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Chapter 1 

INTRODUCTION 

This dissertation describes a mathematical study of the growth and division of the 

bacterium Bacillus subtilis. This rod shaped, gram positive bacterium has been the 

subject of intense study for the past fifty years. These studies have ranged from the 

purely experimental to the purely theoretical. Xone-the-less. there are many as yet 

unresolved questions about its life cycle. 

Although much work has been done in which researchers have used mathematical 

techniques to model bacteriological experiments, there have not been many attempts 

to use what we believe to be perhaps the most useful set of tools, those of modern 

probability. Furthermore, because of the tremendous advances in our knowledge of 

the molecular biologj' of bacteria, we believe that the time is right to combine this 

bacteriology' with probability theory. 

We will combine these disciplines by building models based on information about 

the life cycle of a bacterial cell, and analyzing these models with the techniques of 

Markov process and martingale theory. There will be two general classes of models. 

Those of the first class make assumptions about growth and division and predict 

length distributions. Those of the second class predict the distribution of a mutant 

cell called a minicell within clones of bacteria. We have also done experiments with 

which we will then compare the analysis of these models. Together, the models and 

the data will allow us to study various hypotheses about the bacteria. 

The purpose of the study is twofold. First, there are specific biological questions 

which we would like to answer. These are questions about the giowth and division 

rates of this bacteria. We would like to know, for instance, how (and. in fact, if) 

these rates depend on the length and the age of the cell. Another specific question we 
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attempt to answer is whether or not successive divisions of the bacteria are statistically 

independent, or if information about one division provides clues as to the product of 

further divisions. 

The second purpose of the study is to exemplify the power of using a model which 

is built around information about the individual. As we shall see. traditional modeling 

studies of bacteria use population level assumptions about growth and division. These 

types of assumptions are not as natural as they were thirty years ago when this theory* 

was developed. The last thirty years have seen tremendous advances in the field of 

molecular biology*. Biologists are now able to provide detailed information about the 

genes, proteins, and active processes inside an individual cell. In response to this, 

there are tremendous gains to be made by the modeler by considering models based 

on this individual information. 

1.1 Biological Background 

Before we begin a discussion of the biological background, a quick explanation of the 

conventions used in describing genes and proteins may be helpful. We will use italics 

when referring to a gene, for example minC. and non-italicized type for the proteins 

for which these genes code, such as MinC. Furthermore, when describing mutants, 

we will use the convention that a superscript +. such as minC~. indicates an above 

normal number of copies of the gene, while a superscript —. such as minC~. indicates 

no or fewer copies of the gene. 

1.1.1 The Growth Rate of an Individual Cell 

It is an widely accepted biological assumption that populations of bacterial cells 

with ample resources grow exponentially. This is simply the statement that one cell 

becomes two, which become four, and in turn become eight, and so on. Furthermore. 
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this Eissumes that these divisions, at least on the average, occur on some regular time 

scale. 

Each cell has its own genome, so the chromosome of the original cell must also 

double, quadruple, and octuple over the same time course. That is. the amount 

of DNA in a population must also grow exponentially with the same growth rate 

as that of the cell number. In fact, so must the mass of all cellular components. 

However, this only need apply in the long term, and on the average. That is. over 

the course of a cell doubling, all cell matter must double as well, but this does not 

imply that this material must grow in a smooth exponential manner. Production of 

some proteins may fluctuate in a periodic manner during the cell cycle. For example, 

the concentration of the protein FtsZ has been show to oscillate during the cell cycle 

[19]. [46]. 

Thus, an essential (and as yet unresolved) question concerns how the rate of 

growth of an individual cell changes as a function of its size. By the growth rate of 

the cell. I mean the function \ '{x) such that cell size. x. between divisions is described 

by the equation 

This question of what form the growth rate of individual bacterial cells takes is 

an old one. Early experimental studies include Ward [43] who in 1895 observed 

steady exponential growth of Bacillus ramosus. and Bayne-Jones and .\dolph [4] who 

observed exponential growth in Bacillus rnegaterium. However, such straightforward 

experimental studies are difficult because of the small size involved and the need to 

make accurate, continuous measurements of the cell size. 

.A.nother approach to the problem is to find a mathematical relationship between 

the growth rate, the steady state length distribution of the population, and the distri

bution of birth and division sizes. Finding such a relationship allows one to compare 

experimental data with hypotheses about growth rates. The first such relationship 
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was found by Collins and Richmond [5]. The Collins and Richmond equation is dis

cussed below, however. I will mention some results obtained through its use. Collins 

and Richmond [5] and Har\-ey. Painter, and Marr [21] both found a growth rate which 

could be approximated to second order by I'ix) = a{x — b){c — x) in Bacillus cereus 

and Escherichia coli respectively. This implies that small cells grow in an exponential 

manner. However, as the cells reach longer lengths, the growth rate slows down. This 

may not be entirely unexpected. Growth in longer cells may be made more difficult 

by the need of cellular material to diffuse a long distance. 

1.1.2 Division in Bacterial Cells 

In addition to the growth rate, another piece of information about the life cycle 

of bacteria in which one might be interested is the rate at which they divide. In 

order to successfully reproduce, bacteria must ensure that the process by which they 

divide is accurate, both temporally and spatially. Temporal accuracy is required 

so that division occurs only when the chromosome has duplicated and separated. 

Spatial accuracy is necessary to ensure that both daughter cells receive a copy of the 

chromosome, and a roughly equal proportion of the cytoplasm. Numerous studies 

have shown that rod shaped bacteria, such as Escherichia coli and Bacillus subtilis 

have solved this problem. Data of the size at division of wild type bacteria show a 

coefficient of variation (defined to be the standard deviation divided by the mean) of 

10%. while age at division has a coefficient of variation of 209c [37]. How these bacteria 

(and all prokaryotes) perform this task is unknown. However, we are beginning to 

know what the pieces of this puzzle are. and how they fit together. 

1.1.3 Minicells in Escherichia coli 

If the cell does in fact exert control over the division process, that control must 

be somehow mediated genetically. This is. after all. how all information is passed 
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from generation to generation. Some of the first evidence that bacterial division is 

under genetic control came from experiments in which mutant cells with damaged 

DXA were shown to be unable to accurately divide. One important class of mutation 

is called the minicell phenotype. Bacteria exhibiting this phenotype produce small 

spherical, anucleate cells. If all divisions gave rise to minicells. the mutation would 

be lethal, however, mutated strains have been produced in which only 20% - 50% of 

the divisions result in minicells. 

The minicell phenotype was first seen in the bacteria E. coli by Adler et al [1]. 

Minicells were quickly realized to have properties which made them useful for studying 

E. coli. For example, their lack of chromosomal DXA made them useful tools for 

identifying plasmid-encoded polypeptides. 

It was twenty one years before the locus which is responsible for this phenotype was 

isolated and initially characterized [10]. The locus was called minB. and was shown 

to contain three genes for separate proteins. minC. minD. and minE [11]. These 

three genes have been shown to work in the following way [11]. The gene products of 

minC and minD work together as a global division inhibitor. This is deduced from 

the observation that cells with functional MinC and .MinD protein, but without MinE 

form long, non-septate filaments. That is. in these cells. MinC and MinD suppress all 

division resulting in a single, extremely long cell. On the other hand, cells which do 

not have MinC or MinD show the minicell phenotype. This implies the existence, in 

every cell, of three potential sites of division; one in the center and one at each pole. 

In these minC~.minD~ mutants, division at all three of these sites are allowed to 

proceed. 

The role of the third protein. MinE. is to add topological specificity to this division 

inhibition. In other words. MinE prevents the MinC MinD inhibitor from interfering 

with normal central divisions, but allows it to prevent polar division which would 

result in minicells. This model of MinE as topological specificity protein is con

sistent with two observations. First, when MinE is added to the above described 
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minC^minD^minE~ filaments, normal division resumes. Second, cells with above 

physiological concentrations of MinE again show the minicell phenotype. This reflects 

an excess of the "inhibition-inhibitor". MinE. 

While this model is widely accepted, it is not understood how the MinE protein 

works. There are two possible models for how MinE imparts topological specificity 

[11]. The first model supposes that MinE interacts with the central division site, 

thereby preventing the MinCD inhibitor from doing its job. The second model pro

poses that the MinE protein instead interacts with the MinCD complex, and acts as 

a "pilot". guiding it to the polar division sites. Recently two groups have published 

conflicting data on this subject. The research of Zhao et al [47] supports the first 

model, while that of Pinchoff et al [32] supports the second. Further evidence for the 

first model was provided by Huang et al [22] who used a yeast two-hybrid system to 

show that there is no interaction between MinC and MinE. and a ver\' weak interac

tion between MinD and MinE. It is safe to say that the jury is still out on which of 

these models best describes the actual biolog\'. 

Many other genes have been found which play an essential role in the division 

process. Another very important protein is FtsZ. FtsZ self assembles into a ring 

structure at the site of division [2], and has been shown to be a genetic [16]. and 

structural [17] homolog of the eukaryotic protein tubulin. FtsZ is present at the 

leading edge of the invaginating septum throughout division, then disappears back 

into the cytosol after division [3]. This cytoskeletal-like protein is a GTPase [12]. and 

is thought to be responsible for cytokinesis, perhaps in concert with a prokaryotic 

version of kinesin or dynein. In addition. FtsZ has been shown to polymerize in vitro. 

forming sheets, polymers and rings [17]. These properties have led to the hypothesis 

that FtsZ may act as a contractile cytoskeletal protein. 

Another role of FtsZ may be to mediate the coordination of nucleoid separation 

and septation, or building of a septum between dividing cells. It has been shown 

that in the absence of FtsZ. both events are similarly retarded [14]. This and other 
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observations lead researchers to suggest that these events are regulated by the rate of 

FtsZ synthesis. Adding support to this hypothesis is the fact that expression of ftsZ 

oscillates during the cell cycle [19]. [46]. It has also been found that the FtsZ coupling 

of separation and septation is independent of other division proteins, including the 

minB gene products [14]. 

Another essential division protein is ZipA. which is a recently discovered integral 

inner-membrane protein [20]. It also forms a ring during the division process, and 

binds to FtsZ. It is thought that this is responsible for holding the constricting FtsZ 

ring to the bacterial membrane. Like FtsZ. ZipA leaves the division site soon after 

completion of division, and disappears into the cytosol. It is interesting to note that 

the FtsZ gathers at the future division site and forms the ring very early in the 

division process. Studies show that over 909c of cells in a population have a ZipA 

ring at mid-cell. The ring forms well before the onset of cytokinesis [20]. 

There are other genetic loci on the E. coli chromosome that are essential for divi

sion includingftsl. ftsZ. ftsL. ftsW. ftsN. and ftsK [36]. However, understanding 

of the above primary proteins will be sufficient for the experiments described herein. 

1.1.4 Minicells in Bacillus subtilis 

Because of its historical role as a laboratory workhorse, many of the initial discoveries 

about bacterial genetics were first found in E. coli. However, analogous results have 

often followed soon afterward in the gram positive, rod shaped Bacillus subtilis. There 

are important differences between the two bacteria. One difference is the fact that 

B. subtilis is able to form spores. Thus, a mechanism exists such that in certain 

conditions, wild-type cells produce polar divisions. One would thus expect differences 

in the machinery of E. coli and B. subtilis. There are also remarkable similarities. 

Xot long after Adler et. al. discovered the minicell phenotype in E. Coli. the same 

phenomenon was found in B. subtili [33] by Reeve and coworkers. An important 
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distinction was that in B. subtilis. there were found two distinct loci which when 

mutated produced a minicell phenotype. These were called divIV-Al and divIV-

Bl. Later it was discovered that the divIV-Bl locus contained homologs to the E. 

coli genes minC and minD. but not minE [26] . [41]. Like the MinCD complex, 

overexpression of the divIV-Bl gene product leads to a non-septate filamentation 

phenotype. and underexpression leads to minicells. 

