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ABSTRACT 

Graph embedding and visualization problems arise in relational information visual

ization. The two primary goals in graph visualization are drawings that convey the 

relationships in the underlying data and drawings that are aesthetically pleasing. Of

ten, we have a series of related graphs that we would like to compare. In such cases 

it is also important to preserve the mental map between the drawings of different 

graphs so that the relationship between the graphs is clearly visible. For simulta

neous drawing of graphs, we first present a linear-time algorithm to simultaneously 

embed a planar graph and its dual on an integer grid, so that the dual vertices are 

placed inside their corresponding primal faces and the dual edges cross their primal 

edges. The area of the display grid is (2n — 2) x (2n — 2) where n is the number of 

vertices in the graphs. 

We then present the problem of simultaneous embedding of planar graphs defined 

on the same set of vertices. In this case we would like to embed the graphs so that 

the matched vertices of the graphs are placed at the exact same locations and the 

individual drawings of the graphs are crossing-free. First we consider restricted classes 

of planar graphs such as paths, cycles, and caterpillars. We provide algorithms to 

embed two such graphs on small-area grids. We then show that there are some classes 

of planar graphs for which simultaneous embedding is not possible. We also consider 

a version of the problem where there is no mapping between the vertices of the graphs 

and we provide an algorithm to embed a planar graph and an outerplanar graph on 

an O(n^) x 0{n?) grid. 

We provide heuristic algorithms for simultaneously embedding general graphs and 

the visualization tecniques we employ to display them. We present three heuristic 

embedding algorithms and three different visualizations suitable for each of the em

bedding algorithms. We describe our system that implements these algorithms and 
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techniques. 

As a technique that helps simultaneous visualization of graphs we describe mor-

phing. We discuss the disadvantages of a commonly used morphing technique, linear 

morphing, in terms of mental map preservation. Then we provide our algorithm to 

morph a source planar drawing into a target planar drawing smoothly and without 

creating any edge-crossings throughout the morph. This technique helps preserve the 

mental map between the different drawings. 
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CHAPTER 1 

INTRODUCTION 

A picture is worth a thousand words. [Chinese proverb] 

1.1 Motivation 

With the enormous growth of the Internet over the last two decades, the amount of 

information available has increased tremendously. One of the challenges this growth 

creates is the extraction of relevant information. Data mining [28, 66, 65, 131] and 

information retrieval [87, 93, 102, 158] use a combination of machine learning, statisti

cal analysis, modeling techniques and database technology to find patterns and subtle 

relationships in the available information. However in most cases it is important to 

present these patterns and relationships visually. 

Information visualization converts information into meaningful and interpretable 

visual representations. The main motivation behind using visualization as opposed 

to textual representations is that humans are very good at seeing and identifying 

relationships once they are presented in a reasonable form [49, 119, 147]. 

Many applications in science and engineering require the visualization of complex 

conceptual structures. Biology [132, 157], chemistry [9, 82], civil engineering [159], 

archaeology [30, 101, 150], geographical information systems [1, 118], and social net

works [17, 70] are among many such areas. There are also several computer science 

related areas that employ information visualization. Some notable ones are, visual 

programming interfaces [36, 80, 95, 136, 161], information retrieval [94, 138, 137, 155], 

VLSI design [4, 88, 113, 133, 139], database systems [2, 5, 43, 103], network design 

systems [104, 107, 149], software engineering [13, 56, 81, 109, 111, 114, 145], and world 

wide web navigaton [55, 126, 162]. 
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Most of the time the conceptual structures in these applications are best repre

sented as graphs. The visualized information consists of objects (vertices) and the 

relationships between these objects (edges). The visualization problems then involve 

taking information in the form of graphs and drawing them on a display screen in a 

manner that is readable. Readability of a drawing refers to its capability of conveying 

the meaning of the relationships quickly and clearly. For instance the top drawing 

in Fig 1.1 is confusing and tangled; it has poor readability. The same graph with 

a better drawing at the bottom in Fig 1.1 shows the relationships between the en

tities more clearly, since there are fewer crossings and the entities are laid out more 

symmetrically. 

Drawing of graphs by hand is a time-consuming and detail-intensive chore. Au

tomatic graph drawing can release humans from such chores. Many graph drawing 

algorithms have been developed for this purpose. The detailed biographies in [44, 108] 

list more than 300 papers and the topic is the subject of an annual conference [16, 

42, 46, 128, 160]. 

Often, we have a series of related graphs that we would like to compare visually. 

In such cases we can use simultaneous graph visualization so that the connections 

between the multiple graphs are clearly visible. Two main goals of simultaneous 

graph visualization are: 

• Each individual graph should have good readability. 

• The viewer's mental map should be preserved. 

Although the first goal is common to all the graph drawing algorithms, the second 

goal applies to simultaneous visualization. Examining the drawing of one graph, the 

viewer constructs a mental map, where the objects are laid out relative to each other, 

the topology of the drawing, etc. The drawings of the rest of the graphs then have 

to preserve these properties, so that when displayed simultaneously the connection 

between the related graphs is immediately visible. 
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FIGURE 1.1. Top: A confusing and tangled drawing. Bottom: Better readability. 
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FIGURE 1.2. Top: Worldcup 1998 games. Bottom; Recruiting relationship among the coun

tries involved. 

The kind of graphs that require simultaneous visualization may come from social 

network analysis, where different relationships among the same set of entities are being 

studied. Fig. 1.2 shows the final 16 teams that attended the Soccer Worldcup in 1998 

together with Spain. The countries are represented with elliptical boxes labeled with 

the names of the countries. The top graph displays the games played. Two countries 

are connected with a heavy line if they played during the tournament and the winner 

is displayed at a higher level. At the bottom we see a different relationship depicted. 

The graph shows the recruiting relationships among the countries involved. There is 
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FIGURE 1.3. Two different hypotheses lead to two different phylogenetic trees for the bilat

erally symmetric animals with three germ layers. 

a directed line from a country A to a country B , i i  B  recruits soccer players at a team 

level from A. The countries are laid out in the same locations in both the drawings so 

that the viewer can make connections between two graphs. For example, we see that 

the countries at the lower level in the first graph, which correspond to the countries 

that lost their games in the tournament, are the countries that have the directed lines 

drawn towards them in the second graph. This illustrates that the countries that lost 

at the tournament recruited players from more successful countries. Although in this 

drawing the mental map is preserved perfectly (the corresponding vertices are laid 

out at exactly the same locations in both of the graphs), it is done so at the expense of 

individual graph readability. For instance, the recruiting relationship graph contains 

edge-crossings which reduces its readability. 
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Similarly, in biology, different algorithms produce different phylogenetic trees on 

the same set of organisms. Fig 1.3 shows two possible phylogenetic trees for the 

bilateria. The different phylogenetic trees result from different hypotheses from evo

lutionary biology. In order to be able to make connection between the two drawings 

we would benefit from a simultaneous visualization of the trees so that the leaves of 

the trees corresponding to species are laid out on the same locations and the viewer 

can immediately spot corresponding species in the two drawings. 

1.2 Contributions of the Thesis 

This thesis addresses problems in automated simultaneous visualization of graphs. 

While the graph drawing literature provides many algorithms and systems for display

ing single graphs in a readable fashion, there is a lack of algorithms and techniques 

to simultaneously visualize graphs in a readable way while preserving the viewer's 

mental map of different drawings. 

The graphs to be simultaneously visualized do not necessarily have to be defined 

on the same set of objects. The sets might have a graph theoretical relation. One such 

case arises when we want to display a planar graph and its dual graph simultaneously. 

The dual graph of a given planar graph can be combinatorially defined and it captures 

the topology of the graph. Traditional representations of a planar graph and its dual 

suggest the requirement that the dual vertices be placed inside their corresponding 

primal faces and the edges of the dual graph cross only the corresponding primal graph 

edges. We present a simple and efficient algorithm for simultaneous visualization of 

a graph and its dual. The display area of the resulting drawings is small and the 

visualization satisfies the traditional drawing criteria for laying out planar graphs 

and their duals. This is the first algorithm to do such embeddings on a small area 

integer grid. 

We then address the problem of simultaneous visualization of planar graphs. We 

consider two versions of the problem. In the first version, the vertices of the graphs 
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to be drawn are labeled and there is a one-to-one mapping between pairs of vertices. 

In this case we insist on preserving the mental map of the vertices perfectly while 

not creating any crossings in any of the individual drawings. Typical graph drawing 

algorithms lose all information about the separation of the two graphs and so must 

also avoid such non-essential crossings. 

Consider, for example, two keyword-graphs from the graph drawing literature. A 

keyword-graph for a given time interval has as vertices the keywords from papers in 

the time interval. Two vertices in a keyword-graph are joined by an edge if the two 

keywords appear in the same paper. Fig. 1.4 shows two pieces of the keyword-graphs 

for the intervals 1996-1998 and 1998-2000, respectively. In displaying the information, 

one could certainly look at the two graphs separately, but then there would be little 

correspondence between the two drawings if they were created independently, since 

the viewer has no mental map between the two graphs. Using simultaneous visualiza

tion, the matching vertices can be placed in the exact same locations for both graphs, 

making the relationships more clear and while avoiding any crossings in each of the 

drawings. 

For this version of the problem we provide algorithms that lay out some restricted 

classes of planar graphs simultaneously on a small display area. We also show that 

some classes of planar graphs do not admit simultaneous layouts with the required 

conditions. 

We then consider a more general version of the problem in which there is no 

predefined mapping between the vertices. In this case the problem is to find a mapping 

between the vertices of the graphs so that simultaneous layout of the graphs is feasible. 

Again we insist that the mental map of the vertices be perfectly preserved, that is, the 

matching vertices resulting from the mapping are placed at the exact same location, 

and the independent graphs be crossing-free. We provide algorithms to make such 

drawings for a slightly restricted class of planar graphs, outerplanar graphs. 
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FIGURE 1.4. Top: Keyword graph from 1996-1998, Bottom: Keyword graph from 1998-2000. 
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Since simultaneous layout of graphs that have a good mental map preservation 

is not always feasible we also provide heuristic algorithms. The heuristic layout 

algorithms are designed for general graphs. The main idea behind the heuristics is to 

come up with drawings that will satisfy some aesthetic criteria in terms of readability 

of independent drawings, and that will have a fairly good mental map preservation. 

Techniques for displaying simultaneous layouts can be quite varied also. One may 

choose to draw all graphs simultaneously, employing different edge styles, colors, and 

thickness for each edge set. One may choose a more three-dimensional approach in 

order to differentiate between layers, as in Fig. 1.5. One may also choose to show 

only one graph at a time and allow the users to choose which graph they wish to see 

by changing the edge set (without moving the vertices). Finally, one may highlight 

one set of edges over another, giving the effect of holding certain subgraphs, as in 

Fig. 1.4. We provide three main techniques that are quite useful for the display of 

simultaneous visualization of graphs. 

As mentioned earlier, although all the simultaneous visualization algorithms we 

descibe in this thesis are designed to provide a good mental map preservation there 

are many cases where this is not possible and we have to rely on heuristics. In such 

cases the goal is to preserve the mental map as much as possible. A technique aiding 

the simultaneous visualization process is morphing. Morphing refers to the process 

of transforming one shape into another. In our case the shapes to be morphed are 

the drawings of simultaneously visualized graphs. Once a layout that minimizes the 

changes between the drawings of the input graphs is computed, the drawing of each 

graph can be transformed into the drawing of another. We provide an algorithm 

to morph planar graphs smoothly so that the transformation does not introduce 

complications in the mental map. 
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FIGURE 1.5. The keyword-graph from Fig. 1.4 but this time displayed in 3D with each graph 

in its own 2D plane and with matching vertices above/below each other. In order to achieve 

a better readability for each individual graph we place the matching vertices in close proximity 

rather than exactly the same locations. 

1.3 Organization of the Thesis 

We start with a brief review of graph theoretical concepts and definitions used 

throughout the thesis in Chapter 2. We discuss the aesthetic criteria commonly used 

in the graph drawing literature to provide informal benchmarks for readable drawings. 

The criteria consist of some maximization goals such as maximizing the symmetry of 

the drawing, and some minimization goals such as minimizing the number of crossings 

in the drawing. We discuss different drawing conventions that have been adopted by 

the graph drawing community and give examples of drawings resulting from methods 
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employing different conventions. 

Two different methods are quite popular for drawing planar graphs on a small area 

grid using straight-line edges without creating any crossings. These methods form 

the basis for many algorithms designed to solve variations of the problem restricted 

to different settings. The two methods are, the combinatorial approach [142] and the 

incremental approach [41]. The simultaneous embedding of planar/dual graph pairs, 

described in Chapter 3 uses some of the ideas of the incremental approach. Because 

of their importance and relevance we give a brief description of these methods in 

Section 2.3. 

A commonly used method for drawing general graphs in a way that enhances 

symmetry is the force-directed layout method. Again this basic method has been 

widely used for drawing graphs under many different constraints. We provide the 

general idea behind the method in Section 2.4. 

Many visualization applications require that the graph be modified periodically. 

Each modification may consist of a vertex/edge insert ion/deletion. Such modifications 

are quite common in interactive visualization systems. After each modification the 

graph should be redrawn. The mental map preservation remains an important issue 

in this case. The new drawing can not be based solely on the modified graph, but 

must take into account the initial drawing in order to preserve the viewer's mental 

map. These problems are typically addressed in dynamic graph drawing. We devote 

the final section of Chapter 2 to reviewing different approaches used in this area. 

In Chapter 3 we provide our algorithm to draw a planar graph and its dual simul

taneously on a small integer grid using straight-line edges. The resulting drawings 

have the properties of traditional representations used for such drawings. We prove 

the algorithm is correct and provide sample drawings of our implementation of this 

algorithm. 

Then we define the framework for simultaneous visualization of planar graphs in 

Chapter 4. Since the input graphs are planar, we would like to provide crossing-free 
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drawings of each graph for individual graph readability and to preserve the exact same 

locations for the corresponding vertices of the graphs for mental map preservation. 

We present two versions of the problem, one where we have a one-to-one mapping 

between the vertices of the two graphs and one where there is no mapping. We provide 

positive and negative results for both versions. As a positive result we provide an 

algorithm resulting with an area bounded simultaneous embedding, and as a negative 

result a bad case scenario that does not allow such embeddings. 

We provide our heuristic algorithms for simultaneously embedding general graphs 

and the visualization techniques we employ to display them in Chapter 5. We present 

three heuristic embedding algorithms and three different visualizations suitable for 

each of the embedding algorithms. We describe a system that implements these 

algorithms and techniques, and present some sample visualizations of simultaneous 

embeddings of graphs resulting from the computer science literature. 

As a technique that helps simultaneous visualization of graphs we describe mor-

phing in Chapter 6. We discuss the disadvantages to mental map preservation of a 

commonly used morphing technique, linear morphing. We then provide our algorithm 

to morph a source planar drawing into a target planar drawing smoothly and without 

creating any edge-crossings throughout the morph, provided that the source and the 

target graphs have the same embedding. This technique helps preserve the mental 

map between the different drawings. 

Finally, in Chapter 7, we conclude with several open problems related to different 

versions of the problem of simultaneous visualization of graphs. 
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CHAPTER 2 

BACKGROUND 

2.1 Graph Theoretical Concepts 

2.1.1 Basic Definitions 

A simple graph G  consists of a non-empty finite set V  (denoted also as V ( G ) )  of 

elements called vertices and a finite set E (denoted also as E{G)) of distinct unordered 

pairs of distinct elements of V, called edges. G with vertex set V and edge set E can 

also be denoted as C = (V, E). If £• is a set of ordered pairs of vertices then we say 

the edges are directed and call G a directed graph. An edge {u, v) joins the vertices u 

and V and is said to be incident on u and v. The two vertices u and v are said to be 

neighbors or adjacent. Similarly a pair of edges are adjacent if they are incident on 

the same vertex. The degree of a vertex u is the number of edges incident on u and 

is denoted by deg{u). A graph is a subgraph of G if its set of vertices is a subset of V 

and its set of edges is a subset of E. The union of two graphs has the union of the 

vertex sets as its vertex set and the union of the edge sets as its edge set. 

In a simple graph there is at most one edge incident on a given pair of vertices. 

We can generalize the definition of simple graphs by removing the restriction that 

an edge joins two distinct vertices and allowing loops. A loop is an edge that joins a 

vertex to itself. The resulting graph is a general graph. In this thesis, unless specified 

otherwise, we will be dealing with simple undirected graphs. 

Given a graph G, a path in G is a sequence of edges such that any two consecutive 

edges are adjacent and all the edges and vertices in the sequence are distinct. If the 

starting and ending vertices of a path are identical then we call it a cycle. A graph 

is connected if there exists a path between every pair of vertices and disconnected 
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(a) 

1 2 3 

(b) 

FIGURE 2.1. (a) A planar graph G (b) Two different planar embeddings of G. 

otherwise. A connected graph G is k-connected if there exist k vertices such that 

the removal of which (and the removal of the edges incident on them) disconnects 

G. 2-connected graphs are also called biconnected graphs and 3-connected graphs are 

called triconnected graphs. 

2.1.2 Planar Graphs and Embeddings 

A planar graph is a graph that can be drawn on the plane without crossings. A 

crossing is a geometrical intersection of two edges other than at a vertex on which 
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FIGURE 2.2. and 1^3,3. 

/ 
/ 

/ 

I 

\ 
\ 
\ 
\ 
\ 

N 

FIGURE 2.3. A plane drawing of a graph (shown with black vertices and solid edges) and its 

dual (shown with diamond vertices and dashed edges). 

the edges are incident. A maximally planar graph is a planar graph such that the 

insertion of an extra edge makes the graph non-planar. A crossing-free drawing of a 

planar graph is called a plane drawing. If G is a planar graph, then any plane drawing 

of G divides the plane into regions the borders of which consist of vertices and edges. 

