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ABSTRACT 

To determine the role of the thermal gradients and 

the electron wind in the failure of thin film aluminum 

conductors, an attempt was made to correlate void formation 

in time and space with particle density depletion. Experi

ments were performed oh both uniform and tapered conducting 

strips for various current densities, sample thicknesses 

and thermal conditions. The tapered strip proved to be more 

suitable for void formation studies, A significant part of 

this investigation was the measurement of the thermal 

profile along the tapered conducting strip. When the results 

of the thermal measurements were used in the solution of the 

particle density diffusion equation, a good correlation was 

obtained between particle density depletion and void forma

tion, Because of these experiments, statements then could 

be made as to the range of values and importance of tempera^ 

ture gradients, the absolute temperature and current 

densities in the electromigration phenomena, as well as the 

subsequent failure rate in thin film aluminum conductors, 

In addition, a method was originated to obtain the value of 

2 DQZ* and the effective activation energy from a single 

experiment. 



CHAPTER 1 

INTRODUCTION 

1.1 Dissertation Objectives 

It is the intent of this study to investigate the 

phenomena underlying the formation of voids, as caused by 

the electromigration process, and to explore the subsequent 

failure rate in thin films. It is not the objective of this 

study to simulate exactly the conditions and geometries 

which are most prevalent in integrated circuitry, but, 

rather, to make a general study of the phenomena—in order 

to account for the major factors leading to void formation 

and subsequent failure. The major effort is to establish 

the role of the thermal gradient and current densities in 

the void formation. 

1.2 History of Electromigration 

The phenomena of current-induced mass transport 

(Electromigration) has been identified to be the cause of 

failure in aluminum thin-film conductors used in integrated 

circuitry, This phenomenon had been investigated for many 

years before it became of concern to the electronics 

industry, 

The first studies that dealt with the transport of 

atoms in metals interpreted this movement as caused by an 

1 
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interaction of positive ions with a static electric field 

(1). This analysis proved to give erroneous answers, 

because, in certain cases, the metallic ions migrated toward 

the anode (2, 3, 4, 5). In effect they neglected the 

"force of friction" which was exerted by the electron flux 

on the ions, tending to displace them toward the anode. 

However, such a force had been envisaged in the older 

theories, which treated qualitatively the diffusion in an 

electric field (6, 7). Wagner appears to be the first to 

establish a complete theory, taking into account both the .. 

electrostatic and frictional forces (8), Since Wagner's time, 

numerous new theories have been proposed for the quantita

tive description of the electron transport phenomena in 

metals. These theories can be placed into two categories; 

In the first, the problem is treated in a phenomenological 

manner, utilizing the methods of the thermodynamics of 

irreversible processes (Klemm £9], Baranowski [10], 

Belashchenko and Zhukovitsky [11]). In the second case, the 

diffusion due to the electric field is treated on an atomic 

scale, by the semi*-classical theories of the transfer of 

momentum (Fiks [12], Huntington and Grone I13J), or in the 

more rigorous manner of calculating these forces Cconsider'-

ing different types of defects) by the means of quantum 

mechanics (Bosvieux and Friedel 114])f 

Numerous works have been published relative to the 

effect of the electric field on the mobilities of metallic 
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ions. The standard approach has been to treat this effect 

as a coulombic force with an effective charge. The 

quantity usually measured is the effective valance of the 

ion? this quantity supposedly encompasses all the effects of 

the electric field (that is, the electrostatic effect and 

the interaction of the charge carriers with the ions). 

Treating the transport of matter under the influence 

of a dc current in this manner is quite similar to diffu

sion. The velocity of atoms, v_, is described as the cl 

product of the effective mobility of the moving atoms 

and of the force P acting on the atoms (note that this 

differs from the usual conversion v = yE, E being the 

electric field intensity), 

va = (1.1) 

If now this movement is treated as a random walk, 

with a preferred direction and an Einstein relation used, 

the relation 

va ~ £t ' F exists« CI. 2) 

D is the diffusion coefficient of the moving atomic 

species, at temperature T(.°K) at which the transport is 

occurring. The force may then be written (12, 13), as 

the product of the effective charge Z* on the atomic 

species and the electric field E, which is applied to the 

conductor, The above equation becomes 



Va = D/kT • 2*eE a (1.3) 

va = D/kT • Z*epJe (1.4) 

In these expressions, e is the charge of an electron, p is 

the resistivity of the conductor and Je the electron current 

density. The last equation is better suited to the problem, 

because it expresses the proportionality between atomic 

movement and charge carrier flux. If the motion of the 

atoms is assumed to occur by a lattice diffusion process, 

which is characterized by an activation energy Q specific 

to the metal being studied, the temperature dependence of 

the diffusion coefficient D (from Eg* II.4J) is given by the 

Arrhenius relation, 

Dq is the diffusion coefficient at the limit of an 

infinitely high temperature. In a number of electromigra-*-

tion studies of copper (15), aluminum 116), silver (.17) , 

tungsten (18) , and lithium (19), the activation energy was 

obtained from Eq, (1,4) by plotting lnIva/JeJ versus 1/T and 

assuming that p/T was not a function of temperature (20). 

These experimental plots were linear, from which the 

activation energies could be obtained and the correspondence 

between lattice diffusion and electromigration demonstrated, 

Based on these experiments, which demonstrated an 

apparent equality of the activation energies for diffusion 

D = DQexp(-Q/kT) CI. 5) 



and for electremigration, the mechanism of motion might be 

treated in the same manner for both cases. Then, from 

acquired knowledge about diffusion mechanisms, the inter

action between atoms and electrons (.which causes electro-

migration) could be analyzed. In the close-packed metals, 

such as copper, silver, gold, and aluminum, which have a 

free centered cubic structure, lattice diffusion is known 

to occur by a vacancy mechanism (.21) —both in the case of 

self-diffusion (e.g., copper in copper) and for substitu

tional impurities. 

For the simple absolute rate theory (.22) , as in 

Figure 1.1, the crosses represent atoms, and the circle at-

B a vacancy; an elementary step in electromigration will 

occur when the atom at A and the vacancy at B exchange 

positions under the influence of moving charge carriers 

(electron are moving from-left to right). In order for this 

to happen, the atom at A must squeeze in at 0 between the 

atoms C and D. Position 0 is known as a saddle point, 

because once an atom, as a result of thermal vibrations, 

has moved into position 0, it is as likely to return to its 

original position A as to move forward into position B, 

However, if current is passing through the conductor, an 

atom at the saddle point configuration, under the influence 

of continuous electron bombardment, will have a greater 

chance of moving into B than of returning to its original 

positiont The magnitude of this effect has been calculatedr 



X X X 
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X X 0 
A 0 B 
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D 

Figure 1.1. Simple Absolute Rate Theory Configuration 

so that by summing up the field-ion force and electron-wind 

effect one obtains the relation (12, 13, 14) 

where p is the resistivity of the metal, p^ the excess 

resistivity contributed by moving atoms and N the total 

number of atoms. The excess resistivity is that of atoms 

at the saddle point, surrounded by two half vacancies on 

each side (at A and B in Figure 1.1). There appears to be 

no way of experimentally determining this .pseudo-quantity 

independently of electromigration. However, electromigra-

tion studies, conducted with a number of metals, indicate 

that the resistivity of such a complex (atom of the saddle 

point plus two half vacancies) is about the same as that of 

an isolated vacancy* For example, electromigration in 

aluminum gives a p^ of approximately 3 x'lO"^ ftcm (16)t 

whereas quenching experiments give about the same excess 

resistivity (23), When the electron wind effect 

z* = Iz(PdN/PNd"2» (1.6) 



predominates, it appears that it is not difficult to dis

tinguish it from the field-ion force; however, in metals 

which are hole conductors, the distinction is somewhat more 

ambiguous. 

1.3 Electromigration in Thin Films 

The electromigration phenomena in thin films can be 

treated as was done for bulk, with the exception that it 

appears (.24, 25) that some of the mass transport does not 

occur through lattice diffusion, proceeding, instead, along 

the grain boundaries separating (or joining) one crystal 

from (to) another. This is particularly likely to happen 

to thin films, because their grain size is small and the 

boundaries abundant. In addition, this conclusion was 

confirmed by an experiment (26) which shows that single 

crystal aluminum thin-film conductors are practically 

unaffected by the same conditions of current density and 

temperature which induce rapid failure in the usual 

polycrystalline films. The activation energy of thin film 

aluminum at grain boundaries appears to be about one-half 

(24, 25, 26) that of lattice diffusion, thereby making the 

former dominant at any one temperature. 

Because of very small cross sections, and the 

excellent thermal cooling which is obtained for thin films 

conductors (.especially when deposited over silicon 

substrates) it is possible to subject such conductors to 
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the passage of current with extremely high current 

6 2 
densities (over 10 A/cm ) without reaching melting tempera

ture. Failure will occur when enough voids at any section 

have been formed by the electromigration phenomenon to 

2 cause the temperature to rise (due to I R losses) to the 

melting point. 

The formation of a void appears to be related to 

the vacancy accumulation density (actually in this study 

the particle depletion will be considered instead). This 

accumulation will take place wherever there is a negative 

divergence in the mass flux. Divergence will occur at any 

point where there is a variation in the electronic current 

density, a variation in temperature, a structural 

irregularity or a change of conducting material, Un^ 

doubtedly a condition in which either of the latter two 

occurs will be accompanied by one or both of the first two 

conditions, 

1.4 Preview of Dissertation Work 

In this study an attempt is made to correlate the 

observed void formation to the time dependent solution of 

the divergence of particle flux, obtained from the transient 

solution of the particle density diffusion equation. Most 

of the observed void formation studies reported in the 

literature deal with abrupt junctions in thin strips, where 

the fracture occurs at the cathode. The abrupt junction 



experiment is not well suited to investigations of void 

formations, because of the extreme variation placed on the 

current densities at the junction. An experiment better 

suited for this study is that of varying the current 

density in a gradual manner, observing the void generation 

with time. 

Solutions to both the uniform strip with abrupt 

junctions at its ends and a tapered strip with an abrupt 

junction at the anode end are calculated by an analytical 

treatment and a numerical treatment. The numerical method 

(the method of finite elements) is us^d because solutions 

by an analytical treatment could not be obtained (.it 

appeared) when temperature variations along the strips were 

considered. These temperature variations turn out to be of 
» 

vital importance to the objective of this study. 

In addition to the experiments performed on void 

formation, temperature measurements were taken along the 

strip by the use of a radiometer. These measurements 

involved a rather major effort in themselves. 

Finally, an attempt is made to advance some theories 

of void formation based on the observations of this 

investigation, 

1.5 Dissertation Achievements and Suggestions 

A significant achievement of this study has been 

the correlation obtained between the expression for the time 
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dependent particle depletion and the observed formation of 

voids. Due to this correlation, a hypothesis concerning 

void formation and rate of failure could be proposed. In 

addition, positive results were obtained in measuring the 

effect of a magnetic field on electromigration. 

Measurements made to obtain a thermal profile 

revealed that there exists an almost one-to-one cor

respondence between the measured radiation level profile 

along the strip and the rate of void formation along the 

strip. It appears that a measurement of the variation of 

radiation and its absolute value is a more exact method of 

predicting the failure rate of a conducting strip (due to 

electromigration) than predictions based on current density 

and temperature. 



CHAPTER 2 

MACROSCOPIC FOUNDATIONS 

2.1 The General Macroscopic Problem 

The first analytical treatment of this problem will 

be to describe the atomic movement, which is proposed to be 

the cause of the macroscopic aspects of the problem—such 

as gross voids, hillocks and fractures in the conducting 

path. The common treatment, in dealing with the macro

scopic aspects of the electron wind, involves describing the 

atomic movement in terms of the flux of atomic particles. 

This flux expression can be derived from an atomic model in 

which movement is considered as a stochastic process. Still 

another treatment considers the thermodynamics of irreversi

ble processes and the resulting phenomenological equations 

for the particle flux (.27) . These treatments make the 

approximation that equal numbers of particles and anti*-

particles Cor vacancies) are moving in opposite directions, 

2.2 Justification and Limitation of the 
Macroscopic Analytical Treatment 

As stated in the introduction, for the face centered 

cubic structure class, of which aluminum is a member, 

lattice diffusion is known to occur by a vacancy mechanism— 

both in the case of self diffusion and for substitutional 

11 . 



impurities. In thin film aluminum it appears that this 

diffusion also takes place at grain boundaries, 

The primary objective of this study is to examine 

void formation due to high current densities. However, 

since atoms are migrating away from the areas where voids 

are being formed, there is a accumulation of atoms in the 

opposite direction, or anode area, of the conducting strip. 

In fact, this accumulation can be visually observed in the 

form of metallic deposits called "hillocks." It is also 

presumed that many interstitials accumulate in this area. 

Because of this accumulation, or actually supers-saturation, 

the simple picture of a number of particles moving in one 

direction and equal number of vacancies moving in the 

opposite direction appears questionable in these areas. As 

a result, if this treatment is used in these regions, 

vacancy annihilation operators must be introduced to 

simulate the formation of hillocks and interstitials. 

There is also the question of vacancy traps in the 

areas where vacancies accumulate. There are probably some 

traps at grain boundaries, but for high electron wind 

effects the voids being formed probably account for most of 

the vacancy traps or sinks<-*-that is, traps as concerns the 

movement or diffusion of vacancies, Voids do not always 

represent traps, since in some cases voids will become 

partially or completely filled with metallic atoms^r-or the 

voids themselves will move; but for most cases it appears 
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that voids can be considered as vacancy traps. The areas 

most doubtful for a simple treatment are those wherein void 

population grows to the extent that a fracture develops 

across the conducting strip. 

In thin films with many irregularities, it appears 

that any description of migration will be coarse. In using 

the expressions to be derived, the medium will be treated 

as homogeneous, with the medium parameters taken as statis

tical averages. 

Because diffusion is customarily described in terms 

of temperature, the dependence of diffusion on temperature 

is an essential concern in describing the atomic flux 

expressions. This dependence will be discussed in the last 

portion of this chapter, 

2.3 Diffusion Derived from an Atomic1 Model 

Consider a system, which is homogeneous and where 

the movement of atoms in a given coordinate system is pre

dicted by a distribution function f(x,t,c(x)). That is, a 

stochastic process is being considered with a random 

variable X, said variable being indexed by time and the 

atomic concentration, c(x), Consider the flux, during the 

interval of time 0 to t, which travels through the unit 

surface of the plane xQ (Figure 2,1), having originated from 

a small incremental volume between the planes x and x + dx 

at time 0. The number of atoms crossing the plane xQ from 
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c(x) 

x x+dx 

Figure 2,1, Atomic Movement 

the left, due to this incremental volume, will be equal 

to the product of the initial number of atoms times the 

probability of these atoms crossing the plane xQ when their 

distance from xQ is greater than xQ - x. That is 

dNT = c(x)dx f  f(X,t,c(x))dx 

v* ~ 

C2.1) 

For all of the contributions from elements x, x+dx, the 

total number crossing xQ from the left will be 

*o • -
N- = f c(x) { / f(X,t,c(x))dx> dx 

xQ-x 
C2.2) 

A similar argument will show that the total number crossing 

from the right will be 

X r>X 
o 

NR = / c tx) { / f (X,t,c lx) )dX} dx C2.3) 
TOO 
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Then, the net flux crossing xQ during time t is equal to the 

difference of these expressions. If the distribution 

function is expanded into a Taylor series of the atomic -

concentration as 

f[X,t,c(x)] = f[X,t,c(xQ)] + l||] [c(x)-c(xQ)] 
o 

2 
+ i [2-4] [c(x)-c(xn2 + ... (2.4) 

3c o 

and the atomic concentration, in turn, expanded in a Taylor 

series about x-x . as o 

2 
o(x) = c(xQ) + (ff) (x-xQ) + i  (|-2) (x-xQ)2 ... , (2.5) 

o o 

then, 

f[34,t,c(x)J - f lX,t,c(.xQ)] + [|§] [(§£) tx-xQ) 
o o 

+ i  i^-f) (x-x )2 + ... ] 
8x2 o 

2 2 
+ I I iff) lx-xc)2 (2.6) 

3c o ° 

Next, if we replace c(x) in (2,2) and (2,3) with the Taylor 

series for c(x) and then take the difference, we get 

[Appendix A, Eq, (A. 6)] 
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J(x t) = cfx ) - (—) >) - c(x ) —I 3 y<X^)> J  I X 0 t J  C t X Q j  t  l 3 x J  t  C I X Q J  3 x  a c  I  t  I  
O 1 o 

+ 1 (^l) <|!i+ (|£,*|_ (-^>0+ ... • (2.7) 

If the gradient concentration (which is the self diffusion 

term following the law of Pick) is retained, and all higher 

derivatives are neglected, the flux term reduces to 

JC*0.t> = c(*0) - l|£, fc C^)l -  ̂  iff) (2.B)-
o o 

If the second moment, or variance of displacement with time, 

is described as a diffusion coefficient (that is, D = 

(x2)/t), then 

(X) 
j(*0,t) = ctx 0l 1-^-- (|f) ||] - o c|f) (2.9) 

o o 

Now, if it is assumed that the presence of a high current 

density produces a gradient in concentration, then the first 

term is made up of components representing an effective 

velocity minus the product of the variation in diffusion 

constant with concentration times the gradient. These 

components can be lumped together as a second effective 

velocity, yielding 

J(x,t) = veffc(xQ) -dc|§ ).. (2,10) 
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If this flux is caused by an electric field, S, associated 

with the conducting current, then the above equation can be 

described in terms of an effective mobility as 

H  ̂ri 
J{xQ,t) = -UeffE*c{xQ) - D )• (2.11) 

o 

Note that in the above derivation the assumption was 

made that the current density produced a gradient in 

concentration. In Chapter 3 the effective force on the I 

atomic particles (or anti<-partides) that produces this 

gradient will be derived, Le Clair's (28) work should be noted. 

2.4 Temperature Dependence of the 
Coefficient of Diffusion 

For most metals it is well known that the variation 

of the coefficient of diffusion, D, with temperature 

follows the law of Arrhenius, 

D a vexpC"ED/kTl 12,131 

where ED is the activation energy and V is an effective 

vibration frequency of the atom. Verification of this law 

is demonstrated by plotting log D versus 1/Tt The slope of 

the resulting linear plot establishes the activation energy, 

Early derivations (29) of the coefficient of 

diffusion, D (for diffusions in crystals), were based on the 

absolute rate theory borrowed from chemical kinetics, In 

these treatments, D is expressed in the form 
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D « vexp(-AF/kT), where AF is the height of the free-energy 

barrier that the atom must surmount to pass to the adjacent 

site. . The limitations of this theory include the infinitely 

slow (and unrealistic) motion over the barrier, so that each 

intermediate state is defined in a thermodynamic sense, and 

the imprecise definitions of the parameters v and AF; thus, 

the theory provides little insight for a fundamental 

calculation of D. 

Rice (30) and Manley (31) have presented a 

"dynamical" theory of diffusion, which emphasizes the 

microscopic character of the jump process. Here, D is 

developed by going over to normal coordinates, using the 

fact that these independent coordinates obey random variable 

theorems. By transformation the statistics of the atomic 

coordinates can then be obtained to evaluate the proba

bility per unit time that the migrating and surrounding 

atoms obtain spatial amplitude displacements from their 

rest positions; said displacements allow the migrating atom 

to jump. This approach avoids the direct use of equilibrium 

statistics (employing, instead, random variable arguments 

for the independent normal coordinates, and placing no time 

restrictions on the jump), 

Glyde (32) has shown that, if, as in the earlier 

works, fluctuations were considered that carried the system 

to a definite configuration (e,gtf the relaxed saddle-rpoint 

configuration), then the dynamical and rate theories have 
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the same formal content. That is the inverse exponential 

dependence on inverse temperature and the dependence of 

m~for a diffusing species of mass m; however, many of 

the surrounding atoms are displaced during the jump. 

An exact description of displacements appears to be 

unrealizable for the present study, due to the irregi;-

larities of the thin film structure, as well as the fact 

that diffusion is taking place primarily at the grain 

boundaries. Nevertheless, it appears reasonable to assume 

that the dependence of diffusion on temperature will have the 

same functional relationship as has been described by the 

"dynamical" theory of diffusion in solids. Experiments which 

were performed to measure the activation energy in thin film 

aluminum (24, 25) reported values around 0.6 ev, which is 

about half that of bulk aluminum. Again, this difference 

was attributed to the fact that diffusion was mainly taking 

place at grain.boundaries in thin films! 

2.5 The Phenomenological Equations 

The expression for the particle flux, Eq. C2.11i, can 

also be derived by utilizing the methods of the thermos-

dynamics of irreversible processes £27, 33), The 

phenomenological equations for the particle and heat flux 

are derived by starting with the Gibbs• relation Csee 

Appendix A) and deriving the rate of free entropy in terms 

of the heat and particle fluxes. Next, Onsagerls reciprocal 
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relations (34, 35, 36) are applied, and the Curie Principle 

utilized to obtain expressions for heat and particle fluxes 

in terms of the Onsager coefficients and particle chemical 

potentials. Finally, applying the Gibbs-Duhen relation, the 

flux expressions reduce to [Appendix A, Eqs, (A.21), (A,22)] 

(1) (2) 
L k L L — _ au _ au ae „ ̂  a Ja = - grad na - _ (qa - — qe) grad $ 

(3) 
Lacr ' 

+ -§2- grad (T) (2.14) 

and 

(4) (5) 

Ja = " n^~ 9rad na ^ (qa - qc) grad <j> 
a qa 

( 6 )  

+ -I2- grad (T) (2.15) 
T 

where are the Onsager coefficients, q^ and q^ are the 

electronic and solute atom charges respectively, <f> the 

electric field potential, na the particle concentration and 

k is Boltzmann's constant. 

These are the phenomenological equations of interest 

for the present study. The components of the particle and 

heat flux can be described in the following manner; 
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1. The first term in the particle flux expression can 

be easily recognized as the component of self 

diffusion, so 

L k 
= D 

na 

2. The second term is the so-called electronic migra

tion force, made up of components of force due to 

the electric field on the metallic ions and the 

interaction of the electronic current and metallic 

ions. 

3. The third tern of the particle flux is due to the 

contribution of heat from particle diffusions. 

