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ABSTRACT 

This dissertation deals with two optical methods for 

data processing. 

The first method works with incoherent light. It is 

based on optical analog methods developed by Bromley in 197^ 

for performing the operations of correlation and convolution. 

This method yields the product of a two-dimensional matrix 

operator on a one-dimensional input column vector. The ele

ments of the input column vector are represented by a time 

sequence of an intensity-modulated incoherent light beam. 

The two-dimensional matrix operator is represented by a 

transmission mask. Several optical transforms are performed 

by use of this method. The case of the discrete cosine 

transform is investigated experimentally to confirm the the

oretical calculations. 

The second method works with coherent light. The 

processing is performed by spatial frequency filters. The 

approach parallels that of Marathay, who in 1969 laid the 

theoretical foundation for the realization of real bipolar 

and complex spatial filters for two-channel coherent optical 

processing using the polarization discrimination properties 

of Vectograph film. The technique of Marathay is an alter

native to the Vander Lugt and Lohmann techniques of record

ing complex spatial filters on conventional recording media 

x 



such as photographic film. Implementation of this approach 

in active (real time) optical processing requires selection 

of a suitable recording medium. A photodichroic crystal was 

chosen because it has the feature that information can be 

recorded with light of one wavelength and nondestructively 

read out with light of a longer wavelength. In addition, 

such crystals can be recycled through many write, read, and 

erase operations, making them ideally suited as an active 

optical processing medium. As suggested by Schneider in 

1967, the basis for the storage of information is the orien

tation of the anisotropic color centers within these crys

tals. Investigation of the interaction of the write light 

with the photodichroic crystal revealed how the transmission 

characteristics of the crystal are affected by the state of 

polarization and exposure time. The interaction of the non

destruct read light was also investigated. The real bipolar 

and complex spatial filters were synthesized by using the 

photodichroic crystal. This investigation shows that a sin

gle photodichroic crystal between crossed linear polarizers 

can be used to record real bipolar filter information. Sim

ilarly, two photodichroic crystals combined with a quarter-

wave plate could be used between crossed linear polarizers 

for the synthesis of a complex filter. 



CHAPTER 1 

OPTICAL INFORMATION PROCESSING 

The power of optical analog information processing 

and computing is attributed to the fact that optical systems, 

by their very nature, are capable of processing information 

in parallel at very high rates, usually with only moderate 

accuracy but with relatively few components. By comparison, 

electronic digital processing systems offer high precision, 

but at the expense of complex-sophisticated components that 

are intrinsically serial in nature. Optical processing sys

tems are usually subdivided into two main categories: coher

ent and incoherent. Coherent optical systems use coherent 

light for purposes of information processing. These systems 

are linear in amplitude and are capable of manipulating both 

the amplitude and phase of the light disturbance. Incoherent 

optical processing systems, on the other hand, utilize inco

herent light and are linear in intensity. A considerable 

amount of work has been performed in the general field of op

tical information processing, the number of published arti

cles describing this work being too numerous to mention. In 

this brief introduction, we will touch upon just some of the 

highlights of optical information processing, primarily for 

the purpose of establishing a common ground between this 

1 
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general area of endeavor and the work to be reported In this 

dissertation. 

Coherent Optical Processing 

Much of the past work in the area of coherent opti

cal processing has been performed since the development of 

the laser, currently a convenient source of highly intense 

coherent radiation. However, the pioneering work in this 

area was performed before the advent of the laser with the 

use of conventional light sources, such as the mercury arc, 

and wavelength-selective optical filters. Coherent optical 

processing systems come in a variety of basic configurations, 

depending on the intended use. The traditional coherent 

processing system is depicted in Pig. 1.1. The basic ideas 

of its operation are quite simple. A narrow collimated beam 

of coherent radiation from the laser source (L) passes 

through a beam expander (B) and is recollimated by the lens 

(Li). The resulting collimated beam of light illuminates an 

object transparency located in the input plane (Pi). The ob

ject transparency contains in a two-dimensional format the 

information that is to be processed. The light amplitude 

distribution appearing in the back focal plane (P2) of lens 

L2 is proportional to the two-dimensional Fourier transform 

of the amplitude transmittance of the input object transpar

ency. The actual processing of information is performed in 

plane ?2' this plane is located a second transparency 
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Pig. 1.1. Conventional Coherent Optical 
Processing System. 
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which is capable of modifying the amplitude and phase of the 

resulting Fourier spectrum associated with the input object 

transparency. Plane ?2 is commonly referred to as the spa

tial filtering plane. The final lens (L^) in the system 

performs a Fourier transform of the modified object spectrum 

yielding in the output image plane (P3) the desired processed 

version of the original input object information. 

The real power of coherent optical processing can 

now be seen. The ability of optical lens elements to perform 

two-dimensional Fourier transform operations and the ability 

of optical spatial filters to modify the amplitude and phase 

of light in parallel and at times comparable to the transit 

time of light in the system, namely several nanoseconds, is 

a capability untouched by conventional electronic processing 

systems. In a comparison of analog and digital techniques 

for pattern recognition, Preston (1972a) showed that present 

coherent optical processing systems are superior to the gen

eral purpose computer by at least three orders of magnitude 

in processing performance (bits/second/dollar). 

One area in coherent optical processing where much 

research and effort has been devoted is in the realization 

of optical spatial filters. This is understandable when we 

consider the fact that the spatial filter is perhaps the 

most important optical component in the system since it dic

tates the nature of the processing operation to be performed. 

In order that an optical spatial filter be useful for both 



5 

light amplitude and phase manipulations, it is necessary 

that the filter have a complex-amplitude transmittance. 

Since conventional optical recording media respond only to 

light intensity, a real-positive quantity, the physical real

ization of complex spatial filters is a much involved proc

ess. Three well known techniques for the realization of 

complex spatial filters are worth mentioning. Vander Lugt 

(1964) developed a technique for recording a complex-valued 

spatial frequency function as a real-positive valued func

tion on a spatial carrier frequency. With this technique, a 

complex filter function can thus be represented by an absorp

tion pattern on conventional recording media like photographic 

film. The actual recording of the filter does require the 

use of an interferometer. There are two principal limita

tions of the Vander Lugt technique. First, the recording 

medium required for the synthesis of the filter must have 

high resolution capability to accommodate the high spatial 

frequency content of the reference carrier. Second, the un

compensated output image in the output plane of the proces

sor actually consists of four terms, with the desired fil

tered terms appearing off the axis of the optical processing 

system. A second technique developed by Brown and Lohmann 

(1966) avoids the complications involved in recording a com

plex filter using interferometric techniques and relaxes the 

requirements for the need of a high-resolution recording me

dium. This particular technique involves using a computer 
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guided plotter to initially draw the desired complex filter 

in terms of a real-positive binary array representation. The 

resulting computer plot is then minified and recorded on 

photographic film, yielding the desired complex filter. This 

technique, like the Vander Lugt technique, has the limitation 

that the filtered image appears off axis. A third technique, 

which utilizes the polarization discrimination properties of 

Vectograph film, takes advantage of the two-channel capacity 

inherent in polarized light for separate carriers of infor

mation. This technique was initially employed by Holladay 

and Gallatin (1966) for controlling the sign of a real fil

ter function. Based on a theoretical analysis of the inter

action of polarized light with the Vectograph film, Marathay 

(1969) derived general solutions for the realization of both 

real bipolar and complex spatial filters. This technique has 

the advantage that only one image term appears in the output 

plane of the processor, namely the desired filtered output, 

and that it appears on the axis of the optical processing 

system. 

With the existence of Fourier transform lenses and 

optical spatial filters, mathematical calculations that may 

be performed by coherent optical processing systems fall 

into five basic categories (Preston, 1972b): 

(1) one- and two-dimensional spectrum analysis, 

(2) multichannel spectrum analysis, 

(3) frequency-plane matched filtering, 
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(4) multichannel matched filtering, 

(5) multichannel correlation. 

Because coherent optical processing systems can perform a 

variety of mathematical operations and do so in parallel at 

very high processing rates, one would think that coherent 

processing systems might be more widely used. We have al

ready mentioned that optical processing systems in general 

can only process information with moderate accuracy. This 

can be a drawback for many application areas. Suffice it to 

say, however, that there are a number of application areas 

requiring a vast number of calculations per unit time with 

moderate accuracies where coherent optical processing is a 

natural candidate. A case in point is the University of 

Michigan's Precision Optical Processor (POP) developed prin

cipally for radar signal processing. According to Preston 

(1972b), this particular processor is capable of multiplying 

100 million pairs of 5-bit words and can perform an equal 

number of 5-bit additions each millisecond. This is equiva

lent to a digital processing rate of about 10^ bits per 

second, which is far in excess of what can now be done eco

nomically using purely electronic processing systems. Other 

areas where coherent optical processing offers significant 

advantages are as follows (Preston, 1972a, 1972b): image 

enhancement, pattern recognition, word recognition, finger

print identification, chromosome spread detection, communi

cation processing, earth resources analysis, land-use 



8 

analysis, broadband radar signal processing, sonar signal 

processing, seismology, antenna pattern analysis, and signal 

analysis. A second drawback, which coherent optical process

ing systems have had until only recently, is the lack of a 

good optical recording medium that could be recycled through 

many write-read-erase operations. Such a medium would find 

use in both the input and spatial filtering planes of a co

herent optical processing system. With the availability of 

an economical recyclable optical recording medium, many more 

application areas would open up to coherent optical 

processing. 

Incoherent Optical Processing 

The other class of optical processing systems, which 

utilize the parallel processing capability afforded by opti

cal systems, is those that use incoherent light for process

ing. As previously mentioned, these types of systems are 

linear in light intensity. Incoherent optical processing 

systems are not quite as versatile as coherent optical proc

essing systems principally for two reasons: (1) There are 

no planes in an incoherent optical processing system where 

spatial frequency information is displayed (Preston, 1972b). 

Consequently, the performance of spatial filtering opera

tions, commonplace in coherent systems, is not possible with 

incoherent processing systems. This implies all mathemati

cal operations are performed strictly in the spatial domain. 
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(2) Light intensity is a real-positive quantity. Therefore, 

the realization of real bipolar and complex operations is a 

more complicated and involved process. Nevertheless, inco

herent optical processing systems have been effectively used 

in a number of application areas. For the most part, the 

types of mathematical operations that have been performed us

ing incoherent optical processing systems are those of corre

lation and convolution. The correlation operation has been 

implemented in a variety of different system configurations 

(see for example Talamini and Farnett, 1965; Parks, 1965; 

Chang and McCrickard, 1971; and Bromley, 197*0 • The config

uration of Bromley, depicted in Fig. 1.2, gives an indica

tion of the usefulness of incoherent optical processing sys

tems from the standpoint of simplicity and compactness. This 

particular system was used specifically for correlating a 

one-dimensional temporal input signal with a library of 

stored reference signals simultaneously. The input signal 

to be correlated with the reference library comes in as an 

electrical signal, which in turn intensity-modulates the 

light from a solid-state light-emitting diode (s). The 

light from the diode is collimated by the lens element (li) 

and passes through an optical transparency (m) containing 

the stored library information. Lens element l£ images the 

optical transparency, via a scanning mirror (r), onto the 

face of a two-dimensional integrating detector (d). It is 

at the face of the detector that the cross-correlation 
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• 

Fig. 1.2. Layout Diagram of the Incoherent Optical 
Correlator. 

System parts are as follows: (s) incoherent 
modulatable light source, (li) condensing 
lens, (m) optical transparency, (r) scanning 
mirror, (12) imaging lens, (d) integrating 
detector. 
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functions are computed. One other example demonstrating the 

usefulness of incoherent optical processing concerns the use 

of an incoherent optical analog processor for image process

ing and pattern recognition (Swindell, 1970). Spatial proc

essing is performed using corrective convolution techniques. 

Images degraded by linear image motion, defocus, and blur 

due to atmospheric turbulence have been successfully proc

essed yielding much improved quality images. 

This brief introduction to optical information proc

essing gives some idea as to the usefulness and potential of 

this technology. A great deal of research has been performed 

in this area, yet a great deal of research is still required 

if this technology is to achieve its full potential. 

Overview 

The research reported here concerns the areas of 

both coherent and incoherent optical information processing. 

As previously indicated, work in the area of incoherent 

processing has principally involved the use of two mathemat

ical operations, namely correlation and convolution. Re

ported in Chapter 2 are results of an investigation demon

strating how incoherent optical techniques can be used for 

performing the mathematical operation of matrix-vector mul

tiplication. The rest of the research reported here concerns 

the potential use of the polarization discrimination proper

ties of photodichroic crystals in active two-channel optical 
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processing. These crystals have the feature that information 

can be recorded or erased with light of one wavelength and 

nondestructively read out with light of a different wave

length. A review of past work on these crystals pertinent 

to our investigation with a brief account of ongoing work on 

other recyclable media is given in Chapter 3- A description 

of the interaction of the nondestructive readout light with 

the photodichroic crystal from a matrix operator point of 

view is presented in Chapter 4. In Chapter 5 the matrix op

erator formalism is used for developing synthesis techniques 

on how these crystals can be used to realize real bipolar 

and complex spatial filters for coherent optical processing. 

The approach parallels that of Marathay for the synthesis of 

spatial filters using Yectograph film. The kinetics of the 

write light interaction are considered in Chapter 6. Fi

nally, Chapter 7 discusses the conclusions of the research 

conducted and recommends areas where further research is 

needed. 



CHAPTER 2 

MATRIX-VECTOR MULTIPLICATION USING 

INCOHERENT OPTICAL TECHNIQUES 

Matrix-vector multiplication with coherent optical 

analog methods has been briefly mentioned by Cutrona (1965)-

The use of coherent optical techniques for performing the 

multiplication of two matrices has been extensively studied 

mathematically by Heinz, Artman, and Lee (1970) and experi

mentally verified by Jablonowski, Heinz, and Artman (1972). 

In this chapter the basis for the multiplication of a 

one-dimensional column vector by a two-dimensional matrix 

using incoherent optical techniques (Bocker, 197*0 is pre

sented. Experimental verification of the techniques employed 

was demonstrated with an incoherent optical correlating de

vice previously developed by Bromley (197*0. 

Mathematical Preliminaries 

Our aim is to show that matrix-vector multiplication 

of the form 

N 

Cjjj = ^ amnbn s m = l,2,...,M, (2.1) 
n=l 

can be performed using incoherent optical techniques. The 

elements amn constitute an MxN matrix (A), whereas the ele

ments bn and cm represent an Nxl column vector (B) and an 

13 
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Mxl column vector (C), respectively. A shorthand represen

tation of the matrix-vector multiply operation defined by 

Eq. (2.1), namely 

(C) = (A)(B), (2.2) 

will be employed when convenient. 

An incoherent optical system for performing the 

matrix-vector multiply operation is depicted in Fig. 1.2. 

This is the same system developed by Bromley (197*0 for per

forming multi-one-dimensional cross correlations in parallel. 

The system consists of a modulatable light source (s), a con

densing lens (1]_), an optical transparency (m), a scanning 

mirror (r), an imaging lens (I2)> and an integrating detec

tor (d). A time sequence of electrical pulses, containing 

the vector (B) information, intensity-modulates the light 

source. The condensing lens maximizes the light throughput 

in the system by imaging the light source into the entrance 

pupil of the imaging lens. Directly behind the condensing 

lens is placed the optical transparency that contains the 

matrix (A) information. An image of the optical transparency 

is formed at the detector face by the imaging lens. Between 

the optical transparency and the imaging lens is placed a 

scanning mirror that causes the image of the transparency to 

repetitively translate with a constant velocity across the 

detector face. The output column vector (C) information is 

generated at the integrating detector. 



Imaging Equation 

The fundamental equation of interest is the imaging 

equation that connects the exposure at the detector plane in 

terms of the irradiance of the light field incident on the 

transparency and the intensity transmittance of the optical 

transparency. If the effects of lens aberrations and dif

fraction are neglected, the exposure is given by the follow

ing superposition integral: 

I(t) is the irradiance of the incident light field and 

x(x,y) is the intensity transmittance of the optical trans

parency. The quantity m^ represents the transverse magnifi

cation between the transparency and detector planes. The 

velocity at which the image of the transparency is scanned 

across the detector face is given by v. It is the function 

I(t) that contains the input vector (B) information and the 

function x(x,y) that contains the matrix (A) information. 

As will be shown, the output vector (C) information is con

tained in the function E(x',y'). For simplicity, the dis

cussion is initially limited to the case in which the 

elements of both the vector (B) and matrix (A) are 

real-positive. It therefore follows that the elements of 

the vector (C) are real-positive. 

E < x ' ' y , )  =  ^  
CO 

— CO 

I(t) T( *1, £L + vt ) dt. 
mt mt mt 

(2.3) 



Vector (B) Encoding Scheme 

The vector (B) information is input as an electrical 

time sequence of rectangular pulses. This signal intensity-

modulates the incoherent light source. Ideally, the light 

source and the condensing lens are configured in a manner 

such that the light beam incident on the transparency has a 

uniform irradiance distribution over the beam diameter, 

which varies in time according to 

where N represents the total number of light pulses, b^ the 

height of the kth pulse, At the spacing between adjacent 

pulse centers, T the pulse duration (T < At), and tQ an ar

bitrary time shift. The rectangle functions appearing in 

Eq. (2.4) are defined by 

N 

I(t) = b^ rect[(t - kAt - t0)/T], (2.4) 

k=l 

rect(t) = < 
I 0, 

|t| < 1/2 

11 | > 1/2. 

Figure 2.1 depicts the signal I(t). As is evident from Eq. 

(2.4), the rectangular pulse heights contain the column vec

tor (B) information. 
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Pig. 2.1. Typical Temporal Light Signal I(t) Contain
ing Input Column Vector (B) Information, 
Used to Illuminate the Optical Transparency. 
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Matrix (A) Encoding Scheme 

The matrix (A) information can be encoded on the 

optical transparency in either an analog or a binary form. 

Each of these encoding schemes will be treated separately. 

Analog Encoding. The intensity transmittance of the 

transparency using analog encoding is specified according to 

the equation 

N M 
T(x,y) = ^ ̂  Tmn rect [ (x - mAx - xQ)/Wx] 

n=l m=l 

x rect[(y - nAy - y0)/Wy]. (2.5) 

The transparency contains a total of MN rectangular apertures 

arranged in a rectangular array as depicted in Fig. 2.2. 

There is one-to-one correspondence between each rectangular 

aperture in the array and each element in the matrix (A). 

The linear dimensions of each of the apertures in the array 

are given by Wx and Wy in the x and y directions, respec

tively. The intensity transmittance of the (mth,nth) aper

ture in the array is given by Tmn = Kamn, where K is a 

proportionality constant. The quantities Ax and Ay corre

spond to the spacing between aperture centers (Wx £ Ax, 

Wy < Ay)j and xQ and yQ represent arbitrary spatial shifts. 

If the mathematical expressions for I(t) and r(x,y) 

are substituted into Eq. (2.3) > it can be easily shown that 

the exposure can be written in the form 
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yQ+NAy . W. 

y0+4Ay -

Y0+3̂ Y " 

y0+2Ay -

vn+Ay 

T14 T24 T34 T44 

T13 t23 T33 T43 

T12 T22 T32 t
42 

T11 T21 T31 T41 

xQ+Ax xQ+2Ax xQ+3Ax xQ+4Ax 

•Mr 
x0+MAx 

-*• X 

Fig. 2.2. Variable Transmission Scheme Employed for 
Encoding the Matrix (A) Information on the 
Optical Transparency in Analog Form. 

The intensity transmission of the (mth,nth) 
aperture is given by Tmn = Kamn. 
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M 

E(x',y') = rect[(x '/mt - mAx - xQ)/Wx]. 

(2.6) 
m=l 

The quantities cm(y') are defined by 

N N 

cm(y') 2  Mvm f c
2  X & m n  

k=l 1 n=l 

0 ry " - kvAt - vtQ' 
rect 

+ 
- 
n'y" -| \ 

* rect [ Jdy ) ' 

where the new variable of integration, y", equals vt. We 

will now show that the quantities cm(y')» when evaluated at 

y' = 0, yield a set of coefficients that are linearly propor

tional to the elements of the output vector (C) defined in 

Eq. (2.1). In order to obtain the results of interest, two 

constraints must be imposed. They are 

vAt = m^Ay and vtD = mty0» 

Recall that the signal I(t) is composed of N rectangular 

pulses. This implies that the exposure function E(x',y') is 

nothing more than a superposition of N spatially displaced 

images of the optical transparency. To physically realize 

the matrix-vector multiply operation requires that the rela

tive displacement between adjacent images be equal to the 

quantity m^Ay. This relative displacement is governed by 
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both the velocity v of the moving image and the temporal 

spacing At between adjacent light pulse centers. The first 

constraint, therefore, ensures the correct registration be

tween the N spatially displaced images. 

The second constraint, which relates the temporal 

and spatial shift variables tG and yQ, guarantees the cor

rect over-all vertical positioning of the N images relative 

to the Cartesian coordinate system x',y' located in the de

tector plane. Correct vertical positioning ensures that the 

quantities cm(yf) will yield information about the output 

column vector (C) when evaluated at y' = 0. 

We now evaluate the expression for cm(y') for y' = 0, 

subject to the two constraints: 

N L N 
- kmtAy -mty0l 

cm(°) = bkj^T X amnj <Ject[— vT 
k=l v n=l 

. fy" x rect — 
- nmtAy - mtyp 

mtWy 
d y ( 2 . 7 )  

Each of the integrals appearing in Eq. (2.7) can be evalu

ated in a straightforward manner. Formally, we obtain 

P ry"-kmtAy-mty0-| fy" - nmtAy - mty0 "1 ^ „ 
Lr*"L f J" '•"[——1 a» 

• I 

mtWy 6kn for vT 2. mtWy 
( 2 . 8 )  

vT 6^-n for vT £ m-^Wy, 
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where 6kn is the Kronecker delta function. Either result in 

Eq. (2.8) is acceptable since each is equal to a constant. 