One realizes that there must also be a mechanism that lends topological specificity 

to the division inhibitor. Recently it has been found that this is the responsibility 

of the divIV-Al gene product [13]. In this case the E. coli and B. subtili proteins 

are not homologs. the DivIV-Al and MinE proteins do not show a significant amino 

acid similarity. However, they do play the same role in the division process. In this 

case, inactivation of divIV-Al results in minicelling. and overexpression results in 

filamentation. This would indicate that Divl\'-Al may act as in the second model 

described above. That is. it somehow behaves as a pilot, leading the division inhibiting 

DivIV-Bl proteins to the polar sites. As suggested above, the difference between the 

E. coli and B. subtilis division systems may have to do with the ability of B. subtilis 

to form spores. It has been reported that Divl\'-Bl~ cells sporulate at approximately 

wild-type frequency, the ability of divIV-Al mutants to form spores is greatly reduced 

[13]. 

Other division proteins are conserved across these species. FtsZ have been found 

in B. subtili, and appears to work in the same way as in E. coli. Interestingly, it 

not only appears to localize at the central division site during vegetative growth, 

but also forms rings at both poles during sporulation. However, one of the two rings 

disappears early on in the sporulation process, leaving only the ring on the side where 

the spore forms [42]. 
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1.1.5 Unanswered Questions 

Despite the recent explosion of information, there are many important unanswered 

questions. Perhaps the most compelling is how the cell finds its middle for a central 

division. Many researchers have suggested the existence of a "topological marker". 

This would be a protein located at mid-cell which directs the division machinery to 

the proper place. This only puts the question off. How does the topological marker 

end up in the middle of the cell? For example. ZipA is a current candidate for the 

position of topological marker. However, we know that ZipA collects at the central 

division site ver\' early in the division process, but do not know how it "knows where 

the middle is. 

There have been many models proposed to explain this phenomenon. Here is 

a brief description of three classical models. The first model is the "plasmolysis 

bay" model. In order to outline this model we must also describe structures called 

periseptal annuli. These are rings about the circumference of the cell in which the 

cytoplasmic membrane and peptidoglycan layer are in contact. Plasmolysis bays, 

or localized regions of periplasm bordered by zones of adhesion between the plasma 

membrane and the cell wall [8]. are observed to be linked to these annuli. The 

observation which leads to the hypothesis of this model is that a large percent of 

such bays occur at the center of non-dividing cells, and at the one-quarter and three-

quarter point of dividing cells. As the one-quarter and three-quarter points are the 

future division sites of the next generation, it is hypothesized that the periseptal 

annuli from the old site replicate, and then migrate to the new division site [6]. 

A second model is the 'nucleoid occlusion model". The basis of this model is the 

observation that cell cannot divide through the nucleoid. Evidence for this model is 

provided by experiments which have been performed on E. coli dna\{Ts) mutants 

[44]. These cells form long filaments with large regions containing no DXA. It is seen 

that in these filaments there is a reduction of peptidoglycan synthesis in the region 
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around the nucleoid. It is hypothesized that this is due to a factor given off by the 

nucleoid. This would have the effect of preventing the cell from dividing across the 

chromosome. Once the nucleoids have separated, the cell is able to divide between 

them. [31]. 

A third model for the process by which a cell chooses a division site is the "central 

stress model". This model is based on the observation that the two layers of the 

bacterial wall are growing at different rates, causing a stress between them. This 

stress reaches a peak at the center of the cell, thereby marking the place for division 

[24]. 

Another set of unanswered questions has to do with temporal control of division. 

For example, is there a minimum age at which cells are able to divide? 

Finally, a question which has not been addressed in the literature is at what level 

are successive divisions of bacteria dependent? These are all questions to which we 

feel a probabilistic approach will be helpful. 

1.2 Mathematical Background 

As mentioned above, one can test hypotheses about the growth rate of bacteria by 

finding a relationship between the growth rate, the steady state length distribution, 

and distributions of the length of cells at birth and division. The first such relationship 

was discovered in 1962 by Collins and Richmond [5]. This has continued to be the 

most widely used, if not the only, such equation. 

1.2.1 The Collins and Richmond Equation 

Collins and Richmond introduced the following equation to describe the length distri

bution of bacteria growing in steady state. The steady state is what biologists would 

call "'log-phase". There are three distributions needed to describe the population. 

1. uj{x) is the density of size of cells at birth. 
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2. 0{ x )  is the density of size of cells at division. 

3. A(x) is the density of the present size of cells. 

The Collins-Richmond equation is 

r ( x )  =  ̂  r [ i L i S )  -  o { e )  -  \ ( e ) ] d e  
A(j:) 7O 

( 1 . 2 )  

where k  is the rate of growth of the population, and V { x )  is the growth rate of cells 

o f  s i z e  X .  

This equation can be derived in the following way: The rate of change of number 

of cells less than size x is given by 

where .V denotes the total population size. This rate is comprised of three separate 

components. First, is the rate of birth of new cells. The population grows when a 

single cell divides resulting in two new cells and a total increase of one cell. Thus, 

new cells are born at twice the rate that the population grows. Therefore, the rate of 

birth of cells with size less than x is 

Cells divide at a rate equal to the rate of growth of the population, so the rate at 

which cells of size less than x are lost due to division is 

Finally there is the rate at which cells grow larger then size x. This is given by 

(1.4) 

(1.5) 
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N X { x ) \ ' { x ) .  (1 -6 )  

and can be justified as follows; Assuming that the growth rate of cells of size x is 

I'(a:), the number of cells present at time 0 which can grow in time dt to a size 

greater then x are those cells in the interval (x — l'(x}dt.x]. The number of cells in 

this interval is .VA(x}V(x)dt. and thus the rate at which they grow to size greater 

then X is as given. By setting equation (1.3) equal to the three components of which 

it is comprised. (1-4). (1.5), and (1.6). we find the Collins and Richmond equation. 

One advantage of the Collins and Richmond equation is the simplicity with which 

it can be analyzed. One can differentiate the integral equation to see the ordinary 

differential equation 

Thus, given a set of assumptions about cellular growth. o ( x } .  u ( x ) .  k .  and r(x). 

"analysis" could not be easier. 

Another advantage of the Collins and Richmond equation is that it can be in

tuitively understood as a combination of four effects. The equation says that the 

distribution. A(x). will be larger at lengtiis where the growth rate. l'(x). is lower. 

This is to say that cells will remain for longer times at lengths at which they grow 

slowly. Second, the distribution will be larger at typical lengths of cells at birth, or 

where ti;(x} is large. Third, the distribution will be small at lengths where many cells 

divide, or when o(x) is large. Finally, because exponentially growing populations 

have more young cells than old cells, longer cells (which tend to be older) will have a 

lower representation in the distribution. 

^^[t'(^)A(x)] = 2f(x) - o(x) - A(x). (1.7) 

This can be solved with a integrating factor. 
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The chief disadvantage of the Collins and Richmond approach is that the modeling 

is done at the level of the population rather than at the level of the individual. 

Molecular biologists, on the other hand, are able to provide us with information 

about what processes are going on inside individual cells. This information is in 

terms of genes, proteins, and their functions. These do not lead us to population 

l e v e l  a s s u m p t i o n s .  A s  a n  e x a m p l e ,  c o n s i d e r  t h e  B a c i l l u s  s u b t i l i s  m u t a n t  d i v I V  —  B l  

described above. Recall that approximately one-third of divisions in cells without a 

functional divIV — Bl gene take place at the pole instead of in the middle. Assume 

that one knew that the distribution of division lengths in the wild type was normal 

with mean // and variance a-. What would the distribution of division lengths be 

in the mutant? If the growth rate of the wild type population was k. what is the 

formula for the growth rate of the mutant population? 

As an alternative to the Collins and Richmond equation, one would like to build 

a model based on our knowledge of the behavior of an individual bacterium. This is 

the project which we now undertake. We will build individual based models, that is. 

descriptions of the life cycle which do not depend on distributions of events such as 

o(j) and but instead depend simply on a growth rate and a division rate. 

1.3 Experimental Procedure 

In order to test the models developed in this dissertation, we will compare the steady 

state length distribution derived from the model with experimental data. These data 

take the form of steady state length distribution of populations of the bacteria Bacillus 

subtili. Two wild type strains were studied, strain 1085. and strain FJ7. In addition, 

a mutant strain, RHX. which exhibits the minicell phenotype was studied. This is a 

mutant with a defect in the divIV — Bl gene described above. 

In order to determine the length distributions, cultures were grown on agar plates. 

Samples were taken from the agar with a toothpick and transferred to a 20m/ solution 
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of TB [29]. The population was allowed to grow at room temperature (23° C) with 

25 rpm shaking until the population was in log phase: this period of time was from 

eight to 10 hours. Samples were then taken with a micropipette. and allowed to dry 

on a glass microscope slide. The cells were heat-fixed to the slide, and dyed with 

crystal violet. Cells were viewed with a Wild M20 phase contrast microscope and 

photographed. Length measurements of individual cells were then made from the 

photographs, and benchmark scaling was used to convert the measured lengths to 

true length. 

1.4 Outline 

The remainder of this dissertation will proceed as follows: In chapter 2 we will discuss 

models of wild type bacteria. In these models we will specify a growth rate and 

a division rate. We will derive an ordinary differential equation, with which we 

will turn these assumptions into a prediction of the steady state length distribution. 

This equation will be non-local, that is the derivative of its solution will depend 

on the value of the function at a distant point. Such equations are not commonly 

studied, however we will be able to find a unique solution to our equation by using 

the biologically natural as.sumption that the length distribution of the population is 

compactly supported. 

By comparison with experimental data we will see that the simplest possible 

assumptions about growth and division rates lead to realistic predictions about steady 

state length distributions. We will then be able to show that the type of assumption 

which is conventionally made when using the Collins and Richmond approach leads 

to results which are not biologically sensible. Finally will will make predictions about 

the steady state distribution of length of cells at division. 

In chapter 3. we will build models which describe bacterial strains which have 

the minicell phenotype. We will see that the ordinary differential equation based 
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models used in chapter 2 are not adequate for describing these strains. Instead, we 

will see that in order for our model to accurately describe the steady state length 

distribution, division must be a function not only of length, but also of age of the 

cell. This leads to models which, when analyzed, lead to MacKendrick type partial 

differential equations. In order to solve these partial differential equations we will 

be required to develop a combined Monte Carlo - analytic technique. These partial 

differential equation models will describe the qualitative difference observed between 

the length distribution of wild type and minicell strains. We will then be able to 

use our equation "in reverse" to predict the steady state age distribution of the 

population. 

In chapter 4. we will present a different approach to studying the division of 

minicell producing mutants. We will use data on the fraction of minicells in many 

linear clones of cells to ask whether or not successive divisions are independent, \^'e 

will show that they are not. In other words, we show that if a division results in the 

production of a minicell. this event will affect the outcome of successive divisions. 

Finally, in chapter 5 we will draw conclusions about the work, and suggest avenues 

for further study. 
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Chapter 2 

MODELING WILD TYPE BACTERIAL CULTURES 

In this chapter we begin our study of individual based models of bacterial growth and 

division. Although our true interest is in modeling minicell producing mutants, we 

begin by developing methods for studying cultures of wild type bacteria. We start 

with the wild type for two reasons. First, of course, they are simpler. There are fewer 

processes which need to be modeled. Furthermore, we feel it is necessar\' to convince 

ourselves that we can model the wild type before moving on to more complicated 

mutant strains. The second reason we start with the wild type is that it is the wild 

type which has been traditionally studied using mathematical models. Since we wish 

to compare our results with previous studies, this is clearly the place to start. 

The program we will follow is to use the techniques of probability theory to turn 

assumptions about the behavior of a bacterium into an equation for the steady state 

length distribution of a population of cells. We will show that the model, equipped 

with the simplest possible biologically realistic assumptions, does a nice job of fitting 

experimental data. We will discuss convergence of the population to this steady 

state distribution, and finally we will compare the equation we derive to the Collins 

and Richmond equation. This comparison will allow us to predict the distribution 

of length of cells at birth, and show that the typical assumptions made about this 

function in tradional studies are not biologically realistic. 