4. The first term of the heat flux is also due to the 

contribution of heat from particle diffusion and 

from the Onsager relationship L^a = Lag» 

5. The second term of heat flux is the contribution to 

the heat flux from the defects, That is, in this 

case, vacancies, 

6. The last term in the heat flux expression can be 

easily recognized to be a heat expression, where 

L 
grad (T) = Ke grad (.T) . (.2,17) 

If the flow of heat due to particles is neglected 

(this is a good approximation for aluminum 137])f then, 

inserting Eg. (2,16) into Eg, (.2,15), the particle flux 

becomes 
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Ja = -Da {grad na +2jjfna E}, (2.18) 

where 

z* - " e7? v i-
cici 

2.6 Comparison of Atomic and Phenomenological 
Flux Equations 

The two flux expressions derived above can be 

restated as 

Ja(Xft) = -D grad (na(x,t)) - peff na (x,t) E (2.12) 

and 

-  D  e Z *  
Jg(x,t) « -Da grad (n^(x,t)) |kT n'd (2.18) 

where the diffusion coefficient D and effective mobility 

^eff Ec^* (2.12) are the second and first moments of the 

displacement with time of a random walk with a preferred 

direction, and their counterparts in Eq. (2.18) are related 

to the Onsager coefficients and chemical potentials of the 

thermodynamics of irreversible processes. That is, the 

effective mobility is the first moment, if the derivative 

of the diffusion coefficient with concentration is assumed 

to be zero. This appears to be a reasonable assumption for 

this phenomenon. The diffusion coefficient can also be 

interpreted as a velocity autocorrelation function, because 

the spatial moment is divided by time (t) in the definition 

of D, This definition of D as a velocity autocorrelation 
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function is referred to as the Einstein relation by some 

authors. Although Einstein did not write this relation, it 

seems to underline part of his argument. 

Although the atomic treatment is preferred by this 

author because of its generalistic approach, the 

phenomenological flux expression is better suited for 

macroscopic evaluation of experiments performed in this 

study and' comparison with other investigations. As can be 

seen by equating the second terms of these two expressions, 

the approach of considering the phenomenon as probabilistic 

and utilizing the widely used coefficients of the 

phenomenological flux equation is in fact invoking the 

familiar Nernst-Einstein formula. The consistency of such 

an approach has been discussed in a mathematically rigorous 

manner by Emch (.38) . 

The next step in the macroscopic development is to 

invoke the conservation law for atomic species, which, 

when expressed in differential form, becomes 

~ na(x,t) + Div J^(x,t) = 0, (2.19) 

Upon introducing Eq, (2.18) into Eq. (.2.19) the resulting 

"diffusion equation" is 

(na(x,t)) « Div • [Da grad na(x,t) + a na(x,t)], 

( 2 . 2 0 )  



24 

where a » ̂  and x is a general coordinate. In Chapter 5 

the time varying solution of Eq. (2.20) is computed, and the 

compatibility of this solution with the observed void 

formation is examined. 



CHAPTER 3 

MICROSCOPIC FOUNDATIONS 

3.1 The General Microscopic Problem 

The microscopic problem involves action on the 

atomic and lattice levels proper, involving at least some 

quantum mechanics and forces on individual atoms. This 

sort of treatment is necessary for more complete comprehen

sion of the electron wind problem, as well as to complement 

the macroscopic treatment. 

3.2 Preview of the Microscopic Treatment 

As mentioned previously, the calculations of the 

force acting against different types of defects, due to an 

external electric field, was treated by means of quantum 

mechanics by Bosvieux and Friedel (.14) . Their approach 

was to assume that the electric field was sufficiently weak 

to be treated by perturbation methods. The conduction 

electrons are assumed to be free electrons in the Hartree 

approximation. The electric field produces a modification 

of the electron density function in the Fermi sphere (direct 

polarization), as well as displacing it (indirect polariza

tion) , This approach is not entirely original with BFy in 

fact, it follows the treatment of the pseudopotential theory 

of metals (Harrison 139]). The problem of screening by an 

25 
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ideal electron gas was first treated by Bardeen (40) in a 

paper on the electron-phonon interaction, and more recently 

by Lindhard (41), who introduced the concept of a 

dielectric function to represent this screening. 

The approach is concerned with the charge density of 

the electron screening of the coulomb field of the nucleus, 

so that each electron experiences a modified field, which 

is calculated in the Hartree approximation (neglecting 

exchange and correlation) by an iterative process to achieve 

self-consistency. In a similar manner, the pseudopotential, 

including the screening of a vacancy by the conduction 

electron gas, can be calculated. 

The periodic lattice structure, allowing for the 

single-particle wave function via Bloch's theorem, does 

raise questions when dealing with impurities in the lattice 

structure. For the present study the impurities are assumed 

to be vacancies, with the density of vacancies much less 

than that of the atoms, Therefore, the periodic lattice 

will be used, and the surface and boundary effects present 

in thin films neglected. 

The following derivation follows the physical 

approach taken by Bosvieux and Friedel (14) in developing 

the force on a defect; however, the mathematical development 

is different. 
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3.3 Force Acting on an Impurity 

The expression for the force F(rQ) on an impurity 

excess charge Z*e, at site rQ, with respect to the 

the impurity of excess valance Ze located at site 0, with an 

electron screening charge density p (r), is given by the 

coulombic force 

z* P(r). (r-r ) 

Here, F(rQ) is described in the MKS system, and e is the 

permittivity. 

An examination of Eq, (3.1) will reveal that this 

integral has the form of the convolution identity of Fourier 

transforms. That is, if a Fourier transform was taken on 

F(r0)/ such that 

i _ -iK*r_ d,r 
F(K) = f  F (r ) e ° 3 °3, (3.2) 

vc ° (2TT) 

where the unit volume, v„, has been introduced for dimen-c 

sional equality, and K is the scattering vector (which for 

a U-process equals the sum of the reciprocal lattice vector 

and the phonon wave vector), then F(K) can be expressed as 

F(K) = P(K)I0(K), (3.3) 

with 
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where I^(K) is calculated in Appendix B. Hence, from Eq. 

(3.3) and Eq. (B.3), the force F(rQ), can be written as 

iZev iK* r~~ 
F(?o) = ~T^ f K~ e cos6Kd3K, (3.5) 

with 0K being the angle between K and the direction of 

either the external electric field E or the temperature 

gradient VT, or a combination of both. 

In particular for this study, if the force acting on 

the impurity itself is considered (and the impurity is taken 

as a vacancy), then 

iZev . 
F(0) / £1£L Cos0Kd3K. (3.6) 

It remains to develop an expression for p(K) and then the 

desired force. 

3.4 Calculation of p (K) 

The perturbing potential V(r), due to the impurity, 

may be expressed as a sum of the self^consistent potential 

VQ(r) of the impurity in a field-free matrix, and a potential 

V'(r), which represents the modification of VQ(F) due to the 

external fields, namely 

V(R) = VQ(F) + V' (r) , (.3.7) 

For the purposes of a self consistent calculation, 

the relationship between the perturbing potential V(r) and 

the screening charge density p CK) can be expressed by 
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Poisson's equation 

V2V(r) = - ̂  (p(r) - Zefi(r)). (3.8) 

The second term on the right is the bare perturbing charge 

of the impurity with excess charge Ze, and 6(r) is the 

familiar 3 dimensional spatial delta function. 

•Equation (3.8) can be expressed in terms of the 

scattering vector K by performing a Fourier transformation 

to obtain 

VCK) = -4- (P(K) ——y) R C3.9) 
K e v (2tt) 

w 

where the unit of volume, v , again appears for dimensional 
w 

equality. 

In a manner similar to the description of the 

perturbing potential, the electron distribution function, 

f (k), of the wave vector k can be expressed by a sum of the 

field free electron distribution, fQ(k), and the modifica

tion g(k) due to the external perturbations, so that 

f (k) = fQ(k) + g(k). (3.10) 

Note that these probabilistic distribution functions are 

dimensionless. 

The perturbing potential V(r) scatters the free 

electron wave function (r) to the new states ip (?) 

•k - *k + o• r • , 
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where G° is the plane wave Green's function and Y is the 

perturbing potential energy. 

Then, Ziman (42), 

" "^7 ' I >>•(?')» k(r' ) d 1 r .  
K K 27Th I r-r' I k 3 

(3.11) 

In the Born approximation it is assumed that the 

perturbing potential energy, Y*, is so small that it is valid 

to let . Also., the relationship between the energy 

/'(r) and the potential V(F) is Ĵ (r) = eV(r) . 

Hence, the first order contribution of the k 

electrons to the screening charge density is 

Pk (?) = [*£ (?) *k (?) - (?) <Pk (?) ] S_ 

C 

a - —1^w— / V(r1 )exp[ik* (r-r1} ] exp ^ — ^ 2 -  d « r '  
2ttf\ v |r-r' | c 

+ C,c, (3.12) 

with (r) A exp{ik*r}. 

The total electronic charge density is the sum of 

the contributions of all the k electrons 

v
c 

p (r) = / f (k)pkCr)d3k, (.3.13) 
4tt 

3 
with v_ again being a unit volume, and 4tt xs the magnitude c 

of the volume in K^space per allowed K-vector. 
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If Eq, (3.12) is inserted into Eq. (3.13), and the 

descriptions of V(r) and f(Jc) (Eqs. [3.7] and [3.10]) are 

used, then 

2 „ _ 
p (r) = - -E|f f  (VQ (r') + V*(r'-)) (fQ(k) +g(k)) 

8tt h 

• exp{ik-(r-r1)} exPtlkl?"r'11 a,kd,r' (3.14) 
|r-r*| 3 3 

It is clear that Eq. (3.12) can be separated into 

four integrals. Hence, the electronic charge density, p(r), 

can be expressed as the sum of the free electronic charge 

density and the deviation from this due to the perturbations 

in the vicinity of the impurity. 

This can be written as 

- p (r) = pQ(r) + px(r) + P2tr) , (3.15) 

where 

1. pQ (r) is the screening charge density at a point r, 

in the absence of external perturbations. 

2. the modification of this screening charge 

arising from the scattering of the non-displaced or 

isotropic electrons [fQ(k) distribution] by the 

deviation from the impurity potential V1(r). 

3. £>2^ modification of this screening charge 

arising from the scattering of the displaced 
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electrons Eg(k) distribution] by the impurity 

potential VQ(r). 

The fourth term arising from the scattering of the 

displaced electrons by the V1(r) potential is a second order 

effect and will be neglected. 

Note that the charge as expressed by Eg. (3-14) is 

not the desired screening charge in K space. As a result, 

a Fourier transform will be taken on Eq. (3.14) to obtain 

the desired charge. 

In addition, if the consistency of the potential 

VQ(r) with PqU7) is taken into account, Eq. (3.7) can be 

factored so that 

(P0(K> - SZ 
3) 

v (2tt) . 
V <K) = =-2- (3.16) 
° K e 

and 

~ _ Pi(K) + p2W 
V* (K) = — 5— . (3.17) 

K e 

If the first term of the screening charge density, 

PQ(K)r is inserted into the force expression (Eq. [3.5]), 

the force on the impurity without external fields can be 

calculated. However, for this study the force due to the 

external perturbation is of interest. This can be obtained 

by inserting the sum of the deviation terms, (K*) and 

P2CK) into the force equations. 
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In the sections to follow, the individual terms of 

the screening charge density (pQ(K), p^(K), and P2(K)) will 

be calculated, followed by a section in which the forces 

arising from these terms will be considered. 

3.4.1 Calculation of pQ(K) 

From Eqs. (3.14) and (3.15) pQ (r) can be expressed 

as 

me2 
f f  V (r') exp{ik* (r' -r) }exp ^ p (r) = 

8tt h  v lr-r' 

• d3kd3r* + c.c, (3.18) 

Where |k| < kp and f0(k) is taken to be uniform over the 

Fermi sphere. 

Integrating over the Fermi sphere, we get from 

Eq. (B.5) (Appendix B) that 

me2k? _ j,(2kp|r-F' |) 
p fr) a - / V (r') — * 5— d-r\ (3.19) 
° 2TT fj ° |r-F' | J 

where j^(x) is the first spherical Bessel function 

• d -sinx. 
^i'x' • - ̂  (—»• 

The assumption is made here that the Fermi surface 

is spherical; this is a crude approximation for aluminum. 

In taking the Fourier transform of Eq. (3.16), the 

same convolution identity can be used as for Eq, (3.5). 
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Then, from Appendix B, Eq. (B.6), 

P0(K) = -g0(K)Vo(K)e, (3.20) 

where 

2 

90® -  frr +  l n l£f l ]  ( 3 -2 1» 
21T f\ E 

kpme" , _2 

and 

It may be recognized that the form of gQ (K) is the 

same as the Lindhard (41) dielectric function—as should be 

expected. 

3.4.2 Calculation of p^(K) 

An examination of Eq. (3.14) will reveal that P^(r) 

has the same form as the expression for pQ (r), except the 

potential VQ(r) is replaced by V'(r). Therefore, 

Pi(K) « -go(K)V'(Kje (3.22) 

3.4.3 Calculation of P2t?) 

Prom Eq. (3.14) and Eq. (3.15), P2^r' can 130 

expressed as 

2 _ 
p>2 (r) = - ~^TT ̂  V (r')gCk)expUk-tr-r')) 

8tt h 

. exp{ik|r-r'|} fl , + ^ 23) 

l r - r ' |  3 3  
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The distribution function g(k') can be obtained from 

the Boltzman linearized equation (Ziman [42]) as 

3fo, 
g(k) = - t- 3E^)f(k)Vk • h(k), (3.24) 

with 

dE
F e-Ef 

h(k) = eE + VT + ~1~-) ; (3.25) 

the external perturbation is the external field E and/or 

the temperature gradient VT, Ep is the free energy of an 

electron, T(k) is the relaxation time and is the 

Velocity of the electron in the |k) state. 

The velocity of an electron in the |k) state is 

just the gradient of E(k) in k space, so that 

V « V v « - Mkl K n k VkYk h 3k k' (3.26) 

where 

Yk - i-B(k). 

As in the derivation for PQ(r) (Eg. [B.9J), 

^2(r) = 1 V0<r,)P(r,)d3r', (3.27) 
it h  

where 

P(r') = / ' t?"F'' 1 S * h(k)]j,(k|r-r'|)sin(k|r-r'j) 
[r-r'J 

x (k) (- gg~) kzdE. (3.28) 
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Case 1. Pure Electric Field, For this case Eq. 

(3.28) becomes , 

P(r') = kpeE • ^(kp|r-r'|)sin(kpjr-r'|)x(kp) 
Ir-r'| 

(3.29) 

As was done in the calculation of pQ(K), the Fourier 

transform of P(r') is (Eq. [B.10]), 

_  . 2  _  
P2(K) = eET(kF)cos0KlJ(2kF"K,Vo(K) ' (3.30) 

2-nh 

where U(x) is the unit step function and 0p was previously 

defined. 

Case 2. Electric Field and Temperature Gradient. By 

analogy with Eq. (3.28), the value of p2(K) for this case is 

. 2 
P2tK} = - T(k)h(k) cos0KVo(K) , (3.31) 

2ti?i 

where, from Ziman (42), 

00 3 £ 
t(k)h(k) « / dE(- ̂ ) t(k)h(k) (3.32) 

K/2 

is the mean value of x(k)h(k) taken on the derivative of the 

Fermi distribution. 

3.5 Calculation of Force on an Impurity 

From the Poisson Eq. (3,16) and (3.17) and the above 

equations for the terms of the screening charge density, 



37 

the following relationships can be given! 

P2(K) - go(K)V'(K)e 

K2e 
V'(K) = — 1 , (3.33) 

or 

P2(K)/e 
v (K) - — 3—, 

(k + gQ (K)) 

so that 

,2 (K)K 
PL(K) + p2(K) = —y- 3-. (3.34) 

(k + g0(K)) 

In addition, 

eZ/ev (2tt) ̂  
V  ( K )  =  — r — ^ .  ( 3 . 3 5 )  

(K^ + go(K)) 

Substituting this into the expression for p2(K) 

(for the pure electric field), Eq, (3.34) becomes 

ieET (kT?)K2cos0-fU (2k„-K) eZ 
M K> + p 2(K) J -§ - j—, (3.36) 

(2ir) ftAgVc (K +gQ (K)) 

and 

2 

h 2 c  

(3.37) 

Thus, the force on the impurity from a position rQ, 

due to the external electric field and a modified electron 
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density, is 

Z2eET(k„) Tr„no2av xK*F 
F (r ) : / o 8K 

2 U(2kF-K)e ° d3K, 
° (2TT) tq (K +gQ (k)) F 3 

(3.38) 

with 

2 4 
1 _ e _ me 
t fit e .32* 
q q h e 

(3.39) 

A special case of interest is the pure electric 

field and rQ = 0. For this case Eq. (3.38) becomes 

A  2  eBT(kp) 2kF „3 
F (o) — 2^- f — 2 dK' (3-40) 

(4TT)^tq o (K +gQ (K)) 

which is the same form as the expression of the force given 

by Bosvieux and Friedel (14). 

This expression can be related to the macroscopic 

expression for the force given previously. The procedure 

is to .note that the differential cross-section, cf(0), is 

related to the Fourier transform of the perturbing potential 

(Wieder [43]) as 

o(.e) = 1^2-5 eV (K)v | 2 = 5—=2-, j. (3.41) 
2irh ° c (2ti) CK"i+g0 (K)) ̂ 

Then, using the familiar expression for the 

resistivity cross-section, 
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it 
An (E-) = 2tt / a (0) (l-cos0) sin0d6, 
Z P Q 

0 
or, for K = 2k-,sin 

2 3 
A.(Ep) = / —5^ rdK (3.42) 

• (4*>tje| ° [K +go(K)J 

After that, 

_ f>kp 
F(o) = —eET(k F)A z(k p). (3.43) 

3 it m 

Obviously, 

n = ~^3 T" kF (3*44) 

4 TT 

is the number of carriers comprised within the sphere of 

radius k^; hence, 

F (o) « —^ eEA_ (kp) , (3.45) 
pe 

where p is the resistivity of the pure matrix. The 

resistivity due to the impurity is defined as 

nV 
P, = ~-r (3.46) 

mZe A. 

with (the mean free path with respect to the impurities) 

given by 
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Ai = i^W' ».«7) 

being the impurity concentration. Therefore, 

pi n F(o) = Z[~) (£-)eE. (3.48) p ni 

This result predicts the same dependence on resistivities 

and impurity concentration as was mentioned in Chapter 1. 

This static force picture (said force being that 

on an impurity at a fixed position in the lattice structure) 

is quite crude. Bosvieux and Friedel (14) calculate the 

force at other positions, such as the saddle point (where a 

jump in the impurity is assumed possible), but even for that 

condition a very simple picture is being taken for the 

dynamic force situation. 

As mentioned in the beginning of this chapter, the 

microscopic treatment was presented to complement the 

macroscopic treatment and was not intended to be the major 

import of this study. There certainly remains a great deal 

of work to be done concerning this treatment, especially the 

areas of the temperature gradient and phonon scattering on 

the impurities. 



CHAPTER 4 

EXPERIMENTS AND FABRICATION 

4.1 Fabrication of Thin Film Specimens 

4.1.1 Physical Condition 

The thin films that were investigated in this study 

were deposited in a 14 inch diameter bell jar, which was 

connected to the usual type of trapped diffusion pump filled 

with silicon oil and employing a water cooled cold trap. 

The pressure could be lowered to 10 Torr range, although 

-5 an increase to 10 Torr was experienced during the deposi

tion cycle. Aluminum chips of 99.9999 per cent purity were 

evaporated in 4" tungsten boats. The rate of deposition was 

about 50 A/sec, and the source-to-substrate distance was 

approximately 8 in. The substrates were shielded from the 

sources by a shutter that could be opened and closed as 

required. The substrates were polished quartz (2"x2Mxl/16") 

that were cleaned by a chromic cleaning solution and rinsed 

by acetone and isopropyl alcohol before the deposition. 

The influence of film condensation and source 

radiation on substrate temperatures were such that a 25°C 

increase, or less, was generated (based on the findings of 

Breitweiser, Varadarajan, and Wafer 144]), Most of the 
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experiments were performed using film thicknesses of 1500 A 

or less, so the resulting grain size was of the order of the 

film thickness (45, 46). 

4.1.2 Masks Fabricated 

The layouts for ten masks made for the experiments 

performed in this study are shown in Figure 4.1. These 

layouts were etched out of the film deposited on the quartz 

substrates by means of the KMER Photoresist Procedure. The 

photographic masks used in this process were made in the 

usual way by removing the Rubylith skin on a mylar sheet in 

the areas where the aluminum was to be etched away and 

making a 20:1 photographic reduction to a photographic 

plate, by use of the Roberton Micro/Mi/Tronix Minitor 

Camera. The first 9 layouts reveal to some extent how this 

investigation evolved to the experiments on which much of 

the achievements of this study were obtained, as will be 

explained in Section 4.2. The tenth layout exhibits the 

infrared windows of the thermal profile experiment (Section 

4.3). In addition, scales of distance units were laid out 

on masks 6 through 9 to aid visual tracking of void forma

tion. The scaled units were 0.050 inches. 

4.1.3 Thin Film Optical and Resistive Checks 

The resistance of all the experiments run on the 

different thin film specimens were made either by a Gray 

standard potentiometer, type E-3044-C, or by milliampere and 
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volt meters calibrated by this potentiometer. Usually 

contacts were made by placing a small piece of aluminum 

(0.1Mx0.1"x0.06") on the film and clamping down with a 

standard alligator clip. For every measurement, trial 

contacts would be made several times to ensure negligible 

contact resistance. 

Film thicknesses were measured by depositing an 

additional layer of aluminum over the tested film and 

observing the shift of the fringe patterns at the film 

edges through a Reichert Nr308731 interferometer micro

scope. The fringe patterns were produced from filtered 

light of 5900 A wavelength. The thickness was calculated 

by determining the amount of shift in terms of the fringe 

distances {2950 A) by a sliding reticle. The estimated 

error was + 100 A. 

4.2 Failure Observations 

4.2.1 Initial Observations 

For the 9 electromigration study layouts (masks) 

of Figure 4.1, about 300 experiments were run. As mentioned 

previously, these layouts evolved as the objectives of this 

study became more definite. The initial observations on 

mask #1 revealed void formations of the cathode as has been 

reported in the literature. The experiments concerning 

mask #1 were intended to be exploratory experiments to 

determine a possible correlation between electron emission 
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and eiectromigration. Low level emission was measured for 

the high current densities that produce eiectromigration, 

but it became clear that failure due to eiectromigration 

should be investigated more thoroughly before proceeding 

with future emission studies. 

