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ABSTRACT 

Jackson, Gilmer and Temkin used a Spin-1 kinetic Ising model to simulate non-

equilibrium binary alloy solidification. In this dissertation the detailed relationship 

of this model to the solidification of binary alloys is reported. The phase transfor

mation kinetics of the model is investigated as a function of growth rate, surface 

roughness, liquid diffusivity, equilibrium segregation coefficient, entropy of fusion, 

and composition of the liquid. 

Simulations for pure silicon predict a growth rate dependence on orientation cind 

undercooling in accord with experimental results. Simulation results for the binary 

material show an increase in the non-equilibrium segregation coefficient (fenc?) with 

surface smoothness, growth velocity and decrecising liquid diffusivity. Simulations 

for the orientation and growth velocity dependence of the segregation coefficient are 

in accord for experimental resTilts for the solidification of bismuth doped silicon due 

to Aziz et al. Simulation results on the dependence of kneq on the equilibrium seg

regation coefficient, fee,, are also consistent with experiment. The non-equilibrium 

segregation coefficient was found to increase with concentration of the liquid , but 

the effect is small at low concentrations. 



1. INTRODUCTION 

During the solidification of a binary alloy, it is expected their could be significant 

non-equilibrium effects at the fast growth rates encountered in laser melting, splat 

cooling, and melt atomization. Non-equilibrium solidification effects were found by 

Duwez [1] during splat cooling, including the formation of non-equilibrium phases. 

More recent work has shown the segregation coefficient is not given by the equi

librium phase diagram at high growth velocities. ( A definition of the segregation 

coefficient used for binary alloy solidification is the ratio of the of the concentra

tion of the solute in the solid to the concentration of solute in the liquid where 

both concentrations are measured at the solid-liquid interface. There are technical 

difficulties with this definition which eire addressed in this dissertation, especially 

in Chapter 5. ) Baeri et aL [2] and White et al. [3] using laser solidification 

experiments, where growth velocities were several m/s, found that the segregation 

coefficient for bismuth doped silicon depended markedly on growth velocity. Recent 

experimental work suggests that at rapid growth rates all binary alloys are affected 

by non-eqviilibrium conditions at the solid-liquid interface. Aziz et al. have extended 

the laser melting work to include the velocity and orientation dependence of the seg

regation coefficient for silicon doped with Ga, In, Sn, As, Sb, and Ge [4, 5, 6, 7, 8], 

and several aluminum alloys [9]. 

Non-equilibrium effects are also found at the modest growth velocities associated 

with Bridgman, Czochralski, and solution growth techniques. Silicon and indium 



antimonide grown by the Czochralski technique at 2 x 10~® m/s do not exhibit a 

single equilibrium segregation coeflScient, but a segregation coeflBcient that depends 

on orientation. This is evidenced by the 'facet effect' in Czochralski growth of silicon 

and InSb [10, 11] where the concentration of impurity in the grown crystal depends 

on the orientation of the solid-liquid interface during growth. Dxiring solution growth 

non-equilibrium conditions at the solid-liquid interface results in 'sectoring'. 

Several models have been developed to explain the dependence of the non-

equilibrium segregation coefficient on growth rate and orientation [12, 13, 14, 15, 

16, 17,4, 5]. In order to explain both the orientation and velocity dependence of the 

segregation coefficient, Aziz et al. has developed the aperiodic step growth model 

(ASGM). Although this model provides a satisfactory fit to many of the experimen

tal results, it involves two adjustable parameters that can not be predicted a priori 

and that differ markedly for the various dopants. The models due to Aziz et al. 

do not make any predictions on the importance of liquid concentration or surface 

adsorption. 

Jackson, Gilmer and Temkin [18, 19] have studied the non-equilibrium segrega

tion coefficient in a Spin-1 Ising model (which will be referred to as the JGT model). 

The JGT model exhibits an orientation-dependent segregation coefficient for a 2-

dimensional square lattice with bond energies appropriate for Bi doped silicon [20]. 

The segregation coefficient is higher for growth on the smooth face (the (10) face for 

a square lattice) in accord with experimental results. The model is based on simple 
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rate equations for solidification and melting. This model is interesting because it is 

relatively simple, but exhibits complicated behavior. It is hoped that by studying 

this model insights into the solidification of binary eilloys can be gained. Successful 

use of the JGT model in order to gain understanding of non-equilibrium processes 

in binary alloy solidification requires: 

1. Relating JGT model parameters to thermodynamic and processing parameters 

for a binary system. 

2. Establishing the effect of JGT model pcircuneters on simulation results. 

3. Relating JGT model results to binary solidification. This includes comparison 

with experimental results and maJdng predictions for processing binary alloys. 

The purpose of this dissertation is to relate the parameters and results of the JGT 

model to the solidification of real binary systems. 

One may ask "Why not use molecular dynamics (MD) simulations to study the 

non-equilibrium segregation coefficient instead of these Monte Carlo simulations of 

the JGT model?". The first answer is that items 1 and 2 are computationally 

feasible for the JGT model, while the use of MD simulations would be severely 

restricted by computational resources. The evolution of a kinetic Ising model simu

lation depends on bond energies with nearest neighbors, not on complex interatomic 

potentials. This simplification enables rapid simulation of processes that do not de

pend on the details of the interatomic potentials. Since the simulations are rapid, 



one can investigate relatively large structures over time scales easily accessible by 

experiment. A second reason for using Ising Model simulations is the difficulties 

associated with items 1 and 2 for MD simulations can obsctire some of the essen

tial features of binary solidification. Molecular dynamics simulations are useful - in 

this dissertation molecular dynamics results provide valuable insight into both the 

strengths and weakness of the JGT model. However, the JGT Ising model captures 

many of the essentiaJs of binary solidification without undue complications. The 

importance of the entropy of fusion, diffusion coefficient, equilibrium segregation 

coefficient, growth rates (including surface nucleation), liquid concentration, and 

orientation of growth to the binary solidification process axe all considered in this 

dissertation. The reason such a breadth of topics can be covered to a useful level is 

that the JGT Spin-1 Ising Model captures the essentials of the binary solidification 

in a remarkably simple model. 
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2. BACKGROUND 

This chapters begins with a review of some of the experimental results for binary 

solidification that are evidence for non-equilibrium segregation at the solid-liqmd 

interface. Several models to explain non-equilibrium segregation are then reviewed. 

This chapter also includes thermodynamics related to a kinetic Spin-1 Ising Model 

which has been used by Jackson, Gilmer, and Temkin. 

2.1 Evidence for Non-Equilibrium Solidification 

In this section experimental evidence of non-equilibrium solidification is discussed. 

The results are broken into sections on impurity segregation cis a function of growth 

velocity and orientation, growth rate versus undercooling for binary alloys, and in

terface stability for binary alloy growth. The latter work on solidification, especially 

rapid solidification of silicon, are more easily interpreted; they eifl&nn the fact that 

non-equilibrium processes at the solid-liquid interface can be central to the compo

sition and morphology of solidified alloy structures. 

2.1.1 Orientation and velocity dependence of segregation 

One of the earliest studies of non-equilibrium solidification of binary alloys was by 

Olsen and Hutgren [21]. They investigated the solidification of two binary alloys, a 

copper-nickel alloy and a copper-gold alloy. Slow solidification rates were achieved 

by slowly cooling the furnace that contained the alloys. Rapid solidification was 



achieved by by ejecting small alloy droplets into a water or iced sodium hydroxide 

solution. They then estimated the range of compositions in the solid using the 

broadening of the back-reflection X-ray di&action lines. For the copper-nickel ^oy, 

the initial concentration of copper was 55 atomic %. Upon melting and freezing, 

they found the ranges of copper concentration in the solid for experiments in order 

of increasing cooling rate were 38-59.5, 44-59.5, 46.5-59.5 , and for the fastest cooled 

sample a single composition of 55 atomic % copper. For the copper-gold system the 

initial concentration of copper was 16.5 at. %. The copper concentration ranges 

found after solidification for experiments of increasing cooling rate were 16-18.5, 

15-18.5, 13-18.5, and a single composition of 16.5 atomic % copper. They noted 

that for low solidification rates segregation could be decreased by diffusion in the 

solid. They reported no estimate of the solid-liquid interface temperature or liquid 

concentration. Given the limited information on the microstructure of the samples, 

the X-ray data must be interpreted with caution. 

R.N. Hall reported results of the segregation of antimony during the growth of a 

germanium crystal by the Czochralsld growth technique [15]. The amoimt incorpo

rated was greatest for the fastest growth rates, and perpendicular to the (111) face. 

Hall suggested at high growth rates an impurity which is covered by neighboring 

solid atoms does not have enough time to reach equiUbrium with the solid-liquid 

interface. Burton, Prim and Slichter recognized that the incorporation of solute into 

the solid depends both on the exchange processes at the interface and the concentra
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tion at the solid-liquid iaterface (which are determined by transport processes in the 

melt) [11]. They suggested, however, that the experimental data could be explained 

by liquid transport processes and an interface that was at equilibriiun. Hulme and 

MuUin [10] found that for Te doped InSb grown by the Czochralski growth technique 

at 2 cmfhr, the segregation coefficient, k, varied from 0.5 off-facet to 3 on a {111} 

facet. They attributed the results to differential adsorption, and noted the effect 

was well known in aqueous solutions. It Wtis found that many dopants exhibited 

this facet effect in InSb. 

In the late 50's and early 60's a great deal of work was done on rapid solidification 

techniques. In 1967 Duwez gave a the Campbell Memorial Lecture in which he stated 

[11: 

Complete series of solid solutions can be obtained in otherwise eutectic 

systems, providing the Hume-Rothery conditions cire satisfied. Briefly 

stated these conditions cure; same crystal structure, small difference in 

valence and electronegativity, and not more than approximately 13% 

difference in atomic radii. 

Duwez pointed out a few exceptions to this statement, including the binary Cd-

Zn system. Splat cooling experiments were not successfiil in showing a deviation 

from equilibrium concentrations (it was noted the diffiractometry measurements were 

rather crude, since only low-angle reflections were observed). Duwez stated there 

was no satisfactory explanation for these negative results. 
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In 1969 Baker and Cahn completed similar splat cooling experiments on the zinc 

cadmium system, restricting the composition to 0 to 5 wt. % cadmium [22]. Their 

results were positive: They determined the unit cell volume of several splat cooled 

samples and concluded the concentration of the zinc phase exceeded the retrograde 

maximum. They reasoned that since the zinc phase had a retrograde solidus, and 

the calculated concentration exceeded the retrograde maximum of the zinc phcise, 

that non-equilibriimi conditions must have existed at the solid-liquid interface. The 

microstructure of the samples was not investigated beyond the X-ray diffractometer 

study. 

In 1973 Abe studied the Czochralski growth of silicon doped with antimony. It 

was found that the impurity incorporation was greatest for growth normal to the 

(ill) face [14]. A twin across a crystal provided a (511) face next to a (111) face. 

At Czochralski growth rates the incorporation on the (111) face was about 12 at. 

% higher. This discrepancy was explained in terms of non-equilibrium interface 

kinetics that depended on the density of steps at the solid-liquid interface. 

In 1980 Baeri et al. [2] and White et al. [3] studied laser melting and resolidifi-

cation of doped silicon. After regrowth, the concentration of the solid was measured 

with Rutherford Backscattering. Heat flow models enabled a temperature to be as

cribed to the interface, cmd the growth rate calculated. Finite difference programs 

were then used to fit the data, with the segregation coefficient treated as a fitting 

paxameter. It was found that the segregation coefficient was a function of growth 
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rate, and also of orientation. In 1982 White showed that the cell size of structures 

found in the rapid solidification of indium doped silicon agreed with the data only 

when a velocity dependent segregation coefficient was used. 

In 1986 Aziz et al. repeated rapid solidification experiments of bismuth in silicon 

[4]. The transient conductance technique was used to measure the regrowth rate of 

the silicon. The velocity measurements were incorporated into the finite difference 

fitting routines. The change in segregation coefficient with growth velocity was 

found to be lower than the previous results of Baeri et al. and White et al. Later 

in 1986, Aziz and White investigated the orientation dependence of the segregation 

coefficient [8]. They foimd the non-equilibrium segregation coefficient was greatest 

for growth normal to the (111) face and a minimum for growth normal to the (100) 

face. They suggested the discrepancy was due to the motion of steps. In 1994 

Reitano et al. studied rapid solidification in silicon as a function of orientation for 

a wide range of dopants including gallium, germaniimi, indiimi, antimony eind tin 

[7]. In general, the non-equilibrium segregation coefficient increased with growth 

velocity and as the angle between the growth direction and the normal to the (111) 

face decreased. 

2.1.2 Undercooling vs. growth rate 

In 1968 Nikonova and Temkin measxired the growth rate of several binary tin alloys 

as a function of undercooling [23]. They suggested that a study of dendritic growth 
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would provide information on the processes taking place at the boundary between 

crystal and the melt. For many of the alloys it was foimd there was a critical 

undercooling at which the solidification rate of the alloy dramatically increiised. 

They could not explain this effect by consideration of classical solidification theory. 

In 1991 Eckler et al. studied the rapid solidification of dilute alloys of boron in 

nickel [24]. The growth velocity of the alloys ( 0.7 and 1.0 at. % boron) drajnatically 

jumped at a critical undercooling (as was found by Nikonova and Temkin). They 

modeled the data using a velocity dependent partition coefficient and a dendrite 

growth model with non-equilibriimi effects. Reasonable agreement was foimd using 

a velocity dependent partition coefficient, though the data showed a more marked 

growth rate jimap than the modeling results. 

2.1.3 Interface Stability 

In 1972 Elliot, Gagliano, and Krauss investigated the the rapid solidification of silver 

copper alloys system using an Ndrglass laser [25]. They found a structure of alter

nating bands of dendritic and plantir alloy growth. The material would grow planar, 

then eventually break down into a dendritic structure. The dendritic structure would 

then disappear and the planar growth would resume. The spacing between the al

ternating bands was about one micron. In 1975 Williams and Edington also found 

the banded structure in the Al-Cu system using splat quenching. High resolution 

electron microscopy revealed more detailed pictures of the microstructure. 



In 1981 bands were also observed in the AI-Cu system using a continuous wave 

laser by Beck, Copley and Bass [26]. In 1982 they continued their study, and sug

gested that banding was the result of a diSiisional instability suggested by Baker and 

Cahn [27]. Boettinger et al. again worked on the Al-Cu system and found banding 

[28]. They pointed out that from the work of Beck tt al. the instability would be 

expected at high velocities at concentrations above the maximum concentration of 

the solid. However, at high velocity no banding was found. 

Baker and Cahn defined three regions of the phase diagram delineated by the 

liquidus, Tq line, and the solidus line [29]. At a composition and temperature given 

by the Jo line the free energy of the solid and liquid binaxy mixture are the same. 

They discussed the stability of planar front growth relative to fluctuations in the 

liquid concentration at the solid liquid interface due to solidification. Region I was 

the region between the liquidus and Tq line. In Region I steady state growth is 

not possible since the free energy of the liquid at that concentration is higher than 

the free energy of the solid. To maintain solidification the interface temperature 

must be reduced, or the planar interface must break down. Steady state growth 

is possible in region II, between the TQ line and the solidus line, and in region 

III, below the solidus line. They suggested diffusional instabilities were possible in 

region II. However, the application of their arguments to banding are limited since 

in dendritic solidification the second component need not solidify near the growth 

front. Actually, the discussion of Baker and Cahn does not definitively say there 



should be a diffusional instability in the region between the solidus and To line. 

Their discussion heis little predictive value: it only restricts possible liquid and solid 

concentrations at the interface to a wide range of concentrations depending on the 

growth temperature. 

CorieU and Sekerka developed a theory of oscillatory instability based on linear 

perturbation theory and a non-equilibrium segregation coefficient that was strongly 

dependent on velocity [30]. However, this model predicts a segregation pattern 

different from the banding results. The fact that the maximum growth rate for 

dendrites decreased as the concentration Increased was taken as evidence by Boet-

tinger et al. that the segregation coefficient increased as a function of composition. 

Boettinger et al. suggested a sequence of events that could explain banding. The 

To temperature is the temperature on the TQ line for a given composition. Tc is the 

temperature for the maximum growth rate for a dendritic tip. 

A possible sequence of microscopic events during solidification of a banded 

structure is as follows. Consider an initially cellular structiu'e growing 

at its maximvma growth velocity. If the imposed growth rate exceeds this 

maximxmi, the tips of the cellular interface will begin to lag behind the 

motion of the isotherms. As the cellular interface gets farther behind, a 

liquid zone of the same composition as the average alloy forms which is 

well below the TQ temperature. ( Note: TC'^TQ). At some instant, solid 

of composition equal to the liquid forms and a flat interface races forward 
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in a partitionless manner to catch up with the advancing isotherms. As 

the interface catches up to the isotherms, the interface velocity drops, 

partitioning begins to occur, the interface breaks down to cells, and the 

process repeats itself. [28] 

Since 1950 the quality of evidence for non-equilibritmi solidification has been 

greatly increased by both aa improvement of analytic«il techniques and rapid solid

ification methods. It has become increasingly clear that it is necessary to include 

non-equilibrium conditions at the solid-liquid interface to explain results of binary 

solidification. The solid-liquid interface conditions are bcisic to binary solidification. 

Interface conditions aflFect the rate at which the solid grows, the distribution of the 

second component in the solid, tind the structures that evolve during solidification. 

Theories that explain binary solidification over a broad range of conditions must 

either directly explain non-equilibrium conditions at the interface, or appeal to a 

theory that does. In the next section we explore some theories of non-equilibrium 

segregation that have been used to explain these experimental results. 

2.2 Models for the Non-Equilibrium Solidification 

Several theories have been developed to account for non-equilibrium segregation. In 

this section the models are divided into three different classes; adsorption models, 

phenomenological models, and binary growth models. Adsorption models assiime 

that there is an increased concentration of the secondary component at the solid-
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liquid interface due to adsorption. At high, growth speeds this surface layer can be 

quickly covered and remain out of equilibrium with the btilk liquid. The second set of 

models are kinetic models which consider the atomic mechanisms for binary growth. 

The kinetic Ising model used by Jackson, Gilmer and Temkin ( referred to as the 

JGT Ising model, the subject of this dissertation ) is in this category. The last type 

of models considered are phenomenological models that suppose that the secondary 

component is incorporated into the solid at non-equilibrium concentrations with 

insufficient time to equilibrate during the passage of the interface. 

