, 2,..., 21). This 

biasing scheme is again indicated in Figure. 3.2 by shaded nodes. An asymptotically 

efficient IS scheme is established when we set the error subset as 

£;(2,4.6,8.14,16) ^ ̂  

n {'777,6 < 'ITT'y} n {7778 < 7779} 

n {77714 < 777IS} PI {777I6 < 77li7}. 

For simplicity, the symbol E' will be used to denote this final representative error 

subset. 

3.3.3 General simulation procedures for regular trees 

We give a general procedure for setting up the asymptotically efficient IS simula

tion for a regular {dy,dc,l) tree. 

1. Find the set of all shaded/biased variable nodes, S. 

(a) Shade variable node 1. 
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(b) For each shaded variable node in the current layer, locate all check nodes 

connected from below, and for each of these check nodes, shade the leftmost 

variable node connected from below. 

(c) Step down to the next layer, and repeat step b until the bottom layer is 

reached. 

(d) Bias each shaded variable by —1. 

(e) The total number of shaded variables is 

Tifc = 1 + {dy — 1) + i^dy — 1)^ 4" • • • + {dy — 1)'. (3.8) 

2. The definition of error subset E'. 

(a) Define C { v )  to be a collection of variable nodes connected to the same 

check node from above as v. For instance, in Figure. 3.2, C{v2) = {^2; 

(b) The error subset is determined by 

E ' =  P i  { m " y  <  m : , y v '  e  C { v ) }  n  E .  
v & S X l v i }  

(c) The number of symmetric error subsets (multiplicity) is 

NE = {d,-ir''~\ (3.9) 

3. Determine the error performance. 

(a) The error probability Pe' can be obtained by the asymptotically efficient 

IS simulation for E'. 

(b) The error probability Pe is computed from 

Pe = NePE' (3.10) 

4. Performance bound. 

Since the distance from x to E' is ^/n^, Pe can be upper bounded by 

PE < NEQ . (3.11) 
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Table 3.2: IS simulations results for decoding tree (3,6,3). e = 10%. 

Eb/N^ A (MC) A (IS) Pb in (3.11) L C 

3 dB 8.6 X 10-5 8.75 X 10-5 0.0137 105 400 

3.5 dB 9.6 X 10"® 9.5 X 10-® 0.0007 54000 290 

4 dB 6.9 X 10"^ 6.76 X 10-^ 2.5 X 10-5 27000 135 

6 dB n/a 8.75 X 10-^^ 4.36 X 10-" 5300 21 

8 dB n/a 1.56 X 10-25 2.53 X 10-25 2300 7.4 

10 dB n/a 1.07 X lO-'^'' 1.168 X lO-''^ 2000 5.12 

12 dB n/a 2.94 X 10-^5 3.02 X 10-^5 2400 4.79 

3.3.4 Simulations 

We choose a regular (3,6,3) tree for demonstration. The code rate of this tree, as 

needed to compute the noise variance, is determined by r = l—nc/riy, where riy and ric 

are the number of variable nodes and check nodes, respectively. The simulation results 

for various channel SNRs are listed in Table 3.2. The results for MC simulations are 

also listed for low SNRs. It can be seen that in low-SNR region, the IS estimations 

agree with the corresponding MC estimations. The upper error bound provided 

by (3.11) is very loose at low SNRs, but it works faithfully at medium-to-high SNRs. 

The column L lists the number of simulations needed to achieve e = 10% for the IS 

simulations and the column C lists the estimated constant C in (3.2). The fact that 

C becomes asymptotically constant is because the approximation in (3.7) becomes 

more accurate at higher SNRs. 

3.3.5 On decoding threshold 

It is interesting to note that the error probability estimation in (3.11) can lead 

to a not-so-tight decoding threshold. We first have an asymptotic approximation for 
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Q { t )  when t  o o ,  

Q { t )  ~ exp {—1^/2} . 

Hence from (3.9), the performance bound in (3.11) can be rewritten as 

P E < N EQ  

To have Pg —>• 0 as i ^ oo or rib oo, we need 

^ - ln(4 - 1) > 0, 

and thus the threshold is given by 

a* = , ^ (3.12) 
V'21n(4-1) 

Notice that this threshold value is independent of dv 

Now we consider a {dy^df) regular LDPC code. When the code length is infinite, it 

is reasonable to assume that the code has no finite-length loops. That is, an infinite-

layer decoding tree can be formed for each code bit. This tree has a constant variable 

degree d^ and a constant check degree dc- Notice that the {d^, dc) regular tree defined 

earlier has a root variable degree d^ — 1. 

The performance bound in (3.11) is still valid for this tree. The parameter r i f ,  

in (3.8) is now 

Tlh — 1 + dy + dy[dy — 1) + d y { d y  ~  l ) ' ' '  

and the parameter Ne in (3.9) is unchanged. Since the derivation leading to (3.12) 

does not depend on the exact form of n^, as long as rih co, the same threshold 

value of a* can be obtained for the {dy, dc) regular LDPC code. 

We list in Table 3.3 the threshold value a* for the binary-input AWGN channel 

as well as the corresponding signal-to-noise ratios with various [d^^d^) combinations. 
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Table 3.3; Threshold value a* for the binary-input AWGN channel with various 
code parameters. 

{ d y  ^c) a* Eh/No (dB) a* in [10] Eh/No (dB) in [10] 

(3,6) 0.56 5.08 0.88 1.11 

(4,8) 0.51 5.90 0.83 1.62 

(5,10) 0.48 6.43 0.79 2.05 

(3,5) 0.60 5.40 1.0 0.97 

(4,6) 0.56 6.84 1.01 1.67 

(3,4) 0.67 6.43 1.26 1.00 

For comparison, the threshold values derived from density evolution in [10] are also 

listed here. 

It is clearly observed that the threshold in (3.12) is loose compared with [10] and 

thus provides little guidance to how regular infinite-length LDPC codes perform. This 

is not surprising since the performance bound given in (3.11) is not tight either at 

low-SNR regions or when the number of partitions, A^jg, is large, in which case each 

partition is too small to be approximated by a half space. A second thought is to 

conduct IS simulations on the tree derived from a {dy,dc) regular LDPC code, and plot 

the error probability curves for different number of tree layers. Theoretically, since 

the IS simulations provide reliable error probability estimates, these curves approach 

the vertical threshold line from the right as the number of tree layers approaches 

infinity. Therefore the threshold value could be estimated from these curves. In 

reality, however, performing IS simulations on trees of many layers has two intrinsic 

difficulties. One is the limitation on memory as the amount of memory needed grows 

exponentially with the number of tree layers. The other difficulty is the simulation 

efficiency in the low-SNR region. Being asymptotically efficient, the proposed IS 

scheme is designed to perform efficiently in the high-SNR region. It can become very 

inefficient at low SNRs as seen in Table 3.2. 
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3.4 General Trees 

3.4.1 Tree isomorphism 

A tree isomorphism is a binary relation between two unordered trees to describe 

their essential equivalence. Informally, we say that two graphs are isomorphic if one 

can be transformed into the other simply by renaming nodes. Formally, we say that 

two graphs Gi = (Vi, Ei) and G2 = (Va, E^) are isomorphic if there is a 1-1 mapping 

f '• Vi V2 such that {w, w} is an edge in E2 if and only if {f{v), f{w)} is an edge in 

£'2. We call such a mapping an isomorphism. If two trees are isomorphic, we say that 

the two roots A and B of the two trees are isomorphic. The algorithm for determining 

tree isomorphisms is beyond the scope of this research. 

