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ABSTRACT 

There has been much interest in recent years in developing test 

instrumentation that can precisely monitor the alignment and optical 

figure of a complete telescope system, using a real star source. This 

dissertation describes the construction of two candidate test instru

ments and their evaluation in terms of small wavefront aberration mea

surements. A laboratory wavefront error simulator was designed and 

fabricated to evaluate the various test instruments. This simulator can 

introduce low-order aberrations up to several waves in magnitude, with 

an incremental adjustment capability of A/100. Each aberration type can 

be introduced independently and with any orientation desired. The lab

oratory wavefront error simulator was used to evaluate two tests: a 

dynamic Hartmann test and an interferometric Zernike test. 

The dynamic Hartmann test was chosen for its wide range of oper

ation, potential sensitivity, and relative simplicity. The dynamic 

Hartmann test configuration is discussed and analyzed, and the construc

tion of an experimental test instrument is described, 

The wavefront error simulator was used to determine experimen

tally the capability of the Hartmann test instrument in detecting 

low-order aberrations of different types under laboratory conditions. 

It was found that sensitivities in the A/50 to A/100 range could be 

realized. 

The Zernike test was chosen for its potential high sensitivity 

and simplicity. A new interpretation, from an interferometric point of 

xi 
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view, is presented for the Zernike test. Analytical expressions are 

derived for the interference effects, in terms of physically controlla

ble Zernike disk parameters (radius, phase, and transmission) and 

low-order aberrations. These provide a method for choosing the Zernike 

disk parameters so as to optimize performance for maximum sensitivity 

and linear range. Using these parameters, a signal-to-noise analysis 

was performed to predict sensitivity, 

A step-by-step procedure for manufacturing a Zernike disk and 

the design and fabrication of a laboratory model of the Zernike test in

strument are described. The laboratory wavefront error simulator was 

used to evaluate the low-order aberration measurement sensitivity of the 

Zernike test instrument. Sensitivities were found to be better than 

A/100 for all the low-order aberration types. 



CHAPTER 1 

INTRODUCTION AND GENERAL CONSIDERATIONS 

The objective of the research described in this dissertation was 

to develop analytical and experimental methods of evaluating the perform

ance capabilities of two optical tests, a dynamic Hartmann test and a 

Zernike test, in the measurement of low-order aberrations. The two sets 

of test instrumentation designed and built for evaluation (referred to, 

for brevity, as figure sensors) were chosen for their high sensitivity 

and particular suitability for remote operation in an orbital telescope 

system. 

The Large Space Telescope 

The initiative for the study arose out of the requirements for 

the Large Space Telescope (LST) originally recommended by the National 

Research Council of the National Academy of Sciences in 1965 for use as 

the basic instrument in a major orbital space astronomy program. To 

achieve the scientific goals set by the National Academy of Sciences, 

the LST would have to have the resolution capabilities of a 3-m (120-in.) 

aperture. Further studies by NASA (Purcell, 1971) called for the con

struction of an //12 to f/16, 3-m aperture, diffraction-limited telescope 

operating from 9.1 ym to 1,000 ym with the capability of detecting 28th 

magnitude stars. Concurrently, several studies were undertaken to inves

tigate methods of ensuring diffraction-limited performance of the orbit

ing LST (Erickson, 1970; Itek Corporation, 1972, pp, C.6-26 to C.6-40; 
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Peters, 1973). NASA, in September 1971, set specification guidelines 

for the performance criteria of a figure sensor for use on the LST (Na

tional Aeronautics and Space Administration, 1971), This figure sensor 

was to cover a range of several waves of wavefront deformation so that 

it could serve as an absolute standard for alignment. It was to have a 

sensitivity of A/100 or better so that it could determine the small re

sidual figure errors to be corrected by an active mirror system (Itek 

Corporation, 1972, pp. C.6-44 to C.6-56). Such a sensor would also have 

a readout of a form suitable for determining small residual wavefront 

errors for post-detection processing. In addition, it was desired that 

either selected wavefront samples (for alignment and nulling) or the en

tire system wavefront be available for measurement. In order to meet 

all these requirements, the sensor would have to be placed at the focal 

plane of the telescope and a real star source would have to be used. Be

cause wavefront errors arising in the LST due to misalignment, thermal 

deformation, and other disturbances were expected to be primarily of low 

order, performance of the sensor could be evaluated quite adequately by 

considering the figure sensor's capability to measure the low-order 

Seidel aberrations. 

The focal plane region of the LST will be equipped with a full 

complement of time-sharing research instruments, including cameras, 

spectrographs, and photometers (Kollsman Instrument Corporation, 1970). 

The LST will be supported by the manned space shuttle at intervals of 

six months to two years for maintenance servicing. Thus, the figure 

sensor should be small in physical size and weight, be basically simple 

in operation, and involve a minimum number of components. 



General Test Methods 

The aforementioned requirements led to the consideration of sev

eral categories of optical tests that use a real star source. These are 

ray slope measuring tests, shearing interferometers, and self-generating 

reference wave interferometers, 

Slope-Measuring Methods 

Among the slope-measuring tests are the Ronchi test (Ronchi, 

1923), wire test (King, 1934), Foucault test (Foucault, 1859), and Hart-

mann test (Hartmann, 1900). 

Traditionally, in each of the first three tests, a particular 

mask obscuration (which effectively samples the geometrical star image) 

is placed in the vicinity of the focal plane of the optical system, and 

the data from the resulting shadow pattern in the system exit pupil are 

interpreted geometrically in order to obtain wavefront information. Cer

tain rays from particular points in the telescope exit pupil are blocked 

by the mask. The precise location of these blocked rays in the reimaged 

pupil depends upon the position of the mask and the wavefront deforma

tion. By measuring the shadow position in the pupil, one can determine 

the ray slope values and hence, by integration, the wavefront errors. 

The geometrical interpretations for these tests have been considered 

useful for testing in the sensitivity range A/5 to A/20, The disadvan

tage of these first three test techniques, however, is that there is no 

simple one-to-one correspondence between the measured intensity and the 

pupil position. Thus, to obtain point-by-point wavefront deviation in

formation, a full pupil scan is required. In addition, the measurement 
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of astigmatic deformations requires the use of two separate mask orien

tations. Recent investigations (Bubis, 1971) of these tests, which take 

diffraction into consideration, predict sensitivities in the range A/50 

to A/100. However, the interpretation of the data is quite complex, and 

the criticisms mentioned above still hold. 

The Hartmann test, in its original form (Hartmann, 1900), is ob

viously not suited for remote testing. However, if the exit pupil is re-

imaged, any particular pupil location can be conveniently sampled. The 

limiting sensitivity of this test is determined by the ability to mea

sure the slope of the ray at the reimaged pupil location. Preliminary 

calculations for the LST showed that, by use of a synchronous scanning 

and amplification technique, ray slopes referred back to the original 

system pupil could conceivably be measured to 0.001 arc sec, which would 

imply sensitivities exceeding A/50 for the low-order aberrations. Fur

thermore, the basic arrangement is exceedingly simple, the range of op

eration is large, and astigmatism is measured in the same manner as any 

other aberration. This figure sensor concept is referred to in the fol

lowing text as the dynamic Hartmann test. 

Shearing Interferometric Methods 

Among interferometric figure sensors that can use real star 

sources are radial, lateral, and inverting shearing interferometers 

(Bryngdahl, 1965). Unfortunately, the very act of shearing reduces the 

sensitivity of the test to aberrations, and one must compensate by re

quiring even greater sensitivity for the figure sensor. As an example, 

in a laboratory experiment at the Optical Sciences Center (Golden, Shack, 
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and Slater, 1974), a lateral shearing interferometer with a capability 

of A/200 in measuring the sheared phase actually was shown to measure 

the aberration present to only A/100. Furthermore, access to a finite 

portion of the pupil is lost. A very elegant form of a lateral shearing 

interferometer, which makes use of holographically ruled gratings to pro

duce the shear, is presently being investigated for NASA (Itek Corpora

tion, 1972, pp. C.6-26 to C.6-40). It is relatively simple, performs in 

white light, and is predicted to exceed A/100 in sensitivity, but it re

quires several sets of gratings, a mechanical modulator, and two detect

ing schemes for astigmatic measurements. Another recent development in 

shearing interferometry, the wavefront spatial division interferometer 

(WSDI), operates by generation of a reference wave through the expansion 

of a small part of the reimaged pupil (Peters, 1973). This instrument 

is an ingenious variation of radial shearing in a Twyman-Green interfer

ometer configuration, whereby the interference pattern is modulated by 

frequency shifting the reference beam with an oscillating corner cube 

reflector, thus producing a direct phase-measuring device with predicted 

sensitivities exceeding A/100. However, the apparatus required is quite 

complex. Thus, shearing interferometers, as a category, were considered 

less desirable because of complexity of operation, sensitivity dilution, 

or both. 

Self-Generating Reference Wave Interferometer 

In the Zernike test (Zernike, 1934a), a reference wave is gener

ated from the central core of the diffraction pattern formed by the tel

escope imaging a point source. This reference wave is shifted in phase 
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and then interferes, at the reimaged pupil, with an attenuated test wave 

that contains the aberration information. By proper choice of the phase 

shift, attenuation, and core size, an intensity distribution in the pu

pil is produced, in which variations of approximately 6% indicate aber

rations of A/100. The entire effect is produced by the small disk placed 

at the diffraction focus. The Zernike test is thus both extremely simple 

and sensitive. 

Discussion of Readout Schemes 

Not only are the dynamic Hartmann test and Zernike test sensi

tive and simple, but it is easy to use the same configuration and detec

tor for both. This situation is illustrated in Fig. 1. The detector is 

a star tracker tube, using electron beam deflection for the dynamic 

Hartmann test and simple static detection for the Zernike test. 

In the dynamic Hartmann test the star tracker tube is used to 

measure ray displacements directly. The tube consists of a photocathode 

that has been deposited within a transparent window. An electrostatic 

focusing system refocuses the electron image produced by the sampled ray 

bundle into the plane of a metallic plate containing a circular aperture 

in its center. Those electrons passing through the aperture produce a 

current. Magnetic coils phased 90° apart with equal deflection ampli

tude are used to produce a circular scan of the electron image about the 

circular aperture. The resulting signal is synchronously amplified, If 

the ray bundle image is perfectly centered in its scan about the circu

lar opening, there is no error signal produced. However, if the dif

fraction image is displaced, an a.c. error signal is produced, the phase 
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Fig. 1. Zernike and Dynamic Hartmann Test Configuration. 
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of which depends on the ray position. From this output an X-Y axis er

ror signal may be extracted and then applied as an offset signal to the 

deflection coils until the a,c. error signal is nulled. A knowledge of 

the calibration of the deflection coils allows the ray position to be 

calculated. 

In the case of the Zernike test the star tracker is used primar

ily as a photon counter. Advantage is taken of the small circular aper

ture to reduce the dark current noise. The signal current produced by 

the reimaged pupil area being sampled is directed into an integration 

circuit that serves to collect a sufficient number of events to ensure a 

good signal-to-noise ratio. 

Thus we have convenience and partial redundancy in a simple dual 

test arrangement. In operation, the dynamic Hartmann test could be used 

in white light, with subsequent rapid measurement, over a range of a few 

waves and to a limiting sensitivity of A/50 or better. The Zernike test 

could then be introduced and subsequent measurements of greater sensi

tivity could be made. With application to the LST in mind, signal-to-

noise calculations were made for this type of star tracker detector. 

However, for laboratory convenience and flexibility, a simulated version 

of the star tracker detection scheme was developed and is described in 

detail later. 

Outline of the Text 

The first step in our experimental program was to design and 

construct a laboratory wavefront error simulator, suitable for evaluat

ing each figure sensor experimentally. The central component of this 



instrument was an aberration generator. The several types of aberration 

generators that have been designed (Fridge, 1960; Yoshiga and Matsuo, 

1965) suffer from various shortcomings. Thus, a new type of aberration 

generator was designed and constructed that could work in wide-band 

light with independent generation of low-order aberrations and an adjust

ment sensitivity of A/100. The design of the wavefront error simulator 

and aberration generator is described in Chapter 2. A detailed account 

of the fabricated optics, including design evaluation and calibration, 

is provided in Appendix I. 

The dynamic Hartmann test and associated simulated star tracker 

readout scheme are discussed in Chapter 3. General theory, parameter 

optimization, and signal-to-noise calculations are considered. Finally, 

the laboratory evaluation of the dynamic Hartmann test is presented, in

cluding experimental results, data reduction techniques, and experimental 

error analysis. 

In Chapter 4, the general theory of the Zernike test is derived 

and a new interpretation is developed. Analytical expressions are 

derived that yield the profile of the reimaged pupil in terms of disk 

parameters and low-order aberrations. Sensitivity predictions based on 

photon availability are carried out for the LST. The manufacturing 

techniques and tolerancing of Zernike disks are discussed. Finally, the 

actual experimental evaluation of the method is presented, including a 

description of the laboratory Zernike disk instrument, data analysis 

methods, and the experimental measurement of small aberration changes. 

In the concluding chapter, the results of the research are sum

marized and recommendations are made for further investigation. 



CHAPTER 2 

ABERRATED TELESCOPE WAVEFRONT SIMULATOR 

In order to determine experimentally the performance capabili

ties of several types of figure sensors, a device to produce a simulated 

aberrated telescope wavefront was designed and fabricated. This simu

lator included a variable magnitude star, imaged by a specially designed 

optical system that can introduce various alignment, focus, and figure 

errors of the types that may occur in the operational LST. The aber

rated star image produced could then be evaluated by the figure sensor 

under study. Figure 2 is a sketch of the simulator. 

Aberration generator Defocus 

Sensor 

Collimator Astigmatism 

Fig. 2. Aberrated Telescope Wavefront Simulator. 

The star source consisted of a 25-pm pinhole illuminated by a 

quartz iodine tungsten filament lamp run by a stabilized power supply. 

The filament was focused onto the pinhole through a narrowband interfer

ence filter when required. The star source could be moved in the x,y 

direction to simulate wavefront tilt in any direction. This light was 
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collimated by a 1.2-m (48--in.) focal length telescope objective to sim

ulate a star at infinity. The next five elements (biconvex lens, bicon

cave lens, two flat plates, and thick meniscus) were collectively called 

the aberration generator; this group of elements (discussed in detail 

below) produced an f/6 beam into which various orientations and magni

tudes of coma, astigmatism, and spherical aberration were introduced in 

an exact manner. A relay system then reimaged the f/6 image. The first 

element of the relay system was a 40-mm cemented doublet that collimated 

the aberrated star image. This element could be moved along the optical 

axis of the system in order to correct for focus shift produced by the 

aberration generator, or in order to introduce known amounts of defocus 

into the wavefront. The second element of the relay system was an 80-mm 

focal length telescope objective that converged the light to an f/12 

cone, completing the simulation of an f/12 telescope where tilt, lefocus, 

astigmatism, coma, and spherical aberration could be introduced into the 

beam in differential amounts of about X/100 and over the range of ±2X. 

The final collimating lens was related to the figure sensor under test 

and will be discussed in detail later. 

Aberration Generator 

At the heart of the aberrated telescope wavefront simulator is 

the aberration generator. This set of elements was designed to intro

duce precisely known amounts and orientations of different primary aber

rations. The design concept of the aberration generator is discussed 

here. The fabricated optics, optical evaluation; and mechanical assem

bly are discussed in Appendix I. 
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The optical design is shown diagrammatically in Fig. 3. The 

first component is an achromatic air-spaced doublet with a 25.4-mm 

clear aperture and a 152.4-mm focal length. The air-spaced doublet is 

designed for high coma but minimum spherical and chromatic aberration. 