The hypotheses that underlie the three model classes considered are not contra

dictory. In the field of solution growth, which can be described as binary solidifica

tion from the solute (as opposed to solvent) component of a solution [31], it has been 

recognized for quite some time that interface kinetics and adsorption of impurities 

can both have a pronounced affect on solidification [32]. Therefore, to explcdn the 

full range of binary solidification phenomena one would expect that both adsorption 

and interface kinetics must be considered. This has led to substantial overlap be

tween the basic hypotheses of the different models. For example, the consideration 

of interface structure and kinetics is central to Holmes' 'adsorption' model[13]. The 

models are nevertheless divided into three classes in order to make the discussion 

more tractable. 



2.2.1 Adsorption Models 

From the meastirements for antimony doped germanium Hall concluded that the 

solid-liquid interface was not at equilibrium dtiring solidification [15]. Hall sup

posed that the binding energy for the impurity at the surface of the crystal was 

different than in the bulk solid. This would cause a difference in concentration at 

the surface of the crystal. During rapid solidification, this surface layer would be 

covered over without sufficient time to equilibrate, resulting in a segregation co

efficient that depended on growth rate. Hall suggested the low rate of diffusion 

through the solid and different impurity concentration at the crystal surface leads 

to a non-equilibrium segregation coefficient. As mentioned in the experimental sec

tion Burton et al. foimd that the change in dopant incorporation in other doped 

germanium crystals could be explained by consideration of fluid flow in the melt 

[11]. 

In 1960 Trainor tind Bartlett presented a more detailed theory that explicitly 

considered interface adsorption and structure[12]. They supposed that for many of 

the semiconducting materials, growth normal to the (111) faces was by nucleation 

and growth across the surface. Once a new layer was formed, impurities would ad

sorb onto the crystalline surface. After some average waiting period a nucleus would 

form and rapidly grow across the solid-liquid interface. They describe this system 

with a differential equation and found that the segregation coefficient increased with 

v/\/DiA. One deficiency of this model is that it does not reconcile adsorption with 
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equilibrium growth. As a result, even at infinitely slow growth rates the segrega

tion coefficient depended on surface properties. However, the model did predict a 

non-equilibrium segregation coefficient that depended on growth rate. 

A couple of years later Holmes presented a model for non-equilibrivun segregation 

that also considered adsorption at the solid-liquid interface [13]. The model included 

bulk liquid atoms, liquid surface atoms, solid surface atoms and bulk solid atoms. In 

order to explain orientational effects, the bonding of the surface was considered. The 

model used different rate equations for atoms at the solid-liquid interface bonded to 

1,2, and 3 solid atoms. For the rough interface, the model could be simplified to use 

only equivalent sTirface sites. For the smooth interface the special bonding conditions 

had to be considered. The model succeeds in qualitatively explaining the velocity 

and orientation dependence of the non-equilibrium distribution coefficient. It also 

provides a consistent explanation of near equilibrium growth, which highlights the 

deficiencies of the model of Trainor and Bartlett near equilibritun. But the model 

becomes unwieldy when different types of bonding near the solid-liquid interface 

must be considered. There is not a defined way to caicxilate the concentration 

of the different bonding arrangements at the interface. The details of the model 

bear a resemblance to the rate models which will be discussed next section. The 

complexity of the different rate equations made progress very difficult in more than 

one dimension. For the growth of pure material in more than one-dimension an 

explanation of crystal growth using rate equations is possible, as demonstrated by 
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the elegant approach of Jackson [33]. 

Before leaving this discussion of adsorption, it should be noted that adsorption 

has been widely recognized to be important in the growth of crystals from solution. 

See, for example, the review of Cabrera and Vermilyea from a 1958 conference on 

crystal growth [32]. There continues to be work in this field on the growth behavior 

of KDP, including its 'habit formation' [34]. 

The second group of models for non-equilibrium binary solidification are based on 

kinetic theories for binary growth. In 1958 Jackson introduced a kinetic theory for 

binary solidification [35]. It was based on direct consideration of the transport across 

the solid-liquid interface. The rate equations were matched to give the liquidus 

and solidus curves for the dilute material and then used for conditions away from 

equilibrium. For the pure material the freezing and melting rates were matched at 

the melting point. A rate for equation for melting (M ) 

2.2.2 Binary Growth Models 

flif = A][,<3i,4iVjV'Cjexp (2.1) 

and freezing (F ) 

Kp = A^pCTp^N'sV'Ciexp {-QURT) (2.2) 



was given for ecich component, where A* and & are the accommodation coeffi

cients and geometric factors respectively, for component i atoms crossing the phase 

boundary, and Q* is the activation energy for component i to traverse the phase 

boundeiry. is a frequency factor, is the nvunber of sites for component i at 

the phase boundary, K* is the volume occupied by component i in the solid. The 

subscripts S and L refer to solid and liquid. C]^ and 0$ are the mole fraction of 

component i in the liquid and in the solid respectively. For pure i at equilibrium 

Jackson found: 

(  r i  f prpi\ /no) 

— Q'f = Li is the latent heat of fusion for species i. The idea of Jack

son was that these rate equations should predict non-equilibrium phenomena at 

non-equilibrium temperatures. The equations were simplified by assrmaing that the 

different components acted independently. No special considerations were made for 

the liquid atoms at the surface. The independence of the components is similar 

to the assumptions of many 1-d models. This model did not predict a significant 

dependence of the k — value on growth rate. 

Temkin also studied the binary solidification using rate equations for melting 

and freezing of a binary fiUoy [36, 37]. His model consisted of a discrete 1-d chain 

with randomly position A and B atoms. There was an interface positioned in the 

chain which moved to the right with frequency of vX or Ug depending on if an A 



or B atoms was to the right respectively. Similarly the interface would move to 

the left vdth frequency of i/J or Ug depending if there was an A or ^ atom to the 

left of the interface respectively. He studied this model with and without random 

exchanges of atoms to the right of the interface. The model with random exchanges 

to the right of the interface corresponded to binary alloy solidification with diffusion 

in the liquid, but no diffusion in the solid. The model without random exchanges 

to the right of the interface corresponded to solidification with no diffusion in either 

the liquid or the solid. He was able to develop exact equations for the case with no 

diffusion, and approximate solutions for the case with diffusion in the liquid. The 

results showed that the different extremes had similar concentration profiles in the 

liquid at the interface. In both the diffusionless and diffusional extreme there was an 

elevated concentration at the solid liquid interface. Another interesting fact noted 

by Temldn was that it was not always possible to differentiate the mode of growth 

by the concentration of the solid grown. 

Gilmer used a spin-1 Ising model to study binary solidification under non-

equilibrivmi conditions [38, 39]. There were three different type of spins in the 

model, 'A' solid, 'B' solid, and liquid. In 1 dimension the model was very similar 

to the rate model of Jackson, but the rates had a dependence on nearest neighbors. 

Atoms which did not solidify did not remain at the solid-liquid interface. The result 

was there was no build up of impurity concentration at the interface. Instead all 

liquid sites had the same average impurity concentration. This is similar to the Ising 
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models of growth of crystals from the vapor phase. The model predicted a melting 

frequency given by: 

= (2.4) 

where is the bond energy between solid component i  and j .  i  is the component 

fo r  t h e  a t om con s ide r ed ,  and  j  i s  t h e  componen t  f o r  a  ne ighbo r ing  a t om,  and  n  

is the number of neaxest neighbors. is cissociated with the change of state 

between solid and liquid. This spin-1 Istng model gave a segregation coefficient that 

depended slightly on growth rate and orientation. The model could also be modified 

to include a stress term by changing the energy of a solid atom surrounded by all 

solid neighbors. The results without the stress term predicted a change in k with 

growth rate which was much smaller than the experimental results indicated. 

In 1974 Abe Studied the Czochralski growth of antimony doped silicon. He found 

that there was a greater incorporation of antimony for growth normal to the (111) 

face, and theorized that the greater incorporation on smooth faces Wcis from faster 

movement of steps. He noted this greater incorporation was related to Jackson's 

theory of interface roughness [14]. 

In the late 1980s Jackson, Gilmer, and Temkin discussed the replacement of the 

solid-vapor Ising model studied by Gilmer with a solid-liquid Ising model description. 

Temkin's earlier work suggested that the concentrations of B atoms at that interface 
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could be elevated even in diffusionless transformations. In 1993 results for the new 

model with no diffusion in the liquid were published [18]. It was found that the 

melting/freezing crossover for the diffiisionless transformation followed the To line, 

the composition-temperature line where the free energy of the solid and liquid are 

the same. The interface composition for the simulations was different from the 

bulk composition. This reconciled the apparent disparity between the Ising type 

models and the experimental evidence. It also provided a framework with a solid 

thermodynamic foundation. 

In 1995 Jackson, Gilmer and Temkin simulated the rapid solidification of bismuth 

doped silicon using the new Spin-1 Ising model [19]. Diffusion was introduced by 

using a pair-interchange method in the liquid that simulated a random walk. The 

results were in substantial agreement with the experimental results. The model used 

in the paper will henceforth be referred to eis the JGT Ising model. The study of this 

model's relationship to binary alloy solidification is the subject of this dissertation. 

More recent work with the JGT model has involved studying the properties of 

the model and relating them to experiment. The dependence of the non-equilibrium 

segregation coefficient on growrth rate, orientation, eind liquid diffusivity were studied 

by Jackson et al. [20]. Beatty and Jackson [40, 41] used the model to study 

the orientation dependence of the segregation coefficient for bismuth doped silicon 

and compared their results with experiment. The simulations were done with the 

diamond cubic crystal structure for growth normal to (100) to (111) planes. The 
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more recent results of Beatty and Jackson [41] axe included later in this work. 

Examples of the structures which developed during the the JGT Model simulations 

are given in figure 2.1. 

2.2.3 Phenomenological Models 

In 1979 Hillert <uid Simdman [42] introduced a theory for the transition between 

diffusionai and dlffusioidess growth. In order to explain deviations from equilibrium 

they adopted the notion of interface drag. They asstuned a free energy was associ

ated with the drag term. The change in free energy from liquid to solid had to be 

greater than the sum of a drag term for the pure material, a solute drag term, and 

a surface energy term for the non-planar interface. The prediction of how much free 

energy was "lost" to drag depended on the solute profile in the liquid. One problem 

with the theory is that in the extreme case of no diffusion it does not predict a 

reversible transition at the To line. 

In 1980 Jackson, Gilmer, and Leamy [16] developed a modified rate equation 

model which incorporated direct solute trapping. The rate equations of Jackson 

were modified to include the possibility of an impurity atom being surrounded by 

crystalline A atoms. This effect was modeled to increased with increasing veloc

ity. The authors suggested that this model was a useful tool in describing non-

equilibriimi solidification, but it was not based on details of the conditions at the 

interface. The model did provide general agreement with experimental results which 
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(a) (b) 

(c) (d) 

Figure 2.1: Sequence of pictures from JGT Spin-1 Ising model simulation. Note 
breakdown of solid-liquid interface. 
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showed greater incorporation of dopants at high growth rates. 

In 1982 Aziz presented two models for non equilibrium segregation [43]. In both 

models it was assumed that there was a activation barrier between the solid and liq

uid atoms at the solid-liquid interface. This gives rise to a 'interface interdiffusivity' 

given by: 

where Di was the 'interface interdiffusivity', Ti is the temperature of the interface, 

and is the change in standard molar free energy of the solute upon crystal

lization. In the stepwise growth model, the concentration of the solid and liquid at 

the interface begin at the same concentration, then there is a time to equilibrate 

depending on the growth rate [44] . The rate of diffusion across the solid-liquid 

interface depends on the interface interdiffusivity. 

In the continuous growth model, the interface diffusivity gives a the relative rate 

at which equilibrium is approached versus the direct incorporation of liquid into the 

solid. The result derives simply from solving the moving boundary problem, with a 

rate of incorporation. The final restilt is 

(2.5) 

C s  H -  K g  
(2.6) 

C i  v j v n  +1 

where and C5 are the concentration of liquid and solid at the interface, and uo is 

the diffusive velocity given by A/Z),-. Di is the 'interface interdiffusivity' and A is the 
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interatomic distance. This model gives a segregation coefficient that is dependent 

on growth rate. This model is very similar to that of Jackson, Gilmer and Leamy. 

The degree of incorporation depends on entrapment due to the growth velocity. 

Goldman and Aziz developed a model to describe the orientational dependence of 

kneq in 1987 [6,45]. As in the step growth model (SGM) the growth was characterized 

by the incorporation of the impurity at the same concentration as the liquid, then 

a time over which the solid atom could equilibrate with the liquid. Growth was 

modeled to be accomplished by the rapid movement of steps. The rate at which 

new layers formed was assimied to be randomly distributed in time. The probability 

that a layer not covered at time t would be covered at time t + AT was given as 

P { t ) d t  =  (2.7) 
T  

and T  =  X / v  where X  is the monolayer step height and v  is the growth velocity. The 

step edges are modeled to have a velocity of vi = vfsin6, where 9 is the inclination 

angle from the (111) face. The entrapped atom has two chances of equilibrating; 

across the step and across the terrace. The rate of equilibration across the ledge 

and terrace ture characterized by a diffusive ledge velocity Vp, and a diffusive terrace 

velocity Vq. The resulting equation for the dependence of kneq as a function of 



40 

velocity and orientation is: 

[Are, + {vfcosO)!vl [{vl!+ k^)/+ 1)]] ^^ 

~ {vlcose)lvl +1 

No physical description is given for how the fitting parameters, and should 

be related. 

2.3 Binary phase diagram 

In this section we move from experimental results and models to background ma

terial for the JGT Spin-1 Ising model. Solidification involves the departure from 

equilibrium. However, equilibrium thermodynamics and binary phase diagrams can 

provide the basic properties of a binary system, and define the limiting conditions 

which prevail at equilibrium. 

2.3.1 Nearest Neighbor Model for the Binary Alloy 

A simple model of a binary alloy is based on the bond energies between neighboring 

atoms. This is commonly referred to as an Ising Model and was first applied to alloys 

by Bethe [46]. The energy of the system is assumed to be the sum of the nearest 

neighbor bond energies. If the atoms are randomly placed on a regular lattice, the 
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energy of the system (ignoring the surface) will be given by 

ZN 
U = —— ((1 — + 2x(l — x)^ab + (2.9) 

where x is the concentration of B atoms, ^ab, and $bb are bond strengths 

for A-A, A-B, and B-B pairs respectively, Z is the nimiber of nearest neighbors, £ind 

N is the number of atoms in the system. 

There is also an entropic contribution to the energy of the system given by: 

So = ^s^(I — x)5yi + kgNxSB (2-10) 

The entropy of mixing (which can be calculated by taking the log of the number of 

distinguishable ways of arranging the atoms) is [47]: 

Smix = kaN(xlogx + {l -ar)log(l -x)) (2.11) 

The total free energy of the system will be given by 

G = U-T{S„,i, + So) (2.12) 

This can be written in the normal form 

= (1 —  x)Ga +xGb + W { 1  —  x ) x  +  k g T  { { I  — x)log(l — x )  + xlogx) (2.13) 
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with 

W = ZK , (2.14) 

Na is Avogadro's number, Ga = N^Z^aaI^ ~ TSa-, and Gb = N^Z^bbI^ — TSb-

This is identical to the regular solution model Lutroduced by Hildebrand [46]. 

In cases where an ideal solution is sufficient to describe the system, fV is equal 

to zero and 

$AB = 1/2(^AA + ^SB) • (2.15) 

The chemical potentials of A auid B atoms in the solid and liquid can be calcu

lated for the binary solid and binary liquid. The chemical potential of 'B' in the 

crystal is: 

in the liquid for W=0 we have: 

y-B _ . 1 ( „ L  
kBT keT 

+ log(x^) (2.17) 

and a similar expression can be written for the chemical potential of 'A' in the solid 

and in the liquid. At equilibrium the chemical potential of 'B' in the liquid and 

solid must be equal. Setting the chemical potential of component 'B' in the liquid 

to the same value cis chemical potential of component 'B' in the solid, and writing 
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the latent heat of fusion for B in terms of bond energies as 

is = f (*is - *B£l) (2-18) 

we arrive at the expression: 

for the equilibriimi of B atoms. From equations for the chemical potentials of 'A' 

in the liquid and solid we can arrive at a similar relation for the A atoms: 

Equations 2.20 and 2.19 can be simultaneously solved to give the liquidus eind 

solidus lines for the equilibrium phase diagram. The equilibrium segregation coef

ficient, keq, will be given by the concentration of the solidus divided by the con

centration of the liquidus or xg/xg. Near the melting point of component 'A' we 

have Xg—*0 and T —* . With these simplifications we can find fee, using only 

equation 2.19. 

rr (logt:, + ̂  ^ (2«5| - (2.21) 

where fc" is the equilibrium segregation coefficient at the melting point of 'A'. 
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2.4 The Ising Model 

The Ising model has been applied to a great nimiber of phase chcinge and ordering 

phenomena. Ising model computer simulations using method of Metropolis et al. 

now have an extensive literature [48, 49, 50]. Though the results of the simulations 

can not always be directly mapped to experimental results, they have proven sur

prisingly useful in understanding the phase transformations in materials. The Ising 

Model has been useful for studying both the solidification of a pure material, and 

the ordering of solid solutions. 

2.5 Brief History and Description 

The Ising model was originally developed to study magnetic properties of ferro-

magnets [51]. Lenz suggested a model based on pairwise interactions on a lattice. 

He hoped that this model could explain the spontaneous magnetization of a fer-

romagnet. This problem was pursued by a student of Lenz, Ernst Ising, using a 

one dimensional chain. Ising found an exact solution which showed there was no 

spontaneous magnetization of the model for the chmn. Ising suggested that there 

would be no transition in two or three dimensions. 

The Ising model is defined on a d-dimensionad lattice, where each site has a spin 

values of -1-1/2 or -1/2 [48]. The spins interact with their nearest neighbors, and an 
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external field H. The Hamiltonian is 

H  = - J  Y .  S i S j  S i  (2.22) 
{«j> » 

where J is called the exchange coupling. 

2.5.1 Roughening Temperature 

Though Ising found no phase transition in one dimension, the Ising Model with no 

applied field model does exhibit a phase transition in two and three dimensions. 

Onsager found an exact solution for the partition function for the Ising Model for a 

nXm rectajigular lattice. From the partition function one can figure a temperature 

at which the system will spontaneously align to one spin in terms of the exchange 

coupling between adjacent spins. The resulting roughening temperature in the ab

sence of an applied field will be given by: 

l/Tc = tanh-^ (V2 - l) (2.23) 

Similar solutions have been found for other lattices in two dimensions. No exact 

solution has been found for the model in three dimensions. However, there has 

been continued progress in the study of the critical point of the Ising model in three 

dimensions. An important method in studying the critical point of three dimensional 

Ising models is the renormalization group theory of Keimeth Wilson [52]. 