Mask #2 was laid out with the intent of measuring 

the resistance along a uniform strip as the eiectromigration 

phenomenon was taking place. Resistance was monitored 

between the four probes and the terminal ends by the Gray 

standard potentiometer. The results indicated that no 

significant change in resistance occurred before voids could 

be observed through a microscope. After the formation of 

voids began, the resistance increases in those areas where 

voids formed were in almost direct proportion to the area of 

the voids. An interesting observation of the experiments 

performed on mask #2 was that void formation took place at 

the junction of the probes and the conducting strip. In 

some experiments these void formations opened the probe 

circuit before enough voids were created at the cathode to 

cause failure. At the time that these experiments were 

performed, it was postulated that the major cause of the 

migration at the probe junction was due to the high diver

gence in current density at this junction; however, due to 

the hindsight acquired from later experiments, it appears 

that the large thermal gradient at the junction was the 

major cause. 
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4.2.2 Observations on Uniform Strips 

For the tests run on the uniform strip (mask #3, 

Figure 4.1), the results were consistent with those reported 

in the literature (47, 48, 49). That is, hillocks formed 

on the anode end and voids on the cathode. The hillocks 

appeared as long steamers following the electric field 

lines. The hillocks formed at a much earlier stage of the 

decomposition cycle than was true for the void. The first 

hillocks appeared at.the junction between the conducting 

strip and terminal strip, growing out in both directions 

along the electric field lines. At later stages in the 

cycle additional hillocks appeared on the conducting strip, 

and they grew only toward the terminals along the electric 

field lines. The first voids appeared (for most of the 

tests) at the cathode end on the conducting strip. The 

density of voids then grew toward the terminal strip with 

time, and in the final stages the creation of voids 

maximized in the terminal strip, with failure occurring 

when a fracture joining voids terminated current flow. For 

almost all of the tests this fracture approximated the equi-

potential lines in the terminal strip (Figure 4,2, a). 

Since the initial assumptions were that the maximum growth 

of voids would occur at a position where the divergence of 

atomic flux would be the highest, the position of the 

fracture appeared to-be consistent with this assumption. 

That is, the gradient of the electric field lines is a 



Figure 4,2, Photographs of Migration Sample — a.2Cathode 
of Sample 4-12-3 (Je =0.5 Megamps/cm , TRT = 
25°C, tp = 130 hours); b. Cathode of Sample 
5-6-3 {Je = 0.5 Megamps/cm"4, T™ = 200°C, 
tF = 30.5 hours). 



Figure 4.2.--Continued Photographs of Migration Sample 
c. Cathode of Sample 4-2-4 (tp = 144 hours) 
d. Anode of Sample 4-2-4 (tF = 144 hours). 
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Figure 4,2,^Continued Photographs of Migration Sample — 
e, Cathode of Sample 2-3--4 CtF = 4 minutes) j 
f, Cathode of Sample 3-3-4 (tF =35 minutes). 
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Figure 4.2, '--Continued Photographs of Migration Sample <— 
g. Cathode of Sample 4-3-4 (tp = 3 hours); 
h» Cathode of Sample 5-3-4 (tp = 27 hours). 
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Figure 4.2.--Continued Photographs of Migration Sample 
i. Fracture of Sample 4-3-5 (tp = 4 hours); 
j t Positive Terminal of Sample 4-3-5 (tF = 
4 hours). 



Figure 4,2. "--Continued Photographs of Migration Sample 
k. Surface Side of Sample 4-5-5 Ct™ = 108 
hours); 1. Substrate Side of Sample 4-5-5 
(tF = 108 hours), 
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Figure 4.2.-^-Continued Photographs of Migration Sample 
m. Positive Terminal of Sample 2-2-7 (t^ 
11 hours); n. Fracture of Sample 2-2-7 T 
11 hours). 
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Figure 4.2,'—Continued Photographs of Migration Sample — 
o. Positive Terminal of Sample 2-10-9 (t = 
1 hour)j p. Positive Terminal of Sample 2-10-9 
{.t = 9,5 hours) . 
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maximum in this reason, resulting in maximum gradient in 

mobility. In addition, it is reasonable to assume that the 

temperature gradient should be maximum in this region, 

thereby producing a maximum gradient in mobility. This 

assumption was substantiated by the fact that when the 

environmental temperature was raised to 200°C the fracture 

extended further into the terminal strip (Figure 4.2, b). 

For almost all of the experiments performed at various 

environmental temperatures and current densities, the 

formation of voids and hillocks followed a surprisingly 

similar ordering. That is, surprising considering the 

variation in structural irregularities that probably 

existed between samples. 

The electric field lines can be calculated by the 

use of conformal mapping. However, a thorough analysis 

of this model was not attempted, because the tapered model 

(Section 4.2.3) appeared to be better suited toward 

achieving the objectives of this investigation. 

Tests were also run in a vacuum at 10^ Torr, The 

mean time to failure was decreased at this vacuum at room 

temperature, compared to that at atmospheric pressure. This 
• 

result was consistent with the assumed model of the Electro-

migration phenomenon, because the heat loss by convection 

was very small, therefore the thermal gradients at the 

terminals should have been greater. The main objective for 

running the vacuum tests was to determine whether or not 
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the atmosphere was having any significant effect on the void 

formation picture. There appeared to be no substantial 

difference in the void formations between those in the 

vacuum and in the atmosphere. This is an important result, 

because most of the tests run in this investigation are 

under atmospheric conditions. This should answer to some 

degree the question as to what influence aluminum oxidation 

will have on the void formation picture. 

Alternating current tests were run at both room 

temperatures and at 200°C. No voids appeared at the 

terminals or on the strip that could be attributed to the 

assumed sinusoidal thermal profile set up along the strip. 

However, in the vacuum chamber (10 Torr) voids did appear 

at the terminals after several hundred hours, when the strip 

2 was subjected to 2.5 Megamp/cm rms (current density), As 

in the dc case, it was assumed that in the high vacuum no 
i 

heat could escape by convection; therefore, the temperature 

gradients should have been higher at the terminals. 

The strips were also subjected to a 1.0 tesla 
i 

perpendicular magnetic field, There appeared to be no 

significant difference in either the time to failure or the 

void distribution for this value of flux density. 

Table 4,1 is a table of some of the experiments 

performed with a listing of operating parameters. To 

correlate the mean time to failure with a power of current 

density would be meaningless because of the dependence of 
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Table 4.1. Parameters of Failure Tests on the Uniform Strip 

Current 
Density _ 

Megamp/cm 
Thickness 

A-

Environmental 
Temperature 
(Centigrade) 

Failure 
Time 

0.75 4000 25° 20 hrs. 

1.0 800 25° 1/2 hr. 

0. 875 800 25° 4 hrs. 

0. 625 800 25° 89.5 hrs. 

1.0 800 150° 5 minutes 

0.75 800 150° 3 hrs. 

0.5 800 150° 50 hrs. 

1.0 800 200° 6 minutes 

0.875 800 200° 45 minutes 

0.75 800 200° 1.5 hrs. 

0.625 800 200° 8.5 hrs. 

0,5 800 200° 27 hrs. 

^ 8 
Vacuum (10 Torr) 

0. 625 800 25° 8 hrs. 

0,5 800 25° 84 hrs. 



60 

failure on thermal and structural properties of the con-
* 
ducting strip, not to mention the dependence on the 

geometry involved. The temperature variation is not merely 

a function of the strip geometry but also of the thermal 

boundary problem. 

4.2.3 Observations on Tapered Strip 

The uniform strip presented several difficulties in 

analyzing and observing void formation. First, the abrupt 

junction of the cathode terminal created a maximum in both 

thermal and current density gradients, and, second, almost 

all of the voids were concentrated in a very small area at 

the cathode terminal. These difficulties led to a speculat

ion as to what void formation distribution would develop by 

varying the current density in a gradual manner. Also, it 

was postulated that by varying the current density 

gradually some insight might be obtained as to the validity 

range of the direct proportionality relation between field 

and atomic flux, as presented in earlier chapters. 

Mask #4 (Figure 4.1) was the first experimental 

layout fabricated to observe the void formation for a 

gradual current density variation. Hillocks appeared first 

on the anode side of tapered strip along the electric 

field lines, and later voids started on the cathode side-*— 

continuing to form until failure occurred along the strip 

on the cathode side (Figure 4.2, c and d). The position of 
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the fracture depended upon the magnitude of the current. 

For currents slightly less than that necessary to melt the 

strip, the fracture would appear in a few minutes, nearly at 

the point where the taper begins (Figure 4.2, e). For less 

current the fracture occurred further up the tapered 

section (Figure 4.2, f), but for still less current the 

fracture moved back down the tapered strip toward its 

origin (Figure 4.2, g and h). It should be noted that all 

of these tests were run on the same film-~but on different 

arms of the mask; therefore, the thickness, about 1000 A, 

was the same for all four arms shown. The total change in 

current from photo 6 to 9 was 50%, with the corresponding 

failure time ranging from 4 minutes to 27 hours. The 

environmental temperature was 25°C, 

These initial tests on mask #4 showed, as hypoth

esized, that the tests with a gradual variation in current 

density had more promise for void formation analysis than 

the tests on the uniform strip. At first the change in 

fracture position was thought to reveal to some degree 

where the direct relation between field strength and 

migration mobility began to fail. However, later experi-<-

ments revealed this to be a false conclusion. The major 

factor causing this change in position was probably due to 

the change in the thermal profile caused by lowering the 

current. 
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The mathematical analysis of mask #4 was complicated 

by the fact that the solutions in the three separate 

regions had to be satisfied at the end boundaries and at the 

interfaces between these regions. Although this could be 

done, it appears that the problem would be less complicated 

if the analysis were to be done on a single region, with 

boundaries such as that presented by mask #5. It was 

assumed that the void formation picture would be about the 

same for mask #5 as it had been for mask #4; the major 

differences would be at the anode end, where the hillocks 

appear. The initial tests on Mask #5 confirmed this 

assumption. 

Figure 4.2 (i and j) reveal the fractures caused 

by voids, as well as the streamers along the electric field 

lines at the anode terminals (.these streamers are the 

hillocks), Thirty-^five tests were run on this mask, and, in 

general, the results were the same as those mentioned for 

mask #4, Tests on different thicknesses revealed that at 
O 

thicknesses of 4000 A or more some of the voids would not 

penetrate through the strip, In addition, there were a 

greater number of voids on the surface side than on the 

substrate side. This phenomenon is illustrated by Figure 

4,2 (k and 1), which are photos of the two sides of the same 

strip. For thicknesses of 4000 A the grain sizes are of the 

order of 2000 A; therefore, at least one grain boundary 
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existed in the film depth. This was not the case for 

thicknesses of the order of 1000 A. 

Continuous observation of the void formation 

revealed that the voids first appeared close to the anode 

junction, and at later times more appeared on up the strip. 

There may have been some void movement with time, but the 

general observation was that the void population was 

becoming more dense with time, and the mean position of the 

new voids being created was moving up the strip with time. 

The first voids created near the anode junction did not 

appear to grow after the initial appearance, nor did their 

number increase. 

In order to make a more precise observation of this 

void formation, new masks were fabricated, with distances 

scaled out on them. The slope was laid out too steeply on 

mask #6, so that the fracture appeared too close to the 

anode. The slope for mask #7 was made more shallow, and the 

strip was tapered down to 2 mils at the anode junction. 

The first voids appeared at about position 2 on 

mask #7, for runs ranging in failure times of 30 min. to 

30 hours. However, the fracture appeared at different 

positions on the strip for different failure times. 

Figure 4,2 (n and m) illustrate the void picture 

for a typical run with a failure time of 11 hours. 

From the mathematical analysis (Chapter 5), it was 

hypothesized that the assumed thermal profile along the 
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strip was the major factor in the void creation picture. 

In order to determine the validity of this hypothesis, a 

thermal measurement setup was implemented CFigure 4.3) to 

measure the radiation from the conducting strip. Mask #8 

was laid out in order to have a larger area than mask #7 

and thereby increase the radiation level. However, mask #8 

was too large; that is, too large to produce the void 

formation picture of the earlier masks. This is due to the 

fact that the current density necessary to create this 

phenomenon is achieved when the substrate is large compared 

to the conducting strip, so that the thermal energy 

dissipated in the conductor can be transported away. The 

trade-off tin capability of measuring the radiation level 

and yet still creating voids) was that of choosing a strip 

large enough for the former and small enough for the 

latter. Mask #9 proved to be such a choice. 

The void formation picture on mask #9 was similar 

to those produced by the tests on mask #7. Observation of 

the void formation showed that some of the first voids 

generated were later filled over when the hillocks reached 

these voids. Figure 4,2 (o and p) reveal this for typical 

tests. Note the voids in Figure 4,2 (o and p) near 

position 2 around the black dot. 

Plots of void maximum density position as a function 

of time are presented in Section 5,4, where correlations are 

made with the mathematical analysis. 
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11 

Figure 4,3. Photographs of Measurement Instrumentation — 
a. Conducting thin film between electromagnet 
poles; b. Electromagnet and control unit. 



Figure 4•3,^Continued Photographs of Measurement 
Instrumentation — c. Radiometer head and 
synchronous rectifier amplifier; d. Quartz 
thin lens and 0.4 Hz chopper. 



.^Continued Photographs of Measurement 
Instrumentation — e. Lens, radiation screens 
and precision translator; f. Thin film screen 
and conducting strip. 
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Figure 4.3.—Continued Photographs of Measurement 
Instrumentation -*• g. Blackbody reference 
source and temperature controller; h. Sanborn 
recorder. 
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Figure 4.3.--Continued Photographs of Measurement 
Instrumentation — i. He-Ne laser mounted on 
optical bench; j, Alignment with laser beam. 



Figure 4.3.—Continued Photographs of Measurement 
Instrumentation — k. Emissivity measurement 
setup; 1. Thin film and heating element. 
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4.2.4 Observations of Void Formation in a 
Magnetic Field 

The primary reason that experiments were performed 

in a magnetic field was that of utilizing the magnetic 

field as a diagnostic tool in the investigation of the 

electromigration phenomenon. These experiments were per

formed on the tapered strips (mask #9) for various orienta

tions of the magnetic field. The quartz substrate (on which 

the conducting strips were laid) was mounted on a bakelite 
4 

holder, which was placed between the poles of an electro

magnet (Figure 4.3, a and b). The maximum flux density of 

the magnetic field depended on the gap distance between the 

poles, the smaller the gap distance, the higher the 

maximum flux density. However, the minimum gap distance 

was dependent on the orientation of the bakelite holder. 

When the plane of the strips was parallel to the faces of 

the poles a maximum density of over 1,0 tesla was achieved, 

while only 0.33 tesla could be obtained when the strips 

were perpendicular to the pole faces, 

The procedure followed in performing these experi-

ments involved first running an experiment on one arm of the 

mask for a given period of time, changing then to an adjacent 

arm with the magnetic field activated for the same length of 

time and with identical operating parameters. For both 

experiments the sample and holder were placed between the 

electromagnet's poles to ensure the same thermal environment. 
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If the void formation were different along the strip 

it was 'concluded that the magnetic field had affected the 

electromigration phenomenon. In particular, the position of 

the leading edge where voids were just appearing was 

noted, and a comparison was made between the strips with 

and without the magnetic field. For example, if this edge 

had advanced farther up the strip with the magnetic field 

on, it was concluded that the magnetic field had increased 

the rate of migration. This rate change may be due to the 

fact that only the thermal profile along the strip was 

altered and not the electron wind effect. However, 

observation of the void formation along the strip leads the 

author to conclude that when the magnetic field did change 

the rate of void formation, this was due in some part to a 

change in the electron wind effect. 

The different magnetic field orientations are shown 

in Figure 4,4, and the results of various experiments are 

listed in Table 4,2. The results are listed in terms of the 

leading edge of void formation, XH, and the position of the 

fracture when a failure occurred. Again, for the scale 

chosen the position of the positive terminal is 1,0, and the 

unit of distance is fifty-thousandths of an inch. 

It is clear that the most significant difference 

occurred for orientation c. For this orientation of the 

magnetic field the component of the Lorentz force due to the 

magnetic field is directed into the strip toward the 
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Figure 4.4. Magnetic Field Orientations on the Tapered 
Conducting Strip (Top View) 
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Table 4.2. Results of Experiments Performed in a Magnetic 
Field —- For a guide to the orientation, see 
Figure 4.4. 

Arm 

Magnetic 

Orienta
tion 

Field 

(Tesla) 
Time 
(Hours) XH XF 

Sample 19-9 1 b. 0,33 10 5,8 
Thickness 500 A 2 a, (S on +) 0,33 10 4,2 
Ic = 250 ma 3 a, (N on +) 0,33 10 4,5 
V = 7,4 volts 4 o 10 5,5 

Sample 20-9 
A 

2 a, (Non +) 0,33 50 5,8 
Thickness 1000 A 3 o 50 5.8 
Ic = 350 ma 
V = 6.0 volts 

Sample 21-9 o 1 o 14-1/2 4.5 3,8 
Thickness 500 , h 2 c. 0,33 24 6,0 
Ic = 250 ma 3 c. 0,33 19-1/2 5,5 4.5 
V = 7.0 volts 4 o 24 5,5 

Sample 26-9 o 1 o • 19-1/2 4,2 
Thickness 1000 A 2 b. 0.33 19-1/2 4,5 
Ic = 275 ma 
V - 5.4 volts 

Sample 27-9 o 1 a, (S on +) 0.33 50 5,5 
Thickness 1500 A 2 d. 0,33 49 5,7 
Ic = 375 ma 3 c. 0,33 49 6,5 
V = 3.9 volts 4 o 49 5,8 

Sample 28-9 0 1 d. 0,33 48 5,8 
Thickness 2500 A 2 o 0.33 48 5,8 
Ic - 450 ma 3 d. 0,33 48 5,8 
V = 3,0 volts 4 c. 0,33 48 6,6 

Sample 29-9 o 2 o 48 4,5 
Thickness 1000 A 3 c. 0,33 42-1/2 5,0 4.4 
Ic = 325 ma 4 o 48 4,6 
V = 5.1 volts 

Sample 31-9 o 2 0 90 4,5 
Thickness 4000 A 2 o 126 5,0 3,9 
Ic = 675 ma , 3 b. 1,1 90 5,0 3,5 
V = 2.6 volts 4 b. 1.1 120 6,6 4,9 
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substrate. This was an interesting result, as the orienta

tion which produced an outward force (orientation d) caused 

no significant increase in the void formation. 

4.3 Thermal Profile 

4,3.1 Theory of Measurement 

The thermal profile along the tapered strip was 

measured by detecting the amount of heat radiated from the 

conducting strip. To describe this radiation, the standard 

terms usually employed are radiance, Bq, radiant flux 

density, and energy density, u. The radiance, BQ, of a 

surface is the amount of energy radiated normally from the 

surface per second per square centimeter per unit solid 

angle. The radiant flux density, W, is the energy emitted 

totally over all angles; that is, the solid angle 2tt, again 

per second and per square centimeter. If the angular 

dependence of the radiation is assumed to obey Lambert's 

law, 

BC0) = BqCOS0 , c4.1) 

then, the relation between W and BQ can be found by 

integrating B(0) over a unit half-sphere to obtain 

W = ttB0. (4,2) 

3 The energy density, u^ tjoules/cm ) can also be considered, 

because radiation is propagated at a finite velocity, there 
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any radiation field a finite amount of radiation 

unit volume. It is clear that the energy density 

volume inside a spherical shell, whose walls are 

with a uniform radiance BQ, is 

4irB, 
u = (4.4) 

or, from ]2q. (4.2), 

W = trBrt = ^ u. O 4 
(4.5) 

k's radiation law describes the energy density of 

ody for a particular oscillating mode, v, as 

ur = 
8irhv' 

3 hv/kT n' ; e ' -1 
(4.6) 

where h is Planck's constant. The above equations can be 

combined 

(over a SDlid angle 2ir and a unit frequency interval) of a 

black body radiator as 

Wv(v,T) = 
2uhv' 

2 
c e 

1 
hv/kT 

(4.7) 
-1 

Expressing this relation in terms of wave length, with the 

relations = c/X and |dv| = c [dX|/X , 

WA(A,T)dX = 
c-l X ® 

l--e 

-5 e 

-c2/AT ' 
(4.8) 
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where 

cx = 3.74 x 10 12 watt - cm2 = 4*rr2ftC2 

and 

c2 = 1.438 cm - K° = 2TrftC/K. 

The amount of radiated energy converted to an electrical 

signal will depend on the detector optical bandwidth. From 

the above equations it can be seen that the amount of 

radiant flux which is converted to an electrical signal for 

a black body source in an optical bandwidth = = 

c (t J-) is 
2 A1 

^2 —5 "*c2/^^T 

W(T) = C1 J ~ -c /XT dX 

A1 1-e * 

1/A2 3 «> -n^§M 1 
- c, / \i Z e dp (where y = 

X 1/X1 n=l A 

C2 oo —• it • — 2 3 
„ r r o T* * T x ,/ T » 1 + ti T \ *-
C1 I 2 e ( 7J + 3(nc ' 2 + 6tnc J X 

n=l nc~X 2 X 2 

*p ^ ^ p 
+ 6(nc^' "A' t4-9' 

The radiant flux for a given temperature can easily be 

calculated from the above equation to any desired level of 

error by an electronic computer, 
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The conducting strips are certainly not black body 

radiators but, instead, radiate more like "gray" surfaces. 

According to Kirchhoff's law, there must exist a function 

K(y,T), valid for all forms and materials of radiating 

bodies in T.D.E,, such that their spectral radiance is: 

B(Y,T) = E(Y,T)K(Y,T); (4.10) 

e(Y,T) is a specific coefficient called spectral emissivity 

(or radiant emissivity), and it is equal to the absorptivity, 

i.e., the fraction of incident power absorbed at the same 

frequency and temperature. In other words, the spectral 

brightness equals the product of a general function, K(YrT), 

and the radiant emissivity e(YfT). Again, if only that part 

of the spectral width is considered which lies in the 

detector optical bandwidth, e(YfT) may be considered as 

independent of wavelength. This appears to be a safe 

assumption for this study, because the lead sulfide detector 

used has a bandwidth of approximately two microns. If this 

is the assumption made, then K(y^T) will take the wavelength 

dependence form of W(A,T) , Eq. (4.9), and the value of 

radiant flux can be obtained by multiplying the right side 

of Eq, {4.9) by e(T). The dependence of emissivity for 

aluminum thin film on temperature was measured; the results 

will be discussed in a later section. The basic quantity 

to be determined for this type of measurement is the 

power, P (watts), which the detector receives from the s 
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source. The conversion of this power by the detector to an. 

electrical output signal, V , is usually expressed by the s 

relationship 

V 
Ps = (4.11) 

where R is called the "responsivity" (volts per watt) of the 

detector. The value of P will be dependent on w , the o 

angular field of view of the radiometer (Section 4.3.2), and 

AQ, the area of the entrance aperture. For a rectangular 

detector, the relationship between u»r and the detector 

dimensions can be calculated in the following manner: for 

a detector with horizontal and vertical angles (measured in 

radians), a and 3 respectively (related to the optical 

ci b 
system focal length (f) by a = j and 0 = where ab = 

detector area - AD), the relationship to wr is 

A 
_ 0 ab D /A -I o \ o)r = aB = -y - -5-. (4,12) 

f f 

The connection between Ps and the radiance from the source 

can be expressed in the above terms, for the case where the 

source fills the field of view of the radiometer, as 

Ps(T) = BotT)Ao0.r = ̂ a0V c4.13) 

It is obvious that the above expression is independent of 

the distance of the source from the radiometer, The reason 

for this is that it was assumed that the source filled the 
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field of view of the radiometer. Because of this assumption 

another expression can be written which is_ dependent on d 

(distance from source to radiometer) as follows: 

Let Agp = area of source in field of view of radiometer, 

2 then AgF - u)rd , 

or Ps(T) =wm^sp. (4.14) 

These latter relationships are given here only to complement 

the discussion on the measurement. Because a- calibrated 

blackbody source was used as a reference, only the form of 

the radiant flux density, W(T), and the emissivity, e(T), 

were used in the actual measurement to determine the 

temperature of the source. 

