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ABSTRACT 

The Conditional Covering Problem (CCP) is a facility location problem on a graph, 

where the set of nodes represents the demand points and the potential facility locations. 

The CCP minimizes the sum of the facility location costs required to cover all demand 

points. The key aspect of the CCP is that a facility covers all nodes within a given 

coverage radius, except for the node on which it is located. 

Our investigation of the CCP will first show that solving CCP on a general graph 

structure is NP-Hard, prohibiting finding exact optimal solutions in a finite amount of 

time. While the CCP is NP-Hard on general graphs, we will present a quadratic 

algorithm that will find optimal solutions to CCP on path and extended star graphs 

(multiple path graphs with one node in common). We will then present a polynomial time 

algorithm for tree graphs building off the quadratic algorithms for a star and tree. 

Given that CCP is NP-Hard on general graphs we next focused on determining near 

optimal solutions for general graphs. We applied both greedy heuristics and 

metaheuristics to determine near-optimal solutions. Building off our understanding of 

optimal solutions on tree structures, we incorporate the idea of trees into our heuristic 

search. We found that greedy heuristics provide near-optimal solutions in a very short 

period of time. We showed that simulated annealing with binary encoding provided 

higher quality solutions to the CCP. 
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1 INTRODUCTION 

1.1 Problem Description 

Consider a graph G(N, E), where N= {1, is the set of nodes and E is the set of 

edges. The node set N represents the set of demand points that must be covered by a 

facility as well as the set of potential facility locations. Associated with each edge (ij) e 

£• is a distance dy, from which we compute the shortest path between every pair of nodes 

in the network. We denote the length of the shortest path between nodes u and v in as 

D{u,v). A facility located at node i e N incurs a (positive) facility location cost c„ and 

provides a (positive) coverage radius i?,. Node A: € is covered by a facility located at 

node i G Nif and only if both i^k and D(i,k) < R,. 

The Conditional Covering Problem (CCP) seeks to minimize the sum of facility location 

costs required to cover all nodes in N, noting that each location at which a facility is 

established must be covered by a separate facility. This problem is a variation of the 

well-studied facility location problem in which facilities must be placed such that all 

demand points lie within the coverage radius of some selected facility, but where 

facilities cover the nodes at which they are located. 

In some applications, all demand points may not be suitable locations for a facility. The 

same general model can be maintained for the case in which the potential facility location 

nodes are a proper subset of N. Our model addresses this situation by setting the facility 

location costs for "demand-point-only" nodes (i.e., those nodes at which facilities cannot 

be located) equal to the sum of costs to select all permissible facility locations. A facility 
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location cost equal to this large number ensures that the optimal solution does not contain 

any nodes with this cost, unless no feasible solution exists to the original problem. 

The CCP can be formulated as the following integer program: 

n 

minimize (1) 
1=1 

n 

subject to ^ UyX- >1 yieN (2a) 
7=1 

X,. e{0,l} \/iGN (2b) 

where ay = 1 if D(i,j) < Ri and i ̂  j and otherwise ag = 0V i,j e N. Variables x, are equal 

to 1 if a facility is located at node i € N and 0 otherwise. 

1.2 Motivation 

The CCP arises in several practical planning scenarios. One set of applications supports 

the situation when a facility experiences a failure and requires coverage from a back-up 

facility. One example of this is an emergency response unit in a city under attack 

(Lunday, Smith, and Goldberg, 2003). For example, a Weapons of Mass Destruction 

Civil Support Team in a city under attack would not be able to service the city in which it 

is located, therefore requiring back-up from a second facility. Another set of applications 

presented by Chaudhry, Moon, and McCormick (1987) deals with reinforcements 

between facilities. Examples of this application include back-up inventory between 

manufacturing facilities or transshipment between distribution centers. A third 
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application involves the strategic location of facilities with minimum and maximum 

coverage radii such as air defense radar and missile defense systems (Lunday, 2001). 

Note that the CCP is different from the extension of Set Covering Problem to requiring 

that each demand point be covered by at least two facilities, which was studied by Van 

Slyke (1982). In CCP the backup facility must be able to cover the facility itself, but not 

necessarily the coverage area of that facility. The backup facility provides reinforcement 

to another facility, but not direct backup to the other facilities customers. 

1.3 Overview of Contributed Research 

We further the research of the CCP by better defining the boundary between the class of 

NP-Complete problems, and special CCP instances that can be solve in polynomial time. 

We first prove that the CCP is strongly NP-Hard on general graph structures, even if we 

impose confining restrictions on the cost, coverage radius and distance data for the 

problem. While retaining the quadratic complexity of the algorithm, we then extend the 

path algorithm presented by Lunday et al. (2003) to the scenario in which the coverage 

radii are non-imiform. Based on the imderstanding of the path graph, we also develop a 

quadratic algorithm for the extended star graph, where an extended star is defined as 

multiple path graphs connected by a single root node. The dynamic program for the 

extended star iteratively examines the interaction between nodes across branches. The 

final special graph structure examined is the tree graph. Building on the solution 

information obtained from the path and extended star graphs, we develop a dynamic 

programming algorithm for finding an exact optimal solution to tree graph instances. 



This portion of the research provides a better understanding of the boundary between 

"easy" and "hard" instances of the CCP with various graph structures. 

Given that the optimal solution to CCP on general graphs can not be found in finite time, 

we looked at methods for finding near- optimal solutions. To quickly find good solutions 

to the CCP, we developed three greedy heuristics. To find higher quality solutions, we 

apply the principles of several well-studied metaheuristics including local search, tabu 

search and simulated annealing to the CCP. We also employed our understanding of the 

CCP on tree graphs solutions to the CCP on general graphs. 

1.4 Dissertation Layout 

This dissertation will be laid out in six main chapters. The second chapter is a review of 

the available literature. The third chapter presents a NP-Hardness Proof for CCP with 

unit coverage radii, unit facility costs and unit edge distances on a graph with no special 

structure. The fourth chapter develops the dynamic program for solving the tree graph in 

polynomial time by building on algorithms for the path graph and extended star graphs. 

The fifth chapter compares the speed and solution quality of several heuristics applied to 

the CCP. We conclude the research in the sixth chapter by recommending further avenues 

to pursue. 
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2 LITERATURE REVIEW 

2.1 Initial Problem Introduction and Solution Techniques 

The CCP is a variation of the well-studied Set Covering Problem (SCP) where each 

demand point must be within a minimum distance or travel time from a service facility. 

Like the CCP, the SCP also seeks to minimize the total facility location costs required to 

cover all demand points. The key difference between the two problems is that in SCP 

facilities can cover both adjacent demand points as well as the demand point at which 

they are located, while in the CCP facilities can not cover the demand point at which they 

are located (forcing each facility to be covered by another facility). Let S represent the set 

of demand points and potential facility locations and Ni represent the set of locations that 

can cover demand point i, V i e N. Toregas, Swain, ReVelle, and Bergman (1971) 

presented the following mathematical program for the set covering problem. 

minimize z = '^Xj (3) 

The decision variables Xj equal 1 if a facility is placed at location j and 0 otherwise. 

These authors approached this problem by adding cutting planes to the linear relaxation 

of the model to eliminate fractional solutions. 

subject to ^ X. > 1 \/ ie S (4a) 

X j  =  { 0 , \ ] \ / j e S  (4b) 
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Moon and Chaudhry (1984) first introduced the CCP as the "double set-covering" 

problem, where facilities must cover both the demand points and other facilities. These 

authors modified the mathematical program for the set covering problem presented by 

Toregas et al. to represent the double set-covering problem by defining an additional 

constraint. They divided the set of nodes into set S containing the possible facility 

locations and set D containing the demand points. Let M, be the set of facility locations 

that can cover demand point i and P, be the set of facility locations that can cover facility 

location i. 

minimize z -"^Xj (5) 

subject to >lV/eZ) (6a) 

X (6b) 
J^Pi 

Xj = {0,1} V j eS (6c) 

As in the previous model, xj = 1 if a facility is established at site j and 0 otherwise. The 

second constraint imposes the CCP condition that each facility must be covered by 

another facility. 

The Moon and Chaudhry definition of the double set covering problem differs from our 

proposed definition of the CCP in several ways. 

1) In the double set covering problem, the facility location costs are uniform 

rather than weighted. 
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2) Moon and Chaudhry define the set of demand points and facility location sites 

in separate sets. By contrast, our model can be modified so that the potential 

facility locations are a subset of the demand points by assigning a facility 

location cost of "big-M" to the demand-only points. 

3) Lastly, in the double set covering problem the coverage radii are associated 

with the demand point rather than the facility location as defined in the CCP. 

Moon and Chaudhry used the following valid inequality in the linear relaxation as a 

replacement to (6b) in the model above. 

V i e S  (7) 

for some large positive number M. If x, is equal to 1, then M will not take effect and at 

least one other facility will be forced to cover node i. If x, equals zero or is fractional, 

then M will meet the constraint and no facilities will be forced to cover node i. They also 

tried to apply the following cutting plane technique to the linear relaxation used by 

Toregas et al. 

J ] x , .  > w ° + l  ( 8 )  

where rn^ is the objective value from the linear relaxation with a fractional solution. 

Adding this constraint to the linear relaxation model forces at least a total of one 

additional facility to be placed over the previous solution. This approach proved to have 

only limited success in providing integer feasible solutions to the double set covering 

problem with 30 nodes. 



Moon and Chaudhry (1995) extended the work of Balas (1980) and Balas and Ho (1980) 

on the set covering problem. Balas and Ho used the linear relaxation of the primal and 

dual integer program for the set covering problem to find upper and lower bounds, 

respectively, to the optimal solution. These authors use greedy heuristic techniques to 

generate covers, i.e. feasible integer solutions, to the primal problem. These covers along 

with the solution to the linear relaxation of the dual with the cover enforced are used to 

fix variables to zero. A Lagrangian-based sub-gradient technique is also employed to 

create strong cuts for the lower bound. The sub-gradient method minimizes over the 

primal objective function value minus the dual objective fimction value plus the 

infeasibility of the primal times dual, to find a strong cut to the dual problem. Finally 

when the convergence of the upper and lower bound sufficiently slows down, the 

algorithm branches by generating a new cover to the primal. Moon and Chaudhry (1995) 

applied these same techniques to the CCP. 

Moon and Papayanopoulos (1995) developed a clever two-step algorithm to optimally 

solve a variation of the CCP on tree graphs. Their problem is notably different fi"om ours, 

in that their facility costs are uniform, demand points have radii in which a facility must 

be placed (our problem takes a facility-centric view instead), and facility locations can 

exist at places other than the nodes. Their algorithm first reduces the tree based on 

overlapping neighborhoods, and next sequentially locates facilities in linear time. 

However, these techniques cannot be applied to the problems in this dissertation. 

Lunday, Smith, and Goldberg (2003) presented a linear-time algorithm to solve the 

unweighted CCP on a path graph, and a polynomial-time dynamic algorithm to solve the 
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weighted CCP in a path graph. Both the algorithms proposed by Lunday et al. (2003) 

assume a uniform coverage radius. The polynomial dynamic algorithm is presented in 

Chapter 4.1.1 and will be extended to the problem with non-uniform coverage radii. 

The tree structure has been exploited to develop polynomial-time algorithms for other 

facility location problems. The /»-center problem seeks to findp facility locations on a 

graph such that the maximum of the distances between demand points and their 

respective nearest facilities is minimized. The /7-median problem seeks to find p facility 

locations on a graph such that the sum of the distances between demand points and their 

respective nearest facilities is minimized. Kariv and Hakimi (1979) used dynamic 

programming techniques to develop an C>(n^logn) algorithm for finding /7-center on a tree 

9 0 and an 0{n p ) algorithm for finding /(-median on a tree. 

2.2 Heuristic Approaches 

Similar to other practical problems that are NP-Hard, implicit enumeration is a 

computationally demanding approach to solving the CCP. For example, given a small 

CCP instance of 20 nodes, there are over one million potential solutions to check for 

feasibility and optimality. 

Like other real life problems, CCP can not necessarily be realistically solved by implicit 

enumeration strategies, so we turn to the development of heuristics to provide good 

solutions. There has been extensive research on the effectiveness of heuristics on the Set 

Covering Problem both with weighted and unweighted costs. (See for example works by 
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Baker (1981) and Balas and Ho (1980).) There are two general types of heuristics that 

we will review here: greedy heuristics and metaheuristics. 

2.2.1 Greedy Heuristics 

Greedy heuristics generate a solution by adding facilities based on their cost per unit of 

value provided until a feasible solution is found. 

The greedy heuristics presented in the literature to date look at a slightly different 

mathematical formulation of the CCP. Let the set M be the potential facility location sites 

and be the set for demand points. Define set M, e as the set of demand points 

covered by site i, V i e M and set Pi c M, the set of sites covered by site i, V i e M. 

The definition as presented by Chaudhry, Moon, and McCormick (1987) is as follows; 

minimize (9) 

subject to ^ OyXJ > 1V / gN, (10a) 

> X j V j e M ,  (10b) 

= {0,1}V7 6M, (10c) 

where 

l,if i e M • 

0, otherwise 
(lOd) 
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ri,if yeP, 
b . , = r  !  y k J e M  ( l O e )  

0, otherwise 

fl, if a facility is located at node i, 
X,. = \ (lOf) 

0, otherwise, 

This is an equivalent definition to the IP formulation presented by Moon and Chaudhry 

(1984). This alternate definition is provided since the matrices A and B of binary 

coefficients and bjk, respectively, are used in defining the properties of instances 

solved via heuristics. Chaudhry, Moon, and McCormick (1987) first applied greedy 

heuristics to the CCP. They extended the work done by Chvatal (1979), Johnson (1974), 

and Lovasz (1975) on the Set Covering Problem to the CCP. Chaudhry et al. (1987) 

tested the following seven greedy heuristics: 

Heuristic I: Iteratively select the facility that covers the most uncovered demand 

points, while maintaining that all selected facilities are covered. 

Heuristic II: Iteratively select the facility that covers the most other uncovered site 

locations. 

Heuristic III: Alternately select the facility that covers the most uncovered 

demand points and the facility that covers the most other uncovered site locations. 

Heuristic IV: Select the facility that covers the most uncovered demand points 

until all demand points are covered, then select the facility that covers the most 

other uncovered facilities. 



24 

Heuristic V: For the demand point i that can be covered by the minimum number 

of site locations (a "hard-to-cover" demand point), select the facility that covers i 

and the maximum number of other facilities. 

Heuristic VI: As with heuristic V, cover the hard-to-cover demand points, but 

while maintaining coverage of the selected facilities. 

Heuristic VII: Select the facility that covers the maximum of the sum of 

uncovered facilities plus uncovered site locations. 

As a post-processing step, each facility is checked (in the order added to the solution) to 

ensure that it is still required to maintain feasibility. If a facility can be removed while 

maintaining feasibility, the objective function will be reduced. All of these heuristics 

3 2 have a complexity of 0(m + m n) where m is the number of facility site locations and n 

is the number of demand points. Chaudhry et al. (1987) examined 259 problems with 20 

facility location sites and 50 demand points each. They found that heuristics I and IV 

provided the best solutions and identified the optimal solution for about 81.5% of the 

problems. The problem generation parameters have a significant impact on performance 

of the algorithm. These authors specifically showed that the density of matrices A and B 

in the IP formulation impacts the heuristic performance. Due to the differences in 

problem definition, these algorithms can not be directly applied to our version of the 

CCP, but the underlying concepts of covering the most demand points with the addition 

of a single facility, and coverage of the "hardest" demand point will be examined. 
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Chaudhry (1993) developed the following two additional greedy heuristics for their 

variation of the CCP in a subsequent study. 

Heuristic A: For the hardest demand point to cover, select a facility that 

maximizes the sum of the number of other demand points covered, plus the 

number of facilities by which it can be covered, while maintaining coverage of the 

selected facilities. 

Heuristic B: For the hardest demand point to cover, select a facility that 

maximizes the sum of the number of other demand points covered, plus the 

number of sites it can cover, while maintaining coverage of the selected facilities. 

Again, the post-processing analysis of removing the redundant facilities was applied. 

These two heuristics applied to the same data sets as previously examined improved the 

quality of the solutions (in comparison to the optimal) from 81.5% to 83.4%. 

Moon (1990) extended the work of Chvatal (1979) on the weighted Set Covering 

Problem (SCP) to examine the weighted CCP. Moon developed bounds for simple greedy 

heuristics and showed that extension of the SCP heuristic result could only be bounded 

by sum of all the facility location costs (the absolute worst-case objective value). 

Lotfi and Moon (1997) developed hybrids of the greedy heuristics by extending the 

exchange and switch procedure used by Vasco and Wilson (1986) to solve the SCP. The 

hybrid heuristics are built off of the following two greedy heuristics: 

Heuristic 1: Select a facility that covers the largest number of uncovered demand 

points, while maintaining coverage of the selected facilities. 



Heuristic 2: For the hardest demand point to cover, select a facihty that 

maximizes the sum of the number of other demand points covered, while 

maintaining coverage of the selected facilities. 

Lotfi and Moon (1997) use two techniques to improve on the greedy heuristics. The 

switch technique starts by using Heuristic 1 (selecting facilities that cover the most 

demand points) and then switches to Heuristic 2 (selecting facilities to cover the hard-to-

cover demand points). The exchange technique swaps a selected facility with an 

unselected facility as the value of the facilities changes as the solution is developed. 

Applying these two techniques to large problems (300 demand points and 300 facility 

sites), both individually and jointly, proved to be beneficial over the original greedy 

heuristics. 

2.2.2 Metaheuristics 

Metaheuristics are solution techniques that integrate local improvement procedures with 

higher-level strategies in search of the global optima. The most common and extensively 

studied metaheuristics are local search, tabu search, simulated annealing and genetic 

algorithms. The literature is rich with discussion and apphcation of metaheuristics. A 

high level overview of these techniques can be found in Chapter 12 of Wolsey (1998). A 

more in-depth coverage of the concepts, mechanisms, and application of metaheuristics 

can be found in Glover and Kochenberger (2003). Other valuable resources in the general 

investigation of metaheuristics include Pirlot (1996), Ribeiro and Hansen (2002), and 

Laporte and Osman (1996). 
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2.2.2.1 Random Start Local Search 

Local search is an iterative search procedure that starts from an initial feasible solution 

and moves to a local improved feasible solution, and terminates when some local optimal 

solution is found. Local search is the foundation of the majority of metaheuristics. While 

local search can find good solutions quickly, it falls prey to being trapped in local optima. 

There are a few important definitions associated with local search: the search space and 

the neighborhood structure. The search space is the set of all possible solutions that can 

be considered or visited in the search. A common definition of the search space is the set 

of all feasible solutions, but the search space does not need to be restricted to only 

feasible solutions. Infeasible solutions can be allowed in the search by relaxing a 

constraint and adding it to the objective value with an associated penalty. Techniques to 

set and dynamically adjust the penalities can be found in Gendreau, Hertz, and Laporte 

(1994) and Glover (1977). The neighborhood structure is the set of local transformations 

that are searched in each iteration to find a new solution. A neighboring solution is one 

that is reached by making a single local transformation. Definition of the search space 

and neighborhood structure is very problem specific and critical to the performance of the 

heuristic. A local optimum is defined as a position in the search space that is not worse 

than any of its local neighbors. 

The generalized logic of a local search algorithm is as follows. 

Step 1: Choose an initial feasible solution S with objective value z(S). 
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Step 2: Search the neighborhood for a solution S' where z(/S") < z{S). If no 

improved solution is found, then stop with a local optimal solution S. Otherwise, 

set S = S' and repeat Step 2. 

Another parameter on which local search is very dependent is the generation of the initial 

feasible solution. The overall quality of the local search algorithm can be improved by 

performing local search based on multiple random starts and taking the best result of all 

the local optima found. 

One specific implementation of the multiple random start local search approach is Greedy 

Randomized Adaptive Search Procedure (GRASP) (Feo and Resende, 1995). An 

extensive literature search of GRASP can be found in Festa and Resende (2002). GRASP 

consists of two phases: a construction phase where an initial feasible solution is found 

and a local search phase where the local optima is found. Feo and Resende (1989) applied 

the GRASP concept on top of Chvatal's greedy heuristic for the set covering problem 

with promising results against a proven set of computationally difficult problem instances 

(Fulkerson, Nemhauser, and Trotter, 1974). Resende and Ribeiro (2003) present several 

improvement techniques for GRASP based on learning from previous iterations of the 

solution to improve future iterations. 

Other improvements on the basic local search procedure include Guided Local Search 

and Fast Local Search (Voudouris and Tsang, 2003). Guided Local Search augments the 

objective function with penalties. When a local optimum is reached, the penalties are 

applied to unfavorable features to move the algorithm out of the local optimum. The 

definition of features is highly dependent on the problem, but might include measures of 
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costly choices or infeasibility. Example features are the distance in between facilities for 

a Traveling Salesman Problem, or the cost to make an assignment in the Assignment 

Location Problem, or the minimum cost of covering an imcovered facility in the CCP. 

Fast Local Search improves on the basic local search procedure by reducing the 

neighborhood size to reduce the computational time for each iteration. Bentley (1992) 

first introduced this concept for the Traveling Salesman Problem. The neighborhood is 

broken up into sub-neighborhoods, which are sequentially searched. When a sub-

neighborhood is searched and no improved solutions are found, the sub-neighborhood is 

deactivated and not searched in further iterations. 

2.2.2.2 Tabu Search 

Tabu search combines the concepts of local search with the concept of a short-term 

memory. When a local optimum is found, tabu search allows the algorithm to escape 

from the local optimum by taking non-improving steps. To prevent cycling, we make 

certain recently visited solutions forbidden (or "tabu"), and prohibit the search from 

moving into these points. 