Without loss of generality, we let 

vT = mtWy. (2.9) 

Using Eqs. (2.8) and (2.9), we obtain the following important 

result for cm(0) from Eq. (2.7): 

N 
KT V" 

cm(<-)̂  = 
m̂ _2 2_j amnbn* (2.10) 

n=l 

Aside from the constant factor KT/mt2, Eq. (2.10) is identi

cal to Eq. (2.1). Referring to Eq. (2.6), we see that the 

exposure at y' = 0 contains the output column vector (C) in

formation in terms of a spatial sequence of rectangular pul

ses. M represents the total number of pulses, cm(0) the 

height of the mth pulse, Axm^ the spacing between pulse cen

ters, W-x-m-k the spatial width of each pulse, and xQmt an ar

bitrary spatial shift. Figure 2.3 graphically depicts the 

exposure for y' = 0. 

Binary Encoding. The intensity transmittance of the 

optical transparency using binary encoding is given by 

N M 
V V fx - mAx - x0 | 

t(x,y) = 2 2 reotL 5^ J 
n=l m=l 

X reot[y-n/iy-y°l . (2.11) 
L amn J 
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E(x'.0) 
A 

,(0) 

cm(°) 

c,(0) 

c,(0) 

I I I HiM I 
(x0+Ax)mt (x0+3Ax)mt (xQ+MAxJmt 

(x0+2Ax)mt (x0+4Ax)mt 

Pig. 2.3. Exposure Function E(x',y') at y' = 0 Containing 
the Output Column Vector (C) Information. 
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The transparency now contains a total of MN clear rectangu

lar apertures arranged in a rectangular array as depicted in 

Pig. 2.4. The linear dimensions of the (mth,nth) aperture 

in the array are given by Wx and aran in the x and y direc

tions, respectively. Wx is the same for all apertures, 

whereas amn is equal to the (mth,nth) element of matrix (A). 

The quantities Ax, Ay, x0, and yG retain the same definitions 

as before. Although an analog transparency offers greater 

dynamic range, the use of binary optical transparencies 

avoids many of the problems encountered in fabricating con

tinuous tone analog masks. Binary masks have previously 

been employed in both holographic and coherent optical data 

processing applications (Brown and Lohmann, 1966; Lohmann 

and Paris, 1967 and 1968) and incoherent optical analog im

age processing applications (Swindell, 1970). 

If the mathematical expressions for I(t) from Eq. 

(2.4) and t(x,y) from Eq. (2.11) are substituted into Eq. 

(2.3)j we again obtain the expression for the exposure 

E(x',y') given by Eq. (2.6). For the case of binary encod

ing, the quantities cm(y') are defined by 

- < * ' >  =  i  i  r - f " ™ - * 0 ]  
k=l 1 n=l 00 

x rect 

11 
mt 

y1 
mt 

- nAy - yD 

lmn 
dy" 
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Fig. 2.4. Area Modulation Scheme Employed for Encoding 
the Matrix (A) Information on the Optical 
Transparency in Binary Form. 
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where, as before, y" = vt. Next we evaluate the expression 

for cm(y') for yf = 0, again subject to the two constraints 

previously imposed for the analog encoding scheme. We obtain 

N N 
V  v .  f  i  V  f  ^ r y " - k m t A y - m t y o i  

=m(0) = 2 'k 5? 2 J reotL 7T J 
k=l n=l 

ry" - nmtAy-mty0-| ( 

* reotL J dy /• 
(2.12) 

Each of the integrals appearing in Eq. (2.12) can be evalu

ated in a straightforward manner. The result is 

frectP"-tatiLy—W01 x rectry"-nmtay-mty°l dy" 
La, L vi J L mtamn J 

( amnmt ^kn f°r VT £ amnmt 
= < (2.13) 
' vT 6kn for VT £ amnmt* 

The only case of physical interest occurs when vT > amnmt 

for all m and n. This constraint is intrinsically related 

to the scheme in which the matrix (A) and vector (B) infor

mation has been encoded. Each of the N pulses comprising 

the signal I(t) yields an image of the optical transparency. 

Since each pulse has a finite time duration T, each of the N 

resulting images is degraded by linear image motion. Linear 

image motion degradation plays a key role in the realization 
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of the matrix-vector multiply operation when employing the 

binary encoding scheme. 

Imposing the latest constraint reduces Eq. (2.12) to 

the final desired result, namely 

N 

chi^) = vn% S amnbn * (2.14) 
n=l 

Again, as before, aside from the constant multiplicative 

constant l/vm-^, Eq. (2.14) is identical to Eq. (2.1). 

Complex Matrix (A) 

With only minor additions to previously described 

encoding techniques, the incoherent electro-optical device 

for performing matrix-vector multiplication between a 

real-positive matrix (A) and a real-positive vector (B) can 

be applied equally well to the case in which (A) is complex. 

In this section, the technique used for encoding the complex 

matrix (A) information on an optical transparency is 

presented. 

Any arbitrary complex matrix (A) can be decomposed 

into a linear combination of four real-positive matrices. 

Formally, we can write 

(A) = (A)rp - (A)rn + j(A)lp - j(A)ln# (2.15) 

where j is equal to /-l. The matrices (A)rp, (A)rn, 
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(A)^p, and (A)ln contain the real-positive, real-negative, 

imaginary-positive, and imaginary-negative information, re

spectively, about the complex matrix (A). The information 

associated with each of these real-positive matrices can be 

encoded by means of either the analog or binary schemes pre

viously described onto one optical transparency containing 

four distinct masks arranged side by side in a linear array. 

Each of the four masks in the array is uniquely associated 

with one of the four real-positive matrices appearing in Eq. 

(2.15). The result is a single optical transparency contain 

ing the complex matrix (A) information. 

Inserting this transparency into the incoherent op

tical device gives rise to four real-positive serial outputs 

The relationship among the four serial outputs, the input 

(B), and the four real-positive matrices associated with (A) 

is given by the following set of equations, in which the 

outputs are denoted by (C)rp, (C)rn, (C)^p, and (C)in: 

(c)rp - (A)rp(B) 

(C)rn = (A)rn(B) 

(Oip = (A)lp(B) 

(C)ln = (A)ln(B). 

The complex vector output (C) can be constructed from these 

real-positive outputs with the equation 

(C) = (C)rp - (C)rn * J(C)ip — j(C)in* (2.17) 
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Linear Transformations 

The multiplication of a vector by a matrix repre

sents a class of mathematical operations generally referred 

to as one-dimensional discrete linear transformations. The 

type of transformation to be performed is dictated solely 

by the matrix (A). This implies the incoherent optical de

vice previously described has the potential for performing a 

wide variety of linear transformations. Simply changing the 

optical transparency in the device converts it from one type 

of transformer to another. The device, therefore, has pro

gramming capability. In this section we give several exam

ples of various transformations that have been implemented 

using the incoherent optical techniques previously described. 

Also briefly described is the ability of the incoherent op

tical device for performing a variety of different linear 

filtering operations. 

The Discrete Fourier Transform 

The Fourier transform is one of the most powerful 

and widely used linear transformations employed in informa

tion processing today. The discrete version of this trans

form is of the form 

N 

Cjjj — &mn̂ n> m— 1,2,. . . ,N, (2.18) 
n=l 

where the elements amn constitute a square NxN complex 
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matrix (A). The values of these elements are specified by 

amn = exp(-j2Trfmn) (2.19) 

where 

fmn = (m - N/2)(n - N/2)/N. (2.20) 

The elements bn represent sampled values of the function to 

be transformed and the elements cm are the resulting Fourier 

coefficients. Suffice it to say much time and effort has 

been devoted toward the development of special purpose algo

rithms for reducing the time required to compute this trans

formation when using strictly serial electronic devices. A 

case in point is the Cooley-Tukey algorithm (Cooley and Tukey, 

1965). This particular algorithm reduces the total number 

of operations from N2 to 2N log2N, where an operation is de

fined as a complex multiplication followed by a complex addi

tion. Since the incoherent optical device offers parallel 

processing capability, there is no real need for special pur

pose algorithms. The discrete version of the transform may 

thus be implemented directly. 

The complex coefficients amn may be alternatively 

written in the form 

amn = cos(2irfmn) - j sin(2irfmn). (2.20) 

The real quantities cos(2irfmn) are nothing more than the el

ements of a square NxN matrix describing a discrete cosine 



transform. Similarly, the real quantities sin(2iTfmn) are 

the elements associated with a discrete sine transform. To

gether the sine and cosine transforms are equivalent to the 

Fourier transform. Figures 2.5 and 2.6 are photographs of 

the optical transparencies used to compute 32-point discrete 

cosine and sine transforms, respectively, using the binary 

encoding scheme. We note that each of the optical transpar

encies associated with the discrete cosine and discrete sine 

transform is actually made up of two optical masks, one con

taining the positive matrix element information and the 

other containing the negative matrix element information. 

Therefore, a total of four optical masks are required for 

the discrete Fourier transform operation. 

The Hadamard Transform 

Another important example of a discrete linear trans 

formation is the Hadamard transform (Andrews, 1970, and Har-

muth, 1972). The Hadamard matrix (A) associated with this 

transformation is a square N*N matrix in which all of its 

elements take on the values of either \ or -1. The fact 

that the elements of the matrix (A) this transform take 

on only the values of +1 and -1 implies that the actual 

transform operation involves only additions and subtractions 

This in itself can offer real time savings in processing 

performance if, for example, the transform operation is im

plemented using digital technology. The Hadamard transform 



. 2.5- Photograph of the Optical Transparency Used 
to Compute a 32-Point Discrete Cosine Trans
form Using Binary Encoding. 

Mask A contains the positive matrix element 
information, and mask B contains the nega
tive matrix element information. 
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Pig. 2.6. Photograph of the Optical Transparency Used 
to Compute a 32-Point Discrete Sine Trans
form Using Binary Encoding. 

Mask A contains the positive matrix element 
information, and mask B contains the nega
tive matrix element information. 
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is of current interest in the area of communications, partic

ularly in the area of bandwidth compression of image and 

voice data. 

One particular set of symmetric Hadamard matrices 

that has been given much attention is the Walsh-Hadamard ma

trices. These matrices have the property 

and 

(A) = (AT) 

(A)(A) = N (I), 

(2.21) 

( 2 . 2 2 )  

where (AT) is the transpose of (A) and (I) is the unit ma

trix of order N. A Walsh-Hadamard matrix of order N is 

formed by the direct products of the second-order 

Walsh-Hadamard matrix (H2) with itself. That is, 

(A) = (H2^) © (H2(2)) ® ... ® (H2(P>) (2.23) 

where 

(H2<r>) = 
1 1 

1 -1 
for r = 1,2,. . . ,p 

and 

N = 2P. (2.25) 

The symbol © denotes the Kronecker or direct product. 

The coefficients amn of the Walsh-Hadamard matrix 

(A), in natural form, are specified by 

amn = (2.26) 
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where 
P 

p(k,l) = ^ kil± (2.27) 
i=l 

The terms kj_ and lj_ are the binary representations of the 

quantities k and 1, respectively. For example, 

(^decimal ^pkp-l ••• k2ki^binary5 (2.28) 

where kj, is 0 or 1. The coefficients amn of the 

Walsh-Hadamard matrix (A), in ordered form, are given by 

amn (-1)q(m_15 n-1)t (2.29) 

where 

and 

P 

q(k,1) = fi(k) 1± (2.30) 

i=l 

f1(k) = kp 

f2(k) = kp + kp-1 

f3(k) = kp_x + kp_2 

fp(k) = k2 + kx. (2.31) 

Figure 2.7 is a photograph of an optical transparency used 

to compute a 32-point Walsh-Hadamard transform in ordered 

form. 
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Fig. 2.7- Photograph of the Optical Transparency Used to 
Compute a 32-Point Walsh-Hadamard Transform 
in the Ordered Form Using Binary Encoding. 

Mask A contains the +1 information, and mask B 
contains the -1 information. 
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The input coefficients bn represent sampled values 

of the function that is to be Walsh-Hadamard transformed. 

The output coefficients cm represent a measure of the corre

lation between the input vector (B) and a discrete two-valued 

rectangular function defined by the mth row of the matrix. 

The functions formed by the rows, or equivalently columns, 

of the Walsh-Hadamard matrix of order N are the set of Walsh 

functions of period N. These N Walsh functions form a com

plete orthogonal set. Currently the Walsh functions are the 

most important class of nonsinusoidal functions employed in 

communications theory and information processing. 

Linear Filtering Operations 

Linear filtering operations represent a class of 

mathematical operations of utmost importance in signal proc

essing. The discrete version of these operations can be rep

resented in terms of a matrix times a vector, namely 

(C) = (A)(B). (2.32) 

The elements of the vector (B) are the sampled values of the 

signal, usually temporal in nature, that is to be processed. 

The vector (C) corresponds to the processed version of (B). 

The processing operation of interest is specified by the ma

trix (A), which for the case of linear filtering operations 

can be represented in the form 
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(A) = (T-1)(H)(T). (2.33) 

The domain in which the linear filtering operation is to be 

performed is defined by the square matrix (T). The square 

matrix (T_1) corresponds to the inverse of (T). The partic

ular type of linear filtering operation to be performed is 

dictated by the matrix (H). This matrix is a square diagonal 

matrix that manipulates the spectral representation of (B), 

namely (T)(B). The vector (H)(T)(B) thus corresponds to the 

processed spectral representation of (B). The matrix (T-1) 

transforms the vector (H)(T)(B) back into the domain of (B), 

yielding the desired processed version of (B) defined as (C). 

To be more specific, let's consider, for example, 

linear filtering operations in the Fourier frequency domain. 

The elements of the processing matrix (A) are specified by 

N N 
amn = ^ ̂  ̂nip 1 ^pq ^qn* (2.3*0 

p=l q=l 

where 

tqn - exp[-J2'(" - %2)(n - N/2)] (2.35) 

and 

tmp- . (2.36) 

are the elements of (T) and (T""1^ respectively. Since (H) 

is a square diagonal matrix, then its elements must satisfy 
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hpq " hP 6pq- (2.37) 

Substituting Eqs. (2.35) through (2.37) into Eq. (2.34) gives 

the following general expression for the matrix elements amn: 

amn = | (-Dn'm I hp exp[-J^P<n-m)] . (2.38) 

P = 1 

This expression covers a broad class of linear filtering op

erations in the Fourier frequency domain. High-pass, 

low-pass, and band-pass filtering are typical of the various 

types of filtering operations. 

As a specific example, let's consider the case of 

low-pass filtering when the filter window is centered about 

the zeroth frequency. For this case, the diagonal elements 

of the matrix (H) are given by 

where L is an odd integer. Substituting these values of hp 

into Eq. (2.38) yields, after algebraic manipulation, 

1 for (1/2)(N-L + 1) < p < (1/2) (N + L - 1) 

0 otherwise (2.39) 

amn 
(L/N) 

for m / n 

for m = n. 

(2.40) 
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For this example the elements of the processing matrix (A) 

are real. Figure 2.8 is a photograph of an optical transpar

ency used for performing low-pass filtering operations when 

N = 32 and L = 7 using the binary encoding scheme. 

Experimental Results 

The multiplication of a vector by a matrix using the 

incoherent optical techniques previously described was dem

onstrated experimentally. An incoherent optical correlating 

device, previously developed (Bromley, 197*0 j whose layout 

diagram is the same as that shown in Fig. 1.2, was used. The 

light source is a Monsanto MV4 light-emitting diode with a 

peak output of about 1 mW centered at 670 nm. The optical 

transparency is a 35-mm slide made from Kodak high-contrast 

Kodalith film. A 1.25-cm-diameter mirror is mounted on a 

General Scanning, Inc., galvanometer, model G-108. The im

aging lens is a Schneider Componon 50-mm f/4 that is posi

tioned to image the transparency onto the face of a standard 

525-line closed-circuit television vidicon with a minifica-

tion of 4:1 between object transparency and image. Driving 

the mirror-galvanometer system with a sawtooth electrical 

waveform results in a repetitive linear translation of the 

image across the vidicon face. 

The particular matrix-vector multiply operation dem

onstrated was that of a discrete cosine transform. Four 

different experiments were performed with the discrete cosine 
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Fig. 2.8. Photograph of the Optical Transparency Used 
to Perform Low-Pass Filtering Operations 
When N = 32 and L = 7« 

Mask A contains the positive matrix element 
information, and mask B contains the nega
tive matrix element information. 
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transform mask depicted in Fig. 2.5. Both the 35-mm optical 

transparency used in the optical device and the photograph 

of Fig. 2.5 are negative reproductions of a pen-and-ink plot 

made using a Hewlett-Packard 9820 desk calculator and 9862A 

peripheral pen-and-ink plotter. For these experiments, the 

input signals and optical transparency were designed so that 

the temporal pulse duration T was equal to the pulse spacing 

At, the aperture width W was equal to the horizontal aper

ture spacing Ax, and the maximum value of the quantities amn 

was equal to the vertical aperture spacing Ay. 

Table 2.1 gives the elements bn of the column vectors 

associated with each of four different inputs. Figure 2.9 

shows the corresponding theoretically predicted outputs. In 

each group of this figure, the first line represents the in

put column vector (B) information presented as a sequence of 

32 rectangular pulses. The two curves in the second line of 

each group correspond to theoretically predicted curves of 

the exposure E(x',yr) evaluated at y' = 0. The third line 

of each group corresponds to the cosine transform of the as

sociated input. The cosine transform curve is obtained by 

subtracting the negative output curve from the positive out

put curve. Because W is equal to Ax, the spacing between 

adjacent spatial pulses making up the outputs is zero. Thus 

the outputs appear to be continuous curves rather than dis

crete sets of pulses. Figure 2.10 shows experimental curves 

associated with the theoretical curves of the second line in 
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groups A, B, C, and D of Pig. 2.9. These curves correspond 

to actual cathode ray tube traces of the one line of vidicon 

associated with y' = 0 recorded on Polaroid film. 

Table 2.1. Vector Elements bn for Pour Different Inputs. 

n A B c D n A B c D 

1 0 0 0 0 17 1 0 0 0.8 

2 0 0 0 0 18 1 1 0 0.6 

3 0 0 0 0 19 0 1 0 0.4 

0 0 0 0 20 0 1 0 0.2 

5 0 0 0 0 21 0 0 1 0 

6 0 0 0 0 22 0 0 1 0 

7 0 0 0 0 23 0 0 1 0 

8 0 0 0 0 24 0 0 0 0 

9 0 0 1 0 25 0 0 0 0 

10 0 0 1 0 26 0 0 0 0 

11 0 0 1 0 27 0 0 0 0 

12 0 1 0 0.2 28 0 0 0 0 

13 0 1 0 0.4 29 0 0 0 0 

14 1 1 0 0.6 30 0 0 0 0 

15 1 0 0 0.8 31 0 0 0 0 

16 1 0 0 1 32 0 0 0 0 
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Pig. 2.9. Theoretically Predicted Output Curves Con
taining the Column Vector (C) Information 
for Various Inputs. 



Pig. 2.10. Experimental Results. 

Curves A, B, C, and D are experimental outputs 
corresponding to the theoretically predicted 
curves in the second line of Fig. 2.9A, B, C, 
and D, respectively. 
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A set of correlation coefficients was computed to 

determine how well the experimental results agreed with the

oretical predictions. The correlation coefficient C associ

ated with two sets of data {xm} and {ym}3 as defined by 

Parratt (1961), is given by 

M 

^ (xm-x)(ym-y) 

m=l 
M 

2 (xm ~ x)2 
m=l 

- M 

^ (ym-y) 
Lm=l 

(2.41) 

where 

x = 
M 

• I I M Z, Xm 
m=l 

M 

M I Yl" 
m=l 

y = 

(2.42) 

The quantities xm, for example, would correspond to theoret

ical predicted values of the output, whereas the quantities 

ym would correspond to experimentally measured values 01 the 

output. A correlation coefficient was determined for each 

of the outputs associated with the four different inputs. 

