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ABSTRACT 

Controllability and qualitative game transversality 

conditions associated with nonlinear autonomous systems, 

governed by a system of ordinary differential equations 

subject to controls, with prescribed non-smooth target end 

conditions are examined. 

Methods employed to develop these transversality 

conditions are based on arguments of neighboring reach

ability for a retro system from a given target. A neighbor

ing reachability maximum principle, which is analogous to 

the controllability minimum principle applied in the neigh

borhood of the target, is given and used as part of the 

proof for the controllability transversality condition. 

Similarly, a neighboring reachability max-min principle for 

qualitative game, which is analogous to the controllability 

min-max principle applied in the vicinity of the target, 

will also be given and utilized as the proof for the quali

tative game transversality condition. 

In this work, a non-smooth convex target with piece-

wise smooth manifolds as a boundary is considered. The 

corresponding controllability or qualitative game trans

versality condition requires that the adjoint vector at the 

juncture of the reachable surface or game surface with the 

vii 
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target must belong to the convex cone spanned by all gradi

ent vectors to the boundary surfaces of the target. 

The use of such transversality conditions is demon

strated through a study of an aerial combat problem. A 

simplified two-dimensional version of this problem has been J 

developed that includes two non-smooth targets in the neigh

borhood of one aircraft. A controllability problem with a 

fan-shaped danger zone located in the back of one aircraft 

as target and a qualitative game with a fan-shaped fire 

zone placed in the front of the same aircraft as target are 

examined and worked out numerically. 



CHAPTER 1 

INTRODUCTION 

A large class of controllability and qualitative 

game problems deals with non-smooth targets. Control

lability and qualitative game transversality conditions, 

which are associated with nonlinear autonomous systems to 

non-smooth targets, are examined in this work. 

The problem of controllability considered here is 

concerned with determining the boundary of the set of points 

in state space from which a given dynamical system, gov

erned by a system of ordinary differential equations subject 

to one controller, can be controlled to a prescribed target 

set. A system trajectory which lies entirely on the bound

ary of the controllable set will be called an extreme 

trajectory. A controllability minimum principle gives the 

necessary conditions for a control function to generate an 

extreme system trajectory. Such a control function is 

called an extreme control function. The controllability 

minimum principle consists of a system of adjoint differen

tial equations that must be satisfied and a scalar 

Hamiltonian function of the state, adjoint, and control 

variables which must be minimized by the extreme function. 

1 
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This type of problem has been discussed by Grantham (1973)> 

who points out that the controllability minimum principle is 

analogous to the "abnormal" case of Pontryagin's maximum 

principle for optimal control problems (Pontryagin, et al., 

1962; Blaquiere and Leitmann, 1967). 

A qualitative game (Blaquiere, Gerard, and Leitmann, 

1969) is concerned with obtaining the boundary of the set of 

points in state space from which a dynamical system influ

enced by two conflicting controllers can be transferred to a 

given target. The conflict is introduced by having one 

player choose his control to transfer the state to the tar

get, while the other player attempts to prevent this event 

through his selection of control. The necessary condition 

for a pair of extreme control functions to generate an 

extreme system trajectory, one which stays completely on the 

boundary of one player's capture set, is also in the form of 

a controllability min-max principle. This condition is 

also composed of adjoint differential equations to be satis

fied and a scalar Hamiltonian function of the state, adjoint, 

and two control variables which must be minimized by one 

player's extreme control and maximized by the other player's 

extreme control. This type of game was first introduced as 

a "game of kind" and investigated by Isaacs (1965). 

For either previously mentioned problem it is 

assumed that the boundary of the controllable set or the 

capture set in a qualitative game intersects the target. 



3 

Points in the boundary of the controllable set or in the 

boundary of the capture set where extreme trajectories reach 

the target are called intersection points. For a prescribed 

convex target, which is closure of an open set, the boundary 

conditions for the adjoint variables at intersection points 

are usually termed "transversality conditions." Correct 

boundary conditions imposed on the adjoint and state equa

tions, obtained from transversality conditions, are essen- . 

tial for determining an extreme trajectory such that the 

extreme control or the extreme control pair satisfy its 

corresponding necessary conditions. A controllability trans

versality condition for a given smooth target has been 

developed by Grantham (1973)• A qualitative game transver

sality condition -for smooth targets has been examined by 

Isaacs (1965) and Blaquiere, et al. (1969). In this work 

the two above-mentioned problems will be considered for non-

smooth convex targets with piecewise smooth boundary mani

folds. The transversality conditions for this class of 

problems will be considered in detail. 

When solving controllability problems or qualitative 

games one usually reverses the time of a forward system, 

starts at a given target set, and integrates the state and 

adjoint equations backwards (or the retro system forward) 

into state space. Isaacs (1965, p. 8l) calls this the 

Retrogression Principle. In this work, advantage will be 

taken of the fact that the transversality conditions 



associated with the "problem of controllability or the quali

tative game for a forward system to a given target are 

identical to the transversality conditions associated with 

the problem•of reachability or the qualitative game in reach

able approach for its retro system from the same target in 

state space. This reachability point of view allows more 

explicit examination of the nature of the retro motion from 

the target. To determine the transversality conditions, it 

will be sufficient to examine the retro motion in the imme

diate neighborhood of the target. The method employed here 

is based on the examination of reachable points within a 

neighborhood of a given target for the retro system. 

Chapter 2 starts with the system formulation and 

assumptions for the problem of controllability. Geometric 

definitions associated with the reachable approach, such as 

boundary of available part, starting trajectory, neighbor

ing reachable set, etc., are then introduced. A neighbor

ing reachability maximum principle, which is precisely 

analogous to the controllability minimum principle applied 

in the neighborhood of the target (Grantham, 1973, p. 11), 

is stated and used as part of the proof for the transver

sality condition. A sketch of the proof for the neighboring 

reachability maximum principle is given in Appendix A. A 

generalized transversality condition is developed in which 

it is shown that the adjoint vector at the juncture of an 

extreme trajectory with the target belongs to the convex 



cone spanned "by all gradient vectors to the surfaces of the 

given non-smooth target (see Section 2.4). 

The system formulation and assumptions for the qual

itative game are included in Chapter 3. Some geometric 

definitions and reachability arguments are also given, such 

as boundary of usable part, extreme control pair, different 

neighboring game sets, etc. These geometric results lead to 

a neighboring reachability max-min principle which is 

exactly analogous to the .controllability min-max principle 

utilized in the neighborhood of the target (Blaquiere, et 

al., 1969, p. 131)• Again, a sketch of the proof for such a 

neighboring reachability max-min principle can be found in 

Appendix B. A generalized transversality condition is then 

derived which represents a necessary condition to be satis

fied at the junction of an extreme trajectory with the given 

target. 

The use of the controllability and qualitative game 

transversality conditions developed in Chapters 2 and 3 is 

demonstrated through an aerial combat problem in Chapter 4. 

An approximation of a two-dimensional dog-fight problem 

between two opposing aircraft is examined. Each partici

pating aircraft is modeled as a point mass in a horizontal 

plane. Each aircraft flies at constant speed with bounded 

turning capability. The horizontal turn rates are the con

trols for each aircraft. One aircraft's speed is assumed 

slightly higher than the other, but an advantage in speed is 
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offset by poor maneuverability. In an aerial combat or dog

fight each aircraft is attempting to maneuver such that the 

other aircraft is brought into a position or "target" favor

able for destruction. 

The "two-car" problem of Isaacs (1965# pp. 237-244), 

the "air-to-air combat" problem of Miller (1968), and the 

"collision avoidance" problem of Vincent, et al. (1972) all 

employ similar modeling and a circular smooth target around 

one aircraft as pursuer or around the other aircraft as 

evader. Considering a circular target around a pursuer 

aircraft in a realistic aerial combat, the position of the 

evader on such a target may not always correspond to a favor

able tactical position as far as the pursuer is concerned. 

Since the weapon effectiveness zone (the fire zone) 

for a fighter aircraft is usually located in front of the 

aircraft, the pilot of each aircraft in combat is then more 

interested in maneuvering his opponent directly ahead of 

him. On the other hand, each aircraft would like to avoid 

being approached from behind by his opponent. For these two 

reasons and in order to simplify the analysis of a real dog

fight, two non-smooth targets are introduced in the vicinity 

of one of the aircraft; one target is a fan-shaped fire zone 

in the front, the other is a fan-shaped danger zone in the 

back. A controllability problem associated with the danger 

zone and a qualitative game related to the fire zone are 

examined. During the whole engagement of an aerial combat, 



it is assumed that each combatant has perfect information 

concerning the current system. All extreme trajectories for 

both problems will be determined and plotted numerically for 

a set of specific system parameters. Game surface and 

reachable surface cross-sections will also be presented. 

The results of the aerial combat problem presented in Chap

ter 4 constitute a step in the direction of resolving a real 

dog-fight problem (Baron, et al., 1970> Palco and Cohen, 

1973). 

Finally, in Chapter 5> concluding remarks and sug

gestions for future research are considered. 



CHAPTER 2 

CONTROLLABILITY TRANSVERSALITY CONDITION 

This chapter presents a controllability transver-

sality condition dealing with controllability of nonlinear 

autonomous systems to non-smooth targets. 

2.1 System Formulation and Assumptions 

Consider the following dynamical system whose state 

is determined by 

x = f(x,u) (2*1) 

where x is a state vector in n-dimensional Euclidean space 

En and belongs to a fixed subset D of En, u is a control 

vector in m-dimensional Euclidean space E111 and belongs to a 

prescribed state independent subset U of E111, and f is a 

velocity vector which is a non-zero class C"*" function on 

I^U. Differentiation with respect to time, t, will be 

• T denoted by (') and the transpose of a matrix A by A . 

Suppose that the control vector u is given as a 

function of x as u(»):x-»u(x) e U with x e D. With this con

trol function, (2.1) is rewritten as 
• 

x = f[x,u(x)] (2.2) 

This trajectory equation is said to have a solution 

if there exists a function x(«):t-»x(t) defined and 

8 
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continuous on an interval At such that x(t) e D for all t 6 

At and 

^£1 = f[x(t),u(x(t))] 

is satisfied almost everywhere in At, where At CI [0,«). 

For each initial point x^" in D, there may be no 

solution of (2.2) in the time interval [0,») that satisfies 

x(0)=xi or there may be more than one solution of (2.2) that 

satisfies x(0)=xi. However, if the given control function 

u( •) is a function of x in a neighborhood of x^*, then 

there exists a unique solution x(*) of (2.2) satisfying 

x(0)=x1 on an interval At containing t=0. 

In this work we follow the usual geometrical nota

tions. If S is a subset of D then 
° . 
S = interior of S 

S* = closure of S 

comp S = complement of S in D = D-S 

dS = boundary of S = S D compS 
where D-S is the set of points in D but not in S and where 

"S Pi compS denotes the intersection of S" and compS. The 

union of two sets A and B is denoted by A U B and the empty 

set is indicated by 0. 

We are concerned with a controllability transver-

sality condition associated with a given non-smooth target. 

The target set represents a set of conditions for termina

ting the motion of the dynamical system (2.1) through the 
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state space. We make the following assumption on this tar

get set: 

Assumption 2.1 The target set 0 is a closed, convex, and 

proper subset of D with a non-empty interior. The 

boundary of the target set d0 is n-1 or lower dimen

sional manifold and, at worst, piecewise smooth. There 

exists a partition of d0, d02* •••-, ^0j_, ••••}> 

i e I, where I is a set of indices, such that each 

element of the partition is defined by a scalar func

tion as 

= {x e D : h^x) = 0 and i e 1} (2«3) 

o 
0 is represented as 

o 
0 = {x e D : h^x) < 0 for all i e 1} (2»*0 

Furthermore, the gradient of h^(x), denoted as vhi(x), 

is defined and different from zero for all x e 

1 6 I. 

As mentioned earlier, the transversality conditions 

for controllability of the forward system (2.1) to 0 are 

identical to the transversality conditions associated with 

the problem of reachability for the retro system from the 

set 0. An examination of the retro motion from 0 in the 

immediate neighborhood will be sufficient to derive the 

transversality conditions. We will designate by M(0) an 
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open neighborhood of the set 0 such that it completely con

tains 0 in its interior, namely, 0dM(0). Let 

L(e) = M(0) Pi compe (2.5) 

See Figure 2.1. 

As a matter of terminology, for the remainder of 

this chapter we will take (2.1) to be the retro system and 

refer to the set 0 as the initial set. To study the motion 

of (2.1) in L(e) and to avoid complications due to the 

uniqueness and existence of solution of (2.2) for given con

trol function and initial state in L(0), we will make 

Assumption 2.2 Prom each point x1 in L(0), every choice of 

the control function u(*) is C"*" function of x on some 

i. i neighborhood A(x ) of x and is represented as 

u( •) :x-*u(x) in U. 

It has previously been noted that any control satis

fying this assumption generates a unique solution of (2.2) 

as x(«) :t-*x(t), t e [0,t ), such that x(t) e D for all 
S • 

A 

t e [0,to) with the prescribed initial conditions x(0)=x . 

If tg is finite and x(*) is undefined in D as t tends to tg, 

then u(#) is no longer there and the solution will be 

defined as x(*) :t-*x(t), t e [0,t"s] with "ts<ts. The [0,tg) 

is the interval of definition of the solution x(') with 

control u(x) from x1 in L(0), and t„ is called the escape s 
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time (Salle and Lefschetz, 19^1, p. 107) or the extreme 

future time (Blaquiere, et al., 19&9> p. 3). 

The state space D, the neighborhood set L(e), the 

control set U, the system trajectory equations together with 

Assumptions 2.1 and 2.2 define the conditions under which 

the system will be controlled. 

Some important geometric properties about the 

initial set 0 will now be stated for later reference. A 

hyperplane .B is called a supporting for 0, if B O 0 0 

and 0 is contained in one of the two half spaces bounded by 

B. Let H be the closed half space which contains and is 

bounded by the supporting hyperplane B for 0. 

In general, any boundary point x° of 0 is repre

sented as 

x°6 Qa01 (2.6) 

where K is a set of indices in I. The elements of the set K 

vary according to the location of x° on de. The set 

describes an intersection of n-1 dimensional manifold 

for all i e K. Its dimension' can be n-1 or lower (Fleming, 

1965* p. 127). Thus, d0 has dimension n-1 or lower which 

again depends on the local geometry. 

If x° is a relative interior point in some 50^, 

i e I, then K only contains a single element i and there is 

just one supporting hyperplane containing x° which is also 
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called the tangent plane to dg^ at x°, denoted as T^(x0), 

and defined as 

T±(x°) = {x e D: yh^(x°) " (x-x°) = 0 and i e 1} (2.7) 

If x° is at an intersection of two or more 

i e I, then K contains all of the i elements associated with 

the intersecting In this case, one can associate each 

intersecting i e K, with its tangent plane T^x0). A 

closed half space H^(x°) containing 0 bounded by T^(x°) is 

defined as 

H^(x°) = {x e D: v^Cx0) * (x-x°) < 0 and i e K} (2.8) 

A tangent cone at a boundary point x° of 0 described 

by (2.6) is defined as 

C(x°) = {x e D: x e Qc^fx0), K C 1} (2.9) 

Since H^(x°) is a convex set, the intersection of 

all H^x0), i e K, is also convex (Fleming, 1965, P- 15). 

Equation (2.9) then yields that C(x°) is a convex cone which 

is either equal to or less than a closed half space in D. 

The cone spanned by all the intersecting positive 

gradient vectors Vhi(x°), i e K, denoted as G(x°), is 

called the gradient cone to 0 at x°. One can show (Fleming, 

1965) with Assumption 2.1 that G(x°) is also a convex cone 

and is defined as 
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G(x°) = {x e D: x = ̂ ^jV^Cx0) Ui>0' no,fc a11 zero) (2.10) 

If C(x°) is equal to a closed half space at x° in 

then x° either has the same unit gradient vector, 

yh^(x°)/| |yh^(x°)||, for all i e K, or is a relative inter

ior point of with single i in K. For either case, G(x°) 

has an empty interior with a single unit gradient vector 

normal to a single T^x0) to for all i e K. 

From the definition of a closed half space, each 

H^x0) to at x° contains 0. The tangent cone C(x°) at 

x° also contains 0 as a subset, namely, gCC(x°). One also 

notes here that De Morgan's theorem and (2.9) yield that 

compC(x°) = LJ compH.(x°) (2.11) 
ieK 1 

2.2 Geometric Notations with Respect 
to Reachability Arguments 

One wishes to determine what neighboring states in 

L(g) can be reached by the dynamical system (2.1) with the 

choice of control of U from d0. To achieve this objective 

one must first determine whether there exist some trajec

tories starting from c)0 and ending in L(0) within, some time 

interval [0,t.] with t. e [0,t ). 
J J s  

A starting trajectory P®j is defined as the evolu

tion of state x( •): t-*x(t), t e [0, t.] with t .<t , whose 
0 3 s 

initial state x°=x(0) belongs to 30 and all other states 
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x(t) for t € [0,t.] belong to L(e) in D. Prom this defini-

tion one admits the possibility that P®j may run along 39 

for any small time interval. 

A control will be designated as a usable control at 

x° on de, denoted as us (•) :x-»us(.x) e U, if it satisfies 

Assumption 2.2 in L(e) and if it generates a starting 

from x°. It follows that us(*) implies that there exists 

x(«):t-»x(t) e PQJ-# for all t € [0,tj] with tj<tg. 

A necessary condition associated with x° on its 

usable controls, and its corresponding starting trajectories 

is given by 

Lemma 2.1 If P® . is a starting trajectory from x° on Se, 

generated by any initial usable control u (x ) e U, 

then 

Vh±(x°) • f[x°,us(x°)] > 0 (2.12) 

for all us(x°) e U at x° € , for some i e K, 
ieK 1 

K C I. 

proof: Consider a starting trajectory P®j generated by any. . 

initial usable control us(x°) e U from x° on de. Let 

one suppose that there is a usable control us(x°) e U 

such that 

Vh ±(x0) • f[x°,us(x°)] < 0 (2.13) 



for all i e K. Let x +5x(t) denote points of PQj in 

the neighborhood A(x°), where 6x(*) is a function 

6x( •) :t-»5x(t) with 6x(0)=0 at point x°, and is defined 

on an interval At that depends on A(x°). 