Glover (1986) first proposed tabu search to allow local search techniques to overcome 

local optima. Glover (1989,1990) further developed the ideas of tabu search in a two-

paper series. In the first part he presented the basic ideas of tabu search including the 

short term memory and data structures as well as some computational results. In the 

second part Glover provided a more advanced presentation of the concepts, including 

dynamic move structures and application of tabu search to mixed integer programming. 

Glover and Laguna (1993) devote their book to the techniques of tabu search. 



The flow of a limited tabu search algorithm can be easily simply stated as follows. 

Step 1: Choose an initial feasible solution S with objective value z(S). 

Step 2: Search the neighborhood with the exception of the neighbors on the tabu 

list for a solution S' with the best objective value function z(5"), set S = S', 

remove the oldest neighbor from the tabu list and add 5" to the tabu list. If the 

stopping criteria has not been met, then repeat Step 2. 

A variety of stopping criteria can be used, such as a limit on the maximum computation 

time, reaching a pre-specified objective function value, or executing a maximum number 

of iterations since an improvement over the best solution found. Like the local search 

algorithm, the definition of the search space and the neighborhood are problem specific 

and critical to the performance of the tabu heuristic. 

The key characteristic of the tabu search is the list of tabu (forbidden) moves. While one 

method of recording the tabu list is to record the complete neighbor solutions on the list, 

this can be memory intensive and difficult to compare to a new proposed neighborhood 

move. A different strategy for recording the tabu list is to record the move made such as 

the element added, removed, or swapped. This opens up the possibility that a neighbor 

may fall on the tabu search, when in reality it has not been visited recently. To minimize 

the impact of disallowing a move to a neighbor that has not been recently visited, but is 

prohibited by the tabu list, the concept of an aspiration criteria can be employed. The 

aspiration criteria allow movement to a tabu solution if some certain conditions are met. 

One common aspiration criterion is that the objective function value of a tabu neighbor 



31 

must be better than the best solution found. If the neighbor objective function value is 

better than any solution found to that point, it obviously has not been visited. While the 

aspiration criteria suggested here is the best objective value function found, other more 

sophisticated aspiration criteria have been employed (de Werra and Hertz 1991). 

2.2.2.3 Simulated Annealing 

Simulated annealing is modeled after the physical annealing process of metals that are 

heated and slowly cooled to improve the structural integrity of the material. Simulated 

annealing uses the same idea of a temperature and cooling schedule to control moves 

across the search space. Kirkpatrick, Gelatt and Vecchi (1983) were the first to extend the 

idea of physical annealing to optimization problems. Building on the Metropolis 

statistical procedure of modeling the movement of a collection of atoms (Metropolis et al. 

1953), an annealing schedule was developed to control whether a move within the search 

space would be made in an optimization problem. They applied simulated annealing to 

computer design problems as well as the traveling salesman problem to show that this 

heuristic is capable of generating good quality solutions. Kirkpatrick et al. define four 

key components required to apply the heuristic to other optimization problems: a concise 

definition of the system configuration, a random method to make moves to neighboring 

solutions, a quantitative objective function capturing the trade-offs, and an annealing 

schedule of temperatures and times to evolve the system. Over the past two decades 

simulated annealing has been used to address numerous discrete optimization problems 

as well as some continuous variable problems. 



32 

In each iteration of the simulated annealing algorithm, the current solution and a single 

neighboring solution are compared. If the neighbor solution is an improvement over the 

current solution, the move to the neighbor is automatically made. If the neighbor solution 

is inferior to the current solution, the probability of accepting the new solution is based 

on the difference in the objective function values between the two solutions and the 

current temperature parameter. A common definition of the acceptance probability is 

e , where A is the difference in the objective function value of the current solution 

and the neighbor solution and T is the temperature parameter. (The temperature 

parameter is a positive value that generally decreases over the execution of the 

algorithm.) This second step of allowing the algorithm to move to inferior solutions 

allows the algorithm to escape from local optima. As the algorithm progresses over time, 

the temperature is cooled by reducing the temperature parameter value, which there by 

reduces the probability that inferior solutions will be accepted. 

At the start of the algorithm when the temperatures are high, moves to significantly 

inferior solutions will be allowed. As the cooling schedule decreases the temperature 

over time, the probability of accepting these inferior solutions is reduced and only moves 

to improving or slightly inferior solutions are allowed. The high temperatures allow 

significant movement across the search space and the cooling schedule helps to control 

this movement to settle on a good solution. 

The simulated annealing algorithm can be modeled as a Markov chain where the states 

represent the potential solutions in the search space and the probability of accepting an 

inferior solution represent the probabilities of transitioning between states. It was first 
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modeled as a homogeneous Markov chain (Aarts and van Laarhoven 1985), where it is 

assumed that the temperatures are held constant long enough to reach steady state. 

Romeo and Sangiovarmi-Vincentelli (1991) showed that most practical applications of 

simulated aimealing would not reach steady state in a finite number of steps. Simulated 

annealing has also been modeled as a nonhomogeneous Markov chain and shown to 

converge to a optimal solution given the probabilities followed certain conditions (Anily 

and Federgruen 1987). 

The cooling schedule defined as the temperature parameter as a function of iteration 

number is a key element to the simulated armealing algorithm. Cooling schedules are 

typically defined by an initial temperature Tq, an equation for reducing the temperature, 

such as Ti = rTi^i, where 0 < r < 1 is a cooling constant, and a stopping criterion. A 

significant portion of the literature on simulated aimealing focuses on defining the 

cooling schedule. Hajek (1988) presented a logarithmic cooling schedule that is 

guaranteed to converge if the parameters are set such that the step out of the deepest local 

optimum is allowed. Cohn and Fielding (1999) looked at five cooling schedules with 

respect to the traveling salesman problem. They showed that the non-converging cooling 

schedules performed better in practice than the cooling schedules with theoretical 

convergence. Nourani and Andersen (1998) looked at constant time, exponential, 

logarithmic, and linear time cooling schedules for two NPC problems. With constant 

temperature ranges and a fixed number of iterations, the constant time cooling schedule 

showed superior performance over the other distributions. Fielding (2000) also showed 

that a fixed temperature cooling schedule had superior results on the Traveling Salesman 



Problem. Varanelli and Cohoon (1999) present a two-staged cooling schedule to improve 

the speed of the algorithm where the first stage uses a fast cooling schedule and the 

second stage uses more traditional cooling schedules at lower temperatures. Several 

others also looked at cooling schedules including Strenski and Kirkpatrick (1991), 

Christoph and Hoffmann (1993), Romeo and Sangiovanni-Vincentelli (1991), and Orozo 

and Jacobson (2002). While there has been extensive investigation of cooling schedules, 

there has not been an agreed upon optimal cooling schedule for all problems. 

Like other heuristics derived from local search, the neighborhood also has a significant 

impact on the efficacy of the algorithm and is normally very problem-specific. Eglese 

(1990) showed that a neighborhood with a smooth topology or one where the local 

minima are shallow is preferable. While Orgbu and Smith (1990) claim that a small 

neighborhood is better, Goldstein and Waterman (1988) argue that a larger neighborhood 

is preferable for obtaining good solutions. As with the cooling schedule, there are no 

defined rules for selecting the neighborhood to obtain the fastest or highest-quality 

results. 

Fleischer and Jacobson (1999) look at varying simulated annealing parameters across 

instances of NP-Complete problems to better understand the non-apparent connection 

between the algorithm design and the problem at hand. They found that generally 

increasing the neighborhood size and smoothing the topology of the neighborhood results 

in improved results. 
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3 COMPLEXITY OF CCP ON GENERAL GRAPHS 

Cook (1971) laid the foundation of NP-Completeness (NPC) theory and presented the 

"satisfiability" problems as the hardest problem to solve. Since the introduction of NPC 

theory, hundreds of other problems have also been proven to belong to the class NPC. 

The theory, implementation, and examples of NPC problems and proofs can be found in 

Garey and Johnson (1979). A problem can be proven to be in the class NPC by 

transforming any instance of a known NPC problem into an equivalent instance of the 

problem under investigation. There are two key components to the proof that a problem 

is in the class NPC: one, that the problem is in the class NP and two, that there exists a 

polynomial-time transformation from a known NPC problem to the problem at hand. 

We will show that the CCP is strongly NP-Hard on graphs with no special structure 

assumed by transforming the Three Dimensional Matching Problem (a known NPC 

problem) to CCP. This transformation will hold even in the case of unit coverage radii, 

unit facility costs, and unit edge distances for the CCP. Chaudhry, Moon, and 

McCormick (1987) proved that a variation of the CCP was NP-Complete since the Set 

Covering Problem (a known NP-Complete problem) is a special case of their problem. 

However, their proof assumes the possibility that a facility may cover a demand point 

located r\ units away, but not another one located r2 units away (0 < r2 < n), which is not 

permitted by our statement of the CCP. 

Proposition 1. The CCP is strongly NP-Hard, even if unit coverage radii, unit facility 

costs, and unit edge distances are assumed. 
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Proof. To support the proof, we state the CCP as a decision problem with unit coverage 

radii, unit facility location costs, and unit edge distances. We call this problem the Unit 

Conditional Covering Decision Problem (UCCDP), and state its formal definition below. 

UCCDP: Given a graph G{N,E) with distances J/,=l V {ij) e E, facility location 

costs c,=l \/ i & N, and a coverage radius /f,=l V i s N, can all nodes be covered 

by no more than K facilities, given the conditional covering restrictions? 

We first show that the UCCDP belongs to the class NP, and then prove that an arbitrary 

instance of a known NP-Complete problem can be transformed to an instance of the 

UCCDP in polynomial time. Given all edge distances are equal to one and all coverage 

radii are equal to one, UCCDP clearly belongs to NP by verifying each node is directly 

adjacent to a selected facility given all edge distances are equal to one and all coverage 

radii are equal to one. To prove that UCCDP is strongly NP-Complete, we transform an 

arbitrary instance of the Three Dimensional Matching (3DM) problem to a UCCDP 

instance. 3DM is known to be strongly NP-Complete (Garey and Johnson, 1979), and is 

stated as follows. 

3DM: Given a set Me W x X x  Y ,  where W ,  X ,  and Y are disjoint sets having the 

same number q of elements, does M contain a matching, that is, a subset NT 

such that |m i = q and no two elements of M' agree in any coordinate? 

We employ the following steps to transform a 3DM instance to a UCCDP instance: 

1. Generate one dummy node s. 

2. Generate one node for each matching in M, and label these nodes m\, ..., m y. 
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3. Generate one node for each element of fV, X, and Yand label these nodes {w\, 

Wq,Xx, ...,Xq,yx, 

4. Generate an edge of length 1 between s and nii V i = \ , . . | m|  .  

5. For each matchingy e Mconsisting of elements Wm(j), x^g), andymg), generate 

edges (nij, Wmd)), {mj, x^g)), and (mj, ym(j)), each having an edge length of 1. 

6. Set all coverage radii Ri = 1 and facility location cost q =1 for all nodes i. 

7. Set the maximum allowable number of selected nodes, K,io q+ 1. 

A sample transformation is depicted in Figure 1. 

3DM Instance 

q = 3 
Mi = [W2 Xi yi] 

1^2 = [w^ X2 Yz] 
^3 = [>^3 ^1 y ^ ]  

M4 = [w^ X2 yi] 

Ms = [W2 X3 yg] 

Solution: {M2 M^ 

Figure 1: Example Transformation of 3DM to UCCDP 

We show that the 3DM is a yes-instance if and only if the transformed UCCDP instance 

is also a yes-instance. First, suppose that the 3DM instance is a yes-instance. Consider the 

3DM solution in which facilities are located at node s and at nodes rriv that correspond to 

the elements of AT. Note that the node s covers all matching nodes, since it is cormected 

CCP Instance 

• 
R = ^  

All edge 
lengths = 1 
K = 4 

M,} Solution: {s Mo /Wo 



to all matching nodes. Each of the selected matching nodes covers s, and the selected 

matching nodes collectively cover all the element nodes, or else one of the elements 

would not belong to a selected matching and the 3DM solution would not have been 

feasible. Exactly q + I facilities have been located, and hence the UCCDP instance is a 

yes-instance as well. 

Now suppose that UCCDP is a yes-instance. Note that a feasible solution to UCCDP 

must contain no more than q+\ facilities, and that each element node can only be 

covered by a matching node. Therefore, at least q matching nodes must be selected, since 

there are 3q element nodes and the degree of each matching node is 3. The selection of 

only the q matching nodes is not feasible, though, since such an arrangement leaves the 

matching nodes uncovered. Thus, the last facility must be located at node 5 since it is the 

only node capable of covering all matching nodes. This implies that exactly q matching 

nodes were selected that cover all of the element nodes, which guarantees a solution to 

the 3DM instance. 

Since the 3DM instance is a yes-instance if and only if the UCCDP instance is a yes-

instance, UCCDP is NP-Complete. Furthermore, since no numerical data was used in the 

transformation, we have that UCCDP is strongly NP-Complete, and that the CCP is 

strongly NP-Hard. • 

The proof that the CCP is NP-Hard is extremely important since it tells us that there is 

not a polynomial-time algorithm to solve the CCP (unless P = NP). We can then direct 

our energy towards alternate approaches from searching for an efficient, exact algorithm 



to solve the problem. Potential avenues of research are looking at special cases or 

relaxations of the CCP that can provide insight into solution of the original problem. Our 

first approach will be investigating the CCP on special graph structures. 
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4 POLYNOMIAL TIME DYNAMIC PROGRAMMING ALGORITHM ON 
SPECIAL GRAPH STRUCTURES 

The fact that the CCP is NP-Hard on graphs with no special structure assumed does not 

indicate that special cases of the CCP are also NP-Hard. While the CCP is NP-Hard on 

graphs with no special structures, we will show that there are polynomial algorithms 

available for solving the CCP on special graph structures, namely path graphs, extended 

star graphs, and tree graphs. 

For ease of discussion, we use the following node numbering convention for tree graphs. 

A root node is arbitrarily chosen, from which the children and parent nodes of each node 

can be determined. The nodes are labeled from 1 to n, in a heap with respect to the node 

labels, i.e., each node has a smaller index than its parent, and a larger index than any of 

its children. Also we will index facilities with the same index as the node at which they 

are placed (i.e., a facility located at node i will be referred to as "facility /"). Figure 2 

below illustrates this numbering scheme. 
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Figure 2: Example CCP Instance 

The rest of this chapter will develop the polynomial-time algorithms to solve the CCP on 

path graphs, extended star graphs, and tree graphs. We will first generalize the path 

algorithm presented by Lunday et al. (2003) to apply to problem instances having non

uniform coverage radii. 

4.1 CCP on a Path Graph 

A path graph on the set of nodes has an edge set E = {(/,/ +1) V / = 1, ..., 

n-\}. Lunday et al. (2003) presented a dynamic programming algorithm based on forward 

recursion for solving the CCP on a path graph with weighted facility location costs and 

uniform coverage radii. We summarize this algorithm and then demonstrate how it can be 

modified to support problems with non-uniform coverage radii. 



4.1.1 Path Graph Instance with Uniform Coverage Radii 

The forward recursion algorithm of Lunday et al. (2003) was developed for path 

instances of the CCP where all nodes have some common coverage radius, R. Nodes are 

numbered sequentially from 1 to n, with node 1 designating the beginning of the path and 

node n designating the end of the path. To facihtate the solution of the problem, the upper 

reach g(i) of each node i e Nis designated as the largest-indexed node that lies within the 

coverage radius R from node i: 

The algorithm iteratively calculates two costs for each node: the protected cost and the 

unprotected cost. The protected cost for node i, given by p(i), is the minimum cost to 

select node i and cover nodes 1 through i, with no facilities placed at nodes i+1, 

(Note that the protected cost for the first node will always be infinite.) The unprotected 

cost for node i, given by u(i), is the cost to select node i and cover nodes 1 through z-1, 

with no facilities placed at nodes i+1, For the unprotected cost, node i is not 

required to be covered from smaller-indexed nodes and will need to be covered by a 

larger-indexed node. 

Define Gi(/) as the set of nodes between 1 and /-I that can cover node i, that is 

By selecting node i and a node k e Gi(0, nodes i and k cover each other, by the 

assumption of uniform coverage radii. Hence, the protected cost of i is given by the 

unprotected costs of the nodes in G\{i), plus the cost to select node /; 

g{i) - max {A: e N: D{i,k) < R}. (11) 

{ k  e  N  : k  +  l < i  <  g(A:)}. (12) 
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p(J)= mm{u{k)} + c^. (13) 
k^Gxii) 

Define Cj2{i) as the set of nodes k e N,k<i that do not cover i ,  but overlap with the 

covering radius of i such that all nodes between k+l and i-\ are covered by either k or i 

(or both). Additionally, we define a dummy node 0 with cq = g(0) =/'(0) = 0 to initialize 

the algorithm. Node 0 enables the algorithm to select its first facility at node i e //where 

D i l , i ) < R .  

G, (!) = {t E W u {0}: g(A:) +1 < / < g(,g(k) +1)}. (14) 

The unprotected cost of node i is thus given by 

u{i) = min|;?(0, j^^min {/j(A:)} + c, J j. (15) 

If it is cheaper to protect node i than to leave it unprotected, we set the unprotected cost 

of that node equal to its protected cost. Otherwise, the unprotected cost is given by the 

minimum of the protected cost for the nodes in set G2(0 (since nodes in G2(0 would need 

to be covered by a lower-indexed node), plus the cost to select node i. The optimal 

objective, z*, can be found by taking the minimum protected cost for all nodes with an 

upper reach equal to n\ 

z*= min {pii)} • (16) 
ieA':g(l)=n 

4.1.2 Path Graph Instances with Non-Uniform Coverage Radii 

The foregoing dynamic programming algorithm assumes that node i covers node j if and 

only if node j also covers node i. With non-uniform coverage radii, this assumption is not 



valid. First we modify the upper reach calculation to take into account the node-specific 

coverage radii: 

g ( i )  =  m a x { k e N : D { i , k ) < R - } .  (17) 

In addition, we define the lower reach h{i) of each node i e N as the smallest-indexed 

node that is within the coverage radius Ri of node i. 

h{i) - min{A: e N: D(i,k) < i?, } (18) 

Similar to the previous algorithm, to calculate the protected cost for node i, all the nodes 

between 1 and i -1 that can cover node i need to be identified, but in two separate sets. 

Define sets GA\{i) and GB\{i) as follows for each i e N. 

GA  ̂{j) = \k E:N :k + \<i< g(A:)and h{i) > k] (19) 

GB^ {i^ = {k & N \ k -<r \ < i < g( k )  and h(i) < ^} (20) 

The set GAi(i) includes all nodes between 1 and i - 1 that cover node /, but are not 

covered by node i. The set GBi(i) includes all nodes on the path between 1 and i - 1 that 

cover node i and are covered by node i. Given these two sets, we can compute the 

protected cost of node i according to the following recursion: 

p{i) = mini min {/?(A:)}, min {m(A:)}J+ c. . (21) 
KeGA^(i) kfEGB^yi) > 

The nodes in set GA](i) must be protected by a smaller-indexed node in the graph, so 

only the protected cost may be considered in the computation of p{i). Since the nodes in 



set GB\{i) are covered by node i, the unprotected cost for these nodes can be considered 

in the computation of /»(/). 

To calculate the unprotected cost for node i, we identify all nodes k e N that can cover 

nodes k + I through / - 1 in conjunction with i, but such that k does not cover i, in two 

seperate sets. Define sets GA2{i) and GB2(i) for each / e as follows, where node 0 once 

again denotes a dummy node with cq = g(0) =p(0) = 0. 

G A ^  { i ) = { k G N u { 0 } : k  +  l <  h ( i )  <  g { k )  +1 < (22) 

GBj {i)= {k e N: g{k)+l<i and h{i) < k] (23) 

Note that GA2(i) includes all nodes k such that i and k do not cover each other, but do 

cover all nodes k+\ through i The set GBjii) includes all nodes on the path between 

1 and i -1 that are covered by node i, but do not themselves cover node i. Given these 

two sets, we can compute the unprotected cost u{i) for each node i & N diS 

M ( 0  =  m i n W 0 ,  m m { p { k ) ] + c . ,  m i n  { u ( k ) }  + c A .  (24) 
V kGGA2{i) kGGBiyi) ' 

The nodes in set GA2{i) must be protected by a smaller indexed node in the graph, so only 

the protected cost may be considered in the computation of u{i). Since the nodes in GB2{i) 

are covered by node i, their unprotected cost is considered in the computation of u{i). If it 

is cheaper to protect node i than to leave it unprotected, the unprotected cost is set equal 

to the protected cost of node i. The optimal solution can be found by taking the minimum 

protected cost for all nodes with an upper reach equal to n as shown in (16). 



To solve the CCP on a path, the two reach functions g{i) and h{i) are first calculated for 

all i e N, followed by the recursive calculation of u(i) and p(f) for all i e N. The reach 

functions of each node are computed by an 0(log n) binary search procedure, for a total 

of 0{n log n) steps. However, the dynamic programming recursion functions require 

0(n) calculations for each node. Hence, the overall complexity of the algorithm remains 

2 • • 0(n ) for the case of the non-uniform coverage radii. 

To determine the set of facilities that leads to the optimal solution, we track the 

predecessors of each node. Define pred(p,i) to be a node argument that defines the 

optimal protected cost p(i) and label(p,i) to be the type of cost used for that node 

argument. Ifp(k) =p(i) - Ci for some k e GA\{i), then thepred(p,i) = k and label(p,i) = p. 

Otherwise u{k) =p(i) - c, for a A; e and we set thepred(p,i) = k and label(p,i) = u. 