4,3,2 Measurement System 

The thermal profile measurement system is illus-r 

trated in Figure 4,5. As mentioned above, the calibrated 

blackbody source is used as a reference source. This was 

done by removing the precision translator and placing the 

blackbody aperture at the same position as the conducting 

strip spot that was being measured. The He«-Ne laser beam 

was used in this alignment, 

4.3.2,1 Radiometer. The radiometer was a Barnes 

model R-8B1 with main components being a radiometer head and 

synchronous rectifier with power supply (Figure 4,3, c), 
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4.3.2.1.1 Radiometer Head: 

The radiometer head consists of a sighting 

telescope, radiation collector, lead sulfide detec: 

preamplifier, blackbody reference source, chopper 

synchronizing pulse generator. 

The chopper and synchronizing pulse genera 

amplitude modulates the input radiant flux and pr 

reference signal synchronized to this modulation, 

chopper blades modulate the input flux by periodic^ 

interrupting the input radiation to the detector, 

modulation rate is 80 Hz, The synchronizing gene 

a small lamp and a phototransistor projecting fronji 

Light from the lamp strikes the phototransistor, 

rotating chopper blade (which is fastened to the 

rotating shaft as the radiation modulating blade) 

a periodic interruption of the light. The result 

the phototransistor generates a square wave output 

equal in frequency to the radiation chopping rate, 

square wave signal is further amplified by a trans 

amplifier before transmission to the synchronous 

amplifier, 

The lead sulfide detector is mounted at 

point of the radiation collector, with the preamp; 

mounted behind it. The output of the preamplifier 

connected to the synchronous rectifier amplifier, 

addition, a six-^position filter slide is mounted 

th 
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of the detector. For this model four of the filter posi

tions were open with the remaining two having a quartz 4.5 

micron long wavelength cut filter and a germanium 1.8 

micron short wavelength cut filter. The detector band 

limits were approximately 1 and 3.15 microns. 

The black body reference source mounted on the 

radiometer head could be used to calibrate the amount of 

radiation received. However, for this measurement it was 

not used, because an external black body source of higher 

precision was available. 

The radiation collector and sighting telescope are 

shown in Figure 4.3 (c). The axes of the sighting telescope 

and the radiation collector are parallel and are separated 

by approximately seven inches. The radiation collector is a 

cassegrainian optical system. The primary optical element 

is a paraboloidal mirror and the secondary optical element 

is a hyperboloidal mirror that is used to fold the optical 

path in a manner shown in Figure 4,2, The primary mirror is 

8 inches in diameter with an 8-inch focal length, so it has 

a focal ratio of f/1. The secondary mirror increases the 

focal length of the primary mirror to 12 inches without 

causing an inconvenient separation between the detector and 

the optical elements. Such an increase in focal length 

changes the effective focal ratio of the optical system to 

f/1.5. The secondary mirror is 4 inches in diameter; its 

use, together with associated mounting fixtures, results in 
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about 40% obscuration of the primary mirror. Consequently, 

the effective focal ratio of the complete optical system is 

f/1.9. 

A fluted ring is mounted on the radiation collector 

tube. Turning this ring moves the secondary mirror along 

the optical axis, thereby focusing upon the detector the 

radiation from sources at various distances between 12 feet 

and infinity. In terms of geometrical optics this can be 

seen by noting that when the secondary mirror is in its 

correct position only rays parallel to the radiometer 

collector axis will focus on the detector. For positions 

other than this the rays that will focus on the detector 

will be at some angle with the axis. It is this particular 

feature of this radiometer that made it applicable to the 

measurements of concern in thig studyf The spot size to 

which the radiometer rays can converge at distances of 12 

to 14 feet did not approach the size of the strip; however, 

the spot size was small enough so that a small lens could be 

used to further reduce the spot size to that necessary for 

this measurement (Section 4.3.3), 

When focusing this radiometer on sources less than 

50 feet, optical losses increased, due to the slight 

defocusing of the secondary mirror and because of changes in 

obscuration of the main optical system, For 12 feet the 

response of the system was down to 60% of the maximum, and 
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for 14 feet (the setting used for most of the measurements) 

the response was down to 70% of maximum. 

4.3.2.1.2 Synchronous Rectifier Amplifier; 

The a.c. signal that is generated by the chopper is 

amplified 37 db by the preamplifier and passes through a 

synchronous filter before entering the SRA. In the process 

of passing through the synchronous filter, the sine wave is 

changed to a square wave. After being amplified another 

30 db by the SRA amplifier, the square wave signal enters 

the synchronous rectifier curcuit. At the same time, the 

synchronizing pulse is used to generate a square wave of 

identical frequency, and this synchronizing wave also enters 

the synchronous rectifier. The rectifier is an electro

mechanical device which is driven by the synchronizing 

square wave, and the rectifier therefore operates in 

synchronism with the chopper. Rectification operation is 

such that the square wave carrier is eliminated, and the 

output consists only of the modulation which was impressed 

upon the carrier, This action, it may be recalled, closely 

approaches the situation that is simulated by the classical 

"matched filter." 

The SRA unit contains an adjustable filter placed 

after the rectifier, This filter may be used to limit the 

frequency of the variation in radiation level to 10, 1.0 or 

0.1 Hz. This greatly attenuates any noise components in 
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the signal before it reaches the recorder. For almost all 

of the measurements, the 1,0 Hz filter was used. 

Attenuator, recorder zero control and calibration 

functional switches are available on the SRA. A very useful 

control is the Electronic Temperature offset switch and 

potentiometer (ETO). The ETO control provides positive or 

negative offset or a bucking square wave signal, synchronized 

with the chopper, that may be varied from 0 to 1000 micro

volts at the preamplifier input. Varying this control is 

equivalent to varying the temperature of a built-in reference 

black body. Offset voltage may be used in testing the 

linearity of the system, or it may be used to buck out a 

large steady signal, permitting the observations of small 

fluctuations. This is also necessary to maintain a voltage 

which is less than the maximum rated voltage on the electro

mechanical switch in the synchronous rectifier. The output 

voltage signal can then be expressed as 

Vg = RPg - ETO (4,15) 

4,3,2,2 Optical System, As mentioned in the 

previous section, the spot size (apparent area in the field 

of view) to which the cassegrain optical system could focus, 

at 12 feet, appeared to be too large for this measurement. 

Ideally, if the radiation from the strip were to pass 

through holes in a screening film of aluminum (mask #10) 

whose diameter approximately equaled the width of the strip 



at the position being measured, then the amount of power 

the detector will receive is limited by the width of the 

conducting strip. If the spot size is larger than the hole 

from which the radiation is being collected, then the 

response of the system will be decreased by the ratio of 

the hole area to the spot area. Relating the power received 

to the temperature, as expressed by Eg. (4.9), it can be 

seen that as this ratio increases the minimum measurable 

temperature also increases. For an infinite receiver band 

width this relation would follow the Stefan-Boltzmann Law 

W(T) « e (T)aT4. (4.16) 

For the lead sulfide detector used in this measurement, 

W(T), as expressed by Eq, (4.9), is related to a power of 

temperature between 4 and 5, depending on the temperature 

being measured. 

An additional consideration in minimizing the spot 

size is that the distance between the holes must be greater 

than the resolving spot size, so that only one hole would be 

in the field of view. Hence, the smaller the spot size the 

greater the number of holes that could be placed in the 

screening film along the line of the strip being measured, 

4.3.2.3 Quartz Thin Lens and 0.4 Hz Chopper. To 

reduce the spot size, a quartz thin lens was designed and 

fabricated (Figure 4.3, d). Quartz was selected, because, 
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for the thickness of the lens designed, it would pass 

electromagnetic energy throughout and beyond the detector 

band width. The reduction in spot size was hypothesized, 

because the smaller focal length of the lens would 

constitute a smaller spot size at the focal point, based 
i 

on the Rayleigh Criterion (50) for incoherent illumination. 

Initial crude calculations predicted that a ten to one 

reduction in spot size might be achieved with the lens. 

Later measurements revealed the prediction to be correct. 

Of greatest concern in the design of the lens was the 

spherical aberration that would take place in the lens 

system. The rays drawn from the outer edge of the primary 

mirror to the lens at a distance of 12 feet made an angle of 

1.6 degrees with the axis of the lens. To minimize the 

spherical aberrations, a lens was designed on the basis of 

the Third-Order Theory (51) for minimizing spherical 

aberrations of a thin lens. The designed lens was 2,5 

inches in diameter with a focal length of approximately 

20 cm and radii of 69 cm + 1 cm and 12 cm + 5 mm. The 

relaxed tolerances were given to minimize fabrication 

costs, a precise focal length not being necessary. 

The 0,4 Hz chopper was connected to the shaft of a 

12 rpm synchronous motor mounted on the lens holder (Figure 

4,3, d), The purpose of the 0.4 Hz chopper is to modulate 

the radiant energy from the source at a frequency well 

within the 1 Hz filter band width, The 0,4 Hz chopper and 
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quartz lens were mounted on a vertical holder with both 

vertical and horizontal precision translation movements. 

The precision translations were necessary to align the 

radiating holes of the screening film and the boresight of 

the radiometer. Accurate positioning could be made along 

the lens axis by sliding the holder along the optical bench, 

4.3.2.4 Radiation Screens. Two radiation screens 

were placed in front of the conducting strip (Figure 4.3, 

e and f). The first screen (mask #10) consists of an 

aluminum film laid on a quartz substrate, with holes in the 

film positioned along the line of the conducting strip. 

This screen is mounted on the precision translation stage, 

along with the quartz substrate on which the conducting 

strips are laid. The distance between the conducting strip 

and the screening film is 5 mm (Figure 4.6). The second 

screen is a 5 inch square blackened aluminum sheet, with a 

hole of 2.5 mm diameter in the center. The hole size is 

the same as the distance between the holes on the screening 

aluminum film and is mounted on a separate mount, 8 mm in 

front of the screening film. This ensures that only one 

hole of the screening aluminum film is in the field of view 

(Section 4.3.3). If the direction of the radiated energy is 

considered to be opposite to the actual case (that is, 

applying the reciprocity theorem) then the radiating area 

in the field of view (through the holes in the thin film 
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screen) can be obtained by the Rayleigh criterion for 

incoherent illumination. That is, the angle of diffraction 

for the radiation passing through the holes is 

0 * 1.22 ~r C4.17) 

where X is the average wavelength in the radiation spectrum, 

and d is the diameter of the holes. Because the contribu

tion to the intensity of the radiation is predominantly due 

to the long wavelength end of the spectrum in the detector 

band width, X is approximately equal to 3 microns. There*-

fore, the. first hole in the line of mask #10 (diameter = 

0.032 cm) will illuminate an area with a diameter approxi

mately 20% larger than the hole (for a distance of 5 Jiun 



between the thin film screen and c 

4.6). The largest spread will occu 

because it has the smallest diamete 

radiation area will take place alon 

for the most part, as the substrate 

conducting strip and the diameter c 

the width of the strip. This sprea 

when temperatures were determined f 

levels (Section 4.3.3.4). 

4.3.3 Calibration 

The calibration of the thermal profile measurement 
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surface and the geometrical form of 
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effective cavity emissivity very nearly approaching unity. 

An aperture and baffle assembly provide seven aperture 

2 2 sizes, ranging from 0.0314 mm to 19.6 mm and whose 

radiation distribution obeys. Lambert's Law within a 30° 

cone. The temperature controller provides for accurate 

control of the temperature to + 1°C. 

The dial settings of the controller were calibrated 

against the temperature of the BBS (obtained from an 

internal thermocouple connected to a standard potentiometer) 

and found to agree with the manufacturer's calibration 

curves. 

The response of the radiometer to the BBS was 

recorded on a Sanborn recorder (Figure 4.3, h) for tempera*-

tures ranging from 100°C to 500°C (in increments of 25°C) 

and for aperture sizes of 0.032 cm, 0.064 cm, 0.127 cm, and 

0.264 cm in diameter. The 0.4 Hz chopper produced an 

approximately sine wave recording. The amplitude of this 

signal corresponded to the relative intensity of the actual 

radiation at the various temperatures encountered. These 

recordings were also a function of the gain and ETO 

settings on the SRA and recorder; however, once these 

settings were initially made they were not changed, and, 

therefore, they did not enter into the determination of the 

temperature of the conducting strip. 

The response of the BBS, normalized to the response 

at 100°C, was compared to that determined from Eq, (.4.9) for 
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different detector bandwidths, as shown in Figure 4.7. As 

is shown in Figure 4.7, the spectral width of 1 to 3.15 

microns approximates the blackbody response (that is, for a 

uniform response throughout this bandwidth). This correla

tion with the 1 to ̂  3 micron bandwidth was anticipated, 

because it was known before this measurement that the lead 

sulfide detector bandwidth was close to this value. This 

correlation appears to confine the linearity of the 

receiver system over this range and substantiates the 

manufacturer's claim on the blackbody radiation source as 

a calibration source. 

Once the calibrated response of the BBS was tabu

lated for the four hole sizes, all the settings in the 

measurement system were fixed. Therefore, all that was 

necessary to interpret the response from the conducting 

strip was to multiply this response by the emissivity, 

select the appropriate hole size from the BBS tabulation and 

the temperature was determined, 

4.3.3,2 Emissivity Measurement. The emissivity was 

measured by comparing the response from a heated quartz 

substrate coated with a thin aluminum film (1500 A thick) 

with that of BBS. the quartz substrate was fastened to an 

aluminum slab with a thermal conducting silicon grease 

applied to the area of contact. The slab was heated with a 

thermal strap, and the temperature was monitored from a 
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thermocouple placed in the slab and connected to a standard 

potentiometer (Figure 4.3, i and j) . The radiation was 

emitted through the hole (0.254 cm diameter) of the 

blackened aluminum radiation screen, which was 9 mm in front 

of the radiating film. Again, all settings and positionings 

were the same as those for the BBS. The response of the 

thin film and BBS is shown in Table 4.3 along with the 

computed emissivity. From this measurement and others 

made, it appears that the emissivity is about one-thirtieth 

in this temperature range. Because the radiation from thin 

aluminum film was low in this temperature range, the 

estimated error of this value is + 0.2%. In addition, 

although this value of emissivity was only measured in the 

125°C to 200°C range, it was also used in the 200° to 400°C 

range to determine the temperature. Ideallyt emissivity 

could be dependent on temperature; however, for this case 

there was no reason to believe that the emissivity would 

vary to any significant extent throughout the range of 

interest. 

4.3.3.3 Alignment and Positioning. Positioning of 

the BBS and the precision translation stage was accomplished 

by use of the scaling on the optical bench, the micrometer 

on the translation stage and by the beam of the He-?Ne laser. 

Alignment of the holes in the radiation screens with the 

conducting strip was accomplished by the laser beam 
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Table 4.3. Recorder Displacement Indicating Radiation from 
Thin Film and BBS 

Response 

Temperature 
Aluminum 
Thin Film BBS Emissivity 

125°C 1.2 mm 37.5 mm 3.2% 

150°C 3.0 mm 90 mm 3.33% 

175°C 5.0 mm 180 mm 3.33% 

200°C 11.0 mm 340 mm 3.10% 

(Figure 4.3, k and 1). The laser beam was positioned as 

precisely as could be estimated to the bore sight axes of 

the radiometer. The radiometer and lens system was 

focused on the BBS; then, the laser was mounted on the 

optical bench; so that the BBS could be removed and the 

conducting strip placed in precisely the same position. 

4.3.3.4 Calibration Tables. From the above 

calibration procedures, tables were constructed which 

related the pen displacement on the Sanborn recorder to 

temperature, with respect to the verious hole sizes. As 

mentioned in Section 4.3.2.4, there will be an increase in 

the radiated area over that of the hole size, due to the 

spreading of the radiated beam through the hole (that is, 

applying the reciprocity theorem), This increase will 
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exist in only one direction (along the strip) when the 

smallest hole is positioned over the narrowest part of the 

strip. However, when the holes are shifted up the strip, 

in order to record temperatures at other positions, the 

spread will be across the strip, in addition to being 

longitudinal. Therefore, two tables were constructed, one 

for the former condition (m = 1) and one for the latter 

Cm = 2) , These tables are in Appendix C, being labeled 

m - 1 and m. = 2. 

4.3.4 Temperature Measurements 

4.3.4.1 Temperature Measurements on the Uniform 

Strip. Only one sample was measured, because most of the 

emphasis of the temperature measurement was placed on 

measurements of the tapered strip. This one sample was 

measured so that a better interpretation could be made of 

the results of previous tests (on the uniform strip), For 

this measurement a new mask had to be laid out for the 

thin film screen, with equal size holes of diameters equal 

to the strip's width. The results of the measurement of 

sample 4-14->-3, which had the operating parameters of 

Ic = 220 ma, = 35 J) and failure time = 2 hrs, are shown 

in Figure 4,8, 

4.3.4.2 Temperature Measurements on the Tapered 

Strip. These measurements were the major reason for 
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Figure 4.8, Temperature Measurements of 4-14-3 

engaging in this temperature measurement effort. These 

values of temperature were required in order to obtain the 

time dependent solution to the particle diffusion equation 

(Chapter 5). Although these measurements were made on 20 

samples (that is, 20 experiments) only four were selected 

for the time dependent solutions, for reasons which are 

explained in Section 5.3.2. The results of these measure

ments are given in Table 5.1 (p. 134), which accompanies 

the corresponding time dependent solutions of the particle 

density. 

In addition to providing these values for the 

analyses of Chapter 5, experiments were performed in order 

to observe the temperature variation as the void formation 

process proceeded toward the failure stage. As was 

expected, the temperature increased in areas where voids 
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began to accumulate. The radiation level in these areas 

would increase as much as 100 times the initial level just 

before the fracture occurred. However, the actual tempera

ture could not be determined, because the voids had 

decreased the radiating area by an unknown amount. It was 

assumed, of course, that these temperatures were close to 

the melting temperature of aluminum (650°C), In these 

experiments it was noted that the rate of void formation up 

the strip was approximately in a one to one correspondence 

with the thermal radiation level. In fact additional 

experiments were performed that substantiated this result, 

A comparison of the temperatures obtained by use of 

the calibration tables (Appendix E) for different hole sizes 

was made by an experiment performed on sample 3-18-9. In 

this experiment, measurements were made with the thin film 

screen holes placed in four different positions. This 

positioning was such that some of the holes could be 

placed above those positions on the strip where measurements 

were made from some of the other hole sizes. The results of 

this experiment are given in Table 4,4, As can be seen, 

the smaller holes gave slightly larger values than larger 

holes in that position. These values were obtained from the 

calibrated tables in which the radiation spread was taken 

into account. It would appear, then, that the correction 

for the spread tended to over-correct, to a slight degree, 
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Table 4.4. Comparison of Temperature Measurement Between 
Different Hole Diameters 

Position 
r 

Hole 
SI 

Hole 
S2 

Hole 
S3 

Hole 
S4 

3 375 

4 435 

5 400 390 

6 390 380 

7 330 325 

8 316 310 

9 280 275 

10 260 260 

11 230 

12 215 

Temperature 
S2 = 0,045 

in Centigrade; 
cm, S3 = 0.064 

Hole diameters 
cm, S4 = 0,089 

: SI = 0.032 
cm; Sample 3 

cm, 
-18-9. 

the actual spread. However, this error was within the 

limits of these experiments, so no further corrections were 

made. 

4.3,5 Summary of Temperature Measurements 

The overall results of the temperature measurement 

setup were certainly satisfactory for the requirements of 

this investigation, A great deal of effort was spent in 



calibrating this system. Many experiments were run for no 

other purpose than to improve the accuracy of the system— 

and from which came numerous changes and additions to the 

system. The overall error appeared to be less than + 5°C. 

A sensitivity check on the detection system revealed a 

= 5 . 7  x  1 0 9  [ cm~Hz ̂  j an£ a noise figure of 10.45 db. err watt 

A modern radiometer with a lead sulfide detector would 

probably have a at least one order above this. 

The reader should in no way conclude that this 

system approached the resolution that a modern radiometer 

could be designed to achieve. It appears to the author that 

a microradiometer could be designed which would have less 

than 1 mil resolution and a sensitivity at least one order 

better than the above system. However, for the budget and 

equipment restraints placed on this investigation, this 

system proved to be a very useful tool, 



CHAPTER 5 

TIME DEPENDENT PARTICLE DISTRIBUTIONS 

5.1 Analytical Work 

In this section the time dependent solution to 

Eq. (2.19), the particle diffusion equation, is computed 

for the uniform and tapered strips. The motive for 

obtaining these solutions to the diffusion equation was to 

permit comparison with the observed void formation 

phenomena. The assumption made was that if the void 

formation with time was compatible with the particle time 

dependent solutions, a crude analytical model of void 

formation could be established. 

As can be seen, Eq. (2.19) does not contain terms 

for creation or annihilation of particles. For the first 

approach, these terms were neglected, reasoning that if no 

recognizable compatibility was established these terms 

could be introduced later. Because compatibility was 

established, this area of investigation was not attempted; 

however, this area remains as a challenge for future work. 

5,1,1 Closed-Form Solutions 

The closed form solution is obtained by taking a 

Laplace transform in time and developing a Green's Function 

102 
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for the spatial coordinate, following the methods described 

by Friedman (52). The boundary conditions stipulate that 

the particle flux is zero at given coordinate positions. 

These boundary conditions are reasonable, because the 

electron wind effect is extremely diminished at the strip 

terminal, or far up the tapered strip. Unfortunately, the 

variation in temperature along the strip could not be 

taken into account because of the complexity of the result

ing differential equation. By assuming uniform temperature 

(that is, letting the diffusion constant DQ (x) be inde

pendent of the coordinates), a solution could be obtained; 

nevertheless, as previously mentioned, such a solution 

could only demonstrate the electron wind effect. 