Since h^(x°)=0 and vh^(x°) is defined and differ

ent from zero for all i e K, and | | 6x| | -» 0 as t-*0, one 

has 

hi(x°+6x) = yhi(x°) * 6X + 0(||6x|j ) • (2.l4) 

lim 
where II6x1 1-0 

Of I 6X ) 
1 6x 

= 0, for all i 6 K, and 

6x=6x(t) for some t e At. 

Upon dividing (2.14) by t, which is positive for 

6x^0, and letting t-»0, and approach the starting 

velocity vector f [x°,us (x°)], the right-hand side of 

(2.14) becomes vh^(x°)*f[x°,us(x°)] for all i e K. 

This product must have the same sign as h^(x°+6x) with 

positive t for 6xA) and for all i e K. Under the 

hypothesis of (2.13), this leads to h^(x°+6x)<0, for 

all i e K, hence x°+6x(t) belongs to the interior of 

the initial set 9. This is a contradiction to the 

definition of a starting trajectory with a usable 

control from a point on de; (2.12) is thus established. 

Lemma 2.1 also requires that the vectors x-x°= 

(6t)f[x°,us(x°)], for 6t>0, generated by the starting 

velocity vector with all possible initial usable controls 
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u(x°) in U, must lie in the union of compHi(x°) for all 

i e K, which is also the definition of compC(x°) defined at 

x° by (2.11). 

An important set of points on Be is called the 

available part of d0. It is those points on 30 for which 

there exist some usable controls u (•) which generate start-
g 

ing trajectories PQj. It is denoted as A(e) and defined as 

A(0) = {x° e d© : 3 usable control u®(*)} (2.15) 

A set of points in L(0) is called the neighboring 

reachable set of the dynamical system (2.1) from the initial 

set 0, denoted as R(0), if at every point in R(0) there 

exists a starting trajectory from A(e) passing through it. 

R(0) can be defined as 

R(0) = {x e L(e): x e for some x° e A(o) 

and some us(«)} (2.16) 

For instance, consider a point x"*" e R(0). There is a start-
g 

ing trajectory P . represented by x(*) :t-*x(t), t e [0,t .] 
J 

with t.<t , starting from x° e A(e), generated by us(*), 

such that x(t.)=x1 in R(0) with t. e [0,t.]. 

The neighboring non-reachable set of the same dynam

ical system (2.1) from 0 can be defined accordingly as 

N(0) = rcompR(e)] O L(E) (2.17) 
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If R(e) and N(e) are both non-empty in L(e), then 

they will be separated by surfaces which consist of the 

boundary points of R(e). One now defines the set of points 

in L(e), given by 

s(e) = SR(e) n 3N(e) (2.18) 

as the neighboring reachable surface from 8. 

There must exist a starting trajectory from A(e) 

passing through every point in R(0), and conversely no point 

of any starting trajectory P ., emanating from x in A(e), 
o " 

belongs to N(e). We can now establish some geometric prop

erties of S(e). 

Lemma 2.2 S(e) is the intersection of the closures of R(e) 

and N(e), namely 

s(e) = R(?T Pi NTeT (2-i9) 

proof: Equation (2.18) and the definitions of boundary, 

Section 2.1, yield 

s(e)=[R(e) p) compR(en [N(e; H compN(ej] (2.20) 

Prom (2.17) one notes N(e) Q compR(e); it follows from 

set theory that R(e) Q compN(0), and accordingly 

R(0) 0 compN(0)=R(0) and N(0) H compR(Q)=N(0). By 

substituting into (2.20), (2.19) has been proved. 
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Lemma 2.2 again requires that S(e) separates all the 

points in R(e) from the points in N(e), hence note that, for 
i ° 

each point x in S(G) and in L(0), there exists a neighbor-
j j 

hood A(x ) in L(e) which is divided into A(x ) O R(o) and 
£ 

A(x ) Pi N(0) by S(0). See Figure 2.1 for geometric notations. 

2.3 Necessary Conditions for a 
Neighboring Reachable Surface 

Under the assumption that the controllable set is 

closed, Grantham (1973) showed that in the absence of a 

state constraint there exist extreme (boundary) trajectories 

from every point in the boundary of the controllable set to 

the target 0 for a forward system with all the extreme 

system trajectories remaining entirely in the boundary of 

the controllable set. Since the neighboring reachable set 

for a retro system from 0 is identical to the controllable 

set in the neighborhood of 0 (Snow, 1967; Isaacs, 1965), 

then assiiming S(0) is closed will guarantee that there 

exist extreme trajectories of the retro system (2.1) from 0 

which lie on S(0). 
* 

One now examines all extreme trajectories- p0j With 

with initial points x° on d©, generated by extreme 

controls u (•) :x-»u (x) e U, such that P . is described by 

x(*):t-»x(t) with x(t) e S(e) for all t e [0,t .] with 
J 

•ft 

tj<ts. Tiie function x(*) of p . with t e [0,tj] is a 

solution of 



a. M(e) and L(e) with the Set e b. S(e), R(e), N(e), A(e) with the Set 0 

Pig. 2.1 Geometry of the Set 9 in D ro 



If = f[*,«*(*)] 

with initial conditions x(0) = x°. 

21 

(2.21) 

If there exists a neighborhood of the trajectory 
•X* -X* "I 
PqJ on which u (•) is of class C in x, then the variational 

equation associated with (2.21) (Kaplan, 1958# P« 50*0 is 

where 

and 

df 
37 

df 
Bu 

du 
"5x 

* 

r"i , df ̂ U_l 
l35E "5u dx * 

5f, 

•n 

X(t) € Po j  

Sf, 

dx^ 

• 
• 

^n 
• 
• 

• 

3f n . . 

• 

df . . n 
dx-^ 

df 
•1. • • . . *fl 

du^ 

• 
• 

du m 
• 
• 

• 

df n . . 

• 

df . . n 
du^ 

du* 
JL • • 

du* • • J. 
dx^ 

• • 

• 
* * 

Su 
m . . 

• 
* * 

. Sum 
dx^ 

(2.22) 

and n is the variational vector with n components. 
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The equation adjoint to (2 .22 )  (Blaquiere and 

Leitmann, 1967* P» 305) is 

- r f̂ + Su*iT I, /o OM 
dt ~ l3x 3u 35TJ x „ (2*23) 

x(t) € PQj 

where x is the adjoint vector with n components. 

Given r | (0 )  = n° and x(0) = \°, the solutions 

ri( •) :t-*n(t) and X (.) :t-X (t) on t e T0,t.] with t.ct. of 
<J J s 

(2 .22 )  and (2 .23 )  are unique and continuous. In addition, 

the vectors r|(t) and X(t) are nonzero for all t e [0,tj], 

provided that n° and X° are nonzero. 

Prom (2 .22 )  and (2 .23 )  we have ̂  [ r | ( t )  *X( t ) ]  =  0 ,  

so that r i(t)*x(t) = constant for all t e [0,t.]. If the 
J 

initial vectors n° = r \ ( 0 )  and X° = X(0) are chosen as 

r|°'X° = 0 with | | n°| | | |X°| | ̂ 0, that is, if 1-1° is normal 

to x°, then r|(t)-x(t) = 0 for all t € [0,tj] and since 

I I "n(t)| | | |X(t)| | ̂ 0, n(t) is normal to \(t) for all 

t e [0,tj] . 

*/ V Since extreme control u (•) generates an extreme 

trajectory PQj which lies in S(0) completely and S(e) is the 

boundary of the neighboring reachable set R(0), PQj is also 

called the boundary trajectory of R(Q). 

Before we state a neighboring maximum principle, 

one assumes the following. 
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Assumption 2.3 The neighboring reachable surface S(0) is a 

smooth surface in L(e) and can be defined by a scalar 

function as 

S(e) = fx e L(e): g(x) = 0} (2.24) 

and at each point xk = x("fcic) £ 0 of an extreme trajec-

•Xr n 
tory starting from x e d0, there exists a neigh-

borhood A(x ) in L(e) of x on which the function g is 

of class C"*" and the gradient of g(x), denoted as vg(x)> 

is defined and different from zero. Also, at every 

point of A(xk) Pi R(0.) one has g(x) < 0 and at every 

point of A(xk)Pi N(0) one has g(x) > 0. 

Under this assumption, S(0) is a n-1 dimensional 

manifold, hence the tangent plane of S(0) at each point on 

an extreme trajectory defines a vector space with dimension 

n-1; that is, there exist n-1 independent vectors on the 

tangent plane of S(0). 

Now let 

H(\,x,u) = \ • f(x,u) (2.25) 

One may state the following necessary condition gov

erning extreme controls which generate extreme trajectories 

in the boundary of the neighboring reachable set: 

Theorem 2.1: (A Neighboring Reachability Maximum Principle) 

If PQj is an extreme (boundary) trajectory 

represented by x( •) :t-*x(t), t e [0,t^] with "fcj<tg and 
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t. £ 0, if Assumptions 2.1 to 2.3 are satisfied, then 
J 

there exists a nonzero continuous solution \ (•) :tr»\ (t), 

t e [0,t.], of adjoint equation (2.23) such that 
J 

•X-
(a) max H[\,x,u(x)] = H[\,x,u (x)] 

ueU 

(b) H[\,x,u*(x)] = 0 

o 
for all t e [0,t.], where x = x(0) is on d© and u (*) 

u 
•X* 

is the extreme control that generates 

A sketch of the proof for this theorem can be found 

in Appendix A. Note that this neighboring reachability-

maximum principle is restricted not only to a smooth S(e) 

(Assumption 2.3) but also to the state space where the con

trol function u is of class C"*" (Assumption 2.2). A more 

general case of Theorem 2.1, where u may be piecewise con

tinuous in time and S(0) may possess "corners," is investi

gated by Grantham (1973) from controllability arguments. 

Note that this principle is also the counterpart in reach

ability theory to the "abnormal case" (Blaquiere and 

Leitmann, 1967, P* 350) of Pontryagin's maximum principle 

(Pontryagin, et al., 19&2) for optimal control problems 

which Blaquiere and Leitmann (1967, pp. 336-350) have also 

given an explicit derivation. For our purposes the neigh

boring reachability maximum principle is sufficient. 
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2.H- A Generalized Transversality 
Condition 

For the extreme control u (•), Theorem 2.1 states 

that there exists a solution to the adjoint equation such 

that the extreme control maximizes the H-function, given by 

(2.25), to zero. In the usual sense, there may exist many 

solutions to the state and adjoint equations. So far, the 

only boundary condition is the single scalar relation 

H(0) =0. 

In this section is shown that the initial adjoint 

vector x° = X(0) must belong to the gradient cone G(x°) to 

9 at a point x° on 5© from which an extreme trajectory 

leaves the initial set 8. 

Under the assumption that S(G) is closed, and the 

conclusion that all extreme trajectories lie completely on 

S(e), the boundary points of interest here are only the 

intersection points in the set S(B) O ̂ 0 defined by 

Assumptions 2.1 and 2.3. 

Let A(x°) be a neighborhood in d of x° on d0 which 
^ o 

can be partitioned into A(x°) P) L(0) and A(x ) H 0-

A(x°) A A(x°) n L(e7 (2.26) 

In addition to the assumptions concerning S(0) and 

50, the following is required. 
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Assumption 2.4 For a dynamical system described by (2.1) 

with initial set e, the set S(e) P) d© is non-empty. 

The gradient of g(x) at a point x° in S(e) Pi is 

defined and different from zero. A(x°) P R(0) and 

A(x°) |O N(e) constitute a partition of A(x°). The set 

A(x°)Pi s(0) partitions A(x°). Also, at every point in 

A(x°)O R(0) one has g(x) < 0 and all points in A(x°) 
— ° 

with g(x) > 0 must also be in A(x ) Pi N(e). 

In order to utilize the properties of the available 

part of Se, it is now shown that 

s(e)n de = s(0) n A(e) (2.27) 

This follows from A(e)CI ̂ 0 by definition, so that 

s(0)n A(e) q s(0)n a© (2.28) 

Since [S(0) P d©] d S(0) CI R(0) and [S(0) p $0] C d©, any 

point x° in S(0) p 30 will be in R(0) and also in d©. Then 

by definition there exists a starting velocity vector 

f[x°,us(x°)] with usable control us(x°) e U, and hence x° 

belongs to A(0). Thus, [S(0) O S0] C A(0), and S(0)P ̂ 0 

Q S(0) O A(0). Equation (2.27) then follows from this 

and (2.28). See Figure 2.2 for geometric notations. . 

Consider a point x° in S(e)PjA(0), one sees that, 

since S(0) consists of all extreme trajectories, there 
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R(e) S(0) N(0) 

g(x)=0 

s(xo)nRT6y/ A(X°) n NTFT 

h(x)=0 

Pig. 2.2 A(x°), A(x0)nRTeT. and A(x°) D N(0) 
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exists an extreme trajectory generated by u*(») from x° 

which satisfies 

X °  • f[x°,u*(x°)] = 0 (2.29) 

when the initial adjoint vector \° is uniquely selected to 

be codirectional with yg(x°), the gradient of the neighbor

ing reachable surface at x°. 

It is shown in Appendix A (Equation A.2) that if one 

chooses x° in the same direction as vg(x°) at initial point 
o * 
x for an extreme trajectory PQj on S(0) represented by 

x( •) :t-»x(t), t e [0,t.] with t.<t . then the adjoint solu-
J  J .  

tion X(t) of (2.23) is normal to the tangent plane of S(0) 

at point x(t) for all t e [0,t -] on which x(t) e Thus, 
J U J 

\(t) will also remain codirectional with vg(x(t)) for all 
V -K* 
x(t) e PQJ, t e [0,tj]. 

One will now obtain, for the initial set e intro

duced by Assumptions 2.1 and 2.4, a generalized boundary 

condition for adjoint variables at S(g) P|A(0): 

Theorem 2.2: (A Controllability Transversality Condition) 

If xQ e ieK 0̂i is a P0111̂  s(0) flA(e) and the 

• Assumptions 2.1 to 2.4 are satisfied, and if there 

exists an extreme control u (•) which generates a 

O C\ 
starting velocity vector f[x ,u ] from x , then there 

exists a solution to the adjoint equation (2.23) such 

that u*(.) maximizes the H-function to zero along P*^ 
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and the adjoint vector satisfies the boundary (or 

transversality) condition 

X = ieK ̂ i vhi(x°) (2.30) 

where for all ieK and not all of which are zero. 

proof: See Figure 2.3 for illustration of the complete 

proof. Any point x° in [S(e) H A(e)] C d0 belongs to 

Hae,. The neighborhood A(x°) contains points in d0. 
ieK 1 1 

for all ieK. 

At x° there exists an extreme starting, velocity 

vector f[x°,u*(x°)] which is normal to the adjoint vec

tor. The adjoint variable \° is chosen in the same 

direction as yg(x°) on S(e). 
T»» Q 

A point x e A(x ) PlS(e) to first order in 

(at) is given by 

xk = x° + (at) f[x°,u*(x°)] (2.31) 

where (at) is a small positive interval; 

Consider a point z° in A(x°)Pi N(0) such that it 

is also in d©., with some j e K, represented by 
J 

z° = x° + 5r| ̂  + 0(B) (2.32) 

where ri°^ is a set of n-1 linearly independent vectors 
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R (0) S ( 0 )  N(0) 

G(X 

oi 

80 
30 

Pig. 2.3 Illustration of Proof of Theorem 2.2 
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in the tangent plant Tj(x°) to d0j at x°, 6 is strictly 

positive, I I °(5 ) 1 ^ = and ̂ hj(x°)"n°^ = 0> 

One will first prove that 

x° • nOJ' < o (2.33) 

for all n°J'. Let °ne suppose that (2.33) is not true 

and X° * ri°J" > 0 for some 

Since the starting velocity vector f [x°,u*(x°).] is 

of class C^" on A(x°), there exists a starting velocity 

o * o o vector f[z ,u (x )] from z using the same extreme con

trol u*(x°) that will move the system to a point zk, 

where zk = z° + (at)f[z°,u*(x°)] and (at) is the same 

time interval used in (2.31). 

Consider the transformation -erf—a~variational vec

tor along an extreme trajectory of S(G). The varia-

k k k tional equation allows us to express z as z = x + 

B-n^at) + 0(6), where n"^ (*) is the solution of the 

•variational equation (2.22) with "boundary conditions 

riJ'(0) = n°J". Set nJ"(at) = r|kj', one then has g(zk) = 

g[xk+6r)k,]'+0(6)], g(xk) = 0, and g(zk) = Vg(xk) • 

[6nkj'+0(6)] + 0(| |6nkj'+0(6)| | ), or g(zk) = Vg(xk) • 

6rikj* + 0(8), with = 0. For sufficiently small 
lr V -j 

6, g(z ) has the same sign as vg(x ) • n } and hence 

g(zk) has the same sign as \k*nk̂ . Since X(t)»n^(t) = 

constant along the extreme starting trajectory gener-

* / \ ated by u (•), it follows that, for 6 sufficiently 
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k o small, g(z ) has the same sign as assumed sign of X 

O *1 Jr ]r 
T| di that is, g(z ) > 0. This says that z is a point 

— ° 
of A(x°)Pi N(0) from Assumption 2.4. Since z belongs 

, o 
to 50., z in A(x°) Pi N(e) contradicts the fact that no 

^ o 
points in N(0) can be reached from a point on 

Thus, (2.33) is established. Since J is arbitrarily 

chosen in K, (2.33) is also true for any surface d0. at 
<J 

x° which has points contained in A(x°)Pi N(0). 

Consider a point y° in A(x°)P R(0) such that it 

is also in 50^ with some i e K. It can be represented 

as 

y° = x° + 5noi +0(6) (2.34) 

where x° + no1 e T^x0) to at x°, I 1°(01.I = o, 

andvhi(x°) • n01 = 0. In (2.34), 6 is also chosen 

oi 
strictly positive and n is a set of n-1 linearly 

independent vectors. 