Listed in Tables 2.2 and 2.3, respectively, are the theoret

ical and experimental values of the eight sets of outputs 

associated with the four different input vectors. The 
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Table 2.2. Theoretical Predicted Positive and Negative Con
tributions of the Cosine Transform for the Four 
Different Inputs. 

n A B C D 

1 2 .85 1 .96 3 .26 1 .66 0 .77 1 .50 2 .39 2 .23 

2  2 .41 1 .85 1 .41 0 .77 2 .61 1 .41 1 .85 1 .78 

3  1 .77 1 .66 1 .16 1 .41 3 .07 1 .85 1 .62 1 .61 

4  1 .00 1 .41 1 .41 2 .00 1 .41 1 .41 1 .57 1 .53 

5  1 .00 1 .88 1 .96 2 .18 1 .85 2 .05 1 .78 1 .63 

6  1 .00 2 .18 1 .85 1 .41 2 .18 1 .85 1 .74 1 .46 

7  1 .00  2 .24 2 .53 1 .85 1 .96 2 .43 1 .73 1 .42 

8  1 .00  2 .00 2 .00 2 .00 0 .00 2 .00 1 .40 1 .20 

9  1 .39 1 .85 1 .41  2 .96 1 .66  2 .73 1 .59 1 .55 

10 1 .77 1 .41 0 .00 3 .26 3 .26 0 .77 1 .61 1 .59 

11 2 .11 0 .77 0 .00 4 .14 3 .90 0 .00 1 .89 1 .53 

12 2 .41 0 .00 0 .00 3 .41 1 .41 1 .41 2 .13 0 .97 

13 3 .43 0 .00 0 .77 1 .80 0 .00 4 .92 2 .79 0 .44 

14 4 .26 0 .00 2 .18 0 .00 0 .00 4 .03 3 .63 0 .00 

15 4 .81 0 .00 4 .92 0 .00 2 .27 0 .00 4 .63 0 .00 

16 5 .00 0 .00 6 .00 0 .00 6 .00 0 .00 5 .00 0 .00 

17 4 .81 0 .00 4 .92 0 .00 2 .27 0 .00 4 .63 0 .00 

18 4 .26 0 .00 2 ,18 0 .00 0 .00 4 .03 3 .63 0 .00 

19 3 .43 0 .00 0 .77 1 .80 0 .00 4 .92 2 .79 0 .44 

20 2 .41 0 .00 0 .00 3 .41 1 .41 1 .41 2 .13 0 .97 

21 2 .11 0 .77 0 .00 4 .14 3 .90 0 .00 1 .89 1 .53 

22 1 .77 1 .41 0 .00 3 .26 3 .26 0 .77 1 .61 1 .59 

23 1 .39 1 .85 1 .41 2 .96 1 .66 2 .73 1 .59 1 .55 

24 1  .00  2 .00 2 .00 2 .00 0 .00 2 .00 1 .40 1 .20 

25 1 .00 2 .24 2 .53 1 .85 1 .96 2 .43 1 .73 1 .42 

26 1 .00 2 .18 1 .85 1 .41 2 .18 1 .85 1 .74 1 .46 

27 1 .00 1 .88 1 .96 2 .18 1 .85 2 .05 1 .78 1 .63 

28 1 .00 1 .41 1 .41 2 .00 T.41 1 .41 1 .57 1 .53 

29 1 .77 1 .66 1 .16 1 .41 3 .07 1 .85 1 .62 1 .61 

30 2 .41 1 .85 1 .41 0 .77 2 .61 1 .41 1 .85 1 .78 

31 2 .85 1 .96 3 .26 1 .66 0 .77 1 .50 2 .39 2 .23 

32 3 .00 2 .00 4 .00 2 .00 2 .00 4 .00 2 .60 2 .40 
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2.3. Experimentally Measured Positive and Negative 
Contributions of the Cosine Transform for the 
Pour Different Inputs (Arbitrary Units). 

A B C D 

4.75 3 .25 4 .50 3 .00 3 .50 3 .00 5 .25 4 .25 

4 .50 3 .00 3 .00 2 .25 5 .25 3 .00 4 .50 3 .50 

3 .50 3 .00 3 .50 3 .25 5 .75 4 .00 4 .50 3 .50 

2 .75 3 .50 4 .00 3 .75 3 .75 3 .25 4 .50 3 .75 

2 .75 4 .00 4 .75 4 .00 4 .50 4 .25 4 .50 4 .00 

2 .75 4 .00 4 .75 3 .00 5 .00 3 .75 4 .50 4 .00 

2 .75 3 .50 5 .00 3 .50 4 .75 4 .25 4 .25 3 .50 

2 .75 3 .25 3 .75 3 .75 1 .75 4 .00 3 .75 3 .75 

3 .25 2 .75 2 .75 5 .25 4 .75 4 .75 4 .25 4 .00 

3 .75 2 .00 0 .50 6 .25 6 .25 1 .50 4 .50 3 .75 

4 .50 0 .25 0 .25 7 .00 7 .25 0 .50 4 .75 3 .00 

4 .75 0 .00 0 .75 6 .25 4 .75 2 .75 5 .25 1 .50 

5 .75 0 .00 2 .75 4 .00 0 .75 7 .75 6 .25 0 .50 

6 .75 0 .00 5 .50 0 .25 0 .75 7 .00 7 .25 0 .00 

7 .25 0 .00 8 .00 0 .00 5 .25 0 .00 8 .50 0 .00 

7 .50 0 .00 9 .00 0 .00 8 .50 0 .00 9 .00 0 .00 

7 .25 0 .00 8 .25 0 .00 5 .00 0 .25 8 .50 0 .00 

7 .25 0 .00 4 .75 0 .00 0 .75 6 .75 7 .75 0 .25 

6 .50 0 .00 1 .75 2 .50 0 .75 7 .25 6 .75 1 .25 

5 .50 0 .00 0 .75 5 .00 4 .50 2 .25 5 .25 2 .25 

4 .75 0 .25 0 .50 6 .75 7 .25 0 .25 4 .75 3 .25 

4 .00 2 .50 0 .75 6 .50 6 .00 1 .50 4 .50 3 .75 

3 .50 2 .75 3 .50 5 .50 4 .75 4 .50 4 .25 3 .25 

3 .00 3 .00 4 .00 4 .00 1 .75 3 .50 4 .00 3 .00 

2 .75 3 .25 5 .00 3 .00 4 .25 3 .50 4 .25 3 .25 

2 .75 3 .50 4 .50 3 .00 5 .00 3 .00 4 .50 3 .25 

2 .75 4 .00 4 .50 3 .00 4 .25 3 .50 4 .50 3 .25 

2 .75 3 .25 3 .75 3 .75 3 .75 2 .50 4 .50 3 .00 

3 .50 3 .00 3 .50 3 .00 5 .50 3 .00 4 .50 3 .00 

4 .25 3 .00 3 .50 2 .50 4 .50 3 .00 5 .00 3 .25 

4 .75 3 .25 5 .00 2 .25 2 .75 2 .75 5 .50 4 .00 

4 .75 3 .50 5 .75 4 .00 4 .00 4 .75 5 .50 4 .50 
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theoretical values were obtained using a discrete Fourier 

transform computer program. These same values were used to 

generate the output curves in Fig. 2.9. The experimental 

values listed were obtained from the cathode ray tube traces 

of Fig. 2.10 with a low-power scanning microscope. The cor

relation coefficients calculated are listed in Table 2.4. 

The average value of the set of correlation coefficients de

termined was found to be 0.967. 

Table 2.4. Correlation Coefficients. 

A B C D 

.980 .970 .955 .968 .951 .971 .987 .950 

The agreement between theory and experiment is quite 

good, implying that incoherent optical techniques are well 

suited for implementing the matrix-vector multiply operation. 



CHAPTER 3 

DYNAMIC OPTICAL PROCESSING 

In the previous chapter the principles for perform

ing matrix-vector multiplication using incoherent optical 

processing techniques were presented. We gave various exam

ples of linear transformations and filtering operations that 

could be performed using this type of technology. The type 

of operations described, however, were limited to those for 

which the optical transparency remained fixed in time. As 

in coherent optical processing, new application areas would 

open up in incoherent optical processing if a dynamic 

write-read-erase optical medium were available. It is in 

this chapter that we begin our investigation on the use of 

the photodichroic crystal as an active optical medium for 

optical processing toward satisfying this need. We first 

give a brief overview of current research and development 

efforts involving other optical material candidates, followed 

by a detailed review of previous and ongoing research on the 

photodichroic crystal. 

Synopsis on Active Optical Materials Research 

The rapidly advancing field of optical materials re

search offers the possible solution for the need of active 

recording media in both coherent and incoherent optical 

50 
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processing systems. During the past few years, new optical 

materials have demonstrated their potential as reusable re

cording media, but not without exhibiting their limitations 

also. This is witnessed by the proliferation of articles 

appearing in print addressing the need for active recording 

media. Most of the current research in this area is directed 

at developing active materials and devices that could be 

utilized in (1) high-capacity optical memories, (2) page or 

block data composers, (3) incoherent-to-coherent converters, 

(4) light valves for coherent optical processing systems, 

and (5) light valves for direct viewing and large screen pro

jection display systems. Of course, many of the materials 

being investigated have the potential of being utilized in 

several of these application areas. 

Our interest is primarily in the area of 

two-dimensional light valves or equivalently spatial light 

modulators. The usefulness of an optical material as a re

usable recording medium is determined by its operating pa

rameters (Bordogna, Keneman, and Amodei, 1972; Richard, 1972; 

and Gaylord, 197*0- For the case of two-dimensional light 

valves, the operating parameters of interest are: 

(1) Sensitivity. Quantity of energy per unit area 
required for recording. 

(2) Resolution. Number of resolvable lines per 
linear distance. 

(3) Record Time. Time required to record one 
two-dimensional frame of data. * 



(4) Erase Time. Time required to erase one 
two-dimensional frame of data. 

(5) Natural Decay Time. Length of time infor
mation can be stored with no sustaining 
power. 

(6) Nondestruct Readout Lifetime. Number of 
readout operations that can be performed 
before stored information is degraded or 
altered. 

(7) Cycle Lifetime. Number of times medium can 
be recorded and erased without deterioration 
of performance. 

(8) Linearity. Measure of attainable contrast. 

(9) Transfer Efficiency. Fraction of available 
light effectively used for processing. 

(10) Uniformity. Material nonuniformities must 
be below the minimum level associated with 
the onset of readout errors. 

As might be expected, these operating parameters, for a 

given material, are usually not totally independent. Thus, 

for a given application, a compromise has to be made usually 

through a system tradeoff analysis. 

The total number of articles concerned with active 

optical materials research are much too numerous to list. 

However, there are a few good up-to-date survey articles, 

with excellent bibliographies, that are worth mentioning. 

These serve as a useful starting point for gathering infor

mation on what has been done and what is currently going on 

in this field of endeavor. The most detailed comprehensive 

comparison of state-of-the-art active materials was reported 

by Bordogna et al. (1972) of RCA. Although the article is 
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three years old, it does indicate what was state of the art 

in and before 1972 and what sort of questions should be asked 

and addressed when dealing with active recording media. This 

article was primarily concerned with optical materials to be 

used in holographic storage and imaging applications. Other 

recent articles containing surveyed information on high ca

pacity optical memories and block data composers are those 

of Roberts (1972), Tufte and Chen (1973), Gaylord (197*0, 

and Guzik (197*0. Finally, up-to-date survey articles on 

light valves are those of Casasent (197^a, 197^b) and Vander 

Lugt (197*0 concerning light valves for coherent processing 

and Plannery (1973) on the use of light valves in dynamic 

displays. On the basis of the information contained in these 

survey articles, the following list of materials and devices 

being investigated was compiled: 

(1 

( 2  

(3 

(4 

(5 

( 6  

(7 

( 8  

(9 

(10 

(11 

(12 

Acousto-optic devices 

Dye-tuned stilbenes 

Elastomer devices 

Electro-optic recording materials 

Perroelectrie-photoconductor devices 

Liquid crystals 

Magneto-optic recording materials 

Metal and oil films 

Photochromic materials 

Photodichroic materials 

Pockel's effect devices 

Thermoplastic and photoplastic devices 



We note that this list is not exhaustive but only represen

tative, as each week new materials and techniques of opera

tion are reported. No attempt will be made here to explain 

the operation of each of these materials or devices. Such in

formation is well documented in detailed literature cited in 

the survey articles. Similarly, no judgments are made on 

the performance of these materials and devices, as any judg

ment would be premature owing to the continued research and 

updating of new findings in this area. As Bordogna et al. 

(1972), Gaylord (197^)} and Vander Lugt (197^0 point out, 

there appears to be no one material "ideally" suited as an 

active recording medium, that is, one that ranks high in all 

of the aforementioned operating parameters. Clearly, more 

basic research and development is required in this area. 

Use of Photodichroic Crystals in Optical Processing 

Our interest in the use of the photodichroic crystal 

in optical processing is twofold. First, these crystals 

have the capability of being recycled through many write, 

read, and erase operations, thus making them ideally suited 

as an active optical processing medium. The photodichroic 

crystal has the feature that information can be recorded and 

erased with light of one wavelength and nondestructively 

read out with light of a longer wavelength. Second, these 

crystals have polarization discrimination properties. With 

the appropriate recording medium, it is possible to take 
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advantage of the two-channel capacity inherent in polarized 

light to obtain separate carriers of information for purposes 

of optical processing. Two-channel processing is unique in 

that there is no need for a separate reference beam and it 

offers the advantage of in-line operation. It has been pre

viously shown how the two-channel capacity can be utilized 

for making real bipolar filters (Holladay and Gallatin, 1966; 

Marathay, 1969; and Richard, 1972) and complex filters (Mar

athay, 1969) in Vectograph film for coherent processing of 

information. Unfortunately, Vectograph film used in this 

manner acts as a frozen memory, as it makes a permanent rec

ord of the filter information. As previously indicated, for 

active optical processing, a recyclable material is needed. 

Thus, photodichroic crystals seem to fulfill both require

ments of two-channel operation and recyclability. The rest 

of this chapter concerns a review of research on photodi

chroic crystals pertinent to our investigation of their 

two-channel active optical processing capability. 

Previous Research 

A photodichroic crystal is an alkali halide crystal 

containing anisotropic color centers. The term photodichroic 

crystal was first used in a paper dealing with the rotational 

properties of anisotropic color centers as a basis for the 

storage of information (Schneider, Marrone, and Kabler, 

1970)- Since then this term has come into common usage. 
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Alkali halide crystals are ionic compounds, most of 

which crystallize in the rocksalt structure. In this crys

talline structure each alkali metal ion is surrounded by six 

nearest-neighbor halogen ions. Similarly, each halogen ion 

is surrounded by six nearest-neighbor alkali metal ions. The 

crystal is thus face-center cubic, the basis consisting of 

one alkali metal ion and one halogen ion separated by half 

the body diagonal of a unit cube (Kittel, 1967). Alkali ha

lide crystals, free from defects and chemical impurities, 

exhibit an extraordinarily wide range of optical transpar

ency ranging from the far ultraviolet to the far infrared 

(Schulman and Compton, 1962). As Schulman and Compton point 

out, the alkali halide crystals can be described as typical 

insulators, in the band picture of solids, in terms of their 

optical and electrical properties. The band gap between the 

valence band and the conduction band is on the order of 10 

eV. The introduction of chemical impurities in these crys

tals often gives rise to localized energy levels in the for

bidden band. Electronic excitations between these impurity 

localized energy levels and the valence or conduction bands 

leads to absorption bands in the normally transparent spec

tral region. 

A number of different types of color centers can be 

created within an alkali halide crystal. An excellent dis

cussion of the various types of color centers, with their 

methods of production, is given by Schulman and Compton 
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(1962). Of the various types of color centers, we will be 

concerned with only three simple excess electron centers, 

namely the isotropic F center and the anisotropic M and MA 

centers. Their atomic models are well established (Compton 

and Rabin, 1964) and are depicted in Fig. 3-1. The F center 

is an electron trapped at an anion vacancy site; the M cen

ter consists of two F centers occupying nearest-neighbor 

sites, and the center is an M center next to an alkali-ion 

impurity. Because much of the discussion on M centers is ap

plicable to centers, we will concern ourselves only with 

a description of the M center, unless otherwise stated. 

The absorption band of primary importance associated 

w ith F-center absorption is the F band (see Fig. 3-2). The 

position and width of the F band depend on the nature of 

the alkali halide host crystal and the crystal temperature 

(Schulman and Compton, 1962). All bands associated with F 

center absorption are isotropic. The importance of F cen

ters arises from the fact that these are the color centers 

from which the anisotropic M centers are formed. A freshly 

prepared photodichroic crystal, whatever the method of color 

center production, initially contains a large concentration 

of F centers. By illuminating the crystal with F-band light 

one obtains an increase in M-center concentration, at the 

expense of reducing the F-center concentration. This con

version of F centers to M centers is commonly referred to as 

the F-aggregation process (Compton and Rabin, 1964). 
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Pig. 3.2. Absorption Bands Associated with Various 
Centers in NaP. 

(a) F center; (b) M center; (c) M+ center. 
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Two absorption bands of primary importance are asso

ciated with M center absorption. These have been designated 

the M and Mp bands. As shown in Fig. 3.2, they are distinct 

and well separated. The M band is a single transition usu

ally lying in the visible or near infrared spectral region, 

whereas the Mp band consists of two overlapping transitions 

occurring at shorter wavelengths. The two overlapping tran

sitions, designated Mp^ and Mp2, usually lie in the same 

spectral region as the P band. The absorption bands associ

ated with the M center are polarization dependent. In fact, 

each of the M center absorption bands has associated with it 

a distinct optical dipole moment whose directions correspond 

to definite crystallographic directions dictated by the sym

metry axis of the M center. The symmetry axis is defined as 

that axis connecting the two P centers comprising the M cen

ter. Because of the cubic structure of the alkali halide 

host crystal, there are a total of six possible orientation 

directions an M center can have within the crystal structure. 

Adopting the Miller index notation (see for example Kittel, 

1967), these orientation directions are specified by [110], 

[110], [101], [101], [011], and [011] as depicted in Pig. 

3.3. Shown in Pig. 3-^ are the orientations of the three 

dipole moments associated with an M center oriented along 

the [110] direction. The moment associated with M band ab

sorption lies along the symmetry axis of the M center, in 

this case [110], The two moments associated with the Mp 
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Have in an Alkali Halide Crystal Lattice. 
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band absorption lie along directions orthogonal to the sym

metry axis. These directions are given by [110] and [001] 

for the Mpi and Mp2 bands, respectively. 

One of the most interesting and useful properties of 

the M center is that polarized light in the Mp spectral re

gion can actually induce M centers to reorient if the elec

tric field vector of the Mp band light has a component 

directed along either of the dipole moments associated with 

Mp band absorption. Also interesting is the fact that M 

band light has little or no effect upon the reorientation of 

M centers, at least for the case of KC1 or NaF. The reori

entation mechanism has been studied extensively by Schneider 

(1970, 1971) for the case of M and MA centers in KC1 and by 

Collins and Schneider (1972) for the case of M centers in 

NaP. In all cases it was found that the M+ (or M^+) center 

played a key role in the reorientation process. The M+ cen

ter is a singly ionized M center. The actual process in

volves M center absorption and ionization, followed by M+ 

center absorption, reorientation, and electron capture. Burt 

(1972) conveniently expressed this process in the form: 

hv hv e~ 

M M+ >-M+ M 

(Orientation 1) (Orientation 2) 

The optical properties of the M+ center are similar to those 

of the M center. Looking at the three prominent absorption 

bands associated with M+ center absorption, as shown in Pig. 



3.2, we see that there is a slight shift in the location of 

the Mp]_+ and Mp2+ bands relative to the location of the Mp]_ 

and Mp2 hands. Nevertheless, there is a common overlap of 

these bands, implying that light within this overlap region 

can be used in the reorientation process. On the other hand, 

there is a large separation between the locations of the M 

and M+ bands. The fact that there is effectively no common 

overlap of the M and M+ bands is the principal reason that M 

band light has little or no effect in the reorientation 

process. 

The fact that M band light has no effect in the re

orientation process does not preclude its usefulness. On 

the contrary, the interaction of M band light with the photo-

dichroic crystal can be useful in revealing what effects Mp 

band light has on the crystal. That is, Mp band light can 

be used to alter the orientational distribution of the aniso

tropic M centers, whereas M band light can be used for inter

rogating, not altering, the resulting M center distribution. 

It is these properties of photodichroic crystals that make 

them especially attractive as an optical recording medium. 

Schneider (1967) was, perhaps, the first to recognize the 

potential usefulness of the photodichroic crystal for infor

mation storage applications. He proposed that the orienta

tion of anisotropic color centers within a photodichroic 

crystal could serve as the basis for information storage. 

Thus, stored information is related to the dichroic absorption 



of these centers. In particular, the original concept was 

to use polarized Mp band light to initially align all M cen

ters along one of the six possible orientation directions. 

This stage of the process, called crystal preparation, also 

serves to erase any previously recorded information. Then, 

with either polarized or unpolarized Mp band light, informa

tion could be written in the crystal in terms of deviations 

from the initially totally aligned state. M band light could 

then be used to nondestructively read out the encoded infor

mation. Again, erasing could be accomplished by re-exposing 

the crystal to the original aligning Mp light. 

In a later paper, scientists at the Naval Research 

Laboratory presented experimental findings on the use of 

anisotropic M centers in a NaF host for purposes of informa

tion storage (Schneider, Marrone, and Kabler, 1970). 

Measurements were made at both room and dry ice temperatures 

with commercially available light sources whose spectral 

wavelengths were compatible with the M and Mp absorption 

bands associated with M centers in a NaF host. For a NaF 

host, the M and Mp bands are located near 505 nm and 350 nm, 

respectively. Crystals grown by Harshaw Chemical Company, 

irradiated with 2-MeV electrons (4 h at 40 yA), and cleaved 

to thicknesses of 75 um were used in the investigation. M 

center concentration was further enhanced through the 

F-aggregation process by illuminating the crystal with F 

band light. Several factors concerning the use of NaF as a 
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host were investigated. In particular, the reorientation ef

ficiency, reciprocity, and stability of M centers were stud

ied. The results were as follows: (1) For commercial grade 

NaP, the reorientation efficiency at both room and dry ice 

temperatures was found to be 0.02 ± 0.005 for Mp band light. 

Reorientation efficiency is defined as the number of M center 

reorientations per photon absorbed. This value for the re

orientation efficiency was found to be independent of the 

light intensity. Both continuous ultraviolet light from a 

superpressure mercury source and partially focused pulses of 

3^7.1-nm light from a doubled Q-switched ruby laser were 

used. The difference in intensity for these two light sour

ces amounted to nine orders of magnitude, with megawatt lev

els reached with the pulsed laser system. (2) The reorien

tation efficiency associated with M band light was found to 

be equal to 4 x 10~8 at room temperature and 2 x 10~8 at dry 

ice temperature. The 51^-nm line of a 100-mW continuous wave 

argon laser was used for these measurements. On the basis 

of their findings, the NRL group estimated that information 

could be reread at least 1010 times before any significant 

degradation takes place. (3) The storage capacity of the 

75-ym-thick crystal samples investigated was measured at more 

than 107 bits/cm2. Since we are dealing with binary patterns, 

the number of bits/cm2 is equal to the number of resolvable 

elements/cm2. Based on the reorientation efficiency and ca

pacity measurements, NRL researchers estimated that if all 
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the energy from a 100-mW 350-nm continuous wave laser Is ab

sorbed in a bit of area k ym2 of Harshaw sample, the writing 

speed should be about 16 nsec/o.d. for small o.d. changes. 

