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ABSTRACT 

The results of an analytical and experimental investigation 

of internal laminar heat transfer to a gas with temperature dependent 

properties is reported. The analytical investigation obtains numerical 

solutions for the differential equations of energy, momentum, and 

continuity describing the laminar flow of an ideal gas between heated 

parallel plates. This analysis is conducted .primarily for constant 

wall heat flux, equal on both plates, and a fully developed velocity 

profile at the start of the heated section. The gas is assumed to be 

an ideal gas with temperature-dependent transport properties, density, 

and specific heat. For this analysis the transport properties and 

specific heats are assumed to follow power law variations; exponents 

approximating those for air and helium are considered. 

The results of the numerical analysis lead to the following 

correlations for the Nusselt number and friction factor: 

. 0.3 0.75 
Nu a Nu + 0.0238(q ) (Gz ) +4% 

cp m — 

1.07 
f'Re = 22.83(T /T ) +11% 

m w m — 

for Graetz numbers between 2000 and 10 and wall-to-bulk temperature 

ratios from 1.02 to 3.6. In these correlations, the Nusselt number 

ix 



from a constant properties analysis, NuCp» *s evaluated at the Graetz 

number based on local bulk properties, The non-dimensional 

•f 
heating rate, q , is defined on the basis of entering conditions, 

q"r /(k T ). 
Tf o o o 

The experimental study considers heat transfer to laminar flow 

of air and helium inside an electrically heated circular tube. The 

•j* 
value of q is about five. Nusselt numbers are obtained closer to the 

start of heating than in previous studies. The results show good 

agreement with a comparable variable property analysis by Worsoe-

Schmidt for gas flow in circular tubes, and, by inference, validate 

the assumptions used in developing the present analysis for gas flow 

between parallel plates. 



CHAPTER 1 

INTRODUCTION 

Modern engineering technology has expanded the temperature 

range of gas processing equipment from liquifaction temperatures to 

the ionization regions. As the temperature range within a single 

installation increases, frequently spanning several thousands of 

degrees, the engineering design problems of predicting and designing 

for heat transfer rates and axial pressure distribution become com

plicated by the fact that the fluid transport and thermodynamic 

properties can no longer be considered constants. As a result, the 

use of design correlations based upon the assumption of constant 

fluid properties may lead to serious errors in the estimation of 

maximum material temperatures and pumping power required. 

Large temperature changes and accompanying changes in the 

fluid properties are common in the coolants of modern gas cooled 

nuclear reactors which operate at high power. Magnetohydrodynamic 

flow and the flow of dissociating gases are further examples of 

flow conditions under which there occur significant changes in the 

fluid properties, not only because of the large temperature gradients 

present, but also due to changes in the chemical composition in the 

latter example. 

1 
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The variation in gas transport and thermodynamic properties 

with temperature is sufficiently significant to demand the careful 

consideration of engineers designing gas processing equipment in 

which the temperature may be expected to vary more than a few hundred 

degrees. The viscosity and thermal conductivity of air, for example, 

essentially double as the temperature is increased about 700 degrees 

Fahrenheit above ambient temperature. 

In the present analysis the flow will be assumed to be in the 

laminar regime. The analysis of laminar flow is of considerable 

practical importance. In situations where the pumping power must be 

kept low in comparison to heat transfer, as is frequently the case in 

the design of compact heat exchangers, laminar flow conditions 

produce the most favorable ratio of heat transfer power per unit 

surface area to pumping power required per unit surface area. Laminar 

flow has replaced turbulent flow in some regenerative air heaters for 

central power plants. For the application of the Brayton cycle to 

space power systems and gas-cooled nuclear reactors a significant 

fraction of the energy liberated is expended to pump the gas. Other 

examples, normally operating in the turbulent flow regime, include 

nuclear reactors in which the coolant flow rates may be reduced to 

levels where laminar flow conditions become established during 

periods of low power operation, shut-down, or loss of flow accidents. 

Nuclear reactors utilize various geometries for coolant 

passages: circular tubes, annuli, broad rectangular cross sections 

and flow paths along the outside of rods and twisted tapes, etc. 
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Typically, analyses for internal flow treat circular tubes and parallel 

plates, which are considered infinite in the transverse direction. 

This pair of idealized geometries form the two limits of the annular 

geometry as the radius ratio is varied from zero to unity. Further, 

the parallel plate geometry forms a limiting case for rectangular 

cross sections and is believed to be a good approximation as the 

width-to-spacing ratio becomes large (say greater than five or ten). 

In typical reactors this ratio is greater than 15. The present 

report is the first in a study of laminar local wall friction and 

heat transfer in non-circular tubes and annuli with variation of gas 

transport properties. As such, it treats two of the limiting cases: 

parallel plates by numerical analysis and circular tubes by experiment. 

Despite the difference in geometries, the experiments do provide 

partial corroboration of the analysis. 

Statement of the Problem 

The problem to be considered in this investigation is the 

internal, laminar, forced convection heat transfer to a single com

ponent, non-reacting gas with temperature dependent density, specific 

heat, thermal conductivity, and viscosity. The gas density will be 

assumed to have a pressure dependence as well, although the other 

fluid properties will be assumed to have no significant pressure 

dependence. 

Flow between parallel heated plates will be considered in the 

analytical section of this study. For this situation the effect of 

the temperature variation of the fluid properties is to change the . 
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flow from the common parallel, adiabatic, non-dissipative flow to a 

flow with a small, but significant, velocity component normal to the 

bounding plates. This transverse velocity component will be included 

and its effect upon the heat transfer and fluid flow parameters, the 

Nusselt number and the friction factor, will be obtained as part of 

the analytical solution. These parameters will be compared with the 

accepted constant property values so that correlating relationships 

relating the changes in these parameters to the wall-to-bulk tempera

ture ratio and the heat flux may be obtained. 

Equally important is an experimental investigation in which 

laminar heat transfer to a gas flowing inside a vertical circular 

tube was studied. Due to the difference between the configuration 

of the analytical model and the experimental apparatus the results 

of the two approaches cannot be directly compared. However, the 

behaviors of the two systems are expected to follow the same trends. 

An excellent mathematical analysis of variable property, gaseous 

laminar-flow heat-transfer inside circular tubes was completed in 

1965 by Worsoe-Schmidt [1].^" This analysis can be used as a guide 

with which both the present experimental investigation and the 

analytical study may be compared. 

There is a shortage of accurate laminar heat transfer data 

for those situations in which the effectr. of fluid property variations 

are significant. One of the principal reasons for the shortage of 

1. Numbers in brackets refer to references listed in the 
List of References. 
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accurate data is the fact that the significant effects are usually not 

measurable except at elevated temperatures. At these temperatures the 

heat losses of the experimental apparatus approach, or even exceed, 

the heat transfer to the gas; therefore, the experimental uncertainties 

in determining the total energy and the energy losses frequently result 

in an unacceptably large uncertainty in evaluating the heat flux to the 

gas. Additionally, the low velocities usually associated with laminar 

flow plus the large temperature differences may give rise to signifi

cant free convection effects, and the high surface temperatures 

encourage radiant heat transfer complications. For these reasons 

data obtained at the higher temperatures and heat fluxes, where the 

fluid property variations become significant are typically subject to 

large experimental error and uncertainty and the idealizations of the 

usual analyses often are not attained in experimental studies. 

Idealized Analytical Problem 

The problem is idealized as the analysis of the steady laminar 

flow of a single component, non-reacting, perfect gas flowing between 

equally heated parallel plates. Emphasis in this study is directed 

towards applications where the heated plates are preceeded by an 

adiabatic section to permit a fully developed adlabatic velocity 

profile at the beginning of the heated section. This geometry is 

demonstrated in Figure 1. 



HcnaDanc tnirance section 

/ / / / / / / / / / / / / / / / / z  

Heated bection 
-<s3111 fctf* 

i i i i i n  

Flow ^ 
u~*\ ' y  

... - • -

////////////////// f  W  M  H  

x = 0 

Fig. 1. Sketch of the Geometry for 
the Idealized Problem 

In the development of the mathematical model, the fluid 

transport properties and specific heat will be assumed to follow power 

law variations. Such power law variation is assumed since it permits 

some simplification of the governing equations and permits generaliza

tion of the results. Natural convection and viscous dissipation are 

neglected. The governing equations for momentum and energy will be 

simplified by applying an order-of-magnitude analysis which essentially 

reduces them to the usual boundary layer approximations. In making 

these approximations, the transverse velocity will be retained. These 

assumptions and approximations will receive further discussion in 

Chapter 3. 
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Method of Attack 

The idealized problem will be solved by obtaining finite 

difference equations approximating the governing differential 

equations of momentum, continuity, and energy. Numerical techniques 

will be developed for solving these coupled finite difference equa

tions and the necessary computer programs will be written to permit 

the solutions to be obtained on a high speed digital computer. 

An experimental facility will be designed and constructed to 

provide experimental data for comparison to analyses. While the 

analysis will be applied to a duct formed by parallel plates which are 

infinite in one transverse direction, the experiments will be conducted 

in a circular tube; otherwise, edge effects would introduce three-

dimensional considerations in comparison to a two-dimensional analysis. 

Thus, comparison to the analysis of Worsoe-Schmidt will be essentially 

direct and verification of his results will be taken as an indication 

that the basic assumptions of the present analysis are valid. The 

experiment will be designed to minimize uncertainties due to heat losses 

from the tube and to reduce natural convection effectsand effects of 

viscous dissipation to acceptable levels. 

From the results of the analytical and experimental investiga

tions, design correlations will be developed. These correlations will 

be compared with the accepted results for the case where the fluid 

properties are constant and to the available analyses which consider 

property variation. 



CHAPTER 2 

PREVIOUS INVESTIGATIONS 

The first solution to the problem of laminar convective heat 

transfer in closed conduits was presented in 1885 by Graetz [2] who 

solved the problem of laminar flow inside a circular tube with a 

constant wall temperature. The Graetz solution consisted of the first 

three terms of an infinite series solution of the energy equation. 

Later, in 1923, Nusselt [3] presented a similar analysis of the 

problem of laminar flow between isothermal parallel plates. Fluid 

properties were idealized as constant by both authors. 

The results of Graetz and Nusselt have been verified in 

subsequent analyses and several investigators have developed techniques 

to extend and refine their results. With the advent of high speed 

digital computers it became possible to extend these series solutions 

by evaluating additional higher order eigenvalues and their associated 

eigenfunctions, and series solutions could be obtained for a larger 

number of thermal boundary conditions and flow channel geometries. 

Constant Fluid Property Solutions 

In 1956, Sellars, Tribus, and Klein [4] published asymptotic 

expressions for the eigenvalues and eigenfunctions for the constant 

tube wall temperature problem. More recently, solutions to the constant 

8 
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wall temperature problem for the case of laminar flow inside tubes and 

for laminar flow between parallel plates have been published by 

Brown [5] who tabulated the first eleven (ten for the parallel plate 

case) eigenvalues, eigenfunctions, and their important derivatives. 

The solution to the problem of internal laminar heat transfer 

with constant wall heat flux was briefly discussed in the paper by 

Sellars, Tribus, and Klein [4]. A more complete solution was 

presented in 1958 by Siegel, Sparrow, and Hallman [6] who published 

the first seven eigenvalues and eigenfunctions for the case of laminar 

flow in circular tubes with constant wall heat flux. They also 

presented a superposition technique for solving the problem with the 

wall heat flux varying in the flow direction. 

In 1962, McCuen, Kays, and Reynolds [7] reported several 

solutions to the problem of laminar flow heat transfer between parallel 

plates. Their extensive work provides the eigenvalues, eigenfunctions, 

and the required derivatives for the following thermal boundary 

conditions: 

a. Temperature specified at each wall 

b. Heat flux specified at each wall 

c. Heat flux specified at one wall, 

temperature at the other. 

They discuss methods by which arbitrary thermal boundary conditions 

may be satisfied by combinations of solutions to the boundary 

conditions listed above. Their report also contains a comprehensive 

bibliography. 
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In addition to these analytical solutions there are solutions 

available in which the differential equations of motion and energy 

have been integrated directly by using numerical techniques. In 1940, 

Norris and Streid [8] numerically integrated the energy equation for 

Graetz numbers below 400 for the case of a fully established parabolic 

velocity profile inside a tube with a constant wall temperature. 

Kays [9], in 1955, solved problems in internal circular tube flow 

where the temperature and velocity profiles developed simultaneously 

by using Langhaar's solution of the momentum equation [10]. Kays 

considered problems of constant wall temperature, constant wall 

temperature gradient, and constant wall heat flux. Wang and 

Longwell [11] published numerical analyses of flow in the adiabatic 

entrance region between parallel plates. They obtained velocity and 

pressure profiles in the entrance region from a relaxation solution 

of the steady state Navler-Stokes equations [12]. For the problem 

of diabatic flow between parallel plates, Hwang and Fan [13] published 

a solution in 1964 for the case of constant (and equal) plate 

temperatures. They considered the problem with fully developed 

laminar flow as well as the problem in which the temperature profile 

and the velocity profile developed simultaneously. Hwang, Knieper 

and Fan [14] later extended the parallel plate analysis to include 

the problem of fully developed flow with constant heat flux. The 

effects of viscous dissipation on the heat transfer parameters also 

were investigated in the latter paper. 
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Variable Fluid Property Solutions 

The solutions to the problems of heat transfer and fluid flow 

for the situation in which the fluid properties are considered variable 

do not have a long history. The earliest study was reported in 1940 by 

Yamagata [15] in a memoir in which he discussed the effects of 

viscosity variation on the pressure drop and heat transfer to oils in 

laminar flow inside tubes. In 1951, Deissler [16] presented an 

analysis of laminar gaseous heat transfer in the downstream region 

of tubes. Deissler assumed that the fluid density varied inversely 

with the absolute temperature and that the viscosity and thermal 

conductivity varied as the absolute temperature raised to the 0.68 

power. He concluded that the effects of the property variations were 

to decrease the downstream Nusselt number from 4.364 to 3.7 and the 

Reynolds number-friction factor product was increased from 16 to 21 

as the wall-to-bulk temperature ratios were increased from 1.0 to 

1.8. 

Sze [17] subsequently modified Deissler's analysis by per

forming a similar analysis in which he used experimentally determined 

values of the fluid transport properties. The results Sze obtained 

were in agreement with the results of Deissler for laminar flow inside 

tubes. Sze also briefly indicated that for flow between parallel 

plates, the downstream Nusselt numbers would increase, rather than 

decrease, as the temperature ratio is increased. 
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Koppel and Smith [18], in 1962, presented the results of an 

analytical and experimental investigation of the heat transfer to 

carbon dioxide near its critical point (about 90°F and 1100 psia). 

Their analysis of flow inside circular tubes with constant wall heat 

flux included the variations of the fluid density, specific heat, 

thermal conductivity, and viscosity, but neglected the transverse 

velocity component. The extreme and rather unique, variation of 

the fluid properties in the critical region limits the generality of 

their analysis. However, the authors were among the first to point 

out that the most restrictive assumptions in their analysis were that 

the transverse velocity component was negligibly small and that the 

transverse equation of motion could be neglected. 

Following Koppel and Smith in 1962, Davenport [19, 20] published 

his dissertation in which he reported the results of an analysis of 

laminar heat transfer in the downstream region of tubes. Davenport 

considered the effects of an arbitrary transverse velocity component 

and included the transverse equation of motion. He introduced the 

variations of the fluid properties by assuming a power law dependence 

upon temperature as Deissler had done. Davenport postulated several 

reasonable transverse velocity profiles and based his analysis on 

these, relying upon experimental evidence to determine which of his 

postulated velocity profiles produced the most consistent results. His 

friction factor results indicated that by proper choice of the 

transverse velocity component he could obtain good agreement between 

the measured and computed values of the friction factor. His heat 
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transfer results, while not contradictory, were inconclusive due to 

data scatter. 

In 1965, Worsoe-Schmidt and Leppert [1, 21] published a 

solution to the problem of laminar flow heat transfer in the thermal 

entrance region of tubes. They used implicit numerical methods to 

obtain simultaneous solutions to the continuity, momentum and energy 

equations. The results obtained included the axial and transverse 

velocity profiles, the temperature profile, the Nusselt number, and 

the friction factor. ' The usual boundary layer approximations were 

assumed so the static pressure was considered constant and the radial 

momentum equation was not involved. They considered the fluid to be 

air with an assumed power law property variation and they analyzed 

the problem of a fully developed parabolic velocity profile at the 

entrance to a region with a constant wall heat flux. They also 

briefly considered the problem with a constant wall temperature boundary 

condition and one with a uniform entering velocity profile. 

When the results of Worsoe-Schmidt and Leppert are presented 

with the axial distance parameter evaluated at the local properties, 

rather than inlet properties, the predictions of Nusselt number become 

even closer to the constant properties prediction than they indicated. 

-v 1 
For their most extreme heating rate, (T /T ) ^ 3.3, the difference 

w m' _ max 
falls to within ten percent by Gz^ e 85, which is still well within the 

1. Symbols are defined in the Nomenclature. 
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thermal entrance region. Thus, the significant variation occurs at very 

2 
short distances. Since practical heating applications often involve 

axial variation of the wall heating rate, hence a continual thermal 

entry, the need for experimental verification is greatest in this 

region. 

Subsequently, Worsoe-Schmidt has extended his analysis to 

include gases other than power law gases. In a recent note [23] 

he described the results of a similar analysis for helium, whose 

properties also obey a power law variation, and carbon dioxide, whose 

viscosity follows Sutherland's law and whose thermal conductivity 

was expressed by a modified form of Sutherland's law. His results 

for air, helium, and carbon dioxide, for the case of a fully developed 

parabolic velocity profile at the entrance to a region with constant 

wall heat flux (neglecting effects of free convection and viscous 

dissipation), are presented in Table 1. The correlating relationships 

agree with his computed values within three percent. 

More recently, Deissler and Presler [24] presented a numerical 

analysis of developing variable property laminar flow inside circular 

tubes. Their results indicated that the effects of property variation 

on the Nusselt number were not significant in the entrance region, but 

that there was a significant increase in the friction factor due to 

the effects of the axial property variation. 

2. These observations have been published in a short note [22], 
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Table 1. Nusselt Numbers and Friction Factors from the 
Numerical Results of Worsoe-Schmidt [23] 

Air and Helium (Power law gases) 

Nusselt 
number 

Nu » Nu +0.025q+1^2(Gz -3) (Gz -20)/Gz 3^2 
m cp m m m 

for 1000 > Gz > 3 
m 

< + < 
and 0 = q =20 

Nu = Nu 
m cp 

for Gz = 3 
m 

Friction 
factor 

fRe = 15.5(1' /T )1,10 
m w m 

for 1.5 < (T /T ) < 3 
w m 

Carbon Dioxide 

Nusselt 
number 

Nu = Nu +0.07q+1/2(Gz -8)/Gz 1/2 
m cp n mm 

for 1000 > Gz >10 
m 

and 0 = q+ = 5 

Nu «= Nu 
m cp 

for Gz = 10 
m 

Friction 
factor 

fRe = 15.5(T /T )1,25 
m w m 

for 1.2 < (T /T ) < 2 
w m 
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C. F. Kettleborough [25], in 1967, published a numerical 

analysis of variable property flow within a long parallel channel. 