Similarly, define pred{u,i) to be the node argument that defines the optimal unprotected 

cost u(i) and label(u,i) to be the type of cost used for that node argument. If u(i) =p{i) 

then pred(u,i) =pred(p,i) and label{u,i) =pred(u,i). If p(k) = u(i) - ci for some k e 

GAiii), thenpred(u,i) = k and label(p,i) =p. Otherwise, u{k) = u{i) - Ci for some k € 

GBjii), and we setpred{u,i) = k and label(p,i) = m. In some cases multiple nodes may 

meet the predecessor criteria, in which case any node meeting the criteria can be assigned 

to the predecessor. One can then trace backwards through the solution starting at a node 

argument satisfjdng the optimal cost to determine the optimal facility locations. 



4.1.3 Example Path Problem 

Consider the path graph illustrated Figure 3. Table I contains the detailed calculations 

required to solve this instance. The numbers above each node are the cost to select that 

node and the coverage radius for the node. The numbers above the arcs are the distances 

between nodes. 

c^=2,R^=5 3,5 4,6 4,7 2,4 3,3 

Figure 3: Example Path Graph 

The optimal solution is to select nodes 1, 3 and 5 with a total facility location cost of 8. 

Table I: Solution to Example Path Graph 

Node Index - i 1 2 3 4 5 6 

Upper Reach - g{i) 3 3 5 6 6 6 

Lower Reach - h{i) 1 1 1 2 4 5 

GAxii) - - - - 3 4 

GA2ii) - 1 1,2 3 4 5 

GBiii) - - - 1 1,2 3 

GB2ii) - - - 2 - -

Protected Cost - p { i )  oc 5 6 8 8 10 

Unprotected Cost - u{i) 2 3 4 7 7 9 

4.2 CCP on an Extended Star Graph 

We define an extended star as a graph in which three or more path graphs are connected 

by a single root node. More precisely, an extended star graph is a tree with node set N = 



{1, ... , n }  and edge set E, where each edge is either of the form (i, / + 1) or (i, n) for i < 

n. All nodes have a degree of two except the root node n, which has a degree of m 

(equaling the number of branches in the extended star) and the m leaf nodes. 

Define a branch of node r e on a tree as the subgraph induced by a lower-indexed node 

i adjacent to r, and all nodes to which a path exists from i that does not include r. In the 

case of an extended star, we examine m distinct branches of node n. (In the example 

extended star depicted in Figure 4 there are three branches of node 14, consisting of 

nodes 1 through 6, nodes 7 through 10, and nodes 11 through 13.) Let 6, denote the nodes 

contained in branch i ofn,\/ i= and let Bn be the collection of branches 

{b\,.. .,b/n}. 

Our algorithm to solve the extended star is based on the algorithm developed for the path 

graph. There are two major steps to the extended star algorithm. First, the graph is 

decomposed into path subgraphs (namely, the m branches of node «), and each path 

subgraph is solved using the algorithm presented in Chapter 4.1. Each branch is solved 

using the leaf node as the beginning of the path, and excludes the root node itself 

Second, the solutions to the path graphs are merged to obtain the optimal solution for the 

extended star. 

Figure 4: Example of an Extended Star Graph 



49 

4.2.1 Solution of the CCP on an Extended Star 

We first introduce concepts of external and internal coverage. For each node 1 e N, 

define the external coverage, ext{l), as 

ext{l) = R^-D{l,n). (25) 

This measure represents the coverage that node I provides irom node n along branches 

not containing node I, and will later also indicate the distance external to the extended 

star that node I covers when selected in the tree algorithm. Define the internal coverage 

to be the distance fi^om the root node covered by selection of the root node or other nodes 

not contained within the extended star. (The latter consideration will become important in 

the context of trees in Chapter 4.3.) For the present case of external stars, there are two 

potential internal coverage values: R„ if a facility is located at the root node and 0 

otherwise. 

Next we define a designated root covering node as the node k e N- {«} such that D{k,n) 

< Rk and no facilities are located at nodes i e N- {n} such that ext{k) > ext(i). To meet 

the constraints of the CCP, the designated root covering node k must be covered either by 

t h e  i n t e r n a l  c o v e r a g e ,  o r  b y  a n o t h e r  s e l e c t e d  f a c i l i t y  a k ^  N  -  { A : }  w h e r e  D { k ,  a ^ )  <  R ^ ^ .  

We will refer to any node a^ meeting these conditions as a companion of node k. 

Without loss of generality, suppose that the designated root covering node k belongs to 

branch b\. If a companion node ak is not on b\ and ak is not the root node, we label the 

branch to which ak belongs as branch bi. There are five possible cases for the selection 

of node a^. 



50 

1. Node ttk is the root node, i.e. 7 = and D{k,n) < Rn. 

2. Node ak is on branch b\, has a smaller index than k, and no facilities on nodes 

indexed higher than k exist on 61. 

3. Node Uk is on branch b\ and is indexed higher than k. 

4. Node ak is on b2 and is not covered by node k or internal coverage j. 

5. Node ak is on 62 and is covered by node k or internal coverage j. 

To aid us in limiting our options in choosing node k, we first show that at optimality a 

designated root covering node must be one of the two highest-indexed facilities located 

on some branch. 

Proposition 2. Consider any optimal solution to the CCP on an extended star in which 

facilities are located at nodes S^N. For all hi e any node q e bin S having the 

maximum external coverage over all nodes in 5 n bi must be the largest-indexed or 

second-largest-indexed node in 5 n bi. 

Proof. By contradiction, suppose that in some optimal solution, facilities are located at 

nodes qi, q2, and ̂ 3 on a branch bi e B„, where q\> q2> qi, and where ext{q^) > 

mdix{ext{q\), ext{q2)}. Note that the only node that either q\ or qi can possibly cover that 

^3 does not cover is node ^3 itself. Hence, if q\ does not cover ^3, then q\ can be removed 

from the solution without affecting its feasibility, and likewise for q2. If both cover ^3, 

exactly one can feasibly be removed. In any case, at least one facility is removed from 

the solution, while retaining feasibility. Since c, > 0 V / e N, the solution in which one of 
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these nodes is removed improves the objective function, which contradicts the 

assumption that the original solution is optimal. This completes the proof • 

Proposition 3. Consider the set of facilities leading to the calculation of /»(/) and m(/), for 

some node / on a branch bi e using the path algorithm. The facility in this solution 

having the largest-indexed facilities in any optimal solution must be one of the three 

largest-indexed facilities in any optimal solution. 

Proof. This proof follows by the same logic as in the proof of Proposition 2. Note that the 

largest external coverage on this branch can now come from the third-largest facility if 

we insist that a facility is located at node /. • 

Propositions 2 and 3 will be used in several of the cases to ensure that the selected 

designated root covering node k has the largest external coverage on branch b\ and the 

companion node Uk has the largest external coverage on branch b2. If a facility I exists on 

branch b\ that is one of the first two predecessors of the protected cost of node k such that 

ext{I) > ext{k), then we can skip considering node A: as a designated root covering node 

covered from a lower indexed node on b\ (i.e. case 2). The scenario of selecting k and I 

will be considered later where I is the designated root covering node and k is its 

companion node. If a facility I exists on branch 62 that is one of the first two predecessors 

of the protected or unprotected cost of node <3^ such that ext(J) > ext{ak), then we can skip 

considering ak as a companion node, since selecting I as the companion node will always 

be less costly. Implementing these limits on redundant scenarios can be implemented 

using a simple two-predecessor check to ensure that the designated root covering node 
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and the companion node have the largest external coverage on their respective branches. 

To assist is deriving a low-complexity algorithm for this problem, for each branch bi g B„ 

and for each / e b\, define p{l) = oo if there exists a node v e bi in the solution leading to 

/>(/) such that ext{v) > ext{l), and p{l) - p{l) otherwise. Similarly, for each 6, e B„ and 

each I e bi define u(l) = co if there exists av e bi in the solution leading to u(l) with 

ext{v) > ext{l), and u(l) = u(l) otherwise. 

hi addition to the preprocessing step to calculate the protected and unprotected cost, we 

will also calculate the higher-covered cost \|/(/), for each I e bi. The protected and 

unprotected cost for each node on a branch hi is calculated using the algorithm described 

in Chapter 4.1.2. The higher-covered cost \\j (l) represents the minimum cost to select 

node / e such that I has the largest external coverage of all facilities selected on bi, 

node I is covered by a higher-indexed node on bi, and all nodes on branch bi are covered. 

The eligible set of higher indexed nodes is defined by 

for each branch bi e and I e bi. This set contains the higher-indexed nodes on bi that 

cover node I, but have a smaller external coverage than node I. The higher-covered cost 

can be calculated by 

Hi!) =  { v e 6 ;  : /<V,ext{y)<ext{l),D(/,v ) < R ^ } ,  (26) 

M (/) + minjc,,} if g{l) = n and H{i) ^ 0 
veh(l) 

00 otherwise. 
(27) 
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The higher-covered cost is the unprotected cost of node / plus the cost of a higher-

indexed node that protects node I. Note that u (/) is considered instead of m(/) to ensure 

that a lower-indexed node in the solution does not have a larger external coverage than 

node I. For nodes that do not reach the root node, or when there is not a suitable higher-

indexed node, the higher-covered cost is set to infinity. This preprocessing calculation 

does not increase the complexity of the protected/unprotected cost calculation. In the 

protected/unprotected cost calculations, the nodes indexed lower than node I are 

examined and in the higher-covered cost calculation, the nodes indexed higher than node 

I are examined. For each node /, n other nodes are examined, so the total complexity is 

2 , 0{n ) to calculate the protected cost, unprotected cost and higher-covered cost. 

Remark 1. These five cases are more precisely defined in the following discussion to 

limit the amount of overlap that exists among cases. Removing overlapping 

computations is clearly important as an implementation issues, since the overall 

execution time of this algorithm can be saved by removing symmetric computations. 

However, some redundancy can still occur in this algorithm. For instance, it is possible 

that nodes l\ and h with ext{l\) = extQ^) > 0 could be considered as k and Uk, respectively 

or as Uk and k, respectively. We can apply multiple levels of tie-breaking for choosing k 

versus Uk to remove these symmetries. However, for ease of explanation, we permit these 

less-common overlapping situations to occur in the following discussion. • 

Given the selection of nodes k and Uk, and the internal coverage of j, we can 

independently compute the minimum cost to cover each branch of the extended star. For 

each case s = 1,.. .,5, define Wj^{bi,k,ai^ to be the optimal cost of covering branch bt when 



node k is the designated root covering node, ak is its companion node, and an internal 

coverage of j is provided. Additionally, define Wj^sib^k) to be the optimal value of 

Wj^s{bi,k) over all relevant ak possibilities. 

First we examine the problem of computing the cost to cover branches b\ for all five 

cases and &2 for the last two cases. 

Case 1: The first case occurs if and only if node k is covered by the internal coverage j, 

and hence, the root node serves as the companion node ak. (In the application to tree 

graphs presented later, ak can be a node external to the extended star that provides an 

internal coverage of j > D{k,n).) The cost to cover b\ in this case is given by 

Remark 2. If case 1 arises for internal coverage j and designated root covering node k, 

then node k is protected by node n regardless of the placement of other facilities, and 

hence cases 2-5 need not be examined. For convenience, we simply set Wj^(bi,k) = oc for 5 

= 2,.. .,5 and all bt e 5„. • 

Case 2: In the second case a lower-indexed node on branch b\ protects node k, and no 

facilities indexed higher than k are located on b\. The set of potential companion nodes is 

Rather than explicitly examining the impact of selecting ak to be each node in Aj^ik), we 

simply examine the protected cost of k as determined by solving the CCP on b\ by the 

path algorithm. The cost to cover branch b\ in case 2 is given by 

W j ^ { b ^ , k )  =  u i k ) .  (28) 

^ y , 2  ( ^ )  =  { a & b ^  : a  < k ,  D ( a ,  k ) < R ^ ,  e x t { k )  >  e x t { a ) \ .  (29) 
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^ j , i { K k ) ^ p { k ) .  (30) 

Remark 3. As a final note for this case, we can check to see if p{k) = u{k) before 

proceeding to cases 3-5. If so, then there is no advantage to requiring that k be covered 

from anywhere outside the set Aj^ik). Thus, if p{k) = u{k), then cases 3-5 will not be 

examined for node k, and we set Wj^{bi,k) = oo for 5 = 3, 4, 5, and all bi e • 

Case 3: In the third case, a higher-indexed node on branch b\ protects node k. The set of 

potential companion nodes is given by: 

Each node in AjT,{k) covers node k and has a larger index than k, but a smaller external 

coverage. These nodes are also protected by node k since ext{k) > 0. The cost to cover 

branch b\ for case 3 is 

Remember that the higher-covered cost of a node is the cost to select node k where k has 

the largest external coverage of facilities on the branch, node k is covered from a higher 

indexed node and the entire branch is covered. 

Case 4: In the fourth case, the companion node is not on the same branch as node k and is 

not protected by either node k or from internal coverage j. Since k need not be protected 

w i t h i n  b i ,  a n d  s i n c e  u { k )  <  p ( k )  b y  t h e  a s s u m p t i o n  o f  R e m a r k  3 ,  w e  u t i l i z e  u ( k )  f o r  b i .  

A . , ( k ) : ^ { a e  Z ? !  : a >  k ,  D { a , k )  <  ,  e x t ( k )  >  e x t ( a ) } .  (31) 

W j ^ [ b „ k )  =  \ f / { k ) .  (32) 

{ b ^ , k )  =  u { k )  (33) 



The set of nodes that may serve as the companion node in this case is 

A -  4 (A:) = {<3 ^ < D { k ,  a ) < R ^ ,  D ( a ,  n )  >  j ,  e x t ( k )  >  e x t { a ^ . ) } .  (34) 

Since ak is not covered by node k or internal coverage j, must be covered by a node on 

branch 62. As done for cases 2 and 3 for b\, covering Uk on 62 can either be accomplished 

on lower or higher-indexed nodes on b2. The nodes indexed lower than ak on branch 62 

that can protect Uk are considered in the calculation of the protected cost of ak in the path 

algorithm. The nodes indexed higher than ak on branch 62 that can protect ak are 

considered in the calculation of the higher-covered cost of ak. 

If Aj^4{k) = 0 then Wj^4(b2, k) = 00. Otherwise, 

Case 5: In this case, the companion node ak is again not on the same branch as node k, but 

now ak is covered either by node k or from the internal coverage j. The set of companion 

nodes for case 5 is 

^ j , 5  ( ^ )  =  :  D { k ,  a ) < R ^ ,  ( p { k ,  a )  <  or D{a, n) < j), ext(k) > ext(ai^)} .(36) 

Note that node k or internal coverage j might cover more nodes in b2 than node ak does. 

Accordingly, we compute the optimal cost to cover bj by first modifying node ak to take 

on a coverage radius of the maximum ofi?„^, j - D{ai^, n), and - D{k, a^^). Next, we 

recalculate (if necessary) the value of u{ai^, and set u{a^^) equal to the revised value of 

u{ai^. (Computing this value is straightforward based on the path algorithm.) The value 

u(a^) implies that node ak must be selected, and incorporates the cost to cover all nodes 

4 ( 6 2 , k , a , )  =  m i n { ^ ( a , ) , y / ( a ^ ) }  V a ,  e  A j  , { k ) .  (35) 



indexed smaller than in 62, given the maximum coverage provided by k, ak, or internal 

coverage j. Again, we trace the solution leading to ) to ensure that no facility in 62 

has a larger external coverage than U k ,  or else ^'7,5(62, k, ak) = <x>. Otherwise, the costs to 

cover branches b\ and bi for case 5 are given by 

= (37) 

Wj ,{b^,k,a,,) = u{a^) Va^ e Aj ,{k). (38) 

Next we calculate the cost to cover branches that do not contain nodes k or Uk- This 

calculation is identical for all five cases. Define Wj {b-, k) to be the optimal cost of 

covering branch hi e B„ for which neither k nor Uk belong to bi, given an internal 

coverage j. To compute this cost, we employ a similar trick as done for case 5 above. For 

branch bi, add a dummy node 8, between v,. = max{/} (the highest-indexed node on 6,) 
lebi 

and node «. Set =max{i?^ - D ( k , n ) , j ] ,  =0, and =0. (The 

previous discussion assumes that all d and c values are strictly positive; however, we can 

incorporate zero distances and zero costs in our algorithm without affecting the 

optimality of the procedure.) The unprotected cost of 6, as computed by the path 

algorithm would yield the cost for covering branch bi, although the solution resulting 

fi-om this minimum must not violated the stipulation that ext{k) > ext{I) for all facilities 

located dXl & N. If the solution leading to m(6/) violates this stipulation, then we set 

u ( S ^ ) - C O  ,  a n d  o t h e r w i s e  u  )  =  u { S ^ ) .  T h e  b r a n c h  c o s t  f o r  b r a n c h e s  n o t  c o n t a i n i n g  k  

or Gk is calculated as 
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w  J { b f  , k )  =  u { d ^ ) \ f b ^ : k ^ b i , a i ^  ^  b ^ .  ( 3 9 )  

For each designated root covering node, add the branch costs for branches 2, under 

the tentative assumption that they do not contain the companion node. 

Define zj(k) to be the optimal cost to cover the extended star when node k is selected as 

the designated root covering node, given an internal coverage of J. (Note that the cost to 

provide the internal coverage is not included in z/k).) Then we have that the optimal cost 

for each (k,j) pair can be found by 

For cases 1, 2, and 3, both k and Uk are on branch b\, so the solution cost can simply be 

found by adding the cost of branch 1 to the branch cost summation Wjik). For cases 4 and 

5, k is on b\ and ak is on bz- Remember that the branch cost summation Wjik) includes the 

cost of 62 when ak is not required to be selected. For the last two cases the solution cost is 

found by adding the cost for branches 1 and 2 that include k and and subtracting the 

cost for branch 2 when node ak is not required to be selected. 

After computing these values for each possible k, and for7 = 0 and j = the optimal 

cost to cover the extended star is given by 

m 

(40) 

mm 
S£l,2,3 

ink ,  

mm< mm 
5€4,5 \ a ^ € . A j i k )  

k&N-{n]\ext{k)>(i  
(42) 



To trace the optimal facility locations, a similar predecessor-tracing mechanism can be 

used as described for the path algorithm. Given j and k, one can derive the companion 

node Uk and the case that led to the optimal solution. From there, individual path 

solutions to each branch yield the optimal facility locations. 

To verify this claim, consider any optimal solution to the CCP on an extended star graph. 

Define the designated root covering node A; to be a node other than the root node selected 

in the optimal solution with a maximum value of ext{k). If node n is not selected in the 

optimal solution, then zo(k) gives the optimal objective function value z*. Otherwise, 

node n is chosen, contributes to the objective function, and provides an internal 

c o v e r a g e  j  =  R „ .  T h i s  i s  e q u i v a l e n t  t o  t h e  c o s t  { k )  +  .  

4.2.2 Implementation Improvements for Complexity Reduction 

To solve the CCP on an extended star graph, the path CCP algorithm is executed on each 

of the extended star branches in a preliminary step. The number of computations 

required in this preprocessing step is f) which is bounded by 0{n^). Next, for 

each node k that can act as a designated root covering node, we must consider 0{n) 

companion nodes, and compute the cost to cover the extended star. Given k and ak, the 

number of steps required to compute the set of branch costs is 0{n) (due to case 5) and 

0{n) branch costs must be summed. Finally only two intemal coverage depths, j = 0 and 

^ 'J j = R„, must be exammed for each combination of k and a^. Since 0(n ) combinations of 

k and ak may exist in the worst case, each requiring 0{n) computations to compute the 



optimal branch costs corresponding toy = 0 and j = R„, the overall complexity of the 

extended star algorithm is 0(n^). 

By performing some strategic preprocessing calculations, the overall complexity can be 

reduced by making the calculation of case 5 and the branch costs for branches not 

containing k or Uk constant-time operations. To support this complexity reduction, we will 

alter the calculation of the unprotected cost, so that it does not depend on protected cost 

being calculated first. Modify the definition of the sets GAiii) and 082(1) as follows: 

Set GA2(i) includes all nodes v that i does not cover but together with i covers nodes 

V + 1, 1. Set 082(1) includes all lower indexed nodes that i covers. In the original 

definition of the sets 0A2(i) and 082(1), the sets were constrained such that nodes present 

in the protected cost sets OA\(i) and 08\(i) were not included. This was appropriate since 

the protected cost was considered in the calculation of the unprotected cost. In the new 

definition of the sets GA2(i) and 082(1), the constraint removing the redundancy is not 

included since the protected cost will not be considered in the unprotected cost 

calculation. The unprotected cost is calculated as follows 

u ( i )  =  mini min {;?(v)}, min {m(v)}}+ C .  .  (45) 
v€G^2V) veGB2{i) ' 

The unprotected cost no longer depends on the protected cost of node i, but rather takes 

the minimum across all nodes in the union of the protected and unprotected search sets. 

O A ^  ( i ) ^ { k e N : k  +  l <  h { i )  <  g ( k )  + 1 }  (43) 

08^{{) = \k ^ N \ h{i)< k < i\. (44) 



While this will slightly increase the actual computational time in the calculation of the 

protected and unprotected costs, it will simplify the calculation of the unprotected costs 

for alternate coverage radii of node i, and the worst-case complexity does not change. 

(This does not change the definition or computational value of the unprotected cost; only 

the method of its calculation.) 

Recall that in case 5, the designated root covering node k or the internal coverage j 

protects the companion node ak and possibly protects nodes indexed lower than Uk on 62-

We previously proposed to recalculate the unprotected cost of node Uk with 

=  max|/?^^,  j  -  D { a ^ ,  n ) ,  -  D { k ,  )|. A similar strategy was appUed in the 

calculation of the branch costs Wj {b^, A:) (for branches not containing k or by 

assigning a radius equal to maximum of j or ext{k) to a dummy node located on the end of 

the branch connected to the root node and calculating the unprotected cost of the dummy 

node given this radius. 