2.6 Kinetic Ising models 

In 1953 Metropolis et al. published a method to investigate a model over con

figuration space [53]. Random interchanges were used to relax the system to the 

equilibriimi configuration. New configurations are chosen depending on the magni

tude of 

exp(-Ai;/A:r) (2.24) 

where A E  is the change in energy of the system which is caused by the move. 

Metropolis et al. applied their method to study a solid sphere model in two di

mensions, but made it clear it could be applied many models where the energy of 

the system depended on interacting individual molecules. This method is useful in 

investigations of models where the exact analytical solution is not known. Creutz 

developed a method where the total energy is relatively constant, with the exchange 

is through energy "demons" [54, 55]. These methods permit rapid relaxation of 

the system to an equilibriimi configuration, but often by a physically unrealizable 

path. Modeling the kinetics of a real system reqmres a model system which follows 

a pathway which can be related to the path followed by the real system. 

2.7 Application of the Ising model to binary solidification 

The application of the Ising model to binary solidification involves two types of 

ordering. The first is the ordering of the solid and liquid in the system. The second 
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is the compositional ordering of the lattice. Both of these simpler problems have 

been modeled with MC computer simulations. The JGT model is a Spin-1 Ising 

model which has been used to model compositional and solid-liquid phase ordering 

simultaneously. 

More descriptive methods of solidification have increasingly used computer sim

ulations to give a detailed picture of the solid-liquid interface [56]. Exajnples appli

cations of the Ising model to the solidification of a one component system include 

the work of Leamy and Jackson [57] and Gilmer and Bennema [58]. The work of 

Leamy and Jackson was for vapor growth, but they noted it could be applied to 

other types of interfaces. More recently, Harris et al. have studied dendritic growth 

with heat [59, 60, 61] using a modified method of Creutz. 

There have been several Ising model simulations to represent the ordering of a 

solid solution. An example of a transformation of solid solutions studied using the 

Ising model a study of spinodal decomposition by Atzmon [62]. Binder et al. [63] 

also studied spinodal decomposition using a Ising model, but with a more realistic 

diffusion process (using defects). The results of Binder et al. were very similar to 

the results of Atzmon. 

The JGT model is a Spin-1 Ising model that contains both an Ising model for 

compositional ordering, and the Ising model for solid-liquid ordering, as subsets. 

This model, which has been used to study binary alloy solidification, is discussed in 

the next chapter. 
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3. THE JGT SPIN-1ISING MODEL 

The JGT model was used by Jackson, Gilmer and Temkin to study the solidifica

tion of binary alloys imder non-equilibrium conditions. As noted in the introduction, 

application of the model to the the solidification of binary alloys requires: 

1. Relating JGT model parameters to thermodynamic and processing parameters 

for a binary system. 

2. Establishing the effect of JGT model parameters on simulation results. 

3. Relating JGT model results to binary solidification. This includes comparison 

with experimental results and making predictions for processing binary alloys. 

In this chapter items 1 and 3 are addressed. FtiU application of the JGT model 

depends on simulation results which will be presented in subsequent chapters. 

This chapter begins with a description of the JGT model. The relationship 

between the parameters of the model and the thermodynamic parameters used to 

describe the binary alloys is then developed. Details of the method used for inter-

pretating simulation resxdts based on 'site concentrations' and 'mean time between 

steps' ( which will be defined ) is given in the second part of this chapter. 

3.1 The JGT Model Description 

The JGT model can be characterized by three simple rate equations that give the 

rate a liquid atom converts to solid, the rate a solid atom converts to liquid, and the 
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rate of diffusional exchange in the liquid. In Section 3.1.1 and 3.1.2 we present these 

rate equations. In the next sections these rates are related to physically important 

parameters such as the diffusion coefficient, the segregation coefficient, and the 

surface tension. 

3.1.1 Rate equations for the JGT model 

The JGT Model is a spin-1 Ising Model where there are four possible states for 

each lattice site (as opposed to two possible states for a spin-1/2 Ising model). The 

rate equations for the model give the frequency at which three different types of 

events occur on the lattice. The different types of events are 

1. The frequency at which a liquid atom wiU convert to a solid atom. 

2. The frequency at which a solid atom will convert to a liquid atom. 

3. The frequency at which a liquid 'B' atom will exchange with one of its 'A' 

neighbors. 

The frequency with which liqtiid atoms convert to solid atoms is given by: 

:.P = ^„exp(-^)exp(-E|^] (3.1) 
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where the summation variable j  is over the nearest neighbors. The frequency with 

which atoms change from solid to liquid is given by: 

where $,y is the energy of the bond between atom i  and atom j; A S  is the entropy 

of fusion; ke is Boltzmaim's constant; is the normcdizing frequency, which deter

mines the time scale; and T is the temperature. The energy of the bond between two 

atoms depends only on the types of atoms involved and the relevant phase diagram. 

The four atom states are: solid of species A; solid of species B; liquid of species A; 

and liquid of species B. This gives three bond energies between solid phase lattice 

sites: and $1^; three bond energies between liquid phase lattice sites: 

and and four bond energies between solid and liquid sites: 

3.1.2 Liquid Diffusion 

In the JGT model diffusion occurs by the exchange of a liquid atom with one of its 

liquid neighbors. The frequency with which a 'B' liquid atom will exchange with 

one of its neighbors is given by F, where F is 

$1^, and $1^. 
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0 is a paxameter used to adjust the relative diffusive jump rate. 

Pair exchange is not an accurate representation of the actual mechanism for 

diffusion in a liquid. However, Ising model results tend not to be sensitive to the 

exact details of the diffusional mechanism eind the long range diffusive properties are 

accurately modeled. For example, Atzmon studied spinodal ordering using an Ising 

model with pair exchange to represent diffusion in the solid [62]. Yaldram and Binder 

studied spinodal ordering with diffusion acting through a vacancy mechanism [63]. 

Yaldram and Binder found their more time consuming method gave very similar 

results on spinodal ordering. This restilt is to be expected based on the universality 

arguments. However, discrepancies may arise between the model and experimental 

results due to the representation of the real liquid diffusion process at the interface by 

a pair exchange mechanism. The diffusion coefficient associated with pair exchange 

[64] is 

= (3.4) 

where Fi is the diffusive jimip frequency in the bulk liquid, a is the nearest neighbor 

distance, and d is the dimensionality of the system. 

In the simulations the diffusional jump frequency, F, must be compared to the 

frequency of a process associated with crystal growth. An important feature of the 

structure of an interface is known as kink site, which is a liquid site at the solid-

liquid interface with 1/2 liquid neighbors and 1/2 solid neighbors. (We will cover 
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the details of interface structure in Section 4.1 and site definitions in section 3.2.1.) 

Let the frequency at which a kink site solidifies be i/^. We define a parameter 6 

which is the ratio of the diffusive jump frequency in the liquid to the frequency at 

which an atom at a kink site solidifies. F can now be written as 

Tl = Ou^. (3.5) 

The diffusive jump frequency in the liquid, is tied to the frequency at which a 

kink site solidifies by equation 3.5. 

3.1.3 Entropy of Fusion 

The property known as universality decrees that the behavior of Ising systems are 

similar in the vicinity of critical points. But the critical point of a real system is not 

predicted by the Ising model. Therefore the critical point for melt growth must be 

scaled properly to the critical point of the JGT model. Surface roughness, plays an 

important role in solidification. In order to match the results of the JGT model to 

real systems, we need to match their roughening behaviors. For melt systems, the 

roughness of different faces is well predicted by Jackson's a factor where a is given 

by [65] 

_ 
ZkgT'^' 

(3.6) 



where r}\ is the number of bonds in the interface layer, Z is the total number of 

bonds, axid L is the latent heat of fusion. Jackson's theory of roughening predicts 

(with experimental support) that surfaces for which a >2 are smooth, and for which 

a <2 are rough. The siurface structure of a 3-dimensioncd Spin-1/2 Ising model has 

been calcidated by analytical means only for a few special cases (One useftii approx

imation is to use the roughening transition for the projected interface structure. 

Examples are a square lattice for the (100) face of the cubic lattice, or a hexagonal 

lattice for the (111) face of a diamond cubic lattice. The roughening transition of 

these two dimensional structures can be found by analytic means.). However, the 

roughening transition for the JGT model c<in be found using MC simulations to an 

accuracy limited only by computational resources. Using a spin 1/2 Ising model. 

Van Enkenfort and Van Der Eerden found the roughening transition for the diamond 

cubic (111) face to be L/kT^ a 5.4 [66], which gives a critical a, acR, of « 4.05 

for the diamond cubic simulations. In order to match the roughening transition of 

the model to the experimental systems, the acR of 4.05 for the simulations must be 

scaled to the experimental acR of 2. This gives a factor of conversion between the 

s imu la t i ons  a nd  e xpe r im e n t .  Us in g  t h i s  conve r s ion  f ac to r ,  t h e  expe r imen t a l  A S / k s  

for silicon of 3.6 [67] converts to approximately 7.2 for the simulations. Therefore, 

the appropriate L/kTm to model silicon in Ising Model simulations is approximately 

7.2. 

With this choice the model should exhibit nucleation kinetics on a smooth (111) 
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face which are in reasonable agreement with experimental resxilts [68, 69]. The inter

face should not be smooth at any other orientation. In the next chapter the growth 

rate versus undercooling relationship of the Ising model will be compared with exper

imental results. It will be demonstrated that the simulations with ASfki, = 7.2 and 

growth normal to the (111) face give good agreement with data on the undercooling 

for the (111) face of silicon at Czochralski growth speeds. 

3.1.4 Equilibrium segregation coefficient 

From equations 2.14 and 2.19 the equilibritmi segregation coeflBcient for the Ising 

model for random mixing in the solid is 

.. _ Sb\ .... 
kg  kg ) '  '  '  

For dilute alloys Sa can be assumed to be the same as for pure A. But Sb is 

the entropy change associated with the B atom making a transition for the liquid 

to the A solid lattice, which is usutilly not known. If the entropy of fusion for the 

A and B atoms is assumed to be the same, the bond energy, can be directly 

determined from Sa-, T^, and the equilibrium segregation coefficient, keq. 
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Figure 3.1: The solid-liquid interface energy is the energy per unit length for 
creation of a new solid-liquid interface. For (10) of the square lattice /SL = 
( 2q,~~ - q,~~ - q,~~) /2a, where a is the length of the side of the square. 

Figure 3.2: The solid-liquid interface energy is the energy per unit length for creation 
of a n~w solid-liquid interface. For the cut shown the solid-liquid interfacial energy is 
{SL = ( 2<P~~ - q,~~ - <P~~) / aJ3, where a is the length of the side of the hexagon. 
Note this is using a macroscopic definition of the length of the interface. 



3.1.5 Surface Tension 

The objective of this section is to show that a surface tension can be ascribed to the 

JGT Ising Model. This is important if JGT model simulations axe to be applied to 

nucleation and growth of clusters or to the growth of cells and dendrites, both possi

ble areas of future work. Surface tension is also relevant to the current dissertation. 

Although the affect of surface tension on growth is not explicitly studied in this dis

sertation, the simulations rely on a reasonable value for surface tension to maintain 

a distinct solid-liquid interface. In this section an approximate counting method 

will be used to shown that when the solid-liquid bond energies are all zero (a com

mon assumption in this dissertation), there is a surface tension associated with the 

model. The bond counting method does not include entropic terms, and therefore 

is not correct for calculating the surface tension at non-zero temperatures. A more 

general approach is to use simulations to calculate the surface tension. Methods for 

doing this will be briefly discussed. 

The solid-liquid interfacial energy is defined as the energy change of the system 

when creating a unit «irea (or length) of interface. For the JGT model simulations 

we will tentatively define the solid-liquid interfacial energy as the change in the bond 

enery of the system when creating a unit area (or length) of interface. 

To calculate fsLi one can consider the change in energy of the system when 

a solid block is immersed in the liquid, and then broken into two pieces. Figure 

3.1 illustrates this for a square lattice where the gray squares represent solid sites. 



and the white squares liquid sites. Envision breaking the 4x2 solid block into two 

2x2 blocks that are still surrounded by the liquid. This procedure can be done for 

an arbitrary sized block. The solid-liquid interfacial energy calculated from bond 

counting is 

isl = (2«a - - •") /2<.. (3.8) 

for the square lattice. 

Figure 3.2 shows the derivation for a hexagonal lattice. In this case we choose 

a small block that can be repeated to form an arbitrzirily long interface. A scheme 

is chosen so that the bonds are counted once ( at least along the interior of the 

chain) using only the number of subunits. It is found for an interface of the given 

orientation in the hexagonal lattice 

^SL = (2«S - /-n/S. (3.9) 

To determine the concentration dependence of 75/,, one needs a detailed pic

ture of the concentration profile of the different sites. One could start with a solid 

of concentration C, and a liquid of Ci and find the interfacial energy assuming a 

random concentration distribution within the liquid euid the solid. The concentra

tion dependent "^SL will now depend on all 10 bond energies in the JGT model 

simulations! 

At finite temperatures, bond counting is only an approximate method for calcu



lating 75/,, since the confignrational entropy of the system has not been included. 

A more general approach to calculate ysL would be to use the dynamic evolution 

of JGT model simulations to determine fsL- For example, one can study the dy

namic behavior of a near-critical nuclei to relate the interfacial energy at different 

orientations to the bulk &ee energy of the material. Measurements of solid-liquid 

interface length, and concentrations at the solid-liquid interface can be performed 

during a simulation. The JGT Ising model could then be used to to investigate the 

dependence of 75/, on interface concentrations and orientations. 

3.2 Applying JGT Model simulation results 

Monte Carlo (MC) Simulations of alloy crystal growth can be based on the rate 

equations in the JGT model. As the simulation progresses the lattice underlying the 

simulation changes. Using the JGT simulation results to study binary alloy growth 

involves relating the time scale and lattice in the simulation with the properties 

of interest in the binary alloy system. In this section some methods of relating 

the simulation results to binary alloy growth are presented. First the relationship 

between 'site concentrations' (which is defined below) and the concentrations found 

during binary alloy growth is considered. Next a method for relating the time scale 

of the simulations to the time scale in binciry alloy growth is given. 



3.2.1 Relating model configurations to real systems 

In this section the relationship between site concentrations in the JGT model and 

the concentrations in a bineiry alloy system is discussed. Concentrations that are 

important to binary alloy growth include the bulk solid concentration grown, the 

bulk liquid concentration, and the concentration of the liquid as a fimction of dis

tance from the solid-liquid interface. The concentration of 'kink sites' has impor

tant implications for both alloy and pure material growth. The relationship of 'site 

concentrations' in the JGT model to these concentrations will be specifically dis

cussed. Mention is made of other concentrations that have application to binary 

alloy growth, but are not addressed in this dissertation. 

At equilibrium at a given temperature the concentrations of the bulk liquid and 

the bulk solid are given by the equilibriimi phase diagram. The rate equations for 

the JGT model were chosen to reproduce the same phase diagram with a bulk solid 

atom defined to be a solid atom with all solid atom neighbors and a bulk liquid 

atom defined to be a liquid atom with all liquid atom neighbors. The concentration 

of the bulk solid is the nimiber of bulk solid atoms of component 'B' divided by the 

total number of bulk solid atoms. The concentration of the bulk liquid is similarly 

defined as the number of bulk liquid atoms of type 'B' divided by the number of 

bulk liquid atoms. 

Away from equilibrium there will be a divergence of concentrations from those 

predicted by the phase diagram. During alloy growth with kgq < 1 there will be a 



build up of solute in the liquid near the solid-liquid interface. The concentration 

of the bulk liquid as a function of distance from the solid-liquid interface in the 

simulations is directly related to the concentration of the liquid in a binary system 

as a function of distance from the interface. This classification is not based only on 

sites and their nearest neighbors; the proximity to a structure in the lattice (in this 

case the solid-liquid interface) is also considered. 

There is also a concentration of 'B' associated with the liquid and solid atoms 

which are in contact with the solid-liquid interface. This concentration can be 

higher or lower than the bulk concentration in the solid even under equilibrium 

conditions due to surface energies cissociated with the 'B' atoms. In crystal growth 

the solid-liquid interface can distort and change the 'B' concentration at the solid 

even without diffusion of the 'B' atoms in the solid or liquid. If one used the surface 

concentration of 'B' atoms to determine the segregation coefficient one would get 

a A;-value of less than I for a difiusionless transformation. This would not be the 

correct boundary condition for analytical models. An alternate method is to use an 

extrapolated bulk liquid concentration to the solid-liqmd interface. A method for 

calculating an extrapolated interface concentration from the bulk is developed in 

detail in chapter 5. 

The solidification of both the pure material and the binary alloy have a strong 

dependence on the structure of the solid-liquid interface. Liquid sites at the solid 

liquid interface with a large number of solid neighbors are very active. Specifically, 



growth is often largely due to the motion of 'kink sites' at the solid-liquid interface. 

Here a kink site for the binary ciUoy is defined as a site containing a liquid atom 

at the solid-liquid interface with 'about' 1/2 its neighbors are solid atoms. The 

kink site for the JGT model, as defined earlier, is a liquid atom at the solid-liquid 

interface which has 1/2 of its bonds to solid atoms. 

For nucleation studies one may also want to characterize the system by the 

aimaber of solid clusters, their sizes, auid their concentrations. Some of the mechanics 

of these procedures are discussed in Appendix C. 

3.2.2 Time in the JGT model 

The time evolution in the JGT model simulations must be related to the time 

evolution of the real binary system. This can be done by relating the rate a process 

occurs in the simulation to the rate it occurs in the real world, then use the same 

scaling factor for all other processes. For exeimple, one could relate solidification rate 

of the pure material at a given undercooling and direction in the simulation and the 

real world to determine the basic time scaling factor. Then one could use the same 

scaling to determine the growth rate at different orientations and undercoolings. 

The methods for calculating the elapsed for different implementations of the Monte 

Caxlo method using this simple scaling are discussed in this section. For simple 

implementations of the Monte Carlo method the calculation of time evolved will 

be shown to be quite simple. Calculations of time evolved will be somewhat more 
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complex for the faster algorithm used to produce the results in this dissertation. 

An 'event' is defined as any single movement or conversion of the lattice. In the 

JGT model there are three possible events, freezing, melting, and a diffusive jump of 

a single lattice site. The frequency at which these events occur is given by equations 

3.1, 3.2, and 3.3 respectively. If i/,- is the frequency at which event i occurs, and 

event i is assximed to be random in time, the expected mean time before event i 

occurs is l/f,-. If we have a system of N possible events with cissociated frequencies 

i/i to 1//V, the expected mecin time between events is 

This leads to the conclusion that the mean time interval between events during a 

simulation is not necessarily constcint. This conclusion is based on cin interpretation 

- not on an implementation - of the JGT model. Next we will consider specific 

implementations of the model. 

