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ABSTRACT 

Control and trajectory optimization involves the 

minimization of a performance index 

T 
J = f0 fQ(x,u,t)dt 

where u(t) is some control law in a dynamic system 

dx / , \ 
rpjT = g(x,u,t). 

In contrast to more conventional optimization methods 

(calculus of variations) which involve complicated bound

ary value problems and which double the number of system 

equations, a direct functional optimization method which 

incorporates an adaptive random search algorithm embedded 

within a hybrid minicomputer environment is implemented to 

efficiently find that u*(t) which minimizes J. 

The optimal u*(t) is obtained by successively per

turbing some initial control u(t) on a digital computer, 

generating the dynamical system solutions on a fast analog 

computer, computing the respective performance index and 

accepting modified controls if J is sufficiently decreased. 

The method successfully demonstrates significantly 

accelerated convergence by applying adaptive random per

turbation methods to u(t) on the digital computer. These 

ix 
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adaptive changes include variable random perturbation step 

size and direction, sample-to-sample correlation for bias

ing and sampling rate. 

The dynamical system equations are implemented on 

a fast repetitive analog computer (The University of Ari

zona's LOCUST). A small digital computer (Digital Equip

ment Corporation PDP-9) implements the adaptive random 

search algorithm and controls the analog computer. A con

trol console (DARE) and alphanumeric display permit the 

operator to observe optimization progress and modify the 

search strategy on-line. While extremely efficient usage 

of the digital computer program dictated assembly language, 

implementing the assembly language with simple macros 

makes the programming transparent to the user. 

A trajectory optimization and a nonlinear optimal-

time control optimization are investigated. For the tra

jectory optimization problem, the search converged within 

three to six minutes, usually requiring on the order of 

100,000 iterations. The nonlinear control problem re

quired 200,000 iterations with five to ten minutes for 

convergence. 
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CHAPTER 1 

INTRODUCTION 

Application of economic and versatile minicom

puters to hybrid computation has prompted recent interest 

in simple yet rapid search schemes for direct functional 

optimization in control and trajectory problems. Simple 

approaches, such as creeping random and adaptive step 

size random searches, have displayed remarkable success 

with some optimization problems with few parameters 

(Mitchell, 1964; Gonzalez, 1969). Simultaneously, these 

attempts indicated solution convergence to optimal solu

tions with execution periods that compared favorably with 

such schemes as steepest descent and conjugate gradient 

methods. 

Such random search methods were first applied to 

hybrid computer implementation of Pontryagin's maximum 

principle. Unfortunately, this technique not only re

quires iterative solution of a (possibly quite compli

cated) two-point boundary value problem, but also doubles 

the number of differential equations to be set up on the 

analog computer, since an "adjoint" equation must be 

added to each system equation. 

1 
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Such drawbacks have stimulated interest in direct 

functional optimization by hybrid analog-digital computa

tion (Korn and Kosako, 1970; Moore, 1971). In this 

thesis, a hybrid computer method employing a fast repeti

tive analog computer (LOCUST) and a digital computer 

(PDP-9) is developed for the simulation and optimization 

of many-parameter trajectory problems with direct func

tional algorithms. 

The trajectory example provides for a relatively 

smooth control input while the time-optimal example, in 

contrast, requires a discontinuous nonlinear control. 

This example (for which the proposed optimization algor

ithm is not really intended) will illustrate that direct 

optimization will even work with the worst kind of cost 

function having a multimodal, highly irregular response 

surface. 

1.1 Problem Statement 

Consider the dynamical system shown in Fig. 1.1 

with control input u(t) and response function x(t). We 

wish to determine the time function u(t) which maximizes 

(or minimizes) the performance index J. If J depends on 

n system outputs instead of one, then we can consider 

x(t) to be an n-dimensional vector instead of a scalar. 

Similarly, if there are m control inputs instead of one, 



CONTROL 
INPUT 

u(t) 

DYNAMICAL 
SYSTEM 

RESPONSE 
FUNCTION 

x(t) 

COST 
CRITERION 

PERFORMANCE 
INDEX 
• 

J(x,t) 

Fig. 1.1 Function optimization problem. 



we can consider u(t) to be an m-dimensional vector in

stead of a scalar. 

Assume that the dynamical system is described by a 

system of differential equations of order p. Then in 

terms of the system state variables x^,Xg,...,Xp we can 

write the system equations of motion as 

ii = fi(x1,x2 xn,u,t) (l.l) 

(i=l,...,p) 

where for simplicity we have assumed a simple scalar con

trol u(t). The prescribed initial conditions are 

xi(0) = xiQ. (1.2) 

The performance index J is a function of the state vari

ables at the terminal time t.-,. Thus let 
P 

J  =  ̂ ( ^ 1 F ' ^ 2 F ' ' ' ' ' X p p > ( 1  •  3  )  

where the terminal time tp is defined as the stopping con

dition which may be specified or unknown depending on the 

particular problem but at least governed by a set of con

straint equations 
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C(x^,Xgj•••»Xp,tp) — 0 (1• *0 

and where 

xip = xi(tF) (i=l,...,p) (1.5) 

For purposes of analysis in this report, attention 

is focused on a particular subset of the general class of 

problems stated above. This subset is assumed to obey the 

following hypotheses. 