This amounts to a total time of about 0.40 sec for the 2.5 * 

107 bits stored in a 1 cm2 area of crystal. (4) The stabil

ity of M center alignment was measured for dark storage at 

room temperature. It was reported that no observable reori

entation of centers in the Harshaw samples, stored for a pe

riod of at least three months, could be detected. (5) At 

room temperature, repeated illumination with Mp band light 

causes M centers in NaP to bleach gradually, but at the dry 

ice temperature the stability of M centers is substantially 

increased. It was indicated that bleaching problems at room 

temperature could potentially be reduced through the use of 

proper dopants. 

The University of Illinois has done considerable 

work on the use of Na-doped KC1 as a storage medium (Burt, 

1972; Burt et al., 1973). In particular, an experimental 

high density random access optical memory, using the cen

ter as the basis for storage, was constructed to study the 

potential of photodichroic crystals as write, read, erase 

computer bulk memories. Their emphasis was on the recording 

and retrieval of information in a two-dimensional binary for

mat. The center in KCl:Na is useful because it reorients 

more efficiently than an M center in KC1 (Schneider, 1966a, 

1966b). The M and Mp bands associated with centers in 
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KCl:Na are located at 825 nm and 530 nm, respectively. 

These crystals do have to be cooled below 250 K in order to 

stabilize the MA centers. The KCl:Na crystal used as the 

memory element was 520 ym thick and contained 1 to 2 mole % 

of NaCl. The total number of centers was about 1.5 * 

1018/cm3 with about the same concentration of P centers. A 

krypton laser with an output of about 250 mW at 530.8 nm was 

used, not only for the write and erase operations but also 

for readout operation. Using the Mp band for readout does 

result in the destruction of stored information. It is 

noted that this is a second approach for reading out infor

mation stored in the photodichroic crystal. The advantage 

of this approach is that only one wavelength of light is em

ployed in the write-read-erase operation. The obvious draw

back is that information can be read out only once before 

alteration of the stored information takes place. This ap

proach was adopted by the University of Illinois researchers 

to avoid the registration problems encountered when using 

two beams of light. Writing times of less than 30 psec/bit 

and packing densities of 2 x 105 bits/cm2 have been demon

strated. This corresponds to a total write time of about 6 

sec. It was estimated that a 106 bit/cm2 packing density 

with writing times of less than 5 ysec should be possible 

with a fully developed system. 

Photodichroic crystals are currently being investi

gated for holographic storage and recovery applications. At 
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the Stanford Research Institute (SRI), considerable studies 

on the absorptive and dispersive properties of M centers in 

NaF for use in amplitude and phase holography have been per

formed (Lehmann, 1973j 197*0 • A considerable amount of work 

has also been done at SRI on the use of ion implantation 

techniques for achieving color center depths on the order of 

1 vim in NaF substrates. It has been demonstrated that Li 

ion implanting in NaF can give rise to optical densities, in 

a 1-ym-thick region, that are comparable to those observed 

in bulk colored photodichroic crystals. Schneider (1975) 

has recently demonstrated a technique whereby, if Li-doped 

KC1 is used as the recording medium for holographic storage, 

it is possible to eliminate both the on-axis and virtual im

age contributions that appear in the wavefront reconstruc

tion process. 

An extinction technique for obtaining high-contrast 

images in photodichroic crystals has recently been reported 

(Schneider, Lehmann, and Bocker, 197*0 • The technique gives 

rise to excellent contrast images with a substantial reduc

tion in recording energy. As was previously mentioned, the 

earliest suggestion on the use of anisotropic color centers 

in storage applications was that information be related to 

deviations from an initial state of total anisotropic color 

center alignment (Schneider, 1967; Schneider, Marrone, and 

Kabler, 1970). The storage technique used in this investi

gation involved deviations from an initial state in which 
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anisotropic color centers are aligned in equal concentra

tions along the various orientation directions. The detec

tion of information is now performed with the crystal 

properly oriented between crossed polarizers. Nondestruct 

read light would be transmitted only through those regions 

of the crystal containing preferentially aligned color cen

ters. The technique was tested for M centers in NaF, but it 

could be applied as well to other anisotropic centers and 

other crystals. Excellent contrast images were obtained with 

both 501.7-nm and 476.5-nm light. It is noted that 501.7-nm 

light lies near the M band absorption maximum, whereas 

476.5-nm light lies off the trailing edge of the M band where 

dispersion contributes significantly. It is worth noting 

that the transmissive regions of the crystal used had an 

M-peak dichroic absorption difference of less than 0.2 o.d. 

Using this technique, it was estimated that about 1/10 the 

recording energy used in the prior technique would be re

quired to obtain comparable high-contrast images. In addi

tion, the requirement for lower recording energy should give 

rise to longer color center lifetimes. 

With this background information, we will use the 

preceding notation and solid-state physics to study the in

teraction of the nondestructive read light with the photo-

dichroic crystal in the next chapter. 



CHAPTER 4 

AN OPERATOR DESCRIPTION OF THE INTERACTION OP 

M-BAND LIGHT WITH THE PHOTODICHROIC CRYSTAL 

In the previous chapter, a brief account was given 

of the polarization-dependent properties and the read-write-

erase capability of the photodichroic crystal. To better 

understand the usefulness of this crystal as a recyclable 

recording medium in optical processing, it is important that 

we understand how this crystal interacts with M-band (read) 

and Mp-band (write and erase) light. In this chapter, the 

interaction of the read light with the photodichroic crystal 

is considered from a macroscopic point of view. It will be 

convenient for later work to describe the interaction in 

terms of a matrix operator formalism. Only monochromatic 

plane-wave, hence fully polarized, light fields are 

considered. 

Vector Wave Equation 

The fundamental equations of all electromagnetic phe

nomena, namely the Maxwell field equations, serve as our 

starting point in this investigation. In the Gaussian system 

of units, these equations are given by (see for example Jack

son, 1962) the following: 

71 
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V • E(x,t) = +4irp (x, t) - 4TT v*P(x ,t) 

V • H(x,  t )  = -lf7r V»M(x,t)  (4.1) 

V X  E(x,t) = -(l/c)3H(x,t)/3t - (  4 T T / C  ) 3M(x ,t )/3t 

V x H(x,t) = +(l/c)3E(x,t)/3t 

+ (4T T / C) 3P(x,t )/3t + (4ir/c ) J(x ,t) 

where 

E(x,t) = electric field 

H(x,t) = magnetic field 

P(x,t) = polarization 

M(x,t) = magnetization 

J(x,t) = current density 

p(x,t) = volume density of electric charge 

c = speed of light in vacuum 

(x,t) = space-time point. 

For the photodichroic crystal, which is normally nonmagnetic, 

nonconducting, and electrically neutral, the quantities 

M(x,t), J(x,t), and p(x,t) vanish. Under these conditions 

the Maxwell field equations yield the following vector wave 

equation for the electric field vector E(x,t): 

"V x r v  x E(x t)] + ^2 ̂  ̂x/ ̂ ̂ ^2P(X?^) v  x  L v  x  M X j t j J  +  c 2  c 2  3 t 2  

(4.2) 

The term on the right-hand side of this equation is commonly 

referred to as the source term (Fowles, 1968). The way in 

which the read light propagates within the photodichroic 
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crystal is revealed by the solution of the vector wave equa

tion. Before obtaining a solution to the wave equation, we 

must first determine the appropriate model of the polariza

tion vector P(Xjt). In this investigation we will be con

cerned only with monochromatic plane-wave, hence fully 

polarized, light fields. For this case the electric field 

vector E(x,t) is of the form 

E(x, t) = E exp(jk • x) exp(-jiot), (4.3) 

where k is the wave vector defining the direction of wave 

propagation within the crystal and co is the angular frequency 

of the light wave. E is a constant vector that takes into 

account the state of polarization of the light wave. 

Photodichroic Polarization 

The polarization vector associated with the photodi

chroic crystal has contributions from both the alkali-halide 

host crystal and the anisotropic M or Ma centers present 

within the host crystal. Each of these contributions is 

treated separately. 

Alkali-Halide Host Crystal Contribution 

In their pure state, alkali-halide crystals are op

tically isotropic due to their cubic crystalline structure. 

This implies that the polarization vector associated with 

the host crystal is directly proportional to the electric 
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field vector, namely 

Ph(x,t) = Xh E(x3t). (4.4) 

The quantities associated strictly with the host crystal we 

identify with the subscript h. The scalar constant of pro

portionality Xh Is commonly referred to as the electric sus

ceptibility of the medium. This quantity is frequency 

dependent and in general is complex. For an arbitrary 

the first Maxwell equation reduces to 

which, when used with Eq. (4.2) gives the wave equation de

scribing wave propagation within the host crystal, that is, 

Substituting the monochromatic, plane-wave representation of 

E(x,t) from Eq. (4.3) into Eq. (4.6) gives 

In the work to follow, it will be convenient to express the 

wavenumber in terms of two auxiliary quantitites, n^ and 

aft, commonly referred to as the index of refraction and the 

absroption coefficient, respectively. The equation relating 

V • E(x,t) = 0 (4.5) 

(4.6) 

kh2 ~ khx2 + khy2 + khz2 = (1 + ̂ Xh) fz • (^«7) 
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these quantities is 

kh = (w/c)nh + jah. (4.8) 

Combining Eqs. (4.7) and (4.8) gives the connection between 

the index of refraction nh, the absorption coefficient ct^, 

and the electric susceptibility xh? namely 

[nh2 - ah2] + j[2 |nhah] = 1 + 4ivxh. (4.9) 

Color Center Contribution 

Although the discussion to follow refers to the M 

center, it applies equally well to the center. To deter

mine an appropriate model of the polarization vector associ

ated with the anisotropic M color centers present within the 

alkali-halide crystal, we first determine the response of a 

single M center to an applied driving force, in this case 

the electric field of the nondestruct read light. Recent 

work on the dispersive properties of M centers (Schneider, 

1974) shows that M centers behave as a dilute collection of 

noninteracting damped harmonic oscillators. Therefore, in 

our study of the interaction of the read light with the pho-

todichroic crystal, we too treat the M center as a damped 

harmonic oscillator. Figure 4.1 shows an isolated M center 

in the nth orientation state, the direction of which is spec

ified by the unit vector rn. For linearly polarized light, 

the electric field vector of the nondestruct read light 
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i—o 

M-CENTER 

Fig. 4.1. Isolated M Center in the 
nth Orientation State. 

makes an angle en with respect to rn. The intensity of light 

absorbed in the interaction is proportional to the square of 

the absolute value of the dot product of the electric field 

vector of the light and the appropriate absorption band di-

pole vector (Compton and Rabin, 1964; Burt, 1972). For the 

M band, this is |E(x,t) • rn|2. This implies that the M cen

ter is to be modeled as a harmonic oscillator constrained to 

oscillate along the direction specified by rn. The equation 

of motion for such an oscillator is 

m'rn + g'rn + k'rn = -[E(x,t) • rn] e ' (4.10) 



The quantities m', e', g', and kr represent the effective 

mass, charge, friction constant, and restoring force con

stant, respectively, of the anisotropic color center. The 

electric field vector E(x,t) appearing in Eq. (4.10) is ac

tually the effective field at the position of the M center. 

This effective field is equal to the sum of the macroscopic 

electric field and the field due to the polarization of the 

medium (see for example Garbuny, 1965). The latter field 

contribution is given by (4ir/3 )P(x,t) . Because the density 

of color centers is negligible compared to the density of 

alkali and halogen ions within the crystal, the additional 

term to be inserted into Eq. (4.10) need contain only the 

contribution from the host crystal. Thus the equation of 

motion of interest is 

m'i*n + g'*n + k'rn = -CE(x,t) + Ph(x,t)]« rn e '. 

(4.11) 

The homogeneous solution of this equation is 

rn(t) = rn(0) exp(-jio0t - yt/2), (4.12) 

where 

Y  =  G ' / M '  

w02 = u>l2 - y2/^ (4.13) 

u]_2 = k '/m'. 
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With these definitions and the expression for Pft(x,t)  from 

Eq. (4.4),  let's  rev/rite the equation of motion in the form 

4 I T  Y  ^  
?n +  Yrn  + <^l2 rn = -d +  -3—)[E(x,t)  • rn]  .  

(4.14) 

Let N0  represent the number of M centers per unit  volume 

within the crystal  that participate in the interaction with 

the M band l ight.  Also,  let  fn  be the fraction of these 

centers that are in the nth orientation state.  Then the num

ber Nn  in the nth state is  simply Nn  = fnNoj with the obvi

ous constraint that the sum of the fn 's  be equal to unity.  

The polarization associated with color centers in the nth 

state is  given by 

Pn(t)  = -fn N0 e'Fn(t)  , (4.15) 

where 

rn(t)  = rn(t)rn .  (4.16) 

This implies that the magnitude of the polarization vector 

for the nth orientation state satisfies the differential  

equation 

4nXh fnNne'2  

Pn + yPn + u)i2Pn = +  [E(x,t) *rn] . 

(4.17) 

The stationary solution of this equation is  given by 

Pn(t) = A fn (E • rn) exp(jk*x) exp(-jut),  (4.18) 



where the monochromatic plane-wave representation for E(x,t) 

in Eq. (4.3) is used. The quantity A is defined by 

A 
(1 + 4irxh/3) (N0e ' 2/m ') 

(<D12 - w2 ) - j yco (4.19) 

The polarization vector associated with the nth orientation 

state is thus given by 

Pn(x,t) = A(fnrn) (E • rn) exp(jk • x) exp(-jtot). 

(4.20) 

As previously mentioned, an M center can be in one of six 

possible independent orientation states, as depicted in Pig. 

3.3' In this figure, the crystal has been oriented with re

spect to a right-handed Cartesian coordinate system such 

that the unit vectors associated with these six possible or

ientation states are given by 

= (£-$)//2 ([110] direction) 

i?2 = (x+y)//2 ([110] direction) 

£3 = (y-z)//2 ([OlT] direction) 

r/j = (y+z)//2 ([Oil] direction) 

r^ = (z-x)//2 ([101] direction) 

rg = (z+x)//2 ([101] direction). 

(4.21) 

The total polarization vector associated with the color cen

ters, resulting from contributions of each of the six 
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orientation states, is given by the vector sum 

6 

Pc(x,t) = ^ Pn(x,t), (4.22) 

n=l 

where the subscript c denotes an association with the color 

centers. From Eqs. (4.20) through (4.22) it can easily be 

shown that 

Pc(x,t) = Pc exp(jk • x) exp(-jwt), (4.23) 

where 

x£ E. (4.24) 

The susceptibility tensor Xc, connecting the vectors Pc and 

E, is mathematically given by 

f1+f2+f5+f6 f2-fi f6-f5 

f2~fi f^+f 3+f>4 f 4~f 3 

f6-f5 f4-f3 f3+f4+f5+f6 

(4.25) 

Prom this equation we see that the matrix expression for Xc 

is symmetric and that it is the fn's that are of primary im

portance in the light interaction process. 

A 
2 
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Total Contribution 

The expression for the polarization P(x,t) to be 

used in the vector wave equation, Eq. (4.2), which incorpo

rates both the host crystal contribution and the anisotropic 

color center contribution is given by 

P(x,t) = Ph(x,t) + Pc(x,t), (4.26) 

where again 

Ph(x,t) = xh E(x,t) (4.27) 

V Pn(x,t) = E(x,t). (4.28) 

Upon substituting the expressions for P^(x,t) and Pc(x,t) 

from Eqs. (4.27) and (4.28) into Eq. (4.26), we obtain the 

relationship 

P(x,t) = VE(x,t), (4.29) 

where by definition 

7 5 Xh^+ xS . (4.30) 

•k—y 
I is the unit matrix of order three. The photodichroic 

crystal's polarizability is thus summarized by Eqs. (4.29) 

and (4.30). We see that the polarization P(x,t) varies in a 

manner that is dependent on the direction of the driving 

force field E(x,t). Crystals exhibiting this type of depend

ence are optically birefringent. The presence of the 
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microscopic anisotropic color centers, even in dilute concen

tration in an otherwise isotropic host crystal, is totally 

responsible for the resulting macroscopic anisotropy. 

Vector Helmholtz Equation 

Now that we have an expression for the polarization 

P(x,t), let's return to the vector wave equation. Substitut

ing the expression for P(x,t) from Eq. (4.29) into Eq. (4.3) 

gives the following form of the vector wave equation 

V  X [ V  X E(x,t)] + \ (1 + 47rY)82E(x?t) = ^ ( 4 .31) 
c 3t 

Into this equation we substitute the monochromatic plane-wave 

representation of the electric field E(x,t) from Eq. (4.3). 

We obtain a time-independent and spatially-independent ver

sion of the vector wave equation, namely 

kx(kxE) + (u)2/c2) (1 + 4irY) E = 0. (4.32) 

This is a vector version of the Helmholtz equation. In or

der for the photodichroic crystal to sustain monochromatic 

plane waves, the wave propagation vector k must satisfy this 

equation. For future work, it will be convenient to use the 

matrix equivalent of the above equation, which is given by 



83 

kh2~ky2-kz2 kxky 

kxky kh2-kx2-kz2 

kxkz 

kykz 

r E x 

E, 

kxkz kykz kh2"~kx2~ky 2 - jz J 

+ 2T T ( W 2 / C2)A 

• f1+f2+f5+f>6 **2-^1 f6~f5 

f2~f]_ f^+f ^ 3 

f6-f5 f4~f3 f3+f4+f5+f6 

r E, 

E y 

Ez 

= 0, (4.33) 

EXj Ey, and Ez are the time- and space-independent polariza

tion components of the electric field vector E. Similarly, 

kx, ky, and kz are the components of the wave propagation 

vector k. Equation (4.33) is completely general in the sense 

that it yields information about the effect a photodichroic 

crystal has on the wave velocity and the polarization prop

erties of a nondestruct read light beam propagating within 

the crystal for any arbitrary density of orientation states 

distribution. This equation will serve as the basis for the 

operator description of the photodichroic crystal. 
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Operator Description 

In our investigation of the use of photodichroic 

crystals in optical data processing systems, it will be con

venient to employ a matrix operator description in order to 

explore the limits of capability of the crystal. Since we 

are dealing with monochromatic plane wave fields, the Jones 

calculus (Jones, 1941) will be used in the description. In 

this formalism, we assume that a plane wave is propagating 

along the positive z direction of a suitably chosen space set 

of axes, as shown in Pig. 4.2. An optical polarizing instru

ment can be thought of as operating on the incoming plane 

wave to produce an outgoing plane wave. We associate with 

the incoming monochromatic plane wave field a two-component 

column vector £i> called the Jones vector, defined by 

E IX 

L  Eiy 
(4.34) 

Eix and E^y are the x and y components, respectively, of the 

electric field vector associated with the incoming monochro

matic plane wave. Any polarization device can be represented 

by a 2x2 matrix operator, called the Jones matrix. We shall 

denote this matrix by L, where 

f, = 
ill 

. 121 

•12 

- 2 2  J  
(4.35) 
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Y 

O 

Pig. 4.2. Operator Description of a Polar
izing Instrument. 
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Here, 1-q, 1^2 > ^21> and 122 represent the matrix elements 

of the operator L. As a result of transmission through the 

polarizing device, the Jones vector £0, associated with the 

outgoing monochromatic plane wave, is obtained from the 

relationship 

50 = L 5i. (4.36) 

Formulation of the interaction in this fashion allows us to 

determine the state of polarization and the intensity result 

ing from the interaction of the plane wave with any number 

of polarizing devices. For N instruments in cascade, we 

simply multiply the N operators describing the devices in 

cascade to obtain one combined operator matrix L for the 

system, that is, 

L = LnLn_i* ••L3L2L]. • (4.37) 

The output field from a cascade system is easily obtained 

through the use of Eqs. (4.36) and (4.37). 

With this information in mind, let's proceed in the 

development of the operator description of the interaction 

of M-band light with the photodichroic crystal. As previ

ously indicated, Eq. (4.33) serves as the basis for the 

development. Because of the complexity associated with the 

generality of this equation, we limit our attention to sev

eral specialized versions of it. These specialized versions 
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nonethelessj do give rise to some interesting results that 

are of great utility in later work. 

Isotropic Case 

The first case we wish to examine is when the six 

orientation states are equally populated. Mathematically we 

have 

fn = 1/6 for all n. (4.38) 

Substituting these values for fn into Eq. (4.33) gives 

k]12-ky2-kz2 kxk y 

kyk x^z 

K X K Z  

I 

X
 -

I
 

kykz Ey 

-kx2-ky2 _ 

I TS
J 

1
 

10 0 Ex 

+ if 4A 3 c2 
0 10 % = 0. (4.39) 

0 0 1 E* . 

This equation will have a nontrivial solution for E X s  E y ,  

and Ez if the determinant of the coefficient matrix vanishes. 

Setting the determinant of the coefficient matrix to zero 

yields one and only one expression for the square of the 

wavenumber ks namely 

k2 = kh2 + (W3)(W2/C2) A , (4.40) 
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where 

k2 k^2 + ky2 + k^2. (4.41) 

This expression for k2 applies for all states of polariza

tion and for all directions of propagation within the crys

tal. Thus, on a macroscopic scale the crystal has isotropic 

properties when its density of orientation states is equally 

populated. 

the quantity k2. As before, let's express the complex wave-

number k in terms of an index of refraction, n, and an ab

sorption coefficient, a. Mathematically, we have 

Substituting the expressions for k, k^, and A from Eqs. 

