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ABSTRACT 

A Lamb semiclassical theory is developed for multimode, mode 

locked laser operation. The equality of frequency spacings between 

adjacent modes causes population pulsations generated in the nonlinear 

atomic response to be integer multiples of the adjacent mode spacing. 

This allows the atomic response to be written in terms of Fourier 

series, thereby reducing coupled differential equations of motion to 

algebraic equations ultimately expressable in terms of a continued 

fraction. A unidirectional ring configuration is assumed so that the 

more complicated spatial dependence of standing waves is avoided. 

Reductions are made to the rate equation limit and to the special two-

mode cases of bidirectional-ring operation and single-mode, standing-

wave, gas laser operation. A two-mode stability analysis yields 

strong-signal counterparts to the coupling parameter. Two-mode homo

geneous broadened operation leads to the discussion of population in

version gratings and associated Bragg scattering. Symmetry properties 

of the equations for the bidirectional ring are examined. Methods of 

numerical analysis are outlined and results for Doppler broadened two-

mode special cases and the three-mode locked unidirectional-ring opera

tion are presented. The strong-signal results are compared to those of 

the third-order and REA theories. For the bidirectional ring the his

torical third-order domain of relative excitation from 1.0 to 1.2 is 

divided into a valid third-order region and a less accurate region. 

viii 



The condition of bistable operation versus monostable operation is 

seen to be dependent on the relative excitation and the amount of 

homogeneous broadening. Two types of bistable operation are seen to 

exist, one where one mode is completely suppressed and another where 

both modes may have non-zero intensities. 



CHAPTER 1 

INTRODUCTION 

A rigorous laser theory particularly suited to Brewster window 

gas lasers has been given by Lamb [1] who described the laser by a clas

sical electromagnetic field and assumed the active medium was made up of 

thermally moving atoms whose response to the field was governed by the 

laws of quantum mechanics. The field was taken to have the very general 

form 

1 N 
E(z,t) = j I + ^(t)] }UnCz) + c.c., (1) 

n=l 

where the N amplitudes E (t) and phases are slowly varying func

tions of time, vn is the optical frequency of the nth longitudinal 

cavity mode, the wave number = (n+no)ir/L and L is the length of the 

cavity. The self-consistency requirement that a quasi-stationary field 

should be sustained by the induced polarization led to equations which 

determine the En, <j>n and in terms of the laser parameters. Partly 

because of the generality, it was not obvious how to integrate the 

atomic equations of motion (Schrodinger's equation) exactly. Lamb used 

third-order perturbation theory and considered up to three-mode opera

tion explicitly. His approach was subsequently written in a computer 

oriented version by Sargent, Lamb and Fork [2] which allows the analysis 

of many mode operation [3]. 

1 
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An important special case of the multimode field (1) is that for 
* 

the mode-locked operation which we define by the conditions 

En = 0, C2) 

(WW - CW = CW - tvn-l+W ' a' C3) 

that is, all beat frequencies between adjacent modes equal the same con

stant, A s= -i- c/L. This condition represents a considerably simplifica

tion of (1), for all combination tones produced by frequency beating in 

the nonlinear medium coincide with the mode frequencies or are placed 

some integral multiple of A away. This allows one to expand the atomic 

polarization and the population difference of the medium in Fourier 

series. These series reduce the atomic equations of motion to sets of 

difference equations which can, in turn, be written as infinite con

tinued fractions. Because the medium has finite bandwidth, the frac

tions can be truncated numerically on a computer for the two-mode case. 

For higher mode operation we have found it more convenient to work 

directly with the population pulsation recursion relations. We follow 

this procedure considering first the unidirectional ring laser, for 

which the mode functions are given by 

UnCz) = exp(iKnz). (4) 

* 

Condition (2) could be relaxed, allowing a pulse train to build 
up and decay away, but condition (3) is essential for mode-locking. 
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The unidirectional-ring two-mode results contain the single-mode 

standing-wave and the bidirectional-ring configuration as special cases 

when appropriate transformations are made. We have devoted a substan

tial portion of the present work to discussion of the nature and inter

relationship of these cases. The bidirectional ring laser has been of 

particular interest. Historically this was motivated by a desire to 

duplicate the classic experiment of G. Sagnac (1911) to detect absolute 

rotation [4J. Inspired by the extremely well defined frequency and 

stability of the laser, the experiment was duplicated with the laser 

media in one arm of the classical light path [5], Theoretical consider

ations aside, the practical significance of applications of this fledg

ing rate gyro were immediately apparent; however, enthusiasm was quickly 

dampened when experimentally two phenomena were observed that seemed to 

drastically limit the bidirectional ring laser's use as a rate gyro. 

These were mode locking and mode inhibition (single traveling-wave 

operation). In both cases the beat note vanishes thus precluding use 

as a rate gyro. These two effects were resolved with the application 

of semiclassical perturbation theory to the bidirectional ring laser 

problem [6]. The mode-locked operation experimentally observed was 

explained by the assumption of back-scattering of one traveling wave 

into the other by laser mirrors, particles in the laser media, etc. 

Theories were developed which contained provisions for this form of 

back-scattering [7]. More recently [8], bistable unidirectional opera

tion was explained in terms of back-scattering by induced population 
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inversion gratings, an effect shown to be included in the third-order 

theory. 

The success of the Fourier-analysis, continued-fraction, strong-

signal theory as applied to the two-mirror standing-wave laser by Sten-

holm and Lamb [9] and Feldman and Feld [10] prompted the application of 

that approach to the bidirectional-ring laser. This was done by Mene-

gozzi and Lamb [11], although they did not obtain strong-signal 

numerical results. 

In Chapter 2, we give self-consistency equations for the field 

amplitudes and phases for the general unidirectional multimode case. 

The stable, stationary solutions of these equations yield the mode 

locked fields predicted by the theory. In Chapter 3, we calculate the 

polarization of the (possibly) inhomogeneously broadened medium in terms 

of the Fourier coefficients for the density matrix of the medium. In 

Chapter 4, these coefficients are determined from the atomic equations 

of motion. In Chapter 5, the rate equation approximation (REA) solu

tion is given. This contains no population pulsations and hence cannot 

predict mode locking (phase information is lost) [12]. Nevertheless, it 

provides starting values for numerical analysis and casts some light on 

free-running operation. In Chapter 6, one and two-mode operations are 

considered. The transformations allowing the standing-wave and bidirec

tional ring laser configurations to be included as special cases are 

presented. In Chapter 7, we motivate the numerical analysis required 

to obtain solutions of the field self-consistency equations. This in

cludes discussion of truncation of the continued fraction for the 
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polarization of the medium, an iterative solution of the recursion 

relation for the Fourier coefficients for the general multimode case, 

a many variable Newton-Raphson zeroing procedure (for calculating £ = 0, 

etc.), and an iterative solution of the mode-locking conditions Eq. (3). 

In Chapter 8S two-mode strong-signal stability and competition analysis 

is presented. We summarize third-order theory and discuss the deviation 

of a mode's intensity from the average mode intensities in terms of a 

concept called fractional intensity splitting. A small vibration analy

sis for strong signals yields two strong-signal counterparts to the 

coupling parameter. In Chapter 9, two-mode homogeneous broadened opera

tion leads to the discussion of population inversion gratings and asso

ciated Bragg scattering. This may result in bistable unidirectional 

operation. The transition to the Doppler-limited case is introduced. 

In Chapter 10, two-mode Doppler broadened results are presented and 

compared to the REA and third-order results. A discussion of the ob

served differences is motivated by an examination of several important 

symmetry properties of the equations describing the bidirectional ring 

laser. For that laser, the historical third-order domain of relative 

excitation from 1.0 to 1.2 is divided into a valid third-order region 

and a less accurate region referred to as the pseudo third-order 

domain. The condition of bistable operation vs. monostable operation 

is seen to be dependent on the relative excitation and the amount of 

homogeneous broadening. Two types of bistable operation are seen to 

exist, one discussed in the past [8], where one mode is completely sup

pressed and another, new here, where both modes may have non-zero 



intensities. In Chapter 11, three-mode locked operation is presented, 

and the results are compared with those of Salomaa and Salomaa [13] who 

were not able to obtain strong-signal mode-locked solutions. In addi

tion solutions for other laser parameters are discussed. 

We note that Riskin and Nummedal [14] have studied the mode-

locked, unidirectional ring laser in the time, rather than frequency 

domain, and obtained pulsed field solutions. Aspects of the amplifica

tion of spontaneous emission in laser amplifiers (e.g., noise ampli

fiers) can also be understood on the basis of our equations. Previous 

motivation for the present work has been given by Sargent [15]. 



CHAPTER 2 

FIELD SELF-CONSISTENCY EQUATIONS 

From Maxwell's equations, the self-consistency equations for 

the general field (1) are found to be [1,16] 

E„ = - J 'v"VEn " J 0/E0)Ini(Pn), (5) 

v + | = ft - i (v/e )Re(P )/E , (6) 
n Yn n 2 v ' oJ v nJ' n' 

where the complex polarization coefficient P^ is defined in terms of the 

polarization of the medium P(z,t) by 

P(z,t) = j £ Pn(t) exp[-i(vnt+<})n)]Un(z) + c.c., (7) 
n 

and the passive cavity frequency = Knc. We are concerned with the 

unidirectional-ring laser with mode functions (4) for which the electric 

field (1) is 

1 N 

ECz,t) = j I E„ exp[-i(v t + <J>n " Knz)3 + c.c. (8) 
n=l 

We are interested in solutions satisfying the mode-locking con

dition (3). This can be written conveniently in terms of the relative 

phase angles 



*n = 2(W " " ̂ n-l̂ +n-l' 

8 

(9) 

as 

^ = 0, for n = 2 through n = N-l. (10) 

From (6), we see that 

- T - Vn.1 - P„-1/E„-1)- (11> 

Our problem thus reduces to finding the zeros of Eqs. (5) and (11). 

Without loss of generality, we choose the to contain the 

complete frequency dependence of mode n and set <(> = 0. Then (3) 

reduces to 

Vn = Vq + C12) 

and the relative phase angles (9) become 

4> = 2<f> -<(>,- <f> ,. (13) rn n n+1 n-l v J 

There are many possible phase relationships. We give two here 

by way of illustration. For this, it is convenient to write the elec

tric field (8) as a complex envelope multiplied by a carrier wave 
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E(z,t) = 

j exp[-i(v t+<J> -K z)] I Enexp[-iC<J>n-<fi )]exp[-i(n-q) (At-rrz/L)]+c.c. 
4 4 4 n 4 

I , 1 I , 1 

carrier wave complex envelope (14) 

Consider first the relationship 

= 0, (15) 

or equivalently, 

4>n = 't'q + (n-q)6 (16) 

for some phase factor 6. The field (14) reduces to 

E(z>t) = exp[-i(v t+<{> -K z)]J Enexp[-i(n-q) (At+6-TTz/L)] + c.c. (17) 
4 4 4 n 

Here we can choose our time origin such that the 6 cancels. Thus with

out loss of generality, (15) is equivalent to equal phases, 

<j> = <J> , for all n and q. (18) 
n q 

In particular at the position z = 0, the field is 

E(0,t) = j exp[-i(v t+<J> )] I E e"l(-n"q̂ At + c.c. (19) 
4 4 n 



10 

At times equal to integral multiples of 2ir/A, the exponentials 

exp[-i(n-q)At] are all unity yielding a large value for the field enve

lope. At other times, the phasors Enexp[-i(n-q)At] tend to cancel and 

the magnitude of the envelope is small. This gives a sequence of pulses 

in time. For general z, the exponentials are all unity at points spaced 

by L which propagate along z as a train of pulses. Because of the large 

amplitude variations, this phase relationship (15) or (18) is sometimes 

called AM. 

In contrast consider a field given by 

E = E IJ (r)| , 
n o1 n-qv J 1 ' 

(20) 

0, n=q 

[l-C-)q"n]iT, n<q, (21) 

where J (r) is a Bessel function. In terms of the ip 

n 

0, n > q 

it, n = q (22) 

(-l)n2ir, n < q 

Eq. (8) becomes 

E(z,t) j exp[-i (v t+<j> -K z)]£j, (r)exp[-ik(At-irz/L] 
* 4 4 4 £ K 

Using the Bessel function identity, 



11 

exp(-irsinG) = £ J^(r)e ̂ 0, (24) 
k=-°° 

we find, for (23), 

E(z,t) = E cos[v t + <() - Kz + T sin(At - irz/L)] (25) 
v ' o q q q 

which has constant amplitude E and variable frequency [v + Ar x 
o q 

cos(At-iTz/L)]. This field is sometimes called FM and phases given by 

(21) are termed FM [17J. In self-locking problems full FM operation 

has not been observed, although FM phases do occur without the ampli

tude restriction (20). This results in a field with amplitude varia

tions which are less pronounced than those of the AM case. 



CHAPTER 3 

POLARIZATION OF THE MEDIUM 

We consider a medium of two level atoms with line center to as 

depicted in Fig. 1. We describe the medium by a population matrix 

pCz,w,t) I f dt Aa(z,co,to) p(a,z,u>,t,to), (26) 
a=a,b 

where P(<*,z,w,t,to) is the single atom density matrix for an atom ex

cited at time t in state a=a or b at the place z. X ft ,w,z) is the O U o 

pumping rate to the ath state and varies slowly enough to be factored 

outside the t integration. Using the Schrodinger equation for the sin

gle atom density matrix, one can show [16] by differentiating (26) with 

respect to t that the corresponding equations for the components of 

p(z,u>,t) are 

PabU.«.t) " * 1R"\b(paa " pbb5' <27) 

»aafz'"'t) = Xa " Vaa " ̂  ̂ab^ba " c-c-)' <28> 

PbbCz.»,t) - - YbPbb • U>":1(VabPba - c.c.), (29) 

PbaCz,»,t) 11 "ab'f2'"'0-

12 

(30) 
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Fig. 1. Level diagram of atomic medium having a line center a). 

Here the V ^ is the electric-dipole perturbation energy for the multi-

mode field (8) written in the rotating wave approximation 

Vab =  'I^ En +  V " Knz)]' (31) 
n 

where j? is the electric dipole matrix element between the upper and 

lower levels. 

We define a population difference 

D(z,w,t) = Paa(z,w,t) - Pbb(z,w,t) (32) 

and sum 

M(Z,0),t) — (z ,(0 , t) (33) 

with the equations of motion [from (28) and (29)] 

6 - *a " Xb " ^abD " ? " VM " ("ab^ba " c'c''' 
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fl = *a *>b " ̂ abH " 7 K - V-

Here the average decay rate y ^ is defined by 

Yab = l^a + V <3« 

and is smaller than y which includes effects of collisions. 

We eliminate the population sum variable M in (34) by substitu

ting the formal integral of (35), 

M(z,u>,t) = - i- (Ya-Yb) /^dt'DCz^.t'^expt-y^Ct-t')] 

+ (Xa + *b)/yab (37) 

into (34). One finds 

• 1 f̂ " 
® = "YabD + 4 (VYb)2Xo»dt,D̂ z»a,»t,5exP[-Yab̂ t-t')] 

+ 
âYb/Yab)NCz'u't) " 2ifl_1 CVabpba " c*c')' <38) 

where the population inversion 

N(z,w,t) = CXa/ya) - (Xb/yb) = N(z,t)W(u>), (39) 

and where W(u>) gives the inhomogeneity distribution. The inversion 
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NCz,t) is assumed to vary little during the lifetimes of the atoms and 

of the field (Q/v). 

Taking a clue from the interaction process used in perturbation 

theory, one can see that in the presence of a field satisfying (2), the 

polarization element p ^ can be written as the Fourier series 

Pab(z,o>,t) = N(z,u) ,t) I pm(u>) exp[-i(vmt - Kmz)]. (40) 
m 

Similarly one sees that the population difference has a DC term and 

population pulsations oscillating at integral multiples of the intermode 

beat frequency: 

D(z,u),t) = N(z,u>,t) J d^(w) exp[ik(At - TTZ/L)]. (41) 
k=-°° 

The equation of motion for D is real, indicating that D itself is real. 

Hence in (41), we have the reality condition 

d_k(co) = dk*0u). (42) 

The polarization (7) of the medium is given by adding the con

tributions of all atoms at z at time t regardless of their times or fre

quencies of excitation. This is given by 

P(z,t) = / dm tr(per) = J — CO J_m dwpab(z,aj,t) + c.c. (43) 
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Substituting (40) for P^, we find 

P(z,t) = I exp[-i(vmt-Kmz)]/radwN(z,t)W(w)pm(u)) + c.c. (44) 
m 

Identifying coefficients of exp[-i(v^t + <f>n - K^z)] in (44) and (7), we 

find 

?n = 2 jf> N j[00da)W(a))pn(a)) exp(i<f>n), (45) 

where the average excitation 

fL  
N = L-1 I dz N(z,t). (46) 

JQ 

Our problem thus reduces to finding the pn(oj). This is accomplished in 

the next section. Here we have neglected terms in Pwhich vary in 

time at intermode beat frequencies, for the nth mode is constrained to 

oscillate essentially within the frequency range + V/Qn " V/Qn 

and hence cannot respond to intermode frequency variations. 



CHAPTER 4 

SOLUTION OF THE EQUATIONS OF MOTION 

In this section, we substitute (40) for pâ (z,o>,t) and (41) for 

DCz,o),t) into their equations of motion (9) and (20) and combine the 

results to obtain Eq. (48) the polarization Fourier coefficients PnC^) 

in terms of the population pulsation coefficients d^(u). We then ob

tain a difference equation (53) for the d^'s alone which is conveniently 

written in terms of a continued fraction (66). (This calculation was 

originally performed by M. Sargent III and is included here for the sake 

of completeness.) 

We have from (27), (40), and (41) 

N(z,w,t) I pm(-i\>m)exp[-i(vmt-Kmz)] = -(iu+y)N £ Pmexp[-i(v t-Kmz)] 
m m 

- 7 i(2Y Yb)l/2N I ][£ dkexp[-i(v -kA)t]exp[i(K -kw/Dz], 
n k 

where, for convenience, we have introduced the dimensionless, complex 

amplitude 

Sn = G?En/h) exp(-i<j,n)/(2YaYb)1/2. (47) 

Equating the coefficients of exp[-i(vmt-Kmz)], we find (n-k=m in last 

sum) 

17 
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C-ivm} pm = -(ia) + y) Pm " I i(2Wb)l/2 j^k+mV 

which yields 

p = -4- i(2y Yu) 1^ 2  ^( w  - v  ) I S v  cL , (48) 
Mn 2 a b m £ k+m k' 

where 

A") = CYX + iAti))"1 (49) 

is a convenient abbreviation for a frequently occurring complex denomi

nator. Combining (48) and (45), we have the polarization coefficients 

(we have set k = m-n). 

Pn = -i(p2N/h) I /oodwW(̂ PCw~Vdm-nCw;)- CS0) 
m 

Similarly substituting (40) and (41) into (39), we find 

N I dkikAexp[ik(At-irz/L)] = -y N £ dkexp[ik(At-irz/L)] + (Y TAJ 
k k 

+ J (Y - YB)2 N I DK EXPTIK(AH-TTZ/L)] V .  (kA) 
k 

+ tiPVb5̂ 2 N ^ ̂ npm exPli(vm " V* ~ i(Km " Vẑ  + c-c-}-
n m 
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Equating coefficients of exp[ik(At-Trz/L)] (in the last two sums k=m-n 

and n-m respectively), we find 

dk = Sk,0 • I t£n?n.k <51) 

where the complex factor 

FCk« = CYaYb/Yab)tirab+ik4)/[(Yab-.ik4)2 - 1 (Ya-Yb)2] 

= |[Pa(k4) -Pb(kA)](YaYb/Yab). C52) 

Further substituting (48) into (51), we find the relation for the d^ 

alone 

dk • \,0 - Yab I I l£„ 
' n x 

+ PO-\> ) £* £ v -d.j (53) v n-k' n ̂ n-k+i iJ v J 

in which we have used the reality condition (42). 

It is convenient to label the N modes of operation as 

£j, We can then write the d^ in simpler form: 
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N N-n-k 

dk = Sk,0 - •'abFCk4) „U£nP(Vlc-",3i ^ k 
d-i£n.k.i ' n=l i=i-n-K 

^ N-n+k 

«»-Vk' . J , di£n-k+iJ i=l-n+k 

N N 

\,0 - ^abF™ Jj ̂/i t54) 

+ £ C. P(o)-v ,) d. ,] 
n 1 n-k*' i-n+kJ 

N N 

" Sk,0 - TabFtkA) Z i1fn£iin.l-i[l,[Vl-") + Pfo-Vj^)] ' n=l i=l 

In this last line, we have interchanged the dummy indices n and i in 

the second summation. We now define the subscript j=n-i which runs 

from -(N-l) to N-l. In terms of j, Eq. (54) now reads 

N-l N+i <N * 
d,. = " 

j=-(N-l) JTK n=l+j>N k " °k,0 ' ̂abFCkA:) ,=_?„_ndj+k „£n£n-j 

* v̂n+k_â  + ̂ ^"^-j-k^ ' 

This can be written in the succinct form, 

N-l 

I Cik^i+k = 
j=-(N-l) Jk J k 

(56) 

where the dimensionless, complex coefficients c^ are given by 
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N+j <N * 

Yab X i [t?(vn+k_a):) + PCw_vn-j-k)]' j * 0 i n=l+j>l J 

c . ,  = < (57) 
Jk ) 

[1 - VjIFCk/OJ"1 • vab I In[»tvn+k-») - OC-Vk'l- J"0' 
0 n=l 

where the dimensionless intensity 

I„ = jft-EJVftVb'- t58) 

Here we have divided (55) by F(kA) to avoid many multiplications in the 

evaluation of (57). 

The DC population difference coefficient d^ is given by (55) as 

d0 = 1 - 2CWY)d0 - d0 j,tcjOdj/dO * c-c-)> 
n=l j=l J J 

(59) 

where the dimensionless Lorentzian 

%-VN) = Y2/ [Y2 + (U>-vn)]. (60) 

We can solve this for d^ and find a formula (63) which shows effects of 

saturation explicitly. For present and later convenience we introduce 

the ratio r^ of population difference coefficients 

Tj = dj/dj-l' C61) 
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In terms of this, the ratio cL/dQ appearing in (59) is given by the 

product 

d./dn = nr. (62) 
j 0 , m m=i 

Combining this with (59), we have 

dQ = 1/C1 + Sh + S ), (63) 

where the saturation due to hole burning, S^, is given by 

Sh = 2Cyab/Y) \ In^~vn)' (64) 
n=i 

and that due to population pulsations, S^, is given by 

N-l j 

S
P 

= X {cj0 [ "/m1 + C-C,}- C65) 
v j=l J m=l 

We now show that the ratios r^ can be calculated in terms of a 

continued fraction and its remainders. Then d^ can be calculated from 

C63) - (65) and d^g is given by (62) together with the reality condi

tion (42), d_k = dk*. 

We divide Eq. (56) by d 2)+k* wr*te resulting ratio 

d-^i/d M, 0-> . in terms of the r. and find j+k -N(-2)+k x 

Y c. n r * c • „ 
j=-(N-3) ' m=-(N-3) -CN-2),k CN-2)+k 
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Solving this for the ratio r^ with the smallest subscript, 

I = - (N-2) + k (66) 

we have 

(N-l),k 
N-l 
I 

j+k 
c + Z c. , n r 
-(N-2),k j=_(N_3) J'k m=A+l m 

(67) 

This yields the ratio r^ in terms of higher r^ and thus generates an 

infinite continued fraction. 

For example, consider two-mode operation (N=2, k=£); the ratio 

(67) becomes a simple continued fraction 

Tl ~ ~C-1,SL Ĉ0,SL + °1,SL r£+l -̂ (68) 

For example, 

-c 
- 1 , 1  ' 1 , 1  

1 c_ + c r, 
0,1 1,1 2 

c c 
_ 1,1 1,2 

'-0,1 c +c r 
' 0,2 1,2 3 

, etc. 

For N = 3 (k= +1), the ratio is more complicated 

r£ = " c-2,£+1 ĉ-1,a+1 + c0,Jl+lr£+l + cl,£+lrP.+lr£+2 

+ C2,A+lr£+lrJl+2r£+3^ " (69) 
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Summarizing our results, we have the amplitude (En) and relative 

phase On) determining Eqs. (6) and (11), the zeros of which are mode-

locked solutions. These equations contain the complex polarization com

ponents P , given by Eq. (50). This equation, in turn, contains the 

population difference coefficients, d^, given by (62) with the ratios 

C67). Pn has been programmed for digital computer. Discussion is given 

in Chapter 7 on numerical analysis. 



CHAPTER 5 

RATE EQUATION APPROXIMATION (REA) SOLUTION 

In the numerical analysis and in the non-mode-locked case for 

which the intermode spacing A >> ya and the rate equation approxi

mation (REA) solution for the complex polarization Pn is valuable. In 

this approximation, population pulsations are neglected, that is, 

dj^Q = 0, and the phase Eqs. (11) decouple from the amplitude Eqs. (5). 

Mode-locking cannot be predicted in this approximation. We find the 

only non-vanishing coefficients 

_ r°° 
Pn = - i g>2 N En Jm do, W(u))P(u)-vn)/(l + Sh), (70) 

where the holeburning saturation is given by (64) as 

N 

Sh - 2 
CTab^ J, (71) 

Here the dimensionless Lorentzian i?(cu-v0) and intensity I are given by 

Eqs. (60) and (58) respectively. The steady state solutions of (5) in 

the REA are given by (&n = 0) 

r°o 
0^ = [j?2N(heoY)]Jm dco W(to) ̂ (a)-vn)/(l + Sh) , (72) 

which comprises a coupled set of transcendental equations in the 

25 
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dimensionless intensities I . Numerical analysis is required for (72) 

as well as for (68) with (11), but the calculation is considerably 

quicker and provides starting values for the more elaborate version. 

