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ABSTRACT 

A multiple integral variational problem for n unknown func

tions of m independent variables is considered relative to Dirichlet 

boundary conditions. An extremal, i.e., a solution of the Euler-Lagrange 

system of partial differential equations, is supposed to be given. It 

is known that sufficient conditions in order that the extremal be a solu

tion of the variational problem can be formulated in terms of a geodesic 

field which imbeds the extremal. 

The principal objective of this dissertation is the construction 

of geodesic fields in which the given extremal is globally imbedded. Two 

such constructions are carried out. In the first instance, it is shown 

how the extremal can be globally imbedded in a geodesic field in the 

sense of Carath£odory. Then by means of a similar construction, the ex

tremal is imbedded in a so-called r-geodesic field. As the integer r 

ranges from 1 to m, one obtains a hierarchy of m theories due to 

Rund, including the theories of Weyl and Carathdodory respectively for 

r =• 1 and r = m.' The canonical formalism of Rund is employed 

throughout. 

Extended geodesic fields were defined by KlOtzler and Schmidt 

within the framework of the theory of Weyl. Here, extended geodesic 

fields are examined relative to the theory of Carath€odory. Analogues 

of theorems of Schmidt are proved. In particular, a sufficient con

dition in order that a given extremal be a solution of the variational 

vi 
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problem is obtained in terms of the smallest eigenvalue of a relatively 

simple eigenvalue problem. 

The first two chapters contain, in addition to preparatory 

material, the following miscellaneous results: 

(i) It is shown that any Lagrangian for which the Euler-Lagrange 

vector vanishes identically gives rise to an independent integral, 

(ii) Two sets of integrability conditions under which an n-parameter 

family of extremals define a geodesic field in the sense of Weyl 

and Caratheodory respectively are derived. 

(iii) A set of canonical equations due to Rund is shown to be equiva

lent to the Euler-Lagrange equations. 

(iv) From specific n-parameter families of extremals, examples of 

geodesic fields are obtained which clearly indicate a substantial 

difference between the geodesic fields of Weyl and those of 

Caratheodory. 

(v) A Hamilton-Jacobi equation due to Weber for the problem of least 

m-dimensional area is rederived. 

(vi) By means of a counterexample it is shown that for r-geodesic 

fields with 1 < r < m, the Weierstrass and Legendre condi

tions depend explicitly on the generalized characteristic 

X IP 
functions S , ..., S , while it is known that for the theories 

of Weyl (r • 1) and Caratheodory (r = m), the Weierstrass 

and Legendre conditions do not depend explicitly on these 

functions. 



CHAPTER I 

INTRODUCTION 

A multiple integral problem in the calculus of variations in

volves the search for an m-dimensional subspace of (m + n)-dimensional 

euclidean space, which minimizes a given m-fold integral, the so-called 

fundamental integral, subject to specified boundary conditions. In this 

search one employs the Euler-Lagrange system of partial differential 

equations, a solution of which is called an extremal. We shall not con

sider the problem of finding extremals. Instead, it will be supposed 

that an extremal is given and our concern will be to investigate whether 

the extremal minimizes the fundamental integral. To this end the con

cept of geodesic field is introduced. 

The principal objective of this dissertation is to describe the 

construction of geodesic fields which imbed a given extremal. For it 

is by means of such a geodesic field that the minimizing properties of 

the extremal can be decided. 

In the present chapter the following multiple integral problem 

in the calculus of variations is posed: to minimize the fundamental in

tegral relative to a class of subspaces which coincide on the boundary 

of a fixed region of integration. Attention will be restricted to this 

problem throughout. The Euler-Lagrange equations are then derived via 

a special case of the fundamental variational formula. This formula 

also gives rise to a simple criterion for an independent integral. 

1 
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In Chapter II the term geodesic field is defined. The two prin

cipal types of geodesic fields — those of Weyl [19] and Carath£odory [5] 

respectively—are examined, the latter in detail, including the 

canonical formalism of Rund [13 J together with a new convenient inte-

grability condition. Also, various examples of a geometrical nature are 

given. The chapter closes with the description of m types of geodesic 

fields recently introduced by Rund [14], of which the first and the m-th 

are respectively those of Weyl and Carath£odory. For the theories of 

Weyl and Carath£odory it is known that the Weierstrass and Legendre con

ditions are independent of the m characteristic functions to be de

noted by s\ ..., Sm which generalize the well-known characteristic 

function in single integral problems. It is shown by means of a counter

example that this is false for the m types of geodesic fields in 

general. 

In Chapter III the main results are presented. Geodesic fields 

which imbed a given extremal are constructed, the theory of Carath£odory 

receiving special attention. Imbedding theorems of this nature have 

appeared in the literature, Weyl himself having provided one for his 

theory, while Boerner [2] proved an imbedding theorem for the theory of 

Carath£odory. These are, however, local imbeddings. The construction 

for the theory of Caratheodory given here differs substantially from 

that of Boerner, particularly inasmuch as we have employed the canonical 

formalism of Rund. Furthermore, conditions are pointed out under which 

the extremal can be globally imbedded in a geodesic field by means of 



the construction given here. A similar, but less general, construction 

is also given for the complete set of m types of geodesic fields 

mentioned above. 

Klotzler [7] has recently extended the concept of geodesic field 

and has pursued this extension within the framework of the theory of 

Weyl. In Chapter IV extended geodesic fields are examined relative to 

the theory of Carath£odory. In this connection analogues of theorems 

of Schmidt [15 ] are presented which culminate in a sufficiency condition 

for an extremal to minimize the fundamental integral. This condition 

is expressed in terms of the principal eigenvalue of a relatively simple 

eigenvalue problem. 
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1.1 The Multiple Integral Problem 

In the space R™^11 of the m independent variables 

t^", tm and the n variables x^", ..., x11 we consider m-dimen-

sional subspaces Cm of the form 

i i cc 
X = X (t ), (i = a = 1 m). (1.1) 

i. ct 2 
The functions x (t ) are assumed to be at least of class C and 

• i d. q 
their partial derivatives will be denoted by xq = 3x /3t , 

x* = 9^x^/3t^3ta, etc. Throughout this dissertation Greek and Latin 
Olp 

indices run from 1 to m and from 1 to n respectively; the sum

mation convention shall apply to both sets of Indices. 

It is assumed that a finite region G in Rm is given whose 

boundary 3G is an (m - 1)-dimensional differentiable manifold of 

class C^" such that at each point of 3G there is an exterior unit 

normal with components n^. We denote the element of surface area on 

ct 8 1 
3G by ds. Then for any m functions u (t ) which are of class C 

on the closure G of G, the divergence theorem states that 

IR5 D T" J U° N« D S- ( 1- 2> 
G 3G 

We denote by L(ta,x^) a given function of class C^(k 2) 

in some region of R
m+n+mn

) this function to be called the Lagrange 

*) 
In this section it is sufficient to assume that L and 

3L/3x* are of class C^". 
a 



function or Lagrangian of our problem in the calculus of variations. 

We shall term admissible those subspaces Cm of the form (1.1) for 

which the Lagrange function LCt^x^x^) is defined as a function of 

ta on the closure G of the region G. 

For each admissible subspace Cm we construct the m-fold 

integral 

J(Cm) = | L(ta,xi,x^)dt, (1.3) 

G 

the so-called fundamental integral. The variational problem with which 

we shall be concerned is the following: to identify the admissible sub-

spaces 

C : x1 = x^t") (1.4) 
m 

which minimize the fundamental integral J(Cm) in the sense that 

J(Cm) < J(Cm) (1.5) 

for all admissible subspaces Cm which 

1) coincide with on the boundary 3G of G, i.e., 

xi(t°t) » x1(t°), for t° € 3G; (1.6) 

and 



2) lie sufficiently close to Cm in the sense of a suitable norm, i.e., 

for some 6 > 0, 

||cm - cj < e, (1.7) 

where the combination C - C denotes the difference defined by 
mm 

i i/^otx x = x (t ) - x (t ). 

We distinguish between a strong minimum and a weak minimum according as 

in (1.7) we employ the 'strong' norm 

llcjl - max IxV")!, (1.8) 

taCG 

or the 'weak' norm 

Cj|| = max {|xi(tP)|,|x^(tP)|}. (1.9) 

ta«G 

Before deriving the Euler-Lagrange equations, we introduce the 

Gt j t j 
following notation: for any differentiable function f(t ,x ,x ) we 

a 

set 
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as a function of the variables (t^x^x*-,^.,) with x* = x« . We re-
Ct Otp CXp pCt 

mark that for f (t^x^.x*) € C2 the operator d/dta commutes with the 
a 

operators 9/3ta and 3/3x"®", but not, in general, with 3/3x». Also, 
p 

ct 6 
the operators d/dt and d/dt commute on the class of all 

fO^.x1) € C2. 

Theorem 1.1. (A special case of the fundamental variational 

i ct 2 
formula.) Let £ (t ) € C (G) denote any n functions which vanish 

on the boundary 3G of_ G. For all e in some interval which con

tains zero, let Cm(e) denote a one-parameter family of admissible 

subspaces of the form 

i/^cx 
x (t ,e) = x (t ) + e£ (t ). 

Then J(Cm(e)) is a continuously differentiable function of the pa-

rameter e and 

dJ(Cm(e)) 

dc 
3L 

3x* dtiSx* 
ot 

3L 
^dt. (1.11) 

Proof. 

dJ(Cm(e)) 

de 
^|L(tB,xi(tP,e),x^(tB,^)dt = J 

3x Si1 a 
a ' 

fD^1 - -JJils-M + JL 

/.Ux1 dta( 3x*j dta 

3L il 
•i 
3x 
a 

dt 



•I 

3L 

,3x dt 

3L 

3x 
^dt + f 8L r1 ^ —7? n ds, 

JsJ1 <* 
au so3"" 

where we have used the divergence theorem (1.2) to obtain the boundary 

integral, which vanishes since 5* = 0 on 3G. 

Corollary 1. (The Euler-Lagrange equations as a necessary con-

O 
dition for a weak minimum.) If_ an admissible subspace Cm minimizes 

the fundamental integral J(Cm), then the left-hand side of (1.11) 

must vanish for e = 0. The vanishing of the right-hand side of (1.11) 

at e = 0 for all 5* as_described in the theorem then implies (by 

the fundamental lemma of the calculus of variations ) that Cm satis

fies the Euler-Lagrange equations 

3L 

3X1 dt 

3L 

3x_ 
(1.12) 

Any admissible subspace Cm of the form (1.1) which satisfies 

these equations will be called an extremal subspace or extremal. For 

ot A • i 
any function L(t ,x ,xa) which, together with its derivatives 

t • 4 1 
3L/3x , is of class C , we define the Euler-Lagrange vector 

3x dt \3x I 1 a' 

(1.13) 

which depends on the variables (ta,x*",x^,X^g). 

Ej(*) as a linear differential operator. 

We can also think of 

*) 
See, for instance, KIStzler [7]§13. 
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The integral J(Cm) will be called independent if, for any two 

o 

admissible subspaces Cm and Cm which coincide on the boundary 3G 

O 
of G as in (1.6), we have J(Cm) = J(Cm). In terms of this defini

tion we state 

Corollary 2. Suppose that the Lagrange function L(ta,x*,x*) 

is such that the Euler-Lagrange vector (1.13) vanishes identically in 

the variables (ta,x^,x^,x^). Suppose also that the domain of L is 

convex in the variables (x*,x*). Then the integral J(Cm) is 

independent. 

Proof» Let Cm and Cm denote two admissible subspaces which 

coincide on the boundary 3G of G. Then, by the convexity hypothesis, 

the functions 

x*(t^,e) = x*(t®) + e[xi(t^) - x*(t^)], for 0 < e < 1, 

0 _< e _< 1, we conclude from Theorem 1.1 that 

} dJ(C (e)) } r  
J<Cm) " J<C

m> " J —fe dE = J J 
0 OG 

with i1 
i = X 

that 

~3L d 1 3L V 

.3X1 dt" ax1] 
a'J 

5*dtde = 0. 

Remark. We have included Corollary 2 on account of its sim

plicity. For a large class of Lagrangians for which the Euler-

Lagrange vector vanishes identically, Rund [ 14] has proved by a 



different method that J(Cm) is an independent integral without the 

d. • A 
hypothesis that the domain of L is convex in x and x^. 

We mention the following three Lagrangians of which the first 

two define important variational problems while the third leads to an 

independent integral which will be useful in the sequel. 

1) L - ̂ ET(6AG + X*I*), (1.14) 

for which the fundamental integral J(C ) is the m-dimensional 
m 

surface area of the subspace Cm. For this Lagrangian (as for 

Cfc 1 
every Lagrangian which is independent of the variables (t ,x ),) 

each term in the Euler-Lagrange equations has a factor of the form 

ii* . Hence for this problem the extremals include all linear m-
y e  

dimensional subspaces of R111*11. 

2) Quadratic Lagrangians of the form 

L = + aij V3 + » (ia5) 

v 
in which the coefficients may be functions of t , give ri$e to an 

extensive class of systems of second order linear partial dif

ferential equations as Euler-Lagrange equations. For instance, the 

case n = 1, m = 4, a"j = 6°^, a^j » 0, a^ = M^, yields the 

Klein-Gordon equation 

x - M2X «= 0. 
aa 



The divergence of Weyl [19]« For m given functions 

Sa(t^,x^) € we let 

T _ dSa _ 9Sa . 9Sa«i 
XJ — — —>— *J" • (J. • 

, a .a . i a 
dt 9t 9x 

The divergence theorem (1.2) shows that for this Lagranglan the 

integral J(Cm) is independent. Moreover, we shall show that, 

with L given by (1.16), E^L) = 0. In fact, 9L/9x* = as'Vax1 

so that 

dt 

9L 

9x±i a' 

d I  dS 

dta\9x^ 9x 

dS 

dtC 

3L 

3x* 

ot 1 
where we have used the fact that the operators d/dt and 9/3x 

commute. 



CHAPTER II 

GEODESIC FIELDS 

Carath£odory's method of equivalent integrals leads naturally to 

the concept of geodesic field. For a single integral problem there is 

only one type of independent integral, namely the integral of a total 

differential. However, for multiple integrals there are independent 

integrals of various typ^es. The geodesic fields arising from two of 

these types give rise to the theories of Weyl and Carath£odory respec

tively, which are examined — the latter in detail — in Sections 2.2 

and 2.3. A recent generalization of these two theories due to Rund 

is described in Section 2.5. 

We have searched in vain for an analogue relative to multiple 

integral problems of the geodesic fields for single integral problems 

defined by the family of all extremals which pass through a given point. 

Most of the new results of this chapter are by-products of this search. 

. We mention here specifically the vanishing of the divergence of the 

Lagrange brackets along the member of an extremal field in the theory 

of Weyl as expressed by formula (2.19), and, in the theory of 

Caratheodory, a convenient integrability condition (3.49). We believe 

that Weber's equation (4.33), (cf. page 60), could be useful in the 

study of minimal surfaces. 

12 
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2.1 The Method of Equivalent Integrals 

In Section 1.1 we introduced the variational problem of mini

mizing the functional J(Cm) defined by (1.1.3). We shall now describe 

a well-known general method of approach to this problem. 

Let there be given a function wCt^x'Sx^) which is the inte

grand of an independent integral 

I(c
m

) - Jo)(ta,xi,^)dt, (1.1) 

6 

it being assumed that the domain of the function to is identical with 

that of the Lagrangian L of the functional J(Cm). 

Then we form the so-called 'equivalent' Lagrange function 

L* - L - u, (1.2) 

and the 'equivalent' integral 

J*(C ) = f L*(ta,xi,^)dt - J(C ) - 1(C). (1.3) 
m  J  a  m m  

G  

This integral is equivalent to the integral J(Cm) in the sense that 

O 

for any pair Cm and of admissible subspaces which coincide on 

the boundary of G we have, by virtue of the definition of an Inde

pendent integral, 

J(Cm) < J(Cm) if and only if J*(Cffl) £ J*(Cm). (1.4) 
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The method of equivalent integrals consists of finding the inte

grand of an independent integral satisfying the following two con

ditions: 

1) LMtV1,^) > 0 (1.5) 

ct JL * 1 
for as large a set A of 'surface elements' (t ,x ,xa) as pos

sible; and 

i S i 
2) there exists a set of m n 'field' functions ij/ (t ,x ) such that 

LMtV1, ̂(t6,xj)) = 0 (1.6) 

for as large a set B of coordinates (t^,x^) as possible. 

Under these conditions we seek within the class of admissible 

i 
subspaces with coordinates (t ,x ) in the set B a solution 

Cm: x1- • xi(t°t) € C2(G), (1.7) 

of the equations 

- ̂ (t*,*3). (1.8) 

For such a subspace Cffi we have 



J*(C ) = 0. 
m 

15 

(1.9) 

On the other hand, for any admissible subspace Cm whose surface ele

ments (t^x^.x*) lie in the set A we have 
ot 

J*(Cm) >. 0. (1.10) 

o 

If, in addition, the subspaces Cm and Cm coincide on the boundary of 

G we can use (1.4) to obtain 

from (1.9) and (1.10). 

O 

Thus the integral J(Cm) is minimized by the subspace Cm rela-

O 

tive to the class of all subspaces C„ which coincide with C on the r m m 

boundary of G and whose surface elements (ta,x*,x^) lie in the set A. 