3.2.3 MC implementations 

In a simple implementation of the Monte Carlo method, events are picked randomly 

with uniform (equal) probability. Using the relative frequency at which the chosen 

event is to occur and a random number one decides if the lattice should be changed. 

( For details see, for example. Computer Simulation Methods by Heerman [48].) An 

Af = 1 
(3.10) 

t"=i 



event does not occur at each step in this implementation. 

Implementations exist where events are picked with a frequency proportional to 

the frequency at which they occur. Every pick is then executed. For ein example, 

see the 'table method' in Monte Carlo Methods in Statistical Physics by Binder [70]. 

An event occurs for every pick. Since events are not in general equidistant in time, 

time will not in general be proportion to the nimiber of picks. 

Other random distributions can be used to pick events. A method based on 

classifying events into a frequency range is described in Appendix C. This method 

contains the extremes described above eis special cases. 

A consistent definition of time is needed that applies to all of the MC methods 

presented. One approach is to use the mean time before the next event and a random 

number to calculate the time the next event occurs for the particuleir model system. 

This approach is explained by Binder in Monte Carlo Methods in Statistical Physics 

[70]. The approach used in this section is very similar except the mean time between 

events is used directly. This is reasonable in the current context, since we intend to 

relate the simulation results to the evolution of a large system. (It also leads to a 

minor increcise in computational speed.) 

Define the frequency at which event i  is picked as u f .  Similar to equation 3.10 
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we find the mean time between picking events to be: 

At = . (3.11) 

»=I 

If the events axe picked according to a imiform random distribution, the mean time 

between picking events will be 

At = -ji—. (3.12) 

t=l 

where up is the frequency to which the event probabilities have been normalized. 

The time for making N picks wiU be N/Ni/^, or simply l/vp. This tune is often 

referred to as an MC step. If the nimtiber of possible events is not changing, the 

mean time step between picks does not change. 

In the case where the picking of events is not uniform, the time step between 

picks can change. This is because the picking frequency depends on the event 

frequency, and the set of event frequencies changes cis the simulation progresses. 

Even the number possible events can change! (Consider, for example, the diffusion 

of B atoms in different configurations. A 'J5' atom surroimded by all 'JB' atoms can 

be considered to have no possible 'jump' event). For a 'large' lattice, the time step 

will not change mtirkedly after a single step. In the extreme case where every picked 

event is used, equation 3.11 collapses back to equation 3.10. 

The notation can be extended to represent the time evolution for a single sim
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ulation. Let iVf be the number of events possible after i successful changes to the 

system have occurred. Each possible event that exists after i changes can be as

signed a frequency Uij, where j is indexed from 1 to N—i. After i flips have occurred 

the mean time between steps is: 

where S is the number of successful flips that have occurred. Throughout we 

have calculated 'time' by simiming the expected mean time between events or picks. 

The vaiidity of a time derived from snmming expected mean times depends on the 

statistics of the system ( the distribution of event and picking frequencies, number 

of picks made etc.). One can assigning a particular elapsed time to a simulation by 

using the statistics of the Poisson process. However, since the number of simulations 

is limited, it is usually more useful to know the mean expected elapsed time. 

To relate the time in the JGT simulations calculated by the above procedure 

to the time evolution of a binaxy system one only needs a single constant. If one 

assumes a dimension for the Ising model lattice, then the constant to relate the 

(3.13) 

The totai mean expected time elapsed after i attempts is 

1 
(3.14) 



different time scales can be established by the growth rate of the pure material. In 

the next chapter the growth rate of pure silicon is used to relate the time scales of the 

simulation to the experimental time scale. The assumption made is the dimension 

of the unit cell in the Ising lattice for the simulation is the same as the dimension of 

the unit cell for silicon, and further that the maximum growth rates of the systems 

should be matched. An advantage of this approach is the simplicity of relating 

simulation restdts to binary aUoy solidification problems. 
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4. GROWTH RATE AND SITE CONCENTRATIONS 

FOR THE JGT MODEL 

In this chapter we will report rates of solidification for the JGT model for both 

the pure material and a binary mixture. For the pure material the growth rate 

dependence on the undercooling, orientation, and interfacial nucleation kinetics will 

be examined. Binary aJloy simxilation results for the concentration of different sites 

for the JGT model as function of impurity mobility in the liquid will be discussed. 

Compaxisons of simulation results with analjrtical approximations for the JGT Model 

rate equations will be made. It will be shown that for a given mobility of the impurity 

in the liquid, the concentration of some sites are remarkably similar for rapid melting 

and rapid freezing. Simulations results which show the effect of the concentration 

and mobility of the impurity in the liquid on the growth rate of the binary alloy axe 

also included in this chapter. 

4.1 Solidification of Pure Material 

The growth rate for the JGT model simulations can be approximated by assuming 

that growth is controlled by the motion of kink sites at the solid-liquid interface. 

Assuming all the liquid-liquid a bond energies are zero, the rate of addition of 

addition at kink sites is 
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= i/„ exp (4-1) 

where Z is the number of nearest neighbors. The rate of removal of solid atoms with 

Z/2 solid atom neighbors is: 

The ratio of the net rate of addition of atoms with two solid neighbors to the 

solid to the rate of addition of atoms at kink sites is: 

where Uk is defined as the dimensionless kink site velocity. This gives the net 

motion of kink sites. If growth is due only to the net motion of kink sites, the net rate 

of growth can be calculated. Given an atomic volume of fi (which is the reciprocal 

of the number of atoms in the unit cell) and a density of kink sites (number per 

projected interface area), /», the velocity of growth due to kinks is predicted to be: 

The density of kink sites, depends on the orientation, structure, and orien

tation of growth. The kink site density p can be directly measured during the 

(4.2) 

(4.3) 

V  =  (4.4) 



69 

simulations. The growth rate will be fastest on faces with the largest kink site 

density, pr. We can construct a dimensionless velocity, u, 

P U = Uk— 

Pr 
(4.5) 

which will be the same as ujt for the roughest face. Combining equations 4.4 and 

4.5 we have 

In the next sections these expressions will be compared to JGT model simulation 

results. 

4.1.1 Undercooling and Entropy of Fusion 

Equations 4.3 and 4.4 Ccin be combined to give the dependence of the growth rate 

on the imdercooling and the entropy of fusion. The relative bond strength between 

the liquid and solid 'A' atom ($^), will be taken to be zero (see section 3.1.5). 

Using a reduced temperature, Tr = AT/Tm the predicted velocity dependence is: 

During the JGT model simulation, the density of two-bonded liquid sites at the 

interface, /), can be measured, ft is a constant for a given structure. 

In order to compare the analytic expression with JGT simulation results we 

V  =  P r U l / ^ f l - (4.6) 

(4.7) 
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Figure 4.1: The nonnaJized kink site velocity, Uk as a. function of reduced undercool
ing for several values of ASf k. Results are for growth on the diamond cubic lattice 
normal to the (100) face. The lines are for an analytic expression which assumes 
growth is due to motion of kink sites. 
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Figure 4.2: The normcdized kink site velocity, as a function of reduced under
cooling for ASfk = 7.2. Results are for growth on the diamond cubic lattice normal 
to the (100), (112) and (111) faces. The lines is from an analytic expression which 
assumes growth is due to motion of kink sites. 
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5 12 10 15 20 

18703 16873 16134 16029 16299 

8107 7808 7976 7995 7856 

1491 522 136 23 3 

/ / }  /  1576 573 157 40 9 

/ 
8172 nil 8022 8136 8079 

/// 
// 

/ 
18324 16790 15981 15696 15835 

TOTAL 56373 50343 48406 47919 48081 

Table 4.1: Number of different states at different entropies of fusion for the pure 
material at 1670K. Results are for the Diamond Cubic lattice for growth normal to 
the (100) face. 



chose the diamond cubic structure with the solid-liqmd interface along the (100) 

plane. For the diamond cubic structure the atomic volume, Q, is Qq/®- Figure 4.1 

gives a comparison of the analytic expression and the JGT simulation results. The 

agreement between equation 4.7 and the JGT simulation results for AS/ka equal 

to 10, 15, and 20 are reasonably good. The results for AS/kg = 7.2 are good for 

very small undercoolings. However, the data for AS/ks = 5 are much different than 

expected from equation 4.7. 

The assumption of the analytic expression is that growth can be calculated by 

only considering the dynamics of sites bonded to two solid atoms. This expression 

should not be expected to work when other types of sites could influence the pathway 

to growth. Table 4.1 gives a comparison for the number of different types of sites at 

the solid-liquid interface for growth normal to the (100) face of the diamond cubic 

structure for different entropies of fusion. Notice the great variation in the number 

of solid atoms with one solid neighbor and liquid atoms with three solid neighbors 

for the different entropies of fusion. Suppose a solid atom has two solid neighbors 

and two liquid neighbors that have no other solid neighbors. For AS/ks = 5 the 

neighbors to the solid atom which were originally liquid will spend a significant 

fraction of their time as solid. This could affect the rate at which the atom (which 

was originally bonded to two solid atoms) melts, which in turn could dramatically 

affect the net flux of atoms to kink sites. A large ntimber of one bonded solid atoms 

is expected for low entropies of fusion. It may be expected that the number of solid 
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atoms beaded to Z/4 (1 for DC) solid atom divided by the number of liquid atoms 

bonded to Z/4 should approach exp(—A^/^b)- This works for low entropies of 

fusion near the melting point. For example, from table 4.1 1576/18703 as exp(—2.5). 

Table 4.1 shows that at .99 Tm and higher entropies of fusion that the ratio of 

liquid atoms bonded to one solid to solid atoms bonded to one solid atom is not 

exp(—A5/A:b). 

4.1,2 Orientation 

The growth rate of a pure material depends on the orientation of growth. If the 

net rate of growth is dominated by kink sites, and the contribution of different kink 

sites to growth does not depend on the structure of the interface, then the velocity 

of growth should be approximated by equation 4.7. If there is a nucleation barrier 

to growth, the net rate of growth will be not only be influenced by the number of 

kinks, but also by their position. Kink sites on subcritical nuclei will contribute less 

to growth than kink sites on supercritical nuclei. 

In figure 4.2 predictions of equation 4.7 are compared to JGT model simulations 

for  g rowth  normal  to  the  (100) ,  (112) ,  and  (111)  g rowth  d i rec t ions  wi th  an  A S / k f , .  

The results for (100) were already known. The results for growth normal to the 

(112) direction are not surprising; AS/ki = 7.2 is in a range where sites other than 

steps are important, and some variation is expected from the results for growth 

normal to the (100) face. At low undercoolings the results for growth normal to the 



(100) and (112) faces show closer agreement with equation 4.7. 

For growth normal to the (111) face, there zire gross discrepancies between the 

analytic expression and the JGT simulation residts. The problem is that at low 

undercoolings there is a nucleation barrier to growth on the (111) face. Gilmer 

and Van Saarloos have considered expressions for growth that depend on nucle

ation kinetics. At low nucleation barriers, the finite size of the nucleus creates a 

discrepancy between Ising model results and the results of analytic models. This 

transition region between no barrier and a small nucleation barrier is an interesting 

problem[71, 72, 73]. In the next section we will consider growth on the (111) face 

at low undercoolings where there are fewer difficulties in making use of anal3rtical 

results since nuclei interfere only when they reach larger sizes. Under these condi

tions analytical models can be used to make predictions for the undercoolings on 

the (111) face during the growth of silicon. 

4.1.3 Nucleation Dependence 

At small undercoolings the growth rate normal to the (111) face of the diamond 

cubic structure wiU be governed by nucleation kinetics. Figure 4.3 is a plot of the 

growth on the (111) face as a function of time at several different temperatures. 

The time scale can be compared directly with experiment using previous results 

matching growth on the (100) face to the solidification rate of silicon. Using the 

data &om this curve, we can find a mean time between nucleation events. Since the 
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area of the simulation surface is known, this gives a nucleation rate. The log of the 

nucleation rate (in m~^sec~^) versus the reciprocal of the undercooling is plotted in 

figure 4.4. The dotted line is a plot of the equation 

which was fitted to the nucleation data. AT is the undercooling in degrees Kelvin 

below the melting point of silicon. 

From the data in figure 4.3 the rate the nucleus spreads across the (111) surface 

can be calculated. Approximating the nucleus as a circle a spreading velocity for the 

nucleus of .3 AT ml sec was foimd. This is significantly faster than growth normal 

to the (100) face. This is in accord with equation 4.4 assuming fl w \/3ao/S and 

p w \/2/ao for growth across the (111) face. For growth normal to the (100) face it 

was previously found 0.p w .125ao. 

If the crystal face axea or the undercooling is increased, there will be several 

nuclei on the surface and growth will be controlled by the pol3aiuclear (PN) growth 

mechanism. If the nuclei are sufficiently large before they come in contact, analytic 

expressions for PN growth should be applicable. 

Several analjrtic expressions have been developed for polynucleM growth which 

depend on the two-dimensional nucleation rate, J, the crystal face area, 5, the 

spreading rate of a nucleus, u, and other geometrical factors. An expression de

(4.8) 
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veloped by Obretenov et aL that has been compared to Monte Carlo computer 

simulations is [74]: 

V = ^ — (4.9) 

where v is the steady state growth rate, h is the monolayer height, b is a factor 

accounting for the geometric shape of the nuclei ( t for circle, 4 for square), ^ is 

a aumerical coeflScient near unity. This expression assumes that the step velocity 

is dependent only on the undercooling. The use of this equation may be limited to 

small undercoolings where the nuclei axe larger before they interfere [72], but should 

be valid for the JGT simulations where a single nucleus was observed for an area of 

7200v^ag/8. 

Figure 4.5 is a plot of velocity versus undercooling for equation 4.9 using results 

of the JGT model simulations, a step height of 3.13 A, 6 = 4, = .97, and an 

interface area of .001 m^. The supercooling is calculated to be < 6° by Ciszek for 

float zone growth. [75]. Other calculated vcilues for the supercooling of the (111) 

face of silicon are are 1.5° and 9° by Edwards and Abe respectively [14]. 
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Figure 4.3: Number of layers added as a function of time. Growth was normal 
to the (111) face of the diamond cubic structure with ASfka = 7.2. The growth 
temperatures were 1668K, 1670K, 1672K, 1673K, 1674K, and 1675K. 
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Figure 4.4: Natural log of the nucleation rate as a fimction of the reciprocal of the 
undercooling for growth normal to the (111) face of the diamond cubic structure. 
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4 4.5 5 
Undercooling (K) 

Figure 4.5: logjo of the velocity as a function of the undercooling for growth normal 
to the (111) face of the diainond cubic structure. Normal Czochralski growth rates 
for silicon aje « 3 • 10~®m/5. 



4.2 Simulations for Binary Alloys 

In this section the JGT Spin-1 Ising model is used to study the dynamics of binary 

alloy growth. In addition to the model parameters used in the Spin-1/2 model, the 

JGT model has a diffusive jump frequency for the impurity in the liquid, and 7 new 

bond energies involving the 'B' atoms. 

An understanding of the growth of the pure material was developed by inves

tigating interface site concentrations, especially kink sites, and bulk growth rates. 

Site concentrations and growth rates will be investigated for the binary system in 

the remainder of this chapter. Investigation of the segregation coefficient, which will 

depend both on bulk and interface concentrations, will be undertaken in the next 

chapter. In general, the simulations will be limited to relatively low concentrations 

of 'B' atoms where growth is dominated by 'A' atoms. 

4.2.1 Interface Site Concentrations 

In this section we investigate site concentrations for the square lattice with k^g = 

.001, AS/ks = 10, and a range of 0 to 400 for the dimensionless diffusion coefficient 

9. The temperatures chosen for the simulations were 1609K, 1670K, and 1749K. 

Since the liquidus temperature is 1670K, there was fast growth at I609K, negligible 

net interface movement at 1670K, and fast melting at 1749K in the simulations. 

The simulation extended over 90 time imits ( = 1), iind the site concentrations 

were averaged over the last half of the run. Simulation parameters and the number 



80 

0 4 400 PURE RATE 

1609 IJO U5 1.06 1.00 1.63 

HL 1679 U8 1.08 1.06 1.00 1.05 

1749 1.16 1.10 1.08 1.00 .706 

TJ 
1609 250 148 129 112 310 

TJ 

HJ 
1679 192 156 141 139 160 

HJ 1749 212 177 118 171 88 

~~Pi 
1609 4.15E-2 423E-2 4.8E-2 4J6E-2 

t.: 1 
1679 3.12E-2 3.27E.2 3.14E-2 3.27E-2 

1749 2.82E-2 3.00E-2 2.97E-2 2J2E-2 

1609 U 1.22 1.61 1J5 

1679 1J6 1.51 3.61 .88 

m 
1749 1.70 2.02 8.46 .59 

Table 4.2: Ratios of the number of atoms in different configiirations for square lattice 
JGT model simulations. The clear figures are for 'A' atoms, the filled are 'B' atoms, 
the circles eire liquid, and the squares are solid. The top and third are for sites with 
two solid neighbors, while the second and bottom are for sites bonded to three solid 
atoms. The dimensionless liquid diffusion coefficient 6, was 0, 4 and 400 and the 
simulation temperatures were 1609, 1679 eind 1749K. All results are for 5 at.% 'B' 
and 95 at.% A, except the PURE colunm, which is 100 at.% 'A'. The RATE column 
is based on calculations where concentration is inversely related to transformation 
rate. 
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0 0.4 4 40 400 RATE 

~~ 
1609 3.50E-1 2.64 E-1 1.37 E-1 7.23E-2 S.93 E-2 .OS 

----- ------ ------ ----- ------ -----

1679 1.40E-1 9 .2SE-2 6.34E-2 S.2SE-2 _?.]<!_~~- .OS 

~ 
----- ------ ------ -----

1749 1.04 E-1 8.84 E-2 S.98 E-2 S.28E-2 S.14 E-2 .OS 

~h 
1609 1.47 E-2 1.12E-2 _S.:_8Q~-~- 3.22E-3 2.84 E-3 1.33E-3 ----- ------ ----- ------ -----

1679 4.30E-3 2.93 E-3 2.04 E-3 l.S8 E-3 ].§!_~-~- 1-=.S~~-~-

. 