1. The structure of the performance index J is un

known. The only way that information can be ob

tained is by evaluating J at specific points. 

Essentially this implies, for example, that J is 

not directly measurable (if it exists at all) 

without solving the system differential equations. 

2. The performance index J is unimodal. If it is 

not, a global search can be carried out initially 

to partition the parameter space into regions 

where J is unimodal. 

3. The significant cost involved in the implementa

tion of a search procedure results from evaluat

ing J. Consequently, fewer function evaluations 

reflect a more effective algorithm. 
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This class of problem additionally must possess 

convex (locally quadratic) response surfaces; all asser

tions are made on this basis, although the analysis has 

included a time-optimal control problem which violates 

the second hypothesis and possesses an extremely irregular 

response surface. It serves only for comparison. 

It is assumed that the function u(t) can be rep

resented as a set of sample values u(kAt) (k=0,1,2,..., 

L-l<T/iiT) which are then, simply the implicit unknown L 

parameters of an ordinary parameter-optimization problem. 

The function u(kAt) should be smooth and without any dis

continuities such as step changes. 

1.2 Early Work 

Until recently, the problem of optimizing param

eters in dynamical systems has been mainly investigated 

by indirect and sophisticated schemes (Stewart, Kavanaugh, 

and Brocker, 1967, Gonzalez, 1969; Day, 1970). These in

clude the application of Pontryagin's maximum principle. 

Here it is assumed that the system can be described by n 

first-order differential equations. The procedure gener

ates additional "adjoint" differential equations which 

must also be implemented on the analog computer. The 

technique now requires iterative solution of the original 

dynamical system equations and these additional "adjoint" 

equations. The most common digital computer scheme 



requires that one solve the system equations of motion to

gether with an equal number of "adjoint" differential 

equations with appropriate initial conditions to obtain 

the parameter space or function space gradients. The 

mathematical procedure is far from trivial, particularly 

when the equations of motion contain non-analytical func

tions which are difficult to linearize. The difficulties 

are compounded when there are constraints on the problem, 

since a full set of "adjoint" equations may have to be 

solved for each constraint. This greatly expands the com

puting task and may cause difficulties of convergence. 

Recently, so-called direct approaches to func

tional optimization on hybrid computers have been inves

tigated by Fogarty and Howe (1968). By using a high-speed 

hybrid computing system, one is able to compute all of the 

needed gradients simultaneously, as the response to small 

"impulsive" control perturbations. This very direct ap

proach avoids many of the mathematical difficulties of the 

"adjoint" equation method, such as the necessity to dif

ferentiate or linearize terms in the given equations of 

motion. This scheme parallels the classical "Rayleigh-

Ritz" method. Wingrove and Raby (1966) have employed 

similar techniques. 

Korn and Kosako (1970) also have used a direct 

optimization scheme in a hybrid computer environment, 
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successfully employing a creeping random search algorithm 

in a 200-parameter functional optimization problem. Their 

adaptation of the random-perturbation method uses discre-

tized values of the control input u(t), every value of 

which is perturbed simultaneously for a trial control se

quence. If the corresponding performance index J is 

improved, the trial control is stored digitally and 

another trial control sequence is generated. The search 

continues until J no longer improves within some preset 

number of trials. Though implicit to this scheme is the 

large dimensionality of the parameter space, recent in

vestigations by Rastrigin (1963) and Schumer and Steiglitz 

(1968) suggest that random perturbation algorithms compare 

favorably with indirect algorithms when the number of 

parameters exceeds four. 

1.3 Method of Solution 

The solution of the functional optimization con

sists mainly of four steps: (a) generate the trial con

trol u(t), (b) derive solutions to the dynamical system 

equations, (c) compute the respective performance index, 

and (d) compare the index to the best index and terminate 

the search if satisfied, otherwise return to step (a). 

In this thesis, the following adaptation of the 

random perturbation method to the direct functional opti

mization of J is proposed: 
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1. Compute J=°J for a trial control sequence °u(iAt). 

2. Perturb all sample values °u(iAt) simultaneously 

by adding random increments u(iAt) (i=0,l,..., 

n-l), and compute the performance index J+£J cor

responding to the perturbed control. 

3. If the performance index is not significantly 

improved (£J>-£<0, "unsuccessful" perturbation), 

perturb the °u(iAt) with a new set of random 

u(iAt) until success is achieved (£j>-£<0) with 

the "improved" control sequence 

*u(iAt) = ^u(iAt) +&u(iAt) (1.6) 

Let 

J = 0 J + S J (1.7) 

k. Repeat this procedure for the new trial sequence 

u(iAt), and continue until J no longer improves 

within some preset number of trials. 