In a preprocessing step we can calculate the unprotected costs of each node (including the 

dummy node 5, V / == 1, ..m) with incrementally changing coverage radii. This 

preprocessing step will support calculation of the cost of bj for case 5 and the branch 

costs Wj {b;, k) in constant time. This preprocessing step will be completed for dummy 

node 6, V i =  1, . . . , m  and all nodes with nonnegative external coverage. (While the 

approach can be applied to all nodes, it will not be performed for nodes with negative 

external coverage, since these nodes will never be considered as companion nodes ak in 

Case 5.) 
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Define the unprotected cost with alternate coverage radius, u { l , R ) ,  to be the unprotected 

cost of node I on branch bi, when the coverage radius of / is equal to .We will calculate 

u{l, R) for the set of potential larger coverage radii, which includes each of the radii that 

can potentially lower the unprotected cost (i.e. the coverage radius decreases the lower 

reach of node i). Rather than recalculating the unprotected cost using the original 

equations, we will incrementally calculate the unprotected cost for each larger radius 

from the unprotected cost associated with the next smaller coverage radius. 

Prior to calculating the unprotected costs for alternate coverage radii, define the upper 

reach set to be 

Since each node on the branch can only be assigned to the upper reach set of one other 

node, the calculation of these sets is an 0{n) operation. 

For nodes with a lower reach equal to start of the path (j), (where (j), is a leaf node of the 

extended star), increasing the coverage radius will not decrease the unprotected cost, so 

no alternate coverage radii need to be examined. Set the new lower reach to 

h { l )  =  h { l )  - 1 and the coverage radius to i? = D{1, h{l)). We can now define the sets 

and GS2 (0associated with the coverage radius R to be: 

;/(/)= {ve 6,. :g(v) = /} V/eZ),.. (46) 

(47) 

(48) 



Since node I reaches lower than before, the nodes in GAi (/) are not required to cover as 

high. Set GAi (/) includes the nodes in set GA2{I) and the nodes in the set ri{h{l) -1). Set 

GBiil) includes the nodes in set GB2(l) plus node h{l), which is covered by node I due to 

the new coverage radius. Note that these are both incremental sets from GAjil) and 

GBiit), so we do not need to search the complete set again, but rather compare the new 

members of the set to the previous unprotected cost, which represents the minimum of 

the previous sets. The unprotected cost for node I with a coverage radius of R is 

u ( l , R )  =  min|M(/),min|M(/2(/)), i|iin 

The unprotected cost computation can be generalized to apply for any lower reach 

h(l) = h(l) - q where q is some integer q>\ and h{l) - g is greater than or equal to the 

path start (j),. The unprotected cost is: 

u ( l , R )  
mill min \u(h (/)} ̂ ^r|iin_^^{/7(v)}| + c, | if h{l) > <f>^ 

min|M(/, £)(/, /z (/) +1)), w(/2 (/))+ c,} otherwise. 

To use the unprotected costs with alternate coverage radii in the calculations for case 5 

and the branch cost calculations, we must map the appropriate value of u(l,R) to the 

coverage radii provided by nodes outside the branch 6,. For each node v e N - bi, let 

Ri ^ - max{i?,, ext{y) - D{1, «)} and let the unprotected cost of I when it is covered by v as 

u^{f) = u{l,R) where R - max ^^{D{e,l)-.D{e,l)<R^X (51) 



Calculating the unprotected cost requires examining the cost of m(/, Z)(/,/z(/)+ l)) in the 

first term, the u{h{l)^ in the second term, and the members of set //(//(Z)-1) in the third 

term. The sum of cardinality for the ri-sets is 0{n), since each node can appear in at most 

one set. While calculating a single value of u(l,R) is not a constant-time operation, 

calculating the entire set of u(l,R) values requires only 0{n) operations. With 0{n) 

nodes and 0(n) computations per node, the complexity of calculating the unprotected 

cost for the alternate radii is 0(n ). 

Finally computing Uv{l) for each v & N- {n} can be accomplished by considering nodes v 

in non-increasing order of their ext{v) values. (This can be achieved by sorting all nodes v 

e N according to ext(v) before the preprocessing step, an operation requiring 0{n log n) 

steps. For all / e bi, we would simply ignore those nodes v € bi, in this sorted list when 

computing Mv(O-) this fashion, the maximum permissible value of e in the calculation 

of u(l, R) need only be updated fi-om its previous value at each iteration, rather than 

recomputed from scratch. As before, while computing u(l,R) at one particular step is 

0(n), we can also bound the total number of operations required to compute u(l,R) for 

each possible v e N-bihy 0(n), since e does not increase as the external coverage 

values decrease. The overall complexity of computing Mv(0 is also 0(n^). 

A similar preprocessing step can be applied to the calculation of branch costs for 

branches not containing k or ak- Remember that the branch costs are calculated by adding 

a dummy node between the root node and the last node on the path with an external 
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coverage equal to the maximum of the ext{k) and j. For each path, we will calculate the 

branch coverage cost for each potential coverage radii that provides a different 

unprotected/protected cost. 

The extended star algorithm will be modified for case 5 and W j  { b ^ ,  k )  making them 

constant-time calculations. The cost for b\ and 62 for case 5 are 

If the solution leading to Wj^5(b2,k,ak) contains a node whose external coverage exceeds 

ext{k), then set Wj^5(b2,k,ak) = 00 to avoid overlapping calculations. 

The initial branch costs (other than b\, which contains k) can be calculated as 

W j ^ ( b ^ , k )  =  u ( k )  ( 5 2 )  

W j , ( b ^ , k , a ^ ) ^  
m i n { w ( a J , M ^ ( a J , M „ ( f l ^ ) }  i f  j  =  R „  

min{w(aJ,M^(aj} if 7 = 0 
(53) 

VZ); : i = . (54) 

If the solution leading to W j  { b ^ ,  k )  contains a node whose external coverage exceeds 

ext(k), then set Wj {b. ,k) =<x> to avoid overlapping calculations. 

4.2.3 Extended Star Algorithm Complexity 

To solve the CCP on an extended star graph several, preprocessing steps are first 

computed. For each node on each path including 5, for / = 1, ..., m, the protected cost, 

unprotected cost and the higher-covered cost is calculated. These calculations require 



0{n^) steps. For each node we also calculate the unprotected cost for alternate coverage 

radii. There are potentially 0(n) alternate coverage radii, which each require constant-

time updates. The overall complexity of calculating the unprotected costs with alternate 

coverage radii for all nodes is 0(n^). After the preprocessing steps are complete, the 

designated root covering nodes must be examined. There are 0{n) designated root 

covering nodes k. For each node k, we calculate the branch cost summation with a 

complexity of 0(n). Also, for each node k there are potentially 0{n) companion nodes Uk-

Due to parameters calculated during the preprocessing steps, the optimal cost for a {k, ak) 

pair can be found in constant time. There are two potential values of internal coverage j = 

0 and j = R„. The overall complexity of the CCP algorithm for extended star graphs is 

0{n ) with the complexity improvements incorporated. 

4.2.4 Example Problem 

The following extended star example will be used to illustrate the implementation of the 

extended star dynamic program. 

A3 2A 3J3 

6,4 6^ AA AA 

6̂ 6 4̂ 6 5̂ 4 

Figure 5: Extended Star Matrix Example 



Node 14 is designated as the root node and three branches are defined: branch 1-6, 

branch 7-10, and branch 11-13. Each of the three branches is first solved using the 

path algorithm. The results of these calculations can be found in Table II. 

Table II: Extended Star Example - Path Parameters 

Node Upper 
Reach 

gif) 

Lower 
Reach 

K i )  

External 
Coverage 

ext(i) 

Protected 
Cost 

P{i) 

Unprotected 
Cost 

u(i) 

1 - - - 00 2 

2 3 1 - 5 3 

3 3 1 - 6 4 

4 5 1 - 8 7 

5 6 2 - 8 7 

6 6 4 - 10 9 

7 6 5 - CX> 6 

8 9 7 - 10 4 

9 9 7 0 8 4 

10 10 7 2 8 8 

11 10 9 0 CO 6 

12 13 11 1 10 4 

13 13 11 2 9 5 

14 - 11 - - -

Nodes 9, 10, 11, 12, and 13 are the potential designated root covering nodes, since they 

have nonnegative external coverage. The detailed calculations for each designated root 

covering node and associated companions are listed in Table III. 
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Table III: Example Star Calculations 

k ak Branch 1-6 Branch 7-10 Branch 11-13 Zj( k )  

9 8 Wo(b2,9) = 8 >^0.1 (^p9) = 8 WO(^3'9) = Zo(9) = CO 

0
 

II 

14 ^4(62,9) = 6 ^4.1(^1'9) = 4 1^4(63,9) = CO ^4(9) = 00 

11 - - - - Zo( l l )  =  co 

0
 

II 

Z4(l l) = CO 

12 11 Wo(b2,12) = 8 Wo ,12) = 8 Wo,(Z,„12) = 10 Zo(12) = 26 

II 

14 w,(b„U) = 6 W4(63,12) = 4 w,,{b„l2) = l0 Z4(12) = 20 

10 9 w^ib^ ,10) = 8 Wo (63,10) = 5 zo(10) = 21 

ext{\0) = 2 14 w,{b„\0) = 6 W41 (^1,10) = 8 14^4(63,10) = 5 Z4(10) = 19 

13 w,(b„lO) = S Wo5(6I,10) = 8 Wp 5(^)2,10,13) = 5 

14 w,ib„l0) = 6 W4 5(6i,10) = 8 w,,{b„10,U) = 5 

13 10 ,13) = 8 Wo.5(^2'13,10) = 8 ^0,5(^1'13) = 5 Zo(13) = 21 

ext{\y) = 2 14 W4 (63,13) = 6 w,^,{b„U,lO) = 4 w,,(b^ ,13) = 5 Z4(13) = 15 

11,12 %(^243) = 8 Wo (63,13) = 8 Wo,, (61,13) = 9 

14 w^(b2,13) = 6 w,ib„l3) = 4 W4,(Z), ,13) = 5 

The optimal cost for the extended star is calculated as follows. 

. fmin{zo(9),zo(10),zo(ll),zo(12),zo(13)}, 
z* = mm  ̂ , . 

[ min{z4 (9), (10), (11), (12), Z4 (13)} + 6 

4.3 CCP on a Tree Graph 

A tree is a connected graph having n nodes, n - 1 edges, and no cycles. The CCP 

algorithm that we devise for trees is based on the dynamic programming principles 

= 21 (55) 



established for path and extended star graphs. Chapter 4.3.1 provides an overview of this 

algorithm. Chapters 4.3.2 and 4.3.3 give details of two key recursion functions required 

for the algorithm. Chapter 4.3.4 discusses the complexity of the algorithm. Chapter 4.3.5 

uses an example to illustrate the detailed calculations. 

4.3.1 Overview of the Tree Algorithm 

We begin by selecting a node n having a degree of at least three to be the root node of the 

tree. (If such a node does not exist, then the tree is actually a path, and can be solved 

accordingly.) Additionally, we designate all nodes in the tree having a degree of at least 

three as subroot nodes and define RN to be the set of all subroot nodes (note that n e 

RN). For all i e N, we define the subgraph of i to be the graph induced by all lower-

indexed nodes / adjacent to i, and all nodes to which a path exists from / that does not 

include i. It is convenient to define Nt to be the set of nodes in the subgraph of i (which 

excludes i itself). For example, in the extended star in Figure 4 the subgraph for node 14 

Our algorithm is based on a coverage matrix that represents possible solutions to cover 

the nodes in Nr for each r e RN given the external coverage required fi-om Nr, and the 

internal coverage provided to Nr. Similar notions of internal and external coverage apply 

to the subgraph of r as they do for extended stars, where 

i s M 4 = { l , . . . ,  13}. 

extr{l) = Ri~ D{l,r) Vr e RN, \fl e Nr and (56) 

intril) = Ri — D{l,r) Vr e RN, \/l i Nr. (57) 
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Here, extr{I) is the amount of coverage that emanates from a facility / located in Nr, and 

intr{l) is the amount of coverage into Nr provided by a facility / located outside Nr. 

The key data structure that we use in the dynamic recursion for the tree graph is a 

coverage matrix. For each r g RN, define a matrix Mr, whose rows represent possible 

external coverages from Nr and whose columns represent possible internal coverages to 

Nr. Element Mr{e,j) represents the optimal cost to cover the nodes in Nr, using only 

facilities within the set Nr, given that nodes in Nr provide an external coverage of at least 

e, and nodes not in N provide an internal coverage of no more than j. 

Note that matrix rows are only generated for possible nonnegative external coverages that 

can emanate from Nr, plus one additional case that represents no coverage external to Nr. 

We give this additional row a special label of"-". Columns are only generated for 

possible nonnegative internal coverages that can be provided to Nr. Note that "column 0" 

will always present in Mr, and represents the case in which no internal coverage is 

provided to Nr. These relevant rows and columns can readily be obtained in 0{n) time in 

a preprocessing step to ensure the polynomiality of the storage space. We define the row 

labels oiMr to be the actual external coverage values that generate the rows of this matrix 

(including -), and the column labels of Mr as the internal coverages that generate the 

columns of Mr. 

Furthermore, we record the maximum external coverage mecr{e,j) that emanates from Nr 

in the solution that provides Mr{e, j). Note that mecr{e,j) > e, perhaps strictly so if it is 

less expensive to provide an external coverage of more than e outside of Nr, rather than 



exactly e. Also, mecr(-,j) can possibly be left blank if all nodes in Nr are covered by the 

internal coverage, and thus no facilities are located in Nr. Similar to Remark 1, matrix 

mecr assists us in limiting (although not necessarily completely eradicating) the number 

of symmetric computations that must be performed. 

Recall that our dynamic programming algorithm is initialized by choosing a root node n, 

and then working from the leaf nodes up to the root. An overview of the algorithm is 

given as follows. 

Step 0: Initialization. Let ZA'^be the set of leaf nodes in the tree. Sort all nodes in LN u 

RN in non-increasing order of their distances from the root node, and put them in a queue 

QN. 

Step 1: Outer Loop. Choose the next node r from QN and remove it from the queue. If r 

is a leaf node, associate it with a null coverage matrix and repeat Step 1. Otherwise, 

proceed to Step 2. 

Step 2: Preliminary Steps for r. For each branch of node r, trace the path from r 

down to the first node, in LN u RN, and compute the protected cost, unprotected cost, 

higher-covered cost, and array of unprotected costs with alternate radii of these nodes 

(not inclusive of r). If (j), e RN, then calculate the higher-covered cost for each row label 

of . The details for these computations are given in Chapter 4.3.2. Proceed to Step 3. 

Step 3: Coverage Matrix Calculations. Given the parameters from Step 2, a coverage 

matrix for node r must then be computed to succinctly embed this information in a single 



matrix Mr. The procedure for computing this matrix is given in Chapter 4.3.3. If QN = 

0, go to Step 4. Otherwise, return to Step 1. 

Step 4: Termination. FromM„, compute the optimal solution and objective function 

value. Chapter 4.3.4 describes these final steps, along with the overall complexity of the 

algorithm. 

4.3.2 Preliminary Calculations 

hi this chapter, we consider a subroot node r € RN, and prescribe a set of preliminary 

calculations that are executed in order to most efficiently compute Mr. For this 

subchapter, let P^fr be the set of nodes on the path from node (|) e RN u LN to node r e 

RN, not including r, where no node on P^^r - {<!>} belongs to RN. For simplicity, suppose 

that the nodes between (j) and r are sequentially numbered in increasing order. 

For each path Pi^r, we will add a dummy node 6 between v = max{/} (the highest-indexed 

node onPi^r) and node r, and set d^g = Cg - 0, and = 0. We include the dummy 

node just like the other nodes on the path P^r in the preliminary calculations. 

4.3.2.1 Protected and Unprotected Cost 

We first describe how to obtain the protected and unprotected costs for nodes in P^r- If 

e LN, then we simply use the path algorithm of Chapter 4.1.2 to compute these costs. 

Otherwise, if (|) e RN, then we use the strategy described in this subchapter. For each 

node / e P^r, calculate the upper reach g(l) and lower reach h{l) on P^r, and the internal 

coverage provided by I into A^,|,. The protected cost of a node I e now denotes 
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the minimum cost required to protect all nodes in Ni u {/}, given that a facility is located 

at node I and no facilities are located outside of Ni u {/}. The unprotected cost is defined 

the same as the protected cost, except that node / need not be covered. 

To calculate the protected cost of / e P,j,r, we first identify all the nodes and matrix entries 

that can protect node I. Define 

GA,{1) ̂ \y e :v + \<l < g(v), h { l )  >  v} (58) 

Gfi, (/) = {v e : V +1 < / < g ( v ) ,  h ( l )  <  v} (59) 

f least row label of > D{(f), I) if it exists, 

[ 00 otherwise 

GA\(J) and GB\{J) retain the same interpretation as before. The row label coi(/) is the 

minimum external coverage that can emanate fi-om and cover node I. If no such 

external coverage exists, we set (Oi(/) = and define M,|,(oo, •) = co, which will cause the 

dynamic programming recursion to ignore coverage fi-om N^. The protected cost for I is 

calculated according the following recursion: 

p { l )  = minj^min^{/7(v)},^rmn^{M(v)^^ (/),max{wf^(/),o})J+ c , .  (61) 

The first two terms are the same as in path algorithm, while the matrix entry 

M<j,((Oi(/),max{w?4,(/),0}) represents the minimum-cost selection of nodes in subgraph 7V,|, 

that can protect node /. (Recall that M,|,(coi(/)^) is the minimum cost required to cover at 

least coi(/) distance external to N^f, given no more than an internal coverage of j) 
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To calculate the unprotected costs, we need to identify the nodes and matrix entries that 

ensure that all nodes in and on the path from (|) to / -1 will be protected. Define 

GA, (/) = {v E : V +1 < HI) < g(v) +1 < /} (62) 

GB, (0 = {v € : h(!) < V, g(v) +1 < ; J  (63)  

0)^(1) = 

least row label for > D{</>, h{l) -1) if it exists, and h{l) > (j) 

(64) 

00 otherwise 

Sets GA2{1) and GBiiJ) are defined as before. Row label ©2(0 is the smallest external 

coverage fi-om that covers all nodes on the path between ^ and / - 1 that I does not 

cover. The unprotected cost for I is calculated as 

u { l )  =  minjp(/),c, +min|min {/'(v)}, min  {u{v)},M^ (®2 (/), max{m^^ (0,0})}1- (65) 
^ veGi42(/) v€G52(/) " 

To assist us in deriving a low-complexity algorithm for this problem, for each node I e 

P/^ r ,  define p{l) = oo if there exists a node v in the solution leading to /?(/) such that Ry -

D ( v , [ )  >  R i ,  a n d  p { l )  =  p ( l )  o t h e r w i s e .  S i m i l a r l y ,  f o r  e a c h  n o d e  I  6  P , | , r ,  d e f i n e  u { l ) - x >  

if there exists a v in the solution leading to u(J) with Rv - D(v,l) > Ri, and 

u(l) - u(l) otherwise. 

4.3.2.2 Higher-Covered Cost 

In the context of tree graphs, the higher-covered cost \\i (I) represents the minimum cost 

to locate a facility at node /, cover node / by a higher-indexed node (with a strictly 
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smaller external coverage with respect to Nr than /) and cover the entire subgraph Nr. 

(This definition only applies for I e Nr with extr(l) > 0.) To calculate the higher-covered 

cost, we examine the nodes from l+l to r that can cover node /. The set of such higher 

indexed nodes is given by 

The set H(l) represents the higher-indexed nodes on the path that cover node I, but have a 

smaller external coverage than node I. The higher-covered cost can be calculated by 

If the upper reach of / equals r and if H(l) is not empty, then the higher-covered cost \\f (/) 

equals the unprotected cost of I plus the minimum of the higher-indexed nodes in set H{1) 

(since node I is covered fi^om a higher-indexed node). If node / cannot reach r, or if H{1) 

contains no nodes, then we set \|; (/) equal to infinity. 

We will also calculate the higher-covered cost for each row label I of the matrix that 

has a positive external coverage with respect to the subroot node r. First define the set of 

nodes on the path P/^r that have a smaller external coverage with respect to r than row /, 

and that can cover node (|). 

(66) 

(67) 

(/) = {v e - D{(I), r) > ext^ (v), D{(^, v) < i? J 

Vrow labels/of M^ : I > D{(f),r) 
(68) 



The nodes v in H^(J) do not necessarily cover the node in that provides the external 

coverage equal to /. We only require that node v provides some internal coverage in Nif. 

The higher-covered cost for each row label I of can then be calculated as 

.n  +  i f />£)(^ , r )and/ /^( / )^0  
= • (69) 

[ 00 otherwise 

Note that for rows of that do not reach r, or for which //<|,(/) is empty, the higher-

covered cost is set to infinity. The row label of M,|, provides no external coverage to 

A'.i, and thus does not cover r, so the higher-covered cost for this row is set to infinity. 

4.3.2.3 Unprotected Costs with Alternate Radii 

To support our construction of the coverage matrix in using the minimal number of 

computational steps, we also calculate an array of unprotected costs with alternate radii 

for each node / e having a positive external coverage with respect to node r. Define 

m(/, i?) to be the unprotected cost of node /, given that node I has a radius of R . 

If node I can already cover each node in P^/r with the current radius Ri, a larger radius will 

not decrease the lower reach. If the coverage of node / reaches within A^,|„ the reduction 

in unprotected costs due an incremental increase of the radius can be determined by 

examining the appropriate column of the coverage matrix M^. Hence, for nodes having a 

lower reach equal to (|), no alternate coverage radii need to be examined in the 

preprocessing step. A second set of nodes whose unprotected costs will not need to be 



modified for varying coverage radii are the nodes / with extr{t) < 0: the unprotected cost 

array for these nodes only has one entry, u{l,Ri) = u([). 