This geometry, by limiting the total number of interior mesh points, 

permitted the rapid solution of the coupled partial differential 

equations at the expense of detail in the entrance region. In fact, 

most of the significant entrance region behavior occurred between 

his first and second axial nodes. 

Experimental Evidence 

The experimental data for laminar flow heat transfer are 

much less complete than turbulent flow heat transfer data, particu

larly in the temperature ranges where the fluid property variations 

become significant. 

Kays and Nicoll [26] published the results of an experimental 

investigation in 1963. Their results for flow inside tubes indicated 

that the constant property predictions of Sellars, Tribus, and Klein [4] 

and of Siegel, Sparrow, and Hallman [6] could reasonably be applied to 

air for wall-to-bulk temperature ratios up to 2.0 if the gas properties 

were evaluated at the local bulk (mixed mean) temperature. Their 

axial distances covered the range 140 > Gz> 12. Kays and Nicoll 

estimated the experimental uncertainty of their Nusselt number results 

to be about 11 percent, a range which includes the constant property 

predictions of Worsoe-Schmidt and Leppert. 

In 1963, Dalle-Donne and Bowditch [27] published the results 

of an experimental investigation of the heat transfer and pressure 
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drop for air inside a tube with the gas wall-to-bulk temperature ratios 

ranging up to about 1.60. Their laminar flow heat transfer results 

indicated that the Nusselt number was unaffected by the wall-to-bulk 

temperature ratio; their 15 percent experimental uncertainty includes 

both the constant property and the variable property predictions. 

Their average friction factor data showed an experimental scatter 

of up to 35 percent from their correlating equations, fRe = 16(T /T )n. 
m w m 

Two values of n (1.68 and 3.83) were obtained for different tubes. 

Davenport [19, 20] considered the effects of his postulated 

transverse velocity distribution and obtained friction factors for a 

range of wall-to-bulk temperature ratios up to 2.1. With an estimated 

1 35 
experimental uncertainty of 13 percent, his result, = ^(T /T^) ' » 

is in fair agreement with the variable property predictions of Worsoe-

Schmidt and Leppert. The difference in exponent changes the prediction 

by 20 percent at (T^/T^) = 2. Scatter masks the effects of his 

postulated transverse velocity component in heat transfer comparisons. 

Bankston [28] published his Sc. D. thesis in 1965 in which he 

presented laminar heat transfer data for flow in an electrically 

heated tube with wall-to-bulk temperature ratios up to 1.66. He 

obtained Nusselt numbers 20 to 30 percent higher than the constant 

property predictions of Siegel, Sparrow, and Hallman [6] in the thermal 

entrance region (for Gz= 165). 

In 1966, Bergman and Koppel [29] published the results of a 

statistical analysis of experimental data obtained for laminar flow 

in an electrically heated tube. By limiting the wall-to-bulk temperature 
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ratios to a maximum of 1.87 in a heated section, which was equipped 

with segmental guard heaters to minimize heat losses, they were able to 

establish uniform wall heat flux conditions. Their statistical analysis 

Indicated that the experimental Nusselt numbers had a significant 

dependence (at the 1 percent level) on the bulk velocity. 

Gas flow between parallel plates was investigated experimentally 

by Slaby, Maag, and Siegel [30]. Their report, published in 1964, 

presented results they obtained in an investigation of the heat transfer 

to hydrogen from heated tungsten plates with surface temperatures up 

to 5000R. Unfortunately, the changing geometry of their flow passages 

makes valid comparisons with the parallel plate predictions tenuous at 

best. 



CHAPTER 3 

GOVERNING EQUATIONS 

The governing equations describing the laminar flow of a gas 

between heated parallel plates are presented in this chapter. The 

equations of continuity, axial momentum, transverse momentum, and 

energy are presented in differential form. These equations will be 

simplified by applying an order-of-magnitude analysis and the resulting 

boundary layer equations will be transformed into dimensionless form 

for ease of solution. 

The fluid flow and heat transfer will be investigated in the 

thermal entrance region, i.e., immediately downstream from the cross 

section at which the heating starts and continuing downstream from 

there until the results do not have a strong variation with axial 

position. Since the effects of fluid property variations preclude 

the establishment of fully developed velocity and temperature profiles, 

it is estimated that entrance effects will be small in the variable 

property case when the axial distance is sufficiently great that there 

would be no discernable change in the constant property solution at 

the same location, i.e., the thermal entrance region will be assumed 
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to extend approximately to a Graetz number of ten for the case of a 

constant wall heat flux."'" 

To further simplify the problem, the two momentum equations 

will be combined to eliminate terms containing pressure gradients 

and body forces. This step not only produces an equation containing 

only velocities and temperatures explicitly but also permits the 

pressure to remain a function of both the axial and transverse 

coordinates. 

Assumptions 

The following assumptions have been made during the development 

of the governing equations: 

1. The flow and heat transfer are invariant in time; 

steady state is assumed to exist. 

2. The fluid has no transverse velocity component 

parallel to the bounding plates; the flow is two 

dimensional. 

3. The flow velocity is low; the flow is in the 

laminar regime and viscous dissipation and 

compressibility effects can be neglected. 

1. This low limit for the Graetz number was chosen for 
convenience and economy. The results of the analysis later have 
shown that the variable property Nusselt numbers, though changing 
only slightly, do not quite approach constant asymptotic values in 
the range of Graetz numbers investigated. The Graetz number 
range was not extended to lower values because the high fluid 
temperatures in these regions lie beyond the range of the power 
law property variation assumptions. 



A. The transverse velocity component is small when 

compared to the axial velocity component. 

5. Heat transfer by conduction occurs in the 

transverse direction only; axial conduction may 

be neglected. 

6. Body forces are considered negligible. 

7. The fluid is a perfect gas whose transport 

properties and specific heat follow a power 

law variation. 

Consequences of assumptions 3 and 4 receive additional discu 

sion in Appendix A where the order-of-magnitude reduction of the 

governing equations is described. 

pudy 

Continuity Equation 

[pv + |y (Pv)dy]dx 

dy 

dx 

pvdx 

3_ 
ax 

Fig. 2. Control Volume for the Development 
of the Continuity Equation 



The total mass within the control volume shown in Figure 2 

must remain constant for the steady state assumption to be valid, 

therefore, the mass flows shown in the figure must sum to zero. The 

continuity equation thus becomes: 

+ IPX _ n 
9x + 3y ~ 0 

Momentum Equations 

Cv(pv) + |y (vPv)dy]dx 

i Ay. y 

ill 

u(Pv)dy 

m 

^ Cu(pv) + ™ (upv)dx]dy 

f 

t [t + ~~ t dx]dy 
.  LTxy 9x Txy J  J  

.  v(pv)dx 

Fig. 3. Control Volume for the Development 
of the Y-Momentum Equation 
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The momentum equations are statements that the rate of change 

of momentum of the fluid within a control volume is equal to the 

combination of the forces acting on the control surfaces and the body 

forces acting on the fluid within the control volume. For the 

control volume shown in Figure 3, the Y-momentum equation may be 

written: 

By introducing Newton's Law of Friction, one may write the 

shear forces as 

This form of the shear stress takes advantages of the assumption that 

the transverse velocity component is small by neglecting the shear 

stress contribution from the axial gradient of the transverse velocity. 

Schlichting [31] shows that the normal stresses acting on the 

control surfaces can be expressed as 

(2) 

Likewise, the X-niomentum equation is: 

(3) 

u 9u 
xy yx gc 3y 

a y 



Substituting the above expressions for the normal and shearing 

stresses Into the momentum equation, one may develop the following 

forms: 

The X-momentum equation 

£U 3u , pv 3u = _i£,29_ k_ /of!" _ j|v/| 
gc 9x gc 3y 3x + 3 9x [gc 9x 9y;J 

3_ (]L_ 9u. 
9y vgc 9y 

(4) 

and the Y-momentum equation 

iX + £v 
8c 3x 

3v 
gc 3y 

_ 3£ + 2 !_ f29v 
3y 3 3y ^gc 3y 9x 

d ,Vi 9uv 
(5) 

Pai [32] showed that these two momentum equations could be 

o 
combined to eliminate those terms containing pressure gradients , thus 

producing a single equation containing only the velocity components as 

unknowns. This combined momentum equation is obtained by subtracting 

the x derivative of the Y-momentum equation from the y derivative of 

the X-momentum equation, yielding 

9 [pu 9u £v 9ul _ 2 9_ ) 9_ Ij. 

3y [gc 8x 8c 3y-l 3 3y [ 9x U 
Ji_ (o*2. _ 

w9x 9y' 

ll 

9y2 
_l_r£H.lV £v3v"] 

V 9y 9x L gr 3* g„ 3y J 

9uv 
9x 

+ — <M£> 
9x2 gc 8y 

(6) 

2. For incompressible flow, gravitational body forces can also 
be eliminated by this step. In the present analysis body forces are 
considered negligible as an initial assumption. 
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The resulting third order partial differential equation is 

commonly reduced to a second order form by the introduction of a stream 

function to give the so-called "vorticlty" equation. For the present 

analysis, however, the third order form will be retained as it is the 

more convenient to solve in cases where the fluid properties are not 

constant. 

statement that the net energy flow rate into a control volume must 

equal the net rate by which work is done by the fluid within the 

control volume. 

Energy Equation 

The steady state energy equation can be written from the 

dy 

E  
X Ex+dx • 

i  dx 

y 

E  y 

Fig. A. Control Volume for the Development 
of the Energy Equation 
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Referring to Figure 4, the energy terms are: 

1. Rate of energy gain by convection (including 

internal energy, flow work, and kinetic energy), 

E - E ,, + E - E . . : 
y y+dy x x+dx 

3_ 
3x 

(, , u2 v2 n] 9_ f (, , u2 v2 i 
pU(h + 2gcJ + 2gcJ_ " 9y [pV^h 2gcJ + 2gcJJ 

tdxdy 

2. Rate of energy gain by conduction, - q ̂  ! 

" Ijr f"k If) 1 

3. Rate at which work is done on the control volume by 

viscous shear: 

ty 
T U T V \ 

W + fc ** 

Equating the summation of these energy flow rates to zero yields the 

steady state energy equation: 

9_ 
3x 

+k +  (¥•)+  fc (¥•) •  ° «> 

The energy equation can be simplified by combining the shear 

work terms, developed from the momentum equations, with the expanded 

kinetic energy terms to give the following energy equation which is 

somewhat less complex: 
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2 
9  / u \  ^  /  / ^  9TS i u 12. r v IP J U /3U\ 

" »i (puh> - 3? (pvh> + -57 (V + J + J 3y + i7 V 

fj~ Ik. (2~ _ ̂ )~| + v3- fk_ (2— _ *»)' I + il_ (iy.) (p.) = o 
\ 3x [gc 3x 3y J 3y [gc 3y 3x_J gcJ 3y 3x; 

Dimensionless Governing Equations 

The governing equations developed in the preceeding sections 

will be written in dimensionless form as an aid to their solutions and 

to generalize the results of this analysis. The following dimensionless 

variables will be used: 

T «= T/T where T is a constant reference 
o o 

temperature, the temperature of the 

fluid entering the heated section, 

y 0 y/yo where y . is one-half the plate 

separation, 

.f 
x » x/4y Pr Re where Pr and Re are defined below, 

0 0 0  0 0  

u+ = U/UQ where uq is the centerline velocity of 

the fluid entering the heated section, 

v » 4vPr Re /u 
0 0 0  

P+ m p/pq where pQ is the density of the fluid 

entering the heated section, 

p* « y/y where u is the viscosity of the fluid 
o o 

entering the heated section, 



k* = k/kQ where kQ is the thermal conductivity 

of the fluid entering the heated 

section, 

P+ = P/PQ where pQ is the pressure of the fluid 

entering the heated section, 

h+ = where c is the specific heat at 
po P° 

constant pressure for the fluid 

T+ c 

entering the heated section. 

When these dimensionless variables are substituted for the 

natural variables in the governing equations several dimensionless 

groups appear as coefficients in the resulting equations. These 

dimensionless groups are defined below. 

Graetz number: 

Gz . = l/x+ «= 4y Pr Re /x where the subscript "m" 
m o m m 

refers to properties evaluated at the local 

bulk (mixed mean) temperature, 

Mach number: 

M = V //y g RT where V is the entering bulk 
o o o c o o & 

velocity obtained by dividing the volume rate 

of flow by the flow area; V = 2u /3 for the J ' o o 

entering parabolic velocity profile, 

Prandtl number: 

Pr = c y /k 
o po o o 

Reynolds number: 

Re = V Dp /p = 8u y p /3jj 
o o o o o o o o 
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Substituting these variables into the governing equations and 

simplifying the results yields the follov/ing dimensionless equations: 

The continuity equation 

~ + + - + + 

+ *Hr - o (9) 
Sx ay 

The X-momentum equation 

+ + 9u"*~ , + + 9u"*" A 9p"*" 
P u — + p v — r + 

9x 9y 9y IT 3x 
o o 

+ • 4 fa ( + ro9u+ av+n~| . 32Pro 9 r + 9u"\ 
2 + U1 P + +JJ 3 + +) 

9PrQRe2 L9x 9x 9y J J 
9y
T 

9y
T 9y 3y (10) 

The Y-momentum equation 

^ + 64Pr2Re2 ^ + 64Pr 
+ + 9v , + + 9v o o 
pu — + p v — 

. + 64Pr „ p, -+ 5+n 

Dv r*V I- &V J)Y J 3x 3y 9yoM2 9y 3y L 3y 3x 

32Pr a , . + 

J 3x 9y 

The combined momentum equation 

9 r + + 3u+ , + + 3u+i 1 9 r + + 3v+ . + + 9v+ t 
—T LP U —T + P v —rj v LP u —Z + P v —+ J " 
3y 9x 9y 16Pr2Re2 9x 3x 3y 

' o o ' 

32Pro 92 t + du\ 2 32 f + /1 

3 +2 +) „ +2 I** +J  ̂
9y 9y 3Pr Re2 9x+ 9y 

o o 

.->-4 
9Pr Re2 

o o 

p-+ (p+[2̂  - 4̂)1 - hp-t - ^4)1 
[9y L3x 3x 3y J 3x l-9y 9y 3x J. 



The energy equation 

+ + 3h+ + + 3h+ 32 3 (,+ 3T+i 9Mo(yo_1) e + 3p+ „+ 3p+^> 
- P u — - P — + 3 + (k —+} ^ 7 (u + v  

3x 3y J 3y 3y * 3x 3y 

, . + 2 3M2 (-y -1) . . + „ + 
+ 24Pr M2(y -l)y (^-) (13) 

3y 2Pr Re2 3y 3x 
o o } 

f + 3 r +  f„3u+ 3vV| + 3 r  + r„3v+ SuVf) 
1 u — \V [2— ' ~~j + v — jj (2—+ - —J J = 0 

ProRe2 I 3x L 3x 3y J 3y L 9y^ 3X+Jy 

Order-of-Magnitude Analysis 

The dimensionless equations developed in the preceeding section 

are still too complex to be solved economically. In order to further 

reduce the complexity of the governing equations an order-of-magnitude 

analysis was made. Those terms in each of the governing equations 

which could be shown to be an order-of-magnitude (or more) smaller than 

the other terms in each particular equation were neglected, under the 

assumption that these neglected terms represented correspondingly 

small perturbations in the temperature and velocity profiles. The 

details of this order-of-magnitude analysis are presented in Appendix A. 

The order-of-magnitude analysis produced no simplification in 

the continuity equation and none, apparently, in the Y momentum 

equation. In the latter equation all terms are shown to be of small 

magnitude except the transverse pressure gradient, which is of unknown 

magnitude. By comparison to the other terms it is seen that the 

magnitude of 3p/3y must also be small, one of the main assumptions in 

the boundary layer equations. 



The remaining equations were reduced to the following forms: 

The combined momentum equation 

3y 

a 
+ 

+ + 3u '  +  • 
p  u  T  + P V 

3x 

+ + 3u 

0y 

+ --I 

+ (14) 

The X-momentuin equation 

+ + + ^9Pr + 
+ + 3u ,  +  +  3u -4  3p o  3  f  +  3u i  

p u  — + p v  — — + — T  (y  —^)  

9x 3y 9yoM2 3X j 3y 3y 
(15) 

The energy equation 

(16) 

From the development of the combined momentum equation earlier 

in this chapter, it might appear that it is possible to solve for the 

velocity components from this equation and the continuity equation, 

independent of the pressure distribution. And, therefore, the 

transverse pressure distribution might be obtained from the solution 

of the X-momentum equation. In fact, one of the advantages of the 

method of solution is the ability to solve for the velocity in an 

operation separate from the pressure solution. But, since the 

assumptions of the order-of-magnitude analysis lead to the conclusion 

that 3p/3y " 0, the possibility of deriving the transverse pressure 

variation no longer remains in the equations to be solved. Thus, the 

boundary layer approximations are implied. 



Finally, the pressure at a cross section may be calculated via 

the X-momentum equation at any transverse location. In the present work, 

the pressure is determined at each transverse node at the current axial 

step and the degree within which the pressure is constant is taken as 

an indicator of the adequacy of the method. 

Variable Property Reductions 

The variations of the fluid properties could have been intro

duced into the analysis by several methods. The technique used was to 

assume that the fluid transport properties and specific heat followed 

power law variations: 

Specific heat, c* = (c /c ) •= (T+)a 
P P po 

Thermal conductivity, k = (k/kQ) =(T ) 

Viscosity, p+ = (y/pQ) = (T+)C 

where a, b, and c are 

empirically determined 

constant exponents. 

This form of fluid property variation was chosen for the 

following reasons: 

1. It is accurate. The maximum deviation from the experi

mentally determined gas properties for nitrogen, air, and helium is 

less than three percent over a temperature range from 300R to 3000R 

(see Appendix B) if the reference temperature and exponent are 

correctly chosen. The use of other, more accurate, formulae, 

e.g., Sutherland's formula for the viscosity, or the use of tabulated 
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3 
experimental property values would limit the generality of this 

analysis and would probably not be a significant improvement unless 

the numerical operations were carried out using multiple precision 

arithmetic. 

2. It is general. The power law approximation permits this 

analysis to be general, to be easily extended to different gases and 

to be easily reduced to the constant property cases where several 

solutions are available for comparison. Also, several investigators 

have used power law variations in their variable property analyses 

[16, 19, 21] so this analysis may be conveniently compared with their 

results and conclusions. 

3. It is easy. The numerical computations are considerably 

simplified because there is no requirement to interpolate between 

tabulated values, evaluate high order polynomial expressions, or call 

subroutines; therefore, the requirements for computer storage capacity 

are not excessive and the computer time, hence cost, is not prohibitive. 