Each such region is called a face. Each plane drawing has an unbounded face called 

the external face or the outer face. Each plane drawing also determines a clockwise 

ordering of the edges incident on every vertex, which is called a planar embedding. 

Fig. 2.1a shows a planar graph G and Fig. 2.1b shows two different plane drawings 

of G corresponding to two different embeddings. 

Two graphs are said to be homeomorphic if both can be obtained from the same 

graph by inserting new vertices of degree 2 into its edges. An important result, known 

as Kuratowski's Theorem states that a graph is planar if and only if it contains no 

subgraph homeomorphic to or ^3^3, see Fig. 2.2 [112]. 
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FIGURE 2.4. An outerplanar graph and a tree 

Given a planar embedding of a graph G, the dual graph G' is the graph that has 

a vertex corresponding to each face of G, and an edge (/j, fj) corresponding to each 

edge shared by faces fi and fj. When referring to dual graphs, the original graph G 

is called the primal graph, see Fig. 2.3 for a drawing of a primal graph and its dual. 

Note that the dual graph in this case is not simple. 

2.1.3 Special Classes of Planar Graphs 

A cycle graph is a connected graph such that all the vertices have degree 2. The graph 

obtained by deleting an edge of a cycle graph is called a path graph. To be consistent 

with graph drawing literature, we refer to a cycle graph and a path graph simply as 

a cycle and a path respectively throughout this thesis. 

A connected planar graph G for which there exists an embedding such that all 

the vertices of G belong to the outer face is called an outerplanar graph. A tree is a 

connected planar graph that does not have any subgraph that is a cycle; the vertices 

with degree 1 are called leaves. Note that a tree is a special case of an outerplanar 

graph. Fig. 2.4 shows an outerplanar graph and a tree. 

A caterpillar is a tree such that a path is obtained by removing the leaves of the 

tree. The resulting path is called the spine and the leaves are called the legs of the 
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FIGURE 2.5. Top: A caterpillar and a star, Bottom: A broom and an extended star 

caterpillar. A star is a tree such that all the vertices are leaves, except for one special 

vertex called the root. A broom is a tree that is the union of a path and a star. Finally 

an extended star is a union of brooms such that a special root vertex is adjacent to 

the starting vertex with degree 1 of each of the path sections of the brooms in the 

union. Fig. 2.5 shows examples of these special classes of graphs. 

2.2 Graph Drawing Paradigms 

2.2.1 Aesthetic Criteria 

Formally, the drawing P of a graph G is a function that maps each vertex u E V 

to a distinct point ^{u) and each edge {u, v) to a simple Jordan curve X'('U, v) with 

endpoints T>{u) and X'(f) [45]. There exist infinitely many drawings for a given 

graph. Depending on the application domain and the class of the input graph only 

a limited number of these drawings are readable, that is, conveying the meaning of 
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the underlying relationship clearly to the human viewer. Although it is impossible to 

formally define readability, there are some commonly accepted aesthetic criteria as to 

what constitutes a readable drawing [134, 135]. These criteria can be grouped into 

maximization goals—properties which we would like to maximize—and minimization 

goals—properties which we would like to minimize. 

Maximizaton Goals 

• Aspect Ratio: Let R be the smallest rectangle with horizontal and vertical sides, 

covering the drawing. The ratio of the smaller of the height or the width of R 

to the larger one is called aspect ratio. Usually a drawing area that has the 

width close to the height (a ratio near 1.0) is preferable. 

• Symmetry: The symmetries of the graph should be displayed in the drawing as 

much as possible. 

• Angular Resolution: The smallest angle between the edges incident on a vertex 

is defined as angular resolution. A large angular resolution would provide a 

drawing such that the edges around a vertex are spread out evenly. 

Minimization Goals 

• Drawing Area: A small rectangle R covering the drawing is preferable. If the 

drawing area is large, the viewer will possibly have to scroll up/down to see 

different parts of the drawing. The viewer will then lose the general view of the 

graph. This criterion only makes sense if the drawing is prevented from being 

arbitrarily scaled down. This can be guaranteed by scaling the drawing so that 

the smallest distance between any pair of vertices is one and then measuring 

the area. 

• Number of Crossings: Not every graph is planar; therefore in 2-dimensional 

drawings crossings are in general inevitable. However having a small number of 
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crossings is usually preferable. (Note that every graph can be drawn without 

edge-crossings in 3-dimensions.) 

• Number of Bends: Some drawings might produce better results when the edges 

are drawn with polygonal chains as opposed to with straight-line segments— 

insisting on straight-line edges might produce poor results in terms of the other 

aesthetic criteria. (Typically angular resolution, number of crossings etc.) If 

bends are used then it is usually preferable to have a small number of bends, 

both in terms of the total number of bends in the graph and maximum number 

of bends on an edge. 

• Edge Length: It is preferable to have a drawing where both the total edge 

lengths and the maximum edge lengths are small. As is the case with the 

drawing area, this property only makes sense when the drawings cannot be 

scaled down arbitrarily. 

The problems descibed above are all related to optimization problems and most 

are NP-Hard [45]. Thus, heuristics or approximation algorithms are often used. 

2.2.2 Drawing Conventions 

Depending on the real life application requiring graph visualization, different drawing 

conventions are proposed. The graph drawn in Fig. 2.6 uses a simple circular layout, 

that is, the vertices are laid out on a circle, and the edges are drawn using straight-line 

segments. We illustrate several common graph-drawing conventions with this sample 

graph. 

Grid drawings: The drawings are realized on an integer grid so that all the vertices, 

crossings, or bends have integer coordinates. This way the area cannot be scaled 

down arbitrarily. The drawing area is determined by the size of the integer grid. 
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Polyline drawings: Each edge is represented by a polygonal chain of line segments. 

The resulting drawings can be modified such that they give drawings with nicely 

curved edges. Two special cases of this technique are straight-line drawings, ones 

which have edges drawn using straight-line edges, and orthogonal drawings, ones which 

have edges drawn using alternating horizontal/vertical line segments, see Fig. 2.7. 

Circular-arc drawings: In some cases drawing the edges using circular-arcs might 

provide better graph drawings. It might help maximize the angular resolution [29] or 

minimize the number of crossings [57]. 

Plane Drawings: The planar graphs are drawn without creating any edge crossings, 

see Fig. 2.8 for a plane drawing of the sample graph on an integer grid. 

Visibility Representations: Each vertex is mapped to a horizontal segment, each edge 

to a vertical segment. The vertical serment corresponding to {u, v) has its endpoints 

on the horizontal segments corresponding to u, v and does not intersect with any 

other horizontal segment, see Fig. 2.9. 



FIGURE 2.6. A sample graph with vertices laid out on a circle. 



FIGURE 2.7. Sample graph of Fig. 2.6 drawn using orthogonal drawing. 



FIGURE 2.8. Sample graph of Fig. 2.6 drawn without any edge-crossings. 



FIGURE 2.9. Sample graph of Fig. 2.6 drawn using visibility representation. 
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2.3 Embedding Planar Graphs with Straight-line Edges 

Wagner in 1936 and Fdry in 1948 independently proved that every planar graph 

admits a plane drawing using straight-line edges, see [163] for details. In 1963 Tutte 

provided an algorithm to find such drawings for triconnected planar graphs [156]. One 

problem with Tutte's approach is that the drawing area might require exponential 

area. This gave rise to the problem of realizing straight-line embeddings of planar 

graphs on the integer grid. The first solutions to this problem are given in 1989 

by de Fraysseix, Pach and Pollack [40], and independently, by Schnyder [142], both 

providing drawings on a grid with quadratic area. Later different restrictions of the 

problem have been considered. The algorithm of Chrobak and Kant [33] embeds 

a 3-connected planar graph with n vertices on an (n — 2) x (n — 2) grid so that 

each face is convex. Miura, Nakano, and Nishizeki [122] further restrict the graphs 

under consideration to 4-connected planar graphs with at least four vertices on the 

outer face and present an algorithm for straight-line embeddings of such graphs on 

an {\n/2\ — 1) x ([n/2j) grid. 

In this section we describe the two best known methods: The incremental algo

rithm of [41] which uses canonical labelings, and the combinatorial approach of [142] 

which makes use of Tutte's barycentric representation. Most of the existing work con

sidering different restrictions of the problem is based on either one of the approaches 

[32, 33, 67, 91, 122]. In Chapter 3 we discuss our algorithm for simultaneous em

bedding of a planar graph and its dual, which uses the idea of canonical labelings 

introduced in [41]. 

2.3.1 Combinatorial Approach 

The combinatorial approach is based on barycentric representation of graphs. A 

barycentric embedding of a graph G is an injective function u eV(G) —^ {ui, U2, u^) e 

such that: 
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FIGURE 2.10. Labeling of the angles of G. 

• Ui + U2 + uz = 1 for all vertices u. 

• For every edge {x,y) and every vertex z ^ x, z ^ y of G, 3 i E {1,2,3} s.t. 

Xi < Zi and yi < Zi. 

Given a maximally planar graph G = {V, E), the embedding algorithm consists of 

three phases: Finding a labeling of the angles of C; based on this labeling constructing 

three oriented trees for each vertex v' of G; and finally using this information to 

calculate the actual location of each v'. 

Labeling Angles: Given three vertices u, v, w on the outer face of G, there exists 

a labeling of the angles of G with the labels 1, 2, 3 satisfying the following rules (see 

Fig 2.10): 

• All the angles at w, u, v, are labeled 1, 2, 3 respectively. 

• The labels of the angles at each vertex form, in c.c.w (counterclockwise) order, 

a nonempty interval of I's, 2's, and 3's. 

• The labels of the angles at each interior face are 1, 2, and 3 in c.c.w. order. 

Three Oriented Trees (Realizer): The labeling of the angles of G described above 

induces a realizer, a partition of the interior edges of G into three sets Ti, T2, T3 of 

directed edges such that the following is satisfied: 
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FIGURE 2.11. Construction of the realizer from the labeling. 

• Each interior vertex v' has outdegree one in each of Ti, T2, T3. 

• Each Ti is a tree including all interior vertices and exactly one exterior vertex. 

All edges of Ti are directed toward this exterior vertex. 

Since each interior edge e is shared by two faces, e has two labeled angles at one 

end and two labeled angles at the other. Because of the rules governing the labelings 

of angles, the labels of the angles at one end should be identical, and the angles at 

the other end should be the other two remaining labels. Let the identical label be i 

and the two labels at the other end be j, k. Then the edge e is labeled i, and directed 

from the end with the angle-labels j and k, to the end with angle-labels i. If we do 

this operation on every edge of G, then we get a realizer of G, see Fig 2.11. 

The Actual Location of the Vertices: Once we have the three oriented trees (re

alizer) of G, for each vertex v', we can construct the 1-path (similarly 2-path and 

3-path) from v' to vertex w (similarly to u and v), such that each edge on its 1-path 

is labeled 1. These three directed paths from v' to u, v and w divide G into three 

regions, Ri{v'), R2{v'), and Rsiv'), see Fig 2.12. 

Using the number of faces inside each region Ri{v'), R2{v'), and R3{v') we can 

find the exact location of v'. Let U, V, W denote the actual locations of u, v and w 

respectively. Let fi{u), /2(m), fsiu) denote the number of faces inside i?i(w'), R2{v'), 
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V u 

FIGURE 2.12. The three regions of a vertex v': Ri, R2, R3. 

X X = f (v ')  
3 

FIGURE 2.13. The interpretation of barycentric coordinates of v' = {fi{v'), f2{v'), f^iv')). 
The lines xi = X2 = f2{v'), X3 = f^iv') intersect at the actual location of v'. 

and Rz{v') respectively, divided by the total number of faces. Then the actual location 

of v' is fi{u)U + f2{u)V + fj,{u)W, see Fig 2.13. 

Note that u = f2{u), f^{u)) is the barycentric representation of u. The 

embedding we get as a result of this barycentric representation of the vertices of G is 

in fact a planar straight-line embedding [141]. 

It can be shown that counting the number of vertices inside each region (as opposed 

to the number of faces) also gives a barycentric representation. In fact, using the 

actual locations resulting from this representation provides a drawing with much 
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u V 

FIGURE 2.14. Placement of 

smaller area [142]. 

2.3.2 Incremental Approach 

Given a maximally planar graph G = {V,E), the embedding algorithm consists of 

three phases; Finding a labeling of the vertices of G; incrementally placing each 

vertex based on this ordering; and finally shifting vertices to guarantee visibility, if 

necessary. 

Canonical Labeling: Given an embedding of G with u,v,w on the outer face, there 

exists a labeling of the vertices vi = u, V2 = v, — w subject to the following 

requirements [41]: 

• The subgraph Gk-i C G induced by Vi, V2, . . . ,  Vk-i is 2-connected and the 

boundary of its exterior face is a cycle c^-i containing the edge uv. 

• Vk is in the exterior face of Gk-i and its neighbors in Gk~i form a subinterval 

of the path Ck-i — uv. 
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FIGURE 2.15. Shifting outer face vertices to make Wp and Wq visible. 

Vertex Placement: We place the vertices incrementally based on the canonical 

labeling. Assume the first k — 1 vertices have been placed so that; 

• The coordinates of the outer face vertices are x-monotone. 

• The outer face edges, except for {u,v) have slopes 1 or —1. 

Let Vk be the next point to place in the step. Let the neighbors of Vk in Gk-i be 

Wp, Wp^i,..., Wq. We place at the lattice point P{wp, Wq), where the line through 

Wp with slope 1 intersect the line through Wq with slope —1. Then we get a placement 

similar to the one in Fig. 2.14. 

Shifting: As Fig. 2.14 illustrates it might be the case that newly placed Vk does 

not see Wp or Wg. We shift all the outer face vertices starting with Wp+i to the right by 

one, and we shift all the outer face vertices starting with Wq once more to the right. 

We get the configuration shown in Fig. 2.15. In order to preserve planarity we might 

need to shift some vertices inside also. [41] provides an efficient method to compute 

such shifting sets. 
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It is shown that shifting the vertices in the defined set does not introduce any 

cdge-crossings, and the final area of the grid is quadratic [41], In our algorithm for 

simultanously embedding a planar graph and its dual we define a labeling similar 

to the canonical labeling defined in this section and we make use of shifting for 

introducing new vertices similarly. 

2.4 Embedding General Graphs with Force-Directed Layout 

A commonly used method of laying out general graphs is the force-directed layout 

method. In this method we simulate attraction/repulsion of particles in a system of 

inter-particle forces. It is also known as the spring embedder method where the whole 

graph is thought of as a spring system: each vertex is replaced by a steel ring and 

each edge by a spring, and the system is let to move to an "equilibrium state", one 

where a minimum energy state is reached . 

Eades presented the first spring embedder in 1984 [54]. Since then there have been 

many variants of this method [7, 24, 37, 38, 39, 50, 52, 71, 76, 77, 79, 90, 105, 116, 

125]. The general idea is that every pair of vertices apply a repulsive force between 

each other and each edge applies an attractive force between the vertices it joins. A 

standard force-directed layout algorithm begins with an initial random placement of 

the vertices. Then it iteratively computes the effect of repulsive and attractive forces 

on vertices and updates the temperature, where the temperature controls the scale of 

each iteration. At the beginning the temperature is high and vertices move significant 

distances and with time, the temperature is decreased. Various approaches differ in 

the definition of the energy and the optimization method that finds its minimum. 

Here we describe the energy functions defined by Fruchterman and R.eingold as a 

sample approach [76]. The attractive and repulsive forces are respectively defined as, 

fr{d,) = —K^jd and fa{d) = d?/where d is the distance between two vertices. The 

repulsive forces are calculated for each pair of vertices whereas the attractive forces 
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FIGURE 2.16. Sample graph of Fig. 2.6 laid out using a force-directed method. 

are calculated for pairs of vertices connected by an edge. The ideal distance between 

vertices, k, is defined as k = C sj Aframel'^i where A frame is the area of the frame, C 

is a constant determining how the vertices fill the frame, and n is the total number of 

vertices. Fig. 2.16 shows the resulting layout of the graph in Fig. 2.6 using the force 

directed layout method. 

In terms of layout, the major advantages of a force-directed method are that the 

resulting drawings tend to preserve the symmetries of the graph structure, and the 

edge lengths tend to be uniform. In terms of implementation it has advantages such 
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as its simplicity and flexibility (heuristic improvements can be added easily). However 

one problem arises when dealing with large graphs. It is time-consuming to calculate 

the minimum energy state. Several approaches based on multi-scale layouts have 

been proposed [77, 90]. The main idea is to create a hierarchy of graphs organized 

in multiple levels of detail using clustering or filtration and to apply a force-directed 

method on different levels rather than the large original graph. 

2.5 Dynamic Graph Drawing 

On an application level there are many scenarios that require the redrawing of a 

graph after some some modifications on the graph, such as insertion/deletion of ver

tices/edges. This is true for interactive systems, where constant modifications to the 

graph are made by the user. In such cases it is important to implement a fast re

drawing of the graph and to limit the changes made on the structure of the drawing. 

The latter is usually described as mental map preservation [121]. When a user ex

amines a graph she constructs a mental view of the graph, for example, using the 

relative positions of the vertices to each other, or the embedding of the graph (i.e., 

the topological structure). When the layout changes, in case of dynamic drawing, the 

user has to reconstruct this mental view. In general the goal is to aid the user in this 

reconstruction. Fig. 2.17 shows the inital drawing of a graph and its redrawings after 

the deletion of an edge and the insertion of a new edge. If the redrawing is done from 

scratch—as can be seen from the figure—the user's mental map is destroyed, as it is 

difficult to relate the two drawings. The change in the vertex locations and the edge 

routings affects the user's ability to find the relation. 

