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ABSTRACT 

The goals of this research were the development of a dynamic 

mathematical model of a general fixed bed chemical reactor, the design 

and construction of a hybrid computation system to allow the numerical 

solution of the model, and the determination and implementation of compu

tational techniques to describe transient, multidimensional diffusion 

phenomena in fixed bed reaction systems. The resultant hybrid model 

allowed the calculation of both temperature and chemical conversion re

sponse as a function of two spatial coordinates and time for reaction 

systems in which both axial and radial diffusion phenomena are of impor

tance. 

The developed model was based on the Fourier-Poisson equations. 

These non-linear partial differential equations with three independent 

variables have been considered to be analytically and numerically un-

solvable. Using the hybrid computer constructed during this research, 

numerical solutions to the Fourier-Poisson equations were achieved. 

These dynamic hybrid-computer solutions were generated at a rate which 

exceeded real-time simulation. The calculated steady-state and dynamic 

temperature and conversion profiles were found to be in good agreement 

with experimental reaction system data. 

A partially discretized form of the Fourier-Poisson equations 

was developed v/hich describes the transient effects of axial and radial 

heat and mass transfer due to diffusion, bulk transport and reaction in 

ix 



fixed bed chemical reactors. The representation which was chosen for 

these reaction systems involved a model consisting of three regions: 

inlet and outlet diffusion sections and a reaction zone. This repre

sentation provided boundary conditions for the descriptive equations 

which were applicable in the dynamic sense. 

The partially discretized differential equations were observed 

to exhibit conditional stability when implemented on the College of 

Mines Hybrid Computation System. Stable numerical solutions to these 

partial differential equations were generated for a wide range of equa

tion parameters. Special techniques were required to remove observed 

limit-cycle instability and to effect solution convergence for the sim

ulation of the thermal response of packed bed systems operating without 

chemical reaction. 

The dynamic reactor model using hybrid computation techniques 

was capable of reaction system simulation which greatly exceeded real

time simulation. For moderate system perturbation, highest analog 

computation rate calculation of the temperature and conversion response 

during a nineteen minute reactor time increment was performed in less 

than three seconds of computation. 

Steady-state conversion profiles calculated using the hybrid 

reactor model for the oxidation of sulfur dioxide on platinum-alumina 

catalyst showed good agreement with experimental data. Calculated 

dynamic temperature profiles for this chemical reaction system also 

exhibited good agreement with experimental transient reaction data. 

The hybrid model was used to calculate steady-state temperature pro

files for physical systems operating without chemical reaction 
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and transfering heat to a cooled tube wall. In general, good agreement 

was observed between calculated temperature profiles and exp&timental 

data for this class of simulation. Only fair agreement was observed 

between the calculated temperature profiles and the experimental data 

of one investigator. This agreement was assumed to be due to a non

uniform wall temperature in the experimental apparatus. The assumption 

was made in the model implementation that the temperature of the fixed 

bed reactor wall was uniform throughout the reactor. While the hybrid 

model readily simulates fixed bed systems with non-uniform wall temper

atures, no attempt was made to improve agreement by the inclusion of 

such non-uniformity. 



CHAPTER 1 

INTRODUCTION ' 

The fixed bed chemical reactor is one of the oldest configura

tions for carrying out gas-solid or liquid-solid contacting or reaction 

on an industrial scale. A fixed bed reactor is a vessel, often tubular 

in design, which is filled with calalytically active material. The gas 

or liquid reactant stream flows through the vessel and is brought into 

intimate contact with the stationary catalyst( The size of the catalyst 

packing element is small with respect to the diameter of the vessel. 

An effective time of contact or residence time is provided between the 

flowing phase and the catalyst packing in which a chemical reaction may 

take place. The vessel is often heated or cooled to provide or remove 

the heat of reaction. 

Fluidized bed reactors and other gas-solid contacting devices 

have been extensively developed and are in widespread use, The fixed 

bed reactor is generally preferable to these other types and is used in 

industrial applications in which internal temperature extremes are not 

encountered. 

The mathematical description of the phenomena observed in the 

operation of fixed bed reactors has been of interest to chemical en

gineers since the first use of this type of equipment in industry, 

To provide more accurate design methods and to expand the fundamental 

information concerning the kinetic and transport phenomena taking 



place, many investigators have attempted to derive, solve and verify 

mathematical descriptions predicting chemical reactor performance, 

A mathematical model or description of a fixed bed reactor 

should provide sufficient information to predict the entire state 

of the reaction system as a function of position within the reactor. 

Radial flow rate variation is observed within cylindrical packed 

vessels; the fluid residence time is dependent on the radial position 

within the bed. The flow variation and the presence of diffusional 

effects in both the radial and longitudinal directions cause radial 

concentration variation. External heat transfer processes and non

uniform heat generation within the reactor generate radial temperature 

gradients. The pressure within the flow environment is temperature 

dependent for gaseous systems and changes as a function of longitudi

nal position within the bed. Therefore, the state of the reaction sys

tem, described by the pressure, temperature and chemical conversion 

is a complex function of radial and longitudinal position and the 

operating conditions. 

The state of the reaction system is also a function of time. 

Since actual process feed streams and environmental conditions can 

rarely be maintained at constant composition, pressure, temperature or 

flow rate, perturbations in reactor feed streams or environment are 

routinely experienced. Information concerning the dynamics, particu

larly the thermal dynamics, of fixed bed reaction systems is necessary 

for the design of adequate control systems. Reduced conversion, thermal 

degradation of the catalyst, and, in the extreme, physical damage may 

result from large thermal transients. 
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It is desirable to have a tractable mathematical description of 

the reaction system from which system performance and control require

ments may be predicted. The solution would be a function of the spatial 

coordinates and time and would depend upon arbitrary perturbations im

posed, With the development of modern computational methods and de

vices, the attainment of this goal has been made possible. 

Although computational models are available which provide the 

descriptive qualitites required, compromises in the rigor of the 

theoretical descriptions have generally been incorporated to allow 

economically feasible numerical solutions, A computational advancement, 

hybrid computation, only now being explored by chemical engineers, may 

be employed to provide solutions to equations which are more accurate, 

theoretically more rigorous and of more general applicability than 

prior models. 

This research program is an attempt to extend the applicability 

of dynamic mathematical relationships to describe fixed bed chemical 

reaction systems. 

Nature of the Research 

The general goal of this research is to explore the application 

of recent developments in computation to the extension of reactor repre

sentation. 

The specific techniques to be examined involve hybrid computation, 

A hybrid computer is an interactive combination of both analog and 

digital computers. An analog computer is a device which is capable of 

producing continuous solutions to complex simultaneous differential 



equations. A digital computer is principally capable of performing high 

speed arithmetical computations. The use of a digital computer may be 

extended by numerical techniques to the solution of differential equa

tions. In proper association, the computational power of a combined 

analog-digital or hybrid computer exceeds that of either computational 

device alone. 

The particular attribute of interest in a hybrid computer is its 

ability to extend feasible equation solution dimensionality. By solution 

dimensionality is meant the number of independent variables involved in 

the equation set. Reaction system performance has a natural minimum di

mensionality of order three. That is, all reactor dependent variables 

are, at best, functions of three specified coordinates. Circular cross-

section provides the optimum dimensionality. For a cylindrical reactor, 

temperature and chemical conversion are functions of only radial and axial 

position and time. Used alone, analog or digital computers may con

veniently treat reactor problems having a dimensionality of order two. 

To extend this usable solution dimensionality of either single computa

tional technique requires excessive analog computer hardware or excessive 

digital computation time. A modest hybrid computer has a natural capa

bility of analyzing complex equation sets which have dimensionality of 

the third order. 

This research represents work in three areas. The first area 

involves the development of a descriptive equation set or mathematical 

model representing a general fixed bed reaction system. This mathemati

cal model is developed from basic reaction kinetics theory and transport 



phenomena theory to exploit the full equation solution dimensionality 

provided by hybrid computation. 

The second area involves the design, development and construc

tion of a high-speed hybrid computation system. This hybrid system is 

directed toward usage in engineering research and specifically provides 

for convenient solution of equation sets with extended dimensionality. 

The constructed computer system also facilitates high-speed experimental 

data acquisition:and data reduction. A hybrid computer program library 

must be generated to facilitate this equation solution and data acquisir 

tion. As projects of this type are rare, the experience gathered in the 

development of this system provides important information for future 

computation system usage. 

The third area involves the implementation on the resultant 

hybrid system of several reactor models including the full reactor 

simulation. The observed numerical solution stability and required 
t 

convergence techniques are of critical importance. The results of 

exercising both steady-state and dynamic models should be compared with 

experimental fixed bed reactor data. Transport phenomena parameters are 

defined using optimization techniques in conjunction with the agreement 

between experimental data and the model solutions as the objective 

function. 

Specific Research Objectives 

A principal objective of this research was the construction of 

a high-speed analog-digital hybrid computation system and the development 

of a hybrid computer program library. This facility must be capable of 
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providing numerical solutions of partial differential equations and 

must be usable as a data acquisition facility. 

Steady-state and dynamic models of a fixed bed reaction system 

were to be developed and implemented on the hybrid computer system, A 

steady-state model for the specific reaction of sulfur dioxide oxidation 

in a platinum-alumina packed fixed bed reactor was implemented. The 

results of this model were compared with the experimental data of Hall 

and Smith, 1949, and Irvin, Olson and Smith, 1951. 

A dynamic model of the same reaction system was implemented on 

the hybrid computer. The results of this model were compared with the 

experimental data mentioned above and transient data collected from 

a fixed bed reactor operated in the Department of Chemical Engineering 

of The University of Arizona. 



CHAPTER 2 

MATHEMATICAL MODELS OF FIXED BED REACTORS 

The overall purpose of the general 'model' sought in this 

research is one of representation. The model should be the composite 

solution of fundamental transport phenomena equations which represent, 

through specified mechanisms, the chemical conversion and temperature 

throughout the reaction system as a function of time. The term 

'general model' implies that the equation solutions should not be 

limited to specific chemical reactions nor specific physical dimen

sions or operationg conditions, 'Representation' implies correspond

ence between physical phenomena and contributions in the mathematical 

structure of the model. Chemical engineering theory treating such des

cription of physical phenomena, termed transport phenomena theory, 

allows such representative mathematical correspondence once the 

physical transport mechanisms are specified. 

Dynamic temperature and concentration profiles within a 

catalytic reactor are dependent upon the transport phenomena occurring 

outside or removed from the reaction site as well as reaction and trans

port occurring within the actual catalyst particle. Steady-state pro

files within the reactor are influenced by upstream diffusion of heat 

and mass from the reaction zone. Transient profiles within the reactor 

are influenced by downstream diffusion as xrell since transient tempera

ture and concentration gradients may be established in the non-reacting 



8 

exit region of the reaction system. A general model should have 

the descriptive capacity to represent these important influences upon 

reactor performance. 

The transfer of heat and mass within a packed bed reaction 

system may be represented by several mechanisms. The first mechanism 

is that of bulk transport. Bulk transport is that contribution to the 

i 

overall transport of mass and enthalpy which is due to the physical 

motion of bulk fluid packets due to flow. Mass is moved through the 

reaction system due to convection or macroscopic fluid motion. Sensi

ble heat as well as mass is carried through the reaction system by this 

mechanism. 

In addition to bulk transport phenomena, additional mechanisms 

exist for the transport of mass and heat in a flow system. Mass is 

subject to molecular and turbulent diffusion phenomena which cause 

migration of chemical species from a region of high concentration to 

a region of low concentration. Heat may be transferred by molecular 

and turbulent diffusion in the moving phase of the reaction system, 

conduction through both solid and fluid phases, and, to a lesser extent, 

radiation. The predominant additional mechanisms of heat transfer in 

fixed bed reaction systems are convection, molecular and turbulent dif

fusion, and conduction. Both mechanisms of heat transfer appear as 

"effective" diffusion resultant from temperature gradients established 

in the system. In heterogeneous flow systems, the combined heat trans

port by diffusion and conduction is reflected in the experimentally 

measured effective thermal diffusivity (Wilhelm, .1962). 
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The effective diffusion of both heat and mass in reaction sys

tems is of primary importance. The diffusional effects are not limited 

to a single direction relative to flow, but rather are significant in a 

multidimensional sense. The radial diffusion of heat is perhaps the 

single most important transport phenomenon occurring within reaction 

systems. A general mathematical model must reflect these effective 

multidimensional diffusion phenomena. 

Chemical conversion and heat transfer are related phenomena in 

a reaction system. Chemical reaction rate is a function of point con

centrations and temperature. The temperature in turn is influenced by 

the release or absorption of energy as a consequence of chemical reaction. 

The subsequent transport of this heat influences the temperature at the 

reaction site and therefore directly affects the rate of chemical con

version and thus the concentration profiles within the reactor. A 

general model must therefore reflect the coupled nature of the mass 

balance and the heat balance. Otherwise it is not representative of the 

true physical nature of the reaction system. 

In modeling any real system, some compromise is made. In the 

present circumstance, an important consideration is the relationship of 

the model to what is regarded as a rigorous description of the transport 

mechanisms which actually exist. The closer the model adheres to a 

rigorous description of the system, the greater the correspondence between 

model parameters and primary transport effects. 

The models presented in this and subsequent chapters were de

veloped with the above requirements in mind. The dynamic model developed 



10 

in this research is unique in that multidimensional transient transport 

phenomena are incorporated while retaining the rigor of the basic defining 

differential equations for the reaction system. This equation set was 

considered to be numerically unsolvable due to the extended dimensiona

lity involved (Lapidus, 1960). 

Model Visualization of a Fixed Bed Reactor 

A fixed bed reactor may be visualized as a vessel packed with 

catalyst particles whose dimensions are small compared with the reactor 

itself. A gaseous or liquid fluid containing reactants, products and 

inerts is made to flow through the vessel and thereby contact the 

catalyst. 

A general cylindrical reactor will be schematically represented 

as having three sections. An inlet section in which no reaction takes 

place precedes the reaction zone. This inlet diffusion zone is followed—" 

by a reaction zone of length L and inside radius Rw< In the reaction 

zone catalytically active material is present on and in the packing. 

The final section consists of a non-reactive exit diffusion zone. Heat 

transfer to the wall may occur in both the reaction and diffusion zones. 

This statement limits the scope of the model to typical jacketed or inter-

cooled fixed bed reaction systems. 

Fixed bed reactors are often of cylindrical symmetry, sometimes 

configured as multiple tubular reactors. Cylindrical symmetry is chosen 

for models discussed in this study because of Its widespread applicability 

and optimal dimensionality. The spatial coordinate in the axial direction 

will be defined from the inlet of the diffusion section as z. Some models 



presented in this review of previous mathematical descriptions do not 

include diffusion sections. For these models, the axial origin will 

be defined as the inlet of the reaction section. Radial position, 

specified from the centerline of the reactor, is denoted as r. The 

catalyst particle diameter is denoted by dp# For non-spherical parti

cles, this dimension is generally taken as the effective hydraulic 

diameter of the particle. The temperature and mass concentration of 

chemical species i are given by T and C^, respectively. The total 

mass flow rate per superficial area is defined as G, Superficial linear 

velocity is given as U, Inlet and outlet conditions are indicated by 

the subscripts 'in' and 'out,' respectively. 

The spatial representation of the general fixed bed reactor is 

shown schematically in Figure 2-1. 

In order to treat the heterogeneous reaction system with the 

continuous mathematical techniques provided by transport phenomena 

theory, the interior of the reactor must be viewed as a quasi-continuum. 

It must be assumed that it is possible to choose a differential volume 

sufficiently large to contain an appreciable number of catalyst pellets. 

This differential volume must also be small enough to assume the unifor

mity of the bulk temperature and conversion within this volume. This 

allows the conversion of the discrete heterogeneous system to a quasi-

continuous system in which all properties may be viewed as continuous 

mathematical functions of position and time. In this view, no mathe

matical discontinuities exist within the reaction section. 
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Lapidus (1960) and Wilhelm (1962) have stated that the quasi-

continuous assumption is justified for vessel diameter to particle 

diameter ratios greater than ten. 

Review of Previous Mathematical Descriptions of Fixed Bed Reactors 

Research in the field of fixed bed chemical reaction systems 

has been both prolific and diverse. Widespread mathematical and 

experimental investigation has been directed toward examining the na

ture of the performance of chemical reactors. The principal goal of 

these efforts has been the attainment of more succinct knowledge about 

the related physical phenomena and the development of quicker, more 

accurate and more rigorous design techniques. The result has been the 

publication of a large number of mathematical descriptions for the mass 

transfer, heat transfer and kinetic behavior of fixed bed reaction 

systems. 

A characteristic evolutionary increase in the sophistication and 

complexity of these mathematical descriptions has occurred. Design 

procedures are continually being improved as the available reactor 

theory is expanded and mathematical and numerical techniques are im

proved. Previous descriptions of reactor performance have been based 

on energy, momentum and mass balances predicting the overall thermal, 

flow and conversion characteristics of reaction systems. The models 

describing temperature, flow and conversion within a reactor have 

generally been derived from effective transport phenomena expressions. 