3.4.2 Local symmetry 

Section 3.3 shows that if a tree is symmetric, one only needs to estimate the error 

probability for one error subset since all error subsets are symmetric and hence give 

the same error probabilities. This is essential to the simulation feasibility since the 

number of all error subsets could be prohibitively large. For regular trees that do not 

possess such (global) symmetry, however, local symmetries can be utilized for partial 

complexity reduction. 

In Section 3.3.2, the error set E was first partitioned into four symmetric subsets; 

£:(2,4)^ ^(2,5)^ £1(3,4) ^nd with selected to represent these four subsets. 

E^'^'^\ which has multiplicity four, further leads to the subset £'(2.4,6,8,14,16) multi

plicity 16. A closer look at Figure. 3.2 reveals that the four nodes V2, V3, V4 and 

being isomorphic is sufficient but not necessary in order for the four subsets to be 

symmetric. In fact, the sufficient and necessary condition is that the two pairs {2, 3} 

and {4,5} are each isomorphic. 

Figure. 3.3(a) illustrates one such example tree where is the representative 

subset of multiplicity four. Clearly, can be further partitioned into and 
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(a) (b) 

Figure. 3.3: Two general trees. 

£!(2.4.7)^ £'(2.4.6) selected to be the final representative subset of multiplicity eight. 

The tree in Figure. 3.3(b) is created from Figure. 3.3(a) by forcing the nodes 4 and 5 

to be non-isomorphic. In this case, the four subsets and are 

not symmetric any more. However, as the nodes 2 and 3 are still isomorphic, we may 

choose two representative subsets, and both of which have multiplicity 

two. Further, these two subsets lead to £'(2.4,6,10) ^(2,5,6)^ multiplicities eight 

and four, respectively. 

We conclude that the general rule of thumb when dealing with an arbitrary tree 

is to first identify the isomorphism among variable nodes that are connected to the 

same check node from above, and then determine the representative subsets as well as 

their multiplicities. This procedure continues from the top layer down to the bottom 

layer. Since the degree of symmetries varies among trees, we expect that the number 

of representative subsets and the simulation complexity vary. 
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Variables 

(a) Tanner graph 

V 4  V r  

C0 

(b) Derived tree 

Figure. 3.4: A 

3.5 On IS for LDPC Codes 

V i  

V i  

C6 

(c) Final tree 

, 3) regular code. 

Our IS strategy for LDPC codes is to start with the Tanner graph representation 

of a code and determine the tree for each variable node. Once the tree is found, the 

error probability for each code bit can be determined by IS simulations. 
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3.5.1 A short code example 

We give a simple example for illustration purposes. Figure. 3.4(a) gives the Tanner 

graph of a (9,3) regular code and the variable node vi is considered. This node 

is connected to two check nodes, ci and 04. The check node ci is connected to 

V4 and W7 not counting Vi, and C4 is connected to and Vq not counting Vi. This 

procedure continues until all variable/check nodes have been considered, which results 

in Figure. 3.4(b). We notice that the variable nodes V2, Vs, Vq and Vs all appear twice 

in the tree. This node duplication is solely due to the intrinsic finite cycle length in 

the code. For this (9, 3) code, the cycle length is 8. 

One problem is that the IS technique developed for trees does not assume the 

existence of cycles and all tree nodes are considered to be independent. Hence, one 

occurrence of the duplicates needs to be removed to avoid performance overestimation. 

Of course, their removal will inevitably result in a performance underestimate. 

Another consideration is that once a variable node is removed from the tree, all 

check nodes connected to this variable node need to be removed too since the check 

equations these check nodes represent no longer hold true. (When a check node is 

removed, however, the connected variable nodes need not to be removed.) Based on 

this, we remove the four duplicate variable nodes on the right as well as the check 

nodes C2 and C3. 

The final tree is given in Figure. 3.4(c). In fact, this tree is identical to that in 

Figure. 3.3(a), and hence the error probability Pe can be estimated by 8Pe(2a,g) , where 

Pg(2.4,6) is the error probability for the error subset £^(2,4,6)^ g jg multiplicity. 

Similar to (3.11), the performance bound can also be predicted by 

where the number 4 under the square root is the number of biased variable nodes. 

Figure. 3.5 gives the simulation results for both IS and MC simulations. We have 

also included the bound in (3.13). The agreement is clearly seen among all these. 

(3.13) 
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Figure. 3.5: Simulation results for the (9, 3) regular code. 

3.5.2 Longer codes 

In extending this technique to longer codes, one may encounter several problems. 

One problem is complexity. The derived tree from the code may be very complex, 

which has a direct impact on the IS simulation complexity. The other problem is 

accuracy, in that, there is no guarantee how close the performance of the derived 

tree is from that of the code under message-passing decoding. Although messages 

passed from cycles carry less information than from independent nodes, they are still 

carrying some information. Practical LDPC codes have many short cycles, especially 

those of length-six, and the capacity-approaching performance of these codes rely 

upon the cycles and the sub-optimal message-passing decoding. We would expect a 

considerable performance degradation when all cycles are destroyed when a code is 

converted into a tree. That the (9,3) code is not significantly affected is mainly due 
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Figure. 3.6: Simulation results for the EG-(255,175) code. 

to its simple structure and its relatively large cycle length, which is eight. 

We give an example based on the Euclidean geometry EG-(255,175) code [14], 

This code is regular with both variable and check node degrees being 16, and the 

minimum cycle length is 6. The Tanner graph of this code has 255 variable nodes 

and 255 check nodes. For any variable node, the derived tree is a regular (16,15,1) 

tree, which includes 1 + 16 * 15 = 241 variable nodes, and 16 checks. No more check 

nodes or variable nodes can be included since the inclusion of a check node would 

result in the inclusion of 15 extra variable nodes, in which case, the total number of 

variable nodes would be 241 + 15 = 256, thus exceeding the number of variable nodes 

in the code. It is seen that exactly 255 — 16 = 239 check nodes are excluded from the 

decoding, a big waste! 