It will be proven that 

X° • t!01 < 0 (2.35) 

for all r\°^ • Suppose that (2.35) is false and X° * 

ri0i > 0 for some n01. 
1c }r O 

Again one can find a point y , given as y = y + 

o * o 
(at)f[y ,u (x )], where (at) is also the same small 

time interval employed in (2.31). Such a point y can 
Jr Tr •? 

be represented by y = x + 6-ri (at) + °(6), where 
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^(O is the solution of the variational equation (2.22) 

with initial condition ri^(O) = ri°^. Set n"^(at) = ri^, 

then with arguments similar to those used earlier, for 6 

sufficiently small and \ • n > 0, we obtain that 

Jr 
g(y ) >0. Prom Assumption 2.4, this requires that y 

— o ° 
is a point of A(x ) Pi N(e) which is also a contradic

tion to the definition of N(G). Thus, (2.35) IS estab

lished. Since i is arbitrarily chosen in K, (2.'35) 

applies to any surface which has points contained 

in A(x°) 0 R(0)• 

Under Assumption 2.4, A(x°) is partitioned by 

A(x°) 0 8(0) into A(x°) O R(0) and A(x°) O N(0). 

Since A(x°) contains points in ̂ 0^ for all k e K, 

[A(x°) Pi 50k] must belong to either A(x°) f~) R(0), or 

A(x°)O N(0), or both for all k e K. Thus, (2.33) and 

(2.35) yield that 

\° • n°k < 0 (2.36) 

for all k e K at x° e 0^0.. 
leg 

The tangent cone C(x ) to 9 at x is either a 

closed half space or less. Consider first C(x°) less 

than a half space, then the gradient cone G(x°) has a 

non-empty interior. The tangent cone C(x°) is a convex 

cone with the tangent vectors ri0''" to d0 for all j e K, 
J  

as its generators. Thus, any \° in C(x°) based at x° 
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can be expressed as \° for some non-negative 

It follows that if \° belongs to c(x°), then there 

is at least one TI°^ on de ., J e K, such that (2.36) is 
J 

contradicted; that is, the dot product \° • r)°^ > 0, 

j e K. Thus, it is established that x° does not belong 

to C(x°). The generator yhj(x°) of G(x°) is perpendic-

ular to the tangent plane T.(x°) to de . at x° on which 
J J 

r|OJ is defined. Any \° based at x° not in C(x°) and 

G(x°) will make an angle £(\°,r|0̂ ) less than 90° for 

N°J E T.(X°) and some J e K. That is, x° • n°^ > 0, 

for some j e K. Again, this is a contradiction to 

(2.36). Thus, one obtains that \° must belong to G(x°) 

at x° to satisfy (2.36) for all k e K, hence (2.30) is 

established from (2.10) for the case that C(x°) is less 

than a closed half space. 

If C(x°) is equal to a closed half space at 

x° e Ode.,, then a single tangent plane exists for 
ieK 1 

all ieK. Using a similar geometric argument, one can 

easily show that 

\° ' r\0i = 0 (2.37) 

for all ieK, where n01 are n-1 independent vectors in 

the tangent plane T^x0) to at x°. Equation (2.37) 

requires that \° lies in the same or opposite direction 

w i t h  y h i ( x ° )  f o r  a l l  i e K .  
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Suppose that \° = jiVh. (x°) with ji < 0, and let x^ 
_ o 

be a point of A(x°) Pi N(e) with g(x^) > 0, represented 
o 

by xq = x° + 5z, for small 6 > 0. Since x^ e L(0)> one 

has Vh^(x°) • (x^-x°) > 0, or vh^(x°) • z > 0 for 6 > 0. 

With the assumed sign of \° = nvh^(x°) with n < 0, one 

obtains \° • z < 0. Since \° is uniquely chosen in the 

same direction as vg(x°), one has 

Vg(x°) • z < 0 (2.38) 

But g(xq) = g(x°+6z) > 0, with g(x°) = 0, g(xq) = 

Vg(x°) • 6z + 0(| | 6z| | ) >0, where °(1 I I ) = 0. 

Upon dividing by 6, and allowing 6-*0, one obtains 

Vg(x°) • z > 0. Equation (2.38) then contradicts this 

fact, thus with \j.  ̂ 0, one has proved that 

X° = n Vhi(x°), [i = constant > 0 (2.39) 

for all i e K. 

We have now proved (2.30) and conclude the proof 

of Theorem 2.2 by noting that the extreme control 

n 
u (x ) e U maximizes the H-function to zero follows 

directly from Theorem 2.1. 

Leitmann (1966, p. 21) and Grantham (1973, P- 71) 

have shown that the transversality condition on a target 

with smooth n-1 dimensional manifold as its boundary is 
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precisely the same as (2.39) which is a limiting case of the 

controllability transversality condition of Theorem 2.2. 



CHAPTER 3 

QUALITATIVE GAME TRANSVERSALITY CONDITION 

In this chapter is presented a two-person qualita

tive game transversality condition for non-smooth targets. 

3.1 System Formulation and Assumptions 

Consider that the state of a dynamical system is 

described by a finite number of real variables whose values 

are assumed to be known to two participating players 

(perfect information) whose interests are conflicting. In 

this chapter the two players will be denoted as I and II. 

The behavior of the state influenced by both players 

at all times is governed by a set of differential equations 

x = f(x,u,v) (3.1) 

where x is a state-vector in E11 and belongs to a fixed sub

set D of E11, u is a control-vector chosen by I in E111 and 

belongs to a prescribed state independent subset U of E111, v 

is a control-vector chosen by II in Er and belongs to a pre

scribed state independent subset V of E*", and f is the 

velocity vector which is a nonzero, class C1 function on 

CPcuxy. 

37 
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Suppose that the controls for I and II are functions 

of x as u(-):x-*u(x) e U and v(-):x-»v(x) e V with x e D. 

With this control pair, (3-1) is written as 

x = f[x,u(x),v(x)] (3.2) 

This trajectory equation is said to have a solution 

if there exists a function x(»):t-*x(t) defined and continu

ous on an interval At, such that x(t) e D for all t e At and 

^dt^^~ is satisfied almost everywhere in 

At, where At d [0,®). 

Prom each point x"*" in D, there may "be no solution of 

(3.2) in the time interval [0,®) that satisfies x(0) = x1 or 

there may be more than one solution of (3.2) that satisfies 

the initial condition. If the given control functions 

1 i (u(-),v(-)) are C functions of x in a neighborhood of x , 

then there exists a unique solution x(*) of (3.2) satisfying 

x(0) = x1 on a time interval At containing t = 0. 

One is concerned with the problem of a generalized 

transversality condition associating the two-person qualita

tive game of nonlinear autonomous systems with non-smooth 

targets. Since the target set also represents a set of con

ditions for terminating the motion of the dynamical system 

(3.1) through the state space, the assumption about the 

given target set will be the same as Assumption 2.1. The 

geometric properties for the target set 0 in D stated in 

Chapter 2 are also applicable here. 



39 

As in Chapter 2, advantage will be taken of the 

following observation: the transversality conditions asso

ciating the qualitative game of controllability for system 

(3-1) with a target are identical to the transversality con

ditions associated with the qualitative game of reachability 

for the retro system from the same target. This reachability 

point of view again will allow examining the nature of retro 

motion from the target. Again, all that will be necessary 

is an examination of this motion in the immediate neighbor

hood of the target. Thus, M(e) and L(e) will be defined as 

in Chapter 2. 

As a matter of terminology, (3.1) will be treated as 

the retro system and the target 0 is also referred as the 

initial set. 

To investigate the motion in the neighborhood of 0 

and to avoid complications due to the uniqueness and exis

tence of solutions of (3.2) for given control pair (u,v) and 

initial state in L(©), we will make 

Assumption 3.1 Prom each point x1 in L(e), all choices of' 

control pairs (u(*),v(«)) are C^ functions of x on some 

neighborhood A(x ) of x and can be represented as 

u(*):x-»u(x) e U, v(«):x-»v(x) e V. 

Under this assumption the control pair will generate 

a unique solution of (3.2) as x(-):t-x(t), t e [0,tg), such 

that x(t) e D for all t e [°>ts) with prescribed initial 
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condition x(0) = x"5". If t is finite and x(») is undefined 

as t tends to t , then the solution will be x( •) :t-»x(t), 

t e [0,tj with t_ < t . The time interval [0,t ) is called s s s s 

the interval of definition of the solution x(*) of (3.2) 

with chosen control pair (u(')>v(»)) from x3" in L(e). 

The state space D, the neighborhood set L(0), the 

control sets U and V, the system trajectory equation (3.1) 

together with Assumptions 2.1 and 3.1 define the conditions 

under which the qualitative game will be played. 

3.2 Geometric Notations with Respect 
to Reachability Arguments 

In this two-person qualitative differential game 

with given initial set 0, a starting trajectory, denoted as 

is also defined as the evolution of state x( •) :t~*x(t), 

t e [0,tj] with tj < tg, whose initial state x° = x(0) 

belongs to de and all other states x(t) for t e [0,t^] 

belong to L(e) in D. There is the possibility that a 

starting trajectory may run along de for any small time 

interval. 

A control pair will be called a usable control pair 

(or playable strategy) at x° in de for both players, denoted 

as (us (•) ,vs (•)) with us (•) :x-*u(x) e U and v(*):x-»v(x) e V, 

if it satisfies Assumption 3.1 in L(G) and if it generates a 

starting trajectory P®. from x°. It follows from the defini

tions, that (us(.),vs(-)) implies that there exists 

x(*):t-»x(t) e P®. for all t e [0,t.] with t. < t . 
J J  S  
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For convenience in what follows, letz(x°) denote the 

sets of all usable control pairs for I and II evaluated at 

the point x° on 50, hence by definition Z(x°) CI Uxv. Note 

that Z(x°) may vary from point to point on 5© for a given 

target set 0. 

As in Section 2.2, a necessary condition associated 

with x° on d©, its usable control pairs, and its correspond

ing starting trajectory is given by 

Lemma 3-1 If P^- is a starting trajectory from a point x° 

on ̂ 0, generated by a pair of initial usable controls 

(us(x°),vs(x°)) e Z(x°), then 

Vhi(x°) • f[x°,us(x°),vs(x°)] > 0 (3.3) 

for all (us(x°),vs(x°)) e Z(x°) at x° e 0^0-i' ̂ or 

some i e K, K d I. 
ieK 1 

proof: Consider a starting trajectory PQj generated by any 

initial usable control pair (us(x°),vs(x°)) e Z(x°) 

from a point x° e f~^d0., K CI I. 
ieK 1 

As in Section 2.2, one supposes that there is a 

usable control pair (us(x°),vs(x°)) e Z(x°) such that 

Vhi(x°) * f[x°,us(x°),vs(x°)] < 0 (3.4) 

for all ieK. 

Using similar arguments in the proof of Lemma 

2.1, one can show that the hypothesis of (3.4) leads to 
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h^(x°+6x) < 0 for all i e K; that is, x° + 6x belongs 

to the interior of e. This is a contradiction to the 

definition of a starting trajectory with a pair of 

usable controls from x° e 3e, hence (3.3) is estab

lished. 

Lemma 3-1 requires that the vectors x-x° = (at) 

f[x°,us(x°),vs(x°)] for at > 0, generated by all initial 
Q Q /""V 

usable control pairs (u (x ),v (x )) in Z(x ), must lie in 

the union of compH^(x°) for all i e K, which is just the 

definition of compC(x°) defined at x° by (2.11). 

The available part of 39 is again defined as those 

points on dg for which there exist some usable control 

pairs (us(•),vs(•)) which would generate starting trajec

tories. This set is also denoted as A(G), and can be 

defined as 

A(e) = {x° e 5e: 3 usable control pairs (us(•),vs(•))} (3.5) 

A set of points in L(e) is termed the neighboring 

reachable set of the two-player dynamical system (3.1) from 

the initial set 0, denoted as R(0), if there exists a start

ing trajectory from A(0) passing through it. R(0) can be 

similarly defined as in Chapter 2 

R(0) = {x e L(0): x e P® . for some x° e A(0) and some 

(u3(-).vs(-))) (3.6) 
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For instance, consider a point x"*" e R(G), there is a start

ing trajectory PSnn-j represented by x( •):t-»x(t), t e [0,t.] J  

with t .<t , starting from some point x° e A(0), generated by 
u ° 

(us(•),vs(*)), such that x(ti) = x1 e R(0) with t^ e [0,tj]. 

Also note that the neighboring reachable set R($) with two 

players is equivalently defined as the one with single con

troller in Section 2.2. Accordingly, the neighboring non-

reachable set from the initial set 0 can be defined as 

N(0) = [compR(0)] PlL(e) (3-7) 

From (3.7), N(g) may be empty in D if R(0) = L(g)i 

that is, every point in L(0) can be reached by usable con

trol pairs from points on S9. If R(o) = L(0) and N(e) - 0, 

the neighboring reachable surface S(0), defined by 

dR(0)Pl SN(e), does not exist. 

If R(0) is empty, then N(0) = L(9)* This case will 

not be considered. R(0)> N(G), and S(0) in D are illus

trated in Figure 2.1. 

One wishes to determine the neighboring states of 

0 in L(e) that can be reached from the initial set 0 under 

two roles, one for player I and the other for II. These 

roles depend on whether the initial set 0 belongs to I or 

II. For instance, if 0 belongs to player I, the role for I 

is to transfer.the state from 0 to L(0), and the role for 

his opponent II is to prevent this event. If 0 belongs to 
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II, the roles for I and II shall be interchanged. Our objec

tive is to identify the sets (or regions) in L(s) that are 

favorable to each player. This is a problem in qualitative 

game theory as defined by Blaquiere, et al. (1969), also 

called a game of kind by Isaacs (1965). 

Recall that R(e) indicates the neighboring reach

ability of the system (3-1) under control sets uxv from A(e); 

that is, points in R(e) CI L(e) are the points which can be 

reached by all possible combinations of control pairs in UXV 

from A(e). Similarly, A(0) indicates the availability of 

the boundary of the initial set 0 from which the system can 

generate starting trajectories with usable control pairs. 

The two players both have capabilities to effect the 

evolution of the state. Hence there may exist states in 

R(0) that are favorable to each player. That is, there are 

some states in R(0) on which player I can achieve his role, 

despite II's effort to prevent it. Similarly, II can 

achieve his role on some other states in R(G), no matter 

what player I does. For this reason, the objectives of the 

game reduce to the determination of these two different sets • 

in R(0). 

In what follows one will assume that 0 belongs to 

player I. The role for I will be to transfer the states 

from 0 to R(0) using all possible controls in U and II's 

role is to prevent this by using all possible choices of con

trols in V. The first objective is then to identify what 



states in R(e) can be reached from 0 by I, despite the best 

effort of II for stopping this event. In other words, we 

assume that II always chooses his strategies in view of all 

possible controls of I. Note that the collection of all 

these states yields a set in R(G) which is favorable to I 

because he can achieve his role under the worst conflict 

from his opponent, player II. This set also introduces the 

concept of guaranteed reachable set by I from the given ini-^ 

tial set 0. 

A set of points in L(G) is called the guaranteed 

reachable set by I from 9 (or guaranteed capture set by I), 

denoted as F(©), if, and only if, for every point in P(e) 

there exists a starting trajectory from dg passing through 

it, under the extreme control v (^rx-^v (x) e V, x € P(G), 

by II. F(0) can be defined as 

C O 
F(0) = {x e L(0): X e PQj for some x 6 d© and 

some (us(.),v*(.))3 (3.8) 

For instance, consider a point x e F(0), then there exists 

a starting trajectory PQj, represented by x( •):t-*x(t), 

t e [0,t.] with t.<t , starting from some point x° on de, 
J  J  S  

o 
generated by some u [x(t)I e U and the extreme controls 

•X* g 

v [x(t) J  e V along PQj for all t e [0,t. J ,  such that 

x(t.) = x1 e F(0) with t. e [0,t,]. 

First one sees that the states in F(e) imply the 

reachability of the system for both players from S9, thus 
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F(e) c R[?7 C L(e) (3.9) 

A set of points in 3e called the usable part of de 

(Isaacs, 1965> p. 215) is defined by 

W(e) = {x° e Be: 3 (us(«)»v*(«)) generates CIL(0)}  

(3.10) 

From the definition of A(e)C 30, one also sees that the 

states in W(e) imply the availability of dg of the system 

for both players, hence, 

¥(0) C A(0) C d0 (3.11) 

From (3-9) and (3-11), note that no points of any starting 
G R\ 

trajectory, generated by (u (*)'v (•))* emanating from x 

on d0, belong to the interior of compF(0). 

If F(0) = R(0)> this corresponds to the case that 

player I dominates the whole R(0); that is, player I can 

achieve his role through R(e). Likewise, if F(g) = 0, it 

means that I can not achieve his role in R(0) under the 

opposition of II. 

If F(e) is a proper non-empty subset of R(e), then 

the set [compF(ff)] P;R(0) is also a proper non-empty subset 

in R(0), and hence it gives the collection of states which 

are reachable by certain control pairs in uxv from c>0. But 

now, by definition of compF(0), all states in [compF(0] p) 

R(0) are not reachable from S0 by any choice of I's control 

in U. That is, II can stop these states of R(©) from being 
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reached from be using controls v ('):x-»v (x) e V. It is 

clear that the set [compF(&)] f|R(e) is favorable to II, 

because he can achieve his role in this subset of R(9), 

despite the efforts of I. The set [compF(e)] P|R(0) also 

introduces the concept of guaranteed avoidable set by II 

(or escape set of II) from given initial set 0. 

Now, there is a very interesting question left to be 

answered. That is, if player II does not use his best effort 

to achieve his role, then what states in [compF(0)J n»(ej 

can be reached from 0 by I who employs his best (or extreme) 

choice of control in U. In other words, this is a question 

of how I can take advantage of mistakes due to the wrong 

choices of control by II. This leads to a second objective 

of the game. The determination of states in R(0) with I 
*X* •¥: 

using his extreme controls u (•):x-»u (x) e U against all 

possible controls vs (•) :x-»vs(x) € V, x € R(0), of II. One 

denotes this set of points in R(0) as E(0). At every point 

in E(0) there exists a trajectory starting from d© passing 

* / X through it, under the extreme control u (•) by player I. 

E(0) can be defined as 

E (0)  =  [ x e  R (0) :  X e  P ^ .  f o r  s o m e  x °  e  d ©  a n d  

some (u*(-),vs(-))} (3.12) 

For instance, consider a point x^" e E(0) ,  there exists a 

trajectory P®j, represented by x( •) :t-oc(t), t e [0,tj], 
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starting from some point x° in d0, generated by some 
S c 
v [x(t)] e V and the extreme controls u [x(t)] e U along PQ̂  

for all t E [0,t.], such that x(t.) = x € E(G) with t. € 
J J. X 

[0,t. ]. From the definition of E(0), one has 
u 

E(e) c R(e) e L(e) (3.13) 

The sets P(e) and E(e) in the neighboring reachable 

set R(0) will be termed as the sets of the game. In order 

to study the property on the boundaries of the sets of the 

game and to simplify the problem, one will assume that 

E(0) = lcompF(0)J r 1 R(0) (3«l4) 

This assumption states that E(©) is the whole avoid

able set by II. Also, it gives that the union of the sets 

of the game is the whole reachable set, namely, F(e"J (J E(0 ) 

= R(eT-

The set of points in L(0), denoted as S^(Q ), 

defined by 

SG(e) = SF(0.)nSE(0) (3.15) 

is termed as the game surface. . 