~ 
------ ------ -----

1749 2.81 E-3 2.39E-3 1.74 E-3 1.76E-3 1.49 E-3 1.78E-3 

/7-k 1609 
9.67 E-3 4.89E-3 l.S2 E-3 8.S7 E-4 6.69E-4 2.18E-4 

·::::·:::: ----- ------ ------ ----- ------ -----
1679 4.64E-3 3.16E-3 1.70E-3 1.17 E-3 1.13 E-3 2.73E-4 

~1749 
----- ------ ------ ----- ------ -----

8.74E-3 7.37 E-3 6.30 E-3 6.51 E-3 S.70E-3 3.36E-4 

EXlRAPOLA lED 1609 .OS .16 .11 .074 .061 .OS 
----- ------ ------ ----- ------ -----

INTERFACE 1679 .OS .OS9 .OS6 .OS3 .OS2 .OS 
----- ------ ------ ----- ------ -----

CONCENfRA TION 1749 .OS .OS .OS .OS .. OS .OS 

Table 4.3: Atomic fraction of sites with 'B' atoms. Circles represent liquid sites and 
squares solid sites. The top section is for liquid atoms with two solid neighbors , the 
middle section for solid atoms with two solid neighbors, and the bottom section is 
for solid atoms with three solid neighbors. Temperatures are in Kelvin, and () is 
the dimensionless diffusion coefficient. The RATE column is based on rate equation 
calculations and a 'B' concentration of 5 at.%. 
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of sites found in different configxirations is given in Appendix D. 

Table 4.2 gives ratios for the number of sites in different configurations depending 

on growth temperature and 0. Results for the pure material axe included in the table 

for comparison. The ratios reported in Table 4.2 are: 

1. The number of solid 'A' atom with two solid 'A' neighbors to the number of 

liquid 'A' atoms with two solid 'A' neighbors 

2. The number of Solid 'A' atom with three solid 'A' neighbors to the number of 

liquid 'A' atoms with three solid 'A' neighbors 

3. The number of Solid 'B' atom with two solid 'A' neighbors to the number of 

liquid 'B' atoms with two solid 'A' neighbors 

4. The number of Solid 'B' atom with three solid 'A' neighbors to the number of 

liquid 'B' atoms with three solid 'A' neighbors 

The simulation results for high 6 in table 4.2 are similar to the pure 'A' results. 

At low values of 6 the 'B' atoms are influencing the concentration of sites with 'A' 

atoms. 

In table 4.3 three different site concentration ratios are given. They are: 

1. The number of liquid 'B' atom with two solid 'A' neighbors to the number of 

all liquid atoms with two solid 'A' neighbors 



2. The number of solid 'B' atom with two solid 'A' neighbors to the number of 

all liquid atoms with two solid 'A' neighbors 

3. The number of solid 'B' atom with three solid 'A' neighbors to the nxmiber of 

aJl liquid atoms with three solid 'A' neighbors 

At high values of 6 the concentration of kink sites with 'B' atoms approaches the 

bulk liquid concentration of 5 atomic %. At lower the concentration of the kink 

sites is not the same as the bulk concentration extrapolated to the surface, even for 

1679K which is very near the liquidus line. The interface 'hangs up' on the 'B' liquid 

atoms at the interface. This enhancement of concentration at the interface beyond 

the bulk liquid concentration was demonstrated by Jackson et al. [18]. The effect is 

also temperature dependent as in Table 4.3. At 1609K and 6 = 0.4 the extrapolated 

liquid concentration is 0.16, but the concentration of 'B' at a kink site is .264. 

Suppose that atoms in site type 1 transform into atoms in site type 2 at a rate 

Ri and atoms in site type 2 transform to atoms in site type 2 at a rate R2. If the 

number of atoms in site type 1 is Ni, and the nimiber atoms in site type 2 is N2, 

and it is assumed that cdl other processes by which atoms of site type 1 and 2 are 

created and destroyed are relatively slow, then 

NiRi « N2R2- (4.10) 

From this one has the estimate N1/N2 « R2fRi. Estimates vased on this assumption 



axe given in the last two columns of Table 4.2. Let us illustrate the estimate for 

the top case in Table 4.2. Define configiuration type 1 be 'A' solid atoms bonded 

to two solid 'A' atoms. Define configuration type 2 be 'A' liquid atoms bonded to 

two solid 'A' atoms. From table 4.2, at 1609K for the pure material N1/N2 w 1.0, 

but R2/R1 » 1.63. The basic assximptions in equation 4.10 are aot followed for 

these sites. In fact, an atom in configuration type 1 can change to an atom in 

configuration type 2 without changing the number of atoms in configuration type 

1 and configuration type 2 in the lattice! 

Table 4.3 also includes calcvdated values for the ratio of the number of atoms 

in different configurations. The c«Jculated values are based on the assumptions 

that the ratio of the number of atoms in two different configurations with solid 

atoms is inversely proportional to the ratio of their transformation rate, and that 

configurations with liquid atoms have 5 atomic % 'B' atoms. 

4.2.2 Solidification of the Binary Alloy 

lu the last section it was found that in simulations with a large liquid diffusion 

coeflBcient and low concentrations of 'B', the 'A' atoms act similarly to 'A' atoms 

in pure material simulations. As the liquid diffusion coefficient is decreased, the ^B' 

atoms exert a stronger influence on the 'A' atoms. In the extreme ^ = 0, there 

is no compositional ordering in the solid and melting and freezing of the system 

depends only on the relative free energies of the solid and the liquid, which are 



equal at TQ. The transitioa between melting and freezing at the TQ line for 5 = 0 

weis demonstrated by Jackson et aL for the JGT model stcirting with a system 

of uniform concentration of 'B' throughout the solid and liquid. In this section 

the growth rate of the binary alloy is considered from the diffusionless extreme to 

large values of the liquid diffusion coefficients. It is shown the JGT simulations 

predict a melting/freezing line that depends on diffusive jump rate, concentration, 

and temperature for a given lattice structure. 

The initial configuration of the system includes solid and liquid with the same 

concentration of 'B'. A square lattice with a width of 400 and a length of 650. All 

the simulations were at 1550K, with a range of 0 values of 0, 0.2, 2, 6 and 20. At 

I550K the liquidus is at .59, the solidus at 7.8 x lO""*, and To at .12 mole fraction 

'B' for the the equilibrimn phase diagram. 

4.2.3 Diffusion and Concentration Dependence 

Figure 4.6 shows the growth rate was highest for low concentrations of 'B'. For 

a given concentration of 'B', the growth rate increased with increasing 6. The 

concentration at which the average growth rate was zero depended on the diffusive 

jump rate 0. At 0 = 0, the crossover between melting and freezing was very near 

the To line, which is at 12 at % 'B' at 1550K. 

In some cases, the motion of the solid-liquid interface reversed directions as the 

concentrations near the solid-liquid interface changed. Figure 4.7 shows the growth 



86 

0.2 

0.1 

0 

-O.I 

-0.3 

-0.4 

-0.5 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 

Initial Concentration 

Figure 4.6: Normalized velocity times step density as a function of initial concen
tration. Runs are for different ratios of diffusive jimip frequency to arrival at a step, 
6. AU results axe for a square lattice with growth normal to (10) at 1550K with 
AS/ke = 10 and keq = .001. The solidus, To line, and liquidus are at concentrations 
of 0.00078, .12 ,and .59 'B' respectively at 1550K. 
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Figure 4.7: Kink site velocity versus normalized time for simulation with d = 20 
and a starting concentration of 30 atomic percent 'B'. 
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rate as a function of time for 6 = 20, and an initial concentration of 20 atomic % 'B'. 

At early times the growth rate was negative, corresponding to melting of the lattice. 

At latter times the interface reversed its direction of motion and the crystal grew. 

During the transient period the lattice near the solid-liquid interface underwent a 

marked change. As time progressed the concentration of 'B' in the solid continually 

decreased. Figures 4.8 and 4.9 show a portion of the lattice near the interface for 

the same run at f = 18 MC units and t = 180 MC units where the crystal is melting 

and freezing respectively. For 5 = 20 tind t = 180 MC severed of the layers near the 

solid-liquid interface have a greatly reduced concentration of 'B' due to fluctuations 

in the interface position. 

The pattern of melting then freezing for 9 = 20 was also found for the other sim

ulations with diffusion. When there was a high concentration of B at the interface 

in the solid, the solid melted. But when interface moved slowly enough, fluctua

tions changed the concentration of the impurity in the top solid layers, and freezing 

proceeded. For very rapid melting, the solid-liquid interface did not become stable. 

Instead the melting front rapidly advanced, sometimes leaving small solid particles 

in the bulk liquid. When these solid particles were Icirge and deficient in 'B' they 

begin to grow. 

In these simulations a uniform binary mixture can melt fetr below the equilibrium 

liquidus line. This could be relevant, for example, to the up-quenching of an alloy of 

uniform composition. The net result of melting would be significant redistribution 



88 

of the secondary component. This should be observed in substances even with 

appreciable diffusion coefficients in the liquid. In systems where the growth rate is 

positive, the concentration of the solid grown was nearer to the solidus line than the 

initiai concentration of the system. The relationship between the concentration of 

the solid grown and the concentration of the liquid at the interface is the subject of 

the next chapter. 
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Figure 4.8: Portion of lattice for square lattice growth normal to the (10) face with 

tl.S/kB = 10, () = 20, 18 MC time units into the run, and an initial concentration 

of 30 atomic% 'B ' . The crystal is melting. 

Figure 4.9: Portion of lattice for square lattice growth normal to the (10) face with 

tl.S / k/3 = 10, () = 20, 180 MC time units into a run, and an initial concentration of 

30 atomic% 'B' . The crystal is freezing. 
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5. SEGREGATION COEFFICIENT FOR THE JGT MODEL 

This chapter begins with a discussion of the segregation coeflScient and how it 

was determined from the JGT model simulations. Simulation results exploring the 

effect of model parameters on the segregation coefficient are then presented. Param

eters vaxied in the simulations include the liquid diffusion coefficient, the orientation 

of growth, the equilibrium segregation coefficient, the bulk liquid concentration, and 

liquid-solid bond energies which induced interface adsorption. 

5.1 Defining the Segregation Coefficient 

The equilibriimi segregation coefficient, keq relates the concentration of a component 

in the solid phase to the concentration of the same component in the liquid phase 

under equilibrium conditions. Defined by mole fraction of 'B', keq = CslCi, where 

where Cs and axe the mole fraction of component 'B' in the solid and liquid 

respectively. If solidification does not proceed slowly and kcq ^ 1, the concentration 

will build up in the liquid neax the solid-liquid interface. 

Under many experimental conditions it is reasonable to use k^q to set the bound

ary conditions at the interface as suggested by Burton et al. [11]. However, there 

are experimental conditions under which keq should not be used to establish the 

boundary conditions for the composition of the solid and liquid at the growth inter

face. In the next section a non-equilibrium segregation coefficient will be introduced 

that is based upon insights gained from JGT model simulations. 



5.2 Determination of segregation coefficient 

It might appeax to be a simple task to calculate the non-equilibrium distribution 

coefficient, kneq, for the computer simulations since the position of aU. the atoms is 

known. However, Jackson et al. showed that for diffusionless growth the concen

tration of liqmd at the interface greatly exceeds the bulk liquid concentration at 

the interface. This is illustrated in figure 5.1, which is a picture for a diffusionless 

JGT model simiilation. The lattice contains 5 at. % B atoms that are distributed 

randomly, but the liquid concentration at the interface is much higher. ( The lattice 

pictured in figure 5.1 is 100 sites in width, and the interface is only slightly longer. 

One would expect about 5 or 6 'B' liquid atoms at the solid-liquid interface on aver

age. Instead there are about 20.) Calculating the segregation coefficient by dividing 

the concentration of the solid grown by concentration of the liquid at the interface 

gives a segregation coefficient much less than 1 for diffusionless growth[18], whereas 

the segregation coefficient must be 1, since none of the atoms move. To address this 

problem, the concentration of the liquid was extrapolated to the interface from the 

bulk liquid. The extrapolated interface concentration, Cf{0), can be found from a 

least squares fit of the equation: 

(5.1) 
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Figure 5.1: square lattice growth normal to the (10) face with b,.S/kB = 10 and an 
initial concentration of 5 atomic % 'B '. Diffusionless growth - () = 0. The 'B' liquid 
atoms are drawn as black, and the solid is on the bottom. 
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where C[,{x) is the average concentration of the liquid at a distance x from the first 

liquid layer, is the far-field concentration of the liquid, and A is the boundary 

layer width. For steady-state growth, A should be equal to D/v; at short times a 

reasonable assumption is A y/^. This method can be used to evaluate the liquid 

concentration even under transient conditions, but it is sensitive to small changes in 

concentration when A is small. However, when A is small, it is possible to achieve a 

steady state diffusion profile in the simulations. In this case concentrations can be 

modeled by matching the flux into Jind out of the first liquid layer at the interface: 

cf (0) = Ci + (5.2) 

where is the concentration of the second liquid layer, and Cs is the concentration 

of the solid grown. For 6 we use 1/2 hcdf the distance between the atoms in the 

second layer of liquid and their nearest solid atom. The segregation coeflScient, 

was calculated from the extrapolated concentration of the liquid at the interface cis 

Cs/Cf(0). 

5.3 Segregation Coefficient 

For a systematic exploration of the affect of parameters on the measured segregation 

coefficient, it is useful to have a model or basis for compeurison of simulation results. 

One could suppose, for example, that the segregation coefficient depends only on the 
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parameter Dfv, where D is the diffusion coeflScient and v is the velocity. This would 

not explain experimental results for the dependency of orientation, but could serve 

as a starting point for understanding simulation results. The model does not have 

to be correct to serve our purposes. If different simulations do not fall on the same 

k-neq versus D/v curve, we will know the D/v \s not the only important parameter 

in the JGT model simulations. Hopefully a more complete picture can be deduced 

from the simulation results. However, it is clear the closer a simple analytic model is 

to explaining the simulation results, the closer we are to understanding the behavior 

of the JGT model simulations. 

In this chapter the simulation data is compared to the an analytic formulation 

based on an expression which occurred in an analysis of crystallization by Temkin. 

It is based on the number of jumps an impurity atom can make during the crystal

lization process. If an impurity can jimip many times, equilibrium should be ap

proached. The diffusionless extreme should be approached as the nimaber of jumps 

the impurity atom can make decreases. 

Temkin defined a characteristic distance, A, associated with fluctuations at the 

interface by: 

^ = kT (5.3) 
a 

where a is the interatomic spacing, and k is Bolztman's constant, T is the tempera

ture, and Afi is the chemical potential difference driving the crystallization process. 

The crystallization time, tcr, the time it takes the interface to move a distance A, is 
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also the time interval between when the fluctuating interface first reaches an atom 

to when the last fluctuation of the interface moves past the atom, is then 

A akT a 
TCR = - = —^ = (5.4) 

V vAfi vufc 

where U f c  = Afx/kT is the dimensionless net rate at which atoms are added at a 

kink site. (This is a lineeirization of the more accurate definition of Uk given in 

equation 4.3.) Depending on the geometry, the time which it takes for a 'B' atom 

to be surrounded is only a fraction of TCR given by JTCR. The average niunber of 

jumps, n, which an atom wUl make during a time Jtcr is given by: 

, ,  2dfDTcR 2dfDkT 2dfD 
n = frcRl = 5 = ;r = (5.5 

a* av^fi avufc 

where F is the diffusive jiunp rate given by equation 3.3, and as in equation 3.3, 

and d is the dimension<dity of the lattice. The probability that an atom at the 

interface is still in place after the interface passes depends on n, the average nxmiber 

of jumps the atom makes as it passes. Let us define P (n) to be the probability of 

an impurity atom being at the interface after n jumps have been made. When n 

is small compared to 1, the probability, P (n) that atom has not jumped after an 

average of n jumps is exp (—n). For large n, P (n) the probability the atom is still 

at the interface given after it has made an average of n jumps is ^2/7rn). 

The key parameter in the above expressions is n, the average mmaber of jumps 
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the impurity at the interface will make. Let us define f = 1/n. Then ^ will be 

^ = 2^""' f'-®' 

An approximation for P w 1/(1 +n/2) gives 

According to to Jackson's analytic model, kncq can be approximated by (see 

Appendix A equation A.10) 

« k\~^. (5.8) 

which can be approximated by 

Keq « (5.9) 

This equation is suggested by a simple random walk from the interface. This formu

lation does not fit all of the Monte Ccirlo simulation results. Instead, this equation 

has been used as a starting point to find other reasonable formulations to fit the 

simulations residts. A closely related formula used to fit the simulation results of 

this dissertation is 

l/U-k-Ay/p) 
. (5.10) 
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This equation is similar to the equation suggested by the simple random walk model, 

and furthemore is consistent with the resrictions of equation 5.8. In the limit of 

» 0, P (//j9) -+ 0, and kneq —*• keq- Ih the limit of ^ oo, P {f/fi) —*• 1, and 

^ I-

In terms of simulation results, using = 0 in equation 4.1 we have: 

''fc = fnexp (5.11) 

Equation 3.3 gives T = 6v^. Substituting for D and v in equation 5.6 using 

equations 3.4 and 4.6 we have 

^ ^ (/'rWffc n) UK (5.12) 

in terms of the dimensionless velocity and kink site velocity, u and u^, this is 

^ is proportional to the product of the dimensionless velocity and the dimensionless 

kink site velocity divided by the dimensionless diffusive jump rate in the liquid. 

Using equation 4.5, ^ Ccin also be written as: 

' -¥ (¥) •  (5.14) 
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or with equation 4.4 can be written 

P 
(5.15) 

Jackson et al. have previously reported that kneq depends on or Using 

5.4 Orientation dependence of the A;-value 

The experimentally determined non-equilibrium segregation coefficient for bismuth 

doped silicon was found to depend both on velocity and growth direction by Baeri 

tt al. [2]. More extensive investigations of the orientation dependence of the seg

regation coefficient for rapidly solidified bismuth doped silicon were completed by 

Aziz et al. [8]. The orientation dependence of kneq must be related to the structure 

and orientation of the material being grown. 

In this section a study of the orientation dependence of the segregation coefficient 

is reported using parameters fitted to the phase diagram for bismuth doped silicon 

and the structure of pure silicon. To study the orientation dependence of the segre

gation coefficient the model is nm with all the bond energies and jimap frequencies 

equation 5.13 with the diamond cubic structure, fi = Cq/S, and a = aoV^/4, 0 = .14 

and using a maximum kink site density pr of l/flo^ we have 

0 « 2.06 X uuk. (5.16) 
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Figure 5.2: Kink site density (the number of kink sites in an area of the interface) 
at different temperatures for several orientations. The arrow marks the melting point 
of pure silicon, 1688K. The kink site density is a measure of surface roughness. The 
lines serve to guide the eye. 
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Figure 5.3: The segregation coefficient, k, as a. function of The simulation was 
with the diamond cubic structure with ASfkB = 7.2, Arg, = 7 x lO""*, and 6 = 0.14. 
Growth was normal to the crystal faces indicated in the figure. The dotted line is 
from equation 5.10 with A = 20. 
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the same, but the orientation of the lattice in the simulations is changed. 