We shall assume that the functions u^t^x^x*) and ^(t^,x^) 

are continuous. Furthermore, it has been shown by Rund ([12], p. 251) 

that if u is the integrand of an independent integral, then u> is a 

polynomial of degree no more than m or n in the variables xa» Ac

cordingly we may assume without loss of generality that u) is such a 

polynomial with respect to the variables x*. 

The conditions (1.5) and (1.6) together imply as necessary 

conditions for a minimum of the function L* at x* •* ^(t^,x^), the 

relations 
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= 0, (1.11) 
3x 3 
a 

and, for arbitrary 5*, 

-^-^4-(tY,xk,iJ)k)C1d > 0. (1.12) 
V a 6 "  

a e 

A set of (1 + mn) functions u)(ta,x''",x^) and ^(t^,x^) which 

satisfy the equations (1.6) and (1.11) will be said to form a geodesic 

field. A subspace Cm which satisfies equations (1.8) relative to a 

geodesic field is said to be imbedded in this geodesic field. 

From the above discussion it is clear that if an admissible sub-

O 

space Cm is imbedded in a geodesic field, then the 'Legendre condi

tion' , according to which the quadratic form 

q«V)&i5 (1-13) 

3 O 

is positive definite for each tY € G, is sufficient to ensure that 

O 

the subspace Cm provides a weak minimum for the integral J(Cm). 

O 

Furthermore, if the admissible subspace Cm is imbedded in a 

O 

geodesic field, then a sufficient condition in order that Cm provides 

a strong minimum for the functional J(C ) is the 'Weierstrass condi-
m 

tion', which requires that 

LM^.x^x*) >. 0 (1.14) 
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ct JL • i 
for all admissible subspaces with surface elements (t ,x ,xa) 

such that for some 6 > 0, ||Cm - C^H < 6. Here the norm is the strong 

norm defined by (1.1.8). 

A large measure of the interest in geodesic fields and in the 

imbedding theorems of Chapter III stems from the statements contained in 

the last two paragraphs. We summarize them as follows: given a geodesic 

field which imbeds an extremal subspace, one can test this subspace for 

minimizing properties bjr means of the Legendre or Weierstrass conditions. 

2.2 The Theory of Weyl 

There are two principal special cases of the above general 

theory of geodesic fields. They differ from each other by the choice 

of the independent integral (1.1). The first of these is due to 

Carath£odory [5]; we shall describe it in the next section. The second 

is due to Weyl [19]. It is the simpler of the two theories, its formulae 

differing only slightly from those of the familiar single integral 

problems in the calculus of variations. We shall briefly sketch the 

theory of Weyl below. For a full discussion we refer to the book of 

KlBtzler [7]. 

ci 6 1 2 
For a set of m functions S (t ,x ) C C we set 

.<* 1 *iv dS° 3S° . 3Stt'i ,x 
u(t )X »x ) = —- - —- + —rx . (2.1) 

a dta 8t 3x ° 

According to remarks at the end of Section 1.1, this divergence is indeed 
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the integrand of an independent integral. The corresponding equivalent 

Lagrangian L* of (1.2) now takes the form 

L* = L - —, (2.2) 
dta 

while its derivatives with respect to x* are given by 

3L* o JL_ 
•i •! ~ . i* 
3x 8x 3x 

a  a  

With the choice (2.1) for uj, the equations (1.6), (1.11) for 

a geodesic field become 

_ /.ol i ,i. 3Sa . 3Sa i /0 .. L(t ,x ,t|i ) = —~ + —ji|» . (2.4) 
a 3t 3x a 

-5q-(tB,xj,T|r') » (2.5) 
3x; 0 3x 

We.shall call a set of m functions Sa(t^,x-®) € C^, together with a 

18 1 1 
set of m n field functions iJi (t »xJ) C C , such that equations (2.4), 

(2.5) are satisfied a W-geodesic field. 

From (2.3) we see that 
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so that for an admissible subspace of the form (1.1.1), the Legendre 

quadratic form (1.13) becomes 

4^CtVV>,Ate)>5M. (2.7) 

Finally, the Weierstrass condition (1.14) can be written, by means of 

(2.2), (2.4), (2.5), as, 

L(tC',xi,x^) - L(ta,xi,i/)S - -^-(tB,x^,^)(x^ - rph >. 0. (2.8) 
8x 
a 

We remark that the Legendre and Weierstrass conditions for the theory of 

Weyl do not explicitly involve the functions Sa. We shall see that 

this remark will not be applicable to the general fields of Section 2.5. 

We shall now consider integrability conditions which the field 

functions i^(t^,x^) € C*" must satisfy in order that they form a W-

geodesic field in conjunction with suitable functions Sa(t",x^) € C^. 

These integrability conditions follow immediately from the fol

lowing equivalent form of the equations (2.4), (2.5) which characterize 

a W-geodesic field: 

as" 
- - L(te,xJ,^) - "^(t^X^,!^)^, 
A P SAI P A at * 3x 

a 

ax ax 6 
a 

(2.9) 
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1. 8 1 1 
Given a set of field functions ^a(t >xJ) € C , there will exist func

tions Sa(t^,x^) € C2 satisfying this system if and only if the right-

hand sides of the system exhibit the symmetry possessed by the second 

ot 2 
order partial derivatives of all functions S C C . If this symmetry 

is present, suitable functions Sa will be obtainable by quadratures. 

The symmetry conditions involved are: 

aV 

3x^ax* 

32Sa 

3xi3x^ 
and 

. 2_a 
3 S 32Sa 

3xj 3ta 3ta3x^ 
(2.10a,b) 

Condition (2.10a) leads to 

3x 

-^-(tB xk ,iikJ = — 

Si1 ' 3*1 

3L B k ,kN\ 
-Vl • 

' a 

(2.11) 

where it is understood that the differentiation with respect to x^ 

i k i 
and x must take into account the dependence of on x . Con-

p 

dition (2.10b) leads to the Euler-Lagrange equations as follows: by 

means of (2.9) we write (2.10b) as 

_3 

3x' 
jlL " 

31^,1 

3x 3t 

3L 

3x^.1 

We carry out the differentiation with respect to x^: 

3L + _3L_ 

3x^ Sx1 3x"® 

3 / 3L Li 3L 

3x^1 si1/ a Sx1 3xJ 
' a' a 

3L 

at-lsi3, 
a' 

By cancellation, transposition and use of (2.11) this becomes 
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3L 

ax-5 at" 

a L_ 

ax 

a aL 

ax1 axjj 
P1. rct 

This can be written as 

3L = _d_ 

3xj dt" 
-^(tB,xi,^(t\xk))|., (2.12) 
3x 
a 

• jf 
where it is understood that the which will appear in accordance 

with the definition (1.1.12) of the operator d/dta must be replaced by 

^(tB,xj). 
a 

Thus the equations (2.11), (2.12) represent necessary and suf

ficient conditions that the given set of m n field functions € C^" 

form a W-geodesic field in conjunction with suitable functions 

Sa(t^,x^) € C^. As far as the sufficiency of these conditions is con

cerned, we have tacitly assumed that the domain of the functions 

16 1 
\l»a(t ,xJ) is such that the required quadratures can be performed. This 

will be the case, for instance, if the domain of the ifi* is convex. 

The integrability conditions (2.11) take on a more familiar ap

pearance if, as is often the case, the field functions ^ are derived 

from an n-parameter family of extremal subspaces in the following 

manner. We suppose that the equations 

x1 - x1(tapuA)> (A - 1 n), (2.13) 

define an n-parameter family of extremal subspaces, which is 
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non-singular in the sense that it covers a region of (ta,x^)-space 

simply and has a non-vanishing functional determinant 

det|-^J ^ 0. (2.14) 

Then a set of field functions is defined by 

^(tB,xj) =-^(te,uA), (2.15) 
a at 

where 

UA = uA(t^,x^) (A = 1 n) (2.16) 

is the solution of equations (2.13) for u . 

Under these circumstances the integrability conditions (2.12) are 

clearly satisfied, because we have a family of extremal subspaces, and 

the conditions (2.11) are conveniently replaced by the following 

equivalent conditions: 

3X1 3X1 _3_ 

3uA 3UB 3XJ 

3L 

3x 

3x* 3xJ 3 

3UA 3UB 3XI|3XJR 
-^-1, (A,B - 1, ... n). 

These conditions simplify to 
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where the arguments (t^,x^,xg) of 3L/3x* are functions of (t^,u^), 

with x* given by (2.13) and 

•i 3x ,^g An x = (t ,u ) . 
a « a 

9t 

The integrability conditions (2.17) can be written as Lagrange 

bracket conditions if, following Rund([12], p. 226), we introduce the 

generalized Lagrange brackets 

r A Bna _ a/_3_/_9L_\ 3x^ _3J 3L \ 1Q. 

" 9UA S»B' 3UB S«A ai1 • 
• a' 'a' 

in terms of which (2.17) becomes 

[uA,uB]a - 0. (2.19) 

We remark that these conditions are vacuous in the case n = 1, so that 

in the case of a single unknown function every non-singular 1-parameter 

family of extremals defines a W-geodesic field. 

In Section 2.4 we shall make use of the Lagrange bracket condi

tions (2.19) in connection with the investigation of various examples 

of geodesic fields. From Example 2 of Section 2.4 [see (A.22)—(4.25)3, 

the following properties of the Lagrange brackets (2.18) suggest them

selves. These brackets are not in general independent of t°. How

ever, they do satisfy 
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9 r A B,a _ 
—-[u jU ] =0, (2.20) 
3t 

i.e., they are divergence-free. In the case m = 1, (2.20) specializes 

to 

£[u\uB] - 0, (2.21) 

which expresses the familar fact that the Lagrange brackets are inde

pendent of t in the case of single integral problems. The most satis

factory proof of (2.21) requires use of the Hamiltonian function. Such 

a proof is given in the book of Carath£odory ([6], §45). By use of the 

*) . 
well-known Hamiltonian function for the theory of Weyl , Caratheodory's 

proof of (2.21) can be extended immediately to a proof of (2.20). 

2.3 The Theory of Carath£odory 

In 1929 Caratheodory [5] presented the first comprehensive ac

count of a sufficiency theory for strong minima for multiple integral 

variational problems. This theory can be fitted into the framework of 

the method of equivalent integrals by means of a suitable choice of the 

independent integral (1.1), namely the following: for any set of m 

functions S (t .x-1) of class C in some region of R we define 

the integral 

See for instance Rund [12], p. 224. 
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I(Cm) = (3.1) • H5)dt-

relative to a subspace Cm of the form (1.1.1). 

Carath^odory's proof of the independence of this integral suf

fers the drawback that it requires the transformation 

tP sV^O:6)) 

from G to Rm to be one-to-one for each admissible subspace C^. This 

places restrictions on Cm whose implications are difficult to assess. 

We shall therefore prove the independence of the integral (3.1) 

by use of Corollary 2 to Theorem 1.1.1. To do this we must verify that 

for the particular Lagrangian 

A = det 
dS° 

dt6 
(3.2) 

the Euler-Lagrange vector Ej(A) vanishes identically in the variables 

(t0l,x1,xi,Xia). 
a oi3 

We first introduce the following notations to be used extensively 

in the sequel: 

_ 3S° . 3Sa«i ,, 
ft ""ft ft (3*3/ 
P dt3 3t 3x P 

and 
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= cofactor of c^ in A, (3.4) 

so that 

CgC® = AS°. (3.5) 

Then by means of the formula for the differentiation . of a determinant, 

namely 

dA = C^dCg, (3.6) 

we obtain from (3.2), by differentiation with respect to x1, 

(3.7) 
ax 6 ax1 
a 

and hence 

M-

dtalax1 
a 

dta 

3S6] dCB 3Sg 

ax1/ dta ax1 

Now 

£ 
dta 

0, (3.8) 

which can be seen most easily by writing the cofactor C® in terms of 
P 

the generalized Kronecker delta as 
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C° = 
a a2...om ds 2 dS 

m 

B (m-1) ! B 32*"em 
dt dt 

m 

and remarking that, for instance, the term 

a tt2•''am d S dS 3 

6 . a. "2 . "3 
dt dt dt 

dS 
m 

dt 
m 

vanishes because of the summation in this term over the index pair 

(a.a^) of the skew-symmetric Kronecker delta with the symmetric second 

derivative. Hence the equation before (3.8) becomes 

dtu 

3A 

dx 
a 

= C a d 

B dt" 

3S 

dx 

,a 3 

8 3X1 

dS 

dt 

where in the last step we have used the fact that the operators 3/3x 

and d/dta commute. By (3.3), (3.6), (3.2), we obtain from the above 

chain of equations the identity 

3A 3A 

dt™I3x* j 3x* 

whence (A) = 0, as required. 

Thus by Corollary 2 to Theorem 1.1.1, the independence of the 

integral (3.1) is established under the hypothesis that the domain of 

Q  g i 2 J  

the functions S (t ,xJ) C C is convex in the variables x . We re

mark, however, that the integral (3.1) is in fact independent even if 

the domain of the functions S° is not assumed to be convex in x"'". 
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This has been proved recently by Rund [14], indeed, for the more general 

integral (5.2) below. 

We shall call a geodesic field for which the integrand u) of 

the independent integral (1.1) is given by a determinant of the form 

(3.2) C-geodesic. From (3.2) and (3.7) it can be seen that the defining 

equations (1.6) and (1.11) for a geodesic field are, in the case of a 

C-geodesic field, given by 

L = A (3.9) 

and 

(3.10) 

where it is to be understood that the arguments xa refer to the field 

functions 

(3.11) 

In order to analyse the equations for a C-geodesic field, Rund 

[13] introduced a set of (m^ + ran) canonical variables ir°, V?. Cer

tain of the properties of the functions 9Sa/3t®, 8S°/8x* involved in 

equations (3.9), (3.10), will be imposed on the variables ir°, it", in 

the sequel. 



29 

o» (3 
By analogy with the functions c^, A, Ca, the following func

tions of the variables (x^,Tro,Trj) are introduced: 
Ct p 1 

a a . a*i 
Pg = (3.12) 

D = det(pg) , (3.13) 

= cofactor of p" in D. (3.14) 
a 3 

By analogy with equations (3.9), (3.10), we consider the system of 

equations 

L = D, -TT-Pb*!' (3.15,16) 
3x 
a 

as equations in the variables 

, a i «i a aN /0 , _N 
(t ,x • (3.17) 

We shall attempt to solve the equations (3.16) for x* in terms 

of the remaining variables. We therefore hypothesize that at an initial 

value XQ of the variables (3.17) at which the equations (3.16) are 

satisfied, the (mn x inn) determinant of the functions 

<£? = -VPT - P""I 
1J s^Ui1 * 1 

0\ a 

(3.18) 
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does not vanish. It will also be supposed that for this point XQ  we 

have 

L = D ji 0. (3.19) 

It can be shown that, for values of the variables (3.17) which 

satisfy (3.19) and (3.16), the values of the functions (3.18) can be ex

pressed in terms of (ta,x*",x^) alone. Indeed, from the formula for the 

differentiation of a cofactor of an element in a non-zero determinant, 

namely, 

dPa = D~1(p°tpf - PeP°)dp6, 
•y Y 6 y S e 

* 

and from the definition (3.12) of p , we obtain 
E 

3x„3x 
B a 

so that, by (3.16) and (3.19) 

06. A . l 

Qi3 L 

D Y 5 Y & i i 

3L 3L 3L 3L 
•i «1 *i *11 * 
3x 3x„ 3x„ 3x / 
a 3 B aJ 

(3.20) 

The expressions (3.20) are valid, in particular, at XQ .  

On the strength of the hypothesis that the determinant 

det(QjJ) * 0 (3.21) 



for the initial point Xg, we invoke the implicit function theorem to 

obtain a solution of equations (3.16) for x^: 

*oi = (3,22) 

If these functions are substituted back into the equations (3.16) the 

latter become identities in the variables (ta,x*",TO J^?), to which we 
P i 

shall later refer as the identities (3.16). 

Following Rund [i3], we use the functions (3.22) to define the 

Hamiltonian function by 

«/^a i a T /*.a i rv/j-i a a\ /o oo\ H(t ,x = -L(t ,x ,(ta) + D(<t>a>TTg,TTi) • (3.23) 

This function satisfies several useful identities, which are obtained 

from (3.23) by differentiation: 

I 3L , 9L , i . dLjji), „3/,_a , ,i,_o . a,,ix 
= iat? 8?X i a 6 e 1 B 

a 

By use of the identities (3.16), the terms involving d<{>* cancel and 

we are left with 

dH - - - -^jdx1 + P^diTg + *Jp£dirJ. (3.24) 
3t 3x a 0 P a 1 

From this expression we can read off the identities referred to above: 
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-ML - - Jt, J* . . JL, (3.24a,b) 

at at" ax ax 

3H «6 9H _ .inB 
—T p„» —~ (3.24c,d) 
0 0 a _ a B a 
3ug 3^ 

As mentioned in Section 1.1, the Lagrangian is assumed to be of 

class C (k _> 2). Hence the solutions (3.22) of equations (3.16) are of 

k-1 
class C , so that (3.24a-d) imply that the Hamiltonian function is 

It 
also of class C . 