Now, one can establish some geometric properties of 

sG (e) .  

Lemma 3.2 SQ(0) is the intersection of the closures of 

F(0) and E(0). as 



sG (e)  = fTeT O WT 
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(3.16) 

proof: Equation (3-15) and the definitions of boundary, 

Section 2.1, yield 

s
G ( e )  = [F(0) n c°mpF(0)] n [E(0) n compE( 0 ) ]  (3.17) 

From (3-14) it gives that compE(0) = F(0) 

compR(0), hence F(0) CI compE(0), with E(0} CI compF(0) 

from definition, one has F(0) = F(0) P| compE(9) and 

E(0) = E(0) Pi compF(0). By substituting into (3.17)* 

(3-16) has been proved. 

From this lemma one shows that S^(0) is the common 

boundary of F(0) and E(0) in L(0), hence S&(0) actually 

separates all the points in F(0) from the points in E(0). 
i ° 

Note that, for each point x on S^©) and in L(0), there 

exists a neighborhood A(x1) in L(0) which is divided into 

A(x^) Of(9) and A(x^).f| E(0) by S&(0). Also note that 

[A(xi) OF(0)] CI F(0), [A(xi) 0 E(e)] CI E(0), then from 

the definitions of F(0) and E(0) there exist some controls 
• .jj, J  ̂

u (x ) and v (x ) such that u is the extreme control on 

A(x^) H E(0) and v* is the extreme control on A(x^) Pi 

F(0). See Figure 3.1 for the sets of the game, game and 

reachable surface. 
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R(e) 

S(0 

E(0) 

W(0 ) 

Fig. 3.1 Sets of the Game, Game and Reachable Surface 
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3.3 Necessary Conditions for a 
Neighboring Game Surface 

Under the assumption given in (3.14), Blaquiere, et 

al. (1969, pp. 113-132) showed that in the absence of a state 

constraint there exist extreme trajectories, starting from 

points on a game surface generated by extreme control pairs 

in uxy, to a target set 0 for a forward system with all the 

extreme trajectories remaining entirely on the game surface. 

Since the neighboring reachable game sets is identical to 

the controllable game sets in the neighborhood of 0, it fol

lows that the assumption given in (3.14) will guarantee the 

existence of S^(0) on which there lie extreme trajectories 

of the retro system from the set 0. 
•ft 

One will examine all extreme trajectories PQj with 

initial points x° on d0, generated by extreme control pairs 

•ft *ft 
(u (•),v (•)) with u (.):x-*u (x) € U and v (•):x-*v (x) e V, 

such that P*^ is represented by x(*):t-»x(t) with x(t) e 

Sn(0) for all t e [0,t.} with t .<t . The function x(*) of \J J J » 
•ft 

PQj with t e [0,tj] is a solution of 

§£ = f[x,u*(x),v*(x)] (3.18) 

with initial conditions x(0) = x°. 
•ft *ft 1 

If u (•) and v (•) are of class C on every neigh-
•ft 

borhood of x(t) along PQJ. for all t e [0,tj], then the vari

ational equation associated with (3.18) is given as 

dn _ /Sf , Sf du* Sf dv*\ 
ti (3-19) 

x(t) 6 
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and n is the variational vector with n components. 
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(3.20) 

The equation adjoint to (3.19) is 

_ /df , Sf du* df dv*\T , 
dt ~ ' <5x 3u dx "Sv dx ' # 

*(t) * Poj 

where x is the adjoint vector with n components. 

For given n ( 0 )  =  TI° and x( 0 )  =  X ° ,  the solutions 

•p (  • )  : " f c - » n(t) and X (•) :t-»x (t) of (3*19) and (3.20), for all 

t e [0,tj], respectively, are nonzero and continuous, pro

vided that n° and X° are nonzero. For the similar reason 

as in Section 3-3* one chooses x° such that X°*r|0 = 0 with 

| |x°| |-| !-n0M ^ o-
* * 

Since the extreme control pairs (u (*)>v (•)) gener-

ate P„. which lies in S,-,(0) completely and S,n,(0) is the Oj Uv ' 
•X-

common boundary of F(0) and E(0) in L(0), PQj is also called 

the boundary trajectory of the neighboring game sets. 

One now introduces 

Assumption 3.2 The game surface S^(0) is a smooth surface 

in L(0) and can be defined by 

sq(9) = fx e L(e) : q(x) = 0} (3.21) 

and at each point x = x(tfc) £ 0 of an extreme trajec-

* O -s tory star.ting from x e 09, there exists a 
lr I** 

neighborhood A(x ) in L(e) of x on which the function 

q(x) is of class C"1" and its gradient, denoted as 

yq(x), is defined and different from zero. Also, at 



every point of A(xk) O P(6), one has q(x) < 0, and at 

every point of A(xk) H E(e), one has q(x) > 0. 

Similar to S(e) in Chapter 2, SG(e) is a n-1 dimen

sional manifold, hence the tangent plane of SQ(0) at each 

point on an extreme trajectory defines a vector space with 

dimension n-1; that is, there exist n-1 independent vectors 

on the tangent plane of S^(0). 

One defines the scalar H-function 

H(\,x,u,v) = X • f(x,u,v) (3-22) 

One now states the following necessary condition 

governing extreme control pairs which generate extreme 

trajectories in the boundary of the neighboring game sets in 

L(0). 

Theorem 3.1: (A Neighboring Reachability Max-min Principle) 

If PQj is an extreme trajectory represented by 

x( •) :t-»x(t), t e [0,tj] with "tj<ts and ^ 

Assumptions 2.1, 3-1 and 3.2 are satisfied, then there 

exists a nonzero continuous solution \ (•) :t-»X (t), 

t  e  [ 0 , t ,  o f  t h e  a d j o i n t  e q u a t i o n  ( 3 . 2 0 )  s u c h  t h a t  
J 

ueU HU>x>u(x)>v*(x)] =!gj H[\,x,u*(x),v(x)] 

= H[\ ,x,u*(x) ,v*(x)] 

(b) H[X,x,u*(x),v*(x)] = 0 

for all t e [0,tj], where x° = x(0) is on d0 and 
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[u (*)'v (*)] is "t-116 extreme control pair that gener-
* 

ates PQj. 

A sketch of the proof for this theorem is given in 

Appendix B. This neighboring reachability max-min principle 

is limited not only to a smooth Sg(e) (Assumption 3.2) but 

also to the state space where the control pairs (u,v) are of 

class (Assumption 3.1). A more general case of Theorem 

3.1, where S^(G) may be partitioned into smooth surfaces, is 

investigated by Blaquiere, et al. (1969* pp. 135-143) from a 

controllability view point using geometric arguments. In 

determing a qualitative game transversality condition, the 

neighboring reachability max-min principle provided in this 

section is adequate. 

3.4 A Generalized Transversality 
Condition 

Theorem 3*1 represents a necessary condition for an 

extreme control pair to generate an extreme trajectory 

which starts from Sq and lies on a neighboring game surface 

SG(e). An extreme control pair is obtained by simultane

ously solving a system of 2n ordinary differential equations 

(3.18) and (3.20) while imposing conditions (a) and (b) of 

Theorem 3.1. In general there could be many such solutions 

to the state and adjoint equations. As of yet, the only 

information about the boundary conditions on the state and 

adjoint variables is the single scalar relation H(0) = 0. 
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One now shows that the initial (boundary) adjoint 

vector x° = \(0) must belong to the gradient cone G(x°) to 

9 at a point x° on ̂ 0 from where an extreme trajectory 

leaves the initial set 0 and lies on SQ(0). Only the set of 

points in S&(0) H d© needs to be considered in determing 

the transversality condition. 

Let A(x°) be a neighborhood D of x° on which can 
o 

be partitioned into A(x°) H L(0) and A(x°)H 0-

&(x°) 4 A(x°) OXTeT (3.23) 

In addition to the assumptions on S^(0) and de, the 

following is required. 

Assumption 3.3 For a dynamical system described by (3-1) 

with initial set 0, the set SG(0) P| c)0 is non-empty. 

The gradient of q(x) at a point x° in SG(0) f") d© is 

defined and different from zero. A(x°) O F(-0) and 
A(x°) 0 E(0) constitute a partition of A(x°). The set 

A(x°) nsQ(0) partitions A(x°). Also, at every point 

in A(x°) flF(e) °ne has q(x) < 0, and all points in 
_ _ o 
A(x°) with q(x) > 0 must belong to A(x°) P)E(0)* 

To utilize the properties of the usable part of d©, 

it is now shown that 

sG(e)nae= sG(0)Ow(0) (3.24) 
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This follows by definition from W(e) C A(e) C d©, so that 

s G ( 0 )  n̂ (e) c s G ( e)n de ( 3 . 2 5 )  

Since [SG(0) O Se] C SQ(0) C F(0) and [SQ(0) O ̂e] C de, 

any point x° in SG(e) H de will be in F(0) and also in d©. 

Then by definition there exists a starting velocity vector 

f[x°,us(x°),v*(x°)] with usable control pair (us(x°),v*(x°)) 

e Z(x°), and hence x° belongs to W(e). Thus, [SG(e) 0^0] 

C W(e), and SG(e) P) ̂0 C SG(e) Pi ̂ (0). Equation (3.24) 

then follows from this and (3.25). See Figure 3.2 for 

geometric notations. 

Consider a point x° in SG(0) H W(0); one sees that, 

since SG(0) consists of all extreme trajectores, there 

exists an extreme trajectory generated by (u (O'V (•)) 

from x° which satisfies 

\° • f[x°,u*(x0),v*(x°)] = 0 (3.26) 

when the initial adjoint vector X° is uniquely selected to 

be codirectional with yq(x°), the gradient vector of the 

neighboring game surface at x°. 

It is shown in Appendix B (Equation B.2) that if one 

chooses \° in the same direction as yq(x°) at initial point 

x° for an extreme trajectory P*^. on Sg(6T) represented by 

x( •) :t-»x(t), t € [0,t.] with t .<t , then the adjoint solu-
J J s 

tion \(t) of (3*20) is normal to the tangent plane of 
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q(x)=0 

h(x)=0 

Pig. 3.2 A(x°), A(x°) 0^(77, and A(x°) Pi 
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SQ(e) at point x(t) for all t e [0,t^] on which x(t) e P*^. 

Thus, X(t) will also remain codirectional with vq(x(t)) for 

all x(t) e p*j, t e [0,tj]. 

One may now state a generalized boundary condition 

for the adjoint variable at S^(e ) P) W(0 ) in terms of the 

set 0. 

Theorem 3.2: (A Qualitative Game Transversality Condition) 

If x° € O^e, is a point in Sr(e ) P| ¥(e ) and 
ieK 1 u 

the Assumptions 2.1, and 3.1 to 3.3 are satisfied, and 

if there exists an extreme control pair (u {'),v (*)) 

which generates a starting velocity vector 

O * * f[x ,u ('),v (*)1> then there exists a solution to the 

adjoint equation (3.20) such that (u (*)>v (•)) satis-
* 

fies Theorem 3.1 along P . and the adjoint vector 

satisfies the boundary (or transversality) condition 

X = ii^yh^(x ) (3.27) 

where > 0 for all ieK and not all of which are 

zero. 

proof: See Figure 3.3 for illustration of the complete 

proof. Any point x° in [SG(e) W(e)] CI 30 belongs to 

rise,. The neighborhood A(x°) contains points in 30. 
ieK 1 1 

for all ieK. 
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At x° there exists an extreme starting velocity 

vector f[x ,u (x ),v (x )] which is normal to the 

adjoint vector. The adjoint vector \° is chosen in the 

same direction as vq(x°) on S^Q). 

A point xk e A(x°) O SG(e) to first order in (at) 

is given by 

xk = x° + (at) f[x°,u*(x0),v*(x°)] (3.28) 

where (at) is a small positive interval.. 

Consider a point z° in A(x°) C) E(e) such that it 

is also in 50 with some j e K, represented by 
J 

z° = x° + 6riOJ' + 0(6) (3.29) 

where n°^ is a set of n-1 linearly independent vectors 

in the tangent plane Tj(x°) to de^. at x°, 6 is strictly 

p o s i t i v e ,  I  ° C g ) I  I  = 0 ,  a n d  V h ^ . ( x ° )  " n ° J  =  0 .  

As in Chapter 2, one first proves that 

X° * ti°J < 0 (3.30) 

for all . Let one suppose that (3-30) is false and 

X°"r|0̂  > 0 for some r|°̂ . 

Since the starting velocity vector 

f[x°,u*(x°),v*(x°)] is of class C"1" on A(x°), there 

exists a starting velocity vector f[z ,u (x ),v (x )] 

from z° with the same extreme control pair that will 
lr 

move the system to a point z , where 
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zk = z° + ( a t ) f[z°,u*(x0),v*(x°)] and ( a t )  is the same 

small time interval used in (3.28). 

Consider the transformation of a variational vec

tor along an extreme trajectory of SG(e). The varia-
Ir Ir 

tional equation allows one to express z as z = 

xk + 6r|J"(at) + 0(6), where TI^(') is the solution of the 

variational equation (3.19) with "boundary conditions 

riJ'(0) = r|OJ*. Set nJ"(at) = r|k^, one then has q(zk) = 

q[xk + 6r)kj* + 0(6)], q(xk) = 0, and q(zk) = Vq(xk) • 

[6nkJ+o(6)] +o(||6nkJ + o(6)||), or q(zk) = vq(xk) • 

6rik^ + 0(5), with ^^ = 0. For sufficiently 

k k ki small 6, q(z ) has the same sign as vq(x )*n \ hence 
Tp Ir Ir •? *j 

q(z ) has the same sign as x "n • Since X(t)*n(t) = 

constant along the extreme starting trajectory gener-
•ft *ft 

ated by (u ('),v (•))> follows that, for 6 suf

ficiently small, q(zk) has the same sign as assumed 

sign of x°-n°J'; that is, q(zk) > 0. This says that zk 

— o 0 
is a point of A(x ) H E(6) from Assumption 3-3, namely 

k 0 0 
z e E(e) C compF(0). In this way one constructs a 

*ft "ft 

starting trajectory, generated by (u (*),v (•))> 

emanating from z° on de., such that it reaches the 
J 

interior of compF(0). This is a contradiction to the 

definition of F(0). Thus, (3.30) is established. 

Since j is arbitrarily chosen in K, (3-30) is also true 

for any surface de. at x° which has points contained in 
<J 

A(x°) n E(e) . 
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Again as in Chapter 2, consider a point y° in 

A(x°) O F(0) such that it is also in 30^ with some 

i e K. It can then be represented as 

y° = x° + 6tioi + 0(6) (3.31) 

where x° + T,01 € T̂ x0) to 3ei at x°, ll°(«)ll = O 

and vh^(x°) "n01 = 0- In (3*31)> 6 is also chosen 

strictly positive and n°^" is a set of n-1 linearly 

independent vectors. 

It is secondly proved that 

x° • noi < 0 (3.32) 

for all r)0i. Suppose that (3-32) is not true and 

X°*n0i > 0 for some n0i. 
lr 

Again one can find a point y , given as 

yk = y° + (at) f[y°,u*(x°),v*(x°)], where (at) is the 

same small time interval used in (3.28). Such a point 

yk can also be represented by yk = x^ + Brf^at) + 0(6), 
A 

where ri (*) is the solution of .the variational equa

tion (3.19) with initial condition T)"*"(0) = Set 

i ki r] (at) = Tj , then with arguments similar to those used 

earlier, for 6 sufficiently small and \0*ri0:3" > 0, one 

obtains that q(y ) > 0. Again from Assumption 3.3 this 

k — o 0 
says that y is a point of A(x ) Pi E(0) which is also a 

contradiction to the definition of a starting trajec

tory, generated by (u*(•),v*(•)), emanating from y° 



on de^. Thus, (3-32) is established. Since i is arbi

trarily chosen in K, (3.32) equally applies to any sur

face 50^ which has points contained in A(x°) P) F(0). 

Under Assumption 3-3* A(x°) is partitioned by 

A(x°) Pi SG(0) into A(x°)n E(e) and A(x°) O F(0). 

Since A(x°) contains points in for all k e K, 

[A(x°)O S0k] must belong to either A(x°)P) E(0), or 

A(x°) f~] P(0), or both for all k e K. Thus, (3*30) and 

(3-32) yield that 

\° - n°k < 0 (3.33) 

for all k € K at x° e 
keK K 

The tangent cone C(x ) to 0 at x is either a 

closed half space or less. Using the same geometric 

arguments as in the proof of Theorem, 2.2, one con

cludes that the initial adjoint vector X°, for an 

extreme trajectory starting from x° on 50, does not 

belong to the tangent cone C(x°) to 0 at x° for the 

case when C(x°) is less than a half space otherwise 

(3.33) is contradicted for at least one k e K. One 

can also conclude that \° does not lie outside both 

C(x°) and the gradient cone G(x°) to 0 at x° when 

C(x°) is less than a half space. Thus, one has 

finally shown that, if C(x°) is less than a half space, 

X° must belong to G(x°) in order to satisfy (3.33) for 



all k e K. Equation (3.27) is then established from 

(2.10).  

If C(x°) is equal to a closed half space at x° 

€ then a single tangent plane exists for all 
ieK 1 

i e K. Using similar arguments or the geometric 

approach used by Blaquiere, et al. {±96S, pp. 126-131), 

one can easily show that 

x° • noi = o (3.34) 

for all ieK, where n0i are n-1 linearly independent. 

tangent vectors to 50^ from x°. Equation (3.34) then 

requires that x° lies in the same or opposite direc

t i o n  w i t h  V h i ( x ° )  f o r  a l l  i e K .  

As in the proof of Theorem 2.2, suppose that . 