Similarly the starting values for the beat frequency A can be obtained 

by calculating the average value of the frequency differences (vn+$n) ~ 

(v in th® namely, 

N-1 
I (- 4 v/e )Re{P JE  .  -  ?  /E } L. ^ 2 ' oJ n+1 n+1 n' n n=l 

doiW (to) 

x [(a)-vn)/y] i?(a)-vn)/(1 + Sh) . (73) 



CHAPTER 6 

ONE AND TWO-MODE OPERATION 

For single-mode operation, there are no population pulsations 

Cdj^Q = 0), and the appropriate complex polarization is a special 

case of the REA term (70) in which the saturation (64) derives from 

mode n alone: 

Pn = - i P2N fi-:iEn /ooda)W(cj)P(to-vn)/[l + 2(Yab/y)Iri2t(0-vn)]. 

(74) 

Combining this with the amplitude Eq. (5), we find 

E = g E - ̂  (v/0 )E , (75) 
n 6n n 2 TT n' v J 

where the (saturated) gain of the medium is given by 

/

CO 
^ dajW(oi)i^(ai-vn)/ [1+2 (yab/y) Ini?(o)-vn)]. 

(76) 

In particular for homogeneous broadening, the integral over W(co) is 

trivial and the gain (76) is given by 

gn = | [vP2N/(fieoY)]^(a)-vn)/[l.+ 2(Yab/Y)In̂ (o)-vn)]. (77) 

27 
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These results are well known. See, for example, the book by Yariv [18] 

in which a slightly different notation is used. 

We obtain a threshold condition by setting the unsaturated 

(In = 0)' 
central tuned [v = A)Q, the line center of W(OJ)] gain equal to 

the loss: 

8
n«n=°> = 7v/V C78) 

With (76), this becomes 

1/Qn = I*?2 NT/Cfie0Y)] X, dw W(w) (79) 

We choose the Gaussian inhomogeneity distribution 

W(W) = (AAW)"^ exp[- (W-OĴ )2/ (AOJ)2J (80) 

for the remainder of this work. The threshold condition (78) with (80) 

can be written in terms of the plasma dispersion function 

2[yU(„0-v)] = • CSX) 

through the coordinate transformation w-w0 = Kv and the relation AU> = 

Ku. The function (81) is then written 

M2] ,/o f°° fexp[-(a)-0) )2/ 
Z[y+i((i) -v)J = iir"1/2 / du> I O •'•co I 

L y + i(w-v) 
(82) 
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Combining (79), (80) and (82), we have the threshold condition 

1/Q = P2 Kf Z.(Y)/(-heoAa)). (83) 

Furthermore, the polarization (74) can be integrated by partial 

fractions to yield 

Pn(t) = - N En[zr(Y'+io)-ivn) + i z
i (y *+iw-ivn) ] , (84) 

where the power broadened decay constant 

Y' = Y-"'1 + 2̂ ,
ab/y)In C85) 

and and Ẑ  are the real and imaginary parts of Z. 

It is inconvenient to express the gain (76) and especially the 

general coefficient in terms of this threshold condition. Specifi

cally, we define the relative excitation 

71 = N/NT = N P2QZI(Y)/(heoAu)). (86) 

The gain (76) with distribution (80) is then 

gn = "J v77 [Q Z^(y)J -J l  (Y/Y')2^(Y l+iii)-ivn) . (87) 
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Similarly, the general coefficient (50) is given by 

Pn = I exp[-(aj-wo)2/ (Aw)2] 
m 

x P(w-v )d . (88) 
n m-n 

The frequency determining Eq. (6) yields with (84) and (86) 

v + <f> = fi + v77 [Q Z. (y)]"1 Z (y'+iw-iv ) . (89) n n n 2 xv.t^j rv.. 

The two-mode case has considerable formal similarity with the 

Doppler broadened standing-wave and ring lasers. The theories for 

these are given in Appendix A. Neither problem there contains the phase 

4>n. Our two-mode case does not either, for the phases invariably cancel 

out. In fact, the coefficients (57) c^ ^ c l k " ̂1 ̂  2 an<̂  

CQ k have no phase dependence. The two-mode ratio r^ (68) is, in turn, 

proportional to c ^ ^ and within (68) is always multiplied by c^ ^ ̂  so 

that the phase difference factor exp[i(tf)2-(j)1)] cancels out. Furthermore, 

the only other place r^ appears is as r^ in the dj and d j of (86), 

C * where the phase factors again cancel. Hence we set the products C^ £ 

and ^2 both equal to (I^1-1/2 with no loss of generality. This 

simplification does not occur, of course, in higher mode operation, for 

nonzero relative phase angles (13) exist. 

The two-mode polarizations P1 and ?2 from (88) have the explicit 

values 
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Fj = -i£07T [Qŷ ZiCY)J~J/odaj exp[-Ca)-a)o)2/(Aa))2J^Cw-vI)(E1d0+E2d1), 

(90) 

?2 = -ieo7T IQ^^CY)]"1 exp[-(a)-aio) 2/(Aw) 2]t?(a)-v2) (E1d_1+E2dQ) , 

where the DC population coefficient is given by (63) 

d0 = 1/(1 + Sh + S ) (91) 

with the holeburning contribution 

Sh = 2CYab/Y) [I^-v,) + I^-v2)J, (92) 

and the population pulsation contribution 

S = c, nr. + c.c. (93) p 1 y 0 1 v 

Here the ratio r2 is given by (68) as 

x ——— = - = etc., (94) 
C01 112 C01 ~ C11C_1}2 

C02+C12r3 

where the coefficients (57) have the simple form 

c-l,k = + P(-v2.k)J. (95a) 
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°l,k * TabCIlI2):1/2[PCv2H.k-":i * 
(95b) 

C0M° " * Yab i * OCa-Vk"- t95c) 
' ' n=l 

•k 

The population coefficients = d_j = dgrj. 

Appropriate transformations of the fundamental population pul

sation frequency (A) and the Doppler shifted mode frequencies allow 

these two-mode equations to be used for the two-mirror single-mode 

standing-wave laser and the bidirectional ring laser. These transfor

mations are summarized in Table 1. 

Table 1. Summary of the parameters A and v for the two-mode cases. 

Unidirectional 

A v2-V2 

vj \>2~KV 

\>2 V2—Kv 

Standing-wave 

2Kv 

v-Kv 

v+Kv 

Bidirectional 

v_-v++2Kv 

v+-Kv 

v +Kv 

For the standing-wave laser we have the additional requirements 

E = EJ + E2 , Ui = I2 = J I) 

P = ?2 • P2 

01 + 9l + \ , 02 02 " | 

For the bidirectional ring it has been shown, for example, by Menegozzi 
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and Lamb [11J that the effects of small rotation rates on the self-

consistency equations is to introduce a shift in the empty cavity reso

nance frequencies = |Kn|c by an amount 2A0 n̂/Lc, where A is the area 

enclosed by the laser path, and 0 is the laser rotation rate. Traveling 

wave modes are up (v ) or down (v ) shifted depending on whether they 

are going in the opposite or same direction as the cavity rotation. 

Hence, in the self-consistency equations, 

-* Q + 2A0f2 /Lc [SgnK ] 
n n n' L 5 nJ - % [Sgnig. 



CHAPTER 7 

NUMERICAL ANALYSIS 

Inasmuch as the medium has finite bandwidth, the population 

pulsation coefficients d^ must converge to zero as k approaches infin

ity, allowing the recursion relation (56) to be truncated for suffi

ciently large k. Alternatively, especially for two-mode operation, the 

ratios r = d /d ^ must converge to a value less than unity in this 
& % It 

limit. We can truncate the continued-fraction or the recursion rela

tion for some appropriately large index which we call n*, e.g., we can 

take r * = 0. The ratios of interest then range from r, to r .. The 
£ > n *  i n *  

corresponding index k in the coefficients c., of (57) is given from (66) 
JK 

as l + N - 2 and ranges from l+N-2=N-lton*+N-2. From 

C67), we have 

rn* = Ĉ-(N-l),n*+N-2 /̂̂ C-(N-2),n*+N-2^' 

where from (57) the coefficients are given by 

ĉ-(N-l),n*+N-2^ = ^lV^vn*+N-rû  + P(w-v2_n*)] 

and 

34 



IC-0^2),n*+N-2^ = ̂ lVl[P(-V+N-fw:) + PCu'Vn*^ 
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+ £2V[PCV+N-u) + P(frV2-n*)]' 

Similarly from (66), we have 

= 
C- (N-l) ,n*+N-3 

n*-1 C-(N-2),n*+N-3 + C-(N-3),n*+N-3rn* 

From these expressions it is clear that the ratio r^^ is less 

than unity; it is actually smaller than the value given, for the sum

mation over higher order ratios in (67) has been dropped. Hence n* 

must be chosen sufficiently large to render this discrepancy 

unimportant. 

For the two-mode case, since the d^ converge to zero, r^ must 

converge to a number whose magnitude is less than unity. Specifically 

for r we have 
n* 

C-1,n* r . = — , 
n c0,n* 

where c^ contains the term [F(kA)]~-1 which makes the magnitude of the 

denominator larger than that of the numerator. For the next fraction 

computed, rR* we have 



Here the fraction is well behaved since the dominant term in the denom

inator is still iFCkA)]-2, the magnitude of which is large compared to 

that of the product r^Cj consequently kn*_11 is not smaller 

than |rnJ. 

For the three-mode case we have 

C-2,n*+l 
n* c -l,n*+l 

Here the magnitude of rn* is larger than it should be due to truncation. 

For the next computed fraction r 4̂ we have 

c-2,n* 
r n*-l ~ c . * + c_ *r * ' 

-l,n* 0,n* n* 

where the c's have "rotated through the fraction" in comparison to the 

two-mode case, i.e., the c^ ̂  term is multiplied by the previous value 

of r *. Without this term the fraction r * , would be similar to 
n* n*-l 

l r
n*l> however, it has been our experience that including this term in

creases the magnitude of the denominator, thereby reducing the value of 

|rn* j|• Inasmuch as this reduced value is multiplied by c^ ^ in 

the expression for r^ ̂ and CQ n* ̂  is the dominant term, |rn* ̂ | is 

larger than its predecessor as was lrn*l- This cycle repeats itself 

creating two series composed of alternate terms, one which is too large 

in magnitude, and one too small. Unfortunately with this truncation 

scheme it requires a prohibitively large number of terms to achieve a 

semblance of uniform convergence. 
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Another problem arises for the multimode continued-fraction, 

namely when one or more modes are suppressed. For example, three-mode 

operation with the central mode suppressed has no population pulsations 

at the fundamental A, but only at integer multiples of 2A. Hence di is 

zero, but d£ is non-zero. For this case rj would be zero, but T2 would 

be undefined (°°), thus requiring the use of a different continued-

fraction, namely, a two-mode fraction. 

In view of these two difficulties, we have found it inconvenient 

to use the continued-fraction for the multimode case. Instead the re

cursion relation (56) may be solved by an iterative method using the d's 

rather than the r's. We have in addition the exact expression for d0 in 

terms of and given by Eq. (63), written here in terms of the d's 

N-l 
d0 = 1/{1 + Sh + ^ [c 0̂ dj/d0 + c.c.] }. (96) 

Initially a guess value of 1.0 is assumed for d0 and zero for the re

maining d^'s. d0 is calculated from the exact Eq. (96) and used in the 

evaluation of the recursion relation with k = 1. This yields, in turn, 

a value for dj, which is used with the previous value of d0 to obtain 

the remaining d's appearing in Eq. (96). These new values for the d's 

and the old value of d0 are used to compute a new value for dg (96). 

Then the recursion relation is evaluated for d2, etc. Using new values 

of the d's, the process is iterated, each time allowing the value of k 

to increase by one, thus evaluating one higher order d^. The iteration 

is terminated when a check of the recursion relation (56), normalized 



to dQ for the d's used in the polarization calculations (50), 

Id0, dJt d2, d3, k=l in (56)], for the three-mode case is satisfied to 

the desired accuracy, typically one part in 105, which yields an accu

racy in dj and d2 of about 1 part in 104. 

For the initial calculation of the d's up to 10 terms have to 

be calculated to achieve the desired accuracy. However, as the next 

calculation is performed at an integration point near the first, the 

guess values used are not 1,0,0,0 but the old values for the d's. When 

this is done, and the integration step is small, typically y/2 or 

smaller, the number of iterations is usually considerably reduced, 3 

or 4 in regions of slow variations in the d's. This combined with the 

technique of calculating the d's as dQ, dj , d2, then d0, dj , d2, d3, 

next dQ, dj , d2, d3, d4, etc., reduces the computing time by a factor 

of 4 or 5 from the procedure of calculating all n* d's each iteration 

with fixed guess values. 

As a convenient check for possible bias errors introduced by 

use of the prior point's values as guess values, the d^'s may be com

puted and plotted with a particular set of values of the integration 

variable for the start and stop points. The calculations may be then 

redone stepping backwards, thus biasing the points differently. Any 

difference in the computed points may be attributed to errors intro

duced by the guess values and would indicate a need for tighter require

ments on the accuracy of the recursion relation check. 

We desire the solution to the coupled set of equations given by 

steady-state solutions of (5) and (11) (En = = 0). We use a 
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multimode Newton-Raphson procedure which is based on a first-order 

Taylor series approximation. Specifically, we seek to establish values 

a. for each of the variables x. (these are the E and ib ) which yields 
i 1 n n 

a desired set of values for M functions f^ (these are the derivatives 

and . The desired values for the functions are zero (steady-

state) . Assuming the f^ can be expanded in a Taylor series about the 

a.'s, one has 
i 

M 
f i (x J,... = f ̂ (â »• • •»â ) + (xj ~ aj) + (97) 

where F.^ = 3f^ (Xj.. .x^/Bx^ . Truncating the series with the first-

order terms, one inverts (96) to find approximate values for the a^ 

M 
= - I (F"1)ii[fi(ai...aM) " fiCXi-..^)]- (98) 

J J j=l J 

When possible, it is desirable to calculate the derivatives exactly. In 

our case, we must find them numerically. A simple set of guess values 

for the a^ consists of the E's determined from a rate equation approxi

mation and 0 for the relative phase angles. Taking these values for 

the x^, we use (97) to find better values for the a„ We iterate this 

procedure until the f's are sufficiently close to the desired values 

(for us, 0). 

In addition to the Newton-Raphson zeroing procedure for the 

intensity and relative phase equations, the condition of mode locking 

must be met, that is, the modes oscillating in the laser must be equally 
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spaced in frequency. To this end we calculate the pulled oscillation 

frequency from the self-consistency equations for the frequency (6) for 

each mode. In the unlocked case these would be used as the next trial 

values for the oscillating frequencies; however, in our case we must 

calculate a new mode separation and average pulling. The mode separa

tion is computed as the average separation between pairs of pulled mode 

frequencies. The average of the frequency pulling for the individual 

modes is used for the frequency shift for the new set of equally spaced 

frequencies. In effect, a straight line is fitted to the pulled fre

quencies with the condition that the resulting points have equal mode 

spacing. These new mode-locked frequencies are used in the next itera

tion during which the intensity and relative phase equations are zeroed. 

This process is repeated until the errors in periodic mode spacing from 

Eq. (6) is 1 Hz or less, or until convergence appears unlikely, that is, 

mode-locking does not take place. 

As the cavity frequency is scanned, the last values of the in

tensities, relative phases, average frequency pulling, and mode separa

tion are used as initial guess values for the next point. This allows 

the Newton-Raphson procedure to zero within 1 part in 108 within 2 or 

3 attempts. The close guess values for the mode-locking frequency 

iteration reduces the number of frequency iterations needed from 4 or 5 

to 2 or 3. Some computing time may be saved by relaxing the zeroing 

requirements to 1 part in 105 or so, such as to allow calculation of 

the average pulling and the new mode spacing with fewer zeroing itera

tions. Except in regions of marginal mode locking, the intensities and 



relative phases do not vary much with small changes in mode separation 

and average pulling. Thus, the next Newton-Raphson zeroing iteration 

typically gives results accurate to 1 part in 107, and the next to 1 

part in 109 or lO10 as is desired. This may reduce the total number of 

Newton-Raphson iterations from 6 to 3 attempts per integration point. 

Failure of the zeroing procedure or the mode-locking iteration 

to converge means that either no mode-locked solution exists for the 

parameters chosen, or that the numerical procedure cannot handle the 

configuration. Convergence does not imply stability, but the latter is 

determined immediately from the matrix of partial derivatives. In fact, 

using the first-order Taylor series about the points a^ 

M 
fiCai + + eM) = I  Fijej- (99) 

j=l J 

Since the f's are the derivatives in question for a small vibrations 

analysis, we see that the small deviations return to 0 (and hence 

that the solution is stable) provided the eigenvalues of the matrix F 

are all negative. 

We typically calculate the matrix F with previous intensity and 

relative phase values that were used to predict the final values. Thus 

for a stability analysis either a new matrix F must be computed or the 

difference in the old and final intensities and phases must be small. 

Typically, in the preceding step, the equations were zeroed to within 

Q 
1 part in 10 , and the equations were mode locked to within 5-10 Hz in 

that step. The final values ordinarily were 10"10 for zeroing and 1 Hz 



for mode-locking. Thus, usually, the last matrix of partial derivatives 

obtained may be legitimately used for the stability analysis. It might 

be noted that the stability analysis applied with less stringent error 

requirements may predict unstable results when the final values give a 

stable solution, or vice-versa. 

The computational accuracy required for the solution to these 

laser problems varied from 6 to 10 figures. In regions of symmetric 

tuning for the bidirectional ring and the three-mode unidirectional 

ring, 10-12 figure accuracy was needed. An example of this would be in 

the mode-locking condition where changes of 1 Hz were made to frequency 

spacings of 400 MHz. Two computers were used, a CDC 6400 and a DEC 10. 

The DEC 10 was used for program development and exploration of regions 

where its limited accuracy (7-8 digits) allowed. Because of greater 

accuracy (13-14 digits), the 6400 was used to obtain most of the 

numerical results. 



CHAPTER 8 

TWO-MODE STABILITY AND COMPETITION ANALYSIS 

In this section we summarize two-mode operation as given by 

third-order perturbation theory. This treatment provides simple ana

lytic descriptions of various phenomena and hence provides useful points 

of reference for our strong-signal discussions. We also introduce here 

the notion of the fractional intensity splitting, that is, the ratio of 

the difference in the mode's intensities to their average value. This 

concept is particularly useful in describing the strong competition that 

occurs, for example, in the bidirectional ring laser operating at low 

relative excitation near symmetric tuning. The chapter closes with a 

generalization of two-mode stability analysis to strong-signal operation. 

Two extensions of the third-order coupling parameter are introduced, one 

determining stability and the other giving a measure of cross saturation 

to self-saturation. 

Two-Mode Operation in Third-Order Theory 

In the third-order limit, both characteristics are described by 

the single parameter C. The third-order intensity equations of motion 

are (for the unidirectional and bidirectional ring cases) from [16], 

Eqs. Ql-13, 11-14) 

ij = 2I1(a1 - ^Ij - 0I2I2) (100a) 

i2 = 2I2 (a2 - B2l2 - 02l*l)» (100b) 
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where the coefficients are defined in Table 11-1 of Ref. 16 for Doppler 

broadened media and in general by 0'Bryan and Sargent [3]. The an's 

are the linear net gains of the modes (gain-loss), the $n's are the 

self-saturation coefficients and the A 's are cross-saturation co-
nm 

efficients. The stationary-state solutions ( i  = 1 = 0 )  are charac

terized by the coupling parameter (C) given by 

c • TEST- C101) 

For weak coupling (C < 1), these equations yield the solutions given by 

* * (102a) 

^ tl02b) 

Let us consider in particular the case for which the saturation 

terms are approximately equal, i.e., gj = $2 = 3 and ®12 = e2l = 9j ant* 

a fractional gain difference between the modes exists, i.e., 04 = a and 

ct2 = A + E. This occurs, for example, near symmetric tuning in the 

Doppler limit for the bidirectional ring laser. With these assumptions 

the mode intensities of (102) become 

TS _ r 1 £0 IT 
11 ~ alg+e " a e2 1-C J 

r 1 £ 0 1 i 
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These yield an average steady-state intensity a/(3+6), which in the case 

of equal self and cross-saturation is just 1/2 the intensity a/3 predic

ted for a mode oscillating by itself. Thus for equal gain we obtain 

equal intensities (excluding any hysteresis effects and associated bi

stable operation). The fractional intensity splitting is given by 

„ 2 £ _?i° = 2 Z -J—- . (io3) 

that 

i ' " 
C1-C) " ° tB~e) ' 

is, it is proportional to the fractional gain difference e/a and 

inversely proportional to the quantity (1-C). 

Mode Stability and the Coupling Parameter 
in the Strong-Signal Laser Theory 

In the third-order theory the equations of motion for the mode 

intensities contain terms that lend themselves readily to simple phy

sical interpretation, namely* the linear net gain of an individual mode 

Can)» self-saturation (3n)--the saturation of a mode intensity on its 

own gain, and cross-saturation (0nm)--the saturation of one mode m on 

the gain of mode n. These third-order parameters are a three-fold de

generate case of the corresponding strong-signal parameters. Specifi

cally, we can define three classes of parameters: 1) near threshold 

(where third-order theory is valid); 2) linearized small signal param

eters taken about a (generally) strong-signal operating point; 3) large 

signal parameters at such a point. 

The general problem of multimode operation deals with the 

question of which modes may actually oscillate in the laser, i.e., 



represent stable solutions to the intensity equations of motion. To 

resolve this question, a small vibration analysis is usually performed. 

The influence of one mode on another is expressed in terms of a coupling 

parameter (C) which, for the two-mode case, is the ratio of the product 

of the cross-saturation terms by the product of the self-saturation 

terms. The third-order intensity equations of motion and the coupling 

parameter are given by (100) and (101). In the case of the third-order 

theory the equations represent an expansion about threshold intensity, 

and, consequently, are not valid for strong-signal results. For the 

case of stability parameters a similar formalism may be developed for 

strong-signal theories by expanding about the steady-state intensities. 

We now do this for two-mode operation. 

The amplitude self-consistency equation (5) may be written in 

terms of the susceptibility where 

From this equation for mode amplitudes we obtain an equation of motion 

for the mode intensities 

Pn(t) = e 0X^(0 = eo(x^ + ixJ)En(t), (104) 

as 

£ (t) = - 4 K-E (t) - ~ v x " E (t) • nv ' 2 Q n^ ' 2 nAn n ' 

I 
n (105) 
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where for steady state intensities we have the identity 

i S -  0  =  -  v  I  S X  
S " -  £ - 1  S .  ( 1 0 6 )  

n n n An Qn n 

Let us now consider a small vibrations analysis about the steady-state 

mode intensities, i.e., let the mode intensities be perturbed by en. 

Inserting these values of intensities into the equations of motion, we 

have 

? - r S ,T S . S",T S T s «- -> V s I - I + e = CI +e (I + e  , I + e  ) - — (I + e ) .  
n n n u n n' n v n n' m nr Q v n 

Expanding ;x " in a first-order Taylor series about its steady-state 

value, we obtain 

en en 
3x 9Y 

,.<-T t S" n „ n X "(I ,1 ) = X +e — + e ~5T • n n m n n 31 m 31 
n m 

This expression for Xn" and the perturbed equations of motion yield the 

following expression for the perturbed mode intensities 

Cl» OH 
9x dy 

i . I . -v (I S+E)(x S" • e iS- • E • 2->. 
n n nv n i n n 31 m 31 Q„ n m ^n 

S 
For nonzero I , keeping the first order terms in e and using the iden

tity in C106), we have the linearized equation of motion for the small 

signal perturbation 
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Gn p 
I Sf — 

~vn n n 3 1 

S" 
3X 

+ e n 

n 
m 3 1 

(107) 
m 

g 
If I is zero, we have 

n 

= - Vn[xnS"(0'V + ̂  3 • 
(108) 

We may generalize the third-order terms and obtain the stability coeffi

cients corresponding to the (small signal) self-saturation (3^) and 

S S 
cross-saturation [e ) at the strong-signal point (1^ , Im ) 

pn 
Sm vn 3*n 

S" 

2 31 

Sm 

n 

vn 9*n 
nm nm 2 31 

m 

I S,I S 
n ' m 

i s,i s. n ' m 

(109) 

Equation (107) may be written 

• o T r /•> ^ . Sm I e = - 21 18 e + 0 e J. tn nLPn n nm mJ 

These equations form a set of coupled first-order differential equations 

for the small signal perturbation en. These will have solutions with 

exponentially decaying envelopes if the roots of the characteristic 

equation have real negative parts. We find two conditions [13] 

r a ̂  r r> SlQ n + 12 6 2 > 0 (110a) 



> o, 
„ Sm„ Sra ' 
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(110b) 

where the stability coupling parameter 

CSm 3 (111) 

Sm Sm 
Usually the first condition is fulfilled and Ii^^i 82 > 0, so we are 

left with the "weak coupling" condition 

which corresponds to that used in the past [16]. 

For the third-order regime, the stability coefficients are the 

g's and e's. They give as well the degree of self and cross-saturation. 

For larger intensities we use the 9Xn"/3lm for stability purposes, but 

these partial derivatives do not give accurate indications of self or 

cross-saturation except near threshold. To get an idea of the strong-

signal self and cross-saturation, we consider the susceptibilities 

Xn"directly in the remainder of this section. 

For the case of zero intensities we have the threshold net gain 

coefficient 

°n- - llV't0'0' - r1 
xn 

(112) 
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which is the same for third-order and the strong-signal theories. If 

one mode is zero, then for the other we have the threshold cross-

saturated linear net gain 

a ' = -
n tU3) 

which is the threshold gain mode n sees in the presence of the, in 

general, strong-signal mode intensity I . This reduces to the third-

order effective linear net gain in the limit of small I > b m 

a' = a_ - 6^1 . (114) n n nm m v ' 

We can find even for the case of a strong-signal operating point a 

large signal parameter 0^ by using (114) as a definition with (112) 

and (113). 

LD v [Xn"C0'0) " Xn"(°.y] 

• -1— 
m 

Similarly we can define a large signal self-saturation coefficient 

LD „ txn"C»,0) - xn"(In.0)l 
6„ " " j 1 ("« 

n 

The strong-signal result for the (large signal degenerate) third-order 

equation for the saturated net gain is 
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«! - frjlj - 6J2I2 

where the large signal parameter is a function of I2, not just Ij, 

and 6j2 is a function of Ij, not just I2. We may define a decoupled 

approximation when 

Bj = 6JD t f(i2), ej*2 a 6j2 t fCij). 