2.1 Deriving an Equation for the Steady State 

In order to make an individual based model, we must describe two processes: growth 

and division. We model growth in the same way as in the Collins and Richmond 

framework, by a growth rate I (x). Again, this means that between divisions, cells of 
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length X  grow according to 

i: = r(x). (2.1) 

We also have to specify the rate at which cells divide. This will be modeled using 

a hazard function. u{x). This is defined 

u { x )  = lim —P[cell divides in time interval [ t .  t  +  A t ] \  it was length x  at time ^]. 
At->o Ai 

(2.2) 

i>{x) is thought of as the rate of division of a cell of length x. 

Finally, we assume that upon division a cell is equally divided between its daugh

ters. While this is a simplification, it is one which could be easily relaxed. Further

more. for many rod shaped bacteria including B. subtilis. it is a good approximation. 

[27] 

2.1.1 The Historical Process 

Because we wish to compare our results with experimental observations of the whole 

population, we cannot take our stochastic process to be the length of a single cell. 

This is because an exponentially growing population will always have more young cells 

than old cells. Although we can predict the fraction of its life a bacterium spends in 

a given interval of lengths, {x. x -I- Ax), this distribution will not be the same as what 

is observed when viewing a population, .\nother way to understand this difficulty 

is to consider that while the lengths of a population of cells can be considered an 

identically distributed set of stochastic processes, they are not independent. 

Instead, we define a stochastic process which represents the lengths of the all the 

cells in a population of bacteria. Thus, at time t the process will record the length 

of each cell in the population. The most obvious way to do this would be to model 

the population as a vector in . That is. take the process to be (A'l.-Vo.A'a ). 

where each A'i is a different member of the population. One could take A'l to be the 
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original member, A'2 and .V3 to be the daughters of .Yi. and so on. The difficulty 

which quickly arises is that it becomes very difficult to keep track of the relationships 

between different cells. For example, in this scheme, who are the daughters of cell. 

V -»• 104 • 

Another way to set up such a process which avoids this difficulty is as a historical 

process. 

H  : Q x  R - ^  (2.3) 

where T  is the set of all possible life histories of the population, or trees. In this 

scheme, we index the population using the subscript e. That is. A'e is the length of 

the bacteria identified by e. and e is a string of zeros and ones, defined recursively; eO 

is the left daughter of e. and el is the right daughter. Thus, xuo is the left daughter 

of the right daughter of the right daughter of the original cell. See Fig. 2.1 for an 

example. 

FIGURE 2.1. .A. "family tree" of the first four generations of a bacterial colony, indexed 
with the historical process scheme. 

This is a Markov process, and so is characterized by its infinitesimal generator. The 

generator is defined to be 

G F [ x )  =  Um ^ ^ E , [ F [ H { t  ̂  M ) )  -  F { H { t ) ) ]  
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where x 6 Let = P[cell indexed by e  divides in time [ t .  t  + Ai]]. and let be 

the member of which is 1 in the e"* component and 0 otherwise. Thus. 

G F i x )  =  j i m ^ ] ^ ( 1  -  P , )  X  F  ^  V ( x , ) e ; A ^ j  

+  P e F  ( x  +  ̂ x,e,o + - x,e,^ - F(x) +o(Ai-) 
e 

(2.4) 

= hm — 
A i - » 0  A t  11(1-^^ 

d  
F i x )  +  ^ F { x ) V { x , ) A t  +  o i ^ t ' )  

+  p e f  {  x  + ^x,e,o + - x ^ e ^  ) - F(x) + o(Af-) 

Then, since P^ = i^(xj + o{At'-). we have [7^(1 - ^ fe + o { A t ^ ) .  and it 

follows that 

G F { x )  =  lim ^ 
^ ' At^O At 

d  
F i x )  +  J 2  ̂ F ( x ) \ - ( x , ) A i  -  Y ,  P ^ F i x )  

+  ^  P f F  ^ x  +  ̂ X f e . o  +  ̂ x . C e i  -  X f g , ^  -  F i x )  +  o { A t - )  

= ^ ̂ r(x,)^F(x) + i/(xj F(x + ix,(e,o + p.i) - AeJ - F(x) ^ . 

i.o 

The historical process has the advantage that one can work with it easily. The 

computation of the generator is straightforward. However, in some sense, it contains 

much more information then we need. When measuring a steady state length distri

bution. the experimentalist does not know the relationship between various cells: who 

is the daughter of whom, and so on. For this reason, we will be better off considering 

a measure valued process which is defined in a natural way from the historical process. 
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2.1.2 The Measure Vadued Process 

We now define a measure valued historical process, which at time t  tells us the dis

tribution of cell lengths in the population. It is a process 

which at time t  defines a measure on R ~ .  The simplest way to define this process is 

as the empirical measure valued process 

where 6 { x )  is the Dirac delta function. In words, at time t  the measure of a set 

.4 C R'^. is the number of cells in the population whose length is in the set .4. 

Clearly this defines a measure on R^. and furthermore, since the joint distribution of 

any set (A'fi, A'^^, ... } is exchangeable, we know that this empirical process is a 

Markov process [15]. We will denote the generator of this Markov process G. 

In order to derive the steady state length distribution, we make the following two 

assumptions. The first assumption is that a population of cells with ample resources 

grows exponentially. The second is that during this "log-phase" growth, the length 

distribution reaches a stationary distribution. In other words, as the population 

grows, the empirical length distribution converges to a steady state length density. 

These two assumptions are phrased as the following conjecture. Note that the 

derivation of the Collins and Richmond equation implicitly assumes the conjecture to 

be true. In section 2.3 we will also provide numerical evidence that this conjecture is 

true. 

Conjecture: Let fit be the empiracle measure valued process. Let f { x )  be a function 

of compact support such that /(O) = 0. Let < >= >= 

f  f { x ) d X { x ) .  Then there exists k  > Q  and probability density A(x) such that for all / 

H t  : C l  X  R  - >  M { R ~ )  (2.6) 

(2.7) 

A(x). 

e x p { - k t )  <  f . f i t ,  > = > <  /. A > . (2.8) 
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Xext. we will use this conjecture along with two facts about Markov processes. 

The first fact is that if Xt is a Markov process with generator G. then {t.Xt) is a 

M a r k o v  p r o c e s s  w i t h  g e n e r a t o r  { d / d t  +  G ) .  

The second fact is that for any / G D { G ) .  

/(AM - ̂ GfiXMs (2.9) 
J o  

is a martingale. Together, these imply that 

is a martingale. Thus, taking expectation with respect to the steady state distribution 

A implies 

(|- + g)  e-^^- <  f . \ > d s  =  0. (2.11) 

It is this statement from which we will finally derive the equation satisfied by the 

steady state length distribution. First note that (2.11) is equivalent to 

f e-'"' i-k < /. A > +G < /. A >)d.s = 0. (2.12) 
Jo 

Because we have assumed that X { x )  is independent of time, this implies that 

- k  < /. A > +G < /.A >= 0. (2.13) 

Furthermore, if we take F { x )  =  ^^'here f { x )  has compact support and 

/(O) = 0. then it follows from equation 2.5 that 

G </.//,> = = G F { x )  

— < \ f • 1/2 — > • (2.14) 

where we have let f i / 2  = f { x / ' 2 ) .  Therefore, as a consequence of our conjecture 

G < /. A >=< I /'. A > + < ~  f ) -  ̂  > (2-15) 
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Combining equations (2.13) and (2.15). and letting f-2 = f{'2x) gives us 

- k  <  f . X  >  +G < /. A >=< /. - k X  -  (TA)' + - u X  >= 0. (2.16) 

Since tliis must be true for all /. A(x) must satisfy the equation 

^[r(x)A(x)| = A u ( 2 x ) X { 2 x )  -  (i/(x) + k ) X { x ) .  (2.17) 
a x  

We will call this equation the (Kolmogorov) forward equation. 

2.2 Solutions of the Equation 

To solve the equation, we will next make two assumptions about individual growth 

and division which are consistent with observable bacterial behavior, and solve the 

forward equation using these assumptions. 

The first assumption is that i y { x )  has the form u { x )  =  H ( x  -  x q )u { x )  where H ( x )  

is the Heaviside function which is 0 for j: < 0 and 1 for x > 0. This means that there 

is a minimum size at which cells divide. It is consistent with the fact that populations 

of cells have a minimum observed cell size. Xo/2. 

Next, we will assume that l'(j:) has compact support. That is to say. there is 

a maximum size. x,„, such that cells of this size or larger are capable of growth. 

In other words, outside of some region. [xo/2.x^]. the function \'{x) is identically 

zero. Because all bacterial cultures have a maximum length, this assumption is quite 

general, as we could always take Xm to be larger then the largest cell length observed 

in the population. 

The forward equation is a linear, first order, ordinary differential equation. What 

makes solving it difficult is the non-local term. i/{2x)X{2x). However the fact that 

V{x) has compact support implies that A(x) has compact support on the same inter

val. We use this fact to overcome the non-locality by building up a solution backwards 

as follows. 
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To demonstrate the method of solution we will assume that Xm t (2xo.4xoj. This 

is only for the sake of exposition, and we can easily generalize to the case of Xm 7^ 4x0-

Furthermore, in the case of the B. subtilis wild type. Xm ~ '2xq. 

On the region x  € [2xo,42:o], we know that 2 x  >  4x0. and thus A(2x) = 0. The 

equation simplifies to 

- ^ [ V' ( x) A3(x) ]  =  - { u { x )  + A:)A3(x) (2.18) 
a x  

which is local and has solution. 

\ \ ^ f  \ ' { u ) + D ( u )  +  k  ^ f n  ^ n \  
X :i{ x )  =  C3 exp \ ^ -  I du j (2.19) 

On the region x  E [xo,2xo], we have 2x € [2xo.4xo] and thus we have already solved 

for A(2x). The equation, which is again non-local is now 

^[r(x)A2(x)] =  4/>(2x)A3(2x) -  { u { x )  +  k ) X . , ( x ) .  (2.20) 
a x  

This has solution 

A2(X) = 4 exp ( - ̂  ^ r(u^)"^ ^ ^ {-/: 

f 
(  r  V ' { u )  +  u { u ) + k  \  

d u  

Finally, on the region [xo/2. JQ] the equation is 

^[r(x)Ai(x)] = 4i^(2x)A,(2x) - k X , { x )  (2.22) 

which has solution 

(  r  /"exp 
Ai(x) = 4 exp - / d u  /  i/  d u  

V J x o / 2  ^  ( " )  J  7x0 ^  ( " )  

f r v' { u )  +  k  \  
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Notice that there are three constants. Ci.Cv. and C3. and four conditions which 

need to be met: A(xo/2) = 0. continuity at x = XQ. continuity at x = 2xo. and 

\ { x ) d x  =  1. Thus, we choose k  in order to meet one of these conditions. That is. 

by selecting a growth rate and a division rate for individual cells, we are implicitly 

specifying the growth rate of the population. 

In general, if we assume that for some n > I. the compact support of \ and 

thus A(x). lies on the interv-al [xo/2. 2"xo]. we will have to solve the equation on the 

N + 1 separate inter^-als. [xo/2. XQ], [XQ. 2XO] [2"~'xo. 2"xo]. On the last interval the 

equation will be local because 2x will lie off of the support of A(x). forcing A(2x) 

to equal 0. Thus we can solve the equation on this interval. Then we will work 

backwards, solving the equation on the interval, then the (n — 1)"" interval and so 

on. When solving for x in the i"* interval. 2x will be in the {i + I)"' inter\-ai. and thus 

we will already have the solution for A(2x). making the equation local and allowing 

us to solve it. 

In this general situation, we will have n + 1 constants of integration, and n  +  2  

conditions to be met. We must have continuity of A(x) at the n places where the 

intervals meet. A(xo/2) must equal 0. and J X{x)dx must equal 1. Therefore we will 

use k in order to meet one of the conditions. Thus, although we can solve the equation 

for any k. a growth rate l'(x) and division rate u(x) uniquely specifies the growth 

rate of the population. 

