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ABSTRACT 

A ray theory of the modes of planar waveguides and 

their interactions with beams (prism couplers) and one 

another (directional couplers) is developed. Its pre

dictions are shown to agree in every significant respect 

with those derived by wave-theoretic arguments, whenever 

the weak coupling approximation is appropriate. With each 

ray there is associated an amplitude and a phase. The 

latter is specified in terms of classical optical-path 

differences, supplemented by phase changes that arise when 

rays are reflected from or transmitted through films of 

low refractive index. These films support only evanes

cent waves at the chosen angles of incidence. 

It is shown that a film waveguide of high re

fractive index bounded by media of lower refractive index 

may be replaced, for purposes of design or analysis, by a 

thicker film at the boundaries of which geometrical re

flection is assumed to occur. The increment in thickness 

is determined by the angle of incidence of the rays and the 

refractive indices of the film and the bounding media. 

Though derived in an entirely different way, it agrees 

exactly with classical predictions of the Goos-Haenchen 

shift, i.e., the displacement of collimated beams totally 

reflected at dielectric interfaces. When the actual film 
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is replaced by the thicker film, its interactions with 

beams or other waveguides may be viewed as taking place at 

the virtual surfaces of the latter. Power is exchanged 

locally and coherently according to familiar Fresnel 

formulae. The strength of the coupling between two guides 

or a beam and a guide is accordingly specified in terms of 

classical reflection and transmission coefficients. The 

loss rates of leaky modes are expressed in the same way, 

so that interaction distances are calculable geometrically 

in terms of the effective thickness of the guide, the re

flection coefficients, and the angle which the rays make 

with the axis of the guide. 

A ray theory of the modes of the circular dielectric 

waveguide is presented. It is shown that each of the hybrid 

modes of this structure may be described asymptotically by 

a particular family of skew rays. Between its reflections 

at the core-cladding interface, each ray of such a family 

follows a straight path at an angle with the axis which is 

characteristic of the mode. At its points of closest 

approach to the axis, it is tangent to a cylindrical sur

face whose radius is also characteristic of the mode. This 

cylinder is a caustic of the ray family. 

To characterize the polarization of the modes, it 

is found convenient to postulate the existence of surface 

rays which follow helical paths on the cylindrical caustic. 

It is further postulated that the normal and binormal 
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components of the electric field propagate along these 

helical ray paths with the phase velocity of plane waves 

in the core medium. From these postulates it is possible 

to derive a set of conditions such that a straight ray that 

departs the caustic in phase with a surface ray will always 

return to the caustic in phase with it. These conditions, 

in the form of a transcendental equation for the charac

teristic angles of the straight rays, establish the polar

ization of the mode fields. This polarization is shown to 

agree with the results of wave theory in the cutoff and 

far-from-cutoff limits, and to have the same general char

acter as the wave description between these limits. To 

establish these important comparisons, an extensive analyt

ical treatment of the modes of the circular guide is pre

sented in an appendix. The angular momentum of the mode 

fields about the guide axis is related to the skew ray 

paths and the polarization of the fields on these paths. 

It thus becomes possible to distinguish HE and EH modes in 

terms of their spin-orbit coupling, which is parallel for 

the former and antiparallel for the latter. 



CHAPTER 1 

INTRODUCTION 

Geometrical analyses of classical optical instru

ments have long provided very useful descriptions of their 

performance. In this dissertation we show that a geo

metrical approach to the study of optical waveguides 

yields new insights into their physical operation as well 

as new theoretical techniques for their design. Three 

specific problems are treated: the coupling of light beams 

to thin-film waveguides by the mechanism of frustrated 

total reflection, coherent energy exchange (distributed 

coupling) between parallel thin-film guides, and propaga

tion in circular dielectric guides. 

The treatment is essentially comparative. The 

results of electromagnetic modal analyses based on 

Maxwell's equations are compared with predictions obtained 

by so-called ray arguments, such as those leading to Airy's 

description of the operation of a parallel plate 

interferometer. For problems which have an exact, closed-

form solution, this comparison provides the conditions 

under which the ray theory yields good approximate solu

tions. When only approximate solutions to the electro

magnetic problem are practical, we show that the 

1 



approximations attendant to both the ray and wave theories 

are similar, if not the same. 

It is important to clarify, at the outset, the 

sense in which the terms "geometrical optics" and "rays" 

will be used throughout this dissertation. Classical 

geometrical optics (Stavroudis, 1972) is predicated on 

Fermat's Principle. Geometrical rays are the extremal 

curves in space which satisfy this principle. Geometrical 

optics "wavefronts" are surfaces normal to families of 

extremal arcs. Their existence is predicated on the 

integrability of Hilbert's integral. Thus classical 

geometrical optics has nothing whatsoever to do with 

electromagnetic waves. There ai~e no "fields" associated 

with rays and thus no possibility of interference effects 

at points in space where two or more rays may cross. 

Clearly, this classical geometrical optics cannot describe 

the electromagnetic fields which arise in waveguides. 

The ray theory to be developed and used in this 

dissertation must be considered as yielding a "geometrical 

optics approximation" to the solution of the corresponding 

electromagnetic boundary value problem. It has its 

parallel in classical "physical-optics" analyses of intex1-

ferometers (Sommerfeld, 195^), particularly multiple 

beam instruments like the Fabrey-Peret Interferometer and 

the Lummer-Gehrke Plate. It is more closely related, how

ever, to the so-called ray analyses of fields in the 
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apertures of microwave antennas. Our ray theory parallels 

most closely Keller's (1958) "A Geometrical Theory of 

Diffraction," in which fields are assumed to be associated 

with rays which satisfy the equations of classical geo

metrical optics. Electromagnetic fields predicted by 

Keller's ray theory may be shown to yield appropriate 

asymptotic solutions of Maxwell's equations when such 

solutions can be found. This is true providing ttest the 

fields so calculated are not at points near geometrical 

caustics or shadow boundaries. Our treatment is also very 

closely related to Weinstein's (1969) Open Resonators and 

Open Waveguides and, in fact, complements and extends it. 

Weinstein introduces "quantum conditions" to be satisfied 

along closed ray paths in resonators, and thus derives 

their characteristic frequencies. Similar conditions are 

applied to rays in two-dimensional dielectric waveguides 

to determine their resonant spatial frequencies. Weinstein 

was not successful, however, in his attempt to characterize 

a three-dimensional dielectric waveguide mode geometrically. 

In Chapter 3, we show how this can be done for the circular 

guide, and suggest how it may be extended to more general 

guides. 

The only rigorous theoretical connection between 

electromagnetic theory and geometrical optics is that 

introduced by Luneburg (196'i) and extended by Kline and 

Kay (1965). These authors have shorn that the wavefronts 



of classical geometrical optics describe moving surfaces 

across which the electric and magnetic field vectors are 

discontinuous. They were able to show that the Fresnel 

reflection and transmission coefficients, usually derived 

from Maxwell 's equations under the assumption of a uniform 

plane wave incident on a uniform plane interface, are 

actually satisfied locally along each ray when a surface 

of field discontinuity is i-eflected or refracted at a 

smooth surface separating media of different optical 

properti es. 

Born and Wolf (1959, Chapter 3) introduce "geo

metrical optics" by examining certain limiting forms of the 

monochromatic Maxwell equations. Following Sommerfeld and 

Runge (1911), they postulate that the electric and magnetic 

fields, in regions many wavelengths away from sources, may 

be represented by the general expressions: 

„/ , x / \ -iU)t + ik_S (r) „/ , •. . / s -iuut + ik _S(r) E(r,t;=e(r)e 0 w : II(r,t; = h(r,/e 0 m 
AM AM 1 iw w ' w m ' AM w 

where S(r), "the optical path " is a real scalar functio MA 
11 

of position and e(r) and h(r) are vector functions of 
AW m mm 

position, which may be complex, so as to allow for elliptic 

polarization. When these expressions are substituted into 

Maxwell's equations or the wave equations and the result 

examined in the limit of vanishing wavelength X = 2Tt/kQ , it 

is found that the function S(r) satisfies the eikonal AM 

equation of classical geometrical optics. Additional 



linear differential equations describe the transport of the 

amplitude vectors e and h, and thus the electromagnetic 1 m am ' ^ 

energy. Born and Wolf note that in many cases of practical 

importance the spatial parts of the field vectors may be 

developed into asymptotic series of the form 

ik S(r)_ Mm T-* / \ J-1V \ -L / _ E(r ,cu) =e o m Y. m am ' aw m 1 / ., \ m 
m> o lxk ) 
— o 

IT/ x ik S(r) „ w?m H(^,a)) = e o m E 
ni> o (ik ) 

o 
m 

where the e and h are vector functions of position and S 
am m m m 

satisfies the eikonal equation. They then state that 

"geometrical optics corresponds to the leading terms of 

these expansions." It is precisely in this sense that wg 
shall use the term "geometrical optics." It may be recog

nized that Keller's (195^) "A Geometrical Theory of Dif

fraction" is predicated on the existence of asymptotic 

solutions of this form. It should also be recognized that 

such solutions do not always exist. 

When "geometrical optics" is understood in the 

sense defined above and a problem is encountered in which 

more than one wavefront (and, therefore, more than one ray) 

passes through a point in space, the field is described by 

a superposition of several series, each of the form given 

above. Keller, Lewis, and Seckler (1956) have considered 

an extensive variety of diffraction problems in this 



manner. In this dissertation, we shall not treat diffrac

tion explicitly, though we will have to borrow from 

Keller's ideas about "surface diffracted rays" (Levy and 

Keller, 1959) in order to describe the behavior of geo

metrical rays along cylindrical caustics. We will not find 

it necessary to postulate the existence of converging 

series solutions of the form given above. We shall find 

that the superposition of no more than two leading terms 

of such series, the "geometrical optics" terms, are suffi

cient to describe, to very good approximations, the modes 

of dielectric waveguides. We shall also find that wave

guide interactions can be very simply characterised in terms 

of the corresponding rays. These results then suggest that 

the modes of more complicated structures, and interactions 

between them, can be productively analyzed in the same way. 

It should then be possible, as in Keller's theory, to 

obtain good approximate solutions to problems in which a 

direct solution of Maxwell's equations is not possible. 

In practice, our geometrical approach to optical 

waveguides is tantamount to the assumption that we may 

determine all the major characteristics of the modes of 

isolated and coupled waveguides by tracing certain rays 

through them. With each ray we associate an electro

magnetic field, characterized by a real amplitude and a 

phase. The relative phase of the field at any two points 

along a straight ray is equal to the optical peith length 
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between these points, multiplied by 2Tl/\^, where X is the 

free space wavelength. Additional phase increments arise 

when rays are reflected or transmitted at surfaces of 

discontinuity in the optical properties of the media of 

propagation. These increments are determined by the 

classical Fresnel formulas (Born and Wolf, 1959, Chapter 1). 

A change in the real amplitude of the field between two 

points along a ray is accounted for by conventional geo

metrical divergence (or convergence) factors (Born and Wolf, 

1959, Chapter 3), and by Fresnel reflectivity and trans-

missivity factors, as required. 

It will generally be convenient, in the discussions 

which follow, to use a more concise terminology. According

ly we shall speak of the "amplitude of a ray" or simply 

the "ray amplitude," meaning in both cases the complex 

amplitude (real amplitude and phase) of the field asso

ciated with a ray. Problems involving planar guides 

(Chapter" 2) are essentially scalar in nature, so that we 

need consider explicitly only one component of the electric 

(TE) or magnetic (TM) field along a ray. For skew ray in 

a circular guide, we will require explicit treatment of 

two independent components of the electric field. 

When considering the rays to be associated with 

single mode fields, we simply impose the condition that 

two different ray paths between the same points on two 

different eikonals must have an optical path difference 



which is an integral multiple of the wavelength. If this 

were not the case, interference effects would ensue which 

would preclude the possibility of the field amplitude being 

independent of the axial distance along the guide, a neces

sary condition for a single mode. In considering wave

guide interactions, we add together the fields (with proper 

account of phase) associated with all rays which pass 

through the point under consideration. In the case of 

planar dielectric waveguides, where the exact mode fielts 

may be simply decomposed into a superposition of two 

uniform plane waves, the characteristic equations defining 

the mode parameters derived geometrically is exact. In 

the c^|e of circular waveguides, where the vector nature 

of the fields must be explicitly considered, the charac

teristic equation derived geometrically is shown to be 

asymptotically correct in the limit of near axial mode 

propagation. It is also shown to yield the proper descrip

tion of the mode polarization characteristics for all 

values of the physical parameters of the guide. 

Because the modes of planar waveguides are quite 

uncomplicated, we have relegated their discussion to 

Appendix A. This permits us to launch directly into a ray 

treatment of intelections between beams and planar guides 

(Chapter 2). For comparison, Appendix A includes a new 

approximate wave treatment of such interactions, wherein 

they are viewed in terms of the leaky waves of the guide, 
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considered as spatial transients. In Chapter 3 we develop 

the ray theory of the modes of the circular dielectric 

waveguide. The properties of these modes are quite 

complicated algebraically, as derived either geometrically 

or by direct solution of Maxwell's equations. The few 

attempts to obtain their general characteristics which 

have appeared in the literature (Snitzer, 196l; Kapany and 

Burke, 1961 ; Schlesinger and King, 195^; Kiely, 1953) are 

not sufficiently explicit, particularly in physical content, 

to permit useful comparisons between ray and wave theories. 

The extensive and largely novel development of the wave 

theory of these modes presented in Appendix C was thus re

quired. Indeed, it was this development of the physical 

characteristics of the hybrid modes of the circular cylinder 

which suggested that their treatment in terms of skew rays, 

as in Chapter 3, should be possible. 

When a beam of light is totally reflected at an 

interface separating two dielectric media, the reflected 

beam is displaced, with respect to a beam reflected by a 

perfect conductor, parallel to the plane of incidence. 

This displacement is generally referred to as the "Goos-

Haenchen Shift," after the men who first measured it (Goos 

and Haenchen, 19'±3, 19^7, 19^9) • We shall find it neces

sary to treat these shifts explicitly in order to obtain 

appropriate geometrical descriptions of prism and direc

tional couplers (Chapter 2). It will be evident that these 
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analyses provide alternate derivations of the Goos-Haenchen 

shift, as well as new theoretical predictions of the shifts 

of beams partially reflected and partially transmitted 

across thin films of low index of refraction separating 

media of high index of refraction. 



CHAPTER 2 

RAY THEORY OF DISTRIBUTED COUPLING 
IN SLAB WAVEGUIDES 

In this chapter, we will treat questions involving 

the coherent exchange of energy between waves on two 

parallel slab guides and between an optical beam and a 

leaky thin-film mode. 

We will begin with an interferometric description 

of the coupling of a uniform beam of light to a mode of a 

thin-film waveguide through the mechanism of frustrated 

total reflection. In the initial treatment, we assume that 

transmitted and reflected rays are not shifted with respect 

to incident rays at totally (or nearly so) reflecting sur

faces. (In Appendix A, we present a new analysis of the 

same problem in terms of leaky waves.) We then consider 

the coupling between parallel guides. By comparing wave 

and ray descriptions of this process, we show that the 

Goos-Haenchen shift (Goos-Haenchen, 19^3, 19^7, 19^9) 

provides the necessary modifications to bring geometrical 

and wave theories into agreement. Finally, we treat the 

Goos-Haenchen shift directly from the viewpoint of wave

guide theory. By comparing the loss rates of leaky waves 

with those found geometrically, we are able to obtain an 

11 
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essentially correct theory of prism-film couplers from an 

interferometric theory of waveguide mode propagation. 

Consider the well known Frustrated Total Reflection 

filter first described by Leurgans and Turner in 19^7* It 

is illustrated schematically in Fig. 1. It consists of two 

prisms of high refractive index separated by three thin 

films: two of low refractive index in contact with the 

prisms, and a third central layer called the spacer with a 

high refractive index. If a collimated beam of white light 

in one prism is incident on the films at an angle greater 

than the critical angle, most of the beam is reflected. 

For one wavelength (actually a narrow band) and direction 

of polarization, however, a strong field builds up in the 

spacer layer, and most of the incident light is transmitted 

into the second prism and beyond. This filtering action 

may be most readily understood in terms of the distributed 

coupling of a beam to a leaky waveguide mode. 

FTR Coupling: A Qualitative Description 

In the system shown in Fig. 1, the incident beam 

is viewed as a source that efficiently launches a charac

teristic leaky wave of the waveguide whose interior is the 

spacer layer. Thus, when the angle of incidence, the wave

length of the incident beam, and the thickness of the 

spacer layer are such as to satisfy a transverse resonance 

condition, a strong wave builds up with distance along the 
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Fig. 1. Schematic illustration of a symmetric frustrated 
total reflection (FTR) filter. 

waveguide from one side of the beam. For a wide beam of 

uniform amplitude, an equilibrium power density is reached 

at a distance down the guide governed by the reflectivity 

of the low index films. The guided wave maintains this 

density over the remainder of the beam's width, while 

transmitting part of its radiation into the second prism. 

At the same time, it cancels, by destructive interference, 

the primary reflected wave in the first. At that distance 

down the slab, where the incident beam terminates, the 

characteristic wave in the spacer begins to decay 



exponentially, because of radiation into both prisms as it 

progresses further down the spacer. It is probably now 

obvious that the second prism is not necessary if one is 

interested in the FTR principle as a means of launching a 

characteristic wave (mode) in a thin film guide, rather 

than generating a filtered beam. Though the incident beam 

will be entirely reflected rather than transmitted when 

the second prism is removed, an essentially identical 

situation will be obtained in the waveguide spacer. The 

power density there will build up exponentially from one 

side of the beam until it reaches an equilibrium, after 

which the reflectivity of the system will be unity. From 

that point along the guide, where the end of the incident 

beam is reached, the energy in the spacer decays exponen

tially through radiation back into the prism. Obviously, 

if one truncates the prism at the end of the incident beam, 

as indicated in Fig. 2, so that only the spacer surrounded 

by lower index material remains, the power stays in the 

mode . 

The first detailed theoretical description of prism 

couplers was published by Iogansen (l9<->2, 196'±, 1967)* 

Harris and Shubert (1969) and Tien, U'Lrich, and Martin 

(1969) demonstrated them experimentally in 1969. Several 

different theories of prisin-film couplers subsequently 

appeared in the literature (Harris, Shubert, and Polky, 
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Fig. 2. One-sided, truncated FTR system for coupling a 
beam to a mode of a thin-film guide. 

1 9 7 0 ;  Tien and Ulrich, 1970; Ulrich, 1970; Midwinter, 1970) 

The theoretical description presented in this section is 

similar to that of Tien and Ulrich (1970) and is a precise 

statement of the analysis we outlined in 1961. The alter

nate description in Appendix A is new. 

FTR Coupling; A Quantitative 
Description 

The FTR filter provides an excellent means of 

demonstrating some of the comparatively unfamiliar charac

teristic waves of dielectric waveguides, specifically, the 

leaky waves."*" Consider again the frustrated total 

1. A mathematical description of these waves is 
outlined in Appendix A. Briefly, a characteristic wave 
(mode) of a guide is an electromagnetic field which satis
fies the macroscopic, sourcefree Maxwell equations and all 
boundary conditions at interfaces separating homogeneous 
media, and is of the form; 
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reflection arrangement shown schematically in Fig. 2. A 

simple optical analysis of this case follows the theoreti

cal approach to multiple beam interferometry introduced by 

Airy in 1833* It is called the ray summation method by 

Sommerf eld (195^, PP • ^6-50) who compares it with the 

boundary value method now in more prevalent use in optical 

thin-film theory. It appears that its power has only 

rarely been put to use in. the analysis of waveguide prob-

1 ems . 

Let us idealize the situation somewhat by treating 

the prism as an infinite medium of index n^. The spacer 

is an infinite thin-film, also of index n^ , and rests on a 

semi-infinite medium of index n^. The spacer is separated 

fi~om the upper medium by a thin film, also of index n . A 

collimated beam of finite cross section and uniform 

amplitude is incident from above at an angle 8 > 0c = 

sin (n2/n] ) . 

E(r,t) = F(x,y,uu,h) exp ( iu) t-ihz) ; 

H(r,t) = G(x,y,U),h) exp ( iuut-ihz) 

o. -i. 
The eigenvalues h and vector eigenfunctions F and G form a 
denunierably infinite set. L_eaky waves are characteristic 
waves in which the vectors F and G increase in magnitude 
without limit as x and y increase, outside the core of the 
guide. These waves provide useful descriptions of the near 
field ("aperture field") of certain microwave antennas 
("leaky wave antennas"). As shown in Appendix A, they may 
also be used fruitfully to characterize the fields in FTR 
filters and prism couplers, wherein waveguide modes are 
coupled to radiation sources (beams) or a radiation sink 
(the space around the guide) through low-index films. 
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A rigorous field-theoretic approach to the determination of 

the fields resulting in each region from the impressed 

field (the finite beam) would involve finding those solu

tions of Maxwell's equations that match all the boundary 

conditions at the interfaces. This might be done, for 

example, by expanding the incident beam in an angular 

spectrum of uniform plane waves (Ulrich, 1970; Midwinter, 

1970). The solution obtained is in the form of a compli

cated integral that cannot be evaluated analytically. In 

contrast, the ray summation method is both mathematically 

and physically simple. It quickly predicts the most 

important observable phenomena, missing only relatively 

minor effects, such as those of diffraction at the edges of 

the beam. 

In the ray summation method, we consider the field 

along a ray at some plane z = zq in the spacer. It is 

assumed that this field is the resultant of the super

position of all rays transmitted through the reflecting 

layer along the width of the incident beam up to this plane 

and multiply reflected down the guide. Similarly, the 

reflected ray at any point along the structure is the 

superposition of a ray transmitted through the layer from 

the spacer-guide and a directly reflected ray. 

The well known results of the theory of frustrated 

total reflection (Born and Wolf, 1959, P» '±6) give us 

formulas for the reflectance and transmittance of a plane 



wave incident at 0 > 9 on a thin, low index film sepa-
c ' 

rating two infinite regions of index n^ . Assuming these to 

apply locally along thin pencils of rays, we examine the 

consequences of superposing the amplitudes of many such 

pencils. 

Let A ( Z q) represent the amplitude of the ray in the 

spacer, as illustrated in Fig. 3» We obtain it by adding 

up the contributions to this amplitude from the fields of 

all incident ray pencils that effect it. Thus, from the 

figure, it is clear that incident ray numbered 0 contributes 

the pencil 0' by way of direct transmission through the 

low-index layer. The incident pencil numbered 1 contributes 

indirectly the pencil l1 after tAiro internal reflections in 

the spacer. Incident pencil 2 contributes pencil 2' after 

after four internal reflections, etc. We add up all such 

contributions until we reach the edge of the incident beam. 

We must sum these contributions with the appropriate rela

tive phases, because it is their interference that provides 

the effect we wish to study. Let r and r' represent the 

magnitude of the wave amplitude reflectance at the top and 

bottom of the spacer and t represent the magnitude of the 

amplitude transmittance of the low-index layer. The 

corresponding phase changes on reflection and transmission 

are given by tp, (p , , and (p^. Successive contributions 

also have a phase different 4Tin dcos6/Xo arising from their 

optical path difference in reaching the plane zQ• Thus, 
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Fig. 3. Geometrical interpretation of a growing mode field 
driven by a collimated beam. 

successive contributions have the total phase difference 6 

given by 

(2.1) 6 = cp + cp , - 'i7tnn dcos 0/X yr r1 1 ( 

If we assume that the incident beam has unit amplitude, 

we then readily calculate that the sum of the contributions 

of N incident pencils yields a wave amplitude in the spacer 

given by 

a t \ j. 1(Pt .2 2 2i6 , A(z ) = te ll+r're + r1 r e + 
o 

+ r ,n-lrn-lei(n-l)6j^ (2.2) 

This geometric progression reduces to 

a t \ a. î Pt /1 N ,N iNfi-../ . i6 \ A(z ) = te (1-r r1 e )/(l-rr'e ). (2.3) 

Consequently, the amplitude of the reflected wave is given 

by 

;
i(pr + (t/r)ei((Pt"CPr)[A(z )-tei<Pt]. (2.(0 B( z ) = re 

o 
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Now, because the film is almost totally reflecting, r 1, 

N 
while t « 1. Even for large r, however, r becomes 

negligibly small as N increases. The power inside the 

guide thus quickly reaches its maximum value given by 

| A | 2 (N=oo ) = t2/( l+r2r 1 2-2rr 1 cosfi ) . (2.5) 

When the incident wavelength, angle of incidence, and 

spacer thickness are such that cos6 = 1, we then have 

| A | 2 = t2/(l-r'r)2 = t2/(l-(l-t2)1/'2)2 « 4/t2. (2.6) 

This result assumes that r' =1, as in Fig. 2. If r1 = r, 

as in the FTR filter (Fig. l), we find that the equilibrium 

power density in the spacer is approximately l/t . times the 

incident power density. Because t can be quite small, it 

is obvious that one can build up very high power densities 

in the film through the use of the FTR principle. 

Let us return again to Eq. (2.3) and Fig. 3 to 

estimate the distance required to reach the maximum power 

density given by Eq. (2.6). The distance corresponds to 

N . 
2N internal reflections in the guide, where r xs negli

gible. As shown in Fig. 3, this distance would be 2Ndtan9. 

The figure assumes, however, that a ray incident at a point 

z on the interface is reflected or transmitted precisely 

at that point. We know, from the experiments of Goos and 

Haenchen (19'±3, 19^7, 19^9) that this is not the case. 
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Thus, the actual distance over which the characteristic 

wave builds up is longer than that implied by the figure. 

We will show that it is given by 2Ndetan9, were dg is the 

effective geometrical thickness of the film. In the weak 

coupling approximation appropriate to the analysis of 

distributed couplers, de~d is proportional to the Goos-

Haenchen shift. 

We said earlier that the power build-up in the 

mode was exponential with distance from the edge of the 

incident beam. Our ray treatment, however, illustrates a 

build up in discrete steps over this distance. To bring 

these apparently different descriptions into harmony, we 

simply rewrite our equations for A on resonance (cos6 = l) 

in another form, and then make use of the fact that t « 1. 

Thus 

icp, M Nlog„(l-t2)l/2 

A(N) = [te ^/( 1-x-) ] (l-rN) = A (l-e 

A (i_e"Nt /2), (2.7) 

where A gives the equilibrium value of A for an infinitely 
co 

2 - 3 
wide beam. A representative value of t might be 10 , so 

that 2000 incident ray pencils would be needed to bring A 

to within l/e of its final value. (It must be remembered 

that N represents the number of incident pencils contrib

uting to A, rather than the number of internal reflections, 

which is 2N.) The power density in the spacer is then 
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4000 times that in the incident beam. The build up occurs 

over a length given approximately by 2Ndetan0. When dg is 

of the order of \ , this length is a few millimeters. 

There are some interesting differences between the 

one-sided (Fig. 2) and the two-sided FTR arrangement (Fig. 

l). Because r1 = r < 1 in the two-sided case, the equilib

rium power density in the spacer considered in our example 

above would be only l/t = 1000 times that of the incident 

wave for the FTR filter on resonance. The transmitted 

power. with the assumed ideal films, is then 

|CJ2 = t2(l/t2) = 1, (2.8) 

where C is the equilibrium amplitude of the transmitted 
00 

wave in the FTR filter. 

In the one-sided case on resonance, we have, from 

Eqs. (2.k) and (2.3) , 

i(Pr N-l 2î cPt~CPr) 
B(z ) = e [r+(l+r)(l-r )e 1. (2.9) 

o l j 

Now, because r 1 , we can write this as 

N-i 2i<<P+-<Pr) 
B(z ) = e [l+2(l-r )e ]• (2.10) 

o l j 

Then, because the reflected power cannot be greater than 

the incident power, it can be readily shorn that (cp^-cp ) = 

±tt/2. Thus, | b | « 1 for the one-sided case, whereas |b| ~ 

0 for the two-sided case. Thus, the primary reflected 



field is cancelled in the FTR filter after equilibrium is 

reached. 

in the spacer waveguide is four times greater, in the one-

prism FTR arrangement, than in the classical FTR filter 

and that it requires twice as great a distance along the 

waveguide to reach this equilibrium. We note also, from 

Eq. (2.10), that, in the single prism arrangement, the 

reflected field in the prism first decays in strength until 

r^-"*" = 1/2, where B(N) ~ 0. It then increases approximately 

exponentially until |b| ~ 1. A pictorial comparison of 

these two FTR arrangements thus has the properties shown 

schematically in Figs. 4 and 5, which indicate the ampli

tude (square root of the power density) profiles of the 

incident, reflected, and transmitted beams. (The sharp 

discontinuities would not be present, of course, if we 

included the effects of diffraction..) 

If we now assume that the beam terminates in the 

plane z = z^ , then, in planes z > z^ , we clearly have 

We have now determined that the equilibrium power 

one 
prism 

(2.11) 

and 
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Fig. k. Amplitude profile of the reflected field in a one
sided FTR system driven on resonance by a wide 
collimated beam of uniform amplitude. 

\ 

Fig. Amplitude profiles of the reflected and transmitted 
beams when a FTR filter is driven on resonance by 
a wide collimated beam of uniform amplitude. 
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|A(z-z..)| ̂  |A(z )e I 
I two 

^ I prisms 

|c (z-2!) | = |B(z-z1)| ~ t |A(Z]L) |e~Mt J (2.12) 

where M is the number of internal reflections beyond the 

plane z = z^ . 

The collection of ray pencils described by B and C 

in these equations have the physical characteristics of 

the leaky wave modes described in Appendix A. These rays 

are parallel to the primary reflected or transmitted rays. 

Their planes of constant phase (wavefronts) are perpen

dicular* to these rays, and the amplitude decays 

exponentially along any wavefront in the direction away 

from the primary reflected or transmitted rays. Notice 

that, in the upper prism, to the right of the plane where 

the incident beam terminates, the wave amplitude increases 

exponentially in the direction away from the waveguide 

until it reaches the last primary reflected ray. This is 

precisely the behavior of the leaky wave mode. As pointed 

out in Appendix A, the domain of the definition of leaky 

waves is confined to an angular region above the guide. 

We see very clearly that this region is defined in our FTR 

case by the last primary reflected ray. 
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It should also be noted that the slab waveguide in 

the FTR arrangement has no true (bound. spectral . proper'' ) 

modes, because radiation will always leak out of a slab 

with a prism over or under it. If the prisms are truncated, 

however, then, in regions beyond the truncation, the anal

ysis, given above is obtained, and some of the modes are then 

true. proper modes. At the plane of truncation, we thus 

have leaky modes coupled to proper modes. 

Some of the effects of finite beams considered here 

have been treated in greater detail by Bergstein and Shulman 

(1966) who used a plane wave modal expansion of the incident 

beam to determine the transmitted beam in the FTR filter. 

Iogansen (1962, 1964, 1967) has also considered this prob

lem. The case of gaussian beams is treated by Midwinter 

(1970) and Ulrich (1970). 

Distributed Coupling Between Parallel 
Planar Waveguides 

The coupling of waves in parallel transmission sys

tems is a subject of both fundamental and practical inter

est. It provides an excellent illustration of resonance in 

physical systems as well as a means of reflectionless trans

fer of signals from one waveguide to another. Our principal 

objective in this section will be to develop a description 

1. These adjectives, sometimes singly, sometimes 
in combination, are used in the literature to distinguish 
between those characteristic waves (modes) which satisfy 
the Sommerfeld radiation condition and those which do not. 
The latter are called improper modes, among which are the 
leaky waves. 



of this phenomenon in terms of familiar optical modes of 

propagation. Let us first take a qualitative look at the 

subject . 

Consider first two parallel slab guides, each 

bounded by perfectly conducting planes. Because the 

conductors cannot support an electric field, energy cannot 

be transferred from one guide to the other. The modes of 

the system (two guides) are thus those of the individual 

guides. If the guides are identical (same thickness) each 

mode has a degenerate counterpart corresponding to the 

added degree of freedom that the TE^ mode, for example, 

may be propagating on one guide or the other (or with 

arbitrary relative amplitudes on both guides). 