This procedure is ideally suited to a hybrid com

puter environment. With proper assignment of each step to 

the best-suited device, implementation of this scheme dis

plays significantly decreased execution periods for direct 
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functional optimization despite the possibly awesome 

dimensionality of the parameter space (each u(i&t) is a 

"parameter"). 

Refer now to Fig. 1.2. In the hybrid computer 

scheme alternate successively improved sequences ^u(iAt), 

k+1 
u(iAt) are stored in a pair of digital computer memory 

arrays. These arrays may be considered as pseudo-scratch

pad memories where words are temporarily written and 

stored. Starting with °u(iAt) in array 1, we read succes

sive °u(iAt) into a digital-to-analog converter (DAC) pro

ducing °u(t) for the first analog computer run which, in 

turn, solves the dynamical system equations and computes 

the performance index °J. °J is stored in a track-hold 

circuit (analog memory) for subsequent comparison with 

future successful runs. The digital computer starts the 

analog computer solution interval which returns an inter

rupt upon termination. The digital computer next gener

ates pseudo-random samples u(iAt) and computer perturbed 

samples ^u(iAt)+u(iAt), which are stored in array 2 and 

successively output by the DAC to the analog computer dur

ing the analog computer solution interval. The analog 

computer again solves the dynamical system equations, com

putes J, and compares J to °J with an analog computer. If 

SJ>-£<0, the run is declared a failure and the procedure 

is repeated until a success is obtained. 
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Subsequent analog solution successes are output 

through the interrupt channel. The digital computer then 

acknowledges each success by storing the successful con-

k / \ trol sequence u(iAt) in array 1. The process automati

cally terminates by operator control or by an automatic 

termination criterion. 

Inherent to this scheme is the ease with which the 

large numbers of unknown parameters implicit in functional 

optimization are generated. Furthermore, modification of 

these perturbations through low-pass filtering, adding 

positive or negative bias to future values, and correlat

ing future trials with past successes becomes simple. It 

is the primary objective of this paper to present the re

sults of investigations of these techniques to control and 

trajectory optimization problems. It is worthwhile to 

mention at this point that nearly ten million hybrid 

computer runs were completed to obtain necessary data for 

generation of the optimization algorithm. 

The task of optimizing many parameters is most 

easily handled by a small digital computer with assembly 

language software which can rapidly generate many param

eters, randomly perturbed with sophisticated strategies. 

A high-speed analog machine interfaced to the digital 

computer generates the solutions to the dynamical equa

tions. Such a computer system is employed for the 
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problems solved here. The digital computer is a PDP-9 

(Digital Equipment Corporation, 1967), which has an 18-bit 

word length and 16K of core memory. The digital computer 

software was written entirely in MACRO-9 assembly language. 

The University of Arizona's LOCUST (Conant, 1968) is a -10 

volt repetitive analog computer capable of differential 

equation solution rates of 2000 runs per second. A peri

pheral control console (DARE) and a hardware random-noise 

generator (Belt, 1969) are used. 

A review of the literature on random perturbation 

optimization was undertaken to guide selection of an ef

fective search strategy for multi-parameter direct func

tional optimization of control and trajectory problems. 

This survey is the subject of Chapter 2. The algorithms 

developed for the problems are discussed in Chapter 3. 

Chapter k describes the application of the method to 

problems. General remarks and conclusions follow in Chap

ter 5 • 



CHAPTER 2 

LITERATURE SURVEY OF RANDOM PERTURBATION ALGORITHMS 

2.1 Introduction 

The introduction of the general purpose digital 

computer and its versatile progeny, the minicomputer, to 

numerous academic institutions and industrial research 

laboratories has spawned considerable interest in com

puter methods for parameter optimization problems. The 

past decade of interplanetary flight has proven the need 

for rapid execution of trajectory and control problems. 

Such stimuli naturally generate a host of technical lit

erature on the subject. 

This survey addresses itself to the review of es

sential techniques valuable to multi-parameter optimiza

tion problems. The merits of each are measured relative 

to the problem usually studied, optimal control, trajec

tory, orbital transfer, etc. Unfortunately, no single 

algorithm or search technique can efficiently solve all 

parameter optimization problems. But this problem-

dependent nature does not preclude investigation of each 

currently available algorithm to ascertain those bene

ficial features common to many existing successful al

gorithms. These beneficial characteristics can then be 

14 
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distilled into a less-sophisticated yet more expedient 

functional optimization algorithm which is the primary 

objective of this report. 

A further consideration of prime importance is the 

relative ease with which the engineer can analyze the 

problem, set up the computer system, hardware as well as 

software, and begin the search. Increasingly, the time 

spent before actually implementing any search consumed the 

majority of the engineer's efforts. All too often, he 

found himself developing expertise in programming and in 

nonlinear control theory prior to any actual search. Such 

was usually the case where deterministic search methods 

were employed, namely, steepest descent, Newton-Raphson, 

Fletcher-Powell techniques, etc. 