Let us now relate the Hamiltonian function to the C-geodesic 

field. Given a set of m functions Sa(t^,x^) € which satisfies 

the Hamiltonian-Jacobi first order partial differential equation, namely 

HOrV1,-^,-^) = 0, (3.25) 
ate 3x 

we can define a C-geodesic field by means of the field functions 

/(tB,xj) = ^(t^,-^,-^) C C1. (3.26) 
a a 3tY 3x 

In fact, with this choice of the field functions, the equations (3.9), 

(3.10) which define a C-geodesic field are satisfied as a result of 

the definition (3.23) of the Hamiltonian function and the identities 

(3.16). 

This concludes the present discussion of the Hamiltonian func

tion of Rund [13]. We shall make use of it in Chapter III in the proof 

of the imbedding theorem for C-geodesic fields, and again in Chapter IV. 
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We now examine the form that the Weierstrass and Legendre con

ditions take for C-geodesic fields. Let us suppose that an admissible 

subspace Cm of the form (1.1.1) is imbedded in a C-geodesic field 

and that the Lagrangian L does not vanish along this subspace. Then 

the Legendre quadratic form (1.13) becomes 

bP/ J.YV-ipj _ 
qij(t na.H ~ 

92L 
• 1 • i 
3x^3x 
8 a 

9L 3L 9L 3L 
• i *1 

3x 9x;i 
a B 

9xJ 3x„ 
a 0 

(3.27) 

Also, the Weierstrass condition (1.14) becomes 

T /V01 T l^\ L(t ,x ,xa) - L(t ,x ,\l>a) 

Tl-ni/ka i ,iNJ . - L (t ,x ,^a)det L(ta,xi,^)6^ - -^-(t^x1,^) (ij - i|^)j > 0. 

J 

(3.28) 

We refer to Rund [12] for the derivations of these important facts. We 

note that as for W-geodesic fields, so also for C-geodesic fields, the 

Legendre and Weierstrass conditions do not explicitly involve the func

tions Sa(t^,x^). 

In order to motivate the introduction below of various functions 

cx i * i 
of (t ,x ,Xq) first defined by Carath£odory [3-5], we again consider 

the system of equations 

L - D, 
3L 

3x 

_ P".*6 
i Vi» 
a 

(3.29) 
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in the variables (ta,x*,x:'',ffo,7rj) • If we multiply the second of these 
Ct p 1 

Y equations by p^ and use 

- "J-

we obtain 

pT - LiJ. (3.30) 
a Si1 1 

a 

We isolate the variables Hg, it™ in this equation by means of (3.12) 

to obtain 

_Y 3L _ Y |T rk *k 3L l ... 
% a'i " TkL i ' a -i * (3*31) 

a 1 a 

Now we introduce the functions b^(t^,x^,x^) via 

b[ = LfiJ - (3.32) 
3xe 

so that (3.31) becomes 

*21 - "H- «-33> 
3x J 
a 

In addition to the functions b^, we introduce the functions 

ag(t^,x^,x^) via 



«= L5« - JlJiJ 
s e 3jj B 

a 
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(3.34) 

They are related to the bj by the obvious identities 

a 3L 3L, j 

S-3 
3x' 

y±* 
(3.35) 

and also by the identity 

Lndet(a") = Lmdet(b*), (3.36) 

which Caratheodory [4] proved by means of the following operations on 

partitioned matrices 

6*" 

« 

•i 
x0 

61 
•i •1 

xe 6i 

« 

•i 
x0 6j xe 

•1 
xe 

Lndet(a°) = Lndet - Lndet - Lmdet Lndet(a°) 

ft a 3L < 
, 

3L 6° U 
ae 

* 

< 
, 

3x^ 
a 

e 

4 

Lmdet 

3L .a 

* 9 

Lmdet(bj). 

Let us suppose until the next proposition that L j* 0 and that 

both of the equivalent conditions det(a„) f 0, det(b^) t 0 are satis
fy J 

fled. Then we introduce the functions P^(ta,x^,x^) [not to be 
J ® 

i 
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g 
confused with the cofactors of (3.14)] via the following two sets 

of equations which are equivalent to each other in view of the identity 

(3.35): 

"71 = -Tj = (3.37) 
d x Z  J 1 8x p 2 

3 a 

In terms of the functions P? the equations (3.33) become 7rYPjb^ = 

Y 1 
= Trjb^, i.e., 

TtJ = i£pj. (3.38) 

We now rewrite by means of equations (3.29) as 
p 

a
a = L5a - — xj = pV - pVxj = P°foY - irYij} - pV 
3 3 3ij 3 Y 3 Y j 3 Y 3 S 3 Y 3 

a 

Hence 

det(a^) = Dm-1det (irY) = Lm~1det (irY). (3.39) 

CT i • i 
Finally, we introduce the non-vanishing function F(t ,x ,Xq) via 

m-1 n-1 
F = -±-— (3.40) 

det(ag) det(bj) 

and see that (3.39) Implies 



F det(TTa) = 1. 
P 
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(3.41) 

We have proved the implications (i) =» (ii) =» (iii) (iv) =» (v) of the 

following: 

Proposition 3.1. If L ̂  0, then the following are three equiva

lent systems of equations for the variables (ta,x*",x*,TTg,ir™): 

(i) L = D, = PgTtJ, 
3x* 3 1 
a 

T r. a 3L T ot (ii) L = D, pR —T- = Lir., 

3XB 
T a 3L _ a, j 

(iii) L = D, IT g 
3xp 

If. in addition, det(a^) # 0 or^ det(bj) ̂  0, then the following are 

five equivalent systems of equations for the above variables: (i), (ii), 

(iii), 

(iv) L = D, tt° - tt"pJ 

(v) F det(TTg) =1, tt° - ir?P3. 

• A A ci ot 
Remark. If we set x = ^ and 7T. = —-• —r» then 

a ° 3 1 3t3 3x 

each of the above systems (i)-(v) characterizes the C-geodesic field. 

In particular, (v) gives rise to Carath£odory's form of the equations 

for a C-geodesic field, namely 

F det 
3Sa 

3t3 
lf . ltj. (3.42) 

3x 9£ 1 
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Of the reverse implications only (v) =» (iv) will be proved, the 

others being trivial. We note that from (3.34) and (3.37) we can obtain 

the identity 

a„(o + r.x ) = oL, 
3 Y j Y Y 

whence, by (3.40) , 

det(63 + PJXJ) = 
Y j Y 

,m 

det(a^) 

= LF. 

Now if (v) holds, then 

D = det(7Tg + tt^x*) = det(Tr^ + ir°Pjxg) = det(ir")det(6^ + P^x*) 

= det(tr")LF = L, 

which proves (iv). 

By means of the following well-known theorem concerning Jacobi 

systems of first order partial differential equations, we shall derive 

two sets of integrability conditions which must be satisfied by the 

field functions ii»*(t^,x^) € C^" of a C-geodesic field. We refer to 

Carath£odory [ 6], Chapter II for the proof of 

Theorem 3.2. Let there be given a set of m n functions 

ct 6 1 2 
B^(t ,x ) C C . A necessary and sufficient condition for the existence 



39 

ct 3 i 2 
of a set of m functions S (t ,x)€ C such that the following 

system of partial differential equations 

Sx1 3t 1 

ct 3 
as well as the independence condition det(3S /3t ) ̂ 0, are satisfied, 

is that the functions B™ satisfy the integrability conditions 

3B? 3B? 3B" 3Ba 
I . It, P 

3^ + ̂  • if + ̂  "-44) 

Remark. The necessity of conditions (3.44) is proved easily by 

differentiation. The sufficiency statement is of a local nature, inas-

Ot A 4 
much as the domain of the functions S (t ,x) whose existence is as

serted by the theorem is only some neighborhood of an arbitrary initial 

Ot £ 
point (t0,xQ). 

ot 2 
Let us suppose that we are given a C-geodesic field S € C , 

ifr* € C^", such that L ̂  0 and det(b^) ̂  0 for the arguments 
«• J 

x* = ij»*(t^,x^). Then, from Carath£odory1s form (3.42) of the equations 

for a C-geodesic field, we obtain the following equations and inequality: 

IS- - (3.45) 

3K1 ^ ( } 

n ft 
and det(3S /3t ) ̂  0. Theorem 3.2 now yields the integrability 

conditions 
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3P? 3P? „ 3P? 9Pa 

f IK i " ~ B^i' (3'46) 
3x 3t j 3x 3t 1 

± a A 
which must necessarily be satisfied by the field functions »* ) 

of any C-geodesic field. These conditions were first derived by 

Carathdodory [5]. 

± a 4 i 
Let us now suppose that a set of field functions ^ (t ,x ) € C 

is defined as in (2.15) by means of a non-singular n-parameter family 

of extremals 

x1 = xi(t0jUA) C C2, (A - 1 n), (3.47) 

along which L £ 0. We shall derive a set of necessary and sufficient 

conditions for the existence of a set of m functions Sa(t^,x^) € C2 

Ct 1 
such that S , form a C-geodesic field. 

We suppose first that such functions Sa are given and set 

sa(te,uA) = Sa(tB,x1(tP,uA)), 

so that 

3s° _ dS^ 3s° 3Sa 3X1 

3t6 DT^' 3uA Sx1 3UA 

From system ii) of Proposition 3.1 we obtain 
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0 ̂  L = A = det 
dS 

dt e r  
dSa 3L 

dt^ 3x 

T 3Sa 

i " L_T' I >* 
and hence 

- a . a . A 
8 s 3L = ^_3 s 3u 

3t3 3^ 
P 

A i' 
3u 3x 

A = det 3 s 

3t 
* 0. 

In terras of the notation 

we obtain 

Ra - R«(tV> = L -1 3L 3xJ 

•i A' 
3xa 3UA 

(A = 1, • • • ,n) y 

(3.48) 

1 a ^ a o 3s 3s 

3UA 3t0 A' 
A = det s - (3.48a) 

Now Theorem 3.2 yields the integrabillty conditions 

8Ra < a 3Rn 3R£ a 

( A , B " 1  n ) - ( 3 - 4 9 >  

In order to prove the sufficiency of conditions (3.49), we sup

pose conversely that conditions (3.49) are satisfied for a given non-

singular family of extremals (3.47) and shall show that there exist 

functions Sa € such that ij>* as given by (2.15) and Sa form a 

C-geodesic field. 
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According to the sufficiency part of Theorem 3.2, there exist 

functins sa(t^,uA) € C^, defined locally, which satisfy (3.48a). 

These functions need not satisfy L = A. However, according to the fol-

ct A 
lowing lemma, the function s(t ,u ) = L/A is a solution of the 

equations 

(A=l,.,.,n), (3.50) 
3u 3tP 

so that, by Carathlodory [6], §33 Theorem 3, the function s = L/A is 

a combination of the m independent solutions sa of equations (3.50) 

of the form 

L , , cu 
J = X(s ), (3.51) 

for some function X C C . 

Lemma 3.3. 
3u 3t 

i_|L 
0 A 

R?. 

Proof. In the following calculations the independent variables 

are ta and uA, the variables x* and x* being given by (3.47). 
a 

We can write 

3u 
T - A 

-2 
AL-^r - L-^. 

3u 3u 

.-2 
i 2 i 

3L 3x _3L_ 3 x 

Sx1 3uA 3X* 3uA3ta 
- LC 

32se 

E 3uA3t° 



43 

On Che other hand, 

9 /LI B _ -2 

•1 

, dL 3A I j _ -2 AJk _ LC« 32SE 

dtB E 3te3ta 

.-2 
A-%Rf - LCa 

dt3 A at 

3se B\ _ 3s^ 

3tB A] 3tB St" 

e.i 

3R^ e 
.-2 [j dL „B • . . A T „ a  3  I d s  
A ft—tR. + LA—a ~ LC —7-

Ldt 3t 0 3ta\3u 

= A l-^(L<) - LC° -&L' 
8tS A 6 St°3uA 

= A -2  P. 3 I 3L 3X1) _a 32SE ' 

[ 3TBUJ 3UAJ " E 3ta3aA 

.-2 f. d I 3L 

L <"BK, 

3X1 3L , _a 32se 

_ A «i .8 A " e „. a. A 
3u 3x„ 3t 3u 3t 3u 

B 

so that, in view of the Euler-Lagrange equations, the expressions ob

tained for the left- and right-hand sides of the assertion are equal, 

q.e.d. 

Since arbitrary combinations sT* = TT^s01) C C^- of the functions 

s° are also solutions of the Jacobi system (3.50), we shall attempt 

to choose s° so as to satisfy L = det^lTVst^). We set 

1 

A(oa) = |x(a,o2,...,am)da 

and define s*(ta,uA) = A(sa(t^,uA)) € and s01 * = sa € C2 for 

a' = 2, ..•, m. Then 
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9s1 = _3A_ 3s^ = 3s1 f 9A 3sa> 

3tS 3ffa 3t0 3t3 a'=2 3aa' 3tS 

t O M f Q 
and 3s /3t =» 3s / 3t for a1 = 2, m, so that 

det 
3s01 

3te 

= X detl^gj - ̂  • A = L 

as required. ̂  Now the functions 

Sa(tP,xj) E'ia(te,uA(te,xj)) € C1, 

in conjunction with field functions ̂  as given by (2.15) satisfy all 

the requirements for a C-geodesic field except, possibly, the condition 

S° C C^. We can ensure that S° € by making the additional hypoth

esis that L ( and x*(ta,uA) C C^. This concludes the demonstra

tion of the sufficiency of the integrability conditions (3.49). We 

shall make use of these conditions in Section 2.4. 

We conclude this section with a set of canonical equations for 

the variables (ta,x''',Tr°,ir?)» which is in a sense equivalent to the 
3 1 

Euler-Lagrange equations. This aystam of canonical equations is the 

following: 

^The above construction of 8° from s" on the basis of 
(3.51) is due to Lipshitz ([9], pp. 78-80). 
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—(Pa) 
3t 

3t P 

8 

0, 

3H 

3n 
e' 
j 

3t 

. _alL 
3*1' 

(3.51) 

(3.52) 

(3.53) 

where the arguments x* implicit in refer to the functions 

x* = <J>*(t^,x^ ,TT^,TI®) as given by (3.22). We mention that all of these 
® Y J 

canonical equations appear in Rund [13], where, however a slightly dif

ferent set of equations is designated 'canonical'. The system (3.51-53) 

is equivalent to the Euler-Lagrange equations (1.1.12) in the following 

sense: 

1) Given a solution x*"(t°) € C^, ir"(t^) C C^", Hj(t^) C C^" of system 
p l 

(3.51-53), it can easily be shown that the functions x*(ta) satisfy 

Euler-Lagrange equations. 

i ct 2 
2) Given a solution x (t ) € C of the Euler-Lagrange equations along 

which L f 0 and det(Qy) £ 0, where is defined by (3.20), 

we can construct functions iTg(t^) € C^", ir"(t®) € C^" such that 

the system (3.51-53) is satisfied. 

Proof of 2). We construct the functions u^(t^), ir"(t^) as 

ot 6 2 
follows: a set of m functions s (t ) € C is chosen such that, with 

a, Y\ - 3s 
PR(t ) = —ft. 
B 3t 

(3.54) 



we have det(p^) = L(ta,x*(ta) ,x*) • Such functions sa(t^) can be 
P CT 

ot B 1 
chosen in many ways—we make a specific choice. Then u^(t ) € C is 

Ot Y 1 
obtained from equations (3.30) and, subsequently, ir0(t ) C C is 

p 

obtained from equations (3.12). By these choices of IT", TT™, we 
p i 

have satisfied system ii) of Proposition 3.1. Hence system i) of that 

proposition is also satisfied, so that 

*a = +i(tB,*3(te).ffg(tY),nJ(t{!)) (3.55) 

by definition of <j>*. It can now easily be verified that the extremal 

x*(ta), together with the associated canonical functions ir™(tY), 
p 

M  O 
7T^(t ), satisfy the system (3.51-53). In fact, equations (3.51) can be 

derived in the same manner as (3.8) on account of (3.54), equations 

(3.52) follow from the identity (3.26d), and equations (3.53) are a 

consequence of the Euler-Lagrange equations by use of the identities 

(3.16) and (3.26b). Thus 2) has been proved. 

CI Y 
The above construction of the canonical functions ita(t ), 

p 

ir"(t®) C associated with the given extremal x*(ta) € will be 

put to use in Chapter IV. The canonical equations themselves will 

serve to motivate certain equations of that chapter. 

2.4 Examples of Geodesic Fields for the 
Theories of Weyl and Carathdodory 

We shall first mention the very simple 'parallel' geodesic 

fields which can be constructed when the Lagrange function is inde

pendent of the variables x*, i.e., is of the special form 



L » L(ta,x*). 
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(4.1) 

A second set of examples will exhibit various geodesic fields, each of 

which is a generalization of the geodesic field one obtains for the 

single integral problem by considering the family of all extremal curves 

which pass through a fixed point in (t,x*")-space. Having given the 

examples, we point to a reason why such a generalization should in 

general fail. 

The above-mentioned examples are sufficiently varied to allow us 

to conclude that the family of W-geodesic fields is not related to the 

family of C-geodesic fields by inclusion: amongst the examples of field 

i 8 1 
functions (̂t ,x ) there are such as can serve to define either a 

Weyl field or a Caratheodory field or both or neither. 

Finally, we shall derive and interpret the Hamilton-Jacobi 

equation given by Weber [18] for the minimal m-dimensional area 

problem. 