On the other hand, the power law form of the property varia

tion has the disadvantage of a lack of precision, being generally 

limited to monatomic and diatomic gases, and neglects property 

dependence upon density or pressure. 

3. Tabulated experimental fluid property values and accurate 
interpolation schemes are available in fluid property computer codes 
or subroutines from the National Bureau of Standards and the National 
Aeronautics and Space Administration. 
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Under the earlier non-dimensionalization, enthalpy becomes 

n>+ 

h-c T = / c dl r>n n ' n po O or 
T, 

h+-l = /T (T+)adT+ 

by assuming that the specific heat is independent of pressure. By 

substituting these assumed property variations into the governing 

differential equations, we obtain the set of partial differential 

equations which will be solved for the temperature profile, the 

velocity profiles, the Nusselt number, and the friction factors: 

The continuity equation 

„ + + „ + + 
dp u + 8P v = n 

+ + 
3x 9y 

(17) 

The X-momentum equation 

- 24Pr y M2(T+)C [i— + -- — 
3x+ . 0 0 ° Uy+2 T 3y 

9T 
,+i 

3y" 3y+J 

9Y M2 
'o o r + + 3u+ , + + 3u+ ] 

1 p  u  - +  +  P  v  - + I  
L 3x 3y J 

(18) 

The combined momentum equation 

3p*u* 3u* , + + 92U+ , 3p*v+ 3u+ , + + 32u* 
+ P u —r + ~~r r + P v 

3y+ 3x+ 
+ + 

3x 3y 3y* 3y* 3y 
+2 

32Pr (T ) 
o 

' + ^ C  (.  +  

3u+ fc(c-l) (3fj>2 c_ 32T "1 

.3y+ KT+)2 9y T+3y+2-l 

(19) 

2c 3T^ 32U+ , 33U+" 

T+ 3y+ 3y+2 3y+3, 



The energy equation 

• , , b-a , ,2 
+ + 3T , + + 3T 32(T ) fazT . b r3T\ 1 
p u -+pv = --f-t- —— + — (—) (20) 

8x 8y J L9ŷ 2 T 3y
+ J 

Boundary Conditions 

The governing equations, (17) through (20), will be solved 

numerically using techniques to be developed in Chapter 4. The 

boundary conditions required for the solution to the idealized 

problem are given below. 

1. Initial conditions 

At x+ = 0: T+ = 1 

v+ = 0 

u+ = 1 - (y+) , parabolic profile (21) 

+ -p = 1 

2. Thermal boundary conditions - energy equation 

j. g 
At y =0: —— = 0 

9y 

At y «= 1: q^ = constant (22) 

With the energy equation in its dimensionless form, it is convenient 

to introduce a dimensionless heat flux defined as q+ «= q" y /(k T ). 
^ Jo o o 

In this form the second boundary condition becomes q+ c constant. 

3. Momentum equation boundary conditions 

•f" "f* At y =0: v =0 

* 4 - 0  
3y 

. *f* "f* At y =1: u =0 

v+ = 0 (23) 
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The former boundary conditions are derived from symmetry considera

tions. It is assumed that the fluid flow and heat transfer are 

symmetrical about the midplane. 

A third boundary conditions for the combined momentum equation 

can be derived from the combined momentum equation itself. If 

equation (14), or equation (19) is evaluated at the control plane 

under the condition that pressure is constant across the stream, it 

may be seen that 

" =0 at y+ = 0 (24) 
9y 

since the transverse u and T gradients are-zero. However, in the 

numerical solution for the axial velocity the third constraint applied 

essentially is the requirement that the integral continuity equation 

/ pudA = m, a constant 
A 

be satisfied. In non-dimensional form this condition becomes 

/ (p+u+) +dy+ » / (u+) + dy+ (25) 
0 * 0 

The right hand side of equation (25) equals 2/3 for a fully developed, 

parabolic entering velocity profile. 



CHAPTER 4 

FINITE DIFFERENCE APPROXIMATIONS 

The finite difference approximations for the governing 

differential equations are developed in this chapter. These difference 

equations are implicit in character and are coupled to one another due 

to property variations. Iterative techniques are developed to obtain 

solutions to the difference equations and the method of iterating this 

set of solutions to obtain the solution to the combined hydrodynamic 

and thermal problem is described. Calculation of the pertinent heat 

transfer and fluid flow parameters is then described. Stability and 

convergence criteria, developed for linear difference equations, are 

discussed and their extension to the present nonlinear system is 

treated. 

The difference equations are presented sequentially in the order 

in which they are solved. 

Method of Developing the Finite Difference Equations 

The finite difference equations used in this analysis were 

developed by truncating Taylor's series expansions to approximate the 

various derivatives. This method of developing finite difference 

equations has several important advantages. Two of the more important 

ones are: 
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1. This method assures that the resulting finite difference 

equation will reduce to the differential equation as the mesh size is 

reduced to zero, i.e., this method assures that the two equations are 

consistent, an important stability and convergence criterion; and, 

2. Finite difference equations with any desired degree of 

precision may be obtained by including a sufficient number of terms in 

the approximating Taylor's series, or, conversely, the precision of a 

particular approximation may be estimated from the truncated terms. 

A detailed example of this technique is presented in Appendix C. 

Additional discussion of the technique and a fairly complete compilation 

of typical differencing schemes is available in Richtmyer's book [33]. 

Finite Difference Mesh 

The nomenclature used in this analysis is essentially that used 

by Richtmyer [33]. The difference equations use two mesh points in the 

marching direction, x+, except for the continuity equation which requires 

three. Three nodal points are usually required in the transverse 

"f* 
direction, y ; however, one equation, the combined momentum equation, 

takes four points, because it is a third order equation. Figure 5 

shows the most general mesh network used for the system of finite 

difference equations. 
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Fig. 5. Mesh Network used in the Development of the 
Finite Difference Equations 

A subscript - superscript notation is used here to describe the 

dependent variables (except p*); the superscript, n, denoting the 

axial location, and the subscript, j, denoting the transverse location. 

+n 
For example, T , is the dimensionless fluid temperature at the point 

(n, j). 

"f" *t* •f' •!> are 
The mesh sizes, Ay = y - y and Ax = x - x , 

+ + 
constant across the flow channel. Both Ax and Ay were changed as 

the solutions proceeded downstream in order to reduce computing time 

and to reduce computer truncation errors. 

For completeness, the set of finite difference approximations 

used to develop the difference equations is presented in Table 2. The 
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Table 2. Finite Difference Approximations 

^ +  0 ( Ay+)2 (forward difference) 
3y j 2Ay 

-̂rl e ~  ̂  ̂ + 0 (Ay+) 'J (centered difference) 

>y j 2Ay 

n+h n+1 n 2 

_SLJ) = 1 —SL_ + 0(Ax ) (centered difference) 
8x Ax 

96 <fc \ ^1 ~ ̂ l-l ^1-2 + 2 *-r) •= —J J— + 0 (Ay ) (backward difference) 
*y. j 2Ay 

- = —iti -j i--\ 4. q (Ay*) (centered difference) 

iy j (AyV 

i-1—1 D _J lil + ^ (Ay+) (forward difference) 
_ +2"' .. +v 2 
3y j  (Ay ) 

d 3̂) <= _itl i_—+ 0(Ay+)2 (backward difference) 

i 
+3J + 3 

3y ,  (Ay ) 

last term in each of these equations represents the order of magnitude 

of the first truncated term in the Taylor's series expansion for the 

pertinent derivative. 

Finite Difference Energy Equation 

The finite difference approximation to the energy equation was 

developed using the general methods described by Richtmyer for 
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approximating second order parabolic differential equations [33]. The 

resulting finite difference equation is similar to the Crank-Nicolson 

scheme for approximating linear differential equations. The essential 

difference is that the coefficients in the present scheme are functions 
n̂+1 

of the unknown dimensionless temperature, T , due to the temperature 

dependence of the specific heat and thermal conductivity. 

A two-level finite difference scheme is applied in approximating 

the energy equation in a form which yields a small truncation error"'" 

(after Richtmyer): 

,n+l ,n+1 n+1 n n ,n 

1 1+1 - 21 1 + 1 i-i + 1 n-i - 2T i * T i-i . 

2(fiy+)2 

,sn+h ..n+'i , Nn+̂  

M S S t - S S )  - 5 9  ]  

The second order derivatives in the above equation are approximated by 

substituting the difference approximations from Table 2 into the 

energy equation (20). When these substitutions are made, the 

following difference equation is obtained: 

n+1 n+1 n+1 , 
A T - B T + C T + D = 0 + 0(Ax ,Ay ) (27) 

3  3+1 3  j  J  j-1 3  

1. The approach used in developing this scheme is comparable 
to the derivation of equation (C-ll) for the combined momentum 
equation (Appendix C). 



42 

where the coefficients are 

n+1 . n 
a-b 

. = 64Ax 
1 = +2 J Ay 

: n+1 —:—: n + + + + 
p U . - + p u + —:—-.n+1 —:—rn .1+1 .j+1 , 3Ax r + + , + + 
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,n+1 ,n 
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+ —fl-V-i (" v 1-1 + " V J-l) (28b) 
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Since the coefficients A , B , C , and D can be approximated from 

the known r.olution at x , equation (27) could, in concept, be solved 

inductively from the mid-plane to the wall (or from the wall to the 

mid-plane) as a linear combination of two trial solutions. Unfor

tunately, such a method is unstable so an alternative method of solution 

was developed. 

solving equation (27) with recurrence relations. The technique 

employed here, which was subsequently extended to the solutions of the 

other difference equations, was to solve the set of N simultaneous 

equations [equation (27) ] by an application of the Gauss elimination 

method. This method consists of subtracting a suitable multiple of 

each equation from the succeeding one to obtain the simpler set 

The unknown temperature distrubition, 1' , is obtained by 

,+ 
n+1 

J 
+ G 

j 
(29) 

where the coefficients become 

(30a) 

(30b) 

The values of these coefficients are computed inductively from the mid-

plane to the wall once the initial values at the mid-plane were 

determined. These values are determined from the boundary condition 



that the transverse temperature gradient is zero there. By using a 

three level, forward difference approximation to the temperature 

gradient at the mid-plane the starting values, and , are found 

to be 

2A - B 
E2 - 3A^cJ (31a) 

" - 2 (31b) 2 3A2 - C2 

In preliminary evaluations of the method, it was noted that 

the above values of and G^ led to solutions of the energy equation 

which agreed with the accepted constant property temperature profiles 

to six digits. However, a two level approximation to the mid-plane 
+n+l +n+l 

temperature gradient, T ̂  = T ^ » (°r, after some algebra, = 1 

and G^ = 0), produced profiles which differed in the second digit 

and could not be used for comparison. Thus, the solution to the 

energy equation is fairly sensitive to the finite difference represen 

tation of the boundary conditions. 

The specification of constant wall heat flux provides 

information from which the wall temperature can be computed. This 

boundary condition is 

k T , .n+1 b 

„ll _ o o q  b 
w y Jo 

(t* ) ̂;] -constant (32) 
3 y  /  +  • ,  ' y =1 
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•f-
when q is defined as 

. q"y 

q = ifr <33> 
o o 

and a three level, backwards difference approximation to the wall 

temperature gradient is used, the following equation is obtained for 

calculation of the wall temperature once the coefficients, E, and G. , 
J J 

are calculated: 

Q n+1 b + *GN+1 GN ~ EN GN+1 
n+1 (T 

T N« " —' <M> 

3 - 4Vl + EN eN+I 

Since the wall temperature appears on both sides of the above 
+n+l 

equation, it is necessary to iterate the calculation for T A 

maximum number of seven iterations is required to compute the wall 

temperature to six digits. After the wall temperature is calculated, 

the temperature profile across the flow channel is computed inductively 

from the wall to the mid-plane with equation (29). 

Finite Difference Combined Momentum Equation 

The finite difference equation used to approximate the third 

order, combined momentum equation is developed in detail in Appendix C. 

The result of this development is the following four level, transverse, 

difference equation: 
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,n+l ,n+l ,n+1 ,n+l 

MJ " J+l " BBj U J + CCj U j-1 " D°j " j~2 

+2 +2 
+  DDj  =  0  +  0 (Ax  ,Ay  )  (35 )  

The coefficients, BB^ , CC^ , DD^ , and EE^ , which are functions of 

the temperature and velocity profiles are also given in Appendix C. 

Again, recurrence relations are developed for the algebraic solution. 

Since the governing equation is of third order, three conditions 

must be specified for its solution. Effectively the conditions used 

are 

1) no slip at the wall, 

2) flow symmetry about the mid-plane, and 

3) constant total mass flow rate (integral continuity). 

However, in the numerical solution the third condition is obtained 

indirectly. For convenience in solving the difference equation, trial 

values are assumed for the velocity profile and iteration leads to 

satisfying condition (3). 

Equation (35) is solved using the same technique as employed 

in obtaining the solution to equation (27), the energy equation, by 

a transformation into the simpler set: 

,n+l n+l 

u d  • E j u j «  +  0 i  ( 3 6 )  



The coefficients become: 

j ° BBj " CCJ EJ-1 + DUj EJ-1 EJ-2 W70) 

0 . °Ci B1-l - °Di E1-2 Vl - »t °1-2 » EE1 

J BBJ - CCJ EJ.1 + DDJ EJ.J EJ.2 (37B> 

Four starting values, E^, E2, G^, and G^t are required to 

compute these coefficients since Ej_2 anc* Gj 2 aPPear* ^ne relation 

between these starting coefficients is obtained from the boundary 

condition that the velocity profile be symmetric about the mid-plane 

a + 
- o  

y-0 

or, with a three level, forward difference approximation, 

, n+1 n+1 ,n+l 
3 u ^  -  4 u  j  + u 3  

This expression leads to the following relationship between the 

starting values 

E2 - 1/(4 - 3EX) (39a) 

G2 - 3G1/(4 - SE^ (39b) 

The second relation between the starting values is obtained 

from a trial value for the axial velocity at the center. The trial 
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values may be specified in several forms. One may simply specify 
,n+l 
*¥* 
u ^ and state 

n+1 
E = 0 and G = u 
1 1 1,trial 

This specification works well on the CDC 6400 computer. For computa

tion with the IBM system 360/50 the following values were used: 

= 0.9 (40a) 

n+1 .n+1 

G1 = u 1,trial " Ei u 2,trial <40b) 

+n+l +n+l 
Either set of starting values leads to u ^ = u X trial ŵ en converged, 

The latter set, equations (40), produced smoother E and G profiles with 

the IBM system 360/50. 

Once the coefficients, E^ and G ̂ , are computed, the axial 

velocity profile is calculated by equation (36) from the wall, where 

its value is zero (third boundary condition), to the mid-plane. 
+n+l 

The trial values for u are obtained from the previous 

iteration by determining a multiplicative correction factor which 

readjusts the velocity profile to agreement with the total mass flow 

rate. A multiplicative correction was selected since it could be most 

easily incorporated into the computer program without affecting the 
+n+l +n+l 

no-slip or symmetry boundary conditions. Thus, u. .1«=C(u ) 
j ftrial j 

where 
1 . . n+1 

C «= 2/(3/ (PV) dy+) 
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[c.f. equation (25)]. Three iterations are usually sufficient for 

the velocity profile to converge. 

Finite Difference X-Momentuin Equation 

The X-momentum equation is used in this analysis to compute the 

value of the fluid pressure across the flow channel as it decreases in 

the axial direction. In this way, the pressure is obtained as a 

function of both the axial and transverse coordinates. However, as 

noted earlier, since the governing equations are equivalent to the 

usual boundary layer approximations under the present order of magnitude 

analysis, the calculation of the transverse pressure variation serves 

primarily as a check of the internal consistency of the numerical 

program. One expects 3p/Dy to be several orders of magnitude smaller 

than 3p/9x. 

From equation (18), the following difference equation was 

developed to solve for the pressure distribution 

2 + f ^.n+1. ^n 
.n+1 ,n 9Y M AX / 32Pr / T + T . \ 
p+, 

+n+1 +n+1 +
n+1 +n +n +

n 

u . w - 2 u 1  +  "  1- 1  +  u  1 + 1  '  2 u  1  + u  1 - 1  2 c  

-f2 ^n+l +n 
2Ay (T j + T ) 

+n+l +n+l +n +n n+1 n+1 n n ' 

(u .1+1 " u .1-1 + " .1+1 " U ,1-1 \ /T .1+1 " T 1-1 + T .1+1 ~ T ,1-A 

» 4Ay* ' ̂ 4Ay* ' 
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— n+1 —+n +n+l +n —+n+l —+n 
p u .  " r p  1 1  4  \ / U  i ~  U  J  v  /  p  V  ,  " T *  p  V  ,  

- (  1  ,  

+n+l +n +n +" 
u.., - u.,+u,,, - u,,.\ .2 .2 

(_J±i Izl-p J+l Izl) ) + 0(&x+,Ay+ ) (41) 

Because the right hand side of equation (41) is much smaller than p+, 

serious computer truncation errors result if the above equation is 

used in its present form. To avoid these errors a modified pressure 

drop may be defined as 

,, .n+1 ,n 
n+1 + + 

qj = P j " P J 

Therefore, the total pressure drop becomes 

,, n+1 . 
_n+l r i 
Q1 C * q1 2 i«l J 

and the pressure profile, calculated from 

+n+1 , „ -n+i 
f j  l U - « j  

lacks the computer truncation error of equation (41). 

Finite Difference Continuity Equation 

In this analysis, the transverse velocity component is obtained 

from the continuity equation. The finite difference approximating 

equation is written at the point (n+1, j+*s) by using a three level, 
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backwards difference for the axial derivative and a centered difference 

for the transverse derivative, e.g., 

. , n+1 n+1 2 2 

P V j = P V j+1 + Ej + ,AX ^ 

where 

A + T+n+1 ~T+n "T+H"1 ~T+n+1 ~T+n ~T+n~1x 
E3 " Wl + (3p u j+i - 4pu 3+1 + p u j+i + 3p u 3 - 4p u 3 + p u 3 ) 

(43) 

+ + 
Being explicit in p v , difference equation (42) may be solved 

+ + 
directly from the wall, where p v is zero, to the mid-plane. The 

"i* 
coefficient, Ay /4Ax , in equation (43) is greater than unity in this 

+ + 
study. Consequently, any errors in p u are magnified and the resulting 

transverse velocity profile can depart substantially from the true 

solution. Since the error in transverse velocity is propagated to 

solutions for the axial velocity and temperature profiles, possibly 

destroying their usefulness, one of the major problems of this study 

was to find a solution technique which would keep these errors within 

acceptable bounds. The technique which was found to be the most 

effective, i.e., would give the most rapid convergence of the set of 

difference equations, is to solve for the transverse velocity by using 

the same trial axial velocity profile that is used to estimate the 

difference equation coefficients for the combined momentum equation. 

It is not surprising that this method produces the most rapid con

vergence since the trial axial velocity profile is generated to 

satisfy the integral continuity equation. 