A necessary condition for the use of any mathematical descrip

tion of reactor performance is that the kinetics of the specific reaction 
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are known and that a suitable mathematical representation of these 

kinetics is available. In the equations presented in this chapter, the 

specific reaction, rate is defined as Rj:, having dimensions: mass con

verted per unit time per unit volume. 

The equations resulting from overall mass and enthalpy balances 

or effective transport phenomena relationships are differential equa

tions. These equations are usually ordinary differential equations for 

steady-state, lumped -parameter models or partial differential equations 

for distributed-parameter and dynamic models. Previously derived 

equation systems, or models, will be reviewed in order of increasing 

complexity: from lumped-parameter to distributed-parameter models, from 

ordinary differential equations to partial differential equations. 

Several authors have presented reviews of past work in the 

field of "modeling" reactor characteristics. Beek (1962) presented 

analyses of the various types of chemical reactors in use in the chemical 

industry today. Lapidus (1960) organized and presented a review of the 

progress toward the a priori design of reactors, with emphasis upon the 

underlying theoretical basis of the equations. 

The simplest reaction system from an analysis standpoint is the 

plug or piston flow reactor. _A plug flow reactor is a vessel with one 

input stream and one output stream in which thorough lateral mixing and 

negligible longitudinal mixing is assumed to occur. The vessel or tube 

may be filled with catalyst o?: may be empty. In this case, the manner 

in which the reaction proceeds as a function of longitudinal position 

within the reactor is analogous to the extent of reaction with respect 

to time in the case of a batch reactor. 
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Aris (1957) presented a detailed derivation of the equations 

describing the response of plug flow reactors. The longitudinal position 

Z, is the only independent variable. For constant mass flow rate and 

uniform physical properties within the reactor, incremental mass and 

enthalpy balances yield equations (2.1) and (2.2). 

U d£L = Ri (CltC2, T, P) (2.1) 
dz 

G "Cp dT - A {I Rj_ } - U (T-T ) (2.2) 
dz oa w 

In these equations, Cp is the effective heat capacity of the fluid and 

packing. The heat of reaction is denoted by A . The total number of 

chemical species participating in the reaction is M. The overall heat 

transfer coefficient per unit length of reactor is UQa. The wall 

temperature is indicated by T̂ . 

When neither plug flow nor perfect mixing is in effect in a 

reaction system, as is the case in most real systems, lumped parameter 

models may still be used to describe the overall system dynamics. 

Cholette and Cloutier (1959) and Cholette, Blanchat-fe-and Cloutier (I960), 

developed a general model which approximates the mixing characteristics 

of an arbitrary vessel as a combination of perfectly mixed tanks and plug 

flow tanks. Hiiamelblau and Bischoff (1966) presented many models which 

allow the residence time distribution of any arbitrary vessel to be simu

lated when only the exit concentration and temperature of the reaction 

system, are of interest. 

\, 
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The steady-state conversion or temperature profiles in a realis

tic tubular reactor can, however, be approximated by means of a dif

ferent lumped parameter equation with only one independent variable. 

In the plug flow case, the assumption is made that longitudinal mixing 

or diffusion does not occur. However, in realistic cases, finite 

longitudinal as well as radial dispersion does occur. This dispersion 

has been described by means of the superposition of a diffusional pro

cess upon the predominant bulk flow effect. The diffusive flux, N̂ , 

may be defined in terms of an effective diffusion coefficient for chemi

cal species i. This diffusion coefficient is denoted by D̂ . 

"d,i - -»1 S& (2>3) 

dz 

Himmelblau and Bischoff (1966) derived a component mass balance for tubu

lar reactors for the steady state case. In their equation, all radial 

parameter variation has been averaged or "lumped." This second order, 

ordinary differential equation is termed the "longitudinal diffusion 

equation." 

Di - U dCi + ̂  = 0, i - 1, 2, , M (2.4) 
dz2 dz 

.The necessity for the use of multiple equations in terms of 

separate chemical species is removed by the introduction of a new varia

ble, the fractional chemical conversion, f. The fractional chemical 

conversion, in association with the stoichiometric coefficients, â » 

of a chemical reaction, specifies the concentration of all-species 

through the use of a single variable. An arbitrary chemical reaction 

may be defined by equation (2.5). 
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6̂  + a2 A2 = a3 A3 + Â  (2.5) 

A general reaction may then be written as equation (2.6). 

K A, = 0 (2.6) 
i 

In equation (2.6), the stoichiometric coefficients are negative for a 

product species. For a constant volume system, the general equation 

can be written in terms of concentrations, Ĉ . 

f = Ci " C°i (2.7) 

ai coi 

In this equation, is the initial concentration for species i and the 

conversion, f, takes on values from zero to one. 

A dimensionless effective diffusion coefficient is also defined 

and used rather than the dimensional effective diffusivity. This effec

tive diffusion parameter is the Peclet Number.. The Peclet Number is a 

grouping of a characteristic length, the superficial linear velocity, 

and the effective diffusivity. In fixed bed reactors, the characteristic 

length is generally taken to be the catalyst particle diameter, dp. The 

Peclet Number is defined in equation (2.8). 

d U 
Peclet Number e "Pe" = • ••  ̂ (2.8) 

êffective 

Wehner and Wilhelra (1956) derived and presented the diffusional 

equation in terms of the Peclet Number and conversion. 

JL-̂ if df R*(f) » 0 (2.9) 
Pe d£2 ~ d£ 
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In this equation R* is a dimensionless reaction rate exhibiting first 

order kinetics and £ is a dimensionless length variable defined in 

equation (2.10). 

R* = k f "J £ = z / d (2.10) 
P 

An analytical solution for this equation was presented using the 

following equations as boundary conditions. 

1 « f - JL d£ , £ » 0 
Pe d£ 

df = 0 , £ » Reactor exit (2.11) 
d£ 

Aris (1965) noted that for Pe approaching zero, the diffusional 

equation model approaches the perfectly mixed case; while for Pe ap

proaching infinity, the model approaches the plug flow case. 

When more than one independent variable is included in the 

derivation, as in the case of distributed parameter models, partial 

differential equations are generated rather than ordinary differential 

equations. In these partial differential equations, axial and radial 

diffusion effects are described by the use of effective diffusion terms 

using the Peclet Number. 

One class of distributed parameter model of a fixed bed reactor 

treats temperature and concentration profiles in both the radial and 

longitudinal direction for the steady-state case. Cleland and Wilhelm 

(1956) examined the case in which the radial diffusion was assumed to be 

significant and in which the axial diffusion was neglected. The form of 
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the relationship which results from the component mass balance is given 

in equation (2,12). 

U*(£) = = - R*(f) = 0 (2.12) 

3£ Per 3 £2 C 

In this equation, C is a dimensionless radial coordinate given in 

equation (2.13). The dimensionless axial velocity, U*, is defined by 

equation (2.14). 

(2.13) 

(2.14) 

Cleland and Wilhelm utilized the assumption of a parabolic flow profile, 

the functional relationship which occurs in laminar flow in an empty 

cylindrical tube. They presented equation solutions to equation (2,12) 

resultant from the use of numerical techniques and digital computation 

and continuous analog computation. 

Froment (1962) presented a solution for a similar case with a 

reaction rate term showing functional dependence upon both the extent of 

reaction and temperature. A uniform velocity profile was assumed. A 

dimensionless temperature, T*, was introduced and represents the actual 

temperature divided by a reference temperature. 

+ bx R*(f,T*) • 0 

+ b2 R*(f,T*) = 0 

£ —E— (For these equations only) 
Kw 

u*£) = { i - (e)2 } 

_j_ r s2f +1 
perL̂  S 

1 j32T* + 1 
per|jjp"" if 

1 - M. 

H J 3? 
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The boundary conditions used in the analytical solution of these two 

coupled partial differential equations are given in equations (2,16). 

f - 0, 5 = 0 (o < C < 1> 

a! = °. • 5 « o, 5 - l 
3c 

t* = o ,  5 = 0 

9r* = o, 

3C £ = 0 

3T* = Pe {1 - T*(C-1,C)} , C - 1. (2.16) 

The analytical solution presented by Froment assumed first order 

kinetics and an Arrhenius temperature dependence of the reaction 

rate constants. 

Hall and Smith (1949) examined the case in which the packing 

temperature differs from the gas temperature at steady-state due to 

heat generated in the catalyst particles by reaction. Their equations 

w » 

were of the form later presented by Froment. However, an additional 

equation representing the catalyst temperature was added and coupled 

with the gas temperature by a film coefficient relationship. Due to 

the absence of high speed computation, Hall and Smith used a graphical 

technique to achieve an approximation to the equation set solution. 

Their work did represent, however, the first attempt to simulate 

coupled diffusion and reaction with a separate catalyst model. 

Irwin, Olson and Smith (1951) later extended the graphical 

technique, originally due to Grossman (1946) to include the effect of 

multidimensional thermal diffusion. Singer and Wilhelm (1950) asserted 
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that the temperature difference between catalyst and gas phases was of 

a much smaller magnitude than predicted by the Hall and Smith model. 

Bernard and Wilhelm (1950) examined the turbulent diffusion in 

fixed beds of packed solids in the absence of reaction. A model was 

presented which related longitudinal and radial concentration gradients 

at steady-state to the turbulent mass diffusivity and superficial velo

city. 

Pe' 
r 

2lL + lit] + - M. = o (2.17) 
s n ]  pe; H £ 3$ Pe' 3£z 3? 

8L 

The axial and radial Peclat.Numbers defined in terms of the eddy tur

bulent diffusivity are shown as Pê  and Pê  , respectively. 

Pe' = £SJL. Pel = iaJS. (2.18) 

?t,r Et,a 

The boundary conditions used by Bernard and Wilhelm are given in 

equations (2.19). 

£ <= + 00 , f = constant 

£ = ~ °° , f = 0 

£ = 1, 3f = 0 
5? (2.19) 

Recognizing a similarity of this equation set with the analogous case 

in heat transfer, Bernard and Wilhelm used the solution presented by 

Carslaw and Jaeger (1947) for the heat transfer model. 

Wilhelm, Johnson, Wyncoop and Collier (1948) generated a 

digital numerical solution for the Peclet Number model, equation (2.9), 

and made it available for public use. Carberry and Wendel (1963) 

presented a digital solution for the same equation for the adiabatic 
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case. Williams and Lauher (1960) likewise have treated the longitudinal 

diffusion equation with digital techniques. 

McGuire and Lapidus (1965) examined the steady state profiles 

for both the interparticle and intraparticle fields utilizing a finite 

stage version of the Peclet Number model as produced by Deans and 

Lapidus (1960). 

As the quantity of data concerning, reactor performance was 

increased, the need for adequate description of the transient or 

dynamic response was recognized. Information concerning the dynamics, 

particularly the thermal response, was seen to be needed. In response 

to the requirement for the description of transient reactor behavior, 

significant effort has been applied to the problem and several dynamic 

models have been evolved. 

The simplest form of distributed parameter model which attempts 

to describe the dynamic behavior of a reactor is a second order 

partial differential equation which reflects dependent variable varia

tion with respect to one variable and time. The derivation for equations 

of this class of model is generally credited to Baron (1952) and is based 

upon effective transport phenomena relationships. Baron derived and 

presented the following relationships. 

ft R*(f,T*) = 2T* 
3t 

$, R*(f,T*) - 8f (2.20) 
3T 

Pe. 
32T* 

W 

3T* 
sr 

Pe, 
92f 
3̂  

3f 
as 



In these equations, and ̂  are dimensionless reaction scaling and 

heat of reaction parameters. The dimensionless time variable is given 

by T. This system is an extension of the work of Grossman (1946). 

Both Baron and Grossman utilized the steady state versions of the equation 

system, implemented in a graphical procedure, to provide a reactor de

sign technique. 

Carberry and Bretton (1958) examined the axial dispersion of 

mass in flow through fixed beds in the absence of reaction. Utilizing 

a substitution of variables, they treated the unsteady state case. 

Their resultant dimensional equation is given in equation (2.21). Time 

is represented by the variable t. 

D 32C - U 3C = SIC, (2.21) 
cTzF" 3z 3t 

They utilized the coordinate transformation of equation. (2.22) to give 

equation (2,23). 

Xx = z - U t (2.22) 

" 0 (2"23> 

Equation (2.23) is one for which an analytical solution exists, 

Crider and Foss (1966) also solved the equations for this 

class of simulation and included the heat transfer between catalyst-

impregnated packing and the flowing gas phase due to reaction. The 

assumption of plug flow in their work reduces the equations to first 

order partial differential equations. Their dimensional mass balance 

for a single component is given in equation (2.24). 
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8Cj + u -3Ci = -RCCi.T) (2.24) 
3T 3Xi 

Although the equation system of Crider and Foss cannot simulate the 

effects of diffusion upon reaction, their model has been used to 

successfully predict reactor performance for a physical system in 

which the dispersion effects are negligible with respect to bulk 

convective transport. 

Beutler and Roberts (1956) used analog computation techniques 

for the simulation of reactions representable by the unsteady-state 

longitudinal diffusion equation. Canning and Churchill (1962) pre

sented a critique of the design of electronic simulation devices for 

the solution of dynamic reactor equations. Crider and Foss used digi

tal matrix reduction techniques in the solution of their dynamic model. 

The most descriptive equation system proposed to date was also 

derived by Baron (1952). This equation system expresses the variation 

of temperature and concentration in two spatial coordinates and time. 

Derived from the equations of change for a homogenous flow field, the 

equations predict the response of the temperature and concentration 

within a volume of the reactor contents in which the catalyst and fluid 

properties have been lumped or averaged. Baron's original equations 

were presented in a dimensional form. The dimensionless form generated 

in Chapter :3( of this dissertation are alternately presented in 

equations (2.25) and (2.26). 
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1 a2f + 1 [92f + JL 9fl _ 3f, 
Pea 3£2 Per|̂ 3?2 ? 3CJ 35 

3 £ 
+ Ox R*(f,T*) = — (2.25) 

1 I 92T* i3T*| _ 3T* 
er[8?2 3̂  

1 92T* + _1 I 32T'' ̂  1 3T*| _ 3T* 
Pe 3£2 Pe 

3T* 
+ C2 R*(f»T*) = — 

(2.26) 

Pea and Per are the' axial and radial'Peclet Numbers. The parameters 

Oi and 02 are dimensionless reaction scaling and heat of reaction para

meters which are defined in the derivation in_Chapter 3. 

Baron presented the dimensional equation for the representation 

of a reaction section only. No inlet or outlet diffusion section was 

suggested. Compatible boundary conditions later specified by Deans 

and Lapidus (1960) are given in equations (2.27). These boundary condi

tions are presented in dimensionless form. 
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f(S, C, 0) = g( c, o 

T*(S, C, 0) = g'( g, O 

f(0, C,T*) « -JJf (0, ?,T*) 
*ex 35 

T*(0, C,T*) - -JL_9T*(0, ?,T*) 
Pe 3 E, 
x 

3f(exit. C,T*) « 0 
3? 

3T*(exit, £,T*) =0 (2.27) 
35 

3f( 0,T*) = 0 
35 

3T*( 5, 0,T*) = 0 

H 

3f .( 1,T*) - 0 

H 

T̂* ( C, 1,T*) - g" ( T*( ?, 5,T*) ) 
35 

In equations (2.27), gf g'f and g" are functions of the specified 

variables only. 

These equations were presented and analyzed by Lapidus (1960). 

The feasibility of an implementation of this equation set was discussed 

by Lapidus with the general conclusion that a numerical solution for. 

the full dynamic simulation is not practical. 
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"Even with the • . * simplifications it can be proven 
impossible to solve these equations numerically. Three 
independent variables are involved which implies that analog 
simulation cannot be used; the time and storage requirements 
for even the largest digital computer plus stability and 
convergence requirements seems to exclude their practical 
use/1 

In M.S. degree thesis research of the author, a digital solution 

was presented to the full axial and radial dynamic diffusion equations. 

While the solution was seen to require excessive computer time, stability 

margins were developed to guide the continued investigation of the full 

equation set by hybrid computer. 

Deans and Lapidus did simulate the two dimensional dynamic 

reaction case by means of a two dimensional array of perfectly mixed 

stages. Their simulation is based upon the fact that a one dimensional 

dynamic equation with no reaction, 

JL a£f - if " M. # (2.28) 
Pea3£2 

yields a solution which is identical with that obtained from a set of N 

perfectly mixed stages in series. The authors then extended their con

cept of the analogy to a two dimensional array of such perfectly mixed 

stages to represent full two dimensional dynamic diffusion. 

Model Solution Limitations Imposed bv Available Computation Techniques 

Before the advent of high speed analog or digital computers, 

usable mathematical reactor representations were severely limited. 

Numerical techniques were generally not employed as desk calculator cal

culations were extremely tedious. Mathematical models were then limited 
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to those equations which had rigorous mathanatical solutions of closed 

form or which could be solved by graphical techniques. This generally 

limited the models to ordinary differential equations or the simplest 

partial differential equations. The plug flow, isothermal model with 

simple kinetics represents the typical model of this time. The limita-

tion to this form of mathematical model was not imposed by a scarcity 

of available reactor theory, but rather was imposed by the inability to 

transfer the more detailed theory to usable numerical solutions. 