2.4.1 Parallel Fields 

We suppose that the Lagranglan is independent of x*" and that 

we have found an extremal subspace Cm defined by 

x1 = x̂ t") € C2. (4.2) 

Then each of the "parallel" subspaces of the n-parameter family de

fined by 



x1 = x̂ t") + u1, 
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(4.3) 

is also an extremal subspace, i.e., also a solution of the Euler-Lagrange 

equations (1.1.3 2). 

i 8 i 
The field functions (̂t »* ) associated with this n-parameter 

family of extremals are given by 

O 

ij£(te,xj) = x*(tP). (4.4) 

The equations (2.4), (2.5) for a W-geodesic field now assume the form 

3Sa . 3L *i 

7?  (4'5) 
a 

<4*6> 
3K 3K p 

a 

Since the right-hand sides of these equations depend on ta only, it is 

an easy matter to write down suitable functions Sa(t̂ ,x̂ ) C C2: we 

a 6 2 
choose a set of m functions s (t ) € C to satisfy (4.5), which can 

be accomplished in many ways and set 

8j(te) = Jk(tB,£3). (4.7) 

3x~ 6 

a 

Then the functions 



3 . a,. gv i 
S (t ,xJ) = s (t ) + ŝ (t )x 
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(4.8) 

clearly satisfy (4.5) and (4.6). Thus every parallel field of extremals 

forms a. W-geodesic field. 

This simple result stands in contrast to the fact that not every 

parallel field of extremals is a C-geodesic field as is evidenced by 

the following example. We choose m = n = 2 and set 

_ l.i.i lr/'l\2 , »*1.2 , ,*2«2 
Txaxa = 21- (X2̂  + (xl̂  + <x2' * * (4.9) 

Then 3L/3x* = x* and the Euler-Lagrange equations are x*o = 0, i.e., 

O ̂  
both functions x (t ) are harmonic. We choose the initial extremal 

subspace to be given by the harmonic functions 

°1 12 
x = t t , 

°2 2 
x = t , (4.10) 

so that the family of parallel extremals is defined by the equations 

1  . 1 2  ̂ 1  2  2  2  
X  =  t  t  +  U  ,  X  =  t  + u .  

Along these extremals we have x • 
a 

t2 t1 

0 1 

» l*i «i 1/̂ â .a . 
» L = 2*a xc " 2(t +1>» 

dx 1 
—- =» 6 , so that the functions (3.48) become 
. A A 
dU 

a m -1 JL_ 3x1 2_ 
RA L *i -.A a a 

3x 3u t"t +1 
a 

t2 0 

t1 1 
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Now the integrability conditions (3,49) with o =» 1, A=l, B = 2 

demand 

'A  fLs 

3U1 " T^1 " 3U1 " 

but the left-hand side of this condition equals -2(tata + 1) \ while 

the right-hand side vanishes. Hence the field of extremals parallel to 

(4.10) does not form a C-geodesic field for the Lagrangian (4.9). 

If, however, we restrict ourselves to Lagrangians of the form 

L = L(xa) and let the field functions be defined by means of a family 

of m-dimensional planes parallel to a given plane 

i °i a °i 
x = x t with x = constant, (4.11) 

(X 06 

then this parallel field i£ C-geodesic. We shall show this under the 

°i  j 

hypotheses (̂xa) / 0, det(bj) / 0. 

Under the above hypotheses, it follows from part (iv) of 

Proposition 3.1 that the equations (3.9), (3.10) for a C-geodesic field 

can be replaced by (3.9), (3.45), namely L = det(dSa/dt̂ ) and 

3S 3Sa,B 
— 7  -  — ( 4 . 1 2 )  
3X1 3T J 

o 
Here constant, because the field is defined by parallel planes. 

The system (4.12) has the solutions 
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sa(t̂ ,xi) = ta + P̂ x1 (4.13) 

as well as any combinations of these functions. In order to satisfy 

ot 6 
L = det(dS /dt ), we choose 

Sa(te,xj) = A°s3, (4.14) 

with constant coefficients to be determined appropriately. Then 
P 

det|-̂ g = det(Ag)det = det(A°)det(6̂  + p]x*)» 
dt 

so that we shall choose the constants Â  so as to satisfy 
P 

det(A®) = L(x*)[det(<5* + P̂ )]"1. *> 

Thus we have constructed a set of functions Sa which show that the 

field of parallel planes is C-geodesic. 

The above method of constructing a geodesic field by means of 

a parallel field of extremal subspaces is the only general 'geometric' 

method known to the writer of obtaining geodesic fields for multiple 

integral problems. Admittedly this is a meagre result, particularly 

inasmuch as the method applies only to Lagrangians of the form (4.1). 

We refer to Chapter III for an 'analytic' method of constructing 

1 
It follows from L ̂  0, det(bj) i* 0 by use of (3.43) that 

det(6* + P*x*) + 0. 
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geodesic fields by finding solutions of the Hamilton-Jacobi equation. 

2.4.2 Fields of Extremals with a Common Point 

We recall that for a single integral problem in the calculus of 

variations the family of all extremals which pass through a fixed point 

(t0,x0> (tjX̂ -space forms a geodesic field in conjunction with the 

characteristic function 

t 

SCt.x1) = J L(t,xi,xi)dt, (4.15) 

fc0 

where the integral is evaluated along the extremal which joins the point 

(tg,xj) to the point (t.x*). 

We shall give two examples with a view to generalizing this re

sult to multiple integral problems. Thereafter we suggest why such a 

generalization will in general fail, at least for W-geodesic fields. 

Example 1. With m = n = 2, let the Lagrangian be defined by 

L = |a°jX̂ , (4.16) 

CI fi 
where â  denotes a set of constants which satisfy the symmetry con-

dition a.. = a... We obtain a set of field functions by means of the 
ij ji 

following 2-parameter family 

(4.17) 
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of two-dimensional planes all of which contain the t -axis (see 

Figure 1). 

From (4.16), (4.17) we obtain 

3L cx3*j ag j .1 otl j 

" vl" v* V • 

so that the Lagrange brackets (2.18) become 

r 1 2, a Sx* 
[u ,u J = —r 

d 9L 3x 3 3L 

* 2 3u 3X1 8u2 3U1 Sx1 
a' 

> | l.i al j 
H- t 6ia±js2 

Ji, al al. 
t 12 " a2l) ' 

1 i al.j 
C 2 ij 1 

(4.18) 

Figure 1. The Family of Planes (4.17). 
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According to the theory of Section 2.2, the planes (4.17) define a 

W-geodesic field for the Lagrangian (4.16) if and only if the Lagrange 

brackets (4.18) vanish identically, i.e., if and only if 

21 21 ,, 1ftX 
*12 = a21* (4.19) 

The condition (4.19) is satisfied, in particular, by the 

Lagrangian (4.9), for which the planes (4.17) therefore define a 

W-geodesic field. For the Lagrangian (4.9) these planes also define a 

G-geodesic field. In fact, it is not hard to explicitly write down suit

able functions Sa for these W- and C-geodesic fields: for the former, 

we set Sa = 6̂ t̂ L, and for the latter S"*" = t*°L, = t̂ , where in both 

• f 
cases the arguments x̂  in L must be replaced by the field functions 

(̂t3,**) - uV » ̂ t-61, (4.20) ro o fcl a' x ' 

obtained from the 2-parameter family of planes (4.17) according to the 

pattern (2.15), (2.16). It is easy to verify that these choices of 

Ct £ 
S , $a do constitute W- and C-geodesic fields respectively for the 

Lagrangian (4.9). 

On the other hand, a Lagrangian of the form (4.16) for which the 

condition (4.19) is violated is given by 

, 1,'i'i . •1»2\ . , „ 
° 2̂ xaxa xlx2̂  wittl m • n • 2. (4.21) 
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Hence for this Lagrangian the planes (4.17) do not determine a W-

geodesic field. Nor do they determine a C-geodesic field, for it can 

be shown that the integrability conditions (3.49) are violated. Thus, 

for the Lagrangian (4.21) the 2-parameter family of extremals (4.17) 

defines neither a W- nor a C-geodesic field. 

Example 2. Let the Lagrangian be defined by 

L = v̂ det (<5̂  g+x̂ x g) with m = n = 2, (4.22) 

so that the fundamental integral J(Cg) gives the surface area of the 

subspace C£. We shall specify the field functions by means of the fol

lowing two-parameter family of 2-dimensional planes 

1 1..1 2 2.2 ,, 
x •= u t , x=ut, (4.23) 

which have the origin as the only common point. This family defines a 

C-geodesic field in conjunction with the functions 

S1 » •tM+x1*1, S2 - ̂ t2t2+x2x2, (4.24) 

as can be verified directly. 

However, the family (4.23) does not give rise to a W-geodesic 

field and we shall show this by establishing that the Lagrange brackets 
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(2.18) do not vanish identically. From (4.23) we obtain x̂  = u\ 

*1 *2 *2 2 
x2 = x̂  = 0, = u . Hence the square of the Lagrangian (4.22) re

duces to 

t2  ̂'i'i . z'1'2 -1-2.2 llx 22, 1122 L = 1 + X x + (x,x0 - X-X, ) =1 + UU +UU + UUUU 
a a 12 2 1 

»i , 1 lw, , 2 2* 
( l  +  u u ) ( l  +  u u ) ,  

and, with a as the row index and i as the column index, 

3L 

'a;1 

•  1 ,  > 2 r  1.2 «1*2» 
X1 + x2 lx2 " X2X1 

•1 •2/«l«2 *l*2v 
x2 - x1(x1x2 - x̂ ) 

• 2  •1 / ' 1 , 2  «1*2 n  

X1 ~ x2 12 ~ x2xl' 

•2 .1..1-2 '1-2S x2 - x1(x1x2 - x2xx) 

1 f 1  J.  2  2N u (1 + u u ) 

u2(l + uV) 

We can now evaluate the Lagrange brackets (2.18): 

[uV]1 
9x 9 3L 3x 3 3 L  \  . 1 3  

? • 1 „ 2 1 • i 2 
3u 3*1 3u 3u [3xJ/ 3u 

1M, 2 2N u (1+u u ) 

/(l+u1u1)(l+u2u2) 

- 0 

i-1 1 2 t u u 

/(l+u1u1)(l+u2u2) 
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Similarly, 

/(l-hiV") (l+u2u2) 

Hence we observe that 9[û ,u2]a/3ta = 0, but that neither of the 

Lagrange brackets vanishes individually, so that the field is not 

W-geodesic. 

Incidentally, this example illustrates the following fact, 

mentioned in Section 2.2. The Lagrange brackets (2.18) satisfy the 

identities 

-̂ -[u\uB]a = 0, (A,B = 1,... ,n), (4.25) 
9t 

but not in general 9[û ,u®]a/9t̂  = 0. Thus, for multiple integral 

problems, the Lagrange brackets (2.18) are not independent of ta in 

general; they are only divergence-free. 

We have remarked that for single integral problems the family of 

all extremals which pass through a common point gives rise to a geodesic 

field. This fact depends on the independence of t of the Lagrange 

brackets for single integral problems. In view of the above observation 

that this independence no longer holds for multiple integral problems, 

we cannot expect the families of extremals (4.17) or (4.23) to give rise 

to a W-geodesic field merely on the grounds that they all pass through 

a common point. 
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2.4.3 Weber's Form of the Hamilton-Jacobi Equation 
for the Problem of Least Area 

We conclude this section of examples with an investigation of 

the equations for a C-geodesic field in the case of the problem of 

minimal area already mentioned in Section 1.1. Weber [18] has found the 

elegant form (4.33) for the Hamilton-Jacobi equation of this problem. 

Our chief purpose here is to give a short derivation of Weber's equation 

(4.33). We also interpret this equation geometrically and give a gen-

eralization of its analogue for the parameter-invariant form of the 

least area problem. 

In terms of the symmetric positive definite matrix 

- 4«b + #6- «-26) 

with positive determinant q > 0, the Lagrangian of the least area 

problem is given by 

>̂ q. (4.27) 

• i 
We square this relation and differentiate with respect to x* to 

obtain 

*) 
For the theory of parameter-invariant problems in the calculus 

of variations we refer to Rund [12] and Martin [10], [11]. 
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L-rr = (4.28) 
dx 
a 

~*̂ ot 3 
where q denotes the cofactor of q̂  in q. 

By use of Carath£odory's form (3.42) of the equations for a 

C-geodesic field, Weber's equation can be derived as follows: we first 

obtain the form of the functions a" for the Lagrangian (4.27) 

-ag*i*i -a&/ , . 
q x«x „ q (qD -6- ) -ay 

a« = L6« - Jk-i = ̂  LJL = 6̂« _ " "By -gY 
Y Y »*i Y M  Y n  Y 

3xa  ̂ Sq ' /q /<f 

Hence det(a") = q̂ m (m/2) = q(m 2)/2 >  ̂sq the conditions 

L 0, det(a") ̂  0, upon which the Caratheodory's equations (3.42) 

g 
depend, are satisfied for the problem of least area. Now is de

fined by the equations (3.37), namely 

3L_ = aV 
•i e i' 
9x' 
a 

i.e., by 

_ y6?; 

/q Sq  

Hence 

- xj. (4.29) 

Also 



F = 
L-1 _  ̂

det(a™) " q(m-2)/2 

Thus, the equations (3.42) for a C-geodesic field, namely 
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(4.30) 

F det 
8S 

3t 
1, 

as" _ 3S° B 

ax1 " IF 1 '  
(4.31) 

become 

 ̂det 
(5)' 

1, 
9S" 3Sa»i 

3x dt 6 3" 
(4.32) 

The first of these equations can be squared and combined with 

the second to yield Weber's equation 

, ./9Sa 3S6 . 3Sa 3SB 
detl + — T 

l3tY 3tY 3x 3x 
1. (4.33) 

which must be taken in conjunction with the condition 

det 
3S 

3tf 
> 0, (4.34) 

a consequence of the first of the equations (4.32). 

Conversely, if we substitute the second of equations (4.32) into 

(4.33) and make use of the condition (4.34), we can recover the first 

*̂ The formulae (4.29), (4.30) are already mentioned by Boerner 
([2], p. 196). 
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of equations (4.32). Hence, in the equations (4.32) for a C-geodesic 

field, we can replace the first equation by Weber's equation (4.33) in 

conjunction with the auxiliary condition (4.34). Thus, in order to 

obtain &_ C-geodesic field for the problem of least area, one must find 

a set of m functions Sa(t̂ ,x̂ ) € which satisfy (4.34) and form 

a solution of Weber's equation (4.33). Then the field functions will be 

obtained by multiplying the second of equations (4.32) by the inverse of 

the matrix (3Sa/at̂ ). ̂  

If we introduce the m x (m + n) matrix II, whose m rows are 

the m vectors 

, „ct 8Sa 3Sa 3S_a 
grad S = i , .,..., » 

at at 3x ax11 

T 
and denote by n the transpose of n, then Weber's equation (4.33) 

takes the form 

det(nnT) =• 1. (4.35) 

This equation permits the following interpretation: the volume of the 

m-dimensional parallelepiped formed by the m vectors grad S° 

(a - l,...,m) in R®*11 equals unity. 

Ŝwart [16] has shown the equivalence of Weber's equation 
(4.33) and the Hamilton-Jacobi equation (3.25) without, however, 
mentioning condition (4.34). 
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We remark that Weber's equation can easily be generalized to 

parametric variational problems of the form 

L = (4.36) 

with symmetric, positive definite = ĝ (x ), in which case equation 

(4.35) becomes 

det(ngnT) =1, (4.37) 

where g denotes the inverse of the matrix and, for m(<n) 

functions Sa(x*"), II denotes the matrix Os'Vsx*'). 

2.5 A General Class of Geodesic Fields 

We shall describe a hierarchy of m distinct types of geodesic 

fields of which the first and the m-th are respectively those of Weyl 

and Carathdodory. These theories again involve a set of m functions 

o 8 1 2 
S (t ,xJ) € C . Given such a set of functions, we construct the m x m 

determinant 

4 - O«(5) 

of Carath£odory and consider the sum of all its principal minors of a 

given order r, 1 _< r m. We shall denote this sum of all r x r 

principal minors in the determinant (5.1) by Clearly 4>̂  
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and ®(m) are resPectively the divergence (2.1) of Weyl and the de

terminant (3.2) of Carathfiodory. 

The functions <5̂  for 1 jc r £ m were recently introduced 

by Rund [14], who showed that the integral 

= J*<r)dt> <5'2> 
6 

is independent in the sense of Section 1.1, as the result of an integral 

theorem, i.e., if Cm and Cm denote two admissible subspaces which 

coincide on the boundary 3G of G, then I(Cm) = I(Cm). With a con

vexity hypothesis a very short proof of this fact can be given. Indeed, 

the independence of the integral (5.2) follows immediately from Corollary 

2 to Theorem 1.1.1 and the following proposition, if we assume that the 

Ot O *| aj 
domain of the functions S (t ,x ) is convex in xJ. 

•Proposition 5.1. The Euler-Lagrange vector (1.1.13) vanishes 

identically for the functions 

Ej($(r)) =0, (r ° 1,...,m). (5.3) 

Proof. A proof of (5.3) entirely similar to that of the special 

case r ® m of Section 2.3 can be made. However, by use of (5.3) for 

r - m, Rund ([12], 1973 Edition, Appendix) has given the following 

short proof. Let 



Sa(te,xj) = Sa(te,x3) + Xta, 

where X is a parameter, and define 

*a dSa a , ..a , * , t,*o> 
Cg = —g cg + and A = det(Cg), 

dt 

Then 

A = det(c" + X6®) = Xm + X™"1#,.,. + ... + Xm"r4>, .+...+$, v. 
0 8 (1) (r) (m) 

Since, as we saw in Section 2.3, Ej(A) = 0, and since Ej(') a 

linear differential operator, we obtain 

0 = *m~1Ej(®(1)>+ ••• + Am"rEj($(r)> + ..• + W)>» 

and hence (5.3), because X is arbitrary, q.e.d. 