For the nodes with extril) > 0 and /?(/) > (j), the unprotected cost will be recalculated for 

each alternate radius that can decrease the unprotected cost. The set of radii that will be 

considered includes only the radii that can decrease the lower reach of node I on and 

therefore potentially lower the unprotected cost. The number of nodes between ^ and I 

bound the number of alternate radii. Rather than recalculating the unprotected cost using 

the original equations, we will incrementally calculate the unprotected cost for each 

larger radius from the unprotected cost associated with the next smaller coverage radius. 

As done for the external star case, we alter the calculation of the unprotected cost so that 

it does not depend on the protected cost being calculated first. Modify the definition of 

the sets GA2{1) and GB2(l) as follows. 

GA, (7) = {v E iV : V +1 < /.(/) < g(v) +1} (70) 

GB,(1) =  { V E P ^ : H I ) < V < I \  (71) 

CO2 (/) — 

if h(l) = (j) 

least row label for > Difj), h(l) -1) if it exists, and h(l) > (j) (72) 

oo otherwise 

Set GAiil) includes all nodes v such that I does not cover v, but I and v together cover 

nodes v+1, ...,/-l. Set GBjil) includes all lower indexed nodes that I covers. Note that 

sets GA2(1) and GB2{I) include the nodes in sets GA\{I) and GB\{1) that were also used to 



calculate the protected cost. Hence, we can rewrite the unprotected cost for nodes I e 

with extr{l) > 0 and h{I) > (j) as follows 

This modification will again allow us to calculate the unprotected cost for a node with an 

alternate coverage radius without first calculating its protected cost. 

As done in the extended star algorithm, we initialize our routine for calculating the array 

of unprotected costs for a node by creating its upper reach set as follows. 

{row label v e : v > v < Z)(^, min{/ +1, max{>; e }})} (74b) 

The set ri(/) represents the nodes that have an upper reach equal to I and ri,|,(/) represents 

the row labels of that have an upper reach equal to /. Since each node on and each 

row label of can only be assigned to at most the upper reach set of one other node on 

Pi,r, this is an 0{n) operation. 

The first entry in the array will represent the current coverage radius, u{l,Ri) - u{l). Now 

we will calculate the unprotected cost for the incremental radius, where the incremental 

radius decreases the lower reach by exactly one node. Let the new lower reach be 

h{l) = h(l) - q where q is some integer q>\ and /?(/) - ̂  > c|). By induction, suppose 

u{l, h (/) +1) has already been computed. Set the coverage radius to i? = D(l, h{l)), 

u{l) = mini min {/'(v)}, min 
VeG^jC) veGBjC) 

(73) 

(74a) 



allowing node I  to cover node h { l ) .  The unprotected cost for node I  with a coverage 

radius of R is 

'u[l,D[l,h{l) + \\ 

.,„i. 

u { l , R )  =  min if h(l) > <!). .(75) 

We repeat this calculation for each incremental radius that decreases the lower reach until 

/z (/) = ^ +1. For each node I there are potentially n alternate coverage radii. The 

computational time to calculate all the unprotected costs with the incremented radii from 

the original is 0{n). (Note: the computational time for calculating the unprotected cost for 

a single alternate radius is not constant due to the size of T]{h{l)-\). However, since the 

union of all sets rjihil)-1) is of size n, the complexity of calculating all of the 

unprotected costs with alternate coverage radii is 0{n).) The complexity of calculating all 

unprotected costs for all applicable alternate radii is 0(n^). 

Like in the extended star algorithm, we will map the appropriate value of u { l , R )  to the 

coverage radii provided by nodes outside the path. Order the nodes v e N-Ni,hy non-

decreasing distance from node I and let i?, ^ = max{/?,, R^ - D{1, v)} . Starting with the 

closest node v to node /, let the unprotected cost of / when it is covered by v be defined by 

U ^ { 1 )  = U {I ,r ) where R  =  max j D { e , l ) : D { e j ) < R j .  (76) 
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Given that the nodes v are in order of increasing distance from node /, the calculation of 

MvCO^values for all values v is computed in linear time. Hence, for the entire set of 0{n) 

nodes / and 0{n) nodes v, the overall eff ort required to obtain the Mv(/)-values is 0(n ). 

4.3.3 Computing the Coverage Matrix for a Subroot Node 

In this chapter, we describe our method for generating the coverage matrix for a node r e 

having branches Br= {b\, bm}. For each branch hi, i-\, let (j),- be the first 

node encountered in RN u LN on the path from r away fi"om the root node. Recall that a 

(possibly null) coverage matrix M^ has already been associated with (()„ since each (j), 

would have been examined previously in the algorithm presented in Chapter 4.3.1. 

Additionally, the steps in Chapter 4.3.2 ensure that the valuesp{I), u{l), Uv{l) and \\i{l) for 

all nodes / on the path and aWv e N-Ni have been determined, V/ = 1, 

First, we determine all possible nonnegative external coverages fi"om Nr. Create one row 

of Mr corresponding to each of these values, plus the - row. Similarly, we create a 

column of Mr corresponding to each possible nonnegative internal coverage value into Nr, 

including 0. Each element of is initialized to oo. 

We populate the entries of Mr by considering each internal coverage j in the set of 

column labels for Mr. For a fixed j, we examine every possible designated root covering 

node keN^ - with ext^k) ^ 0. Additionally, nodes in ..., m, are 

implicitly considered as designated root covering nodes by considering possible external 

coverage values that emanate from N^_ and cover r. Each value of Mr that we compute is 



tentative, and can possibly be improved either by the subsequent examination of a 

different designated root covering node having the same external coverage, or in a post

processing step that explicitly enforces the stipulations that Mr{e\,j) < MrieiJ) for e\ < 62 

andMr{eJi)>Mr(ej2} fory'i <72. 

We employ a similar strategy as used in Chapter 4.2.1 to find the optimal CCP solution 

on Nr, when an internal coverage of j is provided to Nr, and when node k e Nr is the 

designated root covering node. Note that in this case, 7 can take on values other than 0 or 

Rr, since several nodes can provide internal coverage to Nr. Without loss of generality, 

we again designate the branch of the tree containing node k as branch Z^i. For this 

subchapter, we slightly revise the definition of the companion node ak. If A: e , then as 

before, ak must satisfy D(k, ak) < • Otherwise, if A: € N^, then either a k e N ^ ,  or a k  

must provide additional positive coverage into beyond internal coverage j {ak does 

not necessarily cover node k  itself in this case). Again, if at ^ N r - b \ ,  we designate 

branch to which ak belongs as b2. We examine the following six cases for the placement 

Offli:. 

1. Node k e , and is covered by internal coverage j. 

2. Node k is covered by a lower-indexed node, or is covered by a node in . 

3. The companion node ak e P^^, and has a larger index than k. 

4. Node ak e P^^^, but ak is not covered by internal coverage j or node k. 



5. Node Qk e and is covered by internal coverage j or node k. 

6. Node Uk e . 

Cases 2 - 6 are further broken up into two subcases, hi "subcase a", we assume k belongs 

to , and in "subcase b", we assume A: belongs to . Additionally, we address the 

situation in which r is not covered by any node in Nr (i.e., no nonnegative external 

coverage is required) following the discussion of these six cases. 

Remark 5. Similar to Proposition 2, consider any optimal solution with facilities located 

at 5' c A^. The facility in S that provides the largest external coverage with respect to node 

r e RN in branch 6, g Br must be one of the two largest-indexed facilities on , if at 

least two facilities on this path exist. If fewer than two facilities are located on this path, 

then to find the facility that provides the largest external coverage, we must examine the 

external coverage of the facility located on if it exists, and also the external 

coverages of the facilities in .S n . The construction of the mec^ matrix gives us this 

information, and by keeping appropriate predecessor information, this additional check 

can be performed with a single matrix lookup. Also, similar to Proposition 3, we may 

wish to identify the node in the solution leading to p{I) for some node I e ^ that 

provides the maximum external coverage with respect to r. hi this case, we perform the 

same procedure as above, except that three facilities must be examined on P^ ^ (if they 

exist) rather than two. • 
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We now discuss the cost of covering branch b\ for all six cases, and branch 62 for the last 

three cases. For each case, let extr{k) = e. The values w and sets A used in the following 

discussion follow the same interpretation as those used in Chapter 4.2.1. 

Case 1: If k lies on the path and is covered by internal coverage j (i.e., Dik, r) < j), 

then we set 

and skip the remaining cases for k, since we need not mandate the coverage of k by any 

other nodes. (Other nodes may in fact cover k, but we will not need to explicitly enforce 

its additional coverage.) 

Case 2: In subcase a (or simply "case 2a"), k e with e b\ indexed lower than k, 

and thus, the protection of k has been considered in the cost p{k). Hence, we set 

Furthermore, ifp{k) = uik), we may skip cases 3-6, since it is at least as expensive to 

leave k unprotected from lower-indexed nodes in Z)i as it is to protect k. 

In case 2b, k  e  N ^ ,  and its protection is considered within the computation of the matrix 

. An external coverage of e + Z)((j)i, r) is required from , and if j > Z)((l)i, r), an 

internal coverage of j - Z)({|)i, r) is provided to . 

{ b ^ , k )  =  u { k ) .  (77) 

(78) 

^j,2 (^1' k) = (e + Z)((Z),, r), max{0, j  -  , r)}) (79) 
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Case 3: In case 3a, both k  and a u  are on , and k  <  U k -  Node a k  must cover k ,  but 

provide less external coverage than k. (If the external coverages are the same, this 

scenario is repeated in case 2 with k and Uk swapped.) The candidate set of companion 

nodes is defined by set H{k). The minimum cost to cover b\ in this case is 

^j,3ib^^k) = y/{k). (80) 

In case 3b, k belongs to , and ak belongs to . The set of nodes that can serve as 

companions to ak is defined by set {e + D(^j , r)). For case 3b, the minimum cost to 

cover b\ is given by 

ipx' k) = {e + D{(l)„r)). (81) 

Case 4: In case 4a, k s and € P^^^. Moreover, ak covers k, but ak is not covered by 

k or by internal coverage j. All nodes that may serve as ak are included in the set 

^ '• ^ > i' («) ^ A- (^2) 

For branch 6i, we have 

Wj^{b^,k)^u{k). (83) 

For branch /?2, cik is either protected by a lower-indexed node, or by a single higher-

indexed node on P^^^ in the set H{ai^. A higher-indexed node I on P^^^ that protects k 

must obey the condition extr{l) < extr{ak), since I could otherwise be considered as the 

companion node (perhaps protected by a/t) in a symmetric case. Hence, we can either use 

\\i(ak) to analyze the cost of providing protection to ak fi"om higher-indexed nodes, or 
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p{a^) for the case in which Uk is covered by lower-indexed nodes. The cost for 

protecting branch Z?2 in case 4a is given by 

%,4(^2, k , a ^ )  =  r m n { p { a , ^ ) , y / { a ^ ) }  Va^ e ^(k). (84) 

hi case 4b, k  e  N ^ ,  and U k  provides more (positive) internal coverage into than does 

intemal coverage j. The nodes that can serve as Uk in this case are 

^ ^  4 { k )  =  {<3 e : D{a, r) > max{e, j], max{D(^z)i' j ]  <  ( « )  ̂  ^ }  •  (85) 

hi this case, given a candidate companion node Uk g Aj^^ik), the cost for branch b\ is 

determined directly from the matrix entry 

w,.,4 (6,, A:, a J = (e + D{(l),, r), int^ (a j) g {k) (86) 

while the cost Wj^4{b2, k, ak) for branch bj is determined using the same method at case 4a 

in (84). 

Case 5: hi case 5a., k e is protected by e P^^^, and Uk is protected by k or intemal 

coverage j. The set of possible companion nodes in this case is 

A j  5 ( k )  =  1 ' ' ^  y  '  ^ I. (87) 
[  D ( a , r ) <  maxy,e\,e> ext^(a)J 

The cost to cover b\ is given by 

Wj,{b„k)^u{k). (88) 
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The cost to cover 62 is dependent on the node that covers the deepest into branch bi, 

whether that is the node providing the internal coverage j, the designated root covering 

node providing coverage to a depth of e, or the companion node ak. 

• If > max{7 - Z)(a^, r ) , R ^ -  D { k , a ^ . )}, the cost to cover 62 is 

.^{b^,k,ai^) = u{ai^). (89) 

If j - D { a ^ , r )  >  m a x | i ? ^ ^ ,  -  D { k ,  a ^ .  )|, the cost to cover 62 is 

J ^yi'^k) if j<D{^2^r) 
{ b 2 , k , a ^ )  J  _ ) )  +  }  i f  y  > ^ r )  

(90) 

for somey e N-Nr such that intfy) =j. 

•  U R , - D ( k . a , )  >  max|i?„^ , j - D { a i ^ , r ) \ ,  the cost to cover 62 is 

J ^k{<^k) e<D{(l)^,r) 
w,-5(^2^ k , a ^ )  ^ ^ ^ ^^j 

In case 5b, k belongs to , and branch b\ is provided with internal coverage from ak in 

excess of that provided by j. The set Aj^s{k) is given by 

A j  ̂  ( k )  =  {a e : D{a, r) < max{e, j], max{D{^^, r), 7 }  <  ext^ ia)<e]. (92) 

Given Uk e Aj^5(k), the cost to cover bi is computed in a similar fashion as case 4b: 

W j ,  ( b ,  , k , a ^ )  =  M ^ ( e  +  D { ( I ) ,  ,  r ) ,  i n t ^ ^  (a^ ))Va^ e Aj, {k) , (93) 

and the minimum cost for branch bi is calculated the same as case 5a branch 62 in (89), 

(90), and (91). 
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Case 6: In case 6a, k e and e . Nodes in Aj^(,{k) must have an external 

coverage large enough to cover k\ 

^j,6 ik) = {« e : D{k, r) < ext^ (a) < e\. (94) 

The cost to cover b\ is given by 

^jfi{^x^k)^u{k). (95) 

Branch 62 can be covered with the aid of no more than one node on , if this node 

provides coverage into in addition to that provided by k or internal coverage j. These 

nodes were taken into account in the calculation of {a^.)). The cost to protect b2 

is then computed as 

where the first term represents the minimum cost to cover b2 with one node selected in 

, and the second term represents the cost to cover 62 with no nodes selected in P^^^. 

In case 6b, k e and e . In this case, ak provides more coverage into than 

does internal coverage j. The set of companion nodes for this case is 

^i,6 ik) = {a e :  max{Z)(<z),,  r ) ,  j )  <  e x t ^  { a ) < e \ .  (97) 

Given the internal coverage into N^ from a node ak e Ajfi{k), the cost to cover b\ is 

given by 
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'j,6iKk^a^) = M^[e + D{(l),,k),int^ (aj). (98) 

and the minimum cost for branch Z?2 is calculated the same as case 6a branch bi in (96). 

Branch Calculations: We next need to calculate the cost to cover each branch 6, g Br not 

containing k or Uk. Let 6, be the dummy node associated with branch bi for the 

prehminary calculations. The optimal cost to cover a branch bi g Br not containing k or Uk 

is 

w {b.,k) = 

Uy{5,) if e<j<Z)(^,.,r) 

min{M(-, j - D{r, )), (-)} if y > e and j > D(^,. , r) 

if j<e<D(<z),.,r) 

min{M(-, R, - D(k, (j),)), \j/(-)} if e > max{i, , r)} 

for somey  e N - N r  such that intr(y) =j. Either the designated root covering node k or the 

internal coverage j provides the deepest coverage into branch bi by all nodes external to 

the branch. If the deepest coverage, mz^{ej}, does not reach into the subgraph , the 

branch coverage cost is simply the unprotected cost of the dummy node associated with 

the node providing max {ej}. If the deepest coverage does reach into the subgraph , 

the branch bi is covered by nodes selected in the subgraph with the possible addition of at 

most one node on the path ^. 

To minimize the number of redundant calculations for a designated root covering node k 

and internal coverage j, we calculate the summation Wj{k) of branch costs: 

m 

(100) 
1=2 
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Given a designated root covering node k, we then update the matrix entry as 

follows. If A: e , then determine the following value according to the recursions 

derived for subcase a: 

z . { k )  —  min' 

min j min K,. (^1' k) + (b^, A:, ) + Wj (k) - w. {b^, A:)} 
ie{4,5,6M 

.(101) 

Otherwise, k  e , and Zj{ k )  is determined by the recursions derived for subcase b as 

follows: 

Z j  ( k )  =  min-
(^2,k,a,)+ W (A:)- w {b^,A:)} 

.(102) 

IfMrieJ) > Zj(k), then we update this matrix entry by setting Mr{ e , j )  =  Zj(k). 

Finally, recall that row ~ of the Mr matrix represents the case in which no external 

coverage is required from the subgraph of r (and thus not even node r needs to be 

covered). This row can be calculated as 

) if j < D((l)^,r)\ 

To calculate the "no external coverage" row - of the coverage matrix, we sum the 

coverage cost of each branch hi e 5„. If the internal coverage j reaches into the subgraph 

, there are two options: no nodes are selected on the path ^ or exactly one node is 

selected on the path P^^. The value (j - D{r,^-)) represents the option with no node 



selected on ^, and (-) represents the option with exactly one node selected on . 

If the internal coverage j does not reach the subgraph , then the dummy node is 

employed to calculate the matrix entry for the row label If any node leading up to the 

solution represented by Mr{-,j) has a positive external coverage with respect to r, Mr{-,j) 

is set equal to infinity, since that solution would be considered in cases 1 through 6. 

The final task in this subchapter ensures that decreasing the external coverage required 

from, or increasing the internal coverage provided to, the subgraph Nr does not increase 

the cost reported from the coverage matrix Mr. Note that this behavior is not 

automatically satisfied by the foregoing computations, and must be enforced in a post

processing step. This step can easily be accomplished by beginning from the lower-left-

hand comer of the matrix, and ensuring that matrix entries are non-increasing as the 

internal coverages increase (i.e., as the last row is scanned from left-to-right). 

For maximum external coverage row, e^ax, if we encoimter internal coverages such that ji 

< 72, but Mrie max^ 7i) < M,(e mepcj j2), we simply set Mr{emax,j\) = and continue 

scanning the row. After this row is complete, we then examine the row above Cmax (that 

is, the next-highest external coverage than can emanate from Mr), and repeat this same 

process, except that each entry must be no more than the matrix entry to its left (with a 

smaller internal coverage) or below it (with a greater external coverage). If this condition 

is violated, that cell is fixed to be the smallest of these two adjacent cell values. Each 

revision is also accompanied by a corresponding update in the mecr matrix. 



4.3.4 Final Solution and Complexity 

The algorithm described in Chapter 4.3.1 terminates with a matrix having two 

columns, corresponding to possible internal coverages 0 and R„. Since external coverage 

is necessary from Mn in order to cover the root node n, we need not compute the - row 

for Mn, but instead focus on the row emm corresponding to the smallest nonnegative 

external coverage that can emanate from 

The minimum cost for this problem is then determined as 

z* = min{M„(e„.„,0),M„(e^.„,i?J+cj. (104) 

To trace the actual set of facilities that lead to the optimal solution z*, the predecessors of 

/?(/) and m(/) are stored for each node I e Nn- Furthermore, for each matrix entry 

information is recorded on the node pair k and ak and which of the cases 1 - 6 led to the 

solution in the matrix entry. (Optionally, additional information can also be retained to 

improve the time required to reconstruct the optimal solution, but at the expense of 

increasing storage space.) 

Remark 6: Complexity of the tree algorithm. Note that computing p(J), m(/), and v|/(/) 

requires 0{n) steps each, and since 0(n) nodes must undergo this computation, the steps 

• • 9 
described m Chapter 4.3.2 require 0(n ) computations. To compute the array of 

unprotected costs with alternate radii requires examination of at most 0{n) other nodes 

and is repeated for each of 0{n) nodes, for a total of 0(n^) computations. The branch 

coverage cost array requires looking at 0(n) nodes for each of 0(n) branches, which 

• 2 requies 0{n ) computations. Next, consider the complexity of computing Mr for some r e 



RN. Computing Zj( k )  for some designated root covering node k  and internal coverage j  

requires examining 0{n) companion nodes ak- For any such pair of k and j, the 

computational time to calculate the branch cost summation is 0{n). Given a set of k, ak, 

and j with Wj{k) available, the inner term of (101) and (102) (whichever is relevant for the 

k, QkJ triple) can be calculated in constant time by summing three elements: the branch 

cost for b\, the difference in the cost for 62 with or without selecting ak and the branch 

cost summation Wj{k). With the preprocessing step, the time to calculate the branch 

coverage cost for b\ and bz is constant time for all six cases. Since there are 0{n) values 

of j, 0(n) values of k, and 0(n) values of ak to examine in this step, computing the initial 

-3 

values of Mr is done in 0{n ) steps. The post-processing steps to fill in the - row, and to 

ensure that element values do not increase as the matrix is read from left-to-right and 

bottom-to-top, require 0(n^) computations, and do not affect the complexity of 

computing Mr. Finally, since the matrix computation step of Chapter 4.3.3 is repeated no 

more than 0{n) times, the overall complexity of the algorithm is Oin^). • 
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4.3.5 Example Tree Problem 

The following example will be used to illustrate the polynomial-time dynamic recursion 

algorithm for solving CCP on trees. 

c,=2, r,=5 3^ 
-

4,6 4,7 2,4 3,3 

6,4 

1 5 ,  

6,7 

16,  

3̂ 4 5j 5̂ 6 6,6 4̂ 4 

(l8)-^-(l9)^^^ 

3,6 

17^ 

5^6 

1 2 7 ,  , 2 8 ,  '^29^ ''30^ 
5J 
31 

3 4 ]  :''35, ^36^: 37 

^ ^ ^ 44 

M 
144; 

4 5 ,  , 4 6  

Figure 6: Example Instance of CCP on Tree Graph 

First the algorithm is initialized by creating the leaf node set LN= 

{1,7,11,18,23,27,34,38,43} and the root node set iW = {14,26,32,45,47}. The queue is 

made up of the union of the leaf node set and the root node set. These nodes are order 

with respect to their distance from the root node 47. The ordered queue is QN= {1, 18, 7, 

11, 27, 23, 14, 38, 34, 26, 32, 43, 45, 47}. Each node of the queue will be address in 



order. The first six nodes in the queue, 1, 18, 7, 11, 27, and 23, are leaf nodes. Null 

matrices are associated with these nodes. 