Consider now two parallel films of refractive 

index n^ separated by a film of lower index n.2; the three 

films are embedded in an infinite medium of index ng* We 

may ask, for example, what happens along the guides if, at 

some plane perpendicular to the axes of propagation, we 

have substantially all the energy localized on one of the 

guides. Alternately, we may wish to know which waves can 

propagate on the system such that there is no change in the 

distribution of power between the guides as the wave ad

vances. The second question is substantially the same as 

asking for the (normal) modes of the system. The first, on 

the other hand, implies that each guide has its own modes 



but that they are somehow modified by the presence of the 

other. Thus, for example, we might ask how the energy in a 

TE^ mode propagating on a given waveguide is transferred to 

another waveguide brought into its vicinity. This is an 

important question. To get the principal features of the 

answer, let us look at a mechanical analogy. 

Consider two identical pendula coupled together by 

a weak spring. We know that if we initially displace one 

pendulum from its equilibrium position and then release it, 

it begins to oscillate at its natural frequency. The 

oscillation is damped, however, as power is transferred to 

the second pendulum which was initially at rest. After a 

time T/2, where T is the beat time (period), the initially 

displaced pendulum is essentially at rest while the second 

is oscillating with all the energy originally imparted to 

the first. After a time T, the energy is again returned 

to the first pendulum. This process is repeated indefi

nitely with increasing time. Thus, the phenomenon of 

temporal beating is observed. The beat frequency depends 

on the strength of the coupling between the two pendula. 

The larger the spring constant, the higher the frequency. 

The two pendula system, we remember, has two normal 

modes for which there is no net exchange of energy. The 

symmetric mode, corresponding to parallel displacements of 

the masses, has a lower frequency than that of the uncoupled 

pendula. The antisymmetric mode, corresponding to 



antiparallel displacement of the masses has a higher fre

quency. We may describe the phenomenon of temporal beating 

in terms of the superposition of the symmetric and anti

symmetric modes, in which case the beat frequency is ex

pressed in terms of the frequency difference between these 

two normal modes of the system. 

The principal features of mode coupling between 

identical parallel guides are entirely analogous to the 

mechanical system. Instead of beat frequencies and beat 

times, however, we find beat wavenumbers and beat lengths. 

The propagations constant of each mode on the isolated 

guide is split to provide two new propagation constants, 

one for a mode that is symmetric about the midplane between 

the guides, the other for an antisymmetric mode. If all 

the energy is localized on one guide in the transverse 

plane z = 0, it is periodically transferred between the 

guides along their length. This sinusoidal modulation of 

the energy on each guide occurs at a spatial frequency 

determined by the difference between the propagation 

constants of the symmetric and antisymmetric modes. This 

is the main result of the theory of weakly coupled guides, 

wherein it is assumed that the only major effect of the 

interaction is the coupling of identical modes on the 

isolated guides. This assumption is valid providing that 

the change in the propagation constant of the given mode is 

small compared with the difference between this propagation 
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constant and that of other modes on the isolated guide. A 

general mathematical development of the theory of coupled 

transmission systems (Johnson, 1965, Chapter 9) is essen

tially identical with textbook developments of the Quantum 

Mechanical (QM) Perturbation Theory. Each involves the 

solution of a simultaneous set of first order linear dif

ferential equations of the form 

8 a 
r + i E H a = 0 

3 rs s ' 
z s 

where a is the amplitude of the sib mode, H is the un-
s ' rr 

coupled propagation constant of the riL> mode, and H is 
X* s 

the coupling coefficient between the rl'-1 and stb modes. In 

the QM problem, a^ is the probability amplitude for the rib 

unperturbed state, which has energy Hrr, and H determines 

the transition probability between the r«J and s'J" states. 

The QM problem concerns the temporal (t) development of the 

system, whereas the transmission line problem concerns its 

spatial (z) development. If H depends on z in the latter 

problem, we have "parametric coupling." We will treat in 

this section only non-parametric coupling, wherein the 

are constants. This is analogous to QM time-independent 

perturbation theory. We shall avoid formal techniques for 

the calculation of the coupling coefficients by using a ray 

theory to describe the interaction. This can fortunately 

be done for the simple geometry presented by coupled planar 
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waveguides. With more complicated guides, formal tech

niques, such as variational methods, are needed. As 

indicated previously, a ray theory of coupling requires an 

important extension before it can be used to predict the 

correct beat lengths. This is because a reflected ray is 

laterally displaced from the corresponding incident ray at 

total reflection. This is the Goos—Haenchen shift referred 

to previously. Because of this displacement, the effective 

thickness d^ of the guide is greater than the actual thick

ness d, so that the axial distance between reflections, 

d tan8 is greater than the geometrically calculated 
6 X. 

distance, dtan8^. 

Ray Theory of Coupling Between Identical. 
Parallel Planar Guides 

The conceptual framework for this development is 

similar to that used in the beam to guide coupler. We 

consider the arrangement sketched in Fig. 6. Suppose we 

know that, in the plane z = 0, a ray of amplitude leaves 

interface 3 at an angle 0 , and a ray of amplitude B^ 

departs interface 2. For a TE wave, for example, Aq and 

Bq are proportional to the amplitude of the electric field 

at these interfaces in the plane z = 0. 

After a distance corresponding to 2N internal 

reflections in either guide (as we shall show later, this 

distance is not 2Ndtan9^), the corresponding amplitudes are 
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Fig. 6. Geometrical interpretation of energy transfer 
between identical parallel thin-film waveguides 
Insets define the reflection and transmission 
coefficients. 

A^ and B^., respectively. We can find and from Aq and 

Bq by iteration, determining them first in terms of 

and B^ Thus, if r 1 e1^ 1 , re^1", and teJ'Yt are the 

amplitude reflection and transmission coefficients, as 

sketched in the insets of Fig. 6, we have 

>i(Pt 

and 

An = rr 1 e 

r 'te 

.i.(cp +cp ,-2k1dsec9n) 
t Tr' 1 1 

i (cp^_ +cPr ,-2k^dsec0^) 

AN-1 + 

B 
N-l 

B = r 11 e 
N 

i((p_k+(pr ,-2kndsec0^) 

AN-1 + 

i (cp +cp ,-2kdsec01 ) -t r Yr ' 1 
r 're bn-1 * 

(2.13) 
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Now r1 = 1 and cp^ = (cp^-ir/2) (Appendix B) , so that this 

reduces to 

i(cp^+cpr ,-2kn^ds ec 9^ ) , 

AN = (rAN-l~ltBN-l^e 

i (cp +cp ,-2kn.. dsec 9.. ) , 
bn = m^-r

rBn-iu r r 

(2.14) 

and 

(2.15) 

where 

i(cp +cp ,-2kn. dsec® ) 
M= I I e r r 1 1 . (2.16) , 

Clearly, we can now write 

an 

bn 

= MN I I * (2.17) 

so that our problem is solved. The solution is not con

venient, however, because of the n matrix multiplications. 

Obviously, we could simplify the calculation considerably 

by writing the initial condition in terms of the eigen

vectors of the matrix M. This is equivalent to determining 

the relative values of A^ and ^ , such that A^j is pro

portional to A^ and B^ is proportional to ^ . These 

will describe the steady-state conditions (normal modes) 
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for which there is no net change in the power distribution. 

Rather than developing the formal matrix algebra, let us 

go back to Eq. (2.14) to solve for these steady-state 

amplitudes. Thus, let f = cp^+cp^ ,-2kQn^ds ec 9^ . Then, for 

the steady state 

iY 
a
n ~ e ErAN-l ~ ltBN-l^ ~ yAN-] 

and (2.18) 
iY 

BN - e ^~ltAN-1 + rBN-l^ ~ yDN-l ' 

where y is a complex constant to be determined. Equations 

(2.18) have a non-trivial solution only if the determinant 

of the coefficients of and vanishes. Accordingly, 

iY .. iY 
re -y -ite 

iY iY 
-ite re -y 

= 0 (2.19) 

or 

y = (r ± i oe^ = (2#20) 

2 2 because r +t =1. Thus, we apparently have two steady-

state conditions for the assumed angle 0. Inserting y_ 

into Eq. (2.18), we find that the ray amplitudes and 

B ̂ ̂ are equal in magnitude and phase, so that y_ charac

terizes the symmetric mode. Substituting y+ into Eq. 

(2.18), we find that B^ = -A^ so that y+ characterizes 

the antisymmetric mode. 
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Suppose now that all the power is in the upper 

guide in the plane z = 0. Then Bq = 0. This condition can 

be described as the equal amplitude superposition of the 

symmetric and antisymmetric steady-state conditions. In 

the upper slab, the two rays add in the plane z = 0, while 

in the lower slab they cancel. The power distribution 

changes, however, as the rays move down the guide. Thus, 

in the upper slab we obtain 

. ô iN'f + iNtan "'"(t/r) ô iN̂ -iNtan "'"(t/r) , % 
N = ~2~e + ~e ' (2*21) 

while in the lower slab we find 

n ^o iNY+iNtan "'"(t/r) ^o iNY-iNtan "'"(t/r) / 0\ Bn = —e - —e . (2.22) 

If we now assume that t/r << 1, so that tan "*"(t/r) t/r, 

we then find that the power in the upper guide varies as 

i an i2 ~ 1 ao i2 <=°s2<nf), (2.23) 

while that in the lower guide is 

I Bm I2 s I A I2 sin2(N—). (2.24) 1 N 1 1 o 1 r 

The energy clearly oscillates back and forth between the 

guides alone their length. The beat length corresponds 

to that axial distance for which Nt/r = 71, where N = 

L.-./2d tan0. and d is the effective thickness of the guide. 
13' e .L e 

We shall show later that, in the weak coupling 
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approximation that we are using here (t/r « l), = 

d + \ 7t "*~(n  ̂sin̂ 81 - nQ̂ ) for TE modes. In this 
O J. J. m 

approximation, the ray displacement on reflection is thus 

independent of the thickness of the guides, and it is the 

same for isolated or coupled guides. Thus, the layer of 

index n^ separating the guides acts like an infinitely 

thick medium with respect to ray displacements. 

The foregoing analysis implies that all angles 

9 > 0 are allowed. We know, however, that this cannot be 
c ' ' 

so for waves bound to the system. To obtain the character

istic angles, we could solve the complete boundary value 

problem electroinagnetically . Alternatively we may use a 

ray argument. To do this, we consider the rays in each 

guide separately. We make use of the fact that the eigen

values (propagation constants) of the normal modes are 

real, so that the fields in eacli guide may be viewed as 

arising from the superposition of two uniform plane waves. 

The plane surfaces of constant phase may then be viewed as 

geometrical wavefronts satisfying the Eikonal equation. 

Ray A^. in Fig. 7 reaches the wavefront illustrated by the 

dotted line by two paths from point P; one path is direct, 

the other involves reflections at interfaces 3 and 4. Be

cause rays A^T and A^ have equal magnitudes, the optical 

path difference between these two paths to the wavefront 

must be an integral multiple of wavelengths. We thus have 
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Fig. 7. Geometrical method for determining the charac
teristic angles of the modes of a dielectric 
guide -- Insets define the reflection and 
transmission coefficients. 

-2k dsecB + cp + cp . + 2k dtan9sin0 = 2NH. 
± p r l 

This may be reduced to 

-2kndcos0 + cp + cp . = 2NTt. (2.25) 
1 vp m r 1 

The same path difference conditions must also be met in the 

lower guide at the characteristic angle 0. Because the 

guides are identical in the case we are now considering, 

the application of these conditions again leads to Eq. 

(2.25)• 

The reflection coefficients defining the phase 

changes cp^ and cp^ , , in Eq. (2.25), are illustrated in the 

insets in Fig. 7» From classical optical thin-film theory 

or from Eqs. (2.3) and (2.4), we may calculate that 

cp = <p -tan"1 [ C-r2)sln5 \ (2#s6) 
P r ) P ( 

'2r-(l+r )cos6 ' 
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were 6 = cp^+cp^ ,-21c^dcos 8, as defined in Eq. (2.l). By 

substituting Eq. (2.26) into Eq. (2.25), we obtain the 

condition: tan6 = ±t/r. Therefore, the characteristic 

Eq. (2.25) becomes 

6 * tan_1(t/r) = 2NTC. (2.27) 
± 

Comparing this equation for the characteristic angles of 

the normal modes with Eq. (2.20), we see that the geo

metrically calculated eigenvalue y are accordingly equal 

, 2iki dtanQ-fcsin9 . AT j. ^ a. n j. j i • n to e x I . Note that 2dtan8 is just the axial 
Hr 

distance between rays A.T and A,, and that lc, sin6, is the J N-1 N 1 ± 

axial wavenumber. Because Eq. (2.27) defines the charac

teristic angles in pairs, we should modify the statement 

following Eq. (2.20) concerning the steady-state conditions 

for the rays. We do not, in fact, have two such conditions 

for each assumed angle 0. Rather, the characteristic angles 

6 + and 8 arise in pairs centered around the discrete 

angles 0^ that define the modes of the isolated guide. We 

may use the geometrical technique described above to show 

that the angles 8^ satisfy the characteristic equation 

2(p , - 2kndcos8. = 2NTT. (2.28) 
^ r 1 1 1 

Note further that the characteristic angles 8+ of the 

coupled guides also bracket those angle 0 that satisfy 

the leaky mode resonance condition, i.e., 

6 = cpr + , - 2k̂ dcos0p = 2NTC. (2.29) 



(Note that this is not the characteristic equation of a 

leaky mode, because it does not account for losses.) The 

difference between the angles 0^ and 0^ may be neglected 

in obtaining a first order approximation of the beat 

phenomenon. To show this, we examine the phases (p and 

cp^ , . From Appendix B, we find that 

-1 2uq , -1 2uq coth(qs/a) 
cpr, = tan g 2"' ^r = tan 2 2 ' ^2-30) 

u -q u - q 

2  2  2 l / 2  where u = k n,acos0; q = k (nn sin^S,-nn ) ; 2a is the 
o 1 ' o 1 12 

thickness of each guide; and s is the thickness of the FTR 

layer. To first order in the quantity e cls/ai) which is 

assumed much less than unity, the function coth(qs/a) may 

be set equal to unity, so that cp ~ cp^ , . On the other 

hand, the phase angle, 

, ,, -qs/a 
-1 'June -1/, / n , -1 2uq ~ ̂  ..-1 Juq 

tan (t/r) = tan ' ~ tan ^ 2 1 

(u +q )sirih(qs/a) u +q£ 

(2.31) 

is of first order in exp(-qs/a) and must be retained in 

the geometrical derivation of the beat phenomenon, Eqs. 

(2.21)-(2.2k). The angles 9 to be associated with the 

phase Y in these four equations should satisfy either Eq. 

(2.28) or Eq. (2.29). They are average angles lying 

between the successive pairs of angles 8 that satisfy 
t 

the normal mode Eq. (2.27). Because 0 satisfies Eq. 

(2.29), we see that the average phase Y that appears in 



ko 

Eqs. (2.21) and (2.22) is equal to lc sin0 (2dtan9 ). The 
P P 

quantity k^sinQ^ is clearly the average axial wavenumber of 

the normal modes. Finally, it may be noted that, to first 

order in exp(-qs/a), we may evaluate the quantity (t/r) at 

any of the angles 0+, 0^, 0 or 0 . 

While the geometrical derivation of characteristic 

equations is direct, it is not generally to be recommended 

for numerical work; this is because the resulting equations 

are often unnecessarily complicated algebraically. The 

correct characteristic equations can always be generated by 

solving the homogeneous Maxwell equations in each media and 

satisfying the boundary conditions. It is instructive to d 

so for the simple structure we are studying here. This is 

because, as one of the few problems in coupled mode theory 

that can be solved exactly, it provides a means of verify

ing the propriety and limitations of perturbation technique 

used to solve more complicated problems. Let us, therefore, 

study the structure again as a boundary value problem. 

Wave Theory of Coupling Between 
Identical Parallel Guides 

In Fig. 8, we again illustrate the system shown in 

Fig. 6. For the present analysis, we must superpose a co

ordinate system as shown. The central layer of index n^ 

and thickness s is bissected by the plane x = 0. The two 

guiding layers of index n > n and thickness d = 2a are 
X u 

centered on the planes x = ± c. The space |x| > c+a is 

filled with a medium of index n^. 
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Fig. 8. Coordinate system used in analyzing a thin-film 
directional coupler. 

To derive the TE modes (E = E = 0) of this 
x z 

system, we use the conventional procedure. We seek the 

elementary solutions of Maxwell's equations describing 

waves that do not radiate away from the structure. These 

have the form: E = f(x)e"''a,*; 1*lz jn each medium. Expo-
y 

nential or hyperbolic functions of real arguments are 

appropriate for f(x) in regions of index n^; sine and co

sine functions in regions of index n., . E and H must be 
1 y z 

continuous at the interfaces between the media. Taking 

advantage of the symmetry of the problem, we divide the 

solutions into two classes: those for which E is sym-y 

metric about the plane x = 0 and those for which E is y 

antisymmetric. This reduces the algebra considerably by 

substituting two relatively simple problems, each involving 

four equations in four unknown constants, for one problem 

involving eight equations in eight unknowns. The algebra 
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is straightforward, so that we will only present and dis

cuss the results. For the symmetric modes. we have 

f -q (x-c-a)/a 
e s /(cos u +Asin u ): x>c+a 

s s 

cos[ug(x-c)/a]+Asin[ug(x-c)/a]; 

c-a<x<c+a 

„ _ iuut - ih z E =C e s 
y s s 

cosh(q x/a) 
s 

cos u -Asin u 
s s_ 

c 5 
cosh q (— -l) 

s a 

0<|x|<c-a 

u x u c u c 
cost—— + S ) - Asin(u x/a+—-—); 

a a s a 

( 2 . 3 2 )  

c-a<x<-c+a 

qgx/a + qgc/a + qg 
e /(cos u +Asin u ): 

s s ' 

x < - c - a \ 

where Cg is an arbitrary amplitude constant and 

and 

A = (u sin u - qcos u )/(ucos u + q sin u ), 
s  s H s  s  s  s ^ s  s  1  

2 , 2  n 2  \ 2 /  2  2 s  
Us qs " (7ld/v 1 ~n2 

2  , 2  2  , 2 2  2  , 2  2  , 2 2  u + ha = k, a : - q + h a = k a 
s s 1 ' ns s 2 

(2.33) 

(2.34) 

(2.35) 

The characteristic equation for these symmetric modes is 

u q u q -qs/a 
2 cot 2u = -5.- + (-2- + -2.)e 8 , (2.36) 

s q u q u ' 
s s s 

where s is the thickness of the low index layer separating 

the guides. 
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The electric fields of the antisymmetric modes are 

quite similar. They are described by 

f-q.(x-c-a)/£ 

E =C.e 
y A 

iuut - ih. z 
A 

/(cos u.+Asin u.); 
A A' 
x > c + a 

cos uA X_° + Asin u X C 
A a A a ' 

c-a < x < c+a 

< sinh q.x/a 
cos u^-Asin 

sinh qA(—• -1) a ZX 
0 < x < c-a 

x+c , . x+c 
-cos uA—:— + Asm uA—-— ; A a 

q. (x+c + a)/a 

(2.37) 

A a 

c-a < x < -c+a 

V 

/(cos u^+Asin u^); 

-c-a < x 

where C^is an arbitrary amplitude constant for the anti

symmetric mode and A, u, q, and h again satisfy Eqs. (2.33), 

(2.34), and (2.35)• The characteristic equation for the 

antisymmetric modes is 

o * o UA qA ,UA qA, "lAs/a 
2 cot 2u. = - - ( + —) e . (2.38) 

a *a ua â ua 

Equations (2.36) and (2.38) can be considerably simplified 

by assuming that e « l. Accordingly, we obtain 
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2 cot 2u = — (l±e Qs/a) 
q 

u(l±e~*s/a) ' 

q 
(2.39) 

These equations can be reduced to 

cot u = —(lie cls/a) ; t 
q an u - h.(lto-qs/a) 

q 
(2.40) 

where the positive sign applies to symmetric modes and the 

negative sign to antisymmetric modes. For a single, 

isolated guide, the exponential terms in Eq. ( 2.40) vanish. 

We thus see that, for each mode on the isolated guide, we 

obtain both a symmetric and an antisymmetric mode on the 

coupled system. When e the eigenvalues of these 

modes are slightly greater and slightly less than that of 

the corresponding mode on the isolated guide. We furthei" 

note, by comparing Eqs. (2.^0 ) with (2.33)1 that the 

constant a, which specifies the relative contributions of 

the cosine and sine functions for the fields inside the 

guides, is either much greater or much less than one. 

Accordingly, the mode fields inside the guides can be well 

approximated by the single mode fields of the isolated 

guides. These properties of the eigenfunctions and eigen

values of weakly coupled waveguides are quite general. 

They do not depend on the details of the geometry. It is 

only in very simple cases, such as this one, however, that 

these properties can be observed by a straightforward 

solution of Maxwell's equations. 



45 

We will now derive explicit approximate expressions 

for the eigenvalues u and q of the coupled system. To 

obtain them, let us rewrite the first of Eqs. (2.40) as 

u tan u - q = - q e . (2.4l) 

We now expand both sides of Eq. (2.4l) about the zeros 

(u ,q ) of the left-hand side, and neglect second and 
o' o 

higher order terms. Then, 

1 2 2 
u tan u ~q + (u sec u +u tan u )Au-Aq 
o  o  o u o  o o  o  

o 

-qos/a 
(2.42) = - q e 

+ ^o 

2  2  2  2  2 .  
We now use the fact that R = u +q = u +q is a 1 o o 

constant of the system, so that 

u 
Aq = Au (2.43) 

q 
o 

2 2 2 We also know that R = u sec u . Thus, Eq. (2.42) reduces 
o o ' 

to 
u -q s/a 

(R +q ) Au + —^-Au = + q e ° 
u o q 
o 

or 

+ u q e 
o *o Au = 

2 "1os/a 

q (R2+q ) + u ^ 
^o o o 

- u q e + o ̂o 
2 "%s/a 

(2.44) 

R2(l + q ) 
o 
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The propagation constant h satisfies the equation 

, 2 2 , 2  . 2  , ,  ,  
h +u /a = k^ , so that 

2 2 -%s/a 

_ % All _ + UQ ^O 6 /„ ; 
A (wave) h 2 . r2M  + 1 2 ' (2. *5) 

oa h R (. 1 + q ; a 
o o 

where the positive sign applies to the symmetric modes. 

Comparison of Ray and Wave Theories 

Let us consider now the case where the symmetric 

and antisymmetric modes are excited with equal amplitude 

in the plane z = 0. Then, Cg = C^(=C/2) in Eqs. (2.37) and 

(2.32). By summing these expressions, we see that the 

electric field in the upper guide is given by 

iuut-ih z 
E = Ce ° cost Ahz) (cos u——— + Asinu-——) , ( 2 .'i6 ) 
y a a 

where u = (u +u.)/2 ~ u , while in the lower slab it is 
s A o1 

iuut-ih z 
E = iCe ° sin( Ahz) ( cosu—— + Asinu-——) . (2.^7) 
y a a 

The power thus oscillates with distance along the guide 

at the spatial frequency Ah. In the weak coupling 

approximation, Ah is given by Eq. (2.45). 

We are now in a position to determine the effective 

thickness of the guides, d^, to be used in determining the 

beat length from the ray theory. From Eqs. (2.21) and 

(2.22) and Fig. 6, we see that a purely geometrical anal

ysis suggests that N = z/2dtan0^, so that the geometrical 
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beat wavenumber is given by 

Ah = t'""'(t{r) . (2.48) 
g 2 d t an 0 

From the Airy formula (Appendix B), we have 

t s e-qs/a {2 A  J 
R 

so that the geometrical beat frequency, in the approxima

tion tan "^t/r - t/r, is given by 

-qos/a 
u q e 

All = ~s~ . (2.50) 
Seom R a tan^ 

h a 
Comparing this with Eq. (2.45), after substituting = 

u 
o 

tan8^, we find that 

Ah 
.•«eom = (1 + —). (2.51) 
wave % 

This result shows that the geometrically calculated 

coupling is stronger than the actual coupling by the factor 

( l  +  — .  W e  c a n  o b t a i n  t h e  c o r r e c t  ( i n  t h e  w e a k  c o u p l i n g  
q xo 

approximation) result geometrically, nevertheless, simply 

by using the effective width 

d = d(1 + —) (2.52) 
e q 

o 

in place of the actual width of the guide. The increment 

in width obtained from the wave theory is just 
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Ad = d ~ X° . (2.53) 
/̂̂ 2 2 j ~ ~a 2 
R -u Fn, sxn 0n -n0 o 1 12 

This applies to TE waves. A different form is obtained 

for TM waves. It should be noted that this increment is 

entirely independent of d and, therefore, independent of 

the particular resonances of the structure. It is, in 

fact, in agreement with theoretical predictions of the 

Goos-Haenchen shift—the lateral shift of a finite colli-

mated beam of light incident on a totally reflecting inter

face at an angle greater than the critical angle. 

Ray Theory of Distributed Coupling 
Between Parallel Guides of 

Arbitrary Width 

Consider the guides sketched in Fig. 9« We assume 

that we have two rays A^ and B^ departing the interior 

surfaces of the upper and lower guides in the plane z = . 

We first write two equations relating A^ and B^ to anc* 

B^ ̂  . After solving these for the steady-state ray ampli

tudes, we describe energy transfer between the guides in 

terms of the superposition of two steady-state normal modes 

of appropriate relative amplitude and phase. Accordingly, 

we have 
icpA i(pB 

AN = r 6 AN-1 - 1 t e B
N-1 = YAn_! 

and (2.5'*) 

iq>A icPB 
b
n 1 t e An.!* r e bn-1 ~ yDN-1' 
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Fig, 9» Geometrical interpretation of energy transfer 
between guides of different width. 

i(tpt~Cpr) 
where we have used the fact that e = -i and the 

definitions 

<PA = <Pri + <Pr - 2konldAsec0l 

and (2.55) 

cPr> = cp . + CD - 21c riTdjjSecS. . VB Yr 1 r o 1 B 1 

The condition that the determinant of the coefficients of 

and Bn ^ in Eq. (2.5^) must vanish gives the steady-

state characteristic values 

itPr . -ii 2 2. \l/2-
Y+  = e Y[r cosAcp + x(l-r cos Acp^ J (2.56) 

r . -  •  ^  - 1 / j  2  .  /  2  , , 2 /  2 \ 1 / 2  n  S exp [xcp + x tan (tan A(p/r + t /r ) J, 

where 

cp = (cpA+tpB)/2; A(p = (cpA-(pB)/2. (2.57) 

We note from the second form of Eq. (2.56) that, when 
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2 2 2 
t « tan Acp and r ~ 1, the phase change between and 

A n x or and ^-s substantially independent of the 

icp. 
other guide; y ~ e A or e . When Acp = m7t, on the other 

hand, we have phase matching and maximum interaction. 

Substituting y+ from Eq. (2.56) back into Eq. 

(2.5^), we find that the relative amplitudes of the steady-

state rays in the two guides are given by 

B 
N -1 i Acp =-e 

-1 

» 2 3T 
— sin Acp + 1 - —sinAcp 
U X> 

= K e 
+ 
i Acp 

(2.58) 

Note that K = - . When Acp = 0, as for the identical 

•J* guides , we have = - A^T When —^ « sin Acp, we see 

that the ray amplitudes in the two guides are in the ratio 

+ 2 
(t/2rsinAcp) . The coupling between the guides is thus 

generally quite small unless resonance conditions are 

satisfied. 

In order to describe in geometrical terms, a length 

dependent modulation of the power, we must be able to 

translate the two rays A^ and B^ ^ , into the same plane. 

Thus, for example, we must find, in terms of , the ray 

B' , . which departs the interior- interface of the lower 
N-l' 

guide in the plane z^r This plane is determined from 

ray A^ as illustrated in Fig. 9* In the steady state, 

rays B^j ^ and must be in phase at the wavefront 
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illustrated by the dotted line in Fig. 9. The phase 

difference between these two rays is 

-k12(dB~dA)tan91sin81 = 2Ap = )* (2.59) 

We have now determined the amplitudes of the rays 

that depart the interior surfaces of each guide in a plane 

z^ in terms of the amplitudes of rays and that 

depart these surfaces in the plane z^ ̂  . We can repeat 

this argument to find rays and ^ in terms of rays 

Axt „ and B* that depart the interior surfaces of each 
N-2 N-2 ^ 

guide at distances corresponding to two internal reflections 

from plane z^ ̂  . Equations (2.5'j) to (2.58) again apply. 

In particular, from Eqs. (2.58) and (2.5^), we have 

BK^AN = BN-I^AN-I =  K+E  ^ =  DN-]/AN-I =  

'WW (2-6o) 

It follows from Eq. (2.60) that = B^ This, in 

turn, requires that the phase difference in Eq. (2.59) must 

equal 2MU. By a similar argument, we find that the ray 

that departs the interior surface of the lower guide in the 

plane z^ defined on ray A,^ is equal to 

The argument may now be repeated N-2 times to 

determine, finally, the rays A^ and B^ in plane z^ from the 

rays A and B that depart the interior surfaces in the 
00 

plane z = z^-N(z^ - )- Accordingly, we find that 
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Am = A and B„ = B , with B /A = K The steady-
N o  '  N o ' 1  o o ±  J  

state rays may accordingly be described by the two ordered 

pairs 

( \  m ^ n iNcp+iNv/,  T P  i  Acp •> 
N1 N = C+e (l

1
K+e } 

and (2.6l) 

(A n,B n) = C_elN^";LNv(l,K_e;LA(p) . 

The first member of each pair gives the ray amplitude in a 

plane z^ in guide A; the second gives the ray amplitude 

in the same plane in guide B. The constants C+ and C give 

the arbitrary amplitudes of the two disturbances. The 

parameter v, from Eq. (2.56), is 

-l,tan2Acp + t2>, 1/2 ( 0 r ̂ \ V = tan ( ^ ) . (.2.62) 

r 

Let us now suppose that we know that all the 

energy is in guide A in the plane zq . We can describe 

this initial condition by summing the two steady-state 

modes, Eqs. (2.6l), with C = C and C = K C. Accordingly, 
+ "I* 

we obtain 

_ r> 
AM  = CE^^I"  (1+K2) cosNv - i(l-K )sinNv] 
N L J 

and (2.63) 

B n = 2iK+CsinNv elN^+lA(p. 

We can translate N into z by using the effective width of 

the guide A, as found in the last subsection. Thus, 
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N = z/2d tan9 (2.64) 
6 X 

where dg is given by Eq. (2.52) (TE modes). Note from Eq. 

(2.63) that the power in the initially uhexcited guide 

varies sinusoidally with length from zero to a maximum of 

4K at the spatial frequency v/2detan9^. It is apparent 

from Eqs. (2.58) and (2.62) that this maximum power is 

small and the frequency large unless the guides are of 

resonant dimensions. 

One of the advantages of the ray approach to the 

coupling problem is that it separates the description of 

the coupling process from the determination of the charac

teristic angles. Because the guides are dissimilar, we must 

simultaneously satisfy a path difference condition in each 

of the guides, i.e., 

6. = -2k.. d. cos 9 + cp + cp , = 2Ntt: 
A 1 A Yr 1 

and (2.65) 

6ia = -2k1dr,cos9 + (p.  + cp , = 2MTC. 
B IB ^r' 

Equations (2.65) follow directly from Eq. (2.25) and the 

arguments leading to it. We may use Eq. (2.26), with 6 = 

6g, to reduce the first of Eqs. (2.65). A similar reduction 

of the second of these equations is effected by substituting 

Eq. (2.26) with 6 = Equations (2.65) can then be 

further reduced to yield the equivalent characteristic 

equations 



rcosAfi = cos5; or tan(6^/2)tan(6g/2) = 

t-—— = , (2.66) 
1+r (1+r) 

where A6 = (6^-6g)/2 and 6 = (5^+6j j)/2. Comparing Eq. 

(2.66) with the characteristic equations of isolated guides 

(Appendix A), we see that the characteristic angles 9 for 

the coupled dissimilar films, defined implicitly by Eq. 

(2.66), are very near those of the isolated films. When 

t = 0, Eq. (2 .66) reduces to the corresponding equations 

for the isolated guide. The ray angles to be used in Eq. 

(2.63), which describe the coupling process, may be those 

satisfying either the uncoupled mode characteristic equa

tions, or the corresponding resonances of the leaky guides. 