This imbalance to the engineer has motivated re

cent interest in random search optimizations amenable to 

simple programming and effective implementation even in 

highly irregular response surfaces. The very high rate at 

which information can be processed, even with minicomput

ers, in a hybrid mode, makes feasible some approaches to 

system optimization which had been impractical before. 

These methods tend to be "brute-force", like the pure ex

haustive search, but are very attractive, frequently be

cause of simplicity and ease of programming;, because they 



are easily understood, and because they avoid mathematical 

difficulties inherent in some sophisticated schemes. 

The necessity for this simplistic nature has moti

vated this author to develop an efficient random search 

parameter optimization algorithm which an engineer can im

plement handily in a hybrid computer environment with very 

little "pre-investigative" research or study. He need not 

understand nonlinear optimal control theory, nor Pontrya-

gin's maximum principle, nor must he be able to generate 

complicated software. 

This trade-off of sophistication for speed re

quires a careful analysis of existing random perturbation 

algorithms. Only those characteristics which can signifi

cantly benefit convergence while simultaneously maintain

ing minimal computer execution time must be identified. 

This survey attempts to recognize those features for sub

sequent incorporation within the algorithm. 

Deterministic search methods are not considered 

here. Such methods include steepest descent, pattern 

search, Newton-Raphson, Fletcher-Powell and other algor

ithms designed for rather specific functions as linear or 

geometric programming and Gauss's least square. It can be 

easily shown that these methods require considerable com

puter storage and lengthy execution periods per function 
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evaluation as compared with random perturbation algorithms 

(Pierre, 1 9 6 9 ) .  

The random perturbation algorithms considered here 

have been presented in several references which review or 

discuss parameter optimization methods in detail. Compar

ative studies have been made by Karnopp (1963), Pierre 

(1969), White (1970), and by Andrews (197-1 )• Applica

tions of random perturbation algorithms have been consid

ered by Mitchell (196^), Adams and Lew (1966), Belcey et 

al. ( 1 9 6 6 ) ,  Kavanaugh, Stewart, and Brocker ( 1 9 6 8 ) ,  

Schumer and Steiglitz ( 1 9 6 8 ) ,  de Graag (1970), ICorn and 

Kosako (1970), Moore (1971), and Parrish (1971). Creeping 

random methods have been studied by Korn and Korn (1964), 

Rastrigin (1967), and Belcey and Karplus (1968). Schumer 

and Steiglitz (1968) provided additional information on 

adaptive step size random searches. 

2.2 Nomenclature 

The following definitions reflect those commonly 

used. Formal definitions of the general parameter optimi

zation problem are offered in Korn and Korn ( 1 9 6 8 ) .  

2.2.1 Definitions 

Parameter Optimization Algorithm. An algorithm 

which determines the parameter values of a model that de

fines an extremum of some performance index (also referred 
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to as a cost function, objective function, or response 

surface) as a function of model response is defined as a 

parameter optimization algorithm. This algorithm would be 

applicable to mathematical programming problems, trajec

tory, and optimal control problems. 

Parameter Estimation Algorithm. An algorithm 

which determines the parameter values of a model to match 

model response with actual physical system response or 

desired reference response is defined as a parameter esti

mation algorithm. Such problems under analysis might in

clude network synthesis which requires curve fitting. 

Redundant Algorithm. A search algorithm (memory-

less) which chooses step directions without regard to pre

vious trials. Thus the sample space remains the same 

throughout the search. 

Nonredundant Algorithm. A search algorithm (mem

ory) which chooses step directions from a sample space 

reduced by excluding previous step directions. ~ 

Independent Inequality Parameter Constraint. Let 

be a parameter in the n-dimensional parameter space un

der investigation. Let ai and b.^ be fixed and real. The 

following inequality represents an independent inequality 

parameter constraint where a^ and b^ are lower and upper 

limits respectively. 
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— a j [  $ ( i = l ,  2 ,  . . .  , n )  ( 2 . l )  

Dependent Inequality Parameter Constraint. Let 

F. be some function of the n parameters and let b. be some 
J J 

fixed real number. The following inequality represents a 

dependent inequality parameter constraint. 

Fj(X1,X2,...,Xn)^bj (2.2) 

(j=l,2,...,m) 

where the X^ are elements of the n-dimensional parameter 

space. The dependent constraint may be linear or non

linear t depending on the functional form of F.. 
J 

Scalar Performance Index. A scalar performance 

index J assumes the form 

J = |JVI + |JD| + | Jp| ( 2.3) 

where the optimal J is the minimal algebraic sum of I Jyl , 

and I JpI • J is minimized if any component is mini

mized with the others held constant. 