The algebraic properties of the functions can be con

veniently described by means of the generalized Kronecker delta. In

deed, we have 

1 0l*"°r el 8r 

• ( r > - a V - * ' C l 4  " " V  ( 5 '  

If we regard  ̂ f°r the moment as the function of Cg given by 

(5.4), and write 
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34> ./9c™ • C, A (5.5) 
(r) 0 (r)o' x ' 

then 

a  a  . . . a  3_ .  
«fl a o c~ ••• c r, (5.6) 

(r)3 (r-1)! 0 62"'0r «2 ar 

and 

d$, . - C, vPdc™. (5.7) 
(r) (r)a 6 

By returning to the c" their customary significance, namely (3.3), 
p 

we obtain from (5.7) 

"(r) . c a iS?. ,5 8) 

to1 W" 3*1 (5'8> 
a 

We shall call a geodesic field which arises from an independent 

Integral of the form (5.2) r-geodesic. Such a geodesic field is de

termined when a set of m functions Sa(t̂ ,x̂ ) C and a set of m n 

i 6 1 1 
field functions \Ji (t ,xJ) C C are given such that 

>(r) (5.9) 

and 
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Jk „ c « is! „ im 
3ii CW« 3xi- (5"10) 

• £ 
where it is to be understood that the arguments x̂  refer to the field 

functions 

= <j£(te,x3). (5.11) 

The construction of the Hamiltonian function proceeds exactly as 

0̂ ot oi 
in Section 2.3. In terms of canonical variables IT , TT. , we define 

p i 

the following functions of the variables x̂̂ ,7Tg,7rî : 

a a , a*i 
Pg 3 (5.12) 

i Si 3 

V )  - H \ . . . s X  -  V  ( 5 ' 1 3 >  

P 1 Jr  . . . . .  
(r)B (r-l)!:6 62...8rP«2 "" ( ) 

We suppose that at an initial value Xn of the variables 

/*.<* i *i <* «\ /c , _N (t ,x ,xo,TTg,TT1), (5.15) 

the equations 

*) 
We shall therefore give only an outline of this construction 

and refer to the corresponding parts of Section 2.3 for the motivation. 
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(r)' 
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(5.16) 

*k. = P V 
aii "Wi' 
a 

(5.17) 

are satisfied and that at this point XQ the (mn x mn) determinant of 

the functions 

cxB _ 9 

' 3iJ 
P 

2L. _ P V 
i (r) Y 1 

3x 
a 

(5.18) 

does not vanish. Then the equations (5.17), considered as equations in 

the variables (5.15), can be solved for 

•i  ̂ i/̂ 3 j 3 x = \ (t ,X , IT , TTj)» 
o (r)cr ' Y j 

(5.19) 

In terms of these functions the Hamiltonian function is defined 

by 

H(r)(t »x " -L(fc »x±»'(,(r)0) *•* D(r) (*(r)ofir̂ 1T±) * (5.20) 

The Hamilton-Jacobi equation reads 

H (tV1,-̂ ,-̂ ) - 0, 
(r) 3t 3x 

(5.21) 

m O 4 O 

and any set of m functions S (t ,xJ) € C which satisfies this equa

tion leads to an r-geodesic field via the field functions 
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(̂t3,*3) " +(r)J(t8,*3.1§7»14). (5.22) 
a (Tja 31 8XJ 

The first order partial derivatives of the Hamiltonian function can be 

read off from the equation 

dH, . = - -̂ -dt - -̂ dx1 + P, .Pdir° + $ *p N
6dir?, (5.23) 

(r) 3ta dx± (r)a 0 T(r)g (r)a i* ' 

which also shows that has as many continuous derivatives as L, 

provided that L € Ĉ (k 2). 

In the special case r = 1 we obtain the Hamiltonian function 

which has the form 

fa 1 a cu a , ¥T/la i a» /e 
,x .TTg.iTj) = iro + H(t ,x ,7̂ ), (5.24) 

a i a *) 
where H(t ,x ,ir̂ ) denotes the usual Hamiltonian function for the 

theory of Weyl. 

In Sections 2.2 and 2.3 we saw that the Legendre and Weierstrass 

conditions for the cases r = 1 and r = m do not depend explicitly 

on the choice of the functions Sa. It is a significant fact that for 

•k i t )  
1 < r < m this is in general not so ', as we shall see from the 

following 

Ŝee Rund [12], p. 224. 

"fc f t  \ 
The fact that for 1 < r < m the Legendre and Weierstrass 

conditions depend explicitly on the choice of the functions Sa can 
also be read off from certain unpublished formulae obtained by Rund 
for the functions (5.4) and (5.8). 
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1 *i *i 
Example. Let L = with m = 3, n = 2. We choose a 

1 1 2  2  
parallel field defined by the extremal x = t , x = t , so that 

* i i i 
x = ip = 6 . Then one can easily verify that both 
a a a 

11 2 7 3 
SX = x , S - x , S = 0, (5.25) 

and 

S1 = |(xX - t1), "s2 = x2, ?3 = t3, (5.26) 

define a 2-geodesic field in conjunction with the field functions 

= 6̂ . Now the coefficients of the Legendre quadratic form (1.13) for 

the two geodesic fields (5.25) and (5.26) are given respectively by 

a6 _ 
l(r)ij 

10 0 10 0 

0  1 - 1 0  0  0  

0 - 1 1 0 0 0  

10 0 10 0 

0 0 0 0 1 0 

0 0 0 0 0 1 

and q 
r <*(3 
(r)ij 

1 0 0 - 0 01 

0 1 | 0 0 0 

0 | 1 0 0 0 

j 0 0 10 0 

0 0 0 0 1 0 

0 0 0 0 0 1 

the first of which is positive semi-definite, the second of which is 

positive definite. Thus, for 1 < r < m, not only can the Legendre 

form vary with different choices of Sa corresponding to the same 

field functions but even its character of positive definiteness 

can change. 



70 

• £ 
Since the Lagrangian of this example is quadratic in x̂ , and 

also 4̂ 2) *s quadratic in xa, we can expect the Legendre and 

Weierstrass conditions (1.13) and (1.14) to give the same information. 

In fact, upon computation, one finds that for the geodesic field (5.25), 

2L* = 2(L - $(2)̂  = X̂1 + *2̂  + x̂2 " *1̂  + *̂3*3 + X3X3̂  — 

while for the geodesic field (5.27), 

/r* - / /<r . \ _ ,*1 n2 . ,*2 -.2 , ,»1 *2.2 , ,'2 , *lx2 
4L* = 4(L - *(2)'  ̂1 "  ̂ (x2 ~ 1) + (Xĵ  - x2) + (x-ĵ  + x2) 

. ..2*2 . -1-1. . ,.1«1 . .2.2. 
+ (x̂  + x2x2) + (x3x3 + x3x3) > 0. 

Thus the Weierstrass condition (1.14) is satisfied in both cases, how

ever, in the latter, equality is attained only for the field functions 

t|>* = 6*, while in the former, equality is attained for the more general 

.4 
values of xQ which satisfy only 

• 1 *2 *1 *2 •! «2 
Xĵ  + x2 - 0, x2 ~ X1 " °» x3 B x3 • o. 



CHAPTER III 

IMBEDDING THEOREMS 

We have seen that an admissible subspace which minimizes the 

fundamental integral must be an extremal. Conversely, let us suppose 

that an extremal subspace is given. How can it be determined whether 

the extremal minimizes the fundamental integral? According to Section 

2.1, this can be done by means of the Legendre or Weierstrass sufficiency 

conditions, provided that the extremal is imbedded in a geodesic field. 

Thus it is of paramount importance that one should be able to construct, 

for any given extremal subspace, a geodesic field which imbeds the ex

tremal. The present chapter is devoted to such constructions. 

Several constructions of this type have appeared in the litera

ture. Weyl himself gave a construction for his theory [19], while 

Boerner [2] proved an imbedding theorem for the theory of Carath£odory. 

For parameter-invariant problems in the calculus of variations, Velte 

[17] has given an analogous construction. KlBtzler [7], [8] has 

studied the imbedding problem from the point of view of finding eigen

value criteria under which imbedding is globally possible. 

In Section 3.1 we prove an imbedding theorem for Carath€odory's 

theory by making use of the canonical variables of Rund [13] as de

scribed in Section 2.3. Our construction is derived from that of 

Boerner [2]. We pay particular attention to the expression of explicit 

conditions under which the entire extremal subspace (as opposed to a 

71 
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sufficiently small part of the subspace) can be imbedded in a C-geodesic 

field. 

In Section 3.2 we shall give a similar construction for an 

r-geodesic field for arbitrary r, 1 r m. The case r = m is 

presented separately in Section 3.1, because we can give a more complete 

discussion for this case, all C-geodesic fields (apart from some, per

haps, which are borderline cases as far as smoothness is concerned) 

being obtainable by our construction. On the other hand, for general 

r, we have been forced to place a rather arbitrary restriction on the 

geodesic field. 

3.1 The Imbedding Theorem for the Theory of CarathSodory 

0 
Let us suppose that we are given an extremal subspace C of 

m 

the form 

x1 = x1̂ ) ( C2(G), (1.1) 

relative to a non-vanishing Lagrange function L(ta,x̂ ,x̂ ) of class 
a 

v 
C (k _> 2). We wish to construct a C-geodesic field in which the ex

tremal (1.1) is imbedded. In other words, we seek a set of m func

tions Sa(t̂ ,x̂ ) € Ĉ  and set of m n field functions (̂t̂ ,x̂ ) € C*" 

so as to satisfy 

1) the equations for a C-geodesic field, namely, in the notation of 

Section 2.3, 
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(1.2) 

ft " ^ 7* (1*3) 
3x 3x 
a 

where the arguments x* refer to the field functions (̂t̂ ,x̂ ); 

and 

2) the Imbedding condition 

/(te,xj(te)) = x1̂ 8), for all tP C G, (1,4) 
a a 

A C-geodesic field will be obtained, as we saw in Section 2,3, 

by the construction of a solution Sa(t̂ ,x̂ ) € (a = 1, m) of 

the Hamilton-Jacobi equation (2.3.25), with the field functions given 

by (2.3.26), namely 

/(te,xj) = C c1. (1.5) 
a ° 3ty 3x 

By this approach, the imbedding condition (1.4) becomes 

for al3L tP € ®» (1*6) 
a a 3t 3x 

where the symbol ' °' above a function indicates that the arguments 

refer to the extremal (1.1). 

We shall extend the domain of definition of the functions A* 
Ta 

and hence also the domain of the Hamiltonian function H, by making 
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use of an extension of the implicit function theorem given by Bliss ([1], 

Appendix). In order to satisfy the hypotheses of this theorem, we re

quire the following data: 

1) a non-vanishing Lagrangian L C C (k _> 2), 

2) an admissible subspace of the form (1.1), and 

oa Y V — 
3) a set of continuous functions 7r„(t ), ir (t ), defined on G 

p i  

such that 

and 

o o 

L - D, (1.7) 

o 
3L 

3x 

- - PV 
i Vi 
a 

"a 3L °°a 
or pe = L7ri 

(1.8) 
9x 

3 

det(Q̂ j) / 0 for all t" e G, (1.9) 

where we have adopted the notation that a zero 10' placed above a 

function indicates that its arguments (ta,x*,x*',Tr°',Tr°t) are to be 
o a p i 

ct ° i  * i  °ct °a ot 
replaced by (t ,x ,x , TT TT ) as functions of t . 

Ct p 1 

Then, by the implicit function theorem in the form given by 

Bliss ([1], Appendix), there exists a unique solution of equations 

(2.3.16) for x*, to be denoted by 

Cf. Proposition 2.3.1, equations (i) and (ii). 
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xa - a ' 'VV 

€ c 
k-1 
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(1.10) 

which satisfies 

*a = (1.11) 
O • O-v o 

and is defined on a set of the form 

f,.a i a cu i i °ii . . i a #ai . i a °Oi _ . ..a „ —, 
l(t ,x .TTg.irpilx - x | < $,1*0 - itgl < 6,1^ - irj < S,t € G} 

for some 6 > 0. 

We shall suppose henceforth that the extremal (1.1) satisfies 

the condition (1.9), where is given by (2.3.20). Thus, we have 

reduced the construction of a C-geodesic field which imbeds the ex

tremal (1.1) to the following problem: to find a set of 'canonical1 

o o 
functions ir^(t^), irl(t^), which satisfy (1.7) and (1.8), and then to 

P I 

construct a solution Sa(t^,x^) € (a = l,...,m) of the Hamilton-

Jacob! equation 

h(ta,x1,^,^) - 0, (1.12) 
3t 3x 

such that 
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For, according to Section 2.3, we shall then have a C-geodesic field 

with the field functions given by (1.5); furthermore, the imbedding con

dition (1.6) will be satisfied in view of (1.11), (1.13). 

We now suppose that we have found a set of canonical functions 

°Cl 
ir0, ir., which satisfy equations (1.7), (1.8), as well as a set of 
p i 

(m - 1) functions Sa (t^,x^) € which satisfy equations (1.13) 

for a = 2, ..., m, but are otherwise arbitrary. We shall show later 

how this can be achieved. Then we can substitute 

8s0t' 3sa' n iri i r f t  =  — =  — 7 ~ »  ( 1 . 1 4 )  
3 3t 1 3x 

into the Hamiltonian function to obtain the 'reduced' Hamiltonian 

function 

. a i 1 lv „,.a i 1 dSa' _1 3S°\ „ 
h(t ,x .iTg,^) = H(t ,x ,ir ,——jp* (1-15) 

3t 3x 

1 j 
For the function S (t ,x ), we will then be left with the 'reduced' 

Hamilton-Jacobi equation 

, t.o. i 3S^ 3s\ „ /* ie\ 
h(t ,x ,—-,—r) "0, (1.16) 

at 3x 

and the conditions 

Greek indices with a prime a', y', ... run from 2 
to m and the summation convention shall apply to them. 
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3S1 

3t«' 

3s1 

3x1' 
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(1.17) 

In order to motivate the following theorem, we shall write down 

the characteristic equations associated with the first order partial 

differential equation (1.16). Let a dot denote differentiation with 

respect to a parameter Then the characteristic equations associ

ated with (1.16) are given by 

£« = jk _ pa 'i _ _3h_ -

a i 

= _3iL _ JL. _ P3 d / 3SY 

" 3ta" 3ta Y' dt^[ 3ta , 

3h 

ax1 

31* _ p 3 d 
i 

3x dt 

3s1 

3x 

(1.18) 

where it is to be understood that, in the last members of these equa

tions, the arguments x* are replaced by (1.10) and, subsequently,the 
i » ° 

arguments tt , ir. , are replaced by (1.14). The derivatives of the 
p 1 

a i. 1 1 
reduced Hamiltonian h(t ,x ,ir , tt.), as given in (1.18), are obtained 

a i 

from (1.15) and (2.3.24a-d). The following theorem is essentially due 

to Boerner [2]. 

Theorem 1.1. Let there be given a_ set of (m - 1) functions 

Sa (t^,x^) € such that 

0 
3L 

ca' — 
e 

o °o0t' 
3s 

3x 
8 

3x' 
i * 

(1.19) 
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Then the (1 + n) equations 

' L = D ( = ), 

1 3L _ T 1 

(1.20) 

(1.21) 

are integrals of the following system of (2m + n) ordinary differential 

equations; 

II 

f t° = PJ, 

•1 9L _g d 13S 

" — " V 7* at dt \3t 

•1 9L d I d S  
ni = ~- y1 7ji7t 

9x dt 19x 

Y' 

(1.22) 

(1.23) 

(1.24) 

Remarks. 1) The only variables which appear in the systems I, 

II are (ta,ir^,ir]'): the cofactors P® depend on the p° = u" + 
a x  p  p  p  i  p  

O t  ̂  O t  ̂  f t  ^  
where ira  , IT. are the derivatives of S as given by (1.14), 

P  1  

jl • i ot 
while the x , xq are functions of t as given by the extremal (1.1). 

o t  1  
2) P^, being the cofactor of p^ in D, does not contain 

elements of the form pjjj, so that P° is a function of ta only, 

with the result that equations (1.22) can be uncoupled from the 

system II. 

3) The variables irj appear linearly in I, II, but not 

in general, homogeneously. 



79 

Method of Proof. The method below differs significantly from 

that of Boerner [2]. We employ a device which Carath£odory ([6]§20) has 

attributed to Cauchy. Let us suppose that the variables (ta,ir^,Trj") 

which appear in systems I and II are given as functions of the para

meter T"*" in an interval J such that system II is satisfied, the dot 

referring to differentiation with respect to Then we introduce 

the (1 + n) functions 

UCT1) = pjpj - L, (1.25) 

VT > (1'26) 

g 

and show that they satisfy a homogeneous linear system of the form 

u = a(t^)u + b*"(T*)v^, 

Vj - Aj(t1)u + BJ(t1)v1, 

with continuous coefficients. It follows that if system I is satisfied 

at a single point Tq C J, so that u(Tq) = 0, v^CTo^ = then 

system I must be satisfied for all € J. 