2.2.1 Modeling a Wild Type Strain 

To test the accuracy of the model, the the steady state length distribution of a popula

tion of Bacillus subtilis was experimentally measured. It was then tested whether the 

solution of the forward equation could be used to accurately describe the population. 

The histograms of Bacillus subtilis strain 1085 was measured using the experimental 

method described in the introduction. 
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To match the solution of the forward equation to the experimental data we first 

choose a form for the functions i^{x) and I (x). We wish to make these functions as 

simple as possible while still maintaining biological realism. For u{x) this means that 

w^e want the function to have the form u{x) = H{x—xo)C'{x). and to be non-decreasing. 

As mentioned above, we wish the rate of division to have this form because we believe 

there to be a minimum size at which cells are capable of division. This is consistent 

with the obser\-ation that cultures have a non-zero minimum size. We want iy(x) to be 

non-decreasing because a decreasing u{x) would imply the biologically unrealistic fact 

that longer cells divide at a slower rate then short cells. It may be worth clarifying 

the sense in which this is meant. Imagine we have two groups of cells. All the cells in 

the first group are of length x fim. and all the cells in the second group are of length 

X + e nm. where e > 0. Then, we want to ensure that the rate at which the cells of 

the first group begin to divide is less than the rate at which the cells of the second 

group do so. 

Consistent with these requirements, we choose 

u { x ]  ^  3 H [ x  -  x ^ ) .  (2.24) 

Note this is also consistent with the experimental fact that the distribution of dif

ference in generation times between sister cells is exponentially distributed, as is the 

distribution of fraction of cells undivided time t after birth [25]. 

Next we must choose a form for V(x). There are three properties we desire for 

this growth rate. First. \'ix) has compact support. Second, growth of shorter cells 

is nearly exponential. Third, the growth rate slows for longer cells. The latter two of 

t h e s e  p r o p e r t i e s  a r e  b a s e d  o n  e x p e r i m e n t a l  o b s e r v a t i o n .  T h e  s i m p l e s t  c h o i c e  o f  \  ' { x )  

which satisfies these requirements is 

V'(x) = a(x - 6)(4j:O - x). (2.25) 

for X  G (6,4xo), and 0 otherwise. This choice of \ ' { x )  is similar to what has been 

observed in previous experiments [21]. [28]. 
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There are three parameters to be fit: X q , the minimum size cell which is allowed 

to divide, b, the smallest length such that l '(x) = 0. and J/a. the ratio of the growth 

rate and the division rate of cells larger than size xq. This was done, and values 

xo = 3.175. b = .1. and J/a = 34 were chosen to produce a good fit. The solution 

to the forward equation with these parameter values and the experimental data are 

shown in Fig. 2.2. A chi-squared goodness of fit test was run. and the p value was 

calculated to be p = .57. clearly showing that the prediction of the model is not 

statistically different from the observed data. 
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FIGURE 2.2. Experimental (histogram) and theoretical (smooth curve) length distri
bution of Bacillus subtilis 1085 

2.3 Convergence to Steady State: Numerical Results 

There are two questions one must ask about convergence. First, does the empirical 

measure valued process converge to the steady state distribution as we have con

jectured above, and second, at what rate does this convergence happen? The first 

question is important for obvious reasons, and the second because we need to know at 
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what point we can expect the experimentally obser\-ed distribution to be statistically 

equivalent to the steady state. In this section we will provide empirical evidence for 

this convergence and show that it occurs on a time scale which is on the order of our 

laborator\- experiments. 

In order to answer these questions, one must first decide upon a measure of con

vergence. This is made more difficult by the fact that the empirical measure valued 

process. UtiA) = f ̂  d(x — xf), is a sum of atomic measures, while the steady state 

length distribution. A(x). is a continuous distribution. 

One way to measure this convergence is to turn the steady state length distribu

tion. A. into a steady state histogram. A,. / = 1..-V. with spacing Ax. To do this. 

Also, let .\'t be the number of cells in the population at time t. and let fit be the 

histogram created by the empirical measure valued process, i.e.. let 

Xow one can compute the L'' difference between these histograms. This distance is 

given by 

This will be a function of time. To test the convergence of our population under 

this definition, we simulated a population of cells on the computer according to the 

assumptions of the model with iy(x) = 3H(x — xq) and r(x) = a{x — h){2xo — x). 

In particular we used parameter values of xq = 3. a = .25. 6 = 0. and J = 4. .Vote 

that these are similar to the parameters used to fit the Bacillus subtilis 1085 data. 

The Li distance between the empirical histogram and the steady state histogram is 

shown in Fig. 2.3. 

let 

(2.26) 

- ^ t  
(2.27) 

(2.28) 
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FIGURE 2.3. The LI distance between the empirical histogram and the steady state 

histogram 

So. we see that the in the Li norm, the empirical measure converges to the steady 

state. This is also seen by observing the empiacle length distribution and the steady 

state length distribution. These are shown in Fig. 2.4. 

However, one still must answer whether this convergence is "fast enough". The 

pertinent question is. at what point would a group of cells sampled from the popula

tion no longer be rejected by the appropriate statistical test. To answer this question, 

we did the following numerical experiment. We grew the population of cells as above, 

and at each time step drew 400 cells according to the empirical distribution. We 

binned these cells into groups of size .bfim. We then performed a chi-squared test on 

these populations, comparing them to the steady state distribution. The results of 

this experiment are shown in Fig. 2.5. 

We see that in our non-dimensional time units, we must wait until approximately 

r = 9 for the distributions to have converged sufficiently so as not to be rejected by 

a goodness of fit test. What does this mean in terms of the population? In Fig. 2.6 
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FIGURE 2.4. The steady state distribution as predicted by the forward equation and 
the distribution to which the population converged 

FIGURE 2.5. Y square statistic of empirical distribution and predicted steady state 
length distribution plotted versus time. 
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we have plotted the size of the population as a function of time. We see that at this 

point, the population is approximately 2500 cells. This means that the population 

is approximately in its ll"* generation, quite a reasonable number for experimental 

purposes. 
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FIGURE 2.6. Population size versus time. 

2.4 Solving for (f){x) 

Having found a model which describes the growth of wild type B. subtilis allows 

us to explore the difference between the Collins and Richmond equation, and the 

Kolmogorov forward equation in order to find o{x). the distribution of length of cells 

at division. This is an interesting calculation for two reasons. First, we can test 

the assumptions made by traditional studies which use the Collins and Richmond 

e q u a t i o n .  S e c o n d ,  a n d  m o r e  i n t e r e s t i n g l y ,  w e  w i l l  b e  a b l e  t o  c a l c u l a t e  o { x )  f r o m  u { x )  

and V'(a:). 

Recall that in the derivation of the Collins and Richmond equation we did not 
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assume symmetric division. However we must now make this assumption in order to 

compare it with the forward equation. This means we will take o{x) = '2o{2x). With 

this substitution, a comparison of the Collins and Richmond equation (1.2) and the 

forward equation (2.17) leads to the relationship 

• l k o { 2 x )  —  k o { x )  =  A u { 2 x ) \ ( 2 x )  —  u { x ) X { x ) .  (2.29) 

Assume that the support of A(x) is contained in the interval [O.Xm]- On the region 

[xjn/2.xm\- o{2x) = 0 and i/{2x)X{2x) = 0. Thus, the equation reduces to 

0 { x )  =  y u ( x ) X { x ) .  (2.30) 
k  

Xext. consider the region [xm!-^-Xm/2\. On this region we know that 2x e [xm/2.x,n\ 

and thus from equation (2.30) that 

o { 2 x ]  =  ̂ u { 2 x ) X { 2 x ) .  (2.31) 

Substituting this into equation (2.29) once again gives us the relation of equation 

(2.30). Furthermore, a similar argument works for any region [xrn/2"~^ j;m/2"]. 

Therefore we are able to conclude that the formula (2.30) holds for x G [O.Xm] in 

the case of symmetric division and A(x) with compact support. 

In words, equation (2.30) is telling us the following. It says that the probability 

t h a t  a  g i v e n  c e l l  d i v i d e s  a t  l e n g t h  x  i s  t h e  p r o b a b i U t y  t h a t  t h e  c e l l  i s  o f  l e n g t h  x .  

A(x). times the rate at which cells of length x divide. v{x}. divided by the rate at 

which the population is growing. 

One way to use this formula is to proceed in the tradition of Collins and Richmond. 

That is. to make an assumption about o{x). solve the Collins and Richmond equation, 

and then use equation (2.30) to find u(x). In Fig. 2.7 we have plotted the results of 

t h i s  e x e r c i s e  w i t h  o { x )  n o r m a l  w i t h  n  =  3 . 3 8 .  c r  =  . 4 0 .  a n d  \  ' ( x )  =  a { x  —  h ) { 2 x Q  —  x )  

with Xo = 3.25, b = .25. and a = .5. 

The rate of division. u ( x )  which is calculated by this process is biologically unreal

istic for a number of reasons. First and foremost, we expect i/{x) to be a nondecreasing 
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FIGURE 2.7. u { x )  calculated from an assumption of normal o { x )  

function, and this is not. In fact, according to this function, a cell which is 4.0 //m 

divides at a rate roughly 10 times faster then a cell which is 4.5 /im. Furthermore, 

since this function goes to zero, this is saying that once a cell has reached a length 

of approximately 5.0 ^m. the chances of it dividing are essentially zero! We conclude 

that choosing o{x) to be normal is not consistent with observation. 

This begs the question, if o { x )  does not have a normal distribution, by what sort 

of distribution is it described? Experimentally measuring o(x) is a difficult task. 

People have been forced to make assumptions such as normality based on little data. 

However, we are now in a position to predict o(x). We can do this by using equation 

( 2 . 3 0 ) .  T h a t  i s .  s o l v i n g  t h e  f o r w a r d  e q u a t i o n  f o r  X { x )  a n d  k .  a n d  m u l t i p l y i n g  b y  u { x ) .  

.A.S an example, we again let u { x )  =  3 H { x  —  tq) and \ ' { x )  =  a { x  —  b ) { ' 2 x Q  —  x). 

We will calculate the predicted o{x) for the cells measured for Fig. 2.2. Because the 

forward equation can be solved exactly for A(x) as described in above, we can state 

(2)(z) = ——(2ro — (2.32) 
K  

'ss' 
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where C is a constant chosen to make the solution A(x) continuous at x = x q . In 

Fig. 2.8 we have plotted ©(x) with xq = 3.25. 6 = .25. and 3/a = 24. In this case 

o(x) has an expected value of 3.38 and a standard deviation of .40 which matches the 

parameters of the normal distribution used in the above example. 

3 4 
Lenqth in Microns 

FIGURE 2.8. o { x )  calculated as described above with the parameter values used to 
match the experimental data shown in Fig. 2.2. 

2.5 Conclusion 

In this chapter we have developed theoretical tools which can be used to study the 

division of prokaryotic cells. We have done this by assuming that the growth and 

division of individual cells can be described in a Markovian way. We next derived 

the "for\vard equation" which describes the steady state length distribution of cells 

which are a part of an exponentially growing population. 

The difference between this method and traditional methods used in this type of 

study is that traditional methods are based on population level assumptions, whereas 
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this method builds models based on individual information. Using this method we 

have been able to show that the simplest biologically realistic assumptions lead to a 

length distribution statistically indistinguishable from what was obser\-ed in labora

tory' experiments. 

We were also able to show that the assumptions made in studies which use the 

Collins and Richmond equation have generally made unrealistic assumptions. They 

have done this by making the assumption that the steady state distribution of length 

of cells at division is normally distributed. We have shown that this assumption leads 

to the unnatural conclusion that the rate of division of a particular cell is a decreasing 

function of its length. 
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Chapter 3 

MODELING CULTURES WITH THE MINICELL 
PHENOTYPE 

In the previous chapter we built and analyzed models which described growth and 

division of wild type rod shaped bacteria. In this chapter we wish to build and test 

models which describe minicelling mutants. An overview of the known molecular 

biolog\- of these mutants is described in Chapter 1 of this dissertation. Studying 

bacterial strains which display the minicell phenotype is interesting because it allows 

us to observe properties of the division cycle which are obscured in the wild type. For 

example, we will see evidence that there is a minimum age at which cells are able to 

divide, however in the wild type, most cells have other requirements to fulfill which 

prevent division from happening before this minimum age. and thus the minimum 

age will be unobservable to the experimentalist. 