There are two approaches to the problem of mental map preservation. One is to 

support the user by animating/morphing and highlighting the modifications, so that 

they can be easily recognized and so the transitions are smooth. The other solution 

is to minimize the changes on the layout while redrawing after modifications. The 
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FIGURE 2.17. Top: Initial Graph, Bottom: Modified graph after deletion of edge (4,6), and 

insertion of edge (5,7). 
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two solutions are complementary and can be applied simultaneously for best results. 

First a new layout that minimizes the changes in the redrawn graph can be com

puted and then the transition from the old layout can be morphed to the new layout 

smoothly. Morphing has been extensively studied in graphics, animation, modeling 

and computational geometry, e.g., morphing 2D images [8, 85, 152], polygons and 

polylines [12, 83, 143, 144, 146], 3D objects [92, 100] and free form curves [140]. 

Many approaches have also been proposed towards the second goal of minimizing the 

changes in the redrawn graph [6, 34, 117, 120, 123, 129]. We briefly describe them 

below. 

2.5.1 No Modifications on Initial Drawing 

A simple way to guarantee the preservation of the mental map is to prevent any 

changes on the initial drawing. In this case the modifications on the graph have 

to be carefully realized to preserve the aesthetic criteria. For example in case of a 

vertex/edge insertion, if the initial drawing is drawn with few crossings, we should 

insert the vertex/edge in the current drawing so that we do not introduce many new 

crossings. An algorithm for orthogonal drawings of planar graphs with maximum 

degree four, that allow the insertion of new vertices without creating any changes in 

the original drawing is presented in [130]. 

Since the no-modification condition is too restrictive the method will apply only 

to a small class of graphs. A weaker condition is to allow the vertices to move in 

some vicinity of the original location. Vicinity of a vertex u is defined as the vertices 

directly affected by a modification to u and the vertices within a distance smaller 

than a certain edge length [14]. A similar method for orthogonal drawings where a 

vertex might move a few units along the x and y axes after the redraw is presented 

in [130]. 
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2.5.2 Allowing Modifications within a Similarity Measure 

Many models consider different metrics to determine how similar a pair of layouts 

are [20, 121]. Once this is done an algorithm can be designed to compute a redrawing 

of the graph that stays within those limits of similarity. Some commonly used metrics 

are as follows: 

Absolute Positions: A simple way to measure similiarity is to find the sum of Euclidean 

Distances between pairs of points, one from the original drawing and the other from 

the modified one [22, 117]. This measure might suffer from the fact that independent 

distances are not taken into account. The measure might give similar results for 

drastically different scenarios. In one scenario it might be the case that only one 

vertex location is changed by a large amount and the rest of the vertices preserve 

their locations. Another scenario with a similar resulting measure would be the case 

where every vertex changes location so that the sum of distances in both scenarios is 

equal. 

An alternative measure is the Hausdorff Distance, which is the largest distance 

between a point in the initial drawing and its nearest neighbor in the modified draw

ing [22]. This method might be even less satisfactory, since in this case even the 

considered pairs of vertices might not be matching vertices. 

Orthogonal Ordering: Assume that a layout algorithm modifies the position of a ver

tex u from {xuiVu) to {x'^,y'^). Then we say that the algorithm preserves orthogonal 

ordering if for every u,v eV the followign onditions are satisfied; 

•  X u  <  X y  iff x'̂  < x'̂  

•  y u < y v  i f f  y ' u  <  y ' v  

• Xu = Xy iff x'̂  = x'̂  

• V u ^ V v  iff y ' u  =  y ' v  
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Proximity: Intiutively this criterion implies that the vertices that were close together 

in the initial drawing remain close after the modification also. The simplest concept 

used for proximity relations is the nearest neighbor graph. This is the directed graph 

that has an edge from every vertex to its nearest neighbor. We say that a layout 

algorithm preserves the proximity condition under the nearest neighbor measure if the 

nearest neighbor graph does not change after the algorithm is applied to the original 

graph. Several other proximity graphs have been proposed, including the sphere of 

influence graph, minimum spanning tree, and Delaunay triangulations [115, 154], 

Topology: The edges of a graph G divide the plane into a number of regions. Each 

different division results in a different dual graph of G. The dual graph in a sense 

captures the topological structure of a graph. Two graphs have the same topology if 

they have the same dual graph. We say that a layout algorithm preserves topology 

if the layout of the initial graph and the layout of the modified graph have the same 

topology [121]. 
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CHAPTER 3 

SIMULTANEOUS EMBEDDING OF 
PRIMAL/DUAL GRAPHS 

3.1 Introduction 

In this chapter we address the problem of simultaneously embedding a planar graph 

and its dual on a small integer grid. The planar dual of an embedded planar graph G 

is the graph G' formed by placing a vertex inside each face of G, and connecting those 

vertices of G' whose corresponding faces in G share an edge. Each vertex in G' has 

a corresponding primal face and each edge in G' has a corresponding primal edge in 

the original graph G. The traditional manual representations of a graph and its dual, 

suggest two natural requirements. One requirement is that we place a dual vertex 

inside its corresponding primal face and the other is that we draw a dual edge so that 

it only crosses its corresponding primal edge. We provide a linear-time algorithm 

that simultaneously draws a planar graph and its dual using straight-line segments 

on the integer grid while satisfying these two requirements. The results discussed in 

this chapter are presented in [64]. 

3.2 Representations of Primal/Dual Graphs 

The problem of simultaneously embedding a planar graph and it dual dates back to 

the circle-packing problem of Koebe [110]. In a paper dating back to 1963, Tutte [156] 

shows that there exists a simultaneous straight-line representation of any planar graph 

and its dual in which the only intersections are between corresponding primal/dual 

edges. However, a disadvantage of this representation is that the area required by the 

algorithm can be exponential in the number of vertices of the graph. 



52 

Brightwell and Scheinerman [23] show that every 3-connected planar graph G can 

be represented as a collection of circles, one circle for each vertex and one for each 

face, so that, for each edge of G, the four circles representing the two endpoints and 

the two neighboring faces meet at a point. Moreover, the vertex-circles cross the 

face-circles at right angles. This result implies that one can represent a 3-connected 

planar graph and its dual simultaneously in the plane with straight-line edges so 

that the primal edges cross the dual edges at right angles (provided that the vertex 

corresponding to the unbounded face is located at infinity). Mohar [124] extends the 

results of [23] by presenting an approximation algorithm that given a 3-connected 

planar graph G = {V,E) and a rational number e > 0 finds an e-approximation for 

the radii and the coordinates of the centers for the primal/dual circle representation 

for G and its dual. Mohar's algorithm runs in time polynomial in \E{G)\ and log(l/e), 

and the angles of the primal/dual edge crossings are arbitrarily close to 7r/2. 

Bern and Gilbert [10] address a variation of the simultaneous planar-dual embed

ding problem: finding suitable locations for dual vertices, given a straight-line planar 

embedding of a planar graph, so that the edges of the dual graph are also straight-

line segments and cross only their corresponding primal edges. They present a linear 

time algorithm for the problem in the case of convex 4-sided faces and show that the 

problem is NP-hard for the case of convex 5-sided faces. 

The simultaneous embedding in [23] guarantees right angles for the primal/dual 

edge crossings where the unbounded face needs to be handled in a special way by cre

ating a vertex at infinity. Even without considering the unbounded face, the methods 

in [23] and [124] do not provide bounds on the area required for the simultaneous 

embedding and they are less practical than our approach. 

In this chapter we present an algorithm for embedding a given planar graph G 

and its dual simultaneously so that following conditions are met: 

• The primal graph is drawn with straight-line segments without crossings. 
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FIGURE 3.1. If the vertex corresponding to the outerface is drawn explicitly, then one of the 

edges emanating from it must have a bend. 

• The dual graph is drawn with straight-line segments without crossings. 

• Each dual vertex lies inside its primal face. 

• A pair of edges cross if and only if the edges are a primal/dual pair. 

• Both the primal and the dual vertices are on the (2n — 2) x (2n — 2) grid, where 

n is the sum of the number of vertices in the primal and dual graphs. 

• The running time of the algorithm is 0(n). 

As in most primal/dual representation approaches, the unbounded (outer) face 

must be treated differently. If the vertex corresponding to the unbounded face is not 

explicitly drawn in the plane, then all of the conditions above are met. However, 

if it is drawn explicitly, then one of the dual edges emanating from it cannot be a 

straight-line segment; see Fig. 3.1. In our grid-embedding algorithm, we provide an 

option for not drawing the vertex representing the outer face explicitly, or if it is 

drawn, then one of the edges emanating from it has one bend (that also is on the 

grid). If the embedding is done on the surface of a sphere the edges emanating from 

this vertex are arcs of great circles and now the unbounded face does not require 

special treatment. 

In section 3.3 we describe the algorithm in detail. In section 3.4, we briefly discuss 

the implementation and present several drawings of primal/dual graphs produced by 
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FIGURE 3.2. 3-connected graph Gi. The inserted dual vertices are shown as empty circles. 

Dashed lines represent the inserted edges. To obtain G2 we remove the original edges of Gi 

(drawn with solid lines). 

our algorithm. 

3.3 Algorithm for Embedding a Graph and Its Dual 

Let Gi be a 3-connected planar graph. We construct a new graph Gi that combines 

information about both the planar graph Gi and its dual. For this construction we 

make some changes in Gi. We introduce a new vertex Vi corresponding to a face Ĵ i 

of Gi, for all 1 < z < /, where / is the number of faces of Gi. We adjoin each newly 

added vertex w/ to each vertex Vj of Ti with a single new edge and delete all the 

edges that originally belonged to Gi. Fig. 3.2 shows a sample construction. We call 

the resulting planar graph G2 fully-quadrilateralated (FQ), since every face of G2 is 

a quadrilateral. Since the original graph Gi is 3-connected, the resulting graph G2 is 

also 3-connected (proven formally in [156]). 

Observation: If we can embed the graph G2 on the grid so that each inner face of 

G2 is strictly convex and the outer face of G2 lies on a strictly concave quadrilateral, 

then we can embed the initial graph Gi and its dual so that we meet all the problem 
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requirements—the only exception is that one edge of the primal graph G\(or its dual) 

is drawn with one bend. 

The requirement that the edges of the dual graph be straight and cross only their 

corresponding primal edges is guaranteed by the strict convexity of the quadrilateral 

faces. Let the outer face of the graph G2 be {u,v,w,w'), where u,w are primal 

vertices and v, w' are dual vertices, as shown in Fig. 3.2. The exception arises from 

the fact that we need to draw {u, w) and (v, w'), while both of these edges can not lie 

inside the quadrilateral {u,v,w,w'). In order to get around this problem we embed 

the quadrilateral {u,v,w, w') so that it is strictly concave. This way only one bend 

for one of the edges {u, w) or {v, w') will be sufficient. As a result all the edges in the 

primal and the dual graph are embedded as straight-lines, except for one edge. In 

fact, it is easy to choose the exact edge we need (either from the primal or from the 

dual). 

Hence, the original problem can be transformed into a problem of straight-line 

embedding an FQ-3-connected planar graph G on the grid so that each internal face 

of G is strictly convex and the outer face of G lies on a strictly concave quadrilateral. 

This problem can be solved by the algorithm of Chrobak et al. [32]. However, the area 

guaranteed by their algorithm is 0{n^) x 0{n^), whereas our algorithm guarantees a 

drawing on the (2n — 2) x (2n — 2) grid. This result is stated in the following theorem: 

Theorem 3.1. Given a 3-connected planar graph Gi, we can embed Gi and its dual 

on a {2n — 2) x (2n — 2) grid, where n is the sum of the number of vertices in Gi and 

its dual, so that each dual vertex lies inside its primal face, each dual edge crosses 

only its primal edge and every edge in the overall embedding is a straight-line segment 

except for one edge which has a bend placed on the grid. Furthermore, the running 

time of the algorithm is 0{n). 
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3.3.1 Overview of the Algorithm 

Given a 3-connected graph Gi, we summarize our algorithm to simultaneously embed 

G\ and its dual as follows: 

• Find a topological embedding of Gi using [97]. 

• Apply the construction described above to find 02-

• Let G = G2, where G is an FQ-3-connected planar graph. 

• Find a suitable canonical labeling of the vertices of G. 

• Place the vertices of G on the grid one at a time using this ordering. 

• Remove all the edges of G and draw the edges of Gi and its dual. 

Note that our method works only for 3-connected graphs. A commonly used 

technique for drawing a general planar graph is to embed the graph after fully tri

angulating it by adding some extra edges and then to remove the extra edges from 

the final embedding. Using the same idea, we could first fully triangulate any given 

planar graph. Then after embedding the resulting 3-connected planar graph and its 

dual, we could remove the extra edges that were inserted initially. However, the prob

lem with this approach is that after removing the extra edges there could be faces 

with multiple dual vertices inside. Thus the issue of choosing a suitable location for 

the dual vertices of such faces remains unresolved. In fact, depending on the drawing 

of that face, it could as well be the case that no suitable location for the dual vertex 

exists [10]. Therefore in the rest of this chapter we consider only 3-connected graphs. 

3.3.2 The Canonical Labeling 

We present the canonical labeling for the type of graphs under consideration. It is 

a simple restriction of the canonical labeling of [106], which in turn is based on the 

ordering defined in [40]. 

Let G be an FQ-3-connected planar graph with n vertices. Let {u, v, w, w') be the 

outer face of G s.t. u, w are primal vertices and v, w' are dual vertices. Then there 
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exists a mapping S from the vertices of G onto (vi, 1 < i < m) such that 6 maps u 

and V to vi, w' to Vm and satisfies the following invariants for every 3 < k < m: 

1. The subgraph Gk-i C G, induced by the vertices labeled Vi, I < i < k — I \s 

biconnected and the boundary of its exterior face is a cycle Ck-i containing the 

edge (M ,  V) .  

2. Either one vertex or two vertices can be labeled Vk-

(a) Let Zq be the only vertex labeled Vk- Then belongs to the exterior face 

of Gk-i, has at least two neighbors in Gk-i and at least one neighbor in 

G - G f c .  

(b) Let Zq,Zi be the two vertices labeled Vk, where {zq,zi) is an edge in G. 

Then zq, Zi belong to the outer face of Gk-i, each has exactly one neighbor 

in Gk-i and at least one neighbor in G — Gk-

Since G is FQ, all the faces created by adding v^, 3 < k < m, have to be 

quadrilaterals; see Fig. 3.3. 

Note that assigning the mappings onto Vi and Vm as above provides us the embed

ding where all the edges of both the primal and the dual graph are straight except for 

one primal edge, (u,w), which has a bend. Alternatively, assigning v and w to map 

onto vi, and u to map onto would choose a dual edge, (v, w'), to have a bend. 

Lemma 3.1. Every FQ-3-connected planar graph has a canonical labeling as defined 

above. 

Kant [106] provides a linear-time algorithm to find a canonical labeling of a general 

3-connected planar graph. It is easy to see that the canonical labeling definition 

of [106] when applied to FQ-3-connected planar graphs, gives us the labeling defined 

above. 
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k - l  

V u V u 

(a) (b) 

FIGURE 3.3. (a) One vertex, ZO,  is labeled VK\  (b) Two vertices, ZQ and ZI ,  are labeled Vk-

3.3.3 The Placement of the Vertices 

The main idea behind most of the straight-line grid embedding algorithms is to come 

up with a suitable ordering of the vertices and then place the vertices one at a time 

using the given order, while making sure that the newly placed vertex (or vertices) is 

(are) visible to all the neighbors. In order to realize this last goal, at each step, a set of 

vertices are shifted to the right without affecting the planarity of the drawing so far. 

Our placement algorithm is similar to the algorithm of Chrobak and Kant [33], with 

some changes in the invariants that we maintain to guarantee the visibility together 

with strict convexity of the faces. 

Let the canonical labeling, 5, that maps the vertices of G onto vi,v2,...vm be 

defined as in the previous section. Let U{gi) denote the set of vertices under gi. Each 

vertex in U{yi) should be shifted to the right whenever the vertex gi is shifted to 

the right. V{(gi) is initialized to {gi} for every vertex g^ of G. Let 5{gi) = Wj/ and 

5{gj) = Vf. Then we define Lo'w{gi, gj) = i i' < j', Lo'w{gi, gj) = j if j' < i'. If 

i' = j' then let Low{gi,gj) be the one that is located further to the left. Let x{gi), 

y{gi) respectively denote the x and y coordinates of the vertex g^. 
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•Embed the First Quadrilateral Face: We start by placing the vertices mapped 

onto Vi and V2- The ones that are mapped onto vi are u and v. We place u at (0,0) 

and V at (3,0). Note that two vertices should be mapped to V2. We place the vertex 

that is mapped to V2 and that shares an edge with u at (1,1) and the other at (2,1). 

Then, for every k, 3 < /c < m, we do the following: 

• Update U{gi): Let Ck-i = (u = Ci, C2,= v). Let Cp, Cg € Ck-i, respectively 

be the first and the last neighbors of the vertex(vertices) mapped to v^. If only one 

vertex, zq, is mapped to v^, we update U{cp), U{cq) and U{zq) as follows: 

Low{cp,Cpj,i) =p+l =>ZY(cp) =U{cp) UU{cp+i) 

Low{Cq^2,Cq-l) =q-2=^U{Cq) =U{Cq)yjU{Cq^l) 

Low{Cq-2,Cq-\) 

U{ZQ) = U{ZQ) U 

i—Lou)(cp,Cj ,+i)+l  

We do not change U{gi) if two vertices, Zq and zi, are mapped to Vk-

•Shift to the right: We then perform the necessary shifting. We shift each vertex 

9i ^ Ui=g ^(cj) to the right by one if only one vertex is mapped to Vk, by two otherwise. 

