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ABSTRACT 

Despite the many advances and achievements in the fields of atom optics and 

atom cooling, there remains a wealth of dynamical detail to be filled in. While 

the main features of the importajit phenomena of atomic cooling, trapping ajid 

manipulation by electromagnetic fields are well understood, there are interesting 

subsidiary effects that are worth our attention. An example, which we discuss in 

Ch. 5 is the discovery that atomic diffusion in optical lattices may not follow the 

normal diffusion equation 

The work reported in this dissertation represents an investigation into possible 

few-body effects in some atom optical configurations of interest. The effects of 

indistinguishability, through the exchange force, on atomic diffraction by standing 

wave light fields is considered in Ch. 2. In Ch. 3, after a brief overview of atomic 

collisions in light fields, we look at the role that the dipole-dipole interaction might 

play, again in atomic diffraction. Chapters 4 aind 5 are concerned with optical 

lattices, and lay the ground work for a study of the effect of the dipole-dipole 

interaction on the dynamics of atoms confined in such lattices. 
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CHAPTER 1 

Introduction 

Over the last twenty years the field of atom cooling, trapping and manipulation 

has moved from the stage of initial investigations and proposals to full fledged 

maturity. Some of the notable milestones have been the proposals for what became 

known as Doppler cooling, by Hansch and Schawlow (1975) [1] for neutral atoms, 

and by Wineland and Dehmelt (1975) [2] for trapped ions; proposals for atom 

cooling and trapping (by means of dipole forces in intense laser fields) by Letokhov 

et al. (1976) [3] and by Ashkin (1978) [4|; the demonstration of the coherent effect of 

atomic diffraction by a standing wave light field, proposed by Cook and Bernhardt 

in 1978 [5] and demonstrated by Pritchard's group in 1983 [6]; the achievement by 

Chu et al. [7] of "optical molasses", viscous confinement (for times on the order of 

100 ms) of neutral atoms by light fields, in 1985; the discovery by Lett et al. [8] of 

what became known as Sisyphus cooling, and its subsequent elucidation [9, 10, 11]; 

the discovery that atoms could be trapped by the periodic potentials inherent in 

Sisyphus cooling [12, 13] and the subsequent development of the field of optical 

lattices (see, [14, 15, 16]); and finally the observation by the groups of Cornell 

[17] and Ketterle [18] of Bose Einstein Condensation (BEC) of neutral atoms. For 

reviews of kinetic effects of electromagnetic radiation on atoms, laser cooling, and 

optical lattices see [19, 20, 21, 22, 23, 24, 25, 16]. 

Although the achievement of BEC fulfilled an important and long sought goal, 

it does not by any means represent a conclusion to the of efforts and interest in 

the field of atom cooling and manipulation. New laser cooling schemes continue 
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to be developed, as do atom traps and optical lattices. An interesting avenue of 

research is the possibility of long range correlations and collective effects of cold 

atoms in contexts other than BEC. The so-called "atom laser" [26, 27, 28, 29, 30j 

provides an example of such a topic. Optical lattices, with their periodic potentials 

and driving fields, might be expected to be fertile ground for the investigation of 

collective effects [31, 32, 33, 34]. 

The work presented in this dissertation was intended as an initial exploration 

into the possibilities of observing the effects of atom-atom interactions in some 

interesting atom optical phenomena that had previously been analyzed on a sin

gle atom basis. In Ch. 2 we examine the most fundamental consequence of the 

consideration of more than one identical particle, the symmetrization required by 

the particles' indistinguishability. In the context of atomic diffraction by standing 

wave light fields, we look for differences in the behavior of bosonic, fermionic and 

distinguishable atoms. We see a difference in the pattern of diffracted atoms, de

pending on their bosonic or fermionic nature. Specifically, we see a small splitting 

of the diffraction peaks for fermionic atoms due to their initial spatial wavefunc-

tions being an odd function. The condition for the observance of this effect, namely 

high phase space densities, has until recently not been met by atomic beam sources, 

which were mainly thermal (i.e., ovens). However, with the advent of cooled atomic 

sources (see, e.g., [35]), especially those deriving from BEC, we should expect that 

experimental realization of effects such as that predicted in Ch. 2 is now possible. 

In Ch. 3 we give a very brief overview of the topic of atomic collisions in 

the presence of near-resonant electromagnetic fields. In the case of near-resonant 

fields, there may be non-negligible saturation of the atomic transition and therefore 

population of excited states. The dominant interaction is then the near-resonant 
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dipole-dipole interaction, which can give rise to couplings between atoms compa

rable to that between the atoms and the light fields. Again looking at atomic 

diffraction, we find that the interaction can substantially modify the dynamics of 

two atoms that enter the standing wave light fields in proximity to each other. The 

possibility of bound states (in the absence of spontaneous emission); heating due 

to an effect analogous to Sisyphus heating; and the effect on the far field diffraction 

pattern are discussed. 

The next two chapters lay the groundwork for the investigation of possible effects 

of the dipole-dipole interaction on atomic dynamics in optical lattices. Chapter 4 

presents a derivation of the dipole-dipole interaction for atoms with magnetic sub

structure, cind of the form it takes in etn off-resonant three dimensional optical 

lattice in the approximation that the excited states can be adiabatically elimi

nated. The strength of the interaction in comparison to the optical potential depth 

is calculated, and it is noted that it possesses a symmetry distinct from that of 

the underlying optical lattice. In Ch. 5 we develop a semi-classical Monte-Carlo 

model of cooling, trapping and diffusion in an optical lattice. The results of the 

model are compared to full quantum mechanical calculations; we find that al

though there are significant quajititative discrepancies, the phenomenology seen in 

the quantum mechanical calculations is reproduced by the semi-classicaJ. ones. In 

addition, because of the relatively modest computational resources required by the 

semi-classical model, we were able to explore a large range of paxameter space, and 

identify the reduced cooling efficiency at low values of the saturation parameter as 

being responsible for anomalous diffusion in shallow optical lattices. 

A natural extension of the work in Chapters 4 and 5 would be investigation 

of anomalous diffusion in lattices of dimension higher than one, and the possible 
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effects of the dipole-dipole interaction on the atomic dynamics. Fully quantum 

models of either of these two possibilities would not be practical on present day 

computers, making the semi-classical an attractive approach despite its inability to 

make reliable quantitative, 35 opposed to phenomenological, predictions. 

In Ch. 6 we present conclusions, and in the four appendices following are copies 

of the papers referred to in Chapters 2-5. 
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CHAPTER 2 

Exchange force in the near-resonant 
Kapitza-Dirac eflPect 

In atomic beam experiments effective two-level atoms are subjected to interac

tion with a standing wave laser field, after which they undergo free propagation 

until their detection downstream. The atoms from a thermal source (oven) are 

filtered, such that their motion along the beam axis (which we will take to be the 

z axis) is reasonably mono-energetic, aoid energetic enough to be treated classi

cally; and collimated and cooled along another transverse axis (the x axis), which 

is treated quantum mechanically. Experiments are typically performed in one of 

three regimes, identified by the interaction time and transverse spatial extent of 

the atomic wave-function during the interaction. In the Raman-Nath regime (the 

regime treated in Appendix A), the interaction time is short compared to the time 

scale of spatial evolution of the atom's wave-function, so that the kinetic energy 

term in the Hamiltonian, Eq. (1) of Appendix A, can be neglected. Conversely, the 

Bragg regime allows long interaction times, with the result that "phase matching" 

of the incident and diffracted beams becomes important. For both these cases the 

atomic beam is assumed to have a narrow momentum distribution, or equivalently, 

the spatial wave-function is assumed to extend over at least several periods of the 

potential formed by the standing wave light fields. The opposite is true in the 

Stern-Gerlach regime, where the atom's spatial extent is taken to be a fraction of 

the period of the potential. 
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The relevant measurement in these experiments is the atomic transverse position 

of arrival at the detector, integrated over the arrival of many atoms. The probability 

density for a single atom to be detected a position x is simply Pi(x) = 

For two atoms treated as distinguishable, we can use the same external coordinate 

for them both, the fact that they occupy orthogonal spaces being accounted for 

by their internal quantum numbers; the measurement probability is then just the 

normalized sum of the individual probabilities, Pd{^) = j(|V'i(i)|" + |V'2(a:)|"), where 

Pd{x) indicates the probability for distinguishable atoms. 

In dealing with more than a single atom, the most basic consequence of the indis-

tinguishability of particles is the required symmetrization (or anti-symmetrization) 

of the many paxticle wave-function. Dicke analyzed the case of many identical spin-

i particles (at effectively the same position) in the context of Nuclear Magnetic 

Resonance experiments [36], introducing a set of energy eigenstates for the free par

ticles in which the interaction with an electromagnetic mode takes a particularly 

simple form. These states are linear combinations of those many particle states 

with a given number of excitations, with equal weights but in general with differing 

signs; that is, they are combinations of permutations. Although he ignored the issue 

of symmetrization on the grounds that the particles have negligible spatial overlap, 

his states do exhibit a high degree of symmetry under exchange, and it is found 

that some of these superposition states will exhibit either enhanced or suppressed 

decay rates, depending on the number of excitations in the system and on how the 

permutations are combined. Specifically, the states with the most enhanced and 

depressed decay rates are the completely symmetric and anti-symmetric states, re

spectively. For the case of two particles, his basis is just the well-known Dicke 

triplet and singlet states. 
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The internal states of two-level atoms in a driving light field are isomorphic to 

the spin-1 half nuclei of Dicke. However, for the study of the effects of their being 

indistinguishable on their motion in light fields it is necessary also to symmetrize the 

external variables, so that the entire wave-function, internal plus external variables, 

possesses the appropriate symmetry. In the case of two bosonic atoms, this implies 

a symmetric spatial wave-function 

xpf 2{^i,x2) = N ['tiji{xi)ri)2{x2) + V'2(a:i)V'i(a:2)] (2.1) 

for the triplet states, and an anti-symmetric one 

= N [i)i{xi)llj2{x2) - t}}2{xi)Ti}i{x2)\ (2.2) 

for the singlet state. Here, N is a normalization constant, the value of which 

depends on the shape and separation of xjji and ^2- should be expected that 

symmetrization plays a role only in the case that the atoms' wave-functions overlap 

significantly, so that their positions cannot effectively be used to distinguish them. 

The marginal probability density Px{x) to detect one of the two indistinguish

able atoms at z is then given by the integral of the joint two-atom probability 

•Pi,2(2:1, 2:2) = I'^i,2(2:1, 2:2)1^ over either one (by symmetry) of the atoms: 

Pi(l) = Pt(xi) = J </x2|^l,2(2:1, X2)|^ (2.3) 

Because the Hamiltonian is symmetric under permutation of the atoms, Hamil-

toniaji evolution preserves parity, that is, [H, Tn] = 0, where T12 is the exchange 

operator for two particles. Furthermore, in the absence of interactions between the 

atoms, the total Hamiltonian, Eq. (1) of Appendix A, is simply a sum of those of 

the individual atoms' Hamiltonians, acting in their respective Hilbert spaces. Con

sequently, the only difference between the evolution of two distinguishable and two 
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iiidistinguish.able atoms results from the symmetrization in the latter case. To illus

trate the effect of symmetrization, consider the case of two bosonic atoms in their 

ground states entering the same region of coordinate space, without interaction. 

Taking the atomic wave functions to be Gaussians of equal width, we have 

( X i  3^01)' 
^l(ll) = (cTy/z) 2 exp 

^2(^2) = exp 

2a2 

(x2 - 102)^ 
2C72 

exp [ipoixi/hj 

exp \ij)Q2^2l^\ • 

(2.4) 

For compaxison sake, we also look at a single atom wave-function having two lobes 

corresponding to the two atoms above: 

V'c(x) = ' 

exp 
(i - loi)' 

2ct2 
exp [ipQixlh] + exp 

{x - X02)' 
20-2 

(2.5) 

exp [ipQ2xlh\ . 

The probability densities resulting from the distinguishable atoms and from ^c(x) 

are 

(x - Xoi)^ 

Pj(l) = iT/»i(x)|^-f-|T/;2(X)|' 

= ^exp -

Pcix) = |^c(x)|^ 

r-^-l f r (x-xoi)2 
= (exp — 

+ 2exp^ (^o.-x„2)= 

exp 

+ exp 

(x - X02) 21 
(2.6) 

(2.7) 

(x - X02)' 

4(T2 

X iZe{exp [z(po2 - Poi)a:/^]} 

I X exp 
(i - |(xoi -h X02))' 

Note that the relative motion specified by pQi,po2 result in fringes for Pc but not 

for Pd, and that it is only this last term in Eq. (2.7), the interference term, that 
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differentiates the distinguishable atoms probability density from that of the double 

lobed single atom one. 

For the two indistinguishable atoms the joint probability density specified by 

01,^2 is 

^.2(2:1,2:2) = 1^1,2(2:1, X2)l* 

= N^{a-\/TT)~" ^exp 

(XT 2:01) 

(2.8) 

(ii — loi)" 

+ exp 

+ 2 exp 
(xoi — X02) 

exp 

exp 

(xi - X02)' 

(X2 — X02)' 

2(j2 

X Re {exp [i{pQ2 -pQi)xilh] exp [-i{pQ2 - PQi)x2ih]} 

X exp 
(ll - i(loi +Xo2))^ 

^2 exp 
(X2 - Uxoi + X02)) 2 1  

a-

In this case, the fringes due to the atomic motion are in the relative coordinate 

To — ri. For the probability density for detecting either of the two indistinguishable 

atoms we integrate over X2 to get the marginal probability P,, given by 

P.(xi) = j dx2\'4^\,2{xi,x2)\' (2.9) 

= ^ (exp 
(xi - Xoi)^ 

+ exp 
(Xl — X02)' 

a-

+ 2F(xoi,xo2;pQi,po2)exp 
(xoi — X02)' 

4cr2 

X Re {exp [i(po2 - poi)a:i/^|} 

(Xi - ̂ (Xoi + Xo2))^ 
X exp 

The factor F(xoi, X02;P0i,P02) results from the integration over X02, and is given by 

^(a:oi,2:o2:Poi,Po2) = exp 
21 

exp 

X cos 

(xqi — X02) 
4O-2 

(P02 ~ P0l)(^01 + ̂ 02) 

2h 

(P02 — P0l)^O"' 

4/i-
(2 .10)  
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0.5 

Figure 2.1: Factor F by which the interference term is reduced (see Eq. 2.10). 

Except for the appeaxance of F, P, is identical to Pc\ the effect of F is to reduce 

the interference term of Eq. (2.7), by Gaussian factors depending on the relative 

separat ion and momentum. Except  for  the  case of  very small  re la t ive motion F 

effectively suppresses the interference term, and the marginal probability density 

becomes identical to that for two distinguishable atoms. Figure 2.1 shows the factor 

F as a function of xqi and poi with fixed xq2iP02 = 0 and a = 0.5A. 

In Fig. 2.2 we plot the maxginal probability densities P, for the initial conditions 

corresponding to those of Appendix A. Specifically, xqi = —2:02 = O.lA, poi = P02 = 
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Qhk, and cr = l.OA. Also plotted is Pd, for compaxison sake. (Solid line: Pdi\ dotted 

line: P,, symmetric case; dashed line: Pj, anti-symmetric case). Clearly, in this 

case symmetrization has a significant effect only for the anti-symmetric function, 

displacing the peak of the marginal distribution from i = 0 to x ~ ±1.0A. (The 

distributions for and the symmetric case of Pi are almost identical, and are 

difficult to distinguish in the figure). This could have some effect, for instance 

by changing the concentration of the density from a node of the standing wave 

laser field, where the interaction vanishes, to an anti-node. However, for this to 

occur places strong constraints on the width a and locations xoi,xo2 of the atoms, 

conditions which are unlikely to be realized in atomic beam diffraction or optical 

lattice experiments, where the typical inter-atomic distance is on the order of at 

least several wavelengths. (With the exception of experiments specifically designed 

to achieve Bose-Einstein condensation (BEC), this is true also of most atomic 

cooling and trapping experiments). Furthermore, if we allow the atoms to have 

even only a small relative motion, we see that the effects of symmetrization are 

essentially lost. Fig. 2.3 shows this situation, with the relative momentum being a 

fraction of the recoil momentum: poi = —Po2 = —0.25fi,fc. (As in Fig. 2.2, the solid 

line is for Pd\ dotted line is the symmetric case; and the dashed line is for the anti

symmetric case). The difference in P,(xi) between the symmetric, anti-symmetric 

and the distinguishable atoms is negligible. 

The above illustrates the important point that effects due to the symmetrization 

will be seen only when there is significant overlap in the phase space of the two 

particles. Examining this system in a phase space representation, for instance by 

means of the Wigner function, makes transparent the effect of the relative momen

tum: even for particles in the same region of coordinate space, a relative momentum 
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implies a separation in momentum, and therefore phase space. As Eq. (2.10) and 

Fig. 2.1 show, when separations in either coordinate or momentum space become 

larger than the spread in these spaces, the interference effects will be small. The re

cent demonstrations of Bose-Einstein condensation [17, 18] dramatically illustrate 

the effects of many particle symmetrization and the importance of high densities in 

phcLse space. In the currently typical atomic diffraction experiments, however, the 

characteristic spreads in coordinate space or momentum space, or both, are much 

larger; and the resulting phase space densities much lower. 
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-4.00 -2.00 0.00 2.00 4.00 

yJX 

Figure 2.2; Initial probability density for iqi = —202 = 0-lA, poi = P02 = ^hk, 

and (T = l.OA. Solid line: dotted line: P,, symmetric case; dashed line: P,, 

anti-symmetric case 
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c3 

X) 

< 

-4.00 -2.00 0.00 2.00 4.00 

x / X  
Figure 2.3: Initial probability density for xqi = —xqt = O.LA, poi = -po2 = 

-Q.25hk, and cr = l.OA. Solid line: Pd] dotted line: P,, symmetric case; dashed 

line; P,, anti-symmetric case 
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CHAPTER 3 

Dipole-dipole interaction in the near-resonant 
Kapitza-Dirac effect 

In Chapter 2 we examined the consequences of considering identical particles 

on the interaction of two-level atoms with standing wave light fields. The natural 

next step is to look at the role that interactions between the atoms might play. 

It is important therefore to determine what kind of interactions we should expect 

to be significant. We proceed with a brief review of the research into the mutual 

effects of inter-atomic collisions and light fields, leading to the situation of concern 

to us, collisions of cold atoms mediated by near-resonant laser fields inherent to 

laser cooling and trapping. 

There is an extensive history of investigation into collisions between atomic, 

ionic and molecular species in the presence of light. Both the effect of collisions 

on the scattered radiation and the modification of inter-atomic interactions by the 

light fields have been topics of many reseaxch efforts. (The proceedings of the bien

nial AIP Conference on Atomic Physics provides a tracking of the developments in 

the field since 1968, a time of renewed interest and progress in the subject). In the 

1960s and 1970s work was focussed mainly on the determination of collisional cross 

sections and inter-atomic and molecular potentials from spectroscopic data. Early 

work utilized two models: a classical treatment of the motion of the colliding parti

cles (in which the trajectories were assumed to be straight lines) and consideration 

of only selected input and output states gave information on the central portion of 

the fluorescence line (collisional line broadening); while the so-called "quasi-static" 
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model, in which motion is neglected altogether and scattering rates are calculated 

for different positions on Born-Oppenheimer potentials, was used in the wings of 

the line [37j. These models suffered from several limitations, however, and did not 

give a satisfactory accounting of the fluorescence spectra of species subject to col

lisions [38], especially at low collision velocities. Typically, the incident light fields 

were taken to be of low enough intensity to be treated perturbatively, if at all; the 

assumption was made of no radiation being emitted during the close approach of 

the collision (impact theory), where the two-particle states are strongly modified 

by their mutual potential; no internal transitions were considered [37]; and non-

adiabatic effects were ignored (Born-Oppenheimer approximation) [39, 40, 41, 42]. 

Many of these defects have been remedied in subsequent work, with the devel

opment and maturity of the so-called multi-channel quantum defect (MCQDT) 

and close-coupled theories (see the reviews [43, 44, 45]). In this treatment, full 

and realistic knowledge of the interactions between the collision partners, coming 

from both experimental measurements and ab initio calculations, is utilized. Care 

is taken to choose a salient and complete enough basis set, describing both the 

atoms' motion and that of their interacting electrons. Modification of the elec

tronic states due to interactions, and transitions between these states, are taken 

into account. Spontaneous emission during the collision [46, 47] may be included 

approximately (for weak driving fields) by means of complex potentials or fully 

quantum mechanically by density matrix [48, 49, 50] and Monte-Carlo methods. 

And in full quantum treatments (i.e., in which the colliding particles' external mo

tion is also treated quantum mechanically), non-adiabatic transitions due to the 

motion of the particles are included [43, 51, 52, 53]. An important result of this 

body of work is the delineation of the relevant interactions occurring during the 
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collision. The effects of the Lennard-Jones potential (of the Van der Walls inter

action), for ground state atoms (with terms failing off as the potential 

of an ion interacting with a ground state atom the resonant dipole-dipole 

(r"^, r~^, r~^) and dipole- quadrupole potentials; spin-exchange; fine and hyper fine 

structure; relativistic spin-spin angulax momentum coherences and interac

tions due to Coriolis effects, etc. are now routine ingredients in model calculations 

[54, 51, 52, 55, 56, 57]. 

Along with line-shape ajid cross-sections, there has been substajitial investiga

tion into the effects of collisions on atomic and ionic trap losses and atomic cooling. 

There is then the added complication of the cooling or trapping fields, but also a 

simplification due to the enhanced importajice of a single long-range interaction, 

namely, the resonant dipole-dipole interaction. This effect has a venerable history, 

starting already in the 1930s [58]. McClone and Power derived a full expression for 

distances large compared to molecular dimensions, based on second order pertur

bation theory, neglecting retardation and relativistic effects [59]. There was some 

early effort to treat these neglected effects [60, 61, 62, 63, 64], but until recently 

[65, 66, 67, 68] the bulk of work concerned with the dipole-dipole interaction used 

the expression of McClone and Power (or some portion of it, depending on the 

length scales involved). 

The intense near-resonant fields present in trapping and cooling affect the atomic 

motion regardless of collisions, and must be accounted for in any full theory; in 

addition, they ensure that there are at least some excited state atoms, the condition 

required for the dipole-dipole interaction to come into play. The range of this 

interaction is much longer, ~ A, than those of the ground state interactions, such 

as Van der Wals, fine and hyper fine interactions, (~ A/100 A/10) etc, that 
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are important in the scattering cross section analyses. This allows a considerable 

simplification over the close-coupled theory or MCQDT, because only the atomic 

states that are near resonance with the driving field are considered. Furthermore, 

the difficulty of choosing and keeping track of the basis set states defining the input 

and output channels may be avoided, since the goal is to find the average effect of 

collisions on the atomic motion in the conditions of the specific experiment, rather 

than to account fully for all possible light scattering conditions. Finally, the effect 

of the collisions on the scattered light is typically of no interest, and can be ignored. 

See the reviews [42, 57, 69, 70]. 

Julienne [46] included spontaneous emission ajid the dipole-dipole interaction 

via a r~^ term in a dressed state picture of two-level atoms in an optical trap; his 

preliminary analysis predicted that it would have a significant effect on associative 

ionization cross sections. Subsequent papers used the full array of the close-coupled 

theory and MCQDT [47, 56, 71] and the simpler Optical Bloch Equation (OBE) 

method [72] (capable of accounting for saturation of the optical transition in strong 

fields), achieving good agreement with experiments on losses from Cesium traps at 

temperatures  ~  ImK..  

Gallagher and Pritchaxd [73] used a quasi-static model to calculate the kinetic 

energies gained by sodium atoms during a collision in an optical trap. They in

cluded fine interactions and a r~^ term of the resonant dipole-dipole interaction, 

and spontaneous emission during the collision; but neglected hyper-fine structure 

effects as being dominated by the dipole-dipole term at the small inter-nucleaj sep

arations (~ 5 — 500 A) they were considering. Their conclusion was that the fine 

structure changing collisions had a stronger effect thaji the dipole-dipole ones, and 

that they could indeed cause atoms to be lost from the trap; however, the close 
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approach of the atoms necessary for these events require a high density in the trap 

for them to be significant. 