Along with the presence of minicells. these mutants differ from the wild type in 

another important way. This is that the distribution of normal cell lengths has a 

much larger variance. The smallest cell in a distribution of wild type B. subtilis 

cells is typically one quarter the size of the largest cell. In the mutant, however, the 

difference in cell size can differ by a factor of eight of more. See Fig. 3.1. 

We will use this fact to test our models of the minicell mutant. We start with a 

simple extension of the ordinary differential equation models from the last chapter, 

but these will prove to be inadequate for describing this increase in the variation of 

the length distribution. This will lead us to consider models in which division is a 

function of both length and age. The equations which arise out of this analysis will 

be MacKendrick type partial differential equations. An added advantage of studying 

these p.d.e. is that we will also be able to ask questions about the age structure of 
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FIGURE 3.1. Experimental histograms for the wild type. Bacillus subtilis strain 
I01085. and the minicell producing mutant. Bacillus subtilis strain RHX 

our populations. 

3.1 Extending the ordinary differential equation models 

The simplest way to model the minicell producing mutant is to proceed exactly as 

in the wild type case with the single further assumption that some fixed fraction. 

p. of divisions results in one minicell and one "normal cell". We note here that the 

"normal cell" is most likely not equivalent to a cell which was recently created due 

to a wild type division. For one thing, we know that division generally happens once 

the cell has doubled in size, and once its genome has been replicated. Thus a normal 

cell which is born with a minicell sister will be larger then a cell born with a normal 

sister, and it will already have a duplicated genome. None the less, we wish to test the 

hypothesis that this single added difference is alone sufficient to explain the broader 

length distribution seen in these strains. 

The experimental data of the minicell producing mutant shown above was taken 

1085d 
rnxnd 
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from measurements of Bacillus subtilis strain RHX. This strain has another useful 

phenotypic difference from the wild type. This is the fact that cells do not physically 

separate upon septation. Instead the lateral cell wall of two sister ceils remains 

connected. This results in a long linear clone of cells. A part of one such clone is 

shown in Fig. 3.2. 

FIGURE 3.2. .A. photograph of Bacillus subtilis strain RHX. 

One advantage of working with a strain in which cells do not separate upon septa

tion is that it allows one to estimate p, the fraction of divisions resulting in a minicell. 

This is done by considering many clones, and approximating p by the ratio of mini-
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cells to total number of septa, or dividing walls. Fig. 3.3 shows fraction of divisions 

resulting in minicells vs number of cells in the clone. From the data in this figure we 

estimate p = .38. 

a 
5 O 

0.2 

pm 

0.55 

0.5 -

0.45 -

0.4 -

0.35 -

0.3 -

0.25 -

^ o  o 

O o^'o 
OOo ^ 

O ^ oooo oo 

^ O 

ooo 

O  o 

20 40 60 80 100 
Length of Chain 

120 140 160 180 

FIGURE 3.3. Fraction of divisions resulting in a minicell versus length of clone. 

The derivation of the equation describing the steady state length distribution will 

closely follow the derivation seen in chapter 2 of the forward equation which described 

the wild type. As in the wild type, the first step is to calculate the generator for the 

historical process in the minicell case. Let p be the probability of a division resulting 

in a minicell, and let a be the length of a minicell. Using the same notation as in 

chapter 2, we can calculate 
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G f { x )  =  
£ 

+  u i X t )  (/(-?+ (-^e - a } e t o  + Oii.i - x^ej 

+  / ( f  +  ( X f  -  a ) e , o  +  a e ^ i  -  x ^ e j )  

+ (1 - p)/(-?+ix,(e,o+eei) - XefiJ -/(f)]. (3.1) 

This generator reflects the fact that a fraction. of divisions results in a minicell 

appearing as the left daughter. Likewise, the same fraction. of divisions result in a 

minicell appearing as the right daughter, and in the remaining fraction. 1 — p. both 

daughter cells are normal. 

As before we will be concerned with the empirical measure valued process, and in 

particular how its generator. G. acts on functions of the type 

< /.,,, >= - .V,(()) = YI <3-2) 
€ C 

where /(O) = 0. For these functions, we can use equation (3.1) to write 

G < >=< r/' + (1 - p)z^(2/i/2 - /) + P ' ^ { f x - a  -  f ) - l - k  >  •  (3.3) 

where /i_q = f { x  —  Q). We will be considering / such that the a u p p  f  C (a. oc). 

This is because we are concerned with the distribution only of normal cells, and do 

not wish to consider the minicells portion of the population. We can now use the 

same martingale argument we used in chapter 2 to show that 

<  / .  - k X  > = G  <  /. A > (3.4) 

where k  is the growth rate of the population. Together with the statement 

G < /. f.it >=> G < /. A >. (3.5) 
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which is a consequence of the conjecture of chapter 2. this implies that the steady 

state length distribution A satisfies 

<  / .  — k X  —  (I'A)'' 4- 4(1 — P )U2^2 + >= 0. (3.6) 

Because this must be true for arbitrary- /. it gives us our new fonvard equation. 

-^[V'(X)A(J:)] = 4(1 — p ) u { 2 x ) X ( 2 x )  +  p i / { x  + Q)A(X + Q) - ( v i x )  + k ) X { x ) .  (3.7) 
d x  

Note that in the case p = 0. this reduces to the wild type equation (2.17). Like 

the wild type equation, if we assume once again that the growth rate V{x) and thus 

the distribution A(x) have compact support on some region [0. x^]. we can build an 

analytic solution to this equation. That is. we split the domain of the equation into 

intervals, solve it on the last inter\'al. which will take the form [xm — a. x^]. Here the 

equation is local and we solve exactly. Xext. we move backward to the next region. 

[xjn — 2oi,Xm — a]- Here we can solve the equation again because X{x + q) is known. 

We proceed in this manner. 

Because there are two forms of non-localities. X { 2 x )  and A(J: Q). we will need 

many more subdivisions. While this does not cause any real problems, it does make 

the computation quite cumbersome. To avoid this difficulty, we instead make the 

approximation, Q = 0. This reduces the equation to 

• ^ [ V { x ) X { x ) ]  =  4(1 - p ) u { 2 x ) X { 2 x )  - ((1 - p ) i ' { x )  +  k ) X { x ) .  (3.8) 

This equation can be solved e.xactly with the same technique as equation 2.17. 

Furthermore, as we will see. this model will fail, and this approximation only keeps 

it from failing worse, so we are willing to make it in exchange for the computational 

simplification it brings. 

To test this model we use the same assumptions about u { x )  and \  ' { x )  which we 

used in the wild type case, namely that u{x) = 3H{x — Xo) and V{x) = a(xm — x)(x — 
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b ) .  With these assumptions equation (3.8) can be solved analytically. In Fig. 3.4. we 

have plotted the solutions to the wild type equation (2.17) and the mutant equation 

(3.8) using the same parameter values and p = .38. 
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FIGURE 3.4. Solutions to the forward equation with and without a fraction of divi
sions resulting in minicells. 

Clearly having 38% of the divisions result in a minicell does not have the effect of 

broadening the range of the distribution to the extent seen in the data. Furthermore, 

the assumption of setting Q = 0 in the model has increased the range of the minicell 

mutant distribution, because under this assumption, upon creation of a minicell the 

length of the normal cell created by the division is equal to the length of the dividing 

mother cell. This is longer than it is in the actual experiments where the normal 

daughter is slightly shorter than the mother cell. Thus, we are not worried about 

this assumption, and can conclude the the one dimension model does not accurately 

describe division. 
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3.2 Partial differential equation models 

We have seen that models in which growth and division are both functions of size 

alone are not able to accurately describe the life cycle of B. subtilis. We will now 

attempt to add the next level of complexity to our models. The most natural way to 

do this is to make the division rate depend on age. This is a natural choice, when 

one considers that there are requirements which the cell must complete after birth 

before initiating another round of division. As a biological motivation for this choice, 

one can consider the protein FtsZ. Recall from the introduction of this dissertation 

that FtsZ is a protein which is a homolog of the eukar\-otic protein tubulin. FtsZ 

is a necessary component of the division process. It is present at the septum at 

the time of division, and it dissolves into the cytosol upon completion of division. 

Furthermore, its translation is oscillatory, and so it is natural to believe that a cell 

that has completed division would need to wait a minimum time in order to regain 

a large enough compliment of FtsZ to begin a new round of division. In addition to 

FtsZ. there are quite possible many proteins necessary for division which are "used 

up" during the division cycle, and which must be transcribed anew before a new round 

of division can begin. The minimum age requirement for division is thus thought of 

as the time it takes the cell to produce a full compliment of these oscillatory proteins. 

This minimum age may be impossible to detect in wild type cells. If the time 

it takes for a cell to grow from its birth size to the minimum size is less then this 

minimum age. the age requirement would go undetected by the observer. In other 

words, the size and age of the cell may be coupled together tightly enough that one 

cannot differentiate between a minimum size and minimum age. 

This is one advantage of studying the minicell mutant. If these cells have both a 

minimum size and minimum, age requirement, they might be observable, as cells can 

be quite long (longer then Xq in the terms of the model) at birth. In other words, the 

mutation has the effect of decoupling age and size. 
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3.3 Deriving an equation with age dependence 

The procedure for finding an equation describing the steady state length and age 

distribution of our population will be directly analogous to that which we used in 

chapter 2. Of course we now have two variables of state: x. which represents length, 

and a. which represents age. We will use the same scheme to keep track of members 

of the population. In addition to x^. the length of the bacteria, we will denote the 

age of this bacterium by Of. There are only two additional complications. First, the 

hazard function is now a function of length and age. This will be written i'{x^.at). 

Second, upon division, the age of both daughter cells becomes 0. The new state space 

is the set of all trees of pairs of real numbers. That is. a member of this space looks 

like 

x =  ̂ (xq. Qo)-(J^oo-f^oo)-(-^^01-f^oi)-(-^lo-(-ru-Qii). • • • ^ (3.9) 

I will call this space 1 also need a new basis for this space. As before I'll 

let gf be the element of with a one in the space component of the e"* cell and a 

zero elsewhere, and let hf be the element of R-^ with a one in the age component of 

the e"* cell and a zero elsewhere. Once again, let denote the probability that cell e 

divides in the next At time units, and p be the probability that a division results in 

the formation of a minicell. 

Xow we can calculate the generator of the new historical process: 
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G f { x )  =  - p j  X / ( i -  +  ̂ r ( x , ) e , A f +  ̂ A , A i  +  o ( A ^ - ) )  
c e c 

+ ^Pe (1 - p)/ + |x,e,o + ̂ -TeC,! - X,e, - Gf/lf 

-r ^Pe^f (i + - Oi)eeO + aCfl - X.Ce -
f 

+ 51 Pf^/ ("^ + 1 + - -Tee, - a,A,) + o { A t - )  -  /(x) 
t 

+  u { x , . a , )  

P  

d u f '  

1 

(3.10) 

(1 -p)/(x +-x,(eeo+ e,i) - x,e, - a,h,) 

+ ^ f { x  +  { x , - a ) e , o + c t e , i - x , e , - a , h , )  

+ ^ f i x  +  { x t - a ) e a + a e , 0 - x ^ e , - a / h t ) - f { x )  .  