•Locate the New Vertices: Finally we locate the vertex(vertices) mapped to Vk 

on the grid. Let \vk\ denote the number of vertices mapped to Vk- Then we have: 

If Cp has no neighbors in G — Gk 

x{zo) = x(Cp) 

y{zo) = y{Cq) + x{Cq) -  x{Cp) -  \Vk\ + 1 

otherwise 

x{zo) = x{Cp) + 1 

y{Zo) = y{Cq) + x{Cq) -  x{Cp) -  \Vk\ 

If l^ytl = 2 define Zi also: 

x{zi) = x{Z(i) + 1 

y{zi) = y{zo) 
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Up to this step the algorithm is just a restriction of the one in [33] and it guarantees 

the convex drawing of the faces. Then, in order to guarantee strict-convexity, we note 

the following degenerate cases; see Fig. 3.4: 

•Degeneracies: We check for four types of degeneracies; type rfi, type (i2, type 

(is, and type d^: 

If only one vertex, Zq , is mapped to 

("'i) If x{zq) = a;(cp+i) = x(cp+2) 

Shift each vertex gi € UUiW( Cj) to the right by one. 

Perform the location calculation for zq again. 

If A; < m and zq, Cg, are aligned and Cq has no neighbors in G — Gk 

Shift each vertex gi G i) to the right by one. 

If two vertices, zq and Zi are mapped to Vk 

("^3) If y(zo) = y{zi) = |/(cp) 

Shift each vertex gi G i) to the right by one. 

Perform the location calculation for zq and z^ again. 

U k < m and Zi, Cg, c^+i are aligned and Cq has no neighbors in G — Gk 

Shift each vertex E l/(ci) to the right by one. 

3.3.4 Proof of Correctness 

Lemma 3.2. Let Ck = (u — Ci, C2, ...,Cr = v) be the exterior face of Gk after the 

placement step. Let a{cj, Cj+i) denote the angle of the vector CjCjjX, for 1 < i < r — 1. 

The following holds for 2 < k < m — 1: 

1. a;(cj,cj+i) lies in [—45°, arctan(—l/2)]u{0}u[45°, 90°]. It can not lie in (—45°, 

arctan(—1/2)] if Cj has a neighbor in G — Gk-

2. If Cj e Ck,Cj ^ {ci,cr} s.t. Cj does not have a neighbor in G — Gk, then: 
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FIGURE 3.4. Four possible degenerate cases: type di, type d^, type d^, type ^4. 

(a) If Low{cj^i,Cj) = j—1 then a{cj,cj+i) = 90° otherwise a{cj_x,cj) = —45°. 

(b) If a{cj,cj^i) = 90° then a{cj_i,cj)  ̂  90°. 

(c) If a{cj,cj^i) = —45° then a{cj^i,cj) ^ —45°. 

Proof. Part — 1. We prove (1) by induction on k. For k = 2, the lemma holds by 

the placement oi u = Ci, w — C2 and v = C3. Assume (1) holds for A:' = A: — 1 where 

2 < k' < m — 1. Let Cp,Cq E Ck-i, respectively be the first and the last neighbor 

of the vertex(vertices) mapped to Vk- If \vk\ = 1 and zq is the vertex mapped to v^, 
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the newly added edges on Ck, are {cp, Zq) and {zo,Cg). The lemma holds for these 

edges by the placement algorithm. It holds for the rest of the edges of except for 

(cgjCg+i), by induction. For (cg,cg+i), if zo,Cq and Cg+i are aligned and Cg does not 

have a neighbor in G — Gk-, the placement algorithm guarantees that a{cq, Cg+i) lies in 

(—45°, arctan —1/2], otherwise it holds by induction. For \vk\ = 2, (1) holds trivially 

by the placement algorithm, for the new edges and by induction for the rest. 

Part — 2. The proof of (2) is similarly by induction on k. For /c = 2, each of 

M = ci, w = C2 and v = have neighbors in G — Gk and the lemma holds trivially. 

Assume (2) holds for k' = k — 1 where 2 < k' < m — 1 and let Cp, Cq e Ck-i be defined 

as before. 

We assume \ v k \  = 1. The case where |wfc| = 2 is similar. Let Z q be the vertex 

mapped  t o  V k -  We need  t o  p rove  t ha t  (2 )  ho lds  fo r  any  Cj  G  Gk — (c i , . . . ,  Cp ,  Z Q , C q , . . . ,  C r ) .  

Since by the definition of canonical ordering, Zq has an edge in G — Gk-, (2) holds 

for Cj = Zq. It holds for Cj G {ci, ...,Cp_i} by induction, since we do not make any 

changes in the locations of the vertices in (ci,..., Cp} after inserting Zq. It also holds for 

Cj G {cq_|_2, ...,Cr} by induction, since those vertices are shifted by the same amount 

to the right after inserting zq. Then, we just need to prove that it holds for any 

Cj e {cp,cq,cq+i}. We prove the cases where Cj does not have an edge in G — Gk, 

since otherwise the lemma holds trivially. 

For Cj = Cp, we can safely assume that Cp_i  has at least one neighbor in G ~ Gk-

This is true, since otherwise both Cp and Cp_i have no neighbors in G — Gk- Because of 

the fact that G is fully quadrilateralated this implies that k = m, which contradicts 

the initial assumption about k. Now if Low{cp_i, Cp) = p — 1 then (2a) holds trivially 

by the placement algorithm. If Low{cp-i, Cp) = p, then by the first part of the lemma 

a(cp_i,cp) lies in {—45°,0} U [45°, 90°]. The placement algorithm guarantees that if 

Low{cp_i, Cp) = p, then y(cp_i) > y{cp). This implies Q:(cp_i, Cp) = —45. The proof of 

(2b) is by contradiction. Assume a{cp,zo) = 90° and a;(cp_i,cp) = 90° which, by the 

placement algorithm, implies that Cp_i doesn't have any neighbors in G — Gk- Since 
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both Cp and Cp-i don't have any edges in G — Gk, k = m, which is a contradiction. 

(2c) holds by the placement algorithm for Cj = Cp, since a{cp, 2:0) = 90°. 

For Cj = Cg, (2a), (2b) and (2c) hold by the placement algorithm. 

For Cj = Cg+i, if Cq and c^+i are not aligned with zq during the initial placement, or 

Cq has a neighbor in G — G^, then Cq and are shifted the same amount to the right. 

Then in this case, the lemma holds by induction. Note that we are assuming that 

Cqj^i doesn't have a neighbor in G — G^- Now assume that after the initial placement 

all three are aligned and Cg doesn't have a neighbor in G — either. Since G is FQ, 

this implies k = m, which contradicts the initial assumption about k. •  

Preserving Planarity Let only one vertex, zq, be mapped to v^. If (zo,Cj) is an 

edge in Gk for some cj G Ck^i, then the placement algorithm and the previous lemma 

guarantees that —90° < a(zo,Cj) < —45°, for j p,j 7^ q. Then no crossing is 

created between a new edge {zo,Cj) and the edges of Ck-i- Because such a crossing 

would imply that there exists f < j s.t. Cj: G Gk and a{cji,cj) < —45. But this is 

impossible by the first part of the above lemma. The same idea applies to the case 

where \vk\ = 2. Then the following corollary holds: 

Corollary 3.1. Insertion of the vertex (vertices) mapped to v^, at the k*'^ placement 

step, where 2 < k < m, preserves planarity. 

Strictly Convex Faces Let = 1 and Zq be the vertex mapped to v^. Let 

J^j = {cj,Cj+i,Cj+2, Zo) be a quadrilateral face created after the insertion of Zq. If 

Lo'w{cj,Cj^i) = j + 1, then by the previous lemma a(cj,cj+i) = —45°. Fig. 3.5(a) 

shows the area where Zq and Cj_|_2 must lie. If Low{cj, c^+i) = j, then a{cj^i, Cj+2) = 

90°. Fig. 3.5(b) shows the area where zq and Cj^2 must lie in this case. Both cases 

imply that jFj = (cj,cj^.i,cjj^2, Zq) is strictly convex. 

If |UA;| = 2 and zq, Zi are mapped to the placement algorithm requires that Cp 

must lie in the area shown in Fig. 3.5(c), which implies that the newly created face 

is strictly convex. The following corollary holds: 
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(c) 

FIGURE 3.5. The vertices pointed to by the arrows must lie in the indicated area. The dashed 

lines indicate open boundaries that are not included in the area. 

Corollary 3.2. The newly created faces after the insertion of the vertex (vertices) 

mapped to Vk, at the placement step, where 2 < k < m, are strictly convex. 

Shifting Preserves Planarity and Strictly Convex Faces The above discussion 

shows that after the insertion of the vertex(vertices) at the kth placement step, no 

new edge crossing is created and all the newly added faces are strictly convex. In 

order to complete the proof of correctness we only need to prove that the same holds 

for shifting also: 

Lemma 3.3. Let Ck = {u = ci,C2, ...,Cr — v) be the exterior face of Gk after the k^^ 

placement step, where 2 < k < m. For any given j, where 1 < J < R, shifting the 

vertices in Ci), to the right by s units preserves the planarity and the strictly 

convex faces of Gk-
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Proof. The claim holds trivially for /c = 2. Assume it holds for k' = k — I, where 

2 < k'  < m — 1.  We assume \vk\  = 1. The case where \vk\  = 2 is  s imilar .  Let  zq 

be the vertex mapped to Vh and Cp,Cq 6 respectively be the first and the last 

neighbor of zq in Gk-i-

U j < p then by the inductive assumption the planarity of Gk-i and the strictly 

convex faces of Gk-i are preserved. The faces introduced by Zq shift rigidly to the 

right, which, by the previous corollaries, implies that G^ is planar and all its faces 

are strictly convex. 

If j > q, then by the inductive assumption the planarity of Gk-i and the strictly 

convex faces are preserved. Since neither zq nor any of its neighbors in Gh-i are 

shifted the lemma follows. 

If shifting the newly inserted vertex Zq, we inductively apply the shifting to f = 

Low{cp,Cp+i) + 1 in Gk-i- By the inductive assumption the planarity and strictly 

convex faces are preserved for Gk-i- Since we applied a shifting starting with j', then 

all the faces except the first one are shifted rigidly to the right, which implies that 

those faces are strictly convex. Then the only problem could arise with the leftmost 

face. If Low{cp, c^+i) = p, then Cp+i, Cp^2 and Zq are all shifted to the right by the same 

amount. Since initially the face (cp, Cp+i, Cp^2, ̂ o) was strictly convex, it continues to 

be so after shifting those three vertices also. In the case where Low{cp, Cp+i) = p +1, 

the only shifted vertices are zq and Cj,+2- Again shifting those two vertices does not 

change the property that the face is convex. 

If j = g, the situation is very similar to the previous case, except now the only 

deformed face is the rightmost face, instead of the leftmost one. The same idea applies 

to this case also, i.e., given that initially the face is strictly convex, it remains to be 

so after shifting • 
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3.3.5 Grid Size 

Lemma 3.4. The placement algorithm requires a grid of size at most (2n —4) x (2n — 

4), where n is the sum of the number of vertices in the primal and the dual graphs. 

Proof. If no degeneracies are created then the exact grid size required is (n — 1) x 

(n — 1). We show that each degenerate case can be associated with a newly added 

quadrilateral face of G. 

Degenerate case of type di is associated with the face (cp, Cp+i, Cp_i_2, ^o)- De

generate case of type c/2 at some step k of the algorithm, is associated with a face 

(2:0, Cq, Cq_(_i, 5i), where g-j is a vertex that will be added at some step k' > k oi the 

algorithm. We know that such a face exists, since k < m, Cg has no neighbors in 

G ~ Gk and each face under consideration is a quadrilateral. Similar argument holds 

for degenerate case of type d^. Finally degenerate case of type d^ is associated with 

the face {cp,cq, Zi, Zq). Fig. 3.4 shows all four types of degeneracies that can occur. 

Note that each quadrilateral face is associated with at most one degeneracy. 

Since an FQ graph G with n vertices has n—3 inside faces, the placement algorithm 

requires grid size of at most (2n — 4) x (2n — 4). • 

Final Shifting Let {u, v, w, w') be the outer face of G. The placement algorithm 

and Lemma-2 imply that the outer face is the isosceles right triangle Auvw' and that 

w lies on the line segment {v,w'). We need to do one final right shift to guarantee 

that the outer face {u,v,w,w') lies on a strictly concave quadrilateral. For this 

we just shift v to the right by one. As a result we can draw the edge (v, w') as 

a straight-line segment. In order to draw the edge (u,w), we place a bend point 

at (x(w') — l,y(w') + 2), where x(w') and y{w'), respectively denote the x and y 

coordinates of the vertex w'. We connect the bend point with u and w. Then the 

total area required is (2n — 2) x (2n — 2) and Theorem 3.1 follows. 
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3.4 Implementation 

We have implemented our algorithm to visualize 3-connected planar graphs and their 

duals. Finding a suitable canonical labeling takes linear time [106]. We make use of 

the technique introduced by [31] to do the placement step. It is based on the fact 

that storing relative x-coordinates of the previously embedded vertices is sufficient 

at every step. Then the placement step also requires only linear time. Overall, the 

algorithm runs in linear time. Fig. 3.6 shows the primal/dual drawing we get for the 

dodecahedral graph and Fig. 3.7 shows the primal/dual drawing of the icosahedral 

graph. 
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FIGURE 3.6. Dodecahedral graph and its dual representation. The solid vertices(edges) in the 

primal/duai representation correspond to vertices(edges) of the primal graph (the dodecahedral 

graph); the empty diamonds and the dashed edges correspond to the ones of the dual. 



FIGURE 3.7. Icosahedral graph and its dual representation. The solid vertices(edges) m the 

primal/dual representation correspond to vertices{edges) of the primal graph (the icosahedra 

graph); the empty diamonds and the dashed edges correspond to the ones of the dual. 
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CHAPTER 4 

SIMULTANEOUS EMBEDDING OF PLANAR 
GRAPHS 

4.1 Introduction 

In Chapter 3 we provided a method to embed two related graphs simultaneously. A 

planar graph and its planar dual were the related graphs under consideration and the 

simultaneous embedding was defined based on the criteria for traditional planar/dual 

representations. 

In this chapter we address the problem of simultaneous embedding of planar 

graphs that are defined on the same set of vertices. Often, we have a series of re

lated graphs that we would like to compare visually. These graphs may come from 

social network analysis, where different relationships among the same set of people 

are being studied. Similarly, in biology, different algorithms produce different phylo-

genetic trees on the same set of organisms. Finally, we may be studying an evolving 

relationship, represented by graphs that change over the course of time. 

While in some of the above examples the graphs are not necessarily planar, solving 

the planar case can provide intuition and ideas for the more general case. Thus, the 

focus of this chapter is on the problem of simultaneous embedding of planar graphs. 

This problem is related to the thickness of graphs; see [127] for a survey. The thickness 

of a graph is the minimum number of planar subgraphs into which the edges of the 

graph can be partitioned. Thickness is an important concept in VLSI design, since 

a graph of thickness k can be embedded in k layers, with any two edges drawn in 

the same layer intersecting only at a common vertex and vertices placed in the same 

location in all layers. A related graph property is geometric thickness, defined to be 
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the minimum number of layers for which a drawing of G exists having all edges drawn 

as straight-line segments [48]. Finally, the book thickness of a graph G is the minimum 

number of layers for which a drawing of G exists, in which edges are drawn as straight-

line segments and vertices are in convex position [11]. It has been shown that the 

book thickness of planar graphs is no greater than four [164]. Recently, Duncan et 

al [51] have shown that graphs with maximum degree three have geometric thickness 

two, using simultaneous embedding techniques. 

As initiated by Cenek and Lubiw [27], we look at the problem almost in re

verse [21]. Assume we are given the layered subgraphs and now wish to simultane

ously embed the various layers so that the vertices coincide and no two edges of the 

same layer cross. In simultaneous embeddings, we are concerned with crossings but 

not between edges belonging to different layers (and thus different graphs). Typical 

graph drawing algorithms lose all information about the separation of the two graphs 

and so must also avoid such non-essential crossings. 

In the next section we describe the problem formally, provide two different versions 

of the problem, and summarize our results in a table. In Section 4.3 we provide our 

positive results regarding the first version of the problem, and Section 4.4 deals with 

the negative results. In Section 4.5 we discuss our results related to the second version 

of the problem. 

4.2 Problem Definition and Results 

The subject of simultaneous embeddings has many different variants, several of which 

we address here. The two main classifications we consider are embeddings with and 

without predefined vertex mappings. 

Definition 4.1. Given k planar graphs Gi = {V,Ei) for 1 < z < /c, simultaneous 

(geometric) embedding of Gi with mapping is the problem of finding plane straight-

line drawings Di of Gi such that for every u e V and any two drawings Di and 
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u is mapped to the same point on the plane in all k drawings. 

Definition 4.2. Given k planar graphs Gi = (Vi, Ei) iox 1 < i < k, simultaneous 

(geometric) embedding of Gi without mapping is the problem of finding plane straight-

line drawings Di of Gi such that given any two drawings Di and Dj, we can find a 

bijective mapping f '• Vi ^ Vj such that u E Vi and v = f (u) E Vj are mapped to the 

same point in the plane in both drawings. 

Note that in the final drawings a crossing between two edges a and b is allowed 

only if there does not exist an edge set Ei such that a,b ^ Ei-

In both versions of the problem, we are interested in embeddings that map the 

vertices to a small cardinality set of candidate vertex locations. Throughout this 

chapter, we make the standard assumption that candidate vertex locations are at 

integer grid points, so our objective is to bound the size of the integer grids required. 

The following table summarizes our current results regarding the two versions 

under various constraints on the type of graphs given; entries in the table indicate 

the size of the integer grid required. 