5.1.1.1 Uniform Strip. For the uniform strip 

(Figure 5.1) with no temperature variation, Eg, (.2,20) 

becomes a one dimensional equation 

3na(x,t) g 3 
at = Da H Vx'tJ + 2<">a(*<*>>, 15.1) 

where a = with boundary conditions 

3n (x,t) 
— + 2cm (x,t) =0 (.5.2) 

3X a x=0 

and 

x=A 

na(x,0+) = nQt (5.3) 
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/ 
/ / / 

'x=0 

Figure 5.1. Uniform Str:.p with No Temperature Variation 

Letting 

Na(S,x) = / n 
o 

we get the ordinary differential equation 

_ d , +2ax d M ,G 
DaS le toNats'1 

with boundary conditions 

sVs'x> -

The operator of Eq. (5.5) 

self-adjoint; therefore, 

following the method of F 

E 
/ 

n / / 
/ / 

// 
x=fc 

(x,t)e stdt, (5.4) 

[c)i - Se+2otx Na(x,S) N e o 
+2ax 

(5.5) 

2aNa(S,x) « 0. (5,6) 
x=0 
x=A 

can easily be recognized to be 

bhe solution can be obtained 

riedman (52) as 



ri 2 
Na (S,x) = =£ -
a S S 

(cosh(kx).ea^» 
sinhk I x 

x 

-coshk (x-A)* e 
A 

ax 

-sinhk (x^£)*e 
x 

where k. 2 = a2 + ̂  
x D 

dependent solution 

Eq, (5,7), thereby 

(Appendix D, Eq, [)D 

-ax 

na(x,t) = nQ I Be 

gsin j- x] 

where t > 0 and 

( 
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) + 
2a 

S sinhk I 
x 

n D (sinh(k x)-ea(x"A) 
o a x 

) , (5.7) 

• (see Appendix D, Eq. [D.9]). The time 

can be found by finding the residues for 

obtaining the inverse Laplace transform 

,10]). The solution is 

fffl (1 - |£) 

+ ^ n=i n7r [n7rcosh7r I 

(-l)ne+g-l) (( nir) 2+32) t 

32+ (mr) 2) 

3, (5.8) 

- aA, 

The plot o£ na(x,t) versus time/ for a given value 

of B, is shown in figure 5.1. Again, it should be noted 

that although there is a correspondence between the posi

tion and particle density minimum, the 

ion was not taken into account; however, 

experiments, this variation is the 

tion of void forma 

temperature variat 

as demonstrated by 

major factor in the rate at which voids are formed. 
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5.1.1.2 Tapered Strip. The diffusion equation for 

this problem is complicated by the dependence on two 

spatial dimensions, but this 

one dimension if cylindrical 

If this tapered section (Fig 

section of a conducting disc 

reduces to one dimension as 

In fact, the diffusion proce 

whole disc is considered or 

the same current density. F 

the electric field strength 

the angular width of the str 

resistance decreases, the to 

current density remains cons 

dependence can be reduced to 

coordinates are considered* 

are 5.2) is considered as a 

(Figure 5.3), then the problem 

there is no angular dependence, 

ss is the same whether the 

•nly an angular sector—for 

or a given voltage on the disc 

is a function of r only. As 

ip is increased the total 

tal current increases, and the 

tant. This particular aspect of 

the problem will become clearer in the following discussion 

of the parameter a. 

From Chapter 2, 

a = eZ*E 
2kT 

eZ* 
" 2kT p Je 

or 

a 
ct I = 

where aQ -
eZ* pIe. 
2kT te ' 15.9) 

p is the resistivity, t is the thickness, Ie is the total 

electronic current, 0 is th^ angular width, and r the radial 



x=0 x=e 

Figure 5.2. Tapered Conducting Strip 

Figure 5,3, Conducting Thin Film Disc 
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coordinate. The resistivity can be expressed as 

(Matthiessen's rule) 

P = PT + Pr* (5.10) 

where is the thermal component arising from the lattice 

vibrations, and pr is the residual resistivity caused by 

impurities and structural imperfections. For the thin film 

considered in this investigation, it appears that a major 

contribution to pr will arise from the small grain size. 

However, for the temperatures measured pT should be much 

larger than pr and directly proportional to the absolute 

temperature (42), as these temperatures are close to the 

Debye temperature (395°C for aluminum), If this assertion 

is in fact correct, then aQ should be independent of 

temperature, This assertion does not have to be made, 

however, since the temperatures were measured on the strip, 

and aQ can be calculated for each position along the strip. 

The procedure is as follows: 

where Trt is the room temperature and the higher order 

terms have been neglected. Then the resistance at room and 

the operating temperature can be expressed respectively as, 

Let P = PQ + P'(T-TRT) (5.11) 

(5.12) 
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and 

R = Ro + tF TR' (5.13) 

Si (T(r)-T ) 
where TR = / —£=— dr. (5.14) 

The difference between the measured values of R and R^ and 

the above expression will be due to the fact that terminal 

resistances have not been taken into account in the calcula

tions. This error is negligible at the negative end of the 

strip, where the strip is the widest? however, at the narrow 

or positive end this could account for as much as a 10% 

error (53). This assertion is made by comparing the 

calculations made by use of conformal mapping on the thin 

film dumbell resistors. For the present investigation this 

error can be neglected. Hence, the value of ctQCr) along the 

strip can be expressed as 

RRT 2. R (T (.JC*) —T__,) T_,_ 
«o<r> • 2%^ fir

es. 15) 

The value of ctQ(r) was calculated from Eq, (.5.15) (assuming 

a value for Z*), using a computer, for all the experiments 

for which a comparison between the particle diffusion and 

void formation were made, and aD(r) was found not to vary 

over 5% along the strips. As a result, the statements that 

aQ is independent of temperature and p is directly 
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proportional to the absolute temperature were found to be 

correct. 

To calculate aQ from Eq. (5.15) the true resistivity, 

angular width of the strip and thickness do not have to be 

known. However, these variables can be calculated from the 

above equations. The atomic particle flux for the tapered 

strip can then be written as 

Suppose now that the flux is considered in a plane whose 

radial coordinate r1 is equal to r/a ,• and the flux in this 

theoretical plane is 

Next, let two conditions be placed on these expressions; 

first, that for any given r| and r^, where r^ = otQr£, that 

n^(r^,t) = na(rlft) and, second, that J^(r|,t) = Jatr^ft).. 

That is, the fluxes and densities in the two planes will be 

the same at the corresponding positions in the linear 

transformation, for any given time t. If these equations 

are substituted into the equations of the conservation of 

particle conditions, namely 

(5.16) 

- -niU'Hafr 

n* (r ', t) 
n^(r' ,t) + -2-p! } (5.17) 

3nQ(r,t) 
+ Div J (r,t) =• 0 

a 



Ill 

or 

3n (r,t) ia 
3t '5-18» 

and 

3n'(r',t) , a 

-Tt  +  FT &r (r 'Ji lr ' . t )  = 0,  (5.19) 

the result will be the following diffusion equations; 

3n (r,t) -i a ~a0+1 a a
n 

Tt r fr 'Da'r'r 1?^ (5-20> 

and 

3n'(r1, t) , g ^ 
-Tt = p- wr {Da'r' aP- (5.21) 

The solution of these diffusion equations will be 

expressed as a combination of orthogonal functions, because 

the diffusion equations have self adjoint differential 

spatial operators, This type of solution implies that the 

first and second terms of the right hand side of Eq, 

(5.16) must be equal to the first and second terms, 

respectively, of the right hand side of Eq. (5.17)—for 

the left sides to be equal. That is, since the first term 

is the gradient of the density function and the second is a 

function of the density function itself, it is not possible 

for the sums to be equal for a general r£ and r^ unless the 

individual terms are equal. If the second terms are 

equated, and c*or' is substituted for r, the result is 



112 

Da(ri> = DA<ri> * (5.22) 

Similarly, if the first terms are equated and Eq. (5.22) is 

used 

= h V1'*'- t5-23) 

Equation (5.23) implies that if the condition is imposed 

that the diffusion process is the same in the two planes, 

then the gradient is invariant for this linear transforma

tion. 

These results are not surprising if the physical 

problem is considered. As aQ is dependent on the total 

electronic current I , then for a smaller strip a reduced I 
W 

and aQ would be expected to produce the same effect. This 

condition is illustrated in Figure 5.4, for two strips (and 

corresponding I 's) which should produce the same diffusion 

process. 

What this discussion implies is that an r' plane 

can be found for which the effective aQ is equal to 1.0f and 

the solution of Eq, (5.'20) can be obtained by solving Eq. 

(5.21). The value of aQ will come into play when the actual 

distance unit has to be accounted for in the diffusion 

coefficient. That is, if the units considered are 

standard, such as centimeters, and the same units are used 

in the experimental and theoretical spaces, then the. 

2 
diffusion coefficient will have to be multiplied by aQ . In 
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r=10 I =10 

r=l 
e 

Figure 5.4. Equivalent Electron Wind Problems — The angu
lar widths and thicknesses of the two strips 
are equal. 

these terms a will affect the rate of diffusion in the 
o 

theoretical space. For the general case tEq, 15,20]) the 

obvious substitution of letting 

a 
v(r,t) = r °na(r,t) C5.24) 

will be made. The boundary conditions on vtr,t) will then 

be 

I p  v t r f t )  | = 0  1 5 •  2 5 )  
r=e 
r-A 
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and 

+ an 
v(r,0 ) = r nQ. (5.26) 

If the time dependent derivative of Eq. (5.20) is removed by 

taking a Laplace transform on v(r,t), such that 

GO 

V(S,r) = / v(r,t)e~stdt, (5.27) 

then Eq, (5,21) becomes 

, -a +1 -a +1 
HF [Dar 3r <v(s'r)^ - Sr ° V(S,r) « -nQr. 

(5.28) 

If the diffusion coefficient D„ is considered to be a 

constant, that is, no temperature variation along the 

strip, then the homogeneous differential equation of the 

above can be recognized to be Bessel's differential equa

tion, with solutions 

-<*0/2 "ac/2 rs~ 

r xa0/2 and r K+Ct
0/2 ^a ' 

C5-29)  

A Green's function can be constructed from these functions 

for the given boundary conditions, and a solution in the 

S-plane can be obtained by utilizing the same procedure 

followed in the uniform case. The resulting solution in 

the S-plane will have a denominator of the form 
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ro • l/ §- el Ka 
(//l- " *« (/T *> • 

~+ 1 a 1 3 ~+ 1 9 

[/h Kct (/~e). (5.30) 

/ + 1  a  

In order to perform the inverse Laplace transform, it is 

necessary to investigate the roots of the above equation in 

the S-plane. Although considerable time was spent by the 

author to find the roots of this equation, coincident with 

an extensive review of Watson's thesis (54), no positive 

results were obtained. It should be mentioned that this 

effort was made prior to the realization that the solution 

of Eq. (5.21) would reveal an equivalent diffusion process. 

Because Eq, (5,21) can be obtained from Eq, (5.20) 

by letting r' = r and a = 1, the equivalent equations in 

the S-plane will be 

dF^ lDa dp" {Vt(S'r,)}J *" SV' (S,r') = -nQr« (5,31) 

This is merely the Heat Equation transformed into the S-

plane, with the initial condition 

V(r1,0+) = nQr' . (.5,32) 

*•1 For Di, a constant, the solution for n (r'.t) = r Vlr',t) a a 

can be obtained with little difficulty from a Green's 

function approach^*-the solution being 
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••(2n-l)w 2 

na(r''t> " (1-B a L' ) 
. • — 1 + —;— i y * 

no r n=l ((2n-l) n) 

r (r '-e 1) (2n-l) ir, /c cos[- —r———J/ (5.33) 

where L' - Z'-e', t ̂  0 and e' >_ r* £ Jt,', The steady state 

solution (t = «) is 

n'(r',t) £l , 
= ^277—' with e 1 ±r < V (5.34) 

o 

A comparison of this solution and the one for the uniform 

case (Eq. [5.6]) shows a similar form, with the maximum 

density occurring at the positive terminal and a dependence 

upon the total length between the terminals. This similarity 

is not surprising considering the fact that the Electron 

Wind (or field strength) is increasing linearly toward the 

positive terminal while the amount of space available for 

particles is decreasing linearly toward the positive ter

minal , 

Although this solution does not compare with the 

observed void formation picture, it gives some insight to 

the effect of the thermal gradient on the particle density 

function (analyzed in the next section). 

5.2 Numerical Solution 

Problems in engineering which are described by 

equations like the diffusion equations, Eqs, (5,1) and 
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(5.20), can be specified in one of two ways: in the first 

approach, differential eguations governing the behavior of 

a typical, infinitesimal, region are given. In the second 

approach, a variational, extremum principle (.valid over the 

whole region) is postulated, and the correct solution is 

the one minimizing some quantity A, which is defined by 

suitable integration of the unknown quantities over the 

whole domain, A is a function of unknown functions and is 

known as a "functional." 

These two approaches are mathematically equivalent, 

an exact solution of one being the solution of the other. 

However, differences arise in the approximate solution 

procedures; some, such as finite difference techniques 

(55) approach the solution of differential equations 

directly by approximating to those in a discrete manner; 

others, as in the Ritz process (and its variant, the finite 

element method), prefer to deal directly with an approxi*-

mate minimization of the functional. For this study the 

finite element method will be employed. In the finite 

element approximation of diffusion in solids, the continuous 

body is replaced by a system of elements, An approximate 

solution within, each element for the density field is 

assumed, and particle flux equilibrium equations are 

developed at a discrete number of points within .the finite 

element system. For the steady*-state case the technique is 

described by Zienkiewicz (55), In this study the transient 
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solution is required, so time elements are also employed in 

a manner similar to Wilson and Nichell (56). An important 

advantage of this method is that temperatures may be 

specified at any point within the finite element system. 

Also, the measured thermal profile is used in this computa

tion, significantly reducing the complexity of the problem. 

This method generates particle density equilibrium 

equations that produce a symmetric, positive definite 

matrix; this matrix may be placed in a band form and solved 

with a minimum of computer storage and time. Mathematically 

it can be shown that this method converges to the exact 

solution as the number of elements is increased; therefore, 

any desired degree of accuracy may be obtained, 

5.2.1 Mechanics of the Finite Element Method 

The diffusion equations, Eqs, (5,1) and (5,20) can 

be expressed in the following form: 

~ [Da(x)a(x) |^v(x,t)] = a(x) ~v(x,t), (5.35) 

with the boundary conditions 

§5 v(*,t) | = o  
at boundary 

and 

v(x,0+) - VQ, 
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-aQ+l +a 

That is, a(x) = x and v(x,t) = x n_(x,t) for a 

Eq. (5,20), and a (x) = e~2<xx and = e2axna(x,t) for 

Eq. (5.1), If the Laplace transform of Eq, (5.1) is taken, 

^[Da(x)a(x) jjL V(x,s)] = Si3O[V(x,s)-v(xf0+)], (5,36) 

where 

1 oa 
V(x,s) = / v(x,t)e~stdt. (5.37) 

0 

Now, dividing Eq, (5,26) by s and taking the inverse 

Laplace transform, using the fact that multiplication in 

the "transform domain" corresponds to convolution in the 

"time domain," 

u(x,t)* |^-[Da(x)a(x) = a(x) [v (x, t)-v (x,0+) ] 

(5.38) 

is obtained; the standard notation for the convolution of 

two functions of position and time has been used. That is, 

t 
u (x, t) *v (x, t) - f u (x, t*-T) v (x, T)dT, (.5.39) 

0 

where for this case u(x,t) = 1 = constantt Now, following 

the same steps as Gurtin (57) , the functional can be 

expressed as 

At(u) = / [u*Da,a,§£ + a*v*v - 2a»v*vQ](x,t)dx, 
R (5.40) 
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where R is the interior of one-dimensional Euclidean space 
4« 

and vQ = v(x,0 ). The proof of Eq. (.5.30) follows the same 

steps that Gurtin (57) took for the wave equation, so the 

reader is referred to his paper. 

It should be noted that for the homogeneous boundary 

condition imposed on this problem there was no need to 

include a surface integral on the boundary of R in Eq. 

(5,30). 

The next step in the development of a numerical 

solution is to apply the Rayleigh-Ritz method to Eq, (5,30), 

thereby constructing the Ritz-Rayleigh or Galerkin equa-^ 

tions. This method, which W. Ritz, cited by Stakgold (58) 

used with great success, consisted of the following 

steps: A fixed complete system of "coordinate" functions 

Vjy v2 ... is defined in the region of integration; this 

system has the property that all linear combinations 
N 

- £ C, v, of a.finite number of the functions are 
n £ k k 

admissible comparison functions for the problem, and for 

every admissible function u there is a suitable combination 

un of this kind for which A(u) differs arbitrarily little 

from A(un), Then, there exist minimizing sequences 

u2 ... in which un is a linear combination C^V-^ + C2V2 

C VL of the functions v.., v0 ... v , The values of n n x e. n 

are determined by the n simultaneous equations 

3A[un]/3C^ =0 (i = 1, 2, ,,, n), For a more complete and 
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precise statement of this method the reader is referred to 

Chapter 5 of Stakgold (58). 

Applying this method to finite elements in the 

Euclidean space, the notation and development steps of 

Zienkiewicz (55) will be followed. 

First, let the region be divided into smaller 

parts, subregions or elements, and let the function, V(x,t), 

which is to be determined, be described in each element as 

{v} = {N(x)]{v(t)} , 

0 
where Iv} represents the column vector 

(5.41) 

{v(x,t)}e = 

vx(t) 

v2(t) 

v3 (t) 

vn ( t> 

(5.42) 

vl' v2 'vn are t*ie no^a^- va^ues the function v(x,t) 

and [N(x)J the row vector or shape function 

[N (x) ] = [Ni(x) Nj (x) ...] (5.43) 

Nj ... being chosen to give appropriate nodal displace

ments when the coordinates of the appropriate nodes are 

inserted in Eq, (5.31) , zienkiewiez (55) has given con** 

vergence criteria in the choice of [NJ f which are the 

following: 



122 

Criterion 1. The element shape functions [N(x)j 
must be such that with a suitable choice of (v(t)}e 
any constant values of {v(x,t)} or its derivatives 
(with respect to x) present in the functional A 
should be able to be represented in the limit as 
the element size decreases to zero. 

Criterion 2. The element shape functions [N(x)] 
have to be so chosen that at element interfaces 
{v(t)J and its derivatives (with respect to x) 
of one order less than that occurring in expres
sions which define the functional, are continuous 
tp. 35). 

In addition, the derivative of (v(x,t)} with respect 

to the coordinate x is 

^ (v(x,t)} = [N (x) ] {v (t) }e = [N1 (x) ] {v (x) }e (5.44) 

If these finite elements representations are inserted into 

Eq. (5,30), then 

Ate(u) = / (u*aDa([N']{v}e)T*[N'J{v}e 

+ a([N]{v}e)T*{N]{v}e 

- 2A(IN](v)e)T*[N]{vQ}e)(x,t)dx, (5.45) 

T where [A] is the transpost of [A], Now, Eq. (5.35) can be 

written as 

Afce(u) = fv(t) }eT*[A]*{v(t) }e + {v(t)}eT*fB]{v(t)}e 

- 2{v(t) }eT*[B] {v(o) }e, (5.46) 
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where 

[A] = / (uaalN'J^N'JD;,) (x)dx (5.47) 
R 3 

and 

[ B ]  = /  t a [ N ] T l N j ) ( x ) d x .  ( 5 . 4 8 )  

Considering the minimization of the functional Ate(u) (that 

is, 
3A. (u) 
— e = 0), 
3 {v (t) } 

then, from Eq. (5.36), the first variation becomes 

[A]*[v(t)Je + [B] ({v(t)}e-{v(o)}e) = 0. (5.49) 

If an interval in time is considered, Eq. (5.4 9) can be 

rewritten to reflect the solution at time t in terms of a 

pseudo-initial value at time t - At as 

[A] * [v (t) J e + [B]({v(t)}e - {v (t-At) }e) = 0 (5.50) 

Over this interval (t, t-At) the nodal point functions 

{v(t)}e can be approximated by 

{v(t,)}e = (t-t') {v(t-At) }e + (t'~^"At)) {vCt)}e, 

(5.51) 

where t1 represents the time variable in the interval t-At 

to t. This approximation can be inserted into Eq. (5.32), 
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and the convolution in the first term can be easily resolved 

as 

e t e [A] * [v C t) ] - [A] / [v(t')] dt» 
t-At 

« £A][|^{v(t-At)}e + |^{v(t)}ej? (5.52) 

then, Eq, (5.40) can be expressed as 

{v(t)}e = [C]{v(t-At)}e, (5.53) 

where 

[CJ = [[A] + —[B]]"1!^] (5.54) 

The steps for computation are then to construct [C] from 

the shape function, and from the initial nodal point 
A p 

functions iv(o)} ; the value of {v(t)J at a time t can be 

obtained by n iterations of Eq. (5.43) where t = nAt, The 

size of the time interval At selected will depend on the 

accuracy desired and the value of the diffusion coefficient 

and current density, 

5,2.2 Uniform Strip 

The shape function that was selected for the 

numerical solutions was a linear approximation of the finite 

elements. In general the shape function can be written for 

an ith element as 
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NI =  ( X j  -  X) ,  NJ =  ( x  -  ,  (5.55) 

Xi-° x± Xj xn=* 

where j = i + 1. In addition, 

dN. dN. 

asr = _1' 35̂ " = 11 <5-56' 

For the uniform strip (Figure 5.1) with no temperature 

variation, the a. . and b. . elements of the [A]. and [B]. 
1,3 1,3 i * 

matrices for the ith element can be simply calculated as 

x. -2ctx. 

a . = D / e~2cwc dx = 0 2 (l-e"*2otai) , (5.57) 
x,i a ^oc 

i 

where to - x^ - x^ and 

a.,, = -a.,, . = a. . ., = a. .. (5*58) 
i+l,i+l i+l,i i,i+l 1,1 

Similarly, 

x. 
2 ~2(ix 

b. . = D / (x.-x) e dx 
i/i a " 3 

i 

-2ax. 
e ^ r-, x 2aui, 

(2a)3 
[2- ((w2a) + 4wa + 2]) e"1*1"] ? (5.59) 



also, 

126 

bi+1,1+1 

-2ax. 