Lateral Shifts"*" of Light Beams on 
Transmission and Reflection 

at FIR Layers 

When a beam of light is totally reflected at an 

interface separating two dielectric media, the reflected 

beam is physically displaced from the trajectory we would 

expect on the basis of geometrical theory. It appears 

as though the incident beam enters the medium of lower 

index of refraction through one region of the interface 

and then emerges from it through a slightly displaced 

1. This terminology is common in the literature. 
Because the corresponding beam displacements are parallel 
to the plane of incidence, however, it can be confusing. 



region. The displacement is in the direction of the 

component of linear momentum of the incident beam parallel 

to the interface. If the straight line trajectories of 

the centroids of the incident and totally reflected beams 

in the high index medium are extended into the low index 

medium, their intersection defines the location of a virtual 

surface, parallel to the actual surface, at which geo

metrical reflection appears to occur. In this section, we 

wish to determine the location of this virtual surface with 

a view to completing our ray theories of distributed 

coupling in planar waveguides. In so doing, we shall find 

that waveguide concepts themselves contribute significantly 

to the basic theory of this interesting phenomenon. 

Many theoretical studies of the total reflection 

of finite beams at dielectric interfaces have been reported. 

Two recent treatments by Lotsch (1968, 1970a, 1970b, 1971a, 

1971b) contain extensive lists of references to this 

literature. In 19^7, Goos and haenclien devised an experi

ment which yielded a quantitative measure of the displace

ment of a beam totally reflected from a dielectric inter

face relative to a beam reflected from an adjacent silvered 

interface. The effect has thus come to be known as the 

Goos-Haenchen shift. Specifically, the Goos-Haenchen 

shift, D, is the perpendicular distance between the cen

troids of the actually reflected beam and a beam geomet

rically reflected at the interface, as sketched in Fig. 10. 
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Fig. 10. Goos-Haenchen shift, D, of a beam of light 
totally reflected at a dielectric interface. 

n2 n3 ' Sin 1^n2/^nl^ ®1 

The measurements of Goos and Haenchen appeared to 

fit the formula 

D = Cn X  /(n 2sin20 - n 2)"L/''2, (2.67) 
{it O X -1- u 

where C is a constant equal to 0.52 for n^ = 1.52 and 

n = 1. The constant was found to be the same for both 

polarizations of the incident beams. Von Fragstein (19^9) 

thought the experiment to be in error for this constant. 

He and others (Artinann, 19'l8; Wolter, 1950; Maecker, 1952) 

predicted different shifts for the two polarizations, i.e., 

D (TE) = X  n 71 ^n, ^(n 2sin20 -n (2.68) 
O U X X X tat 

and 

D (TM) = n.2D /n 2. (2.69) 
K 1 

These formulas, which apply near the critical angle, were 

verified experimentally in 19'l9 by Goos and Haenchen. 

Several different formulas, applying to fill angles of 



incidence, have been developed in the literature (Horowitz 

and Tamir, 1971) but, as far as we know, no experiments 

capable of discriminating between them have been reported. 

It is thus quite interesting to study this question from a 

waveguide mode point of view. To the time of this writing, 

no such study has been done. In view of the mounting 

interest in optical guides, however, it seems likely that 

new theoretical and experimental developments will be 

f orthe oming. 

Waveguide Modes and the Goos-Haenchen Shift 

One of the difficulties associated with the theo

retical prediction of the Goos-Haenchen shift lies in the 

formulation of the problem. We should like to be able to 

think in terms of a single angle of incidence. But this 

requires an infinite uniform plane wave. In the classical 

Goos-Haenchen setup, however, it is not meaningful to assume 

an infinite plane wave, because this assumption gives us no 

way to distinguish one part of the reflected wave from 

another. We must, therefore, have a finite beam and, con

sequently, a range of angles of incidence. For a bound 

mode on a lossless, infinitely long waveguide, on the other 

hand, we not only can, but we must think in terms of a 

single angle of incidence and reflection, i.e., the 

characteristic angle of the mode. Though we cannot observe 

a reflected beam, we can measure the phase velocity along 
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the guide. Let us, therefore, perform the following 

gedanken experiment. 

Let us imagine that we have two waveguides. One is 

a thin film of refractive index n^ and thickness d' coated 

above and below with perfectly reflecting (conducting) 

films. The second is a film of index n^ and thickness d 

embedded in a medium of index n^. These are sketched in 

Fig. 11a and lib. 

z//////////////////// '///////«. 

"10 

{//////// 

//////////////////// 

P|0 + A ri| d 

////////> <777777 
c 

Fig. 11. Geometry of three waveguides used to derive the 
Goos-Haenchen shift. 

Now we know that the interior fields in both these 

guides may be viewed as the superposition of two uniform 

plane waves whose normals make an angle 0^ with the 

bounding interfaces. Let us suppose that we can vary the 

thicknesses d and d' in such a way that the lowest order TE 

mode in each guide has the same phase velocity, h = k^sinB^, 

where 
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2Tln^ 

kl " ko • 

Then the rays in each guide travel at the same angle to the 

bounding interfaces. 

To find the thicknesses d and d1 in terms of the 

characteristic angle 0, we use the characteristic equations 

of the two guides: sin(2u) = 0 for the conducting guide and 

Cot(u) = u/q for the dielectric guide, with u = ^l 0̂0'"3®!* 

Then 

d1 = K/kQn^cos8^ (2.70) 

and 

d = 2u/k n, cos01 = 2 tan ^(-2-)/k n cosS, . (2.71) 
o 1 1 u o 1 1 

Recall that 

2 d2 2 . 2 2/ 2 2 2 2Q ^ q = R -u = kQ a (n^ -n^ -n^ cos 0^ ) , (2.72.) 

so that Eq. (2.7i) indeed gives d in terms of the angle of 

incidence and the physical parameters of the guide. Now 

note that the difference between d1 and d is equal to the 

difference between the phase changes at reflection for the 

two guides, divided by the transverse wavenumber, k^cos0^. 

This suggests that the effective thickness of the dielectric 

guide is just that of the conducting one. This suggestion 

seems quite reasonable, in view of the question posed in 

the Goos-Haenchen experiment, i.e., what are the relative 

positions of two beams: one reflected at a good conductor, 

the other at a dielectric? On the basis of phase 
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considerations, therefore, we would conclude that the 

virtual surfaces we seek are located at distances (d'-d)/2 

beyond the actual interfaces. 

Let us now study this suggestion on the basis of 

energy considerations. We may begin by asking whether there 

is anything fundamental about the point of view that the 

modes are the superposition of two uniform plane waves at 

angle 0^ . To answer this question, let us examine how a 

mode is attenuated by dielectric loss in a perfectly con

ducting guide. Accordingly, we set n = n + AtU , where 
1 o 1 

n is real and equal to the index of the lossless guide 
J-o 

and An^ is a small imaginary-valued quantity, such that 

| An | /n «1 . Then k = k- + Ak , where 
1 10 1 J-o -*• 

2TC An-. 
Aki = H— 

o 

is also imaginary-valued. Now the axial propagation 

constant h will also take on an imaginary part, which will 

define the rate of loss from the mode. There is no change 

in the boundary conditions, so that we still have 

sinp^d' = 0, and thus 

i , 2  , 2  n  2  . 2  n 2  ,  x  h = lc - (3 = k - 5* (2.73) 
1 1 1 

for the lowest order TE mode. Therefore, if h = h + Ah, 
' o ' 

where h is the axial propagation constant for the lossless 

case, we have 
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k, Ak, 
11 2TtAn1 

Ah = —g _ . (2.7^) 
ho Xosin0l 

Thus, over an axial distance L, the loss is proportional to 

LcscG^. We may conclude that the energy travels down the 

guide in the way we would expect of multiply-reflected ray 

pencils at angle 9^, parallel to the normals to the 

component plane waves that comprise the mode. 

Let us now look at the corresponding rays in the 

dielectric guide. We again assume a small loss in the 

interior medium, so that k = k + Ak1 , but we retain the 
1Q -1-

perfect dielectric outside the guiding interfaces. We then 

have 

h2 = k22 + q2/a2, (2.75) 

where kQ does not change. Therefore, 

Ah = q Aq/h a2, (2.76) 
^o o ' 

where subscript o represents the lossless case. Now q = 

2 2 2 2 2 utanu, q = u t a nu , and R = u + q„ = u sec u so that 1  ^ o  o  o  '  o  o ^ o  o  o  '  

Aq = (IO+RQ2 )AU/Uq. (2.77) 

Therefore, from Eqs. (2.76) and (2.77), we obtain 

q 2 + q R 2 
Ah 2 -IS —£-2- (2.78) 

2 u 
h a o o 

2 2 2 We now use R = u sec u to obtain 
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Au 
u 

1 AR 
1 + q R ' 

o 
(2.79) 

and, because R (k^2-k^^)a2, we have 

k1 Ak1 a' 
AR ~ o 

Ro = R2 
( 2 . 8 0 )  

Combining Eqs• (2.78), (2.79), and (2.80) yields 

2 
k, Ak. 2, d2 a1 U 
1 lq+qR Ak., o 

~  o  ^ 0 ^ 0 0  l r ,  *  
Ah = — _ = [1 5- ] 

R2 (1 + q ) 
o ^o 

sint 
R (1+q ) 
o o 

( 2 . 8 1 )  

mu 

Now it is not difficult to show that the factor 

Ak^ 
ltiple in Eq. (2.8l) is just the fraction of the 

sinfii 

total TE mode power that is carried in the intei^ior of the 

lossless guide. To sketch this calculation, we solve 

Maxwell's equations in the interior (subscript l) and 

exterior (subscript 2), to obtain: 

E = cos 
u X 
o 

E cos u e 
o 

-q (x/a-l) 
o iuot-i h z 

o ( 2 . 8 2 )  

H = 
x 

 ̂T7» 
W|i y 

so that = h/uujxE E *. Therefore, the powers P^ and P, z ' ' y y 

in the interior1 and exterior are 
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2h a x ha sin2u ha q 
r\ r* *J r\ rv r\ /~\ */• „ O [> 2  O O R, T  O - O '0> 

1 10(JL QJ  COS a U)H ^ 2U Q  ~ IDJI R  2 
o 

and 
(2.83) 

2 2 2h cos u 00 -2q (x/a-l) h a cos u 
p _ o o p ^o _ o o 

2 
a ^ qo 

, 2 
h a u 
o o 

« % E 2  

o o 

The final forms of P and P are obtained from those 
JK.  ̂

preceding them by using the identities qQ = UQtanuQ, 

2 2 2 R = u sec u . We thus find that 
00 o 

po u 2 q q 
p-4p-= i-{T-J-= 1 --0—2 — =  U+— 
12 12 R 2<l+q ) R 2 1 + % 

0 0 o 

Thus, comparing Eqs . (2.7'i) and (2.8l), we conclude that it 

is incoi-rect to assume that the ray pencils in the di

electric guide are reflected at the actual interfaces. To 

find where they are reflected, let us reconsider the guide 

with perfectly conducting boundaries at x = +a' = +d'/2. 

Suppose, as sketched in Fig. 11c, that, in region 

1 of the conducting guide, defined by -a < x < a. the 

refractive index is n]_Q + An^ , while in region 2, defined 

by a < j x| < a1, the index is niQ* What is the loss rate 

in this case? It may be shown that, for |An^| < ni0, the 

loss rate is simply 
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Ak, P0 Ak.. a sin2{3, a 

&h - ̂ 7(1 ' - sinS^a' (1 * 2Hia >' (2'85) 

where and Pg again represent the power in the two 

regions for the lossless case. Now if 2a = d (i.e., the 

width of the dielectric guide), and if the thickness of the 

conducting guide, d1 = 2a1, is adjusted so that the 

characteristic angles 0^ are the same in both the conduct

ing and dielectric guides, then (3^a in Eq. (2.85) = in 

the dielectric guide. Therefore, we may write Eq. (2.85) 

in the form 

2 Ak.. u 1+q 
Ah = -At- ~j- (1 - s 2_) 2 . (2.86) 

sln9l a R (l+q ) % o 
Now the field vectors, as well as the properties 

/ 

of the materials in the regions |x|<a, are identical in the 

two guides of Figs, lib and 11c, and there is no mechanism 

for loss outside these regions. We, therefore, require 

that the loss rates be the same in both guides. From Eqs. 

(2.86) and (2.8l), we then have 

a' = a(qo+l)/qQ 

or 

d.-d . d/qo = . 1° 5-J75 • ( 2 . 8 7 )  
TUn^sm °2.~n2 

This result is based on energy considerations. To compare 

it with the phase argument, we use Eqs. (2.70) and (2.71) 

to obtain 
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d ' - d  =  " - a t a n ^ t q / u )  _  ( 2 8 8 )  
Kj^COS 

For u « q, this reduces to 

d'-d « 2u . (2.89) 
qk^coso^ 

Equation (2.89) is identical with Eq. (2.87)• As sketched 

in Fig. 12 the latex*al (z) shift to be associated with each 

reflection in the dielectric guide is 

Az = (d'-d)tanB^, (2.90) 

and the Goos-Haenchen shift is 

D = (d '-d)sin9^. (2.91) 

Note that near the critical angle sin0^ x n^/n^ ; therefore, 

Eqs (2.87) and (2.89) lead to the classical predictions 

given by Eq. (2.68). 

2 0, 

Fig. 12. Effective geometrical thickness, d1, of a 
dielectric guide of thickness d. 
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A  similar analysis may be carried out for TM modes 

(parallel polarization). For this case, we find 

Tt-2tan "^ (n!?q/n^u) 
d'-d = r ±-5 . 

k^cos 0^ 

For u « q, this reduces to 

XOno/nl 
d'-d " 2 2. 2,1/2 * (2"92) 

Kln^sin i~n2 

Equation (2.92) results from phase considerations. 

An energy argument like that for TE modes (power ratios) 

yields the result 

, 2 
no 

d'-d = r r—2 —7~77T * S • (2-93) 
n , 2 . 2q 2x1/2 2 . 2q 2 2n (n^sxn o^-n^) n^sxn S^-n^cos 0^ 

This agrees with the classical Eq. (2.69) near 0 = 8^ and 

with Artmann (19^8) for all angles. Near 0^ = 7l/2, it 

agrees with the phase result, Eq. (2.92). 

Summary of Goos-Haenchen Results 

From this analysis, it is clear that we must 

reject the phase argument near 0 = 9c. This is because 

the classical predictions, Eqs. (2.68) and (2.69), as well 

as our energy predictions, Eqs. (2.87) and (2.93), have 

been verified by the experiments of Goos and Haenchen for 

angles very close to 0^ . Near grazing incidence, on the 

other hand, our phase and energy arguments lead to the 
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same results, Eqs. (2.87), (2.89), (2.92), and (2.93)» The 

energy predictions are further corroborated by an in

dependent analysis based on a comparison of geometrical 

and wave-optic estimates of the loss rates of leaky modes 

in optical waveguides. Taken together these arguments 

lead to the following conclusions: 

1. Equations (2.87) and (2.93) give the Goos-Haenchen 

shift for all angles of incidence more than a few 

minutes greater than For 9^ est Tc/2, they do not 

predict that the shift vanishes. 

2. Ray-optic calculations of coupling coefficients for 

planar waveguides require the use of the effective 

thickness, d , rather than the actual thickness, d, 

of the guide. Whenever the thickness, t, of the 

low index coupling layer is such that exp(-4qt/d) 

« 1, this effective geometrical thickness is given 

by d' in Eqs. (2.87) and (2.93)• 

Completion of Geometrical Theory of 
Distributed Coupling 

Our objective in this subsection is to complete the 

geometrical theory of prism-film couplers begun at the 

start of this chapter by taking into account the displace

ments which take place when a beam (ray) is reflected from 

1. For finite beams, the immediate vicinity of 
critical angle requires special treatment, as in Horowitz 
and Tamir (1971). 



or transmitted through an FTR layer. Accordingly, we will 

now assume that the effective geometrical thickness W of ° e 

a thin-film guide of index n^ , coated with FTR layers of 

index n^, is given by the actual thickness W plus an 

incremental thickness AW given by Eq. (2.87) for TE modes 

and Eq. (2.93) for TM modes. If the FTR layers are made 

of dissimilar materials of indices n and n' the incre-

mental thickness is of two terms having 

the form of these each of the indices, 

each multiplWe have already 

seen that this ,̂ ^̂ ^̂ ^̂ ^̂ ^̂ ^̂ Ĥorrect 

the engtli 

a c o u p l e r .  H e r e  w e  

ary dielectric 

materials, provid^^^^^^^^^^^^Vumption of weak 

coupling is met. Tliin practice. 

We noted in the beginning of this chapter that the 

behavior of the FTR filter, when described in terms of the 

number N of ray pencils contributing to the amplitude of a 

ray along the guide, was identical to that of a parallel 

plate interferometer. The important results of such a 

description are summarized in Fig. 13. The quantities R 

and T in the figure represent the fraction of the power in 

an incident pleme wave that is reflected or transmitted at 

the interface between the plate and its surround. They are 
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or transmitted through an FTR layer. Accordingly, we will 

now assume that the effective geometrical thickness W of ° e 

a thin-film guide of index n^ , coated with FTR layers of 

index n is given by the actual thickness W plus an 

incremental thickness AW given by Eq. (2.87) for TE modes 

and Eq. (2.93) for TM modes. If the FTR layers are made 

of dissimilar materials of indices 11 and n' the incre-

mentcil thickness is given by the sum of two terms having 

the form of these equations, one for each of the indices, 

and each multiplied by the factor 1/2. We have already 

seen that this procedure leads to the correct prediction of 

the beat length (coupling strength) between two parallel 

films forming a symmetrical directional coupler. Here we 

will show that it is also appropriate for prism-film 

couplers and directional couplers of arbitrary dielectric 

materials, provided only that the assumption of weak 

coupling is met. This is the case in practice. 

We noted in the beginning of this chapter that the 

behavior of the FTR filter, when described in terms of the 

number N of ray pencils contributing to the amplitude of a 

ray along the guide, was identical to that of a parallel 

plate interferometer. The important results of such a 

description are summarized in Fig. 13. The quantities R 

and T in the figure represent the fraction of the power in 

an incident pi cine wave that is reflected or transmitted at 

the iutcrfacc between the plate and its surround. They are 
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N - 2  N-l N-4 N-3  

J 

Fig. 13• Ray theory of a parallel plate interferometer --
The field amplitude in the plate grows according 
to the equations: 

AN = Tl̂ 2elCPT(l + Rel¥ + R2e2lY + ...), 

= Tl/2eltpT(l - RNelNY)/(l - Re±Y) , 

Y = 2cpĵ  + 21cQn̂ Wcos6̂ , 

an > if r̂  « 1 and T « 1. 
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assumed to apply locally along the rays. The amplitude of 

a ray is proportional to the square root of power density, 

as sketched in the inset, where the phase changes on re

flection and transmission are also shown. The amplitude of 

the ray in the film depends primarily on the phase 

difference Y between the successive contributions to it. 

When this phase difference equals 2mTt, the amplitude can 

-1/2 
reach a maximum value of T , as indicated in Fig. 13« 

In Fig. l'i, the analogous situation for the FTR 

filter is sketched. The algebraic results shown in Fig. 

13 apply to this case also, where the meaning of the re

flection and transmission coefficients are now as sketched 

in the inset of Fig. l4. In the case of the parallel plate 

of index n^ > n^, the phase change at reflection, <PR, 

equals zero. For the FTR filter, on the other hand, cpR is 

a complicated function of the angle of incidence and the 

indices of refraction n^, n^, and n^ (Appendix B). These 

complications in no way modify the simple analysis of Fig. 

13, however. The important phase difference Y has 

exactly the same form in both cases; note that it is the 

actual width W of both the plate and the film that enters 

into the determination of Y. It is only in the specifica

tion of the relative positions of rays A^T and A^T that the 

difference between the parallel plate and the FTR filter 

becomes apparent. In this section, we will assume that 
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rt, I 

r* 
•/f e'̂ T 

•/R e'̂ T 

-n2- —a-_/ \ 
T I I 

f > !  w  w ,  
L ± 

n2 

Fig. l4. Ray theory of the FTR filter — The field in the 
spacer film grows in the same way as in the 
parallel plate. The effective thickness of the 
guide, We, is determined by the Goos-Haenchen 
shifts at the reflections on its opposite sides. 
Transmitted rays are shifted, as illustrated, in 
two steps, each of which is proportional to 1/2 
of the Goos-Haenchen shift appropriate to the 
two media on opposite sides of the FTR layer. 
Inset defines the reflection and transmission 
coefficients appropriate to the interferometric 
analysis of this case. 



the axial separation between these rays is 2Wtan0 in the 

plate, but 2W tan0 in the film, where the increment in f i e 
1 

thickness is found from Eqs . (2.87) (TE modes) or Eq. 

(2.93) (TM modes). We then verify that the geometrically 

calculated loss rate (attentuation coefficient) resulting 

from this assumption agrees with that calculated for the 

corresponding leaky wave, i.e., the (spatial) transient 

solution to Maxwell's equations. 

The ray paths sketched by the dotted lines in Fig. 

14 illustrate our geometrical interpretation of the 

passage of a ray through an FTR layer, or a ray reflected 

from it. The actual thickness of the FTR layer is of no 

consequence in the geometrical theory under the assumption 

of weak coupling. The layer may be replaced by two thin 

slabs, one of index n^, the other of index n . The slab 

of index n^ has a thickness equal to 1/2 that given by Eq. 

(2.87) for TE modes or Eq. (2.93) for TM modes. The slab 

of index n^ has a thickness described by these same 

equations, with n^ and 0^ replacing 11^ and 0^. Because 

Snell's law applies, it may be seen from these equations 

that the two slabs that form the geometrical equivalent of 

the FTR layer are of equal thickness for TE modes, but of 

slightly different thickness for TM modes. 

We now verify the propriety of the geometrical 

construction described above for the case of a leaky wave 

in an FTR filter or FTR prism coupler. The basic physical 



situation is as sketched in Fig. 15, which is divided by 

two vertical dotted lines into three regions. In the 

region at the left, we illustrate how a wide beam of 

uniform amplitude is coupled into a leaky mode in the FTR 

prism-film coupler. If we assume that the angle of in

cidence satisfies the resonance condition, Y = 2mTC, then 

the ray theory leads to a build up of the amplitude given 

by the upper equation at the left of the figure. The leaky 

wave analysis, on the other hand, leads to the lower equa

tion, where 0c = Im(h). 

In the center of Fig. 15, we illustrate a region 

where the wave is confined to the guiding film. Wave and 

ray descriptions of the bound mode give the same amplitude 

Aq . In passing into the region at the right of Fig. 15, 

the wave becomes a leaky mode of a truncated FTR filter. 

(The dotted lines in the central section of the figure 

illustrate the parts of the prisms of the FTR filter which 

have been removed.) Note that the geometrical theory 

describes the decay of the leaky mode according to the 

N 
formula A^R , this being the amplitude of a ray traveling 

downward in the film after N reflections at the upper 

boundary of the film. The wave picture describes the 

decay of the field as that of a leaky mode with attentua-

tion coefficient Ot = Im(h). 

We now assume that N = z/2Wetan0^ and compare the 

geometrical loss rate with that obtained from wave theory. 
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2 

n2 

Fig. 15• Spatial transients on waveguides -- In region 
(a) a light beam drives a leaky mode. This 
"prism coupler" arrangement is described 
geometrically by: 

A = A (1 - RN//2) 
ray o 

and wave-theoretically by: 

A = A (1 - e"az). 
wave o 

In region (b) we have a lossless bound mode with: 

A = A = A . 
ray wave o 

In region (c) a leaky mode decays according to 
the descriptions: 

A = A RN 
ray o 

. . -cXz A = A e 
wave o 



The essentials of this comparison are illustrated in Fig. 

l6. On the left-hand side of the figure, the principal 

transverse field component in each region of a five-media 

symmetric FTR structure is shown. We assume a symmetric 

mode, so that the fields below the guide are the same as 

those above it. The constants B, C, and D, as well as the 

complex eigenvalues u, q, u', and h, are determined by 

matching the tangential components of E and II at the inter

faces. In the figure, we have indicated that the field 

expressions describe the y component of the electric field. 

The corresponding eigenvalues would be those of the 

symmetric TE modes, as indicated. Let us assume, however, 

that the expressions in the figure give the y component of 

the magnetic field in each region, so that we will seek 

the characteristics of the symmetric TM modes, which we 

have not considered in detail before. We use Maxwell's 

equations to find the corresponding electric field compo

nents and then use the boundary conditions to generate the 

following characteristic equation 

( 1 u'/e3 + 1q/e2 -'iqW' /W 

\ + u'/so - icl/e2 6 

utan/e, -- ( q/e0 ) { r-r~ ;—:—7 
1 2  I  .  u  / e 3  +  ^ ^ 2  - k a w / v  

I 1- —rr~ ;—7— e I u'/e - 1q/e 2 

•* 4 d W ' /W / i \ 
We now assume that e «1 and write Eq. (2.9^/ as 

( 2 . 9 'l) 
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SYMMETRIC TE MODE 

E = Ey 5 

n De-2iu'«/w-ihi 

RAY THEORY 

VTe'+T 

n2 Be-8" /w + Ce2«"/w)e- i '" 1 1 1 IN 1 -T-w' 

n Acos(^ i)e- ih I  VRe'+R W w, 4 

J ! n2 

1 1 1 1 <
 1 1 1 

"3 

u,u',q,h COMPLEX 

utanu = q(l + f[u,u',q,W ]) 

A wave * A0e * 

WAVEFRONT R * l  
AR'AV A0RN - A0E"NT 

N = Z/2W, tan 8 t  

LEAKY MODE 

Fig. 16. Leaky mode -- A specific illustration of the 
comparison of wave and ray theories corresponding 
to the output coupler at the right of Fig. 15. 

atan/ei-qA2!!!(2q/e2)e2:Ltan"1U3l/e2u',-,"lW,/W. (2.95) 

We may expand both sides of this equation about a root 

(u ,q h ) of the left-hand side: this root characterizes 
o ' ̂o ' o ' 

the corresponding mode of the lossless three-media structure 

that obtains when the FTR layers are infinitely thick. 

2 2 ^ 2 
Because 4u • /W + li = k , the corresponding value of 

u1 is u^ = k^Wcos0^/2, where 9^ is a real angle found from 

Snell's law, given that u = k,Wcos0,/2. Because of the '  °  o i l '  
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factor e iq^ ̂  on the right-hand side of Eq. (2.95) , its 

first order approximation is obtained simply by replacing 

q and u' by qQ and u^ . The left-hand side, to first order, 

is 

(elG2qoUo)"1(ele2qo+G2qoUo+elqo+ele2Uo) Au' (2.96) 

where we have used the fact that u tan /e, = q /e0. o o 1 o 2 

Equating the first order approximations of the two sides of 

Eq. (2.95), we obtain an expression for Au = U-Uq, where u 

is a complex eigenvalue of the five-media problem and uq is 

the corresponding real eigenvalue of the three-media 

problem. We then use the relation k = h +4tu /W to 

obtain 

Im(h) = ImtAhJ^^u Im(Au)/h = - 21m(Au)/Wtan9 = 
0 0 1 

p o " V / W  

(8ele2e3UoqoUo/Wtan9l)e 

r n2, , 2 2, 2 2x2 ,2^ 2 2, 
Is 2 o 2Uo 1qo ^ e 2Uo e 3 qo) 

(2.97) 

The geometrically calculated loss, on the other 

hand, has the form 

rN = eM„R = eW,„(l-T) „ e-NT = (T/aW^a n 0 l  >  z .  ( 2 - 9 S )  

From Appendix D we find that 

->ia W'/W 
, r 2 2 2 2 qo ' 
I6e0u s„q e 

T ~ ̂ Uoel/Uoe3^T~2~~2 2 2 w 2 ^2 2 2v ' (2.99) 
leQu +e,q M u ' +e0q ; 2 o 1 o 2 o 3o 
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If Eq. (2.99) is substituted into Eq. (2.98), it is found 

that the geometrical loss rate, i.e., T/2Wetan0^, with W 

calculated from Eq. (2.93), is precisely that given by the 

wave theory, Eq. (2.97)• If, on the other hand, we had 

used this comparison of ray and wave theories to determine 

, we would accordingly have developed a new technique for 

finding the Goos-Haenchen shift. 

Ray Theory of General Directional Coupler 

The problem of the coupling of two dissimilar thin 

films coated with dissimilar films of lower index of re

fraction is sketched in Fig. 17. The geometrical solution 

to this problem proceeds, as indicated by the equations in 

that figure, with the determination of the eigenstates of 

the system, characterized by the eigenvalues y. The 

analysis parallels that carried out earlier and thus need 

not be developed here. The results of the analysis show 

that the procedure described at the beginning of the last 

section for specifying the shift of a ray transmitted 

across an FTR layer leads to predictions of the coupling 

coefficients that agree with first order solutions to 

Maxwell's equations. Accordingly, we find that a geo

metrical theory of wave propagation in thin films predicts 

a new result, i.e., the lateral shift of light beams on 

transmission through an FTR layer. It is remarkable that 
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Fig. 17« Hay theory of coupled guides -- The general 
analysis of a five-media directional coupler is 
predicated on the following relationships: 
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this shift does not depend on the thickness of the FTR 

layer, in the weak coupling approximation. 

Before closing this chapter, we may point out some 

of the limitations of the geometrical theory. Like the 

classical theory of the parallel plate interferometer, it 

neglects the effects of diffraction. At each reflection, 

an incident beam (ray) is divided into a reflected and 

transmitted beam (ray). It is assumed that these beams 

maintain the shape of the incident beam over the coupling 

region and are thus geometrical images of it in the 

surfaces of the film. For beams with slowly varying 

amplitudes, films with thickness of the order of a few 

wavelengths and interaction regions of the order of the 



beam width, a beam transmitted across an FTR layer will 

maintain its shape quite well as it is multiply reflected 

down the guide. This may be shown by unfolding the path 

of such a beam in the film and testing to see if its 

propagation distance L satisfies the usual condition, 

L«d /X, where d is the half-width of the incident beam. 

Obviously, diffraction effects do occur at the edges of 

beam, but these are of little importance in FTR couplers. 

In rigorous theories of the Goos-Haenchen shift, they give 

rise to "lateral waves" (Lotsch, 1970a, 1970b, 1971a, 

1971b; Horowitz and Tamir, 1971) that describe trailing 

illumination observed beyond the edge of the reflected beam. 

When, the weak coupling approximation is not satis

fied, a wave solution in terms of a single leaky wave is 

not sufficient to describe the fields, as shown in Appendix 

A. We have not yet attempted a detailed comparison of wave 

and ray theories in this case. It seems likely that a 

modified geometrical theory might yet be appropriate. To 

test it, we would need to compare it with a rigorous 

solution, such as that found by Midwinter (1970). The 

implications of such a comparison on studies of the Goos-

Haenchen shift might be interesting. 



CHAPTER 3 

RAY THEORY OF CIRCULAR WAVEGUIDE MODES 

We begin our geometrical treatment of the modes of 

the circular dielectric waveguide by considering some of 

the more obvious implications of the wave equation that 

must be satisfied by the mode fields. Thus every rectan

gular component, u(x,y,z), of the field inside the guide 

obeys the equation: 

(V2 + k2n?)u =0. (3-1) 
o 1 

If u(p,(p,z) represents a component of a single mode field, 

then 

u = f(p)eimCP-ihz (3-2) 

and f satisfies Bessel's differential equation: 

[-dL+p-1^ + (p2_m2/p2);j f = Q (3>3) 

dp^ 

with solution 

f = AJ (0p); P2 = k2n2 - h2. (3-^) 111 r J I~ 0 I 

A is an arbitrary constant and is the Bessel function of 

the first kind of order in. For later use, we now define 

the angle 9 such that 

h = k I L C O SS; (3 = k n^sinO. (3»5) 
o 1 r 0 1 

81 
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The differential equation ( 3 • 3) manifests a 

"classical turning point," p satisfying 

R2 2 ,2 2 . 2 dn2 2 ( o c \ p p = k n, sin 0P = m . 
Ko o 1 o 

Thus, for example, if Eq. (3*3) described the probability 

amplitude of some quantum mechanical particle, we would say 

that Eq. (3.6) was a classical restriction on the path of 

the particle—i.e., no part of its path could lie inside 

the cylinder of radius p . Quantum mechanics would allow 
o 

a monotonically decreasing probability amplitude inside 

this cylinder, however, as do Maxwell's equations. We note 

that the Bessel function has the required properties: 

it increases monotonically from a value zero at P = 0 until 

its argument equals its order; it then begins to oscillate. 