The residual astigmatism, inherent in a doublet design, is unavoidable 

but can be readily taken into account. This doublet is tilted about its 

rear nodal point (located 12.9 mm inside the last radius to generate 

approximately 2A of third-order coma at a tilt of 1.5°. About 0,4X of 

S 

Rear nodal point 
—12.90 mm from 

rear vertex 

Ti = 6.36 mm 

T2 = 5.08 mm 

R3 = 59.36 mm 

R4 = 269.72 mm 

R1 = R2 = 65.94 mm 

R5 = R6 = 44.72 mm 

Element 1: diameter = 30.18 mm 

Element 2: diameter = 30.18 mm 

Element 3: diameter = 47.62 mm 

Element 4: diameter = 47.62 mm 

Element 5: diameter = 30.18 mm 

Glass: element 2 = Schott F4 

S2 + S3 + S4 = 51.46 mm 
when tilts = 0° 

S5 = 70.87 mm 

T3 = T4 = 12.70 mm 

T5 = 51.08 mm 

Si = 1.27 mm 

all others = Schott SK4 

Coatings: all MgF2, n = 1.62 

Maximum tilt of plates « 15° (astigmatism) 

Maximum tilt of front doublet = 1.5° (coma) 

12-mm leftward movement of meniscus = 2.8 waves of — OPD 

20-mm rightward movement of meniscus = 1.2 waves of +OPD 

Maximum image excursion « 3 mm 

Fig. 3. Aberration Generator, Achromatic, Nominal 5900 X, Nominal 
152-mm EFL, //6. 



sagittal astigmatism is generated unavoidably at this angle. However, 

since the coma varies linearly with tilt while the astigmatism varies 

quadratically, the astigmatism will be negligible for small amounts of 

coma (e.g., for up to about A/4 of coma, the residual astigmatism is 

less than A/100). Higher-order aberration terms are negligible for the 

objective. Although the doublet is color corrected, for precise work a 

40- to 50-nm bandwidth filter should be used. Following the doublet is 

a set of parallel plates that can be countertipped to introduce astigma

tism. No third-order coma is introduced, and higher-order aberrations 

are negligible. These plates can be tilted up to 15°, at which point 

4.4A of sagittal astigmatism is introduced. Again, this astigmatism 

contribution varies quadratically. The last element, a thick meniscus 

lens, can be moved longitudinally for generation of -1.2A to +2.8A of 

spherical aberration. However, the effect of moving this meniscus is 

complicated because both fifth- and third-order spherical aberration are 

changed. A change in focal position and effective focal length must 

also be taken into account. 

In Appendix I a full discussion of the theory of aberration gen

eration is presented in terms of the measured parameters of the wave-

front error simulator. The expressions for OPD developed there were 

used to determine the wavefront errors introduced for the purpose of 

evaluating the figure sensor performance. 



CHAPTER 3 

THE DYNAMIC HARTMANN TEST 

In the classical application of the Hartmann test, a mask of 

precisely located holes is placed in the exit pupil of the optical sys

tem under test. Each hole lets through a particular "ray" converging 

toward focus. Two photographic plates are exposed, one in front of fo

cus and one behind. By knowing the distance between the plates and by 

reading out the positions of the "rays" on the plate with a comparator, 

one can determine a slope for each ray in the pupil. The classical form 

of the Hartmann test is obviously not suitable for remote testing. 

A new form of this test, the dynamic Hartmann test, however, is 

a suitable adaptation for remote testing. Theoretical and experimental 

investigations of the dynamic Hartmann test are discussed below. 

Theory and General Considerations 

Theory 

The general arrangement used for the dynamic Hartmann test is 

illustrated in Fig. 4. Here, plane A represents the exit pupil of the 

telescope system to be tested. The effective focal length of this tele

scope is ftp. Lens B, with focal length /g, is positioned so that its 

front focal point is coincident with the rear focal point of the tele

scope. The exit pupil of the telescope is reimaged at plane C, where 

various rays may be sampled by a movable aperture of diameter D. For a 

14 
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Fig. 4. Dynamic Hartmann Test Geometry. 

perfect optical telescope and perfect auxiliary optics, rays passing 

through all positions of the movable aperture at the reimaged exit pupil 

will proceed in the same direction, that is, in a collimated bundle par

allel to the optical axis. These rays then pass through lens E, of focal 

length f-g, and come to a common focus on the optical axis. If the tele

scope system is not perfect, at a particular point on the exit pupil the 

wavefront will depart from a perfect sphere by an amount W. The func

tional form of W will determine the angular slope error S for a particu

lar ray. This angular deviation has components S %  = d W / d X  and S y  =  

3{7/ 9Y. At the reimaged pupil the angular ray deviation is multiplied by 

the focal length ratio so the angular deviation for each ray 

slope component passing through the aperture D  is (S a  

Thus, by a reimaging of the exit pupil, the angular errors in the origi

nal telescope wavefront are magnified. This sampled ray bundle then 

passes through lens E and is focused at its rear focal plane at a posi

tion (ej,ey), where ex anc^ CY represent the X and Y displacements of the 
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ray bundle from the optical axis. The values for ej and ey are 

=  S X  f  B  

ej = S y  f y / f B -

By simple rearrangement, we have 

W /  S Z  =  S x  =  g /  f j r f  f  

d W / d Y  =  S y  =  e y f f i / f g f r p -

Thus, if and Zy are measured at plane E, the slope components S% and 

Sy for the particular ray bundle may be determined. Because dW = 

{'bW/'dX*)dX + (3W/W)dY, the wavefront error may be determined by integra

ting along any path connecting the origin and the point X,Y, yielding 

Thus, by integrating the measured ray displacement as a function 

of the sampled telescope pupil position, the wavefront error W may be 

determined. The limiting sensitivity is dependent upon the ability to 

measure the component angular ray deviations This limitation is 

a function of light availability, ratio of sampling aperture to focal 

length fg, and detector characteristics for the dynamic Hartmann test 

ray position readout. 

Laboratory Detection of Ray Position 

There are several methods that can be used to measure the ray 

deviation in plane E. The approach that was chosen for investigation 

involved a synchronous rotary scan of the diffraction pattern created by 
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the sampled ray bundle about a small pinhole opening in plane E. A per

fectly centered scan would produce a d.c. output. If the ray is displaced, 

the output will vary at the scanning frequency. This technique could be 

instrumented in several ways. One method, using a star tracker tube, 

was discussed briefly in the introductory chapter and would be applica

ble for use in an operational figure sensor for the LST. For laboratory 

purposes a simulation of a star tracker readout was implemented using a 

Risley prism, a movable pinhole, and a photomultiplier tube. The ar

rangement is illustrated in Fig. 5. As discussed later, the actual 

parameters in the laboratory system were chosen to be compatible with 

the optimized parameters for an LST figure sensor using a star tracker 

readout. 

positioner 
plane 

Focal 
plane 

Aberrated 
star Image Chopper 

Nul I 
meters 

/  Sync, Q 
' motor 

Pupil scanner, 
movable aperture x,Y pinhole 
/  positioner, 

System pupil 
Relmaged 

pupl 1 

Fig. 5. Laboratory Hartmann Test Simulator. 
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Referring again to Fig. 5, at plane C a particular ray bundle 

was sampled through the movable aperture D. This bundle passed through 

the Risley prism, where it was deviated through a small angle and then 

focused by lens E into the plane of the movable pinhole. As the Risley 

prism was rotated, the diffraction pattern nutated about the pinhole di

ameter. The Risley prism orientation was adjusted so that the nutation 

diameter was nearly equal to the pinhole diameter. A mechanical chopper 

driven by the prism motor gave a reference signal at the scanning fre

quency (30 Hz), adjusted to be in phase with the X-axis direction. Be

hind the pinhole was an E.M.R. 9858 photomultiplier. 

As the diffraction image of the sampled ray bundle moved about 

the pinhole, any offset from a centered scan produced a 30-Hz variation 

in the PMT current superimposed upon a d.c. background level. The 30-Hz 

variation represents the signal information, the amplitude and phase of 

which correspond to, respectively, the radial and angular displacement 

of the ray bundle. The d.c. background contributed to the statistical 

noise. The 30-Hz signal was then preamplified and fed into a synchronous 

amplifier, where it was filtered, further amplified, and split into two 

identical components 90° apart in phase. Each component was directed to 

the input of a phase-sensitive demodulator, where it was mixed with the 

reference signal to produce sum and difference currents. A filter at the 

output of the demodulator rejected the sum frequencies and passed only 

the d.c. difference component. This d.c. output was the error signal 

produced by an offset in the scan. There were two signals, one in phase 

for the X axis and one in quadrature indicating Y-axis displacement. As 

the collection pinhole was moved, the X-axis signal was nulled and then 
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the Y-axis signal. The micrometer controls on the pinhole were then 

read to determine ej and ej for the particular ray bundle sampled. 

The pupil scanner was moved to another position, and the proce

dure was repeated until a complete set of data was collected. 

Parameter Study 

The parameters of the laboratory dynamic Hartmann test figure 

sensor must be chosen to obtain the best S/N ratio for ray slope detec

tion. Since the laboratory sensor simulated an operational figure sen

sor that would incorporate a star tracker, the parameters for the 

laboratory sensor were chosen for this simulation. In particular, opti

mization calculations were performed assuming that the reimaged exit 

pupil would be approximately 1 in. in diameter and that an FW 130 star 

tracker tube would be used. 

Two problems were considered. One was the error associated with 

the assignment of a particular slope to the central ray at a sampled po

sition, when indeed an entire bundle of rays was being sampled by the 

finite aperture. The other was the determination of the optimum focal 

length for lens E, based on the choice of the sampling aperture size D 

and the physical characteristics of a typical star tracker tube. Using 

this information, an S/N calculation was then carried out for the star 

tracker readout, using LST parameters. 

Effects of Sampling Aperture Size on Third-Order Aberration Mea

surement . The slope of a ray in the dynamic Hartmann test is repre

sented by a beam of finite diameter determined by the size of a sampling 

aperture. Ideally, information from a single point in the pupil would 



be used. However, the need for energy and the problems associated with 

diffraction require that a finite aperture be used for each measurement. 

The integrating effect over a finite beam diameter leads to the belief 

that an error is introduced if the integrated measurement of ray dis

placement is assigned to the central ray. In the following discussion, 

quantitative expressions are presented for low-order aberrations; these 

expressions predict the functional form and magnitude of these errors in 

terms of the sampling aperture size and aberration present. 

The assumption made is that the measuring scheme locates the im

age centroid formed through the sampling aperture. Thus the average 

slope of the ray in the sampled section is compared to the slope of the 

ray at the center of the sampled section. 

The exit pupil of the system is illustrated in Fig. 6. In a 

normalized system, X2 + I2 < 1. The center of the Hartmann aperture is 

located at (i?e,$). Our analysis here restricts Ra < 1 - D, where D is 

the radius of the Hartmann aperture. Obviously, Y = Rccos$ + y and 

X = i?(2sin$ + x. 

V 

Fig, 6. Telescope System Exit Pupil, 
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If Sx%y is the x-direction slope of the wavefront at X , Y ,  then 

the average rc-direction slope in the aperture centered around Rot§ is 

SxXlYl 

jD (D2 - x2}^ 

irD2 

Likewise, the average slope in the y  direction is 

Now let us consider several aberration types, and their measure

ment errors introduced in the Hartmann test. 

For aberrations up to third order, the wave aberration function 

is given by 

W  =  W n Y  +  W 2 q ( . X 2 +Y2 )  +  W h 0 ( X 2 + Y 2 )  +  W 3 I ( X 2 + Y 2 ) Y  

+  f / 2 z C ^ + Y 2 )  Y  

where the coefficients can be identified as follows: 

JVi x - tilt 

^20 = defocus 

f/iiO = spherical aberration 

^31 = coma 

W22 - astigmatism. 

( D  t { V 2 - x 2Yz 

syXiY-i = -D - (D2 - x2)^ g 

•nD2 
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Now, 

SxXiXi = tW)W/*X 

SyXjY^ = (l/h^W/'dY, where the full pupil radius is h. 

The expression for W  is differentiated to determine S %  and S y .  

The integrals over the sampling aperture D are then performed to deter

mine the average slope values. These average values are then integrated 

to obtain the wavefront one would measure using the data collected 

through the finite aperture D .  

This procedure results in the expression for the measured wave-

front Wy 

%  =  W  +  3 W h q  ( X 2 + Y 2 ) D 2  +  W 3 i Y D 1 .  

It is seen that only spherical aberration and coma contribute 

errors in the measurement of W. However, the error can be kept small 

for a reasonable choice of D or, if desired, the knowledge of the func

tional form of the error could be used to remove it from the measurement. 

The same procedure could be followed to determine the effects on higher 

order aberration measurement. 

From the above discussion, it can be concluded that, if the sam

pling aperture is limited to a reasonable value (i.e., 0,1 in, for a 

1-in. pupil), systematic errors due to slope averaging will be insignifi

cant for the low-order aberrations. 

Determination of Optimum Focal Length /g. In order to calculate 

the signal generated by the slightly off-center diffraction image of a 

sampled bundle of rays we must know the nature of the diffraction pat

tern formed on the face of the image dissector, the spread function of 



the tube, and the dimensions of the collecting aperture within the tube. 

The convolution of these three quantities will give us the amount of 

energy passing into the dissector for a given displacement between the 

diffraction image and the collecting pinhole. From this convolution 

curve we can determine the change in signal current for a change in po

sition of the diffraction pattern on the tube face due to a slope error. 

Thus we will be able to make signal predictions based upon star source 

characteristics, //number of sampled pupil area, tube scanning aperture 

sizes, and tube impulse response characteristics. 

focal length of lens E, and A the average wavelength of the incoming 

light. The intensity distribution in the image dissector collecting 

plane for a unit amplitude disturbance is 

The impulse response of the dissector tube is approximately Gaussian and 

can be written as 

Here 0 is the Gaussian width of the response. The collecting pinhole 

can be represented by H(v) = circ(>>/£/2), which is a function such that 

(1, if 0 < T < Z/2 
H(r) = ] 

( 0, if v > t. 

Referring to Fig. 5, let D be the sampling aperture size, f the 

2J-[ (Wr/Xf) 
i\Dr/Xf 
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The energy getting through the pinhole for a displaced diffraction image 

is 

L(r>) = I(r')*G(r')*H(r). 

This convolution can be reduced to a one-dimensional integral: 

L(x0 = f J"o C2ir^p) J"i (irZS) e""27r02^2 

Jo 

• Ecos"1(S/e) - (5/e)(1 - Sz/e2)%l dS 

where 

e = D/Xf. 

This integral is the Hankel transform of the product of the Fourier ;. :. 

transforms of the three given functions. 

The integral was evaluated for a series of values of e with an 

average wavelength X = 0.55 ym, in particular for an image dissector 

with a spread function of Gaussian width 2a of 0,0035 in. and a collec

tion pinhole diameter I of 0.020 in. Since in an actual figure sensor 

design an approximate value of 1 in. was considered appropriate for the 

reimaged pupil size, the value of the sampling aperture size D was taken 

as 0.1 in. so as to collect many photons and also to be compatible with 

requirements discussed in relation to ray slope averaging. These convo

lution data were then used to determine (1) the peak-to-peak change in 

signal per micrometer of displacement, (2) the change in signal per arc 

second deviation of the sampled ray in the detector plane, and (3) a 

signal-to-noise figure of merit. (Note: Signal current is defined as 

the peak-to-peak difference in the a.c. error signal generated by a ray 
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displacement. Noise is determined by the total current generated by 

photons passing through the collection aperture t. The S/N figure of 

merit is thus AL (per arc sec) divided by ̂ D") maximum slope*) This in

formation appears in Table 1. 

Table 1. Hartmann Test Sensitivity Values. 

D/f 
D 
(in.) 

f 
(in.) 

% signal change 
per arc second 

S/N figure 
of merit 

0.01 0.1 10 4.3 3.2 

0.005 0.1 20 6.0 4.1 

0.002 0.1 50 7.2 5.0 

0.0015 0.1 66 8 5.2 

0.0010 0.1 100 10 4.1 

0.0005 0.1 200 11 2.9 

By plotting the S/N figure of merit versus focal length (Fig. 7), 

we see that we do have an optimum choice of focal length. However, the 

function is varying slowly over a large focal length range. The real 

optimization choice should take into consideration the displacement sta

bility of the coils, which can be relaxed at larger focal lengths, and 

the residual mechanical vibration problems, which become worse at larger 

focal lengths. A good compromise for this tube is a focal length of 

about 50 in. 

Assuming the figure sensor to be optimized according to the 

above argument, the signal-to-noise ratios can be calculated for LST 

parameters. 
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Fig. 7. S/N Figure of Merit as a Function of Focal Length 
(Image Dissector Tube). 

For an extended red photocathode, the total signal at the cath

ode, for a zero magnitude AQ star, assuming a 700-cm2 sampling area col

lecting aperture for the LST, is I = 5.0 x 10"5 yA on the photocathode, 

which corresponds to a safe photocathode current for the tube to handle. 

Now, assuming the parameter optimization as just described, 

Ijy (shot noise) = / 2eAfJ 

= / 5 x 10- 5  (2) (1.5 x 10-^y) (1) 

= 4 x10"9 yA. 