(2a) 

2 2 -2au, 
[2-((.2a) ai + 4aia + 2)e ] (5.60) 

and 

**1+1,1 bi,i+l 

-2ax^ 

- {(2aw+2)e~2aw + (2aio-2)] . (5.61) 
(2a) J 

That is, for the ith element the {Bj^ and JA]^ matrices will 

have only four elements that are not zero. The construction 

of the matrices [A] and [B] involved the sum of all the 

[B1. and [A]. matrices for all of the elements in the 
l l 

bounded space. Matrices [A] and [B1 will have the form of 

all a12 0 0 • • • 0 

a21 a22 a23 • • • 0 

IAJ 0 
* 
» 

t 

a32 a33 • • t 

an-l,n-l 

0 

a i n-l,n 

0 0 t • t 0 an,n-l 
a 
nn 

5,2.3 Tapered Strip 

For the tapered strip (Figure 5,2) the a^j and b^j 

elements of the [A]^ and £BJ ̂  matrices for the i element 

can be calculated as 

rj 1-a 
aii - j vr>r 

ri 

dr, with (.5.62) 
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ajj = "aij = ~aji = aiiJ (5,63> 

also, 

rj 1-a, 
b.. = / r ° (r.-r)2 dr, (5.64) 

r J 
i 

rj 2 
b. • = / r ° (r-r.) dr (5.65) 

Xi 

and 

r. 
3 

bji = bij = ' (rj~r> {r~ri) dr* (5.66) 

Now, if the elements are taken small enough, so that Da(r) 

does not vary much in any given element, then the average 

value of DQ(r) [that is, D=(r)] can be taken out of the 
a a 

integral. In actual practice the temperature was measured 

at ten points along the strip, so that the temperatures 

between these points were calculated by assuming a linear 

interpolation, 

These elements can be used to find the solution for 

the general case, Eq. (5,20), Even for very large aQ the 

problem can be solved, because, by algebraic manipulations 

on the matrix equations, the elements can be reduced to 

convergent series of powers of r""^". However, it is simpler 

to calculate the equivalent process in the theoretical r' 

space. 
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Hence, in the r' space 

aii " ajj " "aij = "aji = Di(r'>i(r;J-ri)f. (5.67) 

and 

(r!-r!)3 

bii = bjj = 2bji = 2bij • 33 ^ • <5-68> 

In general, 

r! - r! = i-, (5.69) 

where the value of hk determines the size of the ith 

element. 

5.3 Graphs of Particle Diffusion Versus Time 

5.3.1 Uniform Strip Graphs 

Figure 5,5 is the closed form solution and the 

finite element solution for no temperature variation along 

the uniform strip (Figure 5.1), a for this case has the 

dimensions of length, so scaling can be performed on a by 

multiplying Da by the square of the scaling factor. As a 

result this plot can be used to construct the time plots for 

other values of a, 

5.3.2 Tapered Strip Graphs 

The graphs of the solution to the diffusion equation 

for the tapered strip culminate much of the efforts of this 

study. The selection of the graphs was determined by the 
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samples selected for a comparison between the particle 

diffusion and void formation. This selection consists of 

four samples with operating parameters and thicknesses such 

as to provide the widest possible range for comparison 

(that is, from the samples for which the temperature 

variation along the strip was measured). The range of time 

to failure for these samples was limited; first, for too 

short a failure time (less than ten hours) the results were 

not that consistent, and second, for too long a failure time 

Cgreater than one hundred hours) the thermal radiation was 

too low for accurate temperature measurements. Hence, the 

first three samples all have about the same failure times 

(fifty hours), and the fourth (ten hours) was selected so 

that at least one example had a different failure time. 

The individual graphs represent different values of 

the effective activation from energy, E . and diffusion 
a 

constant, Dq; these are the variables of Dq, where 

D = D exp(-E /kT(r)), (5.70) 
a O a 

The values selected for E = for each sample were 0,6, a 

0,8, 1,0 and 1,2 ev. These values span the range for which 

most of the investigators in this field have suggested as 

values for Ea» For these values of Eg, values of Dq were 

selected, so that the minimum value of the time dependent 

particle density correlated in time and position with the 

appearance of the first voids on the strip. Actually, 
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2 a value of Z * *D was selected for this correlation# as Z* a o 

was also an unknown parameter. DQ is known from bulk 

aluminum investigations (16) to be in the range of one 

to ten centimeters squared per hour, and Z* in the range of 

ten to twenty-five (59), However, for this study the value 

2 o f  Z *  • w a s  n o t  a s s u m e d ;  r a t h e r ,  s a i d  v a l u e  w a s  d e t e r m i n e d  o 

from the value that best produced a particle density 

solution that correlated with the void formation picture. 

This correlation will be discussed in more detail in the 

next section, where the.comparison between experimental and 

analytical work will be made. 

The first figure in this section (Figure 5.6) 

depicts the solution of sample 2-14-9, with the temperature 

given an average value of 300°C along the strip. The reason 

for calculating this sample with no- temperature variation 

was twofold; first, to show that the finite element solution 

converged to the closed form solution Eq, (5,33), and, 

second, to demonstrate what effect a temperature variation 

had on the solution. As can be seen, by examining Figure 

5,6, the temperature variation had a pronounced effect on 

the solution. The solution with temperature variation is 

comparable with the void formation picture, while the 

solution with no variation is not! 

The particulars and operating parameters of the four 

samples presented in Figure 5.7 and Appendix D are presented 

in Table 5,1, pT is the resistivity; this was found to be 
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Table 5.1. Operating Parameters for Particle Plots 

Sample Thickness a0/z* Ia(ma) Voltage 
PT -M-nio"10 

T 1 K° } Failure Time 

2-11-9 667 A 52.8 290 7.0 1.05 54-1/2 hrs 

2-14-9 1250 A 37.8 380 5.0 1.07 53 hrs 

1-30-9 1818 A 28.2 425 3.6 1.04 50 hrs 

2-18-9 667 A 54.4 306 8.2 1.04 9-1/2 hrs 
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directly proportional to the absolute temperature for these 

experiments. PT/T was calculated by using Eq. (5.7) as 

£ E =  8 . 6 2 5  ? § § -  ( H - p l t S ) ,  , 5 . 7 1 )  
e 

where t is the thickness in meters and the angular width 0 

was equal to one-tenth. It.should be noted that the thick

nesses were measured by the Reichert interferometer 

microscope and were not based on resistance measurements! 

Hence, the agreement of pT/T between samples again confirms 

the assertion that the component of the resistivity arising 

from lattice vibrations is the major factor in the 

resistivity for these experiments. 

The distinguishing features of the plots of Figure 

5.7 and the plots of Appendix D are as follows: 

1, The position of minimum particle density (or 

maximum depletion of particles) moves with time. 

2, The maximum depletion of particles increases with 

time and the effective activation energy, Ea. 

3, The spread of the depletion curve for a given value 

of depletion (.for example, the 0,95 level (5% 

depletion]), decreases with increasing Ea. SL 

4, The rate of movement of the maximum depletion 

position decreases with increasing E . 
a. 

5, Because the boundary conditions are such that no 

particle flows out of this strip, the total number 
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of particles must be conserved. Thus, as the 

particles move toward the narrowest part of the 

tapered strip, the area of the particle density 

plot above the unity line (initial condition) must 

be greater than that below. 

Note that the portion of the particle density plot 

which lies below the unity line is referred to here as the 

"depletion curve," The minimum of the density is the 

maximum depletion. 

The temperature for the various positions and 

samples for the following particle plots are presented in 

Table 5.2. 

Table 5.2, Measured Temperature Profiles (for Four Tapered 
Strip Samples) 

Position Temperature (Centigrade) 

r' 2-11-9 2-14-9 1-30-9 2-18-9 

3 310 310 300 375 
4 350 350 360 435 
5 310 300 290 390 
6 296 275 260 375 
7 255 250 230 350 
8 235 232 210 316 
9 210 210 180 280 
10 190 195 170 260 
11 180 180 160 225 
12 170 167 160 220 
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5.4 Comparison of Experimental and 
Analytical Work 

As stated previously, the purpose of the above 

exercises was an attempt to determine whether or not the 

particle diffusion process could be correlated with the 

void formation process, A relatively good comparison was 

obtained for the tapered strip when the actual temperatures 

along the strip were inserted into the diffusion coeffi

cient. That is, the movement of the positions where a 

depletion of particles exist was comparable to the observed 

movement of positions where voids were appearing. In 

addition, the maximum negative divergence of particles 

could be correlated with this void movement. At first, it 

was the author's intent to attempt to correlate void 

movement with negative divergence, because it appeared 

that this correlation would support a breakdown assertion 

with regard to lattice structure disintegration and void 

formation. However, as the maximum negative divergence 

decreases with time, while the maximum void density 

increases, it appeared that the correlation with particle 

depletion would have to be considered. Actually, the 

positions of maximum depletion and maximum negative 

divergence are close to each other. As mentioned previ

ously, depletion can be interpreted as total negative 

divergence. 
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This comparison is made when only a few voids have 

appeared, relative to the final stages of the failure 

process. This is necessary because a large void density is 

coincident with a temperature rise, due to the increased 

2 . I R losses. The time at which this happens was easily 

recognizable, as it coincided with a noticeable increase in 

the total voltage drop along the strip. This was substan

tiated by watching the voltage as the temperatures were 

being measured by the radiometer. A variation in 

temperature could have been taken care of in the numerical 

solution, but the thermal radiation measurements were not 

accurate once the radiating area became diminished markedly 

by the voids. 

In Figures 5.8 to 5.11 the observed positions of the 

leading edge and maximum density of the voids are plotted 

with time. That is, these plots are for the samples of the 
i 

previous section, where their particle density functions 

were plotted with time. The comparison between the 

analytical work and these experimental plots involved 

selecting the graph of a sample, for a given value of Ea, 

that best fit the experimental plot of that sample. The 

criteria used in this selection process were twofold: one, 

to try and correlate the movement of the maximum depletion 

position with the maximumjfcg.id density; and, two, to 

correlate the spread of the depletion curve with the lower 

and upper edges of the area along the strip where the voids 
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appeared. The spread of the depletion curve was taken to be 

the length for which the depletion curve was below a level 

that was asserted to be the upper bound of depletion for 

which the creation of a void was possible. This level was 

taken as the maximum depletion for the first plot of the 

various plots of the density function with time. The reason 

for selecting this level was that the position of the 

minimum value of the first plot of the particle density was 

2 
predetermined (by selecting values for Ea and Z* DQ) to 

correlate in time and position with the appearance of the 

first void on the strip, 

The lines in Figures 2.3 to 2,6 labeled r^ and r^ 

represent the positions of the leading edge, determined from 

the spread of the depletion curve and the maximum depletion, 

from the plots for Ea = 0.8 ev. For all samples, the plots 

for E = 0,8 ev were found to correlate with the actual void cl 

positions better than other values of the activation energy 

based on the ahove criteria. As can be seen for the first 

three samples, where time to failure was about 50 hours, the 

correlation is quite good. However, for sample 2-18-<-9, 

where time to failure was ten hours, the correlation'was 

not very good, This is due to the fact that the particle 

density plots for this case (Appendix E, Sample 2-18-9) 

did not display movement of depletion positions and 

levels of depletion as the previous figures did. When the 

strip was subject to higher current densities, the failure 
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position was closer to the initial void position, indi

cating that less movement of the depletion positions is 

compatible with a shorter failure time. But, the diffusion 

process (as described by the diffusion equation) does not 

appear to be so compatible with void formation at the 

shorter failure times (10 hours) as it is at the longer 

failure times (>_ fifty hours). 

The results of selecting diffusion parameters so 

that the experimental and analytical work were comparable, 

along with the operating parameters, are as follows; 

Sample Thickness 
Power 
(watts) 

Ie/Bt 
^megampj 

Z*Dq 

(—) lhr ' 

Ea 
(.ev) 

2-11-9 667 A 2.03 41,2 5.0 0,8 

2-14-9 1250 A 1,90 30.4 20,0 0.8 

1-30-9 1818 A 1.53 23,7 30.0 0,8 

2-18-9 667 A 2,51 45,0 0,5 0,8 

The power is the total power dissipated, and (Ie/t0) is 

indicative of the current density. The value of the 

current density at a given position r^ can be obtained by 

dividing (Ie/t0) by r^. 

The results for the first three samples (.which had 

approximately the same absolute temperature variations and 

failure times) show that the diffusion rate increases with 

thickness. That is, for the same void formation rate the 

thicker samples were subjected to less initial current 
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density, and less initial total power was dissipated'. This 

condition coincides with the observed fact that voids grew 

to larger sizes for thicker samples. In fact, the void 

volume per area of film appeared to grow at a higher rate 

than the corresponding increase in film thickness. Hence, 

an explanation as to why the thicker samples required less 

initial current density tfor the same failure time) may be 

that the current density in the area of the voids increased 

at a higher rate for thicker samples, once voids were 

initiated. 

No conclusive statement can be made with regard to 

the last sample, as the compatibility between the analytical 

and experimental work was rather poor, and the selection of 

the Ea = 0,8 ev plot for this case was crude. It appears 

2 
that the rate was slower {.Z* pQ),but the correlation was 

inadequate to allow any definite conclusions to be made. 



CHAPTER 6 

VOID FORMATION AND THIN FILM FAILURE RATE 

6.1 A Qualitative Description of 
Void Formation 

The initiation of voids will take place in regions 

of distinctly non-periodic (non-cellular) nature—such as 

a grain boundary, stacking faults, and dislocations. The 

void, after being nucleated, will probably grow in such a 

manner as to minimize the void surface energy. 

The results of Chapter 5 demonstrate the positive 

correlation of vacancy concentration and void formation in 

time and space. The buildup in vacancy concentration was 

shown to be dependent on the electron wind and thermal 

gradient. The essentials of the initiation picture are that 

the vacancies will concentrate in a region because of the 

electron wind and the thermal gradient; they will jump out 

of cells and coalesce in any acceptable region—this region 

becoming known, then, as a "void." Until vacancies start 

to coalesce, a macroscopic void cannot occur; this joining 

of vacancies to produce a "large region of vacuum" (a void) 

cannot occur inside a crystalline grain proper. These 

vacancies do not have to jump in a preferred direction in 

this coalescing process, the thermal vibrations being ade

quate to allow the jump into the acceptable regions. 

146 
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As was mentioned in Chapter 1, the simple rate 

picture of electromigration is that of ions jumping due to 

thermal vibrations, and then they slowly drift in a pre

ferred direction due to the electron wind. In this chapter 

the magnitude of the electron wind force will be calculated, 

and simple calculations of the thermal vibration picture, 

2 due to the I R losses, will be made. From these calcula

tions it is possible to predict a threshold on current 

density, below which this phenomenon may not occur, as well 

as to examine the failure rate when this phenomenon is 

occurring. 

Void growth, as in the case of void initiation, is 

dependent on the vacancy concentration or depletion of 

particles. The spatial positions of the level of depletion, 

above which a correlation was made with the observed initia

tion and growth of voids, change with time, as shown by the 

plots of Chapter 5. Upon reflection it becomes clear that 

the termination of growth, as for initiation, is a function 

of the depletion level. The termination of voids is 

illustrated by the photographs of Chapter 4, which show that 

most of the voids terminated at some given size. This size 

is dependent on the thickness of the sample, as shown below: 

Sample Thickness Void Termination Diameter 

2-26-9 800 A - 0.03 mm 
2-28-9 2500 A - 0.10 mm 
3-30-9 4000 A ~ 0.15 mm 
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It appears that the increase in diameter for the 

last two samples relative to the first may be due to the 

fact that for these samples grain boundaries occurred 

within the film itself, while the first sample is too thin 

for this to have taken place. 

6.2 Magnitude of the Electron Wind 

The force that the electron wind exerts on an ion 

at a saddle point can be estimated from the force on an 

impurity as developed in Chapter 3, specifically 

p(o) = —L Az(kp)Je. (6.1) 

Now, the value of kp can be obtained by using the approxima

tion (42) 

2tt 2 -1 
kp = f±- ^ 2tt ((f) 2.6rg) x, (6.2) 

F 

where z is the valence and rg is the radius of the Wigner-
o 

Seitz sphere. The value of r is ̂  1.6 A (.60), which gives b 

a value of 1.7 x 1010/m for kp. Next, Az (kp) can be 

calculated from Eq, (3.43), if the integration (61) is taken 

over the Fermi surface (a reasonable assumption for the 

temperatures involved in this exercise), The value of 

-19 2 
Az(kp) obtained by this calculation was 3,8 x 10 M • 

If these values are inserted into Eq. (6,1), 

F (o) = 2,36 x 10 23 J newtons, (6,3) 
e 
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In order that the magnitude of this force can be clearly 

seen at the atomic level, Eq. (6.3) can be expressed as 

Fto) ; 1.48 x 10-" Je ang^roms, (6.4) 

where Je has the units of megamps/cm . If the interaction 

distance of this force on an ion is taken to be an angstrom 

or less, and using current densities of the magnitude con-

sidered in this dissertation/ the energy associated with 

the force exerted by the electron wind is small. In fact, 

this energy is many orders down from the binding energy 

of aluminum (3 ev). This clearly demonstrates how dominant 

the energy associated with the thermal vibration (causing 

the ion to jump) is compared to the electron wind effect. 

6.3 Thermal Conditions 

6.3,1 Heat Transfer and Temperature 

Throughout the course of this study it was assumed 

that the major portion of the heat dissipated flowed into 

the quartz substrate. In order to check the validity of 

this assumption, heat transfer calculations were made for 

sample 4-14-3, whose thermal profile is given in Figure 4.5t 

For this sample the total power dissipated was 4,0 watts. 

Calculations showed that the amount of heat transferred by 

thermal radiation was less than 10 watts, and the amount 

transferred through the conducting strip at the terminals 
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-3 
was less than 10 watts. Hence, there remained three 

possible modes of transfer; one, the heat could be 

transferred from the conducting strip into air (convection)$ 

second, the heat could flow into the substrate (which, in 

turn, is cooled by convection)? or third, the heat could 

flow into the substrate and then to and out the external 

electrical connections (which are connected to both the 

thin film and substrate). The possibilities of the first 

and second modes were determined from the heat flow equation 

for free-convection flow of air over a flat surface (62); 

that is, 

Q(heat flow) = hA(T-TRT)(watts), (6.5) 

where 

T-Tr 0.25 
h = 2.5 ( t

RT) ( ? ), (6.6) 
L M C° 

A is the cooling area (meter squared), L is the length 

(meter), T is the surface temperature and TRT the room 

temperature (Centigrade). Calculation for heat transfer 

by the first mode (cooling of conducting strip by convec*-

-4 . tion) showed this to be less than 10 watts. Calculation 

for cooling of the substrate by convection (second mode) for 

differential temperature of 25°C showed this to be approxi--

mately 1.3 watts, Because measurements and "touch tests" 

showed that the surface temperature was less than 50°C 
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(between 30°C and 40°C), it was concluded that the third 

mode of heat transfer was the path by which the major 

portion of the power dissipated was transferred, Based on 

the thermal profile measurements for both the uniform and 

tapered strips, an empirical relationship between tempera

ture and current density was formulated. This relationship 

is 

T - T t r  < 450 Je
2, (6.7) 

2 
where the unit of is megamps/cm . This establishes an 

upper bound for the differential temperature. For current 

densities much less than 1.0 megamp/cm the differential 

temperature will certainly be less than this upper bound, 

because the resistivity is an increasing function of 

temperature. It should be noted that this relationship is 

for thin film aluminum conductors on a quartz substrate. 

6.3.2 Thermal Vibrations 

As discussed in the Introduction, the voids are 

initiated when vacancies hop out of the lattice cells, due 

to thermal vibrations. The vacancy is not a real particle 

of course, as it may be considered as the mere absence of a 

lattice ion. This condition can be viewed, as illustrated 

in Figure 6,1, as an exchange of phonon flux. 

The mean square displacement of each vacancy from 

its equilibrium site can be estimated by using the equations 
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^ hl*K 

Lattice 
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9 
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phonon flux 

n'fcw , 

Outgoing phonon flux 

Figure 6.1. Vacancy Jumping Due to Phonon Flux 

developed for atom vibrations (that is, for the Umklapp 

process, Ziman [42]) as 

2 2 VT 

(r) 2  =  9 m  I  f  + h  Zdz, 16.8) 
Mh0D 0 e -1 

where M is the mass of the atom, N the number of atoms per 
» • 

cell, T the temperature and 0D the Debye temperature 

(633°K for aluminum). Inserting the appropriate values for 

aluminum, transforming the integrand into a series and 

integrating, Eq. (.6.8) becomes 

2 -24 <VT)2 „2 (r)2 = 1.5 x 10 T [—^ + |-

eD 
0d/T , 

+ E e T {-% K}] , C6.9) 
n=l n n2 

where the units of r is meters, 
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Near and above the Debye temperatures the series can 

be neglected, so that 

\r> = 0.012 angstroms. (6.10) 

For most metals the value (r) is between 0,2 r - 0,25 r s s 
t 

at the melting temperature. For aluminum Tm is 933°K, and 

r is 1,6 A, If Eg. (6.7) is inserted into Eq. <(6.10), then 

(r) = 0,012 JT~—+_4S0J~^ angstroms, C6.ll) 

o 
where is in megamps/cm . For the current densities used 

to create voids in this investigation, the lattice structure 

was violently shaken. This implies that at melting condi-*-
O 

tions (r) will have a value of ^0.4 A. 

6,4 Failure Rate 

The rate at which vacancies coalesce into voids is 

certainly a major factor in the mean time to failure (MTF)t 

In fact, some authors have taken the jumping rate Claw of 

Arrhenius) to determine MTF, However, as was shown in 

Chapter 5, the divergence of particle flux is another major 

factor in MTF, 

To determine what contribution the vacancy jumping 

rate has on the MTF, the current densities can be substituted 

into Eq, (5.67), replacing the temperatures by the use of 

Eq, (6.7). Then, the MTF will take the form of 
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£ , n 

MTP = a exp ~ [ ——J 1— 5-J , (6.12) 
Trt+450 Je^ Trt+450 J62 

where Je^ and Je2 are the current densities for different 

failure times. A comparison was made for the different 

failure times listed in Table 4.1 by choosing aQ so that 

for Jei = 1.0, MTP = 1/2 hr. The results are presented in 

Table 6,1. 

Table 6,1. Mean Time to Failure 

Je 2 
Failure Time MTB 

megamp/cm (Hours) (Hours) 

1,0 0.5 0.5 

0.875 4 3.8 

0.625 89 630 

As can be seen, this is not a very accurate method 

for long time failure predictions. The rate at which voids 

form is dependent not only upon the vacancy jumping rate 

but also the electron wind—and especially the thermal 

gradient. 

Because the experiment revealed that a temperature 

gradient was a necessary condition for void formation, it 

appears to the author that a current density threshold can 
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be established by the use of Eq. (6.7). That is, a 

threshold exists below which no voids will be initiated. 

4 2 For current densities below 3 x 10 amp/cm , 

TFito " TRT ± °-45°K- t6-13) 

5 2 
In fact, it would appear that below 10 amp/cm there is 

insufficient temperature gradient to allow void formation. 

The problem of long time to failure (thousands of 

hours) may well be meaningless under these conditions. If 

5 2 
the current is below 10 amp/cm , voids may never form. 

It should be noted that this threshold is not 

established by electron wind considerations but, rather, by 

the thermal gradient. 



CHAPTER 7 

CONCLUSION 

7.1 Summary 

Essentially, the steps taken in this investigation 

were initiated by the first observations of void formation 

on a uniform strip (Figure 4.1, mask #3). In those first 

experiments the following was observed: (a) the voids 

appeared at the cathode terminal, where the depletion of 

particles was assumed to be the highest due to the electron 

wind; and (b) the maximum density of voids and fracture 

occurred not at the positions of maximum current density 

but, instead, at a position where the maximum gradient in 

current density occurred. The resulting fracture approxi

mately followed the curvature of the equi-potential 

surfaces. Subsequent experiments with alternating current 

implied that the electron wind was a significant factor in 

void formation, although a few voids did appear at the 

terminals after several hundred hours. It seemed from these 

results that the electron wind was a necessary factor in 

void formation. In retrospect, it should be noted that at 

this time the thermal conditions were not completely under

stood, That is, the major portion of the joule heat flows ' 

156 
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into the substrate, and the subsequent thermal gradients 

along the strip are not very large. 