Figure. 3.6 illustrates the simulation results for both the code and the derived 

• T - . .  

code - - ̂  

tree • •••• 

J I L 
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tree. Note that the results for the tree below 6 dB were obtained from Monte-Carlo 

simulations, while the results at and above 6 dB were from IS simulations. The 

performance loss of the tree-based simulation is clearly seen here. Nevertheless, the 

lossy performance still provides some insight into how codes perform asymptotically. 

3.6 Summary 

In this chapter, we introduced an asymptotically efficient importance sampling-

scheme for the error probability estimation of general trees under message-passing 

decoding. As an application, this scheme has been applied to the simulations of 

LDPC codes by converting the codes to cycle-free trees. Both promising results and 

potential problems have been demonstrated. 

One possible solution to counter the performance loss when converting the LDPC 

codes to trees is to find an IS scheme capable of handling graphs with cycles. We 

notice that the IS scheme for LDPC codes in Chapter 2 directly handles the Tanner 

graph of a code, which makes an unbiased scheme. Thus combining the Tanner 

graph handling scheme there and the IS scheme for trees proposed here may be one 

candidate. 

A major concern is that only at high SNRs are IS simulations significantly more ef

ficient than MC simulations. Hence, considering the efficiency loss with IS simulations 

in Chapter 2, it is unlikely to observe an efficiency gain for long codes that operate 

at low SNRs, even if an unbiased asymptotically efficient IS scheme is available. 
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CHAPTER 4 

TURBO-CODED CDMA 

4.1 Introduction 

The presence of both multiple-access interference (MAI) and inter-symbol inter

ference (ISI) constitutes a major impediment to reliable communications in multi-

path code-division multiple-access (CDMA) channels. Over the past decade, much 

research has been performed in the areas of multiuser detection and interference can

cellation [36]. In light of the high complexity of optimal multiuser detection which is 

exponential in the number of users of the channel, various low-complexity suboptimal 

multiuser detectors have been studied. These methods include linear filtering and 

nonlinear successive interference cancellation. 

Recent work in this area has also addressed multiuser detection for coded CDMA 

systems. In [22], an optimal maximum-likelihood (ML) multiuser detector was derived 

for the combined trellis of the multiuser channel and the convolutional code. It was 

shown that the computational complexity of this scheme is 0(2^'^), where K is the 

number of users in the channel, and // is the code constraint length. 

With the advent of powerful capacity-approaching turbo codes, the related itera

tive processing technique has received considerable attention in many decoding/detection 

problems. The merit of iterative processing is that it is capable of achieving near-

optimal performance with much reduced complexity. This iterative technique has also 

been intensively investigated for convolutionally coded CDMA systems [8,23,37,38]. 

It was shown that lower-complexity turbo-like processing can approach single-user 

performance at high signal-to-noise ratios. 

Concatenating a convolutional code (CC) with a multiuser (MU) channel is much 

like concatenating one with an inter-symbol interference (ISI) or partial-response 

channel, where it has been shown that a precoder can be added to achieve substantial 
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interleaver gain [39-41], We will examine the gains possible for MU channels with a 

simple differential encoder acting as a channel precoder. As will be seen, this con

figuration may be interpreted as a convolutional code concatenated with a precoded 

MU channel, or it may be seen as a serial turbo-coded MU channel, where the turbo 

code consists of a convolutional encoder, an interleaver, and a differential encoder. 

Inspired by the promising observation in [23,38] that iterative multiuser detection and 

decoding can approach single-user convolutional code performance, we expect that 

the performance of this serial turbo-coded CDMA system with iterative decoding will 

also approach single-user serial turbo code performance. 

We will examine both synchronous and asynchronous CDMA systems here. For 

a synchronous system, the multiuser channel is modeled by a frame-wise interference 

channel, characterized by a cross-correlation matrix. In the receiver, the optimal soft 

MAP detection is considered among various multiuser detection techniques. This 

detector is concatenated with a bank of differential/convolutional decoders, and soft 

information is shared between the component detector/decoders in an iterative fash

ion. 

For an asynchronous CDMA system, each user-bit is interfered by two consecutive 

bits of every other user, and hence the channel is characterized by two cross-correlation 

matrices. With appropriate noise whitening, this model can be simplified to a periodic 

causal ISI model, whose period is the number of users K. Hence, the system model 

conceptually evolves into a single-user serial turbo-coded time-varying ISI channel 

with period K. Further simplification can be made by combining the trellises of the 

the ISI channel and the K differential encoders, and we show that only K memory 

elements are required to describe the combined trellis, instead of 2K — 1. 

As in ISI channels where optimal code rates exist with regard to system error 

performance [40], we will also argue that optimal code rates exist for coded CDMA 

channels. Bit error rate simulations are conducted to support this claim for a specific 

channel model. 

For concatenated systems of large block length, density-evolution (DE) analysis 
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has been widely used to study the system limit performance under iterative process

ing [8,10,42], This algorithm treats the message-passing components as probability 

density transformers, which updates the message probability density over iterations. 

The decoding error probability, a value that is closely related to the message proba

bility density, vanishes to zero as the channel signal-to-noise ratio is above a certain 

threshold. This threshold is referred to as the decoding threshold. The value of the 

density evolution analysis is that performance evaluations may be made in a much less 

time-consuming fashion than Monte-Carlo simulations. We will show that optimal 

code rates of the coded CDMA system can also be determined via density evolution 

analysis. 

The rest of this chapter is organized as follows. Section 4.2 introduces the turbo-

coded system model that was motivated by Wang and Poor's work in [23]. Both syn

chronous and asynchronous systems are considered. Section 4.3 discusses the CDMA 

multiuser detection and convolutional decoding. For asynchronous system, we give 

an in-depth outline on the process of transforming the multiuser channel model into 

a time-varying ISI channel model, as well as on jointly decoding the precoded CDMA 

channel. In Section 4.4, we introduce the issue of optimal code rate for coded CDMA 

systems and explain why an optimal code rate should exist. We also briefly describe 

the density evolution technique in the application of iterative soft decoding. Simu

lation results are provided in Section 4.5 in conjunction with the density evolution 

results and they demonstrate close agreement. Finally, a brief summary is given in 

Section 4.6. 

4.2 System iVIodel 

4.2.1 Previous work by Wang and Poor 

In their 1999 paper [23], Wang and Poor studied convolutionally coded CDMA 

systems with iterative soft interference cancellation and decoding. In Figure. 4.1, the 

K-nser CDMA channel is concatenated with a bank of convolutional codes. As a 
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Figure. 4.1: Convolutionally coded CDMA system studied in [23]. 