In this approximation the saturated net gain is 

A2 - - 0^I2. (117) 

We may define an alternate strong-signal that expresses the ratio of 

the above decoupled strong-signal saturation coefficients 

LD LD 

cLD • <118> 

This may be illustrated for the case of a homogeneously broadened, equal 

tuned bidirectional ring laser (v+ = v = v). We have for the suscepti

bility from Appendix B 

... 1 T r I^-vhyv2 -1 
X i  i [  

when = 2#tu)-v) (I^+I^). This yields the competition parameter 

(119) 
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i n  4{1+ (U>-v)I J[l+ (OJ-V)IJ 

C = [1+2 (a)-v)IiJ[l+2 ' (120) 

In the limit of small intensities this ratio equals 4, which agrees with 

LD , 
the third-order result. In the limit of large intensities C =1, show

ing a decrease with increasing intensities. However, at large inten

sities, the decoupled approximation (117) is no longer valid. When 

not in the valid third-order region the parameters C m̂ (111) or (118) 

may exhibit anomalous behavior. For example, C m̂ may assume positive 

or negative values, or approach 0 or ±°° as may also and 0 m̂ of 

CI09). 

The third-order theory gives analytical results for the sta

bility parameters. Since the strong-signal results are obtained by 

numerical means, these parameters must also be evaluated numerically. 

The Newton-Raphson iterative procedure (see Chap. 7) for solving the 

intensity determining equations requires the calculation of such partial 

derivatives. During a frequency scan of the laser cavity, if the fre

quency step is small enough such that the mode intensities do not 

change appreciably from one point to the next, the values of the partial 

derivatives may be used to calculate the coupling parameter. This saves 

the computing time that would be required to evaluate the partial deriv

atives at the final stationary-state values of intensity. 



CHAPTER 9 

TWO-MODE OPERATION IN THE PRESENCE 
OF LITTLE OR NO DOPPLER BROADENING 

In this chapter we consider two-mode bidirectional and uni

directional, homogeneously broadened ring laser operation and then 

discuss the transition to the Doppler broadened case. For the homo

geneous case, both running waves interact with the same atoms yielding 

self-saturation equal to the cross-saturation caused by population 

depletion. In the absence of other kinds of cross-saturation this 

equality produces neutral coupling. Hence the additional cross-

saturation introduced by coherence terms, e.g., population pulsations, 

plays a critical role in determining whether the coupling is strong or 

weak. 

For the equal tuned (v = v = v) bidirectional ring and 

standing-wave, two-mirror lasers, the two oppositely directed running 

waves comprising the electric field add in the medium yielding a stand

ing wave and burn spatial holes in the population inversion as illus

trated in Fig. 2. This corrugated inversion pattern acts like a Bragg 

grating to reflect one running wave back into the other. For stationary 

atoms this grating is precisely out of phase with the standing-wave 

pattern, and the net reflected wave subtracts from the similarly di

rected running wave. Thus, in addition to the usual population deple

tion part, the cross saturation contains a Bragg-scattering term. In 
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Fig. 2. Graph of normalized population difference versus laser axial 
coordinate. -- Note that the grating formed by the spatial 
holes is out of phase with the intensity. 



the equal tuning case, the two saturation terras are identical and add 

giving a total cross-saturation twice as big as the self-saturation. 

Hence strong coupling occurs. The coupling parameter in third-order is 

depicted in Fig. 3, with a value of 4 for Ku = 0 and any average 

detuning. The result is bistable, single traveling wave operation. 

Either mode may suppress the other, and which one wins depends on the 

linear gains and the initial intensities. For nonzero rotation rate 

(v - a) = to - v ^ 0), the electric field remains a standing wave in 

the non-rotating, i.e., not laser, frame. Hence the induced grating 

moves with respect to the medium and Doppler shifts the scattered waves 

from v to v (or vice versa) in a fashion analogous to Brillouin 

scattering. 

The unidirectional ring does not have a slowly moving grating, 

but rather population pulsations at the inter-mode frequency. In the 

third-order theory these pulsations increase or decrease the cross-

saturation according to the sign of the expression 

f I1 " 2^" 1 * TT [1 * 2^ J (121) 
a ' 'a 'b 1 'b 

which follows from the coefficients in Table VII of Ref. 3 (for symmet

ric tuning). A negative sign gives weak coupling and two modes may 

oscillate. A positive sign gives strong coupling and only one mode 

oscillates. 

As the medium is Doppler broadened, for symmetric tuning (i.e., 

zero average detuning), each velocity ensemble sees a different grating. 
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Fig. 3. Coupling parameter C of Eq. (101) plotted versus Doppler 
width parameter Ku (in MHz) for indicated average 
detuning. -- Upper and lower level decay rates are 15.5 
and 41 MHz respectively, and the dipole decay rate (I/T2) 
is 100 MHz. The dashed line gives C = 1, the dividing 
line between strong (C > 1) and weak coupling. 



Figure 4 (from Ref. 9) illustrates the spatial gratings for various 

velocity ensembles. The curve for Kv = 0 is just that for the homo

geneous case. The series of curves illustrate two effects that change 

the Bragg-scattering contribution to the cross saturation. Apart from 

the Maxwellian distribution factor, the amplitude of the individual 

AR 
gratings decreases as a function of (Kv + ) for it is the ensemble 

AT* 
with v = - — that is stationary with respect to the standing wave 

2K 

pattern. Other ensembles move through the standing wave field and the 

amplitude of their population difference gratings is restricted by the 

bandwidth of the medium, i.e., y and y, , This is a more detailed 
' a 'b 

statement than "the atoms tend to see an average field". This is 

illustrated in Fig. 3 where for a given value of Ku ^ 0 the curves for 

increasing detuning are seen to yield decreasing values for C. Second

ly, the gratings are shifted with respect to the v = -Ar/2K grating, 

thereby yielding variously phased scattered waves that tend to destruc

tively interfere. The combination of this destructive interference and 

the reduction in grating amplitudes produces an overall smaller Bragg 

contribution to the cross saturation for large Doppler widths. Hence 

the coupling parameter C decreases for increasing Ku, although for some 

large, finite values of Ku the reflected wave may add slightly allowing 

the coupling parameter to be barely less than unity. In the extreme 

Doppler limit the Bragg contribution is zero and the coupling parameter 

is unity. The sensitivity of the coupling parameter to the Bragg contri

bution is seen in Fig. 5 which compares the strong signal continued-

fraction CSm to the third-order Doppler broadened C for a relative 
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Fig. 4. Graph of normalized population difference versus spatial 
phase Kz along laser axis. -- Spatial holes burned by-
field intensity for non-moving atoms are seen to wash out 
for rapidly moving atoms. (Ku >> y and y = y standing-
wave laser.) From Stenholm and Lamb [9]. 
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Fig. 5. Graph of the deviation of coupling parameters from the third-
order Doppler limit result versus average cavity detuning for 
the bidirectional ring laser. -- The dashed curve is the 
deviation of the third-order generally broadened coupling 
parameter. The solid curve is the deviation of the strong-
signal parameter C®m. The laser parameters are Ar = 15 MHz, 
Ya = 20 MHz, yb = 40 MHz, y = 100 MHz, Ku = 1010 MHz, 
relative excitation = 1.05. 
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excitation of 1.05. Both of these curves deviate from the third-order 

Doppler limit result of the square of a simple Lorentzian of average de

tuning [Eq. (11-17) of Ref. 16J . The third-order broadened result pre

dicts strong coupling at symmetric tuning while the strong-signal result 

predicts weak coupling. 

For nonzero average detuning in Doppler broadened media, the 

running waves no longer share a common set of atoms, thereby decreasing 

the population depletion contribution to the cross saturation and 

therefore the coupling parameter C as well. 



CHAPTER 10 

TWO-MODE DOPPLER BROADENED OPERATION 

An example of the results for Doppler broadened media is given 

by Figs. 6-9, where the relative excitation is 1.05 and the figures 

correspond to the strong-signal, rate equation approximation, and third-

order theories respectively. There is considerable difference between 

these figures primarily in the fractional intensity splitting near 

symmetric tuning. For example, the third-order theory predicts bi

stable operation plus associated mode inhibition at symmetric tuning, 

but the strong-signal theory predicts equal intensities. An explana

tion of these differences and useful physical insight to the 

bidirectional ring laser may be obtained by examining symmetry proper

ties inherent in some of the equations describing the solution to the 

laser problem. We choose first to illustrate this by the hole burning 

terms (S^) in the population difference of (91). 

Y„u A ^ 
Sh = 2 [E+2i?Cw-vo+ -y +KV) + E_2 J2?(w-v0- -Kv)]. (122) 

The first term is resonant with atoms which have 

Kv S - COJ-VQ) —y ~ detuning - rotational shift, (123) 

and the second for 
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Ar 
Kv = GO-VQ) ~ ~2 ~ - detuning - rotational shift. (124) 

For zero average detuning, both terms interact with the same group of 

atoms, namely, those with Kv approximately equal to 1/2 the rotational 

beat frequency (1/2 A ). Thus a single traveling hole is burned in the 

population difference and is shifted from the origin of the velocity 

Ar 
distribution by an amount equal to 1/2 — . This hole is traveling in 

the laser frame of reference, i.e., the media. However, depending upon 

the approximations used and the extent that the laser configuration is 

circular, it may be stationary in an inertial rotational frame of 

reference. Secondary resonances and resulting holes (such as contrib

ute to the population pulsatio;-- term S ), in general, travel in either 

frame of reference. The single rotationally shifted traveling hole for 

S^ should be compared with the single standing hole burned at the origin 

for zero detuning in the case of the familiar two-mirror, standing-wave 

laser. 

For the case of nonzero average detuning, (122) and (123) for 

the bidirectional ring laser reveal that two holes exist symmetrically 

located with respect to the rotationally shifted zero average detuning 

hole and are shifted from it by an amount equal to the magnitude of the 

average detuning. Thus these two holes are asymmetrically positioned 

with respect to the Gaussian velocity distribution, and causes a corre

sponding amplitude asymmetry in the population difference (see Fig. 10). 

Such asymmetry contrasts with the non-rotating case and with the 
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Fig. 6. Graph of the strong-signal theory bidirectional ring laser 
intensities versus average cavity detuning for a relative 
excitation of 1.05. -- Note that complete mode inhibition 
does not occur in the strong interaction region about the 
origin as in third-order theory. Rotational frequency 
splitting Ar = 15 MHz. The laser parameters are Ya = 20 
MHz, yb = 40 MHz, y = 100 MHz, Ku = 1010 MHz. For con
venience we quote these in MHz when actually they are 2n x 
MHz. 
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Fig. 7. Graph of the REA theory bidirectional ring laser intensities 
versus average cavity detuning for a relative excitation of 
1.05. — Laser parameters are the same as in Fig. 6. 
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Fig. 8. Graph of the third-order generally broadened theory 
bidirectional ring laser intensities versus average 
cavity detuning for a relative excitation of 1.05. --
Note the bistable region near the origin. The laser 
parameters are the same as in Fig. 6. 
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Fig. 9. Graph of the third-order Doppler limit theory bidirectional 
ring laser intensities versus average cavity detuning for a 
relative excitation of 1.05. -- The region near the origin 
is similar to that in Fig. 8 but is not bistable. Laser 
parameters are the same as in Fig. 6, except Ku = °°. 
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Fig. 10. Graph of normalized population difference versus Kv for a 
rotating bidirectional ring laser. -- The figure is for 
exaggerated parameters, Ar = 6y, average detuning = 6y, 
Ya = YB = Y = 100 MHz, Ku = 25y, relative excitation = 
2.0. Note that the holes are symmetrically spaced by 
2Y from the zero average detuned position of - A /2 = -3Y. 
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two-mirror, standing-wave lasers, which have holes symmetrically located 

about the center of the velocity distribution. 

It is helpful to note that a simple change of variables shifts 

the origin by an amount equal to the rotational shift, symmetrically 

locating the holes and displacing the Gaussian velocity distribution. 

The integral for the polarization (90) is then given by 

ieo ? „ iCW f , . "'"'"Tr -™o)2/4"2 
P = > E e I do)1 e 
n Q/^Z.Cy) m 

AR 
x ^Cw'-vn)dm_n(u)'), w1 = w + • 

It is interesting to observe that the sum of the two equations for Pj 

and ?2 is identical with the equation for the ordinary two-mirror, 

standing-wave laser except that the Gaussian is shifted (we also have 

a factor of four appearing in the interpretation of the intensities). 

For this equal mode intensity case and symmetric tuning, we can write 

the population difference and polarization Fourier coefficients d^ and 

p in terms of Bessel functions as has been done for the two-mirror, 

standing-wave laser [10]. 

Unequal mode intensities break the symmetry. The amount of 

asymmetry is determined by the fractional intensity splitting and 

arises from the CQ ^ and terms in Eq. (67). The ^ term may be 

written as 



co,k = + "^T^* B>Cvi+k-uO + PC(0-v2_k) + PCv2+k-0)) 

l ii-i2 
+ PGo-v^)] + 2 ~l W^l+k""3 " V^'v2-k^ 

av 

- PCv2+k-) + ̂ Cu-vi_^J » 

where symmetric displacement about the rotationally shifted position 

interchanges the roles of the terms in a pair-wise fashion, yielding 

the complex conjugate for equal intensities. However, the terms pro-

protional to the fractional intensity splitting behave differently, 

producing asymmetry about the rotationally shifted position. Another 

important symmetry property follows from the fact that for a given 

value of average detuning the hole burning term remains the same if 

we change the sign of the average detuning and simultaneously inter

change the roles of the two intensities and I2 . Similar observa

tions may be made for the remaining terms contributing to the popula

tion difference coefficients d^. Consequently, we would expect that a 

curve of mode intensities versus cavity detuning should be symmetrical 

about the origin if we interchange the roles of the intensities when 

passing through the origin. This result is highly useful since we need 

only compute and plot one half of the curve. Symmetry properties pre

dict equal mode intensities at zero average detuning. This result is 

somewhat modified when we have regions of hysteresis about the origin 

as in bistable operation, in which case we must remain on the same leg 

of the hysteresis loop when interchanging intensities while passing 
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through the origin. In this case a stable solution may not exist for 

equal mode intensities at zero average detuning. 

Recalling discussion in Chap. 8 of fractional intensity split

ting for the general two-mode case, let us examine in this framework 

the role played by the asymmetry induced by the rotational shift. Again 

looking at the population difference holeburning term S^, we see that 

for zero average detuning we have one hole burned in the population 

difference at the rotationally shifted position. In the near Doppler 

limit for this case we have equal linear net gains and nearly equal 

self and cross saturation terms. For the asymmetrically tuned case, 

because of the rotationally induced asymmetry of the holes, we have un

equal linear net gains for the two modes; thus, we should expect some 

fractional intensity splitting. For small average detuned operation, 

the mode having higher intensity would be predicted to be the one with 

higher linear net gain. This would be expected to be the case for the 

hole nearest the origin. Interchanging the holes such as would occur 

if the sense of rotation were reversed, would cause the roles of the 

intensities to be interchanged. Thus for bistable operation, if for a 

given sense of rotation and scan direction, mode 1 dominated, then with 

a change in the direction of rotation, mode 2 should dominate rather 

than mode 1. This dependence of the dominate mode selection on the 

sense of rotation has been observed experimentally [6]. 

The magnitude of the fractional intensity splitting is deter

mined both by the fractional gain difference and by the magnitude of the 

coupling parameter C. In this respect let us consider the region of 



relatiye excitation values from 1 to 1.2 which historically has been 

considered to be the domain of the third-order theory. In this region 

of low intensities we would expect the fractional gain differences to 

be rather large and lead to large fractional intensity splitting phe

nomena. However, the effect of population pulsations enter into the 

coupling parameter C and profoundly effect the problem. As the theories 

being compared (REA, third-order and strong-signal) differ in the 

presence and importance of population pulsations, the theories vary in 

their predicted fractional intensity splittings. The coupling param

eter C is given in the Doppler limit third-order theory by a simple 

Lorentzian (of average detuning) squared [16, Eq. (11-17)]. It becomes 

increasingly important as its value approaches unity, namely, for sym

metric tuning. Thus in the wings of the tuning curve we expect moder

ate fractional intensity splitting, while near symmetric tuning we 

expect it to increase dramatically. In the Doppler limit third-order 

case complete mode inhibition is predicted. Figure 9 illustrates this 

for a relative excitation value of 1.05 which is well within the his

torical third-order domain. Figure 8 illustrates the near-Doppler limit 

which predicts true self-induced bistable operation with a resulting 

single traveling wave region near symmetric tuning, caused by an over-

estimation of the Bragg scattering. This is in agreement with the 

results predicted earlier by [8J and would tend to agree with experi

mental results of J19J . However, for the particular laser parameters 

Sjti Sm 
chosen, the stability coupling parameter C is very near unity (C = 

0.995) at symmetric tuning. This implies only a slight tendency for 



strong coupling. For very low values of relative excitation (1.01), 

the strong signal results also predict true self-induced bistable 

operation in agreement with the third-order results. This is to be 

expected since the third-order theory is an expansion about threshold 

values of intensity (0 + e) and here e is quite small. Thus in this 

region of extremely low intensities, we have made firm connection with 

the third-order theory. This region will be referred to as the true 

third-order domain. We find that such exact agreement does not extend 

throughout the entire region of relative excitation of 1.0 to 1.2. We 

refer to the region of non-agreement as the pseudo third-order domain. 

The lower limit of the pseudo third-order domain may vary widely with 

such factors as laser detuning and is especially sensitive to the laser 

parameters (level decay, etc.). Such sensitivity is in agreement with 

the third-order results predicted earlier [8]; however, the intensity 

dependence of the coupling parameter was not included. The strong sig-

Sm nal results predict that the stability coupling parameter C is a 

decreasing function of intensity (hence relative excitation) in the 

third-order domain. Consequently for a given set of laser parameters 

Sm at some point, as the relative excitation is increased, C becomes less 

than unity and true self-induced bistable operation is replaced by sta

ble bidirectional operation with equal mode intensities at symmetric 

tuning. The sensitivity to the laser parameters is illustrated by the 

fact that for a relative excitation value of 1.05 the dividing line be

tween these two regions is given by Ku = 6.5 y. At Ku = 10.10 y a 

value also commonly used for He-Ne laser operation, the solutions are 



not bistable. It is to this pseudo third-order region that we now 

turn. 

In the psuedo third-order domain the strong-signal coupling 

parameter is less than that of the third-order theory. Consequently 

the ratio [1/CL-C)] entering into the fractional intensity splitting 

may be substantially smaller near symmetric tuning for the strong-

signal theory than for the third-order theory. Thus the extremely large 

fractional intensity splitting predicted by the third-order theory is 

not in general predicted by the strong-signal theory. It must be re

called that the splitting is dependent upon the relative excitation. 

For a low relative excitation value of 1.05 (see Fig. 6), appreciable 

fractional intensity splitting is predicted by the strong-signal theory, 

while, at a higher value of 1.2, a considerably smaller amount is pre

dicted. This contrasts with the complete mode inhibition predicted by 

the Doppler-limit third-order theory and bistable STIV operation pre

dicted by the generally broadened third-order theory. In addition, the 

third-order theory does not correctly predict the average intensity in 

a manner similar to that encountered in prior work done on the two-

mirror, standing-wave laser [9]. 

Reference 9 also shows that for these low intensities, the 

standing-wave, REA, and strong-signal theories agree quite well as to 

the predicted intensities. At first glance this would seem to indicate 

that the fractional intensity splitting predicted by both would be 

approximately the same. This is the case for dotuned operation as in 

the wings of the tuning curve, but not near symmetric tuning where 



population pulsations become increasingly more important. In this 

region the REA coupling parameter is larger than that of the strong-

signal theory and in fact has a value equal to or nearly equal to unity 

in a small region on either side of symmetric tuning. This causes large 

fractional intensity splitting near these regions and complete mode in

hibition within them. Figure 7 illustrates this. While most pronounced 

at these low values, this mode inhibition is present at higher values of 

relative excitation. 

As previously mentioned, in the pseudo third-order region the 

fractional intensity splitting was a decreasing function of relative 

excitation. This behavior continues until the two modes give the 

appearance of being completely uncoupled even though the cross satura-

Sm 
tion terms (0 's) are not zero and may be nearly equal to the self 

saturation terms Figures 11 and 12 illustrate this effect at 

a relative excitation value of 2.0. It might be noted that the REA 

theory still gives complete mode inhibition about the origin. 

At high values of intensities (and corresponding high relative 

excitations), because of the extreme non-linearity of the problem, 

multiple valued solutions may be obtained. The several solutions may 

connect through regions of neutral coupling and give rise to hysteresis 

paths in the intensity versus detuning curves. This yields bistable 

operation where both modes may have nonzero intensities as opposed to 

the single traveling wave form of bistable operation noted for lower 

intensities. Figures 13 and 14 illustrate this for a value of relative 

excitation of 6.0. It is interesting to note that an unstable solution 
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Fig. 11. Graph of the strong-signal theory bidirectional ring laser 
intensities versus average cavity detuning for a relative 
excitation of 2.0. -- Note the small fractional intensity 
splitting near the origin. Laser parameters are the same 
as in Fig. 6. 



76 

3.591 

1.975 

0.395 

0.000 

0 880 440 

Aft 

Fig. 12. Graph of the REA theory bidirectional ring laser intensities 
versus average cavity detuning for a relative excitation of 
2.0. -- Note the mode inhibition near the origin. The laser 
parameters are the same as in Fig. 6. 
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Fig. 13. Graph of the strong-signal theory bidirectional ring laser 
intensities versus average cavity detuning for a relative 
excitation of 6.0. -- Only one leg of the hysteresis path 
is shown. The laser parameters are the same as in Fig. 6. 



Fig. 14. Graph of the bistable region of bidirectional ring laser 
operation at a relative excitation of 6. 

The curves are intensity versus average cavity detuning. 
The dashed line corresponds to the REA solution. The 
dashed-dot line is the unstable strong-signal curve. 
The solid line is the hysteresis path for the strong-
signal stable solution. The arrows originate from a 
point of neutral coupling and indicate a jump to the 
Other leg of the path when passing through that point. 
The laser parameters are the same as in Fig. 6. 
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Fig. 14. Graph of the bistable region of bidirectional ring laser 
operation at a relative excitation of 6. 



exists which passes through the tuning origin with equal mode intensi

ties. The REA solution is single valued and still exhibits mode inhibi

tion about the origin with equal intensities at the origin. Again 

citing work done on the two-mirror standing-wave laser, the average in

tensity predicted near symmetrical tuning for the REA is also less than 

the strong signal results for the bidirectional ring [9]. 

The two-raode unidirectional ring laser has two holes burned in 

the population vs. velocity curve, one for each mode. Since they do not 

share a common set of atoms, there is relatively little interaction be

tween the modes (if A > y). The curves of intensity vs. detuning for 

the strong-signal case are similar to the third-order results of Ref. 3. 

For the strong-signal case, the two modes oscillated above threshold 

over a larger range of detuning than in the REA case. In addition, at 

symmetric tuning the strong-signal intensity was about 2% greater than 

the REA intensity. This point deviated slightly from the otherwise 

smooth curve. The REA had a slight bump while the strong-signal theory 

gave a slight dip (less than 1% in both cases). 

The relatively weak interactions in the unidirectional case 

allowed the integration step size to be y/2 or y/4 in the evaluation of 

the polarization integral (90). This contrasts with the small step size 

of y/16 or y/32 required for the bidirectional-ring. 



CHAPTER 11 

UNIDIRECTIONAL, MULTIMODE LOCKED OPERATION 

In unidirectional multimode operation the signals mix in the 

non-linear medium and produce population pulsations at integral multi

ples of the mode spacing A.. These pulsations interact with the origi

nal signals to produce sideband signals spaced multiples of A from the 

original frequencies. We have already discussed the effect of some of 

these sidebands on the cross saturation in two-mode operation. For 

three and higher mode operation the remaining sidebands produce a dif

ferent kind of coupling in acting like injected signals. For example, 

in three-mode operation, V2 beats with A = (V2-V1) producing a term at 

v3> say, v3'. This sideband interacts with the V3 signal influencing 

its phase, amplitude and frequency very much like the injected signal 

in van der Pol's triode oscillator [20]. There the oscillator "locked" 

onto the injected signal when the frequency difference was sufficiently 

small --similarly for the sideband near vjCv}') due to V2 and v3. The 

result is frequency locking, i.e., equal beat notes between adjacent 

modes. 

Salomaa and Salomaa [13J treated three-mode mode-locked opera

tion in the third-order theory, but were not able to obtain mode-locked 

solutions in the Fourier theory. Our strong-signal results for their 

laser parameters exhibit :raode locking and are presented in Fig. 15. The 
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Fig. 15. Graph of the relative phase and intensities versus cavity 
detuning for the three-mode unidirectional ring laser at 
a relative excitation of 1.5. -- The detuning indicated 
is that of the central mode (2). The mode spacing = 400 
MHz, Ya = Y|j = Y = 100 MHz, Ku = 1000 MHz. 



relative phase ranges from about -60° to +60°. The numerical procedure 

for zeroing the self-consistency Eqs. (5) and (6) failed to converge 

for larger detuning. This may be due to one of three possible problems: 

1) the method is incapable of treating the configuration; 2) no solution 

exists; or 3) more than one solution exists, the stability of which is 

uncertain. The numerical procedure "behaved" as if two solutions 

existed. Salomaa and Salomaa found oscillating solutions for this 

range in their strong-signal treatment. The intensities we obtained 

are equal to within 5-10% (graph interpretation error) of the temporal 

average of these solutions (compare with their Fig. 21). For zero 

average detuning Cvj+V2+V3 = 3to), the eigenvalues of the stability 

matrix F of Eq. (99) are negative and real. As this detuning is in

creased, the eigenvalues acquire imaginary parts of increasing magni

tude. The presence of these nonzero imaginary parts leads to oscilla

tions in the mode intensities and phases as they approach steady state 

in time. This may well explain Salomaa and Salomaa's oscillations and 

indicate they did not integrate the self-consistency equations long 

enough to find the steady-state solutions. Their third-order mode-

locked results exhibited a dip or "hole" in all three intensities in 

the center of the mode-locked region. This dip as defined by I2 was 

about 50 MHz wide. We find mode-locked strong-signal operation over a 

wider region (100 MHz), which is comparable to their Fourier non-mode-

locked results for the central mode I2; however, they did not find such 

a dip in the two side intensities. Our mode-locked results tend to 

exhibit a slight dip as shown by the extremities of the curves of Ij 



C54 MHz) and I3C-54 MHz). This tends to support the connection of a 

dip with mode locking. 