We may infer that, in the oscillatory region, interference 

between two or more simpler waves (rays) is taking place. 

In the region p<p , on the other hand, 110 classical rays 

are to be found. 

These simple observations suggest that we may be 

able to obtain approximate representations of the mode 

fields by considering a family of skew rays making an angle 

0 with the axis of the guide, all of them tangent to the 

cylindrical caustic pQ = m/k^sin8. We still have a long 

way to go, of course, for we must consider reflection at 

the guide walls as well as the vector nature of the fields. 

Let us begin with the simpler problem of a scalar 
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disturbance in a guide of radius <a with "hard" (u = 0 at 

p = a) and "soft" = 0 at p = a) walls. (This terminol

ogy is sometimes used in connection with longitudinal 

acoustic waves.) 

Ray Theory for Scalar Waves 

Consider the skew ray illustrated in Fig. l8. It 

departs from the cylindrical caustic, defined by p = pQ, 

at the point (p,ip,z) = ( PQ, -ipQ , ~ZQ) in a direction tangent 

to the caustic, and at an angle 0 with the axis of the 

guide. It intersects the guide wall at the point (p,ip,z) = 

(a,0,0), where it is reflected. It then retumis to the 

cylindrical caustic at the point ( pQ , +cpQ , +zq ) • 

This ray is representative of all the. rays of a 

particular ray family. This family may be derived from a 

solution of the eikonal equation inside the guide. Thus, 

as shorn by Luneburg (l96'±, p. 165), if 

( V S ) 2  =  ( | ^ ) 2  +  ( p - 1  ^ ) 2  +  ( | ^ - ) 2  =  n 2  ( 3 - 7 )  
dp dip dz 1 

then S takes the form: 

S ( p , i p , z )  =  L z + K q )  +  [ P ( n
2 - L 2 - K 2 / p 2 ) l / 2 d p  .  ( 3 - 8 )  

P 

Applying Jacobi's theorem (Lunebux'g, lc)Gll, p. 36), the 

corresponding light rays are found by differentiating S 

with respect to L and K. Thus, the rays are described by 
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Fig. l8. Schematic diagram of the path of a skew ray in a 
circular cylinder -- The shaded region illus
trates the plane of incidence. The dashed curve 
defines the path of the helical surface ray on 
the interior caustic. 
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z-z = + L J P(n^-L2-K2 / p 2 ) - ; i / 2 d p ,  ( 3 . 9 )  

P 

CP-CP = + K J p"2( 1-L-K/P2)~l/2dp . (3-10) 

P  

As indicated by Luneburg, all the rays of this family are 

characterized by a linear optical momentum along the z 

axis given by nz1 = L and an angular optical momentum 

2 
about the z axis of amount K = n^P cp 1 . The primes repre

sent differentiation of the corresponding coordinates along 

a ray with respect to arc length. (These relations are 

most easily der*ived from Euler's equations.) The param

eters p,<p, and z characterize the points of origin of the 

individual rays of the family. 

From Fig. 1 8 ,  we see that z1 = cos8 along the ray 

and P(p 1 = sinQcos (cp-cp ) . The parameters L and K thus 

bee 0111 e 

L = n, cosfl; K = n, PsinBcos (cp-cp ) = n, P sin0. (3»ll) 
1 ' 1 ^ ̂ o 1 o 

Y\Te now note that, when 11^ is constant, as in the 

interior of the waveguide, Eq. (3«10) may be integrated to 

give 

cp-cp = + sec ^"(MP/K) + sec ^"(mP/K) 

m 2  2  T 2  2  •  2a ( 3 - 12) 
M = n^ - L = n^sin o. 

If all rays are assumed to originate at the cylindrical 

caustic P = p , then P = P for all rays, and K = Mp = 
'o' o 1 o 
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n^PQsin9. Thus Eq. (3*10) may be finally reduced to 

p = Posec (cp-cpQ) . (3.13) 

Similarly we obtain, from Eq. (3•9), 

z-z = + ( L/M) ( P^-Pq ) = + (LpQ/M) tan(cp-tp ) .  (3»l4t) 

The straight rays sketched in Fig. 18 are clearly members 

of this family of rays. We note that the quantities 11^, 

L, M, and K in the eikonal play the roles of lc^ h, p, and 

m, respectively, of the wave theory, Eqs. (2.6). The wave 

parameters are generated simply by multiplying the geo

metrical parameters by k = 2TI/X . J o o 
When n^ is constant, we may also integrate Eq. 

(3*8) to obtain: 

S = Lz+Kcp + [ (M2p2-K2)1/2 - K c o s ~1 (K/M P ) ] p • (3-15) 
o 

Let us now consider again the ray sketched in Fig. 

l8. Because p = Pq on the caustic, the eikonal (3*15) has 

the value 

S = -Lz - Kcp (3.16) 
o 

at the point of initiation of this ray and the value 

S = Lz + Kcp (3-17) 
o o 

where it returns to the caustic after reflection. From the 

figure we see that the optical path length along the two 
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straight segments of the ray is given by 

S« = 2n1(a2-Pg)1//2csc0. (3«l8) 

The change in the eikonal, on the other hand, is 

just 

AS = 2Kcp + 2Lz . (3.19) Yo o 

We may view the optical path difference (Eq. 3*19) as that 

associated with a "surface ray" (Levy and Keller, 1959) 

which follows a helical path of pitch 0 (the dashed curve 

in Fig. l8) on the caustic. The optical path length 

between the points (p ,-cp ,-z ) and (p ,cp , z ) along such 1 'o' ̂ o' o Ko'^o' o 0 

a ray would by n^T, where T is the arc length of the helix 

between these points. If the helix is described paramet-

rically in terms of its arc length, t, by (O'Neill, 1966, 

p. 58) 

(x,y,z) = (pQCos(t sin0/pQ), pQsin(t sin0/Po), 

t cos9) (3•20) 

then the length T of the helical arc under consideration is 

2p cp csc0. We note that, along the helix, an incremental 
00 ' ' 

change in z is related to an increment in cp by 

Az - pocot9 Acp. 

Using this fact, and the identities L = iijcos0, IC = 

n.p sin0, we find that Eq. (3>19) can be written as: 
1 o 1 
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AS = 2LzQ + 2K(po = 2 ( n^cos 6 ) ( PQcpocot 9 ) + 2(n^posin0 )cpQ 

= 2n^pocpocsc9 . (3»2l) 

Thus the statement after Eq. (3-19) is verified. This is 

an important result because it shows that we do not have 

to know the eikonal to proceed with a calculation being 

pursued here. We can simply calculate the optical path 

along a hypothetical surface ray around the caustic. In 

more complicated guides we might not be able to solve the 

eikonal equation. With the postulated surface rays, we do 

not have to. Levy and Keller (1959) have provided us with 

a general analysis of surface rays on smooth surfaces, 

investigated in another connection. Their work is quite 

suggestive of how the results obtained here should be 

generalized. 

We now impose the condition that the difference in 

phase at the point ( Pq ,(PQ ,Zq) between the ray following the 

helical path and that which follows the straight segments 

and is reflected at the wall must be an integral multiple 

of 211. We must include in this phase difference the phase 

change on reflection ip and a phase increment of 7l/2 

associated with the passage of a ray to a caustic 

(Weinstein, 1969, p. l'iO). Combining Eqs . (3«l8) and 

(3*19), we thus obtain the characteristic equation for 

scalar waves: 
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01 , 2 2\ 1/2 2 k  n  ( a  - p  )  
— :—5 + tp +Tt/2-2k Lz -2k Kcp = 2N7I (3.22) 

sxn0 ' o o o ^ 

Q P 1 /o 
From Fig. l8 it is apparent that zq = (a -p ) cot0. We 

also have 

k Lz = kn cos 0 ( a^-p ̂) ̂̂ ^cot 0 ; k Kcp = k, P cp sin0 = mcp . 
o o 1 o o ^o 1 o^o ^ o 

These identities reduce Eq. (3*22) considerably. It becomes 

k, p sin0 ( a^/p^-1) "^^-mcp + cp /2 + n / k  = NTI . 
lKo o o Yr' 

We now observe, from Fig. l8, that the radical is simply 

/  2 , 2  .  , 1 / 2  , _ , 2 , 2 . ,1/2 (a /p -1) = tancpQ = (m /u -l) 

where u = (3a = k^a sin0 is the argument of the wave 

functions for the circular cylinder (Eq. at the wall 

of the guide. Using these identities, we finally obtain 

the simple characteristic equation: 

m( t ancpQ-(po ) + cp^ = (N—1 / 4 ) TC; u = m/coscpQ. (3«23) 

We are now in a position to make a few preliminary 

comparisons between ray and wave theories. As shown in 

Appendix C, the characteristic equations for a metallic 

guide are: 

J (u) =0: TM modes (3»2'ia) 
m 

J • (u) = 0: TE modes. (3«2'ib) 
m ' 

Because TE and TM modes are possible in the guide with 
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perfectly conducting walls, the problem is essentially 

scalar and similar to problems involving a longitudinal 

acoustic wave at "hard" and "soft" boundaries. 

Following Weinstein (1969, pp. 136-I'll), we con

sider the Debye asymptotic representation of the Bessel 

function J (u). 
m 

t f \ ~ t o /..r 2 / 2i-l/zi . r, 2 2 \ 1/2 Jm(u) ~ (2/Ttu) (1-m /u ) sm[(u -m ) 

m sin (1 -m^/u^ ) + Tt/'i} (3-25) 

In this approximation, Eq. (3«24a) implies that the 

argument of the sine function in Eq. (3»25) = Nix. For TM 

modes, the electric field vector is in the plane of in

cidence, as indicated in Fig. 18, where the angle of in

cidence at p = a is 9. = cos "*• (sin9sincp ). As is familiar 
K a ^ o 

in optics, the phase change on reflection for this case is 

zero. Thus the ray result, Eq. (3.23), and the wave 

result, Eq. (3«2^a) and (3*25), are asymptotically 

identical. 

As shown by Weinstein, the characteristic equation 

(3.24b) for TE modes reduces, in the Debye approximation, 

to 

in( t ancpQ-(po) + ^ T l / k  =  Nil; u = m/coscpQ. (3*26) 

As is familiar in optics, the phase change on reflection, 

when the electric vector is perpendicular to the plane of 



incidence, is Tt. Again the ray (Eq. 3*25) and wave (Eqs. 

3.24 and 3*26) results are identical. 

In a sense these results are fortuitous when 

applied to electro-magnetic fields, in that the path 

considerations we have discussed so far are not sufficient 

to characterize a vector field. We shall now treat this 

question explicity by examining the circular dielectric 

guide. 

Ray Theory of a Vector Field 

The ray paths in the dielectric guide are obviously 

quite the same as those discussed in the last section and 

illustrated in Fig. l8. There is now, however, a very 

considerable complication. We must associate a vector 

field with a ray and this field must be polarized in such 

a way as to maintain itself (interfere constructively) 

after reflection at a boundary where complicated, polariza-

tion-dependent phase changes occur. There seems to be no 

argument from first principles which suggests how this 

problem should be approached. After much trial and error, 

we have found one which is mathematically tractable and 

yields results in agreement with the full vector wave 

approach (Appendix C). It proceeds as follows. 

We assume that the incident and reflected rays 

illustrated in Fig. 18 have associated with them trans

verse electromagnetic fields of a general elliptic 
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polarization. In accord with conventional theories, 

polarization must be preserved along a straight ray. At 

reflection, the polarization of the ray is assumed to 

change in accord with the Fresnel formulas for plane waves 

incident on plane surfaces. That these formulas may hold 

locally on each ray, even at tightly curving boundaries, 

is suggested by the work of Kline and Kay (1965), and by 

the successful treatment of many problems by the ray 

techniques of Keller (195^). 

We now consider the surface ray which follows a 

helical path along the caustic between the eikonals 

S = +(Lz +K(p ). The only precedent that we have found for 

a geometrical description of the fields of rays along 

smooth surfaces is given by Levy and Keller (.1959)* They 

assume that the fields are transverse to the helical ray 

path and that the radial (normal) and tangential (binomial) 

components of the electric field propagate independently. 

Although theii- "surface diffractcd rays" are not quite the 

same as our helical, caustic rays (our caustic is not a 

surface which separates media of different properties, as 

is theirs; our rays do not lose energy as they propagate), 

they do have similarities. We may view our surface rays, 

for example, as rays which interact continuously with 

arriving straight reflected rays at the caustic and in

cident rays departing the caustic. From this point of view 

our surface rays can lose energy to departing rays while 



receiving equal amounts from arriving rays. The phase 

delay of Tl/2 associated with a ray which passes by the 

caustic may then be interpreted as a X/h: interaction 

distance where these exchanges take place. This is pure 

speculation, of course, and of no demonstrable value. It 

is nevertheless interesting enough to the writer to bear 

mention. 

Following Levy and Keller (1959), then, we will 

assume that the normal (E ) and binomial (E, ) components 
n b 

of the electric field associated with helical surface ray 

along the caustic have path lengths 2LzQ + 2Kcpo = 2poCpocsc0 

between the eikonals S = +(Lz +Kcp ). The ray which 
o o J 

tangentially departs the caustic has field components E 

and E^ • These must be transformed into components in and 

perpendicular to the plane of incidence in order to 

calculate the field of the reflected ray. This field mus 

then be transformed into components E and E, transverse 1 n b 

to the helix where the reflected ray is tangent to the 

caustic. The net path difference, including phase change 

at reflection, for each of these two components of the 

electric field must be the same integral multiple of wave 

lengths, while their magnitudes must be preserved. 

This, then, is the prescription. The rest is 

algebra needed to verify that the prescription works. 

This is its only justification, and, we think, the only 

justification it needs. 



Because we considered the optical path difference 

in the last section, we need only be concerned here with 

the phase changes on reflection. Let us therefore suppose 

that the incident ray carries with it a transverse electric 

field which, at the point of incidence, may be expressed 

in terms of components in and perpendicular to the plane of 

incidence, sketched in Fig. l8. Thus 

E T  =  ( E  sin9. ,  E  ,  -  E  cos0.). ( 3 . 2 7 )  
I p X ' s ' P X 

The reflected field is then: 

En = (r E sin0., rE r E cos 9. ) . (3*28) 
K P P x ' s s ' p p x 

Subscripts p and s indicate parallel and perpendicular 

polarization, respectively. We assume that 0^ > sin 

(n /n ), so that the reflection coefficients have unit 
b -L 

magnitude. Then r = e1^p and r = e^s, where 6 and 6 & p 1 s ' p s 

are the phase changes on reflection for TE and TM waves, 

respectively. 

Without loss of generality we may assume that E 

the amplitude of the TM component of the field, is unity. 

Then Eg, the amplitude of the TE component of the incident 

field, must be complex, in general. One of oui- tasks is 

to determine the complex ratio E /E = E , if E =1. 
^ s p s ' p 

To find the rotation matrices which will trans

form these field components into components normal and 

tangent (binomial) to the helix at the points of tangency, 



we must first rotate the plane of incidence through an 

angle Y, as illustrated in Fig. l8, so that it coincides 

with the meridional plane through the point of incidence. 

We then rotate this plane through an angle -cpQ for the 

incident ray and +9Q for the reflected ray. These trans

formations are sufficient to our needs, as will be evident 

The required matrices are: 

fcoscpq +sincpo 0 \ 

+ sincp coscp 
- o r o 

\ 0 0 / 

/ 1  0  0  \  
0 cosY sinY 

0 -sinY cosYJ 

(3« 30) 

Applying matrix (3»30), with the upper signs, to the 

incident field, Eq. (3.27) , we obtain, with = 1: 

E T / \ = cos 0. coscp -E cosYsincp +sin0 . sinYsincp 
I , p ( -cp ; x ^ o s ^ o x xc 

E 

(3-31) 

T / x = cosB.sincp +E cosYcoscp -sin0. sinY coscp . 
I,cp(.-cpo) x Yo s o x o 

Subscripts p (-cpQ) amd cp(-cp ) indicate that these are the 

radial and azimuthal components of the incident field 

appropriate to the azimuth position -cp . Apai't from 

amplitude factors accounting for the divergence of the 

rays between the caustic and the point of incidence, and 

the phase factors associated with the path lengths already 

considered, Eqs. (3 • 31) give the radial and azimuthal com

ponents of the ray field at the point ( Pq , -cpQ ,-zQ ) . 
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If we now apply the matrix (3*30), with the lower 

signs, to the reflected field, Eq. (3«28), we obtain: 

ISr ( ) = e"*"^ P ( cos 0^cos(po-Es exp ( i6 g-iSp ) cos Ysincpo + 
' ̂ * o 

sin8 . sinYsincp ) 
i Yo 

(3.32) 

„ i7t+6 D ( cos 0 . sinxp -E exp(ifi -i6n ) cosYcoscp E„ / , = e 1 1 ^ o s s f ^ o 
R,cp((p0) 

sin0 . sinYcoscp ). 
1 o 

We may simplify these considerably by noting 

several relations between the angles, as illustrated in 

Fig. 18. Thus 

cos 8. = sin 0 s incp (3* 33a) 
1 o 

sinY = sin0cos(po/sin8^ (3»33k) 

cosY = cos0/sin0^ (3*33c) 

Using these relations in the first of Eqs. (3«3l), for 

example, we obtain: 

cos 0 . coscp + sin 0 . sinYcoscp = sin8.cos(p + 
1  o  x  ^ o  1 ^ 0  

sinSsincp sinBcoscp sinu) 1o ^ o To 
sxna . 

1 

= coscp /sin0. . 
^o 1 

After similar manipulations in the other equations, we 

find that 
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E T •_ / •> = (coscp -E cosSsincp )/sin9. 
I, P I  -cp ) o s Y o  x  

/ v = (coscp +E exp(i6 -i6 )cos0sincp ) 
, p (.cp ) ^o s 1 s p Yo ER 

o 

exp(i6p)/sin9i (3»3/0 

E T • / „ \ = (cos0sincp +E coscp )cos0/sin0 
I,cpt-cp ) Yo s Yo : 

/, \ = -(cos9sin(p -E exp(i£> -i6 )coscp ) 
,  c p  ( .  c p  )  ^ o  s  1  s p  ^  o  ER 

o 

• exp(i6 )cos0/sin0.. 
p ' x 

Let us now apply the condition that the radial (normal) 

components of the incident and reflected fields must be 

equal in magnitude. From the first two of Eqs. (3«3^) we 

find, with 

A = coscp and D = cos0sincp and A = (6 -6 )/2 
^o Yo p s 

P i A  2 i A  (3-35) 
(A-DE )(A-BE*) = (A+BE e A)(A + BE*e A) 

s s s s 

It follows, therefore, that E*/E = e Thus if 
' ' s s 1 

E^/Ep = Qe1W, where Q and w ai~e real constants, we have 

E*/E = e ~ 2 l w ,  so that 
s s ' 

E /E = + i C elA (3.36) 
s' p 

where C is a real constant yet to be determined. The 

polarization is seen to be elliptical. To find its 

direction and eccentricity, i.e., to determine C, we shall 

have to employ the path difference conditions. Substituting 
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the results (3*36) into (3*3^), we can now characterize the 

fields of the incident and reflected rays at the point of 

reflection, in terms of components radial and tangential 

to the helix at the appropriate points of tangency. Thus 

E-r n/• \ = (coscp + iCe1^cos 0sincp )/sin0. 
I, HI -cp ) o o x 1 o 

. ~ -iA iCe < 
o' u (3-37) 

E,, / n = (coscp + iCe cosGsincp ) 
R,p(cp ) Yo - Yo 

* exp(i6 )/sin0. 
p x 

E-,. / % = (cos0sincp + iCe1^coscp )cos0/sin0. 
I,cp(-cpQ) No - Yo x 

E_ / -. = -(cos0sincp + iCe 1^coscp ) 
R,cplcpQ) Yo ^o 

• exp(i6 )cos9/sin0.. 
p x 

We note that the cp components of the fields above are 

obviously proportional to the binomial components of the 

ray fields at the caustic. The common factor cosG in the 

last two expressions thus arises from rotation about the 

normals at the points of tangency, through an angle 9, 

which gives the pitch of the helical path around the 

caustic. 

If we now compare the cp components (and therefore 

the binomial components) of the fields of the incident and 

reflected rays at the point of incidence, we see that they 

differ in phase by 
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2  t a n  
-1 C c o s c p  c o s A  ^  o  

} + 7i + 6 . (3.38) 
r + c o s 8 s i n ( p  T  C c o s c p  s i n A  

o T o 

T h e  r a d i a l  c o m p o n e n t s  m a n i f e s t  a  p h a s e  d i f f e r e n c e  

-1 
C c o s B s i n c p  c o s A  T o 

+  2  t  a n  (3.39) 
o - xo 

E x p r e s s i o n s  (3*38) a n d  (3«39) g i v e  t h e  p h a s e  c h a n g e s  o n  

r e f l e c t i o n  f o r  t h e  n o r m a l  a n d  b i n o m i a l  c o m p o n e n t s  o f  t h e  

f i e l d .  T o  t h e s e  w e  m u s t  a d d  t h e  p h a s e  c h a n g e s  a s s o c i a t e d  

w i t h  t h e  o p t i c a l  p a t h s  b e t w e e n  t h e  t a n g e n t  p o i n t s  a t  t h e  

c a u s t i c  a n d  t h e  p o i n t  o f  r e f l e c t i o n ,  a s  w e l l  a s  t h e  U / 2  

p h a s e  d e l a y  a s s o c i a t e d  w i t h  t h e  c a u s t i c .  F o r  b o t h  c o m p o 

n e n t s ,  t h i s  t o t a l  p h a s e  c h a n g e  m u s t  d i f f e r  f r o m  t h a t  

a s s o c i a t e d  w i t h  t h e  t w o  e i k o n a l s ,  a n d  t h e r e f o r e  t h e  

h e l i c a l  p a t h  o n  t h e  c a u s t i c ,  b y  a n  i n t e g r a l  m u l t i p l e  o f  

2 7 1 .  W e  t h u s  h a v e  t h e  t w o  s i m u l t a n e o u s  e q u a t i o n s  ( s e e  3 * 2 3 )  

m (  t  a n c p Q - c p o  )  +  6 ^ / 2  +  t a n  [  B C c o s  A / ( A + B C s i n A  )  ]  

w h e r e  A ,  B ,  a n d  A  a i ~ e  d e f i n e d  i n  E q .  (3*35) • If we n o w  

s u b t r a c t  E q .  ( 3 » ' ± 0 b )  f r o m  ( 3 » ' ± 0 a ) ,  w e  o b t a i n  a n  e q u a t i o n  

f o r  C .  T h u s  

m (  t a n c p Q - ( p o  )  +  S p / 2  +  t a n  ^  [  A C c  o s  A / (  B + A C s i n A )  ]  

=  N 7 i - 3 ' n ; / 4  

( 3 - z i 0 a )  

( 3 . ' ^  O b )  
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tan "*" (ACcos A/( B+ACsinA) ) + tan ( DCcos A/(A + BCsinA ) ) 

= TC/2. 

Because tan "*"x + tan "*"y = tan ̂  (x+y)/(1 -xy) , this implies 

that 

(B+ACsinA)/ACcosA = BCcosA/(A+BCsinA) 

which reduces to: 

C = + £-(A2-B2 ) s i n A/2AB + V (A2-B2)  2 s i n 2 A/ztA2B2 + l] . (3.'il) 

We note that there are four ranges of values for C, namely 

-1<C<0, 0<C<1, 1<C, amd Cc-l.1 As we shall show later, the 

first two yield the degenerate HE modes, the last two the 

degenerate EH modes . When these values of C ai~e substi

tuted into either Eq. (j.kOa) or (3»'±0b) we obtain the 

geometrical approximation to the characteristic equation 

of the circular dielectric waveguide. Its obvious 

complexity, like that derived from Maxwell's equations, 

precludes analytical solution. We may solve it in special 

cases, however, and examine its general implications with 

respect to the fields, Eqs. (3»37)» 

An interesting and common case in practice is that 

of propagation which is almost axial, the so-called 

1. When the + sign in Eq. (3*36) applies, the 
appropriate pair of values of C are given by Eq. (3.^1) 
with the + sign before the bracket. 



"far-from-cutoff" approximation where the mode propagation 

constant, h, is approximately equal to and path lengths 

are measured along the axis. Under these conditions, we 

may readily show that 

cos0. « 0, cos9 ~ 1 ,6 /2 = tan (sin^0 . -n^J^^/n^ 
x 1 P i 

• cos 9^ ] ~ "rt/2 

-1 2 2 1/2 2 (3*42) 
A = tan [cos 9^ (sin 0_^-n ) /sin 0^] ~ 0 

so that C ~ +1. (The general expressions for A and 6 

given in Eqs . (3«/±2) are identical with those of Born and 

Wolf (1959, P» ^9) • The quantity 11 = n^/n^ .) If we now 

substitute these values for C and the angles into the 

characteristic equation (3«'*0a), we find its limiting form 

in the far-from-cutoff approximation. 

m( tancpo-cpo) + 7i/2 + cp = Nh-tc/4. ( 3 • 3) 

When N»m, (p will be near 7t/2 and we may obtain an 

explicit expression for the wave parameter u = k^a sin0 = 

m/coscpQ by setting the quantity mtancp equal to m/coscpQ = u 

and the angle cpQ to Tt/2 (Weinstein, 1969, p. l4l). I11 

these approximations Eq. (3*^3) becomes 

u « (m+1) 7l/2 + Nit - 371/4. (3.44) 

These are asymptotic expressions for the roots of the 

Bessel functions of order m+1. The exact characteristic 
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equation in this limit, taken from the wave theory, is 

Jm±l(u) = 0. Equation (3«^3) is the Debye equivalent of 

this characteristic equation (Weinstein, 1969)* 

To effect further comparisons between ray and wave 

theories, we shall need explicit statements of the wave 

results. As shown in Appendix C, the transverse electric 

fields on the dielectric guide may be written in the form: 

Ep + iE^ = + (1+ot) Jjn±2. ( up/a) exp ( imcp + iuut-ihz ) 

The polarization of the field, viewed along the guide axis, 

is elliptical, with major axis radial (HE modes) or 

tangential (EII modes) at P = a. The sense of rotation in 

these polarization ellipses is "parallel" for PIE modes and 

"antipar a'L 1 el " for EH modes, in the spin-orbit sense of 

quantum mechanics. (These are new results of the wave 

theory, derived in Appendix C.) Thus, if m<0, the phase 

factor in Eq. (3 • 5) indicates a positive orbital angular 

momentum about the z axis. For HE modes with negative 

values of m, we have 0<a<l, so that the magnitude of the 

positively rotating circulcu~ly polarized component above, 

i.e., Ep+iE^, is greater than that of the negatively 

rotating circularly polarized component, E^-iE^. The 

positive helicity of the field may be interpreted as 

positive "spin," which is thus parallel to the positive 

angular" momentum. To appreciate that the major axis of 
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the polarization ellipses for these modes, at p = a, is 

radial, we have only to note that the two circular com

ponents are in phase at the wall, because the functions 

Jm±i(u) are out of phase. 

For EH modes with m<0, we have 0C<-1 , so that the 

negative circular component dominates, the spin-orbit 

coupling is antiparall el, and the major axes of the 

ellipses are tangent to the circle p = a. The degeneracy 

of the modes appears as a reversal of the dominant circular 

components when m is positive, so that the orbital angular 

momentum is negative. HE modes remain "parallel," EH 

modes "antiparall el. " It is clear from the ray picture 

that the classical orbits are just those of skew rays 

satisfying "quantum conditions," after the terminology of 

Weinstein (1969). 

The parameter a in Eq. (3.^5) clearly specifies 

the polarization of the transverse mode field. It is 

defined (Snitzer, 196.1; Appendix C) in terms of the 

longitudinal components of the fields as: 

a = (uup./ ik cos 0 ) II /E . (3.46) 
J- z z 

In terms of the combined incident and refdC'crt'ed ray fields 

described by Eqs. (3*27) and (3.28), whose sum gives the 

net field at p = a, we find that: 

cos(6 /2 )-Ccos 0t ancp sin(6 /2) 
a = -(l/cos 0) — > *?• , 3- ° . (KS /o\ • (3-47) 

Ccos(&s/2)-cosot aiup^sxm 6^/2) 
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In the "far-from-cutoff" limit, 6 and 6 
' p s 

approach ft, 0 ~ 0, and C w +1. The geometrical result 

(Eq. 3.^7) ind icates that a « + 1 in this limit, in exact 

agreement with the wave theory. 

A more critical test of the ray theory involves 

the cutoff values of (X. In this case (Appendix C) 

_  „  /  2  2 , 2  2 \ 1 / 2  u ~ R = (k^a ' 

so that 
(3.^8) 

sin9 = u/lc^a ~ sin©c = (1 -n^/n^) ̂ ̂  . 

It follows that, at cutoff 

costpo = m/u « m/R. (3*^9) 

We note that cutoff is not associated with the critical 

angle of incidence, 0. , but rather with the axial angle 
11 c 

0. This is apparently because, if 0^ = 0 then the 

incident ray sketched in Fig. 18 can clearly produce 

radiation—the external refracted ray cannot follow the 

curve of the guide wall. We note also that Eq. (3.^9) 

sets a lower limit to the angle cp for the dielectric 

guide. We must have 111 <R, where R is the basic physical 

parameter which characterizes the problem in terms of the 

indices of refraction and radius of the guide and the 

wavelength (Eq. 3-^8). 



From Eqs . (3*^8) and (3*^9) we may determine the 

angle of incidence 9^ at cutoff, and thus evaluate 

C = Je /E | in Eq. ( 3 •'H) • We accordingly find that: 
s  p  

CHE cutoff = +nR/ ( m 2
+ n V 2 - m 2 ) ) l / 2 ;  n  =  n ^  

chf + r r  =  +(ni2+n4(R2-m2))1/2/nR. (3-50) 
HE cutoff 

When these values of C are substituted into Eq. (3*^7) and 

its other terms are reduced to their cutoff values, we 

find 

.  f f .  =  +  1  a i ? u  - I  - r - r  =  +  n  2  (  3  •  5 1  )  HE cutoff - EH cutoff - , 

Equations (3*51) are in exact agreement with the wave 

results . 

We note from the general form of C in Eq. ( 3 • '±1) 

that the modes are degenerate. The 1IE modes have 

-1<C<0 or 0<C<1. (3-52) 

The EH modes have 

I<C or C<-1. (3.53) 

These are precisely the ranges of the polarization param

eter a of the wave theory for the two kinds of modes. We 

note that, under special circumstances, the parameter C 

can approach zero or infinity, thus describing TM or TE 

1 . Note that = -1 for all values of the 

parameters in Eq. (3« 4l) . 
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modes. This occurs when the factor AB is very small. Thus 

if 
cos9sin(2cp ) 

AB = cos(pQcos9sincpo = g ~ 0 (3«5^) 

we can have C « 0 for IIE modes and C very large for EH 

modes. In this case HE waves take on the character of TM 

modes and EH waves become TE modes. This would clearly be 

common for most modes in a large guide, where 9 ~ 9_^ in 

Fig. 18. We note that 0<9<cos "'"n, so that it is the 

factor sin(2cp ) which is important. We must also be 

aware, however, as in Eq. ( 3 •'*1) , that we must have 

sinA»sin( 2cp ) to obtain these TM and TE-like modes in a 
° 

dielectric guide. This requires angles of incidence not 

near 7t/2 and rays which pass near the axis of the guide. 

When in = 0, this is always the case, as with the TE^ ̂  

and TM modes of the dielectric waveguide. These o , JN ° 

correspond, obviously, to meridional rays. For the 

metallic guide A = -71/2 and 6^ = 0. The complicated phase 

terms of Eqs . (3«'±0a) and ( 3 • 'lOb) vanish and we have the 

simple TE and TM characteristic equations of the scalar 

theory treated earlier. We have accordingly justified our 

earlier application of the scalar theory to the perfectly 

conducting guide. 