Smith and Burnett [74, 75] developed a weak field (no saturation or power 

broadening) semi-classical theory based on the OBE, including the dipole-dipole 

interaction and spontaneous emission to model the effects of slow collisions on 

Doppler cooling. Their dipole-dipole interaction is derived ab initio in the Heisen-

berg picture for a two-level atom, and agrees fully with [59]. Treating a two-atom 

system to first order in the dipole-dipole interaction, they find that there are two 

effects: a dissipative process that interrupts the cooling process; and an accelerat

ing force due to the conservative part of the interaction. Another derivation of the 

dipole-dipole interaction is given by Trippenbach et al. [76], with special attention 

given to the validity of the Born and Markov approximations in the case of moving 

atoms; they find the approximations remain valid for the conditions of ultra-cooled 

atoms. 

A problem arises with the OBE method a very low temperatures, due to fact 

that the classical motion of the atoms is taken to follow a "reference trajectory", 

as opposed to being a dynamical variable. Efforts to make these trajectories reflect 

something of the actual potentials involved were made by Band and Julienne [72], 

but still the method did not agree with quanta! calculations at low temperatures. 

This is a considerable defect in comparison to the semi-classical close-coupled the

ory, but its simplicity and computational efficiency encourages it use. (In fact, the 

results of OBE calculations are acceptable at higher input kinetic energies, because 

the inter-atomic potentials will induce a smaller relative change in the trajectories, 

and because the effects of population transfer and spontaneous emission will be 

smaller the less time is spent in the interaction zone). A very simple semi-classical 
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Landau-Zener treatment has been found to give satisfactory results at the low tem

peratures and with weak driving fields [77, 78, 79]. A comparison between fully-

quantum, OBE, and Landau-Zener calculations is given by Holland et al. [77], in 

the context of excited state survived probabilities. 

In the paper of Appendix B, we have used a fully quantum one dimensional 

calculation of the effects of the dipole-dipole interaction on symmetrized two-atom 

dynamics in a laser stajiding wave field. It treats the laser field non-perturbatively, 

and dissipation due to spontaneous emission is included via the Quantum Monte 

Carlo Wave-function (QMCWF) technique [80, 81, 82]. The form of the dipole-

dipole interaction is derived from a two-atom master equation neglecting retarda

tion, and is in agreement with [59, 74, 75, 76]. It is a special case of the full three 

dimensional, multi-level form of Ch. 4, and we postpone explaining its derivation 

until then. Because of the singularities in the interaction, it is necessary in one di

mension to introduce an "impact parameter", a minimum inter-atomic separation; 

in three dimensions the singularities integrate out for continuous wave-functions 

[83]. Our atomic basis set is constructed in analogy with the Dicke singlet and 

triplet states [36], to include the correct symmetry for bosons. Initially neglecting 

dissipation, we make a local diagonalization of the electric-dipole and dipole-dipole 

interactions, giving what would be the Born-Oppenheimer potentials of molecular 

physics (see Fig. 1 of Appendix B). These potentials show the modification of the 

AC Stark shifts, due to the laser fields, by the conservative dipole-dipole poten

tial. Figs. 2-3 (Appendix B) show the possibility of bound molecular states for 

the symmetric triplet, and the non-adiabatic transitions among the potentials in 

the motion of the unbound anti-symmetric single state. In Fig. 5 (Appendix B) 

we include spontaneous emission with the effect that what was a bound state now 
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diffuses, with an increaise in kinetic energy. This can be understood by referring 

to the adiabatic potentials shown in Fig. 4 (Appendix B), and noting that atoms 

are initially on the lower-most potential, in the state T-. They move adiabatically 

along this potential towards the origin, while at the same time the atomic state 

evolves towards Tq, from which it can decay by spontaneous emission back to the 

r_ state. 

But at these small separations, the T". state now feels the next to lowest poten

tial, which is significantly shallower than the one on which the atoms arrived. 

On the approach, therefore, before any spontaneous emission takes place, the 

atoms convert potential to kinetic energy on the steep potential; after spontaneous 

emission, the atoms find themselves on a shallow potential and can leave the region 

of strong interaction with a net increase in kinetic energy. 

This effect bears striking similarity to that invoked by [73, 47, 74] for radiative 

escape in fine structure changing and dipole-dipole collisions. The heating is shown 

quantitatively in Fig. 3.1, which compares the kinetic energy during the collision 

with and without the inclusion of spontaxieous emission (thick lines; solid: without 

spontaneous emission, dashed: with spontaneous emission). Also shown are the 

corresponding cases without the dipole-dipole interaction (thin lines). Without the 

dipole-dipole interaction, the kinetic energy is nearly unaffected by spontaneous 

emission (on longer time scales we should see some heating, but this simulation 

proceeds only for single vibrational period of the atoms in the optical fields). With 

the dipole-dipole interaction present we see a significant increase of the kinetic 

energy. When dissipation is ignored, the kinetic energy returns to near its original 

value after an oscillation; but with dissipation included there is a net gain. By the 

end of the simulation it appears that there is an essentially free movement away 
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from the region of strong interaction, however, there is still a substantial portion 

of the population at small separation distances, explaining the continuing growth 

of the kinetic energy. 

Figure 7 (Appendix B) demonstrates the effect of the dipole-dipole interaction 

on atomic diffraction. The result is a discernible increase in the smearing of the 

diffraction orders as compared to the effect of spontaneous emission only, but like 

the result of [73], requires densities much higher than achieved in traditional atomic 

beam experiments. 
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Figure 3.1: Comparison of single atom kinetic energy with (solid) and without 

(dashed) spontaneous emission during the collision with another atom. The thick 

lines are for the case where the effects of the dipole-dipole interaction are included; 

thin lines are for non-interacting atoms. 



31 

CHAPTER 4 

Dipole-dipole Interaction in three-dimensional 
Optical Lattices 

In the last two chapters we examined the likely effects of both symmetry ex

change and binary collisions. We conclude that because of the low densities in

volved they will play no significant role in atomic beam experiments, in particular, 

in atomic diffraction by a standing wave light field. In fact, Vigue [84] has gone so 

far as to predict that there will be no quantum collective effects due to collisions 

of alkali-metal atoms until the densities of Bose Einstein Condensation (BEC) are 

reached. However, this does not preclude the possibility of collective behavior which 

is not distinctively quantum mechanical in nature. And in fact such behavior has 

been observed [85, 86] in magneto-optically trapped neutral atoms, arising from 

the competition between a force due to the attenuation of the trapping fields in the 

optically dense atomic clouds, and radiation trapping of the spontaneously emitted 

photons by the clouds. Optical lattices offer another possibility of reasonable densi

ties of atoms, and have the advantage of very low atomic energies due to an inherent 

polarization-gradient cooling mechanism, namely Sisyphus cooling. Because of the 

presence of the lattice laser fields, the dominant inter-atomic interaction will be the 

resonant dipole-dipole interaction, as discussed in the last chapter. It is of interest 

to see if this will have an observable effect, for instance, on the achievable density 

in the lattice, or on the spectrum of scattered light. In addition, the combination 

of the structure of the lattices with that of the dipole-dipole interaction might lead 

to long range atomic ordering beyond that implied by the lattice alone. 
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4.1 Optical Lattices 

With the discovery and exploitation of Sisyphus cooling, collections of atoms 

with kinetic energies of only a few recoil energies and atomic de Brogli'* wavelengths 

of a large fraction of an optical wavelength became attainable. It was further 

realized that the light fields responsible for the cooling will also create periodic 

potentials for the atoms due to the polarization gradients and AC Stark shift. A 

simple model ofaJ = j—)'J=| atomic transition driven by classical light fields 

has been extensively used to explore the dynamics of cooling and localization of 

atoms in these fields [9, 87, 88, 10, 89]. (While this model has been quite successful, 

it should be noted that atoms with larger angular momentum exhibit qualitatively 

different behavior. For instance, Deutsch et al. [90] have found that there will be 

significant cooling occurring for atoms already trapped by the optical potentials, 

which is not the case for the = 5 —^ § niodel.) 

For large detunings of the light fields with respect to the atomic transition 

frequency, the excited states of the atom can be adiabatically eliminated from the 

equations of motion, resulting in a pair of AC Stark shift potentials for the ground 

states. The atom's behavior is then characterized by periods of conservative motion 

on these potentials, punctuated by (on average) dissipative jumps between atomic 

states occasioned by the spontaneous emission of a photon. This is the heart of so-

called Sisyphus cooling, a type of polarization cooling, the first indications of which 

were observed by Lett et al. [8] (but see also [11]). For deep enough potentials, 

this cooling proceeds until the atoms become trapped. 
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Petsas et al. [15] have made a systematic study of the types of optical lattices 

that are possible with different numbers, geometries and polarizations of the driv

ing laser beajns; and Verkerk et al. [91] conducted experiments using cesium atoms 

for the orthorhombic case. In addition to the simple example of the so-called one 

dimensional "lin ± lin" configuration, they analyze configurations giving rise to 

two and three dimensional lattices, of various unit cell type (rectangular, hexag

onal, trigonal, face- aaid body-centered cubic, etc.). Lattices composed of purely 

circularly polarized light, as well as combinations of circular and linear polariza

tions, were studied. As is the case with crystailine solids (see, e.g., [92, 93]), band 

theory may be used to analyze the behavior of atoms in the lattices formed by 

the periodic optical potentials [94]. Experimental realizations of optical lattices 

typically achieve potenticd wells deep enough to support several bound bands, and 

the observation via spectroscopy [12, 95, 13, 14] of Raman transitions among these 

states confirmed that the atomic motion becomes quantized, and that their mo

tional energy is typically smaller than the optical potential depth, i.e., that the 

atoms are bound. However, these effects can also be explained by assuming the 

atoms are confined locally in the potentiai wells, rather than occupying well defined 

Bloch (delocalized) states (but see the work of Doery et al. [96], who demonstrate 

the effects of band states on the velocity distribution in a cooling experiment using 

an atomic beam). In fact, vetrious decohering effects (light scattering; spontaneous 

emission; amplitude and phase noise in the laser fields) might make a localized 

representation more appropriate in practice. Wannier states [92], an orthonormal 

basis set the elements of which are localized at the lattice sites, have been used 

recently in the analysis of Sisyphus cooHng [90] and atomic interactions in optical 

lattices [83]. 
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4.2 Dipole-dipole interaction 

In the paper of Appendix C we examine the resonant dipole-dipole interaction 

for the specific case ofJ = ^—)-J=| atoms in a face-centered-cubic (FCC) optical 

lattice. The Hamiltonian describing this system in the dipole and rotating wave 

(RWA) approximations is given, along with the result of adiabatic elimination of 

the atomic excited states from the equations of motion, valid for the large detunings 

at which Sisyphus cooling occurs. The part of the Hamiltonian governing the inter

action of the atoms with the lattice fields follow directly from [89], with the laser 

fields specified as in [15]. The dipole-dipole interaction is derived non-relativistically 

from a master equation treatment of two atoms coupled to a bath of electromag

netic modes, analogously to the work of [97, 98, 74, 75, 76, 99, 100, 101, 102]. In this 

derivation we take into account the Zeeman degeneracy of the atomic levels, and 

include all possible channels (i.e., all wave-vectors and polarizations of the vacuum 

electromagnetic field modes are considered) for the mediation of the interaction be

tween atoms. Because of the low atomic velocities we axe considering we take them 

to be stationary during the interaction (i.e., we neglect the kinetic energy term of 

atomic Hamiltonian), and assume that retardation effects are unimportant. Issues 

regarding retardation have been examined before [60, 61, 62, 63, 64], but since these 

become important only as the strength of the interaction is already falling off, we 

neglect them here. The effects of atomic motion on their correlations was studied 

in [103, 104]; Trippenbach et al. [76] make a detailed analysis of the validity of 

the Born and Markov approximations under the condition of moving atoms. Their 

conclusions are that for the conditions pertinent to atom cooling and trapping the 

stationary atom derivation of the master equation would be sufficient. 
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The HamiltonieLn for the two atoms and vacuum electromagnetic modes is then, 

H = HA + Hp + HAF (4-1) 

.=1,2 {A:} 

- E E  K  •  E ^ r . )  d -  .  E ^ ( r , ) ] ,  
t=l.2 {fc} 

where HA and Hp govern the free evolution of the atoms axid the vacuum modes, 

respectively, and HAF specifies their coupling in the dipole and RWA approxima

tions (note that according [105, 106, 76] the RWA should be made at the level of the 

second order perturbation, to properly include retardation). The index i specifies 

one of the two atoms, while the index k specifies both the wave-vector k and one of 

two orthogonal circular polarization vectors ei(k) perpendic\ilar to k of a vacuum 

mode. The transition frequency of the atom is ujq, and Pe_, is the projector onto its 

excited state manifold. The vector operators d"*" = PedPg and EjJ" = iSkekake^^ ' 

are the dipole operator connecting the excited and ground state manifolds of the 

atom and the positive frequency part of the electric field operator of the A:''' vacuum 

mode (£k is the electric field per photon), respectively. We decompose these in the 

atomic quantization frame, i.e., project them onto the unit vectors 

e± = -y= (e,; ± iky) 

60 = ej. (4.2) 

Transforming to the interaction picture (transforming away the evolution due to 

HA and Hp), which gives the phase e"'"*'*'"'' to d"*" and to at, the operator 

products in Eq. (4.1) will take forms similcir to, for instance. 

df •Enri)=i5fc^i •£ (Df .€,)Mr.)-£,) 
9=0,i: 

a^g.krg.(u;o-u„)£^ (4.3) 
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where we introduce the reduced atomic dipole operator D"*", d"*" = cfD"'". 

The derivation of the equation of motion for the reduced atomic density oper

ator, Pa. = —^Trp{[HAF-,PAF\}, where Trf indicates the trace over the vacuum 

degrees of freedom, require several additional simplifying assumptions. Firstly, the 

Born approximation is a repeated perturbation theory treatment of to second 

order in the atom-vacuum interaction. Then, assuming the vacuum to be in thermal 

equilibrium allows that part of the full density matrix to be expressed diagonally in 

an energy eigenstate basis. In this case the first order terms of the Born approxima

tion are identically zero. The result is formally integrated, over a time scale which 

is long compared to the correlation times of the vacuum but short compared to the 

characteristic evolution times of the atoms, yielding a "coarse grained" equation of 

motion: 

PA = -7!^ rdf f dt"Tre{\Hnr(t'), [HAFi.f),PAF\]} . (4.4) 
h l\t JQ JQ 

Expanding the argument of the trace in Eq. (4.4) there will be 64 terms of the type 

of Eq. (4.3). Of these, 32 will involve either two raising or lowering operators of 

the vacuum fields, and so will be zero due again to the diagonality of the bath. Of 

the remaining 32, there will be 16 that contain operators of only one atom, and 16 

"cross-terms" that contain operators of both atoms. It is these last that yield the 

dipole-dipole interaction. Note that the use of second order perturbation theory 

in the Born approximation precludes the treatment of anything more than binary 

collisions, because the cross-terms can contain operators of only two atoms. 

To perform the trace over the vacuum modes we invoke the Markov approxima

tion, and assume that the full density matrix can be factorized into reduced density 
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matrices for the atom and for the vacuum: 

PAF = PA Z PF- (4.5) 

This will be the case if the atom and vacuum are taken to be brought into contact 

only at the moment where we start our evolution, and is further supported by 

the use of the Markov approximation, which implies that all correlations with and 

within the vacuum decay essentiedly instantaneously. The trace in Eq. (4.4) will 

consist of sums over the magnitude, direction and polarization of the index k and 

expectation values of vacuum field operator products, which are Trp ̂ aka^pf^ = 

Skk'TT-k and Trp |a^afcPF} = + !)• We convert the sums to integrals since 

the index {fc} of the vacuum modes is continuous in magnitude and direction: 

where V is the volume of integration and dO, is an element of solid angle. The inte

gral over solid angle will cover the projections of the operators onto the quantization 

frame and the phases of the vacuum modes. Keeping the sum over polarizations, a 

typical term would be 

e.k (r=-r,) £ [(D+ . (D,- . 6;^(k))] (4.7) 
pol 

= E I E [(Df • (D,- . (£^(k) . £,.)•] I 
pol I <IA' J 

= ,.k (r,-r.) 5-1 (Df . £,) (d; . e;.) Y. [(®po-(k)), (6^/(k));.] I 
>7.9' I J 

= e.M-=-r.l^{(Dr.€,)px(D,:.€j)[(e4k)),(£+(k));, + (6_(k)),(6.(k))-j} 
1,1' 

= ^ {(D+ . £,) (d,- . e;.) - (K), («)•,]} 
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where the vector components are (epoz(k))^ = epo/(k) • e, and (/c)^ = ^ • e,, and 

where the leist step is by the completeness of an orthonormal basis of unit vectors. 

Projection of onto a basis of spherical harmonics and performing the 

integrals J dQ — («), ('c)*, yields a set of functions of the atoms' 

spherical relative coordinates in the quantization frame. The functions contain 

spherical Bessel functions of the first kind, with arguments ra;/c. 

The integrals over time are performed using the assumption of a broadband bath 

of vacuum modes with effectively infinitesimal correlation times (Markov approxi

mation), just as in the standard single atom treatment: 

rt' . roo 

~ JJ' (4.8) 

=  T T S I u j q  -  o j )  -  V  ( — — — ) .  
\u;n — uij 

The delta function term is real, and leads to decays; while the principal value 

term, being imaginary, implies an energy shift. For a single atom this energy shift 

diverges when the integration over u is performed. This is a consequence of the 

calculation being non-relativistic; the correct relativistic treatment introduces a 

cutoff in the ui integral, and yields the Lamb shift. This is a small correction to 

the single atom's self energy, and is typically neglected in dynamical calculations. 

But in contrast to the single atom result, in the two-atom equation the self energy 

contributions of the cross-terms cancel each other, giving rise to a finite result. And 

the integrals over solid angle introduce a spatial dependence to the equation. The 

result is a modulation of the decay rate and of the energy shift from the principal 

value integrals, which in the integral over UJ convert the spherical Bessel functions 

from the first kind jm{ruofc) to the second kind Timirujo/c) . 
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Collecting ail terms indicated above, and transforming back from the interaction 

to the Schrodinger picture, we arrive at the two-atom master equation: 

PA =  , f iPA\  T  ^ ' ^latom,iPA T C'latomsPA (^*9) 
1=1,2 1=1,2 

where the single-atom Liouivillian Ciatom.iPA is as usual 

^\atom,iPA ~ 

+ 1) E, (D? • £,) (d- . e; )  +  (n^) E, (D- • €•) (d+ • £,) j 

{n^ + 1) E, (D,+ • €,) (d- . e;) + (n„,) E, (D" • (D,+ • 6,)] 

+7/(na, + !)£,/ dne-'"' (dJ' • c,) pa (D," • ej) e*'' ''' 

Zjfdne''"' (D," • €;) (D+ • 6,) e""'"''' 

2 

(4.10) 

and the two atom Liouivillian Ciatom,iPA is 

l~latom,iP A — 

Eq.,' ([(^r • e?) • €*,) + ^Df • 6*,) • e,) [(2n + 

-^PA 12q,q '  {[(D^ •  £q)  (D^ • €*,) + (Of • 6*,) (DJ • £,) [(2n -f" l ) (3q ,q '  -T ^Ctq,q'\\ 

+7/ Tlq,q' {[(^i" • ^9) Pa (Do • €*,) + (D? • e,j pa (Di • e*,) [2n/3,_q/]} 

+7/ E,.,' {[(Df • e;,) Pa (D^ • e,) + (DT • e*,) pa  (D;^ • e,)] [2(n + 1)/?,.,']} 

(4.11) 

The functions a,,/ and /?„' are given explicitly by 

CCqq! 

a++ = 

Q^oo = 

oc-o = 

a-+ = 

(^q'qi 

1 
a— = no{kr )  — ^ (3cos^0r  — ^ ) 'n .2 ikr ) ,  

no{kr )  +  ̂ (Scos^^r  — l )n2{kr ) ,  

ao+ = 
2V2 

n2{kr )smdrCOs9re  

-n2{kr){l — cos" (4.12) 
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and 

0qq' = /^q'51 

/?++ = 0— = jo{kr) - i(3cos^0r - l)j2{kT), 

000 = jo{kr) + ^(3 cos^ 9r - l)j2{kr), 

3 
/5_o = 00+ =  •^^ j2{kr )smdrCos6re  

0-+ = '^j2{kr){l - cos^ 9r)e~-^*'-. (4-13) 

The arguments of these functions, {r,6r,(j)r), are the spherical coordinates of the 

relative position r of the two atoms, expressed with respect to the quantization 

coordinate system; the functions ji{kr) are spherical Bessel functions of the first 

kind, and ni{kT) are spherical Bessel functions of the second kind. Note that a and 

jS exhibit both polar and azimuthal dependencies in addition to radial ones. This 

arises from the fact that in general the polarization of a vacuum field mode has 

non zero projections on all three basis vectors of the quantization frame; the result 

is that the atomic transitions implied by the exchange of a photon between the 

two atoms may be mediated by different projections of the photon's polarization 

in that frame. 

With the dipole-dipole interaction in hand, the paper of Appendix C performs 

an adiabatic elimination of the excited electronic states, yielding an equation of 

motion for the system of two ground state atoms. The figures indicate that the 

magnitude of the interaction for atoms in adjacent wells is quite small compared to 

that of the optical lattice alone; while at distances corresponding to atoms in the 

same well, the optical potential is dominated by the dipole-dipole interaction. In 

current experiments, the densities are much less than one atom per lattice site, and 

we might expect therefore that its effect will be negligible. We expect that in the 
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future, a high enough atomic density may be achieved that an appreciable fraction 

of the atoms are close enough to one another for the dipole-dipole interaction to 

have a significant effect on their dynamics. It is also possible to modify the lattice 

geometry in three dimensions, elongating the sites along one dimension, so that the 

atoms have an increased likelihood of occupying the same site for a given density. 

Such a lattice would have a shallower potential in the elongated dimension, so that 

the atom would have a less well defined vibrational state, making it a less clean 

system to analyze; but the increased overlap of two atoms in such a well would 

certainly meike the effects of the dipole-dipole interaction non-negligible. We should 

also remember that the incoherent dynamics of cooling and trapping of atoms in a 

lattice is governed by rare random events, for which small perturbations may have 

disproportionate effect. Indeed, there heis been some recent work [107, 108, 109, 

110, 111] that examines the effect of the dipole-dipole interaction on the cooling and 

trapping of low density gases, showing an increase in the steady state temperatures. 

Furthermore, the random redistribution occurring in diffusion may be susceptible 

to the slight variations of both the potential depth and the pumping rates due to 

the presence of another atom; the possibility of obtaining correlations in atomic 

positions reflecting the tetrahedral symmetries of the dipole-dipole interaction is 

an interesting point awaiting dynamical simulations. 
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CHAPTER 5 

Atomic transport on one-dimensional optical 
lattices 

In the seajch for many-body effects mediated by the dipole-dipole interaction 

we must identify a promising arena in which it can operate. The last chapter laid 

the groundwork for an analysis of this interaction for 7 = 1/2 <->• J = 3/2 atoms in 

one dimensional optical lattices; the presence of driving fields and the large mean 

inter-atomic distances ensure that the dipole-dipole interaction will dominate over 

shorter rajige ground state effects, and its form in off resonant lattices is now well 

determined. As a periodic system, optical lattices should allow for a wealth of 

solid state like phenomena. Bajid theory has been used to analyze laser cooling of 

atoms [96, 112], such coherent effects as diffraction of atomic wave-packets [113], 

propagation of atoms in bandgap structures [114, 115], and Bloch oscillations and 

Wannier-Stark ladders [116, 117, 118, 119, 120]. These effects are ideally observed in 

the absence of dissipation, depending as they do on either coherence of an extended 

wavepacket, or coherent propagation of a wavepacket over several periods of the 

lattice. However, the Sisyphus cooling which results in the atoms being trapped is 

an incoherent process; and with the decohering processes typically present in optical 

lattices (see Sec. 4.1), the resulting atomic states are not delocalized. In this light, 

perhaps the most obvious dynamical feature of atoms in an optical lattice, beyond 

the obvious cooling and trapping, is their random diffusion. 