Vector Performance Index. A vector performance 

index J assumes the form 
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J = uvl © UDI © Upl ( 2 . k )  

where the optimal J* requires that |Jy*l < |Jyl> 

|JDI, and JJp*|< |Jp| for all Jv, JD, and Jp. J, in this 

case, represents the Boolean "anding" of Jy, J^, and Jp, 

and is minimized if and only if all components are indi

vidually minimized. 

2.2.2 Notation 

Notation for this report is introduced in the fol

lowing problem statement. Determine the ordered set of 

n unknown parameters X = (X.,X ,...,X ) which optimizes 
1 X w II 

(minimizes or maximizes) the performance index (cost func

tion or objective function 

J(X) 

subject to the m inequality constraints 

C.(X)^0 (or ̂  ) (i=l,...,m). (2.5) 

X* = (X^*,Xg*,...,Xn*) and J* denote the optimal parameter 

set and associated performance index. Those values of X 

which satisfy the constraints (Eq. (2.5)) belong to the 

feasible region R. That single value of such that 
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(for all i,j) (2.6) 

defines the global optimum in the entire feasible region 

in contrast to that value of J^* for which 

(for some i,j) (2.7) 
J H 

in some subset of the feasible region. Figure 2.1 depicts 

a typical response surface with these characteristics in 

2 parameter space. 

Particular random perturbation algorithms and ap

plications follow. Section 2.3*1 describes pure random 

searches. Creeping random searches form the subject mat

ter of Section 2.3*2. The adaptive random searches, which 

are modifications to the creeping random search algorithm, 

follow in Section 2.3*3* Section 2..k discusses constrained 

optimization considerations. The literature survey ends 

with Section 2.5 on observations and conclusions. 

2.3 Random Search Algorithms 

As early as 1958 random search algorithms had been 

employed in optimization problems. These algorithms were 

simple random trial and error approaches that were usually 

incorporated in preliminary stages of an optimization 

search in order to obtain additional information about the 
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response surface. This would intuitively have generated a 

reasonable initial trial for deterministic algorithms. 

Later, it was recognized that, with modifications of ran

dom search algorithms and with increasing use of hybrid 

computer systems, sophisticated random perturbation algor

ithms could possibly compete with deterministic algorithms 

on the basis of computer execution time. 

Random search and creeping random search techniques 

for parameter optimization were originally proposed by 

Brooks (1958) • A creeping random search method was suc

cessfully implemented on analog computers by Favreau and 

Pranks (1958) and Munson and Rubin (1959). A rudimentary 

form of creeping random search algorithm was implemented 

with a hard-wired optimizer attached to an analog machine 

(Mitchell, 196*1). An extension to Mitchell's algorithm 

was accomplished by Bekey et al. (1966) on a nonlinear 

dynamical system with nine and then fifteen parameters 

(satellite acquisition system). Recently investigations 

with direct functional optimization problems have shown 

remarkable success with many parameters (200)(Korn and 

Kosako, 1970). 

The literature reviewed here is ordered in terms 

of increasing sophistication. This generally reflects the 

complexity of strategy required in the digital computer 
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software. Where possible, applications of each algorithm 

are described and the results are presented. 

2.3*1 Pure Random Search 

The pure random search probably represents the 

simplest search technique available. Proposed by Brooks 

(1958), it consists of randomly choosing a set of parame

ters, computing J(x), and retaining that set until a fu

ture choice reduces J(X), replacing the original set with 

the improved set. The sample space for the parameters is 

assumed to be uniformly distributed. The parameter set 

which generates the lowest value of J(x) in N random 

trials represents the approximation to the minimum. 

Analysis of the effectiveness of this algorithm 

begins by partitioning the parameter space into an n-

dimensional hypercube with sides of unit length. It is 

assumed that the optimum point lies within a sub-partition 

represented by a smaller hypercube with sides of length A 

and volume v = An. The objective is to force the search 

to locate at least one point in the smaller hypercube with 

a specified probability. Brooks indicated that the number 

of trials necessary to have probability p of placing at 

least one point into the smaller hypercube is 

N = ?0S(i-P) 
log(l-v) ( 2 . 8 )  
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Taking v to be constant in Eq. (2.8), it was concluded 

that the number of trials required for the random search 

does not depend on the number of parameters. Unfortun

ately, Hooke and Jeeves (1958) and Spang (1962) realized 

that for v to remain constant, A must increase exponen

tially. This requires that the uncertainty in the param

eter values, A, increases exponentially with n for a fixed 

number of trials. Upon substitution of An for v in 

Eq. (2.8), Spang showed that 

N » -log(l-p)/An 

(2.9) 

^2.3/An 

for p=.9« In contrast, the number of steps required for a 

deterministic grid search (points equi-spaced A distance 

apart) is A~n. 

In either case, convergence is reasonably assured 

only after a large number of trials. This alone obviates 

the use of the pure random search as an effective tech

nique to locate the optimum accurately. For this reason, 

random searches seem only to provide a suitable starting 

point for other search algorithms. 