An examination of the net field at the point of 

reflection, i.e., the sums of corresponding component 

fields in Eq. (3*37), shows that it is elliptically 
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polarized when viewed along the axis, with major axis 

normal or tangent to the circle of radius a, depending on 

the value of C in the now familiar way. It is more 

interesting to consider explicitly the net field transverse 

to the helical ray path along the caustic. This we may do 

by superimposing the E^ and fields described by Eq. 

(3.37) . We remove the cos8 factor- from the cp components 

to obtain the components along the binormal direction on 

the helix. Because these are transverse EM fields, there 

are clearly no longitudinal components, i.e., components 

in the direction of the helix. The reason for combining 

the radial (normal) and tangential (binormal) field 

components of the incident and reflected rays follows from 

the following considerations: the asymptotic form of the 

fields for PQ<P<a will be accounted for by two rays, one 

going outward from the caustic to a point of reflection and 

one moving inward toward the caustic after reflection. At 

the point of tangency to the caustic there are always two 

rays, one departing and one arriving. It is the sum of 

these two which we desire to characterize the fields along 

the helix. Thus, combining the normal and binormal fields 

of Eq. (3*37), we find that, if E /E = +iCe1^, s p 

E +iE = 2E exp(i6 / 2  + imcp + ihx) (1 + C^ + 2C cosA)"*"^ 
n- b p p 

(3-55 

• cos{6p/2+tan "*"[ CsinA/( 1+CcosA ) ] + tan "'"D/A}^ 
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If E /E = -iCelA, then 
s p ' 

E^+iE^ = 2E^exp (16 p/2 + imcp + ihz) (1+C^+2C cosA)"*"^ 

• cos{6p/2+tan ̂ [CsinA/(l+CcosA) ]+tan "*"B/A}. 

Here we have written the net geometrical fields at the 

caustic in terms of right and left circularly polarized 

components transverse to the helical ray path. The 

important thing to note is that they are in phase, while 

their amplitudes are complicated functions of C. This 

means that the polarization ellipses have major axes along 

either* the normal or binormal to the helical path. 

We note that, if a negative value of C is substi

tuted in the expression for the "+" circular component of 

Eq. (3«55), while the same value of C is used to determine 

the component of Eq. (3*56), we find that these two 

components are identical. This is the same degeneracy 

which appears in the wave solution--either sense of rota

tion of the polarization ellipses is permitted. 

The evanescent fields outside the core of the 

guide may clearly be represented by similarly polarized 

helical surface rays, traveling around the cylinder of 

radius a. These are required to match the interior in

cident and reflected ray fields (Eqs. 3*37) at the boundary, 

Because the radial component of the electric field under

goes a discontinuity in crossing the boundary, the 
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eccentricity of the external ellipses differs from that 

inside the core. The polarization characteristics of the 

external fields are otherwise the same as those on the 

helical caustic, except that the former must have longi

tudinal components, as do all evanescent surface waves. We 

note that the propagation constant, in the direction along 

the external helical rays is k^sinS^, by geometrical argu

ments, and that the pitch of the external helix is given 

by the angle Y in Fig. 18. It may be shown that a path 

length measured along this external helix, where the 

effective index of refraction is assumed to be n,sin0., is 
1 x 1 

identical with that calculated from the change in eikonal, 

i.e., A (Lz + Kcp ) . 

The geometrical repi"esentation of the fields along 

the interior caustic (Eqs. 3«55 and 3*56) does not include 

magnitude factors associated with the divergence of the 

rays between the caustic and the guide wall. If the 

expressions (3*55) and (3«56) are assumed to apply at the 

walls, then these amplitude factors are proportional to 

X / 2 (a/P) if m«kjLpsin0. When m ~ k^psinB, we require the 

Debye amplitude factors (Eq. 3»255 Weinstein, 1969; Levy 

and Keller, 1959) • Thus the above factor is further 

modified by a factor [ (1 -111̂ /û  ) / (1 -in̂ /k̂ p ̂sin̂  8 ) ]"*" ̂  *. In 

the immediate vicinity of the caustic we need Airy 

functions, particularly to be able to continue the fields 

to the interior of the caustic. These are cleai~ly not 
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geometrical fields, however, It is surprising, in fact, 

that the purely geometrical fields of Eqs. (3*55) and 

(3.56) are all that we need to get an essentially correct 

characteristic equation. We might have expected that, 

because our physical model took us right into the caustic, 

geometrical arguments would not be successful. What has 

apparently occurred is in direct analogy with the early 

Bohr-Sommerfeld predictions of the energy levels of the 

hydrogen atom. They needed only to quantize the classical 

orbits to get good values. Because they did not consider 

spin (polarization), they obtained no prediction of the 

fine structure associated with spin-orbit coupling."*" 

Apparently our vector ray theory has been able to add this 

feature. 

1. Ullenbeck and Goudsmit later showed that the 
fine structure of spectroscopically observed energy levels 
could be explained by assuming that the Bohr-Sommerfeld 
electrons possess an intrinsic angular momentum and 
magnetic moment which interacts with the field of the 
nucleus. This is discussed in some detail by White (193^, 
p. 121). 



CHAPTER k 

CONCLUSIONS 

The ray theory of planar waveguide modes and their 

interactions with light beams and with one another, as 

developed in Chapter 2, provides a potentially powerful 

approach to the analysis and design of passive waveguide 

structures. We have shown that a film with high refrac

tive index, bounded by media of low refractive index, may 

be replaced, for purposes of design, by a film of slightly 

larger thickness at whose boundaries geometrical reflectioi 

occurs. The increment in thickness is determined by the 

angle of incidence of the plane waves which comprise the 

mode, and by the refractive indices of the bounding media. 

Interactions with beams or other waveguides may then be 

viewed as taking place at the boundaries of this virtual, 

thicker guide. Power is exchanged locally and coherently 

according to the familiar Fresnel formulas for the reflec

tion and transmission of plane waves. The strength of the 

coupling between two guides or a light beam and a guide is 

specified in terms of these reflection and transmission 

coefficients. The loss rate of leaky modes are expressed 

in the same way, so that interaction distances are calcu

lable geometrically in terms of the effective thickness of 
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the guide, the reflection coefficients, and the angle which 

the rays make with the axis of the guide. 

In thin films whose absorptivity is small enough 

to make them interesting candidates for optical waveguides, 

the appropriate ray family for a mode is that associated 

with the lossless guide whose refractive index equals the 

real part of that of the film. This is consistent with 

conventional approximate treatments of "dielectric loss" 

at lower frequencies—to first order, the phase properties 

of the modes are those of the lossless system. To account 

for the absorption losses in the ray theory, we simply 

assume that each ray is exponentially attentuated along 

its path, just as if it were part of a plane wave propa

gating in an infinite medium with the same complex index of 

refraction. 

It was shown in Chapter 2 that the shifts of light 

beams at total (or nearly total) reflection, as predicted 

from the geometrical theory of planar waveguides, are 

identical with classical predictions of the Goos-Haenchen 

shift. Thus a reflected ray does not emerge from the low-

index medium at the point of incidence. Rather it returns 

from a point displaced slightly downbeam along the inter

face, but still in the plane of incidence. In this context, 

the ray theory of circular guides, as developed in Chapter 

3, offers the promise of an alternate means of describing 

the recently discovered transverse shifts of collimated, 
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circularly polarized beams (Imbert, 1970). These were 

predicted by Costa de Beauregard (1964) and described by 

him as manifestations of the "translational inertial spin" 

of the photon. Although the linear and angular momentum 

of the incident or reflected (circularly polarized) photons 

are parallel in the high-index medium, they are not paral

lel in the evanescent wave. Classically, there is a non-

vanishing component of the Poynting vector in a direction 

perpendicular to the plane of incidence in the low-index 

medium. The reflected ray, as it emerges from this medium, 

is thus displaced not only longitudinally, parallel to the 

plane of incidence, but also transversally, perpendicular 

to that plane. We did not encounter such transverse dis

placements in our discussion of planar waveguides because 

their modes are always linearly polarized, either in or 

perpendicular to the plane of incidence. Modal ray dis

placements are thus always longitudinal in planar guides. 

In the circular guide, on the other hand, we are 

always dealing with rays which carry ellipt.ically polarized 

fields, thus manifesting an intrinsic helicity, either 

parallel or antiparallel to the angular momentum asso

ciated with their paths. The classical mode fields 

(Appendix C) manifest aziinuthal as well as axial power 

flow, as expressed by the corresponding components of the 

Poynting vector. In analogy with the theory and experi

ments of Imbert (1970), we must expect that our- rays are 



shifted both parallel and perpendicular to the plane of 

incidence, illustrated in Fig. l8. We were able to ignore 

this complication in Chapter 3 because it can have no 

effect on the prediction of the characteristic angles of 

the modes. These are governed solely by the phase dif

ferences associated with optical path lengths and reflec

tion coefficients, not with the physical paths of photons, 

in the geometrical optics limit. The latter must be found 

from energy considerations. Accordingly, in Chapter 2, we 

showed that we could generate the exact characteristic 

equation of a planar guide by assuming that a reflected 

ray returned to the core of the guide precisely at the 

geometrical point of incidence 011 the interface. We had 

only to account for the phase change on reflection to 

generate the appropriate equation. However, when we con

sidered interactions between beams and guides, we needed 

to consider explicitly how the energy of a ray (beam) 

propagated under conditions of total or nearly total re

flection. It was then that we encountered the Goos-

Haenchen shifts. 

It is accordingly clear that a successful geo

metrical approach to problems involving energy exchange 

between circular guides must be predicated on a proper 

treatment of the shifts of elliptically polarized beams 

incident on cylindrical, totally-reflecting interfaces. 

Considerations of Fig. l8, in the light of the Goos-Haench 
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and Irabert experiments, suggest that the reflected ray that 

should be associated with the given incident ray is not the 

one shown, but rather another member of the same family of 

skew rays, one which departs from the core-cladding inter

face at a point displaced both axially and azimuthally from 

the point of incidence. This ray would not be in the plane 

of incidence because, as a member of the same family as 

the incident ray, it must propagate in the interior medium 

at the same angle with the guide axis as does the incident 

ray and it must be tangent to the same cylindx^ical caustic. 

We thus encounter the interesting suggestion that a beam of 

elliptically polarized light incident on a curved, totally-

reflecting interface will be reflected out of the plane of 

incidence. 

No method for predicting the axial and azimuthal 

shifts of light i-ays at cylindrical interfaces has yet been 

tested. It is reasonable to expect that the shift is in 

the direction of the exterior surface ray which, as 

postulated in Chapter 3, follows a helical path of pitch 

angle Y around the guiding interface. While it seems 

likely that problems associated with the coherent exchange 

of enex-gy between cylindrical guides would have to be 

formulated, geometrically, in terms of these surface rays, 

it is not yet clear precisely how this should be done. 

Thus much further research is needed to assess the 
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usefulness of the ray theory of cylindrical guides for 

engineering applications. 

The comparisons of wave and ray theories carried 

out in Chapter 3 constitute analytic, and therefore 

general, tests of the propriety of the ray approach. The 

limitations of the ray theory can only be assessed by a 

numerical study of particular cases. It can be expected 

to break down as the perimeter of the core-cladding inter

face approaches the wavelength. The work of Levy and 

Keller (1959) and Weinstein (1969) suggest that the geo

metrical approximations will be reasonable down to 

perimeter-to-wavelength ratios of the order of 10. 

Definitive statements cannot be made, however, without 

extensive numerical comparisons of wave and ray theories. 

These should provide an adequate basis for assessing the 

potential usefulness of ray-theoretic predictions of the 

modal properties of more general guides, particularly those 

whose cross-sections are such as to preclude analytic 

solution of Maxwell's equations. It is in engineering-

predictions of this kind that much of the promise of the 

ray theory seems to lie. 

It may be pointed out that Weinstein's (1969) work 

provides much of the analysis needed to generate a geo

metrical description of elliptical dielectric waveguides. 

The full wave solutions for this case have been found O'eh, 

1962), so that further comparisons between ray and wave 
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theories can be made. These would provide the broad basis 

from which to estimate the full potential of the ray 

approach. 



APPENDIX A 

THE CHARACTERISTIC WAVES OF PLANAR WAVEGUIDES--
LEAKY WAVES AS SPATIAL TRANSIENTS 

The planar waveguide presents an essentially 

scalar pi^obletn, because there is no mechanism for mixing 

TM and TE waves. The former may be described in terms of 

its single nonvanishing component of the magnetic field, 

H while the latter are specified primarily in terms of a 

single nonvanishing component of the electric field, E^. 

It is assumed that the z axis is the guide axis and that 

the x axis is perpendicular to the planar wall of the core 

of the guide, located at x = + a. The core medium has 

index of refraction n^; the exterior is of index n^• 

For either TM or TE modes, the principal field 

components, H and E^ respectively, have the form: 

„ s . / , \ iuut-iliz i / \ iUJt-ihz 
E (H = sm ux/a)e or cos ux/aje y y 

(A . 1) 

inside the core, and 

E (H ) = e + clx/a eiwt~ihz (A. 2) 
y y 

outside the core. The characteristic equations defining 

the parameters of these modes are: 

q = u tan(u) and q = -u cot(u) (A.3) 

118 
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for TE modes, and 

q = (n^/n^) u tan(u) and q = -(n^/n^u cot (u) (A.zi) 

for TM modes. These equations have an infinity of complex 

roots for every choice of the indices of refraction, 

whether real or complex (Burke, 1970). The familiar 

bound, surface wave modes on lossless guide, wherein u and 

q are real, are the most commonly studied case. The 

exterior fields are evanescent normal to the guide wall. 

More interesting are the leaky wave modes represented by 

complex values of u and q and h in Eqs. (A.l) and (A.2). 

These can occur for both real and complex values of the 

indices, though the waves are of interest only in structures 

where the absorption losses are small, so that only radia

tion losses are important. The most succinct mathematicc\l 

description of some of the fields we calculated by ray 

arguments in Chapter 2 is in terms of these leaky waves. 

These were the growing and decaying fields in a guide 

interacting with a beam, or with free space in the absence 

of a driving beam. Let us write the electric field of a 

symmetric TE mode for such a case explicitly, so as to be 

able to study its general character. Thus from Eqs. (A.l) 

and (A.2), with u = u' + iu", h = h' + ih", q = q1 + iq", 

we obtain the fields: 
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(A.5) 

inside the guide, and 

„ „ -q'x/a+h"z i(JUt-iq "x/a-ih * z E = Ce e ^ 
y 

(A.6) 

outside the guide. The boundary conditions require that 

h = k n, sin0, = k nnsin9„ , where the angle 9n and 9^. are 
o 1 1 o 2 21 ° 1 2 

complex, both inside and outside the guide. The fields 

inside the guide, being a superposition of two nonuniform 

plane waves moving with opposite wavenumbers in the trans

verse direction in a finite space, are of less interest, 

their interference just giving a transverse intensity 

modulation. It is the exterior fields which are most 

interesting. We note first of all that h' is not re

stricted by the characteristic equation to be positive or 

negative. We choose its value to suit our problem. Let 

us assume that we want to describe waves which propagate 

in the positive z direction along the guide. Then h' in 

Eq. (A.6) is positive. For a positive value of h', the 

characteristic equation allows either positive or negative 

values of h". Again we must choose. If our problem pro

vides neither a driving field which .increases exponentially 

with z nor a gain mechanism, then we must expect h" to be 

negative. Assuming that x is greater than a, we now 

examine q' and qM in Eq. (A.6). For real values of the 



indices of refraction, we find that there is a set of 

solutions to the characteristic equation which provide 

positive values of q" for the values of h* and h" assumed, 

and that q' is negative. These are the leaky wave modes. 

In the exterior medium, their surfaces of constant phase 

are tilted at an angle 8 , = tan "'"(h'a/q11) with the 
phase n 

slab walls; the planes of constant amplitude make angles 

6 i . , , = tan "'"(h"a/q,) with the walls. For the 
amplitude ^ 

lossless (real indices) guide, these sets of planes are 

perpendicular. It may be seen that this is just the 

structure of the radiated field described by our ray 

theory in Chapter 2, from the region to the right of the 

last primary reflected ray of a uniform beam driving a thin 

film. The ray theory points out rather lucidly, in fact, 

the conditions under which, and the regions of space in 

which, the leaky wave description is useful and essentially 

correct. For negative values of q1 in Eq. (A.6), it is 

obvious that that equation does not apply everywhere above 

the waveguide core. It represents, in fact, a kind of 

spatial transient solution to the boundary value problem. 

To amplify this interpretation, let us now look at the 

analogous problem of a one-dimensional resonator, driven 

by a square pulse of duration T much greater than the decay 

time of the resonator. This problem, as we shall see, is 

readily described in terras of the leaky modes (space-time 

transients) of resonators. 
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Space-Time Transient on a One-Dimensional 
Optical Resonator Driven by a 

Rectangular Wave Packet 

Consider the case of an optical resonator driven 

for a finite interval of time T by a plane wave incident 

normally on its semi-transparent face located at x = a. 

The geometry is illustrated schematically in Fig. 19. To 

keep the algebra as clear as possible, we assume that the 

resonator is simply a thin dielectric film of very high 

refractive index, n, in contact with air (or vacuum; 

refractive index = l) at x = a and a perfectly conducting 

wall at x = 0. This provides, at x = a, a reflectivity 

r = (n-1)/(n+1) « 1-2/n. 

REFRACTIVE INDEX = I 

0 
REFRACTIVE INDEX = n > > I 

0 

Fig. 19* One-dimensional optical resonator—a thin film on 
a perfect conductor. 
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Let us suppose that the incident field is a wave 

packet (wave train) whose electric field is described by 

Eq. (A.7) 

E (incident) = U(x+ct)e:*'llls^+X/'C' (A.7) 
y ' 

1 
where U is the rectangular function of unit height illus

trated in Fig 20a. For t<0, the leading edge of the packet 

is located along the plane surface x = a-ct across which 

the field has a unit discontinuity. The trailing edge, 

representing a second unit discontinuity in the field, is 

located at x = a+cT-ct, with t<0. 

At t = 0, the leading edge of the packet strikes 

the resonator at x = a, thereby generating the leading edge 

of the reflected wave packet, which moves to the right at 

velocity c. At time T, the trailing edge of the incident 

packet is at x = a, where it generates a second disconti

nuity in the reflected packet. For t>T, the incident 

packet has vanished from the region a<x and only the 

reflected packet remains . If the resonator" were replaced 

by a perfectly conducting film of thickness a, the re

flected packet would be given by Eq. (A.8): 

E^(reflected from perfectly conducting film) = 

T T / , n i(JL) (t-x/c ) , 
U(x-ct)e s ' (A.8) 
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(o) t<0 

o a-ct o + cT-ct 

(b) T < 1 

i , • 1 
i nr L 

o o + ct-cT o + ct 

Fig. 20. The envelope of the electric or magnetic field 
outside a thin-film resonator excited by a 
rectangular wave packet -- (a) The incident wave 
packet of duration T prior to striking the 
resonator. (b) The reflected packet that would 
occur if the thin-film were a perfect conductor, 
(c) The leaky wave transient that must be fit to 
the trailing edge of the steady-state reflected 
field. (d) Envelope resulting from matching the 
transient to the steady-state field at t = T. 
(e) The complete reflected field resulting from 
the incident packet. 



for t>T. The rectangular unit function U is as illustrate 

by the dashed curve in Fig. 20b. Its leading edge is 

located at x = a+ct, and its trailing edge is at x = 

a+c(t-T), with T<t. We must now investigate the reflected 

packet when the region 0<x<a is occupied by our thin-film 

resonator. 

A conventional field-theoretic derivation of a 

solution to this problem might proceed as follows. The 

incident wave packet is Fourier analyzed into its spectral 

components. From Eq. (A.7), we see that these have relati\ 

strength F(uu) = s inc (uu-ajg ) T/2 , where sinc(x) = sin(x)/x. 

The internal and reflected fields are then found for each 

incident spectral component, that is, the plane wave 

„ / \ iuu(t-x/c) „ , , , , . , . , 
F(.uu;e . Each such solution represents a steady 

state field characterizing the entire space for all time. 

By integrating this solution over u> , we then obtain the 

time dependent field in each region. The resultant 

integrals constitute what is called a spectral representa

tion of the fields. In most cases, the physical intei"-

pretation of these integrals is not obvious. It is rare, 

indeed, that the integrations can be carried out exactly. 

To obtain useful solutions in closed form, one then de

forms the path of integration in the complex uu plane, 

thereby obtaining, for example, a saddle point representa

tion of the reflected field above the resonator. This 
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solution will depend primarily on the location of the poles 

of the integrand with respect to the path of integration. 

What we wish to do in this section is to arrive at 

a description of the internal and reflected fields which 

is as accurate as that obtained from the saddle point 

technique, but which avoids the associated mathematical 

complexity by a combination of relatively simple physical 

and mathematical arguments that are easy to apply to more 

complicated cases. We accordingly look at our thin-film 

resonator in terms of its space-time transients."'" Physi

cally, we know that the build-up and decay of an oscilla

tion in such a system must be characterized by some time 

constant T. Let us assume that the duration T of the in

cident packet is much greater than T. Then, after a time 

T1 satisfying TCCT'CT, a steady-state condition of forced 

oscillation at the driving frequency u) will obtain in the 

film, just as it did in the simple mechanical oscillators 

treated in texts. Then, after the time T, when the driving-

field is no longer present, the oscillation will decay by 

way of radiation to the region outside the film. Let us 

begin by studying this decay. 

We must appreciate that the radiated field asso

ciated with the decay of the oscillation applies only to 

1. Although the ray summation method of Chapter 2 
could clearly be applied to this problem, we are now 
seeking a wave solution. 
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the space-time domain to the left of the trailing edge of 

the geometrically reflected pulse, as indicated by the 

dashed line at x = a+c(t-T) in Fig. 20b. This line repre

sents a propagating plane surface along which the fields 

are discontinuous. It was generated at x = a and t = T by 

the field discontinuity in the trailing edge of the inci

dent packet."'" We may expect that, in the space-time domain 

x<a+c(t-T), T<t, the fields satisfy the homogeneous wave 

equation subject to the usual boundary conditions at x = a 

and x = 0. We can easily derive these solutions by the 

boundary value method for the homogeneous wave equation. 

1. The reader should note that the subject of the 
reflection, refraction, and propagation of field disconti
nuities is a non-trivial one. Clearly, the differential 
forms of Maxwell's equations have no meaning at disconti
nuities, and an integral formulation, is required to obtain 
appropriate initial con.ditions . The reader is referred to 
the comprehensive work of Kline and Kay (1965) for a 
detailed analysis of the subject. The principal results 
of their work that we will need here may be summarized as 
follows. In homogeneous, isotropic media, the electric 
and magnetic fields on surfaces of discontinuity are 
mutually orthogonal and are perpendicular to geometrical 
optic rays whose trajectories satisfy Fermat's principle.' 
The associated family of geometrical optic wavefronts tire 
generated by the surface of field discontinuity as it moves 
through space with velocity c. At any surface of disconti
nuity in the media, reflected and/or refracted surfaces of 
field discontinuity are generated. Each satisfies the laws 
of geometrical optics. In addition, the electric and 
magnetic fields at the interface on these new surfaces of 
field discontinuity have strengths, relative to the inci
dent field discontinuity, given by the familial" Fresncl 
formulae. This applies locally for each ray and is in no 
way dependent on that shape of the surfaces of field dis
continuity or the refracting surfaces, providing each is 
continuous with continuous deriveitives . 
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Accordingly, 

Ey(inside) = A sin(ux/a)elll)^, (A.9a) 

E^(outside) = A sin(u)e q(x/a l) + iwt^ (A.9b) 

and 

H = (i/uup.) SE /3x, (A.9c) z y 

u = uuan/c q = i(JUa/c. (A.9d) 

The characteristic equation for the resonator is given by 

q = -ucot(u) (A.10a) 

and 

R2 = u2 + q2 = (uu2a2/c2) (n2-l) . (A.10b) 

Note that we have intentionally avoided the use of the 

customary wavenumbers in writing this solution. We are 

reserving these for the description of the driving, in

cident fields and the steady-state response of the system 

for which the wavenumbers are real valued. In the 

transient fields described by Eqs. (A.9), on the other 

hand, u, q, and uu are all complex valued quantities to be 

determined from Eqs. (A.10). They define the leaky modes 

of our resonator. 

Evidently, Eqs. (A. 10) are special cases of Eqs. 

(A.3) . In this case, however, we know that q/u is simply 

i/n. We will assume that the refractive index of the 

film, n, is independent of frequency, so that Eqs. (A. 10) 
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are solved quite simply by writing the first of them in 

terms of its real and imaginary parts, u' and u", 

respectively. Thus 

sin2u'/(cosh2u"-cos2u') = 0; 

(A.11) 
-sinh2u"/(cosh2u"-cos2u') = -i/n. 

The first of Eqs. (A.ll) yields 

u' = NTC/2; N = 0,1,2,.... (A.12) 

If N is an odd integer, the second equation then yields 

tanh(u") = l/n ̂  u", (A.13) 

because l<<n. If N is an even integer, the second equa

tion yields coth(u") = l/n. There are no solutions of 

this equation satisfying the conditions of our problem. 

We thus have an infinity of roots given by 

u^ ̂  (2N+1) Tt/2 + i/n; N = 1,2,3, ... , 

q^ = iu^j/n ̂  -1/n^ + i ( 2N + 1) 7l/2n, 

Q 
U)^ ~ ( 2N + 1) Tic/2an + ic/n^a, (A. 1*0 

and 

Tn = T = l/Im(uuN) = na/(c/n) = l/y. 

We see from Eqs. (A. 9) and the expression for q^ in Eqs. 

(A.l'O that the field increases exponentially away from 

the upper surface of the resonator for these modes. How

ever, we know that these solutions apply only to the 
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space-time region x<a+c(t-T), t>T. Note that the time 

constants for all these resonances are equal and are in 

accordance with the concept of waves bouncing back and 

forth in the resonator, losing a fraction l/n of their 

energy with each round trip. (In equilibrium, the ratio 

of the Poynting vectors inside and outside the interface 

at x = a would be n. The time constant T describes the 

rate of decay of the amplitude. The energy density decays 

as 2T = n(2an/c), illustrating the round-trip time.) Note 

also that the phase velocity of the radiated field is 

equal to c. The envelope of one of these transient fields, 

at some time t>T, is sketched in Fig. 20c. The constant 

A is as yet undetermined, so we are not yet ready to fit 

our solution to the steady-state condition that described 

the fields in and near the film for times t satisfying 

T«t<T . 

Let us now consider the steady-state field. It 

corresponds to the familiar solution of the problem posed 

by an incident monochromatic plane wave at frequency uu . 
s 

We find that the steady-state field is given by 

ill) t + ik (x-a) 
E (incident) =e S  S  , (A.15) 
y ' 

E (reflected) = (ik -kcot(ka))/(ik +kcot(ka)) 
y s s 

id) t-ik (x-a) 
• e S S , (A. 16) 

and 
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i(JU t 

E (inside) = 2 sin(kx)e /(sin(ka) y 

+ (k/ikQ ) cos (lea) ) , (A.17) 

where lc = nUJ /c and k = uj /c are the usual wavenumbers in 
s s s 

the film and in free space, respectively. At time t = 

T-0, the field in the film is assumed to be given, to any 

measurable accuracy, by Eq. (A.17)• At t = T+0, on the 

other hand, the field should be expressible in terms of 

the transient solutions given by Eqs (A.9) and (A.1*0. 

These have the form 

00 
E (inside) = £ A,,sin(u x/a)e : T<t . (A.l8) 
y N=0 N 

If Eqs. (A.18) and (A.17) for the interior fields before 

and after t = T are set equal at time t = T, we obtain the 

equation determining the values of the constants A^ in the 

transient field. Thus, 

iwNT ia) T 
2 ANsin(uNx/a)e = 2 sin(kx)e /(sin(ka) 
N=0 

+ (k/ilc ) cos (ka) ) . (A.19) 

Because the leaky wave modes are not orthogonal, we must 

expend a little more effort than usual to determine the 

coefficients A^. (The lack of orthogonality of these 

modes may be viewed as a consequence of the fact that 

their spectral components, which may be obtained by Fourier 

transformation, overlap.) The well known. Schmidt 
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orthogonalization procedure (Morse and Feshbach, 1953, 

pp. 928, 929) provides the necessary mathematical tools. 

Accordingly, we form a new set of functions (p^(x), which 

are linear combinations of the leaky-mode functions 

h^(x) = sin(u^x/a). The new set cp^ are defined so as to 

satisfy the orthogonality condition 

a 
J <P£(x)cpM(x)dx = 6nmcn, (A. 20) 

where is the Kronecker delta, equaling 0 for N / M and 

1 for N = M, and the * denotes complex conjugate. Each of 

the (p^(x) has the form 

CO 

tpN(x) = E bN sin( upx/a) . (A.2l) 
P=0 

After finding the functions cp^, we may express any function 

f(x) on the interval 0<x<a in terms of them, as in Eq. 

(A.22) 

os a 
f(x) = £ aNipM(x) , where aKT=(l/C„) J (p* (x) f (x) dx . 

N=0 0 

( A . 2 2 )  

But the determination of the coefficients a^ also fully 

determines the coefficients A^ of Eq. (A.19) through the 

application of Eqs. (A.2l) and (A.22). Accordingly, we 

define the functions S^(k) as 

S^(k) = 0 for N<0 

and 
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S^(k) = sinc(u^-ka) - sine (u^j+ka) , (A.23) 

where sinc(x) = sin(x)/x and k is the wavenumber, in the 

film, of the steady-state oscillation. Then the co

efficients A^ in Eq. (A.19) are given by 

-1 "i(uJN"U,s)T 
A^ = 2[sin(ka) + (lc/ilc ) cos (ka) ] e 

0 (A . 2 'l a) 
•  [ S

N +  (  2 i / n T c )  A  +  C K l / n " ) ] ,  

2 2 
where 0(l/n ) includes all terms of order l/n or smaller, 

a n d  

A = ^SN+1~SN-1^ ~ (SN+2"SN-2^y/2 + (SN+3"SN-3^3 

~ ^SN+'i~SN-^ ̂  +*** * (A.24b) 

As may be seen from Eq. (A.23), the infinite series A is, 

in general, a slowly converging one. 

Let us now specialize these equations to the case 

where the incident packet drives the system at one of its 

natural frequencies Then, 

U U s  - ( c/na) Re ( u .̂j) = ( c/2an) ( 2M+1)  7 1; ka = (2M+1)t t/2. 

( A . 2 5 a )  

Therefore, from Eq. (A.23), we find that 

S M  «  1  -  ( i / 7 l n ) / ( 2 M  +  l )  ;  S N  «  +  (  i / n 7 t )  (  2 N + 1 ) /  

(  ( N - M )  ( N + M + l )  )  ,  N  f i  M  ,  ( A .  2 5 b )  
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where the plus sign in the second equation applies when 

2 (N-M) is an odd integer. Thus, up to terms of order l/n , 

we find, from Eqs. (A.24) and (A.25) 

Am « 2e (l-(i/7tn)/(2M+l) ) , (A.26) 

where 0) = y = Im(uj^) , from Eq. (A.l4), and 

. p  —  ̂  o  )  ̂  p  
AM+p ~ 2e " (-1) (i/Pn7l)(2M+l)/(2M+P+l) ; 

P>-M. (A.27) 

Equations (A. 26) and (A.27) tell us that, for all practical 

purposes, we may use the approximations 

A,, « 2ê  and A,T « 0 for N / M and uu = ulI . (A. 28) 
M JN s M 

This was intuitively clear from Eq. (A.19). The succeeding 

equations give us useful estimates of what happens off 

resonance as well, and provide better approximations fox" 

the resonance case, should they be needed. From Eqs. 

(A.19), (A.23), and (A.24) we see that many modes partic

ipate off resonance, but none of them is strong, because 

of the term k in the denominator of Eq. (A.24). Thus, 

while the decay is much more complicated off resonance, 

the steady-state condition involves too little power to be 

interesting. 

Now that we have shown that only one mode is 

important on resonance and that it is described by 
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E (inside) y 2sin( Uj^x/a) e 
-y(t-T)+iuu t 
' s 

T<t (A.29a) 

and 

E (outside) » 2 exp(uJ (t--——) - —^.); 
y s c c 

x<a+c)t-T); T<t, (A.29b) 

we can fit this transient solution for the radiated field 

to the trailing edge of the steady-state reflected field. 