(4.42), (4.8), and (4.19), respectively, into Eq. (4.40) 

yields the following expressions for n and a: 

Because both k^2 and A are complex quantities, so is 

k = (w/c)n + jot. (4.42) 

n 
2irNoe '2 (n^2 + 2)(wi2 - w2) 

nh + 9m'nh[(cu1
2 - w2)2 + y2w2] 

(4.43) 

and 

2uN0e '2 (n^2 + 2)yu) 
(4.44) a 
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These expressions for n and a are a result of certain approx

imations that can be made when dealing with a dilute concen

tration of color centers. The details of the calculation 

and approximations used are presented in Appendix A. 

Consider now a photodichroic crystal plate of thick

ness d, whose entrance and exit planes are perpendicular to 

the z axis, as shown in Fig. 4.3. If this crystal is illumi

nated with a monochromatic M-band plane wave propagating in 

the z direction, then the Jones operator describing the crys

tal plate, when its orientation states are equally populated, 

is given by 

L = t 
1 0 

0 1 
(4.45) 

where 

t = exp(-ad) exp(jumd/c) (4.46) 

This operator describes a device, with isotropic optical 

properties, whose amplitude transmission is given by exp(-ad) 

and whose phase retardation is given by (wnd/c) for all 

states of polarized light. 
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y 

PHOTODICHROIC CRYSTAL 
PLATE 

Pig. 3- Photodichroic Crystal Plate of Thickness d. 

Wave propagation is in the +z direction; 3 
defines the state of linear polarization. 
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Anisotropic Case 

As we saw in the first case, a photodichroic crystal 

behaves isotropically when its M centers are equally distrib

uted among the six possible orientation states. If, however, 

these orientation states are not equally populated, we find, 

in general, that the crystal has anisotropic properties. We 

will now explore this in greater detail. For this case we 

restrict our attention to wave propagation along either the 

x, y, or z direction. The symmetry of Eq. (4.33) suggests 

that a photodichroic crystal with entrance and exit faces 

parallel to the xy plane, the yz plane, or the zx plane will 

have essentially the same optical properties except that dif

ferent combinations of the fn's will contribute to the ani-

sotropy. Therefore, without loss of generality, we limit 

the discussion to wave propagation along the z direction. 

Also, for this discussion, we limit our attention to trans

verse electromagnetic fields within the crystal, that is, to 

those for which the electric field vector associated with 

the plane wave is orthogonal to the propagation vector. The 

transverse condition is somewhat restrictive but still 

rather general for the items of interest. The component of 

the wave vector for this case must satisfy the equations 

^x 

and 

^z 

= ky = 0 

= k. 

(4.47) 

(4.48) 
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Substituting these values for the wave vector components 

into Eq. (4.33) gives 

" kh2-k2 0 0 "1
 

M
 

X 

0 kh2-k2 0 % 

i 
(N 
s: x 

o
 

o
 1 . Ez . 

+ 2u ̂  A c^ 

f1+f2+f5+f6 ^2~fl f6-f5 

f2-fi fi+f2+f3+fit fk-f3 

f6_f5 f 5+f 6 

E x 

E y = o (4.49) 

E r  

The condition of transversality is clearly satisfied in Eq. 

(4.49) for propagation in the z direction if the fn's sat

isfy the constraining relationships 

f 3 ~ ^5 _ 

(4. 5 0 )  
fi» f2> f 3 > f5 arbitrary. 

Imposing these constraints on the fn's» we find that Eq. 

(4.49) reduces to 

Ez = 0 (4.51) 
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and 

kj^2-k2 0 

1 
w
 

X 
» 

0 kj^2 —k2 . L % -1 

0. 

(4.52) 

Equation (4.51) is nothing more than a reinstatement of the 

condition of transversality. The 2x2 matrix equation of Eq. 

(4.52) is homogeneous in the unknowns Ex and Ey. This equa

tion will have a nontrivial solution if the determinant of 

the coefficient matrix vanishes. The two characteristic 

roots resulting from setting the determinant of the coeffi

cient matrix to zero are given by 

k+2 = K^2 + (4I T/3) (U J 2 / C2)C+A (4.53) 

and 

k_2 = kh
2 + (4T T/3) ( U ) 2 / C2)C_A, (4.54) 

where 

c +  =  !  { f 1 + f 2 + r 3 + f 5  +  [ ( f ^ f O 2  +  ( f 5 - f 3 ) 2 i h }  
^ (4.55) 

and 

C_ = | {fi+f2+f3+f5 - [(f2-fi)2 + (f5-f3)2^>. 
2 (4.56) 

So we see the photodichroic crystal is capable of sustaining 

+  2 T T  A  

c 

f1+f2+2f5 f2-fj 

f2-fl fi+f2+2f3 

E x 

E y J 
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plane wave propagation in the z direction for not one but 

two plane waves of different wave velocity. We also note 

thatj if the fn's are all equal to 1/6, then the expressions 

for k+2 and k_2 reduce to that of k2 in Eq. (4.-40) as they 

should. 

Substituting the expressions for k+2 and k_2 back 

into Eq. (4.52) gives information in regard to the state of 

polarization of the plane waves associated with each of these 

wavenumbers. In terms of the Jones vector notation, we find 

the characteristic vectors corresponding to the values k+ and 

k are 

5+ -
COS(j> 

sin<j> 
(4.57) 

= 
-sine)) 

COS(J) .  

(4.58) 

where 

tan<j> = 
f2-fl 

(f5-f3) + [(f5-f3)2 + (f2-fi)2] 2 
(4.59) 

We see that the Jones vectors and describe orthogonal 

states of linearly polarized light, as shown in Pig. 4.4. 

Again it will be convenient to express the wavenum

bers k+ in terms of the refractive indices n± and the absorp

tion coefficients a+ as specified by 

k+ = (w/c)n+ + ja+. (4.60) 
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3 

PHOTODICHROIC CRYSTAL 
PLATE 

Fig. *1.4. Principal Axes of a Photodichroic Plate When 
f3 =and f5 = f6. 



The inequalities and approximations used for obtaining 

simplified versions of the index of refraction n and the ab

sorption coefficient a for the isotropic case are equally 

applicable for this case. With a little algebraic manipula

tion, it can be shown in a straightforward manner that the 

indices of refraction n+ and the absorption coefficients a+ 

are related to the index of refraction n and the absorption 

coefficient a through 

n+ = nh + C+(n-nh) (4.61) 

and 

a+ = an + C+(a-a^), (4.62) 

where nh is the index of refraction of the host crystal. 

We now have the appropriate information to determine 

the Jones matrix operator describing a photodichroic crystal 

whose distribution of orientation states satisfies Eq. 

(4.50). Again we consider a photodichroic crystal plate of 

thickness d as shown in Pig. 4.3. First, the characteristic 

vectors in Eqs. (4.57) and (4.58) tell us that the principal 

axes of the crystal are rotated counterclockwise through an 

angle <{> from the x axis of the laboratory frame of reference 

shown in Pig. 4.4. An incoming plane wave with the plane of 

polarization along one of the principal axes will undergo an 

amplitude change of exp(-a+d) and a phase change of wn+d/c. 

The 2x2 Jones matrix operator of the crystal plate in the 



frame of the principal axes is given by 
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where 

t + 

0 

0 

t_ . 

= exp(-a+d)exp( j ton+d/c ) 

(4.63) 

(4.64) 

In the laboratory system the operator takes the form 

L = R(-<t> )IjpR(+(f>) > 

where R(<f>) is the rotation operator 

RU) = 
cosiji simp 

_-sin<j> cose)) 

(4.65) 

(4.66) 

We note that the characteristic Jones vectors g+ and are 

simply the eigenvectors of the operator L with t+ and t_ the 

associated eigenvalues, respectively. That is, 

L £ +  —  t + C + «  (4.67) 

In passing, the interaction of M-band light with the 

photodichroic crystal can be conveniently expressed in terms 

of a matrix operator formalism. As we saw, it is the quan

tities fn, defined again as the fraction of M centers in the 

nth orientation state, that play a fundamental role in the 

description of the optical properties of the crystal. For 
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example,  when the fn 's  are equal,  the photodichroic crystal  

is  optically isotropic.  On the other hand, a nonequal dis

tribution of M centers gives rise to macroscopic anisotropy. 

As mentioned earlier,  i t  is  this nonequal distribution or 

preferred alignment of M centers that serves as the basis for 

the storage of information. Nothing was said as to how to 

attain a given distribution of M centers.  As we wil l  see in 

subsequent chapters,  i t  is  the interaction of the Mp-band 

l ight with the crystal  that governs the orientation distri

bution of M centers within the crystal .  



CHAPTER 5 

TWO-CHANNEL PROCESSING WITH PHOTODICHROIC CRYSTALS 

The Jones operator description of the photodichroic 

crystal presented in the previous chapter serves as the 

basis for our study of the usefulness of these crystals in 

two-channel processing. In the present chapter we consider 

the capabilities and limitations of using the polarization 

discrimination properties of the photodichroic crystal in 

coherent optical processing. In particular, we present syn

thesis techniques for realizing real bipolar and complex 

spatial filters using photodichroic crystals for coherent 

processing. This study parallels that of Marathay (1969) 

for realizing real bipolar and complex spatial filters with 

Vectograph film. Also, a brief introduction is given to the 

interaction of Mp-band light with the photodichroic crystal 

for achieving a desired orientational distribution of M cen

ters. The kinetics of this interaction will be described in 

the next chapter. 

Attainment of Orientation States 

In the last chapter we described the interaction of 

M-band light with a photodichroic crystal whose distribution 

of orientation states satisfied Eq. (4.50). No mention was 

made as to how to attain such a distribution of states. In 

99 
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this section we briefly describe the techniques employed for 

achieving a desired distribution of states with the use of 

Mp-band light. As it turns out, these techniques give only 

specialized versions of the general case summarized by Eq. 

(4.50). 

As indicated in Chapter 3, Mp-band light can be used 

to reorient M centers within a photodichroic crystal. It is 

thus possible to alter a given distribution of states, thereby 

creating a new distribution. The resulting distribution is 

governed principally by three factors: (1) the initial dis

tribution of M centers, (2) the state of polarization of the 

Mp-band light, and (3) the exposure of the Mp-band light. 

The full impact of these various factors on the final distri

bution can be obtained through an understanding of the kinet

ics of the interaction process. This is the subject of the 

next chapter. Suffice it to say, a great deal of informa

tion can be initially obtained, without going into the ki

netics of the process, by judiciously choosing the state of 

polarization of the Mp-band light and the initial state of M 

center distribution. As will be seen, through such a choice 

it is possible to use symmetry arguments that will be of con

siderable use in guiding us in our study on the use of photo

dichroic crystals in two-channel optical data processing. 

There is only one state of M center distribution 

that we wish to consider as an initial state, and that is 

when the M centers are equally distributed among the six 
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possible orientation states. That is, fn = 1/6 for n = 1,2, 

•••,6. As indicated in Chapter 3, this distribution state 

is obtained by illuminating the photodichroic crystal with 

unpolarized Mp-band light. Let's now consider the interac

tion of polarized Mp-band light with a photodichroic crystal 

plate having this distribution state. In particular, con

sider a linearly plane-polarized beam of light propagating 

in the positive z direction whose plane of polarization makes 

an angle g of 0°, 90°, -45°, or +45° to the positive x axis, 

as depicted in Fig. 4.3- As a result of this interaction, 

the M centers within the crystal will reorient, thus forming 

a new distribution state. This new distribution state can, 

of course, be described by a new set of fn's. From symmetry 

considerations alone, this set of f 1s must satisfy certain 

constraining relations, summarized in Table 5-1- We see that 

these relations are specialized versions of the more general 

relation in Eq. (4.50). It is also important to note that 

these relations give no indication of the value of the vari

ous fn's. This information can be determined only by con

sidering the kinetics of the interaction process. Let's now 

consider how these constraining relations came about. We 

recall that the interaction of light with an M center is 

through the optical dipole moments associated with this cen

ter. In Fig. 5-1 are again shown the six possible orienta

tions that M centers can have within an alkali-halide 

crystal lattice. Also shown in this figure are the 
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Table 5.1. Constraining Relations 
on the fn's. 

0 Constraints 

o
 
o
 fi = f2 = f5 = fe 

f3 = f^ 

90° fi = f2 = f3 = f^ 

fs = f6 

+45° f3 = = f 5 = fe 

f2 > fi 

-45° f3 = fu = f 5 = fe 

f2 < fi 

directions of the various optical dipole moments associated 

with each M center orientation. Each M center orientation 

and its associated optical dipole moments are identified by 

a number n, where n = 1,2,•••,6. Since we are dealing with 

Mp-band light, we need consider only the Mp-^ and Mp2 band 

dipole moments. Prom the contents of Pig. 5.1, Table 5.2 

was constructed. The entries in this table represent the 

square of the dot product between the various unit vectors 

describing the state of polarization of the Mp-band light 

and the various unit vectors associated with the Mp^ and Mp2 

absorption and dipole moments. As previously mentioned, in 

the initial distribution of M centers each orientation state 
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M CENTER ORIENTATIONS 

M-BAND 
DIPOLES 

M,-.  -BAND 

DIPOLES 

Mp 2-BAND 

DIPOLES 

Fig. 5-1. M-Center Orientation States and Associated 
Optical Dlpole Moment Directions. 
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Table 5.2. Square of the Dot Products. 

6 0° 90° +45 O •45° 

n Mpi Mp2 Mpi MF2 MP1 Mp2 Mpi MF2 

1 h 0 h 0 1 0 0 0 

2 h 0 \ 0 0 0 1 0 

3 0 1 h o \ h h h 

0 1 h o h h h 

5 h 0 0 1 k h h 

6 h 0 0 1 h h 

contains the same number of M centers. This, coupled with 

the information in Table 5.2, is all that is required to ob

tain the constraining relations in Table 5.1. As an example, 

let's consider the case when the Mp-band•light is linearly 

polarized at +45° to the positive x axis. From Table 5.2 we 

see the following: (1) M centers in orientation state 2 do 

not participate in the interaction. The reason is that both 

the Mp2. and Mpg absorption band dipole moments associated 

with these M centers are orthogonal to the electric field 

vector of the interacting light (see Fig. 5.1). Thus, once 

M centers reorient into this state, they remain there unaf

fected by the Mp-band light. This implies that the concen

tration of M centers in state 2 can only increase with Mp-band 

light exposure, that is, f2 > 1/6. (2) From the dot product 
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Information for states 3, 4, 5, and 6, we see that these ori

entation states are equivalent in terms of the interaction 

process. This applies to both the Mpx and MF2 bands. Since 

fn = 1/6 for all n initially, then from symmetry considera

tions we have f3 = fif = f5 = f5 for the final distribution state. 

(3) From Table 5-2 we see that, for the +45° case, M centers 

in orientation states 1 and 2 are unaffected by Mj^-band 

light. The reason is that the dot product is zero for both 

of these states of orientation. Since fx = f2 initially, then 

from symmetry considerations we would find that fx = f2 during 

the Mp light interaction if only the Mp2 band were to con

tribute to the interaction process. In general, however, 

the Mpx band will also contribute to the interaction. From 

this table we see that M centers in state 1 interact with 

the Mp-j_-band light, but not centers in state 2. This, there

fore, implies that fx < f2 if fx = f2 initially since 

Mp^-band light contributes to the depletion of M centers only 

In state 1, not state 2. The symmetry arguments used to es

tablish the constraining relations for the +45° case can be 

applied as well to yield the constraining relations for -45°, 

0°, and 90° . 

Because of the similarities between the +45° and 

-45° cases, we will for the time being treat these individ

ual cases as one combined case (+45,-45). The constraining 

relations that are applicable for this combined case are 

given by 
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^3 ~ f4 ~ f5 ~ f6 

f1} f2 arbitrary. 
(5.1) 

Similarly, the 0° and 90° cases will initially be treated as 

one combined case (0,90). The constraining relations that 

apply to this combined case are given by 

Equations (4.55) through (4.59) and (5.1) and (5.2) can be 

used to obtain specialized expressions for the quantities 

C+, C_, (f>, £ + , and that characterize these two specialized 

combined cases. The results are summarized in Table 5-3. 

Prom this table the following is evident: (1) If a photodi-

chroic crystal is initially illuminated with Mp-band light 

to randomize the distribution of M centers and then illumi

nated with either +45° or -45° linearly polarized Mp-band 

light, the crystal develops a set of principal axes that are 

oriented at +45° and -45° to the x axis. Similarly, illumi

nating the crystal with either 0° or 90° linearly polarized 

Mp-band light gives rise to a set of principal axes oriented 

at 0° and 90° to the x axis. (2) For the (+45,-^5) case, we 

note that the roles of C+ and C_ and the roles of £,+ and E,_ 

interchange depending on the relative magnitudes of f^ and 

f2. This behavior is due to the way in which the quantities 

fl = f2 

f3 = f„ 

f5 = f6-

(5.2) 
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Table 5-3• Data for (+45,-45) Case and ( 0 , 9 0 )  Case. 

C_ 

?+ 

5_ 

(+45,--45) Case (0,90) Case 

f 3 = fi, = f5 = fg r
\
 

CM <VH II I—1 f3 = ? H ,  

fl» f2 arbitrary f 5 = f 6 

fl > f2 fl < f2 f3 >f5 f3 <f5 

3(fi+f3) 3(f2+f3) 3(f3+fi) 3(f5+fi) 

3 Cf 2+f*3) 3 (fi+f 3) 3(f5+fi) 3(f3+fi) 

_L 
/2 

1 
/2 

it/4 +n/4 n/2 0 

" 1" 1 " 1 ' ' 0 " " 1 

.-1. /2 . 1 . 1 . . 0 

" 1" 1 "-1" " -1 " 0 

. 1. 
/2 

. 1 _ 0 . . 1 . 

C+ and C_ were originally defined. We recall that the ex

pressions for C+ and C_ came about through the use of the 

quadratic formula in obtaining a set of characteristic roots 

k2. As a result, we find that C+ > C_, which is responsible 

for this interchange behavior. It would be desirable to not 

have to concern ourselves with the relative magnitudes of f]_ 

and f2- This can be done by employing a new set of defini

tions. Accordingly, let 



_1_ 
/2 

1 

1 

^b 
_1_ 
•2 

1 

-1 
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(5.3) 

irrespective of the relative magnitudes of f^ and f2« Also, 

let 

Cb 

3(f2 + f3) 

3 (f i + f 3) 
(5 - ̂ ) 

These definitions are in strict agreement with the results 

in Table 5.3. We note that the Jones vector £a is uniquely 

associated with the principal plane that lies at +^5° to the 

x axis. Similarly, is uniquely associated with the prin

cipal plane oriented at -45° to the x axis. (3) Similar 

conditions apply to the (0,90) case. For this case, we 

define 

£d 

1 

0 

0 

1 

(5.5) 

and 



Cc = 3 (f*5 + fi) 

Cd = 3(f3 + fi). 
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(5.6) 

From now on these definitions will be employed. 

We have all the information we need now to write 

specific expressions for the Jones operators for these two 

cases. For the (+^53-^5) case the Jones operator is 

where 

and 

Jab 
1 
2 

ta+tb ^a~^l 

. ta-tt) ^a+tb . 
(5-7) 

a 

tb 

exp(-aad) exp( j u)nad/c ) 

exp(-a^d) exp (j ain^d/c ) 
(5.8) 

aa = ah + ca(a " ah) 

ab = ah + cb(a " ah) 
(5-9) 

na 

nb 

nh + Ca(n -nh) 

nh + Cb(n-nh) 
(5.10) 

The Jones vectors £a and 5^ are eigenvectors of the operator 
A 

Lab, with ta and t^ the corresponding eigenvalues. For the 

(0,90) case, the Jones operator is given by 
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Jcd 

0 

^d 
( 5 . 1 1 )  

where 

and 

td 

ac 

ad 

nc 

nd 

exp(-acd) exp(jwncd/c) 

expC-a^d) exp(jwndd/c) 

ah + Cc(a ~ah^ 

ah + ^d(01 ~ ah) 

nh + Cc(n-nh) 

nh + Cd(n - nh) 

(5.12) 

(5-13) 

(5.1^) 

Similarly, the Jones vectors £c and £3 are eigenvectors of the 

operator LC(j, with tc and t^ the corresponding eigenvalues. 

In passing, it is of interest to note the similarity 

between the results obtained for the (+45,-45) and (0,90) 

cases. Aside from the primary difference, which is the ori

entation of the principal planes, the results are markedly 

similar. For this reason we will focus our attention pri

marily on one of these cases, say the (+45,-45) case, in de

termining the usefulness of the photodichroic crystal in 

two-channel processing. Results for the (0,90) case will 

also be stated. Other basic differences will be revealed 

when we study the kinetics of the interaction process. 



I l l  

Two-Channel Coherent Optical Processing 
with Photodichroic Crystals 

In coherent optical systems, processing is carried 

out through the use of spatial frequency filters. These 

filters in their simplest form may be real and positive. 

More often, real bipolar or complex filters are required. 

Various techniques are reported in the literature for making 

these filters. In Chapter 1, the three well known techniques 

of Vander Lugt (1964), Brown and Lohmann (1966), and Marathay 

(1969) for the realization of complex spatial filters were 

briefly described. We recall the technique of Marathay uses 

the polarization discrimination properties of Vectograph 

film to take advantage of the two-channel capacity inherent 

in polarized light for separate carriers of information. 

Like Vectograph film, photodichroic crystals have polariza

tion discrimination properties. We will now explore the use

fulness of the photodichroic crystal as a recording medium 

for both real bipolar and complex spatial filters using its 

polarization discrimination properties. 