Proof. Throughout this proof a dot denotes differentiation 

1 • i "i 
with respect to T , except that, as before, xa and x^G denote 
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the derivatives of the extremal (1.1) with respect to ta and (ta,t^) 

respectively. 

We combine (1.19) and (1.26) into the single equation 

a 3L T 
a j. 

ps 7i =  l*i +  siv 
3*b 

Multiplication of this equation by PY and use of (1.25) yields 

(L + u)SY = PYLir" + PY«?v., 
' 3  » i  a  i  a  1  i  

B 

so that 

- PYUj = a linear combination of u and v.. 
"i a i i 

(1.27) 
3x' 

We now differentiate the expression (2.3.12) for p^ with respect to 

t\ making use of system II, to obtain 

•1 .1 «1«1 1 i 8 
P ™ TT + TT^X + TT^X ePf ra a i a i a(3 1 

3L + 9L -i p6 

3ta 3*la~ 

dir dir 

dt dt 

Y* 
i *i 

F*a i afr 1 

dL 

dt" 

JL»i +p0 

3xg ea y' 

v' 1 dP« 
it v — 
1 ab dt0 

. i»i 
+ pl*ix«B 

^ + P V 
a y1 

dt 

_9k\«i _ pb *L 
3ij) Y' dt* ' 

(1.28) 
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in which the middle term of the final expression is a linear combination 

of u and v^, by (1.27). 

Differentiation of (1.25) with respect to t\ and subsequent 

use of (1.28) and (1.22), yields an expression of the required form 

for u: 

u  =  p P - + p P 1 - L  
a 1 a 1 

1. a dPY' 
p P? - P i —t-P? + (lin. comb, of u and v.) 

y dt® 

p4« _ p3t-y' + (...), 
ra 1 y p 

in which the first two terms of the final expression cancel, because 

p4? - P6,^' = p1^ + ̂ P? - P6pJ - D - D - 0. 
a 1 y p a 1 a 1 y 3 

Also, differentiation of (1.26) with respect to t\ and 

subsequent use of (1.28), (1.24), yields 

* - a1 3l , 1 3l t* 1 t*1 

3 3xg ps
si3

6 i * 

d Y' 

p^, —§~ ~tt + lin* comb* of « and v.) + 
d t 3  Y  d t e  3 1 f  



+ p 
1 _9L_ 

9xi 
M + "?• RH dt 
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(1.29) 

Now the last term can be transformed as follows by means of (1.19): 

v' 
d(Lir! ) 

LP3 —L = P3 
LPY' dt3 Y* 

_ uy» jl 

dt J dtS 

- rp d 

" Y' dt* 

Y' 9L 

a 

_ dl g y' 

dt 
6 Y' j 

- ̂ PenY p3 1\ d / 3L \ 3 dpa 8L _ dL ,J v _ J1 

- < v .  ' i'-vUi + v dt» *«•Tl 1J 

= (U + - P1 A + PB, 
dta 3;j ° '< dt6 sij 

1 a' a a 

+ lin. comb, of u and v,l + Lu]", 

where in the last step, we have used (1.25), (1.22) twice and (1.27). 

We substitute this expression into (1.29) and, by use of the Euler-

Lagrange equations, everything cancels up to a linear combination of u 

and v^. This concludes the proof. 

Theorem 1.1 has the following significance for our purposes: 

°1 °1 
we shall define the canonical functions ir^, by means of system 

II along the trajectories of the system of ordinary differential 

equations 

t° • C°, for all t™ € G, (1.30) 
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so that system I will be satisfied throughout G if it is satisfied at 

a single point on each trajectory. 

(X ' 
Let us first, however, show how to choose the functions S , 

0 ot' 0 ot' 
7T , TT . In addition to the conditions (1.13), (1«19) and 

P  i  

c t '  6 i 2 a1 3 
S (t ,x ) € C , mentioned previously, we shall require S C C and 

rank (C°) =1, (1.31) 

i.e., 

°at 
rank (c^ ) = m - 1. 

Such functions can be chosen for instance as follows: we select 

sa (t^) € C4 such that rank (3sa /3t^) = m - 1, but otherwise arbi

trarily, and set 

of *\ ® «' _ ial. e c3 
pe ~ „ b p at 

°r. i ct 
Now the functions ir^ are determined from (1.8b) with a • a', the 

° o t '  ° c t ®  ° a f  ° a f  «i 
functions tr0 are determined from P0 = TT0 + TT. X0, and the func-

P P P X p 
ct ® 

tions S are defined by 

_o* 8 j. a'/4A • °ot1 * i °i. 
S (t ,x ) = s (t ) + ir^ (x - x ). 
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Then (1.31), (1.19) will be satisfied, as well as (1.13) for a = a', 

c( f 3 
But, in order to ensure that by the above choice S is of class C , 

4 
we would be obliged to make the additional hypothesis that L c C and 

°i 4 
x € C . Instead, we suppose that there exists a set of (m - 1) func-

ot* 3 
tions S € C , perhaps otherwise constructed, such that the condi

tions (1.19) and (1.31) are satisfied. Then we define the canonical 

°a' °a' 
functions it , tt. by equations (1.13) for a = a'. 

p l 

We now turn to the construction of the remaining canonical func-

°1 °1 
tions TT , IT .. We shall first determine the values of these functions 

a i 

on a hypersurface T in G of the form 

ta = Ta(T0') C C2, (1.32) 

which is chosen so as to intersect each trajectory of (1.30) exactly 

once and non-tangentially. This non-tangency condition can be expressed 

by the condition 

det(C?,-^rr) t 0 for t™ » Ta(xe'). (1.33) 
1 3t 

We make the hypothesis that such a hypersurface T exists. 

°1 °1 
For the determination of the values of IT , IT. on T, we 

o i 

have the (1 + n) equations of system I in Theorem 1.1. The remaining 

(m - 1) degrees of freedom can be absorbed if we know the values 

S^(TCt,xi(T°1)) = a(xe'), say, (1.34) 
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1 0 n 
of S on the (m - 1)-dimensional intersection Cm H (T x R ) of the 

extremal (1.1) with the hypersurface 

T x Rn: t" = Ta(x6'), x1 - 51 (1.35) 

of r"**11. For we can then differentiate (1.34) with respect to x^ 

to obtain the (m - 1) equations 

o- „mct 1 3T 3 a 

ft' 2 
Accordingly, we choose ct(t ) € C arbitrarily and then 

°1 °1 
determine the values of the canonical functions IR , IT. on T by 

a i 

means of the following system of (m + n) equations for ir^, ir^: 

system I of Theorem 1.1, together with the equations 

 ̂- -̂ fr, (1.36) 
° 3x 3xg 

o 
• i 6 1 Bf 

where x^ » *0^ This system has a unique solution )» 

i s *  1  
ir^(x ) C C , on account of (1.33) and L f 0. 

With these initial values for irj" and the initial values 
a i 

ci 1 
(1.32) for t , at x • 0, we integrate the system II of Theorem 1.1 

to obtain 

. ot .ci/ 3\ 1 1/ (3\ 1 • 11 $\ - —1 /. 
t - t (x ), - ir^(x ), iri - ir^x ) C C . (1.37) 
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By the choice of the hypersurface T, and by (1.31) and (1.33), the 

g  
first of equations (1.37) can be solved for x in the form 

= xB(ta) € CX(G), (1.38) 

so that the remaining equations of (1.37) yield the functions 

*y(t ) 

w4(t ) 

1 ,  B / . c u * 1  
* ("T (t )) 

> c (^(G). 

1 / 3 /j,ctv ^ 
^(t (t )) 

(1.39) 

By Theorem 1.1, these functions satisfy 

o 
0 0 OI JJT O 01 

1 = D, P„ -TT= LV 
3x 
a 

°oc °a 
This concludes the construction of the canonical functions ir„, ir.. 

p l 

We have yet to construct the function S^"(ta,x^) c C^" so as to 

satisfy (1.16) and (1.17). First, the initial values Z of S*" on the 

j  ̂  
hypersurface (1.35) in R , namely the values of 

S1^,?1) - ECr3',?1) « C2, (1.41) 

are chosen such that 
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EO^ M V 0 1 ) )  =  c r ( T P ' ) ,  (cf. (1.34)) ^ 

•J^\;V)) - ̂ ctVV. 
3t a 3x 

3E , 3' °l/n,a.. °l,mYN —r(-r ,X (t )) = ir (t1). 
3? 1 

(1.42) 

Such a function E is given, for instance, by 

2(x0 ,?^) = o(xP ) + t- x1) with ta = Ta(t^ ); 

the first and third conditions of (1.42) are then immediate, while the 

2 
second follows from (1.36). However, in order to ensure that E C C 

ct °i 
with this choice of E, we must assume that a, T , L, x are all 

3 
of class C . Again, we prefer to suppose that a function £ with 

the above properties exists, perhaps otherwise constructed. 

The function S^" will now be constructed as the solution of 

the reduced Hamilton-Jacobi equation (1.16) which satisfies the initial 

condition (1.41). We shall carry out this construction by the method 

of characteristics as described in the book of Carath6odory ([6], 

Chapter 111). 

3gl ggl 
The initial values of , —t- are obtained as the solutions 

« a » <L 
at dx 

for ir^, tt^ of the following system of (m + n) equations: 
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= 0 ,  >  

1 3t 3E 

° 3xe' 3t 
i»» 

1 32 
ir± - — 

35 
i' 

(1.43) 

(cf. (1.16), (1.41)). This system (1.43) has a solution, because the 

°1 °1 
values of ir^, ir^ on T satisfy (1.43), while the functional determi

nant is given by (1.33) and does not vanish. Thus, we obtain 

\ = ir£<'rs,>sd>' \ = ^(t6',sj) ( = -&T ) c c1. 
a a 11 a?i 

With these initial values of tt\ irand the initial values 
a l 

ct i 1 
(1.35) for t , x , at r = 0, we integrate the characteristic equa

tions (1.18) of the reduced Hamilton-Jacobi equation (1.16) to obtain 

t-.iv.s3), 

-r1- »V.53), a cr »•» '» 

x1 = ̂ (t0,^) 

C c1. 

(1.44) 

(1.45) 

ct A 1 1 ct ot 6 
By construction, the functions t , x , TrQ, ir^, with t • t (x ) 

as given by (1.37), are also solutions of the characteristic equations 

(1.18). This gives rise to the identities 



ta(te) = ta(tp,xi(ty)), 

^(^(t0)) = ̂ "(AxV7)), 
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(1.46) 

and 

^(^(t8)) = ir^tm1^)), 
a ct 

> 

TR^(tE(TB)) = TT*(TP,X;'(TY)). ^ 

(1.47) 

Now equations (1.44) can be solved for 

CJ = cV.x1). c C1, (1.48) 

provided that 

3(t".x1) / Q 

9(ts,^> 
(1.49) 

J Oi (1 ft ft — 

for £ s x (T ) and all T which correspond to t € G via (1.38). 

Thus, we obtain from (1.45), (1.48), the functions 

ifttY.«*) = iri(Te(tY,xk),C3(tYf*k)) 

1/..Y kN _ —1, (3,,Y k* _j /. Y kNX 
ir^t'.x ) = i^Or (t ,x ),5 (t ,x )) 

• c c (1.50) 



ct 
With the t as independent variables, the identities (1.47) become 

\ = ^(tB,x^), tr* = iT^(te,x^). (1.51) 

According to the theory of characteristics, the functions (1.50) 

are the first partial derivatives of a solution S^t^x*) C C2 of the 

ot i 9S^" 8S^° 1 
reduced Hamilton-Jacobi equation h(t ,x , ,—r) = 0, and S is 

3ta 3x 

obtained from the functions (1.50) and the initial condition (1.41) by 

a quadrature. Also, by (1.51), the conditions (1.17) are satisfied. 

It follows that the system of functions s\ ..., Sm is a solution 

satisfying (1.13) of the Hamilton-Jacobi equation (1.12). We have 

therefore proved the following 

Theorem 1.2. Let there be given an extremal subspace Cm of 

the form (1.1) relative to a^ non-vanishing Lagrange function 

ct i * i 2 
L(t ,x .x^) € C such that the determinant (2.3.20) does not vanish 

° ct' B 1 
along Cm. Suppose that there exist (m - 1) functions S (t ,x ) 

3 
€ C which satisfy (1.19), (1.31) and that there exists a hypersurface 

T iri^ G which intersects each trajectory of (1.30) exactly once and 

non-tangentially. Suppose also, that there exist initial values 

ZCC2 of S1 on T x Rn which satisfy (1.42). 

Then, provided that the determinant (1.49) does not vanish for 

the arguments Indicated, the above construction yields ji C-geodesic 

o 
field in which the extremal Cm is imbedded. 



3.2 The Imbedding Theorem for the General Theory 

*) 
We now consider the construction of r-geodesic fields for 

arbitrary fixed r, 1 r £ m, which imbed a given extremal subspace. 

In the special case r = m, which gives rise to the theory of 

Carath£odory, the construction to be given here is more specialized 

than — and slightly different from—that given in Section 3.1. 

o 
Let us suppose that we are given an extremal subspace Cm of 

the form 

x1 = x^t") € C4(G) (2.1) 

oc i • i A 
relative to a positive Lagrange function L(t ,x ,xq) € C . We wish to 

construct an r-geodesic field which imbeds the extremal (2.1). In 

other words, we seek a set of functions Sa(t3,x3) € and also a set 

1 - 8  1  1  
of field functions »x ) € C such that the equations for an 

r-geodesic field, namely 

L(t3,xj,i|,j) = (2.2) 
3 (r) 3 at3 ax3 

and 

(2.3, 
ai1 3 ^ 9t 3x 3x 

a  

*^See Section 2.5 for the definition and basic theory of 
r-geodesic fields. We shall retain the notation of that section. 
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as well as the imbedding condition 

xa = » for tp.c g» O-.li) 

are satisfied. 

This problem can be expressed in terms of canonical variables if 

o 
we have the following data: associated with the given extremal Cm> a 

set of continuous values 

Q 0 

TTo(t^) and TTj(t^) for t^ € G (2.5) 
p l 

of the canonical variables 7r*, 7r" such that 
p 1 

1) the equations 

o 
L 

(r) 
and 

e 
3L 

3x1 

0 -«s 
p atf° 
(oe^i 

(2.6) 

are satisfied; and 

2) the (mn x mn) functional determinant of equations (2.5.18), 

namely the determinant 

det(Q^rjy), for tY € G, (2.7) 

does not vanish. 
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In due course we shall construct the canonical functions (2.5) 

such that (2.6) is satisfied. It will then be hypothesized that for the 

constructed canonical functions (2.5) the determinant (2.7) does not 

vanish. 

With the above data, we can invoke the implicit function theorem 

of Bliss ([1], Appendix) to solve the equations (2.5.18) for 

\ = +(r)o(tb'*3'1r?'irj) (2'8) 

in such a way that the initial values 

o 
0 4 o n o < - «•» 

are obtained. 

Just as in Section 3.1, the problem of imbedding the given 

extremal subspace (2.1) in an r-geodesic field can then be cast into 

the following form: to construct a solution Sa(t^,x^) € of the 

Hamilton-Jacobi equation 

" °» (2*10) 

K ' 9t 3x 

such that the conditions 

°a _ hi °a _ as" f 9  , , s  
ft» TTj .» (2.11) 

b 3t 1 3x 
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j g j 1 

are satisfied. The field functions ^(t ,x ) € C will then be given 

by (2.5.23). 

,a» °a* 

'a' *) 
ni . 

Our first objective is to choose the functions S , ir , 
P 

We are obliged to impose on these functions a somewhat artificial 

condition, namely 

°a' °a» °a'?i -a' 

p6 = *6 + *1 *8 - SB ' 
(2.12) 

which will render the equations (2.6) more tractable. By means of a com

binatorial argument which involves the evaluation of generalized 

Kronecker deltas, (2.12) implies that the functions an<* P 

assume the form 

(r)B 

(r)l 

(r) 

m-i a 
r-1J 1' 

m-1' 
r-1 

°1 . /m-1 
Pn + 

(r)g' 

(r) 
a' f Jm-2l °1 , (m-2| 

6 [\r~2/ 1 I'-1)] 

m-2 

r-2, 

(2.13) 

(2.14) 

(2.15) 

Here and in the sequel the value of a binomial coefficient with 

q • -1 or 0 is taken to be zero and one respectively, independently 

of the value p, 

^As in Section 3.1, Greek indices with a prime a', 3', ... 
run from 2 to m and the summation convention applies to them. 
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With the abbreviations 

u D/ n " L 
(r) 

m-1 

r-1 
•i + u-i 

O 
- L, (2.16) 

e 
V. 

(r)e i 

o 

3L m-l °1 

r-1 "i " 
m-2 

r-2 

»1 Og, 

3 i 

O 
9L 

3x^ 
(2.17) 

we can write the conditions (2.6) which restrict the canonical functions 

o  „  0 _  a a 
Trg, Tr± as 

o 

U 0, 
o 

V. (2.18) 

and 

O 
8L 

Sx1, 
or 

(r) 8 V 
(2.19) 

As a consequence of (2.15), (2.16), 

(r)B 
(m - 1) +- 1) (L + u) + 

m-l fia' 
6B ' 

(2.20) 

so that (2.18) implies the equivalence of (2.19) and the relation 

O 
3L 

3x\ 
a' 

• (m - 1) "^(r - 1)L + J1 II. 
r I i 

(2.21) 
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It is significant that this latter condition does not involve the func-

°1 °1 *) 
tions it , 77 .. 

a i 

Because L is supposed to be positive, (indeed, the weaker 

m-1 
hypothesis [(r - 1)L + ] f 0 would suffice,) we can use equations 

Of o » » „ . 
(2.12), (2.21) to determine 77 , 7T.. We now choose S (t ,xJ) as 

3 1 

3 
any set of (m - 1) class C functions which satisfy (2.11) with 

o = a'. For instance, we could take 

Sal(te,xj) = ta' + ̂ "'(x1 - x1). 