Atoms interacting with light fields will in general experience diffusion in their 

momentum distribution, due to the momentum impulses imparted by the scattering 
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photons and by spontaneously emitted photons; and in their spatial distribution, 

due simply to their motion between random scattering events. If there is in addition 

a cooling mechanism, i.e., a momentum selective force, there will be a limit to the 

momentum diffusion, and an equilibrium in the mean kinetic energy will result. 

This does not, however, imply that spatial diffusion stops, unless there is also a 

spatially dependent, or trapping force, present. In optical lattices there is a very 

efficient cooling mechanism, namely Sisyphus cooling, that imposes a well defined 

limit on the atomic kinetic energy over a wide range of lattice parameters. The 

optical potentials also trap the atoms at the lattice sites where the field polarization 

is of pure helicity, the trapped atom having an extent of the order of ~ A/4. 

Although the atoms spend most of their time confined to the lattice sites, they are 

occasionally able to escape these potential wells and traverse some distance in a 

random walk. These escapes are made possible by the accumulation of energy from 

scattering of photons of the predominant polarization of the lattice site; and more 

rarely, by the scattering of a photon of the orthogonal polarization, which can then 

induce a change of the atom's internal state and result in a large increase in potential 

energy. Such an atom is no longer confined and can travel over several lattice sites; 

the length of its trajectory depends on the atomic kinetic energy at its beginning, 

and on the effectiveness of the cooling in the lattice. (Jurczak et al. [121, 122] have 

investigated the change of internal state and transport of atoms in a lattice using 

polarization-selective intensity correlation spectroscopy. This technique uses the 

fact that the light scattered from an atom trapped in a well will be predominantly 

of the polarization defining that well, due both to the fact that the trapping fields 

are mostly that polarization at that location, and that the transition's Clebsch-

Gordon coefficients favor scattering of that polarization by an atom in the ground 
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state corresponding to that well. The autocorrelation of a single polarization of 

the scattered light then reveals the time scale on which an atom remains in a given 

ground state and at a given lattice site.) It has been found [123] that the resulting 

spatial diffusion may or may not follow the normal diffusion equation. For deep 

optical potentials the diffusion is normal, and the spatial distribution is roughly 

a Gaussian (with modulation due to the trapping in wells) for which the second 

moment grows in proportion to elapsed time. On the other hand, in very shallow 

potentials Sisyphus cooling is not able to constrain the momentum diffusion, ajid 

there is continuous heating; the spatial distribution then grows super-ballistically, 

i.e., proportionally to a power of elapsed time greater than two. Intermediate 

between these cases is a regime in which an equilibrium is reached in the kinetic 

energy, but where the spatial distribution still grows faster than linearly in time. 

This is termed anomalous diffusion, and in some circumstances may be described 

by Levy statistics; the random waiks performed by the atoms are called Levy walks 

[124, 125]. Levy walks are characterized by step sizes for which the second moment 

diverges, and therefore have no natural scale, in contreLst to the random walks 

giving rise to normal diffusion. For this reason. Levy walks are an example of a 

fractal system, having self similarity in the distribution of step sizes. 

In optical lattices this self similarity does not hold strictly true. For one thing, 

there is a minimum step size, the distance between adjacent potential minima. 

There is also an additional cooling mechanism which we do not include in our 

model, namely Doppler cooling, which comes into effect for relatively much larger 

kinetic energies than we consider, and that would likely impose an upper limit 

on the step sizes the atom might taJce. Nevertheless, there will be a large time 

span before this limit affects the spatial diffusion, because of the rarity of an atom 
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attaining such high energies in the first place. During this time the diffusion of 

an initially localized atomic spatial distribution may behave as if anomalous. The 

purpose of the paper in Appendix D is to show the viability of a semi-classical 

simulation to model this and other behavior of atoms in an optical lattice, and 

using this model, to explore anomalous diffusion in a wider range of parameter 

space than would be practical for a full quantum simulation. 

We use two fully quantum mechanical and one semi-classical models to simu

late the dynamics of atoms in a one-dimensional optical lattice. The lattice fields 

are in the standard ID lin ± lin configuration, yielding two standing waves of 

opposite circular polarization, offset by a quarter wavelength. We consider the 

regime of large detuning so that we can adiabatically eliminate the atomic excited 

states; dissipation due to Sisyphus cooling (in all cases we ignore Doppler cool

ing) is handled by the Quantum Monte Carlo Wave-function method (QMCWF), 

or by a semi-classical adaptation of it. Monte Carlo methods for solving master 

equations have enjoyed much recent interest and success [80, 81, 82]. The tech

nique is formulated in terms of the operators contained in the dissipative part of 

the Lindblad form of the master equation, which govern the modification of the 

system's density operator under the influence of coupling to a reservoir. These op

erators are taken in the QMCWF technique to represent quantum jumps within the 

wavefunction of the system under study, which when averaged over an ensemble of 

trajectories yields the same results as the master equation. For problems involving 

spontaneous emission by atoms of photons into the electromagnetic vacuum, this 

influence is usually described in terms of projections of the emitted photon onto 

plane wave modes of the vacuum. However, it has been pointed out [126, 127, 82] 

that any unitary transformation of these Lindblad operators will yield identical 
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results. There is some discussion on the meaning of these different "unravellings" 

of the master equation (see [128, 129, 130, 131j and references therein) with the 

interpretations ranging from their being of purely formal mathematical utility to 

the claim that they represent an objective physical reality. For our purposes we 

take an intermediate stance based on a measurement theory interpretation, which 

takes the different sets of operators as representing different possible measurements 

that could made on the system. The conditional evolution that results then re

flects the information gained by the paxticular choice of measurements made. Our 

first quantum mechanical model does indeed assume that the detection of spon

taneously emitted photons is by monitoring the plane wave modes of the vacuum 

(angle-resolved detection), consequently the atomic system then receives a random 

momentum kick at each emission. The second model projects the emitted photons 

onto spherical modes [127], which instead of specifying a recoil, specify an origin of 

emission (localizing detection). This corresponds to detection by an ideal imaging 

system. It's important to note, however, that practicai imaging systems are not 

only non-ideal, but map points from one plane to another; to obtain good infor

mation on atomic position then requires that they be known to be confined to a 

plane. Finally, the semi-classicaJ model uses the angle-resolved scheme, since an 

atom's classical position is already localized. 

The bulk of the paper in Appendix D is concerned with a characterization of 

atomic cooling and diffusion as functions of the depth of the optical potentials, ajid 

of the saturation parameter (to which the scattering rates and excited state popu

lations are proportional). Our findings indicate that the semi-classical model only 

qualitatively reproduces the results of the fully quantum mechanical one. Specif

ically, the equilibrium kinetic energies in deep potentials match well, as do the 
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minimum and overall dependence of kinetic energy on the potential depth. How

ever, the value of atomic diffusion in the semi-classical calculations is significantly 

greater, by a factor of 1.5 to 2, than in the quantum ones. While the quantum 

calculations were for smaller parameter range, and were of a shorter duration than 

the semi-classical ones, the trends indicate that this difference is a general feature. 

Nevertheless, the important phenomena (a minimum in the kinetic energy vs. po

tential depth, a threshold for the onset of anomalous diffusion) are qualitatively 

reproduced. Furthermore, we have been able to investigate the dependence of the 

diffusion constant on the saturation parameter, concluding that anomalous diffu

sion occurs when the mechanism of Sisyphus cooling becomes relatively ineffective 

in truncating the trajectories of atoms which have escaped the confinement of the 

potential wells. This establishes the utility of the semi-classical model for investiga

tions of other systems not practically accessible to full quantum calculations. One 

obvious extension would be two and three dimensional optical lattices, which show 

marked differences from the one dimensional case. For instance, in more than one 

dimension there are potential wells of two different depths, with implications for 

the tunneling rates between adjacent wells [132]. Additionally, there exist "escape 

channels", directions in the lattice along which cooling is inefficient, causing the 

equilibrium kinetic energy to be a direction dependent quantity [133, 134j. The 

modeling of atoms with larger angular momentum is also of interest; in this case 

there will be multiple attractive potentials at the same lattice site, with the result 

that there will be local cooling for atoms within that local site [90]. This means 

that escapes and flights of unbound atoms will be much rarer, implying a much 

smaller diffusion coefficient, as has been noticed in [123] and references therein. 

Another interesting line of investigation would be the effects of the dipole-dipole 
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interaction on the atomic dynamics in lattices, with the possibility of its symmetries 

being reflected in atomic position correlations. In all of these examples, fully quan

tum mechanical calculations are beyond the range of practical computer resources; 

semi-classical modeling as presented here will then be a useful tool for exploration 

of the phenomenology of these systems. 
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CHAPTER 6 

Conclusion 

The results of the work reported here indicate that in the cases where high phase 

space densities can be achieved, we can expect that inter-atomic interactions play a 

role on the atomic dynamics in quantum optical systems. Of course, in traditional 

atomic beam experiments, for which the source is an oven, this condition will not 

be fulfilled, and we should expect that a single atom analysis is sufficient to explain 

the results. However, the possibility of improved sources, and particularly the use 

of a BEG as a source, should allow for the effects discussed in Chapters 2 and 3 to 

be investigated experimentally. 

In cooling and trapping situations collisions are known to give rise to trap losses 

axid to mediate the thermalization of the samples; recent work by Hillenbrand et al. 

[110] and by Elhnger and Cooper [111] show that the dipole-dipole interaction can 

have an effect on the steady state temperature and momentum diffusion of atoms 

in a lattice. 

With regard to atomic transport and pattern formation, it might be expected 

that because the dynamics of atoms trapped in optical lattices are essentially ran

dom waiks, the diffusion and arrangement of atoms could be affected by the small 

perturbations of the lattice potential and pumping rates induced by the dipole-

dipole interaction. While full quantum mechanical calculations of many interacting 

atoms in an optical lattice are beyond the capabilities of present day computers, a 

semi-classicai model such as that presented in Ch. 5 may prove useful for the explo

ration of phenomenology. It would be straightforward to include the dipole-dipole 
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interaction derived in Ch. 4 in a many atom semi-classical simulation. The effects 

of increasing atomic density on occupation time of atoms trapped lattice sites and 

on diffusion could be investigated. Also, the differing symmetries of the lattice 

and dipole-dipole interaction should allow a clear sepaxation of its effects from nor

mal single atom dynamics. These differences might make themselves known for 

instance by means of correlations in the atomic positions, possibly probed by the 

polarization correlation spectroscopy technique of Jurczak et al. [32, 122]. 
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Exchange Force in the near-resonant Kapitza-Dirac effect 
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We study the influence of the quantum statistics of the incident atoms in the Raman*?iath regime 
of atomic diffi^ction by an optical standing wave. The di&action pattern of fermions shows a clear 
signature of the "exchange force" between particles. 

PACS number(s): 42.50.Vk 

The last few years have witnessed considerable ad
vances in atom optics and atom interferometry [ij. [n 
a parallel development, novel atomic-cooling techniques 
[2] have broken the recoil limit, so that atomic tempera
tures in the nanokelvin cmd subnanokelvin ranges are now 
possible. The large de Broglie wavelength of such atoms 
leads to a regime of atomic physics where the effects of 
quantum statistics become of central importance, as ev
idenced by the ongoing attempts in several laboratories 
to achieve atomic Bose condensation. In addition, ul-
tracold atoms are of considerable interest in conjunction 
with atom interferometry, as they permit larger di&ac-
tion angles and hence devices of more practical interest. 
The goal of this paper is to present a preliminary investi
gation of the effects of quantum statistics in atom optics. 
It is oftentimes stated that atom optics is like conven
tional optics, except that the roles of atoms and light 
are reversed. Although there b clearly a considerable 
amount of truth to this statement in the linear regime— 
at least if one ignores that part of atom optics that uses 
microfabricated elements—the situation is quite different 
when one considers nonlinear optics. Because photons do 
not interact directly, all of conventional nonlinear optics 
relies on a medium as a catalyst. This is in contrast with, 
the atom-optics situation, where atoms directly interact 
by a number of mechanisms. 

.A. complete description of nonlinear atom optics would 
rely oa a Beld-theoretical approach based on a quantiza
tion of the Schrodinger field describing the atomic beam. 
Standard approximations such as a Hartree or Hartree-
Fock factorization [3| would then lead to a formalism that 
makes the nonlinear nature of the problem explicit. We 
are presently developing such an approach, but the goal 
of this paper is much more limited. We consider the 
simplest possible nontrivictl atom-optics situation to illus
trate how quantum statistics influences atomic di&action 
by very cold atoms. Specifically, we analyze the Raman-
N'ath regime [4-6] of the near-resonant Kapitza-Dirac ef
fect [7,8], but with two indistinguishable incident atoms 
instead of just one, as is normally the case. However, we 
neglect the effects of ultracold collisions for simplicity. 

In its simplest form, the near-resonant Kapitza-Dirac 
effect is due to the interaction of two-level atoms of 
mass M moving predominantly along the y direction 
with a classical standing laser mode of spatial amplitude 
E{x.z,t) - f{z]Eocos{qx)cos{Qt). Here, /(;) is a laser-
beam profile function. If the atomic momentum along 

this direction is sufficiently large that light forces can be 
neglected and p, remains constant, it can effectively be 
replaced by a function of time f{t) by transforming the 
problem to a frame moving at the velocity Px/M. For 
simplicity, we take f(t) = 1 for 0 < t < r. where r is 
the atom-field interaction time, amd /(t) = Q otherwise. 
In the rotating-wave approximation, the interaction be
tween the two atoms and the field is then described by 
the interaction-picture Hamiltonian 

a  =  E f — -
\ 2Af /=i V 

Wlej>(e j |  +  Ml tT i j  cos{qx  . ) ) •  (1) 

Here Xj and pj with [xj.pj-] = ihSj^y refer to the x com
ponents of the position and momentum of the j'th two-
level atom with electronic ground and electronic states 
ISj) and le,): <t\_J is the conventional pseudospin opera
tor for atom j. It. is the Rabi firequency of the interaction, 
a n d  6  i s  t h e  f i e l d - a t o m  d e t u n i n g ,  S  =  C i  -  u j .  

In this paper, we consider the Raman-Nath regime 
[4-6| of atomic difii^tion. which allows us to discard 
the kinetic-energy term in the Hamiltonian (1). This ap
proximation is valid for interaction times r satisfying the 
condition [9{ 

for d <SC K. and 

\/2Su)r 
r « (3) 

for i 3> K. where u/r = hq^j2M is the recoil firequency. 
In the first case, the probability that an atom with 
initial momentum p = 0 is deflected by a momentum nhq 
is given by 

P„ = JliTlr), (4) 

where is the Bessel function of integer order n. In 
contrast, in the limit of large detunings only states of 
even momentum 2nhq are excited, and 

(5) 

Because we wish to concentrate on the role of the "ex
change force" on atomic diffraction, it is desirable to 
eliminate all other effects, and in particular spontaneous 
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emission, in the present discussion. This can be achieved 
in the regime of large detunings. where spontaneous emis
sion has been shown both experimentally [10] and theo
retically [11,9] to have negligible effects. 

The wave function of the two-atom system is con
structed from the individual atomic wave functions under 
the requirement that it has the proper symmetry under 
particle exchange: 

P\l(V) = (®) 
where the plus sign applies to bosonic atoms and the 
minus sign to fermionic atoms. The electronic part of 
the combined electronic wave Ciuction is conveniently ex
pressed in terms of Dicke triplet and singlet states [12, 
13! 

iri) = |ei.e2), (7) 

l^o) — + l3iiei))i 

l^-i) = ISl.S2)i 
and 

l-?o) = ^(lei.Ss) - Iffi.ei)), 

(8) 

(9) 

(10) 

where Pizdr^)) = IT.) and Pt2{|5o)) = -|5o). Con
sequently, for bosons the spatial part of the two-atom 
wave function must be even for triplet states and odd for 
the singlet state, and conversely for fennions. In the ba
sis {|ri),|T_i),lTo),lSo)}, the Hamiltonian (1) may be 
expressed as 

H = 

fS 
0 

f-s 

0 
-<J 
c 
s 

c 
c 
0 
0 

(11) 

(12) 

(13) 

and X = (ij -1-1'>)/2 and x  =  (ij — ii) are the center-
of-mass and relative coordinates, respectively. 

We present numerical results for a system of two atoms 
initially in their ground electronic state and with single-
atom center-of-mass wave fimction 

where 

C = hTl\/2cos(qX) cos(qx/2), 
S = h'Ri/2s\n{qX)sm(qx/2), 

t i / j ( x , t )  = >/'exp[-(i - ioj)^/2<t^]. (14) 

where ^ is a normalization constant. The squared 
modulus of the corresponding two-atom wave function 
<I'(xi,Z2>'))< symmetrized according to Eq. (6), is illus
trated in Figs. 1(a) and 1(b) for the cases of bosons cisd 
fermions, respectively. Here, |io.i - lo.al = 0.2A, where 
A =2ir/qis the wavelength of the optical field, and ir = A. 
The corresponding momentum probability distributions 

0)!^. centered about Pi = pa = 0, are given in 
Figs. 2(a) and 2(b). 

!t is worth noting that the initial condition (14), al
though sufficient for our present purposes, does not prop
erly describe atoms in an atomic beam. A proper initial 
density matrix is obtained by maximizing the von Neu
mann entropy of the atoms under the constraints that 
their mean position xq and momentum po, as well as the 

variances in position and <Tp in momentum, are known. 
One then finds that the center-of-mass density matrix is 
given by [14] 

p(0) = jV exp 
(x-ro)- ( p - p o f  

(15) 

where the parameters Sx and Sp are related to (T, and <Tp 
by 

.; = (x')-(x)^ = ^coth(.^). (16) 

-| = (p'>-(p>' = ^coth(,^). (17) 

'1-^1/'lit 

7-r'/27 

-2 

(a) 

-n 

-2f 

-2 -1 1 2 

v. 

-2 -1 1 2 

FIG. 1. Gray-scale rendition of the initial probability 
|<f'(xi,X])|' for (a) bosonic and (b) fermionic atoms. The 
coordinates Zi and X7 are labeled in units of the wavelength 
A of the optical Beld. 
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Since the kinetic-energy part of the Hamiitonian is ne
glected in the Raman-Nath regime, the atom-field inter
action is purely diffiractive: the amplitude of the coor
dinate representation wave function remains unchanged, 
all dynamics appearing in its phase. Hence, it is more 
useftil to concentrate on the momentum representation. 
Figures 3(a) and 3(b) show the momentum distribution 

= I*(Pi.Pj.'')I' where the Pi's are in units of 
hq, for an interaction time r = 3.5 x In this ex
ample, the Rabi frequency H = eOOhir and the detuning 
S = 3200ta;r- For this set of parameters, which corre
sponds roughly to the conditions of large detuning in the 
experiments of Gould et aL [10], the Raman-Nath condi
tion (3) is well satisfied. Furthermore, the large detuning 
implies a very weak population of the upper electronic 
states \ej), so that diffraction is predominantly about 
states of even momentum p = 2nhq. This distribution 

PlA? 3 

3> 

2: 

1 ^ 

0 

-1  

-2 

-3! 

-2 -1 2 3 

FIG. 2. Gray-scale readitioa of the initial probability 
for (a) bosonic and (b) fermionic atoms. The 

momenta pi and pi are labeled in units of hq. 

corresponds to the far-field joint probability distribution 
P(ii.X2) of measiiring one of the particles at position 

and the other at position Zj. As such, it is the atom-
optics equivalent of the second-order correlation function 
measured in optical Hanbury Brown and Twiss exper
iments. The difference between bosonic and fermionic 
atoms is quite clear in this result, and illustrates vividly 
the Paul] exclusion principle, not just in the zeroth or
der of di&action, but also in cill higher difihiction orders. 
This result can also be interpreted as resulting from an 
"exchange force" that "Repels" fermionic atoms. 

In addition to joint probability distributions, it is in
teresting to consider marginal distributions, for instance 
the probability 

(18) 

f ' j  /"/ 3i 

2-

11 

0! 

-11 

-2; 

-3! 
-3 -2 

31 
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i 

oj 
f 

-2| 

-3 

-1 2 3 
.''I, 

% 

-1 1 2 3 
Pl lhq  

FIG. 3. Gray-scale rendition of the probability 
'I'lpi.pj.'•)l' for (a) bosonic and (b) fermionic atoms. The 
momenta p\ and are labeled in units of Kq, and r = 
3.S K 
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of having one of the particles with momentiun pt, that is, 
the &r-field probability of observing one of the particles 
at position Zi. This probability is shown in Figs. 4(a) 
and 4(b), again for the cases of bosons and fertnions. The 
effect of the exchange force is particularly dramatic, as it 
splits all orders of the standard one-atom Bessel function 
pattern in the case of fermioos. 

The fact that the shape of the probability P(pi,pj, r) 
about the various diffiraction orders is an exact replica 
o f  t h e  i n i t i a l  d i s t r i b u t i o n  P(pi ,p2 ,0)  a b o u t  pi  =  = 0  
is a direct consequence of the fact that we are operat
ing in the Raman-Nath regime of di&action where, as 
already stated, the effect of the interaction between the 
field and the atoms is merely to modulate the phase of the 
atomic wave fiinction. As such, the dij&action patterns 
of Figs. 3(a) and 3(b) are a straightforward consequence 
of the initial conditions Figs. 1(a) and 1(b). The situa
tion will, of course, become more complex if the kinetic-
energy part of the Hamiltonian is retained. For instance, 
in the Bragg regime, in which just two atomic momen
tum states are strongly coupled and the atom undergoes 
Pendelloaung oscillations between them [15|. one would 
expect that if a single atom fiilfiUs the Bragg condition, 
this will not be the case for two fermionic atoms, due 
to Pauli's exclusion principle. The "exchange force" will 
lead to additional oscillations in the evolution of the mo
mentum distribution of the atoms. This and other issues 
will be the object of a future report. 

In summary, we have shown in a simple example that 
quantum statistics lead to significant modifications of the 
dif&action pattern of ultracold atomic beams, in particu
lar for fermions where the exchange force leads to a split
ting of the Raman-Nath diffraction pattern. More subtle 
effects are expected to occur when the kinetic energy of 
the atoms has to be explicitly accounted for. In addition 
to their pedagogical value as a simple illustration of the 
role of the exchange force, these results provide a strong 
motivation to study the more complicated problem of 
a realistic atomic beam, including interatomic collisions 
and spontaneous emission. 
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FIG. 4. Marginal probability P{p) for one of the scattered 

atoms to have momeatum p for (a) bosoaic atoms and (b) 
fermionic atoms at time r = 3.5 x 10 "'j,. The momeatum 
is in units of hq. 

This work is supported by the Office of Naval Research 
under Contract No. \-00014-91-J-l205 «ind by the Joint 
Services Optics Program. Discussions with M. Wilkens 
and E. M. Wright cire gratefiilly acknowledged. 

Ij Special issue on atom optics, edited by J. Mlynek, V. Ba-
lykia, and P. Meystre. Appl. Phys. B 54 (5) (1992). 

'2\ C. Cohen-Tannoudji, in Fundamental Systems in Quan
tum Optics (North-Holland. Amsterdam, 1992). 

[3| L. Kadanoff and G. Baym, Quantum Statutical Mechan
ics (Addisou-Wesley, Redwood City, CA. 1989). 

[4| R. J. Cook and A. F. Bernhardt, Phys. Rev. A 18, 2533 
(1978). 

[5| A. F. Bernhardt and B. W. Shore, Phys. Rev. A 23. 1290 
(1981). 

[6| E. Arimondo, A. Bambini, and S. Steaholm, Phys. Rev. 
A 24, 898 (1981). 

[7] Philip E. Moskowitz, Phillip L. Gould. Susan R. Atlas, 
and David E. Pritchard, Phys. Rev. Lett. 51, 370 (1983). 

[8J P. E. Moskowitz, P. L. Gould, and D. E. Pritchard, J. 
Opt. Soc. Am. B 2, 1784 (1985). 