Based on the results of the uniform strip experi

ments, an experiment was envisaged in which the variation 

in the electron wind would not be so severe (the tapered 

strip). The reasons for this undertaking were twofold; 

first, to simplify the mathematical problem, and second, 

to magnify the area of void formation. The results of the 

first experiments on the tapered strip showed that the first 

voids formed were at the narrow region of the strip near 
* 

the anode terminal, and subsequent void formation advanced 

up the strip toward the cathode end, with the fracture 

occurring approximately midway between anode and cathode. 

Changing the total current (no more than 20%) would alter 

the position of the fracture. For higher currents the 

fracture would occur closer to the anode. As the current 

was decreased the fracture would advance up the strip, 

until a critical current level was reached—below which the 

fracture would move down the strip toward the anode. The 

failure time for current levels below this critical current 

level was over one hundred hours. 

At these earlier stages of this investigation, it 

was assumed that these results were largely due to the 

decreasing or increasing of the electron wind along the 

strip. However, when a time dependent solution to the 

particle density diffusion equation for constant temperature 
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along the strip was obtained, it was not comparable to the 

void formation picture. But, when a hypothetical tempera

ture variation along the strip was inserted into the 

diffusion equation, the solution was comparable. This 

analytical result prompted a major effort of this investi

gation, that of the thermal profile measurement. When 

the results of this measurement were inserted into the 

diffusion equation the solutions were comparable with the 

void formation picture. 

Values of E- (effective activation energy) and 
a 

2 Z* Dq (diffusion rate) were obtained as follows: for 

2 selected values of Ea and Z* Dq the subsequent particle 

solution exhibited optimum compatibility in time and space 

with the void formation picture. It should be noted that 

2 both E and Z* D were obtained from one experiment, which a o —— 

to the author's knowledge has not been done before! The 

significance of the above lies in the fact that the other 

reports of these values were established by considering only 

the diffusion coefficient, which does not take into account 

the divergence of the particle flux. That is, it is the 

2 author's assertion that obtaining values for EQ and Z* Dq 

from the solution of the diffusion equation is a more 

complete method than has been reported previously. 

Once a definite correlation between the void forma

tion and the time dependent solution of particle density had 

been made, the dependence of void formation on the 
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temperature gradient was established. It might be said that 

this dependence was kriown from the diffusion coefficient; 

however, the major import of this investigation was to 

obtain said correlation between voids and analytical 

particle flux, consequently establishing this dependence 

and the parameters of the diffusion coefficient. Hence, 

it follows that because of the exponential dependence of 

the mobility on temperature, the temperature gradient is 

very much the major factor in void formation relative to a 

variation in the. electron wind. 

The rate at which voids form will be dependent on 

the magnitude of the electron wind, as well as the absolute 

temperature. Indeed, the degree to which void formation is 

dependent upon all of these factors is best expressed by 

the diffusion equation itself. 

In addition to the analysis and experiments, an 

effort was made to summarize some of the classical theories 

from which the diffusion equation has evolved "(Chapter 2), 

as well as to complement this with a microscopic treatment 

of the phenomenon (Chapter 3). It was the author's ambition 

to extend the microscopic development and especially to 

incorporate the magnetic field in this treatment. The 

positive effect that the magnetic field had on the migration 

rate presents an interesting analysis problem. However, due 

to time limitations, these tasks were not accomplished. 
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7.2 Voids and Hillocks 

Most of this study has been devoted to the void 

formation picture and not to the counter movement, Hillock 

formation. But, as can be seen from the particle density 

plots, there is also a crude correlation between these 

plots and the formation of hillocks. It must therefore be 

assumed that the factors contributing to void formation also 

play the major role in the formation of hillocks. The 

nucleation sites for the hillocks are presumed to be grain 

boundaries, dislocations, etc., but just what impurity is 

preferred is not clear. Unlike voids, where formation on a 

macroscopic basis appeared to be random, the hillocks 

presented a definite pattern; that is, the hillock streamers 

approximated the electric field lines. These hillock 

streamers were macroscopic, making it appear that some 

classical approach could be used to predict their average 

height and width, (Unfortunately, there was no electron 

scanning microscope available to the author for most of this 

investigation, so that their height could not be measured 

accurately,) 

The major factors in the initiation of voids is the 

thermal vibration of the lattice structure and the divergence 

of particle flux, assuming that nucleation sites are present. 

The thermal vibrations are necessary for a large number of 

vacancies to be jumping, and the divergence is necessary so 
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that the density of these jumping vacancies can rise to a 

level necessary for these vacancies to coalesce into voids. 

7.3 Failure Due to Electromigration 

One of the questions unanswered during the course of 

this investigation has been concerned with the relation of 

accelerated tests to long time failures (10,000 to 100,000 

hrs). It is the author's opinion that predicting failure 

times longer than 10,000 hours may be a meaningless 

conjecture. The literature reports failures in thousands 

of hours, and some of the author's experiments lasted as 

long as a few hundred hours. The overriding specific 

question which has not been answered conclusively may be 

phrased: "Is there a critical level of vacancy density 

below which voids will not form?" This level will probably 

be different for different nucleation sites, dislocations, 

grain boundaries, etc. If such a critical level exists, 

then the initiation of voids is essentially a breakdown 

phenomenon. If this level exists, then, from the results 

of this investigation, it can be said that a critical 

temperature and temperature gradient exist—^below which 

voids will not form; therefore, a maximum failure time 

exists, beyond which no failure will take place. 

It appears that the electron wind can cause 

electromigration and subsequent void formation to take place 

many orders below the current densities maintained in this 
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investigation, if a sufficiently high temperature thermal 

environment exists. That is, for the experiments run in 

this investigation, the transfer of heat to the substrate, 

5 2 requires that a current density above 10 amp/cm be 

maintained. However, for the case of a thin wire, in which 

the Joule heat must flow down the wire and out the terminals, 

a rise in temperature could be obtained for much lower 

current densities. This fact is substantiated by Penney's 

(16) experiment in bulk aluminum, where he measured an 

electromigration effect by the movement of a marker on an 

4 2 aluminum wire for current densities of 'v 10 amp/cm . In 

an integrated circuit, where a given conducting strip is 

heated by external sources, in addition to its own Joule 

heating, voids could be formed for current densities below 

5 2 10 amp/cm . In short, the time to failure is dependent not 

only on current density but also on the thermal environment. 

If a localized heat source is positioned near part of a 

conducting strip, failure time versus current densities 

may be quite different from those reported in this disser

tation. 

Although this study is not concerned with any 

particulars of this problem, as regards IC technology, it 

may be of interest to note two methods that have been 

employed with some success in slowing down the failure 

rate. One way is to heat treat (450°CJ the conducting 

strip, thereby annealing some of the grain boundaries. 
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Another is to alloy approximately 1% copper with the 

aluminum (63). The second method slows down the vacancy 

diffusion, because vacancies will have a greater proba

bility of jumping around the copper atom than away from 

it. This is attributed to the unbalanced stress condition 

the copper atom has created in the lattice structure! 

7.4 Final Remarks 

As stated in Chapter 1, it was not the intent of 

this investigation to simulate the configurations and 

operating conditions in an integrated circuit, but, 

instead, to investigate the factors involved in void 

formation from a phenomenological point of view. This 

study did not deal with the actual nucleation of voids; it 

dealt with the roles that the electron wind, absolute 

temperature and temperature gradient played in the void 

formation picture. Aluminum was used throughout this 

investigation as the conducting material, because of its 

prevalent use as a thin film conductor. It had been the 

intent to study these effects with other metals, such as 

gold and nickel, but because of time limitations these 

tasks were not completed. 

Electromigration in microelectronics is not limited 

merely to migration in the metallic conductors. For 

example, at the silicon«-aluminum contacts silicon diffuses 

into the aluminum (64), Also, the problem exists of 
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migration of metallic ions into the silicon separating two 

metallic terminals. It appears that the particular 

approach taken in this study, or some modification of it, 

may be useful in resolving the role of the electron wind 

and thermal gradients in these other electromigratipn 

problem areas in general microelectronic structure applica

tions. 



APPENDIX A 

DERIVATION OF EQUATIONS FOR CHAPTER 2 

At 1 Calculation of the Flux of Atoms 

From Eqs. (2.2) and (2.6), the component of flux 

flowing to the left is 

XQ ~ „ n X° 00 

Nt = C (x ) / / f (X, t) dXdx + (|£) / (X-X_) f 
L ° -» x -x ~ o — ° x —x 

o o 

V 
n o 00 

f(X,t)dXdx + ... + (^-~) / (x-xn)n f 
~ n* ax11 ° -~ ° xQ-x 

f(X,t)dXdx + . (A. 1) 

where X = x_ - x. — o 

If the (x-xD)n term is integrated by parts, then 

,*o » 
NL = / Cx-xQ)n / f(X, t)dXdx 

x0-x 

, .n+1 x 
Cx^x ) ra _ _ o 

f ? ftX,t)dXJ 
n+1 x -x o 

XQ 

/ Cx^xQ)n+1f (x0-x,t)dx CA.2) 
^ CO 

165 



166 

For the flux flowing to the right, a similar 

expression exists 

eo o 
Nr = / Cx-xQ)n / f (X, t) dXdx 

xQ 

(x-x)n+1 xo"x _ _« 
= I hti / f(X,t)dX] 

00 

+ ~T / (x-xo)n+1 f (xQ-x,t)dx CA.3) 
xo 

The first terms of Eq. (A.2) and Eq, (A,3) are zero. The 

difference between the two terms (x-xQ)n of Eq. (A.2) and 

Eq. (A,3) is 

x 

nl - nr = - 5TT ° 'x-xo,n+1 £ix0-^t)dx 
«*{X) 

00 
/ (x-xo)n+1 f(xQ~x,t)dx 

xo 

^ /" (x-xo)n+X f(x0-x,t>dx 
-00 

t-l)n /yH+1. ^ 
n+l u >• (A. 4) 

Each term of the series therefore will take the form of 
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1 ,3nc, C-I)n /„n+l, _ C-l)n ,3nc, ,„n+L , 
57 t'o U > Sxn o < > <A-5> 

The product of the flux and time constitutes the 

net movement of the atomic particles, and it is equal to 

the sum of terms of the type in Eq. (A.5); therefore 

JU0,t)-t = C(x ) <J> - (|f). <x2> - o(x0) (§§) jL «X2» 
o o 

2 
+ i (^-4) (x3) + ... (A.6) 

^ 3x o 

A.2 Phenomenological Equations 

Starting with the Gibbs relation • 

_ ds _ du dv „ dck 
T dt ~ dt + p dt " I yk dt" (A'7) 

where p = equilibrium pressure 

= chemical potential 

ck - mass fraction 

If the chemical reaction, external pressure and 

forces are neglected, the above can be written in terms of 

various components of energy flux, as 

V ̂kJk 
ds / k \ i -r J /1\ 

Pdt = *" dlV ( T 1 q 9 T 

i n ->• P I* 
i E J. CT grad =*) , (A.8) 
1 k^l K 1 
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where = chemical potentials 

J = heat flux 
<3 

= energy flux of particle k, 

1 _ n 

k=l 
if Jg (entropy flux) = ̂  (Jg - yk Jk) 

then the rate of free entropy is: 

n 
a = p || + dlv 3S = 3q-graS (±) - | £ jy (T) grad (Jl) 

k-1 
(A.9) 

now 

Pk hkdT 
Td (^-) = ip— 

and letting 

n 

J
q l  - J g  +  kf 1  Vk-

where hk is the partial specific enthalpy of component k. 

Then 

1 _ i + i n~l _ + 
a = — j  J q  i 9 r a d  T  * *  t  2  J k  * ^ r a d  ̂  (A.1 0 )  

T k=l T 

By the use of the Onsager reciprocal relations C34, 

35)f restricting ourselves to the linear region and making 

use of the Curie Principle, we have, for a pure metal with 

only vacancies as defects, 



169 

V = " Lqg • 9"d " [Lqa gr"ad 

+ l gad {[̂ }] i (a.11) 

J„ = -J (A.12) 
V a 

Ja = " Laq Sr3d <*> " [Laa 9"d tMa}T 

+ Lae grad {pe) J i (A. 13) 

letting yv = yv (equilibrium) 

Sa = ya + q{p 

grad {y } = 0 
e T 

where <j) is the electron potential, and a refers to the 

solute atom, 

V = - Lqq 9"d (i) - ̂  grad 

+ "T1 lqa " I3^ qe' 9"d • (A-141 qa 

?a = " V 9"d <5> * ~ir 9"d '"a^ 

+ (qa - qe) grad 0 (A. 15) 
aa 
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The total enthalpy for a pure metal, with only vacancies 

as defects, can be expressed as 

H(nA,nv'p'Tj = HotnA'p'Tj + VHf " TASc (A.16) 

Now the free anthalpy of vacancies is 

nyAHf = nv(^hf - TASf}, (A.17) 

where ny = vacancies per unit volume 

Ahf = enthalpy of vacancy formation 

AS^ = entropy of vacancy formation 

The entropy of the vacancy and atoms in the crystal 

can be expressed by the well known formula as: 

(n +n )1 
AS = k log t n

a,nV, ] (A.18) 
c a v* 

By the use of Stirling's formula, Eq, (A.16) becomes 

Htna'nv'p'T) = HoCna'p'T) + nvAHf 

- kT[ (na+nv) log (na+ny) -n^logna~nvlognv] (A. 19) 

The chemical potential of vacancies is defined by the 

partial derivative of the free enthalpy with respect to 

vacancy concentration 

•v = li-> • AHf+ kT 1o* ;r£r (a-20) 
o a v 
na,P,T 
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From the Gibbs-Duhen relation, 

na grad ya + ny grad yv = 0 

and 

n + n„ = constant a v 

Ja " ' gr*d na " TT tqa " ^e1 + 
a aa 

L 
+ -§3. grad (T) (A.21) 
T 

v 
"" grad na - -3^ (q& - j-3^- qQ) grad <J> 

L 
—23. grad (T) (A. 22) 



APPENDIX B 

DERIVATION OF EQUATIONS OP CHAPTER 3 

B.l Derivation of Equation 3.10 

Because the force of Eq. (3.8) is due to the electric 

field and the transform of the spatial vector rQ is taken 

about K, the component of the electric field is taken along 

K as 

— — — r -iK * r 
T f If \ _ E K f K . O _ A r VK> E * K K 3 3 o 

o 

~ it -__o **iKcos0r J 
= cos0„ / / e ° 2irr sin0d6dr 

K 0 0 r 2 ° ° 
o 

1 » -ilT'r 
= 2ttcos0„ / / e drydy. (B.l) 

K -1 0 

For reasons of convergence, consider, instead 

1 °° -iKyr -yr 
1AK) = lim 2ttcos0v / / e ° dr ydy f (B.2) 
° y+0 K -1 0 ° 

where p is positive real. 

Hence, 

1 COS0„ 
I (K) = lim 27rcos0__ / .g dy = 14tt (B.3) 
° u-+-0 K -1 lKy y K 
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From Eq, (3.15) we get 

1c 
2 P TT . 

t~\ f2iT r r aikx ikcos0x _ _ •» p (r) = - —t—k- i— / / e e sinQk akd0 + c . c . i  ,  
° 8TT X 0 0 

(B. 4) 

where x = | r-r'|; or, 

P n W  =  -  ^  / P  /  e i k x  e i k x y  k 2 d y d k  +  c . o . }  
° 4uJ/i x 0 -1 

2 ^F _ me r4 r coskxsmkx ,.2J1.-l 
~ " . 3 2 lx £ kx dlC' 

4 TT t\ 0 

2 ^F 
= 2—=- / (2Kx) 2 j_ 12Kx) d (2kx) } 

4irV 2x4 0 

me2 2 3i(2kFx> 
k„ x * (B.5) 

' 2 F x2 

where j-^Cx) is the spherical Bessel function, 

B.3 Derivation of Equation 3.20 

Taking the Fourier transform on the term that is a 

function of r in Eq. (3.16) (that is, in the convolution 

identity), then 
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iKcos0r 
sin0drd9 

2iTkp / dy 7 a (2^5) dx 
• -1 0 x 

1 
2irkp / dy {1 

* -1 

iay ; S±nx e-iaxy dx} 
A A -0 

00 

1 
2*irlc_ / dy {1 - iay 

F -1 
If • / |?f I 

(B .  6 )  

and the value of the above integrals were obtained from 

Ryshik and Gradstein £61). 

B.4 Derivation of Equation 3.26 

Prom Eqs, (3,21) and (3,25) 

? k 
_ me v_ F 7T 

p~(r) 3-5-// / 27rexp{ikcos0 |r-r'|}exp{ik| r-r' | } 
* 8tt h 0 0 

cos0sin0 

1 3E(k) .2 
h 3k 

k d^r'dkd© + c.c (B, 7) 
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Now, j-, (x) = - ̂  / e^xcos0 cosBsinBde. (B.8) 
^ 0 

Then, 

2 i _ me v _ k 
P,Cr) =T1S/ V (r')d,r' / j, (k|r-r • |) sin{k | r-r» | } 
* trtx 0 . 

— 3 f 
• T(k) (-3-=^) [hTkT ) 

2 k2dE . (B.9) 
I r-r'I 

B. 5 Derivation of P(K)(Pure Electric Field) 

Similar to the derivation of Eq. (B.l) the component 

of the electric field is taken along the K vector in Eq. 

(3.28), hence 

w 71 sink r _,-Kroc.flr 
P ( K )  =  c o s 6  e E r(kp) / / cosQj,(k„r) —e 1Kcosor 

0 0 1 F r 

* k„2r227rsin0d6dr F 

00 1 , sink„r 
= cos0KeET(kF) (-i4u) d(kj,r) ("1k^r 1 

sinkFr . , , 2, 3 
' — sin(Kyr)r kp ydydr 

2 00 sin (kpr)sin(Kr) 
-i2ircosei, eET(k„) / dr 

K F -co r 

2 
= -i y~ cos0KEeT(kp)u (2kp-K) (B.10} 



where u(x) in the unit step function and the last step in 

the above is made by the use of integral tables (63.) , 



APPENDIX C 

RECORDER DISPLACEMENT WITH TEMPERATURE 

The displacement of the recorder listed in this 

appendix is in centimeters. The holes marked SI, S2, S3 and 

S4 have diameters of 0.032 cm, 0,045 cm, 0.064 cm and 0.089 

cm respectively. The significance between the tables 

marked m=l and m=2 is discussed in Section 4,3,3.4, 

177 



(•"c inKOIifc (ilPLACFKENl M 3 1 

CCENT I GRADE: ) si sa S3 S« 

IS)« .1 .1 

\ e S  *?• .t f K .3 

J'.iT • 0 .i • 5 ,7 

) ?b . 1 .a m t 1.3 

?i\rA .2 • 5 i.? 2,4 

*3 .6 2.1 4,1 

? 5 ('•• .4 1.3 3,5 6.9 

?7b .7 2.1 5.6 10,9 

W 1 .1 3.2 fl.5 16,7 

"<3!j 1,6 a.8 12. Y 24.6 

3'JP' 2.3 6.9 ia.3 35.7 

375 3,2 9.6 25,7 St),2 

iJMp 4.4 13,2 35.3 66,9 

flPS 5,9 17 •« 47,5 92. fi 

7.8 23,6 6 3 , S  122,7 

<175 1 w,2 3HP6 fll,7 159,7 

5 f1 W 13,1 39.3 104,7 2P14.7 

5P5 1ft, 6 '49.7 13?, a 25*.9 

ae.7 ^2.1 165,4 323,4 

f?/b 25.6 7 b. 7 2W4.4 399.6 

31.3 93. fl 488.7 

62* 37.9 113.7 302.0 592.J 

f st; 45.5 136,5 363,7 7)1.2 
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wfer.uurifiK 0T.pt,accent m = 3 

Tfi^Pfhft'riiKh (CP.NTTr.RADI:) St S? S3 S4 

1 V)M • 1 .1 

J ?.'S .0 .1 .3 .3 

J 5E* .1 .4 .7 

1  7 S  .1 , -3 .7 1.3 

?.rh'A ,2 .5 1.3 2.4 

??c3 .3 .9 a.a 4.2 

3S'4 .5 1.4 3.7 7. B 

£75 .«  2.3 5,6 11,2 

1.3 3.5 9. ̂ 17.1 

325 1.9 s.a 13.3 25,4 

a,7 7.5 19.1 36,5 

3 7*1 3,ft 10.5 2b,9 51,3 

a nfri 5.2 U.5 36,9 70,5 

4?5 7,« 19,5 '*9,7 95,0 

IS" 9.3 25. a 65,7 125,6 

17S ia.i 33.5 as,s 163,4 

15,5 43.0 109,6 2H9,5 

S?5 19.7 54,3 138,6 264.9 

ss<? 24,6 h7.9 1 73,? 331,0 

575 30.3 #"5,9 214.0 409,(3 

6 U C  37.1 1612.6 261.7 5H8,2 

h?S 45,15 124,3 317,1 6116,(1 

f ,:-6 54. a 1 '4 9,3 380,a 727,9 



APPENDIX D 

PARTICLE DENSITY SOLUTION FOR THE UNIFORM STRIP 

In this appendix the time dependent particle 

density solution for the uniform strip with no temperature 

variation is derived. 