We note for later reference that, by (2.20), (2.21), 

0 R,0v 3T -1 °fi»° 
P(r)y ~ = (m " 1} (r " 1)lTj U* (2*22) 

axg, 

a' °o' °a' 
Having chosen the functions S , 77 , 77., we substitute 

p *• 

as0 

3t 
0 ' 

ax 
(2.23) 

into the Hamiltonian function to obtain the 'reduced' Hamlltonian 

*) 
Without imposing (2.12) or some similar condition, for instance 

» 

for o' < r 
p 

0 for a1 > r, 

°o' 
/V* 

e 

we have been unable to find a relation such as (2.21) which is inde-
°1 °1 

pendent of 77 , 77^. 
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function 

t, ^c* i 1 lx 
(r) ,x 

n /Va J- 1 3sCt' 1 3Sa\ 
(r) ,x fi ,iri\ i 

(2.24) 

9t 3x 

Then the problem of constructing a solution of the Hamilton-Jacobi equa

tion (2.10) such that (2.11) is satisfied, reduces to the following 

1 S 1 2 
problem: to construct a solution S (t ,x ) € C of the reduced 

Hamilton-Jacobi equation 

h (t0,*1,-^,-^) = °' 
( ' 3t 3x 

(2.25) 

such that 

'1 3S 
ir = 
° 3t° 

'1 3S 
Ti = : 

3x 
i' 

(2.26) 

The characteristic equations associated with the first order 

partial differential equation (2.25) form the following system of 

ordinary differential equations: 

3h 3h 

3ir 
(r)l' 

x 

3  I T  

iijL b A ip a 
1 (r)ct (r)l' 

3h 
ill = JL _ P 3 d f as 

3t 3t (r)*' dtB\3ta 

3h 
(r) „ 3L _ g d 13S 

3x 3x w dt^lsx1 J' 

(2.27) 
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where the dot denotes differentiation with respect to a parameter T» 

and where the derivatives of the reduced Hamiltonian function h- v are 
(r) 

obtained from (2.24) and (2.5.24). 

We now have the following analogue of Theorem 1,1. 

o o 
Theorem 2.1. The (1 + n) equations u = 0, v^ = 0, are in

tegrals of the following system of (m + n) ordinary differential 

equations 

. J* . Ps, l!L, = Jk . Ps, (2.28) 

° at" Y dtB 1 a*1 * 

Remark. Here the variables are (T,ir^,ir^): first, the variables 

i *i ct * ex* ot 
x 9 x , 7t , 7T. are expressed as functions of t via the ex-

Ct p X 
°a f  °a t  

tremal (2.1) and the already known canonical functions , while 

ct 1 1 
u, v^ are expressed in terms of t , tt^, via (2.16), (2.17). 

Then, so as to satisfy 

ia = |a = m_1 

C *1 r-1 
6J for ta € G, (2.29) 

we set 

tCt = r-i r6r (2,30) 

°i °i 
Method of Proof. We suppose that ir^, are given as dif-

ferentiable functions of t on some interval j such that they satisfy 
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O O 

(2.28). Then we show that the functions u, v^, defined by (2.16), 

(2.17) with ta given by (2.30), satisfy a homogeneous linear system 

O O J O O O J O 

u = au + b Vj, vi = A^u + , 

in which the coefficients are continuous functions of T. It follows 

0 0 0 0 

that if u = = 0 at one point of the interval j, then u and 

vanish throughout this interval. 

Proof. It is understood that throughout this proof each func

tion should have a superscript '°' attached and that ta is given by 

(2.30) as a function of T. A dot will always denote differentiation 

with respect to t except that x* and will continue to denote 

the first and second partial derivatives with respect to ta and 

O 

We first make the following observation: the definition (2.3.12) 

0t *1 
of p^, yields for p^ the expression 

a 8 0 
(t ,t ) respectively of the extremal C . 

•1 ̂  A. ir + TI.X + u.Ji , 
a i a i al 

m-1 
r-1 

We reduce the first two terms by means of (2.28) and the third 

by (2.14) to obtain 

3ta ax1 a (r)Y 

W dwj' 

dt0 dt (r)1 1 °3 
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We make use of the notation d/dt of (1,1,10) to transform the first 

two terms, while to the third term we apply the fact that, by (2,12), 

we have dp /dt = 0, obtaining altogether 

dL 3L i 3 y'..i , D B Li 
+ V / \ * TTj x n + P/ \iT.X a t  

dta 3X1 &a (r)Y' i a& (r)l i ag' 

which can be regrouped as 

dL 

dta 
P V -

My i a'i 
(3 

X 
ag 

The expression in parentheses is a linear combination of u and by 

(2.17), (2.22). Thus 

p1 = + a linear combination of u and v^. 
a 

(2.31) 
dt 

Now we differentiate (2.16) with respect to t and obtain 

m-1 •1 dL 
r-1 

i 

P1 " 
dt1 

m-1 
r-1 ' 

which, by (2.31), is the expression of the required form for u. Dif

ferentiation of (2.17) with respect to x and subsequent multiplication 

by 
m-1 

yields for th® expression 

.B'"1 
m-2 

\ ~ lr-2 

m-1 

r-1 

-i.l _ dir± 
PR,7ri + 1 
P 1 dt1 

d 9L 

dt1 
(2.32) 
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To see that this, too, is a linear combination of u and v^, we note 

that, by use of the Euler-Lagrange equations (1.1.12), the second of 

(2.28) is equivalent to 

3+'S-

d 3L 

dta Sx1 

which, by use of (2.14), can also be written as 

•1 

*i " 
m-2\ 1 d7ri 

P.. — r-2 y' 
dt 

d 3L d 

dt1 ~ d t B '  

3L \ pg' d7ri 

sij, dt 
r • 

This equation and (2.31) imply that the expression (2.32) for 

is a linear combination of u and plus 

dt 
3' 

3L 

9v 
. pe-

Y' m-l jJ" 

r-1 dL 

dt dt' 

m-l] 
r-1 

\-l 

which equals 

dt 
- ir[<- -»- • (":*)]•?'} 

But the first term in braces vanishes by (2.21), while the second term 

in braces is a multiple of u by (2.20). This concludes the proof of 

Theorem 2.1. 
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The significance of Theorem 2.1 can be described as follows: we 

°1 °1 
shall define the canonical functions by means of the system 

(2.28) along the trajectories in G of the system (2.29). Then, by the 

0 0 a — 
theorem, u = 0 and v^ = 0 for all t € G if these equations are 

satisfied at a single point of each trajectory. 

In order to make effective use of Theorem 2.1, we suppose that 

the region G has such a shape that there exists in G a hypersurface 

T of the form 

t1 = T(ta') € C3, (2.33) 

*) 
which intersects each trajectory of (2.29) exactly once. We shall 

refer to this geometrical hypothesis as condition (2.33). 

°1 
We determine the initial values of the canonical functions ft , 

o 
°1 1 
TTj, at t = T on T as follows: these initial values shall satisfy 

O  O  

the (1 + n) equations u = 0, v^ = 0. In order to find (m - 1) 

further equations, we choose 

1 n' «' 
S (T,t ,x (T,t )) a(ta') C C3 (2.34) 

01 
arbitrarily and note, by differentiation with respect to t , that 

°1 
c, 

3T 

3ta' 

x 0l + c~i 
3o 

3t 

^The form (2.33) automatically makes the intersections non-
tangential. 



so that we have the (m - 1) additional equations 
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°1 9T . °1 3a 
P1 a' pa* = » a" (2.35) 

9t 3t 

from which, in conjunction with u = 0, v^ = 0, we can uniquely de-

°1 °1 1 
termine the initial values of tt^ ,, at t = T. 

With these initial values, we integrate the system of linear 

°1 °1 
ordinary differential equations (2.28) to obtain ir., throughout 

o o 
G. Moreover, by Theorem 2.1, the equations u = 0, v^ = 0 will be 

satisfied. This concludes the construction of the canonical functions 

°ot °a 0 

Tig, ir^ associated with the extremal subspace Cm< One must now examine 

whether the determinant (2.7) vanishes. We make the hypothesis that it 

does not.vanish. 

We have yet to construct the function S^(ta,x*") € C2 so as to 

satisfy (2.25), (2.26). First, the initial values £ of S^" on the 

u ni |i|| 
hypersurface T X R in R , namely the values 

S1(T,t°tf .x1) = 2(ta' jX1) € C2, (2.36) 

are chosen such that 
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e = o(t" ), 
•\ 

3E °1 3T 

3t 
r = it 

1 3ta 
T + 7T » » 

3E 

3x 
i = V 

at t = T, (2.37) 

(cf. (2.34), (2.36)). Such a function E is given, for instance, by 

E(ta jX1") = a(ta ) + ir^x1" - x*) with t1 = T, 

in which case the first and third conditions of (2.37) are clearly sat

isfied, while the second follows from (2.35). 

The function S"*" will now be determined as that solution of the 

reduced Hamilton-Jacobi equation (2.25) which satisfies the initial con

dition (2.36). As in Section 3.1, we shall use the method of character-

3s^ gs^ 
istics. The initial values of , —r- are obtained as solutions for 

3t° 3x 

tt^, it* of the system of (m + n) equations 

h(r) (T»ta .x1,^.**) « 0, ̂  

1 3T . 1 
tt. r + it , 
1 - a a' 

3t 

3E 

3t 

3E 

a' 
(2.38) 

3x y 
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(cf. (2.25), (2.36)). This system (2.38) has a solution, because the 

°1 °1 
values of TTa> on T satisfy it, while the functional determinant 

is non-zero, since, on the extremal, 

a' 3T !!^rl_!^_a^= j 1_» 

8^ 3.1, 9ta' (r)1 <r>x IF 
1 a 

m-1 
r-1 

^ 0. 

Thus we obtain from the system (2.38) the functions 

\= »x̂ )» c cl* 

With 
1 1 

these initial values for it , it., and the initial values 
a i 

,.1 a\ ..a' a' i ri t = T(t ), t = x , x =• ? , 
*) 

at t = jj T(xa ), we integrate the characteristic equations (2.27) 

of the reduced Hamilton-Jacobi equation (2.25), to obtain 

ta = ta(t,tp ,5^), x1 = x^t.t^ ,^)») 

^ »^)» - ̂ (x.t5 .c-'). 

€ C 

It is more convenient to express these functions in terms of the para-

m-l] 
meter 

1 
t = 

r-1 
as 

*). a' i. 
(t ,C ) are parameters. 



tw = t^t^,^) , x1 = 

i  - 1 , 8  c u  1 -1, e _j. 
a a '5'* 17i >Z )• 
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(2.39) 

(2.40) 

a 0£ 0^ 
Since, by construction, the functions (t ,x with 

tQ = T01, are also solutions of the characteristic equations (2.27), we 

obtain the identities 

t" = t0(te,xJ(T,tS'))> x1 - x1(tB,x:i(T,tB')), ̂  

9 

We can solve equations (2.39)for (tB,£ ) In terms of (t°,x ): 

tb - te(t",xl), SJ = {V,*1), 

provided that the (m + n) x (m + n) functional determinant 

3 <t" Sh 

3(x e ,5 J )  
(2.41) 

8 1 S °1 6' 
does not vanish at the arguments (T ,G ) = (t ,xJ(T,t )). 

The rest of the proof of the following theorem now repeats 

that of Theorem 1.2 verbatim. 
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Theorem 2.2. Let there be given a^ positive function 

L(ta,x^,x^) € C4 with respect to which a subspace C : x* = x^ft") € C4 
0c " ——— — ^ 

is an extremal subspace defined on the closure G of a region G sub

ject to condition (2.33). Let r denote an integer, such that 1 jc r 

°ct °ct 
£ m. Suppose that, with the associated canonical functions 

constructed as above, the determinant (2.7) does not vanish. 

Then, provided that the determinant (2.41) does not vanish for 

the arguments indicated, the field functions (2.5.23) define an r-

o 
geodesic field in which the extremal Cm is^ imbedded. 



CHAPTER IV 

EXTENDED GEODESIC FIELDS AND AN EIGENVALUE CRITERION 

In his book [7], KlHtzler has introduced an extension of the con

cept of geodesic field. The salient feature of this extension, as com

pared to geodesic fields in the previous sense, is the replacement of 

the Hamilton-Jacobi equation by an inequality. By means of an extended 

geodesic field it is still possible to test whether a given extremal 

provides a minimum for the fundamental integral. 

Whereas KIBtzler has employed the independent integral of Weyl, 

it is the purpose of the present chapter to explore similar possibili

ties by means of the determinant of Carath£odory. In particular, an 

analogue is presented of an eigenvalue criterion given in the disser

tation of Schmidt [15]. 

4.1 Extended Geodesic Fields 

oi 1 • i 
Let there be given the integrand u(t ,x jX^) of an inde

pendent integral in the sense of Section 1.1, as well as a set of field 

i g 4 
functions ^ (t ,xJ). Then we shall speak of an extended geodesic 

field if the equivalent Lagrangian L* = L - w, satisfies the condi

tions 

l * ( t ^ , x ^ > _  0  ( 1 . 1 )  

108 
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and 

= 0, (1.2) 
8x 0 

a 

(cf. the equations (2.1.6), (2.1.11) which define a geodesic field). A 

o 
subspace Cm of the form 

x1 = x^t") C C2(G), (1.3) 

will be said to be imbedded in an extended geodesic field if 

o 

LMt^.x^x*) = 0 (1.4) 

and 

o 

** - ̂ (te,x3). (1.5) 
a a 

We have the following basic result: a_ subspace Cm which is 

imbedded in an extended geodesic field, minimizes the fundamental inte

gral J(C ) relative to the class of subspaces C which coincide 
p 

with Cm on the boundary 3G of^ G, provided that either the 

Weierstrass condition, namely 

l*(ta,x^,x^) >. 0, (1.6) 

or the Legendre condition, namely 
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3^L* ,.y °k «kv,ij . „ n 
—: r(t ,x ,x )? 5J. > 0 for EE f 0, (1.7) 
3xJ3x Y <* p asa * VA"'' 
0 a 

is satisfied. To see this, we note that if a subspace Cm of the form 

o 
(1.1) coincides with Cm on the boundary 3G of G, then, in terms of 

the notation of Section 2.1, 

J«W - J<Sn> • 

[l*(t0,x^,x^) - i 0. 

Here the Legendre condition yields a weak minimum, while the Weierstrass 

condition yields a strong minimum, provided that (1.6) is satisfied for 

the appropriate arguments (cf. Section 2.1). 

We shall consider only such extended geodesic fields for which 

the integrand w of the independent integral is given by a determinant 

of the form (2.3.4). Then, provided that equation (1.2) can be solved 

for tj>*, the inequality (1.1) can be expressed in terms of the 

Hamiltonian function defined in Section 2.3, as 

h(ta,x±,-^>-a§^) < 0. (1.8) 
3t 9x 

We shall call this relation the Hamllton-Jacobi inequality. 

o 
Let us now suppose that we are given an extremal subspace Cm 

of the form (1.3) for which the conditions 



det(QjJ) N, L 0, 
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(1.9) 

are satisfied, with defined by (2.3.20). Then, just as in Section 

o 
3.1, the problem of imbedding the extremal Cm in an extended geodesic 

field can be reduced to the following problem: t£ find a_ set of canonical 

O O 

functions n°, it? such that 
g i 

L = D and = P %f, (1.10) 
9x e i 

a 

oi 3 i 
and then to construct a_ solution S (t ,xJ) (a = 1,..., m) of_ the 

Hamilton-Jacobi inequality (1.8) such that 

°a 3s °a 3s ,, 
= —a> *4 = —t- (1.11) 

3 3te 1 3x 

Quadratic functions Sa are particularly convenient in this con

text. More specifically, we suppose that we have constructed the 

°o °a 0  

canonical functions ffg, associated with the given extremal Cm by 

the method set forth above and below equation (2.3.53). Thus, in 

addition to (1.10), we have p^ = 3sa/3t^ € C*(G), so that 

—£ - o. (1.12) 
3t 

Then we choose 

Sa(tB,xJ) = sa(t3) + ̂ (x1 - x1) + ̂ s™^ (te) (x1 - xi)(xj - ̂ ), (1.13) 
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where the functions 

s^(tP) = sJ±(tS) € C^G), (1.14) 

have still to be determined appropriately. By the choice (1.13) of Sa, 

conditions (1.11) are automatically satisfied. 