In addition to comparison with the Salomaa and Salomaa results, 

we explored solutions with laser parameters which contained level de

cays more representative of He-Ne operation. We chose ya = 20 MHz, 

Yjj = 40 MHz, y = 100 MHz, with the mode separation equal to 150 MHz. 

The results obtained for a value of relative excitation of 1.1 are pre

sented in Fig. 16. The mode-locked region explored was smaller in width 

(20 MHz) for the same range of relative phase as in the Salomaa and 

Salomaa data. 

The rate equation results for symmetric tuning are Ij = 13= 

0.0892, I2 = 0.1947, compared to Ijl = I3 = 0.1333, I2 = 0.1404 for the 

strong-signal case. The central mode is larger than that of the strong-

signal results, whereas the side modes are lower. For higher relative 

excitation and symmetric operation, the side modes may be larger than 

the central mode in the strong-signal theory. Salomaa and Salomaa 

noted this only for detuned operation. For a relative excitation of 

2.0, complete suppression of the central mode may occur. These mode 

interactions may be interpreted as due to two effects: One, the cen

tral mode competes directly for atoms with the two side modes due to 

standard two-mode cross saturation. In the strong-signal theory popu

lation pulsations contribute to this cross saturation through the 

population depletion term S^ in C63). Secondly, pump power can be 

transferred from the atomic velocity ensemble nearly resonant with the 

center mode to those of the side modes by mixing processes associated 
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Fig. 16. Graph of the relative phase and intensities versus cavity 
detuning for the three-mode unidirectional ring laser at 
a relative excitation of 1.1. -- The detuning indicated 
is that of the central mode (2). The mode spacing = 150 
MHz, ya = 20 MHz, yb = 40 MHz, y = 100 MHz, Ku = 1010 MHz. 



with "injected signals" or combination tones. This is analogous to the 

mixing in a passive radio frequency device such as a silicon diode. 

With two input signals (yj and v2) of constant power, the mixer output 

consists of combination tones and harmonics. One of these sidebands 

has frequency V3 derived in part through the relationships 

This signal at V3 derives its power from the two input signals at 

and \>2 J hence, we have a transfer of power from and v2 to V3. In 

the laser the "input" signals vj and v2 derive their power from the 

pump power via those atoms which are nearly resonant with the signals, 

i.e., (Xv = vj±y, v2±y) . This pump power may be transferred from vi 

and v2 to V3. Such transference may be appreciable (10%). If the tar

get mode V3 is already oscillating, the transference may help or hinder 

that mode. An oscillating V3 can, in turn, transfer power from itself 

and v2 back to vj. Thus, the side modes may gain power at the expense 

of v2 A < Y»Ya>Yb» t̂ le opposite may be true). In particular we 

find from third-order theory that the power is transferred from v2 to 

vi and V3 provided 

V3 = v2 + (v2-vj) and V3 = VJ + 2(V2-VJ). 

»,wn -
'a 

This follows from evaluation of the."^i232, 15"2j23 + ̂ 2321 a°d ̂ 3212 

expressions of Ref. 3 for unidirectional operation. In the strong-



signal theory, an example of this transference would be the contribu

tion to the polarization (50) from dj and d2. We may make a modified 

rate equation approximation (MREA) in which we suppress the final step 

sidebands generated by the modulator, i.e., keep only the DC population 

difference terra dg in Eq. (SO). Sidebands occurring in higher order 

beating processes that contribute to dg are kept via in contrast to 

the ordinary REA. This gives a feel for the DC saturation effect 

[through do) compared to the final step power transfer processes. The 

results of this approximation are Ij = I3 = 0.090, I2 = 0.190, which 

are close to the REA results in this case. Hence the substantial dif

ference between the REA and strong-signal predictions is primarily due 

to the final step power transfer processes. 

A possible explanation of the null locking results of Salomaa 

and Salomaa may be found in the numerical method used for their solu

tions. While we solved for steady-state solutions directly, they chose 

to solve the self-consistency Eqs. (5) and (6) by a Runge-Kutte type 

Merson algorithm. They started with small values of intensities (0.001) 

and zero for the relative phase, and allowed the integration to proceed 

until stable steady-state solutions were found (which did not occur). 

The accuracy in the transient region was 5% for the Fourier theory as 

_3 
compared to 10 % for the third-order case which was successful. This 

inaccuracy combined with a large step size of y for the evaluation of 

the polarization integrals probably caused enough error in the proce

dure such that the oscillating transient solutions never decayed. 

Another possible source of error could be limited computational accuracy. 



For the mode-locking conditions to be accurately satisfied 10-12 

digits are needed. In this respect our REA solutions for the Salomaa 

and Salomaa data gave "mode-locked" errors of 1000 Hz at a detuning of 

50 MHz. This may be taken as an indication of the minimum error to 

assume for mode-locking. We chose 1 Hz and typically obtained 0.1 Hz 

or better. 



APPENDIX A 

SINGLE-MODE, STANDING-WAVE LASER 
AND BIDIRECTIONAL RING 

In this appendix we give a derivation of a single-mode, standing 

wave strong signal laser containing a possible Doppler broadened medium. 

Both Stenholm and Lamb [9] and Feldman and Feld [10] have presented 

similar standing wave theories in which the population difference D is 

expanded in Fourier series in the spatial dependence of the interaction 

Hamiltonian. In Stenholm and Lamb, the in quadrature component (S) of 

the polarization of the medium was also expanded in such a series, while 

in Feld and Feldman, the complex polarization element p ^ was expanded. 

The latter approach is amenable to multimode problems and is used here 

to illustrate the similarity between the single-mode standing-wave gas 

laser and the two-mode unidirectional ring laser. We obtain a different 

continued fraction which converges more quickly than those in Refs. 9 

and 10. The reason the former has two-mode characteristics is due to 

the fact that an atom moving with velocity v along the axis of the 

laser sees two frequencies, one Doppler upshifted and one downshifted. 

We also give an outline of the bidirectional ring laser case along the 

lines of Menegozzi and Lamb [11]. Because of the similarity between the 

problems, the standing wave and ring laser problems are easily incor

porated into the computer programs for the multimode unidirectional 

ring. 
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The single-mode standing-wave electromagnetic field has the form 

E(z,t) = j E (t) exp(-ivt) sinKz + c.c. (Al) 

The self-consistency equations for the slowly varying amplitude E(t) 

and for the optical frequency v are 

E = - j (v/Q)E - j Cv/eo)ImCP), (A2) 

v = Q - \ Cv/e0)Re(P)/E, (A3) 

where P is a complex, slowly varying polarization component (in Lamb's 

theory [1] P = C + iS, where C and S are the in phase and in quadrature 

components of the atomic polarization) defined in terms of the polari

zation of the medium by 

P(z,t) = j P exp(-ivt) sinKz + c.c. (A4) 

Our problem reduces to the calculation of the polarization component P. 

We consider a medium of two-level atoms with line center u as 

depicted in Fig. 1. We describe the medium by a population matrix 

t ,L 
pCz,v,t) = I / dt / dz0 X (z0,v,t0) p(a,z,v,t,t0) 

a=a,b -^oo a 

x <5[z-z0-v(t-t0)] , (A5) 



where p(a,z,v,t,t0) is the single atom density matrix for an atom ex

cited at time t0 and place zQ to the state a with z component of veloci-

slowly enough to be factored outside the tQ integration. Using the 

Schrodinger equation for the single atom density matrix, one can show 

£16J that the corresponding equations for the components of the popu

lation matrix are just those for p(z,w,t), Eqs. (27) - (30), where the 

time derivative is given by 

In these equations, V ^ is given by the electric-dipole perturbation 

energy for the single-mode field (Al) (in the rotating wave approxima

tion) 

The equation of motion for the population difference D of (32) is given 

by (38) in which we set D(z,o),t') -> D(z',v,t'), where z1 is given by 

ty v. Aa(z0,v,t0) is the pumping rate to the ath state and varies 

d/dt = 9/3t + v 3/3Z. (A6) 

V (A7) 

z* = z - v(t-t'), (A8) 

and the frequency w is replaced by the z component of velocity, v. 

The solutions of Eqs. (27) and (38) written for p(z,v,t) are 

given by Fourier series in terms of the position coordinate z. To 



understand this approach, recall in Lamb's perturbational approach that 

to zeroth order in the electric dipole interaction energy (A7), the 

population difference is given simply by N(z,v,t), which contains no 

optical frequency time or space variations. The first-order contribu

tion to p ^ contains the factor sinKz corresponding to one interaction 

with the electric field. The second-order term for the population dif

ference contains two interactions and hence has sin2Kz dependence, and 

the third-order term for p^ has sin3Kz dependence. In general, we see 

that the population difference D contains even powers of exp(iKz) and 

P^ contains odd powers. Thus we expand p^ in an odd-term Fourier 

series 

00 

PabCz,v,t) = N(z,v,t) I pmCv)exp[(2m+l)iKz]exp(-ivt) (A9) 
m=-oo 

and the population difference in the even-term Fourier series 

00 

D(z,v,t) = N(z,v,t) J exP(2ikKz). 
fc = -co 

Here time dependence not due to excitation variation could be included 

in the expansion coefficients pm and d^. We restrict our analysis to 

steady state. 

In terms of (A9) the polarization of the medium is given by 

P(z,t) = J adv pab(z,v,t) + c.c. (All) 
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Projecting this and Eq. CA4) onto sinKz and identifying negative fre

quency components, we find the complex polarization component 

PCt) = (2i )_1 / dz sinKz f°° dv p .(z,v,t). 
H /.no 

(A12) 

Substituting CA9), one has 

P(t) = 4 j? (2iL)~-1 f L  d z  (eiKz - e"iKz) £ e(2m+i:)iKz F  dv P]n 
H m J oo 0 m J-°° 

= 2i jf» f dv (po - p-i). (A13) 
•/-.00 

Hence our problem reduces to finding pQ and p_j. 

Substituting (A9) and (A10) into (27) for p ^ and using the 

time derivative (A6), we find 

« r r -v • i (2m+l)iKz -ivt 
N l p [C2m+l)iKv-ivje^ J e 
m 

r, (2m+l)iKz -ivt 
- ( 1 1 0 + 7  ) N  V p  e v  J  e  

m 

+ | iN C^E/fi)e"lvtC2i)-1 (e"lKz-elKz) I dke2klKz. 
k 

Equating coefficients of exp[(2m+l)iKz], we have 

pm = J Wft)P[C2m+l)Kv+(o-v] (dm+1 - dm). (A14) 



93 

Similarly substituting (A9) and (AlO) into C38) for D, we have 

N | dkC2kiKv)e2klKz = - rabN I dke2klKz . (YaYb/irab)N 

+ J ha-yb)2N I t>abC2kKv)e2kiKz 
k 

+ 2iN[i-pE/CTi2i)]CelKz-e"lKz) x 

y r * - (2m+l)iKz _ e(2m+l)iKz, 
^ l-pm pm J' 
m 

Equating coefficients of exp(2kiKz), we have 

dk[2kiKv • TTab - | (Ya-Yb)2Pab(2kKv)] = CYaYb/Yab)\>0 

* \ mlV) ̂-k-P-k-l^k-Pk-l' 

or 

dk = Vo,,E®Vb1"V(My)M-k-i,v'k.i1' tA15) 

where the complex factor 

FC2kKv) = \ [PaC2kKv) + Pb(2kKv)]CYaYb/Yab), (A16) 
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Equation (A15) leads to a two-mode interaction in which we 

identify 

vj = v - Kv; V2 = v + Kv; A = 2Kv. (A17) 

We have further that v ^ = vj - kA, etc. Then Eq. (A14) is written 

P = t G?E/fi)P(u> - v7 ) (d . - d ). (A18) 4 1-nr ^ m+1 nr ^ J 

In terras of this, the complex polarization component (A13) is then 

PCt) = - | i g>2EN(ft>Vudv e'^^tOCw-vOCdQ-dj) 

+ VC<i)~\>2) (do~d_ j) ] , (A19) 

or in terms of the relative excitation TT of (61), 

PCt) = - | ie07T [QZ± Cy)v^P|-211/2X dv e"(v/u)2 

x Vi) (d Q~di) - P(o)-V2) (d_ 2-d g) ] • (A20) 

Substituting (A18) into (A15), we eliminate pm: 



95 

dk = 5k,o* ? WFCkA) toc Vk-u) ̂k-rV 

" ̂ v2+k_t0̂  ̂dk~dk+l^ + ^Cu_vi_k5 ̂dk+l"dk^ 

- ^Co)-v2_k)(dk-dk_1)}, 

where the dimensionless intensity 

I = | (JF>E)2 /Ch2YAYB). (A21) 

This becomes 

dk = 6k,0 + T IYabFCkA:,{dk-l[17Cvl+k"u) + pCu-v2-k)] 

" dk I. [PCvn+k'u) + P(a,"vn-k)] n=l 

+ dk+1 [PCv2+k-w) + P(aj-vl k)] } • (A22) 

This yields the recurrence relation for 

C1,kdk+l + c0,kdk + c-l,kdk-l °» 

where the coefficients are defined as 

C-l,k = W^Vk""5 * »&>-v2_k)] (A23a) 
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co,k • - wcwr1 - Yabi i [ftVk-"'+ Pt"-Vk» <A23« 
' n=l 

Cl,k = YabÎ ("V2+k"a)-) +P̂ "vi_k^* (A23c) 

These are the same as the recursion relation (36) and coefficients (71) 

for the two-mode unidirectional ring laser with 1} = I2 except that 

cn , contains minus signs and a factor of 4. Note that the minus signs 
U)K 

can be uniformly canceled throughout the continued fraction, yielding 

an overall minus sign. This sign, in turn, cancels that for -d+̂  in 

CA19), so that Eq. (A19) has the same form as the unidirectional, two-

mode versions of Eq. (90). 

Now consider a ring laser with the two oppositely directed run

ning waves given by the field 

E(z,t) = j E+ exp[-i(v+t + <(,+ - Kz)] 

+ E_ exp[-i(v_t + <(>_ + Kz)] + c.c. (A24) 

We describe the atoms by the Doppler broadened population matrix (A5) 

as for the standing wave case. Our Fourier expansion for the population 

difference is almost the same as (A10) for the standing-wave case, but 

must include the possible frequency difference between the two running 

waves, that is, 

D(z,v,t) = N(z,v,t) I d exp[ik(2Kz - i|i)], 
k k 

(A25) 
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where the relative phase angle 

ifi = (y — v )t + tp — d> . (A26) T ~ "T* 

The off-diagonal element p ^ is similarly expanded as 

P , = NCz,v,t) exp[-i(v+t + <t>+ - Kz)J £ pmexp[im (2Kz-!/0] • (A27) 
m 

Substituting CA27) and (A25) into the equations of motion and 

performing the appropriate projections, we find 

Pm = ~ I ̂/WOnA + a) - vj) CE+dm + E_dm+1) (A28) 

where the frequencies 

vj = v+ - Kv, (A29) 

v2 = v_ + Kv, (A30) 

A = v2 - Vj = v_ - v+ + 2Kv. (A31) 

Similarly we find 

dk = 6k,0 + iC8,/fî abCYayb)-JFCkA)[E+p*k + E_p*k_1 - E+pk - E_p_k lJ, 



where F(kA) is given by (52). 

recurrence relation 
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Combining this with (A28), we obtain the 

dk - Vo - UF(k4i{dk-i'/WPtVk-») * oo-Vk" 

2 
+ d. T I [P(v .-to) + P(o)-v . )] 

k i nL n+k ' n-k'-1 n=l 

+ dk+1(I+I_)l/2[^(v2+k-a,) + PCu-v^^]}. (A3 2) 

This is the same as the two-mode case of our multimode result (55) . 

The physics, of course, is different, and this fact is reflected in 

the way in which the frequencies (A29) - (A31) are evaluated in the 

integral over the inhomogeneous medium. The length of the polarization 

calculation on the computer is the same in either case. 



APPENDIX B 

BIDIRECTIONAL GAIN COEFFICIENT 

In this appendix we derive Eq. (119) for the strong-signal 

gain of a homogeneously broadened medium subject to a two-mode bi

directional-ring laser field. We suppose that the mode frequencies 

and wave numbers are equal (v = v = v> K = K = K), but allow the 
+ ~ T — 

intensities to vary. This is obviously a special case, but does pro

vide some insight into the nature of the saturation mechanics. In 

the rate equation approximation, the equations of motion (28) and (29) 

for the populations have the steady-state solution 

and population pulsation term (note that here there are no pulsations 

since v+ = v ) 

D00 = paa"pbb = N(z)/{1 + Sh + Sp cosC2Kz)>» (Bl) 

where the "hole burning" term 

sh = 2CYab/yMa>-v)(i+ - I.) (B2) 

Sp = 4CWŶ -v)/rir- (B3) 
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The polarization matrix element p ^ of Eq. (27) is given by 

pab = - j G?/rOPOo-v)D(z){E+elKz + E_"lKz}, 

yielding the polarization component of Eq. (90) as 

P +  -  -  iWWCJ i  I"  d.  
0 h p v J 

iKz „ -iKz, x {E e + E e } + -

= - i(P2/WOv) N J±. (B4) 

Here the integrals J+ are given by 

j f2ir  E++E;pexp(+ix) ^ r2lT E++E_cos(x) 
J± = 2TT J0 4x1 l+Sh+Spcos (x) = 27 JQ dx l+Sh+SpCos(x)' 

These may be evaluated by straightforward means to be 

J 

Ez r 1 + s. i 
^ = E { (1+S. )2 - S 2}"1/2 + — 1 2 — 
± ± h P Sp L UUSh)2-Sp2}V2j 

Ej r 1 + Sh - E±Sp/E; 

Sp L {l-i-2Sh+4iJ!'2CI+-I_) 2}1/2 J 

This with Eq. (B4) for P+ and (86) yields Eq. (119) of the text. 



APPENDIX C 

STRONG-SIGNAL LASER PROGRAM 

PROGRAM STRONG(INPUT,OUTPUT,PUNCH,TAPE 1=INPUT,TAPE5= 
1 OUTPUT,TAPE20=PUNCH) 

C THIS IS THE MAIN PROGRAM FOR THE STRONG SIGNAL LASER THEORY. IT 
C PERFORMS I/O AND CONTROLS TUNING OF THE CAVITY. 
C NINTG = NUMBER OF STEPS IN THE INTEGRATION OVER THE INHOMOGENEOUS 
C LINE. IF KU=0, THE HOMOGENEOUS CASE, ONLY ONE POINT 
C IS EVALUATED WITH 0MEGA=0. 

COMPLEX D,DENOM,DNOMC,E,E3,F1,P,PREA,PREAS,PREAT,PS.R,Z,Z1,Z2, 
1 Z2S 

REAL INC,ITEN,KU,LAMBDA,MSPACE,NU,NUO.NUOPD,NUDQ,NUDQM 

LOGICAL APPROX,BRING,COUPL,DIAG,DPLER,NEWTON,PAREXT,STABLE, 
1 STBCHK,STWVE,SUCCES 

INTEGER FUNCNO 

DIMENSION D(10),DENOM(30),DLTA(4),DNOMC(25),ERRF(4),ITEN(4), 
1 ITIME(5),NUDQ(4),PS(4),PULL(4),R(21) 

COMMON / LCPOLAR/ BLOW,BRING,DELTA.DIAG(10).DITEN,E(4).GAMA, 
1 GAMAB,GAMB,GAMMA,IDEM1,IDEM3,INHOM,IPC,ITYPE,LC,LG(10),LNPGE, 
2 N,NINTG,NSTAR,NSTP,NU(4),NUO.NUOPD,NUDQM,OMEGA,P(4),PERR, 
3 PHI(4),PREA,PREAT(4),RELEX,RLX(4),RMAX,RXREA,SQIGL,START, 
4 STEP,STOP,STWVE,WIDTH,XFRST,XLAST,Z2 

COMMON /LCZZ/ DPLER,KU,Z1 

COMMON /LCZERO/ FUNCNO,MAX.NZERO.PAREXT,STABLE,STBCHK.SUCCES, 
1 ZERO,ZFACT 

COMMON /R/ CPL,F(25),F2(25),F3(25),FF1(25),FPP(20,20),H, 
1 LAMBDA(20),MDE,MINMOD,NATEP,NP1,Y(25),Y1(50,1),Y2(25),Y3(25) 

COMMON /LCAPP/ APPROX 

COMMON /LCCPL/ COUPL 

COMMON /LFTION/ CNU(4),DEL,F1,FMAX,PNU(4),RLXO,RLX2,STEP0,STEPW, 
1 STOP1.STRTO 

NAMELIST /DATA/ APPROX,APUL,BLOW,BRING.COUPL,DELTA,DITEN.DLPUL, 
1 EFREQ,FMAX,GAMA.GAMB,GAMMA,IDNO,IPC.LG,MAX,MAXFE,N,NEWTON, 
2 NIN TG,NSTAR.NSTP,RLXO.START,STEP,STOP,STWVE,WIDTH,XFRST, 
3 XLAST,Y,ZERO 

C DIMENSIONS OF ARRAYS/IDEM 1,E/IDEM2,LG,DIAG/IDEM3,R 

IDEM1 =4 
IDEM2 =10 
IDEM3 =21 

101 
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C 

C 
C 

DO 10 I =1,IDEM1 
NUDQ(I) =1.0 
CONTINUE 

IRCDE = 11 
LNPGE =64 
IV=1 
IPC =1 
N=2 
DPLER= .FALSE. 
GAMA= 20.0 
GAMB= 40.0 
GAMMA = 100.0 

RLXO IS THE DESIRED RELATIVE EXCITATION 

RLXO=1.1 

Y S ARE THE ESTIMATED VALUES OF THE FIELD INTENSITIES 
N TO 2*N-2 PHASES, N-1,2 SET=0 

E(4)= (0.0,0.0) 

MAXFE IS THE MAX # OF ITERATIONS -1 IN FREQUENCY 

MAXFE= 4 
FMAX=0.01 
EFREQ= 0.00001 
ZERO=0.0001 
ZFACT=1.0 
PAREXT=.FALSE. 

C0UPL= .FALSE. 

APPR0X= .FALSE. 

STBCHK=.TRUE. 

SUCCES= .TRUE. 

NEWT0N = .TRUE. 
ITYPE = 0 
DELTA=15.0 
WIDTH= 1010.0 
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RELEX = 1.0 
SQIGL = 1.0 
STWVE=.FALSE. 
BRING = .TRUE. 
NSTAR= 5 
NINTG = 101 
NSTP = 3 
XFRST=0.0 
XLAST = 2.0 
DITEN =0.0 
START= -2000.0 
STEP= 100.0 
STOP=2000.0 

C SET INITIAL VALUES OF DETUN 

APUL=0.0 
DLPUL=0.0 
IDNO=10 

PULLING AND DEL MODIFICATION 

BLOW =0.5 

LG(1)= 0 
LG( 2) = 0 
LG(3) =0 
LG(4)=0 
LG(5)=0 
LG(6)=0 
LG(7)=0 
LG(8)=0 
LG(9)=1 
LG(10)=0 

DO 20 11 = 1,IDEM2 
DIAG(I1) = .FALSE. 

20 CONTINUE 

30 CONTINUE 
50 READ(1,DATA) 

C PRETEND WE ARE NAMELIST USING LG ARRAY TO SET DIAG ARRAY 

50 DO 60 11 = 1,IDEM2 
IF(LG(I1).EQ.1) DIAG(I1) = .TRUE. 
IF(LG(I1).NE.1) DIAG(I1) = .FALSE. 

60 CONTINUE 

C INITIALIZE INSTABILITY COUNTER 

INSTAB= 0 

IDATA=0 
LC=0 
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IF(DIAG(6)) IPC=6 
IF(DIAGi7)) IPC=7 
IF(DIAG(9)) STWVE= .FALSE. 
IF(WIDTH.NE.O.O) GO TO 70 

ITYPE= 1 
START= 0.0 
STOP= 0.0 
STEP =0.0 
DIAG(5 ) = .FALSE. 
DIAG(8)= .FALSE. 

70 IF(STEP.EQ.0.0) STEP = 1.0 

C CALCULATE NUMBER OF INTEGRATION POINTS 

NINTG =IABS(IFIX((STOP - START)/STEP))+1 
IF(ST0P.LT.START) STEP= -ABS(STEP) 

80 GAMAB = 0.5*(GAMA + GAMB) 

C MSPACE= CAVITY MODE SPACING = CONSTANT IN PRGM 

MSPACE = DELTA 
DEL= MSPACE 

NUDQM = NUDQ(1) 
DO 90 I = 1,N 

IF(NUDQM.GT.NUDQ(I)) NUDQM = NUDQ(I) 
90 CONTINUE 

KU = WIDTH 
IF(NINTG.LT.2) GO TO 100 

Z1= Z(GAMMA) 
F1 = CMPLX(0.0,-NUDQM*RELEX/(AIMAG (Z1)*SQRT(3-14159265))) 
GO TO 110 

100 IF(NINTG.LE.I) F1 = CMPLX(0.0,-NUDQM*RELEX*GAMMA ) 

C ROTA= ROTATIONAL SHIFT 

110 ROTA =0.0 
IF(BRING) ROTA = MSPACE/2.0 
NUO = XFRST - MSPACE - ROTA 
IF(.NOT.STWVE) GO TO 120 

NZERO=1 
N = 2 

C E(2) = E(1) 
NU(1) = NUO +DELTA 
NU(2) = NUO +DELTA 
NUDQ(2) = NUDQ(1) 

C CALCULATE SCAN INCREMENT 

120 IF(NSTP .LE.1) INC = (XLAST - XFRST) 
130 IF(NSTP.GT.1) INC = (XLAST - XFRST)/FL0AT(NSTP-1) 



C INITIALIZE PULL(I) 1=1,N 

DO 140 ISET= 1,N 
PULL(ISET)= 0.0 

140 CONTINUE 

C SAVE START, STEP, STOP 

STRTO= START 
STEPO= STEP 
ST0P1= STOP 

NU0PD= NUO + MSPACE 

IF(STWVE) GO TO 160 
NZERO= 2*N-2 
IF(BRING) NZER0=2 

C IF REA NSTAR=0 SO SET NZERO= N, NUMBER OF MODES 

IF(NSTAR.EQ.O) NZERO= N 
IF(STWVE) NZERO= 1 
IF N.EQ.1) NZERO=1 
IFiN.GE.3) DEL= MSPACE - DLPUL 
IF(N.GE.3) DELTA=DEL 

C THIS IS THE START OF THE DO LOOP FOR CAVITY SCAN 

DO 340 12=1,NSTP 

C **** DEFINE CAVITY NU'S **** 
C SUB APUL & DLPUL ON INITIAL POINT IF DESIRED 
C DO HERE ONLY FIRST TIME. 