Parameters 

The main heat transfer and fluid flow parameters in this 

analysis are the Nusselt number and the friction factor. In addition 

to these, other parameters, the bulk velocity, bulk temperature, and 

the wall-to-bulk temperature ratio, are evaluated during the solution 

of the difference equations. 

The Nusselt number is defined as 

M hD Nu = — 
k m 

where k^ is the fluid thermal conductivity evaluated at the local bulk 

temperature. In terms of the dimensionless variables, the Nusselt 

number can be written as 

N u  =  ^ ( 4 4 )  

<4-1 - <> <<> 

The bulk temperature, T*, is defined as the temperature 

corresponding to the bulk enthalpy which is, in turn, defined as 

J p u h dy 
h„  =  (45 )  
m -1 ++, + 

;0 
r + +j H 
L P u dy 

Thus, the bulk temperature is expressed as 
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in 

1 + + (T') 
a+1 

1 + 

J p u 
0 a+1 

1 , + 
— dy 

r1 + +J + 
JQ P u dy 

a+1 

(46) 

The definition of the friction factor is 

T  g  w°c 

'spu 3s(pu) (u ) 
m mm 

This form was chosen since it reduces to the constant property expres

sion when the property variations are suppressed and because it permits 

a direct comparison of these results to the results of Worsoe-Schmidt 

and Leppert [21], When this equation is expressed in dimensionless 

form, the friction factor - Reynolds number product appears as the 

significant parameter. By using a four level, backwards difference 

approximation for the velocity gradient at the wall, the following form 

Is obtained: 

• , c , n+1 _ n+1 . , n+1 , 
16 (%.,/T* ) (3u+ ~ | u m i +k u N o ) 

f.Re V N+1 m / K i! ? 1 3 N-2/ (4?) 

m  .  +  r 1  +  + ,  +  / - 1  + ,  +  
Ay J^p u dy u dy 

The integrals appearing in equation (47) are evaluated using Simpson's 

rule. 
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Stability and Convergence 

There are no general theories dealing with the stability and 

convergence of systems of nonlinear differential equations. Indeed, 

the system of nonlinear equations considered in this analysis cannot 

even be shown to possess solutions which depend uniquely upon the 

initial conditions and the boundary conditions. Nevertheless, it was 

felt that the nonlinear effects of the fluid property variations would 

locally be akin to perturbations in the physical problem and, therefore, 

in the mathematical description. Thus, the departure of both systems 

from linear ones would be small and the stability and convergence 

criteria established for linear systems would be pertinent. 

Linear stability and convergence theory, (see, for example, the 

text by Forsythe and Wasow [34]), establishes the following general 

convergence criteria: If the solution to a differential equation 

depends uniquely upon the initial conditions and the boundary condi

tions, and if the approximating difference equation and the differen-

2 
tial equation are consistent, then the solution to the difference 

equation will converge to the solution of the differential equation in 

the limit as the mesh size is reduced to zero. For two-dimensional 

problems the added restriction that the mesh size ratio be held constant 

is also imposed in the analysis which leads to these criteria. 

2. A finite difference equation is said to be consistent with 
the differential equation if the difference equation reduces to the 
differential equation in the limit as the mesh size goes to zero [34). 
The use of Taylor's series in developing the difference equations 
assures that this consistence condition is satisfied. 



There does not seem to be a correspondingly direct stability 

criterion. However, if stability is defined as that property of a 

set of finite difference equations whereby errors introduced at one 

step in the computations are not magnified in successive steps, then 

stability, or the lack of it, can be recognized. For this analysis, 

the requirement that the difference equations possess stable solutions 

means, rather simply, that the coefficients, E ̂ , have magnitudes less 

3 
than unity. For the cases investigated, these coefficients are 

between zero and unity if the coefficient matrices of the energy 

equation (27) and the combined momentum equation (35) are diagonally 

4 dominant matrices and, additionally, the elements 

Aj, B^, and > 0 

for the energy equation, and. 

AAj, BBj, and CC^ > 0 and |CC^| > |DD^ 

3. The condition that Ej be less than unity is essentially a 
paraphrase of von Neumann's "necessary" condition for stability. A 
discussion of this condition is presented by Richtmyer [33]. 

A. A diagonally dominant matrix is defined by Varga [35] 
as an n x n matrix, A =• a ., for which 

i » J 

n 

I 4 I > I I 3•» 4 I * 
X* j=l 1,3 

j^i 



for the combined momentum equation. There is no a priori way of 

predicting the stability of a particular finite difference formula

tion, particularly when depends upon a large number of variables 

and their derivatives in a complicated manner. Nevertheless, the 

above restrictions on the difference equation coefficients are of 

considerable assistance in eliminating the obviously unstably schemes. 

They are also useful in providing information for debugging a computer 

program. For example, a fictitious set of boundary conditions and 

initial conditions can be applied which would produce flat velocity 
+n+l +n+l 

and temperature profiles such as u ^ =1 and T ̂  =1 for all j. 

For these conditions, Ej + = 1.0 and any departure indicates an 

internal programming error. 

For each of the finite difference equations it was found that 

there were several forms of E^ which would yield stable solutions. In 

all cases studied, fluid property variations alone would not change 

the stability of a finite difference equation. 

The preceeding discussion concerned the stability of the 

numerical solutions as they were developed across the flow channel in 

the transverse direction. It has been implied that axial stability 

will exist if the transverse solutions are stable. This is the case 

for the simplest linear equations if the convergence criteria described 
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by Forsythe and Wasow [34] are satisfied."* For the present nonlinear 

difference equations, the stability of the solutions as they march 

in the axial direction depends upon the solutions themselves. Axial 

instability occurred when errors in a profile appeared as even greater 

errors after the next axial step. This type of instability could 

occur even though the transverse solutions were stable; it could be 

removed by a proper choice of sequence for solving the set of 

difference equations. 

Unfortunately, stable solutions were not always useful. For 

two boundary conditions, i.e., constant wall temperature and uniform 

(flat) entering velocity profile, the numerical solutions did converge 

to the accepted constant property solutions, but only well removed 

from the entrance region. In the entrance region large, but diminish

ing, oscillations in the profiles destroyed the usefulness of the 

solutions. These oscillations appeared to be the consequence of large 

initial truncation errors in approximating the temperature and 

velocity gradients in the entrance; they did not appear to be the 

result of instability. 

5. This statement of axial stability is only strictly true 
if the dependent variable at the (n+l)st position is not weighted 
less heavily than at the nth position, i.e., the derivatives are 
approximated at the (n+l/2)th position or beyond. If the axial 
derivatives are evaluated at a position below (n+1/2) stability 
becomes dependent upon the mesh sizes. 
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In one case, the constant wall temperature boundary condition 

with a fully developed velocity profile and constant fluid properties, 

these initial errors could be removed by employing an approximate 

analytical starting solution for the first two axial steps. Extensions 

of this technique to the uniform velocity profile case and to the 

variable fluid property cases were not successful. 



CHAPTER 5 

NUMERICAL RESULTS 

The results of the numerical solutions to the difference 

equations which were developed in Chapter 4 are presented in this 

chapter. The digital computer program employed to obtain these 

solutions is outlined and the methods used for its development are 

first described. 

Method of Solution 

Once the numerical techniques had been developed to solve each 

of the finite difference equations, it was found that they could not 

be simply combined to obtain solutions to the system of difference 

equations. The system could be unstable even though each of its 

components were stable, e.g., errors in the axial velocity could 

generate large errors in the transverse velocity (from the continuity 

equation) which, in turn, could destroy the computed axial velocity. 

It was necessary to establish a sequence in which the equations could 

be solved and then to develop a technique to iterate these solutions 

until they converged to steady values. 

A series of numerical experiments were conducted to determine 

an acceptable sequence to use in solving the finite difference 

equations. It was found that the solutions to the energy equation and 

the combined momentum equation were much less sensitive to the predicted 
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velocity profiles than was the solution to the continuity equation. 

It was also determined that the solution to the continuity equation 

would converge much more rapidly if the axial velocity profile 

satisfied the condition that the total mass flow rate was constant. 

As a result of these experiments, the following solution sequence was 

chosen: 

1. Solve the energy equation (27) for the temperature profile. 

2. Solve the combined momentum equation (35) for the axial 

velocity profile. The profile is adjusted in step 4 as discussed 

earlier. 

3. Solve the X-momentum equation (41) for the pressure. 

•j* 
4. Obtain the axial mass flux profile, p u , from the axial 

velocity profile, the density profile obtained from the pressure and 

temperature profiles and the equation of state for an ideal gas, and 

from the condition that the total mass flow is constant. 

5. Solve the continuity equation (42) for the transverse 

velocity profile. 

6. Iterate steps 1 through 5 until satisfactory convergence 

is obtained. 

7. Compute and print out the heat transfer and fluid flow 

parameters, and print out the velocity, temperature, and pressure 

profiles, if desired. 

8. Advance the solution to the next axial location. 

In most cases, three iterations (step 6) at each axial location 

are sufficient to give converged results. However, seven iterations 
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are employed at the first axial step and at each step immediately 

following a change in the mesh size. 

The mesh sizes are changed as the solutions are advanced in 

"fr* 
the axial direction. Initially, for small values of x , the 

truncated terms in the Taylor's series expansions could be large 

due to the magnitude of the neglected higher order derivatives; 

therefore, a fine mesh was chosen in the thermal entrance region 

to give these truncated terms small coefficients. Larger mesh sizes 

could be tolerated further downstream; consequently, the mesh sizes 

are doubled at three axial locations to reduce the computing time. 

The mesh size used, tabulated in Table 3, was determined from the 

numerical experiments which were conducted to determine the number of 

iterations per axial step. 

Table 3. Mesh Size Schedule 

Range of x x  Increment y Increment 

0.0 to 0.001 0.0001 0.0125 

0.0011 to 0.010 0.0002 0.0250 

0.0102 to 0.100 0.0004 0.0500 

A check of the solution was made by comparing the bulk enthalpy, 

computed by integrating the temperature and velocity profiles across 

the flow channel, to the total energy added to the fluid at the channel 

walls. Figure 6 shows the results of this comparison. The energy 
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balance may be improved by using smaller steps, but this level of 

accuracy is considered adequate for the purposes of the present study. 

As noted earlier, another test of the consistency of the 

solutions is the pressure profile. These profiles are computed from 

the velocity profiles which in turn, are based on the solution to the 

combined momentum equation (35). When applied to the Y-momentum 

equation (11), the order-of-magnitude analysis shows that the governing 

equations used in the present study implicitly contain a negligible 

transverse pressure gradient. In the numerical results reported in 

the following sections there is essentially no pressure variation 

evident in the transverse direction, so the solutions satisfy another 

measure of confidence. 

Digital Computer Program 

The digital computer program used to solve the system of finite 

difference equations is coded in Fortran IV. 

The following quantities are required as input data: 

1. a, b, and c, the property variation exponents 

2. q+, the dimensionless heat flux 

3. Ax*, the initial axial increment 

4. Ay+, the initial transverse increment 

5. N, the initial number of transverse steps, 1/Ay 

6. PrQ, the inlet Prandtl number 

7. Yo, the inlet specific heat ratio 

8. M , the inlet Mach number 
o 
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The program provides the following output in addition to the 

pressure, temperature, and velocity profiles: 

1. x+, the axial coordinate based on inlet conditions 

+ 2. Gzq, the Graetz number based on inlet conditions, 1/x 

3. Gz , the Graetz number based on local conditions 
m 

4. Nu, the local Nusselt number 

5. f*Rem, the local friction factor - Reynolds number 

product 

6. T^, the local dimensionless bulk temperature 

7. Tw/Tm, the local wall-to-bulk temperature ratio. 

The flow diagram for the computer program is shown in Figure 7. 

Initial checks of the program were made with all property 

variations suppressed for the case of fully developed flow at the start 

of the heated section. For the case of constant wall heat flux and 

constant wall temperature,^" the Nusselt numbers computed by the program 

differ from the analytical solutions of McCuen, Kays, and Reynolds [7] 

by about two percent in the near entrance region, decreasing essentially 

to zero downstream. The comparisons between the numerical and 

analytical solutions are tabulated in Table 4. 

1. An analytical starting solution [7] was employed for the 
constant wall temperature case to generate the temperature profiles 
for the first two axial steps. This technique was necessary to 
remove an initial oscillation in the solution caused by the large 
initial temperature gradients. 

f 
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Table 4. Comparison of Analytical and Numerical Solutions 
to the Constant Property Energy Equation 

+  
X  

Constant Wall Temperature 

^"analytical ^"numerical 

Constant Wall 

^"analytical 

Heat Flux 

^"numerical 

0.00025 19.72 19.39 23.79 23.31 

0.0005 16.28 15.64 19.51 18.94 

0.0010 12.74 12.75 15.37 15.35 

0.0050 8.52 8.49 9.99 9.97 

0.0100 7.74 7.73 8.80 8.79 

0.0500 7.54 7.54 8.23 8.24 

0.1000 7.5407 7.5414 8.2353 8.2404 

The results in Table 4 were obtained using an IBM 7094 computer. 

Additional results, using an IBM 360/50, with the same program and the 

same boundary conditions are tabulated in Appendix D. The slight 

deterioration of these latter results is the consequence of the 

truncated 6.7 place (decimal equivalent) arithmetic of the IBM 360/50 

computer. Convergence checks to determine the mesh size were made 

using a CDC 6400 computer which employed 14 place (decimal equivalent) 

arithmetic. 

The numerical results, reported here and tabulated in Appendix 

D, were obtained using an IBM 360/50 computer with a Fortran IV, 

Level H compiler. The computer time to execute a compiled and loaded 

program was about seven minutes for each set of input data. 
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Uniform Wall Meat: Flux with Air Flow 

A sequence of numerical solutions to the governing difference 

equations are reported here for the case of constant wall heat flux. 

These results were obtained for a fully developed laminar velocity 

profile at the start of the heated section. The inlet Mach number was 

assigned a value of 0.01 so that viscous dissipation and compressi

bility effects could be neglected. The fluid was assumed to have 

property variation exponents which approximated the properties of air; 

a = 0.0946, b = 0.807, and c = 0.706. The properties of air are shown 

graphically in Appendix B. 

Figures 8 through 10 show the dlmensionless velocity and 

temperature profiles at several axial locations. These curves are 

"I™ 
plotted for two values of the dimensionless heat flux, q =5 and 

q+ 13 20. Peak wall-to-bulk temperature ratios are about 2 and 3, 

•j* 
respectively. The limiting case, q = 0.0, is the constant fluid 

property solution. In this situation, the axial velocity profiles would 

remain parabolic, corresponding to the profiles shown at x «= 0 in 

Figure 8a and 8b, and the transverse profiles, Figure 9a and 9b, would 

be everywhere zero. These profiles show substantial agreement with 

trends observed in the profiles predicted by Worsoe-Schmidt and 

Leppert [21] with circular tubes and comparable thermal and hydro-

dynamic boundary conditions. 

The effects of the fluid property variations upon the heat 

transfer and fluid friction parameters are shown in Figures 11 

through 13. Figure 11 shows the variation of the local Nusselt number 
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as a function of the local Graetz number and heating rate. The results 

for this figure were obtained from a sequence of numerical solutions 

"t* 
during which the dimensionless heat flux was increased from q = 0.5 to 

+ + 
q =50. (The curve corresponding to q =0 was plotted from the 

constant fluid property solution.) When compared to the constant 

property solution, the results of these computations show a substantial 

increase of local Nusselt numbers in the near entrance region (i.e., 

for Graetz numbers greater than 100). For example, Gz^ = 2000, the 

increase in Nusselt numbers ranges from 2 percent for q+ = 0.5 to 88 

•f percent for q = 50. 

The Nusselt numbers plotted in Figure 11 are shown to approach 

the asymptotic constant property value as the solutions progress 

downstream toward Gz "=10. This aspect is consistent with the results 
m 

of Worsoe-Schmidt and Leppert [21]. However, the present downstream 

Nusselt numbers are above the constant properties prediction whereas 

for circular tubes an increase in heating rate decreases the downstream 

Nusselt numbers. Sze also found this difference in his analyses for 

the downstream region [17]. That is, for circular tubes he found 

Nu/Nu^ to decrease slightly as increases, while for parallel 

plate ducts Nu/Nu^ would increase slightly. 

It was noted earlier that when the results of Worsoe-Schmidt 

and Leppert are presented with the axial distance parameter evaluated 

at the local properties, rather than inlet properties, the predicted 

Nusselt numbers become closer to the constant properties prediction 
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[21, 22]. Correlation for design purposes is also eased. On the other 

hand in the present numerical results, the use of Gz^ leads to a 

slightly greater separation between Nu(Gz) and Nu (Gz) than the use 
cp 

of Gzq; however, as was the case for tubes, the design correlation is 

simplified. 

The engineering significance of the downstream results may be 

limited by the accuracy of the approximations used for the property 

variation. These power law approximations begin to diverge from the 

data when the diinensionless fluid temperature is near 3 (cf. Figure 

B-l). Thus, if a maximum fluid bulk temperature of T = 3.0 is 
m 

established as the upper limit for practical results, then the 

corresponding minimum useful Graetz numbers are: 

Gz = 15 for q+ = 5, 
m . 
min 

Gz = 40 for q+ = 10, m . n » 
min 

Gz «= 65 for q+ = 20, and 
m 
min 

Gz B 150 for q+ = 50. 
m . 
min 

The variable fluid property Nusselt numbers, for constant wall 

heat flux and pure forced convection with a fully developed laminar 

velocity profile at the start of the heated section, may be correlated 

by the following equation: 

. 0.3 0.75 
Nu = Nucp + 0.0238(q ) (Gzm) (48) 
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The quantity, Nu^, represents the constant fluid property Nusselt 

number evaluated at Gz . Nu was calculated by summing the first m cp j o  

twenty terms in the series solution of McCuen, Kays, and Reynolds [7]. 

This correlation fits the numerical results to within +4 percent for 

+ + 
a range of heat flux from q = 0.5 to q =50 and for local Graetz 

numbers ranging from Gz = 10 to Gz = 2000. 
m m 

Equation (48) is generally similar to the correlation 

recommended by Worsoe-Schmidt (cf. Table 1) for flow inside circular 

tubes. The present work, however, shows a substantially stronger 

dependence of the Nusselt number on both the Graetz number and the 

+ 4-
heating rate (i.e., upon q ). For example, at Gz = 2000 and q =10, 

m 

the Nusselt number increase predicted by this analysis is about three 

times as great as the increase predicted for the tube flow under like 

conditions. The difference between the two predictions decreases 

rapidly with Graetz number; at Gz^ = 100, this analysis predicted a 

7 percent increase in the Nusselt number while a 10 percent increase 

is predicted for tube flow. 

The variation of the friction factor - Reynolds number product 

and the variation of the wall-to-bulk temperature ratio with respect 

to the local Graetz number are shown in Figures 12 and 13. The strong 

similarity between these two sets of curves is consistent with both 

analytical and experimental results for flow through heated circular 

tubes [19, 21]. 