From the above, for a 1-arc-sec detection, the signal in the readout 

plane is approximately 0.06 of the total current on the photocathode, I, 

Then 

Is = 3 x10~6 yA 

and 

•z y 1 n-6 _ 
S/N = 4 X } Q-9 * 7.50 xlO2 = 750, 
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where dark current noise is approximately 10"10 yA for a 0.020-in. 

aperture. 

The computed signal-to-noise ratios for other star magnitudes 

are summarized in Table 2. 

Table 2. Best Signal-to-Noise Ratios for Detecting 
a 1-arc-sec Slope Change in Detector Space. 

Magnitude S/N Detection certainty (%) 

0 750 100 

0.25 250 100 

5 60 100 

7.5 6 100 

The above analysis has not considered noise problems associated with de

flection coils and field effects in image tubes. 

Prediction of rms Wavefront Error a^ from rms Slope Error Oc; 

If the noise associated with each slope measurement is uncorre

cted and has the same rms value at each measurement position, it can be 

shown that, in one dimension, 

K  

I, 
aw = Las 

( f  - V -
\ n= 1 / 

K 3/2 

where a^ is the rms wavefront error from all points in the pupil, L  is 

the pupil size, ag is the rms slope error at each point, and K is the 

number of points sampled. 
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If a dissector tube is used, so that the net rms position sta

bility is at least 3 pm, and the readout lens focal length fg is approx

imately 60 in., then the value of ag - 2x10~6 rad - 0.4 arc sec. For a 

reimaged pupil radius of 12.5 mm, where 10 points are sampled across this 

radius, the rms wavefront error would be expected to be 

aw = 12.5 (2x106)(58/1000)^ 

= 0.006 ym - A/100 rms. 

The rms wavefront error associated with using the dynamic Hartmann test 

readout aboard the LST can thus be predicted. Using a 12.5-mm reimaged 

pupil radius where 10 points are sampled across a pupil radius, the wave-

front error would be determined to A/100 rms if (1) at least a fifth mag

nitude star is used, (2) deflection coil and tube stability are such 

that Stability ~ 2 anc* ̂  short-term vibrations in the LST are 

less than < 0.2 arc sec, referred to the detector plane. 

Experimental Evaluation of Dynamic Hartmann Test 

The laboratory model of the dynamic Hartmann test figure sensor 

was designed and constructed using the simulated star tracker readout 

mechanism already discussed. The laboratory figure sensor and the wave-

front error simulator are pictured with the associated electronics in 

Fig. 8. It should be noted that the entire arrangement was provided 

with vibration isolation by using a sand-filled optical bench that 

floated on inner-tube pods, isolating it from the laboratory floor. The 

Risley scanner was isolated from the bench by being positioned on a stand 

that straddled the bench but did not come into contact with it. Further 



Fig. 8. Hartmann Test Simulator and Aberrated Telescope 
Wavefront Simulator. 
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vibration isolation for the scanner was provided through the use of soft 

rubber mounts. The reference signal to the synchronous amplifier was 

produced by a photodiode illuminated by a laser beam that was chopped by 

a blade mounted on the Risley scanner motor. 

The important parameters for the wavefront simulator are dis

cussed in Chapter 2 and Appendix I. The parameters for the laboratory 

dynamic Hartmann test are discussed below. For clarity it will be help

ful to refer to Figs. 5 and 8. 

Lens B was a high-quality telescope objective of 220.3-mm focal 

length. The reimaged pupil of the aberration generator was located ap

proximately in the rear focal plane of lens B with a measured diameter 

of 18.34 mm. A 2.5-mm-diameter sampling aperture was located in this 

plane and could be positioned during scanning of the pupil with an accu

racy of ±0.0005 in. The Risley prism consisted of two matched 1-min 

deviation prisms independently mounted in a scanner device so that their 

respective angular orientations could be adjusted and locked. This per

mitted the introduction of variable angular deviations so that the dif

fraction pattern of the sampled ray bundle could be adjusted to scan 

around the perimeter of the detector pinhole. The readout lens E con

sisted of two elements (not shown in the figures), a 297,54-mm efl tele

scope objective followed by a microscope objective. The conjugates of 

the microscope objective were adjusted to give 5.OX lateral magnifica

tion of the ray displacements in the rear focal plane of the telescope 

objective. The combination yielded an effective focal length for lens E 

of 1487.7 mm. This arrangement had two advantages. First, it shortened 

the system. Second, the microscope objective was baffled and contained 
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in a tube, so stray light on the PMT was minimized. The readout pinhole 

was placed at the effective rear focal plane of lens E and had a 0.3-mm 

radius. It was mounted on an X,Y stage and could be moved by microme

ters with dial indicator readout to ±0.25 ym. 

Preliminary Parameter Study 

According to predictions made in the parameter study on the star 

tracker tube, the best S/N ratios could be expected using a readout lens 

E such that the diffraction size of the sampled bundle was slightly 

larger than the size of the detection pinhole aperture. Several experi

ments were performed using various collecting pinhole aperture sizes for 

the simulated star tracker readout. It was found that, under laboratory 

conditions, pinhole sizes from approximately h to 2 times the Airy disk 

size gave the best angular sensitivity. Thus the 0.3-mm radius pinhole 

was chosen to be used in conjunction with the lens E readout focal length 

of 1487.7 mm and sampling aperture of 1.25-mm radius. These parameters 

were also compatible with the star tracker simulation parameter optimiza

tion study done earlier. 

Measurement Stability of Ray Bundle Deviation 

It was found that the micrometer position for nulling out error 

signals for a particular sampled ray bundle had a short-term readout re

peatability, over the course of a few seconds, of ±1 ym to ±2 ym, and 

sometimes worse, depending on the time of day and the particular day. 

Also, over the course of 15 min it was not unusual for the null position 

to drift ±10 ym. The first problem was associated with residual random 

vibrations, and the second was associated with slower term variations in 
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the index of the optical path due to air movement. To cope with the 

first problem, experiments were run at those times when vibrations ap

peared to be near the low levels. Furthermore, several readings were 

taken at each data point for averaging purposes. To deal with the slow 

drift problem, large portions of the optical path were enclosed and lab

oratory air movement was kept to a minimum. Any residual drift was mon

itored, so ray deviation measurements could be compensated for. This 

technique is described below. 

Procedure for Measurement of Ray Deviations 

With the micrometers and indicators of the aberration generator 

set at the nominal zero aberration settings, the pupil sampling aperture 

was set on the optical axis. The detector pinhole was moved until the 

X and Y axis error signals were nulled. The micrometer readings were 

recorded and the sampling aperture was moved to another position, where 

the micrometer readings for the null setting were again recorded. This 

procedure was repeated for preselected pupil locations so as to scan the 

pupil diameter at equal increments out to the limiting point in the pu

pil, such that the sampling aperture remained completely filled (i.e., 

out to 7.94 mm in the pupil radius of 9.17 mm). To compensate for the 

slow drift of the star image, the central position of the reimaged pupil 

was chosen for referencing, and the reference ray position measurement 

was taken between each sampled pupil position measurement. The appro

priate reference ray deviation was then subtracted from each of the sam

pled position measurements. This procedure produced a nominal zero 

aberration baseline of ray deviations measured at known pupil positions 
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where the star source drift was eliminated. Next, a micrometer adjust

ment on the aberration generator was made to introduce a particular 

known amount of one of the low-order aberrations. The data collection 

procedure used for the baseline measurement was then repeated at the 

same preselected pupil locations. Again, star source drift was compen

sated for by monitoring the central pupil reference ray position between 

each pair of pupil position measurements. 

The aberration measurements were then subtracted from the base

line measurements. This procedure resulted in a data set of aberration 

change measurements at the preselected pupil locations. 

These data appear in Figs. 9 through 12 (parts a) for different 

types and magnitudes of aberration change. Plotted with the measured 

ray deviation data are the predicted ray deviation data based on the 

nominal parameters of the system. These theoretical values were ob

tained by differentiating the expression for OPD given in Appendix I and 

multiplying by the focal length of lens E. 

Data Reduction 

In order to compute OPD changes from the measured ray deviation 

data, the following procedure was adopted: 

The data on each of the graphs in Figs. 9 through 12 (parts a) 

were fit to a low-order polynomial expression of the form e = a + br + 

cv2- + dp3 + er1* + /p5, where e is ray displacement in micrometers and x> 

is the sampled pupil position in micrometers. This yielded an analyti

cal expression for ray deviation versus pupil position. To determine 

the OPD change, this expression was divided by the focal length of lens 
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E and integrated to obtain the expression for OPD 

OPD = jr- (^av + ^ r1* + ̂  r5 + £• . 

These data were then plotted in Figs. 9 through 12 (parts b) 

along with theoretical OPD's calculated from the equation developed in 

Appendix I for the wavefront error simulator. 

Discussion of Results and Errors 

From an examination of Figs. 9 through 12 (parts a, ray dis

placement), it is evident that the ability to measure ray deviations 

for the low-order aberrations was of the order of ±1 ym, compared to 

nominal predictions. Calculations on rms ray deviation measurements 

compared to the nominal predictions show a range of arms = 1.4 ym in the 

best case to 0rms = 2 ym in the worst case. These correspond to rms an

gular errors of 0.15 arc sec and 0.3 arc sec, respectively. 

An S/N calculation based upon the simulated star radiant output 

and photomultiplier characteristics predicted an S/N ratio of approxi

mately 4 for these angular sensitivities. As discussed previously, 

short-term vibrations, under best conditions, permitted ±1 ym position 

measurement repeatability. Thus the measurement sensitivity, although 

approaching the statistical limit, was indeed limited by residual labo

ratory vibration conditions. 

From an inspection of the OPD's obtained by smoothing and inte

grating the ray displacement data (Figs. 9 through 12, parts b), it is 

seen that the measured values agree with the nominal predicted values to 

better than A/100 in the best cases and to A/40 at worst. It must be 



remembered that the nominal predicted curves have systematic errors as

sociated with them, which are discussed in Chapter 2. In addition, the 

vibrational noise contributes a X/150 rms random error to the measured 

data. Thus it appears that the aberrations were measured to the order 

of A/50 to A/100 using the Hartmann test. A more precise determination 

of sensitivity was not possible because of residual laboratory vibra

tions and the systematic error associated with the wavefront error sim

ulator calibration. 



CHAPTER 4 

THE ZERNIKE TEST 

The earliest references to the Zernike test were presented in 

papers published in 1934. A theoretical treatment of the problem was 

presented by Zernike (1934a,b), and fabrication and testing techniques 

were discussed by Burch (1934). 

Zernike's theoretical formulation inherently assumed conditions 

of very small aberrations and provided neither a general and complete 

quantitative theoretical development nor a quantitative procedure for 

choosing optimized Zernike disk parameters. Burch's fabrication tech

niques resulted in the production of disks that he used for shop testing 

purposes; however, his techniques were not suitable for the production 

of optimized Zernike disks, which must be manufactured with specific re

quirements on phase, attenuation, and dimension. 

In response to the need for simple and sensitive test methods 

for the LST application, further consideration was given to the Zernike 

test. The result was the development of a general and complete repre

sentation of the Zernike phenomena in terms of interference between an 

attenuated system test wave and a self-generated reference wave. A 

quantitative approach for the specification of Zernike disk parameters 

and a procedure for Zernike disk fabrication were also developed. 

The following discussion is divided into two parts; a theoreti

cal development and a discussion of the experimental investigation. The 

40 
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theoretical development begins with a critical review of the traditional 

approach and interpretation of the Zernike method and then describes the 

development of the general interferometric interpretation of the test, 

in terms of self-generated reference wave and system test wave interfer

ence. Several of the traditional situations are discussed from the new 

point of view, and the consequences of Zernike's original arguments are 

considered. The remainder and major portion of the research discussion 

is concerned with the specific application of the Zernike test to mea

surements of low-order aberrations in the ±A/4 range. It is for this 

specific situation that analytical expressions for the interference ef

fects in the reimaged pupil were developed and used to determine the 

effects of Zernike disk parameters on test sensitivity and reference 

wave characteristics. Since the Zernike test was investigated for spe

cific application to the LST, most of the analytical calculations and 

parameter tolerancing were done for this application. 

Finally, the predictions based on the theory are examined exper

imentally using the wavefront error simulator and Zernike disk manu

factured according to the specified procedure developed. A description 

of the laboratory Zernike tester and experimental procedure, and inter

pretation of the data conclude the discussion. 

Theory 

The following discussion is concerned with the optical distur

bances in the three planes illustrated in Fig. 13. Plane A is the exit 

pupil of the optical system being evaluated; plane B is the paraxial 

image plane for the tested system, and plane C is the reimaged system 
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Fig. 13. Zernike Test Geometry. 

exit pupil, as imaged through lens D. The coordinate systems in planes 

A and C are considered normalized in the following discussion 

X2 +YZ < 1). 

The disturbance of importance in plane A is the pupil function, 

PQ(X,Y) = |P0(X,J) |exp[i<j)(X,y)]. The squared modulus |Po(Z,J)|2 repre

sents the intensity of the wavefront at any point X,Y in the exit pupil, 

and <j>(X,I), the wavefront error, represents the phase departure of the 

wavefront in the exit pupil from a perfect sphere centered at the parax

ial focal point in plane B, 

The important disturbance in plane B is the diffraction pattern 

amplitude P(X,Y') = ZjPq. The constant K\ is the appropriate scaling 

constant derived from the Fresnel-Kirchoff approach to diffraction, and 

PQ is the two-dimensional Fourier transform of the pupil function Po(X,Y). 

In plane C, the reimaged exit pupil, the amplitude disturbance 

J * * 

is Po = K2P. That is, PQ1 is the Fourier transform of the disturbance 



in plane B multiplied by a diffraction constant K2. If plane B is free 

from any perturbing influence and lens D is large enough to accept all 

diffraction energy, then P0^ = Po(-)- The symbol (-) indicates the in

version of the coordinate system, as expected from gaussian imaging. 

The physical quantity that is measured in the reimaged exit pupil is the 

intensity of the disturbance J = |PQ^|2. All information about the 

phase ()> of the wavefront is lost in the absence of any perturbation on P 

in plane B. 

Zernike's Approach 

If the disturbance in plane A is such that the value of $ is a 

very small fraction of a radian at all points in the pupil, the expres

sion for Po(X,Y) may be written as PQ(X,Y) = |PQ|(1+ £<}> + The Tay

lor series expansion for has been used, and power terms of second 

order and higher have been considered negligible. Thus, in plane B, 

P(X,Y) = Xi(|pJ1 + 

or 

P(X,Y) = KX(\P^\ + iPA). 

The diffraction pattern amplitude is seen to contain two terms. The 

first is precisely the diffraction pattern amplitude of the exit pupil 

shape in plane A, produced by a perfect wavefront. The second term rep

resents the amplitude of the diffraction pattern produced by the small 

aberration effect <J> in the exit pupil. 

It is at this point that Zernike made an important observation. 

He argued that, since the two terms above were out of phase by 90° (as 
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indicated by •£), they of course could not interfere in plane C. How

ever, he suggested that by means of a small phase mask centered in plane 

B on the first term, representing the unaberrated diffraction amplitude, 

a phase shift of ±90° could be introduced so that the two diffraction 

components were brought into phase or 180° out of phase. This being the 

case, interference would occur in plane C, where the effects of the phase 

disturbance were indicated through a modulation of the reimaged pupil 

intensity. 

Mathematically, this can be shown as follows. At plane B the 

first term is phase shifted by ±£, through a phase mask M = exp{> ± ir/4), 

PM = KiQi\P^\\ + 

PM = XI(±IFPT| + £|POU)-

Thus, at plane C, the reimaged pupil amplitude is 

P0* = ±£P0(-) + iP0(-)*(-) 

and 

i = l^oC-)l2ci ± 2K-):. 

Thus the phase <j> is manifested in the reimaged pupil as an intensity 

variation. 

The argument as presented is obviously an oversimplification of 

the phenomenon. First of all, <J> was assumed small, and it was assumed 

that the phase shift at plane B could be introduced in the first term 

without affecting the second. Zernike proceeded to examine some conse

quences of the second assumption but did not consider an adequate ex

planation of interference observed for larger values of <J>. 
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Zernike separated the situation at plane B into two separate 

cases (Fig. 14). 

i*l|P0|<{> 

*il*ol 

G Case 1 

High spatial 
frequency 
variations 
in P0 

Case I I 

Low spatial 
frequency 
variations 
in P0 

Fig. 14. Zernike's Two Cases of Spatial Frequency Variation. 
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In case I, <J> had high spatial frequency variations such that 

%K\ |Po | •)> was physically separated from the first term £i|Po|. In this 

situation, indeed, a phase mask could be placed over the first term 

without affecting the second. In addition, if the modulus of the second 

term were small compared to the first, he suggested attenuating the first 

by \T\2, so that better modulation would occur at plane C. His approach 

predicts that I = IPoC-)!2^2 ± 2y<i0 • i-s shown later that this state

ment is not necessarily valid, even for the approximations considered. 