R = 

specific example considered in [23], the synchronous CDMA channel had K = A users 

with a signature cross-correlation factor p = 0.7, resulting in the cross-correlation 

matrix 
^ 1  . 7  . 7  . 7  

.7 1 .7 .7 

.7 .7 1 .7 

.7 .7 .7 1 

The convolutional code considered was a rate-1/2 (238,358) code with constraint 

length u — 5, where the subscript 8 implies an octal notation. 

Figure. 4.2 illustrates the reproduced simulation results with 5 iterations of mul

tiuser detection and decoding. Also shown is the performance of a length-4000 serially 

concatenated convolutional code (SCCC), with a rate-1/2 (78,58) outer code and a 

differential inner code It is observed that the bit error performance of the 

CC-coded system approaches single-user performance at high signal-to-noise ratios 
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Figure. 4.2: Performance of convolutionally coded CDMA system studied in [23]. 
Also shown is the performance of a rate-1/2 SCCC code. 

(SNRs). The fact that the performance of single-user SCCC is far superior to that 

of the single-user CC code motivates the study of SCCC-coded CDMA system under 

iterative multiuser detection and decoding. It is natural to expect that the system 

performance would approach that of a single-user SCCC system at high SNRs. 

4.2.2 Synchronous system model 

We consider a modified system model as in Figure. 4.3. In contrast to Wang's 

model in Figure. 4.1, a differential precoder is inserted for each user in the channel. 

Note, at the transmitter, each user effectively employs an SCCC to encode the binary 

data stream Uh{i), k = 1,... ,K, where i is the time index. The SCCC comprises a 

rate 1/2 recursive systematic convolutional (RSC) code, a random interleaver, and 
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Figure. 4.3: Serial turbo-coded CDMA system. 

a differential encoder. The choice of RSC over CC is to facilitate the puncturing of 

parity bits to obtain higher code rates. The information word length is N, so that 

the interleaver size is M — N/r, where r is the code rate. 

The code bits b k { i )  of the kth user are modulated by a signature waveform Sfc(t) 

with duration T and unity norm (||sfc(it)|| = 1), and are transmitted through the 

synchronous multiuser channel. We do not assume orthogonality among signature 

waveforms (otherwise the system reduces to a single-input, single-output system), 

and their cross-correlations are defined as 

Pij - / Si{t) s j{ t ) d t .  
Jo 

The receiver utilizes a bank of K  filters matched to the signature waveforms Sk{ t )  

to demodulate the received channel signal. The equivalent discrete-time model for 

the transmitted frame b and the received frame y is [36] 

y — RAb -1- w, (4.1) 
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where R  —  [ p i j ]  is the cross-correlation matrix, A  =  diag(Ai,..., A k ) is the channel 

attenuation coefficient matrix, and w is additive Gaussian noise with w ~ A/'(0, a'^R). 

4.2.3 Asynchronous system model 

We continue to use the system model Figure. 4.3 to analyze asynchronous CDMA 

systems. In an asynchronous CDMA system, the various user's signals are received 

with different time delays. Define 0 < < T to be the time delay of user k. 

Without loss of generality, we assume that ti < T2 • • • < tk • We also define two 

cross-correlations between every pair of signature waveforms; 

P ^ j  =  -  n ) S j { t  -  T j ) d t ,  ^ ^  

P j i  =  I r !  ~  ^  ~  

These quantities represent the interference user i  receives from two consecutive bits 

of user j. Two K x K correlation matrices R{0) and R{1) can be formed to be 

R i j { 0 )  = 

1, i = j  

P i j i  i < j ,  f t j ( i )  

P j i ,  i  >  j  

(4.3) 

The receiver utilizes a bank of K  filters matched to the delayed signature wave

forms Sk{t — Tk) to demodulate the channel signal. To facilitate the channel model 

representation, we first convert the K-usex parallel bit streams into a serial format 

by defining a i^M-vector b with components 

bk+iK = bk{i), k=l,...,K, i  =  l , . . . , M ,  

where M is the length of user bits in consideration. 

The equivalent discrete-time channel model can be written as [36] 

yQ = RAJ) + w, (4-4) 

where R  describes the cross-correlation of the delayed signature waveforms, A is a 

diagonal matrix giving the channel attenuation, and w A/'(0, cr^/2) is the additive 
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Gaussian noise. Note that the symbols in (4.4) are all of size KM x KM, while the 

symbols in (4.1) are of size K x K. The cross-correlation matrix 

RQ RI 0  • • •  0 

Ri RQ RI 

0 Ri RQ 0 

Rf 

0 0 Ri RQ 

has a block-band structure. This model is very similar to the single-user ISI channel 

model with both post- and pre-cursor interference. 

4.2.4 Second interleaver? 

There is a consensus as to why the bit interleavers in Figure. 4.1 and Figure. 4.3 

are necessary to improve their respective error performance. In Figure. 4.1, the inter

leavers are added to reduce the influence of error bursts at the input of the channel 

encoders, whereas in Figure. 4.3, the interleavers are used in conjunction with the 

differential precoders to achieve interleaver gains. It is unclear, however, as to the 

necessity of adding a second interleaver for each user prior to the CDMA channel 

(after the differential precoder) to combat the channel error bursts. 

The argument against adding such interleavers is that turbo codes are intrinsically 

random, hence, eliminating the need to add extra randomness to the system. This 

argument, however, is incomplete. For a block code Ci represented by a random 

parity-check matrix Hi, adding an extra interleaver after Hi is equivalent to column-

permuting Hi, resulting in a new random matrix H2 that represents a code C2. So 

the question is: does C2 perform just as well as Ci does on a burst erasure channel? 

Before trying to answer this question, we first show the simulation results of one 

example. Figure. 4.4 illustrates the error performance of a serial turbo code on an 

AWGN channel in which L — 100 erasures are inserted in each codeword. Both burst 

and random erasures are considered, where the random-erasure case implies adding 
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Figure. 4.4: Performance of the serial turbo code (8000,4000) on AWGN channel 
with either burst or random erasures. Number of erasures L = 100. 

an extra interleaver. The turbo code is the same as the one used in Figure. 4.2. The 

bit error performance without erasures is also plotted for reference. It is seen that 

the system with burst erasures achieves slightly better performance than that with 

random erasures. Apparently, adding an interleaver to (this) serial turbo code is not 

only unnecessary, but also harmful on erasure channels. 

We provide one heuristic explanation. We observe that each erased bit will directly 

impact as many as 2u — 2 adjacent bits for the inner code, where u is its constraint 

length. Hence for random erasure channel, there are L erased bits and L(2i^ — 2) 

impacted bits, whilst for the burst erasure channel, there are L erased bits and 2^ — 2 

impacted bits, i.e., some impacted bits overlap and hence the overall impairment 

due to the erased bits is less than that in random erasure case. This is somewhat 

analogous to Viterbi decoding, where a burst erasure creates loss of correct path once. 
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while random erasures create loss of correct path many times, adding more errors. 