The next step, as before, is to use this statement to find how the generator of the 

measure valued process acts on functions of the type < /. fit >= )• In this 

case. 

r- f T' r ^ c G < f . n t >  = < \  — f . f i t  >  +  < >  
O X f  O Q f  

+ < ^(2(1 — p)/i/ '>.o + P(/q.o +/x-Q.o) —/)• > (3.11) 

where /i/2,o = and fx-a.o = /(-^ — a.O)- The forward equation, as before, 

will come from the statement 

- A :  < / . A  > + G  < / . A  > =  0 .  ( 3 . 1 2 )  

This is equivalent to 

- k < f , X >  =  < R^/.A > + < ::^/. A > 
(DdO^ (jQ.^ 

+ < ^^(2(1 — p)/i/2.o + P(/Q.O + / i -Q.o) —/ ) •  A  >  ( 3 . 1 3 )  
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or 

J
roc poc 
'  /  f { x . a ) X { x . a ) d a d x  
0 Jo 

roc roc g roc roc g 

=  — f { x . a ) \ i x ) X { x . a ) d x d a +  /  /  — f { x . a ) X { x . a ) d a d x  
Jo Jo 9x J q  J q  da 

+  [  [  i ^ i x . a )  ( 2 ( 1  -  p ) f { x / 2 . 0 )  
J o  J o  

+  p { f { x  —  a . O )  +  f { a . O ) )  —  f { x . a ) )  X { x , a ) d a d x  (3.14) 

By performing integration by parts on the first two integrals, and change of vari

ables on the third, we see that 

roc roc 

k  I  f { x .  a ) X { x .  a ) d a  d x .  
Jo Jo 

=  f  f { o c .  a ) \ ' ( o c ) X { o c .  a )  —  f { 0 .  a ) \ ' { 0 ) X ( 0 .  a ) d a  
Jo 

roc roc g 

—  f { x . a )  —  [ V { x ) X ( x . a ) ] d x  d a  
J q  J o  

+  [  f { x . ^ ) X { x . o c )  —  f { x . O ) X { x . O ) d x —  [  [  f { x . a ) - ^ y \ { x . a ) d a d x  
Jo Jo Jo 

roc roc 

+  /  /  A { 1  —  p ) i ' { 2 x .  a ) f { x . 0 ) X ( 2 x .  a ) d a  d x  
Jo Jo 

roc roc 

+ / / pu{x + a.a)f{x.Q)X{x + a.a)da dx 
Jo Jo 

-OC roc 

J
roc roc 

/  u { x . a ) f { x . a ) X { x . a ) d a d x  (3.15) 
0 Jo 

Setting A(x. oc). A(0. a), and A(3C. a )  ail equal to 0 gives us 
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— f [  f { x . a ) - ^ [ \ ' { x ) X { x . a ) ] d x d a —  [  f  { x . Q ) X ( x . Q ) d x  
Jo Jo Jo 

—  [  f  f { x . a ) - ^ X { x . a ) d a d x +  [  f { x . Q )  [  4 ( 1  —  p ) i / ( ' 2 x .  a ) X { ' 2 x .  a ) d a  d x  
Jo Jo Jo Jo 

+ / /(x, 0) / p u { x  +  a . a ) X { x  +  a .  a ) d a  d x  
Jo Jo 

roc roc roc roc 

~ I i ' { x . a ) f { x . a ) X { x . a ) d a d x  =  k  /  /  f { x . a ) X { x . a ] d a d x  (3.16) 
J q  J q  J o  Jo 

Since this must be true for an arbitrar\- f { x . a ) .  we see that X ( x . a )  must satisfy 

the MacKendrick type equation 

— A(x, a )  + —[r(j:)A(x. a)] = — [ k  +  u ( x .  a)]A(x. a )  (3.17) 
d a  a x  

A(x. 0) = 4(1 — p) f  u ( 2 x . a ] X { 2 x .  a )  d a  +  p  f  u { x  +  a .  a ) X { x  +  a .  a )  d a  (3.18) 
Jo Jo 

The second equation in some sense plays the role of an initial condition. It is 

saying that the probability of finding a cell at length x  and age 0 is equal to twice 

the probability of finding a cell at length 2J: times the probability that it undergoes 

a normal division at that length, plus the probability of finding a cell at length x  +  a  

times the probability that it undergoes a minicell division at that length. 

3.4 Sanity Check 

It is a nice consistency check that in the case where division is only a function of 

length, i.e. u{x.a) = i/{x). and there are no minicells. i.e. p = 0, that if A(x.a) 

satisfies equations (3.17) and (3.18). then the steady state length distribution. 

A(x) = f  X { x . a ) d a .  (3.19) 
Jo 

satisfies the ordinary differential equation of the previous chapter. 
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^[r( x ) A ( x ) ]  =  A X { 2 x ) u { 2 x )  -  [ k  u { x ) ] X { x )  (3.20) 
a x  

This can be seen. 

f roc 
— [r(x)A(x)] = J —[V'(x)A(x.a)] (/a 

d  
= / — — A(x. a) — [A: + f^(x)]A(x. n) da 

Jo 9a 

= -A(x. oc) + A{x. 0) — [A: + ^'(x)] / \ ( i . a ) d a  
J q  

= 4 / u { 2 x . a ) \ { 2 x . a )  d a  —  [ k  +  u i x ) ]  /  X { x . a ) d a  
Jo Jo 

= 4i/(2x) / X { 2 x .  a )  d a  —  [ k  +  u i x ) ]  / A(x. a)ffa 
Jo Jo 

= 4i/(2x)A(2x) - [ k  +  i/(x)]A(x) (3.21) 

3.5 Solving the 2D forward equation 

To solve this equation we'll use the method of characteristics. That is. we'll consider 

an observer in the moving frame x(a). and look for a solution from their perspective. 

A(x(a).a). Differentiating A(x(a).a) with respect to a gives us 

d  ^  ^  d X  d X d x  
— A(x(a).a) = — + —— (3.22) 
a a  a a  a x  a a  

Comparing this to equation (3.17) we see that we must solve the coupled pair of 

o.d.e. 

fa = 

'(x) +  k  +  u { x .  a)]A (3.24) 
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At first glance it appears that solving this pair of first order linear ordinar>- dif

ferential equations will be quite simple. The problem will arise when we attempt to 

do so along with the "initial condition" expressed by equation (3.18). 

3.6 Example 

To demonstrate the method of solution and the difficulties which arise, we will proceed 

with a specific choice of V"(x) and i/{x.a). We assume that 

This divides the domain of A(x. a) into the two pieces shown in Fig. 3.5. Region 

•A. is the region in which cells are not able to divide, and region B is the region in 

which cells are able to divide. 

3.6.1 Region A 

First, ril solve the system in Region On this region, with these assumptions 

equation (3.17) becomes 

l'(x) =  ~ { x  —  b ) { c  — .r). (3.25) 

and 

u i x .  a )  =  3 H { x  —  x o ) H ( a  —  QQ) .  (3.26) 

d X i x . a )  ,  ^ d X { x . a )  _  R, ,  MX/ _  ^  
—9a ^ -t-\ (x)]A(x, a). (3.27) 

The resulting o.d.e. are 

d x  
^  =- : ( x  -  b) { c  -  X} .  (3.28) 



X axis 

2xo 

xo 

o ( 

Region B 

Xo/2 

Reeion A 

^0 a axis 

FIGURE 3.5. The domain of X { x . a )  divided into pieces in which u { x . a )  = 0. region 
A. and in which ^{x. a) = J. region B. 

and 

^ =-[-,(c + 6-2x)+AiA. (3.29) 
d a  

Equation (3.28) has solution 

x(0) (c - b  +  b e  -  l) 
~ x(0) (1 - e-""'<^-''') + - b (3.30) 

We can solve this equation for x(0) to find 

^ ' —a~:(c—b)f I\ I (3.31) e  "  " I ( x  —  b )  +  c  —  X  

This is the length at birth of a cell whose length at age a  is x .  

Xext we can solve equation (3.29). It has solution 

X { x .  a )  —  A(x(0). 0) exp( —(c +  b  —  2 x )  +  fcja) (3.32) 
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3.6.2 Region B 

Next, ril solve the equation on Region B. This time the o.d.e. are 

and 

^ - (j - 6)(c - x) (3.33) 
a a  

^  =  - h ( c  +  6  -  2 x )  - f  A :  +  J ] A  ( 3 . 3 4 )  
d a  

The solution to equation (3.33) is 

X *  ( c  -  h  +  b e  -  l )  
~ X* (1 — —  b  (  •  ^ )  

Where { a ' . x ' )  is the point on the boundary between Region A and Region B which 

lies on the the characteristic x(a). If (x.a) lies below the line 

x(0) { c - b  e-{«-" (0) )7(c -6) )  ^  ^g-(a -a(0)h (c-6i _ 

~ J-(O) (1 - e-(a-a(0))7(c-6)) ̂  ( . ^ - { a - a { 0 ] ) - f ( c - b )  _  ̂  (3.36) 

(that is. the characteristic which goes through (oo-Xq)). (x*.a') will lie have coordi

nates 

f  l n { x { 0 )  —  b )  +  l n { c  —  x )  —  l n { x  —  b )  —  l n ( c  —  x ( 0 ) )  \  / o  o - \  
R- + 

Otherwise it will have coordinates 

/6c(l - +x(ce-'"-''"'(^-''' - 6) \ 
Y c— + j(e--'(a-aa)(c-6) _ • (3.38) 

Xext. we solve equation (3.34). The solution is 

A(x. a )  =  A(x*. a ' )  exp( —[-.(c +  b  —  2 x )  +  k  +  J|(a — a')) (3.39) 

Because { x ' . a ' )  is on the boundary between regions A and B. and because we 

know A(x.a) to be continuous, we have already calculated A(x*.a*) while working 

with region A. However, we are left with an additional parameter, k. As in the 
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ordinarv' differential equation case, k  will be chosen so that X { x . a ) d x  d a  =  1. 

That is. we will use k  to insure that A(x. a) is a probability measure. 

Of course, this analysis is all predicated on the fact that A(x. 0) is known a priori. 

This will not in general be the case. In practice, we use a partial simulation method to 

avoid this difficulty. What we have done is use Monte Carlo simulations to estimate 

the initial condition. A(x.O). and then use this estimate along with equations (3.32) 

a n d  ( 3 . 3 9 )  t o  f i n d  t h e  s o l u t i o n  A ( x .  a )  f o r  g e n e r a l  a  a n d  x .  

In order to check this method of solution, we apply the following test to the wild 

type case, p = 0. First we generate the .Monte Carlo initial condition. A(x. 0). Xext. 

we solve the equation for A(x. a) using this initial condition, and choosing k so that 

A(x, a) is a probability distribution. Finally, we compute 4 f^u(2x)A(2x.a) da. and 

compare it to the initial condition. The results of this exercise for \ '{x) = (1/24)(20 — 

x)(x — .25) and u{x) = 4i^(x — 3) are shown in Fig. 3.6. where both functions are 

shown, and in Fig. 3.7. where we have plotted |A(x.O) - 4 u{'2x)X{'2x. a) da\. 

6 
test' 

•phi _p=0_a0=0' 

5 

4 

3 

2 

1 

0 
T.2 t.6 t 1.4 a 2 

Length in Microns 
2.2 2.4 2.6 2.8 3 

FIGURE 3.6. A(x.O) and 4 u { 2 x ) X { 2 x . a )  d a  
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FIGURE 3.7. |A(jr.O) - 4 f ^ u ( 2 x ) A ( 2 x . a }  d a \  

As we can see. these functions are nearly indistinguishable. The Lo distance 

between the function was computed to be .01. which is on the order of error expected 

for the numerical integration. We conclude that our numerical method is working as 

expected. 

3.7 Testing the P.D.E. Model 

In order to test this partial differential equation model, we will vary two parameters. 

p and OQ. That is. we fix all other parameters, and turn on and off minicell division 

and minimum age until division independently. We let p take on two values. 0 and 

.38. which is the experimentally measured value. We let qq vary between two different 

values, 0 and .75. The results of this exercise are shown in Fig. 3.8. 