X° = jî ii(x°) with n < 0, and let xg be a point of 
o 

A(x°) Pi E(0) with q(xg) > 0, represented by xg = x° + 

s 9 ̂  6z, for small 6 > 0. Since x& e L(0), one has 

yh^(x°) • (xg-x°) >0, or vh^(x°) • z > 0 for 6 > 0. 

With the assumed sign of x° = nvhi(x°)^ one obtains 

that X° * z < 0. Since x° is uniquely chosen in the 

same direction as yq(x°), one has 

vq(x°) • z < 0 (3.35) 

But q(xg) = q(x°+6z) > 0 with q(x°) = 0, q(xg) =. 

yq(x°) • (6z) + 0(1 | 6z| | ), where J™ °H I *Z1 1 ) = 0. 



Upon dividing by §, and allowing 6-»0, one obtains 

yq(x°) • z > 0. Equation (3-35) then contradicts this 

conclusion, thus with \i 0, one has proved that 

\° = nvhj.Cx0), l-i = constant > 0 (3.36) 

for all i e K and x° e • • 
ieK 1 

One has now proved (3-27) and concludes the proof 

of Theorem 3.2 by noting that, as a direct consequence 

of Theorem'3.1, the extreme control pair (u (*)#v (*)) 

satisfies a max-min condition on the H-function. 

Isaacs (1965, p. 221) and Blaquiere, et al. (1969* 

pp. 126-131) have both derived a transversal!ty condition 

on a target for smooth n-1 dimensional manifold as its 

boundary. Their result is identical with (3-36) which is a 

limiting case for smooth boundaries of the qualitative game 

transversality condition given by Theorem 3.2. 



CHAPTER 4 

AN AERIAL COMBAT PROBLEM 

The following material is presented to illustrate 

the methods developed in this work. 

4.1 General Considerations, Assumptions, 
and System Model 

After World War II there was little interest in 

aerial combat problems. The different nature of warfare and 

weapon systems, increases in aircraft speeds, and possible 

decreases in engagement time were thought to lessen the 

importance of manned aerial "duels." Recent examples of air 

war in the Mid-East and Southeast Asia have shown that the 

day of the "dog-fight" is not a thing of the past (Getler, 

1969). 

Aerial combat in its simplest form may be treated 

as a problem of pursuit and evasion (Isaacs, 1965). One 

aircraft as the pursuer attempts to "capture" his opponent,-

the evader, by maneuvering such that the evader is forced to 

his target. The target may simply be the pursuer's weapon 

effectiveness zone (the "air-to-air" combat problem of 

Miller, 1968). In the meantime, the evader attempts to 

avoid such a losing outcome by staying away from the target 

67 
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(the "collision avoidance" problem of Vincent, et al., 1972). 

In this pursuit game one aircraft is always offensive while 

the other aircraft is defensive. However, the situation in 

a realistic aerial combat or dog-fight is much more involved 

in that each aircraft is armed and determined to destroy the 

opposing aircraft and each wishes to avoid extermination. 

The roles then between pursuit and evasion assumed by both 

aircraft may interchange during the course of an engagement 

(Baron, et al., 1970). This is one of the distinguishing 

features of an aerial combat. 

The system of dynamical equations required to 

describe an aerial combat is very complicated. In general 

such fighter versus fighter duels are characterized by 

strenuous maneuvers in three dimensions. Rapid changes in 

altitude, velocity, and turning radius, as well as large 

variations in lift, thrust, and drag are frequently experi

enced. Nonetheless, we will study a simplified aerial duel 

model between two fighter aircraft with close performance 

capabilities and similar weapon effectiveness zones. Hope

fully, such a model still may display some salient features 

of a dog-fight. 

Due to a fighter's high approach or separation 

speeds and large turning radius with high speed, relatively 

short combat engagement is considered. Each aircraft is 

assumed to be a point-mass in a horizontal plane. Each 



aircraft flies at constant speed with bounded turning capa

bility. The only control for each aircraft is the bank 

angle. The control constraint on each aircraft is the maxi

mum bank angle in a turn; that is, each aircraft can maneu

ver at a bank angle less than or equal to its maximum bank 

angle. Another assumption is that the bank angle can be 

changed instantaneously, hence the angular turning rate can 

be discontinuous, but the turning (heading) angle is varied 

continuously. One aircraft's speed is assumed slightly 

higher than the other, but the advantage in speed is traded 

off with less turning capability. This would be the case 

for combat between two modern fighters with similar per

formances such as F-4 versus MIG-21. 

One other factor that contributes to the complexity 

of the dog-fight is the dependence upon the data available 

to each of the pilots for determining the state of the 

other. In a real combat situation it is highly doubtful 

that all the necessary information is available to each 

pilot for making the best decision. For each pilot, it is 

perhaps safe to assume that his opponent has the complete 

knowledge about surroundings (states) and will perform a 

best (extreme) maneuver accordingly to cause a favorable 

outcome. The fact that the opponent is considered to be 

"intelligent" leads to the assumption that each aircraft 

has the perfect information to fly extremally. This best-

case situation is selected in this work and the imperfect 
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information (stochastic) problem is then replaced by a per

fect information (deterministic) one (Bryson and Ho, 1968, 

p. 278). Specifically, one assumes that there are no errors 

in the information set. 

The equations of motion for each participating air

craft, assuming a coordinated turn at constant altitude, 

and neglecting the change in mass because of fuel consump

tion, are 

• 

m V = T cos a - D 

m V i]r = (L + T sin a) sin $ C^*1) 

m g = (L + T sin a) cos $ 

where m g is the aircraft weight; V is the aircraft velocity; 

a is the angle of attack; T is the aircraft thrust; D is the 

drag force; L is the lift force; \|r is the turning (heading) 

angle; $ is the bank angle. See Figure 4.1 for nomen

clature. 

Let be aircraft wind axes and (X,Y,Z) be 

the inertial reference frame with OZ along the vertical 

axis. Equation (4.1) with constant speed assumption yields 

that 

D = T cos a 

cos $ = mg/(L •+ T sin a) (^*2) 

ijr = g tan §/V 
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In steady coordinated level turn performance, there 

is a maximum allowable value of bank angle which is con

strained by maximum thrust (Tmay) and maximum lift (Ifaqx) 

with stall angle of attack (a ). Therefore, a maximum bank 
s 

angle can be obtained from (4.2) as 

$max ~ cos '•L +T^ sin a<J max max s 

The kinematic equations of each aircraft in the 
• • 

inertial frame are X = V cos and Y = V sin ijr. Then the 

equations of motion for an aircraft in planar motion are 

• 

X = V cos i]r 

Y = V sin i» (4.3) 
= y tan $ 

where I $ I < $ „ . Note that the absolute value is given to i i max 

include both right and left turns. 

Now consider two aircraft (I and II) flying on the 

same plane at constant but different speeds as shown in 

Figure 4.2. The equations of motion for I and II are also 

described by (4.3). In realistic state space (inertial 

reference frame), six coordinates are required to define 

the positions and directions of. the velocity vectors of I 

and II. In order to reduce the number of state variables, 

for the interest in relative position between two air

craft, and for the convenience of geometrical visualization, 
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one transforms to a relative position-velocity coordinate 

frame (X-^X^X^). It is defined by the requirements that I 

is located at the origin and the Xg-axis is aligned with I's 

velocity vector, thus, it is also called "i's centered 

coordinate frame." 

A coordinate transformation which consists of trans

lation and rotation with angle (90°-^) gives the relative 

position-velocity coordinates in terms of the inertial 

coordinates as follows: 

X1 = (XII~Xl) sin^i " (yII~yi) cos*x 

X2 = (Xjj-XJ) cost J - (Yu"Yx) sin^ 

Define X^ as the angle between the velocity vectors of the 

two aircrafts, then (see Figure 4.2) 

X3 = *1 " *11 

Differentiating these relations with respect to time 

yields the kinematical motion of II relative to I as 

X1 = VJJ sinX^ + tan^ 

i, = VI;[ oosXj - Xx §- tanjj. - Tj. . (i(-4) 

*3 = % TAN»I " ̂  TAN*II 

These are dimensional equations of motion. It is 

convenient to work with nondimensional variables, hence 
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define vir VI3/gtanfIIJlia3t, and vfT/Stan{TTmcv as unit 

velocity, time, and length, respectively. Note that the 

unit length is the minimum turning radius for II's path. 

The choice of nondimensional variables with respect to I or 

II is clearly arbitrary. Introducing the following defini

tions 

Y(speed ratio) = vi/vu 

6(minimum turning radius ratio) = 

i / ii 

Stan*ImaX/ StaniIImaX . 

u(aireraft I's control) = ytan$j/61an$TmaY 

v(aircraft II's control) = tan$ J J/tan$ 

•into (4.4) yields the nondimensional equations of motion as 

• Xj = sinx^ + ux2 

x2 = cosx^ - ux.^ - y (4.5) 

= U - V 

and 

|u| < y /6, |v| < 1 (4.6) 

Note that u= -fy/6, 0,~y/& correspond, respectively, to a 

hard left turn, straight line flight, and a hard right turn 
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for I. Similarly, v= +1, 0, -1 correspond to a hard left 

turn, straight line flight, and a hard right turn for II. 

The "two-car" problem of Isaacs (1965, pp. 237-244), 

the "air-to-air combat" problem of Miller (1968), and the 

"collision avoidance" problem of Vincent, et al. (1972) all 

employ similar modeling to (4.5)• They all have chosen a 

circular smooth target around one aircraft as pursuer or 

around the other aircraft as evader. In a realistic aerial 

duel, the position of the enemy aircraft on a circular tar

get around the first aircraft may not always correspond to. 

a favorable tactical position as far as the first aircraft 

is concerned. As mentioned in Chapter 1, each aircraft in 

a dog-fight is more interested in positioning his opponent 

directly ahead of him because the weapon effectiveness zone 

(the fire zone) for a fighter aircraft is usually located in 

front. 

On the other hand, each aircraft would like to avoid 

being approached from behind by his opponent. Thus, there 

is a fire zone in front and a danger zone behind each air

craft. There are four zones in all. If combat is said to 

terminate when any of these zones overlaps, we would have 

four possible outcomes. The outcomes are I destroys II, II 

destroys I, mutual destruction, and draw. 

One will greatly reduce the complexity of the analy

sis of aerial combat by considering only two non-smooth 

targets (zones) in the vicinity of the first aircraft; one 
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is a fan-shaped fire zone 6j located in the front, the other 

is a fan-shaped danger zone 0^^ placed in the back. See 

Figure 4.3 for the proposed fire zone and danger zone. Each 

one is an x^-cylindrical zone. 

Let x denote the state of the system governed by 

(4.5) in the relative position-velocity coordinates. Recall 

that the state x measures the position and velocity vector 

of II relative to I's position and velocity vector. It is 

obvious now that aircraft I wishes to destroy II by maneu

vering so that the state x is right in front of him and 

within his fire zone 0^.. At the same time I wishes to 

avoid extermination by keeping the state x away from the 

danger zone 0^ where he is vulnerable to attack from II. 

Similarly, II wishes to reverse this situation by doing his 

best to control the system. 

The aerial combat engagement will terminate the 

first time the state x enters or encounters tangentially 

either of these zones. If the state x never reaches 9j or 

®II' enSaSemen"k will not terminate. For each of the 

zones, one can assign an outcome, "i wins" if II enters 0^. 

"II wins" if II enters 0^. One has-the possibility of a 

"draw" as a third outcome if II enters neither 0-j. nor e^. 

Under the third case, a stop rule will be introduced based on 

some large value of engagement time or on some specified 

boundaries of state space. Note the possibility for a 

mutual destruction is eliminated here, thus this is not 
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entirely realistic in view of a real dog-fight. One is say

ing that the heading of II as it enters 0-j. or is unim

portant. Nevertheless, one expects that the applications of 

the transversality conditions developed in this work as well 

as some of the essential features of the basic dog-fight 

problem will be imbedded in the results obtained in this 

chapter. 

For point of reference, one considers himself to be 

on the side of aircraft I, located at the origin and having 

a higher speed. One is thus interested in the motion of II 

with respect to I described by (4.5) and constrained by 

(4.6). There are a number of questions involved for the 

combatants in our model. We will first determine what 

states of the system are controllable to 0^. with a "win for 

i" outcome by I's control action no matter what II does to 

avoid it. To answer this question, a pursuit-evasion 

problem in the form of a qualitative game will be solved . 

using the fire zone 0^. as target by the methods given in 

Chapter 3« The roles to be assumed by I and II are clearly 

defined. I is the pursuer and II is the evader. 

Similarly, a "win for II" region can also be deter

mined by solving another pursuit-evasion problem using the 

danger zone 0^^. as a target. In this case, I is the evader, 

II is the pursuer. However, since we are on I's side, we 

will address ourselves to a different question with respect 
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to the zone 0jj« The zone can be interpreted as a fire 

zone for aircraft II. Instead of finding the region of 

space in which II can reach under the best effort by I 

to prevent this event, one will seek a more pessimistic cap

ture region to insure some safety for aircraft I; namely, 

one will seek the region of space in which II can reach 0ĵ  

under the null control assumption by I. One is thus inter

ested in solving a problem in controllability with one con

troller utilizing the methods developed in Chapter 2. The 

roles to be assumed by I and II are also clear; I is the 

null controller, II is the pursuer. 

together with the transversality condition on the non-

smooth fire zone 0̂  will be used to determine the game sur

face from 0j with the dynamical system and control pairs 

4.2 Game Surface Associated with 
the Fire Zone 

The neighboring reachability max-min principle 

o 
= - sinx̂  - ux2 

o 
(4.7) 

o 
X3 = - u + V 

with 

M < y/6, |v| < ! (4.8) 
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Note that (4.7) is the retro-system of (4.5) and (°) denotes 

differentiation with respect to a backward time or time to 

go (Isaacs, 19̂ 5# P- 8l). From here on, we shall refer all 

the discussion to the reachable point of view with (4.7) 

and (4.8). 

If two such game surfaces emanating from the fire 

zone 0̂  intersect (perhaps at infinity), then the points 

enclosed by the two game surfaces with the fire zone may 

represent states which aircraft I can guarantee to reach, no 

matter what II does to prevent it. Conversely, the states 

not enclosed by those surfaces may contain points which 

either can be avoided by II's maneuvers or can not be 

reached by the system with all possible control pairs. If 

two such game surfaces fail to intersect and terminate 

within finite distance of the fire zone, then the game sur

faces do not divide the state space into two parts. If 

this is the case, even though the game surfaces do not bound 

a guaranteed reachable set of aircraft I, it does delineate 

a region in which I's task is more difficult than in the 

other region. 

The non-smooth fire zone 0̂  is a fan-shaped x̂  

cylindrical zone defined by 
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ĥ x) = x̂ -bxg < 0 

x1+x2"r2 - 0 

0J = x : (4.9) 

h4(x) = 

-x̂ -bx2 < 0 

-Xg-fc < 0 

where b,c,R are positive constantŝ  de-̂ , dQ2, ̂ 63* anc* ̂ 84 

are determined by setting ĥ (x) = 0, h2(x) = 0, ĥ (x) =0, 

and ĥ (x) = 0, respectively. 

The H-function is linear in the controls u and v 

and is written as 

H = -\1 SINX3 + \2(-COSX3 + Y) + Auu + Ayv (4.10) 

where 

CTu - "X-jXg + X2x1 - X̂  

°v = x3 

The adjoint system is 

(4.11) 

(4.12) 

X = -X2u 

X - XJU (4.13) 

X = X-jCosx̂  - x2sinx3 

To satisfy Part (a) of Theorem 3.1* one obtains the 

extreme control pair 
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+ y/6 if CTu > 0 

* V = 

U* a j (4-14) 
- y/6 if CTU < 0 

singular control if au = 0 

+ 1 if CTv < 0 

- 1 if (jv > 0 (4.15) 

singular control if ay = 0 

Equations (4.14) and (4.15) specify that the signs 

of the "switching functions" au and crv determine the 

extreme control pairs to be used, unless the switching func

tion is identically zero over a nonzero time interval. 

This latter possibility is examined by setting the first 

and second order time derivatives of au and ay equal to zero. 

One obtains 

au = " yX1 (4.16) 

= Y^pu* (4.17) 

- \2 sinxg 

00 

CTv = "(xl sinx3 + x2 cosx3)v" (4.19) 

Thus from (4.17) and (4.19), one obtains for I's singular 

o 
CTV = X-L cosxo - X2 sinx3 (4.18) 

* 

control either u . = 0 or \0 - 0 and for II's singular 

control either vging = 0 or (x-^ sinx^ + x2cosx3) = ^ 
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can be shown using cru = 0 and CTv = 0 that in each case the 

second choices require that the adjoint vector \ = 0 and 

hence are not possible solutions. Then, one obtains that 

singular controls for both players correspond to null con

trols . 

It is said that the game begins when the system 

(4.7) starts to move from the boundary points of ô . One 

will designate quantities evaluated at the initial time 

with the superscript ,ro". Theorem 3.2 will be utilized to 

determine the proper initial conditions and hence control 

pairs for all extreme (boundary) trajectories on the game 

surface from d0. 

With assigned values of the system parameters 

(y»8,b,c, and R), it can be shown that one can rule out the 

possibility of an extreme trajectory starting from the 

relative interior points of d02 and The extreme tra

jectories then only emanate from the right side (x£>0) on 

3e1 and the left side (x̂ <0) on 

For convenience in what follows, one will examine 

the right side of 0̂  first. To study the case when the 

game surface is attached to the interior points of with 

ĥ (x) = 0 on c < Xg < B/ adjoint vector 

may be obtained as 
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Xg a  " li b (4.20) 

where ji is a positive constant. Substituting (4.20) into 

(4.10) with ĥ (x) = 0 yields 

- sinx̂  - t̂ y-cosx̂ ) - Xg(l-rt32)u* =•"© (4.21) 

where u* is the initial extreme control from (4.14) and x^ 

is an element of [0,2TT] . 

To investigate the initial control possibilities 

from (4.11) with (4.20), one obtains that o° = - x^l-fb2) 

and u° = 0 on ĥ (x) = 0 with c < < B/ First 

one examines the possibility of singular control. Aircraft 
o 

I's singular control requires that cru = - yXj = 0. Since 

= 0, it yields n = 0 and hence \° = 0 which is a con

tradiction to nonvanishing initial adjoint variables. 

One then concludes that the initial I's singular control is 

not possible. Aircraft II's singular control requires that 

cr° = (cosx̂ +bsinx̂ ) = 0 on the initial surface. 