In case II, $ varied slowly in the exit pupil. Thus, in plane 

B, the two diffraction terms are not separated spatially. Zernike con

sidered the problem of choosing the Zernike mask size so that the central 

part of the phase-shifted diffraction pattern would not contain appre

ciable aberration information. He approached the analysis by assuming a 

Zernike polynomial representation of the phase disturbance <f>, again as

suming <|> small enough to consider only one term in the expansion. In 

plane B he obtained the Fourier transform of the pupil function in Zer

nike polynomial form. His results are sketched in Fig. 15. The 0 label 

refers to the nonaberrated pupil disturbance. The 2 label refers to the 

second-order Zernike polynomial and is typical for defocus or astigma

tism in a particular orientation. The higher number curves refer to 

higher-order spherical and astigmatic aberrations. Zernike argued that 

the upper limit in size for the Zernike disk (A, B, C, or D) is estab

lished by the lowest-order aberration that is to be measured. If all 

orders are desired, the Zernike disk size should be no larger than half 

the Airy disk size. He proceeded to calculate the effect of the Zernike 

disk size on the reimaged pupil intensity assuming that the aberrations 



47 

effect did not mix in with the central core and that the aberration man

ifested itself only through the modulation of the reimaged unaberrated 

pupil intensity by an amount proportional to the phase of the aberra

tions at a particular point. As pointed out later, this is not the ac

tual effect that is produced, and the differences are important. Zernike 

also overlooked the possibilities of attenuation of the outer rings of 

the diffraction pattern for modulation improvement. 

A B C  

Fig. 15. Zernike Polynomial Representation of Diffraction 
Amplitude in Phase B. 
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Burch (1934) manufactured Zernike disks and used them for quali

tative testing purposes in situations where <f> was quite large. Yet he 

did observe interference effects. Obviously the phenomena as explained 

and investigated by Zernike must be a special case of a more general in

terference problem. 

In order to extract wavefront error information from the Zernike 

test to an accuracy of at least X/100 over a range of ±A/4, it was nec

essary to reexamine and reconsider the Zernike test, with the purpose of 

developing a general explanation of the phenomenon, a quantitative 

method of obtaining the aberration from the intensity variations, quan

titative methods of evaluating the effects of Zernike disk parameters 

(size, phase, attenuation), and the general interactive effects of aber

rations on the intensity of the reimaged pupil. 

New General Interpretation of Zernike Interference 

The following development is best understood by referring to 

Fig. 16. The descriptions of planes A, B, and C and their associated 

disturbances are the same as discussed for Fig. 13 except that in plane 

PoU.Y) p ( M )  

(* . e )  
I A 

X 

% 

# ( p » 0 )  

X 

i ( p . e )  

Lens D 
B 

Fig. 16. Geometry for Zernike Equation Derivations. 
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B a mask has been placed that has the following characteristics: It has 

a central core of radius b. This core has a phase shifting capability 

of a and an amplitude transmission of Tjy. The outer part of the mask is 

coated to have an amplitude transmission of Ta. The amplitude transmis

sion of the mask can be written as 

M = Ta[1 - n(r/2b)l + TbJl(.r/2b)eio 

where 

( 1 if r/b < 1 
IlO/22>) = ] 

' 0 if v/b > 1. 

After passing through the mask, the amplitude of the disturbance 

in plane B becomes 

Py = MP = KiMPQ 

= KiTaPotl - no/2Z>)] + K1e™TaPtf[{r/2b'). 

The expression above is now simply rearranged to obtain 

PM = Wah + (Tbeia - TaW{?nb)-]. (1) 

At this point an important observation is made. The first term 

in the expression above is an attenuated representation of the diffrac

tion amplitude disturbance of the system under evaluation; the second 

term represents a self-generated reference disturbance from the core of 

P0. AS shown immediately below, this expression for Py transforms into 

a representation of two-beam interference, the first term transforming 

into the system test wave and the second into the self-generated refer

ence wave. Thus the field generated by Py passes through lens D, and at 
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plane C the amplitude of the disturbance PQ^ becomes (assuming lens D 

aperture large) 

where 

V = KZPM 

~ IF/? 
' Vo(-) - \̂ Ff2 [PoHCr/22,)] 

- WH « C2) 

^E-Z-Y = 2^° - TA (3A) 

A2 = ya2 + TFR2 - 2TATIjcosa (3b) 

(3c) 

[?01(r/22>)] = QiX.Yje1*' =. XCX.r). (3d) 

This expression for P(^ is precisely one for the interference between two 

waves. The first term is the attenuated amplitude of the original system 

test wave. The second term is the amplitude of a self-generated refer

ence wave whose properties depend upon the original system disturbance 

PQ and the parameters of the mask M. 

It is thus seen that the interference phenomenon discussed by 

Zernike is more general and does not depend upon the small aberration as

sumption. However, the proper choice of the Zernike disk parameters is 

critical to the generation of a satisfactory reference wave with the op

timum choice of the disk parameters dependent upon the nature of the ab

erration being measured. If we examine the components of the reference 

wave amplitude, AQ/4\2F#2, A is determined by TA, TFO, and a, and Q(X,Y) 

is determined by the system wavefront and disk size £>, For the phase of 
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the reference wave (y + i|0, y is determined by T a ,  Tfo ,  and a, and is 

determined by the system wavefront and disk size b. 

A Zernike disk designed to be used for the measurement of small 

high-frequency aberrations would be of very limited use for the measure

ment of large, slowly varying wavefront errors occurring in the same 

system. Further considerations and details involved in disk parameter 

choice and their effect on A, Q, y, and \p will be discussed later. 

The physical quantity that is measured in plane C is the inten

sity, J = PQ^'PQ^*. Thus, 

H - lpoC-) l22*g2 • ifp^r - AF°̂ 2a9A ""Cv - ir/2 • » - •(-)] 

(4a) 

within the reimaged pupil boundary, and 

J0 = Q 2 A 2 /16 \ k F4 (4b) 

outside the region of the gaussian pupil image. 

is the general intensity expression within the reimaged 

pupil and is the result of interference between the two waves. Io (X,Y)  

is the intensity distribution outside of the reimaged pupil and is the 

result of the diffraction spreading of the self-generated reference wave 

energy outside of the reimaged pupil. 

It is interesting to consider two important general characteris

tics of the interference, namely, the visibility and the operating point. 

Zernike neglected to consider the second, and dealt with the first only 

qualitatively. 
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Visibility and Operating Point. Among the most important con

siderations in the choice of Zernike disk parameters are their effect on 

visibility and operating point. The sensitivity of the test depends 

largely upon the modulation in intensity produced by a wavefront pertur

bation <J). This degree of modulation, for a small perturbation <p, is de

pendent upon the fringe visibility and the starting point on the fringe, 

or operating point. 

The visibility is defined as 

2|Po(-) iQAT 

y _ -^max ~ ̂ min _ 4X2F#2 

W^min |po(.)|2j.a2+I^lr 

The visibility function can vary from 0 to 1, with the greatest poten

tial change in intensity for aberration change occurring if V = 1. In 

many situations it is desirable to choose the Zernike disk parameters 

Co, Ta, Tfo) so that the amplitude of the system test wave is equal to 

the amplitude of the self-generated reference wave, i.e., when IPqI^ = 

AQ/4\ZF#2. In this case 7=1. However, for certain ratios of Zernike 

disk size to Airy disk size, Q may vary substantially over the pupil and 

thus make the equality possible at only one point. Such being the case, 

it is necessary to consider the effects of the variation in Q, which in 

turn would cause the visibility to vary across the pupil. In Fig. 17, 

the range of interference effects between a reference wave generated by 

a Zernike disk approximately half the Airy disk size and an aberrated 

test wave are sketched. Disk parameters were chosen so that the wave 

amplitudes are equalized at one pupil point. The variation in the 
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potential fringe modulation controlled by the intensity boundaries 

illustrates the falloff in visibility as a function of pupil position, 

caused by the variation of Q across the pupil. As discussed later, the 

visibility falloff varies very slowly with Q and is not a serious 

problem. 

(/> 
c 
0) •p 
sz  

Intensity boundary 

r— 
•r— 
Q. 
Z3 Q. 

Zero aberration intensity profile 

Normalized pupil position 

Fig. 17. Intensity Boundaries in the Reimaged Pupil. 
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The operating point determines the starting point for intensity-

modulation on a particular fringe and usually refers to the point on the 

fringe that determines the intensity for a zero-aberration con

dition. Control over the operating point location is maintained through 

the variable y = arctanfy^sina/jP^coscr - TA). Referring to Fig. 18, the 

starting point A is obtained (for zero aberration,^ =0) if y = 90°, 

point C if y = -90°, point B if y = 0°, point D if y = 180°, and points 

in between for values of y in between. It is most often desirable to 

have a starting point at A or C, for at this position there is high sen

sitivity, maximum linear range of operation, and maximum directional de

termination for aberration measurement. Points B and D are usually the 

most undesirable because aberration directional determination is lost 

and sensitivity to small aberrations is severely reduced. 

c 
<u 
+J 
E HH 

Fringe position 

Fig. 18. Operating Point Location, 
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In general, the choice of operating point may be limited by the 

nature of the problem (i.e., type of aberration being measured). This 

situation can best be understood by reference to Fig. 19, where the ref

erence wave amplitude factor Ae^a = - Ta) is sketched as the sum 

of two vectors T^e10 and ~Ta-

Tfoe^0.— v 
0 Amplitude factor 

properties for 
T a =  1  

b Amplitude factor 
properties for 
Tb 3 1 

Fig. 19. Amplitude Factor Properties. 
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If the aberrations are of such a nature that for high visibility 

it is necessary to choose Ta = 1, and Tj-> < 1, one can easily see (Fig. 

19a) that y must be such that ir/2 < y < tt or -ir/2 < |y| < -ir. In this 

case the operating point could never be chosen at point A or C. In fact, 

for small values of Tfo, the operating point would converge to B or D. 

For medium values of Ty, a compromise between operating point position 

and visibility may be available. 

In the aberration situation where Ta < 1, T-^ = 1 (i.e., most in

cident light is outside the Zernike disk), it is easily seen (Fig. 19b) 

that a a can be chosen such that y = 90° or -90°. Since this 0 can al

ways be found for any Ta < 1, if Tfr = 1, both the visibility (at least 

at one pupil point) and the operating point may be specified to have any 

desired value. 

The first situation (Fig. 19a) would arise in the case of the 

aberration function being composed of high spatial frequencies, with 

small magnitudes, or small in number of perturbations. The second situ

ation (Fig. 19b) would occur in the case of high spatial frequencies, 

with large magnitudes or in large quantity. The second situation also 

always occurs when the aberrations are slowly varying. Thus, for LST 

application it was possible to design a disk to give high visibility 

fringes with maximum range of operation. 

Discussion of Special Cases. With the concepts of visibility 

and operating point in mind, it is interesting to examine the consequen

ces of choosing the Zernike disk parameters, as suggested by Zernike: 

that is, the consequences of Zernike's choice of a  =  ±ir/2, and T a  or Tfo  

so as to achieve maximum.modulation (7 = 1). 



In particular, consider the case of the aberration function 

composed entirely of high-frequency variations such that the aberration 

information in plane B (Fig, 14a) is separated out completely from the 

zero-order diffraction. The radius of the Zernike disk would thus be 

chosen to be large enough to contain almost all the zero-order diffrac

tion energy. Thus, 

P0n(iV2Z>) - B\PQ\, 

where |Po| is the diffraction pattern amplitude for a unit amplitude 

nonaberrated pupil function and B2 is the percentage of light intensity 

that is not scattered. Thus, 

Q(X,Y)eW = BP0Tl(r/2b) = B|P0| = B|P0(-)|4X2P#2 

Q{X,Y) = B4A2F#2 

tjj = 0. 

The reimaged pupil intensity obtained from Eq. (4a) is 

J^ (X ,Y )  = T2 + B2A2Q2 - 2TaQAs\rv ( y  -  -n r /2  -  $ )  .  

Now, if the scattered light is less than the unscattered (i.e., 1 > B2 > 

0.5), Ta2 would be chosen to equal 1. Thus, tany = -Tjy for a = ir/2, and 

tany = Tfo for a = -ir/2 [see Eq. (3c)]. 

In order to obtain the visibility 7=1, the amplitudes of the 

system test wave and the generated reference wave would be set equal. 

This leads to the requirement 

Tj = 1 - g2 

b B2 



As B2 varies from 0.5 toward 1, TFO varies from ^3/8 toward 0. If CT = 

IT/2, Y would vary from 149° to 180° and if A = -ir/2, y would vary from 

211° to 180°. The operating point in this situation (Fig. 18) would 

vary from point D' to point D for a = IT/2, and from point D" to point D 

for a = -ir/2. Thus, it can be said that, for small scattering, the re

quirement of the visibility being unity with a = ±ir/2 may produce a sit

uation that is located very near the operating point D, with little sen

sitivity to small variations in <j> and with loss of information about the 

direction of <j>. To increase sensitivity in this situation and to ensure 

directional unambiguity, the value of Tfo could be increased. This would 

lower the visibility but would move the operating point toward D' or D" 

and produce a better signal-to-noise situation. 

When the scattered energy is larger than the zero-order energy, 

the conditions 0.5 > B2 > 0 and TFO = 1 hold. If a = ±it/2, TA is then ad

justed to yield maximum visibility, i.e., TA2 = B2/(1 -B2). The operat

ing point (Fig. 18) would move from A' to A as B2 varied from 0.5 to 0 

for a = IT/2, and from C' to C for a = -ir/2. Again, Zernike's choices 

are, in general, nonoptimal. The general theory predicts that, by 

choosing cose = TA, the operating point for all B2 in the range 0.5 > B2 

> 0 may be adjusted to be at the point A or C, with high visibility main

tained by choosing TA2 = B2/(1 - B2). 

The foregoing discussion has shown that the general interfero-

metric interpretation of the Zernike phenomenon gives a new insight into 

the design of disks suitable for a particular situation. The rest of 

this discussion concerns the design and evaluation cf Zernike disks suit

able for use in the measurement of low-order slowly varying aberrations. 
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Application to the Measurement of Small Low-Order Aberrations 

To facilitate the evaluation of Zemike disks applied to the 

measurement of small, low-order aberrations, an analytical expression 

describing the interference effects at the reimaged pupil was developed. 

This was accomplished through the evaluation of the expression X(p,0) = 

Qe^, describing the functional variation of the reference wave amplitude 

and phase. The analysis assumed a circular pupil with circular obscura

tion and the derived equations were accurate for use with low-order ab-? 

errations up to ±0.22A and Zernike disks approximately half the size of 

the Airy disk. Procedures followed for the analysis are outlined below, 

and the resulting expressions are listed in Appendix II. 

The derived equations for X(p,0) = $(p,0)exp[£i{j(p,0)] were then 

used to calculate values of Q(p,G), assuming no aberrations, for specific 

Zernike disk sizes. These calculations were done assuming an f/12 sys

tem with 0.4 obscuration ratio. The values generated for $(p,0) were 

used to determine the optimum values of Ta and a for a specific size Zer

nike disk, such that the visibility function was unity and the operating 

point was at zero (point A, Fig. 18). 

The effects of the low-order aberrations on the functional form 

of the amplitude Q(p,9) and phase if(p»9) of the reference wave for sev

eral Zemike disk sizes were then investigated. This study resulted in 

establishment of a criterion for choosing an upper limit to the Zernike 

disk size as well as important insight into the effects of the lower 

order aberrations upon the reference wave amplitude and phase. 

A tolerance study on a and T was done assuming a 3-ym radius 

Zernike disk. This study determined the variations in visibility and in 
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operating point due to departures of a and T from nominal optimized 

values. Using the optimized Zernike disk parameters, a photon require

ment study was undertaken to estimate the minimum number of photons 

necessary to achieve sensitivities of A/50 and A/100 for a specific disk 

size. These numbers were then used to determine required integration 

times for specific star magnitudes, assuming LST parameters (3 m, f/12 

telescope). This study provided a guide for the choice of the lower 

limit on the Zernike disk size. 