Real Bipolar Filter 

The principal purpose of this section is to describe 

a technique for fabricating a real bipolar spatial frequency 

filter using a single photodichroic crystal plate. A real 

bipolar function is a real function that can change sign. 

We will basically use the same approach that Marathay (1969) 

did for the synthesis of real bipolar filters using a 
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combination of Vectograph film. It is appropriate at this 

point to briefly review the characteristics of Vectograph 

film and compare them to those of the photodichroic crystal. 

A sheet of Vectograph film has the property that it 

appears uniformly transparent for, say, the x polarization, 

whereas the y polarization has the amplitude transmittance 

t(x,y). The appropriate 2x2 matrix operator describing a 

single sheet of Vectograph film must have the form 

V = 
1 0 

. 0 t(x,y) 
(5.15) 

Now consider two Vectographs V^ and V2 with amplitude trans-

mittances t]_(x,y) and t2(x,y), respectively. Let V-j_ be 

fixed in space and rotate V2 through an angle of 90° about 

the z axis. This combination of Vectographs defines a basic 

element, which is represented by the following operator: 

£12 = [R->(̂ )72 -
t2(x,y) 0 

0 t]_(x,y) 

(5.16) 

On comparing Eq. (5.16) for the Vectograph combination and 

Eqs. (5-7) and (5.11) for the photodichroic crystal, we see 

that the combination of Vectographs in cascade has basically 

the same operator description as a single photodichroic crys

tal plate. Although these operators are mathematically the 

same, there are subtle differences worth noting. The 
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quantities ta and t^ or equally tc and t^ are associated 

with the same crystal and depend explicitly on the same set 

of fn's. This implies that ta and tb (tc and t^) cannot be 

independently controlled. On the other hand, t^ and t2 are 

each associated with a different Vectograph sheet, and thus 

each of these quantities can be independently controlled. 

The independent control of t]_ and t2 was utilized by Marathay 

(1969) in the synthesis of a real bipolar filter using the 

Vectograph combination, but it is not a necessary require

ment. Because Vectograph film is strictly an absorptive 

medium, the quantities t^ and t2 are strictly real positive. 

This is not the case with the photodichrolc crystal since 

it has dispersive as well as absorptive properties, implying 

that ta and t^ (tc and t^) are complex. The fact that these 

quantities are complex complicates the study. One way around 

this difficulty is to restrict our attention to that region 

of the M band where the effects of absorption dominate. From 

Eq. (4.^3) we see that the effects of dispersion diminish 

near the center of the band, in fact going to zero at the 

center where o) = a)]_. 

As with the Vectograph combination, it is necessary 

to sandwich the photodichroic crystal between two linear po

larizers, as shown in Fig. 5-2, to physically realize the bi

polar filtering operation. The input polarizer is used to 

prepare the state of polarization of the incoming light beam 

that is to be spatially filtered by the photodichroic 
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Y 

INPUT 
POLARIZER 

OUTPUT 
POLARIZER 

PHOTODICHROIC 
CRYSTAL PLATE 

Pig. 5-2. System for Realization of a Real 
Bipolar Filter. 
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crystal. If ^(x,y) Is the amplitude distribution in the 

input beam, then the Jones vector representation of this 

beam is 

5j.(x,y) = ipi(x,y) 
cos f 

L sin( 
( 5 . 1 7 )  

where ^j_(x,y) represents the Fourier spectrum of the input 

beam of light that is to be spatially filtered. The light 

beam emerging from the photodlchroic crystal is passed 

through the output polarizer, which has been suitably ori

ented. The Jones vector of this beam is 

r  C O S g  '  '  

c0(x»y) = *0(x»y) 
L sing' . 

( 5 . 1 8 )  

The amplitude tpQ(x,y) is the filtered version of ^(xjy). 

The amplitude ip0(x,y) is related to the amplitude i|>i(x,y) 

through the equation 

' I ' o C ^ y )  =  p ( x > y )  ^ i ( x > y ) J  ( 5 . 1 9 )  

where the bipolar filter function F(x,y) is defined by 

T 111 112 "ircosg I 
F(x,y) = (cosg' sing') II I ' 

L 191 loo JLsing J 

in ii2ircose 

"21 ±22 -• (5.20) 

The matrix elements 1-y are those of the Jones operator de

scribing the photodichroic crystal plate. 
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Imposing the condition that we restrict our atten

tion to the central region of the M band yields the follow

ing simplified version of Lab for the (+^5,-^5) case: 

Jab 
cosh(e) sinh(e) 

s inh(E) cosh(e) 
(5.21) 

where by definition we have 

and 

(3/2)(fx - f2)(a - ah)d (5.22) 

exp(-ahd) exp( jco1nhd/c) 

x exp[-(3/2)(fi +f2 + 2f3)(a - ah)d] . (5-23) 

Substituting the matrix elements l^j from Eq. (5.21) back 

into Eq. (5-20) and performing the indicated operations 

yields the following expression for the real bipolar filter 

function F(x,y): 

F(x,y) = x[cosh(e)cos(B-3') +sinh(e)sin(3 + 3 ')]• 

(5.24) 

Prom this equation we see that the relative orientations of 

the input polarizer and the output polarizer dictate the rel

ative contributions of the hyperbolic cosine and hyperbolic 

sine functions to the filtering operation. However, it is 

only the hyperbolic sine function that is a real bipolar 
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function, the hyperbolic cosine function being strictly a 

a real positive function. For the function F(x,y) to be 

strictly a real bipolar filter function, the complicating 

effects of the hyperbolic cosine function must be eliminated, 

This can be done through the proper choice of g and g'. In 

particular, if we set 

cos(g-g') = 0, (5-25) 

which in turn yields 

g = g' ± n/2, (5.26) 

then the expression for F(x,y) reduces to 

F(x,y) = X sinh( e )  sin(2g' ± TT/2). (5.27) 

From Eq. (5-26) we see that the effects of the hyperbolic 

cosine functions are eliminated if we cross the input and 

output polarizers. To maximize the light throughput in the 

system, we set 

sin(2g' ± TT/2) = ±1 (5.28) 

which implies 

2g' ± TT/2 = ±TT/2 (5 • 29) 

or equivalently 

g' = 0, ±ir/2. (5.30) 
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Using Eqs. (5.30) and (5.26), we find that the acceptable 

combinations of 3 and 3 ' that allow maximum light throughput 

and eliminate the effects of the hyperbolic cosine function 

are 

3 = IT/2 and 3' = 0 

or (5-31) 

3 = 0 and 3' = TT/2 . 

Either set of relations is acceptable, yielding equivalent 

results. One important item to note is that the axes of the 

input and output polarizers, in addition to being crossed, 

are rotated 45° relative to the principal axes of the photo-

dichroic crystal plate. Now that the orientations of the 

input and output polarizers, relative to the photodichroic 

crystal plate, have been specified, we can write down the 

final desired expression for F(x,y) by simply substituting 

the expressions for e and x from Eqs. (5.22) and (5-23). 

Using these equations and the constraint that the sum of the 

fn's must equal unity to eliminate the quantity fg from Eq. 

(5.23), we obtain the following expression for F(x,y) for 

the (+45,-^5) case: 

F(x,y) = exp(-a^d) exp( j^n^d/c) 

x  exp[-(3/^) ( 1  + f * i  + f 2 ) ( a  - a h ) d ]  

X sinh[(3/2) (f]_ - f2) (a - a^)d] . (5-32) 
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The x and y dependence of the real bipolar filter function 

F(x,y) is through the quantities f]_ and f2- As indicated 

before, the actual values of these quantities depend on the 

state of polarization and the exposure of the Mp light at 

the point (x,y) in the crystal. The quantity exp(-ahd) 

• exp(jw^n^d/c) is a constant independent of (x,y) and there

fore is of no real interest in the filtering process. The 

function sinh[ (3/2) (fi~f2) (a-aj1)d] controls the sign of the 

function F(x,y) by means of the relative magnitudes of f̂ _ 

and f2• That is, 

(> 0 for f]_ > f2 
(5.33) 

< 0 for f < f 2 • 

Referring again to Table 5.1, the relative magnitude of f2 

versus fi is determined by whether +^5° or -^5° linearly 

polarized Mp-band light is used. Thus the sign of the bi

polar filter function is governed strictly by the state of 

polarization of the write light. The absolute value of the 

function F(x,y) is governed by the combined function 

exp[-(3/i») (l+f]_+f 2 ) (a-ah)d]xsinh[ (3/2) | f]_-f 2 I (a-ah)d] , whose 

value depends on the exposure of write light. As previously 

indicated, the actual dependence of f^ and f2 in terms of 

the exposure of Mp light will be investigated in the next 

chapter when we consider the kinetics of the Mp-band light 

interaction. Because the quantities f]_ and f2 are each 
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bounded between 0 and 1, the absolute value of F(x,y) is 

also bounded according to the equation 

0 < |P(x,y) | < 6XP (^ahd) {J. - exp[-3 (a-a^)d] } . 

(5.34) 

As indicated in Chapter 3, alkali-halide crystals, free from 

defects and chemical impurities, exhibit an extraordinarily 

wide range of optical transparency. This implies that the 

absorption coefficient a^ associated with the host crystal 

in general satisfies the inequality 

a > > ah ~ (5.35) 

which in turn implies 

0 < ]P(x,y)| < kCl - exp(~3ad)] < (5.36) 

We see that the bounds on the function F(x,y) are determined 

solely by the thickness d and the absorption coefficient a, 

which are determined by the crystal preparation process. 

The full range [0,hl can be achieved for photodichroic crys

tals for which 3ad>>l. This condition is easily satisfied 

with a typical photodichroic crystal of thickness d equal to 

1 mm and absorption coefficient a equal to 1.5 mm-1. 

Without going into the details, we obtain similar 

results for the realization of a real bipolar filter by 
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considering the (0,90) case. The final expression for the 

real bipolar filter function F(x,y) for this case is 

F(x,y) = exp(-ahd) exp (j u>]_nhd/c ) 

x exp[-(3/2) (1 - f3 - (a - aj-1)d] 

x sinh[(3/2)(f3 - f^)(a - a^)d]. (5-37) 

We recall that the principal axes of the photodichroic crys

tal for this case lie along the x and y directions. The 

real bipolar filter function F(x,y) given by Eq. (5.37) was 

obtained by properly orienting the input and output polar

izers. We find the following orientations to be acceptable: 

g = +t \ /H and g' = -ir/4 

or (5.38) 

g = -tt/4 and g' = +u/k. 

As before, the input and output polarizers must be crossed 

and their axes must be oriented at 45° relative to the prin

cipal axes of the photodichroic crystal plate. Again the 

sign of the filter function is dictated by the hyperbolic 

sine function whose argument, for this case, is proportional 

to the quantity f3-fij. We note that there is a slight dif

ference in the form of the argument of the real exponential 

function involving f3 and f^ when compared to the real expo

nential function argument involving f^ and f°r the 
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(+^5,-^5) case. This difference Is due to the different 

constraining relations on the fn's for these two cases as in

dicated in Table 5-1-

More will be said about the real bipolar filter 

functions for the (+45,-^5) and (0,90) cases when we consider 

the kinetics in the next chapter. In short summary, the fol

lowing may be said for each of these cases: (1) A real bi

polar filter can be realized using a single photodichroic 

crystal sandwiched between two linear polarizers. (2) The 

polarizers must be crossed and their axes must be oriented 

at ^5° to the principal axes of the photodichroic crystal 

plate. (3) The sign of the real bipolar filter function is 

controlled by the state of polarization of the write light. 

(4) The absolute value of the filter function at any point 

(x,y) is determined by the exposure at that point (x,y) of 

the write light. (5) The bounds on the bipolar filter func

tion are dictated by the thickness d of the crystal plate 

and the absorption coefficient a describing the absorption 

of the crystal when the M centers are equally distributed 

among their six possible orientation states. We now consider 

the synthesis of a complex filter using a similar approach. 

Complex Filter 

In this section is presented a technique for the syn

thesis of a complex spatial filter using a combination of 

two photodichroic crystal plates and one compensating 
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waveplate. A complex filter of course consists of real and 

imaginary parts, both of which can change sign. The approach 

adopted here parallels that of Marathay (1969) for the syn

thesis of complex filters using a combination of Vectograph 

film. The geometry for the combination is depicted in Fig. 

5.3. In practice the photodichroic crystal plates and the 

compensator would be in physical contact, forming a single 

unit. Again an input and output linear polarizer are used 

for the preparation and detection processes, respectively. 

The input Fourier spectrum amplitude, i^(x,y), and its fil

tered version, ^0(x,y), are as before related through the 

filter function F(x,y), that is, 

= F(x,y) ipi(x,y), (5.39) 

where 

F(x,y) = (cos3f sing') 
!ll 3-12 

. 1-21 3-22 J 

cosg 

. sing 

(5.40) 

For this case, however, the filter function F(x,y) is com

plex. The elements l^j appearing in Eq. (5.40) now corre

spond to the elements of the matrix operator describing the 

combination of compensator and photodichroic crystal plates; 

3 and $' are again the angles of orientation of the input 

and output polarizers, respectively. 
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PHOTODICHROIC 
CRYSTAL PLATE 

PHOTODICHROIC 
CRYSTAL PLATE 

INPUT 
POLARIZER 

WAVE PLATE 

OUTPUT 
POLARIZER 

Fig. 5-3- System for Realization of a Complfex Filter. 

In a real system the photodichroic plates 
would be in actual physical contact with 
the waveplate. 
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As we did for the real bipolar filter case, we 

again restrict our attention to the central region of the M 

absorption band. For the (+45,-^5) case, the general form 

of the matrix operator describing the combination is 

L  =  L a b '  R ( w  ' )  D  C  ( < 5  )  C R " 1  ( c o )  L a b  R U ) ] ,  

(5.^1) 

where we have allowed for arbitrary orientations, us and w ', 

of the photodichroic crystal plates relative to a fixed 

compensating waveplate. The waveplate introduces a phase 

difference of 26 between the x and y components of polariza

tion of the field, and its presence is necessary in order 

that F(x,y) be complex. The compensator and rotator matri

ces, C(6) and R(w), are defined by 

A .  .  
C  ( 6 )  

and 

RU) 

exp (j <5 ) 0 

0 exp(-j 6) 

coso) sma) 

-sinw cosoi 

(5.42) 

Each of the two photodichroic crystal plates in the combina

tion is described by a separate matrix operator, Lâ  and 

Lab ' 3 where 
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Jab = T 

and 

Lab' 

cosh(e) 

sinh(e) 

sinh(e) 

cosh(e) 
(5.^3) 

cosh(e') sinh(e') 

sinh(e') cosh(e') 
(5.M) 

The quantities e and t are specified by Eqs. (5-22) and 

(5.23); e' and T' are similarly defined by replacing fj, f2, 

and f3 in Eqs. (5.22) and (5-23) by f i', f 2 ' > and f3'-

ter much algebraic manipulation, it can be shown that the 

elements 1-y of the matrix operator L are given by 

1 1 1  =  T T '  cos(6) [+cosh(e+e ) cos(o) -0) ) cos(to -to) 

+ cosh(e-e ) sin(to -0) ) sin( to -0) ) 

- sinh(e+e ) sin (to +co ) cos (to -to) 

+ sinh(e-e ) sin(o) -to) cos (to + 0) ) ] 

+ J  T X'sin(6) [+cosb(e+e ) sin(to + (0 ) sin(to + (0 ) 

+ cosh(e-e ) COS (to + 0) ) cos (to + 0) ) 

- sinh(e+e ) sin(io + 0) ) cos (to -to) 

+ sinh(e-e ) sin( to -to) COS ( (0 + O » ) ]  

(5.45) 
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ll2 =  T T ' cos(5) [ --cosh( e + e ) sin(o) -to) cos(u) -to) 

+ cosh(e-e ) sin(cj -U) ) cos (to -to) 

+ sinh(e+e ) cos(li) + 0) ) cos(to -to) 

+ sinh(e-e ) sin (to + (0 ) sin( to 

i—
i 

3
 

1 

+ J TT ' sip( <5) [ --cosh( e + e ) sin(a) +to ) cos (to + to) 

+ cosh(e-e ) sin( to +to) cos ( CO +to) 

+ sinh(e+e ) sin( to + (0 ) sin( to -to) 

+ sinh(e-e ) cos(ii) + 0) ) cos ( U) 

1—
1 

3
 1 

(5.46) 

121 TT ' COS(6) [+cosh(e+e ) sin( w '-to) cos (to - U i )  

- cosh(e-e ) sin(to '-to) cos (to -to) 

+ sinh(e+e ) COS ( CO '+01 ) cos (to -to) 

+ sinh(e-e ) sin( to ' + 03 ) sin(to -w) ] 

+  J  T T'sin(s) [-cosh(e+e ) sin( to ' + to) cos (to + to) 

+ cosh(e-e ) sin( W ' +(0 ) cos (to + to ) 

- sinh(e+e ) sin( to ' + to ) sin( to -to) 

- sinh(e-e ) cos (t a  ' + to ) cos (to -w) 1, 

(5.^7) 
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TX ' cos(S) [+cosh(e + e ) COS ( CO -0)) cos (co -co) 

+ cosh(e-e ) sin(ai -co) sin (co -co) 

+ sinh(e+e ) sin (to + CJ ) cos (co -co) 

- sinh(e-e ) sin (co -co) cos (co + 03)3 

+j xx'sin(6) [-cosh(e+e ) sin( w + (jj) sin (co + C0 ) 

- cosh(e-e ) cos (co + C0 ) cos (co + C0 ) 

- sinh(e+e ) sin( co + C0 ) cos (co -co) 

+ sinh(e-e ) sin(co -co) cos (co + o)) 3. 

(5.48) 

Next we substitute these expressions for l]_i, li2» -L21' anc^ 

I22 back into Eq. (5.-40) to obtain a general expression for 

the complex filter function F(x,y). The result is 

F(x,y) = TT '[cos(6) FR(x,y) + J sin(S) FjCxjy)], 

(5.49) 

where the functions FR(x,y) and F-j-(x,y) are given by the fol

lowing set of equations: 

Fpj(x,y) = cosh(e+ E ' )  C O S ( U ) ' - O J ) cos[(oo'-co) - ( 3'-3) 3 

+ cosh(e-e') sin(co'-a)) sin[(w'-w) - (3'-3)3 

- sinh(e+£f) cos(co'-u)) sin[(w'+w) - (3' + 3)3 

+ sinh(e-e') sin (a)'-w) cos[ (co'+co) - (3'+3) 3 

(5.50) 
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and 

Pj(x,y) = cosh(e + e ') sin(to'+to) 

+ cosh(E-e') cosCu'+di) 

- sinh(e + e') sin(io' + to) 

+ sinh(e-e') cos(w'+u>) 

slnC ( to f+u)) - ( 3 ' + 6 ) ] 

cos[ (OJ f+to) - ( 3 ' + 3) ] 

cos[ (to '-to) - ( 3 '-3) ] 

sin[ (to '-to) - ( 3 '-3) ] • 

(5.51) 

The general expression for the complex filter function F(x,y) 

in Eq. (5-^9) as we can see is rather involved. It is pos

sible, however, to obtain a much simpler expression for 

F(x,y) by specifically assigning only certain values to the 

quantities 5, w, to', 3, and 3'- Let's explore this further. 

It should first be noted that the function F(x,y) is complex 

provided that 6^0 and 6 ^ ±ir/2. Second, from symmetry con

siderations alone, the real and imaginary parts of F(x,y) 

should have equal weightings in the filtering process. 

Therefore, we assign the value of ±ir/4 to the relative phase 

difference 6. Another important factor concerning the com

plex filter function F(x,y) is that its real and imaginary 

parts be real bipolar functions. From Eqs. (5-50) and (5-51) 

we see that both the real and imaginary terms of F(x,y) con

tain contributions involving the hyperbolic cosine and hyper

bolic sine functions. As previously indicated, only the 

hyperbolic sine function is a real bipolar function. We can 

eliminate the complicating effects of the hyperbolic cosine 

functions by choosing their coefficients, which depend on 
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the angles u>, co', g, and g', to be Identically equal to 

zero. As it turns out, there are four cases that we must 

consider: 

I: cosCw'-w) = 0 sin(o) '+(u) = 0 

sin[ (w '-w)-(g '-g) ] = 0 cost (u '+o>) - ( g ' + g ) ] = 0 

II: sin(w'-u)) = 0 cos(u>'+cj) = 0 

cos[ (co '-w)-(g '-g) ] = 0 sin[(w'+w)-(g f + g)] = 0 

III: sin(u)'-co) = 0 sin(u)'+io) = 0 

cos[(ii)'—(J)) — ( g ' — g) ] = 0 cost (w f+w)-( g'+g ) ] = 0 

IV: cos (u'-u) = 0 cos(a)'+io) = 0 

sin[ (a)'-d))-(g'-g) ] = 0 sin[(to'+w)-( g'+g) ] = 0 

Cases I and II can be eliminated from further consideration". 

The reason is that for these two cases we find 

PR(x,y) = Fj(x,y) = 0, (5-52) 

a rather uninteresting case. On the other hand, cases III 

and IV are of great interest, as FR(x,y) and Fj(x,y) are both 

nonzero for these cases. For the equations in case III to 

be satisfied, we find 

sin(o)'-oj) = 0, sin(uj'+(o) = 0, 
(5.53) 

cos(g'-g) = 0, cos(g'+g) = 0, 
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which yields 

FR(x,y) = -sinh(e + e') cos(to'-w) sin[ (to'+to) - ( 3' + 3 ) ] 

Fj(Xjy) = +sinh(e-e') cos(io'+to) sin[ (w '-to) - ( 3 3 ) ] • 

(5.54) 

Similarly, for the equations in case IV to be satisfied, we 

find 

cos(u'-to) = 0, cos(to'+to) = 0, 
(5.55) 

c o s ( 3 ' - 3 )  =  0 ,  c o s ( 3 ' + 3 )  =  0 ,  

which yields 

Ffl(x,y) = +sinh(e-e') sin(u)'-to) cos[ (uj'+to)-( 3' + 3 ) ] 

FI(x,y) = -sinh(£+e') sin(to'+to) cost (w '-to)-( 3 '-3) ] . 