For non-singular initial extreme control, one 

observes that for h^(x) = 0 and x^>0, from (4.14) 

u* a - y/6 (4.22) 

Equation (4.21) with (4.22) yields 



86 

Xg = 6 [sinx̂ M-cosx̂ )]/! (l-fb2)y] (4.23) 

Again for convenience in what follows one will define that 

xf, xf are the x̂  angles in [0,2ir] such that (4.23) is 

satisfied at Xg = W x/l-ib2 and x3̂ ' are anSles such 

that (4.23) is satisfied at x̂  = c with assigned values of 

system parameters. Since c < Xg < R/ on ĥ (x) = 0 

for all x̂  in [Ô x̂ 1] U [x̂ x̂̂ ] Ij [x̂ , 2tt] , one shall 

proceed to examine II's non-singular controls. Since cr° = 0 
o v 

on the initial surface, c° determines v-control; that is, 
* °o V * °0 
v = +1 requires CTv < 0 and v = -1 requires ay > 0. With 

the given system parameters, it can be shown that 

v* = -1 for x̂  e [OjX̂ 1] (J [x̂ 2̂tt] 

* n o c2 c3i (4.24) 
v = +1 for x̂  e [x̂  >x3 1 

o 
Also note that ay does not vanish for every x̂  in any one of 

the possible x̂  intervals given by (4.24). 

To complete the initial extreme controls for all 

x̂  e [0,2ir] along the right side of 0̂ , one examines the 

.transversality condition on the corner of h-̂ x) = 0 and 

h2(x) = 0. With Xg = B/ ŷî j2, x° = bXg, and x̂  e 

[x̂ x̂̂ 2], Theorem 3.2 yields the initial adjoint variables 

as 
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X1 = ̂ 1 + 2̂ 2*1 

\° = + 2^x° (4.25) 

where > 0, n2 > 0 no"k aH are zero. Since the 

H-function and all switching functions are homogeneous in 

the X vector and  ̂0, one can set x̂  to unity. Prom (4.11) 

along with (4.25) and the corner conditions, one obtains 

that a° = -U]R/ \Ziib2- with > 0, thus it yields that 

* / O _ / / :=; O , O ,0 r cl c2i u = -y/6 when xg = B/ x1 = bx2, and x̂  e [x̂  ,x̂  J. 

Again substituting all this information into (4.10) yields 

\° = [sinx̂ -Xgv/sl/f(y-cosx̂ )-x̂ y/6] (4.26) 

o 
Since cr° = 0 from (4.12) and (4.25), <j° is required to 

determine v-extreme control. Prom (4.18) and (4.19) with 

(4.26), one obtains that 

cr° = [Jx2sinx°+V(L-xJ/6)cosx2- IL]/[ (Y-COSX°)-X°Y/5] (4.27) 

XoCOSx?-y(l-x?/6)sinx? 
£—- 3 „ 2. v* (4.28) / O \ o • 

(y-cosx̂ J-X̂ Y/S 

In (4.26) to (4.28), x2 = R/ > xi = bx2' and x3 G 

[x̂ x̂̂ ], v* is the initial v-extreme control. It can be 

shown that 
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(4.29) 

v* = -l for x° e [x̂ x̂̂ ]. 

v* = +1 for x° € [x̂ x̂ 2] 

no ° 
where x| is the angle in [x̂  ,x̂  ] such that a°, given by 

(4.27), goes to zero. 

To examine the v-singular control, the necessary 

condition is 

37 (ov) <0 (4.30) 

Applying (4.28) to (4.30) at x̂  = x̂ , one observes that 

(4.30) is satisfied and thus 

vsing. =0 for x3 = x3 (4'31) 

Now one shall proceed to determine the transver-

sality condition on the corner of ĥ (x) = 0 and hĵ (x) = 0. 

With x° = be, Xg = c, and x̂  e Theorem 3.2 

yields that 

, 0  _  
X1 ~ ̂ 1 

x°2 " -nxb - (4.32) 

X3 = o 

where |ij > 0 and ̂  > 0 bu"k nô  aH are zero. After setting 

= 1, one obtains that a° = -bc[n2|+(l-fb2)/b] with ̂  > °> 

"X* O 
and hence u = -y/6. With this information and x̂  = be, 

Xg = c, and x̂  in [x|̂ ,x|̂ ], (4.10) again yields Xg as 
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given by (4.26). Prom (4.18) and (4.19) one obtains the 
O eo 

same ay and ay relations as introduced by (4.27) and (4.28). 

Again with assigned values of system parameters, it can be 

shown that 

v* = +1 for x̂  e [x̂ p̂ x̂ ] 

* O " d c4n (4-33) 
v = -1 for . x̂  e [x̂ jx̂  ] 

where x̂  is the angle in [x̂ x̂ ] such that (4.27) van

ishes with xj = be and Xg = c. Also from (4.30) with (4.28), 

one observes that v-singular control is not possible at 

o d x3 = x3. 

Necessary conditions thus yield the following ini

tial extreme control possibilities for x̂  e [0*2ir] on the 

right side of 0̂  (x°>0): 

* / 
U = -y/6 

-1 for x° e [0,x|1] (J U [X3'x34] U 

0 for x^ = x® (4.34) 

-+1 for x^ e [x|,x|2] U [x^2,xg3] U [x|3,xg] 

The set of initial state and adjoint variables are 

Xg = 6[sinx2+b(Y-cosx3)]/[(l+b2)Y], xj = bx° (̂ -35) 

= 1, Xg = -b, \° = 0 



for x° € [O^1] 1J [x^x^3] U and 

x2 ~ ̂  \Zl+b2' X1 ~ bB̂  s/l-fb2 

X1 a 1'^2 = [sinx^ -XgYAJ/fCy-cosxp-x^Y/e] > X3 = 0 

for x̂  e [x̂ jx̂ ], and 

o o Xg = c, x̂  = be 

(4.37) 
X1 = ̂  ̂2 = [sinx°-X2Y/6]/[(v-cosx|)-xJv/5], X3 = 0 

for x̂  e [x̂ ,x̂ ] . 

Using exact similar arguments for x̂  e [0,2ir] and 

x° <0 (points on the left side of ê ), one may obtain 

u* = +y/6 

-cl -d -s -c4 -c4 
+̂1 for x° e [0,x3° ] IJ [x3 ,x3] U ] U [*3 ,2tt]  

* i _s 
v = / 0 for x̂  = x̂  (4.38) 

I -d -c2 -c2 -c3 -c3 -s 
-̂1 for x3 e [x3,x3 ] (J [x3 ,x3 ] (J [x3 , x  ]  

cl _c2 
where x3 and x3 are the angles of x3 in [0,2-ir] such that 

x° = 6[-sinx3+b(y-cosx3)]/[(l+b2)y] (4.39) 

0 _c3 __c4 
is satisfied at x2 = B/ *3 and x3 are the pair in 

[0,2ir] such that (4.39) is satisfied at xS - c; xQ is the 
_cl -c2 ^ ^ 

angle in [x3 ,x3 ] such that 

' 90 

(4.36) 
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o 
ctv = [-^ XgSinx^-YCi-Xj/sJcosx^-Ml/fCY-cosx^-x^YA] (4.40) 

__S 
vanishes with xQ = c and xn = -be; x~ is the angle in 
_c3 -c4 15 

[x^ ,x^ ] such that (4.40) goes to zero with Xg = W 

and x° = -bXg. Note that (4.30) can also be satisfied with 

ctv = [-^ x°cosx2+Y(l-x°/6)sinx°]v*/[ (Y-COSX^-XJY/S] (4.4l) 

-S 
at x^ = x^ and x^R/ ̂ ^2, x^ = -bx^. 

The corresponding sets of initial state and adjoint 

variables are 

*2 = 6 [-sinx2*fb(Y-cosx̂ )]/[ (l-fb2)Yl, x£ = -bXg 

X1 = X2 = -b' X3 = 0 

-cl -c2 -c3 -c4 
for X̂  E F°'X3 1 U TX3 **3 1 U [*3 >2TT], and 

0 0 ,  
Xg = c, Xj = -be 

X° = -1, Xg = [-sinx3-X2Y/s]/[Y-cosx3-x°Y/6]> 

X3 = ° 

-cl -c2 
for x^ £ [x^ *x^ ], and 

x2 = */ \/l+b2' X1 = "bR/ \/l+b2 

xj = -1, Xg = [-sinx°-x°Y/8]/[Y-cosx°-xJY/6], X3 = 0 

-c3 -c4 
for x^ e [x^ ,x^ ]. 

(4.42) 

(4.43) 

(4.44) 



The game surface emanating from the right side of 

the initial set 0^. will be termed the right game surface, 

and the one starting from the left side of 0^ will be called 

the left game surface. Trajectories which lie in the game 

surfaces may be determined by integrating the equations of 

motion (4.7) and the adjoint equations (4.13) from the 

initial manifold using extreme control pairs. Integration 

is initiated with the extreme control pairs and initial con

ditions given by (4.34) to (4.44). 

Let [0,tf] be a time interval over which cxu and av 

do not change sign. That is, if one defines 

t = first time au = 0 after being non-zero 

t = first time ay = 0 after being non-zero 

then 

tf = min(tu,ty) (4.45) 

There are two types of trajectory which lie on the 

game surfaces. The first type, called a non-singular tra-

jectory, starts non-singularly; that is, with v (0) ̂  0. 

The second type, called a singular trajectory, starts with 

a v-singular extreme control. For this particular model, 

analytical trajectory solutions exist for both types of 

trajectories. 

Integration of (4.7) with a non-singular extreme 

control pair (u ,v ) yields the non-singular trajectory 

equations on the time interval [0,t^] 
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Xx(t) = (x° •+ \)cosu*t - XgSinu*t + fcoxfx^ -J- (v*-u*)t] -

. O * \ * / * 
cos^^-u t)j/v - y/u 

X2(t) = (x? + ̂ )sinu*t + XpCosu*t - {sin[x° +(v*-u*)t] -
u  - d .  3  

sin(x3~u*t)} 

Xo(t) = X? + (v*-u*)t 

(4.46) 

and, the switching functions 

CTu(t) = - ~  ̂ X2cosu ~ ̂ 3 

CTy(t) = j>°[sin(x°+v*t) - sinx^l 

+ X2rcos(x2+v*t) - cosx^D/v* + X3 

(4.47) 

where x£, Xg, x^ are initial state variables, x^* Xg, Xg are 

initial adjoint variables, which are all given by (4.34) to 

(4.44) for a specified x^ = ^(O) 6 ro,27r] . 

The second type of trajectory is initially 

v-singular. If t is the time at which v-control switches 
s 

from singular to non-singular control, then the singular 

trajectoiy is obtained by first integrating (4.7) using 
•ft 

singular control (u ,0) on the interval [0,t_] and continu-
s 

•ft -ft 

ing integration using non-singular control pair (u ,v ) on 

the interval [t , t«]. 1 s f 
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Integration of (4.7) with vging = 0 gives the singu

lar portion of the trajectory equations on [0,t_] 
s 

x,(t) = (x?+ -^)cosu*t - XoSinu*t - tsin(Xo-u*t) - ̂  
u u 

x2(t) = (x°+ ̂ *)sinu*t + XgCos^t - tcos(x2~u*t) 

X3(t) = Xg - U*t 

(4.48) 

and, the switching functions 

au(t) = ~^ix2 * ̂2^xl^ ~ ^ ^2cosu "" ̂  
u u 

av(t) = 0 

(4.49) 

where x°, x^, \£, Xg, are given bY (^*36) with x° = x^ 

on the right side of initial set 0^ and by (4.44) with x^ = ' 

x? on the left side. Note that at t = t ." the v-control 
j s 

changes from singular to non-singular control, and the 

remaining non-singular portion of the singular trajectory is 

computed from (4.46) with the initial state conditions given 

by (4.48) at t = tg. 

The numerical procedure suggested here of inte

grating the equations of motion from given initial manifold 

on the time interval [0,t.p] leaves open the question of 

what the control sequences will be and how the game surface 

will behave for time t > t^. Prom the numerical results, 

one observes that the points on a given non-singular 
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trajectory within the state space of interest always lie on 

the game surface with t < t̂ . It follows that a non-

singular trajectory on the game surface has at most one con

trol switch, and if a control switch occurs it is from a 

singular to a non-singular control. Figure 4.4 shows, for 

the case where y = \J~£, 6 = 2 \/~2, b = 1/\f~%, c = 0.05, and 

R = 1, the projection of trajectories onto the x-̂  - x̂  and 

Xg - x̂  plane. The direction of motion indicated is that of 

forward integration from the given initial manifold. 

Trajectories in (a) and (b) of Figure 4.4 starting 

above and below x̂  = 3l6.6o8° intersect. The points of 

intersection generate a dispersal curve whose projection is 

shown in the figures. The calculation of the dispersal 

curve is achieved by solving a set of three nonlinear equa

tions numerically using the Newton-Raphson method. Upon 

reaching a point on the dispersal curve, the time required 

for each trajectory starting from either side must be 

between 0 and t̂ , defined by (4.45). It is of interest to 

note that the time to intersection differs depending on the 

choice of trajectories. 

A second important curve shown on these figures is 

the singular arc which intersects x̂  at 56.785°. The non-

singular portion of a singular trajectory switches off this 

singular arc with non-singular control. 
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• The trajectories of (a) and (b) of Figure 4.4 lie on 

the right game surface and the trajectories of (c) and (d) 

of Figure 4.4 lie on the left game surface. The dispersal 

curve of the left game surface is generated from x̂  = 

43-392°, and its singular arc starts from x^ =303.215°. 

4.3 Reachable Surface Associated 
with the Danger Zone 

The reachable surface from the danger zone is 

the boundary for the states which can be reached by aircraft-

II, provided that aircraft-I does not perform any maneuvers. 

The neighboring reachability maximum principle given in 

Theorem 2.1, together with the transversality condition 

(Theorem 2.2) on the non-smooth danger zone are employed 

here to obtain the reachable surface from with the 

dynamical system and control functions given by 

o 
x1 = - sinx̂  

o 
x2 = - cosx̂  + y (4.50) 

o 
x3 = V 

with |v| < l. 

Note (4.50) is also the retro-system of (4.5) with 

u = 0 and (°) again denotes differentiation.with respect to 

a backward time. From here on, one also refers all the dis

cussion to the reachable point of view. 



98 

Similar to the game surface, if two reachable sur

faces emanating from the danger zone 0 intersect (perhaps 

at infinity), then the region enclosed by the danger zone 

and the two reachable surfaces may contain points which can 

always be reached by II. 

The non-smooth danger zone 0̂  is also a fan-shaped 

x̂  cylindrical zone defined by 

hx(x) = x̂  + bx2 <0 

h2(x) = x2 + Xg - R2 < 0 (4.52) 

0 TT = x : < 
1 ĥ (x) = -x̂  + bx2 < 0 

. ĥ (x) = x2 + c < 0 

where b, c, R are positive constants. The boundaries d0̂ > 

$02, ̂63* and are determined by letting ĥ (x) = 0, 

h2(x) = 0, ĥ (x) = 0, and ĥ (x) = 0, respectively. 

Prom (4.25) with (4.50), one obtains for the 

H-function 

H « x1(-sinx3) + x2(-cosx3 + y) + X-̂ v (4.53) 

with the adjoint system 

\2 = 0 (4.54) 

o . 
"" ̂  cosx̂  — sinx̂  
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Again the function H is linear in the v-control with 

the switching function a = "the same as for the game sur-
V -J O OO 

face analysis. The time derivatives cy and are also given 

by (4.18) and (4.19) so that one can again conclude that the 

singular v-control is given by v = 0. In accordance with 

Part (a) of Theorem 2.1, one observes 

- T if av > 0 

proper initial state and adjoint variables and hence extreme 

controls for all extreme (boundary) trajectories emanating 

from 0jj« It can be shown that one can rule out.the possi

bility of an extreme trajectory starting from the relative 

interior of all boundary surfaces of 0̂  using assigned 

values of system parameters (y, b, b, c, and R). It can 

also be shown that, with the assigned parameters, all 

extreme trajectories start from either the right side corner 

between ĥ x) = 0 and h2(x) = 0 or the left side corner 

between ĥ (x) = 0 and ĥ (x) = 0. 

For convenience in what follows, one again examines 

the initial conditions on the right lower corner of 0̂  

first; that is, when Xg = - R/N/l4.-b2 x° = -bx° and x̂  e 

[0,2ir] . The initial adjoint vector is always directed 

1 if av < 0 

0 if av = 0 

(4.55) 

Theorem 2.2 will be utilized here to determine the 
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outward of and a linear combination of the gradients to 

c)0̂  and 50, one thus has 

X1 = ̂ l + 2 ̂ 2 X1 

X2 = ̂ 1 b + 2 lJ2 X2 (4.56) 

X3 = ° 

where  ̂are positive constants. 

Now one may examine the initial control possibil

ities. Prom (̂ .56) with ay = one sees that the initial 

switching function is zero on initial manifold. For a non-

singular initial control, v = +1 requires a > 0 and v =» 
° 

-1 requires a < 0. Singular initial control requires that 
o 
ay = 0. This condition along with (4.53) and (4.-56) all 

evaluated with initial state conditions results in cos x̂  = 

1/Y, hence a v-singular control is possible only when 

cos x̂  = 1/y with y > 1 (as assigned). One shall define 
* * 
x̂  as the angle in [0,2ir] such that 1/y = cos x̂ . Thus, 
°0 o * o * 
ay = 0 at = x̂  and at x̂  = 2ir - x̂ . 

A necessary condition for the v-singular control to 

maximize the H-function is 

fv (<v> ^ 0 (4-57) 

Applying this condition to (4.18) evaluated at the initial 

point, one sees that - ysin x̂  > 0 requires x̂  = 2ir - x̂  



v* =<( 0 for x? » 2TT - x~ (4.59) 
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and thus 

vsing. = 0 for *3 = 2ir - x3 (4-58) 

Necessary conditions provide for the following ini

tial extreme controls for all x̂  E [0,2TT] on the right side 

(x° > 0): 

+ 1 for x̂  e [0,x̂ ] U [2-x|,2ir] 

o 0 * 
c3 ~ x3 

- 1 for X̂  E [X̂ ,2TT-X̂ ] 

The initial state and adjoint variables are 

x2 = " R/A+b2> xi = + bR//l+b2 

X1 = x2 = sinx3/(Y-cosx3)̂  = 0 

where x̂  E [0,2TT] . 