We see that either factor alone is not sufficient to produce the pronounced qualita

tive change observed in the experimental data. Adding only a minimum age without 

a probability of minicell division has little affect on the length distribution, while the 

'test2' 
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•|am_p=0_a0=0' 
'Iam_p=0_a0=75' 
'Iam_p=38_a0=0' 

•Iam_p=38_a0=75' 
'rtixnd' 
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12 14 16 18 

FIGURE 3.8. The four smooth curves represent solutions of the equation with the 
same parameter values with the e.xception of p. which is set equal to 0 and .38. and 
gq which is set equal to 0 and .75. The histogram is experimental data. 
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changing only the minicell probability without the minimum age has the small affect 

seen in section 3.1. On the other hand, when added together, the two factors have 

a cooperative affect, leading to a distribution qualitatively similar to what is seen in 

the experimental data. 

3.8 The Age Distribution 

Solving equations (3.17) and (3.18) gives one the steady state distribution of the 

age and length of cells which make up an exponentially growing population. So far 

we have integrated our solution with respect to a. giving us the length distribution. 

X{x) = \{x. a) dx. We have also shown that in the case where division is only 

a function of length, these equations can be simplified to the ordinary- differential 

equation which was studied in chapter 2. 

In addition to questions about the steady state length distribution, one can also 

ask about the steady state age distribution of the population. We would like to have 

theoretical tools to study this distribution, because it is quite difficult to observe 

experimentally. 

First, it would nice to find an ordinary differential equation which we could study 

in the simplified case. Unfortunately, this is not possible. To see why. let us return to 

the wild type case, p = 0. where the division rate is only a function of cell length, and 

not of age. Recall our pair of MacKendrick type equations, where we have replaced 

i / { x .  a )  w i t h  v i x ) .  

(3.40) 

X { x . Q )  =  a [  u { 2 x ) X { 2 x . a )  
Jq 

(3.41) 
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Letting X { a )  =  X ( x . a ) d x .  we integrate (3.40) with respect to x .  Thus we have 

f  - ^ X { x . a ) d x +  [  : ^ [ r (x)A(x. a)] (fx =  f  — [ k  +  u { x ) ] X { x , a ) d x  (3.42) 
J o  d a  J o  o x  J o  

or 

- ^ X { a )  =  V { o c ) X { o c . a )  -  r(0)A(0.a) - k X { a )  -  / t/(j)A(x.a) d x  (3.43) 
da JQ 

If we assume that V'(0) = 0 and X { o c . a )  =  0. this is equivalent to 

d  '  -
— A(a) = — k X { a )  —  /  u { x ) X { x .  a )  d x  (3.44) 
d a  J o  

Let r(a) = u { x ) X ( x .  a )  d x .  a term which we interpret as the rate at which cells 

of age a divide. Unfortunately, there will not in general be a closed form expression 

for this term, so one cannot solve this equation without first solving the full partial 

differential equation for X{x.a). (One could get a ordinary differential equation by 

letting division be a function only of age instead of length. This, however, as discussed 

above, is biologically unreasonable.) Xone-the-less. this leads us to the result that the 

s t e a d y  s t a t e  a g e  d i s t r i b u t i o n  o f  t h e  p o p u l a t i o n  m u s t  b e  a  d e c r e a s i n g  f u n c t i o n  o f  a .  

This follows from observing that X(x.a) > 0 and u{x) > 0 which imply that r(a) > 0. 

This in turn implies that ^A(a) < 0. 

In practice, if we wish to find X ( a )  it is easiest to solve equations (3.17) and (3.18) 

for A(J:. a) and integrate with respect to x to get the steady stated age distribution. 

A ( A )  =  X { x .  a )  d x .  

To exemplify this we compute the age equivalent of Fig. 3.8. That is. we will 

compute four steady state age distributions by letting p equal 0 and .38. and letting 

ao equal 0 and 75. The rest of the parameters are set exactly as in Fig. 3.8. The 

results are shown in Fig. 3.9 

Perhaps the most surprising aspect of this picture is how little difference there is 

in the age distribution of the four populations. In particular there is little difference 

between the age structures of the case p = 0. OQ = .75 and p = .38, OQ = .75. while 

there is a large difference between the length distributions of these two populations. 
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FIGURE 3.9. The four curves represent steady state age distributions with the pa
rameter values as in Fig. 3.8 

3.9 Conclusion 

In this chapter we have developed models in which partial differential equations are 

used to describe the steady state length and age distribution of a population of bac

teria which displays the minicell phenotype. We were lead to using this more compli

cated framework because the ordinary differential equations of the previous chapter 

were inadequate for describing the distribution. However, a benefit has been that 

these equations have allowed to explore aspects of the age structure of the population 

in addition to the length distribution. 
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Chapter 4 

STUDYING INDEPENDENCE OF DIVISIONS 

An interesting question, and one whicli has not been addressed in the literature, is 

that of independence of successive divisions. Specifically, the question we will address 

will be whether in the minicell producing strain B. subtilis RHX. one can consider 

successive divisions as independent trials, where each trial results either in a pair of 

"normal" cells or in one normal cell and one (or more) minicells. Previous studies 

which attempt to model minicell producing mutants have assumed that these divisions 

are independent [9]. [38]. We will provide evidence that these divisions are. in fact, 

dependent. 

We will again be exploiting the fact that cells of this strain do not physically 

divide upon septation (recall Fig. 3.2). Our data takes the form of many clones of 

data: each a sequence of normal cells and minicells. In order to study the division 

process, there are many measurements one could make, from fraction of cells in the 

clone which are minicells to the distribution of lengths of minicell runs (we will call 

a string of minicells a "run"). 

Unfortunately, many of the more complicated statistical quantities may be diffi

cult to measure experimentally because one can not be sure that an observed clone 

is actually a record of the descendents of a single "family tree". Instead, what often 

happens in these experiments is that a single clone breaks into two or more pieces, 

leaving a fragmented clone as well as a fragmented history. In Fig. 4.1 we have 

drawn two family trees by which a clone of 5 cells might have arisen. In particular, 

the distributions of random variables which have to do with the location of minicells. 

or runs thereof, would be very difficult to measure. For an example of the difficulty 

which this causes, consider the two clones shown in Fig. 4.1. While it would be im
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possible to differentiate between these in the simple experiments performed here, one 

would expect different statistics for a random variable such as the expected number 

of minicells which would appear at the end of the clone. 

FIGURE 4.1. The family tree on the left show how a clone of 5 cells might occur 
through the breakup of a longer clone. The family tree on the right shows a clone of 
5 cells which is the product of a single ancestral tree. It is clear that many statistical 
properties of these clones would be different. 

One sort of statistic which can be measured experimentally despite this difficulty 

is the fraction of cells which are minicells. and the higher moments of this random 

variable. For a clone of a given length, the distribution of these random variables 

will not depend on the way in which the clones were formed, as long as when a clone 

breaks into pieces, all the pieces have an equally likely chance of being observed. 

Furthermore, the statistics of these random variables can be used to test the prop

erty in which we are interested: namely, whether or not the divisions are independent. 

Again, we mean independence in the sense that if a division results in a minicell. does 

this give one information about the likelihood of a later division resulting in a minicell. 

We will use these statistics in the following manner. Given that the division are 

independent, one can calculate not only the mean fraction of minicells in a chain of a 

given length, but also predict the standard deviation of this quantity. Because we have 
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many such clones, we can also estimate the true value of this standard deviation from 

the data. Finally, we compare this estimate to the predicted value using standard 

statistical tests. This will allow us to accept or reject our hypotheses. 

There is a difficulty in looking at a measurement even as simple as the standard 

deviation. This is that we do not know if a run of obser\'ed minicells was the result 

of successive divisions in which one minicell was produced by the same cell on the 

same pole, or if more then one minicell is produced at once. Which of these models 

is a better description of the process by which minicells are formed will affect the 

standard deviation of the number of minicells in a clone. 

In practice this means there is more than one model in which minicell production 

in successive divisions is independent. To deal with this difficulty we consider two 

models which span the range of possibilities. On one extreme we consider the model in 

which each division produces two cells: either two normal cells or one normal cell and 

one minicell. In using this model we are implicitly assuming that the minicell runs we 

observe in the data occur when multiple minicells are produced at the same pole (or 

adjoining poles) over the course of many divisions. The other extreme is that divisions 

can produce more then one minicell at once. Here we imply that the runs we observe 

are the product of a single division. Both models will fail to accurately describe the 

data, and thus our conclusion will be that the divisions are not independent. 

4.1 The First Model 

The first model we have of minicell division is that each division either results in 

two normal cells, or one normal cell and one minicell. Furthermore, as in all of 

these models, we assume that successive divisions are independent. There is only one 

parameter to be measured, p. the probability that a division results in a minicell. To 

estimate this from the data, we compute pi for each clone. This will be the fraction 
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of divisions resulting in a minicell. If rij is the number of cells in the clone 

number of minicells / , , \ 
P i  =  ^  ( - 1 - 1 )  

n i  — 1  

Note, we are assuming that each clone started out with a single cell. This is a 

conservative estimate, replacing the denominator by n, as would be the case if all the 

clones were the result of a breakup of longer clones. leads to a worse fit between our 

data and the model. Recall Figure 3.3. in which we plotted p vs number of divisions 

for each of the 219 measured clones. 

Xext, we estimate p. the total fraction of divisions in all the clones which resulted 

in a minicell. This is the weighted average of the p. 

Eii(". -1) 

where .V is the number of clones in the sample. From the data shown in Fig. 3.3. 

this is calculated to be p = .3697 

Our assumption that the divisions are independent implies that p  has an ap

proximately normal distribution with mean p. = p and standard deviation a = 

P = (4.2) 

\ / p [ l  —  p ) / { n i  —  1), Thus, for each clone 

P i  -  P  
/p('-p) 

V (".-u 

(4.3) 

will have a standard normal distribution. 

To test this model we calculate zf. If the assumptions of the model are true, 

this will have a distribution with .V — 1 degrees of freedom, where we have lost a 

d e g r e e  o f  f r e e d o m  b y  e s t i m a t i n g  p  w i t h  p .  

To ensure that the central limit theorem is in effect, i.e. that p  is normally 

distributed, we only consider the clones which correspond to at least 10 divisions. For 

these clones we compute = 163. There were 219 data points, and this corresponds 

to a p value of .0021. We reject this hypothesis. Although one might not have not 

expected this result from a casual glance at figure 2. this model is rejected because 

the data does not show a large enough variation. 
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4.2 New Model 

In this model we consider the opposite extreme of the first model. \\ hereas before 

we assumed each minicell was created by a separate division, now we will assume 

that ever\* run of minicells occured as a result of a single division. In other words, we 

assume that abnormal divisions result in an anulcleated region being produced at one 

pole, which is subdivided into (possibly) multiple minicells. For example, if a clone 

consisted of 

we would consider it t o  be 3 normal cells and 2 runs of minicells. It would be 

considered the result of 4 divisions (again, we assume the clone started with a single 

normal cell). 

We assume the number of minicells produced by each division is random, and can 

be described by the discrete distribution pi. i = 0... oc where po = Prob[n ^ n n]. 

Pi = Prob[n n m], p2 = Prob[n —n m m], and so on. Note that we are only 

interested in the number of minicells. not their location, an so we do not differentiate 

between the events {n —)• n m} and {n —> m n} 

Xext we assume that this distribution is described by a geometric distribution. 

That is. it takes the form pj = a 6' for i > 1. Note that the formulae we derive will 

be more complicated that that of a standard geometric distribution. This is because 

we do not assume po = a. 

The geometric assumption is based on experimental observation. It also has the 

advantage that from the experimental data, one can easily estimate b. One does this 

by computing a distribution of minicell run lengths, as shown in Fig. 4.2. and dividing 

successive probabilities. 

The estimate of h will be 

n n m m n m m m  (4.4) 

1 fraction of minicell runs which were of length k  

m  fraction of minicell runs which were of length k  —  I  
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FIGURE 4.2. Distribution of the length of minicell run lengths. On the left is the 
actual distribution and on the right is the distribution plotted on a log scale. The 
linearity of the left line shows the geometric distribution is a accurate assumption. 

where m is the length of the longest observed minicell run. Equivalently. we can plot 

log{pi) vs i. If the geometric description is accurate this will be linear, and b will be 

the exponentiation of the slope of this line. This plot is shown in Fig. 4.2 as well. 