With the arrival of the analog computer, the engineering re

searcher was provided the means to observe solutions of non-linear 

representations of real systems. The use of analog computation brought 

forth a productive period in which non-linear representations of dif-

fu sional effects and coupled, non-linear kinetics were examined and 

added to the fund of understood theory. In general, however, the 

analog computer was an awkward tool for the solution of partial dif

ferential. equations. The usable models were then limited to ordinary 

differential equations with usually one or at most two independent 

variables. 

As digital computation facilities became available, the at

tention of reactor modelers was directed to the solution of partial 

differential equation models. The solution of models with two indepen

dent variables and empirical, non-linear kinetics became possible and 

was accomplished. Steady-state multidimensional diffusion models were 

developed and the understanding of the overall reaction process was 

improved. Dynamic models with single spatial coordinate dependence 
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came into use for the purpose of control system design. It has been 

established that the solution of practical, but rigorous reactor system 

models is limited to two independent variables using the digital com

puter (Lapidus 1960), Thus, it was found that using a digital 

computer, a sacrifice must be made in the rigor, the physical dimen

sionality, or the dynamic response of the model to effect an implemen

tation of theoretically available equations• 

Thus, research in reactor modeling has once again been computa

tionally limited. The theory of transport phenomena and catalytic 

kinetics is sufficient to model a three dimensional reactor in the 

dynamic sense. Single computation equipment does not allow the imple

mentation of such a model due to the high cost of digital computer time 

or analog computer hardware. 

The recent development of computation equipment termed a hybrid 

computer has removed this most recent limitation. Given a hybrid 

computation system, it is now feasible to implement equations describ

ing the response of multiple dependent variables as a function of 

three independent variables. 

Realizing the potential of hybrid computation, this research 

has been directed toward the design and construction of such a system 

and the development of a fully descriptive reactor model to use its 

potential. 



CHAPTER 3 

DEVELOPMENT OF THE FOURIER-POISSON EQUATIONS 

A fixed bed reaction system may be viewed as an external field 

problem in which the interior of the system responds dynamically to 

external forcing functions, namely: feed temperature and composition, 

external heat transfer processes, and the arbitrary initial conditions. 

The microscopic operation of a fixed bed reactor may be described by 

writing mass and heat balances for a differential volume element within 

the bed. The temperature of the material within the differential volume 

is determined by a heat balance which relates the effects of thermal 

diffusion, heat flux due to convective or bulk transport and heat 

generated due to chemical reaction. The amount of heat generated and 

mass converted from one species to another is seen to be a function of 

the chemical constituents and the temperature on and near the active 

surface of the catalyst. 

These catalyst surface concentrations and temperatures are a 

function of the bulk fluid concentrations and temperatures and the 

transport properties of the system. The bulk properties are in turn 

determined by heat and mass balances written for the interparticle 

field. These bulk transport properties are distinguishable from 

transport occurring in the immediate vicinity of the catalyst sites. 

It is the bulk conditions which are responsive to immediate changes in 

the external field. 
30 
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Reaction analysis relates the reaction rate to either the 

catalyst surface conditions or to bulk conditions in the fluid phase. 

The catalyst surface conditions may be related to the bulk conditions 

by separate transport relationships written for individual catalyst 

particles (Wilhelm 1962). The ability to describe the reaction kinetics 

with respect to bulk conditions allows an arbitrary choice to be made 

concerning the degree of simulation utilized in the model of the over

all reaction system. As catalyst surface conditions are difficult to 

measure experimentally, reaction rates for catalytic reactions are 

typically correlated in terms of bulk conditions without recourse to in-

traparticle temperature and concentration gradients. 

The choice of reaction rate phenomena related to bulk conditions 

has significant advantages. Numerical computations are rendered less 

complex than for the case in which both interparticle and intraparticle 

gradients are described. In the case of a dynamic analysis of reactor 

performance, thermal lags due to temperature gradients within the 

catalyst particle and intraparticle diffusion effects are of importance 

in describing the actual reaction condition within the catalyst particle. 

Even though a bulk condition model is utilized in describing the overall 

system response, catalyst conditions may be calculated using separate, 

but coupled, differential equations in conjunction with the main external 

field problem simulation (Wilhelm 1962 , Bernard and Wilhelm, 1950). 

The Fourier-Poisson equations for heat and mass transfer in a 

homogenous reacting media may be written for each of N chemical species. 
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- V'C-̂ Vcp - V-Cvĉ  - R± (3.1) 

In this and subsequent vector equations, vector variables are 

given with a single understroke. The dimensional time variable is 

denoted by t. The vector Dg is composed of the directional components 

of the effective diffusivity. 

The equation for the thermal transport in a reacting system is 

given in equation (3.2). This equation is V7ritten for constant and , 

uniform effective heat capacity and density: Cp and p , respectively. 

The vectoral effective thermal conductivity is denoted by jC . 11 *c 

PCp B - V'(-K VT) - (v̂ VT) + AR (3.2) 
3t P . 

This form of equation assumes that the dispersion of heat and 

mass both axially and radially is a diffusional process superimposed 

upon a convective flow distribution. Baron (1952) and Aris (1957) have 

shown that, given the assumption of uniform physical properties and mass 

flow rate, equations (3.1) and (3.2) may be specialized for the case 

of cylindrical coordinates and angular symmetry to equations (3.3) and 

(3.4). 

= D „ 
dt 

3r* r 3r J 
D 
m*%zz 

- u|̂  + R± (3.3) 
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[32t _i af] 

9r2 r 3rJ 

3T Vr|»fl + A 2! I + "h.a?2* 
2 3t |_3r r 3rJ 

U X R(C,T) (3.4) 

3z pc 
P 

In equation (3.4), the thermal diffusivities in the axial and 
r-i.:! 
radial directions are defined by equations (3.5). 

„ Ke.r Ke.a (3.5) D, a j-ua 11 • n B • I. I1! 
hir ' pcp h,a pCp 

Note .that in equation (3.4), no specific representation is made of an 

external heat transfer process. This statement illustrates the nature 

of an interior field problem in which all external processes enter as 

boundary conditions rather than equation terms. 

Definitions of the dimensionless space and time variables to be 

used are given in equations (3.6). 

5 * JL ; c = JL ; 0 = LJL (3.6) 

P P p 

Axial and radial Peclet Numbers are devined in terms of the thermal and 

mass diffusivities by equations (3.7). 

Per - ; Pe = JLiP (3.7) 

Introducing these dimensionless. independent variables, equations (3.3) 

and (3.4) are transformed to equations (3.8) and (3.9). 
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3C 
mmmm 

30 

3T 
36 

Pm.r 
U dp 

3Ci 

35 

T + 12£i! 
[3C2 ?3?J 

Dm.a 3 C-j 

U dp 3£2 

_djj R(C,T) 

U 

Dh.r [* 92T + 1 3t1 
U d \_H2 ^ a5 J 

Ph.a 32T 

U d_ . 3£2 

3T 

3£ 

X dp R(C,T) 

U p cr 

(3.8) 

(3.9) 

In terms of the mass flow rate per superficial area, the Peclet Numbers 

and dimensionless conversion and temperature defined in Chapter 2, 

equations (3.8) and (3.9) take on their final form, r. 

3£: 
30 

3T* 
30 

1 

Pem,r 

3f 

35 

3 f 

3C2 
1 3f1 

C3?J Pe, m.a 

32f 

3C2 

U C oiai 
R±(f,T*) 

1 f" 32T* 1 3T*1 
Pch.rL3?2 SS«J 

21* + -iia. E(£,T*) 
35 G Tr CP 

3 T* 

Peh,a 35a 

(3.10) 

(3.11) 
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Equations (3.10) and (3.11) may be considered a set of nonlinear 

coupled partial differential equations. The generation terms, functions 

of both the dimensionless temperature and the extent of reaction or 

conversion effect this coupling influence. These two equations, 

together with the appropriate initial and boundary conditions are the 

basis of the mathematic models of fixed bed reaction, system behavior 

presented in this work. 

Several important limitations and assumptions introduced in the 

derivation of the Peclet Number form of the Fourier-Poisson equations 

restrict the manner in which the equations, as written, may be used. 

The use of position variant velocities or thermal and mass 

diffusivities has been excluded from the rigorous partial differential 

equation form. Baron (1952), Aris (1957) and Deans and Lapidus (1960) 

have shown that the inclusion of the variable velocity, thermal con

ductivity and density throughout the derivation results in an un-

tractable equation form for mathematical analysis or numerical solution. 

The equations utilize effective diffusion properties which differ 

from the properties in either the gaseous or porous solid phases of the 

system. These effective properties are generated only by empirical 

correlation of diffusion behavior for the system of interest. 

The rate of generation of heat and changes in conversion are 

assumed to be uniform over the relaxed finite volume. As the volume 

has a minimum size on the order of several catalyst particles, this 

quantization or lumping process is subject to debate. 
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Discussion of Boundary Conditions 

Of critical importance to the solution of the set of partial 

differential equations is the use of a physically realistic and com

patible set of boundary conditions. As shown in Figure 3-1, the reaction 

section described by equations (3.10) and (3.11) is bounded in the follow

ing manner. A diffusion section exists both upstream and downstream from 

the reaction section. The radial extremes of the reaction section are 

bounded by the tubular reactor wall. Since angular variation about the 

central axis is assumed not to exist, the effective domain of the model 

may be limited to a planar projection of the reactor from the center-line 

to the reactor wall. The model equations defining the response of the 

inlet and outlet diffusion sections are the same equations used for 

the reaction section with a zero reaction rate. 

Since the equations are of second order with respect to the 

radial and axial functionality and first order with respect to the 

temporal functionality, two boundary conditions are required in each 

spatial dimension for temperature and conversion. An initial condition 

must be specified for each point of the model equation domain. 

T*( K* °> " C» O 

f( S. €• 0) = g'(C, 0 (3.12) 

Boundary conditions or expressions are required to describe the 

temperature and conversion, or their respective gradients at the interior 

of the externally heated or cooled reactor wall. In the case of an 

adiabatic reactor operating in a steady-state manner, the absence of heat 
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Figure 3-1. Reactor Model Boundaries 
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flux through the wall would provide a gradient relation for the tempera

ture at the inside of the wall. In the unsteady-state case with a non-

zero heat flux at the wall, this condition may not be invoked. Two 

general approaches have been utilized by other investigators in the 

description of the wall boundary condition. Since the interior field prob

lem is not a lumped radial parameter description, overall heat transfer 

coefficients may not be used. However, a film coefficient or Nusselt 

Number relationship may be written describing the heat transfer through an 

arbitrary thickness of the heterogeneous media which is in contact with 

the wall. The alternate approach is available which simply utilizes the 

adequate descriptive quality of the basic model equations to describe 

the near-wall region. 

The film coefficient representations are widely used. Their 

use, however, may contribute greatly to solution error. The major 

assumption of the film relationships is that a region near the wall may 

be considered a discrete entity, having thermal transport properties 

wh ich are capable of description. Moreover, this region must have a 

thickness which can be assigned as a function of the operating conditions 

and physical parameters. Available theory does not provide relation

ships which predict such thickness or properties in the vicinity of the 

wall of a packed tube. The film thickness is predicted only by statisti

cal means, correlating empirical data (Himmelblau and Bischoff 1966). 

The model equations, being a more descriptive expression for 

the diffusive and convective heat transfer mechanisms than the film 

coefficient expressions, are as valid near the wall as in the interior 
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regions of the reactor. Reduction of the thermal diffusivity observed 

near the wall of fixed bed reactors (Fahien and Smith 1955, Wilhelm 

1962 and Lapidus 1960) may be accounted for by the radial functionality 

of the heat transfer Peclet Number, These Peclet Numbers may be cal

culated as a function of the point effective thermal conductivity and 

point velocity in the neighborhood of the wall. The gas in contact 

with the wall is most certainly at the wall temperature. 

The use of the model equations at the wall boundary has signifi

cant advantages. The boundary condition may be in the form of a point 

temperature vector along the wall, calculable in terms of the external 

heat transfer and the interior temperatures. This point temperature 

b o undary condition may be implemented in a more direct fashion than 

the gradient expression provided by the film coefficient approach. 

For the case in which the resistance to heat flow from the 

cooling or heating medium through the reactor wall is very small with 

respect to the thermal resistance of the heterogeneous interior system, 

the wall temperature may be assumed to be the external coolant medium 

temperature at any point along the wall. 

In this simplified case, the boundary condition may be written 

as equation (3.13). 

t, ») = T*Coolant( S. <3-13> 

In the more rigorous case, the gas temperature in contact with the wall 

is a function of both the external coolant medium temperature and the 

reactor internal temperature near the wall. 
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Concentration effects in the neighborhood of the wall are not 

readily interpreted. Since no mass is diffused through the wall itself, 

very near the wall a zero concentration gradient must exist, 

8£ a 0 , 5 - £ (3.14) 
H 

However, in any calculation procedure using finite difference implemen

tation of the radial gradient, this boundary condition cannot be directly 

invoked. At high heat transfer rates a steep temperature gradient is 

expected at the wall of a fixed bed reactor and hence the temperature 

dependent reaction rate will generate a steep radial concentration 

gradient near the wall. This may allow mass diffusion in the direction 

of the wall at distances which are small compared to the radial increment 

size being employed in the numerical solution. When using finite differ

ence expressions with moderate incremental radial divisions, the use of 

a zero gradient assumption and boundary condition for the conversion at 

the reactor wall would not be justified and might well lead to significant 

computational error in the solution of the equations. 

The alternate approach utilized in solving the models presented 

in this work is the establishment of a zero gradient condition at the 

wa 11 by the use of a parabolic equation solution at the two interior 

points of the reactor nearest the wall which, when smoothly extrapolated, 

lead to a zero derivative at the wall with a wall conversion denoted as 

Thus, the wall conversion to be used is a condition of zero grad

ient, but involves the use of a modified implementation rather than the 

absolute forcing of the two radial discrete points at and nearest the 

wall to have identical conversions. 
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The numerical solution of the equations is an implicit technique 

which relies on the iterative convergence of both the conversion and 

temperature equations to meet the wall (and all other) boundary condi

tions . 

The absence of mathematical discontinuities in the equations 

representing the interior field of the reaction section allow this 

approach to be taken. Should radial discontinuities in either tem

perature or conversion exist within the region defined by the model 

equations, the convergence technique applied would surely fail. 

Moreover, the uniqueness of solutions could not be expected for an 

equa tion set containing discontinuities within its domain. 

The boundary conditions required at the center of the reactor 

are provided by invoking the radial symmetry of the reaction system. 

Since both the temperature and conversion at the centerline of the 

reactor must be finite, the boundary conditions are given by equations 

(3.15). The temperature and conversion gradients at the centerline 

must be zero. 

i T * « 0 ;  ^ f  -  0  ( 3 . 1 5 )  

3C 3? 

Specification of boundary conditions in the axial direction at 

either the inlet or outlet boundaries of the reaction section is a source 

of computational difficulty and computational error. Disagreement as 

to the nature of terminal diffusion processes in a reacting system was 

evident in the literature for over fifteen years. The source of this 

disagreement was the presentation of the "Danckwerts Condition," a 



condition which stated that for steady-state operation and finite dif

fusion, the axial gradients at the exit of a reaction section roust be 

zero, 

3T* = 0 ; 3f. » 0 £ « exit (3.16) 

While Dancwerts based this assumption on intuitive grounds, the veracity 

o f the result has subsequently been established. Froment (1962) and 

Wehner and Wilhelm (1956) have all derived and presented proofs of the 

correctness of the Dancwerts condition for the steady-state case. Un

fortunately, it is not correct for the transient case. 

In general, transient operation of a non-adiabatic reactor will 

provide non-zero gradients at the reactor exit. A disturbance of the 

feed conditions has been observed by Crider and Foss (1966) to pass 

through the reactor in a wave-like manner. As the wave passes the exit 

boundary, changes not only in the point values of the temperature and 

conversion, but in their gradients must occur as well. 

The exial boundary conditions required for the solution of the 

full dynamic model equations examined in this research are provided by 

the use of the inlet and outlet diffusion section. The boundary con

ditions at the inlet and outlet points of the reaction section are 

statements of the continuity of temperature and conversion within the 

entire reaction system. If the axial coordinate at the exit of the 

inlet diffusion section is given by and the coordinate at the 

entrance to the exit diffusion section as £2, the boundary conditions 

may be expressed by equation (3.17). 



^diffusion sectional) = ^reaction section^1^ 

^diffusion sectional) = ^reaction section^^) 

T* (£ ) t* (F ^ 
reaction section = 1 diffusion section^' 

-^reaction section ^2^ = ^diffusion section^^^ (3.17) 

The boundary conditions for the inlet and outlet diffusion zones are 

stated in a straightforward manner. The feed conversion and temperature 

at the inlet of the inlet diffusion zone provides the first of the two 

required axial boundary conditions. 

T*( 0, 0) = Tfefid( 0, 0) 

f< c, 0, 0) = ffeed( o, 0) (3.18) 

At some point in the exit diffusion section, the reaction system must 

be isolated from external conditions. This is equivalent to saying 

that downstream from a given point, processes will have no effect upon 

the reactor solution. Beyond this exit isolation point, no change in 

the dependent variables will occur as functions of position. Mathemati

cally* this relationship is stated by the zero derivative condition. 