The seventh node in the queue, 14, is a root node. In Step 2 of the algorithm, we compute 

the protected, unprotected and higher-covered cost for each node in subgraph M4 that is 

on a path between node 14 and nodes Ni4n{LNKjRN), or nodes on the paths Pi,14, P7,\4 

and Pi 1,14. Below are the detailed protected, unprotected and higher-covered cost 

calculations for each of these nodes. 

Q =9 P OK AC A 7 OA OQ 

Figure 7: Tree Example - Path 1 to 6 

Table IV: Tree Example Calculation - Path 1 to 6 

Node i ^(0 h(i) GA,{i) GA2(I) G5,(0 GB2{I) P ( i )  u(i) 

1 3 1 - - - - 00 2 00 

2 3 1 - - 1 - 5 3 00 

3 5 1 - - 1,2 - 6 4 00 

4 6 2 - 1 3 2 8 7 00 

5 6 4 3 1,2 4 - 8 7 00 

6 6 5 4 3 5 - 10 9 00 

Figure 8: Tree Example - Path 7 to 10 
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Table V: Tree Example Calculations - Path 7 to 10 

Node i g(0 m GAi(i) GA2(i) GBxii) GB2{i) pii) u{i) iK(0 

1 9 1 - - - - 00 6 00 

8 9 7 - - 1 - 10 4 00 

9 10 7 - - 7,8 - 8 4 00 

10 10 9 - 7,8 9 - 8 8 00 

6,6 4,6 5,4 

Figure 9: Tree Example - Path 11 to 13 

Table VI: Tree Example Calculations - Path 11 to 13 

Node i g(0 h{i) GAiii) GA2ii) GB,(i) GB2(i) pif) u(i) \|/(0 

11 13 11 - - - - 00 6 00 

12 13 11 - - 11 - 10 4 00 

13 13 11 - - 11,12 - 9 5 00 

In Step 3 of the algorithm we calculate the coverage matrix for N\4. First we will identify 

the valid rows and columns of the matrix. The columns will represent the following 

internal coverages into Nu: 0 (node 17), 3 (node 16), 4 (nodel4) and 6 (node 15). The 

rows will represent the following external coverages: 0 (node 9), 1 (node 12), and 2 (node 

10 or 13). There will also be a row to represent no external coverage. The nodes 9, 10, 

11,12, and 13 are designated root covering nodes. There are six cases that are possible, 

but only case 1 and 2 are found in this matrix. For each kj pair we also calculate the 

branch summation cost Wj{k). Below are the detailed calculations for the matrix entries. 



Ci=2, Ri=5 3,5 

p(1)=oo/u(1)=2 5/3 

2)-L-{12)^ (n 
<x>/6 10/4 9/5 

Figure 10: Tree Example - Subgraph 

Table VII: Tree Example Calculations - Subgraph Nu 

k J Wj{k) Case i, 
ak 

WjXb\,k,aid WjXbiAak) 

- Wj{b2,k) 

Zj(k) 

9 

ext\4{9) — 0 

0 00 Case 2 8 - 00 9 

ext\4{9) — 0 3 00 Case 2 8 - 00 

9 

ext\4{9) — 0 

4 00 Case 1 4 - 00 

9 

ext\4{9) — 0 

6 6 Case 1 4 - 10 

10 

ext\4 (10) = 2 

0 13 Case 2 8 - 21 10 

ext\4 (10) = 2 3 13 Case 1 8 - 21 

10 

ext\4 (10) = 2 

4 11 Case 1 8 - 19 

10 

ext\4 (10) = 2 

6 6 Case 1 8 - 14 

II 0
 0 16 - - - 00 

II 0
 

3 16 - - - 00 II 0
 

4 10 - - - 00 

II 0
 

6 10 Case 1 - - 16 

12 

6X̂ 14 (12) = 1 

0 16 Case 2 10 - 26 12 

6X̂ 14 (12) = 1 3 16 Case 2 10 - 26 

12 

6X̂ 14 (12) = 1 

4 10 Case 2 10 - 20 

12 

6X̂ 14 (12) = 1 

6 10 Case 1 4 - 14 

13 

extxn (13) = 2 

0 16 Case 2 5 - 21 13 

extxn (13) = 2 3 16 Case 1 5 - 21 
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k J Wj(k) Case i, 
au 

Wj^lb\,k,aid WjXbiAcik) 
- Wj(b2,k) 

Zj{ k )  

4 10 Case 1 5 - 15 

6 10 Case 1 5 - 15 

No External 0 00 - - - 00 

Coverage 3 00 - - - 00 

4 00 - - - 00 

6 10 - - - 10 

Table VIII: Tree Example Calculations - Matrix Mu 

Matrix for Node 14 Before 
Optimization 

Matrix for Node 14 After 
Optimization 

ext/int 0 3 4 6 ext/int 0 3 4 6 

- 00 00 00 10 - 21 21 15 10 

0 00 00 00 10 0 21 21 15 10 

1 26 26 20 14 1 21 21 15 14 

2 21 21 15 14 2 21 21 15 14 

The next two nodes, 38 and 34, in the queue are leaf nodes. Null matrices are associated 

with these nodes. 

The next root node in the queue is node 26. Below are the detailed parameter calculations 

for each branch of the subgraph N26 and the matrix M26. 

Figure 11: Tree Example - Path 18 to 22 
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Table IX: Tree Example Calculations - Path 18 to 22 

Node i g(0 hit) GAxii) GA2{i) GB,{i) GB2{i) pi}) u{i) \|/(/) 

18 19 18 - - - - 00 3 00 

19 21 18 - - 18 - 8 5 00 

20 22 19 - 18 19 - 10 10 00 

21 22 19 - 18 19,20 2 11 11 00 

22 22 21 20 19 21 - 14 12 00 

Figure 12: Tree Example - Path 23 to 25 

Table X: Tree Example Calculations - Path 23 to 25 

Node i ^(0 h(i) Gv4i(0 GA2{I) GB,{i) GB2ii) pi}) u(i) wiO 

23 25 23 - - - - 00 4 00 

24 25 23 - - 23 - 10 6 00 

25 25 23 - - 23,24 - 8 4 00 

M 5J ^ ^ M 

oo/3 8/5 10/10 11/11 14/12 

m/4 10/6 8/4 

Figure 13: Tree Example - Subgraph N26 
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Table XI: Tree Example Calculations - Subgraph A'le 

K J Case i, 
ak 

WjXb\,k,ak) Wj,i{b2,k,ak) 
- Wj(b2,k) 

Zj{ k )  

21 0 10 Case 2 11 - 21 

6X^26(21) = 1 1 10 Case 2 11 - 21 

2 10 Case 2 11 - 21 

5 10 Case 1 11 - 21 

7 10 Case 1 11 21 

22 0 14 Case 2 10 - 24 

ext2(, (22) = 2 1 14 Case 2 10 - 24 

2 12 Case 1 10 - 22 

5 12 Case 1 10 - 22 

7 12 Case 1 6 18 

25 0 8 Case 2 8 - 16 

(25) = 4 1 8 Case 2 8 - 16 

2 8 Case 2 8 - 16 

5 8 Case 1 4 - 12 

7 8 Case 1 4 12 

No External 0 20 - - - 20 
Coverage 1 20 - - - 20 

2 18 - - - 18 

5 18 - - - 18 

7 14 - - - 14 

Table XII: Tree Example Calculations - Matrix M26 

Matrix for Node 26 Before 
Optimization 

Matrix for Node 26 After Optimization 

ext/int 0 1 2 5 7 ext/int 0 1 2 5 7 

- 20 20 18 18 14 - 16 16 16 12 12 

0 21 21 21 21 17 0 16 16 16 12 12 

1 24 24 22 22 18 1 16 16 16 12 12 

2 16 16 16 12 12 2 16 16 16 12 12 
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The next root node in the queue is node 32. Below are the detailed parameter calculations 

for each branch of the subgraph N22 and the matrix M32. 

Matrix for Node 14 After Optimization 
ext/int 0 3 4 6 

- 21 21 15 10 
0 21 21 15 10 
1 21 21 15 14 
2 21 21 15 14 

6,4 6j4 
14 >^15^ 2 

6,7 

16 

3,6 

17 

Figure 14: Tree Example - Path 14 to 17 

Table XIII: Tree Example Calculations - Path 14 to 17 

i ^(0 h{i) GA^ii) GA2{i) GBx{i) GB2ii) 
int(i) 

(02(0, 
int(i) 

Pii) u(i) 

14 16 14 - - - - (0,4) (-,4) 21 21 

15 17 14 - - 14 - (2,6) (-,6) 20 16 

16 17 14 - - 14,15 - - (-,3) 22 22 

17 17 14 - - 15,16 14 - (-,0) 19 19 

IVlatrix for Node 26 After Optimization 
extlint 0 1 2 5 7 

- 16 16 16 12 12 
0 16 16 16 12 12 
1 16 16 16 12 12 
2 16 16 16 12 12 

3,7 

Figure 15: Tree Example - Path 26 

Table XIV: Tree Example Calculations - Path 26 

i g(0 h ( i )  GA,(i) GA2(i) GBi(i) GB2(i) 0)1 (0, (02(0, P ( i )  u{i) 

26 26 26 - - - - (0,7) (-,7) 15 15 
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Figure 16: Tree Example - Path 27 to 31 

Table XV: Tree Example Calculations - Path 27 to 31 

Node i g{i) h ( i )  GAid) GA2(i) G5i(0 0^2(0 Pij) u(i) H/(0 

27 29 27 - - - - 00 6 CXD 

28 29 27 - - 27 - 11 5 00 

29 30 28 - - 27,28 - 9 9 00 

30 31 29 - 27,28 29 - 15 15 00 

31 31 29 - 27,28 30 29 20 14 00 

Matrix for Node 14 After Optimization 
extlint 6/ 6.4 6,7 3,6 

21/21 20/16 22/22 19/19' 

IVIatrix for Node 26 After Optimization 
ext/int 3,7 6/4 

15/17 

27 

11/5 9/9 15/17 20/14 oo/6 

Figure 17: Tree Example - Subgraph 



Table XVI: Tree Example Calculations - Subgraph A'32 

K 7 Case i, ak Wj^buKaj) Wj^i{b2,k,cik) 
- Wj(b2,k) 

Zj{ k )  

15 0 24 Case 2 20 - 44 

6X^32(15) = 3 3 24 Case 2 20 - 44 

4 24 Case 2 20 44 

16 0 24 Case 2 22 - 46 

ex^32(16) = 4 3 24 Case 1 22 - 46 

4 24 Case 1 22 46 

17 0 24 Case 2 19 - 43 

ex?32(17) = 5 3 24 Case 1 19 - 43 

4 24 Case 1 19 43 

26 0 25 Case 2 15 - 40 

ex/32(26) = 6 3 25 Case 1 15 - 40 

4 25 Case 1 15 - 40 

Row 1 0fM26 0 00 Case 2 16 - 00 

eA:^32 = 0 3 28 Case 2 16 - 44 

4 28 Case 2 16 - 44 

Row 2 of M26 0 28 Case 2 16 - 44 

exts2 — 1 3 28 Case 2 16 - 44 

4 28 Case 2 16 - 44 

Row 4 ofM26 0 28 Case 2 16 - 44 

ext22 = 3 Case 4, 
15 

16 20-19=1 

3 28 Case 2 16 - 44 

4 28 Case 2 16 - 44 

30 0 34 Case 2 15 - 49 

eji:^32(30) = 1 3 34 Case 2 15 - 49 

4 34 Case 1 15 49 
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K ./ wm Case i, at Wj,i(buk ,ak) WjXb2,k,ak) Zj( k )  
- Wj(b2,k) 

31 0 28 Case 2 20 - 42 

6X^32(31) = 7 Case 5, 14 16-16=0 
15 14 22-16=6 

Case 5, 14 12-12=0 
16 

Case 6, Case 6, 
14 12-12=0 

row 2 of 
M26 

Case 6, 14 12-12=0 

row 3 of 
M26 

Case 6, 

row 4 of 
M26 

3 28 Case 1 14 - 42 

4 28 Case 1 14 42 

No External 0 00 - - - 00 

Coverage 3 43 - - - 43 

4 43 - - - 43 

Table XVII: Tree Example Calculations - Matrix M32 

Matrix for Node 32 Before 
Optimization 

extUnt 0 3 4 

- 00 43 43 

0 CO 44 44 

1 44 44 44 

3 44 44 44 

4 46 46 46 

5 43 43 43 

6 40 40 40 

7 42 42 42 

Matrix for Node 32 After 
Optimization 

extUnt 0 3 4 

- 40 40 40 

0 40 40 40 

1 40 40 40 

3 40 40 40 

4 40 40 40 

5 40 40 40 

6 40 40 40 

7 42 42 42 



The next node in the queue, 43, is a leaf node, so a null matrices is associated with this 

node. The next root node in the queue is node 45. Below are the detailed parameter 

calculations for each branch of the subgraph JV45 and the matrix M45. 

4.6 6 8 3.4 6 8 

Figure 18: Tree Example - Path 34 to 37 

Table XVIII: Tree Example Calculations - Path 34 to 37 

Node i g(0 h{i) GAxii) GA2{i) GB2{I )  P{i) u(i) V|/(0 

34 37 34 - - - - 00 4 00 

35 3,1 34 - - 34 - 10 6 9 

36 37 35 34 - 35 - 9 9 00 

37 37 34 - - 34,35, 
36 

- 10 6 00 

Figure 19: Tree Example - Path 38 to 42 

Table XIX: Tree Example Calculations - Path 38 to 42 

Node i ^(0 h{i) GA.ii) GJ2O) GBi(i) GB2O) /'(O m(0 v|/(0 

38 41 38 - - - - 00 4 00 

39 42 38 - - 38 - 9 5 10 

40 42 38 - - 38,39 - 9 5 00 

41 42 39 38 - 39,40 2 10 10 00 

42 52 41 39,40 38 41 - 13 13 00 
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Figure 20: Tree Example - Path 43 to 44 

Table XX: Tree Example Calculations - Path 43 to 44 

Node i g(0 h(i) GAi(i) GA2(i) GBi(i) GB2(i) p(0 u(i) \|/(0 

43 44 43 - - - - 00 3 00 

44 44 43 - - 43 - 8 5 00 

(38 
00/4 

Figure 21: Tree Example - Subgraph A'45 

Table XXI: Tree Example Calculations - Subgraph 7V45 

K J Wjik) Case i, 
ak 

Wj,i(b\,k,ak) WjXbiXak) 
- Wj(b2,k) 

zjik) 

35 0 9 Case 2 10 - 18 

ext45(35) = 3 Case 3 9 

2 9 Case 2 

Case 3 

10 

9 

- 18 

6 5 Case 1 6 - 11 

4̂ 6 

10/6 9/9 10/6 

4A 
42 39 

9/5 9/5 10/10 13/13 

5^ 
43j 
co/3 8/5 
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K J WJ{ k )  Case i, 
ak 

Wj,i{bi,k,ak) Wjj{b2,k,ak) 
- Wj{b2,k) 

Zj{k) 

1 5 Case 1 6 - 11 

36 0 00 Case 2 9 - 00 

6X^45(36) = 0 2 00 Case 2 9 - 00 

6 5 Case 1 9 - 14 
7 5 Case 1 9 - 14 

37 0 9 Case 2 10 - 19 

ext^5(7)1) = 5 2 9 Case 2 10 - 19 

6 5 Case 1 6 - 11 

7 5 Case 1 6 - 11 

39 0 00 Case 2 9 - 00 

ext45(39) = 0 Case 3 10 

2 00 Case 2 

Case 3 

9 

10 

- 00 

6 9 Case 2 

Case 3 

9 

10 

- 18 

7 5 Case 1 9 - 14 

42 0 9 Case 2 13 - 22 

ex?45(42) = 3 2 9 Case 1 13 - 22 

6 6 Case 1 13 - 19 

7 6 Case 1 13 - 19 

43 0 18 - - - 00 

ex?45(43) = 1 2 18 - - - 00 

6 14 Case 1 3 - 17 

7 14 Case 1 3 - 17 

44 0 18 Case 2 8 - 23 

e:v:?45(44) = 3 Case 4, 
35 

5 9-9=0 

2 18 Case 1 5 - 23 

6 11 Case 1 5 - 16 

7 11 Case 1 9 - 16 

No External 0 00 - - - 00 
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K j Wj{k) Case i, 
ak 

Wj,i{b2,k,ak) 
- Wj{b2,k) 

Zj{k) 

Coverage 2 00 - - - 00 Coverage 

6 14 - - - 14 

Coverage 

7 14 - - - 14 

Table XXII: Tree Example Calculations - Matrix M45 

Matrix for Node 45 Before 
Optimization 

extUnt 0 2 6 7 

- 00 00 14 14 

0 00 00 14 14 

1 00 00 17 17 

3 18 18 11 11 

5 19 19 11 11 

Matrix for Node 45 After 
Optimization 

extUnt 0 2 6 7 

- 18 18 11 11 

0 18 18 11 11 

1 18 18 11 11 

3 18 18 11 11 

5 19 19 11 11 

The final root node in the queue is node 47. Below are the detailed parameter calculations 

for each branch of the subgraph N^q and the matrix M47. 

Matrix for Node 32 After Optimization 
ext/int 0 3 4 

- 40 40 40 
0 40 40 40 
1 40 40 40 
3 40 40 40 
4 40 40 40 
5 40 40 40 
6 40 40 40 
7 42 42 42 

-0  ̂

Figure 22: Tree Example - Path 32 to 33 
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Table XXIII: Tree Example Calculations - Path 32 to 33 

i g(0 Hit) GA,(i) GA2{i) GBrii) GB2(i) (Oi(0, 
int{i) 

®2(0, 
int(i) 

P(i) u(i) 

32 33 32 - - - - (0,4) i-A) 46 46 

33 33 32 - - 32 - (3,3) (-,3) 45 45 

Matrix for Node 45 After Optimization 
ext lint 0 2 6 7 

- 18 18 11 11 
0 18 18 11 11 
1 18 18 11 11 
3 18 18 11 11 
5 19 19 11 11 

3̂ 8 

Figure 23: Tree Example - Path 45 to 46 

Table XXIV: Tree Example Calculations - Path 45 to 46 

i g(0 GA,(i) GA2(i) GB,(i) GB2ii) ®i(0, CO2(0, 

int(i) 
Pij) u(i) 

45 46 45 - - - - (0,6) (-,6) 13 13 

46 46 45 ~ - 45 - (1,7) (-,7) 14 14 
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Matrix for Node 32 After Optimization 
ext/int 

46/46 45/45 

47 
47 

l\/1atrix for Node 45 Alter Optimization 
ext/int 

13/13 14/14 

Figure 24: Tree Example - Subgraph N4j 

Table XXV: Tree Example Calculations - Subgraph A'47 

k J Case i, 
ak 

Wj,ibx,k,a/^ WjXb2,k,a/^ 

- wj(b2,k) 

Zj(k) 

33 0 13 Case 2 45 - 58 

ex^47(33) = 2 7 13 Case 1 45 - 58 

Row 7 ofM32 0 13 Case 2 42 - 55 
= 0 7 13 Case 1 42 - 55 

45 0 40 Case 2 13 - 53 

6x^47(45) = 4 7 40 Case 1 13 - 53 

46 0 40 Case 2 14 - 54 

6X^47(46) = 7 7 40 Case 1 14 - 54 

Row 3 of M45 0 45 Case 2 18 - 63 

II 

7 40 Case 1 11 - 51 

Row 5 of M45 0 40 Case 2 19 - 59 

6X^47 = 3 7 40 Case 1 19 - 51 

No External 0 58 - - - 58 
Coverage 2 53 - - - 53 



Table XXVI: Tree Example Calculations - Matrix M47 

Matrix for Node 47 Before 
Optimization 

extUnt 0 7 

- 58 53 

0 55 55 

1 63 51 

2 58 58 

3 59 51 

4 53 53 

7 54 54 

Matrix for Node 47 Before 
Optimization 

extlint 0 7 

- 53 51 

0 53 51 

1 53 51 

2 53 51 

3 53 51 

4 53 53 

7 54 54 

The final optimal cost is z*=min{53, 51+4} = 53. 
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5 CCP HEURISTICS 

Given that CCP is NP-Hard on general graphs, we next focus on determining near-

optimal solutions for general graphs. We first present three greedy heuristics in Chapter 

5.1. In Chapter 5.2 we describe how the metaheuristics local search, tabu search and 

simulated annealing can be used to solve the CCP. We present our final heuristic that 

leverages off our understanding of the CCP on tree graphs to solve CCP instances on 

general graph in Chapter 5.3. We conclude the chapter with computational results and 

comparisons of the heuristics using several CCP instances of varying graph sizes. 

5.1 Greedy Heuristics 

Greedy heuristics generate a solution by locating facilities one at a time, based on some 

notion of their cost per unit of value, until a feasible solution is found. Several greedy 

heuristics for the CCP with uniform facility location costs were presented by Moon, 

Chaundry, McCormick and Lotfi in the hterature. The two underlying drivers of all the 

heuristics was to select facilities that either 1) covered the maximum number of 

uncovered demand points or selected facilities or 2) covered demand points that were 

difficult to cover (i.e. they can only be covered by a small number of facilities). The 

heuristics presented in the literature cannot be directly applied to our definition of the 

CCP for two main reasons: they assumed uniform facility costs, and the set of demand 

points and facility locations are separate. In the previously applied heuristics, several of 

the variations compared setting the priority at covering the most demand points versus 

prioritizing coverage of the selected facilities. While these heuristics cannot be directly 
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applied to our definition of the CCP, we will leverage their underlying concepts in the 

construction of our ideas in this chapter. 