For non-fading or non-correlated fading channels, however, adding an interleaver 

has no effect on the error performance. The channel model considered in (4.1) fits 

into this category, and our simulations have also shown that adding an interleaver 

between the differential encoder and the MU channel does not affect the performance. 

4.3 Multiuser Detection and Decoding 

4.3.1 Synchronous multiuser detector 

In the receiver, the soft multiuser detector does bit-wise MAP (maximum a pos

teriori) detection [23]. Denote 

Similarly define . The a posteriori information from the soft multiuser detector is 

calculated in a brute-force manner. 

where Ajj] is the a priori information of the jth user. 

The a posteriori information expression in (4.6) is numerically unstable due to 

possible overflow. This, however, can be eased by shifting the computation to the 

logarithmic domain. First define the function 

~ {(^1' • • • ' ^k+i, • • • 1 bji) : bj e {±1}, j 7^ k } .  

[-(y -  R A h f R  ^ { y  -  R A h ) l { 2 a ' ^ ) \  Hj P[j] 

[ - i y  -  R A b ) T R - ^ { y  -  R A b ) / { 2 a ^ ) ]  H y  R [ j ]  

and 

max*(a;, y) = log (exp(x) 4- exp(y)). (4.7) 

It can be easily verified that this function can be reorganized as 

max*(a;, y )  = max(a:, y )  +  log (1 -|- exp(—|x — y \ ) ) .  (4.8) 



78 

The merit of the format in (4.8) is that instead of having to compute the respec

tive exponentials for x and y in (4.7), the exponential of their relative difference is 

sufficient in (4.8), resulting in a much increased dynamic range. Furthermore, since 

the remainder term log (1 + exp( —|x — y|)) in (4.7) is tightly bounded within a small 

range with respect to \x — y\, it can be well approximated by using a look-up table 

(LUT) of a small number of entries, hence reducing the computation complexity. 

The definition (4.7) can be extended to a max* function of multiple variables 

K 

max ' • { x i , .  . . , X K )  =  log^exp(a;fc), 
fc=i 

and it can be computed iteratively according to 

max*(a;i,...,x k ) = max* ^max*(a;i,..., 2;/<_i), , 

which amounts to — 1 bivariate max*{x,y) computation units. 

To address the computation of (4.6), we define 

{y - RAbyR-\y - RAb) 
X f [ k ]  = log exp 

beBi 
20-2 

max 
{y-RAbfR-^y-RAb) 1 

2(72 + o 

Therefore, 

x,[k] = x:[k]-x-[k], 

and the extrinsic information follows as 

Xe[k] = Xo[k] - Xi[k]. 

4.3.2 Asynchronous multiuser detector 

For the asynchronous model (4.4), it is natural to pursue channel whitening first 

to simplify subsequent operations. There exist different approaches to the channel 

whitening and we discuss them for completeness. 
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Direct decomposition 

This is conceptually the most straightforward approach to noise whitening. The 

symmetry of R allows for the following Cholesky decomposition of R, 

R = (4.9) 

where F is a lower-triangular square matrix. By left-multiplying F ^ on both sides 

of (4.4), we obtain a whitened causal channel model 

y = FAb + n, (4.10) 

where n is a white Gaussian noise vector with E\m^] = 

This process seems to be both time and memory inefficient as M goes to infinity. 

However, due to the block-band structure of R, F also has a similar block-band 

structure, which takes the form 

F = Fx Fq 0 

0 Fi Fq 0 
(4.11) 

where Fq  is lower triangular and Fi is upper triangular with zero diagonals. Due to 

this periodic pattern, the Cholesky decomposition (4.9) can be solved for a finite M, 

and Fo and Fi can be extracted out of F from along the diagonal. The extraction at 

the center rows of F is preferred to minimize the boundary influence. The resulting 

model becomes a periodic ISI channel model due to the periodicity of F. Also, since 

F is lower-triangular, this model is also causal. 

We give an example decomposition for illustration pxirposes. Let K = 4 and 

RQ — 

1 .1 .2 .3 0 .2 .3 .4 

1 1 .3 .4 0 0 .4 .1 
, Ri — 

2 .3 1 .1 0 0 0 .2 

C
O
 

0 0 0 0 
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so the non-zero elements [iii R{0) of R are 

.2 .3 .4 1 .1 .2 .3 

.4 .1 .1 1 .3 .4 .2 

.2 .2 .3 1 .1 .3 .4 

.3 .4 .1 1 .4 .1 .2 

We solve (4.9) with M = 100, and find [Fi : Fq ]  in the center of F to be 

0 .225 .401 .372 

0 .467 .028 

0 .255 

0 

.889 

-.122 .857 

.285 .299 

.336 .355 

.785 

-.070 .892 

Thus, the channel can be modeled by a periodically time-varying single-user ISI chan

nel with period K — 4. Assuming no attenuation, the four transfer functions in the 

z-domain are 

^  f i i ^ )  \ (  -889 + .372.2-1 ^ .401^-2 + .225^-3 ^ 

.857 - .122^-1 + .028^-2 + .467^-^ 

.785 -f .299z-i + .2852-2 ^ ,255^-3 

.892 - .070^-1 + .355z-2 + .3362-3 \ / 

f 2 { z )  

f a i z )  

V W) 

As a special case, when all the cross-correlation coefficients are equal as in our simu

lations, the K transfer functions fi{z) are identical due to symmetry, and the periodic 

ISI model reduces to the conventional single-user ISI model. 

Block-wise decomposition 

It is shown in [36] that model (4.4) can be represented in the z-transform domain 

as 

yoiz) = S{z)A{z)b{z) + w(z), 

where the transfer function is 

(4.12) 

S{z) = R^z + Rq  + Riz -1 
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and w { z )  has power spectral density a'^S{z). This model takes into account both the 

pre-cursor and post-cursor ISI. The spectral density function S{z) can be factored as 

S { z )  = [Fo + F r z f [ F o  +  F ^ z - ' ] ,  (4.13) 

where it can be shown that FQ and Fx are the same as in (4.11). We thus have the 

following matrix equations 

Ro = FjFo + F[F,, 

Rx = F^F,. 

Define F { z )  = FQ + Fiz~^. By left-multiplying the right-hand side of (4.12) by the 

filter F~'^{z'^), we obtain 

y { z )  =  F { z ) A { z ) b { z ) +  n i z ) .  (4.15) 

This is a causal ISI model with white Gaussian noise. The causality is guaranteed by 

t h e  l o w e r  t r i a n g u l a r i t y  o f  F Q  a n d  t h e  d e l a y  e l e m e n t  z " ^  w h i c h  m u l t i p l i e s  F i  i n  F { z ) .  