[91 E. Schumacher. .M. Wilkens, P. Meystre, aad S. Glasgow, 
Appl. Phys. B 54. 451 (1992). 

flOj Phillip L. Gould, Peter J. .Martin, George A. Ruff, 
Richard E. Stoner, Jean-Louis Picque, and David E. 
Pritchard, Phys. Rev. A 43, 585 (1991). 

;ll| S. M. Tau and D. F. Walls, AppL Phys. B 54, 434 (1992). 
[12] R. H. Dicke, Phys. Rev. 93. 99 (1954). 
13] .M. Sargent III, M. O. Scully, and W. E. Lamb, Jr., Laser 

Physics (Addison-Wesley, Reading, .MA. 1974). 
[14] T. Zaugg, G. Lenz, and P. .Meystre (unpublished). 
Jisj Peter J. Martin, Bruce G. Oldaker, Andrew H. Miklich, 

and David E. Pritchard, Phys. Rev. Lett. 80, 515 (1988). 



58 

Appendix B 

Dipole-dipole interaction in the near-resonant 
Kapitza-Dirac effect 



I 
i«7 

PHYSICAL REVIEW 
A 

ATOMIC, MOLECULAR, AND 
OPTICAL PHYSICS 

Pi/blished by 

THE AMERICAN PHYSICAL SOCIETV 
through the 

Arocxicaxi Institute of Physics 



60 

Dear Paul: 

Please use this email message from me as written 
permission from the American Physical Society to reprint 
your papers in your PhD dissertation. Please be sure to 
acknowledge the source of the four papers and add that they 
are copyrighted by the APS. Thank you. 

Sincerely, 

Mina Chung 
Associate Publisher 
chungSaps.org 

TITLE "Exchange force in the near-resonant 
Kapitza-Dirac effect" 

AUTHOR Lenz, G. Pax, P. Meystre, P. 
Physical Review A vol.48, no.2 (Aug. 1993) pl707-10. 

TITLE "Dipole-dipole interaction in the near-resonant 
Kapitza-Dirac effect" 

AUTHOR Pax, P. Lenz, G. Meystre, P. 
Physical Review A vol.51, no.5 (May 1995) p3972-81. 

TITLE "Dipole-dipole interaction in three-dimensional 
optical lattices' 

AUTHOR Goldstein, E.V. Pax, P. Meystre, P. 
Physical Review A vol.53, no.4 (April 1996) p2604-15. 

TITLE 
AUTHOR 

"Atomic transport on one-dimensional optical lattices" 
Greenwood, W. Pcix, P. Meystre, P. 
Physical Review A vol.56, no.3 (Sept. 1997) p2109-22. 



61 

PHYSICAL REVIEW A VOLUME 51, NUMBER 5 MAY 1995 

Dipole-dipole interaction in the near-resonant Kapitza-Dirac effect 

P. Pax, G. Lenz. and P. Meystrc 
Optical Sciences Center, University of Arizona, Tucson, AHZOTUX 35721 

(Received 4 November 1994) 

We study the near-resonant Kapitza-Oirac diffiraction of two atoms interacting via the dipole-
dipole interaction within the framework of an effective oae-dimensional model. We concentrate 
mostly on the Stem-Gerlach regime of diffiraction, where the atomic wave functions are sufficiently 
well localized that a good physical understanding of the system dynamics in terms of local potentials 
can be achieved. In general, the dipole-dipole interaction can lead to substantial modifications of the 
Stem-Gerlach di&actioa pattern. We find iu particulu that under appropriate conditions, bound 
states of the atomic system can be established, with the two atoms separated by a distance of the 
order of hundreds of nanometers. However, spontaneous emission eventually destroys the binding 
between these states via a heating mechanism somewhat similar to strong-field Sysiphus heating. In 
this respect, the behavior of the ''diatom'* bound state under the influence of spontaneous emission 
is similar to that of the atomic solitons predicted to occur in near-resonant Kapitza-Dirac di&action 
in the framework of aonlinear atom optics. 

PACS number(s): 42.50.Vk 

I. INTRODUCTION 

The difihictioQ of atoms by the periodic structure pro
vided by a near-resonant optical standing wave, the nCcir-
resonant Kapitza-Dirac effect, is one of the central tenets 
of atom optics. This problem has been studied in much 
detail in the past, both theoretically and experimentally, 
and the various di&action regimes that can be achieved 
are well understood [1,2]. The transition from a diifrac-
tive to a diffusive regime of interaction as a function of 
the rate of spontaneous emission has also been aneilyzed 
[1-4]. The situation where the optical field needs to be 
treated quantum mechanically [5-9], a topic of much cur
rent theoretical activity, might lead to the development of 
new techniques to investigate subtle aspects of quantum 
mechanics, such as the generation of entangled states and 
measurement theory. 

In parallel to these developments, progress in atomic 
cooling permits one to reach temperatures below the so-
Ccilied recoil limit, where the atomic thermal de Broglie 
wavelength becomes larger than the wavelength of the 
light used to carry out the cooling [10,11]. Moderate to 
large atomic densities of such ultracold atoms can now be 
achieved. It is hoped to eventually reach temperatures 
and phase-space densities such that collective effects such 
as Bose condensation can be demonstrated [12]. Even 
before reaching this extreme regime, however, it is rea
sonable to expect the onset of some evidence for collec
tive effects. This is true in particular in the case of the 
near-resonant Kapitza-Oirac effect, where the atocns are 
driven by an electromagnetic field, and hence are sub
ject to the long-range dipole-dipole interaction between 
ground and excited states [13]. This interaction has a 
range of the order of an optical wavelength and is ex
pected to start playing a significant role already at mod
erate densities. This is in contrast to the van der Waais 
interaction between ground state atoms [14]. which is 

short range and of considerable importance in Bose con
densation. 

Attempts to understand the effects of these long-range 
forces on dense clouds of magneto-optically trapped ul
tracold atoms already constitute an actively pursued field 
[15-18]. An interesting question under these conditions 
is to quantify the limitations these forces impose on 
the ultimately achievable temperatures and densities in 
magneto-optical traps. The description of observed trap 
losses [19-22] by means of semiclassical scattering meth
ods or optical Bloch equations shows mixed results so 
far. There are indications that it is crucial for the un
derstanding of the dynamics of ultracold atoms in light 
fields to analyze the full problem, including translational 
and internal degrees of freedom, quantum mechanically 
[23.24]. But probably the most intriguing consequence 
of these long-range forces under the low temperatures 
and moderate to high densities under consideration is the 
appearence of genuine quantum mechanical many-body 
effects. Efforts to include them in quantum field theo
ries of ultracold atoms are now being carried out both in 
the context of Bose-Einstein condensation [25-29] and in 
atom optics [30-34]. In particular, such theories lead to 
effective single-atom dynamics in the mean field of the 
other atoms that are typically nonlinear, leading to the 
possibility of nonlinear atom optics. 

Many-body theories always contain a number of ap
proximations and ansatz whose validity is difficult to as
sess. Hence, it is necessary to complement them with 
the study of simple models including just a few atoms, 
but treated fully quantum mechanically. In addition, 
such models yield physical intuition on the dynamics of 
two-body interactions which is complementary to that 
gained from mMy-body theories. Progress along these 
lines has recently become possible thanks in large part 
to the development of Monte Carlo wave function simu
lation techniques [35.36]. Applications of such models to 
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the study of cold coUisioos in lasers fields [24], as well as 
of the effects of the resonant dipole-dipole interaction in 
velocity-selective coherent population trapping [37j and 
in polarization gradient laser cooling [38| have recently 
been presented. In this paper, we discuss the diffiraction 
of two undistinguishable atoms by a classical standing-
wave field, including spontaneous emission as well as the 
effects of the dipole-dipole interaction. In addition, we 
use properly symmetrized initial conditions to take into 
account the effects of quantum statistics, in case the over
lap between the atomic wave fiinctions becomes impor
tant. 

Section 11 presents our model and outlines the de
scription of the interaction between the atoms and the 
standing-wave field, as well as their interaction with the 
vacuum modes of the electromagnetic field. We review 
how this interaction leads to both spontaneous decay and 
the appearance of a dipole-dipole interaction between 
ground and excited atoms. The atomic master equa
tion resulting from the adiabatic elimination of the vac
uum modes of the electromagnetic field is then presented. 
Unfortunately, the size of presently available computers 
forbids a direct numerical solution of this equation. In
stead, we use a Monte Carlo wave fimctions technique, 
whose implementation is discussed in Sec. QI, to simu
late the resulting atomic dynamics. Section IV presents 
selected results from our numerical experiments, and 
demonstrates that the dipole-dipole interaction can have 
significant effects on atomic di&action. These results are 
given a simple physical interpretation in terms of local 
potentials that are a generalization of the usual dressed 
states basis of quantum optics that includes the dipole-
dipole interaction. Finally, Sec. V is a summary and 
conclusion. 

II. THE MODEL 

We consider two undistinguishable bosonic two-level 
atoms in interaction with a linearly polcirized standing-
wave classical laser field, as well as with the vacuum 
modes of the electromagnetic field. We assume that the 
standing wave is along the x direction, along which the 
atomic motion is quantized. However, the atomic motion 
perpendicular to this axis, in the direction of propagation 
of the atomic beam, is treated classically. Physically, 
this can be justified by considering a transversely cooled 
atomic beam traveling with a velocity u, much larger 
than the atomic recoil velocity = HqlM, where g is 
the wave number of the standing-wave field and M is the 
atomic mass. Technically, this allows the significant sim
plification of effectively dealing with a one-dimensional 
problem. The two-level atoms have a Bohr transition 
frequency wo between their excited level le), and ground 
level |^)j, t = 1,2. In a frame rotating at the laser fre
quency uc., their interaction with the laser field is given 
in the electric dipole and rotating-wave approximations 
by 

2 

Here pi is the longitudinal center-of-mass momentum 
operator of the ith atom (i.e., along the standing-wave 
axis) and ii its position operator, with [it.Pjj = 
S = ijji, —uJo is the detuning of the laser field with respect 
to the atomic transition frequency, and K is the laser 
Rabi frequency at the antinodes of the standing wave. 
The operators and <73, are standard Pauli pseudospin 
operators for the ith particle. In the absence of two-body 
(or more generally many-body) interactions, the differ
ence between the one-atom and two-atom near-resonant 
Kapitza-Dirac effect appears solely in the initial condi
tion. which must be properly symmetrized in the latter 
situation [39]. 

Before proceeding, a few words of caution are called 
for in order to understand the limitations and assump
tions made in writing down our model. When using the 
electric dipole form of the field-atom interaction the re
sulting Hamiltonian contains a contact term [40]. It is 
ignored in our Hamiltonian because the 'length scale" 
of this contact term is the Bohr radius, and we assume 
that the density is low enough that this term is irrele
vant. Consequently, we never encounter the difficulty of 
including van der Waals, fine or hyperfine interactions, 
as seems necessary to explain trap losses due to ultra-
cold collisions. In addition we assimie that our sample is 
optically thin, otherwise the field and matter equations 
would have to be solved self-coosistently. 

In the Bom-Markov approximation [41], the coupling 
of the atoms to the vacuum modes of the electromag
netic field leads to two effects: the first one is sponta
neous emission, as would be the case for a single atom, 
and the second one is the appearance of a dipole-dipole 
interaction that couples one of the atoms in its excited 
electronic state to the other in its ground electronic state. 
Its physical origin is the reabsorption by one of the atoms 
of a photon spontaneously emitted by the other. 

We do not reproduce the derivation of the appropri
ate two-atom master equation, which has been presented 
elsewhere [42]. Instead, we limit ourselves to stating the 
final result 

P = -r [ff + ffiid. P! + CDP- ( 2 )  

Here, p is the reduced density operator for the two atoms 
and Hdti is the dipole-dipole interaction Hamiltonian 

JIM = + ai (31 

where 70 is the spontaneous decay rate of the transition 
and a~,are usual raising and lower atomic operators 
for the ith atom. In view of the fact that the dipole-dipole 
interaction has the same physical origin as spontaneous 
emission, it is not surprising that it should scale as 70. 
The spatial part of the dipole-dipole interaction depends 
on the distance r between the two-level atoms, and is 
explicitly given by 

Vddiir. Q) = 3 cos or, , „, i-d-cos'e) 2 [ ?r 

(1) 
f singr cosqT\ . 

Is? 
(4) 
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where 6 is the angle between the atomic dipoles and the 
relative position vector of the atoms rj — ri. The diver
gence of Vjj(qr, ©) as r -+ 0 is an artifact of our oversim
plified model and needs to be removed by an appropriate 
cutoff, as fiirther discussed in Sec. in. The damping part 
of the master equation (2) is given by the Lindblad form 

CDP = -^ J +pa'*'a~-2a-~pa'*'] , (5) 

where (in is a solid angle element, the surface integration 
is over a sphere of unit radius, and 

&-(k) = [^"(k)]> 

= i/l - cos^ e*'' (6) 

The square root in this expression accounts for the dipole 
radiation pattern of a two-level system driven by a lin
early polarized field, 0k being the angle between the di
rection of the atomic dipole and the direction of emission 
of a spontaneous photon of wave vector k. 

Before turning to the Monte Carlo wave functions im
plementation of our model, we conclude this section by 
introducing a local basis that will prove useful to discuss 
our results. When analyzing the superradiant properties 
of two atoms at rest, Dicke [43] introduced the triplet 
and singlet states 

IT.) = |e>x » le)2, 
|r_> = is>i ® is)2, 
l^o) = (l/>/2)(le>i 8 13)2 + |g>i 8 |e)2l, 

15o) = (l/v^)[|e)i ® is>2 - iff)i ® !e)2l, (7) 

where the singlet state |5o) b radiatively decoupled from 
the triplet family for atoms at rest at the same location. 
We generalize this basis set to account for the atomic 
center-of-mass motion by introducing the complete, sym
metrized basis set 

|J7i) = (1/V^)[|XI>1 ® 112)2 + |l2)l ® |ii)2| ® ir+>. 
It/j) = (i/>/2)(lii)t ® 1x2)2 + |X2)1 ® In),! ® |T->, 

= (1/v/2)(l^l)l ® 1^2)2 + 1^2)1 ® l'Il)2! ® [To) , 

|£/4) = (l/\/2)(lxi)i ® 112)2 - |i2)i ® 121)2! ® \Sa)- (8) 

Neglecting for now the kinetic energy contribution to the 
system's Hamiltonian, which leads to nonlocal dynamics, 
and introducing the vector U = the local 
contribution to the Schrodinger evolution of U may be 
cast in the matrix form 

lAU = HtocU , (9) 

where 

( - S  0 -IC- \ 
V or 

-K. AC_ 0 -V ) 

AC. = \/27J.cos(gic) cos((jx,/2), (11) 

K- = v'271sin(gic)3in(<7Xr/2), (12) 

and 

o = (W2)Vij(qlx,|). (13) 

Here i, = xi — X2 is the projection along the axis of the 
standing wave of the relative position of the atoms, while 
Xc = (xt +i2)/2 is the projection of their center-of-mass 
motion. 

We see, then, that the interaction with the standing 
wave couples the electronic triplet state |T+) to jTo), and 
|To) to |r_), with the effective Rabi frequency K^. In ad
dition, it couples the singlet state |5o) to the triplet states 
IT+) and IT-) with effective Rabi frequencies xAC_. For 
atoms at the same location, x, = 0, we have /C. = 0 
and hence recover Dicke's result that the singlet state 
decouples from the triplet manifold. In addition, the 
dlpole-dipole interaction leads to a shift in energy of the 
electronic states |5o) and ITo). Since the strength of the 
dipole-dipole interaction scales with the spontaneous de
cay rate, this shift can be, and often is, considerably 
larger than the effective Rabi frequencies a prop
erty that will prove useful in interpreting our numerical 
results. 

in. MONTE CARLO WAVE FUNCTION 
SIMULATIONS 

A direct numerical solution of the master equation (2) 
is beyond the capabilities of most present-day comput
ers, due to prohibitive memory requirements. We chose 
instead to solve it using an equivalent Monte Carlo wave 
functions approach. This technique is now well docu
mented [35,36], and we limit ourselves to a discussion of 
those aspects particular to the problem at hand. Since 
the dissipative part of the master equation is of the Lind
blad form, it is possible to express Eq. (2) in the form 

f>= +'^CmpCl„ (14) 
m 

where 

m 

and the operators C„, are given by 

c„ = ^a-{ic). (16) 

This decomposition permits us to perform Monte Carlo 
wave function simulations as discussed, e.g., in Ref. [36j. 
The evolution of the wave fimction is governed by H^f / 
until a random quantum jump occurs: averaging over 
many runs then reproduces the results of the master 
equation. 

Since from the definition (6), the operators C„ act on 
the two-particle space, some care is required in explicitly 
evaluating We find that in addition to the usual 
spontaneous decay term, there is an additional coatribu-
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tion in Che form of an imaginary potential, which results 
&om the interference of spontaneous emission probabil
ity amplitudes due to the undistinguishability of the two 
particles. This prevents us knowing from which particle a 
detected photon was spontaneously emitted, and may be 
loosely interpreted as meaning that a particle decaying 
from its excited state at a given location can reappear 
in its ground state at the location of the other particle. 
Taking this term into account, we have 

m 

+(Ti-<7f)j, (17) 

where 

1 — 3 cos' 0 Viiqr. 0) = joiqr) jiiqr), (18) 

the functions ji(x) being spherical Bessel functions of the 
first kind [44]. 

We noted earlier that Vdrf(9r, 0) diverges for Xc —»• 0. 
To avoid this singularity in the numerical simulations, we 
resort to the fact that even for moderate atomic beam 
densities, the average interatomic separation (r) is quite 
large. For instance, for a density of 10'' cm~^. we have 
(r) ~ 10"'* cm. which b about two optical wavelengths, 
and interatomic separations smaller than, say, one tenth 
of a wavelength are extremely rare. We, therefore, in
troduce a cutoff by assuming a minimum interatomic 
distance tq. and truncating the dipole-dipole interaction 
accordingly. Specifically, we fix the atomic separation 
in the direction of propagation of the atomic beam at 
this minimum distance ro, but leave the motion in the 
quantized direction unconstrained. With this ansatz. the 
explicit forms of r and 0 in the potentials Vjdiqr) and 
V'.lqr) become 

r = (19) 

and 

respectively, where we have assumed that the polariza
tion vector of the standing wave is parallel to the z axis, 
the direction of the atomic beam. 

The effective Hamiltonian (15) is used to evolve the 
wave function by means of a split-operator technique. 
.\t each time step, the evolution due to the Hamiltonian 
(I) is carried out using the band structure of the atoms 
interacting with the periodic standing-wave field; this is a 
straightforward genersdization to two atoms of the band 
theory of Ref. [45|. The evolution due to the remaining 
part Hjd— Y Sm effective Hamiltonian (15) 
is performed after transforming to the coordinate repre
sentation, where it is local. The time steps are limited 
on the one hand by the Monte Carlo technique, which re
quires that the exponential decay be well approximated 
by a first order expansion in At, and on the other band by 
the split-operator technique, which requires that the two 
operations approximately commute. In practice the first 

of these constraints. <S 1. is the more restrictive 
one. 

IV. RESULTS 

To guide our thinldng, we first examine the local 
Hamiltonian (10). Its diagonalization yields a set of four 
potentials E,(i„Xc), i = 1 4. which are useful to 
gain an intuitive picture of the system dynamics, de
spite the fact that it neglects both the atomic motion 
and nonadiabatic transitions resulting from the kinetic 
energy. Figure 1(a) shows its local eigenvalues as a func
tion of the relative position x, of the atoms, for x^ = 0. 
In this example. 71 = iJ = 0, 70 = 5000a;r,c. and 
the cutoff distance is ro = X. (Because of the weak depen
dence of Ex(xr.xc) on Xc, it is sufficient to consider the 
dependence of the local potentials on Xr in our qualitative 
discussion of the numerical results.) Vote in particular 
the narrow avoided crossings between the eigenvalues Ei 
and Ez at x, 0.8A and x, ~ 1.4A. Figures I(b)-l(d) 

are the projections |(T,|ej)(' of the Dicke states \T^), 
|r_), \Ta), onto the eigenstates (ej(ir,Xc)). j = 1 4. 
corresponding to £,(x,,xc), while Fig. 1(e) gives the 

probabilities |(Sole,)l^. In these figures, the radius of the 
circles is proportional to the corresponding probabilities. 

Consider for the sake of concreteness the relative dis
tance X, = 0.65A. Here, the local potential Ei is repul
sive, and the corresponding eigenstate |ej) is almost en
tirely composed of the Dicke state |So)- In contrast, the 
local potential £4 is binding, with je^) ~ ITq). Hence, 
one might expect that an atomic .system described by 
a wave packet initially confined near Xr = 0.65A. and 
in the middle triplet state |7o), would be bound by the 
dipole-dipole interaction. That this is indeed the case 
is illustrated in Fig. 2, which shows the evolution of 
an atomic system whose initial wave function is a sym
metrized wave packet composed of two Gaussians peaked 
at Q.325A and —Q.325A. and of equal widths tr = 0.035A. 
The fact that the extent of the atomic wave ftmction is 
small compared to an optical wavelength indicates that 
we are in the Stern-Gerlach regime of the near-resonant 
Kapitza-Dirac effect [46j. Plotted in the various curves 
is the marginal probability density 

Pi^") = j dXc\t{Xr.Xc)f (21) 

of having the particles separated by the distance Xr. in
dependently of the center-of-mass position of the system. 
Figure 2(a) shows the time evolution of the atomic sys
tem in the absence of any interaction, that is. neglecting 
both the standing-wave field and the dipole-dipole in
teraction. Spontaneous emission is also ignored in this 
example. As should be expected, the atomic evolution is 
fully determined by free space diffusion. In Fig. 2(b). the 
light field is turned on, but the dipole-dipole interaction 
and spontaneous emission are still neglected. This situ
ation is essentially the same as that of Ref. [39). where 
the only many-body effect is in the symmetrization of the 
initial atomic wave function, except that we are now in 
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FIG. 1. (a) Eigenvalues E,{xr,xc),t = 1 4 of the local 
Hamiltoman (10), versus the dimensionless relative atomic 
distance i,/A for Xc — 0. In this example, R = 20u;-,e, i = 0, 
70 = 5000ti/,^e, and ro = A; (b)-(d) Projections |(T,ie,)|' 
of the Dicke states jT»), iTo), and iT_), respectively, over 
the eigenstates \e,(xr,xc =• 0)) corresponding to the local 
potentials E,(xr,Xc = 0); (e) Projections |(5o|e,>|' of the 
Dicke state |5o) over the local eigenstates \e,(x,.,x^ = 0)). 
In these figtires, the radii of the circles is proportional to the 
corresponding probabilities. 

the Stem-Gerlach rather than the Raman-Nath regime of 
di&action, and observe, therefore, the oscillations char
acteristic of this regime. The effects of the dipole-dipole 
potential are clearly evident in Figs. 2(c)-2(e). In the 
case where the initial electronic state is the middle triplet 
{To), we observe a strong binding of the atoms in the po
tential E4(Xr,Xc). The atomic system always remains 
in the vicinity of the minimuTn of that potentiaJ, never 
approaching any other potential sur&ce. This is further 
confirmed by Fig. 2(d), which shows the populations of 
the various Dicke states as a fimction of time. As ex
pected, they remain roughly constant in that case. 

In contrast, Fig. 2(e) shows what happens if the 
atoms are initially in the electronic singlet state {5o). 
In this case, the atoms experience the repulsive potenticd 
Ei{xr, Xc), the atomic wave fimction starts ''rolling down 
the hill" and rapidly approaches the narrow avoided 
crossings at z, ^ 0.8A and Zr — 1.4A. The branching 
of the atomic wave function into these potential surfaces 
is clearly evident in Fig. 3(a), which shows a short-time 
close-up of Fig. 2(e). These nonadiabatic transitions are 
further illustrated in Fig. 3(b), which shows how the 
atomic population leaves the initial local eigenstate. 