The numerical friction factor results are correlated to 

within 11 percent by 

f *Re = 22.83(T /T )1,07 (49) 
m w m x ' 

for 1.02 < T /T < 3.59. These friction factor results are also 
w m 

consistent with the results reported by Worsoe-Schmidt [1] and 

Equation (49) parallels the friction factor correlation for air as 

presented in Table 1. However, the exponent of about one is twice as 

high as predicted by Sze in a quasi-fully developed analysis [17]. 

Gases Other Than Air 

Two additional numerical solutions were obtained with the 

constant wall heat flux boundary condition for the case of pure 

forced convection and a parabolic entering velocity profile. For one 

case, property variation exponents corresponding to those for helium 

were used: 

a *» 0.0 

b ** 0.68 

c = 0.68. 

There is no significant departure from the Nusselt number results 

obtained for air for this case; the results fall about 5 percent 

below those for air. The friction factor and the wall-to-bulk 

temperature ratio results for helium are also close to comparable 

results obtained for air, being about 5 percent higher. 

A fictitious, compressible, ideal gas with constant transport 

properties and specific heat was considered in the second solution. 
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For the latter case, the Nusselt number results are about 16 percent 

below the constant property, incompressible solution for the Nusselt 

numbers. The friction factor results display the same form of 

variation with wall-to-bulk temperature ratio as seen for air and 

helium; however, with constant transport properties, the friction 

factor results are 13 percent below, and the wall-to-bulk temperature 

ratios are 45 percent above, the corresponding values for air. 

The Nusselt number results described above are plotted in 

Figure 14. Tabulated results are listed in Appendix D. 

The trends of these comparisons indicate that the nature of 

the assumed transport property variations is significant but that power 

law gases having approximately the same exponents follow the same 

trends. This conclusion was also expressed by Worsoe-Schmldt [23] for 

circular tubes when he compared his results for air and helium (power 

law gases) to his results for carbon dioxide (cf. Table 1). 

Special Thermal Boundary Conditions 

The digital computer program used to obtain the solutions 

described above is sufficiently general to permit the application of 

any thermal boundary condition which could be expressed as a function 

of the axial distance. The only restriction is that the same con

ditions must apply at both of the bounding plates. This restriction 

is the consequence of the program being structured to require both 

hydrodynamic and thermal symmetry about the midplane. 
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A sequence of constant fluid property, incompressible flow 

solutions were obtained under the condition of a constant, fully 

developed, parabolic velocity profile throughout the heated section. 

These solutions were obtained for the following thermal boundary 

conditions: 

a. Step increases in the wall heat flux occurring at 

4> 
x = 0 and x =0.01, 

b. A ramp increase in the wa11 heat flux, 

c. A ramp decrease in the wall heat flux, and 

d. A sinusoidal heat flux distribution. 

These numerical solutions gave excellent agreement with the analytical 

solutions obtained by applying the superposition technique of Siegel, 

Sparrow, and Hallman [6] to the eigenvalue solutions presented by 

McCuen, Kays, and Reynolds [7]. In developing the eigenvalue solutions 

for variable wall heat flux, the wall heat flux variation was 

approximated by a sequence of steps midway between the axial mesh 

points. At each axial step the series solutions were obtained by 

summing up to a maximum of the first twenty eigenvalues and their 

related eigenfunctions. A test was incorporated into the summing 

procedure to terminate the process when the additional terms became 

less than exp (-20). 

The results of the numerical and analytical solutions, tabulated 

in Appendix D, agree within 0.5 percent for values of the Graetz number 

less than 500. For a Graetz number of 2000, the numerical solutions are 
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from 3 to 10 percent greater than the analytical solutions with the 

larger discrepancy being associated with the two cases, b and d, in 

which the heat flux increases from a low (but non-zero) value. The 

error in these two cases is a consequence of truncation errors in 

the numerical solution rather than insufficient terms in the eigen

value solution. These errors resulted from the numerical evaluation 

of the wall temperature gradients for the low heat flux cases. Good 

agreement, +1 percent, was obtained at a Graetz number of 2000 for 

q+ - 10 (cf. Table D.l). 

The constant wall temperature boundary condition did not 

yield stable solutions when applied to any of the cases of compressible 

flow. It was noted that the large density gradients near the wall 

generated disturbances in the axial velocity results which were 

subsequently amplified during the solution of the continuity equation. 

Even though these oscillations diminished as x increased, they were 

serious enough to destroy the usefulness of the solutions in the 

entrance region. Earlier, an analytical starting solution had been 

used effectively with the constant wall temperature boundary condition 

for the energy equation in a constant property, incompressible flow 

solution (cf. Table D.2). Unfortunately, an extension of this technique 

to provide an analytical starting solution for the axial velocity 

profile was not successful in removing the oscillations from the 

numerical solutions. 



CHAPTER 6 

EXPERIMENTAL INVESTIGATION 

An experimental investigation was conducted as a part of this 

study to examine the validity of Lhe analytical model. An electrically 

heated tube of circular cross section was used. Such a choice of 

geometry differs considerably from that considered in the present 

numerical analysis. However, a comparable analysis by Worsoe-Schmidt 

[1, 23] was available for circular tubes. Since the present governing 

equations were developed on approximately the same bases as those of 

Worsoe-Schmidt, experimental confirmation of his results serves as 

partial confirmation of the basic assumptions of the present study. 

In addition, the trends of the two analytical solutions were the same, 

so observation of the same experimental trends may be taken as approxi

mate verification of the present analytical results. 

As mentioned in the Introduction, the study of circular tubes 

is important in its own right. Also, the circular tube is one limiting 

case for annular geometry. It was noted under Previous Investigations 

that the main differences between high and low heating rates appear in 

the immediate thermal entry, i.e., for local Graetz numbers greater 

than 85 [1, 22]. The analytical results for high heating rates in 

this region must be verified then if the method is to be extended to 

variable wall heating conditions (effectively a continuing thermal 
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entry) with confidence. In the present experiments, the first data fall 

at Gz - 1000 and temperatures are also measured at Gz = 300 and 
m m 

Gz = 150. 
m 

The idealizations of negligible natural convection and negligible 

viscous dissipation are bases of the analysis. Worsoe-Schmidt [1] has 

presented criteria whereby these idealizations are approached. For the 

test section employed in the present experimental study, operation near 

atmospheric pressure meets the criteria. 

Figure 15 shows a schematic diagram of the high temperature 

heat transfer facility used during the experimental part of this 

investigation. This facility is described in detail in a recent 

thesis by Reynolds [36], 

Test Section Construction 

The test section, through which the process gas was passed, 

consisted of a vertical circular tube of constant cross section with 

a heated length of 100 diameters. The heated length was preceeded by 

a 100 diameter entrance length and followed by a 30 diameter exit 

length. The entire section was fabricated from a single length of 

Inconel Alloy 600 with a nominal outside diameter of one-quarter inch 

and a wall thickness of 0.011 inches. Only thermocouple connections 

were made to the test section along its heated length; however, pressure 

taps were provided upstream and downstream from the heated section. To 

insure a smooth, burr free, inside bore the pressure taps were dis

integrated through the test section wall by electrostatic drilling. 
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All connections for electrical power and process" gas were made with 

stainless steel fittings brazed to the test section with a high 

temperature gold-nickel brazing alloy. The thermocouple connections 

were made by spot welding the individual thermocouple wires to the 

test section surface. 

The entire test section assembly was placed inside a vacuum 

vessel six inches in diameter by six feet long for operation. This 

configuration had low convection and conduction losses from the test 

_ 2  
section surface (a vacuum of less than 10 torr was maintained in 

the vacuum vessel during operation), allowed for local energy loss 

evaluation, and gave rapid thermal response. 

Power Supply and Measurements 

The power supply for the test section consisted of a power 

transformer in series with a variable output voltage autotransformer. 

The power input to the autotransformer was obtained from the building 

circuits through a voltage regulator. Unrectified alternating 

current was supplied to the test section for ease of control and 

because the 60 cycle frequency could be easily filtered out of the 

thermocouple signals. 

The test section and its associated power circuit had a calcu

lated inductance of 3.1 microhenries which gave a computed inductive 

reactance of 0.0012 ohms. (See the text by Beckwith and Buck [37] for 

the methods of calculation.) Since the test section had a minimum 

(cold) resistance of approximately 0.125 ohms, the power factor was 



computed to be 1.0000. The load, therefore, was considered to be 

purely resistive and no power factor corrections were made."'' 

The voltage drop along the test section and the current through 

it were measured by electrodynamic meters so that wave form distortions 

introduced by the power transformers would not degrade the measured 

values. (For the air data, a Fluke Model 883A Null Voltmeter was 

employed in lieu of the electrodynamic voltmeter.) Both the voltmeter 

and the ammeter with its associated current transformer had rated 

accuracies of one-quarter percent of their full scale readings. 

Gas Flow Measurement and Control 

The air and helium used during the experimental phase of this 

investigation were supplied from standard compressed gas cylinders. 

Gas pressure was reduced from the cylinder pressure to the test section 

pressure by a two stage pressure reducing valve. The gas was then 

passed through an integral orifice differential pressure cell which was 

employed to measure the gas flow rates. After leaving the metering 

orifice the gas flowed, in sequence, through a variable area flow meter, 

the inlet gas mixer, the test section, an aftercooler, a micrometer 

flow control valve, and was then vented to the atmosphere. For the 

runs with helium as the test gas, a wet test meter and a "laminar flow 

tube" were installed downstream of the flow control valve. The 

1. A subsequent power factor measurement made on the test 
section power circuit showed, inconclusively, a power factor of 
unity with an uncertainty of about four percent. 
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"laminar flow tube" was installed as a consequence of an unacceptably 

large error in the helium flow rate as determined by the variable area 

flow meter. This flow tube was fabricated from a length of Inconel 

tubing of dimensions comparable to the test section and was calibrated 

against the wet test meter. 

The following measurements were made on the gas stream: 

Metering orifice orifice pressure drop 

outlet gas temperature 

outlet gas pressure 

Variable area flow meter float position 

outlet gas temperature 

outlet gas pressure 

gas temperature 

gas pressure 

gas pressure 

gas pressure 

gas temperature 

gas pressure 

gas temperature 

gas pressure drop 

Inlet gas mixer 

Heated section inlet 

Heated section outlet 

Wet test meter 

"Laminar flow tube" 

Test Section Temperature Measurement 

The outside surface temperatures of the test section were 

obtained from the output of 36 gage, premium grade, Chromel P - Alumel 

thermocouples which were spot welded to the outer test section surface. 

The test section thermocouple junctions were made by spot welding the 
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wires to the surface individually at the same axial location but spaced 

between five and ten wire diameters apart circumferentially. A pre

liminary investigation showed that this method of attachment not only 

produced the most reliable joint mechanically but also gave the lowest 

thermocouple error. An analysis of this method of thermocouple con

struction was performed by Hess [38], 

The thermocouple output voltages were determined by a self-

balancing millivolt potentiometer connected to the thermocouples 

through an Adjustable Range Unit and a multiple channel selector switch 

manufactured by Honeywell. This particular potentiometer system was 

chosen as the best compromise between system cost, ease of calibration, 

ease of operation, accuracy, and versatility. The estimated un

certainty in the thermocouple output measurements was kept low with 

this potentiometer system since the accuracy of the indicating 

potentiometer (0.30 percent) was applied only to a maximum span of 

five millivolts of the thermocouple output, the remainder being 

suppressed (+0.10 percent) by the Adjustable Range Unit. 

Experimental Procedure 

After the high temperature heat transfer system had been con

structed and leak tested, a series of tests were conducted, with and 

without gas flow, over a wide range of operating temperatures. These 

tests were used to calibrate system components and to insure that 

subsequent test runs were conducted with a test section which had a 

stable surface, though oxidized. 
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A portion of the heat loss runs without flow were conducted 

with a movable thermocouple probe inserted axially within the test 

section. Tests made with this configuration were used to verify the 

thermocouple conduction errors predicted by Hess [38]. These tests 

also provided test data from which the surface emissivities were 

computed and gave resistance calibration data for energy generation 

calculations. 

Preliminary flow runs were conducted with air, helium, and 

nitrogen as the test gases, with and without heating. The scatter of 

the heat transfer and friction factor results of these runs indicated 

that flow at the higher Reynolds numbers in the laminar range would 

give less data spread. This conclusion, and the observation that the 

helium heat transfer results had about half of the scatter of the 

other two gases, was consistent with the predictions of the uncer

tainty analysis (see Appendix E). However, at high helium flow rates, 

2 adiabatic runs showed unexpectedly large errors in the flow rate. As 

a consequence, the "laminar flow tube" described in the preceeding 

section was constructed and installed. 

In order to obtain heat transfer data with low experimental 

uncertainty it was desired to set the gas flow rate to give high 

laminar Reynolds numbers. Prior to each set of experimental runs and 

2. The errors were due to a difference in flow regime in the 
variable area flow meter. When calibrated with air by the manufacturer, 
a turbulent drag coefficient curve described the results. But, for the 
same reading with the lower density helium, transitional or Stokes 
flow would be present. 
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after the approximate flow rate and test section pressure had been 

chosen, the appropriate pressure gages were connected to the test 

section pressure taps and flow metering orifice pressure taps. Under 

no-flow conditions, with the test section open to the atmospheric 

pressure, the zeros of the pressure gages were correctly adjusted and 

the output of the differential pressure cell was adjusted to compensate 

for the local barometric pressure. Following these adjustments, the 

test section pressure reducing valve and the micrometer flow control 

valves were set to give the desired test section pressure and mass 

flow rate. No further adjustment was made in either the pressure 

setting or the flow rate during the remainder of a set of experimental 

runs. 

The readings of all instruments were recorded when steady 

state conditions were established and before power was applied to the 

test section. Thus, readings were available to calculate adiabatic 

friction factors at the same flow rates as the heated runs. Then the 

electrical power to the test section was set at some low level and, when 

steady, the readings of all instruments were recorded. Following this, 

a new and higher power setting was established and, as before, the 

pertinent data were recorded. In this sequence, the power level (and 

hence the heat flux to the gas) was increased to some predetermined 

maximum value. At the conclusion of this procedure, either a new 

test section pressure or gas flow rate was established and the entire 

process repeated, or else the test was discontinued. 



Adequate time was allowed between each power setting to allow 

the test system to reach a new steady condition before the instrument 

readings were recorded. Due to the low thermal capacitance of the 

experimental system only about fifteen minutes were required for a new 

equilibrium condition to become established. 

Figure 16 shows the test section surface temperature profiles 

with almost the same energy generation rates for three conditions: 

1. A no-flow heat loss calibration run, 

2. A test run with air (run number 803), 

3. A test run with helium (run number 40). 

This figure shows that at the higher test section temperatures 

the temperature profiles with gas flow approach the temperature profiles 

without gas flow since a greater fraction of the generated energy is 

lost by radiation. This is a consequence of the dominating radiation 

losses at the higher surface temperatures. As a result of these large 

radiation losses, and the accompanying large uncertainty in the heat 

flux to the gas, the significant experimental wall-to-bulk temperature 

ratios were limited to about 1.7 for air and 1.9 for helium. 

The accompanying Figure 17 shows the axial variation in the 

fraction of the total energy generated which enters the test gas for 

two cases for which the power supplied to the test section was 

essentially the same (Cases 2 and 3 above). The bulk temperature 

increase of the test gas is proportional to the heat flux to the gas 

and the mass flow rate - specific heat product, mc^, and the uncer

tainty in the bulk temperature increase depends on the uncertainty 
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in the same two factors. Since the Nusselt number results depend upon 

the gas heat flux and the wall-to-bulk temperature difference, the 

least uncertain results were obtained for experimental runs in 

which Qgag/E was close to unity and the product was large. For 

these reasons the results obtained for high laminar Reynolds number 

helium flow had the lowest estimated experimental uncertainty and the 

least scatter of the experimental data. The evaluation of the 

experimental uncertainties is described in Appendix E. 

Following the calibration runs, a sequence of experimental 

runs were made with air and helium as the test gases. For these runs 

the following conditions were obtained: 

a. Entering Reynolds numbers were large, ranging from 

1458 for air to 2065 for helium. 

b. Entering gas bulk temperatures were near the ambient 

temperature, ranging from 70.5F to 75.3F. 

c. Entering gas static pressures were near atmospheric 

pressure, ranging from 13.33 psia to 13.50 psia. 

d .  The test section maximum surface temperatures ranged 

from T = 195F to T = 1576F. 
w w 

•|-

e. The dimensionless gas heat flux ranged from q = 0.232 

to q* " A.88. 

f. The wall-to-bulk temperature ratios ranged from 

T /T - 1.04 to T /T = 1.93. 
w m w m 

g. Data were obtained for values of axial position ranging 

from x/D - 1.21 to x/D = 97.5. 



Data Reduction 

The heat transfer data obtained with the experimental facility 

was reduced with the aid of a digital computer program. This program 

is described in detail in Reynolds' dissertation [36] so only the 

main features will be outlined here. The function of the program was 

to convert the raw experimental data into refined results presenting 

local values of the Nusselt number, the Reynolds number, the Graetz 

number, xm> bulk velocities and temperatures, and the wall-to-bulk 

temperature ratios. 

The following input was required by the computer program: 

a. Test section data 

1. Dimensions of the cold test section 

2. Thermal conductivities 

3. Surface emissivities (tabulated data based 

upon the preliminary test results) 

4. Thermal expansion coefficients 

b. Test gas data 

The thermodynamic and transport properties of the 

the test gas were entered in tabular form. 

c. Thermocouple conversion data 

These data were entered in tabular form. 

d. Experimental data 

These data were entered in the form in which they 

were recorded during the experimental runs. Only 

the mass flow rate was evaluated before the data 

were processed by the program. 
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The organization and operation of the data reduction program is 

described in the following annotated flow listing: 

1. Convert thermocouple output data (millivolts) to 

degrees Fahrenheit. 

2. Correct test section surface temperatures for 

thermocouple conduction errors. 

3. Compute new thermocouple locations resulting from 

thermal expansion and calculate heated test section 

length. 

3 4. Generate test section surface temperature profile. 

2 5. Compute local energy generation rates, I R^. 

6. Compute conduction losses along the test section and 

at the electrodes. 

7. Compute test section surface emissivities and surface 

(local) radiation losses. 

8. Compute the heat flux to the test gas and the gas 

bulk temperature increase. 

9. Compute the test section interior surface temperature. 

3. Test section surface temperatures were approximated at 
one-quarter inch intervals measured along the heated test section. 
These temperatures were approximated by using a parabolic curve 
fit between three adjacent data points. The method employed, sub
routine FIT, was developed by McEligot and is described in his 
dissertation [39]. 
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10. Compute the heat transfer parameters at thermocouple 

locations 

Nusselt number 

Reynolds number 

Graetz number 

+ 
x 

u 
m 

T m 

T /T . 
w m 

11. Print out results. 



CHAPTER 7 

EXPERIMENTAL RESULTS 

The results of the experiments indicate that the measured 

Nusselt numbers are slightly below both the constant property and the 

variable property predictions in the near entrance region and somewhat 

above them in the downstream region. The differences between the 

analyses and the experiment are not large and are within the limits 

set by the estimated experimental uncertainty. 