Based on the input D{iJ), we define two sets that are helpful in describing the heuristic 

algorithms. Define the set Ei to be the set of nodes covered by locating a facility at node 

i, that is ={k&N: D{i, k) < i?,}. Define the set F, to be the set of nodes that can cover 

node i ,  or F i  = { k e N :  D ( i ,  k ) < R j ^ ] .  Define the penalty for each node i as the minimum 

cost facility that can cover node i. The penalty for node i can be calculated as 

p. = min|c^ I \/ie N. The penalties will be used to discourage, but not prohibit, a 

search that temporarily traverses infeasible solutions. To describe the solutions, let N" e 

A'^be the set of nodes at which facilities are located in our solution and let C c A'^be the 

set of nodes covered when the facilities are located at nodes in A^. Define z to be the sum 

of facility location costs for the selection of the nodes in AT. 

We looked at three greedy heuristics: 1) selecting facilities based on the minimum 

average cost per node covered, 2) selecting facilities to cover "hard-to-cover" nodes, and 

3) selecting facilities that minimize some notion of the average opportunity cost, hi the 

first approach, Greedy Heuristic A, nodes are selected based on the minimum facility 

location cost for a node i g N, divided by the number of nodes that have not yet been 

covered by facilities in A^, but that would be covered by a facility at i. We will refer to 

this cost as the average cost per node, denoted by cpni. As facilities are selected and 

nodes are covered, the average cost per node is calculated as 
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The updated average cost per node reflects the facility location cost with respect to only 

the uncovered nodes. The heuristic iteratively selects the facility having the minimum 

average cost per node until a feasible solution is found. A detailed description of the 

heuristic is given as follows. 

Step 1: hiitialize the heuristic by setting N '  =  0 , C - 0  and z = 0. 

Step 2: Calculate cptii V i €{N-N^} using (105). 

Step 3: From the set of nodes N - N ^ ,  locate a facility at node i  having the 

minimum value of cprii by adding node i to N' and increasing z by c,. Add the 

nodes in EI to the set C by setting C = C u EJ. 

Step 4: If C = then return the feasible solution N' with objective z. Otherwise go 

to Step 2. 

The second heuristic, Greedy Heuristic B, selects facilities based on their ability to cover 

hard-to-cover nodes, i.e. those nodes that are most expensive to cover. Recall that the 

penalty,pi, for node i e Nis the minimum cost which can cover node i. This heuristic 

iteratively covers the nodes which are the most expensive to cover, i.e. nodes with high 

Pi- While covering the hard-to-cover nodes, we also cover other nodes in the graph. This 

heuristic proceeds as follows. 

Step 1: Initialize the heuristic by setting N' = 0, C= 0 and z = 0. 



114 

Step 2: Identify node i e argmax{j!?.}. Add facility k e argmin{c^} to set AT, add 
i'eiV-C keFj 

Ck to z, and add the nodes in set Ek to C. 

Step 3: If C = iVthen return the feasible solution IST with objective z. Otherwise go 

to Step 2. 

The last approach, Greedy Heuristic C, selects facilities based on the minimum average 

opportunity cost. The opportunity cost for node i covered by a facility at node j is the 

difference between the cost to locate a facility at node j and the minimum facility location 

cost of a node that can cover node i. The opportunity cost 0,y is calculated as 

^ij = Cj - Pi Vi eN,jeFi. (106) 

The opportunity cost represents the reduction in cost that could be obtained by covering 

node i by a facility in argmin{cj^} rather than facility j. To minimize the overall cost, it is 
keF, 

desirable to locate nodes at facilities that have small opportunity costs for the nodes that 

they cover. That is, for each node, we wish to select a facility with a location cost that is 

close to the minimum cost to cover that node. While it is beneficial to minimize the 

opportunity cost on an individual basis, it is also beneficial to locate facilities that cover 

multiple nodes. To balance the two objectives, an aggregate opportunity cost for placing 

a facility j will be used to select nodes. Let the aggregate opportunity cost for locating a 

facility at node j & N - N 'to be 
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i f  \E j - [E j r^c \^0  (107) 

otherwise 

where a > 0 is a weighting on the opportunity cost. The measure Oj takes into account 

both the opportunity costs for all uncovered nodes that node j covers, as well as the cost 

to locate a facility at node j. The weight a can be used to scale the sum of the 

opportunity costs up or down to emphasize or de-emphasize the importance of picking a 

cheaper location versus a good sum of opportunity costs. If a = 0, then we have the same 

thing as Greedy Heuristic A. For our analysis we set a = 1. The logical flow of this 

heuristic is as follows. 

Step 1: Initialize the heuristic by setting N '  =  0 , C = 0  and z = 0. 

Step 2: Calculate 6j \/ j & N-N' using (107). 

Step 3: From the set of nodes N - ^ T ,  select the facility j  having the minimum O j  

by adding it to set N' and increasing z by cj. Add the nodes in Ej to the set C by 

setting C = C u Ej. 

Step A : \ f C  =  N  then return the feasible solution N "  with objective z. Otherwise go 

to Step 2. 

After a feasible solution is found, we will perform a post-processing step to remove the 

facilities that are not still required for feasibility of the solution. In non-increasing order 

of facility location costs, check to see if removal of each facility from the solution will 



cause the problem to become infeasible. If the facility can be removed while maintaining 

feasibility of the solution, then remove the facility. 

5.2 Metaheuristics 

For all metaheuristics there are two particularly important features: the search space 

defined by the set of potential solution and the neighborhood. The search space is the set 

of solutions that can be considered in the search. We define the search space for the CCP 

as any combination of selected facilities. This definition allows both feasible and 

infeasible solutions to be considered. The infeasible solutions will be penalized for each 

node that is not covered by a set of facilities established in the solution. Recall the 

penalty,for each node i & Nis the minimum cost facility that can cover node i. For 

each uncovered node, the penalty for the uncovered node multiplied by a penalty factor 

will be added to the objective value function to discourage, but not prevent, the 

consideration of infeasible solutions. 

The basic neighborhood is defined as the selection or removal of a single facility fi-om 

the solution. If a facility is selected in the current solution, one of the neighbors will be 

the removal of that facility. If a facility is not selected in the current solution, one of the 

neighbors will be the selection of that facility. This basic neighborhood contains n 

solutions. 

To potentially improve the performance of the metaheuristics, we will increase the 

neighborhood to include not only the single removal or selection of a facility, but also the 

relocation of a facility. This will be referred to as the expanded neighborhood. A facility 
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relocation involves both the removal of a facility in the current solution and addition of a 

facility not in the current solution. The neighbors examined to be relocated facility at 

node / G can be relocated to j €: N-I\r only if Ei r\Ej^0 (i.e. i and j have 

overlapping coverage), which can quickly be determined by D{ij) < Ri + Rj. If removal of 

node i and selection of node j will result in a decreased total facility location cost, but do 

not cover any nodes in common, they will be identified in the search of the basic 

neighborhood where a single node is removed or selected. The expansion of the 

neighborhood to allow the relocation of a facility from i to j, where i and j have 

overlapping coverage, allows a broader set of moves that may improve the solution. A 

relocation move may never have been made with just the basic neighborhood, due to the 

prohibitively high penalty costs to leave the common set of nodes uncovered between the 

iteration when the facility at node i is removed and the one at which one is established at 

node j. The expansion of the neighborhood increases the neighborhood size from 0{n) to 

0{n'), though the number of neighbors generated as a result of the relocation moves is 

usually much smaller than n^. The expanded neighborhood will be used for the 

metaheuristics. 

5.2.1 Initial Solution 

In the first step of all the metaheuristics we find an initial solution. The solutions found 

using the greedy heuristics could be used as initial solutions, but they do not provide 

random starts across the search space. The greedy heuristic solutions may also be more 

likely to also fall into a local minimum in which the metaheuristics would need to 

initially escape. Three techniques were used to generate initial solutions; A) cover a 
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randomly selected uncovered node with the minimum-cost facility, B) add a randomly 

selected node if it covers at least one uncovered node and C) randomly place facilities at 

half of the nodes. Method A and B guarantee that the initial solution is feasible, while the 

initial solution found for Method C could be infeasible. 

Method A of generating an initial feasible solution is to randomly select a node from the 

set of uncovered nodes and cover it with the lowest-cost facility that can cover the 

randomly selected node. The detailed flow of this procedure is as follows. 

Step 1; Initialize the procedure by setting N'  =  0 ,  C  =  0  and z = 0. 

Step 2; Randomly select a node i from the set of uncovered nodes N- C. 

Step 3: Select node k to be the node in set F/ with the minimum facility location 

cost. Add node A: to TV, add the nodes in set Ek to the set C, and add Ck to z. 

Step 4: If C = A^then return the feasible solution IST with objective z. Otherwise go 

to Step 2. 

Method B of generating an initial feasible solution is to randomly select a node to locate a 

facility. If that facility covers at least one uncovered node (i.e. it reduces the 

infeasibility), it is added to the solution. This procedure is given as follows. 

Step 1: Initialize the heuristic by setting N'  =0 ,  C = 0 and z = 0. 

Step 2; Randomly select a node i  from the set of unselected nodes N-  N^.  

Step 3: If the set Ei-C^ 0, add node / to add the nodes in set £",• to the set C, 

and add c, to z. 
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Step 4: If C = A'' then return the feasible solution N" with objective z. Otherwise go 

to Step 2. 

The third initial solution method randomly places facilities irrespective of the facility 

cost, radius, or location with respect to other nodes. After locating the facilities, the 

objective fiinction value is calculated by adding the facility location costs plus the penalty 

costs for uncovered facilities. The flow of this procedure is as follows. 

Step 1: Initialize the heuristic by setting N' = 0, C = 0 and z = 0. 

Step 2: Place a facility at a randomly select a node i  from the set of unselected 

nodes N-N^. Add node / to set A", add the nodes in set Ei to the set C, and add c, 

to z. If |7V| > \N\I2, go to Step 3, otherwise repeat Step 2. 

Step 3: Add the penalty costs pj for all nodesy in A^- C to the objective fiinction 

value z. Return the solution IST with objective z. 

After determination of the initial solution, we perform a post-processing step to remove 

any nodes that are not required to maintain a feasible solution as described for the greedy 

heuristics. Preliminary computational experiments demonstrate that Method A 

consistently generated lower-cost solutions than Method B or Method C. 

5.2.2 Local Search 

Starting fi-om an initial solution, local search iteratively moves to a solution in the 

neighborhood with a lower total objective until a local optimum is found. A local 

optimum is defined as a solution that has a total facility location cost less than or equal to 

that of all its local neighborhood solutions. 
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The expanded neighborhood, which allows the removal, addition, or relocation of a 

facility, will be used to search for improved solutions. To search the neighborhood, the 

objective value function must be evaluated for each neighbor. Recall that is the set of 

facilities selected in the current solution, z is the objective function value of the current 

solution, and C is the set of nodes covered by the current solution. Define C, to be the set 

of nodes covered if a facility at node / is removed or selected in the neighbor solution 

(depending on whether or not i 6 A^). 

Define z, to be the objective function value of the neighbor solution where a facility at 

node / is either removed or selected. A penalty factor PF > 1 will be applied to the 

uncovered nodes in the solution to discourage the selection of infeasible solutions. The 

penalty factor used in this heuristic is 1.01. The neighbor objective function value can be 

calculated as follows: 

If the facility i is currently in the solution, facility / is removed in the neighbor solution, 

so the facility location cost c, is subtracted Irom the objective function value z,. If the 

removed facility is the only facility covering a node, the penalty cost for that node is 

added to the objective function. If the facility i is not currently in the solution, facility i is 

selected in the neighbor solution, so the facility location cost c,- is added to the objective 

(108) 

' z - C . + P F Y JP j  
yeC,-c (109) 

JeC-Ci 
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function value z,. If the newly selected facility covers uncovered nodes, the penalty cost 

for the previous uncovered node is subtracted from the objective function. 

For the expanded neighborhood in which a facility is relocated, a similar approach can be 

used for calculating the objective fiinction value for the neighbor. The set of nodes Q 

covered after facility i is relocated to j is defined as 

C,, = KJ E ,  V/ € N \ j  e N - N ' .  (110) 

The objective function value for this neighbor is calculated as 

Z Y  =  Z  - C J  +  C J  + PF Y . P k -  I L P k  
yk„C-C,j kGC,j-C y (111) 

V/ s N J s N - N ' :  D { i ,  j )  <  R ,  +  R  

To improve the quality of the local search, multiple random starts are used allow a more 

complete examination of the total search space. Methods A, B, and C were initially used 

to generate random starting solutions. Initial computational results show that Method B 

(randomly locate facilities that cover at least on uncovered node) consistently provides 

inferior solutions compared to the other two methods, and hence was not pursued any 

further than this initial comparison. 

To end the local search algorithm, we will use a stopping criteria of maximum processing 

time. The steps for our random restart local search algorithm are given as follows. 

Step 0; Initialize the best objective function value z* = cc. 

Step 1: Initialize the solution with an initial feasible solution, A^, C, and z. 
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Step 2: Calculate the objective ftmction value for each neighbor of the current 

solution. Identify the best neighbor solution as follows. 

Step 3: Iff < z*, update the best solution with the current local optimum. 

Compare the time elapsed thus far to the maximum processing time limit. If the 

elapsed time is greater than the maximum processing time, then return the 

heuristic solution with objective z*. Otherwise proceed to step 4. 

Step 4: If z < z, then move the current solution to the best neighbor solution by 

updating z, tV, and C, and repeat Step 2. Else we have that z > z* and that the 

current solution is locally optimal. Return to Step 1. 

5.2,3 Tabu Search 

Tabu search combines the concepts of local search with the concept of a short-term 

memory. When a local optimum is found, tabu search allows the algorithm to escape 

from the local optimum by taking non-improving steps. To prevent cycling, recently 

visited solutions are forbidden or tabu from being visited in the search. 

The key feature of tabu search that sets it apart from local search is its ability to escape 

from a local optimum. While local search stops searching when all neighbor solutions 

are no better than the current solution, tabu search allows moves to inferior solutions 

(those having a less desirable objective function value). Cycling is prevented by 

mm 
ieN'JeN-N' 
D{i,j)<R;+R. 

z = mm<^ mm 
ieN 

(112) 



maintaining a list, T,  of recently visited neighbors that are tabu from moving to in the 

next iteration of the search. 

We will implement a tabu list of nodes for the CCP. Rather than containing the complete 

encoding of the tabu neighbors, we will only store the nodes at which a facility was 

removed, located, or relocated (both from and to nodes) in recently visited neighboring 

solution on the tabu list. Storing only one or two nodes for each tabu neighbor 

significantly decreases the processing time to determine whether a neighbor is on the tabu 

list. With this method of storing the tabu list, a neighbor could be labeled as tabu when in 

fact it has not already been visited. An aspiration criterion is employed to ensure that a 

neighbor on the tabu list is visited if it yields a solution better than any solution found 

thus far. 

As done with local search, random restarts will be employed. When a solution with a 

lower objective function value than the best solution thus far has not been recently found, 

the search will restart from a new initial solution. Define x as the number of iterations 

since a solution with an objective function value better than the best solution found thus 

far has been visited, and X as the maximum number of iterations with no improvement 

that the algorithm will execute prior to starting at a new initial solution. At each iteration 

in which the objective function value is not less than the best solution found, the counter 

X will be incremented by one. If a solution better than the best solution found is visited, 

the counter x is reset to zero. When x = X, the tabu search will restart at a new initial 

solution. The stopping criteria of a maximum processing time will also be used again. 

The tabu search algorithm for the CCP is as follows. 



124 

Step 0: Initialize the best objective function value z* = co and I \ r*  =N.  

Step 1: Initialize the solution with initial feasible solution, A^, C, and z. If z < z*, 

then set z* = z and Initialize x = 0, T= 0, and the best solution found 

thus far, z = z and N'  =N^.  

Step 2: Calculate the objective function value for each neighbor using (111). 

Identify the best neighbor solution other than those on the tabu list that do not 

meet the aspiration criterion of z < z . 

Step 3: Move to the neighbor solution z by updating z, A^, and C. Also, remove 

the oldest neighbor node(s) from the tabu list, T, and add the new neighbor 

node(s) to the tabu list, T. If z < z, update the current optimal objective value, 

z = z and N' = IST and set the improvement counter x = 0, otherwise x = x + 1. 

Step 4: If z < z*, let z* = z and TV* = A"'. If the elapsed processing time has 

exceeded the maximum processing time, go to Step 5. Else, if x < Xgo to Step 2. 

Otherwise we have that x=Xand thus we return to Step 1. 

Step 5: Return the heuristic solution with objective z* and A^*. 

5.2.4 Simulated Annealing with Binary Encoding 

Simulated annealing allows escape from local optimum using a probabilistic hill-

climbing technique. Rather than searching the complete neighborhood, simulated 

[z-jl min_{z.}, 
^ ieT:Z:<: ' 

z  =  mm<^ mm 
ieN-T 

(113) 
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annealing randomly examines a local neighbor. If the objective function value is better 

than the current solution, the move to the neighbor is made. If the neighbor's objective 

function value does not improve over the current solution, the move to the neighbor is 

made with a certain probability. The key to simulated annealing is the function that 

generates the probability of moving from the current solution to a less desirable neighbor. 

The probability is a function of how long the algorithm has been searching and the 

difference between the neighbor's objective function value and the current solution 

objective function value. The longer the algorithm has been running, the less likely the 

algorithm will be move to a less desirable neighbor. The larger the gap between the 

neighbor and current objective value, the less likely the algorithm is to move to the less 

desirable neighbor. The simulated annealing algorithm is as follows. 

Step 0; Initialize the best objective fiinction value z* = qo and AT'* = N.  

Step 1: Initialize the solution with initial feasible solution, N ^ ,  C ,  and z. If z < z*, 

then set z* =z and A^* = iV. Initialize the best solution found thus far given the 

current initial solution, z = z and #' = A". Initialize the temperature Tand 

cooling constant r and set x = 0. 

Step 2; Randomly select a neighbor solution and calculate the neighbor objective 

function value z. 

Step 3: If z < z, move to the neighbor solution, and go to Step 4. If z > z, set x = 

X + 1 calculate the following probability 

(114) 
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Move to the neighbor solution with probability P and go to Step 4. Otherwise go 

to Step 5. 

Step 4: If z < z update the best solution found thus far by setting z =z and N' = 

IST and set x = 0. Else set x = x + 1. 

Step 5: If z < z*, let z* = z and = N\ If the elapsed processing time has 

e x c e e d e d  t h e  m a x i m u m  p r o c e s s i n g  t i m e ,  g o  t o  S t e p  6 .  O t h e r w i s e  \ f x < X ,  s e t  T  =  

rT and go to Step 2. Else we have that x = X and we return to Step 1. 

Step 6; Return the heuristic solution with objective z* and facility placement of 

TV*. 

5.2.5 Simulated Annealing with Permutation Encoding 

In the final metaheuristic a different approach to the initial solution, search space, and 

neighborhood is used. Rather than encoding the solution as a set of facilities selected, the 

solution will be defined as an ordered list of the nodes representing the order in which the 

facilities are selected. We will no longer allow infeasible solutions to be considered. 

Starting with the beginning of the list, facilities will be added until a feasible solution is 

found. Hence, the search space is now limited to the set of feasible solutions. The initial 

solution will be a randomly generated ordered list of the nodes. The neighborhood will be 

defined as the exchanging of the location of two nodes on the list. 

Define L to the ordered list of nodes. The initial solution will merely be a randomly 

generated ordered list of the nodes. Facilities are located starting with the first facility on 

the list, until a feasible solution is found. This method of randomly locating facilities is 
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similar to the initial solution Method B with the exception that the nodes are in an 

ordered list. Let S' be the set of facilities on the list that are selected before a feasible 

solution is found. Each node in the set S' is incrementally checked to see if it can be 

removed without impacting the feasibility of the solution. This process is similar to the 

post-processing step performed in the initial solution generation in Chapter 5.2.1. The 

remaining selected facilities will be the set of nodes that make up the feasible solution 

defined as AT. The nodes in the set 5" - are moved to the end of the list. These nodes 

were not able to provide any additional coverage to the nodes in the current solution, so 

selection of these nodes will not likely improve the objective function value in a neighbor 

solution. A random neighbor is selected. The neighborhood includes the swapping the 

l o c a t i o n  o f  a  n o d e  i n  t h e  s e t  I S T  a n d  a  n o d e  i n  t h e  s e t  N - S \  

The simulated annealing with permutation encoding is as follows: 

Step 0: Initialize the best objective function value z* = qo. 

Step 1: Initialize the ordered list L of all the nodes in the graph, x = 0, the current 

solution z = CO, best solution solution thus far z = co and go to Step 3. 

Step 2; Define the neighbor as swapping the location in the list of a random node 

in the set iV with a random node in the set N- S\ 

Step 3: Starting with the beginning of the list, select each facility until a feasible 

solution is found, S'. Starting with the first facility selected, check to see if the 

facility can be removed while maintaining feasibility. Let z equal the sum of 

fac i l i t y  l oca t ion  cos t s  fo r  t he  r ema in ing  se l ec t ed  f ac i l i t i e s ,  N ' .  



Step 4: If z < z, move to the neighbor solution and go to Step 4. If z > z 

calculate the following probability 

P = (115) 

Move to the neighbor solution with probability P and go to Step 4. Otherwise set 

X-X + \ and go to Step 5. 

Step 4: Move to the neighbor solution by moving the facilities 5' - N' to the end 

of the list, setting JSF = N\ setting 5" = S' and setting z = z . (Note the selected 

facilities N" will be at the beginning of the list.) Update the best solution thus far 

if z < z by setting x = 0, z = z, and N' = TV, else set x = x + 1. 