C UPDATE NUOPD 
IF(I2.EQ.1) NUOPD = NUO + MSPACE - APUL + FL0AT(N-2)* 

1 DLPUL 
IF(I2.NE.1.AND.N.GE.3) NUOPD=NUOPD + INC 
IF(I2.NE.1.AND.N.LT.3) NUOPD = NUO + MSPACE 

DELNU =0.0 
DO 150 J = 1,N 

DELNU = DELNU + MSPACE 
CNU(J) = NUO + DELNU 
IF(I2.EQ.1) PNU(J)= NUOPD + (J-1)*(MSPACE-DLPUL) 
IF(I2.NE.1) PNU(J)= NUOPD + (J-1)*DEL 

150 CONTINUE 

160 CONTINUE 
ITER=0 

170 IF(N.LT.3) GO TO 180 
GO TO 190 



180 NUOPD = NUO + MSPACE - PULL(1) 
IF(N.EQ.2) DEL = MSPACE -PULL(2) + PULL(1) 
IF(N.EQ.1) DEL= 0.0 
DELTA= DEL 
PNU(1) = NUOPD 
PNU(2) = PNU(1) + DEL 

190 IF(ITER.GT.MAXFE) GO TO 360 

C ZERO THE DESIRED FUNCTIONS BY NEWTON-RAPHSON 
C METHOD. ZEROS CALLS FTION CALLS POLAR 

WRITE(5.2G00) NUOPD.DEL.DELTA 
IF(NEWTON) CALL ZEROS(N) 

IF(.NOT.NEWTON) CALL FTION 

IF(.NOT.SUCCES) GO TO 350 
ITER = ITER + 1 

IF(.NOT.STABLE) INSTAB= INSTAB + 1 
IF(INSTAB.GT.4) GO TO 350 

C THIS ALLOWS 4 INSTAB RETURNS PER DATA SET READ IN 

RESTORE NU(I) 
NU(1)= NUO + MSPACE 
NU( 2) = NU(1) + MSPACE 
E(1) =SQRT(Y(1 
E(2)=SQRT(Y(2) 

DO 200 IDO=1,N 
PULL(IDO) = 0.5*RLX0*(REAL(P(IDO)))/CABS(E(IDO)) 

200 CONTINUE 

DO 210 IDO= 1,N 
ERRF(IDO) = (PNU(IDO) - CNU(IDO) + PULL(IDO)) 
WRITE(5,2010) PULL(IDO),ERRF(IDO),PNU(IDO) 

210 CONTINUE 

C DEFINE NEW VALUES OF PULLED FREQUENCIES 

C DEFINE NEW DEL EXCEPT FOR BI RING 

220 CONTINUE 
IF(BRING) GO TO 260 

IF(N.LT.3) GO TO 260 
AVPUL= ERRF(1) 
DELPUL=0.0 
DO 230 ID0=2.N 

DELPUL=DELPUL +(ERRF(IDO) - ERRF(1) )/(ID0-1) 
AVPUL = AVPUL + ERRF(IDO) 



230 CONTINUE 
DLPUL=DELPUL/(N-1) + DLPUL 
DEL= MSPACE -DLPUL 
DELTA= DEL 

APUL= APUL + AVPUL/(N) 
NUOPD= NUO + MSPACE - APUL + FLOAT(N-2)*DLPUL 
DO 240 IDO=1,N 

PNU(IDO)= NUOPD +(ID0-1)*DEL 
WRITE(5,2020) PNU(IDO) 

240 CONTINUE 
250 CONTINUE 

C PRINT-OUT APUL AND AVPUL,DLPUL 
WRITE(5,2030) APUL,AVPUL,DLPUL 

260 CONTINUE 
C OLD VALUE OF DETUNING 

270 DETUN= CNU(1) 
IF(BRING) DETUN= DETUN+MSPACE/2.0 
WRITE(5,2040) ERRF(1),ERRF(2),DETUN,DEL 

DO 280 IDO=1,N 

WRITE(5,2050) ERRF(IDO),PULL(IDO) 

IF(ABS(ERRF(IDO)).GT.EFREQ) GO TO 170 
ITEN(IDO) = Y(IDO) 

280 CONTINUE 
E3= E(1) + E(2) 
WRITE(5,2070) DETUN,RLX0,RLX(1),RLX(2) 
DITENB= (CABS(E3))**2 

C WRITE(5,2390) ITEN(1),ITEN(2),DITENB,E3,STEPW 

IF(.NOT.STWVE) GO TO 2Q0 
RXPE= (RLX(1)-RXREA)/RLX(1)* 100.0 
IF(DIAG(1)) CALL HEADRf1) 
IF(DIAG(1)) WRITE(5,2080) RXPE 

290 CONTINUE 

300 FORMAT (' TIME FOR 1 INTEGRATION ='F10.2,' SCAN FREQ='F8. 
1 ' POINT NO. '15) 

310 FORMAT (/,' DIMENSIONLESS INTENSITY ='F10.2) 

STEP1= ABS(STEPW) 

C ***** OUTPUT DATA TO STORAGE FILES ***** 

IF(N.GE.3) GO TO 320 
WRITE(5,22it0) 
IF(STWVE) WRITE(5,2160) IDNO,GAMMA.DITEN.RLX(1),RXREA 
IF(.NOT.STWVE) WRITE(5,2160) IDNO,CAMMA,DETUN,RLX(1), 
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1 RLX(2) 
WRITE(5,2170) IDNO.P(1),P(2) 
WRITE(20,2170) IDNO,P(1),P(2) 
WRITEl5,2180) IDNO,STRTO,STOP1,STEP1,CNU(1) 
WRITE(20,2180) IDNO,STRTO,STOP1,STEP1,CNU(1) 
WRITE(5,2190) IDN0,Z1,Z2 
WRITE(20,2190) IDN0,Z1,Z2 
FNSTR= FLOAT(NSTAR) 
IF(.NOT.STWVE) RXPE=0.0 
WRITE(5,2200) IDNO,PERR,RMAX,FNSTR,KU 
WRITE(20,2200) IDNO,PERR,RMAX,FNSTR,KU 
WRITEl5,2210) IDNO, ITEN(1),ITEN(2).GAMA,GAMB 
WRITE(20,2210) IDNO, ITEN(1),ITEN(2),GAMA,GAMB 
FITER = FLOAT (ITER) 
WRITE(5,2220) IDNO. PNU(1),PNU(2),CPL,FITER 
WRITEl20,2220) IDNO,PNU(1),PNU(2),CPL,FITER 
WRITE 5,2230) IDNO, FPP(1,1),FPP(1,2),FPP(2,1),FPP(2,2) 
WRITEt20,2230) IDNO,FPP(1,1),FPP(1,2),FPP(2,1),FPP(2,2) 
WRITE(5,2250) 

C OUTPUT 3 MODE DATA TO FILES 

320 IFCN.LT.3) GO TO 330 
C NCD= CARD # 

WRITE(5,2250) 
WRITE(5,22M0) 
NCD=11 
WRITE(20,2260) IDNO,NCD,CNU(1),DEL,APUL,DLPUL 
NCD=42 
WRITE(20,2260) IDNO.NCD,(Y(J),J=1,NZERO) 
NCD= 43 
WRITE(20,2260) IDNO.NCD,(LAMBDA(J),J=1,NZERO) 
NCD=14 
WRITE(20,2260) IDNO.NCD,(Y2(J),J=1,NZERO) 
NCD=45 
WRITE(20,2260) IDNO.NCD,(P(J),J=1,2) 
NCD= 46 
WRITE(20,2260) IDNO.NCD,(P(J),J=3,N) 

330 IDNO= IDNO + 1 
NUO= NUO + INC 

340 CONTINUE 

350 CONTINUE 
IF(DIAG(10)) GO TO 40 

360 STOP 

2000 FORMAT( 
2010 FORMAT 
2020 FORMAT 
2030 FORMAT 

NUOPD,DEL,DELTA ',3(1PE18.8)) 
PULL.ERRF.OLDPNU .3(1PE18.8)) 
NEW PNU= , 1PE18.8) 
APUL,AVPUL,DLPUL= ' 1P3E16.6) 

2040 FORMAT(1H0,' NERRF1='F10.8, ' NERRF2='F10.8, ' DETUN='1P1E13.6, 
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1 ' DEL= , 1P1E13-6) 
2050 FORMATC ERRF,PULL,= . 2(1PE18.8)) 
2060 FORMATC/.' ITEN(1)= ',F10.6,' ITEN(2)= ',F10.6, ' DITENB 

1 =',F10.6,/,/, ' SUME=',F10.6, STEP WIDTH=',F10.6) 
2070 FORMAT?/,' DETUN=',F10.4. X=' F10.6,' X1=',F10.6,' X2= ,F10.6) 
20fi0 FORMATC' PERCENT DIFFERENCE CF VS REA = \F10.5) 
2090 FORMATC P (I), I = 1, N = '/(8E15-4 )) 
2100 FORMAT' PS(I),1=1,N ='/(8E15.4)) 
2110 FORMATC Z1s'2E15.5, ' Z2='2E15.5, F1=2E15.5, R1M0DMX= 

1 1E15.5) 
2120 FORMATC MAX PERCENT ERROR ON REC CHK OF R1 = ', 1E16. 6) 
2130 FORMATC/,' RELATIVE EXCITATION ='2E16.6) 
2140 FORMATC REA RELATIVE EXCITATION =' 1E16.6) 
2150 FORMATC ENTER DATA ') 
2160 F0RMAT(I6,2H21.3H GM,1P1E13.6,3H D ,1P1E13-6,3H XI,IPIEI3.6, 

1 3H X2.1P1E13.6) 
2170 F0RMAT(I6,2H22,3H P1 ,1P1E13.6,3X,1P1E13.6,3H P2.1P1E13.6, 

1 3X,1P1E13-6) 
2180 F0RMAT(I6,2H23,3H A ,1P1E13.6,3H B ,1P1E13-6,3H S ,1P1E13.6, 

1 3H N1 .1P1E13.6) 
2190 F0RMAT(I6,2H24,3H Z ,1P1E13.6,3X,1P1E13.6,3H Z1,1P1E13-6, 

1 3X,1P1E13-6) 
2200 F0RMAT(I6,2H25.3H PE,1P1E13-6,3H RM,1P1E13.6,3H NS,1P1E13.6, 

1 3H KU.1P1E13.6) 
2210 F0RMAT(I6,2H26.3H 11,1P1E13.6,3H 12,1P1E13.6,3H GA.1P1E13.6, 

1 3H GB.1P1E13.0) • 
2220 F0RMAT(I6.2H27,3H F1,1P1E13.6,3H F2,1P1E13.6,3H CP, 

1 1P1E13-6,3H IT,1P1E13.6) 
2230 FORMAT(16,2H28,3H 11,1P1E13.6,3H 12,1P1E13.6,3H 21, 

1 1P1E13.6,3H 22,1P1E13-6) 
2240 FOKMATMHO) 
2250 FORMATC1 HI) 
2260 FORMATC14,12,1P4E16.8) 

END 

COMPLEX FUNCTION Z(GAMMA) 
COMPLEX D.ZI.ZX 
LOGICAL DPLER 
REAL KU 
COMMON /LCZZ/ DPLER,KU,ZX 
Z1= 0.0 
STEP= 0.01*KU 

10 Z= (0.0,0.0) 
0MEGA= 0.0 

20 W= EXP(-(OMEGA/KU)#*2) 
D= 1.0/CMPLX(GAMMA,OMEGA) 
IF(OMEGA.EQ.0.0) ZI= W*D/2.0 
IF(OMEGA.NE.0.0) ZI=W*D 
Z= Z+ ZI*STEP 
IF(OMEGA.LE.KU) GO TO 30 

T= OMEGA/KU 
IF(T.LT.0.01) ERF=0.0 
IFCT.LT.0.09.AND.T.GE.0.01) ERF= 0.0112834156 
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ERF= 0. 1012805939 
ERF = 0. 5027496707 
ERF = 0. 9020003990 
ERF = 0. 9490160353 
ERF = 0. 9903468051 
ERF = 0. 9953222650 

IF(T.LT.0.48.AND.T.GE.0.0< 
IF(T.LT.1.17.AND.T.GE.0.4? 
IF(T.LT.1.38.AND.T.GE.1.V 
IFCT.LT.1.83.AND.T.GE.1.' 
IF(T.LT.2.00.AND.T.GE.1.83 J 
IF(T.LT.2.80.AND.T.GE.2.00! 
IF(T.GE.2.80) ERF = 0.9999 
ERFC= KU*0.8862269255*(1•O-ERF) 
IF(ABS(REAL(D)«ERFC/REAL(Z)).GT.0.001) GO TO 30 

GO TO 40 
30 OMEGA = OMEGA+ STEP 

GO TO 20 
40 Z= CMPLX(0.0,2.0/SQRT(3.14159265)#REAL(Z)) 

IF(ABS((AIMAG(Z)-Z1)/AIMAG(Z)).LT.0.005) GO TO 50 
STEP= STEP/2.0 
Z1= AIMAG(Z) 
GO TO 10 

50 CONTINUE 
RETURN 
END 

SUBROUTINE HEADR(NL) 

COMPLEX C,C01,C01P,C02,C02P,C03,C03P,C10,C11,C12,C13,C20,C30, 
1 CJO,CM11,CM12,CM13,D,DENOM,DNOMC,E,F1,FKIN,FKIN1,FKIN2,FKIN3, 
2 P.P1,P1REA,PREA,PREAT,R,R1MRT,R1T,R2T,R3T,RPROD,SUM,SUM1, 
3 SUM2,SUM3,Z1,Z2 

REAL KU,NBAR,NU,NUO,NUOPD,NUDQM 

LOGICAL BRING,DIAG,DPLER,STWVE 

INTEGER TNM2 

DIMENSION ANU(4),D(10),DENOM(30),DNOMC(25),ITIME(5),NUDQ(4), 
1 R(21) 

COMMON / LCPOLAR/ BLOW,BRING,DELTA.DIAG(10),DITEN,E(4),GAMA, 
1 GAMAB,GAMB,GAMMA,IDEM1,IDEM3,INHOM,IPC,ITYPE,LC,LG(10),LNPGE, 
2 N,NINTG.NSTAR.NSTP,NU(4),NUO,NUOPD,NUDQM,OMEGA,P(4),PERR, 
3 PHI(4),PREA,PREAT(4),RELEX,RLX(4),RMAX,RXREA,SQIGL,START, 
4 STEP,STOP,STWVE,WIDTH,XFRST,XLAST,Z2 

COMMON /LCZZ/ DPLER,KU,Z1 

IF(NL.NE.-1) GO TO 20 
DEL = DELTA 
DO 10 I = 1,IDEM1 

ANU(I) = NU(I) 
10 CONTINUE 

GO TO 30 
20 LC = LC + NL 

IF(LC.GT.LNPGE) GO TO 30 
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GO TO 10 
30 WRITE(5,2090) 

WRITE(5,2000) 
WRITE(5,2010) N,DITEN,NINTG,LG(5),IPC,START,STOP,STEP,XFRST, 

1 XLAST,WIDTH,DEL .GAMA,GAMB.GAMMA,RELEX,NSTAR ,NSTP 
WRITE(5,2020) (E(I1),I1 = 1,N) 
LC = 8 

40 IF (LC . NE. 8) GO TO 150 
50 GO TO (60,100,110,120,70,130,140,80,160,90) IPC 
60 GO TO 150 
70 GO TO 150 
80 GO TO 150 
90 GO TO 150 
100 WRITE(5,2030) 

LC=LC+5 
GO TO 150 

110 WRITE(5,2040) 
LC =LC+5 
GO TO 150 

120 WRITE(5.2050) 
LC =LC+5 
GO TO 150 

130 WRITE(5,2060) 
LC =LC+5 
GO TO 150 

140 WRITE(5,2070) 
LC =LC+5 
GO TO 150 

150 RETURN 
160 WRITE(5,2080) 

LC=LC+5 
GO TO 150 

2000 FORMAT(' N DITEN NINTG LG(5) IPC START STOP', 
1 ' STEP XFRST XLAST WIDTH DELTA GAMA GAMB 
2 'GAMMA RELEX NSTAR NSTP') 

2010 F0RMAT(/,I4.F8.2,I6. 215,1X,11F8.2, 215,/) 
2020 FORMAT? ' E(I) = '/(5(2F10.3,4X))) 
2030 FORMATC/,' NO. FREQ SFREQ ,8X,'R1',17X,'R1T',17X,'SUM1 ',18X, 

1 'C01 ,16X, 'FKIN1 ',///) 
2040 FORMAT(/,' NO. FREQ SFREQ ',6X,'R1-R1T',15X,'CM11',17X,'C01', 

1 18X, FKIN1 ',16X, 'C01P ',///; 
2050 FORMAT(/,' NO. FREQ SFREQ ',6X, 'R1-R1T',15X,'CM11',17X, 'C01 ', 

1 18X, C11',16X, 'R(2) './//) 
2060 FORMAT(/,5X,'I'.10X,'D(I)/D0',7X,'MOD D(I)/D0',9X,'R(I) ', 

1 7X. 'MOD R(13 ') 
2070 FORMAT(/,3X,'NO. INT FR SCAN FR D(V) CF D(V) REA DO', 

1 ' DEM SH',9X,'SP',15X,'P1',18X,'P1REA ',///) 
2080 FORMAT(/,3X, NO. INT FR SCAN FR D(V) CF D(V) REA DO , 

1 ' DEM SH',9X, 'SP ',15X, 'P1 ', 18X, 'P2 './//) 
2090 FORMAT('1',35X,'JBH.MS3 REV2 DATE 3/20/75 ) 

END 

SUBROUTINE POLAR 
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C ************************************************** 

C SUBROUTINE POLAR 

Q ************************************************** 
C THE PURPOSE OF THIS SUBROUTINE IS TO COMPUTE THE MULTIMODE 
C POLARIZATION COMPONENTS OF THE LASER MEDIUM SUBJECT TO A STRONG 
C SIGNAL MODELOCKED FIELD. THE ROUTINE COMPUTES THE INTEGRAL 
C OVER THE INHOMOGENEOUSLY BROADENED LINE. 

COMPLEX C,C01,C01P,C02,C02P,C03,C03P,C10,C11,C12,C13.C20,C30, 
1 CERR,CI,CJO,CM11,CM12,CM131D,DENOM,DIDO,DNOMC,E,FKIN,FKIN1, 
2 FKIN2,FKIN3.P,P1,P1REA,PI,PREA,PREAI,PREAT,R,R1MRT,R1T,R2T, 
3 R3T,RPROD,SUM,SUM1,SUM2,SUM3,Z1,Z2,Z2I 

REAL INC,KU,NBAR,NU,NUO,NUOPD,NUDQM 

LOGICAL APPROX,BRING,DIAG,DPLER,STWVE 

INTEGER TNM2 

DIMENSION D(100),DENOM(100),DNOMC(100),ITIME(5),PI(4),PREAI(4), 
1 R(100) 

COMMON / LCPOLAR/ BLOW,BRING,DELTA.DIAG(10),DITEN,E(4),GAMA, 
1 GAMAB.GAMB,GAMMA,IDEM1,IDEM3,INHOM.IPC,ITYPE,LC,LG(10),LNPGE, 
2 N,NINTG,NSTAR,NSTP,NU(4),NUO,NUOPD,NUDQM,OMEGA,P(4),PERR, 
3 PHI(4),PREA,PREAT(4),RELEX,RLX(4),RMAX,RXREA,SQIGL,START, 
4 STEP,STOP,STWVE,WIDTH,XFRST,XLAST,12 

COMMON /LCZZ/ DPLER,KU,Z1 

COMMON /LCAPP/ APPROX 

C LOOP OVER INHOMGENEOUS LINE (TO STATEMENT 560). 

C **** DEFINE CONSTANTS & INITIALIZE VARIABLES *********** 

DO = 1.0 
RMAX =0.0 

C BRING OR STWVE MODIFIES DELTA, DEL IS NEEDED AS OFFSET 

DEL = DELTA 
PERR= 0.0 
NM1 = N - 1 
NSPN = NSTAR + N 
NS3N4 = NSTAR + 3*N - 4 
TNM2 = 2*N - 2 
FACTR = 2.0*GAMAB/(GAMA*GAMB) 
NBAR = 1.0 
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W =NBAR 
IF(STWVE) N=2 

C *** INITIALIZE POLARIZATION INTEGRALS AND SUMS TO 0 *** 

DO 10 I = 1, N 

C P IS RUNNING INTEGRAL, PI IS THAT OF ONE POINT 

P(I) = (0.0,0.0) 
PI(I)= (0.0,0.0) 
PREAT(I)= (0.0,0.0) 

10 CONTINUE 

PREA = (0.0.0.0) 
Z2= (0.0,0.0) 

C 0MEGA= INTEGRATION VARIABLE IN SUBROUTINES KV 

20 OMEGA= START 
INC= STEP 

C INHOM NUMBERS THE POINTS 

INHOM= 0 
Q *********************************************** 

C THIS IS THE START OF THE VELOCITY INTEGRAL LOOP 

C ************************************************* 
30 INHOM= INHOM + 1 

C CHECK TIME 
CALL SEC0ND(S1) 

C IF THIS IS A HOMOGENEOUS CASE KEEP W=1 

IF(KU.EQ.O.O) GO TO 50 

C SET UP UN-NORMALIZED GAUSSIAN VELOCITY DISTRIBITION 

HO W = EXP(-(OMEGA/WIDTH)**2) 
50 Z2I= W/CMPLX(GAMMA,OMEGA) 

C NUOPD= MAIN ROUTINE SCAN FREQUENCY=NU(1)-PULL1 IN MAIN 

C UNI CASE IS DEFAULT, FOR WHICH, DELTA=DEL FROM MAIN ROUTINE 

C ****** DEFINE DELTA ****** 

DELTA= DEL 
IF(STWVE) DELTA= 2.0*0MEGA 
IF(BRING) DELTA=DEL + 2.0*0MEGA 
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C FOR STANDING WAVE DELTA = 2*KV 
C FOR BI RING DELTA = SPACING IN MAIN ROUTINE + 2KV 
C DEL= SPACING BETWEEN UNSHIFTED MODE 1 AND 2 
C DELTA = SPACING BETWEEN DOPLER SHIFTED MODE 1 AND 2 

C THE DOPPLER SHIFTED NU'S ARE DEFINED BY 
C NU( 1 ) = NUOPD - OMEGA 
C NU(2)= NU(1) + DELTA 

Q ******* DEFINE NU'S ******* 

DO 60 ISET=1,N 
NU(ISET)= NUOPD - OMEGA + (ISET-1)*DELTA 

60 CONTINUE 

C FOR THE BIDIRECTIONAL RING AND STANDING WAVE LASERS 
C NU(1),NU(2) ARE SYMMETRICALLY DOPLER SHIFTED BY AMOUNT KV=OMEGA 

C DEBUG 
IF(DIAG(4)) WRITE(5,2100) NU(1) , NU(2), DELTA 

C 
C IF N GT 2 GO SUB TO GET D'S 

IF(N.LT.3) GO TO 70 
CALL REC(NUOPD,DELTA,GAMMA,GAMA,GAMB,OMEGA,E,D,DO,NSTAR) 
GO TO 290 

C*** COMPUTE COMPLEX DENOMINATORS (HERE THROUGH STATEMENT 90)*** 

70 DELNU= NU(1) 
DO 80 IPK = 1,NSPN 

DNOMC(IPK) = GAMAB/CMPLX(GAMMA,DELNU) 
C STARTS AT NU(1) GOES TO NU(NSPN) 

C DEBUG 
IF(DIAG(4)) WRITE(5,2070) DELNU,IPK,DNOMC(IPK) 

DELNU = DELNU + DELTA 
80 CONTINUE 

IMJMK = N 
DELNU= OMEGA - NUOPD -(FLOAT(IMJMK) -1.0)*DELTA 
DO 90 I = 1,NS3N4 

DEN0M(IMJMK+75) = GAMAB/CMPLX(GAMMA,DELNU) 

C DEBUG 
IF(DIAG(4)) WRITE(5,2080) DELNU,IMJMK,DEN0M(IMJMK+75) 

C IMJMK IS DECREMENTED , SO DELNU IS INCREMENTED 
DELNU = DELNU + DELTA 
IMJMK = IMJMK - 1 

90 CONTINUE 
C 

/• 
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C *** COMPUTE THE DIFFERENCE RATIOS, R(L) (HERE THROUGH STATEMENT 210). 

IF(N.EQ.1) GO TO 240 
L = NSTAR 
K = L + N - 2 

C *** REDEFINE DELNU ********* 

DELNU = FLOAT(K)*DELTA 

C DEBUG 
IF(DIAG(4)) WRITE(5,2010) NSPN ,NS3N4,DELNU,OMEGA,NBAR,L,K 

JUP = 0 

C **CHECK TIME** 

CALL SEC0ND(S2) 

C SET THE R(I) EQUAL TO ZERO SO AS TO PROPERLY 
C TRUNCATE THE CONTINUED FRACTION 

DO 100 11=1,IDEM3 
R(II) = CMPLX(0.0,0.0) 

100 CONTINUE 

C IF NSTAR=0 REA CASE SKIP TO 111 

IF(NSTAR.EQ.O) GO TO 220 
DO 210 LI = 1,NSTAR 

M = L + 1 
IF(JUP.LT.TNM2) JUP = JUP + 1 
RPROD = (1.0,0.0) 
SUM = (0.0,0.0) 

C DEBUG 
IF(DIAG(4)) WRITE(5,2170) 

J = -(N-2) 

C 

DO 180 JOFF = 1,JUP 

C COMPUTE C(J,K): DURING LOOP, C(-(N-2),K) TO C(N-1,K) IN 
C DENOMINATORS OF R(L). 