While the results of Figs. 2 and 3 are easily understood 
in terms of local potentials and are quite useful from a 
pedagogical point of view, one should keep in mind that 
they were obtained at resonance <S = 0, and hence are 
expected to be strongly influenced by spontaneous emis
sion. Rather than pursuing this example further, we now 
turn to another situation, where the field is detuned from 
the atomic transition firequency. As we shsdl see, this 
presents the double advantage of reducing somewhat the 
effects of spontaneous emission, and of leading to the 
existence of minima of the local potential near z, = 0. 
Figure 4 shows the local eigenstates of the Hamiltonian 
(10) for Ti = SOOh/rec and 6 = — 1000u;,ee- (In the ab
sence of dipole-dipole interaction, the four local eigenval
ues of the dressed atoms consist of two periodic poten
tials and two degenerate constant potentials, the periodic 
potentials corresponding to the approximate eigenstates 
|T_) and jT.) for large detunings.) Figures 4(a) and 

4(b) show the projections |{T_le,)p and KToiC;)!' of the 
Dicke states IT_) and |7o). respectively, onto the eigen
states |ej(z„zc = 0)). J = 1 4. The other two pro
jections are not shown, as they are only weakly populated 
and play no major role in the subsequent discussion. 

Consider for concreteness a situation where the atoms 
are initially in the jT-) state, with symmetrized Gaus
sian coordinate representation wave functions peaked at 
±A/8 and of equal widths a = 0.02SA. Figure 5(a) shows 
the resulting time evolution of the marginal probability 
density 

P{Xl) = J dX2lti>{xi,X2) 22) 

for one of the atoms to be at position xi as a function 
of time, under the influence of the light field alone. This 
is once more the usual optical Stern-Cerlach effect [46]. 
The modifications to the dynamics brought about by 
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FIG. 2. Marginal probability density P(x^,t) = J"dxci^(xr-.xc,t)\^ for a two-atom system initially in the To; Dicke state 
(a)-(d) and in the So) state (e). 2(d) shows the corresponding evolution of the Dicke states. In all cases, the system is on 
resonance, 6 = 0, spontaneous emission is ignored, and the time is in units of (a) both the standing-wave field and the 
dipole-dipole interaction are neglected: (b) A standing wave with H = 20u,.c is mcluded. but the dipole-dipole interaction is 
neglected; (c)-(d) The dipole-dipole interaction is also included, with io = 5000ur,c and ro — l.OA. 
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•Sj) 

FIG. 3. (a) Expanded view of the early evolution of Fig. 2(e); (b) Evolution of the various Otcke state populations for the 
case of Fig. 2(e). Time in units of 
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FIG. 4. Projections (a) |{T_;ej)|' and (b) ((Toiej)!' of 
Dicke states iT-) and iTo) over the eigenstates >ej{xr, 'c = 0)} 
corresponding to the local potentials E,{Xr,Xc = 0) for 
11 — 500a;,,e. <5 = — 1000u/-«c. 7o = SOOWrcc. and ro — O.IA. 

the dipole-dipole interaction are illustrated in Fig. 5(b), 
where spontaneous emission has, however, been ignored. 
This result can be physically understood in conjunction 
with Fig. 6, which shows the populations of the vari
ous Oicke levels as a function of time. For short enough 
times, the atomic population oscillates primarily between 
the Oicke states |r_) and ITq) at the difference frequency 
between the potentials E-i and Ea, see Fig. 4(b). These 
Elabi-like oscillations are merely due to the &ct that the 
initial state |T_) is not an eigeostate of the system. 

In addition to these oscillations, there is also a change 
in Oicke state populations due to the fact that their pro
jection onto the various eigenstates is a function of the 
relative coordinate z,. For instance, the local eigenstates 
corresponding to the local potential E^(Xr,Xc) is primar
ily composed of the Oicke state |T-) at large x,, and 
of the Oicke state |To) at short distances. This leads to 
an adiabatic evolution whose signature is still apparent 
near the time t = 5 x In addition, nonadia
batic transitions due to the kinetic energy of the atoms 
are also taking place, but it is difficult to identify their 
effects separately in the present example. 

Figure 5(b) clearly shows that as a result of this 
rather complicated dynamics ("Rabi-type" oscillations, 
adiabatic transitions, and nonadiabatic transitions), the 
atomic system appears to remain bound by the combined 
effects of the electric dipole and dipole-dipole interaction 
for reasonably long times, the relative distance between 
the atoms in this "dipole-dipole molecule," or "diatom," 
being of the order of half an optical wavelength. In some 
sense, this may be understood as the two-atom bound 
state corresponding to the many-body soliton solutions 
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FIG. 5. Time evolution of the marginal probability density 
P(Xl,t) = / dX2l\l'(Xl , for the parameters of Fig. 4 as 
a function of the dimensionless time (a) dipole-dipole 
interaction and spontaneous ignored; (b) spontaneous emis
sion ignored; (c) spontaneous emission abo included. 

predicted in nonlinear atom optics [31.33{. This corre-
spondance is however somewhat tenuous, since nonlinear 
atom optics deals with the effective dynamics of a sin
gle atom in the mean field provided by the others, and 
hence the concept of relative coordinate loses its mean
ing there, a well-known symmetry-breaking feature of the 
Hartree-Fock approximation [47]. -

.Atomic solitons have recently been found not to sur
vive the effects of spontaneous emission [48], and it is 
interesting to determine whether the situation is similar 
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PIG. 6. Populations of the various Dicice levels as a func
tion of the dimensionless time u/rtct for the situation of Fig. 
5(b). 

here. Figtire S(c) shows the same example as in Fig. 5(b), 
but with spontaneous emission included. We see that in
deed. this incoherent process rapidly destroys the bound 
state. This c<in be qualitatively understood in terms of 
the local potentials of Fig. 4. As the atoms undergo 
their collision, they reach a relative distance where the 
lowest local potential is quite steep, and the correspond
ing eigenstate is mostly composed of the |Ta) Dicke state, 
see Fig. 4(b). When in this state, the atoms are strongly 
susceptible to spontaneous emission, thereby winding up 
in the local potential £3, whose corresponding eigenstate 
lea) ~ \T-). However, while fadling down the potential 
well Ei{Xr). the atoms can gain a substantial amount 
of kinetic energy, which can in turn be used to expel 
the atoms from the shallower well E^ixr). This heating 
mechanism is somewhat reminiscent of laser heating in 
a strong standing wave with red detuning [49]. An im-
portcint diiference between the two situations is that in 
strong-field Sysiphus cooling or heating, the two poten
tials between which the atom jumps have identical curva
tures, but are shifted by a half wavelength. In contrast, 
the present heating utilizes the difference in curvature 
between the two potentials involved. The possibility of 
using similar techniques to achieve cooling are presently 
under study. 

As a final example, we look at the effect of the dipole-
dipole force on atomic di&action in the Raman-Nath 
regime, which has previously been extensively studied 
both experimentally and theoretically [l,2j in the single-
atom case. In contrast to the Stem-Gerlach regime, we 
now consider initial wave fimctions with spatial exten
sions on the order of or larger than an optical wavelength 
A. We proceed numerically by incoherently averaging re
sults obtained over many initial positions, thereby simu
lating the experimental situation of an atomic beam with 
well defined momentum. We specifically concentrate on 
the evolution of the marginal momentum distribution of 
one of the atoms, 

P( P i )  = J <ip2|0(pi,pj)l'. (23) 

which, on leaving the interaction region and propagat-

0 
Pi/ft 

10 

FIG. 7. Marginal momentum probability distribution 
P(pi) = f dp3lt/)(pi,p3)l' in the Raman-Nath regime, after 
an interaction time t = The relevant parameters are 
K = lOOwf^c, <5 = 0, 70 = 100wr«e, and ro — 0. lA. Solid 
line; spontaneous emission and dipole-dipole force neglected: 
dotted line: spontaneous emission included, but dipole-dipole 
interaction neglected; dashed line: dipole-dipole interaction 
included. 

ing to the field, becomes the experimentally detected 
position distribution. In the absence of spontaneous 
emission, the standing-wave field scatters the momen
tum wave function in units of /iq, leading to well sepa
rated di&action orders whose amplitude is given by a 
well-known Bessel fiinction distribution [50|. Sponta
neous emission cam be minimized by ensuring that the 
excited state population remains negligible, for exam
ple by working far off resonance. When there is sub
stantial spontaneous emission, the diffraction orders are 
washed out, since the atomic recoil from the emitted 
photon is randomly distributed [1.3,4j. Since the near-
resonant dipole-dipole interaction and spontaneous emis
sion have the same physical origin, the study of its effect 
on Raman-Nath diffiraction requires one to work in this 
diffusion-dominated regime. Figure 7 shows P(p) for a 
choice of parameters corresponding to the experimental 
situation of Ref. [1]. The solid line shows for reference 
the result of Raman-Nath di&action in the absence of 
spontaneous emission, the width of the various diffrac
tion orders being due to the width of the incident atomic 
beam. The dotted line shows the effects of spontaneous 
emission on this pattern, with the well-known transition 
from a diSiactive to a diffusive regime [l.3,4{. The ef
fects of the dipole-dipole interaction are insignificant if 
the cutoff distance ro > A, and lead to a result practi
cally identical to the dotted line. Indeed. large densities 
are required to observe significant effects, as illustrated 
by the dashed line, which corresponds to a cutoff dis
tance To = O.I A. Such a short cutoff distance implies an 
unrealistic density of about 10'® cm~^. As a final re
mark, we note that the Raman-Nath results can clearly 
not be simply interpreted in terms of the local potentials 
Ei{Xr,Xc). due to the strongly delocalized nature of the 
atomic wave functions. 
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V. CONCLUSION 

In this paper, we have applied an effective one-
dimensional model to the study of the near-resonant 
Kapitza-Oirac diffiraction of two atoms interacting via the 
dipole-dipole interaction. We have concentrated mostly 
on the Stem-Gerlach regime of di&action, where the 
atomic wave functions are sufficiently well localized that 
a good physical understanding of the atomic dynamics in 
terms of local potentials can be achieved. In general, the 
dipole-dipoie interaction is found to lead to substantial 
modifications of the Stem-Gerlach diSraction patterns 
even for large cutoff distances rg — A, which correspond 
to atomic densities of the order of 10'° cm"'. We found 
that under appropriate conditions, bound states of the 
atomic system can be achieved, with the two atoms sep
arated by a distance of the order of himdreds of nanome
ters. However, spontaneous emission eventually destroys 
the binding between these states via a beating mecha
nism somewhat similar to strong-field Sysiphus heating. 

In this respect, the behavior of the diatom bound state 
under the influence of spontaneous emission is similar to 
that of the atomic soUtons predicted to occur in aear-
resonant Kapitza-Dirac diffraction in the framework of 
nonlinear atom optics. 

Our present model suffers from a number of weak
nesses, that we are presently proceeding to remove: 
most important amongst them are the effective one-
dimensional model and the use of two-level atoms. In ad
dition. we are investigating whether the heating resulting 
from the dipole-dipole interaction can be turned around 
and changed into a cooling and/or confining mechanism. 
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Dipole-dipole Interaction in three-dimensional 
Optical Lattices 
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Dipole-dipole interaction in three-dimensional optical lattices 
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We compute the near-resonant dipole-dipole interaction between atoms in a three-dimensional optical latuce. 
After a general derivation, we concentrate specifically on the case of a /= 1/2—7 = 3/2 otf-resonant transition. 
in which case the excited electronic states can be adiabatically eliminated. We present in detail the spatial 
dependence of the resulting efTecnve dipole-dipole potential, and discuss the physical origin of its amsotropy. 
In addibon to impacting (he center-of-mass motion of the atoms, the effective dipole-dipole potential can 
induce electronic transitions within one or both atoms. The symmetries of the matrix elements corresponding 
to these various mechanisms are also commented upon. 

PACS Humberts): 32.80.Pj. 4Z50.Vk 

L INTRODlTCnON 

The cooling and trapping of atoms in one-, two- and 
three-dimensional optical lattices opens up the way to a num
ber of fascinating investigations. In particular, the availabil
ity of such systems provides a unique probe of quantum 
transport, covering situations from the extreme case where 
deep lattice wells tend to pin the atoms to sites, so that their 
dynamics becomes analogous to that of a spin lattice, to the 
full-fledged quantum transport of atoms between wells. The 
atomic populations achieved so far in three-dimensional lat
tices are. however, still rather low. with typically only 5% of 
the sites being tilled, so that many-body effects are largely 
negligible in the description of experiments to date. The 
study of transport effects in lattices requires significantly 
higher lattice populations, such that long-range collisions al
low for interactions between atoms at different sites. The first 
such interaction to come into play is expected to be the 
dipole-dipole interaction between excited and ground atoms, 
whose range is of the order of an optical wavelength. It re
sults from the exchange of spontaneously emitted photons 
between neighboring atoms [1-3], and is dominant at the 
intermediate densities of interest in optical lattices. In this 
regime, the short-range van der Waals interaction, which is 
important at the high atomic densities of relevance, e.g.. in 
Bose condensation [4], can largely be neglected. 

A number of aspects of the near-resonant dipole-dipole 
interaction between ultracold atoms has been studied in the 
recent past. They include, in pa.ticular, its impact on several 
methods of laser cooling, including strong field Sysiphus 
cooling of two-level atoms [2], low intensity Sysiphus cool
ing in linllin optical molasses (i.e., an optical molasses pro
duced by two counterpropagating light beams of perpendicu
lar linear polarizations) [5,6], and velocity-selective coherent 
population trapping [7]. In addition, the impact of this inter
action in atom optics has also been investigated, including, in 
particular, the possibility of using this mechanism to achieve 
nonlinear atom optics [8,9]. 

The main goal of the present paper is to give a complete 
static description of the near-resonant dipole-dipole potential 
in three-dimensional optical lattices. The dynamical effects 
resulting from this two-body interaction will be the subject 
of subsequent work. The paper is organized as follows; Sec. 

II briefly reviews the basic elements of optical lattices and 
introduces our model, consisting of atoms coupled both to 
the classical optical fields generating the molasses and the 
electromagnetic vacuum. In Sec. Ill, we perform a Bom-
Markov elimination of the electromagnetic vacuum, thereby 
obtaining a master equation which, in addition to the usu^ 
spontaneous emission term, also includes a dipole-dipole po
tential between atoms, as well as an additional contribution 
to dissipation. The upper electronic states are then adiabati
cally eliminated, leading to an effi:ctive dipole-dipole poten
tial between the atomic ground states only. This last stage is 
justified in the off-resonant conditions typical of most optical 
lattice experiments. The effects of the dipole-dipole potential 
on the optical lattice are discussed in detail in Sec. IV. We 
show that as far as the electronic state of the atoms involved 
is concerned, three different mechanisms can be identified; 
the first one is diagonal and leaves the atomic states un
changed. The matrix elements corresponding to this process 
are found to be strongly anisotropic in the optical lattice, 
being repulsive in two directions and attractive in the other 
In addition, the dipole-dipole interaction also leads to the 
possibility of one or both of the atoms changing its internal 
state. These mechanisms are likely to be important in deter
mining the achievable cooling limit in optical lattices as the 
atomic density is increased, since their effect on the atomic 
states is similar to that of the optical mechanism at the hean 
of Sysiphus cooling. We also discuss the spatial symmetries 
of these various matrix elements. Finally, Sec. V is a sum
mary and conclusion. 

n. PHYSICAL MODEL 

The basic mechanism leading to the trapping of atoms in 
optical lattices is low-intensity polarization gradient cooling, 
or Sysiphus cooling. A full quantum treatment of this effect 
in one-dimensional (linJ.lin) optical molasses [10-13] has 
been given in Ref. [14]. The periodic nature of the optical 
potential associated with the light shifts provided by the 
counterpropagating laser beams leads to the restriction of the 
atomic center-of-mass motion to a series of bands [ 10.12.13 ]. 
which are very narrow near the bottom of the potential wells. 
The quantized atomic motion in these bands in one-
dimensional molasses was reported in Refs. [15-17]. The 
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RG. 1. Geometiy of the three-dimensional lio:. tin optical lat
tice. The four wave vectors lie in two planes, such that the polar
ization of the two beams in a plane is perpendicular to that plane. 

extension of optical lattices to higher dimensions was pro
posed in Ref. [18], and subsequently observed both in two-
and three-dimensional geometries [19-21]. 

In this paper, we consider the near-resonant dipole-dipole 
interaction between two atoms interacting with a three-
dimensional optical lattice resulting from the splitting of the 
two counterpropagating beams of a one-dimensional lin 
_ lin molasses [22]; see Fig. I. The one-dimensional lattice is 
along the 0; axis, which we take as quantization axis. We 
consider specifically a I/2-/, = 3/2 transition, and 
choose a molasses geometry such that the three-dimensional 
optical lattice is equivalent to a face-centered-cubic (FCC) 
lattice, with the two atomic ground states \g-\r^ and 
'.g-i/z) occupying alternate sites. Treating the laser tields 
classically, the Hamiltonian of the total atoms-lield system is 

(1) 

where is the atomic Hamiltonian. and is the Hamil
tonian describing the continuum of modes of the electromag
netic vacuum, which are described as usual as a reservoir at 
zero temperature, describes the electric dipole inter
action between the atoms and the classical laser tields. and 

describes the electric dipole coupling between the 
atoms and the vacuum-held modes. In a frame rotating at the 
laser frequency . the explicit form of the atomic Hamil
tonian IS 

•> 

(2) 
J * I 

where the Hamiltonian describing the ith atom is 

= '3) 

Here p, is the center-of-mass momentum of the ith atom and 
(oo denotes the atomic transition frequency. The operators 
P,, and Pf, are projectors onto the subspaces of the excited, 
respectively ground electronic atomic states [12], 

2 lej{e„\, (4) 
fi- -y, 

•'r 
2 (5) 

The free field Hamiltonian is as usual 

-^(r=2 (6) 
t 

where the index 4 = {k,y} runs over both the wave vectors 
and the polarizations of the field modes, and the annihilation 
and creation operators satisfy the usual boson commutation 

relation [at.at.] = <5u'. The electric-dipole interaction be
tween the atoms and the laser fields may be expressed com
pactly as 

2 ^ 

[d-E:fr,)-d-E:(r,)]. 
1-1 1-1 

l7> 

where r, is the center-of-mass position operator of the ith 
atom. 

Ei(r) = Ei(r)«"'"''-'-t-c.c. (8) 

is the laser field at the position of that atom, and 

d' = P,dP, (9) 

is the dipole operator connecung the excited- and ground-
state manifolds. 

For the three-dimensional lattice configuration resulting 
from the splitting of the counterpropagating beams in a lin 
- lin molasses, one has explicitly [22] 

1 
E(^(r)=-[£.(r)e,-i-E-lrie-l. (101 

where 

E.(r)= v2'foe'*""[cos(/l:^)e'*--^cos(<:vVl«? "'*-••] 
111) 

and 

1 

v 2  

^=f.. 112) 

The various wave numbers appearing in Eq. (11) are given 
by 

k^ = ksmS,. (13) 

k, = ksine^. (14) 

it. = Ti(:(cos5,^costf,). (15) 



76 

2606 

the angles d, and 8, being the angles by which the counier-
propagacing laser fields of the original one-dimensional lin 
^lin molasses have been split in the (x.z) and ( v.o plane, 
respectively (see Fig. I). Taking the 0; axis as a quantization 
axis, the explicit forms of the operators appearing in the 
interaction Hamiltonian (7) may be expressed in terms of the 
coordinate system (12) as [12] 

1 
D* !/:!)<« - i/:i - id • 

\3 

I 

\ J 

with D' ^d'/d being a normalized dipole operator. Finally, 
the coupling of the atoms to the contiuum of modes of the 
electromagnetic field is given by the Hamiltonian 

I c 
^[D;e.(k)]«Jk-}«''"'' + H.c.. (17) 

where '''o(k)= \ hckl2e^V is the "electric field per photon" 
of mode k. V is the quantization volume, and we have intro
duced the two orthogonal circular polarization vectors 
e-( k) in the plane perpendicular to the direction of propaga
tion of mode k. 

III. DIPOLE-Dn»OLE nSTERACTION 

Both spontaneous emission and the near-resonant dipole-
dipole interaction result from a standard elimination of the 
continuum of modes of the electromagnetic field in the Bom-
.Vlarkov approximation.' .After the elimination of the vacuum 

'Stnctly speaking, these steps are best earned out in the Power-
Zienau-Wooley point of view, so as lo properly account for retarda
tion. In this description, the fields involved in are displace
ment fields rather than electric fields. In addiuon. the Power-Zienau 
contact term is neglected here, an approximation appropnate for the 
moderate atomic densities that are currently achievable in optical 
lattices. Lewenstein. You. and co-workers have recendy developed 
a formal field theory of atoms interacting with photons [4], and 
discuss in detail the various contnbutions to the many-atom Hamil
tonian. In panicular. the contact potential is expected to potentially 
play an important role as soon as there is a significant overlap 
between the various atoimc wave fiincuons. However, an explicit 
calculation of its role in the line shape of light scattered by a Bose 
condensate showed that its importance was minimal even in that 
case [23]. For this reason, we do not expect this term to play a 

significant role m optical lattices, at least until densities correspond
ing to significantly more than one atom per site are reached. In that 
case, however, it is quesuonable whether the lattice can survive the 
dominating effects of the dipole-dipole potential. 
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modes, the atomic evolution is governed as usual bv a master 
equation of the general form 

< 1 8 1  

where the damping part 

(19) 

originates from the elimination of the field degrees of free
dom. In taking the partial trace Tr/r over the field variables, 
we have assumed that the reservoir is in thermal equilibrium 
and hence diagonal in energy. In addition, we assume in the 
following that it is also at zero temperature, so that the mean 
number of photons is equal to zero. Mote complete expres
sions for a reservoir at finite temperature are given in Re!'. 
[24], and a discussion of the dipole-dipole interaction in 
squeezed vacua will be presented elsewhere. 

When considering two atoms instead of one as is nor
mally the case in quantum optics, two more contributions 
appear in the master equation (18). in addition lo the usual 
spontaneous decay term. The first is a modulation of the 
decay, involving both atoms and depending on the inter
atomic distance. This is a quantum interference term result
ing from the fact that there are now two channels through 
which a spontaneous photon can be emitted, and reduces to 
the Dicke superradiance decay rate for two atoms at the same 
location. The second contribution is the dipole-dipole poten
tial. The physical origin of this potential is the exchange of 
excitation between the atoms, via the vacuum electromag
netic modes; and as an exchange, the potential depends on 
the atoms being in opposite states of electronic excitation. 
Since both of these additional contributions arise from the 
interaction with the vacuum electromagnetic modes, it is not 
surprising that they are proportional to the spontaneous de
cay rate y|^=( l/4irfo){4«/"<uo/3Ac^). .Vote that this ap
proach. which relies of the Bom-.Vlarkov approximation, 
completely neglects the van der Waals interaction. However, 
the range of the near-resonant dipole-dipole interaction is 
long compared to that of the van der Walls potential, of the 
order of an optical wavelength, and is therefore expected to 
be the dominant two-body interaction for atoms driven by a 
laser field. 

The derivation of the explicit form of the dipole-dipole 
interaction is tedious, but straightforward. It follows the 
same steps as the two-level derivation of Refs. [2] and [3], 
For atoms with arbitrary selection rules, its explicit form is 

2 (a„.-';3„.)(D,' e,) 
" q.q'-Q.S 

x(D;e_,.)-^H.c.. *20) 

E. V. GOLDSTEIN. P. PAX. AND P MEYSTRE 



77 

53 DIPOLE-DIPOLE INTERACTION IN THREE-DIMENSIONAL :607 

where is the dipoie-dipole potential and hTis the 

spatial modulation of decay rates; Dp and 07 are raising and 
lowering operators for atoms 1 and 2, respectively. The func
tions or,,, and are given explicitly by 

I , a.. = a__ = fig(4r)—j(3 cos-0r~ 1 lni(tr). 

y' 3 cos"5^— I )nj(tr). 

a.o = ao.=—=fi-.(itr)sin0,cos5,e 
2v2 " 

ar_.=--n;(irl(l-cos*6>,)e*-'*' (21) 
•t 

and 

1 
P . . = P - . = j t ^ ( k r ) -  -( 3 cos-5,- I ) j - ( k r ) .  

one-dimensional case the appropriate selec
tion rules, the expression (20) of the dipoie-dipole potential 
reduces to the two-level result of Refs. [2] and [3], and to the 
X-system expressions of Ref. [7]. It is interesting to note that 
in general, the dipoie-dipole interaction depends not only on 
the polar angle 8^. but also on the azimuthal angle . This 
is because, as evidenced by Eq. (20). the polarization of the 
light emitted by one of the atoms needs not be the same as 
that of the light being reabsorbed by the other one. This is 
specifically the case if q*q'. To achieve proper conserva
tion of [he total angular momentum under this situation re
quires a rotation of the atomic system. This explains the 
appearance of the rotation by the angle <br(or q = q' and 
b y  t h e  a n g l e  I t b ,  f o r  q = q '  ̂ 2 .  