Graphs With Mapping Without Mapping 
Gi". Planar, G2- Outerplanar not always possible O(n^) X 0(n2) 

Gi: Planar, P2- Path not always possible 0{n') X O(n^) 

Gi ,G2, • • • ,Gk- Outerplanar not always possible 0(n) X 0{n) 
Ci,C2- Caterpillar 3n X 3n 0{n) X 0{n) (outerplanar) 

Ci'. Caterpillar, P2: Path n X 2n 0{n) X 0{n) (outerplanar) 

51,-52: Star 0{^/n) X 0{^/n) 0{^/n) X 0{^/n) 
Xi: Extended star, P2: Path O(n^) X 0{n) 0{n) X 0{n) (outerplanar) 

Pi,P2- Path n X n \/n X y/n 
Ci,C2- Cycle 4n X 4n \fn X ^Jn 
Pi,P2,P3: Path not always possible \fn X ^/n 
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4.3 Simultaneous Embedding With Mapping: Positive Re
sults 

In this section we provide algorithms to simultaneously embed two graphs given a 

mapping between the vertices. 

4.3.1 Paths and Cycles 

We first address the simplest version of the problem: simultaneously embedding two 

paths. While the main idea and the algorithm is straightforward, it forms the basis 

for several of the algorithms that follow. 

Theorem 4.1. Let Pi and P2 be 2 paths on the same vertex set, V, of size n. Then a 

simultaneous geometric embedding of Pi and P2 with mapping can be found in linear 

time on an n X n grid. 

Proof. For each vertex u E V, we embed u at the integer grid point {pi,p2), where 

Pi e {l,2,...,n} is the vertex's position in the path Pj, i € {1,2}. Then, Pi is 

embedded as an j;-monotone polygonal chain, and P2 is embedded as a y-monotone 

chain; thus, neither path is self-intersecting. See Fig. 4.1. 

• 

The above method can be easily extended to handle two cycles. 

Theorem 4.2. Let Ci and C2 be 2 cycles on the same vertex set of size n, each with 

the edges oriented clockwise around an interior face. Then a simultaneous geometric 

embedding (with mapping) of Ci and C2 that respects the orientations can be found 

in linear time on a 4n x An grid, unless the two cycles are the same cycle oppositely 

oriented. In the latter case no such embedding exists. 

Proof. Assume that Ci and C2 are not the same cycle oppositely oriented. Then 

there must exist a vertex v such that the predecessor of w in Ci, say o, is different from 



(a) (b) 

FIGURE 4.1. An example of embedding two paths on an n x n grid. The two paths are 

respectively vi,^2)ws,U4,1^5,ve,'w? and U2,i'5,vi,i'4,U3,U6)^^7- They are drawn using (a) in

creasing a:-order and (b) increasing y-order. 

the successor of v in C2, say b. Place v at the point (0,0), and use the simultaneous 

path drawing algorithm from Theorem 4.1 to draw the path in Ci from u to a as an 

a;-monotone path, and the backward path in C2 from v back to 6 as a y-monotone 

path. Then a will be drawn as the point of maximum x coordinate, and b as the point 

of maximum y coordinate. 

Without destroying the simultaneous embedding, we can pull v diagonally to the 

grid point {—n, —n) and a horizontally out to the right until the line segment av lies 

completely below the other points, see Fig. 4.2. Let c be the predecessor of v in C2. 

The hue segment cv has slope at least 1/2. The ^/-coordinate distance between v and 

a is at most 2n. If the x-coordinate distance between v and a is greater than 4n 

then the slope of the segment av becomes less than 1/2 and and it is below the other 

points. The same idea applies to b (this time shifting b up vertically) also and we get 

a grid of total size 4n x 4n. 

• 
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FIGURE 4.2. Vertex v is shifted diagonally and a is shifted horizontally, so that the edge av 
does not cross any of the existing edges. 

4.3.2 Stars and Extended Stars 

In this section we extend the results from paths and cycles to stars, and extended 

stars. 

Stars are easy to simultaneously embed. For two stars, a grid of size 0(\/n) x 

0(\/n) suffices. An old result from Discrete Math states that, given a square grid the 

fraction of the points that are visible from the origin is ^ [26]. A point p is visible 

from the origin if no other point lies on the line segment from the origin to p. Assume 

we have a grid of 0{\/n) x 0{^/n) so that there are cxn total points on the grid. Let 

Si be the set consisting of the origin and the points visible from origin. The number 

of points in Si is x c x nj. If we shift each point in Si to the right by one, we get 

a new set S2 with the same number of elements. The number of grid points not in Si, 

including the new grid points added after shifting, is [(1 — ^) x c x nJ + 1^2 x -/c x nJ 

which is smaller than the size of S2. Then fl S2 is not empty and c can be chosen 

so that the size of S'l n S2 is n. The points in the intersection are visible from both 

the origin in and the shifted origin in S2. Let v^i be the special root vertex of the 

first star and Vr2 be the special root vertex of the second star. Then we place Vj-i at 
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the origin of Vr2 at the origin of S2 and we obtain a simulatenous embedding of 

the two stars. 

Moreover, we can simultaneously embed any number of stars on the 0{n) x 0{n) 

grid. We just need n points in general position to embed any number of stars si

multaneously. A result by Erdos [58] shows that an 0{n) x 0{n) grid is sufficient to 

obtain such a point set and the next theorem follows. 

Theorem 4.3. Given two stars 51,52, we can simultaneously embed them on an 

0{\/n) X 0{\/n) grid given a mapping. 

Next we describe an algorithm to simultaneously embed an extended star with a 

path using an 0{in?) x 0{n) grid. 

Theorem 4.4. Given a path P and an extended star X, we can simultaneously embed 

P and X with mapping on an 0{n'^) x 0{n) grid. 

Proof. Let Vr be the special root vertex of the extended star, X. Let P = (ui — 

V2 — ... — Vr — Vr+i — ... — Vn) he the path where Vr is the root of the extended star 

X. We first embed the path P' = (i^r+i ~ '^r+2 — ... — Vn — vi — ... ~ Vr) with X 

simultaneously and then connect Vr to Vr+i without causing any intersections in P'. 

We embed P' in a y-monotone fashion as usual so that vertex Vr+i has y-coordinate 

1, Wr+2 has 2 and so on. Once we have determined the y-coordinates of vertices this 

way, we embed the forest of the brooms by finding out the ^-coordinates. We place 

Vr at the leftmost position, and assign increasing x—coordinates for the vertices of 

the path section of a broom B and finally the same x~ coordinate for the vertices of 

the star section of B and go on to next broom. Note that this way the path section 

of a broom is embedded to the left of the star section. Once we are done, we have 

a simultaneous embedding of P' and X, except that Vr is not connected to the start 

of any of the path sections of the brooms but the initial one. In addition we need to 
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r+1 

FIGURE 4.3. Extended star X before shifting: Vr has to see the beginning vertex of each of 

the path sections of the brooms, drawn with gray circles, and the vertex Vr+i. In order to do 

this we shift Vr+i down and Vr up and to the left. 

complete the embedding of P by connecting to In order to achieve these two 

goals we shift to the left by n, up by 2n^, and shift Vr+i below by 3n^; see Fig. 4.3. 

Now in the extended star, the slope of the line going through the starting vertex 

of a path and any leaf of a star section of a previous broom is smaller than n. The 

x-coordinate distance of v^. to any start vertex of a path is less than 2n so that the 

slope of the edge between Vr and such a vertex is greater than n. The newly drawn 

edges in the extended star do not cross any of the previous edges of X. To see that 

P does not have any crossings after adding an edge between Vr and fr+i, let d be 

the x-coordinate distance between and the left corner of the original grid before 

shifting. The slope of the edge between Vr+i and the bottom left corner of the original 

grid is {3n'^)/d. The slope of the newly added edge between Vr and Vr+i is at most 

(5n^ + n)f{n-\- d) which is smaller than (3n^)/d when d < n. The final area of the 

grid is O(n^) x 0(n). 
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• 

4.3.3 Caterpillars 

Another simple class of graphs similar to paths is the class of caterpillar graphs. We 

describe an algorithm to simultaneously embed two caterpillars on a 3n x 3n grid. As 

a first step in this direction we argue that a path and a caterpillar can be embedded 

in a smaller area, as the following theorem shows. 

Theorem 4.5. Given a path P and a caterpillar graph C, we can simultaneously 

embed them, with mapping, on an n x 2n grid. 

Proof. We use much the same method as embedding two paths, with one exception: 

we allow some vertices to share the same x-coordinate. Let S and L, respectively, 

denote the spine and the legs of C. For a vertex v let Op(v} denote v's position in P. 

If V is in S, then let Oc(v) be its position in S and place v initially at the location 

{20c{v),0p{v)). Otherwise, if u € L, let Oc{v) = Oc{p{v)) be its parent's position and 

initially place v at the location (20c(v) + l,Op{v)). 

We now proceed to attach the edges. By preserving the y-ordering of the points, 

we guarantee that the path has no crossings. In our embedding, we may need to shift, 

but we shall only perform right shifts. That is, we shall push points to the right of a 

vertex v by one unit right, in essence inserting one extra grid location when necessary. 

Note that this step still preserves the ?/-ordering. 

To attach the caterpillar edges, we march along the spine. Let L{u) denote the 

legs of a vertex u in the spine S. If we do not consider any edges of S then all the 

legs can be drawn with straight-line edges and no crossings by the initial placement. 

Now when we attach an edge from m to v on the spine, where u,v ^ S, it is not planar 

if and only if there exists w e L{u) that is collinear with u and v. In this case, we 

simply shift v and all succeeding points by one unit to the right. We continue the 

right shift until none of the legs is collinear with u and v. Now, the edge from u to 
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V on the spine is no longer collinear with other vertices. This right shift does not 

affect the planarity of the legs since the relative ^-coordinates of the vertices are still 

preserved. The number of shifts we made is bounded by \L{u)\. 

We continue in this manner until we have attached all edges. Let k be the total 

number of legs of the caterpillar. Then the total number of shifts made is k. Since 

we initially start with 2 x {n — k) columns in our grid, the total number of columns 

necessary is 2n — k. Thus, in the worst case the grid size needed is less than 2n x n. 

• 

The algorithm for embedding two caterpillars is also similar but before we can 

prove our main result for caterpillars, we need an intermediary theorem. In order 

to embed two caterpillars, we allow shifts in two directions. Let Ci = (V,EI) and 

C2 = (V, E2) be two caterpillars. Denote the vertices on the spine of Ci (C2) with 

5*1 {S2). Let Li{u) {L2{u)) denote the legs of m G 5*1 (/S'2). Let 7i {T2) be a fixed 

traversal order of vertices on {S2). Let U{X) and U{Y) denote the x-coordinate 

and ^/-coordinate of the vertex u, respectively. We will place the vertices such that 

the following initial placement invariants hold: 

1. For any u,v gV , u{X ) ^ v{ X )  and u( Y )  ̂  v{ Y ) .  

2. If M e Si appears before w G in 7i then u{X) < w{X) < v{X) where 

w G Li{u). If M G 52 appears before w G S'2 in Ti then u{Y) < w{Y) < v{Y) 

where w G L2{u). 

3. The set of vertices belonging to Li{u) that are above (below) u e Si are mono-

tonically increasing in the a;-coordinate, and monotonically non-increasing (non-

decreasing) in the y-coordinate. Similarly for C2, the set of vertices belonging 

to L2{u) that are to the left (right) of u G S2 are monotonically increasing 

in the a:-coordinate, and monotonically non-decreasing (non-increasing) in the 

y-coordinate. 
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Theorem 4.6. The initial placement can be done on an n x n grid. 

Proof. We start by assigning a:-coordinates of the vertices in Si by following the 

order in Ti- The first vertex is assigned 1. We assign v{X) = u{X) + \Li{u)\ + 1 

where v ^ Si follows M € 5i in 7i. Similarly we assign y-coordinates of the vertices 

in S2, i.e., the first vertex is assigned 1 and v{Y) — u{Y) + \L2{u)\ + 1 where v ^ S2 

follows u e S2 in T2. 

Next we assign the a;-coordinates of the vertices in Li{u) for each u E Si- We 

sort the vertices in Li{u) based on their y-coordinate distance from u in descending 

order. For each w G Li{u) U {u}, if e S2, we use w{Y) for comparison while sorting 

otherwise w G L2{w') for some w' G S2 and we use w'{Y) + 1. Following this sorted 

order we assign u{X) + 1, u{X) + 2, ... to each vertex in Li{u). While sorting we 

use the same y-coordinate for two vertices r, r' G Li{u) only if r,r' G 1/2(v). In this 

case their a:-coordinates get randomly assigned. However, this is not a problem, since 

the ^/-coordinate calculation of the legs in C2 takes into account the x-coordinates 

we just calculated, and both the coordinates will then be compatible in terms of the 

initial placement invariants above. For assigning the ^-coordinates of the vertices in 

L2{v), first we partition its vertices such that r,r' G L2{v) are in the same partition 

if and only if r, r' G Li{u) for some u E Si. We now calculate the ^-coordinates of 

these partitions in L2{v) similar to the a;-coordinate calculation above (taking the 

x-coordinate of a random vertex in the partition for comparison in sorting), but this 

time considering the exact x-coordinates we just calculated. 

• 

After the initial placement we get the arrangement in Fig. 4.4. It is easy to see that 

with the initial placement invariants satisfied, for any u E Si {S2), any leg w G Li{u) 

{L2{u)) is visible from u and if we do not consider the edges on the spine, Ci (C2) is 

drawn without crossings. 

Theorem 4.7. Let Ci and C2 he 2 caterpillars on the same vertex set of size n. Then 
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FIGURE 4.4. Left: Arrangement of u £ Si and Li{u). The legs of u are shown with gray 

circles. The x-coordinate of each vertex in Li{u) is determined by its vertical distance from 

u. Right: Arrangement of v £ S2 and L2{v). The legs of v are shown with gray circles. The 

y-coordinate of each vertex in L2{v) is determined by i ts horizontal distance from v. 

a simultaneous geometric embedding of Ci and C2 with mapping can he found on a 

3n X 3n grid. 

Proof. In the initial placement, a spine edge between u,v E Si is not planar if and 

only if a vertex w G Li{u) is collinear with u and v. We can avoid such collinearities 

while ensuring that no legs are crossing by shifting some vertices up/right. The idea 

is to grow a rectangle starting from the bottom-left corner of the grid, and to make 

sure that parts of Ci and C2 that are inside the rectangle are always non-crossing. 

This is achieved through additional shifting of the vertices up/right. 

First we make the following observation regarding the shifting: 

Observation: Given a point set arrangement that satisfies the initial placement 

invariants, shifting any vertex u eV and all the vertices that lie above (to the right 

of) u up (right) by one unit preserves the invariants. 

Since shifting a set of points up, starting at a certain y-coordinate, does not change 

the relative positions of the points, the invariants are still preserved. 

We start out with the rectangle TZi such that the bottom-left corner of TZi is the 

bottom-left corner of the grid and the upper-right corner is the location of the closest 

vertex u, where u G Si or u E S2. Since no other vertices lie in TZi, the parts of Ci, 
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6*2 inside Tlx are non-crossing. 

Now assume that after the step of the algorithm, the parts of the caterpillars 

lying inside Tlk are planar. We find the closest vertex v, to where v e Si or 

V € 82- There are two cases. 

• Case 1: v is above 71^^ i.e., x{v) is between the x-coordinate of the left edge and 

right edge of the rectangle. Enlarge TZk in the y-direction so that v lies on the 

top edge of the rectangle, and call the new rectangle TZk+i- Let u {u') be the 

spine vertex before (after) u in 71. Let w {w') be the spine vertex before (after) 

V in %. If any one oi u, u', w, or w' lies inside TZk+i we check if v is visible from 

that vertex. If not, we shift v one unit up and enlarge TZk+i accordingly. 

• Case 2: v is not above TZk- If u is to the right of Tlk we enlarge it in the x-

direction so that v lies on the right edge of the rectangle, otherwise we enlarge 

it in both x and y directions so that v lies on the top-right corner. We call the 

new rectangle TZk+i- As in Case i, we check for the visibility of the neighboring 

vertices along the spines, but in this case we perform a right shift and enlarge 

TZk+i in the x-direction accordingly, if we encounter any collinearities. 

When we perform an up/right shift, we do not make any changes inside the rect

angle, so the edges drawn inside the rectangle remain non-crossing. Each time we 

perform a shift we eliminate a collinearity between the newly added vertex v and the 

vertices lying inside the rectangle. Hence, after a number of shifts all the collinear

ities involving v and such vertices inside the rectangle will be resolved, and all the 

edges inside our new rectangle, including the edges involving the new vertex v are 

non-crossing. 

From the above observation shifting the vertices does not violate the initial place

ment invariants and so the legs of the caterpillars remain non-crossing throughout 

the algorithm. 



83 

Since each leg (in Ci or C2) contributes to at most one shifting, the size of the 

grid required is (n + ki) x (n + ^2), where (fci + ^2) < 2n, thus yielding the desired 

result. 

• 

4.4 Simultaneous Embedding with Mapping: Negative Re
sults 

There exist classes of planar graphs that can not be simultaneously embedded. In this 

section we provide such counter-examples and prove that they are not simultaneously 

embeddable. We have developed two different methods for arguing that a given set of 

graphs cannot be simultaneously embedded. The first one uses a counting argument 

using known non-planar graphs such as and and the other one appeals to an 

embedding argument. 

4.4.1 Three Paths 

Theorem 4.8. There exist three paths V = Ui<j<3 Pi same vertex set V such 

that at least one of the layers must have a crossing. 

Proof. A path of n vertices is simply an ordered sequence of n numbers. The three 

paths we consider are: 714269358, 824357169 and 758261439. For example, 

the sequence 714269358 represents the path {v-j,vi,v/^,V2,vq,v^,vz,v^,v^). We will 

write ij for the edge connecting Vi to Vj. There are twelve edges in the union of these 

paths 

E = {14,16,17, 24, 26, 28, 34, 35, 39, 57, 58, 69}. 