While one is unwilling to apply this condition to the reaction section, 

it is usable without significant disagreement at the exit of the dif

fusion section. 

8T* ( £,exit, 0) = 0 

35 

Jf. ( 5,exit, 0) = 0 (3.19) 
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Partial Discretization of Reactor Model Equations 

for Hybrid Solution 

In order to implement a hybrid computer solution of the partial 

differential equations describing the dynamic temperature and conversion 

response of the fixed bed reaction system, the radial space and time 

functionalities of the dependent variables must be discretized. 

Due to the cylindrical symmetry of the fixed bed reactor, any 

position in the interior of the reactor is determined by specifying 

two spatial coordinates. The time domain may be represented as an 

axis perpendicular to the spatial plane. The system thus describes a 

space-time parametric volume. This parametric volume is shown in 

Figure 3-2. Discretizing the radial and time coordinates into finite 

increments is accomplished in the following manner. An incremental 

distance is first chosen so as to satisfy the requirements of the 

quasi-continuous nature of the equations described in the development 

of the model equations. The time increment used in the discrete model 

is determined by the numerical stability of the resultant implementa

tion, the degree of convergence accuracy required and the amount of 

computation time which can be allocated to each scale time increment. 

For the hybrid implementation of the reactor model equations, 

only the radial and time coordinates need be discretized. The longi

tudinal functionality is to be implemented in a continuous fashion 

on analog hardware. The continuous analog longitudinal solution tracks 

will be fully described in Chapter 5. 



*5 

The partial discretization will be presented for the conversion 

equation only. Due to the similarity of the mathematical forms, the 

temperature response discretization form may be derived by analogy. 

The finite difference forms of the partial derivatives in 

terms of increments A? and A0 and radial tracks separated by A£ and 

indicated as the ith track are given in equations (3.20). 

f - f 
3f _ 0 0-A0 

30 
(A0) 

f - 2f + f 
32f a I+l I 1-1 

(AO2 

f - f 
1 3f D I+l I+l 

1 H 

2(AC) (0.5+1)(A?) (3.20) 

Inserting these finite difference representations into the original 

partial differential equation and clearing the longitudinal Peclet 

Number results in equation (3.21). 
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ifiL 
as2 

Pea 
3£ 

P^a 

Per 

Pea 

Pe„ 

Pe, 

f - 2f + f 
1+1 I I-l 

(AS)2 

f - f 
1+1 I-l 

0-A0 
(AG) 

+ Pea dp R(f,T*) 

U aiCoi 

2(A£)2(0.5 + I ) 

(3.20) 

In the all digital solution generated during the previous work, 

it was found that the solution stability required solution of the 

equations from the back of the reactor forward. Defining a new 

longitudinal variable, X as the negative of the previous longitudinal 

variable, inserting it into the equation and resolving the right hand 

side of equation (3.21) in terms of the conversion on each track re

sults in equation (3.22). 

3 f 

3X2 
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3X 

Pe? 

Per 

2 Pea 

Per(AC) :  

Pes 
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;)2 (0.5+D J Per L 
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[(A?)2 2 (A?) 2 (0.5+1) J 1-1 Pe 

AG 6-A0 
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Pea dp R(f,T*) 

U ci£C0£ 

Define the following terms: 

3o - Pea 

3 ££a _ 2 Pea 
1 A0 Per {hO2 

. e = pL + 1 1 

2 Per |_(AS>2 + 2(AC)2(0.5+i)J 
a u _ — "I 

r L<A?)2 • 2(A?)2(0.5+1) J 
Pea - g £= 1 3 

3 Pe 

» A6 

3 „ Pea .dT> 

(3.22) 

5 u aicoi (3.23) 

Equation (3.22) may now be written in terms of the track constants. 

+  3  ^  +  3  f x  =  3  f x ,  +  3  f T + 1  
3X o 3x l 1 2 1~1 3 I+l 

+ f̂i,e-A0 

+ 3 R(f,T*) 
5 (3.24) 
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This is the final form of the Fourier-Poisson partial differen

tial equations for hybrid computer implementation. 



CHAPTER 4 

THE HYBRID COMPUTATION SYSTEM 

To facilitate machine solution of the equations described in 

Chapter 3 and to provide a general purpose hybrid computation facility, 

a hybrid computation system was designed and constructed in the Col

lege of Mines at The University of Arizona, 

A hybrid computer is composed of two computational subsystems, 

an analog computer and a digital computer, and the necessary electronic 

elements to enable control and communication between the subsystems. 

The electronic equipment which mates the two individual computers into 

a hybrid system is termed an interface. The performance of this inter

face is of primary importance in the operation of the hybrid computer 

system. 

The design of this interface is not only dependent upon the 

nature and amount of communication which is desired between the analog 

and digital computers, but also upon the specific computers chosen for 

the hybrid system. The input/output structure of digital computers sold 

by various manufacturers show significant variation. A great diversity 

exists between the control structures of available analog computers. 

The hybrid computer interface constructed for the College of Mines com

putation facility was specifically designed to mate a Digital Equipment 

Corporation PDP-9 digital computer and two analog computers. These two 

49 
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analog computers are the Applied Dynamics Ad/4 computer and the 

Electronics Associates 231-R computer. 

A digital computer performs arithmetic operations upon variables 

which a re represented as binary numbers in the internal storage of the 

computer. Communication to devices outside the digital computer is 

carried on in terms of binary words of a given number of binary digits, 

or bits. Each binary bit may have one of two values, zero or one. In 

the PDP-9 digital computer, the word length is eighteen bits. Computa

tions are performed in two's-complement binary arithmetic. Communication 

with external devices consists of the transferral of one or more of these 

binary ' words into or out of the central processor of the digital com

puter under digital program control. 

On the other hand, analog computers represent variables as 

continuous time-variant voltages. In the two analog computers used in 

this system, these variables may take on values between plus and minus 

one hundred volts. A principal function of the interface electronics 

is the interconversion of these two forms of variable representation. 

The AD/4 analog computer also has equipment for the implementa

tion of Boolean arithmetic operation. These operations involve single 

bit binary variables. The interface provides for the storage and 

transmission of these binary variables or 'discretes' between the 

AD/4 and PDP-9. 

Both analog computers used in this hybrid system have three 

basic computational modes: Initial condition (IC), Hold (H) and 

Operate (OP), The interface implements the commands of the digital 
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computer to control the mode of the analog computers. In addition, 

control of the digital computer may be exercised by the analog computers. 

Upon a signal from the AD/4 or 231-R, the interface generates an inter

rupt command which halts the normal digital program sequence and executes 

special service routines. 

In addition to these primary control and communication features, 

the interface also implements a large number of less important control 

functions. Digital coefficient setting, display selection, time-scaling 

and gain control of the analog computer elements is enabled by inter

face control circuitry. 

A schematic description of the overall hybrid system communica

tion and control is shown in Figure 4-1. All information transfer with 

the digital computer takes place through the digital input-output bus. 

This I/O bus is composed pf eighteen parallel binary data lines and 

several control lines. Digital to analog conversion, analog to digital 

conversion, bi-directional discrete signal and control signal generation 

and storage are handled by the hybrid interface. 

Descriptions of the analog and digital subsystems, the hybrid 

interface and the hybrid program library which controls the overall 

hybrid operation are presented in this chapter. 

Computational Subsystems 

The digital subsystem of the College of Mines hybrid computer 

is a Digital Computer Corporation PDP-9 digital computer. The PDP-9 

has a storage capacity of 8,096 words of eighteen binary bits. The 
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basicmemory cycle time is one microsecond. A word may be deposited 

into memory or read from memory in one microsecond. Two microseconds 

are required for addition of two binary words. Two's complement 

binary arithmetic is utilized to facilitate interface operations. 

The principal binary word handling register in the PDP-9 is the 

accumulator or AC. All arithmetic operations and all digital program 

controlled input/output data transfers are effected by temporary storage 

of the pertinent data word in the accumulator and subsequent instruction 

execution. 

A Teletype Model KSR-33 keyboard and teleprinter serves as the 

primary input/output device to an operator. The teleprinter and key

board operate at a maximum data transfer rate of ten characters per 

second. In addition to the teletype unit, the PDP-9 is equipped with 

a high-speed (300 character per second) paper tape reader and punch. 

The reader and punch are used for loading and outputting lengthy system 

programs and user programs. 

The basic PDP-9 program complement, termed system software, 

includes source language editors, compilers and assemblers for the 

loading and execution of programs written in FORTRAN II, FORTRAN IV, 

or MACRO Assembly Language. 

The features of the PDP-9 which directly affect the configuration 

o f the hybrid interface are the structure and timing of the data input/ 

output equipment of the digital computer. Program controlled transfers 

of data between the PDP-9 accumulator and peripheral devices require 4.0 

microseconds for execution. Transfer to or from the accumulator is 
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accomplished by execution of an Input/Output Transfer (IOT) command. 

The IOT command places an eight bit device selection code on the 

control lines of the I/O bus. A peripheral device having the presented 

code then accepts the eighteen bit word presented on the I/O bus from 

the accumulator. If the operation expected is that of reading data into 

the accumulator, the selected device generates a read request pulse and 

strobes the input data onto the I/O bus. 

Synchronization of the operation of the selected peripheral de

vice with the operation of the central processor is insured by pulses 

generated within the PDP-9 and presented on the I/O bus. These pulses, 

I0P1, I0P2, and I0P4 initiate a status test, read request operation, or 

data accept operation within the peripheral. Each device within the 

hybrid interface must therefore accept and decode the device selection 

code, and, if selected, take appropriate action at the times indicated 

by the presence of the IOP pulses. The structure of the I/O bus in 

shown in Figure 4-2. 

The analog computation subsystem of the hybrid computer is 

composed of two analog computers. The primary analog device is an 

Applied Dynamics AD/4 solid-state analog computer. The AD/4 contains 

34 high speed bipolar operational amplifiers. These operational ampli

fiers have a linear operation range of ± 160. volts and a bandwidth at 

the three decibel point of 4.5 Megahertz, A complement of 32 digital 

servo-set potentiometers is also housed in the AD/4. These digitally 

set potentiometers, having a settling time of 1 second, may be ad

dressed and set by pushbutton console action or remote commands from 

the digital computer via the hybrid interface. 
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The AD/4 is entirely solid-state and can function as a stand

alone analog computer when not used as a hybrid computer subsystem. 

Mode switching on the AD/4 is solid-state, utilizing 10,0 MHz. integrated 

circuit modules throughout the control structure. Mode changes are ef

fected less than 500 nanoseconds after command execution. In addition 

to the analog complement on the AD/4, a selection of parallel digital 

logic for the implementation of Boolean arithmetic is available on a 

spearate patch panel. 

At the present time, no non-linear devices, multipliers or 

diode function generators are included in the AD/4. This shortcoming 

is partially alleviated by the extensive non-linear capability of the 

Electronic Associates 231-R analog computer. 

The secondary analog subsystem of the hybrid computation system 

is an expanded Electronic Associates 231-R analog computer. The 

231-R contains 100 operational amplifiers with an operating range of 

+ 100 volts, 27 servo and electronic quarter-square multipliers, 12 

variable diode function generators, 120 manual potentiometers and an ex

tensive complement of miscellaneous non-linear equipment. The 231-R, 

however, is a tube-type computer, quite slow in comparison with the AD/4. 

Moreover, mode control of the 231-R is implemented by relay logic. A 

mode change requires from three to seven milliseconds for execution. 

The slow-speed nature of the 231-R does not conveniently allow its use 

as the principal analog computer in the hybrid system. It is, however, 

extremely useful to have available the extensive complement of non

linear equipment, computational acccsories and amplifiers. This 
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equipment is used for slow-speed analog service subroutines for the 

main high-speed simulation taking place on the fast equipment, the 

AD/4 and the PDP-9. 

Peripheral equipment for the analog computers are a strip chart 

recorder and a X-Y servo-recorder. In addition, high-speed analog 

solutions are conveniently observed on a dual channel oscilloscope. 

The two analog computers are interconnected by means of thirty 

two analog trunk lines. The mode control of the two analog computers 

is 'slaved' such that the mode of the AD/4 controls the mode of the 

231-R. The digital computer, via the hybrid interface has full mode 

control over both machines. Analog distribution to peripheral record

ing devices is centralized on the 231-R patchbay. 

The Hybrid Interface 

The primary functions of the hybrid interface are to control 

the transmission of digital information to and from the PDP-9 digital 

computer and to perform specific operations under the direction of the 

digital and analog computers. These specific operations include the 

following functions, 1), The interface converts analog voltages to 

a digital representation and transmits the resultant digital word to 

the digital computer (A/D conversion). 2), The interface converts 

digital words sent from the digital computer to corresponding voltages 

and directs them to the analog computers (D/A conversion). 3). The 

interface controls the bi-directional transmission of binary discrete 

logic variables between the digital computer and the AD/4 analog com

puter. 4). The interface generates mode control signals for both the 



58 

AD/4 and the 231-R under the command of the digital computer. 5). The 

interface performs miscellaneous operations under digital control. These 

operations include AD/4 amplifier selector addressing, potentiometer ad

dressing and setting, AD/4 time scale and integrator gain control, and 

interrogation of the AD/4 slow-speed digital voltmeter. 6). The inter

face generates a program interrupt request to the digital computer and 

provides interface equipment status information to the PDP-9 upon digital 

program request. 

A schematic visualization of the external signals accepted and 

generated by the hybrid interface is shown in Figure 4-3. The communica

tion between the interface and the digital computer is restricted to the 

PDP-9 I/O bus. All information and control instructions are channelled 

through this single data path to and from the digital computer via the 

hybrid interface, using programmed 107's, 

A significant complication of the circuitry required to perform 

the functions listed above is introduced by the diversity of the de

vices to which the interface must communicate. All control signals used 

in the interface and computer equipment are classified as either logic 

levels or pulses. Each signal may be considered a binary variable 

having a value of one or zero. The distinction between levels and 

pu lses is made on the basis of the signal duration at a specified 

logic state. Unfortunately, several voltage levels corresponding to 

these binary values are required by the various computational and inter

face devices. Table 4-1 presents a summary of the signal levels re

quired and produced by the devices with which the interface must commu

nicate. 
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Table 4-1 

Interface Equipment Signal Levels 

Signal Logic '0' voltage Logic '1' voltage 

PDP-9 I/O Bus -3.0 

Analog to Digital Converter 
Control Signals -9.0 

Analog to Digital Converter 
Output Signals +4.0 

Digital to Analog Converter 
Input and Control Signals 0.0 

AD/4 'Discrete' Logic Level 
Signals 0.0 

AD/4 Control Logic Level 
Signals 0.0 

AD/4 Digital Potentiometer 
and Digital Voltmeter 
Signals Relay Open 

231-R Mode Control Signals 0.0 

0.0 

0.0 

0.0 

+5.0 

+6.3 

t 

+5.0 

Relay Closed 

+40.0 
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Due to this requirement of several signal levels, the interface 

must perform the conversion of all signals to a common basis for trans

mission to the digital computer. The requirement of both positive and 

negative logic voltage levels precludes the use of a single type of 

interface circuitry. Discrete component- circuitry is most often in

tended for use with negative logic levels; while integrated circuits 
i 

generally utilize the positive logic levels. 

The interface is divided into two primary subsections. One sub

section, fabricated from Digital Equipment Corporation 'Flip-Chip' 

modules, utilizes negative logic levels and provides interconnection 

of the interface with the digital computer I/O bus and generation of the 

control signals for the analog to digital converter and multiplexer. 

The o ther subsection of the interface is fabricated from Raytheon 

'M-Series' logic modules, using integrated circuit elements and positive 

logic levels. -The latter section services both analog computers and 

the digital to analog conversion channels. Relay closure and high 

voltage outputs as well as inter-rack information transmission are im

plemented with Flip-Chip and Raytheon level conversion modules. 

Interface Circuitry 

The description of the hybrid interface circuitry is presented 

in a sectional manner. Each communication or control function is 

described and illustrated. 
i 

Analog to Digital Conversion 

A Raytheon 'Multiverter' is used in the hybrid interface as the 

system analog to digital converter and multiplexer. The Multiverter is 
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a fourteen bit, two's complement binary successive approximation analog 

to digital converter. The Multiverter installed in the hybrid interface 

is equipped with sixteen multiplexer input channels. The converter has 

a conversion rate of 33,000 random channel selections and conversions 

per second. The conversion range of the Multiverter is + 110.0 volts. 

Short duration overvoltages of up to + 200.0 volts can be tolerated by 

the input circuitry without damage to the Multiverter. 

The digital computer selects one of the sixteen analog input 

channels by presenting a four bit channel address code to the Multi

verter control circuitry. One microsecond after the channel 

address has settled at the control inputs, a two microsecond start 

pulse is generated by the interface and starts the analog to digital 

conversion. Twenty eight microseconds after the start pulse, the digi

tal representation of the selected channel analog voltage is available 

at the data output register of the Multiverter. 