There has been research on how to efficiently solve (4.14). One approach con

sidered in [43] showed that the matched filter F can be determined as the Cholesky 

decomposition of a matrix X, where JC is the solution to the matrix equation X = 

Rq — Rj^X'^Ri. A recursive algorithm was proposed to determine X. In [44], the 

authors considered a modification of the R matrix in (4.5) by removing the entry Rj 

from the last column, making it possible to sequentially solving (4.11). 

We remark that since the synchronous CDMA channel is a special case of asyn

chronous CDMA channel, the above techniques can be applied to the synchronous 

CDMA as well, in which case, the correlation matrix Ri in (4.3) vanishes to a zero 

matrix. 

4.3.3 Joint trellis for CDMA system and precoders 

Now that the asynchronous CDMA model has been converted into a periodic ISI 

channel model, it becomes possible to combine the trellises of both the ISI channel 

4.14 
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Figure. 4.5: Precoded ISI channel model. 

and the differential precoders. Normally, a joint trellis has a complexity equal to the 

product of all component complexities since the joint trellis acquires all delay elements 

of the component trelhses. This complexity, however, is lower for the precoded ISI 

channel due to the special structures of dijfferential encoders and the non-recursive 

ISI channel. 

As shown in Figure. 4.5, the precoder outputs bk enter the ISI channel in a round-

robin fashion, and are shifted into the register sequentially. On the other hand, these 

outputs are also fed back to the K precoder memories, so that the number of memory 

elements necessary for the state identification is simply X, the number of differential 

precoders. Thus, the joint precoder-channel trellis has a complexity twice of 

that for the K-user ISI trellis. Note, this trellis is in general periodic due to the 

periodicity of the ISI channel trellis. 

4.3.4 Soft decoding of convolutional codes 

The constituent convolutional and the differential codes are softly decoded using 

the well-known forward-backward decoding algorithm, also known as the BCJR al

gorithm [4]. In simulations, the end state of every convolutional encoder is forced to 

the zero state by forcing the content of the last u — 1 information bits, where u is 
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the code constraint length. Alternatively, one can simply record all the encoder end 

states without altering the information bits, and these state information can be used 

by the decoder to initiate the backward decoding. In either case, aw — 1-bit overhead 

is required, which is negligible when the code is long. 

4.3.5 Scheduling of multiuser detection and decoding 

We have tried two schemes for soft-information passing. In the first scheme, the 

multiuser detection of the CDMA signal and the decoding of the precoders are sep

arately conducted, and the soft-information path is: MU ^ —>• RSC —>• 

MU . In the second scheme, the multiuser detection and the precoder 

decoding are jointly conducted using the joint trellis. As has been discussed, the com

putational complexity of the first scheme is approximately 2^ per bit per iteration. 

This assumes that K is much larger than the constraint length of the convolutional 

codes so that the computation due to the convolutional decoder is negligible. The 

computational complexity of the second scheme (joint detection/decoding) is approx

imately 2^'^^ per bit per iteration. 

We have observed via simulation that the joint detection/decoding yields negligible 

performance gain over separate detection/decoding, and it is hence not particularly 

appealing in terms of performance. The joint approach is most useful in the density 

evolution performance analysis that is to be introduced in Section 4.4.2, since two 

rather than three message-passing modules simplifies the density evolution analysis. 

4.4 Performance Issues 

4.4.1 Coding/spreading trade-off and optimal code rate 

We consider synchronous CDMA systems. For simplicity below, we will assume 

no channel attenuation and equal cross-correlations, that is, p^j = pji = p, i ^ j. 

Assume some bandwidth limitation B which may be imposed by channel physics 
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or by governmental regulations. Now assume some required data rate Rb- Together 

with the code rate r and spread factor N^. (number of chips per code bit), we must 

have (up to a scale factor) 

B = NcRb/r. (4.16) 

Thus, there must be a trade-off between the spread factor Nc and the code rate r 

to satisfy the bandwidth constraint. With K users, the probability of bit error Pb is 

minimized by balancing the effects of multiuser interference (MUI) and noise, which 

amounts to trading off the signature waveform correlation p and the code rate r. 

(Typically, p — C/Nc for some constant C. For example, a maximal-length sequence 

has auto-correlation pij — when i 7^ j.) We would like Nc large (p small) to 

combat MUI, and r small to combat noise, but (4.16) prevents Nc from being too 

large or r too small. Hence, there must exist an optimal code rate. 

Now since B and Rb are known (specified), and Nc and r are to be determined, 

write 

Nc/r = B/Rb = Ci 

(Ci is some known constant), from which we may write Nc = Cir, or 

P = p{r) = C2/r (4.17) 

where C2 = C/Ci. 

4.4.2 Density evolution 

For concatenated systems with very long block sizes, the asymptotic performance 

(when the block size goes to infinity) of iterative processing can be carried out based 

on so-called density evolution. It was first proposed in [10] to analyze the capacity 

of LDPC codes under iterative message-passing decodings. This analysis tracks the 

probability density function (PDF) of the extrinsic information messages as this den

sity evolves from iteration to iteration, and has also been used to design irregular 

LDPC codes for various channels [45,46]. 
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The analysis of density evolution is particularly simple for binary erasure channel 

(BEG) since, only one parameter, the fraction of erasures, is needed to characterize 

the PDF in each iteration. Exact density evolution for other channels is, however, 

complicated since the PDF in general can not be characterized by a few parameters 

over iterations. One solution to this complexity problem is to use a simple model 

to approximate the PDF, and hence only a few parameters need to be tracked over 

iterations. Simulation results show that Gaussian density makes a good approxima

tion [8,9,42]. 

There is an important condition called the consistency condition that is preserved 

under density evolution for messages, which can be expressed by 

where f { x )  is the density of the message LLR [10,45]. For a Gaussian density with 

mean // > 0 and variance cr^, this condition reduces to 

which implies that only the mean needs to be recorded, and a single parameter 

can be used to characterize this Gaussian density. In practice, using the first formula 

requires the independent estimation of both ji and cr^, while the second formula 

requires the estimation of only jjL. It was indicated in [9] that the second formula 

gives a better prediction of decoder convergence and hence will be adopted in our 

application. Similarly for a Gaussian density with mean ^ < 0, the SNR follows as 

We assume that the message PDFs after each iteration are independently and 

identically distributed (i.i.d) among all code bits except for their signs. Hence these 

messages share the same SNR parameter. This parameter can be empirically esti

mated via 

f { x )  =  f { - x ) e  

cr^ = 2pt, 

SNR = or SNR = /i/2 

SNR= -^/2. 