In the spirit of Monte Carlo wave-function simulations 
[26.27] and taking into account the dipoie-dipole interaction 
between the two atoms, the Hamiltonian part of their dynam
ics is now governed by the effective non-Hermitian Hamil
tonian 

- J',,,. 123) 

where 

= '^2 2 (D:-e,)(D,--^ 
2 ,-1.2 o-0.= ' ' 

-{i cos-9,-I )7:(<rr). 

= = —=y;(itr)sinfl,cosS,e*"^'. 

0 - ,  = - r j ' J k r \ {  I - c o s ' d ^ t e '  
4-

(22) 

Here (r.Br.d),) are the spherical coordinates of the relative 
position r of the two atoms, expressed with respect to the 
quantization coordinate system; the functions j,(kr) are 
spherical Bessel functions of the first kind, and n,(kr) are 
spherical Bessel functions of the second kind. These forms 
arise from the averaging over the sphere involved in the trace 
in Eq. (19). and their dependence on the two components 
q.q' is due to the generally nonzero projection of the polar
ization vector of a vacuum mode onto the atomic coordinate 
system. The functions a,,' can be intuitively understood in 
terms of the analogous situation of two classical dipole os
cillators with defined polarizations and phases [25]. the indi
ces iq.q') specifying which dipole components are in
volved. For instance, the functions aoo .<*»-. and a _ _ have 
e.xactly the forms of the mutual interaction energies of two 
classical radiating dipoles of identical polarization Cq. 
and e . . respectively. Similarly, the remaining functions cor
respond to (he cases in which the dipoles are not identically 
polarized. The expression (20) is in complete agreement with 
the results of Ref. [2]. 

The fact that the dipoie-dipole potential involves the rais
ing operator of one of the atoms and the lowering operator of 
the other confirms the interpretation of this potenual in terms 
of reabsorption of spontaneously emitted photons. In the 

is an additive single atom spontaneous decay. We introduce 
the (wo-atom-state vector and decompose it as 

| ( ^ r ( f ) )  =  / ' , , , / ' , ^ j ( A ( f ) ) - t - / ' , _ , / ' j J l i ( / ) ) - P ,  i b i t ) )  

(24) 

Substituting this expression into die Schrodinger equation 

. d \ > l > )  

yields then the coupled differential equations 

n 
- I — [G"(r, )iir,,-i-C ( r W (A,,]. 

' I Pi P: I , - .yfl , 

n I 
+ iy[G*(r, )<A„ + G (r;)t^„]-r 

25) 

Pi Pz 

n 
-1 — [ C ' (r I) |^„ - G • (r,) (A„ ] + . 
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'I Pi \ 
" ii I 2.W 2\f' ' T 

(26) 

where the local optical potentials, or light shj^. are given by 
C-(r,)=d- Ef(r,)/ftn. with hfl^ -2\2d'fa. see. e.g.. 
Ref. [12], 

1 

In the case of large detunings <5=(U£.-<»o between 
the laser frequency and the Bohr frequency of the atomic 
transition, the excited states remain weakly populated 
and it is possible to adiabatically eliminate them. To 
lowest order tn the dipole-dipole interaction, the effective 
evolution of the ground-state wave function is then 
given by 

' I Pi Pi I I ^^0 * . (Clfl)" 1 
~ ft 12w ̂  n7r«'"'1 T"> i 

/ Tf^o - . _ . tft/2)* _ . . 1 
(27) 

where Jo=(fl'/2)[(<y)* + (')y2)-] is the saturation param
eter. However, in the regime of large detunings considered 
here, S>Cl.yf and it is adequate to approximate this param
eter by s^~{l-/2SZ. The potential energy appearing in Eq. 
(27) reduces to the usual optical potential when the dipole-
dipole interaction is neglected, as should be the case. The 
other components of the wave function of the two-atom sys
tem adiabatically follow according to the algebraic rela-

- i/ip _ -
G; U-

a,  
S' hS 1'^"' 

n 
*''«=-^(cr<^'„+G2 (28) 

Together with the expression (20) for the dipole-dipole 
interaction. Eqs. (27) yield for the effective dipole-dipole 
potential between ground-state atoms 

rv. DISCUSSION 

In this section we consider the interaction between two 
point particles, ignoring the extended center-of-mass wave 
function of the cold atoms involved in opdcal lattice experi
ments. The effective dipole-dipole potential has two major 
influences on the atomic dynamics: its spatial dependence 
effects the center-of-mass motion of the atoms, while its de
pendence on internal operators can lead to electronic transi
tions inside the two atoms. Specifically. has matrix 
elements that are diagonal in the atomic electronic states, as 
well as matrix elements that correspond to flips of the elec
tronic state of either just one or of both atoms. Because the 
optical lattice potentials are also diagonal in the atomic 
ground states, the diagonal matrix elements of 
merely change the light shifts effectively seen by the atoms 
in a way dependent on their electronic states as well as on 
their absolute and relative positions. 

For concreteness. we restrict our attention to the case 
where the electronic states of both atoms are specitied to be 
either |g -1^;) or 1^ . 1/3), so that in each case, only four terms 
survive from the explicit form of the effective dipole-dipole 
potential. Eq. (Al). We further assume that the first atom is 
in its ground state ig-t/2)"' and is located at the origin, 
which is the minimum of the optical lattice for that state, 
while the second atom is taken to be in the ig-i/;/'"' ground 
state. The dipole-dipole potential then reduces to 

< G r Vjjc: - G,- v̂ jG r). (29) 

which depends both on the dipole-dipole potential between 
ground and excited atoms and on the usual optical (light 
shift) potenuals. Equation (29) is the central result of this 
paper. The explicit form of is given in the Appendix 
for the case of a /,= 1/2—y, = 3/2 transition, both for a 
three-dimensional liailin optical lattice and for a one-
dimensional configuration. 

^dd-tif~ ̂ o{\g-ir2)(S - tnl'' '\8 

J-
(30) 

where the various matrix elements are given in the Appen
dix. 
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RG. 2. Dipole-dipole and lattice potentials, in units of the recoil 
energy E,={hk)'l2m. for the case of a \g-x,^ atom at the origin, 
and an atom in the state |;.|/2> lying on the either the Ox axis or 
0: axis. The parameters are fl = P = cu, and S= lOf. where <u, 
= (a) The diagonal pair of the dipole-dipole potential. 
^ = along Oj: (solid 
line) and 0: (dashed line), (b) The sum of the optical lattice poten
tial and (solid line), compared to the lattice potential 
alone (dashed line), along 0:. (c) The same as in pan (b), but along 
Ojc. 

In Fig. 2 we plot one of the diagonal matrix elements. 
specifically V  = < g - i n - 8 - m - g - t r j -
along both the Ox and Oz directions. Several points are im
mediately obvious ftom these curves; first. V is an
isotropic. and, for the parameters of the figure, is repulsive at 
short  distances along x and y, while i t  is  at tractive along z-
The importance of such diagonal contributions can be as
sessed by comparing their magnitude to that of Che optical 
potendal: see e.g.. Eq. (27). For the example of the figure, 
which corresponds to a laser detuning of ten natural 
linewidths, V.. is roughtly two orders of magnitude 
smaller than the optical potendal for interatomic distances 
larger than \/2. but rapidly becomes dominant at shorter 

FIG. 3. Comparison of the part of the dipole-dipole potential 
that exchanges the electromc states of the two atoms with the opti
cal pumping rates of the lattice alone. The parameters are the same 
as in Fig. 2. (a) r._. (solid line) and \V (dashed line). 
along Oz- lb) The same as in part (a), but along Ox. (c) 
|V .-|/A only, along Ox (solid line) and Oz (dashed line). 

distances where it acquires a l/r^ dependence. Figures 2(b) 
and 2(c). which show the sum of the opdcal and effective 
dipole-dipole potential V.. along Ox and 0:, illustrate 
that this occurs at about 0.1\. Note that the dipole-dipole 
interacdon takes over at larger interatomic distances for 
smaller detunings, since it scales as 1/^^, while the light shift 
scales as l/S. 

The influence of the ofT-diagonal elements of yn-,ff is 
best compared to the opdcal pumping rate r._. and 
r__, , in that diey likewise flip the electronic state of die 
individual atoms, a mechanism that lies at the heart of Sysi-
phus cooling. (In addition, we already mentioned diat the 
spatial dependence of these matrix elements contributes to 
the atomic center-of-mass dynamics, which will be further 
analyzed in a future work.) An estimate of the relative role of 
these two transition mechanistns can be obtained by compar-
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0.1-

0.0 
2.0 6.0 
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^1), 

and 

r' " I ^ 

(31) 

(32) 

where P~ = -£.(r)/(2 \2^o) . This comparison is carried 
out in Rg. 3. where |V \lh is compared to F 
along the Ojr and Oz directions. We note that like the diago
nal matri.x elements of the dipole-dipoie interaction. 
\V  i/fi is anisotropic. More importantly perhaps, for 
the large detunings under consideration here it becomes sig
nificant only for interatomic separations such that the two 
atoms are in the same lattice site. The influence of the detun
ing S on the relative roles of the light shifts, the diagonal 
dipole-dipoie matrix elements, the optical pumping rates, and 
,V  i/A is summarized in Rg. 4. Finally, the dipole-
dipoie interaction leads to transition mechanisms where the 
electronic state of only one of the atoms changes, e.g.. 
V These contributions vanish identically along the 
axes Ox. Oy. and Oj. 

Having identified and discussed the most obvious proper
ties of the dipole-dipoie interaction, we now mm to its more 
detailed features, illustrating, in particular, the transition 
from the 1/r^ dependence at short relative distances to the 
more complex shapes resulting from the Bessel functions in 
Eqs. (21). We also comment on the asymmetries of the vari
ous matrix elements of the dipole-dipoie interaction at the 
locations of the nearest-neighbor lattice sites. These asym
metries are likely to play an important role in dynamical 
effects, such as. e.g.. the spontaneous pattern formation that 
might occur at sufficiently high atomic densities. 

-1L_ 
-1  0 1 

i/A 

FIG. -i. Scaling of the optical lattice poienual (solid line), com
pared 10 [he optical pumping rates and (dashed line), versus 
the detuning S. Here, we have chosen n.r = u(_ II is important to 
note that the above quanuties result from the adiabaoc eliminabon 
of the upper electronic sutes. which requires 

ing i V i/A to the optical pumping rates 

i/A 0 

-it::!. 
-1  0 

x/X 

FIG. 3. Diagonal part of the dipole-dipoie potential. 
^ in planes containing the origin. The plotting range is 
— 10' '£,. and there are 20 contour levels, with the dashed lines 
being for negative values and solid lines being for positive values, 
la) In the (x.yi plane and with ;=^0: the potential is repulsive at 
ihon distances in this plane, ibl tn the (t.;) plane, with v = 0; for 
an atom approaching from the ; direction the potenual is attracuve. 

Rgure 5 shows contour lines of the (real) matrix element 
V on the planes perpendicular to the Or and Oy axes 
and containing the origin. (The divergence of the potential at 
the origin is ignored here.) As discussed above, this matrix 
element, which is diagonal in the electronic states of the 
atoms, is attractive near the origin for an approach along the 
0; axis, and repulsive for an approach in the (.r.y) plane. In 
addition, we see that the optical lattice potential wells at the 
nearest-neighbor lattice sites in the (x,y) plane are deepened 
by which is not the case for the nearest neighbors 
along the 0; axis. [See, also. Fig. 2(a)]. 

The same matrix element is shown in Rg. 6. but in planes 
offset from the origm by \ v5/4. the distance to the nearest 
neighbor. The figure shows planes offset in the positive 0; 
and Oj: directions. The corresponding potential for negative 
offsets is obtained not by an inversion symmetry about the 
origin, but by a mirror reflection in a plane cont^ning the 
axis of offset. Specifically, the potential at x = - X. v 5/4 is not 

a rotated version of that at x=\v5/4. In the plane perpen
dicular to Oz. shewn in Fig. 6(a). there are^feamres near the 

ig.1/2) lattice sites; that is. at x.y= :tX.v5/4. The potential 
at two of these sites is deepened by while at the 
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HG. 6. As in Fig. 5. but now with nonzero offsets. The plot 
range is -3 x la) In an (.c.v) plane, with c = 0.5S9\. the 
distance to the nearest-neighbor lattice site. The potential m the 
I x.v I plane and with negative : offset is a mirror reflection of that 
in part (a), about either the Ox or Oy axis, lb) In the (x.zi plane, 
with y = 0.559\. 

others it is made shallower. This feature, along with the 
knowledge of mirror symmetry mentioned above, shows that 

induces a tetrahedral distortion in the lattice. These 
features are also present in the planes perpendicular to the 
Oy axis [Rg. 6(b)], though they are not so well defined. 

The nondiagonal matrix elements of are rela
tively much weaker The magnitude of V is shown in 
Fig. 7 on planes offset from the origin, as in Fig. 6, and to the 
same scale. Note that this element is weakest at the positions 
of the |g . 1^) lattice sites. Rgure 8 shows i V j. which 
in contrast to |V |, is strongest at the lattice 
sites, and so will disturb the equilibrium populations of the 
optical lattice potential wells. 

The symmetries shown by have their roots in the 
form of the dipole-dipole potenti^ before adiabatic 
elimination of the excited states. In fact, they are already 
present in the mutual energy of two classical radiating di-
poles [25]. They are a simple consequence of the vector na
ture of the dipoles and of the fields they radiate, and take 
different fonns for different polarizations of the dipoles. For 
instance, the mutual energy between two oppositely circular 
polarized dipoles shows not only a dependence on the polar 
angle 6. but also on the azimuthal angle <b. In contrast, if the 

y/A ol 

-IL 
- 1  0 

z/A 

^/A 0 

-U 
- 1  0 

z/A 

no. 7. Part of the dipole-dipole potential that exchanges the 
atoms' electronic states. V The plot range is -3 
< as in Fig. 6. la) In the ix.y) plane with the c offset 
being 0.559\. lb( In the (x.;) plane with the offset in y. 

dipoles have the same circular polarization, or are both po
larized along 0:, the mutual energy has no azimuthal depen
dence. In the quantum case, the atomic dipoles arise from the 
transitions between the various electronic states. (Note that 
Is . 1/:^ labels a state with an angular-momentum ; compo
nent of -i-1/2. and does not indicate a dipole with polariza
tion e..) The dipole-dipole potential induces such transi
tions. in general, by the exchange of photons of all three 
possible polarizations. This implies that the induced atomic 
dipoles will in general contain all polarization components 
and that we should expect to see the functional forms of the 
interaction energies between various polarizations of dipoles. 

Adiabatic elimination further complicates the picture in 
two ways. First, the lattice fields have structure of their own: 
and. more importantly, each dipole-dipole interaction must 
be augmented by two interactions with the lattice fields. The 
meaning of this is that for an interaction mediated by the 
effective dipole-dipole potential each atom under
goes rwo oansitions. With the multiple atomic internal tran
sitions. and two lattice field polarizations, there are several 
possible processes connecting an initial to a final state. For 
instance, the matrix element V [see Eq. (A2)] con
tains four terms, i.e.. there are four processes that take the 
system from Ig-jfj.g.ic) to For example, 
the first term, (v2/9)/'*./';.a.O' describes the following 
process: 
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tfKO> 

FIG. 8. Pan of the dipole-<lipole potential that changes the elec
tronic state of only the second atom. V The plot range is 
again :3x 10"'*<u,. (a) In the tx.y) plane with the ; offset being 
0.559X.. (b) In the (x.:) plane with the offset in y. 

siphus cooling takes place along these lines. In the absence 
of dipole-dipole interactions, semiciassical calculations for a 
two-dimensional lanice [28], and .Monte Carlo simulations 
for a three-dimensional lattice [29] show the e.xistence of 
"escape channels." directions in which ccxiling is not effi-
cienL Whether dipole-dipole collisions can affect these chan
nels either by changing the internal state of the atoms, so that 
they feel a different lattice potential, or by deflecting them 
away from these channels, and whether this will lead to im
proved or degraded cooling, are open questions of consider
able interest. 

The dipole-dipole potential might also lead to the onset of 
pattern formations in the lattice, in particular due to its ca
pability to break the "crystal" symmetry. At the large detun-
ings specifically considered in our examples, the effective 
dipole-dipole potential fails off very rapidly as soon as the 
atoms are in different sites, but the situation rapidly changes 
substantially for smaller detunings. However, smaller detun-
ings also mean that polarization gradient cooling is less ef
fective. It will be interesting to identify regions of parameter 
space where an appropriate trade-off between cooling and 
many-body interactions is reached and studies of the dynam
ics of interacting atoms in the lattice can be carried out. As 
we have seen, the dipole-dipole interaction leads both to flips 
in the electronic state of the atoms and to modifications of 
their center-of-mass motion. Depending upon the particular 
conditions at hand, it appears that cold atoms in optical lat
tices open up the way to a broad range of studies, from 
spin-lattice dynamics, e.g.. when the center-of-mass position 
of the atom remains near lattice wells, to full quantum trans
port. when the atoms can hop between sites. The present 
results represent a first step toward carrying out such studies. 

(a) atom 2 is excited by the e. polarization of the lattice 
fields, making a transition from to 

(b) the excitation is transferred to atom I by Vjj, with 
atom 2 emitting a ^ photon and making a transition to 
's-i/:). while atom 1 is excited by the local component 
of the photon emitted by atom 2. from Ig-i/i) to le-i/j); 

(c) finally, atom 1 is de-excited by interaction with the 
c. polarization of the lattice fields, and returns to its original 
ground state Ig-i/;). Similar interpretations can be given for 
the other contributions. 

V. CONCLUSION 

One of the main effects of the near-resonant dipole-dipole 
interaction between atoms in an optical lattice is to effect the 
rate and limit of polarization gradient cooling. In the one-
dimensional case, it was previously found that this is the 
case, provided that the atomic density is high enough that 
there is more than one atom per potential well. Our results on 
the magnimde of in a three-dimensional lattice are 
consistent with this obser-ation. although this conclusion 
needs to be confirmed by a full dynamical description of the 
cooling process in the presence of dipole-dipole collisions. 
Indeed, the situation is quite a bit more complex in three than 
in one dimension; for instance, the lattice exhibits loci for 
which the field polarization is of one type only, and no Sy-
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APPENDIX: EFFECTIVE DIPOLE-DIPOLE POTENTULS 

This appendix gives the explicit forms of the effective 
dipole-dipole potential both in three-<limensional and in one-
dimensional lattices. These result from substituting the ex
plicit expressions for the dipole-dipole potential and laser-
field configurations into Eq. (29). followed by lengthy but 
straightforward algebra. One find in the three-dimensional 
case 
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cr + G; V,,g;) = V„{( .^rJ<S- i/ii'''^.8-,rj(g- wi'") 

Ij- - icXs "^1 1/2I'' 'Is • 

"*•'1^- i/2)(S- i/3l"'ls-i/^<J-i/;i'"')^' is - wi' "Is- ic)<5-i/:i'"'"^ 

~' Is -ir:}{g- wl'''Is-i/iXs ~'ls- i/i)<S- id' "Is- i/:)<S- wi'"'• 

•'•'ls-i/:)<s-i/il'''ls-i/:){s-i/:l'"''^' "'"'ls-i/:)(s-i/3i"'ls-i/i>^s-i/;l'"''*' 
+ (Is - ./2)<S - irJ' "Is - irj(s - irj'") V } + H.c.. 

where 

1 1 1 
V = -Pf.F:,a.. + jP*,F2-a.. + jP^.P:.a.,*Ff.P,.a,^. 

I I 1 
V = P^.P:,a,, + jP^,P2.a.. + jP;.P2,a..^-P%P2.a.,. 

1 1 I V =-P%P.,a..^-P*.P..a..^P^_P2.a.. + -P^_P.,a... 

1 1 I 
V =J/>F.P: .A . .  +  PF.P: .A . . -R  +JPF. / ' I -A- . .  

v2 ^2 
V + 

n2 V2 
V = —(PF.PJ .ARO.  +  Z ' I . / 'R .A .O)^— 

\2 v2 
V =—{P'.Pz~a~o~Pi-P'-''a~)'*' -g~< P'-Pi-a-o'^ P\-P'.a^-). 

\2 v2 
V =—{P'.Pz,ao^-*-Pi,P*,a.a)~-^^P*-Pz-<''o-~Pi .Pt-^i-oi-

V = ^^(P^.P,.^P,.PT.)aoo. 

V =pPt.Pz. + Pi-PU)a<„. 

a-Vo='iy/^. 

P . .  = = ^  

In the one-dimensional case, we have 
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«n-

= ''8 - -!/;)<#-1/:!'"'"'' V 

-^V i«-ic)(«-i/:r"ls-i/i/<s-id'"'+^ 

U - ic)(8 - wl'' 'Is -i/:l'"'•*• ̂  ls-i/:)(^-i/2l" 'ls-i/:)(s-i/ir"' 
Is -ic)(S-id'''!g-ic)(s- id'"'"*" ^ l8-ic)(S-i/:l"'l8-in)(g-i/il'"'}- 'A3) 

where 

V = j gsinjfc;,sinjt;;£r,. + cosifc;icosjfc;;a__I, 

V = i ^os)fc;iCoat;;Qr-- +sin;tciSinAriO.. | 

I 
V =—{s\TikziCoikzz~coskZiS\nkzz)afxi, 

V = j(siiil::,sinj(:c2a. . + c0si;ic0sjfcc;a__). 

V =—(sinjt;,sinjtc;-^cos;(:c|COsA;;)a()o. 

. = V! 

n-Vo = «r.^. 

fin= - s .2d '^q. 
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Atomic transport on one-dimensional optical lattices 
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We carry out quantum and semiclassical numerical simulations of the dynamics, particularly diffusion, of 
atoms in an optical lattice. We consider specifically the situation of a / = 1/2—/= 3/2 atomic transition, whose 
expenmental counterpan can be realized in Mg" experiments. The semiclassical results, which cover a larger 
range of parameters than would be pracucal for fiilly quantum calculations, confirm and extend the work of 
.Marksteiner er al. [Rhys. Rev. A 53. 3409 11996)]. characterize the transition from normal to anomalous 
diffusion and the atomic trajectories which give rise to it. and provide a physical explanation for the difference 
between these two regimes. The full quantum calculations reveal uniquely quantum feamres of individual 
atomic trajectones. and in addition, predict significantly lower diffusion, by a factor of 1.2 to 2, than their 
semiclassical counterparts. [51050-2947(97)00109-1] 

PACS number<s): 42.50.Vic. 32.80.Pj. 32.80.Lg. 03.75.-b 

L INTRODUCTION 

Polarization-gradient laser cooling has proved to be an 
effective means of producing ensembles of cold atoms, with 
atomic energies of a few photon recoil energies being readily 
achievable [1-5]. The laser fields responsible for the cooling 
also produce periodic potentials for the Zeetnan sublevels of 
the atoms, resulting in a so-called "optical lattice," or "op
tical crystal" [6-8]. In typical experiments the potential 
depth of the optical lattice is much larger than the character
istic atomic energy, and so cannot be ignored in studying the 
dynamics of the atomic motion. In fact the atoms spend most 
of their time trapped in the wells of the optical potential, 
their quantized motion being responsible for modifications of 
their Interactions with light, e.g.. giving rise to Raman side
bands [9.10.6,11], Bragg scanering [12.13], and photonic 
band gaps [14]. 