Schumer ( 1 9 6 7 )  investigated the minimization of 

functions of the form 
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J(X) = 2 X * (2.10) 
i=l 

where IX|<P and found that if a total number N of function 

evaluations may be expended on a pure random search fol

lowed by a local search, five or six of these evaluations 

should be used for the pure random search. This would 

tend to minimize the expected value of J(x) obtained af

ter the N evaluations. 

2.3*2 Creeping Random Search 

Pure random searches, just as exhaustive searches, 

suffer one major disadvantage. Neither considers the in

formation available from past successful trials. The 

creeping random search overcomes this deficiency in a 

simple manner. 

This algorithm begins by randomly choosing a 

starting point X+AX in the parameter space for which the 

performance index is decreased from some initial starting 

value preset by the operator. AX is a vector of fixed 

length (step size) and random direction. If J(X+AX)<J(X) 

a successful trial has been accomplished and the base 

point is moved to X+AX. Should an unsuccessful trial oc

cur, the base point remains at X and another random step 

is attempted. 
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Mathematically, the algorithm may he represented 

by 

X1+1 = x1 + <5 ̂ x1 (2.11) 

where 

1 if J^X^+AX*)<j(X*) (success) 

(2.12) 

0 if J(X1+AX1)^J(X1) (failure) 

Typical progress with the creeping random search in 2 

parameter space may appear as in Fig. 2.2. The search 

continues until the performance index is decreased to some 

sufficiently small level or the number of consecutive un

successful trials exceeds a preset number. At this stage, 

it is assumed that the search has nearly exhausted the 

parameter space and that further trials would be repeat

edly unsuccessful. 

sent a basic improvement over the pure random search. It 

makes use of past history. Rastrigin (1967) investigated 

the capabilities of this algorithm in a multi-parameter 

optimization problem. He compared its effectiveness with 

the effectiveness of a deterministic method, steepest 

The creeping random search algorithm does repre-
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Fig. 2.2 Creeping random search. 
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descent, where at each iteration a step of magnitude|AX| 

is taken in the negative gradient direction. 

This effectiveness was measured by search loss, a 

concept introduced by Rastrigin and defined as the number 

of performance index function evaluations required for a 

displacement in the negative-gradient direction equal to 

the step length |AX|. In other words, search loss is the 

reciprocal of the average displacement in the negative-

gradient direction per function evaluation. Two functions 

were investigated with this search loss and the creeping 

random search. The first was a linear test function 

n 
J(X) = Z X (2.12) 

i=l 

and the second was a distance function 

n — 
J(X) = ^ ^X.2j2 (2.13) 

The results indicated, remarkably, that the creep

ing random algorithm was superior to the steepest descent 

method on the basis of search loss as the number of param

eters increase. Similar results were later found for the 

test function (Schumer, 1967) 

n p 
J(X) = Z X. 

i = l 
(2.1*0 
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Though, at first glance, the above results would suggest 

superior performance of the creeping random search over 

the steepest descent, independent investigations by 

Movshovich (1966) have shown this relative performance to 

be highly problem dependent. Here, modified versions of 

the steepest descent method which allowed variable step 

sizes behaved better than the creeping random search on 

the basis of search loss for a certain class of perform

ance indices. 

Though not directly applicable to this report, the 

creeping random method was analyzed in optimization prob

lems in the presence of noise by Gurin and Rastrigin 

(1965). A linear performance index function was corrupted 

2 by Gaussian noise with zero mean and variance cr1 • A 

"testing step" of fixed length £ and random direction was 

chosen. Any improvement in the measured value of J(X) 

with this testing step was followed by another step of 

length |AX|>£ in the same direction. 

The progress of this algorithm was compared with 

that of a steepest descent method, which used 2n perturba

tions of length to determine the gradient, followed by 

an exploratory step of length |AXI in the estimated nega

tive-gradient direction. On the basis of search loss, the 

number of parameters n, and a signal-to-noise ratio (SNR) 
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SNR = (2.15) 
O*{2 

where A J is the gradient of J, the following results were 

obtained. Search loss is a linear function of n for the 

random method for constant SNR. In the no noise case 

(SNR = cO ) the steepest descent method possessed a search 

loss linear in n, while for SNR = 1 the search loss is 

greater than Kn^/n-l, where K is some constant. For n >/ 6 

the creeping random search was superior on the basis of 

search loss. 

Some earlier studies by Brooks and Mickey (l96l) 

with a similar steepest descent algorithm in the presence 

of noise have shown that a minimum number of function 

evaluations (n+l) should be used to estimate the gradient. 

Obviously these additional trials would not alter the 

nature of the results of Gurin and Rastrigin but would 

increase the total value of n for which the creeping ran

dom algorithm is superior. 

The purpose of the above discussion in this report 

is warranted by the fact that there usually exists some 

noise in the analog computer. Though the noise level may 

be difficult to measure accurately (if amenable to analy

sis) and hopefully minimal, its effects should be taken 
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into consideration. This can be incorporated into the 

search by assuming that J is corrupted by noise. 