(4.18) 
i = \ 
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Figure. 4.6: Density evolution witli the Gaussian approximation. 

where Aj is the ith code bit message, and sgn(6i) is the sign of the ith bit. The sgn 

function is in fact the function that maps the binary symbols 0/1 to the BPSK symbol 

±1. Note that the formula in (4.18) is different from SNR = ^ YL\K\/'^-
i=l 

One technique often used in coding systems to simplify the simulation and analysis 

is to consider the all-zero codeword only, or the all-one channel vector. The validity 

of this simplification, however, relies on the so-called symmetry conditions, that is, 

the channel symmetry, and the code symmetry. The code symmetry condition is 

easily satisfied by all linear codes. For LDPC codes [10], this code symmetry has 

been further subdivided into check node symmetry and variable node symmetry. The 

channel symmetry condition states that 

p{Y = q \ X = 1) = p{Y = -q \ X = -1). 

Clearly, the AWGN channel and binary symmetric channel (BSC) satisfy this condi

tion but channels with memory do not, such as partial response or IS! channels. 

When the symmetry conditions hold, we can assume the transmission of all-zero 

codewords and the SNR parameter estimation in (4.18) can be simplified to 

i—1 

Consider the input/output SNRs for each iterative component of a serially con

catenated decoding system, as shown in Figure. 4.6, where Di is the outer decoder 

and D2 is the inner decoder. A nonzero channel Eb/No enables the inner decoder 

D2 to produce a nonzero SNR2out despite starting with SNR2in = 0. This nonzero 

SNR2out then becomes the input SNRljn of the outer decoder Di, which produces the 
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output SNRlout- For Di, SNRlout is a nonlinear function of its input SNRljn. For 

D2, SNR2out is a nonlinear function of both its input SNR2in and the channel input 

Eb/No. 

The nonlinear SNRin-SNRout functions can be evaluated empirically by Monte-

Carlo simulations for each iterative component and either (4.18) or (4.19) can be used 

to estimate the input and output SNRs. When plotting the two nonlinear functions 

side-by-side, we are able to observe the evolution of the message PDF (mean or 

SNR) over iterations. When the channel Eb/No is large enough, the SNRs of both 

iterative components would increase indefinitely to infinity. This is when a zero error 

probability occurs. On the other hand, if the channel Eb/No is small, the SNRs would 

s t a y  a w a y  f r o m  i n f i n i t y ,  a n d  w e  w i l l  s e e  a  f i n i t e  e r r o r  p r o b a b i l i t y .  T h e  m i n i m u m  E ^ / N q  

that achieves the zero error probability is then the decoding threshold which acts 

as a practical capacity limit [8]. Compared with the time-consuming Monte-Carlo 

simulations, density evolution analysis clearly simplifies the procedure of finding the 

decoding threshold. To guarantee the accuracy of this analysis, however, the size of 

the system has to be big in order to more faithfully satisfy the Independence condition. 

4.5 Results 

We will apply the density evolution analysis to both synchronous and asyn

chronous CDMA systems to predict their bit error rate performance and to find the 

best code rate mode in terms of minimum decoding threshold. Side-by-side Monte 

Carlo simulations will also be provided. 

4.5.1 Synchronous system 

We consider K — A users with information word length N = 4000 for each user. 

The RSC considered is a simple four-state (l,f^) code. As an illustrative example, 

we select a code rate of 2/3 and C2 = 0.35 so that from (4.17), p{2/3) = 0.525. 

Figure. 4.7 displays the density evolution curves for this case. The lower (dashed) 
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Figure. 4.7; Threshold analysis for synchronous sccc+mu 2/3, p^O.525 (decoding 
threshold is 2.5 dB). 

curve corresponds to SNRljn versus SNRlout, where SNRlin is along the vertical 

axis, and the upper curves correspond to SNR2ijj versus SNR2out, where SNR2in is 

along the horizontal axis. The SNR2in-SNR2out curves shift upward with increasing 

channel Eb/No- The value of Eb/No for which the SNR2in-SNR2out curve just touches 

the SNRlin-SNRlout curve corresponds to the iterative decoding threshold or the 

capacity limit. It can be seen that the capacity for the rate 2/3 system is about 2.5 

dB. 

The capacity limit (decoding threshold) as a function of code rate (of the form 

k/{k + 1)) assuming (4.17) is plotted in Figure. 4.8. It is seen in the figure that the 

code rate of 2/3 is optimal in the sense that it has the minimum threshold. 

In addition to this setup above, which we will denote by "sccc+mu r", we will 

consider single-user SCCC code performance (denoted "sccc r"). Further, as a base

line, we will consider the 16-state (23,35) CC considered by Wang and Poor [23]. The 



89 

4 

3.5 

3 

2.5 

2 
1/2 4/5 6/7 8/9 

Code rate 

Figure. 4.8: Decoding thresholds for synchronous sccc+mu r. 

multiuser CC case will be denoted by "cc4-mu r" and the single-user CC case by "cc 

r". A number of 15 decoder iterations are used in all cases. 

Figure. 4.9 presents the simulated performance results for: cc 1/2, cc+mu 1/2, 

sccc 1/2, sccc4-mu 1/2, sccc 2/3, and sccc+mu 2/3. We see that cc+mu performance 

approaches that of cc performance with increasing SNR. Next, we see that the 

sccc+mu 1/2 curve is much steeper than that of the cc+mu 1/2 curve and has a gain of 

about 1.5 dB at Ph = 10~®. Also seen in Figure. 4.9 is that sccc+mu 2/3 performance 

is superior to rate 1/2 performance by about 0.8 dB (and 2.3 dB over the Wang/Poor 

configuration). Further, the sccc+mu 2/3 curve is clearly approaching the sccc curve, 

and is only 0.7 dB away in the region simulated. Thus, as a consequence of the model 

(4.17), the MUI loss for r = 2/3 is only 0.7 dB in contrast to the r = 1/2 case where 

the MUI loss is about 2.1 dB. 

To demonstrate an optimal code rate for our system, we display in Figure. 4.10 

the simulated performance results for sccc+mu r, for r = 1/2 up to 8/9. We see that 
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Figure. 4.9: Performance comparisons for synchronous sccc+mu, sccc, cc+mu, and 
cc. N = 4000, K = 4. 15 iterations for all iterative decodings. 

the rate 2/3 configuration is optimal, in agreement with the density evolution results 

of Figure. 4.8. The agreement in fact goes further than this. For example. Figure. 4.8 

indicates decoding thresholds of 3.1 dB for r = 1/2 and 2.5 dB for r = 2/3. The 

corresponding error rate curves in Figure. 4.10 are only 0.6 dB and 0.4 dB larger than 

these thresholds at Fb = 10^^, respectively. 

4.5.2 Asynchronous system 

Although our argument for the existence of an optimal code rate was for syn

chronous CDMA, a similar argument may be made for asynchronous CDMA. 

It can be vaguely seen from the correlation definition (4.2) that Py(async) + 
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Figure. 4.10: Performance results of synchronous CDMA system with selected code 
rates. N = 4000, K — A. 15 iterations. 