To illustrate expected modulation effects of the aberrations, 

the reimaged pupil intensity was calculated for various amounts of de-

focus and spherical aberration assuming an optimized 3-ym-radius Zernike 

disk monitoring an f/12 telescope with a 0.4 obscuration ratio. 

Zernike Disk Size Effects. The functional effect of the Zernike 

disk on the reference wave, 

4 A 2Fttz 

manifests itself through the term X(p,6) = Q(_p. The integral 

expression for Z(p,0) is 

X(P,0) = 
211 rrr a f-, -tMrcos(0r - 9) , . 
U(r,Q')e rardQ' t 

0 0 

W = TTp/A Fit, 

where U(r,Qr) = X]Po(p,0) is the amplitude diffraction pattern in plane 

B, Fig. 16. 

The approach taken to evaluate this integral was directed toward 

the development of analytical expressions for both and X(p,0). 



The work provided accurate analytical expressions for £/(r,0') for low 

order aberrations of up to 0.22A and accurate analytical expressions 

for Z(p,0) for Zernike disk sizes approximately half of an Airy disk 

size. The derivations included the effects introduced by a system 

obscuration. 

Derivation Outline for U{v,Q''), Analytical expressions for the 

diffraction pattern amplitude U[r,Qr) in plane B included the low-order 

aberration effects of tilt, defocus, spherical aberration, astigmatism, 

and coma, as well as the effects of a circular obscuration. Derivations 

were done in terms of special functions A^(y), called lambda functions. 

The lambda function is defined such that 

Kn(v) = 2nni LJN(vyvNi, 

where is an tfth-order Bessel function. Using the recursion for

mula for Bessel's function, one can show that 

v2 
AtfO) - + 4tf(7y+i) %+lO)-

It can also be shown that the lambda functions transform as 

(5) 

where <-*• represents a two-dimensional Fourier transform, and where 

v = 2to» 

v 
r = 2\F# 

(p,0) are the normalized coordinates in plane A 

nCp/2)(i-pWW*e - (-^M^r__l_^%+lCy)j 



( 

62 

p , e r \  
A „ I are the coordinates in plane B 
X,Y ) 

X = wavelength 

F# - f!number of the system being evaluated 

e = obscuration ratio of the system being evaluated. 

It can also be shown that 

dhN(V) Ai7+1  ̂

do = C6a) 

d2 An(V) _ 2N+1 „ 

DV2 2N+2 N+1 ~ 

a 
—~x* 
3 Y 

= -h V h [a/v+20) - C6b) 

r -̂n+2 fro n 
%+lO) = 2ttcos0'^-% V —^2—J 

32 , (2ir)2 „ %+2^) 
^ %+iCv) = - -Hr C1 -cos2e ) N+2 <6d) 

•  I2 |2 i  ( 1  +COS20 ' )  [ | £ |  ̂ 2 (0 )  -A^ iCD} ]  .  

The approach was as follows. The pupil function e1^ in plane A 

(Fig. 18) was expanded to the second-order term = 1 + £<)> - h<b2, where 

(j> = J7npcos<}> + W20P2 + f/itOP4 + 6̂0P6 

+ {/3ip3COS0 + f^22P2cos20 • (7) 

This is a power series representation of the phase in the pupil where 

is a tilt effect, J^2q is a defocus effect, W^Q and are spherical 
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aberration effects, f731 is a coma effect, and W22 is an astigmatism ef

fect. This expansion was then substituted into the following Fourier 

transform integral describing the diffraction pattern amplitude in plane 

B, Fig. 16: 

u  0 , e ' )  =  K i  
2ir 

ei* e-^Cvpcos(0-0')]p dpdQ 

e  0 

where 

- 1 + -Of - $2/2. 

After substitution of Eq. ( 7 ) for tj> into the integral above, a series 

of transforms of terms of the form p2N+MC0SMQ was obtained. N and M 

take on various positive values. It can be shown that 

p2McoA = [l - «1-P2) • ittil (l-p2)2 

. »(»-!) (ff-2)(l-p'J 3 + J _ 

Each term for p^^+^cos^0 in the power expansion was manipulated into the 

series expansion in terms of cos%p^ in the above form. The Fourier 

transform relationship, Eq. (5), was then applied to each term of the 

series, and finally the derivative relationships, Eqs. (6), in order to 

express each transform in terms of the lambda functions. Thus, an ana

lytical expression was developed for the diffraction amplitude i/(r,0') 

in plane B: 

I/O,©') = uo + Un + i/20 + + i/31 + U22 + ̂ interactions' 

where interactions rePresent cross terms resulting from the $2 term in 

the pupil function expansion; 
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UQ = N[AI(IO - E2AI(EU)] 

= diffraction pattern of the unaberrated 
obstructed aperture. 

The derived equations describing UU, U 2Q, U^Q, U 3 1, U 22> a°d ^interactions 

are listed in Appendix II. 

Derivation of J(p,9) from U(v,9'). The analytical expression 

that described the effect of the Zernike disk on the reference wave was 

then derived. This was done by substituting the previous derived expres

sions for U(r,Q') into the integral expression for J(p,6). Use was made 

of the fact that each of the A functions, in the expressions for U, could 

be expanded in a power series, where 

Atf_l (ei>) = 1 - + 16Nz(2/N + 2) + * * * * 

Three terms of the expansion were applied to the unaberrated diffraction 

amplitude UQ, and the quadratic approximation was applied to the aberra

tion terras, listed in Appendix II. Use was made of the recursion rela

tionship for Bessel functions 

2NJn(V) 

and the integral relationships 

| cosA/0 e~^vPC0S (6~9 )^q = (--i)^2TTc7)i/(z;p)cosW8' 

and 

rl 
pv+1 Jv(vp)dp = (1/y)J"v+1 (v) . 

Jo 

to evaluate the integral. After a good deal of tedious manipulation and 
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evaluation, the expression for J(p,0) was obtained: 

*(P>9) = *o(P>0) + 

where Xo(P>9) indicates the functional effect of the Zernike disk on the 

unaberrated reference wave and (p,0) is the functional effect on the 

aberrated reference wavefront. The expression for X$ is given by 

jo(p,e) = 

. 2ir2Z>V „ R, T Jl(w2>) 4J2(<°bl . 8./3 (ub) 1 
+ 192 (1"c ' Y~~tib WW- * wW J • 

The expression for AberrationCP>0) is given in Appendix II. 

The functional form of the reference wave amplitude and phase 

was then determined from the expressions derived for X(p,0). Because 

*(p,0) = G(p,0) e^(P»0), 

we have 

«(p,e) = •AT(p,0)2 + Z(p,9)? 
real imaginary 

and 7 
• CP.9) = arctan . 

Areal 

Because the imaginary part of X  exists only when aberrations are pres

ent, the phase of the reference wave, 11>, will be equal to zero for the 

unaberrated condition. However, the effects of the aberrations on the 

reference wave phase, i/>, are significant and are discussed in detail later. 
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Calculation of Optimum TA and a for Various Size Zernike Disks. 

In order to satisfy the conditions for high visibility, V = 1, and an 

operating point at the fringe midpoint, at position A in Fig. 18, two 

conditions must hold: 

(1) Ta = cosa (this guarantees the operating point) 

(2) TA = AQ/4\2F#2 (for visibility 7=1, the amplitude of 
the system wave must equal the amplitude 
of the reference wave). 

Because TQ = cos a, it is necessary for A = sincr. Therefore, 

coto = §/4A2F#2. 

Values of Q(p,0) were calculated for Zernike disks of radius 2, 3, 4, and 

5 ym, assuming a wavelength A = 0.6 ym, F# = 12, and obscuration ratio e 

of 0.4. Optimum values of a and TA were calculated using the values of 

$(p,0) for the various disks at a pupil radius position p of 0.8 corre

sponding to a distance 80% of the full pupil diameter. These values are 

summarized in Table 3. The last column, visibility range, shows the cal

culated range of visibility across the pupil from p = 0.4 to 1. This ef

fect is due to the variation of $(p,0) across the pupil and is seen to 

be quite small even for the moderate variations in Q(p,0), as obtained 

using the 5-ym-radius disk. 

Table 3. Zernike Disk Design Parameters at 
0.6 ym. 

Disk size 
(in ym) 

Phase delay 
A (in A) 

T2 
(in %) 7 range 

2 0,228 2 Negligible 
3 0.206 7 1 to 0.99 
4 0.189 13. 8 1 to 0.98 
5 0.178 18. 8 1 to 0,96 
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Effects of variations of #(p,0) are illustrated in Fig, 20, in 

terms of the reimaged pupil intensity, for a zero aberration condition. 

The intensities were calculated assuming a unit amplitude incident wave-

front, where the 3-ym and 5-ym disks were optimized according to the 

values for a and Ta in Table 3. In general, as the Zernike disk is made 

smaller, the value of a optimum approaches ir/2 and Ta approaches zero. 

The reference wave amplitude becomes more uniform, and the resulting in

tensity in the reimaged pupil becomes more uniform but severely reduced 

in magnitude. For remote testing it is desirable to use as large a Zer

nike disk as possible in order to keep the measurement time small. The 

upper limit to the Zernike disk size is dependent upon the effects of the 

aberrations upon the reference wave. The reference wave from a small 

disk is not undesirably affected by aberrations. The reference wave from 

a large disk is affected by the aberration in an undesirable and complex 

manner. This point is vividly illustrated in the following sections. 

0.5  

0 .4  

0 .3  

0 .2  

0 .1  

0 

1.0 0 . 2  0.4  0.6  0 .8  0 

Normalized pupil coordinate 

Fig. 20. Reimaged Pupil Through Zernike Disk (No Aberration), 
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Effect of Disk Size on Reference Wave Characteristics in the 

Presence of Aberrations. The general equation (4a) for interference could 

theoretically be used to calculate the unknown system aberration, <j>, 

from intensity measurements across the pupil for any size Zernike disk. 

Of course, the process would involve a complicated interactive approach 

to obtain <t>, as both Q and are, in general, functions of the aberration 

<|>. In other words, the reference wave amplitude and phase are, in gen

eral, affected by the aberration, and this effect must be taken into con

sideration when the intensity modulation in the reimaged pupil is ana

lyzed. If the size of the Zernike disk is restricted, however, the 

variations in reference wave amplitude can be kept within an acceptable 

departure from the amplitude of the nonaberrated reference wave, and the 

variation in reference wave phase can be restricted to a constant shift 

plus a small linear variation, thus simplifying the interpretation of 

the intensity profile in the reimaged pupil. 

Reference wave characteristics were determined from the derived 

equations in Appendix II, assuming an f/12 system with an obscuration 

ratio of 0.4 operating at 0.6 nm wavelength. Zernike disk radii of 2, 

3, 4, and 5 ym were used for the analysis. The primary consideration 

was to determine the effects produced by the various size disks on the 

reference wave as a function of the presence of different low-order ab

errations. The most important results of this investigation are pre

sented below. 

It was found that the primary effect produced by the aberrations 

mixing in the reference wave was on iJk the reference wave phase. The 

change in Q, the amplitude factor of the reference wave, was minimal and 



could be described, for the smaller disks, as a small constant percent

age reduction in the reference wave amplitude. This amplitude reduction 

is due to the redistribution of energy out of the core of the aberrated 

diffraction pattern. The effect introduced by the larger disk (5 ym) 

showed departures from the constant percentage reduction, but the over

all change remained small when compared to the variations introduced in 

the reference wave phase, ip. Thus, for the disk sizes considered, ampli

tude variations were considered secondary and the reference wave phase 

variations were taken as the primary indicator of aberration interaction 

in the reference wave. 

The interaction of an aberrated test wave with the Zernike disk 

always produces a change in the reference wave phase i|>. For the even 

aberrations (defocus, spherical aberration, astigmatism), the change 

rendered on ip could be described, generally, as consisting of small non

linear phase variation superimposed on a rather large constant phase 

shift. The smaller the disk, the larger the constant phase shift, but 

the larger the disk, the greater the nonlinear phase variations. The 

odd aberrations (tilt, coma) caused a linear phase shift in the refer

ence wave with superimposed small nonlinear variations. These effects 

decreased as the disk size decreased, and went to zero in a direction 

perpendicular to the orientation of the system aberration. The phenom

ena described above are indicated by the variations in that have been 

sketched in Fig. 21 for the various disk sizes and aberration conditions. 

The largest amounts of nonlinear variation in ip were produced by 

the interaction of an astigmatic wave with the Zernike disk. If the 

5-ym disk were used to measure astigmatism of 0.2X, a A/40 astigmatic 
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Fig. 21. Variation in Reference Wave Phase as a Function 
of Normalized Pupil Position. 

(a) Astigmatism f/22 (e = 90°), (b) astigmatism W22 
(0 = 0°), (c) spherical aberration IVi+o* (d) Tilt 
^ll> (e) coma W31. 
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perturbation would be introduced into the measurement because of the 

slight astigmatic quality of the reference wave, 

Similar statements could be made about the nonlinear perturba

tions arising out of the presence of coma or tilt. These effects are, 

however, smaller than those caused by the astitfiratic wavefront. The 

analysis showed that, if the Zernike disk siie were kept to 2 ym or less, 

the nonlinear perturbations of the reference wave phase ij> were essen

tially zero. However, if availability of light were a limiting factor, 

the Zernike disk could be chosen to have around a 3-ym radius, with the 

nonlinear effects amounting to no more than a few thousandths of a wave, 

for the largest aberration being measured. These nonlinear effects 

would become vanishingly small, as the aberrations decreased to less 

than A/20. Thus, if the Zernike disk size were limited to 3 ym, the 

nonlinear variations in rp and the small, nearly constant percentage re

duction in reference wave amplitude could be ignored with better than 

A/100 accuracy over a ±A/7 operating range. If the operating range re

quirements were reduced, the disk size requirements could be relaxed 

while maintaining better than A/100 accuracy. However, the constant 

shift in reference wave phase produced by the even aberrations, and the 

small linear phase shift in \}>, caused by the odd aberrations, must always 

be considered in the interpretation of the intensity distribution. The 

constant shift in \p caused by the presence of the even aberrations is 

somewhat beneficial in that it effectively shifts the operating point on 

the fringe in the direction opposite to variations caused by the aberra

tion (f>. This effectively extends the linear range of operation for the 

even aberrations. The situation is illustrated in Fig. 22. The linear 



73 

phase variation in ip caused by the odd aberrations does not complicate 

the data reduction, as the linear phase effects in <f>, caused by wavefront 

tilt, would have to be considered in interpreting the reimaged pupil in

tensity distribution anyway. 

</> 

•M 

Fringe location 

Fig. 22. Shift of Operating Point for 
Even Aberrations. 

Tolerancing of Disk Transmission and Phase. The optimum trans

mission and phase delay were calculated for various Zernike disks and 

appeared in Table 3, Departures from the design values, in the manufac

turing process, would give rise to two effects. The first is a depar

ture from maximum visibility, and the second would cause a shift in the 

zero-aberration operating point away from the zero condition. Figure 23 

(page 75) illustrates the effect on the visibility function V as a func

tion of phase delay, for three different transmission values. It can be 

seen that the visibility, is indeed a slowly varying function and that 
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for gross errors of phase delay and transmission its change is not 

significant. 

The significant effect of fabrication errors is illustrated in 

Fig. 24. The shift in the operating point (the point midway between the 

maximum and minimum of a fringe), due to departures in phase and trans

mission, from the design values is quite significant. For example, if 

the phase delay upon manufacture was found to be 0.16A (instead of about 

0.21A, which corresponds to the 0.00 operating point), the operating 

point would be moved 0.05 A from the symmetrical position. The nominal 

range in one direction would thus be reduced from 0.25A to 0.20A. The 

prime purpose of a close tolerance is thus to maintain a maximum range 

of operation. The other factor that influences the phase and transmis

sion tolerancing is bandwidth. The maximum shift in the operating point, 

for the extreme wavelengths in a finite bandwidth, is ±AA/2Ao, where Ao 

is the nominal design wavelength. In Table 4 are tabulated the effects 

of error in the manufacturing process on the range of operation for the 

Zernike disk. For the erosion process, with careful control, and a 20-nm 

bandwidth, the range of operation can be better than ±A/8. For testing 

a well corrected system, the operating range could be reduced, and the 

bandwidth could then be increased. 

Table 4. Error Budget for Zernike Disk 
Manufacture. 

Operating range is ±A/8. 