A five bit register and device selector, fabricated of DEC 

Flip-Chip modules are used for the channel address selection and start 

pulse generation. A special inverter module was fabricated to provide 

the -9.0 volt levels required by the input circuitry of the Multiverter, 

The device selector for the control circuitry has a PDP-9 device code 
• • « 

of 34. The multiverter output register contents is converted by Flip-

Chip level changer modules to standard logic levels acceptable by the 

PDP-9 1/0 Bus. The converted output data is strobed onto the I/O Bus 

by a series of transfer gates and a device selector which responds to 
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the PDP-9 device code 36. The analog to digital conversion system is 

shown in figure 4-4. 

Digital Output Registers 

The hybrid interface contains four, sixteen bit, output registers 

which accept and store output information from the PDP-9. These registers 

are loaded with information contained in the central processor accumula

tor register in the following fashion. The PDP-9 issues an IOT command 

with a device code of 35 and a sub-device code, two bits,' corresponding 

to the output register number (0 through 3). The digital output register 

device selector, a W103 Flip-Chip module, recognizes the 35 code. The 

two sub-device bits are decoded to enable the loading of one of the four 

registers. At the time indicated by I0P2, the selected output register 

is cleared. At the time indicated by I0P4, one microsecond later, the 

data on the bi-directional I/O data bus is strobed into the selected 

register. The data from the I/O Bus is buffered by emitter follower 

modules, converted to positive logic levels, and cabled to the Raytheon 

module rack. 

Two of these output registers, indicated as D0G1 and D0G2, pro

vide the discrete output variables which appear at the AD/4 logic patch-

bay. 

Digital to Analog Conversion 

Digital to analog conversion is accomplished in the hybrid inter

face through the use of Raytheon twelve bit digital to analog converters 

and data storage modules. D0G3, a sixteen bit output register, provides 

twelve bits of binary Information and a four bit 'DAC' channel address. 
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Eight Raytheon MDA6 digital to analog conversion nodules are mounted in 

the hybrid interface. Each converter is serviced by a data storage 

module, a Raytheon MDS8 module. The data storage module examines the 

address bits and, if selected, jam transfers the remaining twelve 

binary information bits into its storage register. The MDA6 conversion 

module then converts the twelve bit, two's complement binary number to 

an analog voltage between plus and minus ten volts. The conversion, 

automatically started upon storage of the data, requires 1.0 microsecond. 

The output voltage linearity quoted by the Raytheon company for these 

digital to analog converters is + 0.1 percent. The digital to analog 

conversion system is shown in Figure 4-5. 

Control Signal Generation 

The signals produced by the hybrid interface to effect control 

of the AD/4 and 231-R. analog computers are generated from the DOG 0 

digital output register. Two bits of this register control the AD/4 

computation mode. Four bits of this output register are decoded by a 

binary to decimal converter module, buffered by relay driver modules, 

and presented as AD/4 decimal address information. The AD/4 accepts 

the decimal information in a serial fashion. Three digits are accepted 

for amplifier and potentiometer addresses and five digits are accepted 

for values to be entered into the digital potentiometers. Eight bits 

of the DOG 0 output register are buffered by relay driver cards and 

perform miscellaneous control operations in the AD/4 and 231-R analog 

computers. The remaining two bits effect 231-R mode control through 

the use of high voltage driver modules. 
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Digital Input Registers 

Three sixteen-bit digital input registers are contained in the 

hybrid interface. Two of these registers are connected to the AD/4 

patchbay to provide 32 bits of discrete input to the digital computer. 

These discrete input registers, DIG 0 and DIG 1, are periodically 

loaded from the patch panel information by a signal which is a sub-mul

tiple of the AD/4 1.0 MHz, digital clock. The register loading fre

quency is selected at the AD/4 patchbay. The remaining input register, 

DIG 2, accepts the output of the AD/4 digital voltmeter. The digital 

voltmeter output consists of four binary-coded decimal digits. 

The contents of these input registers are read into the digital 

computer by execution of an IOT command with a device code of 37 and a 

sub-device code indicating the number of the respective register. 

The contents of the selected register is converted by Flip-Chip level 

change modules to negative logic levels and strobed onto the I/O bus 

by the IOP 2 pulse. 

A schematic drawing of the entire interface circuitry is given 

in Figure 4-6. Complete design information concerning the hybrid inter

face is presented in a College of Mines Report, College of Mines Hybrid 

Computation. System, University of Arizona, Heibel, 1969. 

The analog to digital converter input channels and the digital 

to analog output channels are connected to two devices. All channels 

are routed to the AD/4 computer. In addition, these channels are 

available at a patch panel for use in general-purpose data aquisition 

and display. 
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Hybrid Computer Program Library 

Digital computer programs have been written both to operate the 

hybrid interface and to facilitate the use of the entire hybrid system. 

The repertoire of programs developed to service hybrid real-time opera

tions are included on a single systems tape and called the 'Hybrid 

Library.' The routines contained in the library are modular in form 

and are intended for use by FORTRAN digital programs. The FORTRAN com-

patability allows use of the hybrid system by a programmer having only 

minimal digital programming experience. 

The hybrid library is divided into four groups of program sub

routines. The first group of subroutines controls and makes available 

to a FORTRAN' program the features of the PDP-9 real time clock. The 

second group of programs handles the analog to digital and digital to 

analog conversion. The third group provides fast mode control of the 

AD/4 analog computer from the digital computer. The final group of 

programs executes utility operations on the AD/4 and 231-R. Among these 

programmed operations are potentiometer setting, amplifier selection and 

slow-speed analog voltage readout. 

The remainder of this chapter presents a listing of the main 

features of each of the hybrid library programs. The FORTRAN program 

calling syntax and a short summary of the operations performed by each 

subroutine is given. 
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Group I, Real-Time Clock Operations 

CALL SETCL(N) 

CALL RDCLK(N) 

CALL WAIT 

The PDP-9 real-time clock is set to 

*N' 16.66 millisecond clock counts 

and is enabled. The clock register 

decrements each 16.66 milliseconds. 

The contents of the PDP-9 real-time 

clock register are interrogated. The 

value 'N* returned to the FORTRAN call

ing program is the number of 16.66 ms. 

counts remaining until the previously 

set clock time is exhausted. 

This subroutine loops continuously 

until the clock, previously set by 

SETCL decrements to zero. The clock 

is then disabled. 

Group II, Analog to Digital and Digital to Analog Conversion 

CALL AOS(NC,JV) 

CALL AIS(NC.JV) 

This subroutine outputs the binary-

represented voltage indicated by the 

variable JV on the digital to analog 

channel NC, Eighteen microseconds 

are required for execution of this 

subroutine. 

This subroutine reads the value of an 

analog voltage present on channel NC 
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Group III, AD/4 Mode Control 

CALL FOP 

CALL FIC 

CALL FHOLD 

and returns the scaled binary value • 

to the FORTRAN program in the variable 

JV. Forty-four microseconds are re

quired for execution of this subroutine. 

This subroutine places the AD/4 in 

the Operate Mode. Eight microseconds 

are required for execution. 

This subroutine places the AD/4 in the 

Initial Condition Mode. 

This subroutine places the AD/4 in 

the Hold Mode. 

Group IV, Miscellaneous Control Operations 

CALL PLUSA 

CALL MINUSA 

CALL POT 

CALL STOPX 

CALL LOAD 

CALL RUNX 

This subroutine selects the plus 

amplifier bus to the address selector 

output and digital voltmeter of the 

AD/4. 

The minus amplifier bus is selected. 

The potentiometer bus is selected. 

This subroutine places the AD/4 paral

lel logic system in the STOP mode. 

The logic mode LOAD is selected. 

The: load mode RUN;, is: selected. 
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CALL ADRR 

CALL VAL 

CALL NUMB(N) 

CALL SET 

CALL SLAVE 

CALL SOP 

CALL SIC 

CALL SHOLD 

This subroutine places AD/4 control 

panel in the component address enter 

mode. 

The component value mode of the AD/4 

control panel is selected. 

This subroutine transfers the digit 

N to the serial digit entry system 

of the AD/4, This routine is used 

in address selection or potentiometer 

setting* 

This subroutine sets the digital 

potentiometers. 

This subroutine slaves<the 231-R 

analog computer with the operation of 

the AD/4 computer. This routine may 

only be used when the following slow, 

relay-implemented control routines 

are called. 

This subroutine relay-implements 

analog Operate Mode. 

Relay-implemented Initial Condition 

is effected. 

Relay-implemented Hold Mode is 

effected. 
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CALL DVM(JV) The analog voltage appearing on the 

AD/4 address selector system is routed 

to the AD/4 slow-speed digital volt

meter, converted, and provided to the 

FORTRAN calling program in the var

iable JV. 

In addition to these basic hybrid library subroutines, two ser

vice programs have been written to enhance the use of the digital com

puter in data acquisition and display operations. 

SUBROUTINE SCOPLT(X,Y) generates an X-Y oscilloscope display 

of the coordinate points of information contained in the 100 values of 

the FORTRAN arrays X and Y, The points indicated by coordinates X(I) 

and Y(I) are presented on the oscilloscope in a scaled fashion. It 

is assumed that the coordinate points have magnitudes less than or 

equal to 10,0. Graph framing and scale ticks are generated. The 

routine continues to output the graphic information until AC switch 

zero of the PDP-9 is raised. 

A general purpose data acquisition routine is available which 

allows the real time gathering of voltage data from remote experi

mental equipment. Program SAMPLER (NCL,NC2,- ND,N,V) takes N samples 

spaced every ND 16.66 milliseconds apart. The voltages sampled are 

applied to channels NCI through NC2 of the analog to digital converter 

plug panel. The resultant digital values of the sampled voltages are 

stored in the doubly subscripted array C(NC,I), 



CHAPTER 5 

HYBRID SOLUTION OF THE REACTOR MODEL EQUATIONS 

To implement a hybrid computer solution of the Fourier-Poisson 

equations, the radial and time coordinates of the chemical conversion 

and temperature equations are discretized. The partially-discretized 

equations provide the following representation of the reaction system. 

Continuous equation solution tracks, separated by a radial increment, 

A£, extend from the reactor inlet to the reactor outlet. Each solution 

track is distinguished by a track number, I, having an integer value 

between one and N. Track one is located at a radial position of 0.5*A£. 

Track N is located at the reactor wall. The temperature and conver

sion along each track, at a given time, are approximated by equations 

(5.1) and (5.2). 

C5 B2fI-l + &3fI+l 

+ Vi,e-Ae 

+ 3sR(fI,T*I) (5.1) 

3 T* 
1 I 

+ 3 R(fItT* ) 
6 ^ 
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(5.2) 



The coefficients, 3j, j=»l,2,l,,6l are functions of physical 

parameters, discretization, increments, and, in the case of 3 and 3 
2 3 

the track number, I, 

The hybrid computer implementation involves the use of analog 

computer circuitry .which, given the conversion and temperature at 

X « 0 and the terms appearing on the right hand side of equations 

(5.1) and (5.2), generate solutions for £j(x) and T*j(x). Equations 

(5.1) and (5.2) are rearranged slightly to facilitate analog solution. 

affj S g-l ( fj,. fj-i, fi+i, afj^fj O_A0) 
3X 3X 

+ $sR(fI,T*I) (5.3) 

|ft*i s g2 ( t*i# t*w,i*i+p 9t*i, e_aq ) 
3X 9X ' 

+ 3 R(f!» T* ) (5.4) 
6 ^ 

In these equations, the functions and G£ are defined by 

equations (5.5) and (5.6). 

Gl s .3^ - Bjfi + 3^ + 3^^ 

+  <5 '5> 

g2 s -3 £T£i - 3 T*T + 3 T*t . + 3 T*t ., 
*• °3)( 1 2 3 

+ . Vi.e-ae «.6) 

The analog computer circuit which performs the solution of ..equations 

(5.5) and (5.6) is presented in Figure 5-1, 
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The functions Gj_ and are calculated by the digital computer 

in terms of the measured independent variables and their derivatives 

and fed to the analog computer by means of digital to analog conversion 
i 

channels. Since an implicit convergence technique is used in the overall 

hybrid solution of the equations, these digitally generated functions are 

calculated from the values obtained during the last iteration of the 

track in question. This iteration is continued until negligible change 

f 

is seen in any point value of the temperature or conversion upon further 

iteration. 

The reaction rate terms are left as explicit quantities to enable 

either digital calculation of the terras or analog implementation using 

functioh generation hardware on the 231-R analog computer. 

In the analog implementation of the reaction rate term calculation 

the 231-R computer is used as an analog subroutine. The AD/4 supplies 

instantaneous values of T*j(x) and fj-(x) to the 231-R. The 231-R re

turns R(fjCx),T*j(x) ) to the AD/4, A discrete variable is provided by 

the digital computer to control analog switches in the AD/4. When the 

simulation is proceeding in either the inlet or outlet diffusion zones, 

the reaction rate is zero. The discrete variable operates the analog 

switches to provide or remove the reaction rate terms dependent upon 

the'simulation position within the reactor, X. 

... The alternate implementation of the reaction rate terms involves 

the use of direct digital calculation of the terms as functions of the 

measured temperature and conversion. The two terms are fed to the 

analog computer by digital to analog conversion channels. The digital 
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rate function implementation is particularly advantageous for cases in 

w.h ich the reaction rate is a complex multi-variable function. The digi

tal rate term implementation has the drawback that significant digital 

computation time is needed to perform the calculation or table-lookup of 

the terms. Since the rate terns must be provided to the analog computer 

many times per track solution, even small amounts of additional time 

required per quantized axial point calculation add up to a significant 

delay of the track solution. 

Both analog and digital implementations of the reaction rate 

functions have been used in the model solution. For the case in which 

30 samples of the conversion and temperature and their derivatives are 

acquired during the single-track solution, analog rate implementation 

results in a single-track solution time of 3.08 milliseconds. For the 

comparable case in which digital rate function generation is used, ap

proximately 46.5 milliseconds per single-track solution is required. 

These elapsed times are observed when the fastest AD/4 time scaling 

is used. 

The solution of each individual radial position track is ac

complished in the following manner. Each solution track may be con

sidered a two-point boundary value problem. The solution begins at 

the' reaction system exit and proceeds to the inlet. The point con

version and temperature at the outlet is assumed and provided to the 

respective integrator initial, condition terminals on the AD/4 analog 

computer. These scaled initial condition voltages are provided by 

two analog to digital conversion channels. 



i 
i 

I • . 

79 

After the initial conditions have had time to settle to their 

proper value (approximately twenty microseconds), the hybrid system 

begins integrating along the X axis, producing.fj(X) and T*j(X), When 

the simulation reaches the distance representing the reactor inlet, the 

AD/4 computer is placed in the hold mode. The analog computer-produced 

in let conversion and temperature are compared with the given inlet 

conditions. 

If the calculated and specified inlet conditions do not agree, 

an adaptive-proportional control algorithm is executed. The use of 

this algorithm, together with continued track solution iteration, re

sults in the generation of exit conversion and temperature values such 

that agreement of solution and specified inlet conditions is better 

than a specified per cent error. 

The information flow of this convergence system is shown in 

Figure 5-2. This convergence scheme was seen to match the inlet condi

tions after a minimum of three iterations and a maximum of five itera

tions, irrespective of the starting profile assumed for the track in 

question*-

The formulation of the adaptive-proportional control algorithm 

is as follows. The main controller outputs are the initial conditions 

for the analog calculation circuits. To illustrate the controller 

action, the algorithm will be presented for the chemical conversion, fj. 

The error term is defined by equation (5.7). 

^I,inlet ~ ̂ 1,inlet,calculated) I ^I,inlet (5.7) 
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Controller Parameters 

I,exit 
I, inlet, specified 

1, inlet, specified 

I, inlet, calculated 

1 1, inlet, 
calculated 

I, exit 

D-A 
IVJ 

D-A 
A-D A-D 

Digital 
Single-Track 

Convergence 
Algorithm 

Analog Equation Implementation 

Figure 5-2. Single Trace Convergence Logic Flow 
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' The new initial conditions are calculated by a standard propor

tional control equation. In the following equation, the index variable 

N is the number of iterations performed of the solution track in ques

tion. 

^1,outlet,N+l = ^1,outlet,N + Kcl (5.8) 

However, the proportional gainf K t is calculated on the basis of the 

rate of solution convergence, the rate of error decrease. 

Kd = Kc0 + Kc2 ; + Kc3 (5,9) 

K-ll " |eN I 

leN I 

The parameter K ^ is a program variable which is chosen as the desired 

per cent improvement per iteration. This parameter is chosen such that 

the final solution point will overshoot the track inlet condition tar-

get. As soon as the requLred overshoot is detected by a sign change in 

the observed error, the controller gains are left unchanged for further 

iteration. 

Several constraints are placed on the convergence system. The 

analog solution profiles are monitored for two error conditions. If the 

analog solution successively appears as an all zero-value track for two 

iterations, the program is halted and a message is sent to the operator. 

If an overload condition is detected in the AD/4 calculation, indicating 

excessive overshoot in the AD/4 calculation convergence, the program is 

halted. 



In addition to these well defined error conditions, it was 

found to be necessary to monitor the solutions for limit cycle in

stability in the neighborhood of final track convergence. As dis

cussed in Chapter 7# if six alternations of the sign of the error term 

is detected, taken to indicate a limit cycle response, the controller 

gain, Kci, is reduced. 