The parameters in the JGT model were chosen to represent a bismuth doped 

silicon system. The 'A' component was used to represent silicon, and the 'B' compo

nent to represent bismuth. The entropy of fusion was chosen to match the modeling 

of pure silicon ais described in the last chapter. For this purpose the melting point 

of 'A' was set to 1688K and the entropy of fusion, AS/kg was set to 7.2. and 

were chosen to match the silicon end of the phase diagrzim (fce, « 7 x 10"'* ). 

The melting point of 'B' was taken to be 303K. All liquid-solid bond energies were 

set to zero. The remaining parameter, the diffusive jump rate 6, was set to 0.14 to 

fit the experimental values of kneq for growth of bismuth doped silicon normal to 

the (100) face. 

The simulations were performed for growth normal to the (111), (223), (112), 

(114), and (100) faces of the diamond cubic structure at several different temper

atures. From the simulations the kink site density p (Figure 5.2), the velocity of 

growth V, and the non-equilibrium segregation coefficient kneq, were determined. 

Figiire 5.3 is a plot of kneq as a function of for different growth directions. The 

results for different solid-liquid interface orientations can be well represented by a 

single curve. This would not be the case for a plot of kneq versus normalized growth 

velocity u. 

In order to compare with experimental restilts the growth velocity was normalized 

to the growth rate of pure silicon, and the arrival rate at a step was assumed to be 



103 

proportional to the viscosity. Experimentally the maximimi growth rate of silicon is 

found to be « 17m/s. From molecular dynamic modeling Gilmer et al. [76] found a 

corresponding di£Fusion coefficient in the liquid followed the temperature dependent 

form Dq exp (—6500/T). Using these values cis a function of growth velocity is 

given in figure 5.4. The velocities in the simulations were scaled to give the correct 

maximum growth velocity, and a temperature dependent viscosity. Then kneq could 

be calculated as a function of velocity. The results are given in figure 5.4. Using the 

fitted ciurves in figure 5.4 to extrapolate kneq at 1.7 and 5 m/s results in figure 5.5. 

Also plotted on this graph are results for laser melting and resolidification exper

iments from Aziz et al. The simulation results have an orientational dependence of 

kneq which is in reaisonable agreement with the experimental results. The computer 

generated data for 5 m/s agree with experiment. The computer data has a similar 

shape to experimental data for 1.7 m/s, but the experimental data tire lower. That 

is the velocity dependence of kneq is not in good agreement with the experimental 

results of Aziz. This was found previously in JGT Ising Model simulations, although 

there is good agreement with experimental results of Baeri et al. and White et al 

at different velocities as shown in figure 5.6. 

In the JGT model simulations the kink site density, p, is a function of crystal 

structure, orientation, and growth temperature. The temperature dependence of p 

is appreciable on the (111) face. This in turn affects the ratio of kneq for growth 

normal to the (111) face to k^eq for growth normal to the (100) face. From the JGT 
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Model simulations it is found that 

[ k7:~;] > [ k7:~:;] 
kneq 1.7m/s kneq 5mfs 

(5.17) 

in agreement with the experimental results. 

5.5 Entropy of Fusion 

The results of the preceding sections where l::l.S I kB = 7.2 could be fit by the equation 

5.10. The entropy of fusion does have an affect on the step density, p, and will 

therefore affect the segregation coefficient. In the last chapter it was shown that 

if l::l.SikB is large enough, on the (111) the interpretation of uk and u becomes 

difficult, as they can change as a function of time. However, if u and Uk are relatively 

constant as a function of time, we may hope that equation 5.10 could be applied 

over an extended range of values for l::l.S I kB. This is expected from the analytic 

considerations of Jackson and Temkin. Figures 5. 7 and 5.8 shows an extension of 

the previous results to values for l::l.SikB of 7.2, 10, and 15. There is good agreement 

between the data for these different entropies of fusion. The fit for l::l.S I kB = 5 given 

in figure 5.9 is not especially good. 

A plausible explanation for the discrepancy with l::l.S I kB = 5 is the relative 

importance of the different sites changes as the entropy of fusion becomes small. 

The rate equations for the JGT model dictate that the melting rate of a solid atom 
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Figure 5.7: The segregation coefficient, k, as a. function of ^ and 9. Growth was 
normal to the (100) face of the diamond cubic structure with an equilibrium segre
gation coefficient of .023. The unfilled and filled shapes are for 9 = 0.5 and 9 = 2 
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with one solid neighbor divided by the arrival rate at a Idnk site increase as AS/ks 

decreases. This should changed the relative concentrations of sites at the solid-

liquid interface. At low enough entropies of fusion, other sites in addition to kink 

sites must be considered to explain impurity incorporation. The suggestion that 

site concentrations change at low ASfka is supported by the results for the pure 

material in the last chapter. It was found that analjrtic growth expression that 

considered only kink sites did not correctly predict growth rates for the Ising model 

at low entropies of fusion (see figure 4.1). 

5.6 Diffusion Dependence 

The diffusion coefficient in the JGT model simulations was changed by changing 6 ,  

which is related to the diffusion coefficient by equation 3.4. In the extreme where 

0 = 0, growth is diffusionless and the —* 1. At large 9 and small undercoolings 

the kneq —* keq. According to Jackson's analytic model one would expect that the 

results should be fit with a single A in equation 5.10. The lines in figures 5.7, 5.8, 

and 5.10 are from equation 5.10 with A = 8. The data for a large rfjige of 0, .5 to 

16, fall fairly close to the same line on log^o vs. log^Q P plots. 

The same model parameters used simulations reported on in 5.10 were used for 

figure 5.3 except 6 = 0.14. These results were not fit with A = 8 in equation 5.10, 

but with A = 20. An explanation for this disagreement is that at this low value 

of 0 the concentration of 'B' atoms at different kinds of sites is not expected to 
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be uniform. Specifically there is an enhancement in the concentration of 'B' atoms 

at kink sites. This was fomid to be the case for solidification of a square lattice; 

the concentration at kink sites increased at low values of 9. The enhancement of 

concentration at kink sites is also seen in figure 5.1. 

5.7 Equilibrium Segregation Coefficient 

The analytic expression suggested by Jackson for the nonequilibrium segregation 

coefficient was found to agree with the JGT simulation results for the diamond 

cubic structure for a binary with feg, = 7 x 10"'*. In this section we will also present 

data for JGT simulations for ka, = .4, and show that the dimensionless constant in 

the definition of ^ (see Equation 5.15) is a not a strong function of the equilibrium 

segregation coefficient for the JGT model. From these results we will be able to 

compare the nonequilibrium segregation coefficient from the JGT model, equation 

5.10, and experimental restdts of Bruco et al. for germaniimi partitioning in silicon 

during rapid solidification. 

The equilibrium segregation coefficient for the JGT model depends on the bond 

energy between 'A' and 'B' crystalline atoms. Figure 5.11 compares JGT Ising model 

simulations which vary only keq. For all simulations the diamond cubic structure 

was used with a AS/kB = 7.2, = IGSS/tL", and = W3K. The analytical 

expression gives a reasonable fit to the simulation data. 

Based on the close agreement of Equation 5.10 and the simulation results, we 
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should be able to predict experimental results for the rapid solidification of ger-

manium doped silicon. Since the arrival rate at steps is not a strong function of 

temperature for small undercoolings of a rough surface, we can approximate Jack-

son's analytic expression for the segregation coefficient as: 

(5.18) 

where v is the growth rate in m/ sec and pis a fitting parameter. Fitting equation 

5.18 with p = 0.85 gives a good fit to the simulation data for growth normal to 

the (100) face as shown in figure 5.12. If the diffusion coefficient of germanium and 

bismuth were the same in silicon, we could use the same value of p, and put in .4 [77] 

for the value of keg· The work of Brunco et al. [77] and Reitano et al. [7] suggest 

using a higher value for the diffusion coefficient of germanium. The new prefactor 

should be: 

rn;;: 
PGe = PBiv YJ;;: (5.19) 

where DBi and Dae refer to the diffusion coefficients of bismuth and germanium in 

silicon respectively. Using this equation, and considering the different suggestions 

for Dae and DBi, we use p = .7. Figure 5.13 shows a plot of this analytical expression 

versus results derived from experiment by Brunco et al. [77]. 

The non-equilibrium segregation coefficient of several other impurities in silicon 

have been investigated with laser solidification experiments. Brunco et al. fitted 
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their experimented results to the CGM model where the segregation coefficient is 

written as 5.18: 

(5.20) 
1 + U/UD 

where v is the velocity of growth, and vq is the "diffusive speed" which is different 

for each dopant. Using this expression one can find kneq as a function of keq at a 

growth speed of 2 m/s. These results are plotted in figure 5.14. 

The dotted curves in Figure 5.14 axe plot of kneq versus keq using equations 5.18 

and 5.19. A diffusion coefficient of 8 x 10"'* cm^/s, 4 x 10~* cm^/s, and 2 x 10~* crri^/s 

were used to calculated the bottom middle zind top curves respectfully. Plotted on 

the same graph are kneq versus keq As, Bi, Ga, Ge, In, Sb, and Sn in the paper 

of Brunco et al [77] for a growth velocity of 2mfs. The result of applying the 

analytical model of Jackson is a reasonable fit to the data for the Ga, Sn, and Ge data 

(the Bi data was used to provide the initial fit). Using an equilibrium segregation 

coefficient of 0.3 also gives a reasonable fit for As, but there is literature that suggest 

0.3 is too large an equilibrium segregation coefficient for arsenic [77]. The model 

predictions, however, depart significantly from the data for Sb. The anal)rtical 

models of segregation based on adsorption predict that appreciable adsorption of 

an impurity at the solid-liquid interface should lead to an increase of kneq- To fit 

the increased kneq data, a smaller Vq woidd be needed. If As and Sb were adsorbed 

at the solid-liquid interface, they would be expected to have a higher kneq and as 

found in figure 5.14. In the Icist section of this chapter it will be shown that this 



113 

explanation is consistent with the JGT model. Specifically, it will be shown for 

JGT model simulations that significant adsorption of the secondary component at 

the interface leads to an increased kneq^ 

5.8 Concentration Dependence 

A study of the concentration dependence of kneq was made using a square lattice 

with AS/ks = 10, ^ = 2, and = 7 x lO""*. Growth was normal to the (10) face 

with initial concentrations of 1, 2, 5, 10, 20, 30, and 40 at. % B. Figure 5.15 shows 

that kneq did not vary significantly for concentrations < 5 atomic % 'B'. From the 

lowest to highest concentration, however, varied by a factor of 4. 

The data for different concentrations in figure 5.15 do not collapse to a single 

curve on a plot of logjo us. log^o However, if we define a new beta, ^ based 

on an effective diffusive coefficient 

De//= (l - 1.5C|) , (5.21) 

the data does fall near a single curve on the logjo kneq vs. log|o 0 plot. This is shown 

in figure 5.16. For pair exchange, the probability of an impurity atom exchcinging 

with another impurity atom is small at low concentrations. However, at increasing 

concentrations, many of the pair exchanges will not change the concentration at 

the solid-liquid surface. A similar effect is expected to operate with other liquid 
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diffusion mechanisms. 

5.9 Adsorption Dependence 

For all the simulations performed to this point k^eq < 1, and all bond energies 

involving liquid atoms were the same. This ensured that there was no adsorption 

at the solid liquid interface. However, adsorption at the interface is known to occur 

and to affect the segregation coefficient. MuUin et aL, for example, found many 

cases for growth normal to the (111) face where kneq > 1, while k^q < 1 for the 

Czochralski growth of InSb. A change in growth habit is often foimd in solution 

growth when a dopant is introduced into the solution. There can be a significant 

orientation dependence of kneq due to the adsorption of the impurity on different 

growth faces. This was assumed to be the source of the orientation and growth rate 

dependence of kneq in. several theories described in the first chapter. In this section 

it will be demonstrated that the JGT model does exhibit different behavior when 

there is adsorption of impurities at the solid-liquid interface. 

In the JKT Ising model the movement of liquid B atoms is controlled by equation 

3.3. In all of the simulations reported previously in this dissertation, the energies 

of an atom in the liquid at the interface was the same as that in the bulk liquid, so 

there was no adsorption at the interface. If the bond strength between A solid atoms 

and B liquid atoms ( ) is increased, there will be adsorption at the interface. 

Figiure 5.17 is a plot of results for a JKT Ising model simulation with fee? = 0.4 
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and w 5/8$^ for a square lattice grown normal to the (10) face. The melting 

point of A was 1688, the temperature of growth 1550K, and AS/ka = 10. To 

establish kneq, the concentration of solid grown and the bulk concentration of the 

liquid at the interface is needed. For the concentration of the liquid the concentration 

of the liquid layer closest to but not touching the solid-liquid interface was used. 

For the solid concentration the concentration of solid grown, excluding the interface, 

is used. In the simulations with adsorption kneq increases to a value substantially 

above I. 
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Figure 5.17: JKT Ising model simulation with Are, = 0.4 euid « 5/8$^ for a 
square lattice grown normal to the (10) face, kneq starts neax keq then increases to 
» 2 as liquid B atoms are adsorbed at the interface. 



118 

6. SUMMARY AND CONCLUSIONS 

The JGT Ising Model has been used to examine the consequence of lifting the 

simplifying eissimiption that all atoms of a given species freeze «ind melt at one 

rate. It predicts a wide range of phenomena which differ from the predictions of 

quasi-equilibriimi models with a minimal number of assumptions. The model makes 

predictions for binary cJloy solidification for different equUibritmi segregation coeffi

cients, growth orientations, liquid diffusion coefficients, and liquid concentrations. It 

predicted changes in growth for different entropies of fusion and degree of adsorption 

at the solid-liquid interface. The conclusions deduced from JGT model simulations, 

which are listed below, are in accord with many experimental observations. 

6.1 Pure Material Growth 

The growth rate in the Spin-1/2 Ising model for the diamond cubic structure with 

AS/kf, > 7.2 ( or even lower at small undercoolings) is well represented by: 

" = ^ (-X (T^))] 

where Tr = AT/Tm,  p is the density of liquid sites at the solid-liquid interface 

bonded to Z/2 solid atoms (kink sites), and fl is the atomic volume. At AS/ks = 5 

for the diamond cubic structure, the growth rate normal to the (100) face of the pure 

material was greater than predicted by equation 6.1. From measuring and analyzing 
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site concentrations for the JGT model it was concluded that at low entropies of fusion 

liquid atoms at the solid-liquid interface with less thcin Zf2 bonds coidd assist the 

kink sites in freezing. 

Growth rate normal to the (111) face of the diamond cubic structure at low 

undercoolings are not in agreement with equation 6.1. There are apparently many 

kink sites that do not contribute to the growth process. Instead the growth rates 

were dominated by 2-dimensional nucleation kinetics at the solid liquid interface. 

Using a Polynuclear (PN) growth model due to Obretenov et al. an undercooling 

~ 4 — 5A' for the growth of silicon at ss 10 cm/hr, in agreement with results of 

Ciszek. 

6.2 Non-equilibrium segregation coefficient 

6.2.1 Oriented growth 

For dilute solutions without adsorption at the solid liquid interface a large range of 

results were well characterized by the parameter ^ which is defined to be: 

(6.2) 

where u is the dimensionless groMrth velocity and Uk is the dimensionless kink site 

velocity, d is the ratio of the jim[ip rate of a 'B' liqmd atom to the arrival rate of 

a liquid atom at a kink site. A* is a constant that depends on the structure (see 
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equation 5.13). A reasonable fit for the aon-equilibrium data was found with 

These equations gives rise to both a velocity and orientation dependence of the 

non-equilibrium segregation coefficient, since ^ depends on both growth rate and 

kink site density. This equation was also found to be in basic agreement for the 

experimented results for silicon doped with germanium (fee, « 0.4) and bismuth 

(Atc, « 7 X 10"'*). The velocity dependence for the bismuth results were not in good 

agreement with the data of Aziz et aL, but were in agreement with the data of Baeri 

et al.^ and White et al. The orientation dependence of kneg was in accord with the 

data of Aziz et al. 

6.2.2 DiflFusion and entropy of fusion 

The noa-equilibrium segregation coefficient results for simulations with the diamond 

cubic structure, AS/kb values of 7.2,10, and 15, and 0 values (which is related to the 

diffusioa coefficient by equation 3.4) from 0.5 to 16 could be represented by a single 

'A' value of 8 in equation 6.2. However, there were conditions under which equation 

6.2 did not compare favorably with simulation results. When ASfk(, = 5 eind 9 

was in the range 0.5 to 4 the kneq determined from simulations were higher than 

predicted by 6.2 with A = 8. This disagreement was related to the discrepancy found 

(6.3) 
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between pure material simulation results and equation 6.1 for AS/kb = 5. When 

AS/kb = 7.2 and 0 = .14 it was also found the kneq determined from simulations 

were significantly higher than predicted by 6.2 with A = 8. It was pointed out that 

at low 9 values the concentration of impurities at Idnk sites wais not the same as the 

impurity concentration of other liquid sites at the solid-liquid interface. 

6.2.3 Concentration 

At low concentrations kneq was found to be independent of concentration to the 

accuracy of the JGT model simulations. At higher concentrations in the liquid 

at the solid-liquid interface the non-equilibritmi segregation coefficient was strongly 

dependent on the concentration. These results can be explained by using an effective 

diffusion coefficient, De/f = D (l — where Cg is the concentration of 'B' at 

the solid-liquid interface. 

6.2.4 Adsorption 

In the JGT Ising model adsorption was modeled by increasing the solid-liquid impu

rity bond energy at the interface. This leads to a marked increase in the segregation 

coefficient. This is in agreement with cmalj^ical models that predicted the adsorp

tion of impurity atoms at the surface should lead to greater incorporation into the 

solid at finite growth speeds. It was foimd that with adsorption, kneq could be 

greater than I when k^q < 1. The JGT model exhibits both orientation and adsorp
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tion effects, and shotild be very useful in analyzing their relative importance under 

different experimental conditions. 

6.3 Application of the JGT Ising Model 

Since the JGT model exhibits many of the attributes of binary alloy solidification 

in a single consistent scheme, its use should prove valuable under conditions where 

several effects are important. JGT model simulations are expected to useful in un

derstanding the growth of doped silicon where orientation of growth and adsorption 

kinetics both influence nonequilibriiun segregation at the solid-liquid interface. The 

model also permits the analysis of the solidification of binary metal alloys where 

growth velocity, orientation of growth, and concentration of the liquid are all im

portant. The agreement of the JGT Ising model with thermodynamic models of 

non-diffusive transformations increases confidence in its applicability to solid-state 

transformations. 
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Appendix A. BINARY SOLIDIFICATION EXPRESSIONS 

FROM K.A. JACKSON 

K.A. Jackson has developed, an analytical model to describe binary alloy solidi

fication. The model correctly describes the extremes of eqnilibriimi and diffusionless 

binary alloy growth. In this appendix a summary of Jackson's work on the segre

gation coefficient for binary alloy growth is given. A more complete description of 

the theory will be published by Jackson tt al [78]. Some of the Jackson's theory is 

included in Chapter 5. 