2.3«3 Adaptive Random Search 

Though creeping random search techniques utilize 

some information gleaned from past history (last success

ful trial) during an optimization, the techniques still 

remain inherently inefficient. In particular, generation 

of the preferred step direction may depend on two or three 

successful trials instead of merely the last success. 

Another neglected aspect of creeping random searches is 

the relationship between the current probability distribu

tion parameters (mean, variance) which govern perturba

tions and the local terrain of the response surface. All 

of these considerations fall within the framework of 

adaptive random search methods which have been invented to 

make maximum use of past and current history during an 

optimization. 

Adaptive random searches differ from creeping ran

dom searches in that the structure is modified or adapted 

to the particular problem, to the progress during the 

search, and to the irregularity of the immediate terrain. 

This is accomplished by adjusting the random perturbation 

size, "remembering" past successful trials as well as 



unsuccessful trials, and their order ot occurrence for 

future predictive or exploratory steps. 

This increasing degree of sophistication of adap

tive random searches tends to suggest increases upon the 

execution time per function evaluation which would nullify 

the overall effectiveness of adaptive random searches. 

But the introduction of the true hybrid analog-digital 

computer and subsequent improvements in the state-of-the-

art have proven the worth of adaptive random searches. 

Despite the added complexity to software as well as hard

ware of sophisticated strategies, multi-parameter optimi

zation with adaptive random searches remains attractive. 

This literature survey on adaptive random searches 

is roughly grouped into two areas. The first discusses 

the modifications to creeping random searches from which 

adaptive random search techniques have evolved. The lat

ter portion of the survey reviews applications of some 

adaptive random searches. 

2.3.5.1 Modifications to creeping random searches. 

The creeping random algorithm is a fixed step size and 

random direction search. Progress zigzags towards the 

N optimum point with 2 possible directions at each step. 

Furthermore, small step sizes increase the ratio of suc

cessful to unsuccessful trials but decrease the average 

improvement in J per trial. Unfortunately, large step 



sizes decrease the ratio of successes to failures. Con

trol of step size by adjusting the variance of the pertur

bation distribution or calculating the step size as a 

percentage of the current base point avoids this behavior. 

The probability distribution function itself may 

be changed from a uniform distribution to a Gaussian dis

tribution to effect control of step size. This would tend 

to reduce the absolute uncertainty in future step sizes. 

Such a move reflects the effectiveness of some preferred 

direction determined by past behavior; however, passage 

through difficult terrain could require the search to re

turn to a uniform distribution in order to quickly tra

verse a wide valley or ridge. 

Further modification to the creeping random search, 

in addition to control of step size, includes directional 

adaptation. Rastrigin (1967) proposed algorithms which 

adapt the step size to past history during search. Here, 

he suggested that several learning steps be made to com

pute the probability of selecting a positive trial step 

for each parameter at the current base point. This prob

ability is a function of the current performance index 

value. Another technique investigated by Heydt (1969) 

determines the first and second moments of mass of some 

hypercone on the response surface which serves as a plat

form with which to project the next step. 



Another simpler version of directional adaptation 

is absolute positive or negative biasing, studied by Belcey 

et al. ( 1 9 6 6 ) .  This technique operates as follows. 

Should the best step become successful, it is repeated for 

1 •• *j 
the next trial step. AX^ = AX ~ (positive biasing). A 

i — 1 
previous failure would result in AX^ = -AX ~ (negative 

biasing). Provision must be made to prevent negative 

biasing following two successive failures otherwise the 

technique would oscillate back and forth. 

Directional adaptation can also be accomplished by 

correlating many past successes or failures. Matyas 

(1965) and de Graag (1970) have explored this possibility 

to some extent. Both algorithms devise weighting factors 

similar to the probability of selecting a positive or neg

ative trial step for each parameter at the current base 

point. However, this weighting factor is calculated from 

multiple past events in contrast to the probability factor 

mentioned earlier which considers the single most recent 

success or failure. 

An additional modification to the creeping random 

search encompasses the classification of a trial step as a 

success or failure. This is determined by the relative 

improvement of the performance index. A successful trial 

is declared if the performance index is reduced to within 

some percentage of the current value of the performance 



36 

index. Such a technique intuitively enhances convergence 

rate by requiring large improvements in the performance 

index during the initial trials of a search. During the 

terminal stages, successful trials are declared which de

mand much smaller improvements in the performance index. 

The performance index structure itself may be al

tered from a pure scalar structure to an all vector struc

ture or a combination of both. The vector performance 

index suggested by Zadeh (1963) assumes that the engineer

ing design objectives of a search (endpoint match, maximum 

or minimum terminal velocity vectors, etc.) can be par

tially ordered into distinct components. Kavanaugh, 

Stewart, and Brocker (1968) incorporated a vector perform

ance index in their satellite attitude acquisition search. 