Digital Computation Organization 

The entire operation of controlling a single-track solution of 

the reaction system is contained in a FORTRAN subroutine. This sub

routine, entitled RUNONE, is provided the Peclet Numbers and the track 

index number. This subroutine also has access to profile information, 

both past and present time-increment information, and the specified 

inlet and wall conditions. RUNONE performs all control actions re

quired by the AD/4 analog computer implementation of the analog track 

equations. This subroutine is given the responsibility of forcing 

agreement between the specified and calculated inlet conditions. A 

digital program flow chart for Subroutine RUNONE is presented in 

Figure 5-3. 
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RUNONE 

KER(4) JJ is the track number. 

CALL 

INIT 
FIC 

AOS 

DO 100 1=2,29 

NO ANALOG 

RATE t 

CALL 

RATEC 

Calculates rate. YES 

RATE = 0. 

Dl =0 
DOS 

Exit or inlet zone 
no reaction. 

I : ID2 

Figure 5-3» Subroutine RUNONE Flow Chart 



CALCULATE 

GI.G2 
TERMC 

ABSF(GI) 
E R I  

STOP 04 

ttBSF(G2) 

OUTPUT 

GI,G2 
AOS 

fPLACE /4> 

IN OPERATE 

V MODE j 
FOP 

r RUN FOR 

OPC MILLI-

k, SECONDS , 

TIMER(OPC) 

Figure 5-3, continued. Subroutine RUNONE Flow Chart 



PLACE /4 
IN HOLD 

MODE 
FHLD 

READ 
C(JJ,M) a 
DERIVATIVE 

AIS 

READ 
T*(JJ,I+D a 
DERIVATIVE 

CONTINUE 

YES NEGATIVE ER2 

NO 

STOP 

Figure 5-3, continued. Subroutine RUNONE Flow Chart 
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Exit to calling 
program. 

IFOR INLET ^ N0T CONVERGENCE/ converged 

c 
converged 

RETURN > 
^ END ^ 

CALL 
CONV 

<3> 
Calculate new 
initial conditions 
and iterate. 

Figure 5-3, continued. Subroutine RUNONE Flow Chart 
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Steady-State Model 

To generate a steady-state numerical solution to the reaction 

system model, the time derivative coefficient, 3 , is set to zero. 

Two main calculation sequences are involved in the full model conver-

gence to a steady-state solution. An initial series of calculations 

are performed for all tracks with the radial diffusion terms disabled. 

This .pass generates axial profiles for each track which agree with the 

inlet conditions but which do not include the effect of any radial 

gradients. The second pass enables the radial diffusion terms and 

begins the .computation by converging the profiles of the radial track 

nearest the reactor center-line. The simultation then proceeds to con

verge each track from the center to the wall. After track N-l has been 

converged, the wall boundary conditions are calculated. The simultation 

then returns to the center-line and repeats the calculation. Conversion 

of all tracks is iterated until no significant change in any point value 

of the temperature or conversion is observed upon continued iteration. 

The complete steady-state model is organized as a FORTRAN sub

routine called REAC. The subroutine form is used to provide straight

forward use by optimization routines. This subroutine calls 29 service 

subroutines which perform specific simulation calculations. Thirteen 

subroutines are used from the hybrid library. The complete steady-

state program occupies 3421 memory locations of the PDP-9 digital compu-
I 

ter for the program and array storage. Subroutine REAC is provided the 

reactor inlet conditions, the wall temperatures and the axial and radial 

Peclet Numbers, Steady-state conversion and temperature profiles for 



all solution tracks are returned to the calling program 28 seconds 

later for cases in which analog reaction rate implementation is used. 

For cases in which digital rate function implementation is used, 81 

seconds are required for the generation of the steady-state profiles. 

The Dynamic Simulation 

The hybrid computer implementation of the dynamic model equa

tions also uses Subroutine REAC. A control variable is used which alters 

the logic flow of Subroutine REAC to represent the dynamic equations. 

Two arrays containing the conversion and temperature profiles at time 

zero are provided by the calling program. The profiles at the new-

time increment, removed A0 from the past-time profiles are initialized 

to the old-time values. For dynamic calculations, use is not made of 

. the first execution phase of REAC. Rather, the full radial diffusion 

calculation is immediately begun. The time-derivative terms are cal

culated by the digital computer and included in the functions sent to 

the analog computer. Perturbation of the inlet conditions or wall tem

perature as a function of time is allowed. The boundary conditions at 

the new scale-time increment are incorporated in the hybrid simulation 

during the first calculation pass. Subroutine REAC converges the array 

values to a numerical solution for the conversion and temperature pro-

files at the new scale-time. For moderate inlet condition changes or 

wall temperature condition perturbation, the model convergence is often 

spectacularly fast, particularly for cases in which analog rate imple

mentation is used. At the fastest analog calculation rate, using a five 
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per cent change in the inlet conversion on all tracks, a scale reactor 

time increment of two minutes, convergence of the new-time profiles is 

achieved within four seconds. The use of a digital reaction rate 

function implementation in the dynamic simulation extends the required 

convergence time to approximately thirty-five seconds. 

After the first new-time calculation is converged, the old-time 

array is updated to the newly converged profiles and the dynamic simula

tion is repeated using new boundary conditions at yet another time 

increment. 

The timing requirements quoted in the above discussion of the 

model implementation are presented for the case in which six radial 

tracks are calculated. 



CHAPTER 6 

EXPERIMENTAL REACTOR DATA AND PHYSICAL PARAMETERS 

To evaluate the agreement between the steady-state and dynamic 

reactor model results and profiles measured in real reaction systems, 

values of all equation parameters were chosen which agreed with the 

physical properties of specific real reaction systems. The establish

ment of this correspondence allowed the models to be tested by compari

son of the model results with published experimental data. 

The chemical reaction system chosen for simulation with the hy

brid reactor model was the catalytic oxidation of sulfur dioxide to sulfur 

trioxide by oxygen in the presence of inerts. This reaction was a 

suitable choice for simulation as it has been thoroughly examined by 

several investigators. Extensive tabulations of the specific reaction 

rate for this chemical reaction have been presented as a function of 

mass flow rate, temperature and extent of reaction for various catalyst 

materials. Steady-state and dynamic longitudinal and radial temperature 

profiles and longitudinal conversion profiles have been reported by 

several investigators using a variety of catalysts and operating con

ditions (Bunnell 1949, Hall and Smith 1949, Irvin, Olson and Smith .1951, . 

Schuller, Stallings and Smith 1952, Hougen and Watson 1955, Pyzel 1967, 

Cise 1968, Smith 1968). 

90 
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Temperature and Conversion Profile Data 

Radial and longitudinal steady-state temperature profiles were 

reported by Hall and Smith (1949) for the catalytic oxidation of SO^ 

to SO3 using air. Platinum-alumina catalyst supported in a 2.0-inch 

inside diameter stainless steel tube was used. Temperature profiles 

were reported for reaction experiments and non-reacting (airflow heat 

transfer) experiments* Average conversion was measured for varying 

bed depths of two through eight inches of catalyst. The wall tempera

ture was maintained at 100 degrees Centigrade. A summary of the physi

cal parameters and operating conditions for the experimental data of 

Hall and Smith and that of all other investigators considered.for. 

simulation is presented in Table 6-1. The physical properties of the 

chemical system used in the Hall and Smith reaction system are pre

sented in Table 6-2. 

The range of operating conditions examined by Hall and Smith was 

extended by the experimental work of Irvin, Olson and Smith (1951). 

A number of additional mass flow rate experiments were reported using 

essentially the same apparatus as Hall and Smith. 

Radial and longitudinal temperature profiles and mean axial 

conversion profiles were reported by Schuller, Stallings and Smith (1952) 

using the experimental apparatus developed by Bunnell (1949). Their 

reaction system corresponds to that of Hall and Smith with the exception 

that a wall temperature of 197 degrees Centigrade was maintained by use 

of a boiling glycol heat transfer medium. 



Table 6-1 

Experimental Data Operating Conditions 

Investigator Reactor inside 
diameter, in. 

Catalyst dia
meter, in. 

Reynolds 
Number 

Wall Temp, 
deg. C. 

Mass Flow Rate 
Lb./Hr.-Sq. Ft. 

Hall -and Smith 
(1949) 

.1.75 0.1125 67.0 100. 350. 

Irvin, et_ al 
(1951) 

2.0 0.1125 39.-81. 100. 147.-512. 

Schuller, et, al 
(1952) 

2.0 0.1125 67. 197 350. 

Serjak 
(1967) 

3.20 0.187 33. 111. 121 60. 202. 

Smith 
(1968) 

3.25 0.187 33.6 301 270. 

\o 
N3 
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Table 6-2 

Reaction System Properties 

Gas System Properties: (evaluated 

Heat Capacity 

. Average Molecular Weight 

Heat of Reaction 

Viscosity (400 deg, C.) 

Catalyst Properties: 

Composition 

Density 

a 

at 6,4 mole percent SO2) 

0.224 calories/gram mole-deg. C, 

31.3 gram/gram mole 

23,000 calories/gram mole SO2 

0.025 centipoise 

0,20 percent by weight platinum' 
on alumina carrier 

1,87 gram/Cu. Cm. 

a. Hall and Smith (1949), page 464. 
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Serjak (1967) examined heat transfer in a jacketed packed bed 

system without reaction. Extensive radial and axial steady-state 

temperature profile data were reported for a selection of mass flow 

rates and inlet temperatures. 

Smith (1968) examined the air oxidation of sulfur dioxide over 

a platinum-alumina catalyst in a 3.25 inch inside diameter tubular 

jacketed reactor. Steady-state radial and axial temperature profiles 

were reported for three sulfur dioxide inlet concentration values. 

Dynamic temperature profiles were obtained for step changes of the 

sulfur dioxide inlet concentration. Concentration data other than 

the inlet sulfur dioxide concentration were not reported. 

Specific Reaction Rate Data 

Hall and Smith measured the specific reaction rate of the 

catalytic oxidation of sulfur dioxide on platinum-alumina catalyst. 

The measurements were made in a 1.75 inch inside diameter differential 

reactor at a superficial mass flow rate of 350 Lb./Sq. Ft. - Hr. grade. 

The inlet stream contained 6.4 mole per cent SC>2 in air. The specific 

reaction rate was determined for preconversion of from 0 to 70 per cent. 

Hougen. and Watson (1955) presented an experimentally derived 

plot °.of the reaction rate for this reaction as a function of. temperature 

and conversion for reaction temperatures from 350 to 700 degrees Centi

grade at a superficial mass velocity of 600 Lb/Sq.Ft.-Hr. 

Olson, Schuller and Smith (1950) examined the same reaction 

system and discussed the effects of intra-particle diffusion upon the 

specific reaction rate. 



95 

Richardson (1963) utilized the experimental data of Hall and 

Smith for this reaction to generate a semi-empirical specific reaction 

rate expression for the catalytic oxidation of sulfur dioxide on plati-

num-alumina catalyst. Richardson's expression showed excellent agree

ment with the data of Hall and Smith and good agreement with the data 

of Hougen and Watson. Richardson's expression provides usable accuracy 

in the range 200 to 650 degrees Centigrade and conversion of from 5 to 

9 0 per cent. 

The Richardson expression was used for the digital computer-

Implemented reaction rate function for the reactor model. Richardson's 

semi-empirical expression and plots of the temperature and conversion 

dependence of the reaction rate are given in Appendix A. The 

Richardson expression was approximated by a simple linear conversion 

dependence and exponential temperature dependence and thus allowed a 

convenient function for analog implementation. 

Magnitude of the Peclet Numbers 

The hybrid fixed bed reactor model developed in this work used 

the dimenslonless Peclet Numbers to introduce diffusional heat and mass 

transfer effects. In the basic dimenslonless equations, four Peclet 

Numbers are defined. Axial and radial mass transfer Peclet Numbers are 

incorporated in the chemical conversion equation while axiai and radial 

heat transfer Peclet Numbers are incorporated in the temperature equa

tion. 

The Peclet Number relates the magnitude of the diffusional flux 

• components to the bulk convective flux. The Peclet Numbers are defined 
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in terms of effective turbulent diffusivities. These turbulent dif-

fusivities may be expressed as sums of two components, the molecular 

diffusivity and the turbulent diffusivity. Baron (1952) presented a 

correlation which expressed the effective turbulent diffusivity, either 

the mass or thermal diffusivity, in terms of the average velocity, the 

particle size and the molecular diffusivity. 

"effective = Molecular + ^ ̂  ̂p (6.1) 

At low Reynolds Numbers, the Baron correlation predicted the effective 

diffusivity would equal the molecular diffusivity. For high Reynolds 

Numbers, the effective diffusivity would be expected to be proportional 

to the Reynolds Number and would approach the eddy turbulent component. 

Laitenen (1963).employed random-walk statistical techniques to 

establish that, for particle Reynolds Numbers greater than fifty, the 

mass transfer and heat transfer Peclet Numbers are equal. Baron found 

that the axial Peclet Numbers should approach 2.0 while the radial Peclet 

Numbers should asymptotically approach a value between 5 and 13 for 

gaseous systems at high particle Reynolds Numbers. 

The Peclet Numbers are also related to the ratio of the packing 

diameter to the tube inside diameter since the dispersion effects are 

Influenced by the amount of lateral deflection experienced by a packet 

of fluid in motion past a particle. Bernard and Wilhelm (1950) reported 

experimentally determined Peclet Numbers for the carbon dioxide and air 

system and found that, for particle to tank diameter ratios less than 

0.006, the radial mass transfer Peclet Number is equal to 12.0. Singer 
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and Wilhelra (1950) approximated the radial heat transfer Peclet Number 

assymptote at 11.0. Ranz (1952) investigated flow through regular 

rhombohedral packing and found the radial Peclet Number to be equal to 

11.2. 

The experimental diffusion data of Sinclair and Potter (1965), 

McHenry and Wilhelm (1957), Kramers and Alberda (1953), and Ebach and 

White (1961) were found to be in agreement. Each investigator con

cluded that the radial Peclet Number approached 12.0 for high Reynolds 

Numbers. 

Fahien and Smith (1955) measured mass diffusivities and cal

culated Peclet Numbers as a function of radial position in packed beds 

for several different packing materials. They found that the Peclet 

Numbers were observed to increase from the center of the bed to the 

wall. This observed increase was reported to be directly related to 

the radial variation of the bed void fraction. 

The experimental data reported by Aris (1957), Baron (1952), 

Bernard and Wilhelm (1960), Carberry and Wendel (1963) and Kramers 

and Alberda (1953) were in agreement. Each investigator proposed that 

the axial heat and mass transfer Peclet Numbers were seen to approach 

2.0 for gases flowing at high Reynolds Numbers for small particle to 

tube diameter ratios. 

In summary, for the simulation of the experimental reactor sys

tems utilized in the experimental work of Hall and Smith, Irvin, 

Olson and Smith, Serjak, and Smith (1968), the heat and mass transfer. 

Peclet Numbers were assumed to be equal. The radial Peclet Number was 
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to have a value in the neighborhood of 12.0. The axial Peclet Number 

was expected to be approximately 2.0, The values of the Peclet Numbers 

used in the simulation of the experimental systems were adjusted so as 

to optimize the agreement between the experimental data and the profiles 

generated in the model solution. 



CHAPTER 7 

RESULTS 

The results in three principal research areas are presented 

and discussed in this chapter. The first area deals with the observed 

hybrid computer system performance and reliability. Observations of 

the hybrid interface operation and limitations are discussed. The 

second area involves the performance of the hybrid computer implementa

tion of the fixed bed reactor model. Numerical solution stability and 

solution convergence, as well as the methods developed to achieve usable 

solutions are discussed. The final area involves numerical solutions 

to the steady-state and dynamic fixed bed reactor models for specific 

reaction system conditions. The numerical results are compared with 

experimental data. 

Hybrid Computer Performance 

In general, the- overall performance of the hybrid computer 

system developed during the course of this research was good. All. 

components in the hybrid system performed in a manner commensurate 

with their specifications. While the interface design was not as sophisti

cated as some available commercial units, the straightforward implementa

tion of the interface functions resulted in predictable operation and 

good reliability. The major computing equipment, the PDP-9 and AD/4 were 

good choices for their respective roles. The hybrid program library 

99 
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presented no difficulty and is not sensitive to the manner in which the 

subroutines are used. Novice FORTRAN programmers have encountered little 

difficulty -in using either the hybrid library or the hybrid computer 

system. 

Major Computer Component Reliability 

The principal criticism of the College of Mines Hybrid Computer 

involves major component reliability. The principal source of system 

failure was not found to be the custom-built hybrid interface, but 

rather, the major computing equipment, either the PDP-9 or the AD/4, 

In the six months of hybrid computer operation, fourteen separate 

system failures were encountered. Of these fourteen, eleven failures re

sulted from digital computer malfunction, two system failures were caused 

by analog computer malfunction, and only one system failure was due to 

problems connected with the hybrid interface. 

The principal source of the system troubles was failure of the 

PDP-9 digital computer. This computer, delivered in November, 1967, has 

been used a total of eighteen hundred hours of central processor time. 