The other primary parameter will now be 

r] = Mean number of minicells per division (4.6) 

We can estimate this from the data by counting the number of minicells and dividing 

by the number of divisions for each chain. This time the number of divisions respon

sible for forming a particular clone is found by adding the number of normal cells to 

the number of minicell "runs" and subtracting 1. For example, the clone (4.4) would 

be considered the product of four divisions. In Figure 4.2 we have plotted the fraction 

of divisions which resulted in minicells versus total number of divisions for the same 

data as Fig. 3.3. 

Next, we compute f j .  the weighted average of these values, which is equivalent 

to dividing the total number of minicells in all clones of the population by the total 

number of divisions in all the clones. This is similar to what we have done in equation 

(4.2) to estimate p. This will be our estimate of rj, and has been computed i) = .687. 

W e can use our estimates f j  and b  to find an approximation of the probabilities Pi. 
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sions for the 219 experimentally measured chains. 

» I  1 1 V  •  »  •I I 1 I 
mpdnew* o 

0 o o 
-

o 

o o o o -

o ^ 
• ® ^ o O vO O O ^ O o o O O O f f i  
• '-VA , « ' 0 o o o 
-

o ^3 
O o 

0 o 
o 

o 
C O  o 

<» o 
o o o o 

1 

0 

1 1  t  I • • ' 

Because r] is the average number of minicells produced per division. 

q  =  I p i  +  2 p 2  -I- ... (4.7) 

Based on the above assumption of a geometric distribution for Pi we can calculate 

Therefore, we estimate 

(4.9) 
b  

Now, since YlT=oPic ~ estimate 

Po = 1 — fi{l — h). = fj [I — i))' 6*^"' for A; > 1 (4.10) 

Xow that we have computed the probabilities, p,, we can perform a goodness of fit 

test to check if the geometric assumption is adequate. When this test is performed, a 

p-value of .07 is obtained, which indicates that the description is a sufficiently good. 



72 

In order to test this model (specifically the assumption of independent divisions), 

we will check the distribution of fj. the number of minicells per division in individual 

clones. If the divisions are independent, and the pi really are described by a geometric 

distribution, we expect the standard deviation of number of minicells per division will 

be given by 

a  = 

\ 
^ { k  - n Y ^ P k  
k=Q 

\ 
Po+5^('7 ~ (1 ~ ̂ y^ ^ 

k=0 

2Tfb^ — A r f b  + '2r]'-^ 4- q ' ^ b  —  q -  +  b r ]  +  q  
(4.11) 

1 - b  

and therefore, for each clone, fji will be normally distributed with mean q and standard 

deviation a. 

Now we proceed as in model 1. For each clone we compute 

Hi -  n 
(7 

y y n  
(4.12) 

If the assumptions of the model are true, this will have the standard normal distri

bution. and -i" have a distribution with n — 2 degrees of freedom. 

We have computed this for our data set and found = 11.83 from 45 data points 

(there are less data points because most clones will be the product of less divisions 

in this model. Thus, there are clones which now correspond to less then 10 divisions, 

and we ignore them). This corresponds to a p value of less then .00005. We are forced 

to reject this model as well. Again, the problem with this model is that it predicts a 

much larger amount of variation in number of minicells then what is observed in the 

data. 
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4.3 Model Free Clumping 

Model two leaves open the following question. Perhaps the minicells are produced in 

groups by divisions which are independent, but the previous analysis failed because 

of the geometric assumption. After all. the goodness of fit p-value of .07 indicates a 

less then spectacular fit to data. To address this question, we now assume that the 

runs of minicells were formed in clumps, as in model 2. however we do not assume a 

particular form for the probabilities p,. 

Instead of building a model, we let pi take on values corresponding to the fraction 

of divisions in the data which produced a minicell run of length i. given the above 

assumptions. That is. p, are determined directly from data by counting the total 

number of minicell runs of length i. the total number of divisions, and letting pi be 

the ratio of these two numbers. 

The idea is that am- model will have parameters which are tuned so that the 

probabilities p, are close to what is observed experimentally, therefore we skip the 

model stage and only test the independence of divisions. Using this paradigm, and 

noting that the longest observed run of minicells was 10 cells long, we can compute 

n  =  E2o  '  P i -  a n d  ( T ~  =  -  n ) '  P i -

As in the previous model, we compute the c-scores which under our assumptions 

will have the distribution of a standard normal 

v-'n 

and x ~  = z f .  In this case, we compute \- = 14.83. Again, with 44 degrees 

of freedom, this corresponds to a p value of less then .00005. We conclude that any 

model in which independent divisions result in clumps of minicells does not accurately 

describe our data. 
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4.4 Conclusion 

In reality, the data we see may be produced by a process described best by a combina

tion of models one and two. That is. some of the minicell runs we see were produced 

in clumps, and some were produced by successive divisions. However, as both of these 

models predict a standard deviation much greater then what is observ'ed in the data, 

a combination of these models will have the same difficulty. Thus, we conclude that 

the divisions are not independent. 

Now that we have determined that successive divisions are not independent, the 

obvious question is. how would one describe the dependence. At an intuitive level, 

what the statistical dependence is telling us is that there is some sort of "memory 

in the cells. That is. the probability of a division producing a minicell is a function 

of the cell's past. 

It is an intreging question as to what the biological mechanism for this memory 

might be. There are a number of processes which one can imagine leading to this. For 

example, the daughter cells of a normal division might have different concentrations 

of cellular proteins and/or chemicals then the normal daughter of a minicell division. 

Thus, a cell would "know" if its sister was a normal cell or a minicell. Another 

possibility is that movement of the chromosome somehow "marks" future division 

sites, and in the case of a minicell division, this mark is laid down in the wrong place. 

Again, a cell would "know" if it was the daughter of a normal division, or a minicell 

division 

Unfortunately, it is not obvious how one can use our present experimental tech

nique to test hypotheses about these processes. This is because of the earlier men

tioned fact that the clones eventually break apart, destroying the historical record of 

their family tree which is embedded in the spatial distribution of minicells. 

There are experimental protocols which could be used to avoid this difficulty. In 

[9], Coyne and Mendelson grew long clones which started from a single spore. This 



I 0 

technique prevents the premature breakup of clones. This allowed them to estimate 

the relative age of different poles in the clone. It also allows one to ask questions 

about the relative likelihood of finding a miniceil at various positions in the clone. 

These are the sorts of questions the breakup of our clones prevented us from asking. 

We feel that the combination of this experimental protocol with the statistical tools 

used in this chapter would make a powerful method for testing various hypotheses 

about the processes by which dependence between successive divisions arises. 
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Chapter 5 

CONCLUSION 

In this dissertation we have attempted to satisfy two goals. The first has been to use 

probabilistic methods to answer specific questions about the growth and division of 

the bacteria B. subtilis. Our second goal was to show that models which are based 

on individual behavior are often much more powerful and useful then those whose 

assumptions are made at the population level. In this conclusion, I will show how the 

results of the previous three chapters coincide with these goals. 

In the second chapter, we attempted to satisfy the first goal by building individual 

based models of wild type bacteria and developing methods of studying them. These 

methods allowed us to turn our assumptions about growth and division into predic

tions about the steady state length distribution. Specifically, our first assumption was 

that the growth rate of a cell of length x is of the form \'{x) = a{x,nax — — J-'min)-

Our second assumption was that a cell must be at least some minimum size before it 

is able to divide. We assume that upon reaching this size it waits a random amount 

of time before division. Furthermore, we have assumed that cells divide precisely in 

half. We were able to show that these assumptions are sufficient to predict a length 

distribution which is statistically equivalent to what we observed experimentally. 

Finding these length distributions allowed us to achieve the second goal as well. 

We did this by comparing the equation we derived to the Collins and Richmond 

equation. This allowed us to compare the assumptions used in both frameworks. 

We found that the assumptions traditionally used in the models based on population 

level information are quite unnatural. This was our first piece of evidence that the 

individual based model outperformed the traditional population based model. 

In the third chapter, we turned our attention to minicell producing mutants. This 
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required that we extend the ordinary- differential equation models of chapter two to 

partial differential equation models. The added work paid off as this allowed us to 

discover further information about division rates. What we learned was that cells 

not only need to be of a certain size at division, but also must be of a certain age. 

It was not possible to obser%'e this in the wild type because age and size were too 

strongly coupled. The minicell strain effectively decoupled these variables. This 

was another achievement of our first goal. .\s for the second goal, the predictions 

and hypothesis testing of the entire chapter would have been impossible using the 

traditional population based framework. 

In the fourth chapter, we took an entirely different tack in studying division. In 

this chapter we considered clones of cells produced by a mutant which has the property 

that its members do not divide upon septation. By assuming that successive divisions 

were independent, we were able to predict the standard deviation of the fraction of 

cells of a clone which were minicells. We compared this prediction to experimental 

obser\'ation. and completed statistical tests which allowed us to reject the hypothesis 

of independent divisions. Again this satisfied our first goal of using probability to gain 

information about the life cycle of B. .^ubtiiis. Furthermore, it is only by thinking 

about the individual cells that one can calculate the standard deviation of fraction of 

minicells. 

At this point, one needs to ask the question, do the results of chapter 4 cast doubt 

upon those of chapter .3 ? (Clearly those of chapter 2. which deal with the wild 

type, are not affected.) That is to say. in the fourth chapter we were able to show 

that successive divisions are not independent. However, in the third chapter we had 

operated under the assumption that they were. The question is, how sensitive are 

the results of chapters 3 to the dependence which is observed in chapter 4? 

We suspect that these results are only shghtly dependent on the assumption of 

independence. This is because the chief result of chapter 3, that division must be a 

function of age as well as of length, was based on such a strong qualitative observation. 
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We were able to show that in a population of minicell mutants in which division is 

only a function of length, the total variation in cell size is much smaller then what 

is observed experimentally. Furthermore, because at least 62% of the divisions were 

"normal", only a small fraction of cells in the population would be affected by this 

dependency. Given this fact, it is hard to believe that adding dependence between 

successive observations would significantly change the prediction. 

However, it is possible that our suspicions are based partially on optimism. In 

reality, the complete and rigorous answer to this question is not yet known. In fact, it 

is most likely very complicated. The problem one has in finding the answer is that it 

might depend strongly on the form of the dependence, and this form is not known. It 

is easy to imagine both worst case scenarios in which the dependence has an influence 

on the shape of the steady state length distribution, and best case scenarios in which 

it has none. 

.A. form of the dependence which might be considered a worst case scenario would 

be if a cell which is the sister of a minicell had no chance of producing a minicell 

daughter. This might affect the length distribution of normal cells by lowering the 

probability that a very long cell which was produced by a minicell division remained 

long. This might decrease the variation in the lengths of normal cells. 

.A.n example of a form of dependence which could be considered a best case sce

nario would be if some process did not affect the likelihood of any particular division 

resulting in a minicell. but only the placement of minicells in the clone. This might 

happen if minicells were more likely to occur at either "old" or "new" poles. This 

could spread the minicells about the clone, reducing the variance of number of mini-

cells in any particular area, while leaving the length distribution unchanged. 

Which, if either, of these descriptions is more accurate is at the present time 

unknown. However, we make the following two observations. First, this provides an 

interesting avenue for further research. .A.s mentioned at the end of chapter 4, there are 

experimental protocols which would allow us to further study this dependence. The 
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essence of these methods is that they would prevent the linear clones from breaking 

up, ensuring that what one views is a single "family tree". Thus, one could apply the 

methods developed in this dissertation to obtaining much more information about 

the dependence. 

The second observ^ation is that the question by which we are troubled could never 

have arisen had we not been considering models based on individual behavior. In 

other words, we have achieved our second goal. We see that we are able to ask more 

complicated, more subtle, and more interesting questions because of our approach. 
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