The theory of Jackson describes the solidification of a mixture of 'A' and 'B' 

atoms. Near equilibrium, the atoms move in the liquid rapidly compared to the rate 

of solidification. In this c«ise, the potentieJ of each species is the same in the liquid 

and in the solid. At the other extreme, the rate at which atoms melt and freeze is 

fast relative to the rate of diffusion in the liquid. The crystallization of «in individual 

atom will be tied to its neighbors, «ind solidification becomes a cooperative process. 

Jackson characterized the cooperative solidification by an energy transfer be

tween the 'A' and 'B' atoms. The energy could be transferred between the species 

by the surface tension. The energy that must be transferred from N^A atoms to 

NbB to make the chemical potential difference for crystallization of the 'A' and 'B' 

atoms equal will be given by: 

Na 
A 
Nb 

(A.1) 
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Since N = + Nb, this can be written as 

E = - A^%) NaNB/N. (A.2) 

If only a fraction, P, of this energy is transferred, this fraction can be written as 

PE = P - A(m%) NaNBIN. (A.3) 

The change in chemical potential associated with transformation of each 'A' 

atoms is: 

A/iA = AA - PCs - A,i|) . (A.4) 

This can be rewritten as 

= (1 - P) + PAF°. (A.5) 

where AF° = CaA^^ + CbA^b- A similar equation can be written for the 'B' 

atoms. When P — = fiB = AF°, and each species has the same energy. 

When P = 0, the crystallization process wil depend on the chemical potential of the 

species present. 

The growth rate of the binary alloy was assimied to follow the form 
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"A = v\ [exp {/xikT) - exp (^^/A:r)] (A.6) 

where = fi^ + kT log C^. The superscripts L and. S refer to liquid and solid 

respectively. Assuming is equal to in equation A.5, equation A.6 can 

be written as 

' { 1 -  P ) A f i ° ^  +  P A F ° '  
UA =Ua ci - ci 

kT •] (A.7) 

A similar equation can be written for the velocity of growth for the 'B' atoms. 

Using the equation similar to equation A.7 

- c k  

V ( 
-5- + earp 

\ 

(1 - —I 

kT )\ (A.8) 

In the case where the first term is small compared to the second. 

w exp 
(1 - P)Am^ + P£s.F°\ 

kT ) 
(A.9) 

assimiing AF°/kT is small this becomes 

(A.IO) 

To this point approximations have been made without assuming the form of P. 

In Chapter 5 a simple random WciUc model due to Jackson is used to find P in terms 

of the dimensionless parameter 
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Appendix B. BOND ENERGIES AND LATTICES FOR 

SIMULATIONS 

This appendix contains definitions for symbols used to describe the JGT Ising model 

simulations. 

Definitions 

- Bond energy between two solid 'A' sites 

- Bond energy between solid 'A' and 'B' sites 

' Bond energy between two solid B sites 

" Boiid energy between two liquid 'A' sites 

- Bond energy between liquid 'A' and 'B' sites 

- Bond energy between two liquid 'B' sites 

- Bond energy between a solid 'A' site and liquid 'A' site 

- Bond energy between a solid 'A' site and liquid 'B' site 

- Bond energy between a solid 'B' site and liquid 'A' site 

" Bond energy between a solid 'B' site aoid liquid 'B' site 

Z - number of nearest neighbors in a lattice. 

A5/k - Reduced entropy of fusion. 

In all simulations reported in this dissertation the same entropy of fusion was used 

for the A ajid B atoms. 

9 - ratio of the diffusive jump frequency of a liquid atom in the bulk liquid to 
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the freezing rate of a liquid site at a kink site. 

C5 - In this appendix indicates initial concentration of solid. 

Cl - In this appendix indicates initial concentration of solid. 

The lattice is defined by three lattice directions. All directions are in three dimen

sions, with the last directions listed being the direction of growth. In this dissertation 

two different types of lattices are used: 

D_CUBIC - diamond cubic lattice structure. The directions are given in terms of 

a/4, 6/4, and c/4, where c is the growth direction. 

SQUARE - a square lattice. The directions aie given in terms of a and 6, where h 

is the growth direction. 
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Appendix C. PURE SILICON SIMULATIONS 

This Appendix contains simulation parameters for the ptire silicon simulations. Sym

bols used in the following tables are defined in Appendix B. 

f = 8440 
A5/fc = 5,6 = 0 
Cs = 0, Cl = 0 

D.CUBIC (80 0 0), (0 80 0), (0 0 120) 

Table C.l: Data for growing pure material normal to (100) direction. 

f = 12153.6 
A5/fc = 7.2, d = Q 

C, = 0, Cl = 0 
D_CUBIC (80 0 0), (0 80 0), (0 0 120) 

Table C.2: Data for growing pure material normal to (100) direction. 

f = 16880 
A5/fc = 10, 0 = 0 

Ca = 0, Ci = 0 
D-CUBIC (80 0 0), (0 80 0), (0 0 120) 

Table C.3; Data for growing pure material normal to (100) direction. 



f = 25320 
A5/ib = 15, ^ = 0 
C, = 0, Ct = 0 

D-CUBIC (80 0 0), (0 80 0), (0 0 120) 

Table C.4: Data for growing pure material normal to (100) direction. 

1$^ = 33760 
AS/k = 20,6 = 0 
C,=Q,CL = 0 

D_CUBIC (80 0 0), (0 80 0), (0 0 120) 

Table C.5: Data for growing pure material normal to (100) direction. 

f = 16880 
AS/k = 7.2, 0 = 0 

Cs = 0, Cl = 0 
D-CUBIC (60 0 -60), (-60 60 0) , (80 80 80) 

Table C.6: Data for growing pure material normal to (111) direction. 

1$^ = 16880 
AS/k = 7.2, 9 = 0 

Cs = 0, Cl = 0 
D-CUBIC (-80 0 40), (80 -80 0), (40 40 80) 

Table C.7: Data for growing pure material normal to (112) direction. 
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Appendix D. BINARY ALLOY GROWTH RATE AND 

SITE CONCENTRATION SIMULATIONS 

This append contains site concentrations eind. growth rates for the binary alloy. 

Symbols used in the following tables are defined in Appendix B. 

D.l Site Concentration Simulations 

f = 16880, f = 11049.5, f = 3030 
A.S/k = 10, 5 = 0,0.4,4,40, and 400 

C, = 0.05, Cl = 0.05 
SQUARE (1600 -1600 0), (100 100 0 ) 

Table D.l: Squcire lattice investigation of site concentrations, = 0.001 

D.2 Binary Growth Simulations 

f= 16880, 1$^ = 11049.5, f= 3030 
A5/ife = 10, 0=0,0.2,6,20 

Cs = Cl = 0.0,0.02,0.06, .1, .15, .2, .25, .3, .34, .36, .38, and .4 
SQUAPIE (400 0 0 ), (0 650 0) 

Table D.2: Square lattice investigation of growth rate dependence on concentration. 
keg = 0.001 
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A B 0 0.4 4 40 400 PURE 
|W A .U8152 

11501 
118970 
10351 

1233.14 
8551 

.129265 
7208 

Mmi 
7089 

.1
. 

•
 

>
 

sum. Ami. jSiSSi. 
4441 3754 

/«a7.. 
3715 

.8151$. 

.758... 
499 

.835... 
334 

549.... 
168 

.1024.. 
94 

JDSSL.. 
47 

1133 

9  ̂ffiSL... 
10 

.853... 
10 

.847... 
9 

JBLl... 
10 

92.a... 
4 

62239 
269' 

.<S®5Q. 
194 

70789 
145 

71914 
114 

.72597.. 
117 

145591 
679' 

14̂ 57 
466 

14̂ 04 
253 

.150733 
177 

-1451955 
170 

.157761 

TOTAL * 
SUBPACB g 

4996U 
26399 

.491383 
21872 

.485291 
16060 

.484335 
13158 

483248 
12̂  

.4̂ 1 

CONCUQUID 
AVEBAOB .05 .059 .056 .053 .052 

Table D.3: Number of different states at different 0 at I679K. Counts are for several 
values of 6 and 'A' or 'B' atoms. Circles represent liquid sites and squares solid 
sites. 
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A B 0 0.4 4 40 400 PURE 

116388 
14232 ' 16064 

5I565A.. 
12944 

;.177-10. 
8841 

122347. 
7702 

.isjrow. 

1 1 -37652.-
13509 

535S?6-. 
8520 

«99l.. 
5063 

68413.. 
4310 

.81636-

w 
.571.— 
1072 

tnsi 5SW.„. 1117-..J -1137... 1407 
w 

.571.— 
1072 531 171 108 61 

/ ) / } /  m * 
577 -763..--. 828 974.... 1081— 1326 

/ ) / } /  m * 19 18 16 6 11 
4^07 .50^.1 . .61751 70270.. 

227 
72770.. 
207 

.81817.. 
725 575 360 

70270.. 
227 

72770.. 
207 

.81817.. 

B 

1428̂  134Q31 -1MWI6. -145m 146461 157901 
B 1394 659 208 125 98 

TOTAL A 

SURFACE B 
525^32. 
44392 

.5Q1?25_ 
46612 

.482492. 
30872 

.48̂ 134.1. 
17519 

.475555. 
14470 

482091 TOTAL A 

SURFACE B 
525^32. 
44392 

.5Q1?25_ 
46612 

.482492. 
30872 

.48̂ 134.1. 
17519 

.475555. 
14470 

CONCXIQUID 

AVERAGE .05 .16 .11 .074 .061 

Table D.4: Number of diflferent states at different 6 at 1609K. Counts are for several 
values of 6 and 'A' or 'B' atoms. Circles represent liquid sites and squares solid 
sites. 



133 

A B 0 0.4 4 40 400 PURE 

i3sm 
9970 

128461 
8801 

i3»40. 
8162 

.tttZJJ. 
7319 7108 

xsaih 

iTTTî  57m_. 
6670 

5K81-
5699 

m>i.. 
4033 3695 

ma.. 
3602 

81960 

m.... 
740 

777.— 
755 

542.... 
468 216 

im... 
101 

.9.15... 

721 74$ ... 775.... 811.. . .747.... 909 
7 16 12 9 8 

/777  ̂188 
$7282.. 
161 

1̂5„ 
121 

.7127 .̂ 
126 * 

71477.. 
107 

81978 . 

xmsz. 
1261 

145521-
1081 945 

.147.1.05. 
964 

148«77. 
854 

TOTAL * 
SXJKFACE e 

.498Q13.. 
22420 

4»?57. 
20515 

.49jg|94. 
16552 

49»»1-. 
14400 

489945. 
13474 

.47.92!tt 

CCWCJJQOID 
AVERACE .05 .05 .05 .05 .05 

Table D.5: Number of different states at different 6 at 1749K. Counts are for several 
values of 0 and 'A' or 'B' atoms. Circles represent liquid sites and squares solid 
sites. 



Appendix E. DOPED SILICON SIMULATIONS 

This appendix contains input Data used for doped silicon simulations. Symbols used 

in the following tables are defined in Appendix B. 

f = 12153.6, f = 6022.42, f = 2181.6 
A5/ifc = 7.2, e = .14 
Cs = 0,Cl = 0.004 

D-CUBIC (200 0 0), (0 160 0), (0 0 120) 
DXUBIC (-80 -80 40), (80 -80 0), (40 40 160) 
DXUBIC (-160 0 80), (80 -80 0 ), (40 40 80 ) 

D_CUBIC (-160 -80 160), (80 -80 0), (40 40 60 ) 
DXUBIC ( 120 0 -120), (-120 120 0), (80 80 80 ) 

Table E.l: Bi doped Si normal to (100), (114), (112), (223), and (111)- keq = 
7 X 10-^. 

f = 8440, f = 5256.21, f = 1515 
AS/k = 5, 6 = 0.5,1,2, and 4 

Cs = 0, Cc = 0.01 
D_CUBIC (200 0 0), (0 160 0), (0 0 120) 

Table E.2: Sb doped Si normal to (100). keq = .023. 

f $5^ = 12153.6, f = 8969.81, f = 2181.60 
ASfk = 7.2, e = 0.5,1,2, and 4 

Cs = 0, Cjj = 0.01 
D.CUBIC (200 0 0), (0 160 0), (0 0 120) 

Table E.3: Sb doped Si normal to (100). keq = .023. 



f = 16880, 1$^ = 13696.21, = 3030 
A5/ifc = 10, d = 0.5,1,2,4 and 16 

Cs = Q,Cl = 0.01 
D.CUBIC (200 0 0), (0 160 0), (0 0 120) 

Table E.4: Sb doped Si normal to (100). k^f — .023. 

f = 25320, f = 22136.21, f = 4545 
ASjk = 15, 5 = 0.5,1,2, and 4 

Cs = 0, Cl = 0.01 
D_CUBIC (200 0 0), (0 160 0), (0 0 120) 

Table E.5: Sb doped Si nonnal to (100). k^q = .023. 

f = 12153.6, f = 11380.25, f = 2181.6 
A5/ifc = 7.2, = 0.14 
Cs = 0, = 0.004 

D-CUBIC (200 0 0), (0 160 0), (0 0 120) 

Table E.6: Ge doped Si normal to (100). Kq = .4. 
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Appendix F. CONCENTRATION AND ADSORPTION 

SIMULATIONS 

This appendix contains information for runs to determine the concentration and 

adsorption dependence of the non-equilibrium segregation coeflBcient. Symbols used 

in the following tables are defined in Appendix B. 

f = 16880, f = 10748.82, f = 3030 
A5/A: = 10, ^ = 2 

Cs = 0, Ct = 0.01, .02, .05, .1, .2, .3, and .4 
SQUARE (3000 0 0), (0 100 0) 

Table F.l: Simulations normal to (10) of the square lattice at different concentra
tions of solute in liquid, fcj, = 7 x lO""*. 

1$^ = 16880, 1$^ = 16106.65, f = 3030, f = 10000 
AS/k =10,0 = 1 
Cs = 0, Ct = 0.05 

SQUARE (3000 0 0), (0 100 0) 

Table F.2: Square lattice simulation normal to (10) face with adsorption of liquid 
solute atoms to solid-liquid interface, = .4. 
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Appendix G. SELECTED METHODS USED IN ISIM PRO

GRAM 

The full Monte-Carlo program (which will be referred to as Isim) accomplishes 

several tasks which include: 

• Generating a lattice. 

• Building, maintaining and using a probability tree to pick events in Isim sim

ulations. 

• Evaluating the simulation lattice for statistics. 

In this appendix methods which were used to complete these tasks are discussed. 

The intent of the discussions is to illustrate some of the more important ajid/or 

interesting methods used in the Isim Program. In a few cases, where the source 

code is a good reflection of a method, it has been included. 

G.l Generating a lattice 

The input to the Isim program to create the lattice for the simulations includes the 

vectors which specify the lattice dimensions and a lattice type. From this infor

mation the number of points in the lattice, the nearest neighbors for each lattice 

point, and the position relative to the initial solid-liquid interface is determined. 

The determination of nearest neighbors and position for each lattice point should 

be both rapid and memory efficient. A nimibering scheme based on the order of the 
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lattice was found to be very beneficial to these goals. In this section mathematics 

related to the numbering of the lattice points is given. 

Let's begin with a few definitions: 

N - the set of integers. 

Q - the set of rationaJs. 

integral vector - a vector where the magnitude of each component is an integer, 

simple lattice - a lattice defined by three integral vectors. 

finite simple lattice - a portion of a simple lattice specified by nia, n2&, and nsc 

where ni,n2, € N, and a, 6, and c are integral vectors. 

diophantine equation - equation of the form ax-\-by = c with constants a, 6, and c € 

N and unknowns x and y E N. 

A lattice type is simple only if all lattice sites have identical offsets to other 

lattice sites. The diamond cubic lattice is not a simple lattice; the offsets to nearest 

neighbors of a site depends on the site. But a finite diamond cubic lattice can be 

built from two finite simple lattices. Each lattice point in the finite diamond cubic 

lattice can be described by a row, column, layer, and which of the two finite simple 

lattices it is in. To find the ordering of layers between the two lattices only need to 

consider the order of layers in the unit cell. 

The next step is to find the integral vectors for the finite simple lattices on which 

the general lattice can be built. In other words, the shortest vector in each of the 

originally specified directions which exists for each of the simple lattices must be 
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found. For each of the directions, this can be formulated as the solution of the three 

coupled equations, 

Pifli + P261 + P3C1 € iV (G.l) 

Pifl2 + P262 + P3C2 6 A/" (G.2) 

Pioa +P262 +P3C3 6 iV (G.3) 

wherepx,p2,p3 € A/", 01,02,03,61,62,63,01,02,03 6 Q. Eitherpi,p2,or Pa is unknown, 

and the form of the solution desired is p, = u + nv where u,n,v € N. This problem 

reduces to finding the solution of three coupled diophantine equations. 

Once the finite simple lattices and the offsets between the simple lattices have 

been determined, a finite general lattice can be described. Each lattice position in 

the finite general lattice can now be characterized by a row, col, and layer. In the 

general lattice there is not a constant separation between different layers. Consider, 

for example, the separation of the (111) planes in the diamond cubic structure. 

G.1.1 Additional Structures 

New lattice types can be added to the Isim program by including data to represent 

the new lattice. (Conceivably this could be put into a data file and dynamically 

allocated during the initial stages of the program.) Many 2-dimensional lattices 
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can be derived from the current 3-dimensional lattices, e.g., hexagonal (2-d) can be 

derived from FCC (3-d). It is only necessary to find the plane that has the required 

structure, and to find two nonparallel vectors in that plane. 

G.2 Probability Ttee for MC simulations 

In Monte Carlo Methods in Statistical Physics [70] describes several general algo

rithms to realize Monte Carlo simulations. In this section we will also describe an 

algorithm for implementing Monte Carlo simulations. The algorithm described in 

this section is very similax to Binder's Algorithm 4. However, some details that can 

have a profound affect on performance have been added. 

An algorithm used for MC simulations is: 

1. Generate an initial configuration 

2. An event is chosen 

3. The energy associated with the event is used to calculate the transition prob

ability Pt 

4. if a random number R € [0,1] > Pt return to 2. 

5. Generate new state with event and return to 2. 

In many implementations of the MC method, events are chosen (step 2) with 

equal probability. This, however, is not necessary, and algorithms exist where only 
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successful moves are made. In this section an algorithm that makes a smooth tran

sition between these extremes is presented. 