The results of the experimental study are summarized in 

Figures 18 and 19, where the local Nusselt numbers are plotted against 

x*, with both coordinates based on the local bulk properties. The 

estimated experimental uncertainties are shown for one run on each 

figure. These runs, air run 802 and helium run 42, are representative 

runs and are picked for this comparison because they had similar 

surface temperatures. The experimental heat transfer results are 

tabulated in Appendix F. 

Included in Appendix F are the Nusselt numbers (tabulated as 

Nuyg) predicted by the variable property analysis of Worsoe-Schmidt [23]. 

These Nusselt numbers were calculated by applying the variable property 

corrections of Worsoe-Schmidt (cf. Table 1) to the Nusselt numbers 

computed for the constant property, variable wall heat flux analysis. 

The latter values were computed by using the superposition technique. 

This technique, presented by Siegel, Sparrow, and Hallman [6], was the 
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same as the method of analyzing the variable wall heat flux cases 

discussed in Chapter 5. For the present cases only eleven terms were 

computed in evaluating the series. Experimental values of the heat 

flux were used in these computations. The heat flux variation was 

treated as a sequence of steps which occurred midway between the 

thermocouple locations. 

The predictions derived for property variation, as described 

above, are shown on Figures 18 and 19 for the conditions of air run 

802 and helium run 42, respectively. The predicted and experimental 

Nusselt numbers agree within the limits of experimental uncertainty; 

however, there appears to be a contrast between the experimental data 

and the variable property theory. In the entrance region the experi

mental Nusselt numbers fall slightly below the constant property 

predictions and most are slightly above the predicted values in the 

downstream region. This behavior is most noticeable for the air runs 

which have a greater uncertainty than the helium runs. 

Examining the more accurate helium data closely, one sees the 

trends of Worsoe-Schmldt's results are confirmed here. In the thermal 

entrance, the Nusselt numbers get progressively higher at a specified 

location, x^, as the heating rate is increased. For example, near 

" 0.003, Worsoe-Schmidt predicts a Nusselt number increase of 4.0 

•f 
percent between q =0.25 and q =4.9, the range of the present data. 

The increase of the experimental results is about 4.5 percent if the 

points are projected back to the same value of x*. It appears that 
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there is a systematic error which lowers the Nusselt numbers slightly 

in the thermal entrance; however, the relative behavior is verified. 

In the downstream region, the analysis of Worsoe-Schmidt 

*4" 
predicts a spread of less than seven percent up to q = 20. Thus, 

if the wall heat flux were axially constant in each run of the present 

analysis, then the predicted differences would be almost indiscernable 

over the range of q+ investigated. For the lower heating rate data, 

q does not vary strongly in the axial direction and the variations of 

the resulting Nusselt numbers are indiscernable. 

The wall temperature and the associated heat loss increase as 

the heating rate is increased. The general trend then becomes a 

significant axial drop of the wall heat flux as the radiation losses 

increase (increasing approximately as T^ ). However, one may see 

from the heat loss run on Figure 16 that there was an apparent axial 

variation in surface emisslvity which would modify the rate at which 

q* decreases. One may hypothesize that these variations account for 

the several low Nusselt numbers for the higher heating rate runs near 

"f* 
x B 0.07. The predictions calculated from the eigenvalue solutions 

do not show these low Nusselt numbers, but this solution, using a 

sequence of step changes in the heating rate, may not represent a 

decreasing ramp function adequately, particularly when the data are 

far apart. The correct explanation cannot be determined from the 

information available. 
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In summary, the downstream results also seem to verify the 

analysis of Worsoe-Schmidt within the range of the current experiments. 

As noted earlier, such confirmation may be taken as partial verifica

tion of the basic assumptions of the present numerical analysis for 

parallel plate ducts and of the present numerical results. 



CHAPTER 8 

CONCLUSIONS 

The principal conclusions reached as a result of the numerical 

analysis are: 

1. The combined effect of fluid transport property, density, 

and specific heat variation is to increase the local Nusselt numbers 

above the corresponding constant property values. The magnitude of 

the increase varies with the local Graetz number and the heating rate, 

•j* 
q . Thus, the departure from the constant property solution is the 

strongest in the entrance region and diminishes downstream, approaching 

the constant property solution. The local Nusselt numbers obtained in 

the thermal entrance region between heated parallel plates may be 

correlated by the following equation: 

+ 0.3 0.75 
Nu «= Nu + 0.0238(q ) (Gz ) 
x cp ' v m 

The above correlation fits the numerical results to within four percent 

for the following range of conditions: 

a. Local Graetz numbers ranging from 10 to 2000, 

b. Constant wall heat flux values ranging from 

q+ «= 0.5 to q+ = 50, 

c. Pure forced convection, 

103 
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d. A fully developed laminar (parabolic) velocity 

profile at the start of the heated section, 

e. Gas properties with power law variations 

corresponding to air. 

2. The friction factor - Reynolds number product was a stronger 

function of the wall-to-bulk temperature ratio than were the heat 

transfer parameters. The numerical results may be correlated by 

f-Re = 22.83(T /T )1,07 
m w m 

for the same range of conditions as before. This correlation fits the 

numerical results to within eleven percent for a wall-to-bulk 

temperature ratio range of T /T ° 1.02 to T /T «= 3.59. 
w m w m 

Experimental results for a circular tube were in essential 

agreement with the analytical predictions of Worsoe-Schmidt. With 

air and helium flow through a vacuum-isolated, resistively heated 

test section, experimental Nusselt numbers were obtained which agreed 

with the variable property predictions within the limits set by the 

estimated experimental uncertainty for a range of local Graetz numbers 

from Gz = 5.3 to Gz ** 1250, and for heating rates ranging from 
m m 

q+ = 0.23 to = 4.9. 



APPENDIX A 

ORDER-OF-MAGNITUDE ANALYSIS 

An order-of~magnitude analysis forms part of the analytical 

study in the present investigation. Since the flow is considered to 

be of the boundary layer type, those terms in the governing partial 

differential equations which are shown to be an order of magnitude 

(or more) smaller than the remaining terms are assumed to represent 

correspondingly small perturbations in the temperature and velocity 

profiles and are neglected. For the purpose of this analysis it is 

assumed that the dimensionless fluid properties are of order unity 

and their inclusion will not effect the order of magnitude of the terms 

in which they occur. 

Schneider [AO] showed that the effects of axial conduction 

could be neglected for values of the PrQReo product less than 100; 

therefore, the application of the results of this investigation is 

restricted to values of PrQReo ranging from 100 up to about 1400, 

the limit for laminar flow. For this range a small number, 6, may 

be defined as 

6 B PTrT* " 0<°-O1> (A"1) 
o o 

From the definitions of the dimensionless coordinates, it can be said 

that the derivative with respect to x+ is an order of magnitude smaller 
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than the derivative of the same variable with respect to y , or 

in other words, 

+ + + + 
3p u » „ 3p u 
~+~ ~ 6 + ~ 
3x 3y 

This conclusion also follows if the transverse velocity is considered 

as a small perturbing component of the bulk velocity. Due to the 

property variation, the continuity equation remains 

~ + + ~ + + 
8.P u + 9P v = o 
+ + 

3x 3y 

+ + 
rather than reducing to (3u /3x ) = 0 as it does for internal flow with 

constant properties beyond the flow entrance length. Since 3p u /3y 

is of order unity it follows that each term in the continuity equation 

+ + 
is of order (6) and, from this, it follows that the p v product is 

also of order (6). 

The relative orders of magnitude of the terms in the X-

momentum equation are as indicated beneath the corresponding terms: 

+ + 3u+ , + + 3u+ 4 9p+ , A 3 T + 3u+ 3v+-\l 
pu —r + P v — + T y (2 —r vj 

3x 3y 9y M2 3x 4Pr Re 3x L axT 3y^J 
' 'o o o o 3 

1 * 6  6  *  1  i  *  6  6 2  •  6  [ 1  ( 6  -  6 ) ]  

32Pr . . , + 
. o 3 r + 3u 
+ — + (p —J 

3y 3y 

l • i (l) 
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This equation reduces to the following when terms of order 61' are 

neglected as small when compared with terms of order 6: 

+ + 3u* , + + 3u* 
p u + p v 

3x 3y 

. . + 32Pr . 
+ ° 3_ 

+ • 3 3y 
9y M2 3X 
'o o 3y 

(A-2) 

The relative orders of magnitude of the terms appearing in the 

combined momentum equation are 

3y 

r+ + 3u* . + + 3u 
T [p u ^ • P V — 

1  [ 1 * 6  

3y 

6 • 1 ] 

16 Pr2Re2 3x 
o o 

' + + 3v+ , + + 3v+ 
p u —- + p v —-

dx 

6 2  •  6  [1 ' 6 

ay 

6 • 1 ] 

32Pr 32 ( + 3u 

3y +2 
( ̂  du 1 
b —+) 

3y 

(1) 

2 32 3uj 

3Pr_Re2 3x+2 3y 
o o 

6 2  •  6 2  (1) 

9Pr Re2 
o o 

6 2  ( i [« C i C « - « ])] 

+ [h - ^)i 
3x L3y 3y 3x 

[ i  ( i [  «  -  O ) ]  

If terms of order 614 are neglected when compared with terms of order 6, 

the combined momentum equation reduces to 
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d ' + + 8u+ , + • 
p u —- + p v 

3x 

+ + 8u 

3y 
+ 

+ 
(A-3) 

An order-of-magn±tude analysis is not presented for the 

Y-momentum equation, equation (11), because no direct solution is 

obtained during this investigation. Equation (11) is used only in 

obtaining equation (12), the combined momentum equation. From 

equation (A-3) above it is seen that the Y-momentum equation is 

essentially neglected since equation (A-3) is simply the y derivative 

of the X-momentum equation, equation (A-2). However, if one performs 

an order-of-magnitude analysis for the Y-momentum equation with the 

same approximations as used above, he finds the usual boundary layer 

equation, (3p/3y) = 0. 

somewhat less conclusive. While those shear work terms containing the 

transverse pressure gradient and those containing the viscous con

tribution to the normal stress can be neglected as being several orders 

of magnitude smaller than the remaining conduction and convection 

terms, the remaining shear work terms involving the axial pressure 

gradient and the transverse axial velocity gradient can be neglected 

only if their coefficients are small. However, Schlichting [31] noted 

that the effects of frlctional heating are not significant for sub-sonic 

flow, a conclusion also reached by Hwang, Knieper, and Fan [14] in their 

study of dissipatlve flow. 

The order-of-magnitude analysis of the energy equation is 
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Finally, a preliminary investigation by the author showed that 

the effects of viscous dissipation and expansion work produced only a 

three percent increase in the Nusselt number for an entering Mach 

number of 0.5.^" Without expansion work and viscous dissipation, the 

energy equation reduces to 

+ + 3h+ . + + 3h+ _ 32 3 r ,  +  3A  
pu — + p v — - 3 + (k —J (A-4) 

3x 3y 3y 3y 

1. Since the Mach number of the fluid increases approximately 
as the square root of the bulk fluid temperature, care must be taken 
to avoid applying the results of this analysis to situations in which 
choking may occur in the downstream region due to the high heating 
rate. For this investigation the entering Mach number, M , is assigned 
a low value, 0.01, to insure subsonic conditions in the downstream 
region. 



APPENDIX B 

POWER LAW APPROXIMATIONS 

The fluids studied in the analysis are considered to be perfect 

gases whose transport properties, thermal conductivity and viscosity, 

and specific heat at constant pressure follow power law variations. 

The approximating exponents for air are obtained from graphs made from 

the National Bureau of Standards tabulations by Hilsenrath et al. [41]. 

These results are shown in Figure Bl. 

The power law approximations for helium are taken from 

McEligot [39]. The results for helium are: 

0 . 0  
°p fT i 
c " IT") 
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APPENDIX C 

FINITE DIFFERENCE APPROXIMATION TO THE 

COMBINED MOMENTUM EQUATION 

A third order finite difference approximation for the combined 

momentum equation, 

3 + 33u 

3y+3 32Pr (T+) 

4* •}* 4* i"4* "4* *f* "t* n 4* 
3p u 3u „+._+ 3 u 3p v 3u , 32u 

+ + 
3y 3x 

+ p u 
+ + 

3xdy 
+ + 

3y 3y 
+ p v 

3y +2 

3u 

3yH 

c(c-l) / 3T 

(T ) 
C^) 

c 3^T 2t
+ 

3y T+ 3y+2 

2c 3t^ 32u+ 

T+ 3y+ 3y+2 
(C-1) 

is used in this analysis to calculate the axial velocity profile, 

4* 
u (x ,y ). The approximation is developed from a set of Taylor's 

series expansions of the temperature and velocities. The procedure 

followed yields a finite difference equation requiring the evaluation 

of the third derivative of the axial velocity about three adjacent 

transverse mesh locations. Figure Cl shows the mesh network used in 

the development of the finite difference equations. 
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Synopsis 

A third order difference relation is developed in a manner 

+ 2 + 2 
which yields a trucation error of the order (Ay ) + (Ax ) . This 

relation is a weighed average of third order derivatives evaluated 

across the stream at adjacent nodes. These third order derivatives 

are, in turn, available in terms of lower order derivatives, from the 

combined momantum equation itself (C-l). Subsequently, the lower order 

derivatives are approximated by finite differences producing, as a 

final result, a finite difference equation interrelating the values of 
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the axial velocity at eight discrete locations"'' within the interior of 

the flow field. The procedure followed in obtaining this difference 

equation is outlined below. 

Third Order Difference Relation 

Using Taylor's series expansions, one may write the axial 

velocity at the mesh points (n+1, j+1) , (n+1, j), and (n+1, j-1) in 

terms of adjacent points 

n+1 n+1 , + ,n+1 +.2 .2 + in+1 +.3 .3 + xn+1 
U
+  = U +  . + A y  + u*- + y) ijl. + <*y) a u ) 

"J +4y + 
3yW ^ « ay+3^ 

+ ̂ 4 * ) + 0 (Ay+)5 (C-2) 

n+1 n+1 + f+1 f +.2 2 + ,n+1 . +.3 3 + .n+1 
+ « u

+  - av +  — + < A y  > ) - <Ay ? i-y-
uj-I J 4y 

8y+J 2 3yw 6 9y«; 

+ 4 ij + n+l 
+  + < ) t o + ' 5  <° - 3 '  

1. The resulting difference equation involves eight interior 
points Instead of twelve since the axial derivatives are evaluated at 
the position, n+h, e.g., 

*  + / ,  + \ n ^ ^  r  n+1 n-> / + , rt/. +̂ 2 
3u /3x ;j » (u^ - Uj//Ax + 0(Ax J 

This two level scheme is adopted for solving the combined momentum 
equation in preference to the three level scheme because it can be 
solved in less machine time. 
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+n+l +n+l + a + \ + 2 3
3
u+\ 4(Ay+)3 

u ^ - U j - a A y  J  +  2 ( A y > - ^ ]  -  - ± ± ± - — )  

+." .«• + n+1 

- ) -~ir) + 0<AyV (C-4) 
J av+ / 

3" j 

The symbol 0(Ay+) indicates that terms containing (Ay+)5, and smaller, 

have been neglected. 

The three above equations (C-2,3,4) can be combined to give 

two equations from which the first derivative is removed 

.n+1 n+1 ,n+l , 0 „2 + ,n+1 +-4 '* + vn+1 

•v .  • -v .  -  »*.  •<»*»•  ̂  •*• -£)  «-» 

.n+1 .n+1 ,n+l .2 + vn+1 +.«» a«» + f*1 

au+
j+1 -V2 - + 3^+>2 + ̂ r^) 

3y 3y j 

3 + n+1 

- Uy+>3 ~j) (C-6) 
sy+ >} 

From the remaining two equations (C-5,6) the second derivatives can be 

removed to obtain, finally, one relation containing only the third, 

and higher, order derivatives 
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.n+1 ,n+l ,n+l ,n+l , , „3 + \ +.4 «» + N 
u+ - 3u + 3u - u+ - (Ay ) 1JL.) _ <^y ) iJL.\ 
U j+1 J j j-1 j-2 ; 

ay+3 } 2 ay+«, ) 

(C-7) 

If the fourth derivative in equation (C-7) is approximated by the 

following backwards finite difference approximation of third derivatives, 

3 

3y' 

\ 

* 
n+1 

2Ay 

3 + n+1 
3 + n+1 

3 ^ 1  + 1  9 u \ 

j-1 
3y 

3 + "+1 

£ 
j"2 

(C-8) 

the following finite difference equation results: 

,n+l .n+1 + , + 
u .w '3u .1 

,n+l n+1 
3 

3y 

. n+1 n+1 n+1 
3 + \ . 3 + % ^ 3 +\ 
-iL. ) +4 _ a " ) 

(Ay+) 

(C-9) 

Since a two level scheme is used to express the axial derivatives, the 

above equation is rewritten at the (n+^)th axial location, 
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n+1 +n+l n+1 n+1 n n n n 
„ w - 3u 4- 3u ̂  - u i-2 f ° w - 3u 1 + 3u i.1 - « i-2 

2(Ay+)2 

,3+,n+% ,3+f^ ,3 + n+!5 
3  u  \  j . B u )  3  u  

+ A 
i + \ 

P). 8y+3/, ' 9y+3/ »y+3. t 
J J-± J_£ (C-10 

Equation (C-10) relates eight interior mesh points to the combined 

momentum equation at three transverse locations with a truncation 

error of 0(Ay+)2. 

Substitution of Partial Differential Form of 

Combined Momentum Equation 

The combined momentum equation may be written at (n+^, j) as 

n+1 . n . n+1 
+ a°+1 ' 

-r . J av ). J av J av /. J av '. 

+3/ 

, j»''i - a y  J 

sy ^ 

+ c 
n+% 3u+ 

n+̂  
3u \ 

9x+/ 
+ D n+h 3 

2 + " 

— ) +~ + / 
x av >. 

n+Jj 

(C-ll) 
3x 3y 

where the coefficients are 
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• , -'n 
i n q + + 

An.^=4) .ILL* 
j j_n * + / c 

T+ ay ' ,n 
j j 32Pro(T i ) 

.n+1 . + + 
.n+1 2c 3T \ p V j 

n+1 

, n+1 + 
r+ 9y ' n+1 

32Pr ,('+i ) 

c 32T+ \ c(c-l) 

+n 3v+2 > +n 2 TVy j <TV 
rn 

ax \ 

ay+ / 

3 aPV 

( +n \ 3y+ ' 
32Pro(T j ) j 

„n+l 
n+1 

c a2T \ cCc-l) 
,n+l „ +2 j . ,n+l 2 

8y 
j J  ( T ,  )  

n+1-
ax \ 

3y+ / 

l£ 
+ + 

n+1 

+ / 

,n+*2 

+n 4-n+1 

(141^) 32Pr 

+ + n 

»* I I 

I +n+* \ 1 
32PrQ(T j ) J 

n+1 n 

_n+^ 

32Pr 

n n+1 
T + T 

.1 .1 

T+n T+n+1 

" "  1  +  p u 1  

(C-12) 
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Similar expressions for the combined momentum equation may be obtained 

at (n+Js, j-1) and (n+%, j-2) by revising the subscripts above. 