(5.56) 

For both cases III and IV we must have 

cos(B'-e) = 0, cos( 3 ' + 3 )  = 0. (5.57) 

The only combinations of 3 and 3 ' for which this equation is 

satisfied are 

3' = 0 and 3 = ±ir/2 
or (5.58) 

3' = ±tt/2 and 3 = 0. 
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For these combinations we see that the input and output po

larizers must be crossed and their transmission axes must be 

parallel to the principal axes of the compensating waveplate 

It should be noted that either combination of 6 and g' will 

suffice, both giving equivalent results. The only combina

tions of to and a)' for which Eq. (5-53) is satisfied are 

to = 0,±7r and to' = O j±tt 
or (5.59) 

to = ±tt/2 and to' = ±ir/2. 

Similarly, for Eq. (5-55) to be satisfied we must have 

to = 0,±tt and to' = ±n/2 
or (5.60) 

to = . ±tt/2 and to' = 0,±tt. 

Both Eqs. (5-59) and (5-60) give equivalent results. We 

find that for both cases III and IV the principal axes of 

each of the photodichroic crystal plates must be parallel 

and oriented at H5° with respect to the principal axes of 

the waveplate. Therefore, without loss in generality, we 

will let 3 = n/2, g ' = 0, w = 0, to' = 0, and 6 = tt/H . With 

these assigned values, we find that the complex filter func

tion F(x,y) reduces to the following simplified form: 

F(x,y) = ~̂ = T T  ' [sinh( e + e ') + j sinh(e-e')3. (5.61) 

After substituting the expressions for x, t', e, and e' into 
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Eq. (5.6l), the final expression for the complex filter func

tion F(x,y) for the (+45,-45) case is given by 

F(x,y) = exp(-2ahd) exp(j 2 w 1 n h d / c )  

x exp[-(3/4)(2 + f1 + f2 + fi' +f2 ')(a-ah)d] 

x (sinh{(3/2)[(fl~f2)+(f1'-f2 ')Ma-ah)d} 

+ j sinh{(3/2)[(f1-f2)-(f1'-f2 ')J(cc-ah)d}) . 

( 5 . 6 2 )  

The quantities f^ and f3' originally appearing in t and t', 

respectively, have been eliminated using the constraining 

relations 

fl + f2 + ^^3 = 1 

fx' + f2' + 4f3' = 1. 
(5.63) 

There are a number of points to be made concerning the ex

pression for the complex filter function in Eq. (5.62). 

(1) The x and y dependence of the complex filter function 

F(x,y) is through the quantities f-j_, f2, f, and f2', whose 

actual values, of course, depend upon the state of polariza

tion and the exposure of the Mp-band light used for writing 

information at each point (x,y) in each of the two photodi-

chroic crystal plates making up the complex filter. As will 

be seen, the writing requirements at each point (x,y) for 
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each of the crystal plates will, in general, be different. 

(2) The quantity (1//2)exp(-2ahd)exp(j2winhd/c) does not de

pend upon the spatial coordinates (x,y) and therefore serves 

no real importance in the complex spatial filtering process. 

(3) The hyperbolic sine functions appearing in F(x,y) are 

again real bipolar functions. These functions individually 

control the signs of both the real and imaginary parts of 

the complex filter function F(x,y). (4) Both of the hyper

bolic sine functions appearing in F(x,y) contain in their 

arguments a linear combination of the quantities (f]_-f2) and 

(ff2 ') • This implies that each crystal plate in the com

plex filter combination contains both real and imaginary in

formation about the complex filter function F(x,y). The 

fact that the quantities (f]_-f2) and (fi'-f2f) appear as a 

sum and difference in the real and imaginary parts of F(x,y), 

respectively, greatly simplifies the procedure for assigning 

values to these quantities. More will be said about this in 

the next chapter. (5) The real positive exponential con

taining the sum f]_+f2+fi '+f2 ' i-n the expression for F(x,y) 

complicates the mathematical content of F(x,y). The reason 

is that the complex sum involving the real bipolar hyper

bolic sine functions appearing in F(x,y) is all that is re

quired to make F(x,y) a complex function. Therefore, the 

presence of the extra real positive exponential factor con

taining the quantities f-j_, f2, f 1'» and f2 ' makes tremen

dously difficult, if not impossible, the procedure for 
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assigning values to the quantities (fi~f2) and (f1'-f2f) 

appearing in the hyperbolic sine functions. There is, how

ever, a way around this difficulty, and that is to determine 

the conditions under which this extra term can be made equal 

to a constant. We will consider this point as well as con

tinue our discussion on the complex filter function F(x,y) 

for the (+45,-^5) case in the next chapter after the kinet

ics of the Mp-band light interaction have been considered. 

A similar mathematical analysis was performed for 

the (0,90) case to determine the conditions for which a com

plex spatial filter could be realized using the polarization 

discrimination properties of the photodichroic crystal. The 

geometry considered was the same as that for the (+45,-45) 

case, namely two photodichroic crystal plates and a compen

sating waveplate. The final expression obtained for the 

complex filter function F(x,y) for this case is given by 

1 
F(x,y) = exp(-2a^d) exp(j2winhd/c) 

x exp[-(3/2)(2 - f3 - f5 - f3' - f5')(a - ah)d] 

x (sinh{(3/2)[(f3 - f5) + (f3 ' - f5 ')](a - ah)d} 

+ j sinh{ (3/2)[(f3 - f5) - (f3' - f5')](<* - ah)d}). 

(5.64) 

The expression obtained for F(x,y) for this case was ob

tained in a similar manner to the expression obtained for 
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F(x,y) for the (+45,-45) case. As before, It was found that 

an acceptable solution results if the input and output lin

ear polarizers are crossed and in such a manner that their 

transmission axes are parallel to the principal axes of the 

compensating waveplate. The relative phase difference 6 

for the compensating waveplate should be assigned the value 

of ±tt/4 so that the real and imaginary parts of F(x,y) have 

equal weighting in the filtering process. The principal 

axes of the photodichroic crystal plates must be parallel 

and be oriented at 45° with respect to the principal axes of 

the waveplate. Therefore, without loss in generality, we 

can let 3 = it/2, 3 ' = 0, to = tt/4, uj' = it/4, and <5 = tt/4 to 

obtain the expression for F(x,y) in Eq. (5-64). The general 

discussion pertaining to F(x,y) for the (+45,-45) case ap

plies equally to the (0,90) case. 

To recapitulate, the following may be said for both 

the (+45s-45) and (0,90) cases concerning the realization of 

a complex spatial filter for coherent processing using the 

polarization discrimination properties of the photodichroic 

crystal: (1) A complex spatial filter can be realized using 

two photodichroic crystal plates and a compensating wave

plate as depicted in Fig. 5-3 sandwiched between two linear 

polarizers. (2) The polarizers must be crossed and their 

transmission axes must be parallel to the principal axes of 

the compensating waveplate. (3) The principal axes of the 

two photodichroic crystal plates must be parallel and 
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oriented at 45° to the axes of the waveplate. (4) The rela

tive phase difference of the compensating waveplate should 

be equal to ±tt/4. (5) Since the complex filter consists of 

two photodichroic crystal plates, then in general two beams 

of Mp-band light will be required in the writing process. 

The states of polarization and exposure of the write light 

at each point (x,y) in each crystal plate dictate the trans

mission characteristics of the filter at the point (x,y). 

Final comments on both the real bipolar filter and complex 

filter functions obtained in this chapter will be made in 

Chapter 6, which deals with the kinetics of the Mp-band 

light interaction. 



CHAPTER 6 

THE KINETICS OF THE INTERACTION OP Mp-BAND (WRITE) 

LIGHT WITH A PHOTODICHROIC CRYSTAL 

In the previous chapter, prescriptions were given 

for the realization of real bipolar and complex spatial fil

ters for coherent optical processing using the polarization 

discrimination properties of the photodichroic crystal. From 

the expressions obtained for the filter functions, we see 

that the transmission characteristics of these filters are 

governed principally by the quantities fn, n = l,2,---,6, 

which again represent the fraction of M centers in the six 

possible orientation states. In this chapter, we consider 

the kinetics of the interaction of Mp-band light with a pho

todichroic crystal to determine how the quantities fn change 

with Mp-band light exposure time. We restrict our attention 

to the specialized cases considered in the previous chapter. 

Mathematical Preliminaries 

Given a photodichroic crystal with a fixed number of 

M centers, we recall that it is possible to change the num

ber of M centers in the various orientation states by simply 

exposing the photodichroic crystal to Mp-band (write) light. 

As indicated in the previous chapter, the final distribution 

of M centers resulting from the Mp-band light interaction is 

138 
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governed principally by three factors: (1) the initial dis

tribution of M centers, (2) the state of polarization of the 

Mp-band light, and (3) the exposure time of the Mp-band 

light. The first two factors were considered in Chapter 5. 

In particular, we saw that, if the initial distribution of M 

centers is given by fn = 1/6 for all n and if the Mp-band 

light corresponds to a linearly polarized plane wave propa

gating in the +z direction whose plane of polarization makes 

an angle of 0°, 90°, -45°, or +45° to the x axis, then the 

final state of M center distribution is described by a set 

of fn's that must satisfy certain constraining relations. 

These constrining relations were summarized in Table 5.1. 

The constraints placed on the fn's for these specialized 

cases, of course, tell us nothing about the actual values of 

these quantities. However, this information can be obtained 

by considering the kinetics of the Mp-band light interaction, 

which takes into account the effects of not only the first 

two factors but also the third factor, namely the exposure 

time. With this information in mind, we will now consider 

this topic in greater detail. 

The kinetics of the M^-band light interaction have 

been studied by Turner, De Batist, and Haven (1965a, 1965b) 

from both a theoretical and experimental standpoint. Their 

work serves as the basis for this investigation. If a pho-

todichroic crystal is illuminated by a beam of monochromatic 

Mp-band light, the time rate of change of the distribution 
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of M-center orientation states can be described by a set of 

first-order differential equations of the form 

"df]/dt 

df2/dt 

df3/dt 

df4/dt 

df5/dt 

dfg/dt 

where 

an = lo[a^^n^''"^cos20n^^ + o^^n^^cos20n^h. (6.2) 

I0 corresponds to the intensity of the Mp-band light, 

is the absorption coefficient per M center for light in the 

Mp. band (j = 1,2) polarized parallel to the optical dipole 

moment associated with this band, 0n^^ is the angle between 

the electric field vector of the interacting light and the 

Mpj band (j = 1,2) optical dipole moments associated with M 

centers in the nth orientation state, and n^^ is the proba

bility that an M center reorients after an Mpj-band (j =1,2) 

photon has been absorbed. Equation (6.1) is the fundamental 

equation of interest in our study of the kinetics of the 

Mp-band light interaction. With this equation we seek solu

tions for fn(t), n = 1,2,•••,6, for all time t > 0 where t 

corresponds to the Mp-band exposure time. We restrict our 

attention to the special case where the M centers are ini

tially evenly distributed among the six orientation states 

Hai 0 a3 a4 a^ ag fl 

0 —4a2 a3 aij a^ ag f2 
al a2 ~^a3 0 a^ ag f3 
a]_ a2 0 -4ai} â  ag 

a]_ a2 a3 a4 -kâ  0 f5 
al a2 a3 a4 0 ~^a6 f6 



and to those states of linearly polarized light where the 

electric field vector makes an angle of 0°, 90°, -45°» or 

+45° to the x axis. Later in this chapter it will be con

venient to define two auxiliary quantities T and R as 

1/T = I0Ca ̂  ̂ n ̂  ̂ (6.3) 

and 

R = (6.4) 

In terms of these quantities, the coefficients an can be 

re-expressed in the form 

1 cos2en^1^ + R cos2en^2^ tc an = - . (6.5 

The quantity R is useful because it allows us to vary the 

relative contributions of the M-ri]_ and Mp2 absorption bands 

to the interaction process. This would be equivalent to 

shifting the wavelength of the write light within the Mp 

spectral band region. For example, if R = 1, then both the 

Mpj. and MF2 bands would contribute equally to the interac

tion process. We will consider the (0,90) and (+45,-45) 

cases separately. 

The (0,90) Case 

The mathematical expressions obtained for the real 

bipolar and complex spatial filter functions for the (0,90) 
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case are given by Eqs. (5-37) and (5-64), respectively. 

Note that, for both the real bipolar and complex filter 

cases, the only combinations of the fn's of interest are 

fg + f5 and f^-f^. Therefore, we need only determine how 

these combinations vary with the exposure time. 

Consider first the 90° case. From Eq. (6.5) and the 

dot product information in Table 5.2, the coefficients an in 

Eq. (6.1) for the 90° case are given by 

ai = a2 = a3 = ai, = (1/T) (1/2)/(1+R) 
( 6 . 6 )  

a5 = ag = (1/T)(R)/(1+R). 

Substituting these expressions back into Eq. (6.1) gives the 

following simplified set of differential equations: 

df-^/dt -2 0 3g h R R fl 

df2/dt 0 -2 3g R R f2 
df3/dt (1/T) h h -2 0 R R f3 
df ij/dt 1+R h h 0 - 2 R R 

df5/dt ig 3g jg 3g _4R 0 f5 
dfg/dt 3g 3g 3g 0 -4R _ . f 6 . 

Next we define two new variables, g and h, by 

f*l + ?2 f*3 * 

f5 + fg. 
( 6 . 8 )  
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From Eq. (6.7) it is easily shown that these new variables 

must satisfy 

dg/dt 

. dh/dt . 

The solutions to these differential equations, subject to 

the initial condition that all states are to be equally 

populated, i.e., 

g(0) = fi(0) + f2(0) + fo(0) + f 2. (0) = 2/3 
J (6.10) 

h( 0) = f5(0)+f6(0) = 1/3, 

1/T 
1+R 

-1 

+ 1 

+ ̂R 

-4R h J 
( 6 . 9 )  

are given by 

g(t) = f " f ( 1 + 4R) i1 " e*P(-t/Tp)) 
(6.11) 

h(t) = | + Ki + ̂ r)!1 " exp(-t/Tp)), 

where the time constant TQ is given by 

JL - (f, i o > 
T0 T \ 1 + R / * 

Next we use the constraining relations for the fn's from 

Table 5-1 for the 90° case, namely 



fx(t) = f2(t) = f3(t) = f4(t) 

f5(t) = f6(t) 

and Eq. (6.8) to obtain 

1*3 (t) = g(t)/4 

f5(t) = h(t)/2. 

This implies 

f3(t) + f5(t) = g(t)/4 + h(t)/2 

f3(t) - f5(t) = g(t)/4 - h(t)/2. 
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(6.13) 

(6.14) 

(6.15) 

Substituting the expressions for g(t) and h(t) from Eq. 

(6.11) back into Eq. (6.15) gives the following result for 

the 90° case: 

f3(t) + f5(t) = | + Krrf)!1 - exp(-t/T0)) 

(6.16) 

f3(t) - f5(t) = - I ( + ̂ r)(i - exp(-t/T0)j. 

(6.17) 

For the 0° case we would have obtained the same re

sult except that the roles of f3(t) and f^(t) would have 

been interchanged. 

The (+45,-45) Case 

For the (+45,-45) case, the expressions obtained for 

the real bipolar and complex filter functions are given by 
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Eqs. (5.32) and (5-62), respectively. The only combination 

of fn's of interest for the real bipolar and complex filter 

cases are fi + f2 and fl-f2* us now determine how these 

quantities vary with the exposure time. Consider first the 

-45° case, for which the coefficients an are given by 

B-i = 0 

a 2 = (1/T)/(1 + R) 

a^ = ajj = a^ = ag 

(6.18) 

1 1 1 + 2R 
T 4 1 + R 

Substituting these expressions back into Eq. (6.1) gives 

dfx/dt 0 0 A A A A fl 
df 2/dt 0 -4 A A A A *2 
df3/dt 1/T 0 1 -4A 0 A A f3 
df4/dt 1+R 0 1 0 -4A A A f 4 
df5/dt 0 1 A A -4A 0 f5 
dfg/dt 0 1 A A 0 -4A f 6 

(6.19) 

where by definition 

A = (1/4)(1 + 2R). 

Next we define a new variable, u, by 

u = + fjj + f^ + fg. 

( 6 . 2 0 )  

(6.21) 

From Eq. (6.19), it is easily shown that the quantities f^, 

fg, and u must satisfy 
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dfx/dt 0 0 A fl 

df2/dt 
1/T 
1+R 0 -4 A f2 (6.,22) 

du/dt 0 4 -2A u 

Prom this set of differential equations, solutions for f]_(t), 

f2(t), and u(t) can be found, subject to the initial condi

tion, that all states are to be equally populated, i.e., 

fx(0) = f2(0) = 1/6 

u(0) = 2/3. 
( 6 . 2 3 )  

Without going into the details, the following expressions 

for fi(t)+f2(t) and f1(t)-f2(t) are obtained 

fl(t)+f2(t) = | | (1+B)(C-A)[1 - expC-t/l^)] 

- ̂  (1-B)(C+A)[1 - exp(-t/T2)] 

(6.24) 

fl(t)-f2(t) = ^ (1+B)[1 - exp(-t/T1)] 

+ | (1-B)[1 - exp(-t/T2)]. 
(6.25) 

The constants B and C are defined by 

B = (4 + 3A) / 3(4 + A2)1^ 

and 

( 6 . 2 6 )  

(4 +A2)^. (6.27) 
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The time constants Tj_ and T2 are given by 

1  -  H W )  ( 6 - 2 8 >  Tl 

_1_ _ 1/2 +A + C 
T2 T <6-25> 

For the +45° case we would have obtained the same 

results except that the roles of f^Ct) and f2(t) would have 

been interchanged. 

Discussion of the Two Cases 

Now that we have expressions for the quantities 

fl + f2, fi - f2> f3 + f5s and we can determine how the 

real bipolar and complex filter functions depend on the 

write light exposure time. First, however, it is worthwhile 

to mention several interesting points concerning the results 

obtained thus far. First of all, for t = 0 we see from Eqs. 

(6.16), (6.17), (6.24), and (6.25) that 

and 

f3(0) + f5(0) 

f3(0) - f5(0) 

fx(0) + f2(0) 

f X ( 0 ) - f 2 ( 0) 

1/3 

0 

1/3 

0 

( 6 . 3 0 )  

(6.31) 

as they should. Second, in the limit as t-*°° we find from 

this same set of equations that 



1H8 

f3(») + f5(-> = j + f ( r r t f )  ( 6 - 3 2 )  

- I(irli). fOT 900 

f^(») - M») = < (6.33) 

+ I f 1-^) for 0° 2 \1 + HR/> 

and 

f-^co) + f2(») = 1 (6.34) 

( +1, for -^5° 
fl(~) - fp(») = < (6.35) 

( -1, for +45°. 

These equations tell us that, for the (+45,-45) cases all M 

centers within the photodichroic crystal reorient into orien

tation state 1 (state 2) for write light polarized at -45° 

(+45°) to the x axis, regardless of where the wavelength of 

the write light lies within the Mp spectral band. That is, 

both the Mp]_ and Mp2 bands for the (+45,-45) case work in 

harmony in the reorientation process. On the other hand, we 

see that, for the (0,90) case, the final distribution of M 

centers depends explicitly on the quantity R, which again 

represents the relative contribution of the Mpi and Mp2 bands 

to the interaction process. As previously indicated, the 

relative contribution of these bands is influenced by where 

the wavelength of the write light lies within the Mp spec

tral band. It is of interest to note that, for the special 
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case R = ^, we find 

f3(°°) +f ̂("O = f 3 (0) + f5(0) = 1/3 

f3(~) - f5(») = f3(0)-f5(0) = 0, 

( 6 . 3 6 )  

which implies that there is no net effect in the reorienta

tion process. Thus, for the (0,90) case we see that the Mp-j_ 

and Mp2 bands are actually in competition with each other in 

the reorientation process. The effects of this competition 

can be minimized, however, if R >> 1 or R<<1. This corre

sponds to the situation where either the Mp-]_ or Mp2 band 

dominates in the interaction process. This brings us to the 

third point, which is that the wavelength of the write light 

for the (0,90) case could be used to control the sign of the 

quantity f3 - f^. For example, for the 90° case we see from 

Eq. (6.33) that 

Thus it appears that a technique using two wavelengths of 

write light, each appropriately located within the Mp spec

tral band, and only one state of polarization (0° or 90°) 

would offer an alternative means for encoding information 

into either a real bipolar or a complex filter. We will not 

pursue this particular idea further, but merely indicate it 

as a possible alternative that should be further explored. 

f3(t) - f5(t) < 0 for R < h (6.37) 

whereas 

f^(t) - f^(t) > 0 for R > ( 6 . 3 8 )  
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The Real Bipolar and Complex Filter 
Transmission Characteristics 

We now return to the mathematical expressions ob

tained in Chapter 5 for the real bipolar and complex filter 

functions to determine the effects of the Mp-band light ex

posure time on the transmission characteristics of these 

filters. 

The Real Bipolar Filter 

The expressions obtained for the real bipolar filter 

function for the (+45,-^5) and (0,90) cases are given by Eqs. 

(5.32) and (5-37), respectively. The constant phase factor 

exp (j u)3_nhd/c) appearing in both Eqs. (5-32) and (5.37), as 

previously indicated, does not contribute to the filtering 

process. In fact, this term disappears in the detection 

process at the output plane of the coherent processor. 