Transmission 

Phase delay 

Bandwidth 

±A/120 

±A/10 

±A/60 

±2% 

±A/5 erosion depth 

20 nm 
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Photon, Star Magnitude, and Integration Time Requirement. It 

can be shown that, in making a measurement, the statistical signal-to-

noise ratio, due to photon noise, will be 

CM JAQTNatB 
/N " /2 2 A F# ' 

where 

V3 Aj Q3 Tj Aj F# are properties of the Zernike disk and 
the incident wavefront as defined 
before, 

N is the number of photons sec_1cm~2X"1 incident on the 
telescope entrance pupil, 

a is the pupil area sampled, 

t is the sampling time, 

B is the bandwidth. 

For a Zernike disk designed for y = ir/2, 

A2 = 1 - T2. 

Therefore, 

S/N = — ^  C1" y2)  ̂ QNaiB 
/2 2\F# 

If two measurements, of different phases, are made, the percent 

change in signal will be equal to 7A(j> for small phase changes A<j>. The 

signal-to-noise (S/N) must be greater than l/fA<i>. From this, an expres-

A 

sion for the number of photons, N, required to detect a phase change 

was derived 

8X2F#2 

N = NatB = , _OnL • 
A<i>kV3QT(l<-T2)t 
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Figure 25 shows the minimum number of photons required to obtain A(|> = 

X/100 and A<j> = X/50 for various size Zernike radii, using the optimized 

parameters for an f/12, 0.4 obscuration ratio LST. 

E 
3. 
fCl 
W 
3 
"O 
<U 

in 

A<|) = X/100 

A<j> = X/50 

'o 100 200 300 400 500 

Photons (xlO4 for A<j> = X/100; xlO3 for A<j) = X/50) 

Fig. 25. Number of Photons Required to Obtain S/N 
Sufficient to Measure A<}>(X/100, X/50). 

Assuming a pupil location collecting area A = 100 cm2, a band

width of 20 nm, and an AQ type star, integration times required for 

various star magnitudes were determined. Figure 26a shows the star mag

nitude versus integration time per pupil point for A<f> = X/100 for 3-ym 

and 4-ym radii Zernike disks, and Fig. 26b shows the same for A<j> = X/50. 

These calculations were performed assuming a perfect detector. For a 

real detector with a quantum efficiency of about 0.1, the photon require

ment would have to be increased by a factor of 10 and the integration 

times would also have to be increased by a factor of 10. For reasonable 

collection times in a real LST system a disk size of 3 ym used with star 
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magnitudes of 0 or less would be required for the Zernike test to re

solve A<j> = X/100 over the full ±A/4 range. As the wavefront became more 

nearly perfect, the bandwidth could be widened and the star magnitude 

requirement and integration time requirements could be relaxed. 

Reimaged Pupil Intensity with Aberrations. Figure 27 illustrates 

the modulation effects within the reimaged pupil and the diffracted ref

erence wave intensity outside the reimaged pupil, calculated from Eqs. 

(4a) and (4b). These graphs were generated assuming the use of an opti

mized 3-ym Zernike disk, testing an //12, 0.4 obscuration ratio telescope 

under different aberration conditions. The figures graphically illus

trate the small relative change of the reference wave amplitude, for the 

3-ym disk size, as well as the excellent sensitivity of the test. 

Experimental Aspects 

The experimental program for the Zernike test was divided into 

two parts. The first was concerned with the development of a repeatable 

precise procedure for manufacturing Zernike disks with specified proper

ties. The second part of the experimental work concerned the evaluation 

of the laboratory Zernike figure sensor, into which was incorporated a 

Zernike disk manufactured accirding to the developed procedure. The 

laboratory wavefront error simulator was used to introduce the small 

aberration ranges required to test the Zernike figure sensor. Measure

ments of the changes in the reimaged pupil intensity introduced by the 

Zernike disk were made for several aberration settings. These measured 

intensity changes were then compared with the theoretical values pre

dicted by the interferometric theory of the Zernike test. 
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81 

Development of Manufacturing Procedure 

Below is a step-by-step procedure for manufacturing a Zernike 

disk. The procedure requires a clean environment typical of a solid 

state circuitry laboratory facility. 

1. Clean substrate. 

2. Coat with chromium to specified transmission. 

3. Clean substrate. 

4. Apply photoresist (Shipley AZ-1350 spun at approximately 
5000 rpm for 20 sec), 

5. Bake at 75°C for 10 min. 

6. Expose with mask in uv (for best results, use a metal coat
ing mask). 

7. Develop 45 sec in AZ-developer at 1:1 dilution. 

8. Rinse in deionized water. 

9. Bake 20 min at 120°C. 

10. Etch chromium for approximately 40 sec. 

Chromium etch batch formula: 
a. 3-gal deionized H2O. 
b. Add 7 lb eerie ammonium nitrate. 
c. Add 815 ml of 72% perchloric acid. 
d. Add deionized H2O and top to 5 gal. 

11. Etch glass (rate at 23°C: 0.46 ym/min). 

Glass etch formula: 
5 , g * 1 ^ 

J Dilute to 1/8 strength with deionized H2O. 

12. Remove photoresist (use Shipley J-100 at 80°C). 

13. Rinse in deionized H2O. 

14. Dry with N2. 

Many steps in the above process require a clean, controlled en

vironment and uncontaminated chemicals. Dust must be avoided, care must 
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be taken to avoid chemical contamination, and the temperature and humid

ity must be regulated in order to achieve repeatable results. 

Originally, an aluminum attenuation coating was used. However, 

after a metal study was done, it was determined that chromium was a bet

ter choice. Chromium can be coated more uniformly at the transmission 

values required and is more resistant to the glass etch. In addition, 

the chromium metal produces a phase retardation rather than an advance, 

which significantly reduces the required glass etch depth necessary to 

produce the phase delay o. The phase change 0 and the transmission T2 

as a function of thickness d were calculated from the complex index of 

refraction of the metal. The results appear in Fig, 28, 
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Fig, 28. Transmission, Thickness, and Phase Shift 
for Chromium Films Used in Zernike Disk 
Manufacture. 
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The required depth of erosion in the substrate was calculated 

using the equation 

,  _ 9 + d/\ + a 
n - 1 

where 

0 = phase change in waves produced by chromium 

d = thickness of the chromium film 

X = wavelength 

a = required retardation in waves 

n = index of refraction of substrate. 

As an example, for a 3-ym-radius Zernike disk at 600 nm, it was 

required (Table 3) that Tz = 7% and 0 = 0.206A. From Fig. 28 it is seen 

that 0 = -0.17A and d = 45 nm. For n = 1.516, 

,  -0.17 + 45/600 + 0.206 ~ n 01 C * cnn 
t = q - 0.215 waves at 600 nm. 

Evaluation of Zernike Figure Sensor 

The Zernike figure sensor and wavefront error simulator sketched 

in Fig. 29 and shown in Fig. 30 was used to evaluate the Zernike test. 

Aberration Zernike 
generator disk Reimaged 

pupil 

Current-to-
voltage 
amplifier 

Integrator 

Digital 
voltmeter 

POT 

Stabilized 
power supply 

Fig. 29. Sketch of Zernike Test Experimental Arrangement. 



Fig. 30. Photo of Zernike Test Experimental Arrangement 
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As a star source, a highly stabilized white light source, filtered to a 

20-nm bandwidth centered at 590 nm, was used to illuminate a 25-vim diame

ter pinhole. The star source was imaged through the aberration generator 

onto the Zernike disk. The latter was mountedvon a high precision, 

three-axis carriage. The lens following the disk reimaged the aberra

tion generator pupil at A, where a 1.8-mm aperture was used to scan the 

pupil. The energy through this aperture fell on the photomultiplier, 

creating an output signal that was amplified and automatically integrated 

over a 5-sec period. This integrated value was then displayed on a dig

ital voltmeter. The integration averaged out most vibrational effects 

and other short-term variations. 

Manufactured Zernike Disk Parameters. Following the procedure 

outlined in the section on fabrication, a Zernike disk with the follow

ing properties was produced: 

Disk radius, b = 3.4 ym 

Transmission, T2- = 7.2% 

Phase shift, a = 0.19A. 

The diameter of the disk was measured with a microscope using a 

calibrated filar eyepiece. This measurement was repeatable to approxi

mately ±0.1 ym. There was no visually detectable departure from round

ness. The transmission of the coating was measured directly in the 

experimental arrangement described in the preceding section and is accu

rate to a small fraction of a percent. The phase shift a was not 

directly measured but was calculated from the complex index of refrac

tion of chromium and from the fringe shift measurement on the eroded 

substrate sample. It is most likely that the error here is ±0.04A. 
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Generator Adjustment. In order to evaluate the Zernike test in 

the small aberration range, it was necessary to start with a system hav

ing aberrations less than A/20, This was accomplished by stopping the 

wavefront error simulator down to //16. To minimize the residual spher

ical aberration at this //number, the nominal zero aberration setting of 

the spherical generator was adjusted. 

Experimental Procedure. The purpose of the experiment was to 

investigate the sensitivity of the Zernike test and to compare the inten

sity measurements with the values predicted by the interferometric 

theory. Because it was impossible to keep the pupil free from dust and 

because the fabricated optics were not perfect, the experimental evalua

tion of sensitivity was determined by measuring the intensity change in

troduced by small aberration changes. Theoretical predictions were 

verified by comparing the measured intensity changes in the reimaged 

pupil with those changes predicted by theory. 

It was critical that the brightness of the star source remain 

constant during an experimental run. This brightness was monitored and 

found to be stable within 0.1%, which was adequate for the experiment. 

An initial measurement was performed to obtain an integrated signal 

through the sampling aperture without the Zernike disk in place. This 

value of integrated voltage Tp represented the signal produced by the 

intensity of the wavefront in the exit pupil of the system. This mea

surement was taken using a 5-sec integration time, the same as for all 

the following measurements. This value Jp represented the full-scale or 

A 
100% intensity value to which all other measurements were referred. 
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The Zernike disk was then inserted and adjusted in position and 

focus. The initial adjustments were done visually, by inspecting the 

reimaged pupil intensity profile. The fine adjustments were made photo-

electrically. The smoothed value of the measured intensity profile was 

compared with the profile predicted for a perfect system, and adjust

ments were made on the Zernike disk position until a good match between 

the measured and predicted intensities was obtained. The Zernike disk 

was then in position for data collection. 

At the nominal zero aberration setting, integrated voltage mea

surements were made at preselected pupil positions. These values repre

sented uncompensated intensity values across the pupil. During the 

course of scanning the pupil, the image would drift very slowly around 

small high-frequency vibrations. The effects of the high-frequency vi

brations were averaged out by the integration. The slow image drift 

caused undesired intensity changes associated with the tilt aberration. 

This varying tilt effect was compensated for as follows. The position 

at the edge of the reimaged pupil was used as a reference intensity 

level position for tilt aberration monitoring. The tilt aberration 

caused intensity variations that were functionally linear across the pu

pil. There was no effect at the pupil center and a maximum effect at 

the pupil edges. Thus, to compensate the measured intensity values f ,»• 

tilt changes occurring during a pupil scan, a fraction of the edge in 

tensity change was added to or subtracted from the measured intensity 

value, the fraction being linearly dependent on the pupil position. In 

order to use this procedure properly, the edge intensity was measured at 

the start of the scan and after each pupil position intensity measurement. 
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The appropriate percentage of the edge intensity change was then added 

to or subtracted from the measured intensity value. This technique 

yielded a drift-compensated set of data for the nominal zero aberration 

condition. 

Next a small aberration change was introduced. The procedure 

described above was then repeated using the same pupil positions. This 

resulted in a set of tilt-compensated data for the particular aberration 

introduced. 

Data Reduction. The compensated values of the nominally aberra

tion free measurements were then subtracted from the compensated values 

of the aberrated measurements. Ideally, these data would represent the 

intensity changes in the reimaged pupil caused by a known aberration 

change. 

Unfortunately, when an aberration was introduced, the image would 

shift slightly, introducing a tilt aberration. However, the tilt aberra

tion manifested itself as a linear variation and was easily removed from 

the data. 

After the linear term was removed, the corrected data represented 

the measured intensity changes produced by a particular known aberration 

change. The small shift in intensity of the central pupil position, 

caused by the small constant phase shift if), and the slight reduction in 

the amplitude of the reference wave, was subtracted from the data at 

each pupil position. The resulting data represented the measured inten

sity changes referred to the central pupil position. 

The general intensity equation for the Zernike test was then 

used to calculate the theoretical percent intensity changes referred to 
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the central pupil position for the types, orientations, and magnitudes 

of the introduced aberration changes. The measured Zernike disk param

eters of £>, T, and a indicated under "Manufactured Zernike Disk Parame

ters," page 85, were used in these calculations. The measured and 

theoretical values of the intensity changes were then plotted versus 

pupil position (Figs. 31 through 34). 
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•1 .0  - .8  - .6  -.k -.2 0 .2 .k .6  .8  1 .0  

Normalized pupil coordinate 

Fig. 31. Reimaged Pupil Intensity Change vs Normalized Pupil Coordi
nate for Spherical Aberration. 

Wi+o = 0.0455X. Predicted OPD is 0.0176X at position .8. 
Zernike disk parameters: F/number = 16, X = 590 nm, b = 
3.4 ym, T2 =• 7.2%, a = 0.19X. 
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32. Reimaged Pupil Intensity Change vs Normalized Pupil Coordi
nate for Coma. 

f/31 = 0.0446A at 0 = 0°. Predicted OPD is 0.023A at posi
tion .8. Zernike disk parameters same as for Fig. 31. 
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Fig. 33. Reimaged Pupil Intensity Change vs Normalized Pupil Coordi
nate for Defocus. 

W20 = 0.08X. Predicted 0PD is 0.051A at position .8. Zer-
nike disk parameters same as for Fig. 31; note change in 
scale of ordinate axis. 
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Fig. 34. Reimaged Pupil Intensity Change vs Normalized Pupil Coordi
nate for Astigmatism. 

W22 = 0.102X at orientation 0 = 33°. Predicted OPD at po
sition .8 is 0.043X. Zernike disk parameters same as for 
Fig. 31; note change in scale of ordinate axis. 
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Discussion of Results. The graphs show remarkable agreement 

between the theoretical predictions and the measured values. The per

centages on the ordinate scale can easily be converted to an equivalent 

wavefront error by referring to the description of the aberration and 

the quantitative value of the coefficient listed below each graph. Each 

point of the measured data was compared to each point of the predicted 

values, and the intensity difference was converted into wavefront mea

surement errors. It was found that the total rms wavefront error for 

all of the measured data was approximately 0.003A. The worst data 

points, position .6 in the defocus situation (Fig. 33) and positions -.8 

and .6 for astigmatism (Fig. 34), were in error by no more than 0.008A. 

The known sources of experimental error were those associated 

with the aberration generator calibration, the intensity fluctuation of 

the source, and the movement of the star image on the Zernike disk be

tween the reference measurement and the data point measurement. Because 

the wavefront error simulator was stopped down to an f/16 system in the 

Zernike test, the coma coefficient V31 at position .8 would be uncertain 

to ±A/900, the astigmatism W22 by ±A/700, the defocus by ±A/350, and 

the spherical aberration by ±A/225. The uncertainties in the aber

ration coefficient values result in small functional systematic errors 

for the predicted data values. 

The source of error associated with the lamp stability was for 

the most part random with an equivalent wavefront error of ±0.002A at 

each data point. The uncompensated random tilt error associated with 

image drift varied from point to point because of the linear dependence 

of the associated tilt aberration on aperture position. The 
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uncompensated tilt error also varied with the conditions of laboratory 

atmosphere. For the edge point .8, it was at worst ±0.003X and at best 

±0.001A. This error would be scaled linearly downward for points closer 

to the pupil center. 

Two other sources of systematic error result from Zernike disk 

parameter uncertainties. One is the uncertainty in phase introduced by 

the chromium. (The phase shift used was inferred from ellipsometric 

data taken on a different sample.) An error in the phase would affect 

the operating point position, and this could introduce a systematic er

ror that would change the shape of the intensity change curve. Another 

source of systematic error arises from a departure from flatness of the 

bottom of the Zernike disk. The errors in these parameters were not de

termined; however, they must have been small, considering the quality of 

the match between the predicted and measured data values. 

Taking into consideration the foregoing discussion, it is rea

sonable to conclude that the experimental data generally agree with the 

theoretical values within an error of A/200. 