These optical crystals represent a novel solid-state-like 
system of panicles in a penodic potential. However, the den
sities achieved so far. "• lO'"/ cm^. mean that the filling 
factor of these optical lattices is only about l/IO. In this case 
the atomic dynamics is expected to be characterized by 
single-atom diffusion rather than by collective behavior, and 
It is of interest to ask what form this diffusion would take 
[15]. In a recent paper by Marksteiner et al. [16] it has been 
shown on the basis of a semiclassical analysis that there ex
ists a threshold in the depth of the optical potential below 
which the diffusion is anomalous. In this case the atomic 
position distribution does not follow the normal diffusion 
equation, and does not tend towards a Gaussian for large 
times: this regime is characterized by a time dependence for 
the second moment of the spatial distribution, {z'), which is 
faster than linear. The authors posit that the anomalous dif
fusion is the result of atoms which gain enough energy to 
travel over many potential wells, and that this behavior is 
characterized by "Levy flight" statistics, for which, in con
trast to normal diffusion, the second moment of the atomic 

"On leave from ihe Department of Physics. Pacific Lutheran Uni
versity. Tacoma. WA. 

trajectory length (step size) and also {dldt)(,z') diverges in 
the limit f—x. This is supported by Monte Carlo wave func
tion (MCWF) calculations which show just this behavior. 
There are in addition experiments in progress [17] which 
may provide direct experimental evidence of time-resolved 
single-atom trajectories. 

In this paper we carry out both semiclassical and quantum 
simulations of the dynamics of atoms in an optical lattice. 
We consider specifically a y = 1/2—7 = 3/2 transition, which 
corresponds to the situation of the Mg ' experiments [17]. 
The semiclassical results, which cover a larger range of pa
rameters than would be practical for fully quantum calcula
tions. confirm and extend the work of Ref. [16], further char
acterizing the transition from normal to anomalous diffusion, 
and also provide a physical explanation for the difference 
between these two regimes. In addition, the full quantum 
calculations reveal interesting uniquely quantum features of 
individual atomic trajectories. In particular. localizing mea
surements can lead to changes in the expectation value of the 
atomic kinetic energy much larger than the optical potential 
depth, a situation forbidden in semiclassical models. In ad
dition, we find that the fiill quantum theory predicts atomic 
diffusion to be significantly slower than its semiclassical 
counterpan. 

Section II briefly reviews atomic cooling in optical lat
tices. and Sec. Ill descnbes the numerical methods used in 
our simulations; these comprise two quantum Monte Carlo 
implementations modeling "angle-resolved measurements" 
of the spontaneously emitted photons, and "localizing mea
surements" of the emitting atom: and in addition a semiclas
sical model with which we conducted most of our simula
tions. Section IV gives the results of the semiclassical 
simulations, while Sec. V deals with the results of the quan
tum simulations. Rnally Sec. VI gives a discussion and con
clusions. 

II. THE MODEL 

We consider the motion of atoms on a standard one-
dimensional linJ-lin optical lattice formed by two counter-

1050-2947/97/5613 )/2109( 14)/S 10.00 56 2109 O 1997 The Amencan Physical Society 
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Energy levels for 3 J^ = 1/2—/, = 3/2 transition, with 
the squares of the Clebsch-Gordan coefficients indicated. 

propagating laser fields linearly polarized in perpendicular 
directions. 

E( z. f ) = - [ c.c. ] 

+  ( 1 )  

where £Q is the electric field amplitude of each traveling 

wave. ki_ their wave number. tui_ their firquency. and e, and 

e, are unit vectors in the +x and -•->• direction, respectively. 
The phases of the two traveling waves are chosen so that the 
total field has a cr. circular polarization at :=0. 
-K/2.—K.*3K/2 and a cr. polarization at 
;= r\/4.r3\/4 The total field is then 

Efc./)=i[eJc)fte-'"''-' + c.c.]. (2) 

where £[^=£q\/2. e[_(z) is the total polarization vector 

ei,(;) = «-cos(ifcc) —it.sin(A:c), (3) 

and e~ = -r.t l/v2)[c,-ic,]. as usual. 
This field interacts with the /,= \ri—J,= 'in transition 

of an atomic system, where we label by {^) the ground-state 
manifold, of frequency a»j. and by \e) the excited-state 
manifold of frequency w,. the quantization axis being taken 
along Oz. Such a transition is used. e.g.. in Mg * experi
ments [17]. The Clebsch-Gonlan coefficients of the various 
transitions involved are given in Fig. 1. Talcing into account 
the spontaneous decay from the excited- to the ground-state 
manifold, it is evident that the lattice geometry leads to a 
situation where population is preferentially transferred into 

the 1^,= - j) internal state at those locations where the total 

electric field is o-_ polarized, and into the 1"!^= j) state at 
locations of a ̂  polarization. 

The atomic evolution in the optical lattice is governed by 
the master equation 

. >4) 
'p 

where Q is the reduced atomic density operator, and 

pi 
H=z^^Ha-d E(z.t}. (5) 

56 

where p.  is the atomic center-of-mass momentum operator in 
the ; direction and M the mass of the atom. The electronic 
Hamiltonian 

H^=fia)^Pf~hu},P, (6) 

describes the internal structure of the atom, where 
/', = 2;yjm,)</n,| and /', = S/jm,)(m,| are the usual 

ground and excited manifold projection operators. (Where no 
ambiguity is possible, we label the atomic states by their 
magnetic quantum number only.) The last term in Eq. i5l 
describes the electric dipole interaction with the field evalu

ated at the center-of-mass location of (he atom £. which is 

now the operator conjugate lo p.. d being the atotmc dipole 
moment operator. 

The second term on the right-hand side of Eq. i4) de
scribes the effects of spontaneous emission. Its explicit form 
is [18,19] 

l^j =T\-J(p,e+Qp,)+ 2 
, L f --

x(«Vd-)e(e,-d-)e"*=i, (7) 

where P is the spontaneous decay rate. The integral in Eq. 
(7) results from averaging over the directions x and v the 
contribution to the lower states population resulting from the 

spontaneous emission of a photon of polarization e* and 

momentum Ak in direction n. This emission contributes an 

atomic recoil hkn-e. = fiuk along j. For dipole-allowed 
transitions, the weighting functions N^(u) are readily found 
to be 

3 
.V.(u)= -(I 

3 
A'.(a)=-(l-u-). (8) 

4 

The reduced atomic raising operator d* and its adjoint d" 
are defined in terms of the Clebsch-Gordan coefficients for 
the allowed transitions by 

• d* |m,) = (y, 1 m^q\J,m,)\m,). 

e,d*|m,) = 0. '9) 

In this paper, we consider only situations where the laser 
is red detuned from the atomic transition frequency. 
A = (Ui-((u,-cu,)<0. with |A|J>r. so that the excited 
states can be adiabatically eliminated [20,19]. The resulting 
reduced master equation for the ground-state reduced density 
operator is then, in the rotating wave approximation. 

W GREENWOOD. P PAX. AND P .MEYSTRE 
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I I I 
P=, -^[^4 .p l - r5n l  ( ; ) .V( ; ip -^pA( ; )  .V( ; ) ]  

x ( e , d - i i | .  ( 1 0 )  

where the saturation parameter is 

with the Rabi frequency fl given by 

c 
a=- {e .3 /2 \de . \g . \a ) ' j .  (12) 

The operator .Vi c) is given by 

= U3) 

so that A' I;) A (;) may be interpreted as the light shift — or 
dynamic Stark shift — operator. //, is the effective Hamil-
tonian for the ground-state manifold 

p: 
^/, = :r^-/^AjoA'(;)A(c). 114) 

- .V l  

The temi proponional to f in the master Eq. (10) describes 
dissipative processes arising from transitions to the excited 
states, followed by spontaneous decay to the ground states. 
This is the spatially dependent optical pumping mechanism 
at the bean of polarization-gradient cooling. 

The effective Hamiltonian H^ is  the sum of the kinetic 
energy term and an "optical potential" 

; t = A A.v„.\ •(; ).V(;). 115) 

It IS local in the ; coordinate and is obviously diagonal in the 
ground-state basis with eigenenergies t'.(c). 

VV:i|rl/2) = C',i:i| = l/2). (16) 

where 

3 
{.'.(; I = C',)i - - cos-( ) i. 

. 3 
(.'-(ci = C/'<)i 7-sin-(ti.cl i, (171 

and 6'o= The potential depth C'o and the saturation 
parameter SQ are the natural quantities by which to charac
terize the atomic dynamics in the lattice, but it should be 
noted that to vary them independently requires the simulta
neous adjustment of two experimental parameters, namely, 
the laser intensity and detuning. 

The minima of C'-(c) occur at z  =  0 .zKf2 . -K .  

~}K/2.. .. which are the locations of pure a. polanzation 

2111 

in the optical lattice field. Correspondingly, the mimma of 
U.(z) occur at locations of pure tr. polarization. As dis
cussed above, atoms at locations of pure cr- polarization are 
preferentially pumped into the | r 1/2) ground state. It fol
lows that the optical lattice field pumps atoms at any given 
location preferentially into whichever ground state has the 
lower optical potential energy at that point This, of course, 
is the basis of Sisyphus cooling. 

Finally, we note in preparation for Monte Carlo wave 
function simulations that the master equation (10) can be 
ree.xpressed as 

P = ^ (MctiP (18) 

where the non-Hermitian effective operator Hctt's given by 

-  i  —SQ\  (;).\ .( c ) 

p: , iT, . 
= -i-—:-V l;)A(;) il9l 

and 

C p —  2  I  [ « / u / V ^ ( i < ) ( 6 * d " i . V ( ; ) ? ' ' " * - p f ' " * - . V ' ( ; )  
r.; J - I 

XI e, d*)] 

= 2 C.pCl .  i20) 

Our study of atomic transport on optical lattices is limited 
m the present paper to single-atom effects. We assume that 
the atom is initially in the internal ground state | - l/2>. and 
is spatially confined to one of that state's optical potential 
wells. Specifically, we chose the well at c = 0. and take the 
spatial pan of the initial state to be the ground-state wave 
function for the harmonic oscillator potential which appro.xi-
mates 6'-(;) nearc = 0. This initial state is 

r /3. \i!>n)= \  d:\-\ e.xp(-c-//3)!;.-l/2>. (21) 

where /3 = 47r^v2iA|io/3. Staning from this initial state, we 
use Eq. (10) to find the atomic center-of-mass probability 
distribution at later times. The soluuon. then, provides a 
physical picture of the manner in which initially trapped at
oms diffuse through an optical lattice. 

HL .NX'MERIC.\L METHOD 

Quantum mechanical siinuJations 

Instead of carrying out a direct numerical solution of the 
master equation (10). we use the now well-established quan
tum .Monte Carlo wave function (QMCWF) technique to 
study the atomic dynamics on the optical lattice. This pre
sents the double advantage of a signiricant reduction in com
puter memory requirements (balanced by the need for re
peated runs for the averaging process) and of yielding 
••quantum trajectones" that can be compared directly to the 

ATOMIC TRA.NSPORT ON ONE-DIMENSIONAL OPTICAL . 
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the single-atom trajectories that can n o w  be observed in the 
laboratory [17], [n addition, the details of individual trajec-
tones can provide insight into the physical mechanisms un
derlying the atomic transpon. 

The QMCWF simulations alternate periods of 
Schrodinger-like non-Hermitian evolution governed by the 
effective Hamiltonian 

= (22) 

with random quantum jumps which describe the effects of 
the Liouvillian Cp. In case a jump takes place, the postjump 
wave function is 

(23) 

where f _ and f. are the times just before and after the jump. 
Which of the operators C, is actually chosen in Eq. (23) — 
that is. which of the reservoir operators the excitation decays 
into during a small interval St about / — is chosen randomly 
according to the probability law 

Sp,  =  St (JAt \ \C ' ,C , \4 i { t ) ) .  (24) 

The total probability for a jump to occur at time t  is 
Sp = l,Spy. 

As pointed out in [21.22], the decomposition (20) is not 
unique. Indeed, the choice of any set of reservoir operators 
that differ from the operators C, by a unitary transformation 
U will lead to exactly the same ensemble-averaged predic
tions. a consequence of the invariance of the master equation 
under such transformations. Holland et al. [23] have ex
ploited this freedom of choice of bath operators, which per
mits computation of quantum trajectories corresponding to 
different types of measurements being performed on the sys
tem. In particular, they have discussed the special cases of 
"angle-resolved" and of ""localizing" measurements. In the 
angle-resolved scheme. ^ -{q.u\ and the decay channels 
that are monitored are described by the reservoir operators 

C-—Cl</.«)= vryo^,(ule""'-(d' •e^).\(cj, (25) 

while in the ""localizing measurements." we have 

I n 
C,—7(</.ml=— duCtq.u)e'""^'''* 

v2 -1 

= vf7^lV,(;-m\/4)(d-t;)A(;) 

(26) 

and K is the wavelength of the emitted photon. 
W^(;) is the Fourier transform of N^(u) ,  and the index 
m = 0.2:1.r2 As discussed by Holland etal.. the use 
of the decay channels described by the operators C(q.u) 
corresponds in one dimension to measurements where the 
angle of emission of the spontaneously emined photon is 
determined, while the choice of decay channels described by 
the operators J(q.m) corresponds to measurements where 
the fluorescence photons are observed through a lens. This 
imaging system permits determination of the location from 
which the photon is emitted, to within the limits allowed by 
the Heisenberg uncertainty principle. The index m can then 
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be interpreted as labeling the discrete locations on a spatial 
grid from which we infer the photon to be emitted if the 
decay occurs via the channel {g.'t}. The choice of \/4 spac
ing between the points on that grid is made to avoid any bias 
in the type of potential well selected for localization, but is 
otherwise arbitrary. Instead of giving a simple atomic recoil' 
and hence a considerable spreading of the atomic wave func
tion in coordinate space, this measurement scheme leads to a 
spatial localization of the center-of-mass wave function. This 
'"measurement-induced" localization presents the combined 
advantages of requiring us to keep track of a smaller region 
of space when carrying out numerical simulations, and also 
of leading to a more intuitive comparison between the simu
lations and experiments where the trajectory of the atom is 
determined as a function of time via an imaging system. 

In coordinate space the operators J lq .m)  are peaked 
about the location z = 'nK/'i and have a width of about one 
wavelength. The action of these operators is therefore to 
truncate the atomic wave function to a wavelength size re
gion about the detection location, which leads to a significant 
reduction in the number of coordinate states required for the 
calculation. However, these functions do not fall off rapidly, 
and there is a small probability that a photon will be detected 
from the wings of the wave function. In such rare cases, the 
wave function is multiplied by the wings of the jump fiinc-
tion. and so may not become significantly localized. For this 
reason, and because of the evolution of the wave function 
between jumps (especially if the atom is flying in a quasifree 
fashion above the lattice), the size of the simulation grid 
must be kept at several times the width of the localizing 
jump functions. 

In the case of angle-resolved simulatioas. the decay prob
abilities Spy—Spiij.u). with 

Sp(:.ui = SrrsoJV . (u ) - j  i/;[cos-()1'A-(;)|' 

+ sin"(<:£.;)|i^'-(;)|"]. 

Sp{  r  .u )  =  St^s^ i ^ /  . {u l  j  Jcs i i i - I  

~ j|(^'-(;)|-]. 

'The jump operators C(q.u) ociually contain iwo spatial depen
dences. one associated with an elecut)magneuc field mode and the 

other with (he lattice polarizauon a result of the adiabatic 

elimination of the upper electronic stales. The form (3) of e^iz) 
shows that Its effect Is to split the momentum space cenier-of-mass 
wave function into two componenis separated by 2fik^. Hence, the 
decay channel corresponding to C(q.u) docs not. smctly speaking, 
correspond to a projection onto a single wave vector of the vacuum 
lield modes, and does provide some coordinate space localizaaon. 
We nonetheless call it ""angle resolved."" following the nomencla
ture introduced by Holland et oL Note also thai the jump operators 
C(q.u) imply the deiecbon of a photon of given polarizanon m the 
atonuc quantization frame, instead of that typically measured in 
expenments. defined with respect to the phcton"s k vector. 

W GREE.N'WCXDD. P. PAX. AND P. .MEYSTRE 
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Sp^ -  .u) = SirsfiN-iu\ J j|iA.(;)|" 

and the total jump probability is 

Sp= AFoj '  ~ 3 J <^:[cos-( 

-sin-(i;l|(i'.(;)|"]|.  (28) 

where 1 iir.(; (j' is the population of the state jg -> at location 
For localizing trajectories, in contrast, we have 

Spi :,ml = ( <Srrsn/9) j  e/:Wh :  — mK/4) 

x[cos-(<:tC)|iA.(r)|'-sin-f<:£^;)|i^r_(r)|-]. 

<S/3( - .mi = ( dfFjo/^) j  JcWic 

d/J( -.m) = ( rffPiy/ll J  t /zW\ (z  — rnK/4 )cos- (k [^ : )  

(29) 

The mdividual trajectories for the two schemes show a 
marked difference; as already di.scussed. the wave functions 
in the localizing scheme typically remain well confined as 
compared to those of the recoil scheme. .\nd while the recoil 
wave functions are charactenzed by their spread, those of the 
localizing scheme show flights, periods in which the atom 
traverses several lattice sites. We will see that these flights 
can result in a second moment for the atomic distribution 
that grows faster than linearly in time, thereby providing 
evidence for anomalous diffusion and Levy flights. 

Of course, the results obtained by the two simulation 
schemes converge in the limit of large statistics, and match 
those of the master equation. The differences in the indi
vidual trajectones and their interpretation reflect the differ
ence in the implied measurements. 

B. Semiclassical simulations 

In addition (o fully quantum mechanical simulations, we 
have also carried out "•semiclassical" .Monte Carlo simula
tions of the system, whereby the center-of-mass motion of 
the atoms is treated classically in Wcir- "quantum 
jumps" are. however, treated in such a way as to explicitly 
include the recoil effects associated both with the stimulated 
transitions induced by the lattice tields and with spontaneous 
emission, albeit incoherently. 

In Its most primitive form, a semiclassical description of 
the quantum jumps would handle the center-of-mass motion 
of the atoms classically, the jump influencing only the inter
nal state of the atoms to account for the effects of optical 
pumping. Such an approach includes neither the recoil and 
heating resulting from spontaneous emission, nor the recoil 

associated with the absorption of light from the lattice fields. 
Obviously, this is inadequate in the present situation, where 
we precisely want to study the diffusion of atoms in Sisy
phus cooling. Hence, the simplest level of approximation 
needs to include these effects. We therefore proceed by as
suming that the atom is a classical particle subjected to mo
mentum kicks, but no momentum splitting, and can ran
domly jump from one to the other optical potentials. In 
addition, we also neglect the possible buildup of quantum 
interferences during a jump. Specifically, the excitation of 
the atom prior to spontaneous emission is assumed to result 
from the excitation from either one or the other of the two 
running waves that make up the optical lattice, and not from 
both as would be the case for a quantum particle. This 
clearly neglects the buildup of coherences between states of 
different momenta, an approach approximately justified by 
the dissipative nature of the phenomenon we are studying. 
Indeed, we will see that this semiclassical model gives a 
qualitatively satisfactory description of the system under a 
large range of parameters. 

rv. SEMICLASSICAL RESULTS 

A. Cooling 

Most of our semiclassical simulations start from a set of 
initial conditions chosen to match those of the full quantum 
mechanical calculations. Specifically, we approximate the 
shape of the optical potential near one of its minima by a 
simple harmonic oscillator, and carry an en.semble average 
over a set of trajectories obtained from an ensemble of initial 
positions and momenta that match its quantum mechanical 
ground state. Since the mean momentum associated with this 
initial distribution is equal to zero, it is obvious from the 
symmetry of the problem that we also have ip> r)} = 0. where 
the average is over a large number of trajectories. Hence 
the mean atomic kinetic energy is E^ = {p'-)IZM 
= ( . where Ap- is the variance of p. The evolu
tion of the system is earned out until reaches a steady 
state, or. in situations where the approach to equilibrium is 
very slow, until we are able to fit n to a simple .-Vrrhen-
ius law EK<t) = E,)i 1 In this section and the follow
ing one. all quantities are expressed in recoil units; energies 
are in units of the recoil energy E^ = ihkr/2M. times in 
units of the inverse of the recoil frequency (t)^ = E^lh. 
momenta in units of the recoil momentum p^-hk. and 
lengths in units of the laser wavelength \. 

Figures 2(a) and 2(b) show the equilibrium kinetic energy 
as a function of the depth £/,) of the optical potentials and of 
the saturation parameter SQ. respectively. The equilibnum ki
netic energy, which is proportional to L/'n for large C.,. 
reaches a minimum as the potential depth is reduced to 
t'o=100£^. It then increases sharply as C'r, is further re
duced below that point. For a saturation parameter of 
io = 0.01 the minimum value of the kinetic energy is 
EK „,„~33E^. and for potential wells deeper than 
U„>2Q0E^ the equilibrium energy follows the approximate 
law £^ — 0.16t/fl. These results are in good agreement with 
the full quantum calculations reported in Ref [5]. We shall 
see later on that the minimum in £*- can be identified with 
the onset of anomalous diffusion of the atoms in the lattice. 



94 

:ii4 

Ek 

:00' 

W GREENWOOD. P. P.-VX. .AND P .VIEYSTRE 

5 

56 

4 -

a 

1000 Uo 

i 

0 ; 
0.0 0.05 0.1 ^0 

FIG Equilibnum kmelic energy from the semiclassical caJ-
culaiion.s. [n (a) the symbol.s indicate the value of the saturation 
parameter Si, for the corresponding curves; in ibl they indicate the 
depth of the optical potentials in units of . 

For a given potential depth, the equilibrium kinetic energy 
i.s seen to be a monotontcally increasing function of the satu
ration parameter Jo- Th's can be understood by noting that in 
equilibrium, most of the atoms are trapped in wells. In this 
case, light scattenng rarely involves a cooling transition." 
Since the scattenng rate from the laser fields is proportional 
lo s,,. can therefore expect the residual heating to increase 
with J,). This interpretation is further supported by the de
pendence of the heating rate K on j,). illustrated for a fiwd 
optical potential in Fig. 3. .Vote that we are showing heating 
rather than cooling rates here, since our initial conditions, 
which correspond to atoms in the ground state of an optical 
well, correspond to mean kinetic energies lower than their 
equilibnum values. 

To gain further insight into the heating-cooling process, 
we now concentrate on the forces acting on the atom. A 
semiclissical expression for the friction force acting on an 
atom of momentum p has been derived based on spatially 
averaged forces [4], and on an expansion of the atomic 
Wigner function to first order in the recoil momentum [5] 
(the latter being valid in the jumping regime, where the op
tical pumping rate ' = ZPSq/9 is much larger than the os

cillation frequency <u^= y,2kiUn/M of the atoms itiside a 
well). This force is given by 

a p / M  
f ( p ) =  (30) 

1 ^ip/p,)-

'For trapped atoms, a change in internal state typically leads to 
heating. 

3 -

I - ' 

i -• 
0 i! 
0.0 0.05 0.1 

So 

FIG. 3. Initial heating rate K, (in units of vs saturation 
parameter ^o- ^ obtained from a lit of the second moment of the 
momentum distnbuuon to the Arrhenius law (p-) = pln 
The potential depth for this case is L'„ = ZQOE^. 

where the friction coefficient ar=<5/r)sin*(2it;;. 
and the critical momentum Pc = rsom/9ki_. This force ex
hibits a maximum at p and falls off as Up (orpi>p^.. so 
that Pc may be interpreted as defining a momentum "capture 
range." 

Figure 4 compares the analytical friction force (30) to its 
numerically obtained value, dp/dt. for U(i = 50E^ and 
^0 = 0.2. The force is expressed in units of p^w^. The 
circles correspond to the semiclassical theory and the tri
angles to full quantum simulations, which will be discussed 
later on. The numerical points were obtained by averaging 
the results of a large number of trajectories with a given 
initial momentum PQ, wherein the evolution time was kept 
short enough that p remains essentially constant, yet large 
enough that the atom flies over several potential wells, a 

201 
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A 
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, 0 . .  