Again using similar arguments for points on the left 

lower corner of the danger zone 0̂  (x̂  < 0), one may obtain 

- 1 for x̂  E [0,x*] (J [2TT-X̂ ,2TT] 

v* = 0 for x° = x* (4.6l) 

+ 1 for x̂  e [x̂ îr-x̂ ] 

(4.60) 

with the initial conditions 
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x2 = -R// \Zl-fb2' X1 = ~bB/ \/l+b2 

o o .0/, 0\ o (4.62) 
\1 ~ -1, x2 = -sinx3/(Y-cosx3), \3 « 0 

where x̂  e [0,2TT] and cosx̂  = 1/y. 

The reachable surfaces emanating from the right and 

left side of the initial set are called the right and left 

reachable surfaces, respectively. Again all the trajector

ies which lie on these surfaces are obtained by integrating 

the equations of motion (4.50) and adjoint equations (4.54) 

from the initial set using extreme controls from Theorem 

2.1. The initial values for state and adjoint variables and 

extreme controls are given by (4.59) to (4.62). 

Let [Ojt̂ ] be the time interval over which ay does 

not change sign; that is, one defines 

tf = first time ay = 0 after being non-zero (4.63) 

Integration of (4.50) with non-singular extreme con-

trol v yields the non-singular trajectory equations on the 

time interval [0,t̂ .] 

x1(t) = x̂  + [cos(x3 + v*t) - cosx̂ J/v* 

x2(t) = Xg - [sin(x3 + v*t) - sinx̂ J/v* 4- yt (4.64) 

x̂ (t) = x̂  4- v*t 

and, the switching function 
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CTv("fc) - {xj[sin(x°+v*t) - sinx°] + X°[cos(x̂ +v*t) 

o l l 7* o ( 4* 65) 
- cosx3]}/v + 

where x°, Xg, x̂  are initial state variables, x£> Xg are 

initial adjoint variables. 

A singular trajectory is defined to be one which is 

initially v-singular. If t is the time at which the S 

v-control switches from singular to non-singular control, 

then the singular trajectory is obtained by first inte-
•X* 

grating (4.50) using = 0 on the time interval [0,ts] 

and continuing integration using non-singular control on 

the interval [t ,t~]. 
S X 

Integration of (4.50) with singular control yields 

the singular portion trajectory equations on [0,t_] 
s 

xl("k) = - "fc sinx̂  + xj 

x2(t) = t(y - cosx°) + Xg (4.66) 

x3(t) = x̂  

and, the switching function 

<Jv(t) = 0 (4.6?) 

where x̂ , are initial state conditions with = 

2tt - x̂  on the right side and x̂  = x̂  on the left side. 

Again note that, at t = t , the v-control changes. 
s 

from singular to non-singular control, and the remaining 
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non-singular portion of the singular trajectory is computed 

from (4.64) with the initial conditions given by (4.66) at 

t = t . 
s 

Parts (a) and (b) of Figure 4.5 show the projec

tions, onto the and Xg-X̂  planes, of the extreme tra

jectories on the right reachable surface for the case where 

y = ̂ 2, 6 = 2 b = 1, c = 0.05, and R = 1. Parts (c) 

and (d) of Figure 4.5 show the corresponding projection of 

the extreme trajectories on the left reachable surface. The 

dispersal curve shown on the right reachable surface is the 

intersection of the surface generated by trajectories which 

start with values of x̂  > 45°, with the surface generated 

by trajectories which start with x̂  < 45°. As before, the 

time required to reach the intersection for each trajectory 

starting from either side must be in [0,tf], where tf is 

defined by (4.63) and is different for each trajectory. The 

singular portion of a singular trajectory switches off this 

singular arc with non-singular control.. 

The trajectories of (c) and (d) of Figure 4.5 lie 

on the left reachable surface. The dispersal curve of the 

left reachable surface is generated from x̂  = 315°# and the 

singular arc starts from x^ = 45°. 
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4.4 Game and Reachable Surface 
Cross-sections 

The primary results presented in this section are 

x̂  cross-sections of the game and reachable surfaces. 

Recall that the .relative position X̂ -Xg-X̂  reference frame 

is fixed to aircraft I and rotating with him in such a way 

that his velocity vector is always aligned with the positive 

Xg axis. The positional coordinates x̂  and x2 have been non-

dimensionalized with the result that a point in the x̂ -x2 

plane with coordinates, say, x-̂  = 0 and Xg = +1 corresponds 

to aircraft II being directly in front of I at a distance 

equal to II1s minimum turning radius. Such a point repre

sents the current position of II with respect to I and the 

third coordinate, x̂ > is the clockwise angle from I's veloc

ity vector. Note that x̂  is not the angle from the positive 

xg-axis to the relative velocity of II as would be seen by 

I. Such a "relative heading" angle would depend not only on 

x̂ > the angle between the absolute velocity vectors, but 

also on the current turning rates of aircrafts I and II. 

As previously mentioned, the x̂ xg-x̂  state space of 

the system near initial sets and 6̂  is divided into two 

regions. They are the guarantee capture region by I from 0̂ . 

and the warning region of I to 0̂  as determined from the 

necessary conditions (Theorems 2.1 and 3-1). These two 

regions are separated by game and reachable surfaces. The 

game surface is constructed as the locus of the extreme 
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trajectories which start from 0̂ . Similarly, the reachable 

surface is constructed as the locus of the extreme trajec

tories which emanate from 0-j-j-

The values of the speed ratio (y =\/~2), the turn

ing radius ratio (6 = 2\/~2), and the constants R,b and c 

used in constructing the game and reachable surface cross-

sections shown in Figure 4.7 and other figures presented in 

this chapter were chosen so that a qualitative comparison 

with published data (Miller, .1968; and Vincent, et al., 1972) 

can be made. There are two game surfaces, one from each 

side of 0j. Similarly, there are two reachable surfaces, 

one emanating from each side of 0-j-j. Although the danger 

zone qxi (or target) is different from the one used in 

Vincent, et al. (1972), the reachable surface trajectory 

projections (Figure 4.5) obtained here agree qualitatively 

with those green barriers published in Vincent, et al. 

(1972, pp. 40-43). A general description of the behavior of 

the reachable surface is also given by Vincent, et al. 

(1972, pp. 47-52). 

Though the game and reachable surfaces have many 

similarities, the right and left reachable surfaces, where 

I's turning rate is everywhere zero, are geometrically 

"simpler" surfaces than the game surfaces. For instance, 

two planes which intersect along the dispersal curve and 

singular arc exist on the reachable surfaces. No planar 
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phenomenon occurs on the games surfaces where aircraft I is 

always turning to stay on the game (boundary) surfaces 

from 0^. 

As an example of a typical trajectory on game sur

face, consider the case where II is initially on the right 

side of 0^ (Point a, (a) and (b) of Figure 4.4) at a head

ing of x^ = 174° with respect to I. Aircraft I performs a 

hard right turn while II attempts to avoid a caputre by 

executing a hard left turn. Because II starts below the 

dispersal curve on 0^-, the trajectory intersects and ends 

on the dispersal curve at x^ = 345°. Figure 4.6 shows the 

resulting trajectory as seen by I. Note that II's velocity 

vector is not tangent to the trajectory; that is, x^ is not 

the relative heading angle as seen by I's pilot, but the 

clockwise angle from I's current heading to I's absolute 

velocity vector. Also note that each point on the trajec

tory corresponds to a different value of x^» Therefore, at 

each instant of time the appropriate game surface cross-

section is continuously changing with the result that I can 

not observe the entire pursuit by charting the motion of II 

with respect to only one game surface cross-section. 

The nature of the discontinuity in the time to 

intersection across a dispersal curve may now be examined by 

considering the same trajectory (Figure 4.6), on the right 

game surface, which starts from x^ = 174° and intersects the 

dispersal curve at x^ = 345°. The elapsed non-dimensional 
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time is given by (4.46) as approximately tt/1.58 (Ax̂ -rfl0). 

Also consider that the trajectory starts above the dispersal 

curve and intersects it at the same point. This intersect

ing trajectory is a typical singular trajectory which starts 

from Xn = 56.785° with v*._ = 0 and u* = - 0.5. The 
S ZLIXg • 

singular portion ends at x̂  = 94.285° (point b, (a) and (b) 

of Figure 4.4) with elapsed time r/2.4 and then II executes 

a hard right turn until the intersection occurs at x^ = 345°. 

The elapsed time for this non-singular portion is approxi

mately 1.22ir (Ax̂ HO0). The intersecting trajectory 

requires nearly twice the time of the original trajectory 

from x̂  = 174° just for the non-singular portion. Hence, 

one observes that II must consume much more time to follow 

the intersecting trajectory to reach the dispersal curve. 

The dispersal curves on both the game and reachable sur

faces, in addition to being curves across which the time to 

intersection is discontinuous, are also the locus of points 

where trajectories using extreme controls -should leave the 

game and reachable surfaces. Again consider the trajectory 

from point a on the right game surface. Point c of (a) and 

.(b) of Figure 4.4 on the dispersal curve will ultimately be 

reached by both trajectories. This non-singular trajectory 

lies entirely on the right game surface. If the integration 

is continued beyond the dispersal curve, the additional por

tion of this trajectory will leave the game surface. 
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Figure 4.7 is an x̂ -cross-section of the state space, 

showing the guaranteed capture region by I to 0̂  and the 

warning region of I to and the game and reachable surfaces 

separating them, for values of x̂  ranging from x̂  = 0° to 

x̂  = 315° in 45° increments. One notes that any cross-

section at x̂  = 180° + a can be obtained from the cross-

section at x̂  = l80°-a by replacing x̂  by -x̂ . 

Prom the x̂ -cross-section figures, one observes that 

the reachable surfaces from right and left side of extend 

to infinity and "expand" in front of 9̂ . The region 

enclosed by ̂ 0jj and the two reachable surfaces contains 

points which can be reached by II, provided that I does not 

execute any maneuvers. In other words, this is a dangerous 

region to I. Note that 0̂  is contained in this reachable 

region in most of the x̂ -cross-sections. It is also observed 

that the sides of the reachable surfaces are straight lines 

except in the vicinity of 9̂  where they are curved. The 

x̂ -cross-sections of the reachable surfaces and their 

expansion and straight-line phenomena are given and described 

by Vincent, et al. (1972, pp. 54-70). 

From Figure 4.4 together with Figure 4.7# one con

cludes that the boundary of the usable part of 9̂  is a non-

smooth curve which Joins the game surface and d0j together. 

These figures also show that the usable part contains the 

upper surface of 9̂  for all x̂ -cross-sections. Although the 

fire zone is a non-smooth fan-shaped region instead of a 
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circular region around origin, the game surface obtained 

here resembles the portion of barrier emanating from a cir

cular target given by Isaacs (1965* p. 243). 

Examination of each x̂ -cross-section reveals that 

the vertical distance from the x̂  axis to the right (or 

left) game surface increases along the x̂  axis (or -x̂  axis), 

reaches a maximum, and then decreases until some point where 

the surface fails to exist. The maximal vertical distance 

of the game surface from the x̂  axis occurs at x̂  = l8o° 

cross-section. From our analysis and results, we observe 

that the game surfaces from right and left side of 8̂  neither 

extend to infinity nor intersect with each other. Thus, the 

game surfaces to not divide the state space into two parts, 

and the entire state space is always capturable by I or 

reachable by I from 0̂ . For our choice of parameters 

(y, 6, R), this conclusion agrees with Miller (1968) who has 

obtained numerically a family of curves that gives param

eter values for which the entire state space is capturable 

from a circular target. To reach points such as x from 0̂ . 

of part (a) of Figure 4.7* II can force I into employing a 

strategy such that the resulting trajectory has to go around 

the right game surface instead of following a direct route. 

In this case, the game surface, although it does not delin

eate capture or escape, does delineate the states to which 

the extreme trajectory must take a devious route. 
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It is seen from the x^-cross-section figures, the 

sides of the game surfaces, unlike those of the reachable 

surfaces, are always curved due to the fact that I is active 

on such surfaces. The "corner" on the game or reachable 

surface is the point on the dispersal curve of the respec

tive surface. Aircraft II's control is discontinuous across 

the corner; that is, II turns hard right on one side of the 

corner while he turns hard left on the other side. 

One of the major differences in the game and reach

able surfaces is that the right and left game surfaces ter

minate within finite distance of the origin. But before 

they terminate in state space, they intersect with their 

corresponding reachable surfaces. Thus, the state space is 

separated into two types of region. One is cross-hatched 

and called the warning region of I to shown in Figure 

4.7. The other is the rest of the state space not includ

ing the initial sets 0^. and 0jj- It is called the guaran

teed capture region by I from 9^.. The states in this zone 

can always be reached by I if he plays optimally; that is, 

he uses extreme controls even if he has to swing all the 

way around the game surface. In the process of reaching 

such states, there is no danger of reaching first. On 

the other hand, in capturing all the states from e^. in the 

warning region of I to 0jj> there is a distinct possibility 

that such a trajectory will reach first. 
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Finally it should be noted that the results pre

sented here seem to be in agreement with the reachable sets 

of Ciletti, Meier, and Salmon (1973) • A direct comparison 

with the results of 01sder and Breakwell (1973) can not be 

made because of the different targets used. However, 

portions of the game surfaces obtained here are similar to 

the results of this reference. 



CHAPTER 5 

CONCLUSIONS AND REMARKS 

In this work we have developed a set of control

lability and qualitative game transversality conditions for 

non-smooth target end conditions and illustrated a specific 

application. 

A reachability approach was employed by replacing 

the forward dynamical system by its retro system. This new 

approach was coupled with a consideration of retro motion 

in the immediate neighborhood of given target. A non-

smooth convex target with piecewise smooth manifolds as a 

boundary was considered. Since only the neighborhood set 

around the target in state space was concerned, more 

restricted assumptions, such as class C"1" control functions 

in the neighborhood set and smooth neighboring reachable or 

game surface, were used. 

Using the neighboring reachable sets techniques, 

the well-known controllability minimum principle was refor

mulated into a neighboring reachability maximum principle 

which represented the necessary conditions for the boundary 

of the reachable set in the neighborhood of the target. 

Similarly, a neighboring reachability max-min principle 

rather than the qualitative game controllability min-max 

117 
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principle was used as the necessary conditions for the com

mon boundary (game surface) between two neighboring game 

sets. These two neighboring reachability principles were 

sufficient to develop the transversality conditions related 

to non-smooth targets. In addition, geometric notions were 

also required to derive the transversality conditions. It 

appears that geometric notions are well suited for a discus

sion of end conditions for a dynamical system with non-

smooth targets. 

In future work, one can reduce the restrictions 

imposed by the assumptions. Developing a non-smooth, non-

convex target set transversality condition is one possi

bility. Both the control variable constraint set and tar

get set can include the possibility of state dependence. 

For a qualitative game, the possibility of two non-empty 

targets in state space with one belonging to each player 

should be examined. We expect that these transversality 

condition associated problems suggested here will obviously 

increase the degree of difficulty. 

In Chapter 4 a simplified "dog-fight" between two 

aircraft each represented by a point mass in a horizontal 

plane was presented. Each aircraft flying at constant 

speed with bounded turning capability was examined. A 

number of complexities associated with this problem were 

avoided by the way the non-smooth target sets for each of 

the players were defined. However, by so doing, the 



possible outcomes of mutual destruction and draw are not 

distinguishable from the results for a win by each of the 

players. Both the theorems developed in Chapters 2 and 3 

were used in the analysis of a particular example. Two 

regions of state space of interest to the first aircraft 

were determined. The first region is the guaranteed cap

ture region of the first aircraft which has the property 

that if the second aircraft is located in such a region, the 

first aircraft will win. If the second aircraft is located 

in the second region -- warning region of the first air

craft — the first aircraft may lose. 

There are practical implications of the results 

obtained in Chapter 4. Consider an aircraft equipped with 

both forward and rearward "looking" radar. The reason for 

the rearward looking radar is so that a pilot can be kept 

informed as to when the second aircraft is in or near his 

danger zone (ŝ ). Since the warning region of the first 

aircraft presented in this work represents positions from 

which the second aircraft can possibly get into the first 

aircraft's danger zone, the pilot of the first aircraft can 

have advanced warning of a threat by the second aircraft. 

What would be required is for the first aircraft to have 

radar of sufficient sophistication to determine the relative 

heading and the speed of the second aircraft. An on-board 

computer could be used to operate a display similar to the 

cross-section figures given in Chapter 4. The separating 
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surfaces in the display would continuously change as each 

aircraft maneuvers. The pilot of the first aircraft would 

observe the location of the second aircraft on the display. 

If the second aircraft is outside the warning region of the 

first aircraft, then the first aircraft is assured of cap

turing the second aircraft by appropriate maneuvering. If 

the second aircraft is inside the region of warning then the 

first aircraft must perform an avoidance maneuver. By using 

a warning region display on the first aircraft, it appears 

that the need for rearward looking radar can be deemphasized. 

The figher pilot who has played the real dog fight 

problem has many intuitive notions in regard to dangerous 

situations with respect to an enemy aircraft of known per

formance capabilities. In our problem, the first aircraft 

is faster yet less maneuverable than the second aircraft. 

Some warning region cross-sections (0° and l80°) seem to 

agree with pilot descriptions of unfavorable positioning of 

the enemy aircraft. However, experience is not very reli

able for predicting the relative heading (x̂ ) dependence of 

this warning zone. It goes without saying that the analyti

cal approach can avoid wide margins of error in such pre

dictions and allow for a quick evaluation of the situation 

when the enemy aircraft may be one of a number of aircraft 

of given performance capabilities. 



APPENDIX A 

DERIVATION OP THE NEIGHBORING 

REACHABILITY MAXIMUM PRINCIPLE 

In this appendix is outlined the derivation of 

Theorem 2.1 given in Section 2.3. This reachability theo

rem has counterparts which are the controllability minimum 

principle (Grantham, 1973> PP« 51-67) and the abnormal opti

mal control problem (Blaquiere and Leitmann, 1967, PP- 336-

350). Detailed proofs are to be found in both references. 

Since the new argument of neighboring reachability 

for a dynamical system (2.1) with a given initial set 0 is 

employed, we will present the steps of the derivation of 

Theorem 2.1 in a sequence of lemmas which will lead us to 

the neighboring reachability maximum principle. Since these 

lemmas are akin to the ones proved in the above references, 

they will be stated here without proof. 