CHAPTER 5 

SUMMARY AND RECOMMENDATIONS 

Wavefront Error Simulator 

A wavefront error simulator was designed and manufactured. This 

device incorporated features for simulating various stellar magnitudes, 

wavelength ranges, and aberration conditions. The most critical part of 

the simulator design was that of the aberration generator. This compo

nent was designed, fabricated, and calibrated so that incremental changes 

of less than A/100 could be introduced for low-order aberrations. The 

low-order aberrations represented the types of wavefront error expected 

in the operational LST. The wavefront error simulator was used in the 

experimental evaluation of the dynamic Hartmann test and the Zernike 

test. Since low-order aberrations are more difficult to measure than 

high-order aberrations, the test sensitivities quoted below are in gen

eral likely to be conservative. 

Dynamic Hartmann Test 

The most important consideration for the dynamic Hartmann test 

was the method chosen for determining the slope of the sampled bundle of 

rays from the telescope exit pupil. It was decided that the best ap

proach was to nutate the diffraction pattern formed by the sampled ray 

bundle about a small collecting aperture. If the diffraction pattern 

nutation was not perfectly centered on the collecting aperture, an a.c. 

error signal indicated a ray bundle slope error. It was found that, 

94 
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under laboratory conditions, the highest sensitivity for slope error 

detection was obtained when the collecting aperture was approximately 

the same size as the diffraction pattern of the sampled bundle. Slope 

determination was ultimately limited by the prevailing laboratory condi

tions. The random error associated with the slope measurement was ap

proximately 0.2 arc sec rms. The wavefront error simulator was used to 

introduce known aberration changes so that the wavefront error measuring 

capability of the dynamic Hartmann test could be determined. It was 

found that low-order aberrations could be measured to accuracies of X/50 

to X/100. This degree of accuracy contrasts with the common misconcep

tion that the Hartmann test is a relatively coarse geometrical method. 

It is recommended that, as a worthwhile continuation, the dy

namic Hartmann test be constructed using a star tracker tube, with a de

flection coil readout capability such as described in Chapter 1. Spec

ifications for the tube and coil stability can easily be obtained from 

the parametric and statistical studies presented in Chapter 3, It would 

be worthwhile to incorporate a reference position monitoring mechanism, 

with differential detection. In this way, slow drift effects and common 

vibrational effects such as discussed in the experimental evaluation in 

Chapter 3 could be eliminated. 

Zernike Test 

A general theory of the Zernike test was developed. It included 

a procedure for specifying Zernike disk parameters such as phase, trans

mission, and disk size, so that the disk parameter choice was optimal 

for the particular experimental situation. A technique for manufacturing 
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optimized Zernike disks was developed. One of these disks was incorpo

rated into a laboratory Zernike figure sensor that was then used to mea

sure the aberration changes introduced by the wavefront error simulator. 

It was found that the aberration changes oculd be measured to better 

than X/100 for all tow-order aberrations. The major causes of experi

mental error were source intensity fluctuations and image drift. 

One of the major disadvantages of the Zernike test was that the 

aberration was not measured directly, but in terms of an intensity change 

from a nominal zero aberration intensity level. It may be possible to 

eliminate this problem by using the Zernike disk principle in the form 

of a polarization interferometer, where the aberration would manifest 

itself as a change of linear polarization state in the reimaged pupil. 

One method of implementing this principle is illustrated in Fig. 35. 

1 
T Pupi 

Polarizer A 

. pfG-J| 
0 

C Quarter 
wave plate f 

Fig. 35. Arrangement for Zernike Polarization Test. 
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Conceptually, as the light from the system exit pupil converges 

toward focus, it first passes through a polarizer and then enters the 

prism A through a concentric surface without introducing spherical aber

rations. At the polarizing beamsplitting surface I, the beam is split 

into two orthogonal linear polarizations. One of these beams comes to a 

focus in the vicinity of pinhole B and passes through. The pinhole is 

small enough to transmit only the central part of the Airy disk. The 

light getting through the pinhole forms a linearly polarized, nearly per

fect reference wave. The light focused at B' is unaltered and thus con

tains the aberration information in a linear polarized state orthogonal 

to the first. The two beams continue to diverge, and the test beam is 

transmitted through the second polarizing beamsplitter while the refer

ence beam is totally reflected. Lens C collimates these waves and re-

images the system exit pupil at D. Between lens C and plane D the waves 

pass through a quarterwave plate oriented at 45° to the polarization di

rections of the waves. The waves thus emerge through the quarterwave 

plate in orthogonally circularly polarized states. If the amplitudes of 

the two waves are equalized by rotating the input polarizer P, the oppo

sitely circularly polarized states combine to yield a linear polarized 

state at the reimaged exit pupil at plane D. The polarization direction 

at each point in the reimaged exit pupil is directly proportional to the 

phase error in the test wave at that point. 

There are many methods that can be used to read out the polari

zation direction. Two of these (Golden, Shack, and Slater, 1974) indi

cate that the phase could be measured directly to better than X/200. 
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The critical item for manufacture is the monolithic polarizing 

prism A. It would be required that the total optical path traveled by 

the reference wave be equal, to within the coherence length of the light 

used, to that traveled by the test wave. 

Concluding Statement 

A surprising and important result obtained in the research was 

the discovery that the dynamic Hartmann test is remarkably sensitive. 

Although it was originally considered to be suitable only for measuring 

aberrations in the range of many waves down to about a tenth of a wave, 

the results of the research indicate that the dynamic Hartmann test has 

sensitivities approaching X/100, and at this point the laboratory envi

ronment limited the sensitivity attainable. Thus, it may be possible to 

use the dynamic Hartmann test to measure large aberrations as well as 

small ones with sensitivities approaching that of the Zernike test. 



APPENDIX I 

ABERRATION GENERATOR 

The following is a quantitative discussion of the fabricated 

aberration generator design. The Buchdahl coefficients for the 

optics were calculated from the measured parameters of the fabricated 

optics illustrated in Fig. 3. The coefficients were used to generate 

OPD expressions for each component. These OPD expressions were incorpo

rated into an over-all wavefront error simulator OPD expression, which 

is written in terms of the component parameters, and micrometer and dial 

indicator readout devices used in the wavefront error simulator system. 

Following this is a brief description of the mechanical fixtures, and 

concluding is a summary of the calibration and systematic errors associ

ated with the generator. 

Aberration Generator Optical Path Differences 

Coma 

The air-spaced doublet was ray traced at a field angle of 1.5°, 

and the important coefficients appear in Table 5, 

Table 5. Design Coefficients for Doublet (Field Angle 1.5°). 

X (nm) SA3 (mm) SA5 (mm) SA7 (mm) CMA3 (mm) CMA5 (mm) AST3 (mm) 

546.1 -1.8455-3 +1.7072-3 +1.8632-4 -2.2392-3 -1.7332-5 -8.9532-4 

590.0 -2.2302-3 -8.9392-4 

632.8 -2.5792-3 +1.6632-3 +1.8702-4 -2.2202-3 -2.4512-5 -9.9252-4 

99 



100 

Since higher order aberration contributions were small, the op

tical path difference (OPD) changes, introduced by the doublet, were 

computed using 

0PDdoublet = CMA3 r3coS(}>I/ - % AST3 (cos2<j>+l)r2i/2, 

where v  is the fractional pupil height, is the angle measured from a 

direction perpendicular to the tilt axis, and U is the fractional tilt 

angle. As mentioned before, for OPD < A/4, the astigmatism contribu

tion was less than A/100. 

Astigmatism 

The two plane-parallel plates were ray traced at an angle of 15° 

in an f/6 convergent beam. Since two counter-tipped plates were used, 

the third-order coma canceled and the third-order astigmatism dominated, 

with higher-order aberrations inconsequential. A summary of the 

third- and fifth-order coefficients for the two counter-tipped plates 

appears in Table 6. The OPD due to astigmatism was calculated from 

0PDastigmatism = -% AST3 (cos2«j>+l)r%2. 

Table 6. Design Coefficients for Astigmatism 
Generator (Plate Tilt 15°). 

A (nm) SA3 (mm) SA5 (mm) AST3 (mm) AST5 (mm) 

546.1 +4.6812-4 -1.5042-6 +4.8372-3 -1.6062-6 

590.0 +4.8362-3 

632.8 +4.6782-4 -1.4982-6 +4.8342-3 -1.5992-6 
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Spherical Aberration, BFP, and GEFL 

The position of the meniscus element relative to the doublet de

termined the amount of spherical aberration in the system. This aberra

tion contribution is, strictly speaking, very complex, as third-, fifth-, 

seventh-, and higher-order spherical aberration coefficients are used to 

determine the OPD in the pupil. However, from comparisons of exact ray 

trace OPD to that of OPD calculated by using only third-, fifth-, and 

seventh-order coefficients, the computational error was always less than 

5% or 7%. The smaller percentage refers to meniscus position changes 

made to introduce small aberration changes (approximately X/2). The OPD 

for spherical aberration was calculated from 

0PDspherical " SÂ h " J.?<*** -

As the meniscus was repositioned, the back focal position (BFP) and the 

aberration generator effective focal length (GEFL) also changed. The 

change in BFP could be compensated for in the relay optics. The change 

in GEFL resulted in an //number change that could be compensated for by 

stopping down the pupil. Figure 36 illustrates the BFP as a function of 

meniscus position, and Fig. 37 shows the GEFL as a function of meniscus 

position. Figure 38, 39, and 40 show the variation of third-, fifth-, 

and seventh-order spherical aberration with meniscus position for two 

wavelengths. 
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Fig. 36. Back Focal Position (BFP) as a Function of 
Meniscus Position. 
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Fig. 37. Aberration Generator Effective Focal Length 
(GEFL) as a Function of Meniscus Position. 
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Fig. 38. Third-Order Spherical Aberration as 
a Function of Meniscus Position. 
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Fig. 39. Fifth-Order Spherical Aberration as 
a Function of Meniscus Position. 
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Fig. 40. Seventh-Order Spherical Aberration as 
a Function of Meniscus Position. 

The graphical coefficients were obtained by ray tracing at vari

ous positions of the meniscus. In order to obtain analytical expressions 

for SA3, SA5, SA7, BFP, and GEFL, each of the curves was fitted to a 

polynomial expression (at 590 nm), resulting in the following equations: 

SA3 = (2.4683572 x It)-7)#3 - (5. 4403322 x 10" 5)*2 

+ (3.9624001 x10"3)# - 0.092684628 

SA5 = (5.4406814 x 10"8)x3 - (1.0583634 x 10"5)a;2 

+ (7.0274608 xl0"4)a? - 0.014209098 

SA7 = (7.9180215 x 10-9)a;3 - (1.4642964 x 10"6)a?2 

+ (9.3790299 x 10"5)a; - 1.9275608 x10"3 
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BFP = -(3.9558132 x 10~5)a;3 - (8.0375794 x 10_tf)a:2 

+ 0.30452283a; + 108.12638 

GEFL = (3.8922327 x 10"5)x3 + (3.9824714 x 10_It)£C2 

+ 0.65624124a: + 118.61591. 

The parameter x  is the spacing, in millimeters, between the plane-parallel 

plates and the meniscus element. It is found by adding to the reading 

on the dial indicator a constant C. This constant was determined exper

imentally in the calibration of the generator so as to compensate for 

residual manufacturing errors (see p. 113). In using the full generator 

aperture, as was done in the Hartmann test, the nominal calibration ref

erence was 46.2 mm. For the Zernike test the generator had to be stopped 

down, and the new calibration reference was 49.2 mm. These corresponded 

to C values of 36.2 and 39.2, respectively. 

General Expression for Total Wavefront Error Simulator OPD 

Using the equations and the expressions for OPD contribution of 

the various components of the aberration generator, an over-all expres

sion for OPD introduced by the total wavefront error simulator can be 

written: 

OP^total = O^Dpinhole + OP^doublet + ®^plates 

+ 0PDmen£scus + 0PDreiay. 

The optical path difference for the total wavefront, 0PDtotâ , was equal 

to the sum of the OPD's of the individual components of the system. 

The optical path difference contributed by lateral shifts in the 

pinhole position 0PDpinhole had the effect of tilting the wavefront. 
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This is expressed as 

OPDpinhoJe = " (^/GEFL)grcos (<J>-oO = -(12,7/GEFL) gr cos (<|>-oO . 

The parameter h is the radius of the entrance pupil, GEFL is the focal 

length of the aberration generator, 3 is the lateral distance the pin

hole is located from the axial position, r is the lateral distance from 

the optical axis as a fraction of the reimaged pupil radius for the 

point on the wavefront being evaluated, <j> is the angular position of the 

point on the wavefront as measured from the vertical y axis, and a is 

the angular position of the pinhole as measured from the vertical y axis. 

The values of g and a are determined by the readings of the micrometers 

that position the pinhole x-y movement stage. They are 

+ y 2  _ /(AX-AXOjZ + (AY-AYOU 

CLEFL CLEFL 

X AX-AXO 
a = arctan y = arctan AY„AY0 • 

The parameter CLEFL is the focal length of the 1219.2-nm collimating 

lens, AX and AY are the readings on the micrometers for the X and Y axes, 

respectively, and AXO and AYO are the positions of the micrometers when 

the pinhole is located on the optical axis. The values of r and <(> are 

determined by the readings of the micrometers on the x-y stage position

ing the sampling aperture. The measurements made for r are divided by 

the radius hf of the pupil in the plane of the sampling aperture: 

CSEFL) (R1EFL) 
(GEFL)(R2EFL) 



The parameter SEFL is the focal length of the sampling lens,1 R1EEL and 

R2EFL are the focal lengths of the first (40.0 mm) and second (80.0 mm) 

relay lenses, respectively, and GEFL is the focal length of the aberra

tion generator as determined above. Then 

*  =  p- /a?2 +  y 2  =  p- ̂  (PX-PXO)2 + (PY-PYO)2 

. a; . PX-PXO 
<J> = arctan - = arctan pY_pY0 , 

where PX and PY are the readings of the micrometers positioning the 

sampling aperture and PXO and PYO are the readings when the sampling ap

erture is centered on the optical axis. 

The optical path difference contributed by the tilt of the doub

let OPD^oubiet is expressed by 

0PDdoublet = (CMA3) r 3 U  c o s O  = -%(CMA3)r3 (t/^cosifi + Uysin<|>) 

= -%(CMA3)r3 Q Q4Q [ (GXO-GX)coS(j) + (GY-GYO) sin<{>] , 

where CMA3 is the amount of coma introduced by tilting the doublet 1.5°, 

V is the angle of tilt from the optical axis as a fraction of the maxi

mum angle of 1.5°, and 0 is the angular position of the point being 

sampled on the wavefront as it relates to the direction in which the 

coma is being introduced. The quantities Ux and Uy are the x- and y-axis 

components of the angle of the doublet and are measured by GX and GY as 

the readings on the micrometers of the orientation device. GXO and GYO 

1. This lens recollimates the light from the second relay lens 
as in Fig. 3 (p. 12). SEFL = 220.3 mm for the dynamic Hartmann test; 
SEFL = 160.25 mm for the Zernike test. 
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are the micrometer readings when there is no tilt in the doublet. The 

0.040 factor is the micrometer movement for a tilt of 1,5°, the angle 

for which CMA3 was determined. 

The optical path difference contributed by the tilting and ro

tating of the plane-parallel plates, OPDpiates* exPresse(* by 

OPDpiates = -^(AST3)u)2z»2cos20' 

= -^(AST3) [ 2 (BZ-BZO) ] 2 r2cos2[<{. - (RZ-RZO)], 

where AST3 is the amount of astigmatism introduced when the plates are 

tilted at an angle of 15° from their position of normal to the optical 

axis, to is the fraction of the 15° that they are actually tilted, and 0' 

is the angular position of the point being sampled on the wavefront as 

it relates to the direction in which the astigmatism is being introduced 

and is equal to the difference between cp and the angle from the vertical 

y axis the plates are rotated. The quantity BZ is the reading on the 

tilt dial indicator showing the tilt, and BZO is the reading when the 

plates are both perpendicular to the optical axis. The difference is 

multiplied by 2 because each unit division on the dial indicator is 

equal to 2°, and divided by 15° to represent the angle as a fraction of 

the angle for which AST3 was determined. The quantity RZ is the angle 

reading on the rotation indicator, and RZ0 is the angle reading when the 

plates tilt so as to introduce sagittal astigmatism in the direction of 

the y axis. 