Pji (async) = Pij(sync), although this is not exactly accurate. In the synchronous 

CDMA case, we chose the common cross-correlation to be p = 0.7 for code rate 

T = In this asynchronous case, we set Pij{^) = = 0.35, i ^ j to make them 

compatible, and will borrow the notation p — pij = pji. This results in C2 = 0.175 in 

(4.17). We apply the density evolution technique to the asynchronous coded CDMA 

system, where the outer code is the punctured (1, f^) RSC and the inner code is the 

combined precoded multiuser channel. The decoding threshold as a function of code 

rate is plotted in Figure. 4.11. It is seen in the figure that code rates 1/2 and 2/3 are 

both optimal. 

Figure. 4.12 presents the simulated performance results for: cc 1/2, cc+mu 1/2, 

sccc 1/2, sccc+mu 1/2, sccc 2/3, and sccc+mu 2/3. We see that the sccc+mu 1/2 
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Figure. 4.11: Decoding thresiiolds for asynchronous sccc+mu r. 

curve has a gain of about 2.6 dB over the cc+mu 1/2 curve at Pb = 10~®. Also, the 

sccc+mu 2/3 curve is clearly approaching the sccc 2/3 curve, and is only 0.2 dB away 

in the region simulated. This is in contrast to the r = 1/2 case where the MUI loss 

is about 0.8 dB. 

Figure. 4.13 gives the simulated performance results for sccc+mu r, for r = 1/2 up 

to 8/9. We see that the rate 1/2 and 2/3 configurations are optimal, in agreement with 

the density evolution results of Figure. 4.11. Also, Figure. 4.11 indicates decoding 

thresholds of 1.9 dB for r — 1/2 and 2/3. The corresponding error rate curves in 

Figure. 4.13 are only 0.5 dB larger than these thresholds at Pj, = lO"^. 

4.6 Summary 

In this chapter we considered a serial turbo-coded CDMA system with iterative 

multiuser detection and decoding. Substantial performance gains have been observed 
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Figure. 4.12: Performance comparisons for asynchronous sccc+mu, sccc, cc+mu, and 
cc. N = 4000, K = i. 15 iterations for all iterative decodings. 

over the convolutionally coded CDMA systems without differential encoding. Near 

single-user performance is achieved with a moderate number of users. We also in

vestigated optimal code rates as a consequence of a limited bandwidth constraint for 

both synchronous and asynchronous CDMA systems. As an alternative approach 

to error rate simulations, we applied density evolution techniques to the analysis of 

system performance and optimal code rates. The results have shown agreement with 

the corresponding error rate simulation results. 
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Figure. 4.13: Performance results of asynchronous CDMA system with selected code 
rates. N = 4000, K = A. 15 iterations. 
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CHAPTER 5 

CONCLUSIONS 

We have studied the design of an importance samphng (IS) scheme for the simula

tion of LDPC codes over AWGN channels in order to expedite the estimation process 

of both codeword and bit error probabilities. For single parity-check (SPC) codes, 

a simple bias in the form of (—1, — • • •, was shown to yield good IS gains 

over Monte Carlo simulations in the bit error rate (BER) estimation, where n is the 

code length. For the BER estimation of LDPC codes, a decoding tree representing 

the code was approximated by a two-layer multiple parity-check (MPC) code, and a 

biasing scheme followed that for SPC codes. We have also introduced a simple error 

set partitioning method that resulted in a good trade-off between simulation complex

ity and efficiency. As an example, IS gains on the order of 10® have been observed at 

high SNR for a (96,48) code. This IS scheme was shown to be non asymptotically 

efficient, a direct consequence of both the non-ideal biasing for SPC codes and the 

MPC code approximation. 

We have also studied an asymptotically efficient importance sampling scheme for 

the decoding of loop-free multiple-layer trees. This scheme was based on the discovery 

that the error set of a decoding tree can be partitioned such that each partition (error 

subset) has a near-flat error boundary at high SNR and, when the tree is regular, all 

partitions are symmetric. This IS scheme was shown to be capable of estimating the 

BER as low as desired. For general trees that do not possess global symmetry, local 

symmetries were sought to reduce the simulation complexity, where node isomorphism 

was shown to play a key role. We have also derived a tight asymptotic performance 

bound for regular trees (as well as manageable general trees). The bound was shown 

to agree with the IS simulations closely. A tight connection between LDPC codes and 

decoding trees has not yet been established except for a simple (9,3) regular code. 

We have also argued that applying importance sampling to the simulation of practical 
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long codes could be problematic even if an asymptotically efficient IS scheme were 

developed, since long codes normally operate in the low-SNR region where IS gains 

are inevitably small. 

Finally, we have considered a turbo-coded CDMA system with iterative multiuser 

detection and decoding. The insertion of a differential encoder into convolutionally 

coded CDMA systems was shown to yield a significant performance gain. In the 

performance evaluation, we have shown a technique that dramatically reduced the 

overall complexity of the differentially coded CDMA channel model. The same tech

nique also facilitated the performance evaluation via density evolution analysis. We 

have also investigated optimal code rates as a consequence of a limited bandwidth 

constraint. 

We propose the following future research topics; 

1. New partitioning schemes for LDPC codes to extend the capability of simulat

ing lower BER. Using more partitions dramatically improves the per-partition 

asymptotic efficiency, although the simulation complexity also increases. Thus, 

using more partitions when properly designed could possibly enable us to sim

ulate lower BER values, but it could be less efficient in the high-BER region. 

Another consideration is to apply the asymptotically efficient IS biasing for SPC 

codes in Chapter 3 to the two-layer tree approximation for LDPC codes. The 

idea is to use different partitioning schemes where they are most efficient. 

2. IS for graphs with cycles. This topic is of interest since it is more realistic than 

the ideal tree model of Chapter 3. Finding an optimal bias or partition for cycles 

with more than one decoding iteration could be problematic because of the 

message dependency. However, one could simplify the problem by considering a 

cycle as parallel message-passing paths with messages floating in one direction 

rather than circularly. 

3. IS for LDPC codes on other channels. These include fading channels and erasure 

channels, etc. For uncorrelated channels, an IS scheme can be derived from the 
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one for an AWGN channel by adjusting the bias values according to the SNR 

of each individual code bit assumeing such channel SNR information is known. 

However, until a mature IS scheme is available for practical LDPC codes over 

AWGN channel, this topic is not a current issue. 

4. IS for turbo codes. There is an obvious reason for this topic. Although turbo 

codes are a special class of LDPC codes, they are decoded differently using the 

iterative BCJR algorithm, and hence requires a brand-new IS design for this 

different decoding. However, if treated as LDPC codes and decoded using the 

message-passing algorithm for LDPC codes, turbo codes are qualified for the IS 

techniques developed for LDPC codes. 
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