Step 5: If z < z*, let z* = z and N'* = N'. If the elapsed processing time has 

exceeded the maximum processing time, go to Step 6. Otherwise if x < X, set T = 

rT and go to Step 2. Else we have that x = X and we return to Step 1. 

Step 6; Return the heuristic solution with objective z* and facility placement of 

iV*. 

The alternate encoding, search space, neighborhood, and initial solution provide a 

different perspective on simulated annealing. Since the size of the neighborhood, 0{r?), 

is relatively large, and the calculation of the set IST and objective function value is 

computationally intensive, this encoding is not well-suited for local search or tabu search, 

in which each neighbor in the neighborhood must be examined in each iteration. 
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5.3 Tree Heuristic 

Our final approach attempts to use observations fi-om our tree algorithm in order to 

address the case of the general CCP. For any CCP instance on a general graph G, there 

exists a tree subgraph 7 of G for which the (restricted) CCP on Thas the same optimal 

solution as that for the CCP on G. After removing an edge from the general graph, the 

optimal objective fianction value will be equal to or greater than the optimal objective 

function value of the original graph. The optimal objective function value found for the 

general graph G is a lower bound to the optimal objective function value for the tree 

subgraph T. 

A tree subgraph can be constructed given any optimal solution to the CCP on the general 

graph. Let TV be the set of nodes at which facilities have been placed in an optimal 

solution to the CCP on a general graph, G. To build the tree subgraph with the same 

optimal solution, we will iteratively add edges until all nodes are covered. First edges are 

added such that each facility is covered by at least one other facility. Edges are then 

added between each node and the shortest path to a selected facility. Finally edges can be 

placed to ensure the graph is connected. 

The challenge lies in properly selecting the subgraph T from the graph G when the 

optimal solution in not known. In the preprocessing step a tree was generated for each 

node in the graph as part of Dijkstra's algorithm for the shortest path. Using these trees 

and the polynomial-time algorithm developed for finding exact solutions to the CCP on 

tree structures, we build a heuristic for the general graph. The tree heuristic flow is as 

follows: 



Step 1: Solve the CCP on the shortest path tree generated for each node i e Nto 

get the objective function value z,. 

Step 2: Let z* = min{z,} for all i e N. 

5.4 Computational Results 

5.4.1 Random Graph Generation 

To facilitate comparison of heuristic methods, random graphs G{N,E) of various sizes 

were generated. We first randomly placed a set of nodes on a fixed-size grid at integer 

locations, and then generated edges to cormect these nodes. We generated the cost, and 

the radius, /?,, associated with each node using a uniform distribution. The range for the 

costs is an integer value between 1 and 10. The range for the radii is integer values 

between 7 and 12. To ensure that our graph is indeed connected, we define the connected 

set D as the set of nodes in N that are currently connected by the given edges and D' to be 

its complement (i.e. D' = N-D). An initial edge was generated between the two closest 

nodes in the graph (in terms of Euclidean distance), and thus D was initialized to contain 

these two nodes. Nodes were iteratively added to the connected set D by generating the 

minimum length edge between any node in the set D and any node in the set D' until D = 

N. After generating a connected graph, additional edges that were shorter than the 

maximum edge length of 12 were randomly added to reach the desired number of edges 

in the graph. The edge distances, dij, are set equal to the Euclidean distance between the 

nodes i and j rounded to the closest integer. Any edge {ij) with a distance dy greater than 

Ri and Rj was not included. The graph sizes used for heuristic comparison are listed in 



Table XXVII. The maximum processing time, defined as CPU processing time, allowed 

for all heuristics is also provided in this table. 

Table XXVII: Graphs for Heuristic Comparison 

Number of 
Nodes - n 

Number of 
Edges 

Grid Size Maximum 
Processing 

Time 

50 125 2 5  x 2 5  20 sec 

100 250 3 5 x 3 5  100 sec 

200 500 5 0 x 5 0  150 sec 

500 1250 8 0 x 8 0  300 sec 

This method of graph generation ensures that the triangle inequality rule is met, i.e. for 

each set of node i,j, and k e N fox which {ij) e E, (j,k) e E, and {i,k) e E, we have dij < 

d-iic "I" djk-

We performed a trade study on ratio of the number of edges to the number of nodes to 

determine the ratio that provides the most difficult problems to solve, where the edge-

node ratio is given by the number of edges in the graph divided by the number of nodes 

in the graph. For a graph with 100 nodes, six different ratios were examined ranging 

fi-om 1 to 3. It turns out that graphs with a ratio over 3 are not feasible to build due to 

limited availability of valid edges in which the radius of the node on either end is larger 

than the edge length. For each edge-node ratio, five random CCP instances were 

generated and solved using an optimal branch-and-bound algorithm and the three greedy 

heuristics. Using the difference between the heuristic and the optimal objection function 
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value divided by the optimal objective function value, the average of the 15 heuristic 

solutions for each edge-node ratio was calculated. 
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Figure 25: Study Results for Ratio of Edges to Nodes 

Figure 25 shows the study results where percent sub-optimality is the difference between 

the heuristic objective function value and the optimal objective function value divided by 

the optimal objective function value times 100. An edge-node ratio of 2.5 was shown to 

provide the most difficult graphs to solve. We will use this edge-node ratio in generation 

of random graph instances to be used to compare the heuristics. 

Prior to applying any of the following heuristics, several preprocessing steps need to be 

performed on the graph. Note that these preprocessing steps need to be performed for all 

the greedy heuristics and metaheuristics, so will not be included in the processing time 

comparisons between algorithms. First we calculate the minimum distance between 



every node and every other node in the graph. This can be computed using Dijkstra's 

shortest path algorithm for normegative distances from each node7 e to every other 

node, for each node j e. N (Ahuja, Magnanti, and Orlin, 1993). Dijkstra's algorithm 

solves the shortest path in time and is completed for each node, so this 

preprocessing step is 0{r?). The sets Ei and F/, and the penalty pi also need to be 

determined. To generate Ei, Fi, and pi for each node i, n other nodes need to be examined. 

To generate these three parameters for each of the n nodes in the graph, the overall 

complexity is 0(n^). 

All computational results for the heuristic methods were performed on a Pentium 4 2.4 

GHz computer with 500 MB of RAM. The exact optimal solutions were obtained using 

the IP formulation of the CCP solved using branch-and-bound algorithms in CPLEX. 

5.4.2 Greedy Heuristic Computational Results 

The three greedy heuristics were run on 10 instances of each graph size in Table XXVII. 

The average percentage difference between the heuristic solution and the optimal solution 

can be found in Figure 26. All of the heuristic runs for all graph instances run in less than 

0.1 seconds. In the study, Greedy Heuristic A solutions within 9% of optimal for all 40 

graph instances. The greedy heuristics provided good quality solutions in a short 

duration of processing time. 
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Figure 26 Comparison of Greedy Heuristic Results to Optimal 

5.4.3 Metaheuristic Computational Results 

Several parameters affect the performance of the metaheuristics. We will perform trade 

studies to determine the best value of the parameters to use in the heuristics. 

5.4.3.1 Random Initial Starts 

The effectiveness of local search is dependent on restarting the algorithm at random 

locations across the search space. Method A provides consistently small objective 

function values. The benefit of obtaining such near-optimal solutions is that the number 
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of iterations until the local optimum is found is minimized. This allows more initial starts 

in the same amount of time as would be allowed starting with a poor initial solution. On 

the other hand, while Method A provides good initial objective value functions, it may 

not provide a good random set of initial solutions, limiting the algorithm to return a 

common set of local optima after each restart. Method C locates facilities without 

consideration of their cost, radius, or location with respect to other nodes. This provides 

solutions with higher objective value functions, but the location of the initial solutions 

across the search space is more random. The benefit of restarts with a more random 

distribution across the search space is that the same local optimum is less likely to be 

found. To compare the benefits of Method A and C, the local search algorithm was 

performed on ten instances of the CCP with 100 nodes using both initial solution methods 

and a runtime of 100 seconds. The difference between the heuristic and optimal objective 

function value for each instance can be found in Table XXVIII. 

Table XXVIII: Initial Start Method Comparison - Difference Between Optimal and 
Initial Objective Function Value 

Run Method A Method C 

1 5 8 

2 1 0 

3 11 4 

4 3 2 

5 5 5 

6 1 1 

7 3 9 

8 1 2 

9 0 9 
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Run Method A Method C 

10 2 0 

Average 3.2 4 

Standard 
Deviation 

3.22 
3.59 

Neither initial solution method stood out as being superior to the other method. Method A 

restarted over 40 times on each instance, but returned to the same local optimum after 

each restart of the algorithm. Method C only restarted on an average of 4 times in the 

same period of runtime, but generally found a different local optimum after each restart. 

To take advantage of the benefits of both initial solution methods, the local search 

algorithm will be initially started using Method A. Restarts of the algorithm will be done 

using Method C. This same restart method will also be used for tabu search and 

simulated annealing with binary encoding. 

5.4.3.2 Tabu Parameter Determination 

We adjusted the length of the tabu list and the maximum number of iterations after an 

improvement to optimize performance of the heuristic. Three tabu list lengths were 

examined: 3, 7, and 12. Ten CCP instances of 100 nodes were run with each list length 

and a stopping criteria ofX= 18 iterations after the last improvement with a maximum 

processing time of 200 seconds. The difference between the optimal objective function 

value and the objective function value found by the tabu search can be found in Table 

XXIX. 
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Table XXIX Tabu List Length Comparison - Difference Between Optimal and 
Heuristic Objective Function Value 

Run |71 = 3 m = 7  II 

1 6 2 3 

2 3 1 1 

3 5 2 5 

4 0 0 0 

5 1 1 1 

6 2 2 2 

7 3 3 3 

8 2 1 1 

9 2 2 2 

10 0 0 0 

Average 2.4 1.4 1.8 

Standard 
Deviation 

1.96 0.97 1.55 

The list length of seven facilities proved to be the best choice in these seven instances. 

Seven is also a commonly and successfully used length from the literature. To determine 

the stopping criteria, the runs were examined to determine how many cycles between 

different local optima were commonly seen. It was found that after twelve iterations, the 

heuristic typically did not return to another local optimum. 

5.4.3.3 Simulated Annealing Parameter Determination 

The cooling schedule is a key parameter in the simulated annealing algorithm. Three 

different initial temperatures, 2, 8, and 12, were looked at for both the binary encoding 

and permutation encoding simulated annealing heuristics. A cooling constant of r = 

0.999, a maximum number of iterations ofX= 1000, and a maximum processing time of 
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50 seconds were used to perform the trade study. Ten instances of CCP on a 100 node 

graph were used to compare the performance. Table XXX shows the difference between 

the solution found by simulated annealing and the optimal solution for each instance at 

each initial temperature. 

Table XXX: Comparison of Initial Temperature for Simulated Annealing with 
Binary Encoding - Difference Between Optimal and Heuristic Objective Function 

Value 

Initial Initial Initial 

Run Temp = 2 Temp = 8 Temp = 12 

1 1 1 0 

2 1 1 1 

3 0 0 0 

4 5 4 2 

5 1 1 0 

6 0 0 0 

7 2 1 1 

8 1 0 0 

9 0 0 2 

10 0 0 0 

Average 1.1 0.8 0.6 

Standard 
Deviation 

1.52 1.23 0.84 

The larger initial temperatures provided closer solutions to optimal, so an initial 

temperature of 12 will be used for simulated annealing with binary encoding. 

The same trade study of initial temperatures that was performed for the simulated 

annealing with permutation encoding was performed. Table XXXI shows the difference 
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between the solution found by simulated annealing with permutation encoding and the 

optimal solution for each instance at each initial temperature. 

Table XXXI: Comparison of Initial Temperature for Simulated Annealing with 
Permutation Encoding - Difference Between Optimal and Heuristic Objective 

Function Value 

Initial Initial Initial 

Run Temp = 2 Temp = 8 Temp = 12 

1 3 13 18 

2 0 0 0 

3 8 9 11 

4 21 18 14 

5 16 15 29 

6 5 5 19 

7 3 2 13 

8 0 0 0 

9 7 15 20 

10 3 5 21 

Average 6.6 8.2 14.5 

Standard 
Deviation 

6.88 6.71 9.13 

The smaller initial temperatures provided closer solutions to optimal with the permutation 

encoding. Each move to a neighboring solution with the permutation encoding can 

provide a significantly different solution. Allowing solutions that make more drastic 

changes are more detrimental to the permutation encoding than with binary encoding 

where at most two facilities are affected. An initial temperature of 2 will be used for 

simulated annealing with permutation encoding. 
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5.4.4 Tree Heuristic Computational Results 

The tree heuristic was compared to the greedy and metaheuristic examples on instances 

of 50 nodes, 100 nodes and 150 nodes. The results can be seen in Figure 27. 

250 

H 50 Nodes 

• 100 Nodes 

• 150 Nodes 

Figure 27: Tree Heuristic Performance 

Since the tree heuristic consistently provided poor solutions with respect to the optimal 

solution, the tree heuristic was not investigated further. We leave a more detailed analysis 

of this algorithm for future research. 
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5.4.5 Summary of Heuristic Comparison 

The performance of the three initial solution methods, three greedy heuristics and four 

metaheuristics were compared on 40 test instances, divided into ten CCP instances of 

four different graph sizes. The graph properties can be found in Table XXVII. The 

results for each of the 40 instances for each algorithm can be found in Table XXXII 

through Table XXXV. For each instance and each algorithm, the difference between the 

algorithm solution and the optimal objective function value is provided. The bottom row 

lists the optimal objective function value for each instance. 

Table XXXH: Comparison of Heuristics on 50 Node Instance - Difference Between 
Optimal and Heuristic Objective Function Value 

Instance 1 2 3 4 5 6 7 8 9 10 

Initial Solution A 0 0 0 2 0 5 1 1 0 2 

Initial Solution B 36 20 21 26 27 20 18 20 26 27 

Initial Solution C 8 13 12 10 6 7 7 19 14 21 

Greedy Heuristic A 0 0 1 0 0 0 1 1 1 0 

Greedy Heuristic B 0 0 0 2 0 5 1 1 0 2 

Greedy Heuristic C 0 0 1 0 0 0 1 1 1 2 

Local Search 0 0 1 0 0 1 1 0 0 0 

Tabu Search 0 0 0 0 0 0 1 0 1 0 

Simulated Annealing 
(Binary Encoding) 

0 0 0 0 0 0 1 0 0 2 

Simulated Annealing 
(Permutation 

Encoding) 
0 0 0 2 2 4 0 7 1 1 

Optimal Objective 11 10 16 18 9 19 23 17 10 15 
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Table XXXIII: Comparison of Heuristics on 100 Node Instance - Difference 
Between Optimal and Heuristic Objective Function Value 

Instance 1 2 3 4 5 6 7 8 9 10 

Initial Solution A 2 0 1 3 6 4 2 2 0 4 

Initial Solution B 11 34 28 23 55 78 50 59 51 49 

Initial Solution C 33 36 28 29 23 52 35 56 22 56 

Greedy Heuristic A 2 0 1 2 4 2 3 2 0 0 

Greedy Heuristic B 1 0 2 3 5 4 2 2 0 4 

Greedy Heuristic C 1 0 1 2 4 2 2 2 0 4 

Local Search 0 0 0 3 0 4 2 1 0 4 

Tabu Search 1 0 1 3 4 2 2 0 0 4 

Simulated Annealing 
(Binary Encoding) 

0 0 1 0 1 0 0 0 0 1 

Simulated Annealing 
(Permutation Enc.) 

13 5 23 5 0 0 1 7 3 2 

Optimal Objective 61 53 31 66 49 45 44 55 63 58 

Table XXXIV: Comparison of Heuristics on 200 Node Instance - Difference 
Between Optimal and Heuristic Objective Function Value 

Instance 1 2 3 4 5 6 7 8 9 10 

Initial Solution A 3 11 0 3 2 0 5 12 3 3 

Initial Solution B 65 102 82 91 87 66 113 89 90 58 

Initial Solution C 41 19 59 25 26 43 36 39 16 17 

Greedy Heuristic A 0 3 1 1 0 0 3 3 3 1 

Greedy Heuristic B 4 11 0 3 0 0 5 10 1 1 

Greedy Heuristic C 3 3 1 2 0 0 2 1 1 1 

Local Search 2 9 0 1 2 0 2 5 1 1 

Tabu Search 1 1 0 1 0 0 1 10 1 0 

Simulated Annealing 
(Binary Encoding) 

0 2 0 1 0 0 0 0 0 1 

Simulated Annealing 
(Permutation Enc.) 

6 10 20 35 5 22 34 10 20 14 

Optimal Objective 41 43 42 43 39 35 41 45 49 49 
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Table XXXV: Comparison of Heuristics on 500 Node Instance - Difference Between 
Optimal and Heuristic Objective Function Value 

Instance 1 2 3 4 5 6 7 8 9 10 

Initial Solution A 17 6 15 10 11 6 12 14 13 4 

Initial Solution B 205 246 184 166 160 168 196 192 192 227 

Initial Solution C 56 70 68 76 61 119 95 84 86 80 

Greedy Heuristic A 7 4 6 6 8 1 4 2 6 5 

Greedy Heuristic B 17 8 16 12 9 6 6 14 10 4 

Greedy Heuristic C 9 5 14 9 8 5 6 14 8 4 

Local Search 15 6 14 11 8 5 6 14 10 4 

Tabu Search 17 6 13 8 8 6 5 13 10 3 

Simulated Annealing 
(Binary Encoding) 

8 5 6 6 6 3 7 7 3 4 

Simulated Annealing 
(Permutation 

Encoding) 
237 277 261 268 285 253 239 215 270 226 

Optimal Objective 105 109 109 94 88 92 106 109 95 84 

The difference between the heuristic solution and the optimal solution for all 40 instances 

for all ten algorithms can be found in Figure 28. The percent sub-optimality is the 

average of the difference between the heuristic objective function value and the optimal 

objective function value divided by the optimal objective function value times 100. 

Initial solution Method B, initial solution Method C, and simulated annealing with 

permutation encoding all provided poor quality solutions. Initial solution Method B 

randomly placed facilities at nodes if that facility covered at least one uncovered node. It 

did not take into account the cost of placing facilities, so provided poor solutions. Initial 

solution Method C randomly selected nodes at which facilities are places irrespective of 

cost, radius or location relative to other nodes, so it is expected that Method C would 
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provide poor quality solutions. This method does provide a good set of random solutions 

to initialize the metaheuristic algorithms. The simulated annealing heuristic with 

permutation encoding also provided poor solutions. With the permutation encoding, an 

unselected facility is swapped with a selected facility in the ordered list from which 

facilities are added. Swapping of a selected facility at the beginning of the ordered list 

can significantly impact the set of facilities selected. The large difference in neighboring 

solutions may be the cause of the poor performance of this heuristic. 
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Figure 28: Comparison of Ten Algorithms 
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To better compare the other seven algorithms, they were plotted together in Figure 29. 

Simulated annealing with binary encoding consistently provided good quality solutions. 

H 50 Nodes 

• 100 Nodes 

• 200 Nodes 

• 500 Nodes 

Figure 29: Comparison of Seven Best Algorithms 

Note that the high percentages found for 50 node instances are due to the integer costs 

and the low objective function value, i.e. being sub-optimal by one unit of cost for any 

instance results in a 1% difference over all the instances. The greedy heuristics find near-

optimal solution in a short period of time with greedy heuristic A providing the best 
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results. The simulated annealing heuristic with binary encoding consistently provided the 

highest quality solutions to the CCP, with the exception of the 500 node graphs. 
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6 SUMMARY AND FUTURE RESEARCH IDEAS 

We prove that the CCP is strongly NP-Hard, even if confining restrictions are imposed on 

the cost, coverage radius, and distance data for the problem. We extend the path 

algorithm given by Lunday et al. [6] to the case in which facilities have non-uniform 

coverage radii, while retaining the 0{r?) complexity of that algorithm. For extended star 

graphs, we introduce the concepts of designated root covering nodes and companion 

nodes, which yield an 0(n^) solution technique for problems exhibiting these structures. 

Finally, for tree graphs, we can succinctly embed the information irom extended star 

graphs within coverage matrices, which can in turn be used to develop an 0{n'^) dynamic 

programming procedure for optimizing the problem. 

The result of this research is that the boundary between "easy" and "hard" problems has 

been more clearly defined for the CCP problems exhibiting various graph structures. 

Future studies may investigate other graph classes whose complexities are not addressed 

in this work. 

We proposed three greedy heuristics and four metaheuristics to solve the CCP on general 

graph structures. Additionally, a new heuristic using the polynomial-time algorithm for 

tree graphs was designed to solve CCP instances on general graphs. The greedy 

heuristics consistently provided quality solutions in a minimal amount of time. The 

metaheuristics provided higher quality solutions than the greedy heuristics with simulated 

annealing consistently providing the best solutions. Metaheuristics can be reliably used 

to find good quality solutions to the CCP. Another avenue of solution that can be 



investigated to find near-optimal solutions is linear relaxation of the IP formulation with 

strong cutting constraints. Such an approach would yield lower bounds on the problem, 

and would give us a fractional solution from which a rounding procedure could be 

applied to give us a feasible solution. This solution could then in turn be used as a 

starting point in one of the metaheuristics developed in Chapter 5 to provide a good upper 

bound for the problem. 

There are several extensions to the problem that still need to be investigated. One 

practical constraint would be a capacity limitation of each facility. In an optimal solution 

to the CCP with capacity limits, the set of nodes covered by a facility is not necessarily a 

convex set around the located facility as in the problem without capacities that we 

studied. Another interesting and applicable variation would be varying types of facilities 

that offer different covering radii for different costs. The optimal solution would include 

which facilities are selected as well as the type of facility located at that node. 
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