Starting with Eq. (5,5) and making the substitution 

Na(x,s) = u(x,s) e ax, CD, 1) 

then ". 
.1 

2 n 
uCx/S) - kx2 u(x,s) = eax, CD,2} 

dx a 

where k 2 = a2 + 
x a 

Next, following Friedman C52), the Green's function can be 

expressed as 

w, (x) Cz) u lz-x) +oi_ (x) OK (z) u (x-z) 
gft,,,) = -i ? __2. i 

where the functions w, (x) and ouCx) are those solutions to 

V Eq, (D,2) which satisfy the boundary conditions at x=0 and 

x-l respectively, u(x) is the unit step function and 

2fVV 
- [0)^01^-0)^0)2]e (P. 4) 
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The solution in the s-plane is then 

n A 
N  f x , s )  = - • = £ /  g ( x , z ) e a z d z .  ( D . 5 )  
a a 0 

The choice of ^(x) and w2 (x) to satisfy the boundary 

conditions are 

w, (x) = [cosh(Xx) + sinh (k x) ] e ax (D.6) 
l x kx x 

oj2Cx) = [cosh[kx(x-Jl)] - sinh{kx(x-&) }]e'ax (D.7) 
X 

Then, 

j(u)2fco1) = - Dsk sinh(kx^) (D.8) 

Now, constructing the Green's function of Eq. CD.3), and 

carrying out the integration of Eq. (D.5), the solution in 

the s~plane becomes 

N <s,x) = ̂  + ^a"°Pakx (coshfk x)e"a(x_<l) 
3 s s sinhCk Jt) 

WW 

2 

- cosh{k (x- J J r )  }e ax) + —~ — — (sinh(k x)e a^x ^ 
s sinhCk &) 

- sinh(k (x-Jt))e ax) . CD.9) 

Now, consider the terms of the form 

sinh(k x) <3C 

s2sinhCk A)' 
a 
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these terms have a double pole at s=0 and poles at k = 

+ or jt_ = - (BE)2 - a2, where n = 0, 1, 2 ... . In a 
— x- ua x 

similar manner, consider the terms of the form 

kxcosh(kxx) 

s2sinh(k JZ.) 
X 

These terms have a double pole at s-0 and poles at k = 

+ or g— = - (~) - a2 where n = 1, 2, 3 ... . Now, 

making use of the identities 

cos ~ (x-Jl) = (-l)n cos ~L x 

and 

mr , .. / . n , mr 
sin — (x-A) = (-1J sin j- x, 

the time dependent solutions can be constructed from the 

residue theorem to be 

g 

natx,t) = nQ tBesinh/ + Weax ̂  »ir[mrcos ̂  

- 0sin x] 
Ie^ exp ((mr) 2+p2) t}] , (D.10) 

* (3 +{nir) ) % 

where 3 = ct£. 
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PLOTS OF PARTICLE DENSITIES 

183 



Sample 2-11-9 

A t = 2 hrs 
+ t = 5 hrs 

X t = 10 hrs 
20 hrs 

0.6 ev 

0.1 cm^/hr 

6 

4 

1.1 

1.0 

0.9 

00 
•Ct 



/ '-y 
/ <V 

QJ 
% A 
F 11 

£ % % 2 * **7 & .cr *v A 

«V 

// 

-Q 
<o 

© 
o 0} 

// 
<v 

// 
 ̂ *, " VJ 

k ̂  N 

o 
// 

«V 
* 
P 

*V 
8 
o 

«o 
// 
o 

<? 



Sample 2-11-9 

3 hrs 
5 hrs 
10 hrs 

20 hrs 

1.0 ev 

1.6.. 

1.5-

Z* D 250 cm /hr 
1.4 --

1.2--

1.1" 

10 12 
1.0 

0. 9 --



i 
CO 

cr> 
I «-/ 

J 

a> 
a 

* /? » JLi 3 b 
* -C x; 

U) 
u 
•s 4 

N  i n ® 0  ' "i oj 
II 

4J 
» II 
+J 

> 0) 
rv 

// 
+J 

* * * * 
ftj 

<0 

§ 

o 

s 

II 

_0 

* 
c*3 

«5 



o> t  
"V 
/ 

QJ 
% 

i <0 

j ft L? 

* *> $ o *0 
" // , * o* 

<1 // 
iU +J 

* A; 

// 

'Z? 
<\c 

* 
*9 

. <V 

§ 
<*> 

C5 
H 

o 

4 

<0 

V. 
*Y 



Sample 2-14-9 

2 hrs 
5 hrs 
10 hrs 
20 hrs 

1.0 ev 

1. €--
+ t 

X t 

* t 

Z* D 10J cm /hr 

1.3 

1.2 --

1.1 " 
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0,9 .. 
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Sample 1-30-9 
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1.6--
+ t 
X t 
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10 12 
1.0 

0. 9 --







Sample 1-30-9 
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+ t = Jj hrs 
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1.6-
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1.3--

1. 2--

1.1--

12 
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Sample 2-18-9 

At = 1 hr 
+ t = 2 hrs 
Xt = 3 hrs 

= 4 hrs 

1.6 --

1.5 --

Z* D 0.5 cm /hr 
1.4 --

1.3 --

1.2 

1.1 

10 12 
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1 hr 
2 hrs 
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1.0 ev 

1.6--

Z* D 250 cm /hr 
1.4--

1.3 

1.1-. 

10 12 
1.0 

0.9--



Sample 2-18-9 

1 hr 
2 hrs 

3 hrs 

4 hrs 

103 cm^/hr Z * D 

10 12 
-*—! 

«-• 
to 
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A t K « J ) = O . Q  
R ( K ) = 0 . 0  
0 0  7  L = l *  N  

7 R(K)=RfKH-CIK»L)*pIL,J) 
k CONTINUE 

00 ft M=1,N 
8  A C M , J ) = A C M , J ) + R ( M 1  
6  C O N T I N U E  

C  T I T L E  
p p T  N T  1 0 1  

1 0 1  F 0 R M A T ( 1 H 1 . 1 3 X , *  F I N I T E  E L E M E N T  C A L C U L A T I O N  O F  V A C A N C Y  O I F F U S I O N  
2 D U E  T O  E L E C T R O N  W I N D  F O R  L I N E A R  T A P E R * / / )  

102 F0RMAT(qX^*nfD=E*^Fll2,» HOURS 0 =n*jt9.3,* CN.CN/HOURS* 
2 »  E F  * , ^ 5 . 3 , *  E V  Z - * , F 4 . 0 , *  T H I C K N E S S  =  * , F U . O «  
3  *  A N G S T R O M S  * / / !  

P R I N T  i O ? 0 , V I , 2 0 , S P l , S P 2 , S i ' 3 , E I  . .  « U 1 I  m n  

1 0 2 0  F O P M A T d O X , *  V O L T A G E  =  * , F 3 . 1 , *  V O L T S  A L P H A  =  * ' f , | . 0 ,  
2  *  S A M P L E  * , F 1 . G , 1 H - , F 2 . 0 , 1 H - , F 2 . 0 , *  C U R R E N T  =  * ,  
3 F 3 •  0 ,  *  M A * / / I  

1 0  3  FORMATCSX^ H T I M E , 6 X , 2 H V I , 9 X , 2 H V 2 , 9 X , 2 H V 3 , 9 X , 2 H V 4 , 5 X , 2 H V 5 , 9 X , 2 H V 6 ,  
1 9 X , 2 H V 7 , 9 X , 2 H V B , 9 X , 2 H V 9 , 9 X , 3 H V 1 0 / i  

PRINT 6 *»i* X 
641 FORMAT(//6X,*X s *,10F11,3/{1 OX,10F11.3)) 

6 4 3  F O R M A T ( / / & X ^ * W  =  * , 1 Q F 1 1 . 3 / ( 1 0 X , 1 C F 1 1 . 3 ) )  

P R I N T  6 4 2 , T  
6 4 2  F O R M A T < / 3 X , * T E M P  -  * , 1 O F 1 1 .  2 / { 1  O X . 1 0 F 1 1 . 2 1 )  

C 
0 0  9  L = 1 « N  
V < L ) = 1 . 0  

9  R I < L I = X t L )  
TI=0.0 
0 0  1 5  I I - l , N M M  
D O  1 C  1 1 0 = 1 , N M  
T I = T I + O T  
0 0  1 1  J - 1 , N  
R CJ)=0•0 
0 0  1 2  L - l t  N  

1 2  R I J 1  = P ( J ) * A C J , L ) * R I ( L )  
11 CONTINUE 

00 13 K-l, N 
1 3  R I < K I = R ( K )  

D O  1 6  1 = 1 , N  
16 VCI)=RCI1/X(I) 
1 0  C O N T I N U E  



115 PRINT 105,TI,V 
105 PORHAT(//F10.3,19Eil,3/(lflX,lQE11.3)) 

IFCTI.Fn.ni) N1=NM2 
TF(TI.EQ.02) NM=NM3 
IF(TI.E0.D3) NM=NM k 

C PLOT OF PARTICLES 
HX=7.5 
HV-5.7 
NY=18 
NX = 18 
SEP=6.0 
FMAX=1.7 
FMIN=Q•ft 
THIN=3.0 
TMAX=12.0 
IBN=6H99822Ut4S 
ITN=2 
PEN=D.3 
XCROS^l.O 
CALL MYCALPT(X,V,II,I0F,37» 
00 61 IX=1,N1 
Aiy=IX-l 

61 X(IX>=3.O+AIX/AM 
XCNI=XJ 

15 CONTINUE 
60 CONTINUE 

CALL PLOTCO-«0.,999) 
C ENO OF PLOT CALL 

STOP 

NJ 
O U) 
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8 A<H.J)=A(M,J>+RTM) 
6 CONTINUE 

PRINT 101 
101 FOSHATC1H1///1QX,* FINITE ELEMENT CALCULATION OF VACANCY DIFFUSION 

IN DUE TO ELECTRON WIND *//) 
PRINT 1G2»0T,Z,D,DET 

102 FORMATC1CX,*OT =*,F5.2,* HOURS -Z =«,F4.0,» 0 = *,E9.3, 
2 * CN.CN/HOURS D£T = *,E8.0//I 
PRINT 6U1,X 

6M F09MAT(//2X,* T», 11FH.3/(17X, 1DFH.3I > 
DO 9 L=1«N 

9 RI(L)=1»0/U{L) 
T=Q.0 
NMM=10 
NM = 1 

115 DO 15 11=1,NMM 
00 ID 1=1,NM 
T=T + DT 
DO 11 J=1,N 
RU>=0.0 
00 12 L=1,N 

12 R(J>=P(JL+A(J,L>*F?IFL) 
11 CONTINUE 

00 13 *=1,N 
13 RT(K)=R(K) 
IP CONTINUE 

00 650 1=1,N 
650 VCI1=»M*U(I) 

00 1B1 1=1,N 
181 V<n=ALOGLG(L«0E+0<»*VfI)l/<f0 

PRINT 105,T,V 
10 5 FORMAT(//E9•1*11E11. 3/(?OX,10EL1.31 > 

IFCT.GF.TF> GO TO 75 
15 CONTINUE 

TFM=10*NM 
NMM=Q 
GO TO 115 

75 STOP 
END 

to 
o 
Ln 



c PROGRAM TO COMPUTE ANALYTICAL SOLUTION FOR TAPEREO STRIP. 
C (NO TEMPERATURE VARIATION! 
C PROGRAM KOFRT (INPUT.OUTPUT,TAPE6=0UTPUT) 

DIMENSION V(19> « X<19)* N (19)• TI(*+> 
RF AO l,NX,NT,Nl,0»ERfDT.TL*EV«Z.TFMP 

1 FORMAT (3I2.2EB. 2*3F5.2«2Fi4.0 > 
READ 51»TI 

51 FORMAT (FEF3«QT 
7 FCRMATC1H1///1DX,* VACANCY DIFFUSION DUE TO ELECTRON WIND TA°EPED 

2 * / / >  
PRINT 8»N,TL*ER,TFHP,EV,Z , « 4 

ft F0PMAT(1DX,*0 = *.E10.3,* TL = *,F5.2,* JIE2, =N ##F * 
2* TEMP = *,F3.G»* EV = **FU.2,» 2~ •,FU.0//> 
TEMP=TEMP+273 
0=0*EXP(-£V*L.I6E+0'T/TEMP) 
AN1=N1 
DO ID 1=1*NX 
A 1 = 1 

10 X(I)=3.0+(AI-1.0)/ANL 

11 F0RMATU/2X,* T*11X, 10F11 • 2/ (17X, 10F11.2H 
P=ACOSC-1.0» 
D=DMTZ/(0•05*2.510 )**2.0) 
DO 3 1=1*U 
T=TI(II 
DO K=1«NX 
SUM=C.O 
DO 5 J=L,50 
AIN=(-1)**J 
AJ=?*J-l 
N(K)=J 
S=P*AJ 

TERM=^0*(TL/X(K)1* (1. D-EXP (-D* ( (S/TL)**2. 01 *T| ) *COS( XE*SJ / < S**2» 0 
21 
SUM=SUM+TERM 

5 CONTINUE 
U V(K) = 1« 0+SUM 
PRINT 6*T,V . . 

6 FORMAT<//E9,I,ILX*I0EII.3/(20**10ELI.3J ) 
3 CONTINUE 

STOP 
END 

TO 
o 



c PROGRAM TO COMPUTE ANALYTICAL SOLUTION FOR UNIFORM STRIP. 
C (NO TEMPERATURE VARIATION) 
C 

PROGRAM KOERT (INPUT,OUT°UT,TAPE6=OUTPUT,TAPE2) 
DIMENSION VI50) • X t S O l  .NL^LL ,TO(£T» 
N0MM0N/PTSI7/HX,HY,SEP,NX,NY,FMAX,FMLN,TMAX,TMLN,I9N,ITN,PEN,XCROS 
PEAD 1,NZ,NT,DT,N,TL,Z,DDT,ER,EV,TEMP,CURRENT, PES,TD?1»,T3(2», 
2TO(3),TDCM 
1 FOPKATTI3,T3,F5.2,E9.3,F5.2,F5.2,P5.2,E7.I,FIT.2,»R3.0,F3. 0,FU.L, 
2i*F4.P//) 
PRINT 7 

7 FORMATC1H1///10X,* VACANCY DIFFUSION DUE TO ELECTRON WINO •//» 
PRINT 8,Z,D,TL,ER,EV,TEMP,CURRENT,RES 

8 FORMAT{3X,*Z = *,F5.2,» 0 = *,E10.3,* TL = »,F5.2, 
I* ERROR = *,E7.1,* EV = *,F<4.2,* TEMP = •,F3.0, 
2* CUPPENT = *,F3.0,» RES = *,FI4,L//L 
KN=N7«-9 
DO 81 1=1* KN 
X(II=0.0 

81 VCI)=0.C 
TEMP=TEMP*273 
D=FL»EXP <-EV*L .16E+0*»/TEMP) 
ANX=NZ-1 
00 10 1=1,NZ 
AJ=I-1 

10 XCIJ=AI/ANX 
11 FORMAT ( //2X, * T»,11FH ,2/C 17X, 1GF11. 2)) 

PRINT 11, X 
P=ACOS(-1.0) 
W=Z*TL 
0=D/(TL**2•01 
00 3 1=1,NT 
T= TO(IJ 
00 IT K=1,NZ 
SUM=C.O 
SSV = 2.0»W*EXP(-2.0*W*X(K)I/ 11. O-EXP (-2. 0**U1 
00 5 J=L,100 
AJ=J 
N(K)=J 
S=P*AJ 
TERM=*».0*W*EXP!-W*XIK» J »S*IS*COS (S*X(K) )-W»SIN CS*X (K > »» 
1 •EXP(-O*(S**?,O+W*»2,0L*T|*CCOS(S)*EXP{W)-L,0) 
2 /C CS**2«D + W**2•0)**2•B> 
SUM=SUM+TERM 
TERF=ABS(TERM) 
ERROR=TERM/ER 
VIK)=SSV+SUM G 

«o 



IFfV(K1 .GE.ERRORI GO TO 
5 CONTINUE 
I* CONTINUE 
no IE? I«=I,NZ 
VCIfn=ALOG10(i.0E+0*»Vf (Ia)) M.O 

192 CONTINUE 
PRINT 6,T,V 

6 FORMAT C//E9.l*liE11.3/(2TJ**10E11.3)J 
C PLOT OF PARTICLES 

HX=6.6 
HY=5.0 
NY=10 
NX=20 
SE»=6.0 
FMAX=1•25 
FMIN-0•0 
TMIN=Q.O 
TMAX=1.0 
I8N=FIH99822MFS 
ITN=2 
PEN=0•3 
XCR0S=1.D 
CALL MYCALPTCX,V. 
00 61 IX=I,NZ 
AIX=IV-L 

61 X(IX)=AIX/ANX 
3 CONTINUE 

CALL PLOTCD..0..999) 
STOP 
END 

ro 
o 
00 



FROGAM TO COMPARE NORMALIZED BLACK 909Y RADIflTION LEVEL 
(FOR RIVEN DETECT0' BAND WIDTH) WITH MEASURED OATA. 

DPfiGOAM KOERT (INPUT,OUTPUT,TA°E6=0UTPUT,TAPE?) 

READ i01,N,Tl,TR,nT?ER 
ICl FORMAT(12 ,3F^ • 0,E7•1I 

RFAD 10 8,W1R,W?R 
108 FORMAT («»F4. 2, 4F4.2) 

READ 109,BB 
109 FORMCT(10Ea,2/(7E8.21l 

BBPsBB(ll/R<)<9) 
T1=T1+273.18 
DO 8 IW=1,5 
IFCIW.NE.5) GO TO 113 
OO 15 19=1,17 

15 RP(IR)=ALOG10<10.0»93(IB1/83R) 
GO TO 16 

113 W1=W1R(IW) 
W2=W2R(JW1 
C2=l. (*<•£+OA 
C1=3.7UE+0U 
DO 1 1=1,N 
P(II=0.0 
A1=1-1 
T(II=T1*AI*DT 
DO 6 K=l,100 
K TERMS(I>=K 
AK=K 
R=Q.O 
0=T{I>/<C2*A<) 
W=W1 
DO 2 J=1,2 
P=C1*EXP(-1.0/(W»D)>*fn/(W**3.0> «-3.0*((D/W) **? .0 >+6. GMD**3 • 3)/W 

2-*6.0*(D**tt.0H-R 
2 W=W2 

P(II=P(I1+R 
R=R/ER 
IF (PCI).GE.R) GO TO 9 

6 CONTINUE 
9 T(I)=T(II-273.18 

IF(T(I).EQ.TR) PR=P(I) 
1 CONTINUE 

DO M 1=1,N 
RP(I» = ALOG10(10*P(IJ/PR) 

16 PRINT 102 



102 FORMAT(1H1,20X,* RLACK-BODY RADIATION*/! 
PRINT 10^,W1,W2 

1G 3 FORMAT! 20X,*W1 = *,F4.2,* MICRONS W2 
PRINT 106,ER 

106 FORMAT(?DX,*ERROR = *,E7.1/) 
PRINT 1 07 

137 FORMAT(20X,*TEMPERATURE IN CENTIGRADE'/! 
PRINT 104 

104 FORMAT{20*•*TEMP HATTS/CM.CM NORMALIZED 
OO 5 I =1,N 
PRINT 105,T(I),P(I»,RP(I) ,K TERMS (I) 

105 FORMAT(20X,F4.0,3X,E9.3,3X,E9.3,2*,13) 

C 5 C°NpfoVEOF PARTICLES 
HX = 5« 0 
HY=7.0 
NY=7 
NX=if 
SEP=6.0 
FMAX=4.5 
FHIN = 1. 0 
TMAX=500.0 
TMIN=10 0•0 
IBN-8H9982244S 
ITN=2 
PEN=0•3 
XCROS=l•0 
CALL MYCALPTCT,RP,IW,1,17) 

6 CONTINUE 
CALL PLOTC0.,0.,999) 

C END OF PLOT CALL 
STOP 
END 

*„F4.2,* MICRONS*/) 

TERMS*/! 



gS8!I^o5°sgS?E«TRoElirOF 
R DISPLACEMENT FOR THE DIFFERENT 

PROGRAM KOERT (INPUT,OUTPUT,TAPF6=0UTPUT) 
DIMENSION P(?31,T(23I ,S(4),0ft»> , S A (4 I 
RFAD 101.N,W1,W?,T1,TR,DT,M,Z \ 

101 FORHATCI2,F4.2,F4.2,F4.Q,Ft».3 ,F4 . 0 »11» t:7, 1» 
PRINT 102,M 

102 FORMATC1H1,10X,*RECORDER DIPLACEMENT M = »,I1//1 
AH=M 
ZZ=W2*Z 
DO 11 

11 oa)=3.2E*02M (2,0»*»CAI/2.0)) 
00 12 1=1,4 

12 SMI)=FL.0 + i.22*ZZMD(n**-2.0))**AM 
Tl=T1+273,18 
00 1 1=1,N 
P(I)=D.O 
AI=I-1 
T C II=T1+AI*0T 
00 6 K=l,1G0 
A K= K 
R= 0 • 0 
Q=TCI>/(1.44E*04*AK* 
W=W1 
00 2 J=l-2 
P =3.74E+08*QMW**-3.0+3.Q»Q*tW*»-2.0>*6.Q»CG**2.G)/W 
2 +6,0 *CQ**3•0))*EXP C-1.0/fW*Q) 1-R 

2 H=W2 
P(11 =P (II *R 
R=1,0E*03»P 
IFfP(I).GE.R1 GO TO 9 

6 CONTINUE 
9 T(I1=T{I)-273•18 

IFCTCII.FQ.TR) PP=P(I> 
1 CONTINUE 
00 4 1=1,N 

4 P(I)=PtI»/(PR»30.01 
PRINT 104 

104 FORMAT 110X,'TEMPERATURE (CENTIGRADE* *5X,2HS1,5X,2HS2,5V,2H3 3,5X, 
2 2HS4//J 
00 5 I =1,N 
SC1)=27,0*P<II*SA(11 
$121=100.0*P(I)*SAf21 
S(3»=245,0*PCI»*SAC31 
S(4)=490,0*PCI)*SA(4) 



05 .6* lGX^^.i/) 
<5 CONTINUE 

STOP 
END 

to 
H 
to 



C SUBROUTINE FOR COMPUTER PLOTS. 
C 

SU3P0UTTNE MYCfiLPTfTtGT,NFTS) 
DIMENSICNKS f«5 1 , GT ( H ,T(1> 
COMMCN/PTSIZ/HX,HV,SEP,NX,NY,FHaX,FKIN, TMAX , TMIN , I3N, ITM, PEN , XC-ROS 
DATA *S/2,3,*t,li,l<*/ 
IF<M.NE.il GOTO 5 
IFCN.NE.1IGOTO 1 
CALL iNITIALtIBN,ITN,PEN,0,0) 
CALL PLOT<0.,-ll«,-3) J CALL FL OTI0.,2.,-31 * GOTO 2 

1 CALL PLOT(HX+SEP,G.,-3> 
2 DEL=HY/NY 

DC 3 I=1»NY $ Y=DEL»I 
3 CALL SYMBOL(3 ., Y, .1,13,90. *-2) 

AR=HY*(XCROS -FMIN1/(FMAX-FMIN) 
CALL PLOTCG,,AR,3) S OFL=HX/NX 
00 U 1=1,NX S X=I*HEL 

h CALL SYH30L(X,AB,.1,13,0.,-21 
5 CALL SYMB0L(1.,6.5D-.2*H,,l,HStMI,D.,-11 

CALL PLOT C 0 . , 0.,31 
NP=NPTS+1 $ NPP=NP+1 S GT(NP)=FKIN % T(NP)=TMIN 
TINPPI=fTMAX-THIN)/HX S GT<NPP1=(FMAX-FKIN1/HY 
CALL LINECT,GT,NPTS,l,NPTS/t5,MS(M)) 
RFTURN 
ENO 

to 
H" 
U> 
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