The combined momentum equations written for the three points, 

(n+%, j), (n+h, j~l) i and (n+%, j-2), may be substituted into finite 

difference equation (C-10) to give: 

+n+i , +°+1 ̂  , +n+1 +n+1 ̂  +n , +" ̂  , +" +" 
" 1+1 - 3u 1 + 3u 1-1 - " 1-2 + u W - 3u 1 * 3" 1-1 - " 1-2 

2(Ay+)3 

2 + n 2 + n"*"̂  
.n 3 u \ . ,n+l 3 u 

+aj —2 
x 3y 

n , n+l 
B„ ̂  + B„« ̂  
J 3y ' J 3y 1 

8 

+ n+Js 2 + 1 

n+h 3u \ nn+is 3 u \ 
j . + I 1 . +. + j J 3x 'M J 9x 3y ' 

n+h 

) 
.1 

2 + 11 9 4- n+l + 11 + n+* 
*« +An+1 , nn+l 3u+ \ 

n+h n+Jj 

+  c ^ ^ )  + d ? ' 1 - ¥ : T : )  
d_1 ***»*>„ 
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. n n+1 n n+1 
.n 3 u \ ,n+l 8 u \ „n 3u \ . „n+l 3u \ 
*3-2 J V2 7+5-) BJ-2 -fj + "j-2 7 +J 

3y 1-2 a" .1-2 3y 1-2 a* 1-2 

8 8 

n+h n+h 
n+h 3u+ \ n+% 32u+ \ 

W j 2  V w U  
(C-13) 

Conversion to Finite Difference Form 

Equation (C-13) is cast into finite difference form by re

placing the first and second order derivatives by the finite 

difference approximations listed below: 

n +n +n 

3u \ „ " 1+1 " " 1-1 L) =_J±l_Azi+(,(lŷ  
' 9A v 

Centered difference 
3y 'j 2 Ay 

• n ,n n + + 
3u"^* \ u , — u • 2 
—— 1 «= —J — + 0(Ay J Centered difference 
3y j.i 2Ay 

n +n +n +n 

gu+ I - 3U , , + 4u , , - U 

v ) °1 • ^ ̂ + O^y*) Forward difference 
/ 9 a«r 3y '3_2 2Ay 

, n . n . n 
9 , n  +  „  +  ,  +  
,2 + 4 u .., - 2u , + u 8 \ i+l " . T u p 
—^2" I" = 2 — + ̂  Centered difference 
9y+ (Ay+) 
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n +n +n +n 
«2 + . U . - 2u , , + u 

"2 ) = ^2 + 0(Ay*) Centered difference 
9y j_i (Ay+) 

,n . n . n 
0 . n + „ + + 
8 \ u - 2u + u -
—~2* I = — zri — + 0(&y ) Forward difference 
3y j_2 (Ay J 

The transverse difference approximations at the (n+l)st mesh point are 

similar to those above with the appropriate change in superscript. 

x „+% +n+1 +n 

3u 1 u ' " u i) 
f Av 9 x Ax 

,2 + n+1 . . + n+1 

3 u 9 
»|* *f , 

3x 9y j 9x 9y 
T«i) 
K Bv / 

.n+1 .n+1 ,n ,n 
+ + + , + + u 
" a+i - u  

s-i - - j+i aHt4,Y, c*Y] 
OAv Av L J 2Ax Ay 

The axial difference approximations at the (j-l)st and (j-2)nd mesh 

points are similar to the above with an appropriate change in 

subscript. Additionally, the forward difference must be used instead 

+ + 
of the centered difference approximation to 3u /3y at the (j-2)nd 

location to avoid introducing the (j-3)rd node into the difference 

equation. 
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After substituting the above approximations into equations 

(C-12) and (C-13), one may redefine the coefficients as 

.n 3Ax 
+ + 
P v 

.n , n 

1 

8ProAy+ (T+j ) 

4cAx 

(Ay+): 

T' - T+ 
-1+1 i-1 

, n 

B 
,n 3Ax 

* 32PrQAy+ 

+ +n + +n 
P V 1+1 ~ P V 1-1 

n 
(T+ ) 

c(c-l)Ax 

" (2Ay+)2 

2cAx 
+n +n +n 

T .1+1"2T .1 *T .1-1 
.n 

+n +n 
T - T 
.1+1 1-1 

. n 

n+h 
3(p u 

+ +n 

J±L 

+ +n . + + + +' v 
p" 1-1 "" 1+1' p u  i-1 > 

;n+l ;n+l 

8Pr 
.n .n+1 

IT* ) + ̂  ) 

:n 
-it + +" + + +n+1 \ 
.  3 ( p "  1 + p "  1  »  

8Pr 
, n n+1 

(T j ) + (T j ) 

(C-14) 

Aj^ and equivalent to A^ andwith the correct change in 

superscript. 



123 

Finite Difference Approximation of Combined Momentum Equation 

The final result is obtained by rearranging finite difference 

equation (C-13) to collect terms involving the principal unknown 

quantities, the axial velocities at the (n+l)st axial location. The 

form is 

.n+1 ,n+1 .n+1 ,n+l 2 . 

Mj U j+1 " BBj U j + CCj U j-1 " DDj U j-2 + EEj " 0 + 0 + 0 J 

(C-15) 

where the coefficients are 

_ 16to+ _ n+!s n+1 _ n+1 

(4jr+)* "3 1 BJ • 

_ 48Ax . „n+h „.n+l . ,„n+h . ..n+1 . ,„n+l . ^n+k .n+1 . „n+l 
BB. r- + C. - 2A. + 4D. , + 4A. , + 4B. . + D. * - A. _ + B. _ , 
j (Ay+) i J J"1 J"1 J-1 J-2 J-2 i~2 

_ 48Ax . „n+h .n+1 , „n+l ,„n+h . „.n+l . ,„n+h „.n+l . ,„nfl 
J  3  3  1  • 4 V i t V t V - 2 A ) - 2 t 4 B H '  cc 

16Ax+ ,„n+h , ,.n+l ,„n+l „n+h . n„ri+h .n+1 . „„n+l 

J ^77 " " y2 s
~
2

' 
J"2 j_2' 

«/ > i n . n * n , n loAx / + o + , o + + i 
J ^77 J+1 " 3U j + 3U J-l " U J-2 > 

i fl i n i n ji ^ 
.n , + \ m n/+ + xj. iin+»s + 
"Aj j+1 " j j-l^ " j j+1 " U j-1^ j U j 
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• 1 , n ,n -ii n n 
i  \ j / * n  /  +  o +  .  +  \  
j j+1 " U j-l^ j-1 (U j " j-1 j-2 ) 

.n , n , j , n ,« n , n /«n / + + \ . /^n+^ + , / + + \ 
- 4Vl <u j " u j-2 + 4Cj-l u j-1 + 4Dj-l (u i - u 1-2) 

+ A°-2 (u+J " 2u+J-l + u+l-2' + Bj-2 (3u+j-2 * 4u+J-l + U+J ' 

• i in . i n ,n t n 
nTl+h + r,n+!2 / o + / + j. + t 

~ J-2 U j-2 + j-2 3̂u j-2 " 4u j-1 + u j ) 

In.the analysis equation (C-15) is solved to determine the 

axial velocity profiles. The method of solution is described in 

Chapter 4. 

The truncation error in the above equation is increased from 

+ 2 + + +2 
0(Ay ) to 0(Ay ) when 92u/3y ̂  ^ expressed as a forward difference. 

As noted above, the reason for the forward difference is to avoid 

introducing the (j-3)rd node into equation (C-13) so that equation 

(C-15) would not become fifth order. 



APPENDIX D 

NUMERICAL RESULTS1 

Table D. 1. Numerical Results For Constant Fluid Properties 

+ X Gz m Nu f *Rem m T /T 
w' m 

T+ 
w 

Constant wall heat flux, q* = 10 

0.0005 2000.0 19.91 24.00 2.86 3.09 
0.0010 1000.0 15.66 24.00 3.20 3.71 
0.0020 500.0 12.73 24.00 3.38 4.46 
0.0040 250.0 10.57 24.00 3.31 5.43 

0.0080 125.0 9.13 24.00 2.92 6.66 
0.0100 100.0 8.82 24.00 2.74 7.14 
0.0400 25.0 8.25 24.00 1.65 12.25 
0.1000 10.0 8.25 24.00 1.29 21.85 

+ 
X Gz 

m 
Nu f *Re 

in 
T /T 
w m 

q+ 

+ 
Constant wall temperature, Tw = 5.0 

0.0005 2000.0 15.64 24.00 4.24 14.94 
0.0010 1000.0 12.75 24.00 3.88 11.82 
0.0020 500.0 10.48 24.00 3.44 9.29 
0.0040 250.0 8.88 24.00 2.91 7.29 

0.0080 125.0 7.90 24.00 2.35 5.68 
0.0100 100.0 7.73 24.00 2.17 5.22 
0.0400 25.0 7.54 24.00 1.28 2.05 
0.1000 10.0 7.54 24.00 1.04 0.33 

1. In all cases, entering conditions are a parabolic axial 
velocity profile and uniform temperature. 
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Table D. 2. Numerical Results for Constant Wall Heat Flux, 
Air Properties, Mq = 0.01 

x+ Gz Nu f-Re T /T T+ P 
o m m w ni w 

q+ = 0.5 

0.0005 1995.0 20.31 25.89 1.10 1.10 0.0243 
0.0010 994.7 16.00 26.36 1.12 1.13 0.0498 
0.0020 494.6 13.04 26.87 1.15 1.17 0.102 
0.0080 119.7 9.36 27.59 1.19 1.27 0.421 

0.0100 94.8 9.04 27.60 1.19 1.29 0.531 
0.0200 45.0 8.52 27.22 1.18 1.37 1.107 
0.0400 20.6 8.41 26.56 1.15 1.51 2.408 
0.0700 10.5 8.37 25.90 1.11 1.72 4.775 

0.0005 1950.6 22.61 41.40 1.83 1.90 0.0809 
0.0010 949.6 17.68 44.58 1.99 2.14 0.169 
0.0020 451.4 14.43 46.84 2.07 2.39 0.353 
0.0040 206.2 11.72 46.47 2.05 2.68 0.739 

0.0070 104.9 10.07 - 43.44 1.91 2.94 1.38 
0.0100 66.6 9.39 40.14 1.76 3.11 2.09 
0.0200 25.9 8.72 32.40 1.43 3.60 4.88 
0.0300 14.4 8.56 29.15 1.28 4.14 8.42 

+ q =10 

0.0005 1903.2 24.28 57.41 2.45 2.63 0.130 
0.0010 904.6 18.63 61.08 2.66 3.07 0.281 
0.0020 413.1 15.01 61.56 2.64 3.45 0.596 
0.0030 254.4 12.92 59.46 2.56 3.74 0.930 

0.0060 104.9 10.44 51.39 2.18 4.18 2.07 
0.0100 51.9 9.29 42.08 1.82 4.56 3.86 
0.0200 18.8 8.67 31.39 1.39 5.47 9.37 
0.0300 10.1 8.50 28.16 1.23 6.55 16.87 
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Table D. 2. Numerical Results for Constant Wall Heat Flux, 
Air Properties, Mq = 0.01 (Cont'd) 

+ 
X 
o 

Gz 
m 

Nu f -Re 
m 

T /T 
w m 

T+ 
w 

P 

q+ = 20 

0.0005 1811.6 26.17 84.49 3.38 3.88 0.192 
0.0010 826.9 19.38 83.19 3.55 4.63 0.475 
0.0020 355.8 15.21 78.96 3.22 5.19 1.05 
0.0030 210.0 12.74 71.34 2.94 5.63 1.68 

0.0050 104.0 10.62 59.78 2.44 6.10 3.15 
0.0080 52.6 9.43 46.27 1.94 6.55 5.74 
0.0100 37.7 9.09 40.27 1.74 6.85 7.60 
0.0200 12.9 8.58 29.62 1.30 8.68 19.17 

q+ = 50 

0.0005 1562.9 26.84 88.85 4.99 7.05 0.256 
0.0010 659.5 19.45 133.39 4.58 8.21 1.12 
0.0020 257.6 14.38 100.71 3.59 9.10 2.34 
0.0030 143.8 11.75 76.26 3.02 9.82 4.01 

0.0050 66.9 9.91 58.62 2.26 10.49 6.10 
0.0070 39.8 9.16 43.73 1.86 11.15 12.86 
0.0090 26.8 8.86 36.46 1.62 11.86 17.40 
0.0100 22.7 8.81 34.53 1.53 12.24 19.8 



Table D. 3. Numerical Results for Constant Wall Heat Flux, 
q* = 10, Alternate Fluids, MQ = 0.01 

4 Gz m Nu m T /T w' m 
T+ Aw 

Helium properties 

0.0005 
0.0010 
0.0020 
0.0030 

1907.2 
908.2 
415.8 
256.5 

22.96 
17.61 
14.20 
12.28 

58.85 
62.90 
63.77 
61.68 

2.55 
2.79 
2.79 
2.70 

2.73 
3.21 
3.65 
3.98 

0.0060 
0.0100 
0.0200 
0.0300 

105.9 
52.4 
18.9 
10.1 

10.03 
9.02 
8.53 
8.42 

53.36 
43.60 
32.07 
28.52 

2.30 
1.90 
1.42 
1.25 

4.48 
4.91 
5.96 
7.23 

Compressible fluid with constant 
properties and specific heat 

transport 

0.0005 
0.0010 
0.0020 
0.0040 

2000.0 
1000.0 
500.0 
250.0 

.17.38 
13.29 
10.69 
8.87 

40.36 
41.33 
43.47 
43.48 

3.13 
3.59 
3.84 
3.75 

3.38 
4.17 
5.06 
6.15 

0.0080 
0.0100 
0.0400 
0.1000 

125.0 
100.0 
25.0 
10.0 

7.84 
7.67 
7.77 
8.01 

41.44 
40.17 
29.79 
26.42 

3.24 
3.01 
1.70 
1.29 

7.38 
7.82 
12.55 
21.99 



Table D. 4. Numerical Results for Variable Wall Heat Flux, 
Constant Properties 

x+ Nu theory VTm 
T+ 
w q+ 

Step Increase in q* at x+ = 0.01 

0.0005 20.27 19.51 1.05 1.05 1.000 
0.0010 15.86 15.37 1.06 1.07 1.000 
0.0020 12.68 12.60 1.08 1.09 1.000 
0.0100 8.76 8.80 1.11 1.15 1.000 

0.0200 8.55 8.56 1.21 1.35 2.000 
0.0400 8.25 8.24 1.19 1.52 2.000 
0.0500 8.24 8.24 1.18 1.60 2.000 
0.1000 8.24 8.24 1.14 2.00 2.000 

Ramp increase in q+ 

0.0010 18.22 16.56 1.01 1.01 0.149 
0.0050 11.66 11.69 1.03 1.03 0.345 
0.0100 10.24 10.29 1.06 1.07 0.590 
0.0500 8.68 8.67 1.23 1.56 2.550 

0.0600 8.61 8.60 1.26 1.73 3.040 
0.0800 8.51 8.50 1.29 2.13 4.020 
0.0900 8.48 8.47 1.29 2.36 4.510 
0.1000 8.46 8.45 1.29 2.61 5.000 

Ramp decrease in q"*" 

0.0010 15.83 15.33 1.06 1.07 0.990 
0.0050 9.84 9.88 1.09 1.12 0.950 
0.0100 8.58 8.64 1.10 1.14 0.900 
0.0500 7.83 7.83 1.06 1.21 0.500 

0.0600 7.73 7.73 1.04 1.22 0.400 
0.0800 7.29 7.29 1.02 1.22 0.200 
0.0900 6.54 6.54 1.01 1.21 0.100 
0.1000 0.016 0.016 1.00 1.20 0.000 
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Table D. 4. Numerical Results for Variable Wall Heat Flux, 
Constant Properties (Cont'd) 

"-theory VT.» 3 "+ 

Sinusoidal q distribution 

0.0010 17.94 16.15 1.01 1.01 0.128 
0.0050 11.25 11.35 1.02 1.02 0.241 
0.0100 9.97 10.08 1.04 1.05 0.378 
0.0500 8.33 8.32 1.11 1.25 1.000 

0.0600 8.13 8.13 1.10 1.29 0.956 
0.0800 7.60 7.61 1.07 1.32 0.629 
0.0900 7.02 7.03 1.04 1.31 0.378 
0.1000 4.78 4.80 1.02 1.29 0.100 



APPENDIX E 

EXPERIMENTAL UNCERTAINTIES 

Experimental uncertainties for the data obtained during this 

study were estimated using the methods described by Kline and 

McClintock [42], In applying their methods it was assumed that all 

indicating instruments could be consistently read to within ten 

percent of the smallest scale division. Thus, the percent uncertainty 

in reading a particular instrument was ten percent of the smallest 

scale division divided by the full scale value. The percent 

uncertainty of a particular data point could then be estimated by 

taking the square root of the sum of the squares of the instrument 

reading uncertainty, the indicator accuracy, the preamplifier accuracy 

(if applicable), and the transducer accuracy. Numerical values for 

these instrument accuracies were obtained from the instrument manu

facturers. 

The estimated percent uncertainty of reduced data which 

depended simply upon the products (or quotents) of several experi

mental factors was evaluated as the square root of the sum of the 

squares of the percent uncertainties of the individual factors, each 

multiplied by the appropriate logarithmic derivative. For example, 
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the uncertainty In the energy generated in the test section wall, 

calculated during the data reduction as E = I2R, was estimated as 

¥ -  M t ) '  *  (f¥ R 

On the other hand, the estimated percent uncertainty for 

reduced data which depended upon the sum (or difference) of experi

mental factors was calculated by taking the difference between the 

maximum value of the sum and the minimum value and, then, dividing 

this difference by the average value of the sum. For example, the 

wall-to-bulk temperature difference, which was significant in the 

Nusselt number calculations, had an uncertainty which was estimated 

by 

<5(T - T ) (T - T ) - (T - T ) . 
w til b w m max w m min 

(T - T ) (T - T ) 
w m w m avg 

or, by simplifying, 

6(T - T ) 2(6T + ST ) 
w m w m 

(T - T ) (T - T ) 
w m w m avg 

This method yields a more conservative (i.e., larger) estimate of the 

percent uncertainty than does the formula of Kline and McClintock [42]. 