We now seek s"j such that the functions (1.13) satisfy the 

Hamilton-Jacobi inequality (1.8). This will be approached as follows: 

with the notation 

VO^.x1) = H(te,xj,-^,-^), (1.15) 
at' 8xJ 

we shall attempt to satisfy the following three conditions, which imply 

i °i 
(1.8) for values of x close to x : 

i) V(tot,xi) = 0, 

ii) -^(t^x1) - 0, 
3x 
2 

iii) 8,V .(t^x1)^^ < 0 for j 0. 
8x 8xJ 

We shall examine these conditions in turn. The first is already satis

fied by construction. To examine the second condition, we differentiate 

(1.15) to obtain 

JV ™ + JH. + JK. (1.16) 

3x^ 3x^ 3tt!| 3x*®3t 3tt£ 3x^3x 
P FC 
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By means of (2.3.24b-d), (3.1.11), (1.12), (1.10), we obtain from (1.16) 

0 
3V 

9xj 3xJ 01 

32Sa , 32S *k| 

3t33xj 3xk3xj X*l 

dlr+ 3 

3x3 3t3 a 3xJ 

P3 IS- a _ J L _  +  
3 | 3°L 

3xJ 3t3\3x| 

which vanishes by virtue of the Euler-Lagrange equations, Cm being an 

extremal subspace, so that ii) is also satisfied. 

Before turning to iii), we introduce the functions 

oa(te,5j) = \ sj^t^v. (1.17) 

Then, by differentiation of (1.13), we find that 

32Sa ?i = 3a' 

3x* 3x^ 35 r 5 3te 

and 

_2„a o. . 18^ 

3t33xx i3t 
3 ij e 

3ir 

3t 
V it 

^-x1 -
e" 

a,. y 
me(t 

j 3al 
» 4 
35 j 
) 

where 
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3n 

3t 
V 

o 
a*i 

Ve 
(1.18) 

is linear in 5* and tk • When the arguments (x^,it^,ir™) in the 
i pi 

second derivatives of the Hamiltonian function HCt^x^Tr^ir"), equal 

0i °a °cx oi 
(x ,Tr0,ir.), we obtain functions of t only, to be denoted as follows: 

p i 

2 
3 H 

5
Se = 
ay 

32H 

3tt^3tt" 
e 6 

32H 

ij sx^sx*' ict 

3^ = 
ay 

32H 

32H 

P 
j a 

kh 

3tt?3x^ 
k 

32H 

3tt^3tt" 
h k 

(1.19) 

As a final preliminary to iii), let us define a set of functions 

s° = 32S" (tY 'kj s« = 32S° sa „ 33Sa 

« 3xj9te ki axv 3x 3xJ3t 

which are functions of ta only, because Sa as given by (1.13) is 

quadratic in x*. 

By differentiation of (1.16), we obtain 

3 V a _°_k 

3x±3x^ 
- bjl + + bj?kl 

k_a 

+ b/s° + b6ES« s\ + bekS» s+ P8S° . 
ia 3J ay 3j ei ay 3j ki a 3ji 

+ b kS° + b^S™ sj + bk*)s° sj., 
ia kj 3a kj ki a3 kj hi' 
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so that 

92v 

3xi3x;) 

,.a °k. _icj 
(t ,x )5 £J = 

01 4. u c^tri a. i,pe,,a y 4. 9a01 3c^ . r b.jC £ + b (D-0) + b . —: z~ 
« gt3 ji ay 0 e «3 g?k g?h 

2 ° Z * o  

, g a-i k 9a rl , ot3k a 9aY 
+ 2b . OJ05 + 2b . —rf + 2b a>„ —r« 

lot 3 ia ay 3 ^k 

1 ct 
This leads us to define a function H which is quadratic in £ , 

by 

hct0,?1,^) = 
f(V 

ri_1 . . Se a Y , , kh a 3 
6 «j + boyve + 'asvh 

. 3 a^i , k ari , + 2b. + 2b Ti- C + 2b 
ia 3 ia k^ ay 3 'k 

(1.20) 

3k a y. 
u
0n,'). 

Thus the problem of imbedding an extremal subspace in an extended 

geodesic field is reduced to the following: to construct a solution of 

the form (1.17) satisfying (1.14), of the quadratic inequality 

;;*4 a.2 
a 3t n3 

such that equality holds only for 5* » 0. 

We remark that the analogue of the function H in the theory 

of Weyl (cf. Kltftzler [7]§26) is the Hamiltonian function which cor

responds to" the Lagrangian 
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K t V . s j )  - f  
x3xJ03x a B 3x 3x 01 3x 3x 

(3 a a 

of the second variation. There appears to be no similar fact in the 

present theory. 

The following method of seeking a suitable solution of the 

quadratic inequality (1.21) is suggested by Theorem 6.1 of Schmidt [15]. 

This method applies to any function H which is quadratic in (?*,n.j)« 

We first give a new, short proof of 

Lemma 4«1« (Klfltzler [7]§27). Let there be given a set of 

i6 ct 6 
functions '» n(£)i^t ' ' such that 

det(5(£)) * °* (1,22) 

ct 6 
Then a_ necessary and sufficient condition that the functions Sy(t ) 

which are defined by the equations 

n(£)i " Sij5(£)' (1,23) 

satisfy the symmetry condition 

= s^, (1.24) 

is that 
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[k,£]a = 5(k)n(£)1 - ~ °« (1.25) 

Proof. We fix a, define matrices n = (l^) = ^(i)^' 

a i 'T' 
s = (s±j) = 5 = (?j£> = and let the symbols and 

»v« 
, denote 'transpose' and 'inverse' respectively. 

X 
Then (1.23) can be written as n =• s?, or s = n ?. Hence 

T 
the condition (1.24), which can be written as s = s , is equivalent 

Tv VT T T »T 
to n 5 = 5 n, i.e., 5 1 s *15, i.e., (n5) = n?> which is equiva

lent to (1.25), q.e.d. 

Let us now suppose that we are given a set of functions 

2 — (v 1 — 
C C (G) and c ^ » which satisfy the conditions (1.22), 

(1.25) and which are related by the equations 

V^Ce)) = "(£)!*' (-£ = l,...,n). (1.26) 
3t oTlj^ 

(The problem of finding such functions nC£)i considered 

ct ft 
in Section 4.2.) Then we determine the functions s^j(t ) from equa

tions (1.23), so that, by Lemma 1.1, the condition (1.14) is satisfied. 

We shall now transform the quadratic inequality (1.21) into a 

i Ct 
condition on the functions 8et 

A(ta.51) = ?! ̂ 4+ H(tP,?J, ̂ ). (1.27) 
a 3t 35j 

Then the inequality (1.21) can be written as follows: 
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2, 
2A(tcx,51) MrfV 10, (1.28) 

3£ 3£j 

because A is quadratic in 5*• 

Lemma 4.2. The coefficients of the quadratic form (1.28) 

satisfy 

. 2 .  ,  
^—5/^ = (1-29) 

aeia5rco " na)i' 

where 

h(£)i 5 A^u)? + ̂ i^'^CerV)!*' (£ = 1 n)* 
3t 35 (1.30) 

Remark. It is interesting to compare equations (1.12), (1.26), 

(1.30) on the one hand with the canonical equations (2.3.50), (2.3.51), 

(2.3.52) on the other. 

Proof. We differentiate (1.27) with respect to (5^,5*) to 

obtain 

jl _ p0 32qa + H L  +  J J L  a2qy 

351 a 3?J3t3 3?J 3nJ 35"*3gk 

and 

32A „ pB 33qa + 32H + 32H 32oY 

a s^s^st5 3nj35j 35±35k 

32 H 3V .  d 2 H 32gg 32qY M ,n 

35±3nj^ 35j35k ssv 35j3?k 
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Because H is quadratic in we obtain from (1.26), (1.30), the 

equations 

9 <?«„> - • "An » (1.32) 
at3 y ^ ^ 3rij3nj ̂  

9 °B a. _ d 2 H  .1 , 32H y 

'«)i - gtS a (£)i - s^'-COk-
(1.33) 

We now multiply (1.31) by 5^^ and compare the result with (1.33) and 

(1.32) multiplied by , taking (1.23) and (1.17) into account, to 

obtain 

32a 
eJ = !fiU + ̂ -(vhk ) + h - -5-(P6n «) 

h±hru) ol ^b^cd) 9t0 y («i gtp a (£)i ' 

whence (1.29) follows by use of (1.23) and (1.12), q.e.d. 

i !L i i £ 
Given an arbitrary vector £ , we define a by 5 = » 

so that from (1.28), (1.29) we obtain 

2A(ta,gi) = (1.34) 

We have proved the following analogue of a theorem of Schmidt [15]. 

Theorem 1.3. Let H(ta, g*", n") denote any function which is 

quadratic in and let P® € C^(G) denote any set of functions 

which satisfy (1.12). Then the quadratic inequality 
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" 3t 8cj 

has a solution of the form 

- is«j(tB)5V 

satisfying the symmetry condition (1.14), provided that there exists a^ 

set of functions € C^(G), € C^(G) such that 

i) (1.22), (1.25), (1.26) are satisfied and 

ii) the quadratic form 

Q(a£) = (ha)i5(k))a£ak (1.35) 

is negative definite for all t° € G. 

o 
Corollary. An extremal o£ the form (1.3), with associated 

o 0 
canonical functions it™, it" such that (1.9), (1.10), (1.12) are 

p l 

satisfied, can be imbedded in an extended geodesic field, provided that, 

i ct 
with H given by (1.20), there exists a set of functions ^(.fc)! 

as described in the theorem. 
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4.2 An Eigenvalue Criterion 

By means o f  a  s p e c i a l  c h o i c e  o f  t h e  f u n c t i o n s  £ ° ^  

Section 4.1, we shall obtain an eigenvalue criterion for the imbedding 

problem and hence sufficiency conditions for a given extremal to mini

mize the fundamental integral. 

We begin by stating a proposition which gives information about 

the quadratic function H defined by (1.20). 

Proposition 2.1. Let denote the inverse of the (mn x mn) 

matrix where is given by (2.3.20). Then the quadratic 

function H(t a ,g*,n") defined by (1.20) has the form 

a  _ i  a N  l X i j a  3  .  i  ,  1  - i - j  / o  i \  
( 'V = 2^ye a a'Vj Caj 3ni5 2*1^ 5 ' ( * 

^ ct 
where c . and c.t = c.,, are well-defined functions of t . 

aj ij ji 

Proof. We must show that 

32h vllror0 

« 3e a y 
nk ni 

(2.2) 

From (1.20), (1.18) we obtain 

3 H = b6Eiiik - 2bSkxi + bIk. (2.3) 

snj»i£ ot b e at 6 ay 
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If in (2.3) we interchange the order of differentiation and equate the 

two expressions thus obtained, then the following identity arises: 

. 3k'i 
b xo ay 3 

. 3i»k 
b x_. 
yet 3 

(2.4) 

From (2.3.24c,d), we obtain the identity 

* 
i _3H_ 

'••S 

3H 

3ir? 

Y Y 
which we now differentiate with respect to it and tt, and then evaluate 

along C , to obtain the identities 
m 

0 i 

+ i*bpe = bei, 
3iry a 3 oty ya* 

~^P6 + xJbBk = blk. 
a 3 ay ay 

sir. 
k 

We multiply the former by x£ and subtract the latter, taking (2.4) 

into account, to obtain from (2.3) 

3 2h 

3n JanJ a\airT 

(2.5) 

Differentiation of the identity (2.3.16) in the variables 

(ta,x*,ir°,ir°), with respect to yields 

i 

| 
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2, 3<h 3 L 3+i 
D"1(P™P,S - P?^)(6e^ + irf —-)ir^ + P a 6J. 

P e ge y { j . Y i y i '  " s " t  "8"=""yt «  '  ~ i  or" 
o a k  k  

Similarly, differentiation of the same identity with respect to and 

v 
subsequent multiplication by <f>. yields 

A 

a. A a . pv>)we<£ + a* 
S&i1 3.*X Se fl ̂  i 

6 a X X 

We subtract these two identities from each other to obtain 

y w v « g - 4 i )  
9x-i3x 

6 a 3"k »¥i 

= p-jJ, 
Y  i 

whence, if we evaluate along Cm» taking (1.9) and (1.10) into account, 

-JA _ A 'A ;«5k 
IJK 

This, together with (2.5), proves (2.2), q.e.d. 

Let us suppose that the Legendre quadratic form is uniformly 

positive definite in the sense that there exists a constant K > 0 such 

that 

QjJsM > K?1?1 for all 51 
ij^o B — a a a 

(2.6) 

and all ta C G. Since the (mn x mn) matrix 

(2.3.20) is symmetric, in the sense that 83 Qj"» 

as given by 

it follows from 



(2.6) that 

Hence we obtain from (2.1) the inequality 
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nij & _ Ct r 11 Ot / O «yv 
^ag?i?j — Kci?i ?i' (2«7) 

li/j-O ^ _i_pYpY_C 3 j. i ^-r f? ON 
H(t ,5 ,ni) i + 2^ij5 ? * (2'8) 

We now split c^j into its symmetric and skew-symmetric parts 

with respect to the indices (i,j): 

with 

+ (2-9) 

i- (2-10> 

Relative to the skew-symmetric part c^j, we choose a constant j> 0 

and functions d^(ta) = d^(t^) such that 

ZcJjCje3 < Kj^cJcJ + dy^V for all g1, (2.11) 

This can be done, for instance, as follows: in view of the evident 

Inequality ' 

j |sjd|[<51)2+ (#2]. 
Oi i» j 

(2.12) 
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we introduce the notation c^(t^) = Tic* I and c. (ta) = Tc"'' and 
a |1 a j ' i r. <* 

choose 

= Max c™(tY), dy = (no summation), (2.13) 

a,i,tYCG 

By means of (2.11) we obtain from (2.8) the inequality 

H(t a ,Z 1 ,n°) < tf1(t°,K 1 ,  r£) , (2.14) 

where, with the notations 

* 1 ~ K + Kl' cij = cij + dij» 

the function is defined by 

WlC*"^1.^) = I + + c^V). (2.15) 

By virtue of (2.14), the quadratic inequality (1.21) will be 

satisfied if 

o - „ a . „ a 
pa"^+ H l ( t a > £  > ^ T >  <  °-
a  3t 1  H  

Therefore we apply Theorem 1.3 to in place of H and choose the 

j. cc 
functions ^(.fc)! t^at theorem as follows. 
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We select a finite region GQ 3 G and consider the eigenvalue 

problem 

32 \ 
K — + Az = 0 on G., 
atv 0 

z => 0 on 3GQ. 

(2.16) 

It is known (cf. Schmidt [15] Theorem 8.1) that if the boundary 3GQ 

of GQ is sufficiently smooth (and we shall assume that it is), then 

the smallest eigenvalue of this problem is positive and the cor-

o 
responding eigenfunction € C (GQ) does not vanish on GQ. We 

choose 

5U) = Vl- (2.17) 

Then it is clear that det(£^) f 0 on G, so that (1.22) is 

satisfied. 

Now the functions are chosen so as to satisfy (1.26), 

!• 6* } 

3tyvce); 

3 h. 

3n 

r. (2.18) 

But, from (2.15), 

. o ay'i 0j a 
3n± 



so that the functions 11 are defined by 
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Pen Y = K 
PyV)i 

9? 
U )  

at* 

- c1 E-5 . 
& r u )  '  

(2.19) 

By means of (2.17), (2.19), we can now verify that condition (1.25) is 

satisfied: 

[k,£]a 
_i a i a 
5(k)V)i " 5(£)n(k)i 

,.i a .i a« _ , a ou 
(6kn(l)i " £ (k)i 1 ~ (V)k " n(k)£ 1 

and the last expression vanishes, because (2.19), (2.17), (2.10) imply 

that n(£)k = n(k)£-

Finally, we investigate the quadratic form (1.35). From (1.30), 

(2.19), (2.15), we see that 

t ,  =  9 ^8 ,  a .  d H l .B  j  0  
V)i a (£)i + 3§i(t ,E(fl'V)j' 

K *<£L 

9tb3tb st6 5«) 

35 
- c m  

M  3te 

+ P P^n a + c E* 
+ pi a C£)j + Cij5 CO-

If we use (2.19) again, this becomes 
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V)i= K1 
am 

gce) 

3tp3tb 

3c"®1 

ate ̂ U )  3j 

3?' 

3t 
+  P  

35' 

gi 
££l 

3t 

—j -j _k 
" cgicgk5 a) + cij4o" 

Because of (2.10), the terms involving the first derivatives of 5/ 

cancel. Thus the quadratic form (1.35) becomes 

Q(a*) - htt)15^Afc 

U )  

V3t6 

3^ 

at 

&  -  P  P  e k  

3 gi 3k (£) + C ± A l )  
r1 =Ak 
?(k)a a . 

Now we take (2.17) into account to obtain 

Q(a^) = -X1z^a^ + 
c £ k " k  

k 

~ ^  +  P  P  ,  
at3 3£ pkj 

2  I k  
z]3 a » 

which is negative definite if 

+ k > 0, (2.20) 

where < denotes a (positive, negative or zero) constant such that 

K 

l 

3C^ + 
at3 3£ 3k 

- c 
Ik  

I k  1 1  
a a > ica a . (2.21) 
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We have proved the following eigenvalue criterion, which is an 

analogue for the theory of Carath£odory of a theorem given by Schmidt 

[15] for the theory of Weyl. 

Theorem 2.2. An extremal subspace of the form (1.3) can be im

bedded in an extended geodesic field (and yields a_ weak minimum of the 

fundamental integral) if, for constants K > 0, k as^ above, 

+ k > 0, 

where denotes the smallest (positive) eigenvalue of the problem 

(2.16). If_, in addition, the Weierstrass condition (1.6), with Sa 

defined by (1.13), is satisfied for the appropriate arguments, then the 

minimum is strong. 
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