C = (0.0,0.0) 

C DEBUG 
IF(DIAG(4)) WRITE(5,2160) 

IF(J) 120,110,130 
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110 C = FACTR/(1.0/CMPLX(GAMA,DELNU) + 1.0/CMPLX(GAMB,DELNU)) 
IF(K.EQ.1) FKIN = C 

C DEBUG 
IF(DIAG(4)) WRITE(5,2090) C,K ,DELNU 

120 N1 = 1 
NN = N + J 
GO TO 140 

130 N1 = 1 + J 
NN = N 

140 IPK = N1 + K - 1 
DO 150 I = N1,NN 

IMJ = I - J 
IPK = IPK + 1 
IMJMK = I - J - K 

C DEBUG 
IF(DIAG(4)) WRITE(5,2050) I,IPK,IMJMK,DNOMC(IPK), 

1 DENOM(IMJMK+75) 

CI= E(I)*CONJG(E(IMJ))*(DN0MC(IPK) + DENOM(IMJMK +75)) 
IF(STWVE) CI=CI/4.0 

C= C+ CI 

C DEBUG 
IF(DIAG(4)) WRITE(5,2130) I,IMJ,IPK,IMJMK,J,K 

150 CONTINUE 

C GET C01 AND C11 FOR RECURSION CHECK ON R'S 
IF(J.EQ.0.AND.K.EQ.1) C01=C 
IF(J.EQ.1.AND.K.EQ.1) C11=C 

C IF DIAG(2) IS TRUE GET VARIOUS C'S AND FK'S TO 
C LATER PRINT OUT 

IF(.NOT.DIAG(2)) GO TO 170 
IF(J.NE.O) GO TO 160 

IF(K.EQ.1) C01=C 
IFiK.EQ.1) C01P=C01- FKIN 
IFiK.EQ.1) FKIN1=FKIN 
IFiK.EQ.2) C02=C 
IF(K.EQ.2) C02P =C02-FKIN 
IFiK.EQ.2) FKIN2=FKIN 
IF(K.EQ.3) C03=C 
IFiK.EQ.3) C03P=C03-FKIN 
IF(K.EQ.3) FKIN3=FKIN 

160 IF(J.NE.1) GO TO 170 
IF(K.EQ.1) C11=C 
IFiK.EQ.2) C12=C 
IF(K.EQ.3) C13=C 
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170 CONTINUE 

DEBUG 
IF(DIAG(4)) WRITE(5,2110) J,K,C 

SUM = SUM + C*RPROD 

DEBUG 
IF(DIAG(4)) WRITE(5,2150) SUM,C,RPROD 

RPROD = RPROD*R(M) 

DEBUG 
IF(DIAG(4)) WRITEF5,2140) M,R(M) 
IF(DIAG(4)) WRITE 5,2260) 
IF(DIAG(4)) WRITE(5.2040) L,M,J,K,N1,NN,DELNU,C,RPROD 

M = M + 1 
J = J + 1 

180 CONTINUE 

C IF DIAG(2) IS TRUE-GET VARIOUS SUMS 

IF(.NOT.DIAG(2)) GO TO 190 
IF(K.EQ.1) SUM1=SUM 
IFCK.EQ.2) SUM2=SUM 
IF(K.EQ.3) SUM3=SUM 

190 CONTINUE 

C SET R(L) = —C(—(N—1),K)/SUM. NOTE: L=K-N+2 — 1+K FOR SUBSCRIPT OF R 

KP1 =K+1 
NMK = N - K 

C = —E (1 )*C0NJG(E(N))*(DN0MC(KP1 ) + DEN0M(NMK +75)) 
IF(STWVE) C= C/4.0 

IF(DIAG(4)) WRITE(5,2270) NM1,K,C 

R(L) = C/SUM 

C DEBUG 
IF(K.EQ.1) CM11=-C 
IF(.NOT.DIAG(2)) GO TO 200 
. IF(K.EQ.2) CM12=-C 

IFIK.EQ.3) CM13=-C 
IFLK.EQ.1) R1T=-CM11/C01 
IF(K.EQ.2) R2T =-CM12/C02 
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IF(K.EQ.3) R3T =-CM13/C03 
IF(K.EQ.1) R1MRT =R(1)-R1T 

200 CONTINUE 

IF(DIAG(4)) WRITE(5,2120) R(L),L,KP1,NMK 

L = L - 1 
K ~ K — 1 
DELNU = DELNU - DELTA 

210 CONTINUE 
220 CONTINUE 

C 

C RECURSION CHECK ON R'S FOR TWO MODE CASE 

C SKIP IF REA 

IF(NSTAR.EQ.O) GO TO 230 
IF(N.NE.2) GO TO 230 

CERR= (CI1*R(1)*R(2) + C01*R(1))/CM11 + 1.0 
ERROR= CABS(CERR)* 100.0 
IF(ERROR.GT.PERR) PERR= ERROR 

C DEBUG 
230 IF(DIAGCL)) WRITE(5,2020) SUM,(R(L),L=1,NSTAR) 

C GET TIME 

CALL SEC0ND(S3) 
S3 = S3 - S2 

C *** COMPUTE DC POPULATION DIFFERENCE COEFFICIENT. DO (HERE TO *** 
C ABOUT STATEMENT 140). ALSO COMPUTE OTHER D(K) . 

240 SH =E(N)»CONJG(E(N))/(GAMMA**2 + ((-NU(N))**2))*GAMMA*GAMAB*2.0 
IF(STWVE) SH= SH/4.0 
IF (N. GT.1) GO TO 250 

DO = 1.0/(1.0 +SH) 

IF(DIAG(4)) WRITE(5,2060) DO,SH 

C IF N=1 (SINGLE MODE) DON'T NEED SP,SO SKIP 

GO TO 310 

250 SP = 0.0 
RPROD = (1.0,0.0) 

C DEBUG 
IF(DIAG(4)) WRITE(5,2190) 

DO 280 J = 1.NM1 
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SHI= (E(J)*C0NJG(E(J))/(GAMMA**2 + (-NU(J))**2))*GAMMA*GAMAB* 
1  2 . 0  

IF(STWVE) SHI= SHI/4.0 
. SH= SH+ SHI 

C DEBUG 
IF(DIAG(4)) WRITE(5,2200) J,SH 

C *** COMPUTE C(J,0) FOR SP *** 

JP1 = J + 1 
C = (0.0,0.0) 

C DEBUG 
IF(DIAG(4)) WRITE(5,2240) J 

DO 260 I = JP1.N 
IMJ = I - J 
CI = (E(I)*(CONJG(E(IMJ)))*(GAMAB/CMPLX(GAMMA, +NU(I) )+ 

1 GAMAB/CMPLX(GAMMA, -NU(IMJ)))) 
IF(STWVE) CI=CI/4.0 
C= C+ CI 

C DEBUG 
IF(DIAG(4)) WRITE(5,2210) I,IMJ,C 

260 CONTINUE 

C IF DIAG(2) TRUE, GET CJO 

IF(.NOT.DIAG(2)) GO TO 270 
IF(J.EQ.1) C10=C 
IF(J.EQ.2) C20=C 
IF(J.EQ.3) C30=C 

270 CONTINUE 

RPROD = RPROD*R(J) 

C DEBUG 
IF(DIAG(4)) WRITE(5,2220) J,R(J),RPROD 

SP = SP +(REAL(C*RPR0D)) *2.0 

C DEBUG 
IF(DIAG(4)) WRITE(5,2230) SP 

280 CONTINUE 

DEM = 1.0 + SH + SP 
DO = 1.0/(1.0 + SH + SP) 

C PIDCF— POPULATION DIFFERENCE CONTINUED FRACTION 
C PIDRE FOR RATE EQUATION 



120 

290 PIDCF = D0*W 
IF(N.LE.2J PIDRE = W*(1.0/(1.0 + SH)) 
IFCN.GT.2) PIDRE= (0.0,0.0) 
IF(N.GT.2) GO TO 310 

DEFINE THE D'3 FROM THE R'S 

RPROD = DO 
DO 300 K = 1,NSTAR 

RPROD = RPR0D*R(K) 
D(K) = RPROD 

300 CONTINUE 

DEBUG 
IF(DIAG(4)) WRITE(5,2030) DO, (D(K) ,K=1 ,NM1) 

ADD CONTRIBUTIONS TO POLARIZATION COEFFICIENTS, P(N). 

310 CONTINUE 

DO 370 I = 1,N 
SUM = (0.0.0.0) 
PI(I)= (0.0.0.0) 
PREAI(I)= (0.0,0.0) 

DEBUG 
IF(DIAG(4)) WRITE(5,2250) I 

DO 360 M = 1,N 
K = M - I 
IF(K) 320,330,340 

320 IF(.NOT.APPROX) SUM = SUM + E(M)*CONJG(D(-K)) 
GO TO 350 

330 SUM = SUM + E(M)*D0 
GO TO 350 

340 IF(.NOT.APPROX) SUM = SUM + E(M)*D(K) 

350 IF(DIAG(4)) WRITE(5,580) I,M,K,SUM 

360 CONTINUE 

PI(I) = PI(I) + W*CEXP(CMPLX(0.0,PHI(I)))* SUM/ CMPLX(GAMMA,-
1 NU(I)) 

PREALTL)= PREAI(I)+ E(M)*W*(1.0*(1.0+SH))*CEXP(CMPLX(0.0, 
1 PHI(I)))/ (CMPLX(GAMMA,-NU(I))) 

370 CONTINUE 

IF(.NOT.STWVE) GO TO 400 

380 P1= (PI(1)+ PI(2))/2.0 
P1REA= (PREAK 1)+ PREAI (2))/2.0 
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C FOR STANDING WAVE CASE 
C PRINT ACCORDING TO IPC PRINT FORMAT POINTER 

IF(IPC.NE.7) GO TO 390 
CALL HEADR(1) 
WRITE(5,2300) INHOM ,OMEGA,NUOPD,PIDCF ,PIDRE,DO,DEM,SH, 

1 SP,P1,P1REA 
390 GO TO 410 
400 IF(IPC.NE.9) GO TO 410 

CALL HEADRO) 
WRITE(5,2300) INHOM ,OMEGA,NUOPD,PIDCF ,PIDRE,DO,DEM,SH,SP, 

1 PI(1),PI(2) 
410 CONTINUE 

420 CONTINUE 

C *** GET TIME **** 

CALL SEC0ND(S2) 
S2 = S2 - S1 

C DEBUG 
IF(DIAG(4)) WRITE(5,2000) S3,S2 

C DEBUG 
C STORE THE LARGEST ABSOLUTE VALUE OF R1 IN RMAX.RMOD 
C TEMPEORARY STORAGE 

RMOD = CABS(R(1)) 
IF(RMOD.GT.RMAX) RMAX = RMOD 

C DEBUG 

C IF DIAG(2) IS TRUE, THEN PRINT OUT INFORMATION 
C ABOUT THE R'S ACORDING TO THE FORMAT POINTER IPC 

IF(.NOT.DIAG(2)) GO TO 450 
IF(IPC.NE.2) GO TO 430 

CALL HEADR(1) 
WRITE(5,2320) INHOM,OMEGA,NUOPD,R(1),R1T,SUM1,C01,FKIN1 

430 IF(IPC.NE.3) GO TO 440 
CALL HEADR(1) 
WRITE(5,232O) INHOM,OMEGA,NUOPD,R1MRT,CM11,C01,FKIN1,C01P 

440 IF(IPC.NE.4) GO TO 450 
CALL HEADR(1) 
WRITE(5,2320) INHOM,OMEGA,NUOPD,R1MRT,CM11,C01,C11,R(2) 

450 CONTINUE 

C IF DIAG(6) IS TRUE PRINT THE D'S 
C UP TO 10 TIMES ,DEFAULTING TO A RETURN IF GREATER 

IF(.NOT.DIAG(6)) GO TO 470 
WRITE(5,2180) OMEGA,NUOPD 
DO 460 11 = 1,NSTAR 

DIDO= D(I1)/D0 
DMOD = CABS(D(I1)) 
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C 
C 
C 

RIMOD = CABS(R(I1)) 
IF(INHOM .GT.10) GO TO 570 
CALL HEADR(1) 
WRITE(5,2290) 11,DID0,DM0D,R(I1),RIMOD 

160 CONTINUE 

~ROUTINE TO SEARCH FOR A STOP POINT FOR STANDING 
WAVE CASE—DIAG(8) SET TRUE 

0.0112834156 
0.1012805939 
0.5027496707 
0.9020003990 
0.9490160353 

ERF = 0.9903468051 
ERF= 0.9953222650 

ERF= 
ERF= 
ERF= 
ERF= 
ERF= 

470 IF(.NOT.DIAG(8)) GO TO 480 

SKIP FIRST PASS 

IF(INHOM.EQ.1) GO TO 480 

SET UP TABLE FOR ERF(T) 

T= ABS(OMEGA)/KU 
IFfT.LT.0.01) ERF=0.0 
IFfT.LT.0.09.AND.T.GE.0.01) 
IFCT.LT.0.48.AND.T.GE.O.O< 
IF(T.LT.1.17.AND.T.GE.0.4£ 
IF(T.LT.1. 3 6 .AND.T.GE.1. 1 *  
IF(T.LT.1.83.AND.T.GE.1.' 
IF(T.LT.2.00.AND.T.GE.1.83; 
IF(T.LT.2.80.AND.T.GE.2.00 J 
IF(T.GE.2.80) ERF = 0.9999 
ERFC= KU*0.8862269255*(1•O-ERF) 
IF(ABS(REAL(P1)*ERFC/ (REAL(P(1))*W*ABS(STEP))),GT.0.001) 

1 GO TO 480 

SET TO GET OUT 

STOP= OMEGA 

iTYPE=0~Foi~TRAPAZOIDAL~RULE—CHECK FOR ENDPOINTS 

480 IF(ITYPE.EQ.O.AND.OMEGA.EQ.START) GO TO 510 
IF(ITYPE.EQ.O.AND.ABS(OMEGA-STOP).LE.0.0001) GO TO 510 

C ADD THE INDIVIDUAL CONTRIBUTIONS TO THE INTEGRALS 
C HERE TO 303, FIRST IF THEY ARE NOT ENDPOINTS 
C FOR TRAPAZOIDAL, RULE 

Z2= Z2 + Z2I 
IF(.NOT.STWVE) GO TO 490 

P(1)= P(1) + P1 
PREA= PREA + P1REA 
GO TO 540 

490 DO 500 IDO=1,N 
P(IDO)= P(IDO)+ PI(IDO) 
PREAT(IDO)= PREAT(IDO) + PREAI(IDO) 

500 CONTINUE 
GO TO 540 

C 
C 
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C IF THEY ARE ENDPOINTS DIVIDE BY 2.0 

510 Z2= Z2 + Z2I/2.0 
IF(.NOT.STWVE) GO TO 520 

P(1) = P(1) +P1/2.0 
PREAr PREA + P1REA/2.0 
GO TO 540 

520 DO 530 IDO=1,N 
P(IDO)= P(IDO)+ PI(ID0)/2.0 
PREAT(IDO) = PREAT(IDO) + PREAI(IDO) 

530 CONTINUE 

C INCREMENT INTEGRATION VARIABLE OMEGA FOR NEXT PASS 

540 OMEGA= OMEGA + INC 

C CHECK TO SEE IF WE HAVE REACHED OR PASSED STOP 
C IF SO RETURN 

550 IF(OMEGA.GT.STOP.AND.STEP.GE.0.0) GO TO 570 
IF(OMEGA.LT.STOP.AND.STEP.LE.0.0) GO TO 570 

C IF THIS IS A SINGLE POINT DIAGNOSTIC RETURN 
IF(DIAG(4)) GO TO 570 

C IF STANDING WAVE AND WE ARE STILL SEARCHING FOR A STOP 
C POINT; BUMP STOP BY STEP SO WON'T DEFAULT OUT ON NEXT 
C TRY AT STATMENT 550 

IF(DIAG(8)) STOP= STOP+ STEP 
C IF THIS IS HOMOGENEOUS CASE GO TO RETURN 

IF(KU.EQ.O.O) GO TO 480 

C GO TO BEGINING OF VELOCITY INTEGRAL LOOP AT STATMENT 30 

560 GO TO 30 

C 

570 CONTINUE 

IF(STWVE) N=1 
RETURN 

C FORMAT STATMENTS USED BY POLAR 

580 FORMAT (' ABOVE 360 I,M,K.SUM =' 3I5.2E16.6) 
2000 FORMAT( TIME FOR R(L) = F10.2,', TIME FOR ONE INTEGRN STEP = ' 

1 F10.2) 
2010 FORMAT( ' NSPN ='I5,\ NS3N4 ='15,', DELNU = 'F10.5,', OMEGA = ' 

1 F10.3,', NEAR = 'F10.2, ', L = '15, K ='15/ 
2 ' L M J K N1 NN DELNU'12X'C'25X'RPR0D 
3 ') 

2020 FORMAT(' SUM = ' 2E16.6R(L) = '/(8E15.4)) 
2030 FORMATt' DO = 'E15.4,', D(K) ='/(8E15.4)) 
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DENOMS ='4E15.6) 
2040 F0RMAT(6I5,F10.2,4E15.6) 
2050 FORMAT(30X ' I,IPK,IMJMK ='314 ' 
2060 FORMATC DO,SH ='2E16.6) , , . , 

' 80,DELNU= F10.2, IPK= 15, DNOMC = 2E16.6) 
90,DELNU= 'F10.2, IMJMK= '15, 'DENOM = '2E16.6) 
110, C=1/F(K DELTA) = '2E16.6,' K= '15 

DELTA ='F10.2) , , 
NU(1) =' F10.2, NU(2) = F10.2, DELTA F10.2) 

BELOW 150, C(J,K), C('I2,I3,')= '2E16.6) , 
R(L) ='2E16.6, L = ' 15,' 1+K = '15, N-K =15) 
C=C+E(I)E(IMJ)DC(IPK)+D(IMJMK),I,IMJ,IPK,IMJMK,J,K,= 

2070 FORMAT( 
2080 FORMATC 
2090 FORMATC 

1 » ' K 
2100 FORMAT 
2110 FORMAT 
2120 FORMAT 
2130 FORMAT 

1 615) 
2140 FORMAT 
2150 FORMAT 
2160 FORMAT 
2170 FORMAT 

RPROD = RPROD R(M), M='I5,'R(M) = 2E16.6) 
SUM = SUM +C RPROD'/' SUM,C,RPROD = '6E16.6) 
C = 0.0 --ABOVE 110') 
RPROD = 1.0, SUM = 0.0, NEAR 100') 

2160 FORMATC/' INTEGRATION FREQ ='F8.2,' SCAN FREQ ='F8.2,/) 
NEAR 250 RPROD = 0,0 ') 
SH= SH +(J),J= '15,10X,'SH ='1E16.6) 
ABOVE 260 C =C+ ,I,IMJ,C ='215,1 OX,2E16.6) 
' RPROD =RPROD RC J),J,R(J),RPROD = 'I5,4E16.6) 
ABOVE 280 SP = 1E16.6) 
COMPUTE C(J,0), C=0,0,J= '15) 
AB0VE(D0 360) SUM = 0,0 ,1 = 15) 

L M J K N1 NN 
25X'RPROD') 
C(-NM1,K) ,-NM1 =-'13,' K= '13, ' C ='2E16.6) 
DISCONTINUITY AT OMEGA = ',F10.2,' DEM = ', 

DELNU' 

2190 FORMAT 
2200 FORMAT 
2210 FORMAT 
2220 FORMAT 
2230 FORMAT 
2240 FORMAT( 
2250 FORMAT( 
2260 FORMAT( 

1 12X'C 
2270 FORMAT( 
2280 FORMATC 

1 F10.2) 
2290 FORMATC ' ,14, 3E11. 3,2X, 3E11. 3) 
2300 F0RMAT(I6,2F8.2.3E11.3,F7.2,6E11.3) 
2310 FORMATC ' DIAG(8) INTEGRATION, IGNORE Z2, ST0P= ,F10.4, STEP: 

1 F10.6) 
2320 F0RMAT(I6,2F6.2, 10E11.3) 

END 

C SUBROUTINE FTION 

C THE PURPOSE OF THIS SUBROUTINE IS TO OBTAIN A 
C FUNCTION(S) TO BE ZEROED 

C IT ALSO CONTROLS THE INTERLACING OF POINTS WHILE 
C COMPUTING THE INTEGRALS YIELDING THE DESIRED 
C FUNCTIONS 

SUBROUTINE FTION 

COMPLEX D,DENOM,DNOMC,E,F1,P,PREA,PREAS,PREAT,PS,R,Z,Z1,Z2,Z2S 
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REAL INC,ITEN,KU,LAMBDA,NU,NUO,NUOPD,NUDQ,NUDQM 

LOGICAL BRING,COUPL,DIAG,DPLER,PAREXT,STABLE,STBCHK,STWVE, 
1 SUCCES 

INTEGER FUNCNO 

DIMENSION D(10),DEN0M(30),DNOMC(25),ITEN(4),ITIME(5),NUDQ(4), 
1 PS(4),R(21),RLXM1(4) 

COMMON / LCPOLAR/ BLOW,BRING,DELTA,DIAG(10),DITEN,E(4),GAMA, 
1 GAMAB,GAMB,GAMMA,IDEM1.IDEM3,INHOM,IPC,ITYPE.LC,LG(10),LNPGE, 
2 N,NINTG,NSTAR,NSTP,NU(4),NUO,NUOPD,NUDQM,OMEGA,P(4),PERR, 
3 PHI(4),PREA.PREAT(4).RELEX,RLX(4),RMAX,RXREA,SQIGL,START, 
4 STEP,STOP,STWVE,WIDTH,XFRST,XLAST,Z2 

COMMON /LCZZ/ DPLER,KU,Z1 

COMMON /LCCPL/ COUPL 

COMMON /LCZERO/ FUNCNO,MAX,NZERO,PAREXT,STABLE,STBCHK,SUCCES, 
1 ZERO,ZFACT 

COMMON /R/ CPL,F(25),F2(25),F3(25),FF1(25),FPP(20,20),H, 
1 LAMBDA(20),MDE,MINM0D,NATEP,NP1,Y(25),Y1(50,1),Y2(25),Y3(25) 

COMMON /LFTION/ CNU(4),DEL,F1,FMAX,PNU(4),RLX0,RLX2,STEP0,STEPW, 
1 ST0P1.STRT0 

C ITYPE=0 FOR TRAPAZOID INTG; ENDPTS/2 

ITYPE=0 
IF(KU.EQ.O.O) ITYPE= 1 

C **** SET UP THE PHASES **** 

C SKIP IF N EQ 1 

IF(N.EQ.2) GO TO 20 
IF(N.EQ.I) GO TO 30 

NM2= N-2 
DO 10 ISET= 1.NM2 

ISTPN= ISET + N 
PHI(ISET)= Y(ISTPN) 

10 CONTINUE 

20 PHI(N-1)= 0.0 
30 PHI(N)= 0.0 

C SET UP THE DIMENSIONLESS INTENSITIES 



E(1)= SQRT(Y(1)) 
E(2)= E(1) 
IF(STWVE) GO TO 50 

DO 40 ISET=1,N 
E(ISET)= SQRT(Y(ISET))*CEXP(CMPLX(0.0,-PHI(ISET))) 

40 CONTINUE 

50 CONTINUE 

C START,STOP.STEP ARE MODIFIED BY THIS ROUTINE 
C THEY ARE SAVED IN STRT0,ST0P1,STEP0 

C INITIALIZE START,STOP,STEP,STEP WIDTH 
C IF KU=0: STEPW=STEP=STEPO= 1 (FOR NORMALIZATION) 
C START=STOP= 0.0 , DIAG(5)=.FALSE. 
C DIAG(8)=.FALSE. 