The result is shorn in Fig. 20d. Because the steady-state 

reflected field has unit amplitude on resonance (Eq. A.l6 

with cot(ka) = 0), while the transient has twice this 

amplitude, there is a unit discontinuity in the radiated 

field at the trailing edge of the geometrically reflected 

field, where x = a+c(t-T), T<t. 

that begins at t = 0. At this time, the field strength 

inside the film equals zero. This is the initial condition 

to be satisfied by the superposition of the particular 

solution of the inhomogeneous wave equation (the steady-

state field) and the general solution of the homogeneous 

equation (the transients). From Eqs. (A.17) and (A.l8), 

at t = 0, we thus obtain 

We will now describe the build up of the oscillation 

00 

E AMsin(uNx/a) + 2 sin(kx)/(sin(ka) + (k/ilc ) 
N=0 

• cos(ka)) = 0 (A.30) 
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for 0<x<a. This is identical, except for the change in 

sign, with Eq. (A.19)« Assuming again that the driving 

frequency is on the Mtb resonance and terms of order l/n 

can be neglected, we obtain 

A r/ -2; A^ ~ 0 for N / M. (A.3l) 

Thus, the build-up of the electric field inside the 

resonator is described by 

, iuu t 
E (inside) ~ 2(sin(kx)-sin(u^x/a)e ^ )e S . (A.32) 

The radiated (reflected) field is accordingly given by the 

superposition of Eqs. (A.9 and (A.l6), that is, 

• /, \ . / , x — a\ 
XUU (t—-—) l(JUM(t—-—) 

E^(radiated) e S -2sin(u^)e • (A.33) 

2M +1 ) 
We now use the fact that sin(u^j) = sin( ——TC+i/n) = 

O 
1+0(l/n") to reduce this to 

/ , x-a \ r _i_ x-a iuu (t- ——) -y[t—— ] 
E (radiated) ~ e S (l-2e ) ; y 

x<a+ct , Oct. (A.3'i) 

We can now combine the results of Eqs (A. 29) find (A. 3^) to 

form the envelope of the entire reflected (radiated) wave 

packet, as illustrated in Fig. 20e. 

Leaky Waves as Spatial Transients 
in Waveguides 

The analogy between this case and the FTR system 

treated in Chapter' 2 is obvious. Here we have treated a 
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space-time (x,t) problem. There we had an (x,z) problem. 

If we were to plot the results of Fig. 20 on rectangular 

graph paper with x as a function of t, we would find that 

the space-time domains to which the transient leaky waves 

apply have the same form as those described by rays 

radiating from an exponentially decaying or growing wave 

in an (x,z) waveguide (Fig. k). The results are essen

tially the same. The only important difference arises in 

the calculation of the decay constants. These provide a 

means of modifying the ray theory, so that it is quanti

tatively correct. Clearly, we could have obtained the 

principal results of this section much more easily by using 

the ray summation method. That method also has the advan

tage of simple physical interpretation. Without it we 

would have difficulty understanding why the reflected field 

actually vanishes at one space-time point dui-ing the build

up of the oscillation and increases sharply at the instant 

the incident packet vanishes. The explanation is that the 

primary reflected field, which arises from direct reflec

tion at x = a, is being opposed by the increasing internal 

fields in the film. This interpretation is patently 

obvious in the ray theory, but is well hidden in the 

mathematical treatment given here and almost totally 

buried in a spectral or saddle point representation. 

We should note before leaving this case that we have 

not considered in this analysis the fields on refracted 
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surfaces of field' discontinuity and the additional surfaces 

of field discontinuity that these generate in the radiated 

O /• /T 
field. These fields are of order l/n , l/n, , l/n , •••, 

however, and of no consequence in the approximations taken 

here. We also note that, had we considered a more 

realistic optical resonator, one with a highly reflecting 

dielectric stack at x = a, the time delays associated with 

transmission and reflection at the stack would have re

quired study. These time delays are analogous to the 

undetermined lateral shifts of the reflected and trans

mitted rays in the FTR case. We normally characterize 

them, in the conventional steady-state solutions, simply by 

phase changes associated with transmission or reflection. 

In a transient analysis, however, we must treat them 

according to what they are physically, that is, time delays 

in the resonator and lateral shifts associated with similar 

delays in the FTR problem. Thus, the detailed analysis of 

transients is intrinsically more complicated than a steady-

state analysis. 

We note also that the theories of this section and 

Chapter 2 apply near the guide, not in its far radiation 

field (the Fraunhofer region). In this section, we have 

not taken into account the diffraction effects that arise 

because of the finite aperture of the resonator. In 

Chapter 2, we did not consider the spreading of the in

cident and multiply reflected beams associated with 
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diffraction. These are of no consequence near the 

structure, but are obviously essential to a description of 

the far field. 



APPENDIX B 

FRESNEL FORMULAS1 

In order to evaluate the expression giving the 

loss rates of leaky modes or the coupling strengths 

between thin-film guides found in this chapter, we need 

expressions for the transmission and reflection coeffi

cients of an FTR layer. We thus consider the reflectivity 

and transmissivity of a film of thickness s and refractive 

index n„ bounded by semi-infinite media of indices nn and 
2 J 1 

n^. A plane wave of the form 

„ / „iuut-iux/ - ihz E lor H ) = E 
y y 

is incident from the medium of index n, at an angle 0n>9 1 ° 1 c 

= sin ^(li^/n^) on the lower surface of the film, located 

at x = 0. We define 

1 Q 1 ( ̂  2\1/2 u = k a^cosO, : q = k aln, sin -nn j : 
ol 1 ' ^ ol 12 

u' = k an„cos8„; h = k n.. sin0., = k nosin0o. 
o 3 3 ol 1 o3 3 

The scaling parameter a is of no consequence hei'e but 

1. This brief description may be found in many 
textbooks. It is included here for the reader's conven
ience in verifying many of the results of Chapter 2. 

l'lO 
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appears throughout this dissertation as the half-width of 

the waveguides. The evanescent field in the film has the 

form 

„ / u \ iuut-ihz/. -qs/a. r ,  qs/as E (or H ) = e (Ae ̂  +Be^ ). 
y y 

The transmitted field above the film has the form 

„ / T r \ , /• \ iiot-iu 1 (x-s )/a-ihz 
E (or II ) = t exp(xq), )e ' 
y y ^ t 

The reflected field is given by 

„ / \ t • \ iu't + iux/a-ihz E (or II ) = r exp (xcp ) e 
y y r 

The reflection and transmission coefficients, i- exp (.i(" ) i * r 

and t exp (icp, ) are defined in terms of E for TE wcives and t y 

H for TM waves. The reflectivity R and transinissivity T, 

on the other hand, are defined in terms of energy flow, 

i.e., the Poynting vector times equivalent areas in each 

medium. The permeabilities of all media are assumed equal 

to , the permeability of free space. The indices of 

refraction of all media are assumed to have real values. 

Accordingly, 

2 t = 2cos(cp )sin(cp )/(sinh (qs/a) 
X U J 

+ sin2(tp12+cp2^ ) )1/2 , (B.l) 

(pT = = tan 1 ( coth ( qs/a ) tan(cp̂ 2+cp0̂  ) ) 

- 71/2, ( B • 2 ) 
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2 2 sinh (qs/a) + sin (<p -(p ) . 
r = [ - 12 23 31'2 , (B.3) 

sinh (qs/a) + sin (tP12+(P23^ 

cpR = q>r = tan"1 (coth(qs/a)tan(cp12+cp2̂ ) ) 

+ tan 1(coth(qs/a)tan((p12-cp2^) ) , (B.4) 

R = r2. 

For TM waves, the energy transmittance, T, and the angles 

<p12 and cp2^ are given by 

T = (n2u '/n2u)t2; (p12 = tan "'"(n2q/n2u); 

cp2^ = tan 1(n2q/n2ul). (B.5) 

For TE modes, anc* ̂ 23 anc* ̂  are again given by Eq. 

(B.5), but with n^, n2, and n^ set equal to unity. 

When s >• °», we have the case of total reflection 

at the lower face of the infinitely thick film. Equations 

(B.3) and (B.4) then reduce to 

r = r' = 1; cp r=cp r, = 2(p 1 2. (B.6) 



APPENDIX C 

GUIDED WAVES ALONG CIRCULAR WAVEGUIDES 

In this appendix, we will study waves in and around 

a dielectric rod guide, i.e., a circular dielectric 

cylinder with refractive index 11^ embedded in an infinite 

medium of index n <n . This is an idealization of a fiber 

optics waveguide at optical frequencies or a dielectric 

antenna at microwave frequencies. We will treat, in detail, 

only the true, bound, surf ac e-wave modes. These are the 

cylindrical analogs of the lossless surface-wave modes of 

the slab waveguide. As we shall indicate at various stages 

of the development, the dielectric rod also supports leaky-

wave modes whose manifestations parallel those of the slab 

waveguide discussed in detail in Appendix A. 

In the dielectric slab guide, the bound modes can 

be viewed as a superposition of two uniform plane waves 

within the slab, each incident or reflected at a particular 

discrete angle with the normal to the guiding interfaces. 

Outside the slab the modes are characterized by evanescent 

waves associated with total internal reflection. The 

elementary modes are plane polarized with their electric 

vectors either in the plane of incidence of the uniform 

plane waves (TM modes) or perpendicular to it (TE modes). 

l'l-3 
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111 the dielectric rod, the bound modes can again be 

described by a superposition of uniform plane waves in the 

interior of the rod with evanescent waves outside. In 

contrast to the slab case, however, it is no longer 

apparent just which superpositions will provide the 

appropriate continuity in the tangential components of the 

electric and magnetic fields at the interfaces. It may be 

anticipated that the polarization properties of the modes 

will be complicated. Therefore, we will be well advised to 

solve the electromagnetic boundary value problem directly, 

and then analyze our solutions to see precisely how they 

do or do not fit familiar geometrical and physical optics 

models of wave propagation. We shall be particularly 

interested in relating our mathematical solutions to such 

optical concepts as meridional and skew rays, polarization, 

and intensity distributions. Because ray concepts are 

rarely encountered in the microwave literature, we will 

begin our study by deriving, in a conventional way, expres

sions for the mode fields in hollow metallic guides. These 

expressions will then be analyzed from an optical point of 

view in such a way as to preface the study of waves on 

fiber optics waveguides. We shall then take a quite un

conventional approach to the derivation of the fields for 

the dielectric rod, one in which the polarization of the 

mode plays a major role from the outset. This derivation 
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proves an interesting alternative to those found in most 

textbooks on electromagnetic theory. 

Derivation of Field Vectors in Hollow. 
Perfectly Conducting Pipes 

Consider the waveguide formed by a circular di

electric rod of radius a and refractive index n^, coated 

with a perfectly conducting film. We seek those elementary 

solutions of the homogeneous wave equation whose electric 

and magnetic fields are of the form 

E(z,y,z,t 

H(x,y,z,t 

F(x,y,h,U) 

G(x,y ,h,UJ 

iuut-ihz (C.l) 

We further require that the tangential components of E 

must vanish at the perfectly reflecting film. The polar 

coordinates x = pcoscp and y = psirup are thus well suited 

to the analysis. The boundary conditions accordingly 

become 

E (p = a) = E (p = a) = 0. (C.2) 
z 

Our problem is to find the vector eigenfunctiohs F and G 

and the corresponding eigenvalues h. Substituting Eq. (A.l) 

into the wave equation 

(V 2  -
3t 

E 

li 

= 0, (C . 3) 

we find that the eigenvectors F and G satisfy the equation 
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where 

and 

<v* + P*> 

F(x,y,h,uu) 

G(x,y ,h,ua) 

= 0 

V, = 

|32 = k2 - h2 = ou2g1IJI - h2, 

9 2  3 2  B 2  1  3  l b '  
~ + ~2 = ~2 + ~ ~ + ~ ~2 
Sx dy 3p p Bp p 3<P 

(C.4) 

(c. 5) 

(C .6) 

is the transverse Laplacian operator. Now, because E and 

H must also satisfy the first order Maxwell equations, 

V x E = -p, 
at ' 

V x II = BE 
:13t 

we have the additional relations between the components of 

F and G, i.e., 

and 

x F - ihz x F = -io)jj.G 

A -i. 
x G - ihz x G = iuue-^F. 

(C . 7) 

/ \ • • We can solve Eqs . (C.7) for the transverse components G^_ 

-a. 
and F in terms of the longitudinal components G and F , 

t z z 

Thus , 

and 

V, x F - ihz x F = -iU)|iG 
1/ Z t u 

V, x G - ihz x G, = iuJe-,F, • 
t z t It 

Multiplying the second of these equations by (— ill)p.) and 
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substituting G from the first, we obtain 

(3 2F = -iuu(j,V, x G -ihV.F . (C.8a) 
X v X Z X z 

In a similar way, we find 

(3̂ Ĝ̂  = iuuê V̂  x F̂  -ihV̂ Ĝ . (C.8b) 

It is now apparent that, if we solve the Helmholtz equation 

(C.5) for F and G , we can obtain the transverse components 
Z Z 

r V-

of F and G from Eqs. (C.8a) and (C.8b) . (Because we have 

no _a priori knowledge that such solutions will satisfy the 

boundary conditions, we can only regard them, at this time, 

as trial solutions of the boandai-y value problem.) Let us, 

therefore, solve Eq. (C.5) for F . Because the fields must 
z 

be periodic in cp, we take F = f(p)ein(^ as a trial solution, 

where n can be any positive or negative integer or zero. 

V\7e then find the f(p) satisfies Bessel's differential 

equation 

d2f T df ,b2 2. 2,,. „ ,r q \ ~z * P dF + <P "n /p " = °- (c,9) 
dp 

where we have dropped the subscript from |3^ for convenience. 

Because the field must be finite on the axis of the guide, 

the appropriate solution of Eq. (C.9) is the Bessel 

function of the first kind of order n, i.e., J^(pp). 

Therefore, 

E (p,(p,h,uu) = A J ( 3p) e"*"11^ , (C.10) 
z 

where A is an arbitrary constant. From Eq. (C.8a) (with 
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G = 0) we then find that 
z 

Ftp = -(ih/P2p)—̂  = (nh/p2p) A Jn((Bp)einq). (C.ll) 

From Eqs . (C.10) and (C.ll), we see that this solution can 

be made to satisfy the boundary conditions, if we require 

that B=B = u /a, where u is any one of the de-
^ rn,m n,m 1 n,m J 

numerably infinite set of roots of the equation 

J (u ) = 0: m = 1,2,3 , ••• • n n m ' ' " x ' (C.12) 

This is the characteristic equation fox" TM modes in a hollow 

metallic waveguide. The transverse wavenumbers 6 de-° n, m 

fined by Eq. (C.12) determine the corresponding propagation 

constants h of these modes through Eq . (C.5). The re-
n, m 

a, A 
maining components of F and G for these modes are given by 

Eqs. (C.8a) and (C.9b). Summarizing our results for the 

TM modes, we thus have 
n tn " 

E A J n O p )  \ 

and 

Ecp = (nh/P P)A Jn(Pp) 

E = ( -ih/p ) A J • ((3P ) 
p r n r 

H =0 
z 

H = ( -io) e/P ) A Ĵ (Pp) 

Hp = (-uuen/p2p)A Jn(pP)y 

J n(pa) =0; h 2  = ut) 2ejj. - p 2. 

incp+iuut-ihz (C.13) 



149 

The Intensity Distribution of TM Modes 

We now ask what these waves would look like if we 

were to view them with the aid of a microscope focused on 

the exit end of the guide. In the Huygens-Kirchoff 

approximation (the field in the aperture equals the inci

dent field), we would expect to see an intensity distribu

tion proportional to the time-average of the axial compo

nent of the Poynting vector. Accordingly, we calculate that 

I(P,<p) =• |Roal<E x H*)z = 

= (huue/2p2)A2(J^2((3p) + n2J2((Bp)/p2p2) . (C.l'i) 

If we now use the Bessel function relations 

J 1(u) = + nJ (u)/u + J (u) (C.15) 
n n 11+1 ' 

we can write Eq. (C.l4) in the form 

I(P) = (huue/4(32)A2(J2 (pP) + J2 ,(Pp)). (C.16) 
r n+1 n-1 

From Eqs . (C.l'l) or (C.l6) we see that the flux distribu

tion is circularly symmetric. Because (3 is the mU1 root of 

J ((3 a) = 0. and because the functions J .. and J , are 
n n,m ' n+1 n-1 

very near their extrema when J = 0 (Fig. 19), we see that 

there are in radial maxima in the intensity distribution of 

the TM mode. When n = 0, for example, the flux distribu-
n, m ' 11 

tion is proportional to J. (B p). If m = 3, there are 
11 1 r o,m 1 

three rings. The third reaches its maximum at p/a = 



150 

8 .536/8 .65^ • The first peaks at P/a = 1. 8 ±̂l/8 .65'±, and 

the second at p/a = 5 • 311/8. 65'a • When n = +1, the inten

sity is maximum on the axis of the guide and, for the 

TM, mode, there are 111 rings of lesser brightness around 
1, m 1 

the central spot. For n / +1, the intensity is zero on 

axis. For the general TM mode, the iU» radial maximum & n, m 1 ° 

of the intensity distribution (j<m) is shifted slightly 

inside the i ' zero of E and E . More specifically, if vJ z tp 1 

J (u P/a) = J (u . ) = 0, then the jU-> maximum is located 
n n, in n n, j ' 

at 

P/a = pP/u = (u ,/u )(l- —^ —n )• (C.17) 
n,m n,j n,m u2 _0n2_ 

n '  j  
The meaning of these statements is best appreciated 

with the aid of Fig. 21. Suppose, for example, that we are 

studying the TM„ . mode. Then u - u0 . is located at J & 2, ft 11, m 2,4 

the fourth nonzero root of J^(u) =0, i.e., at u^ ^ ~ 5^ ~ 

u/k. The longitudinal and aziinuthal components of the 

field also vanish at three interior radii, located approxi

mately by u ri 3^ - and u_ , & 2Tt - Tl/k. The inten-
^ i 3 ^ , J-

sity distribution reaches its successive maxima just inside 

each of these zeros of E and E . The expression above, 
z cp 1 ' 

which locates these maxima with respect to the zeros of 

E and E , is accurate to about two per cent for all but 
z cp' 1 

the first maximum, for which the approximation is an order 

of magnitude more coarse. The inset in Fig. 21 gives the 
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\ 
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Fig. 21. Contours of Maxima, minima, and zeroes of Bessel 
functions Jn(u.) : n = 0 to 7 -- Inset indicates 
the values of Jn(u) at the first five extrema 
as a function of n. 

values of J (u) at its extrema as a function of n. These 
n 

provide a means for obtaining estimates of the relative 

intensity of the m rings in the TM mode pattern. J n, m 

Transverse Polarization of TM Modes 

We must now consider the polarization of these 

modes. Equation (C.l6) for the intensity distribution, as 

well as the differential Eq. (C.5), suggest that we can 

write the transverse parts of the electric and magnetic 

fields in terms of orthogonal vector components, each of 

which is proportional to only one of the functions ^n+j or 

J . We note that the radial and azimuthal components of 
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E are Tl/2 out-of-phase, a fact which suggests that 

circularly polarized components may be appropriate. The 

Bessel relations (Eq. C.15) indicate how this might be 

done. Accordingly, we form the circular components of 

the transverse fields and obtain 

(A detailed discussion of the meaning of these circular 

components of the transverse fields is given in a later 

section of this appendix.) It is now apparent that the 

polarization, like the intensity distribution, is circularly 

circularly polarized components of the transverse fields 

are in-phase or out-of-phase by 71, the major and minor 

axes of the polarization ellipse are either perpendicular 

or parallel to the circles of uniform .intensity. The major 

and minor axes have lengths E +iE + E -iE = 1 p cp 1 - 1 p cp 1 

(hA/|3)( |a | + | J | , respectively. The polarization is 

radial, and thus linear at P = a and at all interior zeros 

of E and E . It is circular at those radii where either' 
z cp 

J , or J vanish: the intensity is weak, however, on 
n+1 n-1 ' 

these circular zones. Near the maxima of the intensity, 

on the other hand, the polarization is almost linear-, i.e., 

the length of the minor" axis of the polarization ellipse, 

E„ + iE = +(ih/|B)A J (pp)ein̂ i»'t-ihz 
P - cp - r n+1 ^ 

and (C.18) 

( „ /q \ « t / n ~ \ iiacp + ioit-ihz - (uu e /p ) A Jn+1((3p)e Y 
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which is oriented tangent to the bright rings, is small 

with respect to that of the radial, major axis. If we 

substitute n = 0 in Eq. (C.l8), we see that the TM 
^ 1 o, m 

modes are linearly polarized in the radial direction 

everywhere inside the guide. All other m modes are 

elliptically polarized; both the eccentricity of the 

ellipse and its sense of rotation are functions of radius. 

Mode Dcgeneracy—Circulating Waves, 
Standing Waves. and 

Angular Momentum 

It is instructive, for purposes of optical inter

pretation, to determine the wavefronts of the waves de

scribed by the mode fields (Eqs. A.13). Note that all 

.  .  , ,  1 ^ 4 .  i n c p + i c u t - i h z  
components have the common phase factor e . 

Evidently, the surfaces of constant phase satisfy the 

equation z = n(p/h + constant. Such a surface is generated 

by a semi-infinite line in space perpendicular to and 

terminating on the guide axis; the line rotates toward 

positive tp as z increases for n>0 and toward negative for 

n<0. The locus of its points of intersection with the wall 

of the guide is a helix. The normal to the surface W = 

UJt = hz-ncp is given by VW = hz-(n/P)q). As t increases, a 

given surface of constant phase rotates in the negative q) 

direction about the axis of the guide while advancing in 

the positive z direction. We may accordingly form a mental 

picture that suggests that the wave energy circulates about 
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the axis of the guide as it advances along the axis. This 

is a characteristic of circulating waves. As we shall show 

later, we may accordingly associate an angular momentum 

with the TM modes described by Eqs. (C.13). 

In the engineering literature, the azimuth depend

ence of the fields of theTM modes is usually described by 

sinusoids (cos(ncp) or siri(ncp)) rather than by exponential 

functions (e*111^). Note that the TM and TM modes 
n,m -n,m ' 

as defined here by Eqs. (C.13) and (C.l8), are degenerate, 

i.e., both of these vector fields have the same propaga

tion constant, because J (u) = (-l)nJ (u). Hence, every 
1 -ri 11 ' 

different linear combination of these two modes yields a 

different vector field that propagates down the guide with 

the same phase velocity in the axial direction. In partic

ular. the combinations TM + TM eive fields propor-1 n,m - -11,111 

tional to cos(ncp) and sin(n(f) ; these appear to be preferred 

by microwave investigators. They are always linearly 

polarized, though never plane polarized—the direction of 

oscillation of the electric vector changes continuously 

with both cp and p. Both of these modes are labelled TM^ ̂  

in most of the waveguide literature, a sometimes regretable 

practice because it may leave the reader with the idea that 

the TM modes of the metallic pipe waveguide must neces-
n, 111 

sarily be linearly polarized, with 2n azimuthal maxima and 

minima in their flux distributions. (For the mode combina

tions TM ±TM , for example, the axial component of the 
11,111 -n,!!!1 1 
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Poynting vector is proportional to ^ _ 

2J , J , cos(2ncp).) As we have seen, this concept is 
n+1 n-1 N ^ 

erroneous. The most elementary waves capable of satis

fying the boundary conditions show no manifestations of 

interference in the azimuth coordinate. This is to be 

expected physically, because there is nothing in the wave

guide to induce reflections for waves that are circulciting 

about its axis in either direction. The fact that most 

fields studied at microwave frequencies exhibit azimuthal 

standing waves, manifested by 2n maxima and minima, should 

thus not be interpreted as a demonstration that these are 

the normal modes of the structure. On the contrary, it 

seems more appropriate to associate such fields with the 

bi-directional (in azimuth) character of microwave sources, 

which indiscriminately launch the right- and left-handed 

circulating waves with equal efficiency. 

We may further elucidate the nature of the circu

lating TM waves by considering their angular momentum. In 

classical electromagnetic theory (Jackson, 1962; Stratton, 

19^1) the linear momentum density of a field is given by 

P = ( ep./2)Real (E x it* ) . (C.19) 

The angular momentum density is 

L = ( ey./2)Real (r x E x H* ) . (C.20) 

The energy density is 

U = (l/'l)Real(eE'lS* + (alt-lT* ) . (C.2l) 
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We are interested in the z component of the angular 

momentum. From Eqs. (C.20) and (C.13) we find that the 

density of this component is given by 

L = eu PE Il*/2. ( C.22) 
z ^ z P 

To obtain the total energy and z component of angular 

momentum in the field, we must integrate these densities 

over a volume that contains the entire field. The surface 

P = a completely encloses the field and thus forms one 

boundary of an appropriate volume. The fields extend to 

infinity, however, in both directions along the axis. We 

thus determine only the total energy per unit length and a 

component of angular momentum per unit length by integrating 

over any cylindrical volume of radius a and unit length. 

If we then form the ratio of these two integrals (Jackson, 

1962, p. 575), we obtain the interesting result 

JJ7 L PdPdtpdz 
- = -n/uu. (C.23) 

J7J Updpdcpdz 

This purely classical calculation can be made to take on 

the embellishments of quantum optics simply by multiplying 

the numerator and denominator by tor, which is Planck's 

— 3 b:  
constant (6.625 x 10 joule-sec) divided by 2Tt. The 

result indicates that we may associate with each photon of 

energy 4*1) precisely -nte- units of angular momentum about 

the axis of the guide. The fundamental physical content 
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of the circulating wave representation of the modes is thus 

apparent. The fields given by Eqs. (C. 1 3 )  may accordingly 

be interpreted as the classical limit of a single-mode, 

quantized, electromagnetic field. Each mode is a member 

of a basis set in which the photons have a well defined 

axial component of both the linear momentum and the angular 

momentum. (For a discussion of quantized fields, the 

reader is referred to the many excellent texts on quantum 

mechanics and electrodynamics.) 

Another interesting attribute of the TM circu-0 n, m 

lating modes may be noted by writing the circularly 

polarized transverse components of the fields of Eq. (C.l8) 

in terms of spatially fixed reference axes. Thus 

E = E ±iE = (E0 + iE, ) e± 1 ( p  = +(ih/0)A J (PP) 
+ x y P- cp - n+1 

. gi (n±l)cp + iuut-ihz 

The boundary conditions require equal contributions from 

each of these circular field components at P = a. Note, 

however, that each of them, taken alone, still suggests a 

net z component of angular momentum proportional to -n. 

The E component., for example, manifests through its phase 
4" 

factor an orbital momentum proportional to -(n+l). It 

also has a spin angular momentum, however, proportional to 

+ 1 , because of its left circular polarization (Jackson, 

1962, p. 20l). Thus, the net angular momentum in the axial 
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direction remains proportional to -n. Similarly, the 

expressions for each of the field components, in each of 

the three transverse field representations we have seen in 

Eqs. (C.13), (C.18), and (C.24) suggest tho correct angular 

momentum of the field. 

Note that the cos(ntp) and sin(n(p) representations 

used in engineering texts describe fields with a net axial 

angular momentum equal to zero. Such fields are those most 

commonly excited by conventional microwave sources that 

launch the positive and negative circulating waves with 

equal amplitudes. At optical frequencies, however, we can 

use spatial filtering techniques in concert with quarter-

wave plates and polarizers to launch the more elementary, 

elliptically, polarized, circulating waves (Kapany, Burke, 

and Sawatari, 1970). It appears, in fact, to be much 

easier to launch pure modes of this type than it is to 

launch the linear combinations of them that are preferred 

by microwave engineers. 

TE Modes in Hollow1, Metallic Pipes 

Returning to Eqs. (C.5), (C.8a), and (C.8b), we 

will now take, as trial solutions to this boundary value 

problem, fields for which E^ =0. Solving Eq. (C.5) for1 

G , we obtain 
z' 

G = B J (pP)einCp. (C.25) 
z n 

Substituting this solution into Eq. (c»8a) yields 
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3G 
= (iu^/p2)-^ = (iu>|VP)B J^(Pp)ein(p. 

Because we have already assumed that E =0, we see that we 
z ' 

can satisfy the boundary conditions simply by requiring 

that P a be a root of 

J '(pa) = 0. 
n r 

(C.26) 

This is the characteristic equation of the TE modes. 
n , m 

From Eqs. (C.25), (C.8a), and (C.8b) we obtain the following 

expressions for the field components 

H 
z 

B  J (pp) 
n \ 

II = ( -ih/P) B J » (pp) 
n 

H (nh/P"p)B J^(pp) 

E =0 
z 

En = (nuuii/p2p) B J^(pp) 

E = 
9 

= ( iuu(j./p ) B J^(pp) J 

incp+iuut-ihz. (C.27) 

The time average of the Poynting vector has to non-

vanishing components 

Sz = (ha)p,/2p2) |B|2(JT;2(pP) + n2J 2 ( PP )/p2p2) 
n n 

= (hu^/'ip2) |B | 2 ( J 2 
+1(pp) + J2 (pp)) (C. 2 8 )  

and 

= -n(ii)ia/2p2p) | 0 | 2 Jn(pP) J^(pp). 

The intensity distribution (S ) in any plane perpendicular 
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to the axis is once more circularly symmetric. We may 

again refer to Fig. 21 to obtain the principal features of 

these m mode patterns. The scale of the waveguide 

and the mode pattern with respect to the horizontal axis 

of the figure is now determined by the mtb root, u of & J ' n, m 

J.(u) = 0. At this point on the figure, which is equiva

lent to P = a in the waveguide, E^ vanishes. There are 

additionally m-1 interior circles along which E =0. J (p 

Slightly outside these circles, the intensity distribution 

reaches its successive minima. The case n = 0 is an 

exception, because J'(u) = -J, (u) , so that the minima are 
' o 1 ' 

circles of vanishing power density at radii given by the 

zeros of J^(|3P). More generally the minima are located a 

distance 

Au . = (2/u . )/(1 +(2/n)-(n2 + 5)/u" .); 
n,J n,J n,J 

(C.29) 
J<m, 

beyond the successive zeros of E . The TE_ , mode, which J  c p  1 , 1 '  

has its maximum power density on the axis and no subsidiary 

maxima or minima, is the lowest order mode that can prop

agate on this waveguide. It is the last to be cutoff as 

the diameter-to-wavelength ratio decreases. 

To visualize the polarization of the TE modes, we 

again use circular transverse components 

E + iE = (0J|i/P)U Jntl(pp)oin;p+il"t-:Lhz 
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and 

H. + iH = t(ih/P)B J (c.30) 
P - tp - n±l 

Just as the TM modes, these modes have their polarization 

ellipses oriented with their axes radial and tangential. 

At p = a. the polarization is linear (i.e., radial: E = 1  '  c p  

= o), but the power density is at or near its minimum. 

Where the power density is near its maxima, on the other 

hand, i.e., near radii such that Jn((3p) = 0, the right and 

left circular components are appi^oximately TC out-of-phase, 

and the polarization is consequently nearly linear, tangent 

to the circles of constant intensity. 

We again have two-fold degeneracy, because J1 (u) 

vanishes for the same values of u as does J'(u). The 
n 

particular linear combinations of our circulating TE 1 ° n, m 

modes given by TE +TE are those commonly encountered 
° J n,m- -ii,m J 

in the microwave literature. Many plots of the corres

ponding linearly polarized fields of low-order modes may 

be found in engineering texts. Our TE modes again carry 43 n, in ° J 

an angular momentum proportional to -n, as may be shown by 

a calculation similar to that described in connection with 

the TM modes. This is already suggested by the azimuthal 

component of the Poynting vector given in Eqs. (C.28). 

Non-Propagating Modes of Metallic Pipes 

In the slab waveguide bounded by perfect conductors 

there are an infinite number of non-propagating modes that, 
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together with the propagating waves, form a complete set of 

orthogonal vector eigenfunctions in terms of which a 

general field can be expressed. This is also true of the 

circular metallic guide. The roots of the characteristic 

equations (C.12) and (C.26) that yield values of f3>uu ( e VJ-) 

correspond to waves that decay exponentially in the axial 

direction. Such modes are said to be below cutoff on the 

particular guide under consideration. 