First, the property that all trajectories starting 

from the neighboring reachable surface S(0) with controls in 

U will remain inside of R(0)U s(0) is included in 

Lemma A.l Let x(«):t-x(t), t e [0,tj], represent a trajec-
A 

tory P̂ j, starting from x e S(e) and generated by any 
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control u(*):x-»u(x) e U. If at every point of 

^ij O 0 = 0> then P±;J C [R(e) U S(e)]. 

With Lemma A.l one can readily show that all trajec-
o 

tories from any given point x e R(e) with controls in U will 
o 

stay inside of R(0) for all t e [0,tj]. 

Lemma A.2 Let x(-):t-x(t), t e [0,t.], represent a trajec-
i ° 

tory starting from x e R(0), generated by any 

control u(*):x-u(x) e U. If at any point of P. 
o  ̂

P±j p) 0 = 0, then P±j C R(e). 

Since no trajectory is allowed to reach S(0) from 

any point in N(0) and since S(0) consists of the union of 

trajectories, there must exist some controls u(x) e U, 

x e S(e), which generate such boundary trajectories on S(0). 

The set of controls u(«) is then called the extreme control 

if they generate trajectories which start from points in 

S ( e )  and lie in S(0) completely. The extreme control asso-

i . . *, i, ciated with point x e S(0J is denoted as u (x ) e U. Then 

a trajectory, emanating from x"*" e S(0), generated by an 

* ,  %  extreme control u_(•), is as before called the extreme 

* *1 
trajectory, denoted as if it ends at xJ in S(©) and 

PJJ C S(9). 

As a direct consequence of Lemmas A.l and A.2, 

one can show that 

/ 
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Lemma A.3 Let xk = x(tk), tfc e [0,t.], be a point of a 

non-i 
J-

* . . . * 
-null extreme trajectory P.. on which P.. f)e = 0. 

jr 

If there is a trajectory starting from x = 

€ pij' generated by any control u(*):x-*u(x) € U a*id 

pkm He = 0* then Pĵ  c [R(e) U s(e)]- . 

Considering a non-null trajectory Pĵ  defined in 

Lemma A.3, starting from xk on °ne can easily show 

that with Assumption 2.3 on S(e) 

i * * , 
Lemma A.4 If P̂ j is an extreme trajectory and P̂  ̂f] 0 = 0, 

and if Assumptions 2.1 to 2.3 are satisfied, then at 
* 

every point of P.. 
-'-J 

maxyg(x) • f[x,u(x)] =Vg(x) • f[x,u (x)] = 0 
ueU 

where u (x) is the extreme control in U which gener-
*1 

ates P. . from x e S(e). 3. J 

For an extreme trajectory P.. on S(0), starting 
1J 

i * from x , generated by u (•) and represented by the func-
"K* —T 

tion x( •) :t-»x(t), t e [0,t.] and P. . H 0 = 0, let x denote 
J 

points of A(x1) n S(e). 

Since S(0) is assumed smooth, there exist n-1 

points x1 which may be described by 

x1 = x1 + 6TI1 + 0(6) (A. 1) 

where i 1 )I 1. = o and • rî  = 0, and for which 



|6| = 0, and the n-1 tangent vectors n are linearly inde

pendent . 

With continuity argument of extreme trajectory and 

Assumption 2.3, one can obtain that 

Vg(x(t)) • n(t) = 0 (A.2) 

where x(t) e P.. for all t e [0,t.] and n(*) is a solution 

of the variational equation (2.22) with ti(0) = r) given by 

(A.l). 

Consider the solution x (•) :t-»x (t), t € [0,t̂ ], of 

the adjoint equation (2.23) with given initial conditions 

X(0)=X1. The adjoint vector possesses the property 

[X(t)"q(t)] = 0 for all t e [0,t̂ ]. If one chooses x̂ " to 
A 

be normal to the tangent plane to S(e) at x , then x(t) is 

normal to the tangent plane of S(e) at x(t) for all t e 
•ft 

[0,tj] on which x(t) e P ĵ. Since x(*) must be nonzero and 

continuous vector function, if one selects x in the same 

direction as vg(x̂ ) at x3" e S(e), then x(t) will remain 
•ft 

codirectional with vg(x(t)) for all t on which x(t) e îj* 

Note that this choice will satisfy x(t)*n(t) = 0, for all 

t e [0,tj]. 

A proof of Theorem 2.1 is now presented. For ref

erence, the statement of the theorem is repeated. 

Theorem 2.1: (A Neighboring Reachability Maximum Principle) 
* 

If P . is an extreme trajectory represented by 
Q J 

x( •) :1>»x(t), t € [0,t.] with t .<t and t.̂ 0, if 
J J S J 
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Assumptions 2.1 to 2.3 are satisfied, then there 

exists a nonzero continuous solution x(•):t-x(t), 

t e [0,t.], of adjoint equation (2.23) such that 
J 

ueU HU'x>u(x)] = H[x,x,u*(x)] 

(b) H[x,x,u*(x)] = 0 

o * 
for all t e [0,t.], where x = x(0) is on d© and u (•) 

J 

is the extreme control that generates P 
oj 

*1 *ft 
proof; If x = x(ti) e for t̂  € (0,tj], does not 

•ft "ft 
belong to e and a portion of P ., denoted as P41, OJ ij 

*ft "ft 
yields P^ . p| Q=0, then the proof of (a) and (b) on P̂  

for all t e [t.,t.] is a direct consequence of Lemma 
1 J 

A.4 and the conclusion that the adjoint vector is 

codirectional with vg(x(t)) for all t on which x(t) 
* 

6 Pi j * 
•ft Q "K* 

Since PQj starts from x on Se, since f(x,û ) is 

1 *, \ of class C on D̂ U and since u (•) is also of class 

"I "ft 
C on a neighborhood of then x(*):t-»x(t) as well 

as x (*) :t-x(t) are continuous functions of t on [0,t̂ ]. 

It follows that the H-function defined by H( •) :t-*H(t), 

where H(t) = x(t) • f[x(t),u*(t)], is also a continu

ous function on [0,t.]. Since (a) and (b) hold at 

t = t.j>0 and x(t̂ ) £ 9, it is clear from these contin

uity conditions that (a) and (b) also hold at 
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x° = x(0) since t̂  may be made arbitrarily small; that 

is, 

SJ5 *(°) ' f[x°,u(x0)] = X° * f[x°,u*(x°)] = 0. 



APPENDIX B 

DERIVATION OF NEIGHBORING REACHABILITY 

MAX-MIN PRINCIPLE 

An outline of the derivation of Theorem 3.1 will be 

presented in this appendix. Complete proof for its counter

part (a controllability min-max principle) can be found in 

Isaacs (1965, pp. 205-222) for what he calls a game of kind 

and Blaquiere, et al. (1969, pp. 113-132) for what they 

call a qualitative game. 

Neighboring reachability argument for a dynamical 

system (3.1) with a given initial set 0 is employed. The 

steps of the derivation of the neighboring reachability max-

min principle are presented in a sequence of lemmas which 

will lead to the final proof of Theorem 3.1. Again since 

these lemmas are similar to those proved in the above refer

ences, they will be stated here without proof. 

First, the property that all trajectories starting 

from the boundary of F(g) in L(e) generated by (u(>), 

v (•)) will remain in F(0) is included in 

Lemma B.l Let x( •) :t-»x(t), t e [0,t.], represent a tra-
J 

jectory P.., starting from x1 e 5f(0) and generated by -L J 
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any u(*):x-u(x) e U and the extreme control v (•): 

x-»v*(x) e V. If Pl 0 = 0, then CZ F(0) • 

Similarly, one can also show that all trajectories 

starting from the boundary of E(0) in L(0) generated by 

(u*(*),v(*)) will lie inside of E(0). 

Lemma B.2 Let x( •) :t-»x(t), t e [0,t.], represent a trajec-
' J 

tory starting from x"*" e 3e(0) and generated by 

* 
any v(*):x-*v(x) € V and the extreme control u (•): 

x-u*(") e U. If P. . H0 = ̂  then P. . CI E(0). XJ XJ 

As a consequence of Lemmas B.l and B.2, one can 

obtain that with Lemma 3.2 

Lemma B.3 Let x(') :t-»x(t), t € [0,tj], represent a tra

jectory P̂ ., starting from x1 € SG(0) and generated by 

extreme control pair (u (•) ,v (•)). If P̂  (~) B = 0 
* , % 

then P.̂  C SG(0). 

* 
A trajectory P.. defined by Lemma B.3 is as before 

XJ 

called an extreme trajectory or boundary trajectory to 

neighboring game sets.' One now introduces 

Lemma B.4 Let xk = x(tfc), tfc e [0,tj], be a point of a 

non-null extreme trajectory P. . on which P. . f) 0 - 0. 
XJ XJ 

Jp 
If there is a trajectory Pĵ * starting from x = x(t̂ ), 

generated by any u(*):x-»u(x) e U and the extreme 
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control v (•):x-*v (x) e V and if Pĵ  f)0 = 0, then 

pkm C W-

Similarly, one has 

Lemma B.5 Let xk = x(tfc), tfc e [0,tj], be a point of a 
-X-

non-null extreme trajectory P. . on which P.. H 0 = 0« 
2.J ij 

1c If there is trajectory Pkn> starting from x = x(̂ k) 

* / \ / -V e Pij' generated by any v(*):x-»v(x) e V and the extreme 
"ft -Xr 

control u ('):x-«u (x) € U and if P f̂ \ Q - 0 then 
xcn 

Pkn C ̂  

It follows from Lemma B.3 with Lemmas B.4 and B.5 

that the neighboring game surface Ŝ (0) consists of a 

union of all extreme trajectories. Considering a non-null 

trajectory P̂  defined in Lemma B.4 and Pkn defined in Lemma 

B.5, one can easily show that with Assumption 3-2 on SG(0) 

- -X* •)£ , 
Lemma B.6 If P4is an extreme trajectory and P., . [) 0 = 

X J I J 
and if Assumptions 2.1, 3»1> and 3-2 are satisfied, 

* 
then at every point of P̂ . 

max 
ueu 

min 
veV Vq(x)-f[x,u*(x),v(x)] 

where (u (x),v (x)) is the extreme control pair in ipcy 

i_ 
which generates P̂  ̂from x e SG(e). 
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For an extreme trajectory on SG(e), starting 

from x , generated "by (u (•)#v (*)) and represented by the 

function x( •) :t-*x(t), t € [0,tj] and P̂  f| 0 = 0, let x 

denote points of A(x'i") P| SG(e). 

Since Ŝ (0) is assumed smooth, there exist n-1 

points x1 which may be represented by 

x1 = x1 + Sri1 + 0(5) (B.l) 

where I I  ̂ = 0 and Vq(xi) • n"1* = 0, and for which 

| 61 ^0, and the n-1 tangent vectors n"*" a**e linearly inde

pendent . 

With continuity argument of extreme trajectory and 

Assumption 3.2, one can obtain that 

Vq(x(t)) • n(t) = 0 (B.2) 

where x(t) e P̂ .. for all t e [0,tj] and r|(t) is a solution 

of the variational equation (3.19) with ri(0) = r\1 given by 

(B.l). 

Consider the solution X (•) :t-*x (t), t e [0,tj], of 

the adjoint equation (3.20) with given initial condition 

X(0) = x"*". Recall that the adjoint vector possesses the 

property [x(t) • n(t)] = 0 for all t e [0,tj]. If one 

chooses x̂  to be normal to the tangent plane to Ŝ (0) at x1, 

then X(t) is normal to the tangent plane of SQ(0) at x(t) 
•X* 

for all t on which x(t) e p̂ .. Since x(') must be nonzero 

and continuous vector function, if one selects X1 in the 
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same direction as vq(x ) at x e Sg(Q), then X.(t) will 

remain codirectional with^(x(t)) for all t on which x(t) e 

Note that this case will satisfy X (t) * n (t) = 0 ,  

t e [o,tj]. 

A proof of Theorem 3-1 may now be presented. For 

reference the statement of the theorem is repeated. 

Theorem 3.1? (A Neighboring Reachability Max-min Principle) 
* 

If P . is an extreme trajectory represented by 

x( •): t-»x(t), t e [0,t.] with t .<t and t.̂ 0, if 
J J s J 

Assumptions 2.1, 3.1, and 3.2 are satisfied, then 

there exists a nonzero continuous solution X (•) :t-»\(t), 

t e [0,t.], of adjoint equation (3-20) such that 
J 

(a) H[x,x,u(x),v*(x)] = ̂  H[\,x,u*(x) ,v(x)] 

= H[X,x,u*(x),v*(x)] 

(b) H[\,x,u*(x),v*(x)] = 0 

for all t e [0,t.], where x° = x(0) is on de and 
J , * , . * , . . 

(u (:),v (•)) is the extreme control pair that gener-
-* 

ates PQj. 

Proof: If x1 = x(t±) e p*̂ , for t± e (0,tj], does not 

b e l o n g  t o  9  a n d  a  p o r t i o n  o f  P q J ,  d e n o t e d  a s  P - ^ j j  

yields P̂ j P) 0 = 0, then the proof of (a) and (b) on 

* _ 1 P. . for all t e [t., t.J is a direct consequence of 
1 <J 

Lemma B.6 and the conclusion that the adjoint vector 
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is codirectional with yq(x(t)) for all t on which x(t) e 
* 

p«-

Since P . starts from x° on de, since f(x,u ,v ) 

is of class C on D̂ uxy and since (u (*)̂ v (*)) are °f 

i 
class C on a neighborhood of then x(«):t-*x(t) as 

well as \ (•) :t-»\ (t) are continuous functions of t on 

[0,t.]. It follows that the H-function defined by 
J 

H( •) :t-»H(t), where H(t) = \ (t) *f [x(t) ,u*(t) ,v*(t)], is 

a continuous function on [0,t.]. Since (a) and (b) 

hold at t=t̂ >0 and x(t̂ ) £ 9, it is clear from these 

continuity conditions that (a) and (b) also hold at 

x° = x(0) since t̂  may be made arbitrarily small; that 

is, 

X(0)-f[x°,u(xo),v*(xo)]=̂ x(0)-f[xo,u*(x°),v(xo)] 

= X°-f[x0,u*(x0),v*(x°)] = 0. 
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 ̂ equals by definition 

= equals 

£ does not equal 

< (>) is less (greater) than or equal to 

< (>) is less (greater) than 

-• converges to 

3 there exists 

dot product 

e is an element of 

£ is not an element of 

d is a subset of 

CI is a subset or all of 

O intersection 

U union 

6 a small positive numberj minimum turning radius 

ratio in Chapter 4 

I,J,K sets of indices 

i,j,k,m,n 

positive numbers 

t time 

tg the escape time 

At,at time intervals 

133 . 
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[ti,tj] 

(0,tj] 

the closed time interval t̂ <t<tj 

the semiopen time interval 0<t<t̂  

[0,tB) the time interval of definition of a trajectory 

E11 " Euclidean space of dimension n 

AT the transpose of the matrix A 

x°,xJ' vectors 

scalars 

X 

u 

V 

= [xn,....,xlT state vector e D C E11 L 1 n — 

= [u,,....  ̂control vector e U C E111 1 l m — 

= [v-̂ ,.... ,vr]T control vector 6 V CI E1* 

S- s u ,v the usable controls 

* * 
u ,v the extreme controls 

using.'} 
v . < sign. ) 

the singular controls 

m 
T| = [riĵ  • • • • iT|n] a (variational or tangent) 

vector e E11 

,n X = an adjoint vector e E' 
m 

f(x,u) = [f1(x,u),....,f (x,u)] velocity vector 

(x=f(x,u)) 
• • m 

f(x,u,v) = [f1(xJu,v),....,fn(x,u,v)] velocity vector 

H(x,x,u) a scalar valued function defined by 

H = \ • f(x,u) 

H(\,x,u,v) a scalar valued function defined by 

H = X *f(x,u,v) 
• — 

x forward time derivative of x 
o 
x backward time derivative of x 
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|x| norm (Euclidean length) of x 

{a: b} the set of all "a" such that "b" is satisfied 

D a fixed subset of E11 

S a general subset of D 

D-S the set of all elements which are in D but not 

in S 

0 the empty set 

S closure of S 
o 
S interior of S 

compS complement of S (=D-S) 

dS boundary of S (= "S 0 compS) 

U the control constraint set (u(x) e U C E111) 

V the control constraint set (v(x) e vClEr) 

0 the target set (eCD) 

ĥ (x) a function of x e D, ĥ (x) = 0 describes 3©̂  

M(0) an open neighborhood of the set 0 (0 CM(0)) 

L(0) = M(0) O comp© 

A(x°) an open ball in D with center at x° 

A(x°j =A(x°)riL(0) 

0(6) a quantity (scalar or vector) of higher order 

than the number 6[0(6)/8-«0 as 6-»0] 

class of continuously differentiable functions 

î(x) = [dh(x)/3x̂ ,.... ,dh(x)/c)xn] row matrix repre

sentation of the gradient of the function 

h( •) :x-»h(x) 
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T̂ (x°) the tangent plane to an n-1 dimensional surface 

at x° 

Ĥ (x°) the closed half space bounded by T̂ (x°) 

C(x°) the tangent cone to 0 at x° 

G(x°) the gradient cone to 0 at x° 

i. i a trajectory from x to xd within 

P̂ j a starting trajectory from x° to x̂  within 

[0,tj] 
•X* * n i 
P̂ j an extreme trajectory from x to xd within 

[ti.tji 

A(©) the available part of be 

R(0) the neighboring reachable set from 0 

N(0) the neighboring non-reachable set from 0 

S(©) the neighboring reachable surface from 0 

g(x) a function of x e L(0), g(x) =0 describes S(0) 

Z(x°) the usable control set at x° on 3© 

F(0) the guaranteed reachable set by player I from 0 

E(0) the guaranteed avoidable set by player II from 0 

SG(0) the neighboring game surface from 0 

q(x) a function of x e L(0), q(x)=0 describes S&(0) 

mg the aircraft weight 

V the aircraft velocity-in Chapter 4 

L the aircraft lift force 

D the aircraft drag force 

a the aircraft angle of attack 

i|r the aircraft turning (heading) angle 



the aircraft bank angle 

the aircraft speed ratio 

aircraft I's fire zone 

aircraft I's danger zone 

control switching functions 

positive real constants 

the usable part of £9 
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