START= STRTO 
STEP= STEPO 
STOP= ST0P1 
STEPW= STEP 

C RLXM1(I) IS THE PRIOR VALUE OF THE RELATIVE EXCITATION 
C USED TO CONVERGE ON FINAL VALUE 
C INITIALIZE RLX(I) AND RLXM1(I) TO ZERO 

DO 60 ISET=1,N 
RLX(ISET)= 0.0 
RLXM1(ISET)=0.0 

60 CONTINUE 

Z2S= (0.0,0.0) 
PREAS= (0.0,0.0) 
DO 70 11= 1,N 

PS(II)= (0.0,0.0) 
70 CONTINUE 

IF(.NOT.DIAG(8)) GO TO 80 

C * * » *  ROUTINE TO SEARCH FOR STOP POINT FOR STANDING WAVE CASE*** 

C INTEGRATION IS STARTED AT THE VALUE OF DETUNING(NUOPD) 
C THE INTEGRATION TYPE IS TRAPAZOIDAL AND DIAG(5) DOUBLES 
C THE INTEGRAL SO WE CAN DO A ONE SIDED INTEGRAL RATHER 
C THAN A 2 SIDED ONE. STOP IS SET R TO START PLUS A LITTLE 
C SO WON'T DEFAULT OUT ON FIRST PASS. STEP (IN STRONG) 
C MUST BE NUOPD/ AN INTEGER FOR EXACT CALCULATION 

DIAG(5)= .TRUE. 
START= NUOPD 
ITYPE= 0 
STOP= START + 2.0*STEP0 



127 

C *** START OF GENERAL PASS 1 ***** 

80 IPASS= 1 
90 CONTINUE 

IF(DIAG(1)) CALL HEADR(-1) 

C *** CHECK TIME*** 

CALL SEC0ND(S1) 

C REDEFINE DELTA, DELTA IS USED IN POLAR AND IS SET 
C INITIALLY TO THE MODE SPACING DEL=0 FOR STANDING WAVE 

DELTA = DEL 
C GET (PARTIAL) INTEGRAL 

CALL POLAR 

C FOR STWVE,1ST PASS, RETURN WITH STOP PT DEFINED 

C RESTORE DELTA 

DELTA = DEL 

C EVALUATE (PARTIAL) INTEGRALS 

C IF DIAG(5) I.E. STWVE 2 SIDED INTG =2*1SIDED 

Z2S- Z2S + Z2 
Z2 = CMPLX(0.0,1.0/SQRT(3.14159265))*Z2S*ABS(STEPW) 
IF(DIAG(5)) Z2= 2.0#Z2 
PREAS= PREAS + PREA 
PREA = F1*PREAS*ABS(STEPW) 
IF(DIAG(5)) PREA= 2.0*PREA 
IFlDIAGl1J) CALL HEADR(2) 
IF(DIAG( 1)) WRITE(5,2010) (P(I),I=1,N) 
DO 100 11=1,N 

PS(II)= PS(II) + P(II) 
P(II) = F1*PS(II)*ABS(STEPW) 
IF(DIAG( 5)) P(H)= 2. 0*P(II) 

100 CONTINUE 
IF(DIAGMj) CALL HEADR(2) 
IF(DIAG(1)) WRITE(5,2020) (PS(I),1=1,N) 

C SKIP IF NOT (1ST PASS AND SEARCH FOR STWVE STOP PT) 
C (IF IS) REDEFINE NEW STOP1= FOUND STOP 
C THEN TURN OFF SEARCH (DIAG(8)) 

C IF DETUNING= ZERO WE ARE DONE WITH 1ST PASS 
C IF NOT DETUNING = 0 SET STOP AT DETUN PT AND 
C START SYMMETRIC ABOUT DETUN PT OR 0 IF 
C SMALLER REDEFINE STARTO 
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C GO TO FINISH FIRST PASS FOR STWVE (SEARCH ROUTINE 2ND 
C PART OF INTEGRAL) 

IF(IPASS.NE.1) GO TO 110 
IF(.NOT.DIAG(8)) GO TO 110 

STOP 1= STOP 
DIAG(8) = .FALSE. 
IF(NUOPD.EQ.0.0) GO TO 110 

START= 2.OSSTART - STOP 
STOP= NUOPD 
IF(START.LE.0.0001) START= 0.0 

C ESTABLISH NEW VALUE FOR STRTO 

STRTO= START 
GO TO 90 

C COMPUTE THE VALUES OF THE RELATIVE EXCITATION 

110 IF(STWVE) GO TO 130 
DO 120 ID0=1,N 

RLX(IDO)= - NUDQM * CABS(E(IDO))/(AIMAG(P(IDO))) 
120 CONTINUE 

GO TO 140 
130 RLX(1)= -NUDQM * CABS(E(1))/(AIMAG(P(1))) 

C RLX(2) = ZERO IF STWVE 

140 RLX2= RLX(2) 

C ***CHECK TIME *** 

CALL SEC0ND(S2) 
S2 = S2 - S1 

IF(STWVE) RXREA= -NUDQM*CABS(E(1))/(AIMAG(PREA)) 
IF(DIAG(1)) CALL HEADR(10) 
IF(DIAG(1 ;) WRITE(5,2030) Z1,Z2.F1,RMAX 
IF(DIAG(1)) WRITE(5.2050) (RLX(1ST),IST=1,N) 
IF(DIAG(1).AND.STWVE) WRITE(5,2060) RXREA 
IF(DIAG(1)) WRITE(5,2040) PERR 

C IF(DIAG(1)) WRITE(5,2040) DITEN 
IF(DIAG(1)) WRITE(5,240) S2,NUOPD,NSTP 
IF(DIAG(1)) WRITE(5,2010) (P(I),1=1,N) 

IPASS= IPASS + 1 

C **** IS RLX TO DESIRED ACCURACY ? ***** 

DO 160 IDO= 1, N 

IF(RLX(IDO).EQ.O.O) GO TO 150 
IF(ABS(RLX(ID0)-RLXM1(IDO))/RLX(IDO).GT.FMAX) GO TO 170 

150 CONTINUE 



160 CONTINUE 

GO TO 190 
170 IF(IPASS.GT.IO) GO TO 190 

C UPDATE OLD VALUE OF RELATIVE EXCITATION 

DO 180 IDO= 1,N 
RLXM1(IDO)= RLX(IDO) 

180 CONTINUE 

C IF HOMOGENEOUS CASE WE HAVE ONE POINT AND ARE DONE 

IF(KU.EQ.O.O) GO TO 190 

C FOR INTERLACING OF POINTS IN THE EVALUATION OF 
C THE INTEGRALS— GET POINTS (ITYPE= 1 ;DON 'T /BY2) 
C FOR IPASS NE 1 
C STEP = ORIGINAL STEP/(IPASS-1) 
C OFFST= NEW STEP /2 
C STEP WIDTH = STEP WIDTH OF FINAL INTEGRAL 
C FOR STWVE ON 2ND PASS SET STOP= ST0P1=F0UND STP PT 

IF(IPASS.NE.2) STEP= STEP/2.0 
ITYPE=1 
OFFST= STEP/2.0 
STEPW= STEPW/2.0 
START= STRTO + OFFST 
IF(IPASS.EQ.2) STOP= ST0P1 
GO TO 90 

C COMPUTE THE FUNCTIONS TO BE ZEROED 

190 DO 210 ID0=1,N 
IF(RLX(IDO).EQ.O.O) GO TO 200 

F(ID0)=-1.0 + RLXO/RLX(IDO) 

C MULTIPLY F'S BY I'S TO GET FN'S TO BE ZEROED 

IF(.NOT.COUPL) F(IDO)= F(IDO)*Y(IDO) 

200 CONTINUE 
210 CONTINUE 

NM2= N-2 
DO 220 IDO=1,NM2 

NPIDO= N+IDO 

C COMPUTE THE CI DOT'S 

IF(N.LE.2) GO TO 230 
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F(NPID0)= -0.5*RLX0*( REAL( 2.0*P(ID0+1)/CABS(E(ID0+1))-
1 P(ID0+2)/CABS(E(ID0+2))-P(ID0) /CABS(E(ID0)) ) ) 

220 CONTINUE 
230 WRITE(5,2070) STEPW 

RETURN 

210 FORMAT (' TIME FOR 1 INTEGRATION ='F10.2.' SCAN FREQ='F8.3, 
1 ' POINT NO. '15) 

250 FORMAT (/,' DIMENSIONLESS INTENSITY = F10.2) 
2000 FORMAT( PERCENT DIFFERENCE CF VS REA = ',F10.5) 
2010 FORMATC' P(I),I=1,N ='/(1P4E16.6)) 
2020 FORMATC' PS(I),I=1,N ='/(1P4E16.6)) 
2030 FORMATC' Z1 = '2E15.5,' Z2='2E15.5' F1= 2E15.5, R1MODMX= 

1 1E15 5) 
20^0 FORMAT(' MAX PERCENT ERROR ON REC CHK OF R1=',1E16.6) 
2050 FORMATC/,' RELATIVE EXCITATION ='1P3E16.6) 
2060 FORMATC' REA RELATIVE EXCITATION =' 1E16.6) 
2070 FORMATC STEP WIDTH=',F12.6) 

END 

SUBROUTINE ZEROS(NMODE) 

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

C THE PURPOSE OF THIS SUBROUTINE IS TO FIND THE ZEROS OF N COUPLED 
C ALGEBRAIC FUNCTIONS WHICH MAY BE NON-LINEAR. ESTIMATED VALUES OF 
C THE ROOTS MUST BE SPECIFIED IN THE VECTOR Y BEFORE CALLING ZEROS. 
C THIS VECTOR IS LOCATED IN THE LABLED COMMON /R/ WHICH MUST 
C THEREFORE BE INCLUDED IN THE CALLING PROGRAM. ZERO AND MAX MUST 
C ALSO BE SPECIFIED. THEY ARE LOCATED IN BLANK COMMON ALONG WITH 
C THE ARRAY FP. THE ROOTS (IF FOUND IN MAX PASSES) 
C ARE RETURNED IN Y. 

C DEFINITION OF TERMS. 

C DET IS THE DETERMINANT OF THE MATRIX OF PARTIAL DERIVATIVES. 

C F IS A COLUMN VECTOR WHICH DEFINES THE FUNCTIONS TO BE ZEROED. 
C THEY ARE FUNCTIONS OF THE Y (WHICH SEE). 

C FP IS A MATRIX CONTAINING VALUES OF THE PARTIAL DERIVATIVES 
C BEFORE CALLING SOLVE AND ITS INVERSE MATRIX AFTERWARDS. 

C FTION IS THE SUBROUTINE DEFINING THE F*S AND IF PAREXT IS TRUE, 
C THE PARTIAL DERIVATIVES FP AS WELL. SEE FUNCNO. 

C FUNCNO CONTROLS THE COMPUTATION OF DERIVATIVES BY FTION AS FOLLOWS 
C FUNCNO = 0 CAUSES THE F TO BE COMPUTED; FUNCNO = 1 CAUSES BOTH THE 
C F AND THE FP TO BE COMPUTED: FUNCNO = 2 CAUSES THE F TO BE COM-
C PUTED AND A PROGRAM DEPENDENT PROCEDURE (IF INCLUDED) TO BE 
C BE EXECUTED. 
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C MAX IS THE MAXIMUM NUMBER OF PASSES TO BE MADE. 

C N IS THE NUMBER OF FUNCTIONS TO BE ZEROED. 

C SOLVE IS A MATRIX INVERSION ROUTINE. THE INVERTED 
C MATRIX REPLACES THE ORIGINAL. 

C STBCHK IS A LOGICAL VARIABLE WHICH CAUSES A STABILITY CHECK IF 
C AND ONLY IF IT IS TRUE. 

C SUCCES IS A LOGICAL VARIABLE WHICH IS TRUE IF AND ONLY IF THE 
C ZEROS PROCEDURE CONVERGED TO WITHIN THE SPECIFIED ACCURACY. 

C Y IS A COLUMN VECTOR OF THE VARIABLES. 

C ZERO IS A REAL VARIABLE CONTAINING THE MAXIMUM DESIRED MAGNITUDES 
C OF THE FUNCTIONS. 

C NMODE IS THE NUMBER OF MODES (THE PHASES ARE TREATED 
C DIFFERENTLY THAN THE INTENSITIES) 

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

REAL LAMBDA 
DIMENSION FPPP(20,20) 

INTEGER FUNCNO 

LOGICAL BWRT,DIAG,LFREQ,PAREXT,STABLE,STBCHK,SUCCES,WHAT 

COMMON /DEBUG/ DIAG(15) 

COMMON /LCEIG3/ WHAT(10) 

COMMON /LCZERO/ FUNCNO,MAX,NZERO,PAREXT,STABLE,STBCHK,SUCCES, 
1 ZERO,ZFACT 

COMMON /R/ CPL,F(25),F2(25),F3(25),FF1(25),FPP(20,20),H, 
1 LAMBDA(20),MDE,MINMOD,NP1,NSTEP,Y(25),Y1(50,1),Y2(25),Y3(25) 

COMMON FP(20,20) 

DIAG(7)=.TRUE. 

IF(ZFACT.GT.O.1.AND.ZFACT.LT.1.1) GO TO 10 
WRITE(5,2130) ZFACT 
ZFACT =0.5 

10 SUCCES = .FALSE. 
IF(NZERO.LT.1.OR.NZERO.GT.20) GO TO 330 
WRITE(5,2080) (Y(I),1=1,NZERO) 

C WRITE(5,260) 
DO 290 K = 1.MAX 
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C COMPUTE THE PARTIAL DERIVATIVES OF THE FUNCTIONS WITH RESPECT TO 
C THE VARIABLES Y. 

IF(.NOT.DIAG(7).AND.PAREXT) GO TO 70 
FUNCNO = 0 
WRITE(5,2180) 
DO 40 J = 1,NZERO 

C SET HH FOR INTENSITIES VARIABLE BUT FOR PHASES =.025 

IF(J.GT.NMODE) GO TO 20 
HH= 0.01 

C IF Y(I) IS TO SMALL REDUCE HH 

IF(Y(J).LT.0.02) HH= Y(J)/10.0 

20 IF(J.GT.NMODE) HH= 0.025 
Y(J) = Y(J) + HH 
CALL FTION 
DO 30 1= 1,NZERO 

30 FF1(I) = F(I) 

C IF(DIAG 
Y( J) = Y(J) - 2.*HH 
G(7)) WRITE(5,300) Y(J),(F(I),I=1.NZERO) 
IF( Y(J).LE.0.0.AND.J.LE.N) GO TO 290 
CALL FTION 

C IF(DIAG(7)) WRITE(5,300) Y(J),(F(I),I=1,NZERO) 
Y(J) = Y(J) + HH 
HH = 2.*HH 
DO 40 I = 1,NZERO 

FP(I.J) = (FF1(I) - F(I))/HH 
FPP(I.J) = FP(I,J) 

40 CONTINUE 
CALL FTION 
IF(.NOT.DIAG(7)) GO TO 60 

DO 50 I = 1,NZERO 
WRITE(5,2050) (FP(I,J),J=1,NZERO) 

50 CONTINUE 
60 IF(.NOT.PAREXT) GO TO 90 
70 FUNCNO = 1 

CALL FTION 
IF(.NOT.DIAG(7)) GO TO 90 

DO 80 I = 1,NZERO 
WRITE(5,2050) (FP(I,J),J=1,NZERO) 
DO 80 J = 1 ,NZERO 

FPP(I.J) = FP(I,J) 
80 CONTINUE 
90 CPL=1.0 

IF(NZERO.NE.2) GO TO 100 
CPL= (FP(1,2)*FP(2,1))/(FP(1, 1)*FP(2,2)) 
WRITE(5,2170) CPL 

C INVERT MATRIX OF PARTIAL DERIVATIVES AND SUBTRACT 
C INITIALLY ONLY ONE HALF THE ESTIMATED VALUE. THIS HELPS TO 
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C PREVENT OVERSHOOTS. 

100 CALL S0LVE(FP,20,NZfeRO,0,Y1,DET) 
IF(.N0T.DIAG(7)) GO TO 150 

WRITE(5.2150) DET 
IF(DET.EQ.O.O) GO TO 290 
DO 110 1=1,NZERO 

C WRITE(5,290) (FP(I,J),J=1,NZERO) 
110 CONTINUE 

BWRT = .FALSE. 
DO 140 I = 1,NZERO 

DO 140 J = 1,NZERO 
DUM =0.0 
DO 120 KK = 1,NZERO 

DUM = DUM + FP(I,KK)*FPP(KK,J) 
120 CONTINUE 

FPPP(I.J) = DUM 
IF(I.EQ.J) GO TO 130 

IF(ABS(DUM).GT.1.0E-5) BWRT = .TRUE. 
GO TO 140 

130 IF(ABS(DUM-1.0).GT.1.OE-5) BWRT = .TRUE. 
140 CONTINUE 

IF(.NOT.BWRT) GO TO 150 
WRITE(5,2050) ((FP(I.J),J=1,NZERO).1=1,NZERO) 
WRITE(5,2050) ((FPPP(I,J),J=1,NZERO),1=1,NZERO) 

150 FACTMs 1.0 

DO 240 I = 1,NZERO 
DDUM = 0.0D0 
DO 160 J = 1.NZERO 

DDUM = DDUM + FP(I,J)*F(J) 
160 CONTINUE 

IF(I.GT.NMODE) GO TO 190 

IF(ABS(DDUM/Y(I)).GT.0.10) FACTM= 0.05 

IF(ABS(DDUM/Y(I)).GT.0.25 ) GO TO 170 
Y(I) = Y(I) - DDUM*ZFACT 
GO TO 240 

170 WRITE(5,2160)1. Y(I).DDUM 
IF(DDUM.LT.O.O) GO TO 180 

Y(I) = 0.75*Y(I) 
GO TO 240 

180 Y(I) = 1.25*Y(I) 
GO TO 240 

190 YT= Y(I) - DDUM 
200 IF(ABS(Y(I)-YT).GT.0.05) GO TO 210 

Y(I)= YT 
GO TO 220 

210 IF(ABS(YT - Y(I)).LT.O.3) Y(I)= Y(I) - (Y(I) - YT)*FACTM 
IF((YT - Y(I)).GE. 0.3) Y(I)= Y(I) + 0.3*FACTM 
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IF((YT - Y(I)).LE.-O.3) Y(I)= Y(I) - 0.3*FACTM 

220 IF(ABS(Y(I)).LT.6.2831853072) GO TO 230 
IF(YU).GT.O.O) Y(I)= Y(I) - 6.2831853072 
IF(Y(I).LT.0.0) Y(I)= Y(I) + 6.2831853072 
GO TO 220 

C CONVERT TO DEGREES 

230 YTT= Y(I)*57.2958 
WRITE(5,2000) I,Y(I),YTT,YT,DDUM 

240 CONTINUE 

DO 250 IDO=1,NMODE 
IF(Y(IDO).LE.0.0) GO TO 290 

250 CONTINUE 
I = 1 
FUNCNO = 2 
WRITE(5,2180) 
CALL FTION 
WRITE(5,2020) 
WRITE(5,2030) K,DET,(Y(J),F(J),J=1,3),I 
IF(NZERO.LT.iJ) GO TO 270 

DO 260 I = 4,NZERO,3 
I P 2  = 1 + 2  
IF(IP2.GT.NZERO) IP2 = NZERO 
WRITE(5,2010) (Y(J),F(J),J=I,IP2) 
WRITE(5,2120)I 

260 CONTINUE 

C ARE MAGNITUDES OF FUNCTIONS AS SMALL AS DESIRED... 

270 DO 280 I = 1,NZERO 
IF(ABS(F(I))- (ZERO)) 280,290,290 

280 CONTINUE 
SUCCES = .TRUE. 
GO TO 300 

290 CONTINUE 
WRITE(5,2110) 
SUCCES = .FALSE. 
RETURN 

300 IF(.NOT.STBCHK) RETURN 
NDIMS = NDIM 
NDIM = 20 

CALL EIG3(FPP,NDIM,NZERO,NZERO,LAMBDA,Y2) 

NDIM = NDIMS 
WRITE(5,2090) (LAMBDA(I),1=1,NZERO) 
WRITE(5,2090) (Y2(I),1=1,NZERO) 
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DO 310 I = 1,NZERO 
IF(LAMBDA(I).GE.0.0) GO TO 320 

310 CONTINUE 
STABLE = .TRUE. 
RETURN 

320 WRITE(5,2100) 
STABLE = .FALSE. 
RETURN 

330 WRITE(5,2070) NZERO 
RETURN 

2000 FORMAT( ' Y(',12, ')=',1PE16.8.0PF13.4, ' YT= ,1P1E14.6, 
1 1P1E12.4) 

2010 F0RMAT(20X,1P6E17.6) 
2020 FORMAT( 3H0 K5X11HDETERMINANT10X4HY(I)13X4HF(I)12X6HY(I+1)11X 

1 6HF(1+1)11X6HY(1+2)11X6HF(1+2)5X1 HI) 
2030 FORMAT(13,1P7E17.6,13) 
2040 FORMATS3X,1P8E16.6) 
2050 FORMATC1 HO ,6E17-7) 
2060 FORMATC 6H Y,F = 1P7E18.7/(24X,6E18.7)) 
2070 FORMATC'OTHE NUMBER OF EQUATIONS SPECIFIED FOR ZEROING IS 15, 

1 '. THE ZEROS ROUTINE CAN ZERO ONLY 1 TO 20 EQUATIONS.') 
2080 FORMATf' ESTIMATED VALUES OF ROOTS ARE1X,4(1PE16.6))) 
2090 FORMAT?' LAMBDA = '1P7E15.6/(8E15.6)) 
2100 FORMATC ' SOLUTION GIVEN BY ZEROING PROCEDURE IS UNSTABLE.') 
2110 FORMATC ' ZEROS PROCEDURE DID NOT CONVERGE TO REQUIRED ACCURACY') 
2120 FORMATC'+'121X13) 
2130 FORMATS ZFACT = 'E17.7, ' - ZFACT SET EQUAL TO 0.5.') 
2140 FORMATC20X,'DDUM ='E20.9,', ZFACT ='E17-7) 
2150 FORMATC/, DET = ' 1PE18.8) 
2160 FORMATC ' Y( ' ,12,')=',1PE18.8, ', DDUM ='.1PE18.8) 
2170 FORMATi/, ' COUPLING PARAMETER=',F12.6) 
2180 FORMAT(IHO) 

END 

SUBROUTINE SECOND(X) 

C THIS IS A DUMMY SUBROUTINE FOR USE ON THE DEC 10 

X=0.0 
RETURN 
END 

SUBROUTINE SOLVE(A,NDIM,N,SOLUTS,B,DET) 

C INVERSION AND SOLUTION OF A SYSTEM OF N SIMULTANEOUS LINEAR 
C EQUATIONS BY THE GAUSS-JORDAN METHOD. USING THE PERMISSABLE 
C PERMUTATIONS OF A IN OBTAINING A-INVERSE. 
C IN THE CALLING SEQUENCE, A IS THE MATRIX TO BE INVERTED. ITS 
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C INVERSE REPLACES ITSELF, N IS THE ORDER OF THE SYSTEM OF 
C EQUATIONS. SOLUTS IS THE NUMBER OF SOLUTION VECTORS 
C DESIRED, WHICH ARE TERMED THE B'S. NOTE THAT EACH B, WHICH IS 
C ITSELF A COLUMN VECTOR, MUST BE SET EQUAL TO THE APPROPRIATE 
C CONSTANT VECTOR BEFORE ENTERING THE ROUTINE SOLVE. B MAY BE 
C DIMENSIONED ANYWHERE FROM (50,1) UP TO (50,50) IN THE CALLING 
C PROGRAM. DET IS THE DETERMINANT OF THE INPUT MATRIX A. 

C THE DIMENSION OF THE INPUT MATRIX, A, IS DETERMINED AT OBJECT 
C TIME VIA THE PARAMETER NDIM. 

REAL A(NDIM,NDIM),B(50,1) 

INTEGER COLUMN,INDEX(50,2),PIVOT(50),ROW,SOLUTS 

10 DET=1.0 
DO 20 1=1,N 

20 PIV0T(I)=0 

DO 140 1=1,N 
Q=0.0 
DO 50 J=1,N 

IF(PIV0T(J).EQ.1) GO TO 50 
DO 40 K=1.N 

IF(PIV0T(K)-1) 30.40,170 
30 IF(ABS(Q).GE.ABS(A(J,K))) GO TO 40 

R0W=J 
COLUMN=K 
Q=A(J,K) 

40 CONTINUE 
50 CONTINUE 

PIVOT(COLUMN) = PIVOT(COLUMN) + 1 
IF(ROW.EQ.COLUMN) GO TO 80 

DET=-DET 
DO 60 L=1,N 

Q=A(ROW,L) 
A(ROW,L)=A(COLUMN,L) 

60 A(COLUMN,L)=Q 
IF(SOLUTS.EQ.O) GO TO 80 

DO 70 L=1,SOLUTS 
QsB(ROW.L) 
B(ROW,L;=B(COLUMN ,L) 

70 B(COLUMN,L)=Q 

80 INDEX(I,1)=ROW 
INDEX(I.2)=C0LUMN 
PIV=A(COLUMN,COLUMN) 
DET=DET*PIV 
A(COLUMN,COLUMN)=1.0 
DO 90 L=1,N 

90 A(COLUMN ,L)=A(COLUMN ,L)/PIV 
IF(SOLUTS.EQ.O) GO TO 110 

DO 100 L=1,SOLUTS 
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100 B(COLUMN,L)=B(C0LUMN,L)/PIV 

110 DO 140 M=1,N 
IF(M.EQ.COLUMN) GO TO 140 

Q=A(M.COLUMN) 
A(M,COLUMN)=0.0 
DO 120 L=1,N 

120 A(M,L)=A(M,L)-A(COLUMN,L)*Q 
IF(SOLUTS.EQ.O) GO TO 140 

DO 130 L=1,SOLUTS 
130 B(M,L)=B(M,L)-B(COLUMN,L)*Q 
140 CONTINUE 

DO 160 1=1,N 
L=N+1-I 
IF(INDEX(L,1).EQ.INDEX(L,2)) GO TO 160 

ROW=INDEX(L,1) 
COLUMN=INDEX(L,2) 
DO 150 K=1,N 

Q=A(K,R0W) 
A(K,ROW)=A(K,COLUMN) 

150 A(K,COLUMN)=Q 
160 CONTINUE 

170 RETURN 

END 

SUBROUTINE EIG3(A,NDIM,N,M,RTR,RTI) 

C ROUTINE TO COMPUTE THE EIGENVALUES OF NON-SYMMETRIC MATRICES. THE 
C DIMENSIONS OF THE INPUT MATRIX, A, ARE COMPUTED AT OBJECT TIME. 

REAL A(NDIM,NDIM),NC(20),RTI(25),RTR(20) 

LOGICAL DIAG1 

C FORCE IT TO PRINT OUT THE ARRAY 

DIAG1= .TRUE. 

IF(DIAG1) WRITE(5,160) ((A(I,J),J=1,N),1=1,N) 
TRACE=A(1,1) 
DO 10 1=2,N 

10 TRACE=TRACE+A(I,I) 
CALL TRING(A,NDIM,1.0E-7,N,NC1 

C DO 177 ID0=1,N 
C WRITE(5,178) (A(IDO,ISET),ISET=1,N) 
C 178 FORMAT(1P6E16.6) 
C 177 CONTINUE 

TRACE=A(1,1) 
DO 20 1=2,N 
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20 TRACE=TRACE+A(I,1) 
NU=0 
NV=0 

30 IF(NV.EQ.N) GO TO 140 
40 NV=NV+1 

NU=NV 
50 IF(NC(NV).EQ.O) GO TO 70 
60 NV =NV+1 

GO TO 50 
70 IF(NV.NE.NU) GO TO 90 
60 RTR(NU)=A(NU,NU) 

BTI(NU)=0. 
GO TO 30 

90 IF(NV.EQ.NU-1) GO TO 110 
100 NP=MIN0(M,NV) 

CALL LAGER(A,NDIM,1.OE-4,NP,NU,NV,RTR,RTI) 
GO TO 30 

110 RR=.5*(A(NU,NU)+A(NV,NV)) 
E1=RR**2-A(NU,NU)*A(NV,NV)+A(NU,NV)*A(NV,NU) 
S=SQRT(ABS(E1)) 
IF(EI.LT.O) GO TO 130 

120 RTR(NU)=RR+S 
RTI(NU)=0. 
RTRCNV)=RR-S 
RTI(NV)=0. 
GO TO 30 

130 RTR(NU)=RR 
RTI(NU)=S 
RTR(NV)=RR 
RTI(NV)=-S 
GO TO 30 

140 X=0. 

DO 150 J=1,M 
150 X=X+RTR(J) 

WRITE(5,2000j (RTR(IDO),IDO=1,N) 
WRITE(5,2000) (RTI(IDO),IDO=1,N) 
RETURN 

160 FORMAT (' EIG3 DIAG A = ',(1X,4(1PE16.6))) 
2000 FORMAT( ELAMBDA= \1P4E15.6) 

END 

SUBROUTINE TRING(A,NDIM,EPS,N,INT) 

C ROUTINE TO TRANSFORM MATRIX INTO ALMOST TRIANGULAR (HESSENBERG) 
C FORM. THE ROUTINE USES OBJECT TIME DIMENSIONS. 