Table E.l summarizes the experimental uncertainties as 

estimated by the above methods. Since most of the pertinent parameters 

in the experimental analysis were sensitive to temperature, it was 

l 



Table E.l. Estimated Experimental Uncertainties 
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Item Estimated Uncertainty 
Test Section 

Temperature Range 

6T 
w 

w 
= 0.00614 250F - 475F 

Test Section 
Temperature 

6T 
w 

w 
0.00586 475F - 1000F 

6T 
w 

w 
0.00567 1000F - 1550F 

Test Section 
Resistance 

6R 
R 

0.0154 200F - 1500F 

Test-Section 
Emissivity 

6e 
e 

0.100-0.00016(Tw-400) 400F - 900F 

Energy 
Generation 

SE 
E 

0.0099 250F - 475F 

Heat Flux 
To the Gas 

6Q 
gas = 0'0234 + 26£(E/Q -l) 40OF - 900F 

gas 
Q /E 
gas' 

Fluid Bulk 
Temperature 
Change 

SAT 6Q 2 
~ gas in 

AT 
+ 275.89x10 

-6 

m gas 
400F - 900F 
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necessary to specify the temperature range over which these estimated 

uncertainties could reasonably be expected to apply. The term, 

Qgag/E, in the table represents the heat flux to the gas divided by 

the energy generated per unit surface area (locally) in the test 

section wall. This ratio was calculated during the data reduction to 

serve aa an indicator of excessive test section energy losses. 

During the experimental test runs, test section surface 

temperatures, test section power dissipation, and gas mass flow rates 

were generally known to within 2.5 percent. However, the test section 

radiation losses increased rapidly with increasing test section 

surface temperature; therefore, the uncertainties in the heat flux to 

the gas increased rapidly as did the corresponding uncertainty in the 

gas bulk temperature. Concurrently, the wall-to-bulk temperatures 

became increasingly uncertain at the higher surface temperatures. The 

effects of these uncertainties could be diminished by employing,a test 

gas with a high specific heat and a large entering Reynolds number 

since this combination would give a lower change in the bulk temperature 

differences for the same surface temperature. 

Table E.2 summarizes a representative set of uncertainty 

calculations for two runs with similar surface temperatures, one with 

helium as the test gas, the other with air. The estimated uncer

tainties in the Nusselt numbers for these runs are shown by the 

vertical bars on Figures 18 and 19. 



Table E.2. Summary of Calculated Experimental Uncertainties 

x/D T (F) 
w 

6T /T 
m m 

6(T -T ) 
" Q /E 6Q /Q 6Nu/Nu 

( w 8 gas gas 

Helium run number 42 

1.21 212.9 0.047 0.0133 0.917 0.041 0.0431 
4.09 285.3 0.030 0.0135 0.979 0.024 0.0275 
8.15 343.9 0.031 0.0153 0.975 0.025 0.0286 
16.12 417.6 0.035 0.0206 0.964 0.029 0.0356 
25.99 486.5 0.038 0.0238 0.956 0.031 0.0391 

34.72 537.5 0.041 0.0310 0.945 0.034 0.0460 
52.20 618.8 0.050 0.0498 0.892 0.044 0.0657 
87.14 745.3 0.054 0.100 0.836 0.048 0.111 
96.21 776.3 0.058 0.116 0.805 0.051 0.127 

Air run number 802 

1.21 227.5 0.076 0.0169 0.666 0.073 0.0749 
4.09 332.7 0.053 0.0200 0.854 0.049 0.0530 
8.15 405.7 0.054 0.0236 0.849 0.050 0.0555 
16.13 480.1 0.068 0.0364 0.775 0.058 0.0685 
26.01 549.8 0.061 0.0525 0.755 0.060 0.0797 

34.75 589.9 0.063 0.0687 0.742 0.061 0.0920 
52.26 637.0 0.108 0.1471 0.492 0.108 0.182 
60.84 642.4 0.107 0.2020 0.501 0.107 0.228 
87.45 699.1 0.133 0.4195 0.395 0.133 0.439 
96.69 706.1 0.154 0.5620 0.329 0.154 0.581 



APPENDIX F 

EXPERIMENTAL RESULTS 

Table F.l. Experimental Results for Air 

x/D 
+ 

X T(°F) T /T 
w m 

+ 
q Nu Nuws 

Run 701, Re 
o 

<= 1470, T = 74.5F, 
o 

p = 13.42 
ro 

psia 

1.21 0.0012 100.2 1.015 0.2548 11.290 12.18 
4.08 0.0039 117.9 1.071 0.3027 8.359 8.83 
8.14 0.0079 131.7 1.087 0.3094 6.898 6.99 
16.09 0.0159 147.7 1.096 0.3036 5.905 5.70 
25.94 0.0261 164.4 1.102 0.3011 5.287 5.06 

34.63 0.0355 174.9 1.100 0.2966 5.141 4.76 
52.04 0.0549 192.5 1.091 0.2706 4.808 4.49 
60.37 0.0646 197.7 1.084 0.2666 5.032 4.43 
86.81 0.0965 219.7 1.070 0.2520 5.202 4.35 
95.77 0.1077 225.9 1.065 0.2280 4.913 4.34 

Run 702, Re 
' o 

» 1471, T •= 74.IF, 
o 

Pq = 13.41 psia 

1.21 0.0012 173.9 1.174 1.0879 12.288 12.49 
4.08 0.0040 243.3 1.267 1.2413 8.618 8.93 
8.15 0.0083 296.0 1.315 1.2497 6.925 6.99 
16.11 0.0175 351.0 1.319 1.1857 5.741 5.62 
25.97 0.0299 401.6 1.303 1.1607 5.153 4.94 

34.70 0.0420 434.1 1.274 1.1097 4.880 4.64 
52.16 0.0684 477.1 1.206 0.8901 4.328 4.39 
60.56 0.0817 485.2 1.171 0.8829 4.804 4.35 
87.09 0.1267 537.3 1.115 0.7505 5.033 4.31 
96.15 0.1405 548.4 1.096 0.6436 4.954 4.31 

136 



137 

Table F.l. Experimental Results for Air (Cont'd) 

x/D x+ T(°F) T /T q+ Nu NuIIO x w m ^ WS 

Run 703, Re = 1442, T = 73.9F, p^ = 13.41 psia 
' o O o r 

1.21 0.0012 312.6 1.403 2.6199 12.285 12.72 
4.09 0.0043 459.6 1.567 3.0846 9.138 8.95 
8.16 0.0092' 559.5 1.597 2.9809 7.172 6.88 
16.15 0.0204 650.1 1.518 2.6172 5.651 5.43 
26.06 0.0365 729.5 1.427 2.4974 5.154 4.76 

34.84 0.0523 773.4 1.342 2.2719 4.911 4.49 
52.45 0.0872 815.6 1.195 1.4063 4.083 4.32 
57.39 0.0970 814.7 1.163 1.5374 5.100 4.30 
84.12 0.1530 873.9 1.080 1.1373 6.237 4.29 
94.13 0.1738 876.9 1.055 0.9229 7.017 4.31 

Run 801, Re *» 1479, T = 70.5F, p «= 13.42 psia 9 O o o 

1.21 0.0011 129.4 1.103 0.6011 11.544 12.37 
4.08 0.0040 170.8 1.163 0.7274 8.562 8.92 
8.14 0.0081 202.5 1.195 0.7415 7.007 7.01 
16.10 0.0165 238.8 1.207 0.7167 5.840 5.68 
26.95 0.0277 274.0 1.212 0.7068 5.213 5.01 

34.66 0.0383 296.8 1.201 0.6869 4.965 4.71 
52.09 0.0611 330.2 1.167 0.5949 4.525 4.44 
60,44 0.0726 338.2 1.145 0.5860 4.852 4.38 
86.92 0.1115 378.4 1.109 0.5297 5.050 4.32 
95.31 0.1252 387.2 1.095 0.4689 4.905 4.32 



Tabic F.l. Experimental Results for Air (Cont'd) 

x/D x+ T(°F) T /T q+ Nu NuIIO 
w m WS 

Run 802, Re = 1477, T = 71.IF, p •= 13.41 psia 
o o o 

1.21 0.0012 227.5 1.266 1.495 10.801 12.58 
4.09 0.0041 332.7 1.403 1.961 8.680 9.00 
8.15 0.0086 405.7 1.449 1.961 7.021 6.98 
16.13 0.0185 480.1 1.427 1.803 5.655 5.56 
26.01 0.0342 549.8 1.387 1.732 4.989 4.87 

34.75 0.0460 589.9 1.334 1.617 4.684 4.57 
52.26 0.0760 637.0 1.228 1.156 3.897 4.36 
60.84 0.0912 642.4 1.183 1.176 4.590 4.32 
87.45 0.1414 699.1 1.113 0.933 4.847 4.30 
96.69 0.1591. 706.1 1.090 0.778 4.816 4.31 

Run 803, ReQ = 1458, T = 73.2F, pQ c 13.40 psia 

1.21 0.0012 378.4 1.509 3.064 11.164 12.77 
4.09 0.0044 560.1 1.703 3.645 8.364 8.95 
8.17 0.0085 673.5 1.720 3.415 6.414 6.84 
16.17 0.0212 770.4 1.612 2.832 4.776 5.39 
26.10 0.0378 856.0 1.508 2.660 5.238 4.73 

34.93 0.0542 900.1 1.415 2.332 3.383 4.47 
52.65 0.0897 938.2 1.262 1.026 2.148 4.32 
60.34 0.1049 931.8 1.216 1.354 3.133 4.30 
87.18 0.1604 989.2 1.154 0.820 2.269 4.30 
102.61 0.1898 990.2 1.144 0.593 1.725 4.32 



Table F.2. Experimental Results for Helium 

x/D x+ tn T„(F) T /T 
w m 

q+ Nu Nuws 

Run 39, Re = 
o 

2065, T 
o 

= 71.IF, Po = 13.50 psia 

1.21 0.0008 92.9 1.039 0.232 11.684 13.24 
4.80 0.0030 104.1 1.056 0.246 8.754 9.60 
8.14 0.0060 112.9 1.066 0.247 7.657 7.58 
16.09 0.0119 125.6 1.078 0.247 6.135 6.14 
25.93 0.0194 137.0 1.084 0.247 5.572 5.39 

34.63 0.0260 146.2 1.088 0.246 5.231 5.04 
52.03 0.0397 163.4 1.092 0.243 4.708 4.67 
86.79 0.0683 187.5 1.085 0.241 4.712 4.41 
95.75 0.0760 194.6 1.085 0.239 4.857 4.39 

Run 40, Re = 
' o 2046, Tq = 71.4F, Po = 13.47 psla 

1.21 0.0009 140.8 1.124 0.751 12.035 13.47 
4.08 0.0031 177.0 1.176 0.803 8.859 9.68 
8.14 0.0061 207.4 1.210 0.806 7.259 7.61 
16.10 0.0124 246.7 1.236 0.803 6.052 6.12 
25.95 0.0206 283.1 1.246 0.803 5.419 5.34 

34.66 0.0283 310.4 1.246 0.800 5.083 4.97 
52.09 0.0444 358.8 1.237 0.782 4.601 4.60 
86.92 0.0801 430.6 1.193 0.765 4.540 4.36 
95.91 0.0900 449.7 1.185 0.753 4.463 4.33 



Table F.2. Experimental Results for Helium (Cont'd) 

x/D m VF) VT„ " 
Nu Nu, 

WS 

Run 42, Re = 2038, T = 71.3F, p = 13.44 
o o o 

1.21 0.0009 212.9 1.252 1.561 12.210 13.72 
4.09 0.0031 285.3 1.349 1.672 9.021 9.78 
8.15 0.0063 343.9 1.400 1.677 7.400 7.63 
16.12 0.0132 417.6 1.425 1.662 6.150 6.08 
25.99 0.0224 486.5 1.418 1.660 5.461 5.27 

34.72 0.0312 537.5 1.399 1.645 5.088 4.88 
52.20 0.0508 618.8 1.344 1.564 4.617 4.51 
87.14 0.0960 745.3 1.242 1.478 4.553 4.30 
96.21 0.1089 776.3 1.222 1.428 4.482 4.29 

Run 43, ReQ <= 2006, TQ a 71.8F, pQ = 13.43 psia 

1.21 0.0009 294.4 1.393 2.440 12.098 13.85 
4.09 0.0032 400.9 1.523 2.585 8.981 9.79 
8.16 0.0066 491.6 1.589 2.582 7.237 7.59 
16.14 0.0141 600.1 1.595 2.536 5.914 6.00 
26.04 0.0245 699.8 1.557 2.518 5.208 5.17 

34.80 0.0348 769.4 1.508 2.470 4.816 4.79 
52.34 0.0578 880.6 1.410 2.230 4.196 4.44 
87.43 0.1118 1039.8 1.260 1.992 4.097 4.27 
96.63 0.1274 1075.4 1.232 1.575 4.006 4.27 
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Table F.2. Experimental Results for llelium (Cont'd) 

x/D x+ T (F) T /T q+ Nu NutIO m w w m n WS 

Run 45, Re = 1911, T = 71.3F, p =13.38 
' o ' O ro 

1.21 0.0010 370.8 1.523 3.384 12.444 13.81 
4.09 0.0034 515.0 1.682 3.541 9.135 9.66 
8.17 0.0072 632.6 1.739 3.520 7.250 7.44 
16.16 0.0157 771.3 1.706 3.411 5.854 5.85 
26.08 0.0279 896.0 1.625 3.360 5.121 5.03 

34.89 0.0400 979.9 1.544 3.251 4.756 4.67 
52.51 0.0678 1100.6 1.395 2.764 4.134 4.36 
87.76 0.1329 1265.7 1.209 2.367 4.495 4.26 
97.16 0.1518 1300.7 1.177 2.173 4.523 4.26 

Run 46, Re = 1881, T = 72.3F, p =13.38 psia 
o o ro ' 

1.21 0.0010 428.2 1.616 4.022 12.444 13.83 
4.09 0.0035 598.7 1.792 4.178 8.927 9.63 
8.17 0.0075 732.9 1.838 4.133 7.140 7.39 
16.18 0.0165 889.6 1.775 3.952 5.700 5.78 
26.12 0.0296 1026.4 1.663 3.869 4.993 4.97 

34.96 0.0429 1111.5 1.558 3.712 4.674 4.62 
52.65 0.0732 1239.5 1.389 2.993 3.940 4.33 
88.04 0.1438 1402.1 1.191 2.497 4.480 4.25 
97.58 0.1643 1437.7 1.160 2.239 4.465 4.27 
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Table F.2. Experimental Results for Helium (Cont'd) 

x/D x+ T (F) T /T q+ Nu NuIlc m w w m n WS 

Run 48, ReQ = 1871, To = 75.3F, pQ = 13.33 psia 

1.21 0.0010 491.3 1.712 4.736 12.572 13.90 
4.10 0.0036 688.0 1.899 4.883 8.928 9.62 
8.18 0.0077 839.0 1.930 4.799 7.102 7.35 
16.20 0.0172 1011.8 1.832 4.516 5.583 5.73 
26.17 0.0311 1156.6 1.689 4.394 4.928 4.92 

35.05 0.0453 1242.3 1.562 4.179 4.645 4.57 
52.81 0.0778 1376.4 1.379 3.161 3.753 4.31 
88.35 0.1524 1541.3 1.183 2.238 4.219 4.26 
90.09 0.1739 1576.1 1.154 2.211 4.095 4.27 



NOMENCLATURE 

English letter symbols 

Lower case letters 

a exponent in the power law for specific heat 

b exponent in the power law for thermal conductivity 

c exponent in the power law for viscosity 

Cp specific heat at constant pressure 

c+ dimensionless specific heat, c /c 
P P P0 

f friction factor, t g /f(1/2) (pu) u 1 
w c mm' 

g acceleration of gravity 

o 
g£ dimensional constant, e.g., 32.174 ft lb^/(lbm sec ) 

h enthalpy, heat transfer coefficient 

T+ 

h dimensionless enthalpy, 1 + J CpdT"*" 

J designation of arbitrary mesh point in the transverse direction 

k thermal conductivity 

k dimensionless thermal conductivity, k/kQ 
• 

m mass flow rate 

n designation of arbitrary mesh point in the axial direction; 
also exponent on temperature ratio in correlation 

p thermodynamic pressure 

p dimensionless thermodynamic pressure, p/pQ 

q element of pressure defect vector 
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heat flux 

wall heat flux 

dlmensionless heat flux, qwY / ôr parallel plates, 

q'r /(k T ) for tubes nw o o o 

inside radius of test section 

axial velocity 

dimensionless axial velocity, u/uo 

entering velocity at the mid-plane 

+ + normalized axial velocity, u /u 

1 rA + dimensionless mean (or bulk) velocity, ̂  j u dA 
o 

transverse velocity 

dimensionless transverse velocity, 4vPr Re /u 
o o o 

axial coordinate 

dimensionless axial coordinate based on inlet conditions, 
x/DPr Re 

o o 

dimensionless axial coordinate based on local conditions, 
x/DPr Re 

mm 

transverse coordinate 

dimensionless transverse coordinate, y/y Q  

the half plate spacing, i.e., the distance from the 
mid-plane to the wall 

Upper case letters 

, C , Dj , Ej , Gj , AAj , BBj , 

coefficient vectors used in the finite difference equations 
defined variously. 

hydraulic diameter, 4yQ for parallel plates 

energy generation rate 



+ 
Gz, Gz the Graetz number, 1/x or 1/x 
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4-
Gz local Graetz number, 1/x = DPr Re /x 
m m m m 

J dimensional constant, 778 ft lb^/BTU 

M Mach number based on inlet conditions, 2u /3/y g RT 
o o o c 

N total number of transverse mesh points 

Nu local Nusselt number, hD/k 
m 

0 order of 

+ 2 
P pressure defect, (1 - p )/yô o 

P total test section power dissipation 

Pr Prandtl number based on inlet conditions, c u /k 
o ' po o o 

Pr Prandtl number based on local conditions, c p /k 
m pm m m 

R gas constant; resistance 

Re Reynolds number based on inlet conditions, p V D/u 
o J o o o 

Re Reynolds number based on local conditions, p V D/u 
m J ' Ko o 

T absolute temperature 

•f-
T dimensionless absolute temperature, T/Tq 

t' normalized temperature, (T - T)/(T - T ) 
w w m 

V bulk (mean) velocity 

VQ bulk velocity based on inlet conditions, 2Uq/3 for parallel plates 

Greek letter symbols 

Y ratio of specific heats 

6 finite difference operator; arbitrary small number 

Ax* dimensionless axial step length 

Ay dimensionless transverse step width 



y viscosity 

p density 

a normal stress 

T wall shear stress 
w 

4> arbitrary dependent variable 

Subscripts 

cl centerline 

cp constant (fluid) property 

m mean or bulk value 

o entrance value 

x local value 

w evaluated at local wall conditions 

j evaluated at the j*"*1 transverse mesh point 

Superscripts 

i 
+, denote dimensionless variables 

n evaluated at the nfĉ  axial mesh point 
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