It is easy to see that the graph G consisting of these edges is a subdivision of 

^3^3 and therefore non-planar: collapsing 1 and 7, 2 and 8, 3 and 9 yields the classes 

{1,2,3} and {4,5,6}. 
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It follows that there are two nonadjacent edges of G that cross each other. It is 

easy to check that every pair of nonadjacent edges from E appears in at least one of 

the paths given above. Therefore, at least one path will cross itself which completes 

the proof. 

• 

4.4.2 A Planar Graph and a Path 

Theorem 4.9. There exists a planar graph G and a path P such that given a mapping 

between the vertices of G and P, the two graphs can not be simultaneously drawn 

without crossings. 

Proof. Fig. 4.5a shows the graph G and the path P that can not be simultaneously 

drawn without crossings. Let G\ G" be the two subgraphs of G such that G' has the 

vertex set {1,2,3,4,5} and G" has the vertex set {2,6,7,8,9}. Note that with the 

given embedding of G, the path P contains a crossing in both G' and G". Unless we 

change the embedding of G', it is impossible to draw it so that the path P does not 

contain any crossing. The same is true for G" also. However changing the embedding 

of one of the subgraphs, fixes the embedding of the other. Then whichever face we 

choose as the outerface of G so that the resulting embedding is planar, the path P 

contains a crossing. • 

4.4.3 Outerplanar Graphs 

In this section we show two negative results. The first result states that simultaneous 

embedding of two planar graphs is not always possible, and the second states the 

same result for outerplanar graphs. Although the second result is stronger, here we 

provide proofs for both, since the proof techniques are different. 
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A 
FIGURE 4.5. Planar graph G drawn on the left and the path P = (135427986) on the right. 

Theorem 4.10. There exist two planar graphs which, given a mapping between the 

vertices of the graphs, can not be simultaneously embedded. 

Proof. The two planar graphs Gi, G2 are as shown in Figure 4.6. Gi and G2 do not 

share any faces, which implies that given the mapping they can not be simultaneously 

embedded. 

FIGURE 4.6. Given the above mapping between the vertices; the planar graphs Gi and G2 

can not be embedded simultaneously. 

Theorem 4.11. There exist two outerplanar graphs which, given a mapping between 

the vertices of the graphs, cannot be simultaneously embedded. 

• 
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FIGURE 4.7. Given the above mapping between the vertices; the outerpianar graphs OI and 

O2 can not be embedded simultaneously. 

Proof. The two outerpianar graphs O i ,  O 2  are as shown in Figure 4.7. The union 

of Oi, and O2 contains ^3^3 as a subgraph, which means that when embedded simul

taneously the edges of the two graphs contain at least one intersection. Assume Oi 

and O2 can be simultaneously embedded. Then the crossing in the union of the two 

graphs must be between an edge of Ox and an edge of 02- The edges belonging to 

Oi only are 12 and 36. The edges belonging to O2 only are 23 and 16. However, we 

can not pick a crossing pair out of these, since each such pairing consists of incident 

edges which can not cross. Thus there must be another pair either in Oi or in O2 

which intersect. 

• 

4.5 Simultaneous Embedding Without Mapping 

In this section we present methods to embed different classes of planar graphs simul

taneously when no mapping between the vertices are provided. For the remainder of 

this section, when we say simultaneous embeddings we always mean without vertex 

mappings. This additional freedom to choose the vertex mapping does make a great 

difference. For example, any number of paths or cycles can be simultaneously em

bedded. Indeed, in this setting of simultaneous embedding without vertex mappings 

we do not have any non-embeddability result; it is perhaps the most interesting open 

question whether any two planar graphs can be simultaneously embedded. We do 
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have a positive answer if all but one of the planar graphs are outerplanar. 

Theorem 4.12. A planar graph Gi and any number of outerplanar graphs G2, • • •, 

Gr, each with n vertices, can be simultaneously embedded (without mapping) on an 

O(n^) X O(n^) grid. 

Theorem 4.13. Any number of outerplanar graphs can be simultaneously embedded 

(without mapping) on an 0{n) x 0{n) grid. 

Key to the proof of both theorems is the construction of grid subsets in general 

position, since it is known that any outerplanar graph can be embedded on any point 

set in general position (no three points collinear): 

Theorem 4.14. [15, 86] Given a set P of n points in the plane, no three of which 

are collinear, an outerplanar graph H with n vertices can be straight-line embedded 

on P. 

These embeddings can even be found efficiently. Gritzmann et al [86] provide an 

embedding algorithm for such graphs that runs in O(n^) time, and Bose [15] further 

reduces the running time to O(nlg^n). 

Theorem 4.13 then follows from the existence of sets of n points in general position 

in an 0(n) x 0(n) grid. But this is an old result by Erdos [58]: choose the minimum 

prime number p greater than n (there is a prime between n and (1 + e)n for n > 

no(e)), then the points (t,t^ mod p) for t = 1,... ,p are a set of p > n points in the 

p X p-grid with no three points collinear. So we can choose the required points in a 

(1 + e)n X (1 + e)n-grid. The smallest grid size in which one can choose n points in 

general position is known as the 'no-three-in-line'-problem; the only lower bound is 

X |n, below that there are already three points in the same row or column. 

In order to prove Theorem 4.12, we must embed an arbitrary planar graph, Gi, 

in addition to the outerplanar graphs; unlike outerplanar graphs, we cannot embed 
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Gi on any point set in general position. Thus, we begin by embedding Gi in an 

0{n) X 0{n) grid using the algorithm of [32]. The algorithm draws any 3-connected 

planar graph in an 0{n) x 0{n) grid under the edge resolution rule, and produces a 

drawing of that graph with the special property that for each vertex and each edge 

not incident with this vertex, the distance between the vertex and the edge in the 

embedding is at least one grid unit. This embedding may still contain many collinear 

vertices; we resolve this in the next step. 

We again choose the smallest prime p > n, and blow up the whole drawing by 

a  f a c t o r of 2p, mapping a previous vertex at {i,j) to the new location {2pi, 2pj). In 

this blown-up drawing, the distance between a vertex and a non-incident edge is at 

least 2p. Now let viv2 be an edge in that drawing, w a vertex not incident to that 

edge, and let v[,V2, w' be arbitrary grid points from the small p x p-grids centered at 

Ui, V2, w. Then the distance of v[, w' to vi, V2, w is at most -^p, so the distance of 

w' to the segment v[v2 is at least (2 — -^)p > 0. 

Thus, any perturbation of the blown-up drawing, in which each vertex v is re

placed by some point v' from the p x p-grid centered at v, will still have the same 

combinatorial structure, and still be a valid plane drawing. We now choose a special 

such perturbation to obtain a general-position set: If the vertex Vi, was mapped by 

the algorithm of [32] on the point {i,j), then we map it on the point {2pi + {u mod 

p ) ,  2 p j  +  m o d  p ) ) .  

This new embedding is still a correct embedding for the planar graph, since all 

vertices have still sufficient distance from all non-incident edges. Furthermore, it is 

a general-position point set, suitable for the embedding of outerplanar graphs, since 

by a reduction modulo p the points are mapped on the general-position point set 

{(t/, mod p) : u = 1,... ,n}, and collinearity is a property that is preserved by the 

mod p-reduction of the coordinates. So we have embedded the planar graph in an 

O(n^) X O(n^) grid, on a point set in general position, on which now all outerplanar 

graphs can also be embedded. This completes the proof of Theorem 4.12. 
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CHAPTER 5 

SIMULTANEOUS EMBEDDING AND 
VISUALIZATION OF GENERAL GRAPHS 

5.1 Introduction 

In Chapter 4 we showed that even for some restricted classes of planar graphs such 

as outerplanar graphs, or three paths, there might be cases where simultaneous em

bedding of the graphs is not possible. For general graphs it is therefore necessary to 

relax the restrictions in our problem definition and provide visualization techniques 

that will aid viewing the simultaneous drawings. 

In this chapter, we address the following problem: Given a series of general graphs 

that share all, or parts of the same vertex set, what is a natural way to lay out and 

display them? The layout and display of the graphs are different aspects of the 

problem, but also closely related, as a particular layout algorithm is likely to be 

matched best with a specific visualization technique. As stated above, however, the 

problem is too general and it is unlikely that one particular layout algorithm will be 

best for all possible scenarios. Consider the case where we only have a pair of graphs 

in the series, and the case where we have hundreds of related graphs. The "best" way 

to layout and display the two series is likely going to be different. Similarly, if the 

graphs in the sequence are very closely related or not related at all, different layout 

and display techniques may be more appropriate. With this in mind, we consider 

several different algorithms and visualization models. 

Note that the problem considered is a generalized version of the simultaneous 

embedding problem for planar graphs discussed in the previous chapter. The general 

graphs under consideration may be the result of of a single relation that changes 
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through time. For example, in software visualization, the inheritance graph in a Java 

program changes as the program is being developed. Consider the graphs in Fig. 5.1. 

There are two simultaneously displayed graphs that represent two snapshots of a file 

system structure rooted at the directory graphs/. The drawing conveys well both 

underlying structures and it is easy to identify the changes between the two snapshots. 

For the layout of the graphs, there are two important criteria to consider: the 

readability of the individual layouts and the mental map preservation in the series of 

drawings. The readability of individual drawings depends on aesthetic criteria such 

as display of symmetries, uniform edge lengths, and minimal number of crossings. 

Preservation of the mental map can be achieved by ensuring that vertices that appear 

in consecutive graphs in the series remain in the same positions. These two criteria 

are often contradictory. If we individually lay out each graph, without regard to 

other graphs in the series, we may optimize readability at the expense of mental map 

preservation. Conversely, if we fix the vertex positions in all graphs, we are optimizing 

the mental map preservation but the individual layouts may be far from readable. 

For the visualization of the graphs there are numerous different possibilities. We 

could draw each graph in the series in its own 2D plane, in order of appearance, or 

we could show one graph at a time, and morph to the next one. If there are only a 

small number of graphs in the sequence, we could display all of them simultaneously, 

using different edge styles. 

We designed and implemented three layout algorithms and three visualization 

schemes; see Fig. 5.2. We summarize the layout algorithms below: 

1. In the first layout algorithm we create an aggregate graph from the given se

quence of graphs. The aggregate graph is vertex-weighted and edge-weighted 

and the vertex (edge) weight corresponds to the number of times a particu

lar vertex (edge) appears in the sequence. A modified force-directed approach 

is used to layout the aggregate graph, taking into account the weights of the 
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FIGURE 5.1. Two snapshots of a file structure rooted at directory graphs/. Red vertices and 

edges belong to the earlier snapshot. Dark blue vertices belong to both snapshots. Light blue 

vertices and edges belong to the later snapshot. The edges of the later snapshot are curved. 

vertices and the edges. 

2. In the second layout algorithm, we create a merged graph. The merged graph 

consists of all the graphs in the sequence, together with additional edges con

necting the same vertices in all graphs. A modified force-directed layout is used 

to layout the merged graph by restricting each graph to its own 2D plane. 

3. The third layout algorithm is designed for a pair of related graphs Gi and G2 

but can be generalized to larger series of graphs. We use intelligent (rather than 

random) placement of the vertices, based on graph distances, to independently 

obtain initial drawings Di and D2 for the two graphs. Next the placement of 

the vertices from Di{D2) is used to "seed" an iteration of the force-directed 

layout for G2{Gi) and the process is repeated until the two layouts converge up 
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FIGURE 5.2. Layout and visualization: (a) aggregate; (b) merged; (c) split, 

to a minimum desired threshold. 

The three visualization schemes closely correspond to the algorithms above. How

ever, different combinations of layout algorithms and visualization schemes can also 

be used. We summarize the layout models below: 

1. In the aggregate view model we use the aggregate graph to show all the graphs 

in one combined drawing, using different edge(vertex) styles, to differentiate 

between the different graphs. 

2. In the merged view model we create a 3D drawing, in which each graph is 

displayed in its own 2D plane, and the planes are arranged on top of each other 

in the order that the graphs appear in the sequence. 

3. In the split view model each graph is displayed in its own drawing window. 

In Section 5.2 we describe some of the proposed methods for dynamic graph 

drawing which can be considered as simultaneous visualization at a smaller scale. In 

Section 5.3 we review the basic force-directed graph drawing algorithm and discuss 

our modification to the algorithm for vertex-weighted and edge-weighted graphs. In 

Section 5.4 we present the simultaneous embedding problem and our goals for effective 

visualization. In Sections 5.5 we describe the aggregate layout algorithm and the 

aggregate view visualization scheme. In Section 5.6 we describe the merged layout 
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algorithm and the merged view visualization scheme. In Section 5.7 we describe the 

independent iterations algorithm and the split-view visualization scheme. Finally, in 

Section 5.8 we discuss the implementation of our system, and conclude with some 

remarks and sample simultaneous graph drawings from our system [62]. 

5.2 Dynamic Graph Drawing Methods 

In dynamic graph drawing the goal is to maintain a nice layout of a graph that is 

modified via operations such as insert/delete edge and insert/delete vertex. Tech

niques based on static layouts have been used [20, 96, 165]. North [129] studies the 

incremental graph drawing problem in the DynaDAG system. Brandes and Wagner 

adapt the force-directed model to dynamic graphs using a Bayesian framework [19]. 

Diehl and Gorg [47] consider graphs in a sequence to create smoother transitions. 

Brandes and Gorman [18] present a system for visualizing network evolution in which 

each modification is shown in a separate layer of 3D representation with vertices com

mon to two layers represented as columns connecting the layers. Thus, mental map 

preservation is achieved by precomputing good locations for the vertices and fixing 

the position throughout the layers. Gollberg et al [35] describe a graph-based system 

for visualization of software evolution, which uses a modification of our algorithm for 

visualization of large graphs [78], while preserving the mental map by fixing the loca

tions of all common vertices in the evolving graph. Problems related to simultaneous 

graph drawing are also explored in [59, 60], in the context of dynamic visualization 

of scientific literature. 

5.3 Modified Force-Directed Method 

Several variations of force-directed methods for edge-weighted graphs have been pro

posed. In [53, 89] edge-weighted graphs are drawn so that the length of edges is 

proportional to their weights. Similarly, layouts for vertex-weighted graphs have also 
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been considered in the context of focus-vertices that apply repulsive force propor

tional to their weight, so that the neighborhoods of such vertices will not be too 

cluttered [99]. Since we have different considerations in terms of the weights of ver

tices and edges we propose a different method to modify the classical force-directed 

layout approach. We first review the basic force-directed graph layout algorithm and 

then describe the modifications for vertex-weighted and edge-weighted graphs. The 

modified force-directed algorithm is used in all three layout algorithms. 

A standard force-directed layout algorithm begins with an initial random place

ment of the vertices. Then it iteratively computes the effect of repulsive and attractive 

forces on vertices and updates the temperature, where the temperature controls the 

scale of each iteration. At the beginning the temperature is high and vertices move 

significant distances and with time, the temperature is decreased. The attractive and 

r e p u l s i v e  f o r c e s  a r e  r e s p e c t i v e l y  d e f i n e d  a s ,  f r { d )  =  — K ^ j d  a n d  f a { d )  =  d ^ / z c ,  w h e r e  d  

is the distance between two vertices. The repulsive forces are calculated for each pair 

of vertices whereas the attractive forces are calculated for pairs of vertices connected 

by an edge. The ideal distance between vertices, is defined as zc = C\/A^ramel'f^-, 

where A frame is the area of the frame, C is a constant determining how the vertices 

fill the frame, and n is the total number of vertices. 

Given a series of graphs Gi, G2, • • •, Gfc, we create one vertex-weighted and edge-

weighted aggregate graph Ga = {Va, Ea)- A vertex v £Va has weight w if it appears 

in w of the graphs in the series. Similarly, an edge {u, v) G Ea has weight proportional 

to the number of times edge {u, v) appears in the series. We use the vertex and edge 

weights to modify the standard force-directed algorithm as follows. If vertex v has 

large weight (it appears in many graphs) then it should be placed close to the center 

in the final layout. If an edge (u,v) has large weight then the vertices u and v should 

be placed close to each other in the final layout. This is a simple heuristic, but it 

ensures that: 
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• persistent vertices remain close to the center of the layout, while fleeting vertices 

appear and disappear on the periphery; 

• vertices that are adjacent in many of the graphs in the series are placed close 

together. 

In order to handle the vertex weights we place a dummy vertex in the center of the 

frame and ensure that it attracts all the other vertices in proportion to their weights. 

We formulate this new central attraction force as, fca{d) = (P x where w is the 

weight of the vertex and d is its distance from the center. To handle edge weights 

we scale the attractive forces by their edge weights and the new formulation of the 

a t t r a c t i v e  f o r c e s  b e c o m e s ,  f a i d )  =  x  W e / n ,  w h e r e  W e  i s  t h e  w e i g h t  o f  t h e  e d g e  e .  

5.4 Layout Algorithms and Visualization Schemes 

Depending mainly on two factors—the number of graphs to be embedded simulta

neously and the similarity of the individual graphs—different layout methods and 

visualization techniques arise. If there are not too many graphs to be embedded 

and the graphs share a reasonably large common substructure, then a layout method 

that embeds common vertices of each individual graph at exactly the same locations 

and the common edges in a similar manner is preferable. In terms of visualization, 

it might be more advantageous to view the graphs on the same plane. However, 

if there are many graphs to be embedded, or if the individual graphs do not share 

many common substructures, then more flexible embeddings might be more visually 

appealing. In such cases, we do not insist on exactly the same locations for shared 

vertices of different graphs but rather try to locate them in close proximity, so that 

the mental map of the viewer is somewhat preserved. Not insisting on the exact same 

location for same vertices allows for more freedom to draw each graph with higher 

readability. In terms of visualization, having each graph laid out on a separate 2D 

plane or morphing between consecutive 3D drawings seems most suitable. 
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Based on these observations in the next three sections we describe three differ

ent layout methods: aggregate graph layout, merged graph layout and independent 

iterations layout. After describing each layout method, we present a matching visu

alization scheme that seems most appropriate for it: aggregate view, merged view and 

split view. While the three visualization schemes closely correspond to their matching 

algorithms, different combinations of layout and visualization algorithms can also be 

used. 