REAL A(NDIM,NDIM),INT(20) 
N1=N-1 
DO 190 J=1,N1 

S=ABS(A(J,J+1)) 
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J1=J+1 
J2=J+2 
L=J1 
NJ1=N-J1 

IF(NJI.LE.O) GO TO 80 
10 DO 30 K=J2.N 

T=ABS(A(J.K)) 
IF(T.LE.S) GO TO 30 

20 L=K 
S=T 

30 CONTINUE 

IF(L.EQ.JI) GO TO 80 
40 DO 50 K=1,N 

T=A(K,J+1) 
A(K,J+1)=A(K,L) 

50 A(K,L)=T 
60 DO 70 K=1,N 

T=A(J+1.K) 
A(J+1,K)=A(L,K) 

70 A(L,K)=T 

80 IF(S.GT.EPS*AMIN1(ABS(A(J,J)),ABS(A(J+1,J+1)))) GO TO 100 
90 L=0 

NJ1 =0 
GO TO 120 

100 T=A(J,J+1) 
DO 110 K=J2.N 

A(J,K)=A(J,K)/T 
CALL OVERFL(JJ) 
IF(JJ.NE.2) WRITE(5,2010) JJ,K,N,J1,J2,N1,NJ1,T,S,A(J,K) 

110 CONTINUE 

120 DO 180 1=1,N 
M=AMINO(J,1-2) 
U=0. 
IF(NJ1.LE.0) GO TO 150 

130 DO 140 K=J2.N 
140 U=U+A(K,I)*A(J,K) 
150 IF(M.LE.O) GO TO 180 
160 DO 170 K=1,M 
170 U=U-A(K,I)*A(J+1, K+1) 
180 A(J+1,I)=A(J+1,I)+U 
190 INT(J)=L 
200 INT(N)=0 

RETURN 

2000 FORMAT(1H048X.22HALM0ST TRIANGULAR FORM) 
2010 FORMATT JJ = '.14,', K = ',14,', N = ',14 ' J1, J2 = ',215, 

1 ', N1 = ',14,', NJ ̂ = ',l4,', T = ',E17.&,\ S = ', E1716/ 
2 ' A(J,K) = ',E17.6) 
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END 

SUBROUTINE LAGER(A,NDIM,EPS,N1,NU,N,RTR,RTI) 

C ROUTINE TO COMPUTE EIGENVALUES VIA THE LAGUERRE METHOD. THE 
C DIMENSIONS OF THE INPUT MATRIX, A, ARE DETERMINED AT OBJECT TIME. 

REAL A(NDIM,NDIM),B(6),FM0D3(6),P(6,21),RTI(25),RTR(20) 

DATA FMOD3/0.,1.,2.,0.,1. ,2./ 

0NCE=0. 
BL1 = 1. 
NUQ=NU-1 
LLY=0 
DELOLD=1. 
ROLD=1. 
EGSUM1=0. 
EGSUM2=0. 

DO 10 L=2,6 
10 P(L,NU)=0. 

NU1=NU+1 
CUP=0. 
DO 20 J=NU1,N 

20 CUP=CUP+ABS(A(J-1,J)) 
CUP=CUP/FLOAT(N-NU) 
CAP=0. 
P(1,NU)=1. 

C FIND TRACE OF H AND H SQUARED 

SPUR1=A(NU,NU) 
SPUR2=A(NU,NU)**2 
DO 30 J=NU1,N 

SPUR1=SPUR1+A(J,J) 
30 SP UR2=SP UR2+A(J,J)* *2+2.*A(J-1,J)*A(J,J-1) 

C INITIAL ITERATE FROM INFINITY 

40 S1R=EGSUM1-SPUR1 
S2R=SPUR2-EGSUM2 
F1=N-NUQ 
IF(ABS(S1R)+ABS(S2R).GT.1.E-7*CAP) GO TO 60 

50 XBAR=CUP 
YBAR=0. 
GO TO 110 

60 F2=F1-1. 
DR=F2*(F1*S2R-S1R**2) 
ER=SQRT(ABS(DR)) 
IF(DR.GE.O) GO TO 80 

70 XBAR=-2.*S1R/F1 
YBAR=2.*ER/F1 
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GO TO 110 
80 YBARrO. 

F2=SIGN(1.,S1R) 
IF(SIR.NE.O) GO TO 100 

90 F2=0. 
100 XBAR=-(S1R+F2*ER)/F1 

C EVALUATE POLYNOMIAL AND DERIVATIVES 

110 IF(ABS(YBAR).GE.ABS(XBAR)*1.E-6) GO TO 130 
120 YBAR=0. 
130 M=6 

IFCYBAR.EQ.O.) M=3 
1l»0 DO 190 K=NU, N 

T=-A(K,K+1) 
DO 190 L=1,M 

S=SIGN(1.,3-5-FLOAT(L)) 
M1=L+3*IFIX(S) 
R=-XBAR*P(L,K)+YBAR*S*P(M1,K)-FM0D3(L)*P(L-1,K) 
DO 150 J=NU,K 

150 R=R+P(L,J)*A(K,J) 
CALL OVERFL(J) 
IF(J.NE.1) GO TO 170 

P(1.NU)=1.E-10*P(1,NU) 
IF(P(1.NU)) 160,160,140 

160 F=FL0AT(K-NU)/FL0AT(N-NU+1) 
XBAR=XBAR*F 
YBAR=YBARKF 
P(1,NU)=1.0 
GO TO 140 

170 IF(N-K) 180,180,190 
180 T=1.0 
190 P(L,K+1)=R/T 

C SCALE DOWN 

DO 200 K=1,6 
200 B(K)=0. 

DO 210 J=1,M 
210 B(J)=P(J.N+1) 

G1=ABS(B(1))+ABS(B(4)) 
G2=ABS(B(2))+ABS(B(5)) 
D=ABS(B(1)) 
DO 220 K=2,M 

220 D=AMAX1(D,ABS(B(K))) 
DO 230 K = 1,M 

230 B(K) = B(K)/D 
IF(G1) 310,310,240 

C REMOVE KNOWN ROOTS 

240 Q1R=0. 
Q1I=0. 
Q2R=0. 



Q2I=0. 
IF(NUQ-NU) 270,250,250 

250 DO 260 J=NU,NUQ 
D1=RTR(J)-XBAR 
D2=RTI(J)-YBAR 
D=D1**2+D2**2 
D1=D1/D 
D2=-D2/D 
Q1R=Q1R+D1 
Q1I=Q1I+D2 
Q2R=Q2R+D1**2-D2**2 

260 Q2I=Q2I+2.*D1*D2 

FIND SI AND S2 

270 T1R=B(2)/B(1) 
T1I=0. 
T2R=B(3)/B(2) 
T2I=0. 
IF(B(1).NE.O..AND.B(2).NE.O.) GO TO 280 

WRITE(5,2010) B(1),B(2) 
T1R=0.0 
T2R=0.0 

280 IF(YBAR.EQ.O) GO TO 300 
290 D1=B(1)**2+B(4)**2 

D2=B(2)**2+B(5)**2 
T1R=(B(2)*B(1)+B(5)*B(4))/D1 
T1I=(B(5)#B 1)-B(4 *B 2 /D1 
T2R=(B(3)*B(2)+B(6)*B(5))/D2 
T2I=(B(6)sB(2)-B(5)*B(3))/D2 

300 S1R=T1R+Q1R 
S1I=T1I+Q1I 
S2R=T1R*(T1R-T2R)-T1I*(T1I-T2I)-Q2R 
S2I=T1R*(T1I-T2I)+T1I*(T1R-T2R)-Q2I 

FIND THE NEXT ITERATE 

LLY=LLY+1 
D=ABS(XBAR)+ABS(YBAR) 
IF(1.E+7.GT.D*(ABS(S1R)+ABS(S1I))) GO TO 320 

310 MARK=1 
GO TO 610 

320 G=N-NUQ 
330 IF(YBAR.LE.ABS(X)) GO TO 350 
340 S1I=S1I+1./(2.*YBAR) 

S2R=S2R+1./(4.*YBAR**2) 
G—G— 1 

350 IF(BL1.GT.0) GO TO 370 
360 H=.5*(G-2.) 

GO TO 380 
370 H=G-1. 
380 DR=H*(G*S2R-S1R**2+S11**2) 

DI=H*(G*S2I-2.*S1R*S1I) 
IF(DI.NE.O) GO TO 410 



EI=0. 
ER=SQRT(ABS(DR)) 
IF(DR.GE.O) GO TO 420 

EI=ER 
ER=0. 
GO TO 420 

CALL CXSQRT(DR,DI,ER,EI) 
IF(S1R*ER+S1I*EI.GE.0) GO TO 440 

ER=-ER 
EI=-EI 

D1=S1R+ER 
D2=S1I+EI 
D=D1**2+D2**2 
X=-G*D1/D 
Y=G*D2/D 
IF(D.NE.0.) GO TO 450 

WRITE(5,2020) 
X=0. 
Y=0. 

XBAR=XBAR+X 
YBAR=YBAR+Y 
DELN EW=A BS(X)+ABS(Y) 
RNEWrDELNEW/DELOLD 
D=ABS(XBAR)+ABS(YBAR) 

C TEST FOR LINEAR CONVERGENCE 

IF(LLY-3) 540,540,460 
460 IF(DELNEW-AMAX1(3-*DELOLD,.5*D)) 490,490,470 
470 IF(BLI.GT.O) GO TO 480 
480 DELOLD=CAP 

ROLD=3. 
IF(LLY-15) 40.40,610 

490 IF(RNEW-•7*ROLD) 540,500,500 
500 MARK=3 

IF(DELNEW-.001*EPS*CAP) 570,510,510 
510 IF(BL1.GT.O) GO TO 520 
520 XBAR=XBAR-X 

YBAR=YBAR-Y 
BL1=0. 
GO TO 330 

530 BL1=1. 
GO TO 550 

C TEST FOR AN EIGENVALUE 

540 IF(DELNEW.GT.EPS*AMAX1(D,.001*CAP)) GO TO 550 
550 DELOLD=DELNEW 

ROLD=RNEW 
IF(LLY-15) 110,110,610 

C DO WE HAVE A COMPLEX APPROACH TO A REAL ROOT 

560 MARK=2 

390 

400 

410 
420 
430 

440 

450 
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570 BL1=1 
IF(YBAR) 580,610,580 

580 IF(G2*ABS(YBAR)-G1) 590,610,610 
590 IF(ONCE.LE.O) GO TO 600 
600 X=0. 

ONCE=1. 
YBAR=0. 
GO TO 550 

C WE ACCEPT (XBAR,YBAR) AS A ROOT 

610 NUQ=NUQ+1 
RTR(NUQ)=XBAR 
IF(ABS(YBAR).LE..001*ABS(XBAR)) GO TO 620 

620 YBAR=0. 
630 IF(NUQ.NE.NU) GO TO 640 
640 IF(RTI(NUQ-1).LE.0) GO TO 650 
650 YBAR=ABS(YBAR) 

RTI(NUQ)=YBAR 
GO TO 670 

660 RTI(NUQ)=-ABS(YBAR) 
670 LLY=0 

CAP=AMAX1(D,CAP) 
DELOLD=1. 
ROLD=1. 
EGSUM1=EGSUM1+RTR(NUQ) 
EGSUM2=EGSUM2+RTR(NUQ)**2-RTI(NUQ)**2 
IF(NUQ-N1) 680,760,760 

680 IF(YBAR) 700,720,690 
690 YBAR=-YBAR 

GO TO 110 
700 IF(NUQ.NE.NU) GO TO 710 
710 RTI(NUQ-1)=.5*(RTI(NUQ-1)-RTI(NUQ)) 

RTI(NUQ)=-RTI(NUQ-1) 

C A NEWTON ITERATE TOWARDS NEXT ROOT 

720 ONCE=0. 
IF((ABS(Q1R)+ABS(Q1I))*D-10000.) 730,730,40 

730 IF(ABS(EGSUM1-SPUR1)+ABS(EGSUM2-SPUR2)-1.E-5*CAP) 50,50,740 
7W DR=B(3)+2.*(B(2)J£-Q1R-B(5)*Q1I) 

DI=B(6)+2.*(B(2)*Q1I+B(5)*Q1R) 
D2=DR**2+DI**2 
IF(D2.NE.0.0) GO TO 750 

XBAR=0.0 
YBAR=0.0 
GO TO 110 

750 XBAR=XBAR-2.*(DR*B(2)+DI*B(5))/D2 
YBAR=ABS(YBAR-2.*(DR*B(5)-DI*B(2))/D2) 
GO TO 1 10 

760 WRITE(5,2000) (RTR(IDO),IDO=1,N) 
WRITE(5,2000) (RTI(IDO),IDO=1,N) 
RETURN 
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2000 FORMAT( 
2010 FORMAT( 
2020 FORMAT( 

( ' LLAMBDA= 1P4E15.6) 
(' B( 1 ) = ',E16.6, ' B(2)= ',E16.6/) 
( ' D=0.0 AT LAGER 167') 

END 

SUBROUTINE CXSQRT(A,B,X,Y) 

C ROUTINE TO COMPUTE THE COMPLEX SQUARE ROOT. 

F = AMAXKABS(A) ,ABS(B)) 
F = F*SQRT((A/F)**2 + (B/F)**2) 

IF(A .GT. 0.0) GO TO 10 

Y = SQRT((F - A)*0.5) 
X = 0.5*B/Y 
IF(X .GE. 0.0) RETURN 

X = -X 
Y = -Y 
RETURN 

10 X = SQRT((F + A)*0.5) 
Y = 0.5*B/X 

RETURN 
END 

SUBROUTINE OVERFL(JJ) 

C THIS IS A DUMMY SUBROUTINE FOR USE ON THE CDC 6400 

C THIS SUBROUTINE SOLVES THE 3 MODE RECURSION RELATION (56) 
C FOR DO,D1 AND D2 

SUBROUTINE REC(A1,A2,A3,A4,A5,A6,EE,DD,A7,NA2) 

JJ=2 
RETURN 
END 

COMPLEX C,DD(100),DDF,DF.DV,EE(i|),F,FC0K,FC1K,FC2K,FCJK,FCM1K, 
1 FCM2K,FDENOM,FDNOMC,R(20),VE(20) 
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LOGICAL DIAG1,USE(5,20) 

REAL NUOPD,VNUO 

COMMON /LCNU/ VNUO 

COMMON /LDG/ DIAG1 

COMMON /LCDELT/ DELTAV 

COMMON /LGAMMA/ VGAMMA 

COMMON /LGAMAB/ VGAMAB 

COMMON /LCE/ VE 

COMMON /LGAM/ VGAMA,VGAMB 

COMMON /LCD/ D0V,DV(100) 

COMMON /LCINIT/ INIT 

COMMON /LCUSE/ USE 

GET VARIABLES 

DIAG1= .FALSE. 
NUOPD= A1 
DELTAV= A2 
VGAMMA= A3 
VGAMA=A4 
VGAMB=A5 
OMEGA=A6 
D0V=A7 
NSTAR= NA2 

DO 10 IDO= 1.NSTAR 
DV(IDO)= DD(IDO) 

10 CONTINUE 

DO T IDO= 1,4 
IDO)= EE(IDO) 

20 L'INUE 

IF rv SOLUTION DESIRED SKIP 

IF(NSTAR.EQ.O) GO TO 60 

INITIALIZE THE USE VARIABLES TO FALSE 
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30 DO 50 ID0=1,5 
DO 40 ISET=1,20 

USE(ID0,ISET)= .FALSE. 
40 CONTINUE 
50 CONTINUE 

C GET VNUO = NUOPD - DELTAV 

60 VNUO= NUOPD - DELTAV - OMEGA 

IF(DIAG1) WRITE(5,2000) VNUO,NUOPD 

VGAMAB= 0.5*(VGAMA + VGAMB) 

IDO =0 
IF(DIAG1) WRITE(5,2010) DOV,DV(1),DV(2),DV(3) 

70 IDO= IDO + 1 

C GET DOV= 1.0/(1.0 + SH) FOR REA ,SET DV1,2=0 

IF(NSTAR.NE.O) GO TO 80 

DOV= 1.0/FC0K(0) 

DV(1) = (0.0,0.0) 
DV(2)= (0.0,0.0) 
GO TO 120 

80 D0V= D0F(DV(1),DV(2),D0V) 

IF(DIAG1) WRITE(5,90) DOV,IDO 
90 FORMAT (' DOV=',1P1E16.6, ' ITERATION NO. ,13) 

C COMPUTE THE OTHER D'S 

NSTAR= IDO+1 
DO 100 K=1,NSTAR 

DV(K)= -1.0/FCJK(0,K)*(FCJK(-2,K)*DF(K-2) + FCJK(-1,K)*DF(K-
1 1 )+FCJK(1,K)*DF(K+1) + FCJK(2,K)*DF(K+2) ) 

IF(DIAG1) WRITE(5,2020) K, DV(K) 

100 CONTINUE 

C GO TO RECURSION CHECK 

C= 1.0/DOV*(FCJK(0,1)*DV(1) + FCJK(-2,1)*CONJG(DV(1)) +FCJK(-



1 1,1)*DOV + FCJK(1,1)*DV(2) + FCJK(2,1)*DV(3) ) 

C1= CABS(C) 

IF(DIAG1) WRITE(5,2030) C,C1 

110 CONTINUE 
IF(C1.GT.0.00000025) GO TO 70 

120 IFCNSTAR.LT.4) NSTAR= k 
DO 130 IDO=1,NSTAR 

DD(IDO)= DV(IDO) 
130 CONTINUE 

A7= DOV 

RETURN 
2000 FORMATC' VNU0,NU0PD= ',2F10.4) 
2010 FORMATC' ENTER WITH DOV= ' 1P1E16.6, /, D123= 1P6E16.6) 
2020 FORMATC 'DV( ' 12,') = ' 1P2E16.6) , 
2030 FORMATC' REC CHK; ERROR,MOD ERROR ,1P3E16.6) 

END 

FUNCTION FNU(N) 

REAL VNUO 

COMMON /LCNU/ VNUO 

COMMON /LCDELT/ DELTAV 

FNU r VNUO + (FLOAT(N)*DELTAV) 

RETURN 
END 

C THIS IS THE FUNCTION FDNOMC ONE OF THE COMPLEX DNOMC-
C INATORS USED 

COMPLEX FUNCTION FDNOMC(L) 

REAL FNU 

COMMON /LGAMMA/ VGAMMA 

FDNOMC= 1.0/CMPLX(VGAMMA,FNU(L)) 

RETURN 
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END 

C THIS IS THE FUNCTION FDENOM 

COMPLEX FUNCTION FDENOM(L) 

REAL FNU 

COMMON /LGAMMA/ VGAMMA 

FDENOM= 1.0/CMPLX(VGAMMA,-FNU(L)) 

RETURN 
END 

C THIS IS THE FUNCTION C  -  2 ,  K  

COMPLEX FUNCTION FCM2K(K) 

COMPLEX FDENOM,FDNOMC,VE(20) 

COMMON /LGAMAB/ VGAMAB 

COMMON /LCE/ VE 

L=K-1 

FCM2K= VGAMAB*VE(1)*CONJG(VE(3))*(FDNOMC(L+2) + FDENOM(2-L)) 

RETURN 
END 

C THIS IS THE FUNCTION C -1,K 

COMPLEX FUNCTION FCM1K(K) 

COMPLEX FDENOM,FDNOMC,VE(20) 

COMMON /LGAMAB/ VGAMAB 

COMMON /LCE/ VE 

L=K-1 
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FCM1K= VGAMAB*(VE(1)*C0NJG(VE(2))*(FDN0MC(L+2) + FDEN0M(1-L))+ 
1 VE(2)*CONJG(VE(3))*(FDNOMC(3+L) + FDEN0M(2-L)) ) 

RETURN 
END 

C THIS IS THE FUNCTION C 0,K 

COMPLEX FUNCTION FCOK(K) 

COMPLEX F,FDENOM,FDNOMC,VE(20) 

COMMON /LCE/ VE 

COMMON /LGAMAB/ VGAMAB 

L=K-1 

FCOK= 1.0/F(K)+VGAMAB*VE(1)*CONJG(VE(1))*(FDNOMC(L+2) + FDENOM(-
1 L))+VGAMAB*VE(2)*CONJG(VE(2))*(FDNOMC(L+3) + FDENOM(1-L))+ 
2 VGAMAB*VE(3)*CONJG(VE(3))*(FDNOMC(L+4) + FDEN0M(2-L)) 

RETURN 
END 

C THIS IS THE FUNCTION F(KDELTA) 

COMPLEX FUNCTION F(K) 

COMMON /LGAMAB/ VGAMAB 

COMMON /LGAM/ VGAMA.VGAMB 

COMMON /LCDELT/ DELTAV 

FKD= FLOAT(K)*DELTAV 

F= (0.5*VGAMA*VGAMB/VGAMAB)*( 1.0/CMPLX(VGAMA,FKD) + 1.0/ 
1 CMPLX(VGAMB,FKD)) 

RETURN 
END 
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C THIS IS THE FUNCTION GIVING NEW DOF IN TERMS 
C OF THE OLD DOV AND DV(1),DV(2) 

COMPLEX FUNCTION DOF(D1,D2,DOV) 

COMPLEX COK.D1,D2,FCM1K,FCM2K 

DOF= 1.0/( FCOK(O) + 2.0*REAL(FCM2K(0)*C0NJG(D2)/D0V +FCM1K(0)* 
1 C0NJG(D1)/DOV) ) 

RETURN 
END 

C THIS IS A FUNCTION TO GIVE THE CORRECT DV(K) USING 
C DOV AND POSITIVE K'S 

COMPLEX FUNCTION DF(K) 

COMPLEX DV 

COMMON /LCD/ D0V,DV(100) 

IF(K) 10,20,30 

10 DF=CONJG(DV(-K)) 

GO TO 40 

20 DF= CMPLX(DOV.O.O) 

GO TO 40 

30 DF= DV(K) 

40 RETURN 
END 

C THIS IS THE FUNCTION FC2K 

COMPLEX FUNCTION FC2K(K) 

COMPLEX FDENOM,FDNOMC,VE(20) 

COMMON /LGAMAB/ VGAMAB 

COMMON /LCE/ VE 

FC2K= VGAMAB*VE(3)*CONJG(VE(l))*(FDNOMC(3+K) + FDENOM(1-K) ) 

RETURN 
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END 

C THIS IS THE FUNCTION FC1K 

COMPLEX FUNCTION FC1K(K) 

COMPLEX FDENOM,FDNOMC,VE(20) 

COMMON /LGAMAB/ VGAMAB 

COMMON /LCE/ VE 

FC1K= VGAMAB*( VE(2)*C0NJG(VE(1))*(FDN0MC(2+K) + FDENOM(1-K))+ 
1 VE(3)*CONJG(VE(2))*(FDNOMC(3+K) + FDEN0M(2-K)) ) 

RETURN 
END 

C THIS COMPLEX FUNCTION IS TO PREVENT COMPUTING ANY CJK(J,K) MORE 
C THAN ONCE. 

COMPLEX FUNCTION FCJK(J,K) 

COMPLEX C(5,100),FCOK,FC1K,FC2K,FCM1K,FCM2K 

LOGICAL DIAG1,USE(5,20) 
COMMON /LDG/ DIAG1 

COMMON /LCUSE/ USE 

C HAS THIS COMPLEX FUNCTION BEEN USED BEFORE? 

C IF DIAG1 PRINT OUT J,K 

C IF(DIAG1) WRITE(5,1005) J,K 

C IF K GT. 20 COMPUTE FUNCTION UP TO K=100 

IF(K.GT.20) GO TO 20 

10 IF(USE(3+J,K)) GO TO 30 
USE(J+3,K)= .TRUE. 

20 IF(J.EQ.-2) C(1,K)= FCM2K(K) 
IFlJ.EQ.-1) C(2.K) = FCM1K(K) 
IF(J.EQ.O) C(3,K)= FCOK(K) 



IF(J.EQ.I) C(4,K)= FC1K(K) 
IF(J.EQ.2) C(5,K)= FC2K(K) 

30 FCJK= C(3+J,K) 

RETURN 
2000 FORMAT(1X,2I4) 

END 

C SAMPLE DATA FOR 3 MODE UNI RING 

$DATA NSTAR=5, DELTA= 150.0, XFRST= -150.0. XLAST=-140.0, 
NSTP= 11, RLXO= 1.1, LG(4)=0,LG( 10)=0, 
Y(1)= 0.133, Y(2)=0.1404 ,BRING=.FALSE.,WIDTH=1010.0 , 
LG(8)=0 ,LG(9)=1 ,STEP=50. N=2,Y(3)=0.133,MAX=10, 
LG(1)=1,Y(4) = 0.0,GAMMA=100.0,GAMA=20.0.GAMB=40. 0, 
START= -2000.0 ,LG(6)=0 ,Y(5)=0.0,Y(6)= 0.0 ,STOP=2000.0 
IPC=1,FMAX=0.001,APUL=0.0,DLPUL=+0.0,EFREQ=0.000001. 
ZERO= 0.000001 ,MAXFE=4 ,NEWTON=.TRUE. ,COUPL=.FALSE., 
APPROX=.FALSE. $ 
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