In this period, thirty-one separate malfunctions of the device have been 

recorded. These statistics result in a mean time between failures-of 

fifty-eight hours. This observed mean time between failures is exceed

ingly low. The principal components of the PDP-9 which experienced 

these malfunctions were, in the main, the digital peripheral equipment. 

Improper operation of the high-speed paper tape reader was experienced 

seventeen' times. Correction of five of these failures required 
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assistance from the Digital Equipment Corporation service staff. Four 

high-speed paper tape punch failures were encountered. Only five central 

processor failures were experienced; three of these required factory ser

vice, The remainder of the digital computer failures resulted from 

defects in console switches and the Input/Output bus cable. 

The ultimate cause of these digital computer failures, as in

dicated by Digital Equipment Corporation representatives, was the lack 

of sufficient air conditioning in the computer room. Ambient air 

temperatures approaching ninety-five degrees Farenheit were sometimes 

experienced. The factory specifications for the PDP-9 indicated that 

this level was not excessively high; After thirteen hundred hours of 

central processor operations, factory engineering modifications were 

installed by DEC personnel. It is a significant observation, that, 

since installation of these modifications, only three PDP-9 failures 

have occurred. These events were due to light bulb and switch failure. 

All failures of the AD/4 analog computer were due to improper 

operation of control and address selection register printed circuit 

cards. These troubles appear to be due to inappropriate circuit design 

of the particular computer module cards. Several spare cards of these 

types should be kept on hand to minimize time lost due to analog com

puter failure. 

The single hybrid interface failure was »< used by a malfunction 

of the start circuitry of the Raytheon Multiverter. During the con

struction and checkout of the interface, several defects were discovered. 

In all cases, these defects were due to incorrect, circuit wiring rather 

than inappropriate circuit design. 
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The auxiliary analog computer, the Electronic Associates 231-R, 

fails frequently. These troubles are due to vacuum tube aging and 

relay deterioration. Trouble shooting of this computer is easy and 

repair often can be done immediately. 

The Hybrid Interface 

The hybrid interface performed well, and in general had excel

lent reliability. The conversion equipment items used in the interface 

were appropriate choices. The fourteen bit accuracy of the Raytheon 

Multiverter is acceptable in light of the 20 to 40 millivolt noise level 

of the AD/4 analog computer. A somewhat higher conversion rate than 

the thirty-three thousand conversions per second would have been pre

ferable, but the additional cost of a faster analog to digital converter 

did not appear to be justified. 

The twelve bit Raytheon digital to analog converters were chosen 

in preference to ten bit converters. This decision was justified since 

the quantization error of even the twelve bit converter was easily 

visible in the analog output. The reliability of the Raytheon and 

Digital Equipment Corporation logic modules used in the interface was 

found to be excellent. 

Numerical Solution Convergence and Solution Stability 

The finite difference implementation of the reactor model 

equations was observed to exhibit conditional numerical stability. 

Ranges of equation parameters were determined for which no unique 

• numerical solution could be generated by the hybrid model. Moreover, 
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the manner in which the model was exercised was seen to affect the rate 

of ' solution convergence and, in the extreme, solution stability. 

For the purpose of this discussion, numerical solution, conver

gence is defined to have two measurable attributes, the rate of con

vergence and the amount of convergence damping. A particular numerical 

solution 'track' is said to converge to a given trajectory in either a 

slow or fast manner, reflecting the number of solution iterations re

quired for the numerical solution to approach the given trajectory to 

within some error specification. Convergence damping describes the 

manner in which the numerical solution track approaches the final solu

tion trajectory. An overdamped solution convergence is one which 

monotonically approaches the final trajectory. An underdamped con

vergence overshoots the final trajectory and exhibits decreasing oscil

lation about the final trajectory. Rate of convergence and convergence 

damping have meaning only for stable numerical solutions. An unstable 

numerical track solution is one which diverges to inadmissable values 

of the dependent variables or one which oscillates in a non-convergent 

fashion about the true solution trajectory. 

Three classes of reactor simulation were examined in this re

search. The hybrid reactor model was exercised to describe the steady-

state temperature profiles in non-reacting packed bed systems, steady-

state temperature and conversion profiles in reacting packed bed systems, 

and transient conversion and temperature profiles in reacting systems. 

The hybrid computer implementation of the model equations, 

described in Chapter 5, was observed to provide stable numerical solutions 
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for the steady-state and transient operation of reacting systems. The 

non-reacting steady-state heat transfer simulation, using the basic 

model convergence scheme, did not exhibit stable numerical solution 

tracks. 

The overall track iteration scheme used in the basic steady-

state model structure proceeded with single-track solutions starting 

at the track nearest the center-line and progressed toward the tube 

wall. After several iterations of all tracks were successfully ac

complished, a single solution track, usually either interior track 

3 or track 4, would enter a trajectory limit cycle. This limit cycle 

was observed to have a magnitude of less than five per cent of full 

scale at the solution point nearest the reactor exit. Two different 

solution profiles were successively generated in the limit cycle. 

One trajectory exhibited a monotonic second derivative, in the 

fashion of track profiles observed nearer the wall. The alternate 

profile was seen to have an inflection point, similar to more interior 

solution tracks. The alternate trajectories observed in typical heat 

transfer limit cycles are shown in Figure 7-1. 

Two techniques were used to alleviate the limit cycle instability 

observed in the use of the basic iteration scheme as applied to heat 

transfer simulations. It was found that the limit cycle could be broken 

if the controller gain forcing the solution convergence was decreased, 

A digital algorithm was used to detect the existence of a limit cycle 

by monitoring the sign of the solution outlet temperature error. Six 

alternations of sign was taken to indicate that the solution had evolved 
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into a limit cycle. When the algorithm detected a limit cycle, the con

vergence gain was halved. After the initially unstable track was con

verged, the controller gain was returned to its original value. In rare 

cases, secondary and tertiary limit cycles were entered. Each subsequent 

limit cycle was observed to have, in the limit, a reduced convergence 

oscillation error. Whenever tertiary limit cycles were detected, the 

overall iteration of all tracks was restarted. 

Possible causes of the limit cycle instability experienced in 

the heat transfer simulations included the effects of the quantization 

error of the digital to analog converters in the neighborhood of zero 

output, :analog to digital quantization error or derivative finite dif

ference truncation error in conjunction with high convergence controller 

settings. 

The rate of convergence of the heat transfer simulations was 

found to be markedly improved by iteration from the wall to the center 

of the bed rather than the basic outward iteration. The option of the 

reverse iteration more than doubled the rate of convergence. 

Since radial temperature derivatives were seen to be highest 

near the wall of heat transfer-controlled reaction systems as well as 

non-reacting systems, the option of the reverse iteration was retained 

for use in reacting systems. The direction of iteration was control

lable by a sense switch at the digital computer console. 

The steady-state and transient simulations of the reacting 

systems were observed to exhibit conditional numerical solution stabi

lity. The stability-response domain of the equation parameters was 
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explored by a lattice search technique. The range of each parameter 

group which resulted in stable numerical solutions is given in Table 7-1 

Table 7-1 

Equation Parameter Ranges for Numerical Solution Stability 

axial: 0 < Pea <_ 20 

2 AX 

radial: 0 S. Pea £ 18 

Per (A?)2 

temporal:3 0 <_ 1 • <_ 41 

(AG) 

a* Stability parameter ranges are given for'50% step function 
in inlet concentration. 

When radial and temporal equation parameters were set to 

values near their upper bound, the rate of convergence and convergence 

damping was observed to decrease. The numerical solution was observed 

to be unstable for simulations attempted with a zero value for the axial 

parameter group. 

While the numerical solution was found to exhibit dnly condi

tional stability, the ranges of admissable equation parameters were ob

served to include all realistic values of the Peclet Numbers. The 

dynamic simulation technique was usable with single-step time increments 

as large as nineteen minutes for moderate step function forcing. 
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Numerical Solutions to the Fixed Bed Reactor Equations 

The model was exercised in a manner which allowed direct com

parison of the numerical solutions with experimental data to evaluate 

the descriptive ability of the hybrid computer implementation of the 

fixed bed reactor equations. Three types of simulations were performed. 

The hybrid implementation of the reactor equations was first employed to 

describe the steady-state temperature profiles within packed beds in the 

absence of chemical reaction. The numerical solution axial and radial 

temperature profiles were compared with the experimental data of Hall 

and Smith (1949), Irvin, Olson and Smith (1951), and the experimental 

data of Serjak (1967), 

Secondly, the axial and radial Peclet Numbers obtained from the 

heat transfer simulations were then incorporated in a steady-state simu

lation of the sulfur dioxide oxidation reaction system of Hall and 

Smith (1949) and the reaction system of Smith (1968). Steady-state 

temperature and conversion profiles for the two reaction systems were 

described by the hybrid model and compared with the experimental data. 

Finally, transient.temperature and conversion profiles were 

calculated for step change perturbation of the reaction system of Hall 

and Smith and for the system of Smith. 

Heat Transfer Simulations 

Hall and Smith (1949) and Irvin, Olson and-Smith (1951) re

ported experimental observations of radial and axial temperature pro

files for steady-state air flow through a 2-inch inside diameter 
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packed bed containing eight inches of 0.125 inch spherical pellets. 

Temperatures were reported for 0, 2, 4, 6, and 8-inch bed depths at a 

variety of radial positions at an air mass flow rate of 350 Lb/Sq. Ft. -

Hr. The tube wall was maintained at" 100 degrees Centigrade by boiling 

water within the tube jacket. 

Figure 7-2 presents the experimental data of both investigators. 

The solid curves represent radial temperature profiles at the respective 

bed depths. Point temperatures at each bed depth were read from these 

curves at radial positions of 0.111, 0.333, 0.555, and 0.777 inches. 

These points corresponded with the interior tracks of a six-track model 

simulation. These interpolated "experimental" track temperatures are 

presented as the solid curves in Figure 7-3. The discrete points 

superimposed on the axial temperature profiles in Figure 7-3 are cor

responding numerical solution points which were calculated using axial 

and radial Peclet Numbers of 12.47 and 1.17, respectively. The maximum 

error observed between the numerical solution and the interpolated 

experimental profiles was found to be approximately eight degrees Centi

grade. Agreement between the calculated and experimental temperature 

profiles appeared to be good throughout all regions of the packed bed. 

Serjak (1967) reported steady-state temperature profiles for 

air flow through a 3.20 inch i.d. tube packed with 0.375 inch particles. 

The air mass flow rate used by Serjak was 293 Lb./Sq. Ft. - Hr. The 

inlet air was preheated to 400 degrees Farenheit while the wall tempera

ture was maintained at 287 degrees Farenheit by a tube jacket containing 

condensing steam. 
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The radial temperature profiles measured by Serjak are presented 

in Figure 7-4. Point values corresponding to the solution track locations 

were read from Figure 7-4 and presented as the solid curves in Figure 7-5. 

The discrete points shown in Figure 7-5 represent numerical solution axial 

temperature profiles at two sets of Peclet Numbers. No combinations-of 

axial and radial Peclet Numbers were found which could uniformly describe 

the experimental bed temperature profiles. The numerical solutions pre

sented in Figure 7-5 are those which were found to most closely match 

either the near-center or near-wall experimental data. The maximum error 

observed in the best overall match was determined to be approximately 

15 degrees Farenheit. 

One possible explanation for thie apparent disagreement observed 

between the experimental and numerical solution temperature profiles in

volves the wall temperature boundary condition which was used in the 

reactor model. A uniform temperature condition was invoked in the model 

implementation. The radial temperature profiles reported by Serjak 

(Figure 7-5) suggest that a uniform wall temperature condition did not 

exist in the experimental apparatus. Wall temperature data were not 

reported by Serjak. The steepness of the temperature gradients in the 

neighborhood of the bed wall precluded accurate estimation of actual 

bed wall temperatures. While the model structure is amenable to in

clusion of non-uniform wall temperatures, no attempt was made to improve 

the profile agreement by inclusion of such viall temperature non-

uniformity. 
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Reaction System Simulations 

Hall and Smith (1949) presented axial and radial temperature 

profiles and axial conversion profiles for the same bed and operating 

conditions as used in the heat transfer'experiments presented in Fig

ure 7-2. The inlet air stream contained 6.4 mole per cent S0£ in the 

reaction experiments. The catalyst was 0.24 per cent platinum on alumina 

pellets. The radial and axial steady-state temperature profiles ob

served by Hall and Smith during reaction are reported in Figures 7-6 and 

7-7. The circled discrete points in Figure 7-7 represent the unmodified 

simulation solution temperature points for solution track 2 using the 

optimum Peclet Numbers which were determined from the heat transfer sirau^.-. -

lation. The extreme error observed of greater than 30 degrees Centigrade 

was due to a mismatch in either the heat of reaction value or reaction 

rate term used in the simulation. Good agreement between the experimental 

data and numerical solution was seen to result from the use of a reaction 

rate term which equaled 0.87 times the value calculated from the Richard

son reaction rate expression. The temperature profiles for this latter 

simulation are presented in Figure 7-7 as triangle-enclosed points. The 

maximum point temperature discrepancy which was observed between the ex

perimental data and the numerical solution points was 14 degrees or 3.7 

per cent. 

Calculated and experimentally observed longitudinal chemical 

conversion profiles are shown in Figure 7-8. Hall and Smith reported 

the average per.cent SO2 converted as a function of bed depth. The 

discrete points represent calculated values of the point conversion along 
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tracks two through five. The dashed line is the calculated average 

conversion profile. The cross points on the solid curve indicate the 

actual conversions reported by Hall and Smith. The error which was 

indicated between the calculated and experimental reactor exit conver

sion was observed to be 2.5 per cent conversion or 3.6 per cent error. 

Figure 7-9 presents the results which were obtained using a 

dynamic perturbation of the reactor model which represented the Hall 

and Smith reaction systein. A step change of the inlet conversion from 

90 per cent to 100 per cent was applied at time equal to zero. The 

temperature of track two at a bed depth of 2 inches, the outlet temperâ -., 

ture of track two and the outlet average conversion are presented as a 

function of time. Notice that the calculated interior point temperature 

was found to rise above the predicted steady-state temperature at time 

equal to 240 seconds. Steady-state point values calculated from the 

dynamic model were found to be in agreement with calculated and sb-

served steady-state values at the three points after 1600 seconds. 

Notice that a thermal and conversion wave appeared to pass through the 

reactor exit points at time equal to 960 seconds. Moreover, the exit 

average conversion at this time appeared to represent a transient im

provement relative to the calculated steady-state outlet conversion at 

100 per cent inlet conversion. 

This apparent improvement of reactor operation was possibly 

due to one of two causes. Several investigators have reported apparent 

improvement in experimentally measured reactor conversion due to trans

ient operation. This improvement was explained as being the result of 
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transient point temperatures which exceeded steady-state values and 

resulted in an enhanced local reaction rate. On the other hand, the 

profiles and enhanced conversion indicated in Figure 7-9 may have been 

caused by the basic inability of the "lumped" model equations to ade

quately represent fast transient response* The structure of the 

mathematical model developed in this work assumed that gas and solid 

phase transient behavior could be represented by a single "lumped" 

variable. While gas phase perturbations exhibit fast transient response, 

the solid phase response is considered to be slow. The calculated dyna

mic conversion enhancement shown in Figure 7-9 could have represented 

only the inability of the lumped model equations to describe the heat 

and mass transfer processes between the two reaction system phases. 

Smith (1968) reported steady-state and dynamic temperature 

profiles for the oxidation of SO2 with air in a 3.25 inch i.d. tubular 

reactor packed with 0.325 inch platinum-alumina catalyst particles. 

Temperatures were reported for bed depths of 0, 1, 2, and 3 inches for 

a mass flow rate 270 Lb./Sq. Ft, - Hr, Only the inlet SO2 concentra

tion was reported. An attempt was made to utilize the Richardson 

reaction rate expression in conjunction with the hybrid model to simu

late the temperature response of the E. W. Smith reaction system. 

Extremely poor agreement was observed using the Richardson rate expres

sion. This was not an unexpected outcome as the Richardson expression 

was intended to represent a catalyst system having a different particle 

diameter, a different platinum percentage and operating at a different 

mass flow rate. 
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A search was made to determine a reaction rate terra which would 

result in proper steady-state numerical temperature profiles. This 

determination was complicated by the lack of compatable experimental 

conversion data which could complement the reported temperature profile 

data. 

A reaction rate term was found which showed good agreement be

tween calculated and experimentally measured steady-state temperature 

profiles. This reaction rate function incorporated linear dependence 

upon both conversion and temperature. 

R » 0.00371 f T* (7-1) 

The resultant axial temperature profiles are presented in Figure 7-10. 

Values of the axial and radial Peclet Numbers were used which were deter

mined in the heat transfer simulation of the physical system used by 

Serjak. As would be expected from the arbitrary reaction rate, complete 

agreement is exhibited. 

Smith (1968) also reported transient temperature response data 

for the step-change transition from air flow to 6.19 mole per cent SO2 

feed. The dynamic temperature response of the Smith system was examined 

using the hybrid model. Figure 7-11 presents a comparison of the experi

mentally observed temperature response and that calculated using the 

hybrid model for a track two radial position of 0.117 inches at a bed 

depth of one and two inches. 