5.5 Aggregate Graph Layout and Visualization 

This algorithm and its matching visualization scheme combine all the related graphs 

in a single drawing. The location of the vertices is fixed for all graphs, thus perfectly 

preserving the mental map (possibly at the expense of readability of the individual 

graphs). The edges of different graphs can be distinguished by employing different 

edge styles (straight/curved, thin/thick) and by using different colors. This algo

rithm/visualization combination is most suitable when dealing with a small number 

of graphs or when the graphs are very similar to each other. 

5.5.1 Aggregate Layout Algorithm 

In the aggregate graph layout method we begin by creating the vertex-weighted and 

edge-weighted graph Ga = {Va, Ea) from the sequence, Gi, G2, • •., Gk, as described 

in the previous section. We then apply the modified force-directed layout algorithm 

to obtain a drawing for Ga- From this drawing we extract the drawings of each 

individual graph in the series. Thus, vertices and edges that are present more than 

once in the series are in the same position in all graphs that they appear in. This 

approach guarantees mental map preservation, possibly at the expense of good read

ability. Yet, since the vertex/edge weights are taken into account in the layout of 

the aggregate graph, the final layout will be close to an individual layout of a graph 
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FIGURE 5.3. Left; Individual layout of Pj drawn with curved edges. Middle: Individual 

layout of Kj drawn with straight-line segments. Right: Simultaneous embedding of Pj and K-; 

obtained from the aggregate layout method. 

proportional to the importance of that one graph. In other words, if a graph Gi has 

many vertices/edges that exist in most of the graphs, then Gi is an important graph 

and the resulting layout will be similar to that of an independent layout of Gi. 

Fig. 5.3 shows the simultaneous layout of Kj, the complete graph on seven vertices 

and P7, the path with seven vertices. The edges that belong to the path are drawn 

using curved and thick edges. Note that although an individual layout of K-j would 

place one of the vertices in the middle, the simultaneous embedding with the aggregate 

layout method pushes that vertex out because of the presence of the path. A summary 

of the aggregate graph layout algorithm is in Fig. 5.4. 

Aggregate Graph Layout 
1 Construct = (VA, £'A): 

VA =  Vi i JV2U . .  . [ JVk ,  EA=-  E iVJ  E2D . .  . y j  Ek  
2 Assign weights to each u  EV A and { u , v )  € E A-

wlu) = number of appearances of M in 14, V2, • • •, 
w{u ,  v )  — number of appearances of {u ,  v )  in Ei ,  E2 , . . .  ,Ek  

3 Use the modified force-directed layout algorithm on Ga 
4 Extract the layout of each Gi from the layout of Ga  

FIGURE 5.4. Aggregate Graph Layout. Gi,G2,... ,Gk are the input graphs. 
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5.5.2 Aggregate View Visualization 

The matching visuaUzation scheme for the aggregate graph layout is the aggregate 

view. In this scheme we only display a vertex once, even though it may be in multiple 

graphs and we display all edges from all the graphs in the sequence; see Fig. 5.3. 

The graphs can be displayed in 2D or 3D and we employ different edge colors and 

edge styles to differentiate between the different graphs. Displaying all graphs using 

a single vertex set allows the viewer to see multiple graphs at the same time and 

view the difference in relationships more easily. Different edge colors and edge styles 

are used to distinguish between the relationships from each graph. For example in 

Fig. 5.3 the edges of one graph are drawn with green straight line segments, whereas 

the other graph is drawn with thicker curved edges in a different tone of green. 

5.6 Merged Graph Layout and Visualization 

This algorithm and its matching visualization scheme is the most flexible of our 

algorithm/visualization combinations. Each graph in the series is drawn in its own 2D 

plane. However, the drawings are closely related and influence each other, via edges 

connecting the same vertices on different planes. The level of influence of adjacent 

layouts can be controlled by the user, thus allowing direct control over readability and 

mental map preservation. As the most flexible algorithm/visualization combination, 

it is effective in most cases. 

5.6.1 Merged Layout Algorithm 

In contrast to the aggregate method, the merged graph layout method does not guar

antee perfect mental map preservation. The algorithm begins with the creation of 

a  m e r g e d  g r a p h  G m  =  { V m ,  E m )  f r o m  t h e  g i v e n  s e q u e n c e  o f  g r a p h s  G i ,  G 2 , . . . ,  G k -

The merged graph is obtained by taking Gi,G2, • • - Gk and inter-connecting all cor-
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FIGURE 5.5. Simultaneous embedding of and P7 using the merged graph layout method. 

The visualization is done in 3D using a separate plane for each graph. 

responding vertices with a special class of edges, Enew Thus, if a vertex v appears m 

t imes in the sequences, there will  be m copies of i t  in GM-

The positions of corresponding vertices in each layout depend on how we assign 

weights to the edges in Enew The larger the weight of edges in Enew, the closer 

the corresponding vertices in each separate layout will be. An important property 

of this layout method is the proximity of corresponding vertices in the final lay

out. Let ui,u2,.. .Uj be all the vertices corresponding to u in the merged graph and 

vi,v2,.. .Vmhe the ones corresponding to v. If j > m, then the u vertices get placed 

closer to each other than the v vertices do in the final layout. Once the merged 

graph has been created and the weights assigned, the modified force-directed method 
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is applied. 

In our implementation we allow the user to interactively assign a weight for the 

edges in Enew, so that the user has an overall control on the relative distances of 

corresponding vertices in different layers. Thus, in effect, the user has overall control 

over the extent of mental map preservation. Fig. 5.5 illustrates the simultaneous 

embedding resulting from the merged graph layout of K-j and P-j. Note that although 

the locations of the corresponding vertices might not be the same, the mental map 

is still preserved since the relative locations of the corresponding vertices remain the 

same. A summary of the merged graph layout algorithm is in Fig. 5.6. 

Merged Graph Layout 
1 Rename the vertices in Vi, 1/2, • • •, Vjt so that each vertex is unique 
2 Construct Enew by connecting corresponding vertices in Vi,V2, •.. ,Vk 
3 Construct Gm — (VmtEm )' 

V M = V i U  V 2 U  . . . U V k ,  E M = E 1 U E 2 U  . . . U E k U  E ^ e w  
4 Assign weights for the edges in Enew 
5 Apply the modified force-directed layout algorithm on Gm 

FIGURE 5.6. Merged Graph Layout. GI, G2, • • • ,Gk 3re the input graphs. 

5.6.2 Merged View Visualization 

The matching visualization scheme for the merged graph layout is the merged view. 

In this scheme each of the graphs is drawn on its separate 2D plane, and the planes 

are layered in 3D in the order of appearance; see Fig. 5.5. At the same time, all the 

graph layouts are shown on the same screen and since corresponding vertices from any 

two planes have the same approximate positions on their planes, this model provides 

a clear mental mapping between the two relationships represented by each graph. 

This view model also allows the user to move and rotate the planes in 3D. This 

feature is useful in case the user wants to see a particular graph in more detail, in 

which case it is sufficient to rotate the view around a particular axis. In addition, 
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to enhance the user's 3D view, the vertices are drawn as spheres and the edges as 

cylindrical pipes. 

5.7 Independent Iterations Layout and Split-View Visualiza
tion 

The independent iterations layout algorithm attempts to balance readability and 

mental map preservation using the idea of seeding the layout of one graph with the 

layout of another. The matching split-view visualization is effective when dealing 

with a small number of graphs. 

5.7.1 Independent Iterations Algorithm 

The two approaches defined above construct a global graph and extract the individual 

layouts of each graph from this global layout. Our final layout method is quite 

different and we describe it here for only two graphs. 

The algorithm begins by creating independent layouts for the two graphs G\ = 

{Vi,Ei) and G2 = (V2,-£'2)- The layouts are obtained using intelligent (rather than 

random) placement of the vertices, based on the graph distance. For each graph, 

we first place three vertices at the endpoints of a triangle whose sides correspond to 

the graph distances (number of edges in the shortest path) between the respective 

vertices. Each following vertex is placed in a similar manner, using three previously 

placed vertices. Once all the vertices have been placed, several iterations of the 

force-directed method are applied. This approach is described in detail in [79]. 

At the conclusion of this stage, we have "good" layouts for each graph when they 

are drawn independently. As a result we obtain two different point-sets, Pi and P2 

specifying the locations of the vertices in Gi and G2, respectively. 

In the next step Gi "borrows" the point-set P2 of G2 and treats it as an initial 

placement for the standard force-directed algorithm. Similarly, G2 uses the point-set 
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Pi of Gi and uses it as an initial placement for the standard force-directed algorithm. 

After applying force-directed iterations to both graphs (again independently) we ar

rive at two new point-sets P{ and We repeat the process of point-set swapping and 

force-directed calculations until the resulting point-sets converge to a given threshold 

minimum desirable distance between them or until the number of iterations exceed a 

fixed constant. 

Given a mapping between two point-sets, the distance between them can be mea

sured as the sum of Euclidean distances between each pair of corresponding points in 

the point-sets. This simple metric is not well-suited to our problem as the following 

example shows: Assume layout I2 is just a 90° rotation of layout h. Even though the 

topology of the layouts is the same, calculating the distance between li and I2 as the 

sum of Euclidean distances between points would be misleadingly high. To overcome 

this problem, we first align the two layouts as best as possible using rigid 2D motion. 

In particular, we apply an affine linear transformation on li so that the layout of li 

after the transformation, is as close as possible to I2. The transformation consists of 

translation, rotation, scaling, and shearing. Given a point p — {x, y) on the plane it 

can be defined as: 

We would like to find the function /(p), (i.e. all the constants Cx\, 0^2, Cxz, 

Cyi and Cy2) that minimizes the distance between the transformed layout of li and I2, 

which is then equivalent to minimizing 

P&h 

where p '  is the point in I2 corresponding to p  and d i s t { f { p ) , p ' )  is the Euclidean 

distance between f{p) and p'. Then the minimization can easily be achieved by 

taking the derivative with respect to Cxi and solving the resulting linear equations. 
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FIGURE 5.7. Simultaneous embedding of Kj and P7 using independent iterations layout 

method and split view model for visualization. 

Fig. 5.7 shows the simultaneous embedding of Kj and Pj resulting from independent 

iterations layout using the split view, described below. Note that the resulting layout 

for each graph is not the same as an individual layout for that graph. Instead, the 

independent iterations layout is a compromise between the two individual layouts. A 

summary of the layout algorithm is in Fig. 5.8. 

The algorithm is well defined for two graphs but can be extended to handle more 

graphs. The point-set swapping can be extended to swapping the point-sets of neigh

boring graphs in the sequence and the distance measure between a pair of layouts 

can be extended to measure distances between multiple point-sets. Our current im

plementation is for pairs of graphs. 

5.7.2 Split View Visualization 

The two graphs are drawn separately in their own windows in 2-dimensions and both 

windows are on the same screen; see Fig. 5.7. The view model can be generalized to 

handle many graphs, in which case the screen would be split into many individual 
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Independent Iterations Layout 
1 Using independent intelligent placement obtain layouts li, I2 for Gi, G2 
2 Apply a linear transformation on li to align it to I2 
3 Let mindist = dist{li, I2) and bestli = li, bestl2 = I2 
4 Repeat until 

{mindist < threshold) OR {iterationcount > maxiterationcount): 
4.1 Apply layout algorithm on Gi to get 

(using I2 for initial placement) 
4.2 Apply layout algorithm on G2 to get I21 

(using li for initial placement) 
4.3 Apply a linear transformation to align li to I2 
4.4 If dist{lii, I2') < mindist 

mindist — dist{ly, y) 
b e s t l i  —  / i / ,  b e s t l 2  =  h '  

4.5 l i  = l i ' ,  I 2  = h'l iterationcount ++ 

FIGURE 5.8. Independent Iterations Layout. Gi and G2 are the input graphs 

panes. Still, as the number of graphs to be visualized increases, the user's ability to 

read the relations between will likely decrease. Thus, the split view model is best 

suitable for visualization of a small number of graphs. 

5.8 Implementation 

We have implemented our layout methods and visualization schemes in Java and the 

system is operational as a Java Applet or can be downloaded at http://simg.cs. 

arizona.edu/. Fig. 5.9 shows a snapshot of the system interface. 

In addition to the three layout methods and three visualization schemes, the 

system provides various capabilities such as graph editing and building some common 

classes of graphs, such as complete graphs, trees, paths, and random graphs. Graphs 

in GML format can be loaded and stored. All algorithms are animated so that the 

progress of the layout algorithms can be continuously monitored. In addition, vertices 

can be manipulated interactively, allowing the user control over the layout. All images 

in the chapter (except that in Fig. 5.2) are from our system. In Figs. 5.10-5.14 we 

http://simg.cs
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FIGURE 5.9. A snapshot of our simultaneous graph drawing system. 

show several additional layouts obtained with our system. The images in Fig. 5.10 are 

obtained using the aggregate layout algorithm and the aggregate view visualization. 

The left image shows two paths, with 10 and 14 vertices respectively, that have four 

vertices in common. The right image shows two stars on 5 vertices, with different 

centers and common leaves. 

The image in Fig. 5.11 was obtained using the merged layout algorithm and the 

merged view visualization. The data consists of 4 timeslices of a tree on 13 vertices. 

The timeslices contain 6, 6, 9, and 13 vertices respectively. 

The image in Fig. 5.12 was obtained using the independent iterations layout and 

split-view visualization. The data consists of two timeslices of a file system (also 

shown using the aggregate layout algorithm and aggregate view in Fig. 5.1). 

Finally, we tested the system on several graphs obtained from the Graph Draw-
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FIGURE 5.10. Two paths and two stars. 

ing Proceedings database [60]. In Fig. 5.13 we show a piece of the Graph Drawing 

topic graph. A topic graph for a given time interval has as vertices the dominant 

keywords/phrases used in publications during that period. The edges connect the 

keywords/phrases that are related. We show two pieces of the topic graphs for the 

time periods 1996-1998 and 1998-2000. The images from top to bottom are obtained 

using the aggregate layout and aggregate view, the merged layout and merged view, 

and the independent iterations layout and split-view, respectively. In the top image, 

the vertices corresponding to the first time period are gray, the vertices corresponding 

to the second time period are white, and common vertices are black. In the bottom 

two images, the graph with the red edges represents the first period and the graph 

with the green edges represents the second. 

In Fig. 5.14 we show a piece of the collaboration graph from the Graph Drawing 

Proceedings database. The vertices in a collaboration graph are authors and the edges 

represent collaborations between the authors in the given time period. We show two 

pieces of the collaboration graphs for the time periods 1995-1999 and 1999-2003. 
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FIGURE 5.11. Four timeslices of a tree. 
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FIGURE 5.12. File structure at two different times. 
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FIGURE 5.13. Matching layout algorithms and view models applied to a topic graph. 
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FIGURE 5.14. Matciiing layout algorithms and view models applied to a collaboration graph. 
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CHAPTER 6 

MENTAL MAP PRESERVATION THROUGH 
MORPHING GRAPHS 

6.1 Introduction 

In the previous chapters, the method we employed for mental map preservation was 

to either not allow any modification on the locations of matching vertices of the 

graphs or to allow slight modification while providing good readability for individual 

drawings. Once we get a simultaneous layout using one of the approaches described 

previously, a smooth morphing from one graph to another can further aid the mental 

map preservation for simultaneous visualization. Morphing refers to the process of 

transforming one shape (the source) into another (the target). Morphing is widely 

used in computer graphics, animation, and modeling; see a survey by Gomes et al [84]. 

In planar graph morphing we would like to transform a given source graph to another 

target graph. A smooth transformation of one graph into another can be useful for 

numerous problems from graph drawing [45, 108]. In particular, when dealing with 

dynamic graphs and graphs that change through time, it is crucial to preserve the 

mental map of the user. Thus, it is important to minimize the changes to the drawing 

and to create a smooth transition between consecutive drawings. 

In this chapter we consider the problem of morphing between two drawings, Dg 

and Dt, of the same planar graph G = {V,E). We assume that both drawings re

alize the same embedding of G, have the same outer-face, and are intersection-free. 

The source drawing Dg and the target drawing Dt can be straight-line drawings, or 

drawings with bends and curves. The positions of the vertices in the two drawings 

may be difi'erent (as long as the embedding is the same in both). The main ob
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jective is to find a morph that preserves planarity throughout the transformation. 

Secondary objectives include obtaining simple and smooth trajectories for the ver

tices (and bends) and preserving drawing invariants throughout the transformation. 

Preservation of drawing invariants refers to the continuity of the change: for example, 

a particular edge may shorten throughout the process but it should not shorten and 

then lengthen repeatedly. Similarly, the morph should avoid shrinking and growing 

of the graph faces. 

We designed and implemented an algorithm for morphing planar graphs which 

preserves planarity throughout the transformation [63, 61]. It is easy to see that if 

we want to preserve planarity, some edges may have to lengthen and shorten; see 

Fig. 6.1(a-b). Similarly, linear trajectories cannot always be achieved; see Fig. 6.1(c-

d). Thus, our algorithm yields smooth trajectories and preserves edge lengths when

ever possible. 

6.2 Graph Morphing 

Morphing has been extensively studied in graphics, animation, modeling and com

putational geometry, e.g., morphing 2D images [8, 85, 152], polygons and poly

lines [12, 83, 143, 144, 146], 3D objects [92, 100] and free form curves [140]. 

Graph morphing, refers to the process of transforming a given graph Gi into an

other graph Gi- Early work on this problem includes a result by Cairns in 1944 [25] 

who shows that if Gi and G2 are maximally planar graphs with the same embedding, 

then there exists a non-intersecting morph between them. Later, Thomassen [153] 

showed that if Gi and G2 are isomorphic convex planar graphs with the same outer 

face, then there exists a non-intersecting morph between them that preserves convex

ity. 