Therefore, without loss of generality, we neglect this term 

for the rest of the discussion. It has also been indicated 

that an alkali-halide host crystal, in the absence of color 

centers, is optically transparent in the spectral region of 

interest. Therefore, we shall set the quantity ahd = 0. 

With these simplifications, the expressions for the real bi

polar filter functions reduce to the form 

F(x,y) =? exp[- (1+fi+f2)ad] sinh[ ̂  (f'i-f2 )cd] , 

for the (+45,-45) case, 

(6.39) 
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and 

F(x,y) =? exp[- ̂  (1-f3-f5)ad] sinh[ (f*3—f"5)ad] , 

for the (0,90) case. 

(6.40) 

The dot below the equals sign in these two equations 

indicates that a phase factor has been omitted. To show how 

these filter functions vary with the write light exposure 

time, a set of parametric curves was plotted using the ex

pressions for f]_ + f2, ^3 + ̂ 5' an<^ ̂ 3 ~ ̂ 5 ^qs. 

(6.24), (6.25), (6.16), and (6.17). These curves are shown 

in Figs. 6.1 and 6.2 for the (+45,-45) and (0,90) cases, re

spectively. For all curves, ad = 1.5. The parameter R was 

assigned the values of 1/10, 1, and 10. Note that in each 

figure there are two distinct regions. For example, in Fig. 

6.1 all information to the right of the t = 0 line pertains 

only to the -45° state of polarization, whereas all informa

tion to the left of the t = 0 line pertains to the +45° 

state. The figures were constructed in this manner to show 

how the state of polarization of the write light affects the 

sign of the real bipolar filter function. Note also that 

the exposure time t is positive in both regions. 

There are several important points concerning Figs. 

6.1 and 6.2 worth discussing. (1) First, as clearly shown 

in both figures, the state of polarization of the write 

light controls the sign of the filter function F(x,y). How

ever, as previously discussed, the ratio R defined by Eq. 
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Fig. 6.1. Real Bipolar Filter Function F versus t/T 
for the (+^5,-^5) Case. 

The parameter is the ratio R. 
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Fig. 6.2. Real Bipolar Filter Function F versus t/T 
for the (0,90) Case. 

The parameter is the ratio R. 
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(6.4) can affect the sign of F(x,y) for the (0,90) case. 

For the (+45,-45) case we have 

F(x,y) > 0 for 3 = -45° (6.41) 

and 

F(x,y) < 0 for g = +45°. (6.42) 

For the (0,90) case we have 

F(x,y) > 0 for 
90° and R  >  h  

0° and R  <  h  
(6.43) 

and 

F(x,y) < 0 for 
90° and R  <  h  

0° and R  >  h  .  
(6.44) 

(2) For the (+45,-45) case, the absolute value of the func

tion F(x,y) is bounded between 0 and ig. The quantity R has 

no effect on the bounds for this case. However, R does af

fect the total exposure time required to reach a given value 

of F(x,y). For the (0,90) case, the upper bound of the ab

solute value of F(x,y) is greatly influenced by the quantity 

R, as is evident from Fig. 6.2. We also note for the (0,90) 

case that shorter exposure times are required to reach the 

upper bound of |F(x,y)| when compared to the corresponding 

curves for the (+45,-45) case. (3) For long exposure times, 

the curves in Figs. 6.1 and 6.2 are nonlinear, except for 

the (+45,-45) case when R = 10, the curve of which is almost 
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a straight line. For much shorter exposure times, all 

curves attain some degree of linearity. 

Thus we see that a greater dynamic range can be 

achieved in general with the (+45,-45) case. If linearity 

and high dynamic range are required, we should consider the 

(+45,-45) case and choose the wavelength of the write light 

such that the Mp2 band dominates in the interaction process. 

If a reduction in dynamic range can be tolerated, then we 

can work with shorter exposure times. Since the curves for 

the (+45,-45) and (0,90) cases display a fair degree of lin

earity for shorter exposure times, let's examine in greater 

detail the functional dependence of the real bipolar filter 

function F(x,y) for both the (+45,-45) and (0,90) cases for 

shorter exposure times. 

As will be seen shortly, if the exposure time satis

fies the condition t/T < 0.25, then the quantities fi - f2 

and fg - f^ are fairly linear with exposure time. For 

1/10 < R < 10, we also find that 

1*1 ~ *21 =5 °-2 

|f3 - f5| s 0.2 
(6.45) 

|fl + f2 - 1/3| s 0.15 
(6.46) 

f3 + f5 - 1/3| s 0.07. 

From Eqs. (6.24) and (6.16), we have 
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fx(t) + f2(t) - 1/3 = A12(t) (6.-47) 

f^(t) + f^(t) — 1/3 = A3^(t) (6.48) 

where by definition 

A12(t) = (1/4)(1+B)(C-A)[1 - expf-t/Ti)] 

- (1/4)(1-B)(C+A)[1 - exp(~t/T2)] (6.49) 

A 3 5 ( t )  = (1/6)[(1-2R)/(1+4R)][1 - exp(-t/T0)]. 

( 6 . 5 0 )  

Using Eqs. (6.47) and (6.48), the expressions for F(x,y) for 

the (+45,-45) and (0,90) cases can be rewritten in the form 

F(x,y) =? exp (-ad) exp[-(3/4 ) A12ad] 

x sinh[(3/2)(fi - f2)ad] (6.51) 

F(x,y) =f exp(-ad) exp[+(3/2)A3^ad] 

x sinh[(3/2)(f3 - f^)ad]. (6.52) 

Next we restrict our attention to values of ad for which the 

following approximations can be made: 

exp[-(3/4)A12ad] - 1 

exp[+(3/2)A35ad] = 1 

(6.53) 



and 

sinh[(3/2)(fi - f2)ad] 

sinh[(3/2)(f3 - f5)ad] 

(3/2)(fi - f2)ad 

(3/2)(f3 - f5)ad. 
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(6.54) 

Based on the Inequalities in Eqs. (6.45) and (6.46), these 

approximations are fairly accurate if ad < 0.5- With these 

approximations the expressions for F(x,y) in Eqs. (6.51) and 

(6.52) take on the following simplified forms: 

F(x,y) = (3/2 ) ad exp (-ad)(f]_ - f 2 ) > 

for the (+45,-45) case, 

(6.55) 

F(x,y) - (3/2)ad exp(-ad)(f3 - f 4), 

for the (0,90) case. 

( 6 . 5 6 )  

So we see that, for short exposures, the expressions for the 

real bipolar filter functions for the (+45,-45) and (0,90) 

cases are directly proportional to the quantities f]_ - f2 and 

f3 - f5, respectively. Figures 6.3 and 6.4 are plots of 

f1 - f2 and f3 - for t/T < 0.5. These plots are presented 

In the same format as those of Figs. 6.1 and 6.2. In Fig. 

6.3, we see that the quantity f1 - f2 ls fairly linear with 

the exposure time. In Fig. 6.4, however, we see that even 

for these shorter exposure times the quantity f3 - f^ shows 
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Fig. 6.3. Quantity fi - f2 versus t/T for the 
(+*l5»-45) Case for Short Exposures. 

The parameter is the ratio R. 



159 

f3~ f5 

0.2 

-0.1 

0.2 

0 = 90' 

Region 

i 1 1 1 1 1 1 1 1 1 (t/T) 
• H» • 

Fig. 6.4. Quantity f3 - f^ versus t/T for the 
(0,90) Case for Short Exposures. 

The parameter is the ratio R. 
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a high degree of nonlinearity. Thus, of the two cases, it 

appers that the (+45,-45) case is the more desirable from 

the standpoint of linearity. 

The Complex Filter 

The expressions obtained for the complex filter 

function for the (+45,-45) and (0,90) cases are given by 

Eqs. (5-62) and (5.64), respectively. As was done for the 

case of the real bipolar filter function, we will neglect 

the constant phase term exp( j 2u]_nhd/c) appearing in each of 

these equations. Again we will set a^d = 0. With these 

simplifications, we obtain the following expressions for the 

complex filter functions: 

F(x,y) =? exp[-(3/4)(2+f1+f2+fi,+f2')ad] 

x (sinh{(3/2)[(fi-f2) + (f x ' -f 2 ')]ad} 

+ j sinh{(3/2)[(fi-f2) - (fi'-f2 ')]ad}) , 

for the (+45,-45) case, (6.57) 

and 

F(x,y) =? ^ exp[-(3/2)(2-f3-f3-f3'-f5')ad] 

x (sinh{(3/2)[(f3-f5) + (f3'-f5r)]ad} 

+ j sinh{(3/2)[(f3-f5) - (f3'-f5')]ad}), 

for the (0,90) case. (6.58) 
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As before, the dot under the equals sign indicates omission 

of the phase factor. As was mentioned in Chapter 5, the 

real positive exponential terms appearing in each of these 

equations complicates the mathematical content of F(x,y). 

However, it was also indicated that one way around this dif

ficulty is to determine the conditions under which these 

terms can be made equal to constants. As it turns out, we 

did exactly this in our discussion of the real bipolar fil

ter function in the previous section. We found that, for 

short exposure times, i.e., t/T < 0.25, the approximations 

made in Eqs. (6.53) and (6.5*0 are fairly accurate if ad < 

0.5. With the approximations in Eqs. (6.53) and (6.5*0, the 

expressions for the complex filter functions appearing in 

Eqs. (6.57) and (6.58) take on the following simplified 

forms: 

F(x,y) =? ad exp(-2ad){ [ (f!-f2) + (fi f-f2 0 ] 

+ j C(f!-f2) - (fi'-f20]}, (6.59) 

for the (+^5,-^5) case, 

and 

3 
F(x,y) =? 2/f ad exp(-2ad){ [(f^-f^) + (f3 '-f^ ')] 

+ j [(f3-f5) - (f3'-f5')]}, (6.60) 

for the (0,90) case. 

The real quantities fi~f2s ** 1' - f2 '» ?3 and **3 ' ~ ̂5 ' 
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are typically bounded by ±0.2 according to the requirements 

set by Eq. (6.45) for the case of short exposure times. That 

is, the filter function realizable by this method is such 

that its real, p(r), and imaginary, F^), parts are bounded 

by 

-CiC2 < F(r) < +CiC2 
(6.61) 

-CiC3 < F^1) < +0x03 , 

where by definition 

3 C1 = ad exp(-2ad) (6.62) 

C(fl-f2) + (fl'-f2')W for (+^5,—45) 

[(f3-f5)+(f3'-f5')]max for (0,90) (6_63) 

[(fl-f2) - (fi'-f2')W for (+45,-^5) 

[(f3-f5) - (f3'-f5')]max for (0,90). 
(6.64) 

For the short exposure times we typically have C2 = C3 - 0.4, 

The desired filter function to be synthesized is first nor

malized to fit the bounds of Eq. (6.6l). Then the quanti

ties fi~f2j f 1' - f2 ' 5 anc^ f*3 ' — f*5 ' for the photo-

dichroic crystals are determined by 

(fx-f2) = (2C1)-1(F(r) +F(i)) 
t ^ t •\ (6.65) 

( ' - f 2 ' ) = (2C1)"l(F(r) - F^1)) , 

for (+45,-45), 



and 

(f3-f5) = (2C1)-1(F(r) + F^1)) 

(f3'"f5,) = (2C1)-1(F^r) - F(1)) 

for (0,90) 
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( 6 . 6 6 )  

By restricting our attention to short exposure times (t/T 1 

0.25), we were able to obtain simplified expressions for the 

complex filter functions for both the (+45,-^5) and (0,90) 

cases. However, to do so required a sacrifice in dynamic 

range. This is witnessed by the fact that the maximum flux 

transmitted by the complex filter is about \% of the origi

nal polarized beam. 



CHAPTER 7 

SUMMARY AND RECOMMENDATIONS 

Summary of Results 

Matrix-Vector Multiplication 

An optical technique for the multiplication of a 

one-dimensional column vector by a two-dimensional matrix 

operator using incoherent light was described. The signifi

cant results from this investigation are as follows: 

(1) The underlying mathematical principles of the 

technique were presented. Emphasis was placed on procedures 

for encoding both real and complex matrix information on an 

optical recording medium in a two-dimensional format. Both 

analog and binary encoding schemes were described. 

(2) Examples of specific matrix-vector multiply op

erations that could be performed using this technique were 

mentioned. The examples included discrete Fourier, cosine, 

sine, and Walsh-Hadamard transforms, as well as various types 

of linear filtering operations. 

(3) The underlying principles of the matrix-vector 

multiplication technique were demonstrated with an incoher

ent optical correlating device developed by Bromley (197*0 • 

The particular matrix-vector multiply operation demonstrated 

was a discrete 32-point cosine transform using the binary 
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encoding scheme. The experimental data obtained from the 

test were compared with theoretically predicted results via 

a set of correlation coefficients. The average value of the 

correlation coefficients between the theoretically derived 

and experimental data was found to be 0.96. It was indi

cated that simply changing the optical transparency contain

ing the matrix operator information within the device gives 

rise to a programming capability. 

Photodichroic Crystals 

The objective of this research was to determine the 

potential usefulness of the polarization discrimination prop

erties of the photodichroic crystal in two-channel optical 

information processing. As suggested by Schneider (1967), 

the basis for the storage of information is the orientation 

of anisotropic color centers within the crystals. The par

ticular color center considered in this study was the M cen

ter. The significant results of the study are as follows: 

(1) A matrix operator description, using the Jones 

calculus, of the interaction of M-band light with the photo

dichroic crystal was given. Only monochromatic electromag

netic plane waves were considered. The interaction of the 

M-band (read) light with the crystal was studied from a 

classical electromagnetics point of view. The eigenvectors 

associated with the determined matrix operators correspond 

to linear orthogonal states of polarized light. 
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(2) Within the framework of this formalism, a pro

cedure for the synthesis of a real bipolar spatial filter 

for coherent optical two-channel processing was_ given. The 

results showed that a single photodichroic crystal, sand

wiched between a pair of suitably oriented crossed linear 

polarizers, could sustain real bipolar filter information. 

(3) A procedure for the realization of complex spa

tial filters for coherent processing was also given. It was 

found that a combination of two photodichroic crystals and a 

quarterwave plate, properly oriented between crossed linear 

polarizers, could sustain complex filter information. The 

approach adopted for both the real bipolar and complex filter 

synthesis paralleled that of Marathay (1969)• Marathay laid 

the theoretical foundation for the realization of real bi

polar and complex spatial filters for two-channel coherent 

optical processing using the polarization discrimination 

properties of Vectograph film. The technique of Marathay is 

an alternative to the Vander Lugt and Lohmann techniques for 

recording complex spatial filter information on conventional 

recording media such as photographic film. 

(4) The kinetics of the write (Mp-band) light inter

action with the photodichroic crystal was briefly examined. 

This study was based on the work of Turner et al. (1965a, 

1965b). It was found that the amplitude transmission char

acteristics of the real bipolar and complex filter solutions 

could be varied linearly with the write light exposure, but 
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only for low exposures. Linearity was attained at the ex

pense of reduced dynamic range. For example, the maximum 

light flux transmitted by the complex filter was estimated 

to be about 1% of the original polarized beam. It was also 

shown how the state of polarization of the write light could 

be used to control the signs associated with the amplitude 

transmissions of the real bipolar and complex filters. 

Recommendations for Future Research 

Matrix-Vector Multiplication 

The groundwork has been laid for optically perform

ing matrix-vector multiplication with incoherent light. This 

work should be further pursued to determine, in depth, what 

specific linear transformations and matrix-vector multiply 

operations can be best performed using this technology. 

Also, optical recording media other than photographic film 

should be considered for the recording of the matrix opera

tor information. For example, the polarization discrimina

tion properties of the photodichroic crystal might be used 

to store complex matrix information and at the same time 

process complex vector information encoded on polarized 

light. This would be analogous to the processing of complex 

wave amplitudes with complex spatial filters using coherent 

optical processing techniques. This would reduce present 

optical transparency format sizes as well as introduce a new 

capability in handling complex vector inputs. 
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Photodichroic Crystals 

This investigation shows that the photodichroic crys

tal does indeed have potential usefulness as a recyclable 

recording medium for two-channel optical processing. Further 

work in this area should investigate other directions of 

propagation within the crystal, other states of polarization, 

and other methods for achieving color center alignment in 

order to optimize the solutions presented here. In addition, 

experiments should be conducted to determine the optical 

transmission characteristics of these crystals in terms of 

write light exposure levels and states of polarization. 

Other color centers should be considered as well, for exam

ple, the anisotropic F^ and R centers. Finally, the model 

of Turner et al. (1965a), concerning the kinetics of the 

write light interaction, should be re-examined to determine 

whether updating is necessary as a result of recent findings 

by Schneider (1970, 1971) and Collins and Schneider (1972) 

on the reorientation mechanism of M centers. 



APPENDIX A 

DETERMINATION OF n AND a FOR 

A DILUTE CONCENTRATION OF COLOR CENTERS 

In this appendix the mathematical expressions for n 

and a as given by Eqs. (4.43) and (4.44) are derived. We 

start with Eq. (4.40), namely 

k2 = kh
2 + (4tt/3)(W2/C2) A (A. 1) 

where from Eqs.(4.7) and (4.19) we have 

kh2 = (1 + 47rA-h)(w2/c2) (A.2) 

and 

(A.3) 

We will also use the relations 

k = (w/c)n + j& (A.4) 

and 

kh = (w/c)nh + • (A.5) 

We know that k2 is a complex quantity "by virtue of Eq. (A.4). 
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Therefore3 let's express k in the form 
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k 2  =  R + j l ,  (A.6) 

where R and I are both real quantities to be determined. 

Substituting the complex expression for k from Eq. (A.4) 

into Eq. (A.6) and equating real and imaginary parts gives 

isolated expressions for n and a, 

(U>2/c2)n2 = 3G[(R2 + I2)3* + R] (A.7) 

and 

a2 = 3g[(R2 + I2)3® - R]. (A.8) 

Equating Eqs. (A.l) and (A.6) and solving for R and I with 

the use of Eqs. (A.2), (A.3), and (A.5), we obtain 

R = (w2/c2) [nh2 - (c2/w2)ah2] 

+ (w2/c2) [nh2 + 2 - ( c 2 / ( o 2 ) a h
2 ]  [ p ]  

- ("2 /c2) [2(c/w)nhah  ]  [Q ]  (A.9) 

and 

I = (w2/c2) [2(c/w)nhah] 

+ (w2/c2) [nh2 + 2 - (c 2/w2)ah2] [ Q ] 

+ (w2/c2) [2(c/w)nhah ][p] . (A.10) 
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where by definition 

_ _ 4-n- N0e ,2 "i2 - u)2 

9 m ' (w][2-a)2)2 + y 2 ̂ 2 
(A.11) 

and 

n = i*2L N°0'2 XfS (A 12) 
Q " 9 m' (toi2 - w2)2 + Y2"2 ' ' 

At this point the expressions for R and I, from Eqs. (A.10) 

and (A.11), could be substituted back into Eqs. (A.7) and 

(A.8), which in turn would yield rather complicated expres

sions for n and a. Before doing this, however, we can make 

simplifications for dealing with dilute concentrations of 

color centers, namely N0 s 1018 cm-3. Experimental results 

concerning the dispersive and absorptive properties of photo-

dichroic crystals (see for example Schneider, 197*0 indicate 

that the time constant y (Garbuny, 1965) appearing in the 

expressions for P and Q is typically one order of magnitude 

smaller than the central frequency o>]_; that is, 

y <; U]L/10. (A.13) 

For time constants of this magnitude, we find that, for op

tical frequencies and dilute concentrations of color centers, 

quantities Q and P are bounded within the approximate range 

0 < Q s 5 x 10*"* ( A . 1 4 )  
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and 

-2.5 x io~4 <; P < +2.5 x 10-i|. (A.15) 

We also recall that photodichroic crystals, free from defects 

and color centers, exhibit an extraordinarily wide range of 

optical transparency from the far ultraviolet into the far 

infrared (Schulman and Compton, 1962). This implies 

(c/o»)ceh < 10-5 « nh . (A. 16) 

With Eqs.(A. 14), (A.15), and (A.16), we find from Eqs. (A. 9) 

and (A.10) that 

R » I . (A.17) 

This being the case, we can now v/rite the following simpli

fied expressions for n and a: 

n2 ^ (c2/w2) R (A.18) 

and 

<* - 1/2/R . (A.19) 

Let's now return to the general expression for R in Eq.(A.9). 

Based on Eqs.(A.14), (A.15), and (A. 16), the expression for R 

can now be replaced by the following simplified expression 
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R ^ (w2/c2)nh2 + (6>2/c2)(nh2 + 2) P . (A. 20) 

This implies 

n2 ^ nh2 + (nh2 + 2)P . (A. 21) 

Based on the experimental findings of Schneider (1974) we 

find 

|n-nh| < 10-5 (A.22) 

for dilute concentrations of color centers. This implies 

n2-nh2 ~ (n - nh)(2nh) , (A.23) 

which when used with Eqs. (A.21) and (A.11) gives the desired 

result for the index of refraction n, 

n ~ n-̂  + 
2tt Noe'2 (nh2+2) (fc^-co2) 

9 m* nh [(^2 - cu2)2 + y2cJ2] 

(A.24) 

For the case of the absorption coefficient a, we use the 

approximations 

I i ( < o z / o 2 )  [ z ( o M n h a h ]  *  (o.2/c2) [nh2 + 2][q] 

(A.25) 
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and 

/R (GJ/C) nh , (A.26) 

which when used in Eq.(A.19) gives the final expression for 

the absorption coefficient a, namely 

a  —  a  l-i (*Vc) 
27T N r te'2  (nh

2+2) Y ( o  

9 ra" n. h 

(A.27) 
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