The optical path difference contributed by the longitudinal 

movement of the meniscus lens, OPDjneniscus, is represented by 
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0PDmeniscus " " ^ ̂  " I (SA3>r* " h <SA5>6 " h (SA7)rS 

= - ^{GEFQ2 (BFP-BFP°)2'2 - I CSA3)r4 

- jL (SA5)r* - -L (SA7)r8, 

where S3 is the change in focal position from the paraxial position with 

change of the meniscus lens location and Q is the focal length of the 

aberration generator. The quantity BFP is the back focal position of 

the star image, and BFPO is the back focal position for minimum spheri

cal aberration. The quantities SA3, SA5, SA7, GEFL, and BFP were de

fined in detail above. 

The optical path difference contributed by the movement of the 

first relay lens OPDrê ay is expressed by 

°PDrelay - (PZO-DZJr*. 

where 6% is the movement of the first relay lens. DZ is the reading of 

the dial gauge for the position the relay lens is at, and DZO is the 

lens position when its focal point coincides with the focal point of the 

aberration generator with the meniscus lens positioned to give minimum 

spherical aberration. 

Mechanical Components 

The air-spaced doublet in the aberration generator was mounted in 

a cell threaded into a Lansing Research Model 10,203 angular orientation 

devide with linear micrometer adjustments. Each 0.0001-in. division of 

linear motion of the micrometers corresponded to a 13.5-arc sec rotation 
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of the lens. The cell was located so that the rear nodal point of the 

lens coincided with the intersection of the gimbal tilt axes. The direc

tion and amount of coma introduced was calculated from the angle at which 

the doublet was tilted from the system optical axis. 

The two plane-parallel plates were mounted in metal plates on 

individual axes parallel to one another. The plates were geared to

gether so that a tilt of one plate caused an equal and opposite tilt of 

the other. One plate was geared to a dial indicator. One division on 

the dial was equivalent to a 2.4-min tilt of each plate. This whole as

sembly was bearing-mounted so that it could rotate about the system op

tical axis. The bearing rotation was gear controlled. Those gears also 

operated a digit counter where a one-digit change corresponded to 1° of 

rotation about the optical axis. The amount of astigmatism was computed 

from the angle difference between the two plates, and the direction was 

determined by the rotation of the assembly. 

The thick meniscus lens was mounted in a cell that was attached 

to a micrometer slide. Initially the lens was positioned so as to give 

minimum spherical aberration for the system. The lens could then be 

moved toward or away from the air-spaced doublet and parallel plates to 

put various amounts of positive or negative spherical aberration into 

the system. The travel of the lens was measured with a dial gauge hav

ing a 25-mm travel and reading to 0.01 mm. The amount of spherical ab

erration was calculated from the distance between the adjusted position 

of the meniscus lens and its nominal position when the system had mini

mum spherical aberration. 
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The two cemented doublets for the relay optics were mounted in 

individual cells. The cell for the first lens was mounted on a microm

eter slide and was positioned so that its focal point coincided with the 

image formed by the aberration generator. As the image point moved along 

the optical axis when the meniscus lens was moved, the first relay lens 

could be moved on its micrometer slide so as to keep its focal point and 

the image in coincidence. This kept the beam coming from this lens col-

limated. The collimated beam was then brought to a focus by the second 

lens, an //12 telescope objective. A photograph of the complete assem

bly appears in Fig. 41. 

Aberration Generator Systematic Error and Calibration 

All radii, indices of refraction, thicknesses, and focal lengths 

of the various elements in the generator were either measured or known, 

so the calculated coefficients for aberrations prediction did not vary 

from nominal values sufficiently to affect calculated OPD by more than 

2% to 3%. 

There were two other major sources of systematic error. First 

were errors associated with the calibration error of the nominal zero 

position setting of the meniscus element. In addition there were errors 

associated with micrometer adjustments for the various components. 

Meniscus Position Calibration and Associated Systematic Errors 

Following is a description of the procedure used to determine 

the nominal zero position of the meniscus element. 

After all components of the generator were aligned, a visual in

spection of the star image was made and the meniscus element was set so 



Fig. 41. Aberration Generator and Relay System. 
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as to compensate for residual spherical aberration in the doublet, par

allel plates, and surface fabrication irregularities. The actual numer

ical value of the zero aberration meniscus reference position had to be 

determined. This was necessary in order to use the nonlinear analytical 

expressions for spherical aberration and image shift (BFP) to calculate 

the OPD for a change in meniscus position. This was accomplished by us

ing procedures for data collection associated with the Hartmann test 

(Chapter 3). 

First the meniscus element was moved forward and backward 2 mm 

from the nominal zero setting. Ray deviations were measured using the 

dynamic Hartmann test at pupil locations near the optical axis. From 

these measurements, defocus calculations were performed to determine the 

change in BFP for the forward 2-mm movement and backward 2-mm movement. 

By comparison of the changes in BFP, using Fig. 36, it was concluded 

that the nominal zero setting of the meniscus was in the vicinity of 46 

mm. To determine a more precise figure, the meniscus element was dis

placed 1 mm from the nominal zero setting, and several ray displacement 

measurements were made at position 9 in the pupil (Chapter 3). These 

ray displacement values were then compared to values predicted for a 

1-mm movement using the design parameters of the generator. This was 

done using different values of the nominal zero position in the vicinity 

of 46 mm. The measured displacements agreed most closely with the pre

dicted displacement? ;ur a nominal zero value of 46.2 mm. 

Since the variations of the measured ray displacement values 

were within a ±1 pm range, the nominal zero position could be specified 

as 46.2 mm ± 0.1 mm, at worst. For a 1-mm movement of the meniscus, 
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this uncertainty corresponds to a ±A/130 uncertainty in the predicted 

value at full aperture (.f/6) and ±A/200 at position 9. 

Systematic Errors Associated with Micrometer Adjustments 
in the Generator 

The tilt micrometer could be adjusted to ±0.0001 in. This cor

responds to a systematic error of ±A/200 at the full f/6 aperture for 

tilt aberration. 

The astigmatism dial adjustment could be set to ±0.01 division = 

±0.02°. Since astigmatism varied quadratically as a function of plate 

tilt, the systematic error would vary linearly with the amount. Thus 

the systematic error was iOPD^^^gmatism/^S at the full f/6 aperture, 

where OPDastjLgmatism was amount of astigmatism in waves. For a 1/10 

wave of astigmatism, the systematic error would be ±A/250 at the full 

aperture. 

The relay lens could be positioned to ±0.00005 in. The associ

ated systematic error for defocus was ±A/130 at the full f/6 aperture. 

Relationship Between Buchdahl Coefficients 
and the W Coefficients 

The design work for the aberration generator was done using the 

ACCOS IV lens design program. The program was used to analyze the de

sign in terms of Buchdahl coefficients. In this appendix the discussion 

of the design and the OPD derivation were presented in terms of the 

Buchdahl coefficients. However, much of the work done in other chapters 

was presented in terms of W coefficients. The relationship between the 

Buchdahl coefficients and the W coefficients used here is presented in 

Table 7. 



Table 7. Relationship Between Buchdahl Coefficients and W 
Coefficients Used in This Paper. 

Buchdahl coefficient W coefficient 

| SA3 Wk0 

J2 SA5 ^60 

SA7 W Q 0  

j CMA3 l/31 

| AST3 W22 



APPENDIX II 

ANALYTICAL EXPRESSIONS FOR ZERNIKE TEST 

This appendix includes some of the results of the derivations 

discussed in Chapter 4 for (1) the amplitude distribution, U, in plane B 

of Fig. 16, and (2) the functional form, X(p,0), of the reference wave 

distribution in plane C of Fig. 16. In the following, K = 2-rr/X. 

Amplitude Distribution, U  

Defocus: 

U 2 0  = n(iJ3/2o)[AlfrO - \ A200 - e4(Ai(ey) - \ A2Cey))] 

- f ̂202 [Al(y) - A2(y) + | A3(y) 

- elt(A1Cey) - A2(ey) + j A3(ey))J 

Third-Order Spherical Aberration: 

U h 0  =  l l & K W u o )  [A i (y )  -  A 2 ( y )  +  JA3(d) 

- e6 ( (ey) - A2(ey) + j A3(ey))J 

- j K2WHQ2 [a^iO - 2A2(y) + j A3(y) - A^O) 

+ |-A5(y) - .e^^AxCey) - 2A2(ey) 

+ J A3(ey) - Ai+(ey) + A5(ey))J 

116 
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Tilt: 

Z/n = nCiJO/nJCiw cos0') ( | A2(y) - I £%(«;)) 

- f ̂ n2{|(Ai(y) - I A2(y)) 

+ j^A^y) - A2(y)) cos20' 

" 6:4 \_1 ( A l f e y ^  "  I  A 2 (e t0 )  

+ -J(AI (ey) - A2(ey)) cos20'J | 

Astigmatism: 

U Z 2  = nC^^lKA^y) - jA2(y)) +|(A1(y) - A2(y))cos20' 

- e4 ^(AxCey) - j A2(ey)) 

+ ^-(AxCey) - A2(ey))cos20'J j 

K2W222 {A3(y) - 3A2(y) + 3Ax(y) + cos20' 

• (2A3(y) - 6A2(y) + 4Ax(y)) 

+ cos40'( 2A3(v) - 3A2(y) + Aj(y)^ 

'jA3(ey) - 3A2(ey) +3Ai(ey) + cos20' 

JL 
16 

e 6 l  

(2A3(ey) - 6A2(ey) + 4Ai(£y)^ 
(continued) 
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Coma: 

+ cos40 '(2A3(ey) - 3A2(ey) + Ai(ey))J| 

U 3 l  =  T l ( i K W 3 1 ) ( i v  cose') [£ A2(y) - ± A3(y) 

" e6(jA2(ey) - ~A3(ey))J 

"  J  ̂ 3 l 2 { A i (Y) -  § A 2 ( U)  +  A 3  (y) -

+ cos(29') (Ai(y) - 2A2(y) + | A3(y)) 

- e8 ̂ (AiCey) -1- ̂ (ey) + A3(£y) - ) 

+ cos(20')(A1(ey) - 2A2(ey) + A3(ey))J j-

Interaction Terms: 

^interaction ~ -ttK2W2oWito £aj (y) - ^ A2(y) + A3 (y) - ^ A^(y) 

- e8 (ax (ey) -| A? (ey) +A3(£y) -^(ey))] 

- niz2y J/n^o cose' [i A2(y) - A3(y) 

- e6(jA2(ey) - — A3(ey))J 

no T A3(y) 
- JK 2(W 31W U + |_Al ( y )  - A2(y) + ~— 

C20')(AxCy) - | A2(y) + + cos 

- E6̂ A1(ey) - A2(ey) + 

(continued) 
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+ COS I ; ( 20 ' )  ( a jCEW)  -  |  A 2 ( ey )  +  

MK2V cose'(Wu^o +^20^31) A3(y) - A|f̂  
4 6 24 

G / A . R̂ ,\ /  A 2 ( ey )  A 3 ( ey )  A i * (ey )  \~ |  

V 4 " 6 24 /J 

- COS0' „,0»31[I^I . A'W . A=T"' 
4 8 40 

- e 
in/A2(eu) A3(£y) A ^C EU) A5(ey)Y] 

V 4 " 4 8 " 40 /J 

- Yjr iK2 WIIW 22 | cose '(-yA3(y) + 3yA2(y)) 

+ cos30'(yA2(y) -yA3(y)) 

- e6 £cos0'(-vA.3(ey) + 3yA2(ey)) 

+ cos30 '(yA2(ey) -tfA3(ey))J| 

- i in2 w31w22 | 3A2(y) - 2A3(y) + cose' y| A4(y) 

+ cos(3e') y^A2(y) - j A3 (y) + j A4(y)) 

J^cos0' y (3A2(ey) - 2A3(ey) + j Ai^ey)^ 

;  ( 30  ' ) y  ̂ A 2 ( ey )  -  -^A 3 ( ey )  +  jA i t (ey ) )J |  

- E8 

+ COS I 
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Functional Form of Reference Wave Distribution 

„  0 , 9 .  i  J \ ( w b )  b 2 q 2  ( 2 J 2 ( w b )  J 3 ( w b ) \  
^aberration(P > 9) - 2 n  b  % K  W 2 0  j 2wb U" ( u2&2 t i b  ) 

h \ j x ( w b )  b 2 e 2 q 2  ( 2 J 2 ( w b )  J 3 ( w b )  \ ]  |  

e  I  2 w b  '  12 \ w2£2 " w b  /J j 

9, 9„9 t r 9 i e7i(w2>) b 2 q 2  ( 2 J 2  ( w b )  J 3 ( w b ) \  
- i\2b2K2 w20

2 j ir\r^m w b — )  

- e6 J  i  ( w b )  £ 2 eV  /  2  J  2  ( w b  ) J3 (tab) \"1 j 

j_ 3w£> 16 \ w2£>2 w b  /J j 

o ? T . ? - r ,  r ,  1  b 2 q 2  ( 2 J 2 ( w b )  J 3 ( w b ) \  
* 2v2bHK Wk0 j jg- j 

K  ["^(tab) b 2 z 2 q 2  / 2 J 2 ( w b )  J  3 ( w b) \~| j 

"  e  | _ ~ 1 2  V  i ) 2 £ 2  J S  y j [  

- I 1,1 C"'>) -ir & Jf j 5u2? 24  ̂ W2&2 / 

p i C M f e )  b 2 e 2 q 2  / 2 J 2 ( w b )  « r 3 ( w b ) \ l (  

|_ Stab 24 \ Wz£>z wZ? /J [ -  e i o  

I  b 3 J 9 ( w b )  b 5 q 2  ( 2 J 3 ( w b )  J 9 ( w b )  \  
+ 2*2 qri* cose J/n j Awb + ~48~" ("1J2P J3F~) 

, £5eV / 2J3 ( w b )  J 2 ( w b )  \ M  e 4iob + 48 \ w z b z  ~  w b  /Jj 

ir2 „ 9 I «7i(w&) b 2 q 2  ( 2 J 2 ( w b )  J $ ( w b ) \  
-  7  i2x2  Wn2  j  Tr(-ZZ£Z wB /  

b 2 q 2  J * ( w b )  
• cos (26) -2^--V-

(continued) 
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_ h \ j l ( w b )  b 2 e 2 q 2  ( 2 J z { w b )  J 3 ( w b )  \  
e  | _  w b  1 2  \  w ^ b 2  w b  )  

b 2 e 2 q 2  e 7 3 C w b ) ~ \  )  
+  c o s<2 0> -IT-^W 

.  „  *  . T ,  „  r ,  \  b 3 J z ( w b )  b 5 q 2  ( 2 J 3 ( w b )  J Z ( w b ) \  
* 2* <?*K C0S6 "3! j 6ab * ) 

6 fi>v2(rf>) i=eV { W s W )  J 2 ( w b )  0 j 
e [_ 6w£> 64 \ w 2 b 2  w b  /J | 

*2 *,2y2 r; 2 j J1 W bV /^2 W J3 (wb) \ 
2 31 ( " 20 \~~w2F2 w b  )  

,  f r 2 # 2  J 3 ( w b ~ )  
+ cosC2f» -45- -V-

„  r  J ,  ( M i > )  i 2
e y  / 2 J z { w b )  J 3  ( w b )  \ 

e  4 w 2 ?  2 0  \  w 2 b 2  w b  J  

b 2 e 2 q 2  J 3 ( w b )  ~ |  /  
• cos (20) 

*  2  j v  a i ^ J ^ w b )  b \ 2  ( 2 J 2 ( w b )  J 3 ( w b )  \  
+ IT 1sK W22 | 2wb ~ 12 ^ w2b2 ~ wb ) 

r  b h q 2  J 3 ( w b )  
+ cos (20) 

e4 
T W  f c ^ e 2 ? 2  ( 2 J 2 ( w b )  J 3  ( w b )  \  

[ _  2 w &  ~  1 2  \  W 2 b 2  w b  )  

b ^ z 2 q 2  J 3 ( w b ) ~ \ )  

+  c o s ^  i r -^ 1  J}  

(continued) 
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3 t t 2  „  9  |  b ^ i w b )  b * * q 2  ( 2 J 2 ( w b )  J 3 ( w b ) \  

~ ~ 8 ~  W 2 2  j  3 w b  I 6 ~ V ~ ^ P  ^ ~ )  

+ cos (20) C0SUBJ 24 wfc 

6 Tb 2 J i ( w b }  b h z 2 q 2  1 2 J 2 ( w b )  J 2  j w b )  \ 
e [_ 3wb 16 \ w2b2 w£> / 

, ^ b ^ e 2 q 2  J ^ i w b )  ~ ]  }  
+ cos (20) J 

plus cross terms. 
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