A naive approach to morphing one graph to another is linear morphing, where 

all the vertices move in a straight line at constant velocity from their positions in 
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(c) (d) 

FIGURE 6.1. The drawing from part (a) cannot be morphed into the drawing of part (b) 

while preserving the edge lengths. In particular, edges {e, f),{b,d),{c,e) will have to shorten 

and lengthen if we are to preserve planarity. The drawing from part (c) cannot be morphed into 

the drawing of part (d) using linear trajectories while avoiding crossings. 

the source drawing to their final positions in the target drawing [72, 98]. This is the 

simplest form of morphing but it may result in poor animation as all the trajectories 

may intersect at a common point, thus shrinking the drawing to a point on the way 

from the source to the target; see Fig. 6.2. Another problem with linear morphing is 

that intermediate graphs may have self-intersections even thought the source and the 

target are non-crossing; see Fig. 6.3. 

Friedrich and Eades [74] present a graph animation technique based on rigid mo

tion and linear interpolation. In the rigid motion stage the trajectories of the vertices 

are computed by an affine linear transformation. As a result, the source and target 

vertices are aligned as closely as possible. In the linear interpolation stage the vertices 

travel on straight-line trajectories. While the rigid motion leads to smooth anima-
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FIGURE 6.2. Linear morphing can result in degenerate intermediate drawings. 
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FIGURE 6.3. Linear nnorphing can create crossings. 

tions, in the interpolation stage, crossings may occur, even if the source and target are 

intersection-free. Friedrich and Houle [75] modify the algorithm in [74] by clustering 

groups of nodes that share similar motions in order to create better animations. 

Graph morphing is also related to the problem of compatible triangulations. This 

problem arises when it is necessary to find isomorphic triangulations of two point 

sets on n vertices, or of two n-sided polygons. Aronov et al [3] show that it is 

always possible to create isomorphic triangulations, provided that (9(n^) additional 

points (Steiner points) are created. Given two compatible triangulations with the 

same convex boundaries. Floater and Gotsman [68] and Surazhsky and Gotsman [151] 

show how to morph between them using convex representation of triangulations using 

barycentric coordinates, originally described by Tutte in 1963 [156]. A generalization 

of the same approach is used in [85] for morphing simple planar polygons, while 

guaranteeing that the intermediate polygons are also simple. 



114 

6.3 Algorithm Overview 

We assume that the source drawing Dg and the target drawing Dt are intersection-

free, have the same outer-face, and their underlying graphs are isomorphic. If the two 

drawings are isomorphic but the outer-faces are different then there does not exists a 

transformation that preserves planarity throughout the process. If the graphs are not 

isomorphic, then nodes and edges that are not in the intersection of the two graphs 

can be faded in and out as in earlier systems [73, 74]. 

Our algorithm for intersection-free morphing of planar graphs has four distinct 

stages. In the first stage the two drawings are aligned using 2-D transformations 

consisting of translation, rotation, scaling and shearing. That is, we move the source 

drawing as close as possible to the destination drawing as a rigid object in space. 

In the second stage we introduce "bend" vertices on all edges with bends. In the 

case of curvilinear drawings, we approximate the curves by piecewise linear curves. 

For every edge in the graph, we ensure that the same number of bend vertices are 

introduced in both Ds and D^. In the third stage we identify all faces and compatibly 

triangulate all corresponding pairs of faces. In this process, we introduce additional 

triangulation vertices (Steiner points), internal to the faces. There are at most 0(A:^) 

Steiner points, where k is equal to the number of vertices plus the number of bends. In 

the fourth stage we compute trajectories for all vertices (including the bend vertices) 

based on convex graph representations and using interpolation of the matrices that 

represent the two graphs. The four steps of the algorithm are summarized in Fig. 6.4 

and illustrated through an example in Fig. 6.5. 

In the following sections we discuss steps 1, 3 and 4 in detail, leaving out step 2 

as it is quite straight-forward. 
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MAIN ALGORITHM 
1. compute trajectories based on rigid motion 
2. introduce "bend" vertices 
3. compatibly triangulate all faces 
4. compute trajectories based on convex representations 

FIGURE 6.4. Summary of the algorithm. 

6.4 Computing Trajectories Using Rigid Motion 

6.4.1 Affine Matrix of Transformations 

The rigid motion in 2-D can be associated with a natural interpolation of four trans

formations over time: translation, rotation, scaling and shearing. All these transfor

mations can be accommodated by an affine matrix, which can be considered a 2 x 2 

matrix, augmented with a translation row: 

Cii Ci2 0 
C21 C22 0 

iy 1 

Then a point {x, y) which can be represented with the vector [x y 1] and multiplied 

on the right by the matrix, is transformed into {x\ y') using the linear equations: 

x' = ciix -f C2iy + tx 
y' = C12X + C22y + ty 

Given a point ps = {xs,ys) in Dg and the corresponding target point pt = {xt,yt) 

in A, we want p'^, the resulting point after the transformations being applied on Ps, 

to be as close as possible to the target point pt- Thus, to align the two drawings as 

best as possible we minimize the sum of squares of such pairwise distances: 

^ dist^{p'^,pt) 
PsEDS 
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FIGURE 6.5. Part (a) shows the graphs to be morphed: the source is on the top and target is 

on the bottom. Part (b) shows the addition of the bend vertices u,v,w,x (shown as squares). 

Part (c) shows the independent triangulation of both graphs (dashed edges). Part (d) shows 

the compatible triangulation with three Steiner points 1,2,3 (shown as diamonds). 
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FIGURE 6.6. Ds, at the top-left corner is aligned to Dt, at the bottom-right corner using rigid 

motion. The transformations include translation, rotation, scaling and shearing. Both Dg and 

Dt are opaquely drawn in all images. 

where dist is the Euclidean distance between two points. Minimizing this sum 

can be realized by setting the derivative with respect to c^, ty to zero and solving 

the resulting equations, which can be done in linear time. 

6.4.2 Linear Interpolation of the AfRne Matrix 

Once we find the affine matrix of transformations, M, it is straight-forward to perform 

a linear interpolation in order to obtain the sequence of matrices throughout the 

morph in the rigid motion stage: (1 — t) x I + t x M, where I is the identity matrix, 

gives us a natural interpolation throughout time. Once again, the linear interpolation 

can lead to degeneracies, such as the collapse of the drawing to a single point [148]. 

Consider, for example, a square as Dg and the same square rotated 180° around 

the center as Df. If we perform the linear interpolation from the identity matrix 
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to the rotation matrix the square collapses into a point in the center. Fortunately, 

rotation is the only rigid transformation that is distorted by matrix interpolation 

and we can extract the rotation from a given affine matrix of transformations in 

constant time [148]. Once rotation is extracted from the affine matrix M, the linear 

interpolation of M does not introduce degeneracies, and the rotation can be applied 

separately by a linear interpolation of the rotation angle. 

When aligning the two drawings using rigid motion we only use the vertices in 

Ds and Dt- Fig. 6.6 shows the snapshots when rigid motion is applied to Dg (an 

orthogonal drawing) to align it with Dt (a straight-line drawing). It is also possible to 

first introduce all bend vertices and then align Ds and A, using all vertices (including 

the bend vertices). This will correspond to swapping steps 1 and 2 of our algorithm; 

see Fig. 6.4. The main reason for aligning the drawings based only on the original 

graph vertices is that the placement of the bend vertices can be quite arbitrary, as 

long as the bends are added in the right order along the original graph edges. 

6.5 Compatible Triangulation of the Faces 

After introducing all the bend vertices in both Ds and Dt we proceed to the third 

stage of the algorithm and compatibly triangulate all matching pairs of faces in Ds 

and Dt- Once we have the embedding of the drawing i-e., the clockwise order 

of the edges around each vertex in Dg, it is easy to identify the faces. We make 

each edge bi-directed and traverse through the directed edges each time following a 

neighboring edge in the clockwise order. This traversal continues until all the edges 

are traversed, in which case we have all the faces identified. A face in Ds and Dt is a 

simple polygon if the graph is biconnected, or possibly a polygonal subdivision. We 

first consider the simple polygon case and then the polygonal subdivision case. 

Given two corresponding polygons Pi and P2, the goal then is to compatibly 

triangulate the two polygons, i.e. triangulate them in such a way that the resulting 
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FIGURE 6.7. Part (a) shows Dg and Dt and part (b) shows the compatible triangulation. 

triangulations are isomorphic. In general, it is not always possible to compatibly 

triangulate two simple polygons. However, if we allow the introduction of extra 

vertices (Steiner points) then we can always find a compatible triangulation, using 

0(/c^) Steiner points, where k is the number of vertices in each polygon. We use 

the algorithm of [3] to construct compatible triangulations. First we independently 

triangulate Pi and P2 in 0{k) time. Then we overlay the two triangulations on a 

newly created convex polygon P with k vertices. This overlay introduces intersection 

points between the triangulation edges of Pi and those of P2. These intersections are 

the Steiner points and it is easy to see that there are at most 0{k'^) of them, since 

every triangulation edge of Pi can cross at most 0{k) triangulation edges of P2. The 

overlay of the two triangulations can create faces with more than 3 edges. Fortunately, 

all these faces are convex and can be easily triangulated by selecting a vertex and 

adding all the needed chordal edges. The resulting full triangulation is a compatible 

triangulation of both Pi and P2. Fig. 6.7 shows the compatible triangulations of the 

Ds (orthogonal edges) and Dt (straight-line edges). 
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If the graph underlying Dg and Dt is biconnected, then the above approach for 

compatible triangulation of polygons can be applied to all matching pairs of faces. If 

the underlying graph is not biconnected, additional complications arise. In this case 

the polygonal subdivision P, constructed from a particular face in the graph, may 

not be simple, as some vertex may be repeated; see Fig. 6.8. This problem can be 

overcome as follows. The triangulations of Pi and P2 are obtained independently as 

before. However, we might need to add extra vertices to P, corresponding to each 

repeated vertex, before overlaying the triangulations on P. Special care must be 

taken while overlaying the triangulation edges connected to such vertices. Let a be 

such a vertex, as in Fig. 6.8. Each repetition must be the result of an edge (a, b) that 

is traversed in both directions while constructing the face. Denote each such repeated 

vertex with the corresponding edge, i.e. ab. Let (a, c) be a triangulation edge in Pi 

(or P2) that follows (a, b) in the counter clockwise order. The triangulation edge (a, c) 

in the top drawing of Fig. 6.8(b) is such an edge. While overlaying the triangulations 

in P we create an edge between vertices c and ab, rather than c and a, see Fig. 6.8(c). 

We then overlay the resulting triangulation on Pi and P^ as before. 

6.6 Computing Trajectories Using Convex Representations 

In 1963 Tutte proposed the following barycentric mapping to generate straight line 

drawing of a 3-connected planar graph G\ Given an embedding of G, we map the 

outer face of G onto a convex polygon. Then the locations of interior vertices are 

determined by their barycentric coordinates: 

where Ajj is called a barycentric coordinate of Ui with respect to Uj and N{i) is 

the set of neighbors of Ui. In Tutte's mapping, A^- = 1/di, where di is the degree of 

jeN(i) 
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(c) (d) 

FIGURE 6.8. Dealing with non-simple polygons; (a) two non-simple faces, Pi (top) and P2 

(bottom); (b) independent triangulation of Pi and P2; (c) overlay of triangulations on P. Note 

that triangulation edge (a,c) from Pi is replaced with {ab,c) in the overlay; (d) the compatible 

triangulation of Pi and P2. 
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Floater and Gotsman [68] applied the idea to morphing compatible triangulations. 

The basic idea is to obtain a barycentric representation of source/target triangulations 

as n X n matrices ( Xij is the entry at row i and column j), call them Mg and Mt 

respectively, and apply a linear interpolation from Mg to Mt, {l—t)xMs+txMt. Since 

throughout the interpolation each resulting matrix is a barycentric representation the 

sequence of graphs obtained from these matrices are all planar and the morphing is 

intersection-free [68]. 

In order to find proper values that depend continuously and smoothly on the 

neighbors of Ui we use the mean value coordinates described in [69]: 

^ _ Wij _ tan{aij^i/2) + tan{aij/2) 

where aij is the angle between the segments VjVi and WiWj+i. Fig. 6.9 shows the morph 

to Dt after computing the trajectory using convex representation. 

Note that this approach assumes Dg and Dt share the same outer face, i.e. the 

outer face vertices are located at exactly the same locations. In our general setting 

for planar graphs this usually will not be the case. To handle this problem we embed 

Ds and Dt inside the same triangle T. It remains to connect an outer face vertex with 

a vertex of T in Dg and Dt- A simple way to do this is to pick a vertex Vg in Dg that 

is visible from one of the triangle vertices, ti. Connect Vg and ti with a straight-line 

segment. Find a vertex Vt in Dt that is visible from t^. Create a path from Vg to Vt in 

Dt following the outer face edges and connect the path to t^. 

6.7 System Implementation 

We have implemented our morphing algorithm using Java; see Fig. 6.10 for a snapshot 

of the system. An applet for this implementation and graph morphing movies can be 

found at, http://gmorph.cs.arizona.edu. Fig. 6.11 shows the complete morphing 

sequence of two different drawings of the same graph. 

http://gmorph.cs.arizona.edu


FIGURE 6.9. Convex representation morph. Dt is opaquely drawn in all images. 

FIGURE 6.10. A snapshot of the morphing system interface. 
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FIGURE 6.11. A complete morph from Dg at the top-left corner, to Dt at the bottom-right. 
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CHAPTER 7 

CONCLUSION AND FUTURE WORK 

In this thesis we addressed the problem of simultaneous embedding and visualization 

of related graphs. We describe two main goals for such visualizations. One is to 

achieve readability for each drawing so that the relationship descibed by every indi

vidual graph is readable. The other goal is to maintain the mental map of the viewer 

going from one drawing into another. 

In Chapter 3 we described our algorithm to simultaneously embed a planar graph 

and its dual so that the traditional drawing criteria for such embeddings are realized. 

One other criterion that is also important in planar/dual graph visualizations is to 

ensure that each dual edge crosses its corresponding primal edge at a right angle. An 

algorithm for simultaneous embeddings that satisfy this criterion has been provided 

in [23]. However, one problem with this approach is that there is no bound on 

the display area. An open problem regarding this specific simultaneous embedding 

problem is to find a method that provides drawings with a reasonable display area 

bound, while satisfying the condition of orthogonal primal/dual edges together with 

the traditional drawing criteria. 

We presented our results on simultaneous embedding of planar graphs defined 

on the same set of vertices in Chapter 4. Two versions of the problem, one where 

there is a mapping between the vertices of the graphs, and one where there is no such 

mapping are presented. In both versions we restrict the output drawings to be mental 

map preserving for the vertices, so that the matched vertices are laid out at exactly 

the same locations. We also require that the individual graphs have no crossings 

between their edges. We present our algorithms for cases where such embeddings 

are possible, and provide counter-examples for cases where such embeddings are not 
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possible. There are several open problems regarding the simultaneous embedding of 

planar graphs with the required conditions. We list some important ones below: 

1. Can lobster graphs or trees be simultaneously embedded with mapping? A 

lobster graph is a tree such that the graph obtained by deleting the leaves is a 

caterpillar. 

2. Given an outerplanar graph G, and a path P, can we always simultaneously 

embed with mapping G and P ? 

3. While, in general, it is not always possible to simultaneously embed (with map

ping) two arbitrary planar graphs, can we test in polynomial time whether two 

particular graphs can be embedded for a given mapping? 

4. Can any two planar graphs be simultaneously embedded without mapping? 

Since even for some restricted classes of graphs simultaneous embeddings are not 

possible, we described heuristics that will provide good mental map preservation 

and good readability for individual graphs. We also presented suitable techniques to 

visualize simultaneous drawings once a layout is constructed. 

Finally in Chapter 6, we presented a method that aids simultaneous graph visu

alization through morphing the laid out graph drawings while preserving the mental 

map. If the input source and target drawings are crossing-free, then the source draw

ing is morphed to the target drawing without creating any new crossings. This is 

an important property that helps preserve the mental map throughout the trans

formation. However one limitation of our method is that it assumes that the input 

drawings have the same embedding. Obviously, if the source and the target drawings 

have different embeddings there might be many cases where the transformation has to 

produce a number of crossings. Consider two drawings of the same maximally planar 

graph that have different outer faces. In that case introducing a crossing during mor

phing is inevitable. One important open problem then is to find a method that limits 
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the number of such crossings throughout the transformation. Another limitation of 

our approach is that we assume the input graphs are planar. However in simultaneous 

visualization applications, most of the input graphs, except for the case of visualizing 

phylogenetic trees, are not planar. In this case the most commonly used method is 

linear morphing. However we have shown that linear morphing has its disadvantages, 

such as creating unnecessary crossings or creating degenerate intermediate drawings. 

The problem then is to formally define what a good morphing sequence is for general 

graphs, and to find a method that provides such morphings. 

In terms of the simultaneous visualization problem in general, there is one further 

research direction deserving attention. Considering specific application areas that 

require simultaneous visualization, we should be able to formally define what the 

aesthetic criteria are for those applications. For example for phylogenetic trees we do 

not know whether crossing-free simultaneous embeddings are always possible or not, 

if we insist that the matching vertices be placed at exact same locations. However 

most of the time the required property of such embeddings is just limited to laying out 

the matching vertices corresponding to the leaves of the tree in exact same locations, 

not the whole set of vertices. This new condition relaxes the problem restrictions and 

might result with better simultaneous visualization of phylogenetic trees. A further 

research direction then is to restrict the problem definition according to the specific 

needs of important visualization applications coming from biology, social networks, 

or software visualization. 
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