Description of the experimentally observed temperature response 

by the model simulation was observed to be very good. Only minor 
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discrepancies in either the shape of the temperature response curve or 

the total transition time to steady-state bed conditions were observed 

between the experimental and calculated temperature response curves. 



CHAPTER 8 

RECOMMENDATIONS 

Recommendations are suggested in this chapter which were sug

gested by experience gathered during the course of this research. 

Several alternate hybrid interface design features appear to be advis

able for inclusion in any subsequent hybrid interface development. 

Expansion of the equipment complement of the major hybrid computing 

subsystems was clearly indicated to enhance the convenient use of the 

hybrid computation system. Several continuing research areas in the 

field of dynamic reactor simulation are recommended in light of the 

numerical results of the simulations undertaken during this research. 

Suggested Alternate Hybrid Interface Features 

The principal recommendations to be made with respect to the 

hybrid interface concern alternate design features which could be 

incorporated in subsequent interfaces. An important alternate design 

involves the use of 'Data Channel' communication between the interface 

and the digital computer rather than program controlled transfer as 

used in the College of Mines interface. Data channel transfers allow 

the interface to request and control communication with the digital 

computer. In this mode of data transfer, the digital computer program 

need only initialize and begin execution of an interface operation. 

126 
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Logic hardware in the interface then appropriately controls transfer of 

data between the digital memory and the interface. In the mode of trans

fer used in the present interface, each transfer, conversion or control 

action must be explicitly programmed in the control software. The use 

of the data channel mode of transfer would reduce the program overhead 

required to run the interface and would allow time for a significant 

amount of computation during interface operations. The use of this mode 

of communication is strongly recommended for future interfaces, parti

cularly for operation of the conversion equipment (Korn, 1968). 

Due to advances in integrated circuit technology and reduction 

in the cost of integrated circuit "chips," it would now be possible to 

replace a large number of the logic modules in a subsequent interface 

with such integrated circuits and realize a significant savings in 

cost. A single sixteen bit Raytheon MFF40 digital storage register, 

used in the present interface, costs $108. The corresponding hardware 

cost for an integrated circuit version is approximately $26.40. A 

comparable replacement for the logic and digitai data transmission 

portions of the interface could be fabricated using integrated circuits 

for less than half the cost of the modular interface. 

With the development of field effect transistors, multiplying 

digital to analog converters or "MDAC's" have been made available which 

can operate over the full + 100 volt range of the AD/4 analog computer. 

These MDAC's offer added flexibility compared to standard digital to 

analog converters. MDAC's perform multiplication of a variable voltage 

by a digital word. If the variable voltage applied is held constant 
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and set equal to a reference voltage, the MDAC operation is equivalent 

to the operation of a standard DAC, 

Operation of the hybrid interface could have been more easily 

monitored if additional digital indicators were incorporated in the 

design* The present interface used a single eighteen bit indicator to 

monitor interface signals. Several such indicator sets with switch-

selected connection to various signals and interface registers would 

have been a more convenient configuration. 

Recommended Hybrid System Expansion 

In the course of six months of hybrid system operation, several 

computational hardware limitations were discovered. The computational 

subsystems of the hybrid system were purchased with minimal equipment. 

Minimal systems were indicated due to limited capital equipment funds. 

In addition, it appeared that the specific peripheral and computational 

requirements of the hybrid system could best be defined by experience 

with a hybrid system of limited size. System expansion would most ef

ficiently be accomplished as computational needs were realized and as 

use and available funds increased. 

Operation of the hybrid system was limited by the capability of 

the digital computer. Several expansions of the digital computer were 

clearly indicated. FORTRAN hybrid programs were found to easily fill 

and overflow available digital core memory; The PDP-9 Basic FORTRAN 

System, operating in an eight-thousand word machine, leaves only four 

thousand words of memory for the FORTRAN program, arithmetic and hybrid 
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library routines and array storage. Extensive program modification of 

the REAC. program was required to allow its operation in the available 

PDP-9 core. Even with the smallest possible REAC program, less than five 

hundred words of core storage were left for optimization program overlay. 

An additional eight-thousand words of core memory would have alleviated 

many of the digital programming difficulties which arose during this 

research. 

In addition to the core storage expansion, some form of bulk 

storage was seen to be needed. Compilation, assembly and loading of 

a FORTRAN program involved the handling and reading of eleven paper 

tapes. In addition, three tapes were punched on the high speed paper 

tape punch. All paper tape operations were necessitated because no 

bulk storage devices were present on the basic PDP-9 system. The 

basic FORTRAN system required, at best, fifteen minutes of experienced 

operator time for the generation of a loaded single object program. 

This required time was seen to be extended for the processing of prog

rams having several subroutines. 

Two major types of bulk storage are avilable to alleviate this 

situation. Both magnetic disk storage and magnetic tape storage are 

available peripherals for the PDP-9. The magnetic tape system would 

eliminate intermediate paper tape handling and could perform the as

sembly of a typical single FORTRAN program in less than three minutes. 

The disk-based system would be expected to be even faster than the 

magnetic tape system. 
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Expansion of the AD/4 non-linear equipment complement was seen 

to be advisable. The addition of several multipliers and variable diode 

function generators could have obviated the requirement for the auxil

iary analog computer, the 231-R. 

' Recommended Continuation of the Research in Reactor Simulation 

Several limitations were seen in the descriptive nature of the 

transient reactor model developed in this work. A principal shortcoming 

of the basic Fourier-Poisson equations is the implicit assumption of 

quasi-continuity. Important dynamic effects are related to the inter

phase transport of heat and mass within dynamically forced reaction sys

tems. These inter-phase dynamics cannot be described by the "lumped" 

Fourier-Poisson equations. This limitation was most clearly observed 

.during the interpretation of the dynamic response of the Hall and Smith 

reaction system. The model should be modified to allow the calculation 
' 

of gas-phase and solid-phase conditions. 

Another principal limitation implicit in the equations developed 

in this work is the assumption of uniform and time-invariant physical 

properties. Gas-phase density, heat capacity, and molecular and turbu-. 

lent diffusivities have been observed to have pronounced temperature 

dependence. Since significant axial and radial temperature variation 

was observed to exist within reaction systems, pronounced gas-phase 

physical'property variation must also have existed. The descriptive 

qualities of the reactor model equations would have been improved if 

system properties other than the reaction rate were allowed to be non

uniform. . 
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The need was recognized for further examination and exercising 

of the hybrid reactor model. One area which appeared to require further 

Investigation was examination of the.effect of the use of non-uniform 

wall conditions to improve the agreement observed between calculated and 

experimental temperature profiles in the simulation of physical systems 

such as that used by Serjak, 

Above allt the need was recognized for additional dynamic 

reaction experimental data. Evaluation of the performance of the dynamic 

model developed in this work would have been greatly assisted had 

sinusoidally forced experimental reaction system data been available. 

One area of reactor simulation, essentially untreated to date by in-

vestigators, is that of reactor response to stochastic perturbation. 

This type of upset condition most clearly corresponds with actual 

process reactor experienced perturbations. 



CHAPTER 9 

CONCLUSIONS 

The College of Mines hybrid computation system, designed and 

constructed as an important part of this research, was observed to 

perform well. The principal shortcoming of the hybrid system was the 

poor reliability of the major computing subsystems, particularly the 

PDP-9 digital computer. After major digital computer modification was 

performed by the computer manufacturer, the reliability of both the 

digital computer and the hybrid system was observed to be significantly 

improved. 

A dimensionless form of the Fourier-Poisson equations was 

developed which describes the transient effects of axial and radial 

heat and mass transfer due to diffusion, bulk convection, and reaction 

in fixed bed tubular chemical reactors. 

The partially discretized dimensionless form of the Fourier-

Poisson partial differential equations was .'observed to have conditional 

stability when implemented on the College of Mines hybrid computer. 

Stable numerical solutions to these partial differential equations were 

generated using the hybrid computer implementation for a wide range of 

equation parameters. Special techniques were required to remove ob

served. limit cycle instability and to effect solution convergence for 
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Che simulation of the thermal response of a packed bed system without 

chemical reaction. A range of equation parameters was determined, for 

which stable numerical convergence of the reaction system model equations 

was assured. 

The dynamic reactor model using hybrid computation techniques 

was observed to be capable of reaction system simulation at a rate which 

was seen to greatly exceed real-time simulation. For moderate system 

perturbation, highest analog computer rate simulation of nineteen minutes 

6f:actual reactor elapsed time was accomplished in less than three se

conds of computation. 

- Steady-state conversion profiles calculated using the hybrid 

reactor model for the oxidation of sulfur dioxide with air on a platinum-

alumina catalyst showed good agreement with the experimental data of 

Hall and Smith. Dynamic temperature profiles for the same chemical 

reaction calculated with the hybrid reactor model showed good agreement-

with the transient temperature data of Smith for step change perturba

tions. The hybrid model was used to calculate steady-state temperature 

profiles in packed bed systems operating without chemical reaction and 

transferring heat to a cooled tube wall. Good agreement was. observed 

between calculated profiles for heat transfer simulation and the experi

mental data of Hall and Smith and Irvin, Olson and Smith. Only fair 

agreement was observed between the calculated temperature profiles and 

the experimental data of Serjak. This disagreement was assumed to be 

due to a non-uniform wall temperature in the experimental apparatus used, 

by :Serjak. The assumption was made in the model implementation that 

the wall temperature was uniform along the length of the packed bed* 
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Use of the hybrid computer facilities developed in this research 

indicated that expansion of the digital computer subsystem would facili

tate the use of the system for FORTRAN language programs. Computer 

usage was found to be hindered by insufficient digital computer core 

memory and the lack of bulk storage digital peripheral equipment. 

The numerical results generated in the reactor simulations under

taken in this research indicated that further development of the dynamic 

reactor model should be pursued in three major areas. It was recommended 

that simulation studies be undertaken to evaluate the effect of non

uniform wall temperature conditions upon calculated reactor temperature 

and conversion profiles. The need was recognized for the modification 

of the hybrid model to include determination of separate gas-phase and 

solid-phase conditions. Experimental and simulation study examination 

of the response of both real reaction systems and reaction models to a 

wide selection of transient perturbation, including both sinusoid and 

stochastic forcingt was seen to be needed. 



APPENDIX A 

RICHARDSON RATE EXPRESSION 

The kinetic mechanisms associated with the oxidation of sulfur 

dioxide have been discussed by several authors, Hougen and Watson 

(1955) have presented an experimentally derived plot of the reaction 

rate of the catalytic oxidation of sulfur dioxide on platinum-alumina 

catalyst as a function of temperature and chemical conversion. The 

Hougen and Watson plot was found to be representative of the reaction 

behavior for temperatures from 295 to 700 degrees Centigrade at a 

superficial mass velocity of 600 lb./sq, ft.-hr. Olson, Schuller and 

Smith (1950) examined the effect of diffusion upon the specific reaction 

rate for this chemical system,: Hall and Smith (1949) measured the spe

cific reaction rate at a variety of mass flow rates using a differential 

reactor enclosing 0,125-inch diameter spherical platinum-alumina catalyst 

pellets. 
» 

Richardson (1963) utilized the experimental data of Hall and Smith 

to generate a semi-empirical specific reaction rate expression for the 

platinum-alumina catalyzed, reaction. The resultant expression showed 

excellent agreement with the Hall and Smith data and good agreement with 

the data of Hougen and Watson (1955) even though the latter data was taken 

for substantially different mass velocities. 
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Richardson's rate expression is based upon the theoretical 

rate equation for the sulfur dioxide system. 

1/2, 
KCtK0:'-(PS02P02'~ " 2 Pso, 

1/2 A 
02 

RA " 

1 + K ̂ 2P_1̂ 2 + K 
°2 s°3 s°3 

+ K, •N. 

In this equation, the specific reaction is given by R . The chemical 
A 

equilibrium constants and partial pressures of the reaction constituents 

are given by and P̂ , respectively. The parameter Ct is a coefficient 

which reflects the temperature dependence of the reaction rate. 

Richardson showed that this equation may be written as a 

function of the chemical conversion, f, rather than the individual 

chemical species partial pressures. 

R. 

RA - a £ 

1 + b£ + cf' 

In this equation, the initial reaction rate at a reference 

temperature is given by R̂  . The parameters a, b, and c exhibit depen

dence only upon the reaction site temperature. Richardson's rate 

function was derived by correlation of these four parameters versus 

the experimental reaction rate data of Hall and Smith. It should be 

noted that, although Richardson found good agreement with the data of 

Hougen and Watson, the four parameters included in the correlation would 

be expected to have a significant dependence upon the mass flow rate. 



These parameters were found to exhibit the following 

temperature dependence. 

d°. 
V 

ln(R°) = (15019,7/T(°K) ) + 19.65 *; T<663 

= (7671.7/T) + 8.569 ; 663<T<733 

- (8584.2/T) +9.814 ; T>733 

a: 

In(a) - (12,6165/T) +16.15 'j 

0.001181 T - 0.72738 ; 

ln(l/a) = -0.01326 T + 11.699 ; 

. T<640 

640<T<733 

T>733 

b: 

0 ; T<617 

(-0.0007943 T + 0.601 ) (T - 623 ) 

617<T<723 

ln(b) -0.003144 T + 3.331 T>723 

c: 

In 0 - • 0.021599 T - 16.744 

617<T<733 



It was noted by Richardson that the expression showed 

the poorest agreement with the Hall and Smith experimental data in 

two regions. The prediction error is highest for low conversion 

(f less than 0.20) above 600 degrees Centigrade and for high conver

sions (f greater than 0.95 ) for temperatures between 425 and 650 

degrees Centigrade. 



NOMENCLATURE 

Chemical Activity of reaction species i 

t>i,b2 Dimensionless constants in Froment equations (2.15) 

C' Reference Mass Concentration, Lb./Cu. Ft. 

Mass Concentration of species i, Lb. i/Cu. Ft. 

Initial Mass Concentration of species i, Lb. i/Cu. Ft. 

Cp Effective heat capacity of fluid and packing, BTU/Lb.-deg.F. 

D Diffusivity, Sq. Ft./Hr. 

Effective diffusivity of gas and solid phases, Sq. Ft./Hr. 

Effective diffusivity of species i, Sq. Ft./Hr. 

dp Catalyst particle diameter, Ft. 

Fractional convergence error, iteration N. 

. Et Eddy turbulent diffusivity, Sq. Ft./Hr. 

f Chemical conversion, fractional, defined by equation (2.7), 
Dimensionless 

fj Fractional chemical conversion of track I of the hybrid solution 

fty Fractional chemical conversion at.the wall. 

G Mass flow rate per superficial area, Lb./Sq. Ft.-Hr. 

g, g' Boundary condition functions, dimensionless 

Gl» Functions in finite difference equations (5.5) and (5.6) 

Kci Controller parameters in convergence circuit equations (5.8) 

ke Effective thermal conductivity, BTU/Sq. Ft.-Hr, 

Diffusive flux of chemical species i, Lb./Sq. Ft.-Hr. 
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Pe Peclet Number, dimensionless, d̂ U/D. 

Pea,Per Axial and radial Peclet Numbers. 

Pejl,Pem Heat and mass Peclet Numbers, 

Pe' Peclet Number defined in terms of the eddy turbulent 
diffusivity, Ê . 

r Radial position of cyclindrical reactor centerline, Ft. 

R Specific mass reaction rate, Lb./Cu.Ft.-Hr. 

Specific mass reaction rate of species i, Lb. i/Cu.Ft.-Hr. 

Rw Inside radius of cylindrical reactor, Ft. 

R* Dimensionless reaction rate. 

t . Time, Hr. 

T Temperature, degrees Farenheit or degrees Centigrade. 

Tw Wall Temperature, degrees Farenheit or degrees Centigrade. 

T* Dimensionless temperature, T/Tr. 

Tr Reference temperature, degrees Centigrade or degrees Farenheit. 

T*̂  Dimensionless temperature. Track I. 

U Superficial linear velocity, Ft./Hr. 

U Overall heat transfer coefficient per unit length of reactor,' 
° (BTU/Sq.Ft,)/Ft. 

U* Dimensionless linear velocity. 

Transformed coordinate; X̂ =z-Ut, Ft. 

z Axial position coordinate, Ft. 

Indices: 

I Hybrid computer radial solution track number. 

J Axial solution pointJ 

M Number of components in chemical reaction system. 

N General limit index. 
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Greek Characters: 

ô , Stochiometric coefficient of species i 

3 -3 Dimensionless parameters, defined in equation (3.23). 
1 .6 

t 
-̂3̂  Dimensionless heat of reaction and reaction scaling parameters. 

"p Effective density of lumped gas and solid phases, Lb./Cu.Ft. 

Dimensionless heat of reaction and reaction scaling parameters, 

X Heat of reaction, BTU/lb, 

T Dimensionless time. 

T* Dimensionless time, tU/d . 
P 

6 Dimensionless time, tU/d . 
P 

X Reverse axial coordinate, L/d̂  - £ 

C Dimensionless radial position, r/dp« and r/Rw 

£ Dimensionless radial wall position, rw/dp, 

£ Dimensionless axial position coordinate, z/dp and Z/L 
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