Let us define events which are chosen in an identical fashion to be in the same 

class. E all events are in the same class, the probability that an event will be rejected 

in step 4 is: 

where N is the number of possible events, i/,- is the frequency of event z, i/max is 

the frequency by which events have been normalized. If t/c •41 1 the algorithm is 

spending a good deal of time picking events that will be latter rejected. An t]c I 

implies that the events chosen are used. An alternate scheme would to combine 

steps 2, 3, 4 are replaced by a procedure that chooses an event according to its 

probability. The resulting eflSciency r/c would be 1. The question is how can this 

be done? Consider breciking the events into different classes and using the following 

slightly modified algorithm: 

1. Generate an initial configuration 

2. Choose among the event classes according to their probability: 

where Pc is the probability of choosing class j, i ranges over the G possible 

class numbers, vf is a frequency associated with class i, and Nq is the nximber 

(G.4) 

G 
(G.5) 
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of events in class i, 

3. An event is picked at random, from the chosen class 

4. The energy associated with the event is used to calculate the transition fre

quency Ui 

5. if a random nimiber R € [0, return to 2, where c/(t) is the class 

for event i. 

6. Generate new state with event and return to 2. 

The efficiency rjc for steps 2,3,4,5 is now: 

= (G.6) 
«=i 

The restriction for proper normalization of the events frequency. In the 

case where all the events are in the same class, rjc can be found from equation G.4. 

If I/,- = for each event i, J/c is 1. The increase in rjc associated with using many 

classes heis a price. The class associated with each event must be determined, and 

a method must be found to choose an event class - step 2 from the new algorithm. 

G.2.1 'Lree Implemeiitation in Isim 

One method to solve these problems is to use the "table method". Here we use 

a related algorithm based on a 'tree' structure which is commonly used in com
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puter science. The tree is used to hold event classes and their associated events, 

maintaining relative class probabilities, and in the selection of an event class. The 

description of how the tree is built, used, and maintained uses jargon &om com

puter science. The jargon used, which is actually quite descriptive, includes the 

words 'node', 'branching factor','parent\ 'child', and their plurals. 

In the ciirrent implementation of a tree found in Isim there are two types of 

nodes in the tree; end nodes and parent nodes. End nodes have an associated event 

frequency class which has associated with it all of the events that belong to that 

class. The end nodes do not have any end nodes or parent nodes as children. Parent 

nodes have end nodes and/or parent nodes children, but no associated event class. 

If an event is to be added to the tree, and its appropriate class list is on the tree, 

it is added to that class list. Otherwise an end node is associated with the new 

class, the event is added to the class list, and the end node is added to the tree. If 

no empty child spot is foxind for the end node, the highest end node in the tree is 

found. It is then replaced by a parent node, add the highest end node selected and 

the new node are added cts children. 

Associated with each node on the tree is a frequency. If the node is an end node 

the frequency associated with the node is uf' where i is the class number for that 

node. If a node is a parent node the frequency for that node is the sum of the 

frequencies of its children. To choose a node class, the current node is set to the top 

node of the tree and then follow this procedure: 
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1. if oirretit node has no children return with the node class number 

2. set T to 0 

3. set Ur to frequency of current node times a random number R € [0,1] 

4. add next child frequency to T 

5. Ur <T set current node to current child and go step 1 else goto step 4 

This procedure is illustrated in the function choose_node(). 

The procedure for associating a class with an event remains. In the Isim program 

the class in which an event belongs is defined by: 

where the brackets gives the largest integer not greater than the argument ( the 

floor() function in C). and the frequency associated with a class is: 

This can combined with equation G.6 to show M = 100 gives rjc > 0.99. The 

number of classes will be about: 

cl{i) = [M logi/j] (G.7) 

=exp((c/(i) + l)/M) (0.8) 

I — ^ l®g {ymax!^min) (0.9) 



the depth of the tree is approximately; 
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D = logB{I). (G.IO) 

where B is the branching factor for the tree, the number of children for each parent 

node. 

By varying B, the branching factor, and Af, the class multiplier, one can mzJce 

the tree method reduce to a one clciss method (the first algorithm), or it can reduce 

to the 'table method' where all chosen events are used. In situations where there 

is a laxge number of classes, the tree method can be substantially faster than the 

"table method". 

In the tree method the number of classes is given by equation G.7. Currently 

equation G.7 is implemented in the i_event.c module as: 

node_number = (int) floor( In-freq * ln_mult); 

where log i/i is represented by In-freq and M is represented by ln_mult. For the tree 

to correspond to a large table one can have B > G, and the tree will be only one 

level deep. 

One deficiency of a simple implementation of the "table method" is that relative 

probability of the classes have to be updated in a linear fashion. In the tree algorithm 

only the relative probability of nodes which contain or have descendents which 

contain a changed number of associated events. Further optimizations of the tree 
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aJgorithm can be achieved by reducing the frequency with which the number of 

events in aa event class must be changed. This can be achieved, for example, 

by reusing event slots in classes, and. padding cltisses with extra events. One can 

increase reuse of event slots by using a small M or choosing a class for an event other 

than its class number (Events c«in be put in any class with a maximum frequency 

that is higher than the events frequency.) 

typedef struct freq_node { 
double freq; 
int which-child; 
struct freq_node *paxent; 
struct freq_node **children; 
int child-space; 
void *associate; 
char num_children; 
char type; 

} FREQ-NODE, •FREQ-NODE_PTR; 

enum { END-FNODE, BRANCH-FNODE }; 

/•FDEF*/FREQ-NODE_PTR choose-node(FREQ_NODE_PTR p_node, 
RAND-STREAM *r-stream)/*FDEFE*/ 
{ 

int ij; 
double total; 
int num; 
double val; 
FREQ-NODE *o-node; 

if(p-node ==NULL){ 
printf(" choose node given NULL nodeXn"); 
exit(l); 



while((num=p_node->nuni_childreii) > 0){ 
/* o-node = p_iiode;*/ 
total=0.0; 
val = get-drand(r_streain) * p_node->fireq; 
for(i=0;i<num;i++) { 

total += p_node->childreii[i]->fireq; 
if(val <= total) { 

P-iiode = p_node->children[i]; 
break; 

} 
} 

} 
retiim(p_node); 

} 
/*FDEF*/fulLupdate_fnodes(FREQ_NODE *Lnode)/*FDEFE*/ 
{ 

FREQ_NODE *c_node; 
iat i; 
double val; 

if(Liiode->type == END_FNODE){ 
Lnode = Lnode->parent; 

} 
while(f_node !=NULL){ 

for(i=0,val=0.0;i<Lnode->nuni_cluldren;i++){ 
val += f_node->children[i]->fireq; 

} 
Lnode->freq = val; 
Lnode = Lnode->parent; 

} 
} 
/'FDEF'^/add_freq_ciuld(FREQ_NODE *Lnode, 
FREQJ^ODE *c_node)/*FDEFE*/ 
{ 

if(fjQode->type == END-FNODE){ 
printfC trying to add child to end LnodeXn"); 
exit(l); 

c_node->which-child = Lnode->nuin_children; 
Lnode->children[Lnode->nuin_children++] = c_node; 
c_node->parent = Lnode; 
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} 
/*FDEF*/remove-freq^hiId(FREQ_NODE •Lnode, 
FREQ_NODE *c_node)/*FDEFE*/ 
{ 

FREQ-NODE *in_chnd; 
int nc,wc; 

if(f_node->type == END-FNODE) { 
prmtf(" trying to remove child from end LnodeVn"); 
exit(l); 

} 
nc = -f_node->num_children; 
wc = c_node->which_child; 
c_node->paxent = NULL; 
if(wc == nc){ 

return; 
} 
else{ 

m_child = Lnode->children[nc]; 
m_child->which_child = wc; 
f_node->children[wc] = m_child; 

} 
} 
/*FDEF*/move_freq_child(FREQJ^ODE *fo_node, 
FREQ-NODE *fii_node,FREQJJODE *c_node)/*FDEFE*/ 
{ 

add_freq_child(fti_node,c_node); 
remove_freq-child(fo_node,c_node); 

} 
/•FDEF*/trade_freq_children(FREQ_NODE *fl-node, 
FREQ-NODE *f2_node, FREQJ^ODE *cl-node, 

FREQ-NODE *c2-node)/*FDEFE=^/ 
{ 

int wcl,wc2; 

if(fl-node->type == END-FNODE 1| f2-node->type == END-FNODE) { 
printfC trying to trade child of end-faodeVn"); 
exit(l); 

} 
wcl = cl-node->which-child; 
wc2 = c2_node->which-child; 
fl_node->children[wcl] = c2-node; 
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f2_node->children[wc2] = cl_node; 
cl_node->pareiit = f2_iiode; 
c2_node->parent = fljiode; 
cl_node->which_cliild = wc2; 
c2_node->which_cIiild = wcl; 

} 
/*FDEF*/print_tree_&iode(FREQ_NODEJPTR Lnode,int depth)/*FDEFE*/ 
{ 

int ij; 

if(Lnode==NULL) return; 
if(depth >10){ 

printfCLnode num children is %d\n'',fjaode->num_children); 
printfCdepth of lOVn"); 
exit(l); 

} 
if(depth==0){ 

printfC\nPRINT TREEVn"); 
} 
printfC %f children %d f_node %d\n'', 

f_node->freq,f_node->num_children,Laode); 
for(i=0;i< f_node->num_children;i++){ 

for(j=0;j<=depth;j++) printfC "); 
print_tree_&iode(Lnode->children[i], (depth+1)); 

} 

} 
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G.3 Cluster Counting 

In the JGT model simulations the growth of the solid can be defined as the material 

that is added on the solid side of the solid-liquid interface excluding the atoms at 

the solid-liquid interface. In this definition, solid atoms on the liquid side of the 

interface are not counted in the solid grown, while liquid atoms on the solid side 

of the solid-liquid interface are counted. It is therefore not possible to determine 

the amount of solid grown by counting the number of solid atoms. The general 

procedure used in the Isim program for coimting the atoms in the solid is described 

in this section. Then the method for assigning atoms to clusters will be described. 

This procedure can be directly applied to simulations of nucleation and growth of 

crystais. Finally C-code for marking and counting clusters is included. 

G.3.1 Solid phase coimting procedure 

In the Isim program when measurements of growth are to be performed, all of the 

atoms are assigned a 'clusters' to which they belong. A solid atom belongs to the 

same cluster as any solid atom nearest neighbor. Similarly, a liquid atom belongs 

to the same cluster as any nearest neighbor liquid atom. A list of clusters and their 

sizes is built up, making note of the largest cluster of liquid and the largest cluster 

of solid. An atom from the largest cluster of solid is chosen, and the lattice is filled 

in starting &om that atom using the largest liquid cluster as a boundary. All of the 

atoms in the filled in region, except the surface atoms that touch the largest cluster 
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of liquid, are counted as being in the solid. 

G.3.2 Cluster maxkmg and filling procedure 

The method by which atoms are marked with cluster numbers is based on the 

'fiir procedure from computer graphics. The neighboring positions are the nearest 

neighbors of the lattice. The routine in Lsim uses extra data fields for the lattice, 

as opposed to recursive function calls, for greater computational speed. The idea 

of a mark routine is when a site is entered, maxk the site, then consecutively enter 

the children sites that are not marked and are of the appropriate type. After all the 

children are visited, the parent site is reentered. Each site must know what children 

it has not tried to enter, and its parent site. 

Identifying clusters is slightly different from filling in a cluster. The definition of 

solid grown requires that liquid clusters on the solid side of the interface be included 

in the solid. The same function for filling a region can be used, but with different 

test conditions. An atom is in the same group as long as it does not belong to the 

biggest liquid cluster. 

G.3.3 Cluster code 

Included here is some pieces of C-code from the Isim program for marking and filling 

clusters. The function find_alLparticles() has been included to illustrates the use of 

some of the functions. 
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val = niin<Lparticle(i^uin^attice,SOLID,thermo); 

Veil = filLparticIe(interior,part_liq,lattice,SOLID,thenno); 

typedef struct b Jattice { 
char ident; 
char neighbor; 
chax parent; 
chax use; 
int mark; 
int tJattice; 
char num_type[4]; 
EVENT *event; 

} LATTICE, *LATTICE_PTR; 

/*FDEF*/nfind_particle( int atom, int particle, 
LATTICE-PTR lattice,int type_nucl,THERMO_PTR thermo)/*FDEFE*/ 
{ 

nuc_type = type_nucl; 

retura(fiILregion(lattice,thermo,atom,particle, 
test_u_atom,test_t_atom,mark_atom )); 

} 
/*FDEF*/filLpaxticle( int atom, int particle, 
LATTICE-PTR lattice,int type_nucl,THERMO_PTR thermo)/*FDEFE=^/ 
{ 

nuc-type = type_nucl; 

retum(fill_region(lattice,thermo,atom,particle, 
test_fu_atom,test-ft_atom,markXatom )); 

} 

/•FDEF*/fill_region(LATTICE_PTR lattice, 
THERMO_PTR thermo,int atom,int particle, 

int (*test_use_atom)(LATTICE-PTR 1, int a, int b), 
int (*test_type_atom)(LATTICEJPTR l,THERMO_PTR thermo,int a,int b), 
int (*mark-atom)(LATTICE_PTR l,int a ,int b) ) /*FDEFE*/ 
{ 



int tryjnark; 
int spot,n_atom,n_type; 
int c^tom; 
int tatoins=0; 

if(!(*test_type_atoin)(Iattice,thermo,atom,particle)) retum(O); 
if( (*test_use_atom) (lattice,atom,0) )retum(0); 

c_atom = atom; 
tryjnaxk = -atom-2; 
lattice[c_atom].parent = MAX_NBS +1; 
lattice[c_atom] .neighbor =0; 
(*mark_atom) (lattice,c^tom,particle); 
tatoms =1; 
for(; lattice[atom].neighbor < thermo->num_neighbors;){ 

/* if used all neighbors go to parent */ 
if(lattice[c^tom].neighbor >= thermo->numjQeighbors){ 

c-atom = nb_atom(c_atom,lattice[c_atom].parent); 
continue; 

} 

/* go to next neighbor */ 
if(lattice[c^tom].neighbor != Iattice[c_atom].parent){ 

spot = Iattice[c-atom] .neighbor; 
n-atom = nb-atom(c-atom,spot); 

} 
else{ 

lattice[c_atom] .neighbor++; 
continue; 

} 
lattice[c_atom] .neighbor++; 

/* if tried or used go back to parent */ 
if((*test_use_atom)(lattice,njitom,try_mark))continue; 

lattice[n_atom] .parent = 
get_nbJndex(n_atom,c-atom,thermo->num-neighbors); 

(*mark_atom) (lattice,n-atom, try-mark); 

/* if not right type goto parent */ 
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if(!(*test_type_atom)(lattice,thermo,iua,tom,paxticle)) 
continue; 

(*mark_atom) (lattice,n_atom,particle); 
tatoms+H-; 

lattice[n-atom].neighbor = 0; 
c-atom = n-atom; 

} 
retum( tatoms); 

} 
/*FDEF*/test_u_atom(LATTICE_PTR lattice,int atoin,int maxk)/*FDEFE*/ 
{ 

if(lattice[atom].mark >= 0 || Iattice[atom].mark == mark) retum(l); 
retum(O); 

} 
static int cur_liq_part; 
/*FDEF*/set_Iiq_part(int part)/*FDEFE*/ 
{ 

cur_Iiq_part = part; 

} 
/*FDEF*/test_fu_atom(LATTICE_PTR Iattice,int atom,int mark)/*FDEFE*/ 
{ 

extern int partJiq; 
if(lattice[atom].use & 0x2 ) retum(l); 
if(lattice[atom].mark == curJiq^iart) retum(l); 
retum(O); 

} 
r 

These functions test if atom of appropriate type 

/ 
/*FDEF*/test_t.atom(LATTICE-PTR lattice, 
THERMO_PTR thermo,int atom,int particle)/*FDEFE*/ 
{ 

int total; 
int i; 

if(PHASE_TYPE(lattice[atom].ident) != nuc_type) retum(O); 
retum(l); 

} 
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/*FDEF*/test_ft_atom(LATTICE_PTR lattice, 
THERMO_PTR thermo,int atom,int particle)/*FDEFE*/ 
{ 

int total; 
int i; 

if(lattice[atom].mark == particle) retum(O); 
retiim(l); 

} 

r 
These functions mark atom as tested 

/ 
/*FDEF*/mark_atom(LATTICE-PTR lattice,int atom,int mark)/*FDEFE*/ 
{ 

Iattice[atom].mark= mark; 
} 
/*FDEF*/maxk_Latom(LATTICE_PTR Iattice,int atom,int mark)/*FDEFE*/ 
{ 

lattice[atom].use |= 0x2; 
} 
/*FDEF*/find_alLparticles(char *f_name,LATTICE_PTR lattice, 
int tjrpe-nucl, THERMO_PTR thermo)/*FDEFE*/ 
{ 

int i,num=0,val,max=0; 
int part_num,type; 
static PARTICLE_PTR particle; 
int atoms; 
int max_radius=-l; 
int *nimiber_rad; 
FILE *fp; 
char Lnum_name[128]; 
static time=0; 

time++; 
sprintf(f jium .name," %s%d" ,Lname,time); 
init_search(lattice); 
for(i=0;i<volume;i++) { 

val = nfind_particle(i,num,lattice, type_nucl,thermo); 
if(val>0){ 

num+4-; 

if(val > max) max = val; 
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} 
} 
if(num>0) particle = calloc(num,sizeof(PAKriCLE)); 
for(i=0;i<volume;i++) { 

if( (partjauin=Iattice[i].mark) >=0){ 
type = (int) lattice[i].ident; 
particle|part_nuni] .numJcind[t5rpe]++; 
particle[part_niim] .total+4-; 

} 
} 
for(i=0;i<num;i+-|-) { 

atoms = particle[i]. total; 
particlep] .radius = sqrt((double)atoms/3.1415926535); 
particle[i].ceiLradius = (int)ceil(particle[i].radius); 
if(particle[i].ceiLradius > max_radius) 

max_radius = particlep] .ceiLradius; 
} 
if(nuin>0){ 

nuniber_rad = calloc(max_radius+l,sizeof(int)); 
fp = fopen(Lnuin_name,"w''); 

} 
for(i=0;i< aum;i++) number_rad[particle[i].ceiLradius]++; 
for(i=l;i<= max_radius;i++)^rintf(^,''%d %d\a'',i, nuinber_rad[i]); 

if(nuin>0){ 
free(particle); 
free(number-rad); 

} 
fclose(fy); 
retum(nTim); 

} 
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