0 : 
0 100 :oo 

Po 

FIG. 4. Friction force (in units of p^ui^) vs initial momentum 
for C/o 50£^ and Sq = O — ^ determined from ihe time derivauve 
of the mean momentum. The circles are numencal results from 
semiclassical simulabons and the triangles correspond to full quan
tum calculations. The dashed line is the force given by the analytic 
expression (30). 
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RG. 5. The second, fourth, and sixth moments of the momen
tum distribution, scaled as discussed in the text. For a Gaussian 
Ji^itiibution the curves in each frame would be identical. Here, the 
second moment is the lowermost curve, progressing to the sixth 
moment as the highest curve. In (a). t/o = 50£„. there is signifi
cant deviation from Gaussian behavior, while for C/n = SOO£^ lb), 
the momentum is close to Gaussian. In both lai and (bl the satura
tion parameter Sq = 0.01. 

condition necessary to replace sin*2jfcj^r by its averaged value 
1/2 in a. Clearly, the numencal results are in good quantita
tive agreement with the analytical expression (30). 

Turning now to the question of temperamres. we note that 
though it IS tempting to associate a temperature with £<. this 
tsi not strictly correct since the cemer-of-mass momentum 
dismbution (V(p) Is typically not Gaussian. We illustrate 
this point by examining the second, fourth, and sixth 
moments of p. For a Gaussian distribution W(p) 

= ( i7<r-)" "^e these moments are related by 

l 3 I )  

Rgure 5 compares these scaled moments as a function of 
time, for the cases of a shallow (L'o = 50£^) and of a deep 
( Uo=500E^) potential well. In the latter case, the second, 
fourth, and sixth moments of the momentum distribution do 
scale as for a Gaussian distribution, but there are large de
viations for the shallow potential. In that case, the higher 
moments are much larger than for a Gaussian distnbution. 
Indicating that the momentum distribution has broad wings. 
This Is further demonstrated m Fig. 6. which illustrates the 
anomalously high probability for high momenta. Hence, it is 
not strictly appropriate to associate a temperature with the 
atomic system In shallow well situations. Furthermore, we 
discuss in the next section how the high momentum wings of 
Wp) are believed to be responsible for the anomalous dif
fusion that occurs m shallow potentials. 

Log,o[W(p)] -

-40 -20 0 20 40 

-40 

FIG. 6. Rnal momenmm distnbutions and tits to Gaussians for 
the two potential depths of Fig. 5. Note the loganthmic scale. For 
the shallow potential there is a substantially higher population in the 
wings than a Gaussian would have. 

B. OifTusion 

Atomic motion in deep optical lattices Is dominated by 
the random events which comprise optical pumping. These 
events consist of absorption from the optical lattice laser 
fields, followed by spontaneous emission. Both of these pro
cesses affect the atomic kinetic energy, in addition, after 
emission the atom may have changed ground state, resulting 
in a change in potential energy. This sequence of events, 
which is the basis of Sisyphus cooling, can also lead to rare 
accumulations of energy allowing an atom to move much 
further than it would under the Influence of atomic diffrac
tion and recoil alone. It has been pointed out by Holland 
el al. [23] and by .Vlarkstelner et al. [ 16] that these unusually 
energetic occurrences lead to anomalous diffusion and Levy 
walks [24.25], for which the distribution of step distances 
has an Infinite second moment, and for which Individual tra
jectories show fractal properues. In this case the diffusion 
coefficient, defined as the time derivative of the second mo
ment of the spatial distnbution of the atoms on the lattice. 

I d 
(32) 

does not converge to a finite value as f —This is in con
trast to the situation of normal diffusion, where 
Specifically, the diffusion is termed anomalous if <A;~) 
grows as  some power  of  t  la rger  than  1 .  The  case  of  (Sz ' )  

*f- corresponds to ballistic diffusion, i.e.. free expansion. 
The time dependence of <A;") is a good indicator for the 

diffusion coefficient in the regime of normal diffusion, but 
when the dynamics is dominated by rare events as in anoma
lous diffusion, statistical fluctuations make it a less reliable 
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C p (  r l =  \ \ m ( p u ) p { t ^ T ) )  (33) 

to determine the diffusion coefficient, the point being that the 
atomic momentum stabilizes more quickJy than its position. 
In terms of C,( r). the diffusion coefficient is given by [16] 

0-U 
.w-J 

C, i T , d T .  134) 

For normal diffusion the integral converges and the diffusion 
coefficient D exists, while for anomalous diffusion, where 
long flights imply significant momentum correlation over 
large intervals r. the integral does not converge to a finite 
value. 

The advantage of using C^i rl as an indicator of normal 
vs anomalous diffusion is illustrated for the case of a poten
tial depth of 70£^ in Fig. 7: while the variance in position 
<c"(f)) appears to be consistent with a linear time depen
dence for large enough times, the statistical variations make 
It hard to identify a transition to that regime, and therefore to 
assign a value to the slope. In contrast, the integral 

= r)dT clearly converges to an asymptotic value, in
dicating that the diffusion is normal in that e.xample. 

In fully quantum mechanical calculations, where p is an operator, 
the «ymmeinzed version of C^i n must be used instead. 

C,( rl" ylim, Jpuipu - Tt-p( (- ripiio 

1000, 

100 

D 

1000 Uo 

ICM^ 

D 10 X 

0.05 0 1 
So 

FIG. 7. Second moment <;*':)> of the position distnbution (a), 
and the time integral /, of the momentum correlation function tb). 
for a potential depth of U,, = 70£^ and a saturation parameter 
s„ = 0.1. While it IS difficult to be contidem that (;-(/!> is converg
ing to linear behavior, lb) •shows that the integral /, of the momen
tum correhtion funcuon converges, and that therefore the diffusion 
coefficient does not diverge. 

tool. .An alternative approach involves the use of the momen
tum correlation function' 

RG. 8. Diffusion coefficieni (m units of K-w^i tor those pa
rameters where the diffusion is normal. .As in Rg. 2. in la) ihe 
symbols indicate the value of the saturation parameter r., tor the 
corresponding curves; in lb) they indicate the depth ot the optical 
potentials in units of . 

We have carried out a large number of semiclassical 
simulations covering a broad parameter range. Our results 
indicate that a transition from normal to anomalous diffusion 
occurs for a potential depth between 50£^ and 70£^.. m 
agreement with the Fokker-PIanck analysis of Ref. [16j. 
However, we find that this transition also depends slightly on 
the value of the saturation parameter: a higher ro allows 
normal diffusion to persist in shallower potentials. Figure S 
shows the diffusion coefficient 'expressed in uniLs of 

as determined by the slope of (Iz'it)). for those 
cxses where the optical potential is deep enough for diffusion 
to be normal. 

It IS evident from that figure that the diffusion coefficient 
IS not generally a monotonic function of >„• TTi's can be 
understood by recalling that diffusion is governed by two 
effects which have opposite dependences on the saturation 
parameter. These are the escape rate from a well, which is 
proportional to the scattenng rate: and the length of the tlight 
(for those events energetic enough to result in a flight), 
which has an inverse relation to the scattering rate. For large 
5(1 the atom undergoes relatively many escapes, but the re
sulting flights are shon. is a result of efficient cooling. In this 
case we expect the atomic transpon to be dominated by shon 
hops and to increase with In contrast, though very small 
saturation means fewer escapes, those atoms that do escape 
from the lattice wells will be relatively unimpeded by the 
cooling process. In that limit, we expect to be domi
nated by rare, long flights, and to increase with decrexsing 
sn- We can then expect the scattenng time, along with the 
characteristic velocity of the flying atoms, to provide a natu
ral scale for the flights. This interpretation is supported by 
the results for £/o = 5CX)£^. in which we find normal diffu
sion for sci ranging from 0.1 to 0.001. While the total number 
ot quantum jumps increases in proportion to s„, the lower 
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no. 9. Initial decay rate (in units of <u„ j of the momen
tum correiation function (squares), and totai number of spontaneous 
emission events (triangles) vs the saturauon parameter Jo- The op
tical potential depth is J/q = SOOf,^. 

decay rate of the motnentum correlation function indi
cates that the atoms are making longer flights as SQ de
creases. see Fig. 9. 

In spite of the fact that there are proportionally fewer 
scattering events in that case, the diffusion is largest for 
small saturation s^. This effect is most pronounced for the 
deepest optical potentials we have considered; for instance, 
for the cases of and lOOOE^c. the diffu
sion coefficient actually decreases monototiicaily as a func
tion of io. implying that atoms flying above the optical po
tential dominate the diffusion, and that the recapture rate of 
these atoms determines its magnitude. For shallower poten
tials. the diffusion coefficient also initially decreases, but in
creases again as ig 's further increased. We attribute this 
behavior to the fact that in this parameter range, spontaneous 
emission events are more likely to lead to escape, since the 
atoms are not as strongly trapped in their wells. Since in 
addition the atomic motion in shallow wells samples regions 
of higher optical pumping, a larger proportion of the sponta
neous emission events involves a change in internal state, 
and hence in potential energy, as shown in Fig. 10. 

Finally we note that the diffusion in shallow potentials is 
largest, and most anomalous, for small saturation parameters. 
We take this as a contirmation that anomalous diffusion is 
governed by the relative ineffectiveness of Sisyphus cooling 
in terminating the atomic flight above the optical potential. 

The above behavior can be summarized by noting that for 
trapped atoms, the probability of making a state-changing 
transition (and thereby escaping) decreases for deeper poten
tials. because the atoms become confined to regions where 
optical pumping is low. In contrast, for atoms flying above 
the wells the likelihood of a cooling transition (and hence of 
a termination of the flight) is largely independent of the well 
depth, since the optical pumping is averaged over the path of 
the atom. Hence for deep potentials the inverse relation of 

500 1000 Uq 

HG. 10. Ratio /f of quantum jumps in which the internal sute 
of the atom changes to the total number of jumps, vs saturation 
parameter. The symbols indicate the depth of the opucal poienual in 
units of £„ for the corresponding curves. The durauons of these 
simulations were for samrauon parameters s„ = 0.1 
—O.Ol. and r= lO/ai^ for Jo = 0.(X)l. 

flight distance to saturation parameter dominates, while in 
shallow potentials the competition between escape and flight 
truncation leads to the minimum in difftision coefficient as a 
function of 

We note for completeness that as the depth of the optical 
potential is further reduced, one eventually reaches a point 
where the momentum ceases to reach an equilibrium, and the 
diffusion appears to be superballistic. This is attributable to 
the continuous heating of the system, and is qualittvely dif
ferent from stationary anomalous diffusion state. 

V. QUANTUM .VIECHA.NICAL RESULTS 

Full quantum simulations require substantially larger 
computer resources than setniclassical ones, and hence it has 
been impossible to carry out as complete an analysis in that 
case. For this reason, it is difficult to make detailed compari
sons between the semiclassical and quantum simulations. 
Yet, as we shall see. a number of interesting trends and les
sons emerge from these results. In particular, there are 
unique quantum features in the single trajectories which can
not be reproduced semiclassically. such as the "branching" 
of trajectories and (he occurrence of quantum jumps for 
which the gam in the expectation value of the kinetic energy 
is larger than could be accounted for from a simple classical 
argument. We also find that the quantum diffusion is roughly 
50-80 "e of its semiclassical counterpart, although the be
haviors of the position and momentum distributions pre
dicted by the two approaches are in good qualitative agree
ment. 

As previously mentioned, we have earned out angle-
resolved simulations, arising from the operators Ciq.u) of 
Eq. (25). and also used the localizing scheme corresponding 
to the operators Jiq.m) of Eq. (26). For each type of calcu-
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RG. 12. Oimensionless localizing jump function for the quan
tum ""localizing" calculations corresponding to detection of a er. 
photon from the location ;=0 (see text). This is an odd funcuon. a 
result of (he laser field implicated in exciting the atom. 
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RC. 11. Example of a tvpical tinal spatial probability distribu
tion for a single trajectory m the quantum ""angle-resolved" calcu
lations. Here. £/o = 6l.5£,^ and Jo = 00154. 

lation. the total probability distiibution was determined by 
averaging over a large number of individual trajectories. For 
the angle-resolved scheme, the individual trajectories are. at 
any time, generally delocalized along the ; axis; one typical 
example of a spatial probability distribution for that ap
proach is given in Fig. 11. for Uo = 6l.5E^, ^0 = 0-0154. 
and a diffusion time f = 5.0/<t)^. On the other hand, the 
localizing scheme involves—at each quantum jump—an op
eration on the wave function by J(q.m). which leads to the 
multiplication of df by one of the sharply localized functions 
given in Eq. (26). Its effect is to collapse the wave hinction 
in the vicinity of z = rnK/2. Rgure 12 displays one of the 
localized functions of Eq. (26). for ^ + 1 and m = 0. Rgure 
13 shows a typical example of the resulting probability dis-
tnbution for the localizing scheme, for the same parameters 
as Fig. 11. 

The spatial probability distribution resulting from an av
erage over 4800 localizing trajectories is shown in Fig. 14. 
along with the semiclassical result corresponding to the same 
set of lattice parameters. (The individual trajectory of Fig. 13 
appears as a small spike at about c/ \ = -9.) It is quite ob
vious that the overall shapes of the two probability distribu
tions m Fig. 14 compare well, and demonstrate a good de
gree of reliability in the semiclassical model. There are. 
however, substantial differences both near the maximum and 

FIG. 13. A typical spatial probability distnbuuon after a local
izing jump. .Vote ihat the extent is on the order of a wavelength. 

in the wings of the distribution, with the quannim mechani
cal distribution having a substantially lower probability for 
large departures from :=0. We will return to this important 
point shortly, but before proceeding, we note that obviously, 
the results for the angle-resolved case do converge to the 
same probability distribution as for the localizing scheme, 
with fewer individual trajectories required for convergence.'* 

In Ftg. 15. the total probability distribution |(^|~ has been 
separated into lii*-]" and according to whether the 
final state of the trajectories is | + \ fl) or | - 1/2). The two 
separate distributions, of course, add to give the total distri
bution = The clear tendency, as expected, 
is that those atoms in the | -)-1/2) state settle into wells lo
cated at ; = \/4+n\/2. where the optical lattice is cr. polar
ized: and those atoms in the | - 1/2) magnetic sublevel settle 
into wells at ; = /t\/2. where the polarization is cr_ . 

We now return to the comparison of the semiclassical and 
quantum mechanical spatial probability distributions. .An ex
ample of the evolution of their second moment (;"(f)> is 

l.Or 

W(z). 

0.51 

-10 10 

HG. 14. Final spatial probability distributions of the quantum 
(thin line) and semiclassical (thick line) calculations for identical 
parameters. 

'For long evoluuon times (and hence broader spatial disinbu-
tions). the simulation gnd is necessanly much larger for the angle-
resolved scheme, and the calculation of individual quantum mjec-
tones takes much longer than for the localizing scheme. 
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BG. 15. Spatial probability distribution of the quantum calcu
lation of Fig. 14 separated according to atoms' internal sute. show
ing the localization of the atoms of appropriate polarization. Solid 

line; population of i-j) stale; dashed line; population of |-t) 
state. 

RG. 17. Comparison of the equilibrium kinetic energy vs the 
optical potential depth for the semiclassical (solid linei and quan
tum Idashed line) calculations. The symbols indicate different sam-
ration parameters: 5,, = 0.1 larcles). S„ = 0.05 isquares). 5,, = 0.02 
idiamondsl. 5^=0.01 Istarst. 

shown in Fig. 16. which shows the quantum mechanical dis-
uibuuon diffijses more slowly than its semiclassical counter
part. The inset is a plot of the ratio of the 
main figure, which varies roughly between 0.7 and 0.8. .•X 
similar behavior has been found for a number of other lattice 
parameters, with ratios <c"( fvarying roughly 
between 0.5 and 0.9. Consistently with this result, the maxi
mum value of the friction force f(p) evaluated from full 
quantum simulations is about 1.5 times larger than its semi-
classical counterpart, see Fig. 4. 

In view of the considerable computer requirements asso
ciated with full quantum mechanical simulations, it has not 
been possible so far to carry out as complete a quantum 
analysis as is possible semiclassically. and to make a detailed 
study of the differences between the semiclassical and quan
tum diffusion as a function of the lattice parameters. None
theless. the trends that emerge from a relatively restricted set 
of runs are quite clear, xs illustrated in particular in Rgs. 17 
and 18. Figure 17 compares the equilibrium kinetic energies 
obtained semiclassically and quantum mechanically, for sev
eral optical potential depths and saturation parameters. 

150 • 

;  Z - )  ^  

100 - / 
/ 

/ 

no. 16. The second moment <;*> of the spatial probability 
distributions of Fig. 14 vs ume. The solid line is the quantum cal
culation. while the dashed line is for the semiclassical caiculauon. 
The inset shows the rano R of the quantum to the semiclassical 
results of the main figure. 

(More complete semiclassical results are summarized in Fig. 
2.) The quantum data points result from the average over 
10 000 quantum trajectories evolved until equilibrium is 
reached. We find that the semiclassical simulations always 
predict a larger kinetic energy than their quantum counter
parts, by a factor varying rougly between I.I and 1.4. The 
discrepancy between the two approaches is large.si for shal
low optical potentials and strong saturation parameters, 
which indicates that the semiclassical predictions are quite 
reliable as long as the atoms are trapped inside a potential 
well, as should be e.xpected. 

Similar conclusions can be drawn from Fig. 18. which 
compares the semicla<>sical and quantum mechanical diffu
sion coefficients as a function of the saturation parameter 
sq for two optical potential depths. Again, the trend is for the 

100. 
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no. 18. Comparison of the diffusion coeffiaent vs the satura
tion parameter for the semiclassical (solid linei and quantum 
(dashed line) calculations. The symbols indicate different potenual 
deptlis; £/o = 200£„ (circlesl. 1/^= lOOf^ (squares). Note that al
though the values of D differ between the quantum and semiclas
sical results, the dependences are quite similar. 
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RG. 19. Representaiive single trajectories for the quantum lo
calizing calculation (left), and for the semiclassical calculation 
inght). 

difference between semiclassical and quantum descriptions 
to be more significant for shallow lattices and large satura
tion parameters. However, despite the quantitative differ
ences. the qualitative behavior of the atomic diffiision as a 
function of lattice parameters is the same in both cases. 

While the physical origin of this difference is not yet 
completely clear, we note that there are many situations in 
physics where quantum diffiision is reduced as compared to 
Its classical counterpart, as a result of quantum interferences. 
.A well-known case is multiphoton microwave ionization, 
where the classical motion is chaotic and diffusive while the 
quantum excitation can remain strongly localized [26]. 

The semicla-ssical simulations neglect quantum interfer
ences at two levels: first, the motion of the atoms in the 
potential wells is treated in the fj^ework of "classical" 
atom optics, neglecting the effects of atomic diffraction. Dif
fraction is of course expected to play a more important role 
in shallow wells such that the atoms are not deeply trapped, 
and this explains why the observed discrepancies are larger 
tn that case. Second, as already mentioned in Sec. Ill B. the 
semiclassical approach also neglects the buildup of quantum 
interferences during jumps. In addition, it al.so neglects inter-
well tunneling, but due to the time scale over which it takes 
place. It is not expected to be important here. 

A panicularly illuminating way to observe the effects of 
quantum interferences is in the localizing scheme, where the 
atomic wave functions remain well localized along the r 

a.xis. Figure 19 shows the evolution of a typical such wave 
function, and shows both similarities and important differ
ences with the typical semiclassical trajectory shown for 
oompanson. The most obvious difference consists of fre
quent "branchings" of the center-of-mass wave function. 
These are remnants of the matter-wave diffraction by the 
periodic potentials of the lattice, interrupted as a result of the 
measuremenLs implied by the localizing scheme. 

The center-of-mass wave function can be interpreted as 
giving a best guess of the localization of the particle at a 
given instant. The outcome of a measurement is to update 
this best guess, an operation described mathematically by 
Eq. (26). From this point of view, the sudden intemiption of 
one of the branches of itiiz.i) can be seen as resulting from 
the fact that the best guess corresponding to that branch is no 
longer compatible with the outcome of the measurement, so 
that the postmeasurement wave function must be modified 
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FIG. 20. (al .A 'iingle trajectory of the quantum localizing cal
culation showing a long flight, ibl Total atomic energy for the ilighi 
shown in la). From Eq. (|7>. the depth of the optical potential is 

t'„ = tAAji)<0. and is offset also by }[/„• The jump m energy at 
point y I is just less than the potential depth, and involves a change 
in the atom's internal state. But the energy jump at J2 is much 
larger than the optical potential depth, and occurs without a corre
sponding change in the atomic internal state. 

accordingly (updated best guess). U is therefore not surpris
ing that changes in the expectation value of the center-of-
mass energy of the atom can be much larger than would be 
allowed classically. In particular, it is possible to obtain 
changes in premeasurement and postmeasurent values much 
larger than the well depth L'n [27]. the maximum value per
mitted semiclassically. This is illustrated in Figs. 20(a) and 
20(bl. which give the expectation values of the particle po
sition. (rif)>. and of its energy. for a typical local
izing quantum trajectory. The plot of (c(n) shows features 
similar to those of semiclassical trajectories: the atom in each 
case expenences momentary confinement to individual 
wells, followed by periods of flight across many wells when 
the total energy of the atom is raised above that of the optical 
potential. But in contrast to the semiclassical cose, we en
counter in the full quantum descnption individual jumps for 
which the increase in average energy. A£v 's many times 
greater than the well depth t/ij. In Fig. 20(b). for example, 
the quantum jump labeled "72" corresponds to a change in 
<£) by 156£rec- "'htle the depth of the optical potential, 
from top to bottom, is only 6l.5E^. 

Such large jumps often occur without any change in the 
internal atomic .state, as in the jump "J2" of Fig. 20(b). This 
is in contrast to the Sisyphus effect, where significant energy 
changes anse when the atom switches from one optical bi-
potential to the other with a concurrent change in potential 
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energy. In ihe quantum iocaiizmg calculations, the large in
creases in the atomic mean energy come as a result of its 
premeasurement wave function being fragmented in both co
ordinate and momentum representations. It often occurs that 
a fragment of the spatial wave packet is associated with a 
specific fragment of the momentum wave packet. Spatial se
lection of a fragment by the localizing jump operators then 
entails a selection in momentum space also, with a resulting 
change in the expectation value of the kinetic energy, regard
less of the atomic internal state. 

VI. DISCUSSION AND OLTLOOK 

We have presented results from a numerical study of the 
semiclassical transport of atoms on a one-dimensional opti
cal lattice which largely confirm the analysis of Ref. [16]. In 
particular, for shallow enough lattices the atomic diffusion 
becomes anomalous, and can no longer be described by a 
simple diffusion equation. The final "temperatures" 
achieved in the regime of normal diffusion have been studied 
as a function of the lattice parameters £/,i and iQ. and a 
physical interpretation of the results in terms of competition 
between escape rate and flight length has been given. 

A full quantum simulation of the atomic transport leads to 
qualitatively similar results, although there is a significant 
quantitative disagreement between the amounts of observed 
quantum and semiclassical diffusion. In both models the at
oms experience Sisyphus cooling and heating, become con
fined to single wells, and occasionally gain enough energy to 
make flights above the lattice potential. .Atomic transport 
shows the same general dependence on lattice parameters in 
both the semiclassical and quantum calculations. But in ac
tual value, the quantum diffusion is typically reduced lo SO-
SO ft of its semiclassical counterpart. Whether this reduction 
can be attributed to the familiar effect of quantum localiza
tion in random potentials is an open question at this point, 
and will be the subject of future investigations. One reason 
why this might be the case is that although the optical po
tentials corresponding to both atomic ground states are peri

odic. the jumps between them are random, so that as far as 
the center-of-ma.ss dynamics is concerned, the effective po
tential affecting the atoms will also appear to be random, at 
least between long flights. 

Obvious extensions of the the pre-sent study involve the 
analysis of higher-dimensional systems, is well as the inclu
sion of many-body effects, which might lead to interesting 
collective effects such as pattern formation, etc. It seems 
unlikely that such studies can be carried out in a full quan
tum description in the near future, due to computer limita
tions. Hence, it would be desirable to be able to use semi-
classical models instead. Our results indicate that it is 
probably acceptable to do so. at least to study the phenom
enology of atomic transport. However, they also indicate that 
the quantitative predictions from such a study will have to be 
used with caution. In particular, we have not been able lo 
identify a regime where quantum and semiclassical transport 
agree quantitatively. Rather, the 50-80 discrepancy we 
observed was quite general for all lattice parameters we have 
investigated and hence appears to be quite generic. 
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