Mode Fields on Circular 
Dielectric Cylinders 

In analyzing the polarization of TM and TE modes in 

hollow perfectly conducting waveguides, we found it advan

tageous to express the transverse fields in terms of 

circularly polarized components. A conventional analysis 

of the dielectric guide is also facilitated by such a\ 

representation. It is possible, in fact, to solve the 

boundary value problem directly in terms of these compo

nents , and we shall do so in this section. From the 

resulting expressions for the fields, we shall be able to 

characterize the polarization properties of the fields in a 

very simple way, one which directly suggests how the modes 

may be launched and/or detected optically. As a preface to 

the derivation of this somewhate unconventional field rep

resentation, it is appropriate to review its meaning and 

use. This is done below. Subsequent sections are devoted 

to the derivation and analysis of the modes themselves. 
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Circularly Polarized Components of the 
Transverse Fields 

As is well known, the vector field E or it can be 

expressed as a linecir superposition of any three orthogonal 

vector fields. The wave equation must be satisfied fox' 

each of these. The conventional decomposition of E is in 

terms of linear vibrations along axes either parallel or 

perpendicular to the interfaces at which boundary conditions 

must be imposed. Thus, for planar or rectangular wave

guides , the decomposition is of the form 

E = E +E" + E = E x + E y+E z; 
x y z x yJ z 

while for circular guides it is 

E = E.+E* +E = E p + E cp + E £ . 
p cp z pH cpr z 1 

with similar decompositions for H. For the dielectric rod 

waveguide, we have every reason to expect that we will need 

-A- -i. 

all three linearly polarized components of both E and II to 

describe a mode and that each of these components will have 

a different spatial variation of its amplitude. We are 

primarily interested in the transverse components, of 

course, because we can only observe the modes by viewing 

the end of the guide or the radiation field beyond it. 

Both depend only 011 the transverse components. Because 

there is nothing in the waveguide to establish a preferred 

reference axis along which cp = 0, it is natural to seek 

circulating wave solutions to the wave equation and to 
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expect that these will be elliptically polarized in the 

transverse plane. To study this polarization, we will need 

a representation of the transverse fields that quickly 

yields the orientation of the polarization ellipse as a 

function of position, its sense of rotation, and the length 

of its major and minor axes. Such a representation is 

that in terms of circularly polarized component fields. 

Let us consider, then, the two complex vector fields, 

_w 
fields E+ and E , defined as follows 

T̂  p / A "" . A. -> lUUt-lllZ / ft <•) -1 \ E, = E, x + ly e , (C.31; 
+ + M ' 

where E is a complex valued scalar quantity with magnitude 

|E I and phase 6 , i.e., E = |E le"*"^*. The associated 
± ± ± 1 ' 

real vector fields are 

Real(E ) = I E I [ xcos (uu t-hz+6 ) + ysin((JL)t--hz+6 , ) ] • 
± ' ± ' IM ± — /TO I 

(c. 32 

Apparently E+ represents a vector of amplitude E+ rotating 

counterclockwise about an axis perpendicular to x and ^. 

This is called a left circularly polarized wave in optics 

or a wave with positive helicity (and, therefore, positive 

angular momentum about the z axis) in physics. E_ gives 

a right circularly polarized wave, one with negative 

helicity. The magnetic field associated with these waves 

is of the form 

Tj" it / a ^ \ xu)t-ihz / [• nyj \ H = II (x T iy)e . 
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We note that the positive and negative circularly polarized 

waves are orthogonal in the power sense, because 

E x II* (x T iy) x (x T iy) =0. (C.3^) 

It should be noted, in our Eqs. (C.31) and (C.33) that we 

have not normalized the complex vectors x T i^, as is often 

done in the literature. This is because, in the unnormal-

ized forms of Eqs. (C.31) and (C.33), the complex ampli

tudes E and II specify both the amplitude and phase of the 

real fields, as is clear from Eq. (C.32). The amplitude of 

the complex fields, in which we really have 110 interest, is 

3 /2> 
(2) ' times greater than that of the real fields, as may 

be seen by normalizing Eqs. (C.31) and (C.33)* In the 

derivations that follow, we shall adopt the shorthand 

not ation 

V = x - iy = v*; V = x + iy = v* . (C.35) 
+  M / W  —  —  A M / W  +  

It should be noted that E = v*'E /2, rather than simply 
+ + + 1 

A Jb O. 
V*'E , etc., because v is not a unit vector. We observe + + ̂ ' + 

also that our rotating vectors v and v are not the same 

as those employed in some physics texts (Jackson, 1962, p. 

205), because we are using e"^^ time dependence rather than 

-iuut 
e , 

With this understanding of the meaning of Eqs. 

(C.31) and (C.33), we may write any general electromagnetic 

field as a linear superposition of the form 
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E  =  E +  +  E _  +  E z  =  E + v +  +  E _ v _  +  E
z / § ,  ( C.36) 

with a similar superposition for H. From the equation 

E  =  E  v .  E v  =  E  x + E  y + + — - xwi ym ' 
we compute that 

E, = (E ± iE )/2; E = E +E : iE = E -E . (C.37) 
± x y 'x + -' y + -

If E+ and E have the same phase, then the major 

axis of the polarization ellipse is the x axis. The minor 

axis coincides A\rith the y axis. The ratio of the two axes 

is ( |E+ J -|E | )/( |E+|+|E |) . Wee an also write thes e 

circular transverse vectors in terms of their components in 

polar coordinates. Thus, if E=Eo+Em=Ex+Ey, r ' prn cp/M XM ytt\ 1 

then 

(E0± iE )/2 = eTl(p(E ±iE )/2 - e^^E^ . (C.38) 
r cp X y ± 

Accor-dingly, we see that if E+  leads E by the phase angle 

of 2cp, then the axes of the polarization ellipse are 

rotcited through an angle tp from the x axis. The ratio of 

the minor to major axes remains the same. Note that the 

electric vector rotates in the positive (left-handed 

optically) sense if |E |<|E | and in the negative sense if 

l E+l< l E_ I • 

The virtues of the circularly polarized component 

representation of elliptically polarized fields should be 
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apparent from this discussion. They will be even more 

obvious when we study the modes of the dielectric guide. 

There we will find that the circular components E^ + iE^ 

are precisely in phase or out-of-phase by Tt everywhere in 

the waveguide, so that the axes of the polarization 

ellipses are radial and tangential. The sense of rotation 

of the elliptically polarized electric vector will serve 

to distinguish between the two types of modes. 

Mode Fields of Dielectric Guides 

Maxwell 's equations may be easily decomposed into 

_s*. •. 
circular components. We first examine the operator V. We 

We have 

a />. /\ , "0 ^ O aO V = xV +yV +z V = x-— + yrr— + z-— = 
x y z t*dx may wdz 

v . v + v v  +  z V  ( c . 39) + + -- AW Z 1 

wh er e 

V  =  v * ' V " / 2  =  (-r—• + i ~-)/2. 
± ± dx - dy 

The differential operators V and V are well suited to *r ~~ 

the geometry of circular cross section waveguide. We 

already know that each component of the mode fields must 

satisfy the equation 

i „2 , n2vr ,, ,, „/ /r\ iuut-ihz (V, + (3 )1' = 0; 1H = f(pcp)e ; Nf, t 
h2+(32 = k2 = 0)2eli. (C.'iO) 
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The elementary solutions of this equation in the polar 

coordinates appropriate to the geometry are of the form 

F  =  Z  (pp ) e i n c p + i U ) Z - i h Z  ( c  ^  }  

n n ̂  ' 

where Z is a Bessel function of order n. Next, note 
n ' 

that, in polar coordinates, the operators take the form 

v
± = e±il"(at * t 4)/2 (c""2 

and that 

V,P = + B F _/2. (C. 4 3) 
+ n r nil 

It follows from Eq. (C.'i3), therefore, that 

V  V  F  =  V  V  F  =  - B 2 F  / k .  ( C . 4 4 )  
- + n + - n r n 

Equation (C.'iA) is just the diffei-ential equation satis

fied by each of the field components. It is identical 

with Eq. (C.'iO). This suggests that if we write the first 

order Maxwell equations in terms of the circular compo

nents, using the operators V+ and V , we will be able to 

generate all of the components of an elementary wave from 

—i. 
any pair of corresponding components of E and H. We will 

find that this is indeed the case. We accordingly write 

the Maxwell equation V x E = -d.UJij.Il in the form 

( V  V  + V  V  + z v  ) x ( E  v  + E  V  + E  z )  =  
+ + — - AM Z + + - - ZAVl 

- i o - u  ( I I  v  + H  v  + 1 1  z )  .  ( C . 4 5 )  
+ + — — ZM\ 
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From the definitions of the vectors (Eq. C.35) we may 

easily prove the following identities 

v  x v  = 0; v, x = +2iz; z x v = - v .  x z = + iv^. 
± ± ± ± - Ml ' Ml + ± MA - ± 

(C.46) 

From the assumed form of the fields, we also have that 

V = -ih. Using this and Eqs . (C.'±6) we may write Eq. 
z 

(C.45) as the three scalar equations (C.k j ) .  
-iV E + hE = -iuuull ; iV E -hE = imuH : + z + ^ + ' -z - r _ > 

2iV E -2iV E = -iuiuH . (C.^7) 
+ — — + z 

In a similar way, we may write the Maxwell equation 

V x H - iOJGE as the scalar Eqs. (C.48) 

-iV H + hll = iuu£E ; iV II -hll = iuueE ; 
+ z + + - z -

2iV H -2iV H = iuueE . (C.48) 
+ — — + z 

The six simulaneous differential equations (C.^7) 

and (C.'i8), which are simply Maxwell's equations written 

in terms of circular components and operators, may now be 

solved directly by inspection. We have only to recall 

Eqs. (C.'l3) and (C.4l), which show that the differential 

operators V are raising and lowering operators analogous 

to those used to generate angular momentum states in 

quantum mechanics. Thus, the first of Eqs. (C.kj) is 
clearly satisfied by setting 
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E = AF = AZ (pp)eln(<)+;LUJt";Lhz; E = CF ; 
z n n K ' + n+1' 

II = DF , _ . 
+ n+1 

The second of Eqs. (C.^7) is satisfied for the same E with 
z 

E and H_ proportional to • The third is satisfied for 

the same E and E with H proportional to F . It is then 
+ z 1 n 

obvious that these solutions of Eqs. (C.kf) satisfy Eqs. 

(C.4:8). We have accordingly reduced Maxwell's equations 

to six algebraic equations in six unknown constants of 

proportionality which are independent of space and time. 

The six equations .are not linearly independent , hoAirever, 

because we may generate two of them from the other" four. 

Accordingly, the equations determine the value of four of 

the unknown coefficients in terms of the other two. Let us 

t ak e 

E = AF ; II = DF . (C.4S>) 
z n z n 

Then, by combining the first of Eqs. (C.4-7) and (C.'±8), we 

obtain 

E, = (1/20) (ihA+uuuB)F ; II = - (l/2p) (uuGA-ihB) F 
+ rx+j. + n+x 

(c.50) 

Similarly, the second numbers of Eqs. (C.^.7) and (C.'i8) 

yield 

E_ = -(l/2|3)(ihA-u;nIJ)F 

H_ = -(1/2|3) (iueA+ihl3)Fn . (C.51) 
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If we now multiply all components by 2(3/ih and set CX. = 

uu|xB/ihA, we obtain the following simple expressions for 

each of the field components 

E
± = ±(l±oc)AFn±i 5 H± = (ih/uu^i) (k2/h2±a)AFn±1 

and 
(C.52) 

E = (2p/ih)AF ; H = (ih/u)^)ocE ; 
z n z z 

F = Z ((3p)einCp + ia)t-ihz. 
n n 

Equations (C.52) are sufficiently general to describe the 

fields both inside the waveguide (p<a, medium l) and out

side (a<P, medium 2), since they are solutions to Maxwell's 

equations in both media. We do not yet know, however, that 

these solutions can be made to match each other at p = a, 

so that, at this stage of the derivation, they must bo 

regarded as trial, solutions to the boundary value problem. 

It must be understood, in particular, that we may not con

clude ja priori that the mode parameters A, h, (3, and oc are 

equal in the two media. Because the permitivity e is 

2 
different in each media, we know that the parameters k = 

2 
U) are different. We shall assume that the magnetic 

permeability ̂  is identical for the two media. 

When writing equations which pertain to either the 

waveguide core only, or to the coating only, we shall use 

the subscripts 1 and 2, respectively, to distinguish 

between the parameters in Eqs. (C.52). From the boundary 
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conditions, we shall find that = a and h-^ = hg = h, 

but that ^ and (3^ OL^ • Let us now apply the 

boundary conditions so as to determine the functions and 

the relations between the various parameters. 

1. The fields must be periodic in cp. Therefore, n is 

an integer or zero. 

2. The fields must be finite at P = 0. Thus, Z _ = 
' nl 

J ( (3, p ) , where J is the Bessel function of the 
n 1 ' n 

first kind. 

3. In the medium outside the core , we can consider 

two cases. If we are interested in only those 

modes that do not radiate energy away from the 

guide, then the fields outside should be evanes

cent, their amplitudes becoming vanishingly small 

as P increases indefinitely. The Bessel functions 

satisfying this condition are the modified func

tions of the second kind, symbolized by K (qP/a). 

If we are interested also in waves that radiate 

away from the core, then these waves must satisfy 

the Sommerfeld radiation condition as p increases 

indefinitely. The appropriate Bessel functions for 

this condition are the Hankel functions of the 

( 2 )  
second kind, labeled II (vP/a). Because the 

1 n 
(2) 

functions II and K are related by the equation 
n n 

II ^2^(-iq) = (-i) ~n-1 (2/71 )K (q), we may use those 
n n ' 

functions interchangeably as convenient. Because 
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( 2) 
the functions H satisfy the same recursion 

n J 

relations as functions J , it is convenient to use 
n' 

them in all derivations. We thus take: F = 
n2 

H (p P), where we have dropped the superscript (2) 
n  tL  
on the Hankel function for convenience. 

The tangential components of the electric and mag

netic fields must be continuous at P = a. From the 

-i. 

longitudinal components of E in Eqs. (C.52J, we 

find 

h1 = h2 = h; A2 = uJn(u)/vHn(v)A]; 

u = 3-j^a, v = P2a* (C.53) 

••3b 

Equating the longitudinal components of H at P = a 

yields <Xn  = a_ = 0,. We must also match the azi-
1 2 

muthal components of E and II. From Eqs. (C.38) and 

(C.52), we have 

E = -i (E e'^-E elCp) = iA[(l+a)F e"1Cp 
cp + - u n+1 

+ (l-a)F ,ellf] 
n -1 J 

and (C.5'1) 

v lV 2 /U 2j.rv 1 I? 

H = — i (11 e~1(p-II e1(p) = (hA/uuu) 
CD 4* 

(lc /h +a)F e" 
n+1 

L-(k2/h2-a)Fn_ie;LCp 

Equating the expressions for these components in

side and outside the core at p = a, and using Eqs 
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(C . 53) i we find 

(l+cx)(J? -V) = -d-a)(i? -V ) 
+ 4* — — (C .55) 

and 

(kJ
2/h2)(i? + ~(?_) + cx(J?++JM = 

(k2/h2)(^ ) + aW-V ), (C.56) 
T "" T — ~ 

where 

Equations (C.55) and (C.56) give us two different expres

sions for a. By equating them, we obtain the character

istic equation of the circular dielectric waveguide. From 

Eqs . (C.'iO), we also have the relation 

so that the characteristic equation is a transcendental 

proceed directly with the study of this equation, we will 

pause here for a moment to consider what we have ali~eady 

determined about the modes. This will tell us what to look 

for in solving the characteristic equation. The fields 

inside the guide are as follows 

u 
2 2 /. 2 , 2 \ 2 ( , /, \ 2 / 2 2 \ ,-,2 / „ r _ \ - v = (k-^-k^ja - (TLd/X) U^-n^) = R , (C.57) 

2 2 2 
equation in u with R and k /k as parameters. Rather than 

b J. 

E = +(l±a)AJ 
± — 

E < 2 P 1/ih)AJn(uP/a)0
in,'" + ll"t-ihi5 

and 
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H = + (ih/u)ja)[ (k2/h2+ot)/(l±cx) ]E 
X ™ J- X f 

Hz = (ih/uu|j,)aEz. (C.58) 

The fields outside the guide are Eqs. (C.58) modified to 

H (vp/a) J (uP/a); p = n-l,n,n+l, 3 —>• 3 
P  P  I  

kQ —>• k and uJ (u)/vH (v)A —A. (C.59) 
m J- n 11 

For the bound modes in which we are primarily interested, 

v = iq, where q is real, so that the fields are evanescent 

outside. The constant A is arbitrary, AA* being propor

tional to the power in the mode. The intensity distribu

tion to be observed at the output end of the guide is given 

by the time average of the axial component of the Poynting 

vector (in the Huygens-Kirchoff approximation) 

S = Real(E x 11*) /2 = Real[(E v,+E v ) x z  z  > - + + _ _  

(H*v* + H*v* ) 1/2 = Imag(E IP -EII*). (C.60) 
+  +  —  —  + - r  —  —  

We note that the right and left circularly polarized fields 

contribute independently to the power density. From the 

field Eqs. (C.58), we then have, for P<a, 

S = (hAA* /uuu.)[ (l+a) (kf/h2+a)J2 (uP/a) 
z 1 11.+ I 

+ (i-a)(k2/h2-a)J2_1(up/a)], (C.61) 

with a similar expression for a<p. The intensity 
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distribution is clearly circularly symmetric. The rela

tive contributions of the right and left cii-cular compo

nents clearly depends on the values of a .  

From Eqs. (C.58) and (C.59) we note that the 

circular components, Ep±E^ = are in-phase or out-

of-phase by Tt, so that the polarization of the observable 

transverse fields is elliptical with the axes of the polar

ization ellipses radial and tangential. The polarization 

is clearly circularly symmetric. Because of the oscilla

tory character of the Bessel functions J , the eccen-J n±l ' 

tricity changes continuously with radius p inside the guide, 

At the boundary and beyond it, however, the eccentricity is 

only weakly dependent on P. From Eq. (C.6l), we see that, 

where the intensity is maximum, the polarization ellipse 

is characterized almost completely by the ratio 

y  =  ( 1  - a . )  /  ( 1  + a )  .  ( C  .  6  2 )  

For obvious reasons, we refer to this as the polarization 

parameter. Because its values substantially determine the 

optically observable quantities, we shall study the char

acteristic equation with a view to determining them. 

Before closing this subsection, we should note that 

the fields (Eqs. C.58 and C.59) and the intensity distribu

tion (Eq. C.6l) describe negative circulating waves. As 

we shall see later, the modes of the dielectric rod wave

guide arc two-fold degenerate. We may dcscribe a second 
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degenerate vector eigenfunction of this boundary value 

problem simply by replacing n by -n in Eqs. (C.58), (C.59), 

and (C.6l), with the understanding that &_n = -0^. The 

resulting expressions describe a positive circulating wave. 

Because of this mode degeneracy, we may have an infinite 

variety of vector fields that propagate down the guide 

with the same velocity uj/h, each such field being repre

sented by a particular linear superposition of our ele

mentary circulating waves. The particular superpositions 

of our circulating waves that take equal contributions 

from each are those generally discussed in the engineering 

literature. Such superpositions give linearly polarized 

fields which are complicated functions of both P  and c p  ,  

and intensity distributions that are much more complicated 

than those of the elementary circulating waves. 

The Characteristic Equation 

Equations (C.55) and (C.56) give us two different 

expressions for a. By equating them, we may generate one 

of the many possible (equivalent) forms of the character

istic equation. Before doing so, we will first obtain 

e x p l i c i t  e x p r e s s i o n s  f o r  Y »  F r o m  E q s .  ( C . 5 5 )  a n d  ( C . 5 6 )  

we have 

( 9  +*\) (kf/h2)(<? -J? )-(k?/h2)(ar - v )  a = - + - + l - + 2 - + . 
(«? -9J-W -V) ~ (<? -8J-W +// ) 

— 4* — -r — *r — ~r 

( c . 6 3 )  
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The explicit dependence on h can be eliminated as follows. 

For any Bessel function Z we have the relation 

2nZn(x)/x = zn_i(x) + Zn+l^x^* (C.64) 

If this is substituted into the denominator of the second 

expression for oc 

i 

-V )  
a ° o o 2 • (c.65) 

2nh (l/u -l/v ) 

If we now substitute (k!^-(3^)/(3!^a^ for h^/u^ and (k^-fS^)/ 

(P^a^) for h^/v^, Eq. (C.65) becomes 

zA) -SJ-eAV -V.) E.F - EJC" 
a = 2 "2 = — 2 2 < (C-f,<5) 

2n(e1/u -e2^v ) nCe-^/u. ~e2/v ) 

where $' = J'(u)/uJ (u) and & ' = H'(v)/vH (v) and we have 
" n n n n ' 

used the Bessel relation (Eq. C.67) to obtain the last form 

of Oc. 

2Z«(x) = Z . (x) - Z _ (x) (C.67) 
n n-1 n+1 

If we now use Eq. (C.64) again, in conjunction with Eq. 

(C.66) , we may restate Eq. (C.63) in a form that does not 

depend on h. Thus, 

w y r j 1 =  €1(»_+f+)-e2^_+u+) -
From these two expressions for a, we may generate two 

expressions for the polarization constant Y, defined by 
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Eq. (C.62). They are 

Y = (l-ot)/(l+cx) = + = 

(ei<? + -C2^+)/(eit?-"e2V-) * (C.69) 

Equating these two expressions for Y yields an alternate 

form of the characteristic equation. We will not pursue 

this form directly, however, Rather, we will first derive 

the form most often seen in the literature and then proceed 

to recast that form into one which can tell us what we want 

to know about the parameters CX and 

Let us first replace the sums and differences of 

the Bessel functions in Eq. (C.68) by expressions involving 

only the functions of order n or their derivatives. Thus, 

by employing Eqs. (C. 64) and (C.67) we may rewrite Eq. 

(C .68) in the form 

a = n(l/u2-l/v2)/($ '-V) = 

( 1 -e r̂ W ') /( e1n/u2-s2n/v2) . 

Cross multiplying these two expressions for a yields the 

characteristic equation 

(J? '-V') (e^ '-€2V ) = n2(l/u2-l/v2) (GI/U2-G2/V2) . (C.70) 

Equation (C.70), together with the relation (Eq. C.57) 

2 2 2 R u -v , determines the eigenvalues of the boundary 

value problem, u = |3 a and v = Pg21' ;"Ln ^erms the 

2 2 2 2 physical parameters R = (Tld/X) (n^-n^) and e^/e^. 
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The characteristic equation (C.70), together with 

the field Eqs. (C. 5 8 )  and (C.59), applies to a rather wide 

range of physical problems. In deriving them, we have 

implied that the conductivity of both media was negligible. 

The equations are not so limited, of course, because we may 

2 let the parameters R , and be complex-valued by 

setting e —e - ia/w in each medium, as we did with the 

slab guide in Appendix A. Equation (C.70) then becomes a 

transcendental equation in the complex variables u and v. 

Only a very few special cases of this equation have been 

treated in the literature. Among them are the following: 

1. Waves on conducting wires. Here cje>>allc* 

0o ~ 0. These waves are well treated by Stratton 
u 

(19^1) • 

2. Waves in hollow conducting pipes. We treated the 

limiting case of a2 = 05 earlier. This widely in

vestigated case serves as the basic theory of 

propagation in microwave waveguides. It is also 

treated in Stratton (19^1) and elsewhere in the 

weaker approximation 

3 .  Waves in hollow dielectric tubes. I11 this case, 

the conductivities are assumed negligible in both 

media as a first approximation, but e^e^. The 

waves are not completely bound to the waveguide, 

power being continuously radiated from the guide 

into the surrounding medium as the wave propagates 



down the guide. The loss mechanism is represented, 

in the field equations, by a complex valued propa

gation constant h. Accordingly, u and v are also 

complex. If the diameter of the tube is much 

greater than the wavelength, Eq. (C.70) is easily 

solved for the first few modes that have the real 

part of the propagation constant about equal to . 

The guiding mechanism is Fresnel reflection for 

nearly grazing angles of incidence on the walls of 

the tube. These waves were first studied in detail 

by Marcatili and Schmeltzer (196'i). 

Creeping waves on dielectric cylinders. In this 

case, a is usually assumed negligible in both 

media and e2<Gi" These waves have been treated 

largely in connection with studies of the diffrac

tion of plane waves by dielectric cylinders with 

diameters large with respect to the wavelength. 

The accent in these studies is on the evanescent 

waves that travel around the surface of the cylin

der continuously radiating some of their power 

away from the surface, while exchanging power 

through refraction with waves inside the cylinder. 

For such waves, h, u, and v are complex valued 

quantities. In addition, the circulating wave 

nature of the fields is made more explicit by 

transforming them, through the use of the so called 
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Watson Transformation, into expressions in which 

the parameter n becomes a complex variable v that 

determines both the phase of the wave as it travels 

around the cylinder, and its rate of attentuation 

with increasing cp. We shall not treat these waves 

explicitly here. They are of considerable impor

tance in certain microwave propagation problems and 

have been treated extensively in that connection 

(Franz and Beckinann, 1956; Wait, 1964). 

5• Surface waves of waveguide modes of the dielectric 

rod. These are the principal subjects of this 

Appendix. In this case, the conductivity is 

assumed vanishingly small in both media as a first 

approximation and £2<e±' The waves are completely 

bound to the waveguide and its .immediate surround, 

the guiding mechanism being total internal reflec

tion at the core-coating interface. For these 

waves, v is a pure imaginary value quantity. Then 

u and h are real valued parameters. We will now 

proceed to study Eq. (C.70) irx detail for this case 

so as to be able to fully evaluate the fields 

described by Eqs. (C.58) and (C.59)« 

Gi-aphlcnl Solution of the Characterj.stj.c Equation — 
General Behavior of Mode Parameters 

Let us begin the analysis of Eq. (C.70) by dividing 

both sides by and then multiplying out the left-hand 
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side, thus obtaining the quadratic form 

,2-(i+e2/s1)<P w» + (e
2/e

1 
12 = 

n2(l/u2-l/v2)(l/u2-e2/elV2). (C.71) 

If we solve this equation for $ ', and make use of the 

shorthand notation e = (e^ + e/2 and A£ = (s^-e )/2, we 

obtain the result 

= (7/e1)^' + [(Ae/e^2^'2 + n2( l/u2-l/v2) 

• (l/u2-e2/e1v2)]1/2. (C.72) 

Before developing the implications of this equation on the 

possible values of a and y, we first take a brief graphical 

look at it so as to gain an appreciation of its general 

character. We note that we may restrict our attention to 

values of n>0 , because the equation is invariant if n is 

replaced by -n. (This reflects the two-fold degeneracy 

mentioned in a previous subsection.) In order to obtain 

easily interpretable plots, we will use the following 

identities to transform Eq. (C.72) into two equivalent 

equations in real valued tabulated function. Thus sub

stituting -iq = v +$ ±n/u = $ 1 and -X' = -K'(q)/qK (q) = 
i n n 

JV1 into Eq. (C.72) and multiplying by u, we obtain 

EII modes : 
n, m 

J (u)/J (u) = e u?C 1 /£ , +u[ n/u2-{ ( - t\cK '/e, ) 2 + 
n+1 n 1 1 

n2( l/u2 + l/q'" )(l/u2 + e2/e1q2}1//'2] (C.72a) 
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for the positive sign on the radical in Eq. (C.72) and 

HE modes: 
n ,m 

Jn ^(u)/Jn(u) = -eu?C '/e-^ + u[n/u2-{ (-Ae^T */ei) ̂ + 

n2(l/u2+l/q2)(l/u2+e2/eiq2)}1/2] (C.72b) 

for the negative sign on the radical. The reason for 

writing the two equations differently, as in Eqs. (C.72a) 

and (C.72b) is that we want to have functions on the right-

hand side of the characteristic equation which are mono-

tonic, with regular behavior near u = 0. If we now recall 

2 2 1/2 that q - (R -u ) , we see that each of these now equations 

is transcendental in u for fixed R, n, Ae/e^, and e/e^. 

The right-hand side of Eq. (C.72a) is a monotonically do-

creasing function of u having value zero when u = 0. It 

p p "! / O 
resembles the function -u/(R -u ) fox" u<<R and approaches 

-00 as u approaches R(q —0) . The left-hand side of Eq. 

(C.72a), on the other hand, is a multi-branched function 

of u resembling tan(u). If the two sides are plotted as 

functions of u, the eigenvalues u may be located by the 

intersections of the curves. A representative plot of Eq. 

(C.72a) is shown in the lower half of l?ig. 22. The values 

of the parameters are n = 2, R = .15*667, Afi/ej - 0.153, 

e/e^ = 0.848. These values correspond to a fiber optical 

waveguide with n^ = 1.8, n^ = 1«5, and d/XQ = 5« Because 

the right-hand side of Eq. (C.72a) is always negative, 
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HE 

- 2  

EH 
-3 

-4 

-5 

- 6  
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Fig. 22. Graphical solution of the characteristic equation 
of a circular dielectric waveguide -- Parameter's 
are n = 2, R = 15*667, Ae/e^ = 0*153, and e/e] -
0.848. The two sides of Eq. (C.72a) for EH modes 
are plotted below the u axis. The verticle 
broken lines indicate the values of u at cutoff 
for EH modes. The two sides of Eq. (C.72b) are 
plotted above the u axis. The intersections of 
the negatively sloped curves with the solid 
straight line give the cutoff values of the 
dielectric constants. Their intersections with 
the straight, long-dashed line give the lowest 
possible values of u for these modes. These 
obtain as Ae > 0. 
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only the negative portions of each branch of (u)/^n(u) 

have been plotted. 

Equation (C.72b) is quite similar to Eq. (C.72a). 

Its right-hand side is a monotonically increasing function 

of u, however, with zero value at u = 0. It resembles the 

2  2  1  / 2  function (e^/e^Ju/CR -u*") for u<<R and approaches the 

value Re /2(n-l)e as u approaches R(q —> 0). The left-hand 

side resembles the function cot(u). Equation (C.72b) is 

plotted in the upper half of Fig. 22. Because the right-

hand side is greater than 0 for all values of u, only the 

positive portions of each branch of J n(u)/J (u) are n-1 n 

plotted. We will see presently that, unless n = 1, Eq. 

(C.72b) cannot be satisfied for values of J _,(u)/J (u) 
n-1 n 

greater than those given by the dashed line in the upper 

half of the figure, so that above the dashed line the 

branches of J , /J are shown as dashed curves. 
n-1 li 

For values of ju|>R, q becomes a complex variable 

and the fields no longer represent waves bound to the wave

guide. We thus refer to the condition u —>• R(q —> 0) as 

the cutoff condition. To find explicit expressions for 

this condition, we examine Eq. (C.72) for small values of 

2 
q, using the approximations K'(q) ~ -n/q -l/2(n-l) for 

2 n>l and K1(q) ~ -n/q -log(2/y'q) for n = 1, where y1 is 

Euler 's constant. We then find that Eq. (C.72a) reduces 

o 
to J _(u)/J (u) fn -2n£/s q" as q approaches zero, so that 

n+1 n 1 1 1 1 

the cutoff equation for Ell modes, i.e., those' modes whose 
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parameters satisfy Eq. (C.72a), is given by 

EH cutoff: 

J
n(R) = 0. (C.72a • 

In the same approximation, we find that the HE mode 

characteristic equation (C.72b) reduces to ^(u)/Jn(u) ~ 

e0u/2(n-l)e for n>l and « (e0u/e)log (2/y'q) for n = 1. Ct & 6 

The cutoff equations for HE modes are, therefore, 

HE cutoff: 

J  ( R )  /  J  ( R )  =  e _ R /2(n-l) e ' ;  
n-1 n 2 ' 

n>l , and J^tR) = 0 for n = 1. (C.72b' 

The first of Eqs . (C.72b!) is equivalent to the equation 

Jn ^(Rj/J^CR) = -Ae/e, as may be seen by substituting the 

recursion relation 2(n-l)J n(x)/x = J 0(x) + J (x). 
n-1 n-2 n 

The vortical dashed lines in l?ig. 22 represent the 

solutions of Eq. (C.72a') for n = 2. The solid line with 

slope 1/2.44 in the upper half of the figure represents th 

right-hand side of Eq. (C.72b') for the chosen value of n 

and the physical parainetei"s . Its intersections with the 

curves representing the function identify the 

minimum values of R for which the corresponding waves can 

be completely bound to this waveguide. The dotted line 

with slope l/2(n-l) = 1/2 (in this case) determines the 

absolute minimum values of R for each mode, regardless of 

the values of the dielectric constants. It corresponds to 
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the limiting case AG —0, where, according to Eq. (C.72b!) 

J  „ ( R )  - 0 .  Th u s ,  t h e  s t a t e m e n t  m a d e  e a r l i e r  i s  c o n -
n-2 1 

firmed. The values of J n(u)/J (u) must be less than n-1 n 

those given by the dashed line. 

The right-hand sides of Eqs. (C.72a) and (C.72b) 

deviate less rapidly from the u axis as R increases and do 

not take on large values until u approaches R. Clearly, as 

R —>• co, these curves coincide with the u axis. Therefore, 

when R is very large, the first few roots of the character

istic equations (Eqs. C.70 or C.72) may be coarsely approx

imated by the roots of J' ..(u) - 0 and J (u) = 0. These J n-1 n+1 

coarse approximations may then be used to obtain good 

approximate solutions to the characteristic equations .in 

the far-from-cutoff case, and thus good approximate expres

sions for a and y, as we shall see subsequently. 

For identification purposes, the successive roots 

of Eq. (C.72) for a given value of n are assigned an 

integral .index m. Those that satisfy Eq. (C.72) with the 

positive sign on the radical (Eq. C.72a) are labeled 

EH 
u . while those satisfying Eq. (C.72b) are labeled 
n ,m' J 

IIE 
u . The superscripts EH and HE distinguish between the 
n, m 11 

roots corresponding to substantially different kinds of 

fields for the same values of n and m, as we shall see 

shortly. To illustrate this identification scheme, we 

have labeled the upper half of Fig. 22 HE and the lower 

HE 
half Ell. As may be verified by studying the fxgure, u^ ̂  
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lies between the nonzero root of J 0(u) =0 and the mil' 
n ** 

nonzero root of J , (u) = 0. Similarly, lies between 
n-1 J 1 n ,m 

the ml?! nonzero root of Jn(u) - 0 and the intb nonzero root 

of J ,(u) = 0. 
n+1 

From Eq. (C.72b') we see that the HE mode is 
J. , x 

never cutoff, no matter how small R, and thus the diameter 

of the guide, becomes. We may also note that, when n = 0, 

Eqs . (C.72) simplify considerably. The EM mode Eq. (C.72a) 

becomes 

TE modes: 
o ,m 

J.(u)/J (u) = -uIC (q) / qK (q), (C.72a") 
1 o 1 ̂  1 o ^ ' 

while the HE mode Eq. (C.72b) reduces to 

TM modes: 
o ,m 

Jl(u)/Jo(u) = -e2uK1(q)/eiqKo(q). (C.72b") 

The EH modes are called TE modes because, as we shall 
o , m o , in ' 

see presently, E =0 for these modes. Similarly, the 
Z 

HE modes are labeled TM because H =0 fo.r these 
o,m o,m z 

modes. For large values of q, the modified Bessel func

tions K^(q) may be approximated by (7l/2q)^^e C* ? so that 

the ratio of any two of these functions, as in the above 

equations, approaches unity. Equations (C.72) are thus 

graphically very similar to those encountered in treating 

the dielectric slab. 
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Let us now use Eq. (C.72) to examine the general 

behavior of the polarization constant y and a = (l-y)/ 

(l+y). (From Eq. C.58 we see that a is proportional to the 

ratio of the longitudinal component of H to the longitudinal 

component of E( and is thus a measure, in some sense, of 

the relative contributions of TM and TE type waves to the 

hybrid mode.) We first write Eq. (C.72) in the two 

obviously equivalent forms, Eqs. (C.721) and (C.72"). 

= Aey/c ±[ (Ae^'/^)2 + n2(l/u2-l/v2) 

• (l/u2-e2/e] v2) ]1>/2 (C.721) 

and 

= AeV'/e^l! (AeV'/Sj )2+n2(l/u2-l/v2) 

•(l/u2-e2/s1v2)]3/2. (C.72") 

We will now attempt to evaluate the two expressions for a, 

Eqs. (C.731) and (C.73") below, by examining Eqs. (C.721) 

and (C.72"). 

a = n(l/u-l/v2)/($1-U') (C.731) 

and 

a = (<? '-erft 1 ) /n( l/'u2-e2/e^v2) . (C.73") 

It is immediately clear that the choice of sign on the 

radical in Eqs. (C.72) makes a very considerable difference 

in the value'of a. Accordingly, the nature of the fields 

expressed by Eqs. (C.58) and (C.59) is markedly dependent 
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on this choice of sign. It is further to be noted that, 

although Eqs. (C.72') and (C.721) are invariant when n is 

replaced by -n, a changes sign under this substitution, 

and the fields are therefore quite different. (This also 

means, of course, that two vector eigenfunctions are asso

ciated with each solution u of Eqs. C.72 with n>0. 
n, m 1 

Let us now determine the range of values of a for 

each choice of sign in Eqs. (C.72). In accordance with 

the custom in the literature, we will label as EH modes all 

fields whose eigenvalues satisfy Eq. (C.72) with the 

positive sign on the radical, and as HE modes those satis

fying Eqs. (C.72) with the minus sign on the radical. 

Substituting Eq. (C.72") into (C.73"), we find that, for* 

EH modes: 

a ( EH) >1 for n>0 ; a(EH)-<-l for n<0 ; 

a (EH) = for n = 0. (C.7'i) 

These inequalities may be obtained by inspection with the 

realization that v is a pure imaginary quantity and that U1 

is accordingly an intrinsic ally positive real quantity. If 

we now substitute Eq. (C.721) into (C.73'), we find that"'" 

1. It is not immediately obvious that |oc(HE)|<l. 
Let it be assumed that |a(HE)| = N/D>1, where, from Eqs. 

(C.73*) and (C.72'), N = | n | (l/u2-l/2) and D = Lell'/e + 

[(A£H'/e1)2 + n2(l/u2-l/v2)(l/u2-ev2); then 

(N-AeH'/g^)2 must be greater than (D-A^H'/e^)2. But this 
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-l<Ot(HE)<0 for n<0; 0<Oc(HE)<l for n<0; 

a(HE) = 0 for n = 0. (C.75) 

Comparing these results with the field and power 

density expressions of Eqs. (C.58), (C.59), and (C.60), we 

see that either- the positive or negative circular compo

nents of E and II tend to dominate the observable intensity 

distribution and polarization of a mode. This is partic

ularly true, as will be shown later, in the very common 

cases when j CX | is of order unity. For a given value of n, 

the dominant circular component for EII modes is the weaker 

component for HE modes. Each mode has a degenerate counter

part, described by Eqs. (C.58) and (C.59) with n replaced 

by -n. This counterpart is characterized solely by a 

reversal of the relative importance of the positive and 

negative circularly polarized components. The physical 

meaning of the degeneracy is thus simply that a wave with 

a given phase velocity may be elliptic ally polarized with 

either sense of rotation (or by a superposition of waves 

with opposite senses of rotation). 

We may now reasonably ask: What is the difference 

between EH and HE modes? We have found that either cir

cularly polarized component of the transverse field may be 

implies that -H'>|n|/v^ and, therefore, that -K 

qK (q)>0, which is false. 
n 1 ' 
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dominant for either type of mode, so that this does not 

provide a means of distinguishing between them. We may 

find one answer to the question, however, by considering 

the phase factors associated with the modes. The phase 

dependence eincP + 1LU^ implies negative angular rotation about 

the z axis for n>0 and positive angular rotation for n<0. 

For HE waves, therefore, the dominant transverse circular 

_K -I. 
components of E and H (E and II for n>0; E+ and H for 

n<0) have the same sense of rotation as the advancing wave. 

For EH waves, on the other hand, the stronger component 

rotates in a sense opposite that of the circulating wave. 

By a lengthy calculation that will not be reproduced here^ 

we can show that a circulating Ell or HE mode, as 
n , m n , m ' 

described by Eqs . (C.58) and (C.59), has precisely -life 

units of field angular momentum about the z axis for each 

photon of energy U)h-. (The calculation parallels that 

desci'ibed by Eq. C.^9 to C.53» It is necessary to integrate 

both the energy density and momentum density from p = 0 

to P = 00 in this calculation, and to use the boundary 

conditions to obtain the final result.) In those special 

cases involving low order modes on large guides and/or 

modes on guides with Ae/e^«l, for which h ~ k.^ and the 

energy propagates almost axially, we will find that the 

dominant circular components of the fields are orders of 

magnitude larger than the longitudinal components and the 

weaker circular transverse components. ni "'odes then 
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exhibit an orbital angular momentum (from the phase factor) 

proportional to -(n-l) and a spin (polarization) angular 

momentum proportional to -1, and thus a net angular 

momentum proportional to -n. The intensity distribution 

is proportional to ^(up/a) inside the guide, where u may 

be coarsely approximatated by a root of ^(u) = 0. Under 

these same conditions, an EH mode exhibits an orbital 
' n ,m 

angular momentum proportional to -(n+l) with a spin pro

portional to +1 and an intensity distribution proportional 

to J^+^(up/a) inside the guide, where u may be coarsely 

approximated by a root of = This suggests that 

we may think of HE modes as those for which the spin-orbit 

coupling is predominantly parallel, and thus additive, 

while, for EH modes, it is primarily antiparallel and thus 

subtractive. Because our language here is quite suggestive 

of physical processes, it is natural to want to pursue this 

line of thought further in the hope of uncovering a more 

fundamental physical understanding of the propagation. It 

might be conjectured, for example, that we could learn much 

more by quantizing the field. Of course, this is not 

so because our field mode functions are simply a classical 

description of a single mode field in which the z component 

of linear momentum and angular momentum have well defined 

values. Because we have complete information on these two 

quantities, as well as the energy UJto- of the photons in the 

mode, we know nothing, from the wave theory, about the 
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details of their motion. Clearly, the geometrical argu

ments of Chapter 3 were much more suggestive of possible 

physical mechanisms. 

Special Case I--EH and HE Waves with 
TE and TM Mode Characteristics 

We mentioned earlier that the values of |oc | in 

optical waveguides are most commonly of order unity, so 

that the modes of the dielectric waveguide rarely have the 

character of either transverse magnetic or transverse 

electric waves. To show this, we determine the conditions 

under which |o:| is not of order unity. We are thus in

vestigating the special cases for which the oppositely 

polarized components of the transverse fields of Eqs. 

(C.58) and (C.59) are of the same order. From Eqs. (C.721) 

and (C.731) we see that a is of order unity whenever the 

second term under the radical exceeds or is of the same 

order as the first. To obtain values of a much greater or 

much less than unity, therefore, we must require that the 

first term be much larger than the second. This, in turn, 

is possible only if u and v/i = q are much greater than 

2 
unity, or if n - 0. For l«q, we may approximate W by 

l/q2. From Eqs. (C.72") and (C.73") we then obtain 

-n2(l/u2+l/q2)(l/u2+e /e q2) 
a  (  HE)  »  s  =  

2n(Ae/e^q)(l/u^+Gg/e q ) 

ne1R2/2Aeu2q. (C.76) 
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From Eqs. (C.721) and (C.731) we obtain, for the same 

conditions, 

2n(l/u2+l/22)(AS/E, q) 
a(EH) « 

n2( L/u2 + l/q2) (l/u2 + e2/G;Lq2) 

2Aeq/ne]L(q2/u2 + e2/e1). (C.77) 

From Eqs. (C.76) and (C.77) we then have 

y(HE) « I + (nei/Aeq)(q2/u2 + l) (0.76a) 

and 

Y(Ell) « -1 + (ne /ASq)(q2/u2 + e2/e1)' (C.77a) 

By differentiating these expressions with respect to u, we 

may determine their extreme values and the values of u find 

q (in terms of R) at the extrema. For HE modes, we find 

Y(HE)min ~ 1 + 33//2(nG1/2AeR) ; u « (2/3)1/,2R; 

q » R/31/2. (C.76b) 

For EII modes, the expressions are more complex. In the 

case of fiber optical waveguides, however, the approxima

tion Ae/e-^<<l can often be made. When this is so, we find 

Y(EH) m -1 + 33/2(neQ/2AeR); u « (2/31/2R; 111 clX u 

q « R/31/2. (0.77b) 

For A0 e 011 the other hand, we find 
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v(EH)max ~ -1 + (10n/3R); u « 31/2r/2; 

q ~ R/2. (C.77b ' ) 

Finally, for the result is 

Y(EH) « -1 + n(e9/Ae)l/2/R; u « R(1-e9/Ag)1/2; 
in ax ^ ^ 

q » R(e2/Ae)1/2. (C.77b") 

Referring back to the fields Eqs. (C.58) and (C.59) 

we see that, as the second terms in these expressions for 

y decrease, the two transverse circularly polarized compo

nents of the fields have nearly equal amplitude. Also, 

as Y(HE) —>• 1 a (HE) 0 and H —>• 0. Thus, HE waves 
' ' z ' 

behave like TM waves in this approximation. Conversely, 

a s  Y( E H )  — - 1 ,  a  ( E H )  — c o  a n d  E r  — > •  0 .  T h u s ,  E H  w a v e s  

take on the characteristics of TE waves. It is also clear 

that, for n = 0, the relations developed here are exact; 

the corresponding waves have accordingly been labeled 

TM and TE modes in the literature. o , m o , 111 

For general n, however, the approximations made 

here are quite restrictive. They are valid only if the 

following two conditions are met 

nE^/Ae « q; u and q of order R » 1. (C.7O) 

Thus, in general, HE and EH waves do not have the character 

of TM and TE modes, respectively, but exhibit rather the 
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dominance of one circular polarization over the other. 

This is particularly true in the important cases of prop

agation near cutoff (q«u k R; h a ̂ 2^ anc* far from cutoff 

(u«q » R; h w k^ ) . In the former case, most of the mode 

energy is in the surface wave outside the guide wall while 

in the latter, it is essentially confined to the interior 

of the guide. For later use, we shall want to know the 

behavior of the fields in both these cases. We therefore 

examine them now in some detail. 

Special Ccise II—The Fields 
Far From Cutoff 

We define this case, involving nearly axial prop

agation of the energy inside the guide, by the equations 

u«q ss R>>1 ; h « k^ . Because the eigenvalues u and q are 

solutions of the complicated transcendental Eqs. (C.72), 

the inequalities above are not an explicit definition of 

the far-from-cutoff case. To obtain a useful approxima

tion for u when u«R, we expand the left-hand sides of Eqs. 

(C.72a) and (C.72b) about the points U and U respec-
T 

tively. These points are defined as the roots of these 

equations when R = 00. Thus, U satisfies J ..(U) = 0, 
^ ' + n+1 + ' 

while U_ satisfies = approximate the 

right-hand sides of Eqs. (C.72a) and (C.72b) by neglecting 

r>  ̂] /2 
terms of order higher than u/R. Thus, q = R(l-u /R^) 

is set equal to R, and only the first terms in the asymp

totic expansions of the Hankel functions are retained. 
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The resulting approximate characteristic equations are 

<?'(U )(u -U ) + «?"(U )(u -U )2/2 = T 7/e,R, 
•fc X i X X XX J-

where 3 ' (U , ) and <P"(U ) are the first and second deriva-
± x ± x 

tives of i?,(u) evaluated at U, , and u, is the approximate 
I X I 

root of Eqs. (C.72a) and (C.72b), respectively, which we 

seek. By evaluating these derivatives, using the Bessel 

recursion relations and the fact that $,(U,) = 0 (by 
x ± 

definition of U ), we find that 

2 
) = + 1/U ; i?"(U ) = -(2n+3)/U . 

X X "** X X X — X 

Substituting these expressions into the above approximate 

characteristic equations and solving for the eigenvalues 

u , we obtain the following expressions, accurate to second 

order in R , 

u . ,  ~  U  { l - ( ~ / e  R )  ( i T ( 2 n + 3 ) e '/8G1 R )  }  ;  q s ; R .  ( C . ? 9 )  
X X  J- —  .1.  

With these explicit expressions fox- u and q, we may now 

find expressions for |3 = u/a, h, and a, accurate to first 

order in u/R. From the definitions of u and R, we have 

u/R = pj^a/dt J-k2)1^2^ = (P^l^) ( Sj^/Ae)1/2. 

Therefor e, 

$1 = (2Ae/e
1)1/2uk1/R; h = (k2-(32)l/2 « 

k1(l-Aeu2/e1R2). (C.80) 
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(We retain the second order term in u/R in the expression 
t t  

for h above so as to be able to retain an important 

distinction between EH and HE modes in this approximation, 

as will be discussed later.) If we now substitute these 

approximate expressions into the general expressions for a 

given in Eqs. (C.73') and (C.73"), we obtain 

a = + 1 + ASu'f/e nR. (C.8l) 
X — X J. 

If we now substitute these expressions for a into the 

field Eqs. (C.58), we obtain, for EH modes with n>0, 

„ / _ , 2, „ s . , / n/ \ i (n+1 )(p + iu)t-ih z 
E+ ~ (2+AGu+/ne1R)A Jn+1(u+P/a)e Y + , 

(C.82) 

tt\ / . 2/ T / n / x i (n-1 )cp+iO)t-ih.z 
E «(Aeu./ne,RM J (uP/aJe ^ + , 
—  +  . L n — J L +  7  

E « -<2iu /R)(2Ae/€, J (uP/a) "ih+z , 
z + 1 n + 1 

H± ~ ± i(e1/!i)1/2E±; 11 z z i ( ) 1/2^z • 

Similarly, for EH modes with n>0. we obtain J ' n, in 1 

it / a 2, t-j x » •* / n / x i (n+1 ) cp  +  iu)t.-ih_z 
E & (Asu /ne.RjA J ^,(u P/a)e Y 
+ — .L 11+1 -

E_ « (-2+A€uV„eiR)A Ju_1(u_p/a)ei<n-l)f,ti,,'t-lh-z 

E a - (2iu /R) (2Ae/e. )1/2A J (u p/a) z — 1 11 -

and 

H± ~ + i(Gi/^)E±; Hz ~ (C .83) 
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The fields for the degenerate EH and HE modes are obtained 

from these by replacing (p by -cp and interchanging E+ and 

E . By substituting these expressions into Eq. (C.6l), we 

find the following simple expressions for the observable 

mode patterns, accurate to order u/R. 

Sz x  4( e ± / \ i )  1//2AA* (1 + Aeu^/ne-j^R) J2+1(u+p/a); 

EH modes (C.84) 

and 

« k( ) 1/^2AA* (1 -Aeu^/ne-^) P/a) ; 

HE modes. (C.85) 

These expressions manifest an important near de

generacy between the EH n and the IIE modes. From & J n-1 ,in n+1 ,m 

Eq . (C.79) we see that u and u , are equal to H +, n-1 ,111 n+1,111 n 

order l/R. Thus, it would appear at first that these two 

modes would be virtually indistinguishable. We notice, 

however, that, if both modes were propagating at the same 

time, their phase difference would lead to a modulation of 

the power density in the direction of the axis of the guide. 

We could observe this modulation on a guide of fixed length 

by vai~ying the frequency of the source that launches the 

waves. We could examine these frequently observed effects 

if we considered mode combinations. For the present, we 

observe, from Eq. (C.79), that the difference between the 

propagation constants of the EII mode and the HE ^ 1 n-1, m n+1,m 
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mode is given by 

h+-h_ as (kj Ae/e-^R2) « k-j^ne2AeU^/e^R 1 + 

0(l/R5), (C . 86) 

where U satisfies Jn(U) = 0. 

Special Case III—The Fields 
Near Cutoff 

Thus far, we have not paid much attention to the 

fields in the surface wave outside the waveguide core. In 

the far-from-cutoff case just considered, substantially all 

of the power is carried inside the guide, and the surface 

wave is thus of little consequence. The opposite is true, 

however, as the mode approaches cutoff. We can observe 

this approach to cutoff by using a white light source in 

combination with a monochromator and spatial filter to 

launch a particular mode on a fiber optical waveguide. As 

the wavelength of excitation is increased, the mode 

pattern, as observed with the aid of a microscope focused 

on the end of the guide, will appear to spread out until 

a wavelength is reached at which the pattern vanishes, 

more or less abruptly. (An accurate description of how 

the pattern vanishes would have to take into account the 

nature and radial extent of the coating glass of index nrj , 

and the way in which the fiber, which is made up of core 

and coating glasses, is bounded by other materials that 

act to support it physically.) When the guide is near 
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cutoff, most of the power is in the coating. If the 

coating glass is less absorbing than the core, the power 

in a mode near cutoff would be less rapdily attentuated. 

Conversely, if the coating glass had an inverted atomic 

population, a mode near cutoff would be amplified. It is 

thus of some importance that we consider approximate ex

pressions for the fields near cutoff for the EH and HE 

modes. 

Let us return to the discussion immediately pre

ceding Eq. (C.72af) so as to recall, the appropriate approx

imations for the near-cutoff case. The characteristic 

equation for EH modes is accordingly 

<? + « - 2NE/E-JQ2, (C.87) 

while for HE modes, it is 

& e2/2(n-l)e for n>l and 

§ ( 0o/e ) loS 2/y ' q) for n = 1. (C.88) 
**" M G 

If we substitute these approximations into Eqs. (C.73) we 

find that, as q approaches 0, 

a(EII) m e,/eQ »nd oc(HE) -l + Aeq2/2en(n-l) for n>l, 
X Ut 

and 
(C.89) 

a (HE) <=» -1 for n = 1. 

To evaluate the fields outside the core, it is necessary 

to replace all factors that dejjend on q (including the 

factors 1 + a) by the first term of their small-argument 
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approximations. When the resulting expressions are reduced 

to their simplest terms, we obtain the following expres

sions for the fields outside the guide at cutoff (q R* 0) 

HE, modes: 
1 ,m 

x, /, / \T / -pi \ / /n\2 2icp + iUJt-ik„z 
E+ a (l-e1/e2)J0(R)(a/P) e ^ 2 , 

E « -(1 + 6,/eJj (R) eia)t-ik2z 
- 1 2. o 1 

(C.90) 
and 

E « H « 0; H ~ + (ilc /ujji) E 
Z Z I CL "3I  ̂

where R satisfies J^(R) = 0. It is apparent that the 

fields do not, in fact, suddenly vanish at the cutoff wave

length. What actually happens in a given experiment 

depends very little on the mode, in fact, but depends 

almost entirely on how the radiation is being coupled into 

the guide and on how the guide is supported and bounded. 

In fiber optics guides, it is common practice to use a 

coating that is 50 to 100 wavelengths thick, ap.d to coat 

this coating with a highly absorbing material. In this 

case, as is clear from Eqs. (C.90) , the intensity vanishes 

because the surface wave is being attenuated in the ab

sorbing coating. If the fiber core was indeed embedded in 

an infinite dielectric medium, the HE modes near cutoff 
' 1 ,m 

could clearly be launched very efficiently by an infinite 

plane wave that is circularly polarized, because the E 
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component, above, extends indefinitely into the coating 

with no radial decay in its amplitude. This behavior is 

peculiar to the HE, modes. All other modes have fields 
^ 1 ,m 

whose amplitudes decrease with increasing radius, as 

indicated below. 

For the general HE mode with n ̂  1, the fields ° n, m 1 

outside the core may be approximated, when q ft* 0 and u R, 

by 

n ,m 
HE modes 

E 

E 

(n / \ i (v>\( /,^n+1 i (n+1) cp+iUJ t -ik2z 
+ as (l-e1/e2)Jn_1(R) (a/p) e Y ^ , 

fD\( /n^n-l i(n-1)cp+iuut -ikoz 
a -(l+G 1/e2)Jn_1(R)(a/P) e Y , 

„ , Q  T  /T->W /„ \N incp + iUJt-ikoZ E ~ -x cot 9 J (R)(a/P) e Y ^ , 
z c n ' 

H+ « (ik2/oo1ji)[(l-e;L/f;2)Jn_;L(R)+2nJn(R)/k^a2] 

/ /_\n+l i (n+1 )cp + iO)t-ikoz • (a/P) e r <2 , 
(C . 91) 

H_ ~ <ik2/(«n) (l + s1/e2)Jn_1(R) (a/P)n-1 

and 

i (n-1)cp  + iuut-ik2z 

H ~ - (k /u)^i) t an8 J (R) ( a/P ) , ® v ~ c n 

where 9c is the critical angle. 

In the same approximation, the EH mode fields 
^1 ' n, m 

outside the gu:Me have the form 
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E+ » (2e1/e2)Jn+:L(R)(a/p)n+1ei(n+l);P+i»,t-ik2z
t 

E = H = E = H » 0, 
- — z z ' 

and 

H+ & ( il̂ /uup.) E+. 

Thus, in summary, the ^ modes are circularly polarized 

outside the guide at cutoff. Inside, only H vanishes, 

except at p = a. The HE modes with n>l are elliptically 
^ r n, in 

polarized outside; none of the six field components vanish. 

For the HE, modes, the longitudinal components vanish 
1 ,M 1 1=3 1 

while the stronger circularly polarized transverse compo

nent does not deer-ease with radius. Inside the guide, only 

E+ vanishes, all other components are nonzero except at 

p = a. The HE waves become circularly polarized in the 

transverse plane inside the guide at cutoff, while the EH 

waves become circularly polarized outside. 

Plane Wave Decomposition of the 
Dielectric Waveguide Modes 

It is sometimes helpful to think of the modes of 

the dielectric waveguide in terms of their component plane 

waves. When the fields are expressed in this form, we irmy 

associate rays with the normals to the plane waves and view 

the propagation of the wave energy down the guide in terms 

of the familiar optical model of multiple total internal 

reflection. With each of the component plane waves, we 
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will be able to associate a particular phase, relative to 

all the other plane waves, and a particular polarization. 

The intensity distributions and polarizations of the mode 

patterns discussed earlier can then be viewed simply as the 

interference patterns arising from the superposition of 

these plane waves. This model of the propagation directly 

suggests, in familiar optical terms, the characteristics 

of the far-field radiation patterns of the modes, as well 

as optical techniques by which modes may be launched or 

detected. It also indicates, in an obvious way, how a 

conical lens may be used with a coated circular waveguide 

to effect the same kind of coupling into the waveguide 

modes as has been obtained with prisms for slab waveguides, 

as described in some detail in Chapter 2. 

Let us consider the well known integx'al representa

tion of the Bessel function (Sommerfeld, 19^9, p« 88) 

27IJ (Z) = ["e1 2"8  "e l n ("- , / 2 )d..  (c. 9 2 )  
n -71 

Let w = (p • +71 - (p, with (p ' as the new variable of integra

tion. Because the integrand in w or cp ' is periodic with 

period 271, all integrations over intervals of length 271 

are equivalent, so that the end points need not be altered 

under this substitution. We then have 



208 

27rJn(Z)einCp = J7te-iZcos(cp'-q))ein(cp»+7i/2)dq),> (c>93) 

—n 

Now let Z = Pp. Then, because x = Pcos(co) and y = Psin( c p ) ,  

we may write 

pp cos(cp'-cp) = px cos( c p ' )  + Py sin( c p ' ) .  (C.9^) 

Let us now substitute P = ksin(0), h = kcos(9). After 

multiplying both sides of Eq. (C.93) by e^^ we then 

obtain 

27U (Bp)e : l n tP +  i t l , t- i h z  

n ̂  

TC 
j e~iksin( 0 ) cos (cp ' ) x-iksin( 0 ) s in( (p 1 ) y-ikos ( 9 ) z 

-71 

+ i«)t ein(cp'+7l/2)d(p,e (c>95) 

It is apparent that the integral on the right of Eq. (C.95) 

describes the sum of uniform plane waves whose wave normals 

form a cone of apex angle 0 about the z axis. The magni

tude of all these wave vectors is the same and equal to k. 

The wave whose wave normal makes an angle cp * with the x 

axis has a phase, relative to the wave in azimuth direction 

cp 1  = 0 ,  of ncp • .  

The mode fields inside the waveguide core (Eqs. 

C.58) describe a vector wave, rather than the simple scalar 

wave described by Eq. (C.95)« Therefore, if we translate 

Eqs. (C.58) according to Eq. (C.95), we should be able to 
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characterize the polarization of the component plane waves. 

In writing the integral representations of the various 

components of E and H, we will eliminate all reference to 

the parameters u/a and h by substituting u/a = k^sin(0) 

, 1 / O 
and h = k^cos( 0) , so that h/uujj. becomes (e^/p-) cos(9). 

Then, using Eq. (C.95), we obtain from Eqs. (C.58) the 

following integral representation of the mode field inside 

the core of the guide 

E = ±<l±a) + llUt + i<Ml)(<P'+l/2)dlpt-

-71 

n> o • x /D\r51 -ik-i -r + iuut + in (cp 1 +7t/2) . , E = -2itan(0)J e x ^ dcp 1 , 
Z -TC 

(C.96) 

H± = i ( e^/[l) ̂ 2cos ( 0 ) ( s ec2 ( 0 ) ±cx) 

TC 
. J  e~ik1*r + iuit + i(n±l ) ( cp '+T t /2 ) d ^  ,  

-71 
and 

= 2(€l/n)1/2
Sin(0)j'Ie-ii?i'? + iU,t + in(lp ' +"/2) dcp " . 

We have neglected the common factor 1/27X in these expres

sions . Let us specialize now to the particular uniform 

plane wave that is propagating at the angles 0, cp 1, as 

shown in Fig. 23• Let the projection of the wave vector 

k^ on the x,y plane define the x' axis of a new rectangular 

coordinate system (x',y') generated by rotating the x axis 

through an angle cp '. We wish to find the rectangular 

/ \ " ̂ ^ (x 1 ,y1,z) components of E and II for this plane wave, which 
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z 

TE 

TM 

X 

Fig. 23• Electric and magnetic vectors of the component TE 
and TM plane waves that comprise a hybrid mode of 
a circular guide. 

has azimuth direction cp •. From Eq. (C.38) we see that we 

c an wr i t e 

(E ,±E , ) . , (H ,±H .) _. . 
x1 V Ticp'r, x' y' Txcp tI 1 ̂  

2 = e ^ E±; = e H± . (C.97) 

Thus, the x1,y1, and z components of the plane wave at 
. ~-*k' 

azimuth direction cp 1 have the common phase factor e 1C1 r 

+ iu)t + in(cp +K/W) _ From Eqs . (C.96) and (C.97) we thus 

obtain 

(TE) (TM) 

E^, = 2CX.P, H = 2i(e1/[J.)sec(9)P , 

H , = 2 ( G, /yjl)cx cos ( 0 ) P , E = 2iP , 
x 1 x (C.98) 
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and and 

= 2( e^AO** sin(9)P. = -2itan(9)P. 
z 

As indicated, the components on the left of Eqs. (C.98) 

describe a uniform plane TE wave, e.g., one that is 

polarized perpendicular to the plane of incidence, which 

is the plane containing the wave normal to lc^ and the 

normal to the cylindrical interface separating the wave

guide core from its surround. The components on the right 

describe a TM wave, e.g., one that is polarized in the 

plane of incidence. These fields are shown schematically 

in Fig. 21. The electric field of the TM wave has ampli

tude 2sec(0) , while that of the TE wave is 2CX,. It is thus 

the product Otcos(0), rather than a alone, which specifies 

the ratio of the TE to TM contributions to the modes of the 

circular dielectric guide. We note also that the TE and 

TM contributions to the uniform plane wave are 7l/2 out-of-

phase. The polarization is thus elliptical with major and 

minor axes in and perpendicular to the plane of incidence. 

When 9 is small, so that the propagation is almost axial, 

we know that a -1 for HE modes with 0<n. The component 

uniform plane waves then become circularly polarized, as 

described in the last section. It is interesting that, in 

this representation, the angular momentum of the fields 

seems to manifest itself only in the rotation of the 

electric vectors of the uniform plane waves. The 
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representation does not directly suggest the skew rays of 

geometrical optics (Chapter 3)» 

Equations (C.96) are quite suggestive of tech

niques by which the mode fields might be synthesized. 

Thus, from a two-path optical system whose input is a plane 

polarized plane wave, we can generate two circularly 

polarized conical waves of appropriate relative amplitude 

and phase by proper combinations of quarterwave plates, 

amplitude and phase filters, and conical or spherical 

lenses. 
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