They ordered three distinct types of conditions which must 

be satisfied at the terminal time, that due to the dis

placement components (JD)> that due to the velocity com

ponents (Jy), and that due to the transversality relation 

imposed upon by "adjoint" equations (Jp). Then, for two 

1 1 systems (2 sets of parameters Z and Z , Z is "better" 

1 11 
than Z if and only if J <J; that is, Ĵ  <Jjj> Jy <Jy> and 

1 
Jp <Jp. This concept would suggest that when choosing 

from a certain set of systems, a non-inferior system 

rather than an optimum system is obtained and corresponds 
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more closely with a realistic engineering objective as 

pointed out by Zadeh. 

Should engineering design overly stress the care

ful match of some endpoint criteria or minimum-fuel ex

penditure, these criteria would be combined in a vector 

such that the performance index was not improved upon un

less all elements of the vector have sufficiently improved 

Less stringent criteria would remain as scalar components 

of the performance index. 

2.5.5.2 Applications of the adaptive random 

search. Early investigations by Bekey et al. (1966) and 

Stewart, Kavanaugh, and Broclcer (1967) with true hybrid 

analog-digital computers and parameter optimization prob

lems incorporated adaptive step size algorithms. Bekey 

et al. introduced an element of randomness by using a 

random perturbation for each parameter. This was an at

tempt to alleviate the zigzag course of a search limited 

to 2^ directions. He chose the perturbations AX^ as in

dependent Gaussian random variables with zero mean. Later 

Gonzalez (1969) adopted the same idea but used a uniform 

distribution. 

Their investigations demonstrated that step size 

and average performance index improvement were related. 

Small step sizes would increase the ratio of successful 

trials to unsuccessful trials but at the expense of 
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average performance index improvement. Stewart et al. 

reduced the variance of the perturbation after a number of 

consecutive failures. Bekey et al. chose to keep the var

iance of perturbations constant at of the range of each 

parameter during the entire local search. Adams and Lew 

(1966) compared the effectiveness of this constant vari

ance method with the adaptive variance method and found no 

adaptive variance strategy that would significantly im

prove the search. Schumer and Steiglitz's (1968) work 

with an adaptive step size algorithm, however, concluded 

that an optimum step size did exist, although their stud

ies concentrated on smooth performance index functions. 

This is in contrast to the studies by Bekey et al. which 

were based on a nonlinear dynamical system with minimum-

time and minimum-fuel criteria that displayed irregular 

response surfaces. 

The practical algorithm for adaptive step size 

random searches initiated by Schumer and Steiglitz began 

with each step being both exploratory and being able to 

produce an improvement. Here, a nominal value, AX, for 

the step size is chosen before each iteration. A random 

step of size AX is taken and a random step of size AX(l+p) 

is taken (l>p>0). The resultant normalized improvements 

are compared and the step size with larger improvement is 

chosen as the next nominal step size. Should neither 
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trial improve the performance index, the step size is re

duced after some consecutive number of unsuccessful itera

tions . 

This algorithm was compared with a Newton-Raphson 

algorithm for the following functions on the IBM 7092* 

computer 

n p 
J.  = Z X. (2.16) 
1 i=i 1 

n 4 / Jp = Z X,* (2.17) 
42 i=l 1 

where the results indicated that the adaptive step size 

random search was superior for values of n>78 on the basis 

of average number of function evaluations required for min

imization. A similar study comparison was made with 

Rosenbroclc's function 

J3 = lOOCXg-X^2 + (1-X^2 (2.18) 

2 In contrast to regularly smooth landscapes of the X func

tions, Rosenbroclc's function possesses a very long and nar

row ridge (see Fig. 2.3). In this case the adaptive step 

size random search algorithm was inferior and it was con

cluded that the adaptive step size random search algorithm 

was not effective on ridges though it displayed superior 
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performance in multidimensional problems without narrow 

valleys or ridges. More important, it was discovered that 

the number of function evaluations required by the adap

tive step size random search was proportional to n for 

relatively smooth functions. 

Absolute positive and negative biasing provides 

the mechanism for directional adaptation in creeping ran

dom searches. Bekey et al. (1966) instituted this simple 

modification and applied the algorithm to a nonlinear 

parameter optimization problem which resulted in signif

icant improvements in convergence on a Beckman 2132 analog 

machine. Stewart, Kavanaugh, and Brocker (1967) reported 

similar results for the limited case of positive biasing. 

It was found that the average number of steps decreased by 

kO</o on a fifth-order nonlinear minimum-fuel orbit transfer 

problem. 

Rastrigin ( 1 9 6 7 )  investigated the effects of di

rectional adaptation with more elaborate techniques. It 

1c required preliminary "learning" steps which adjust p^, 

the probability of selecting a positive increment for the 

ith parameter at the kth step in terms of past perform-

k ance. This adjustment to p^ is made by introducing a 

monotonic, non-decreasing function of the memory parameter 

^w^ such that kpi = kpi(kwi). One typical scheme for ob

taining kw^ is the following algorithm 
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k+1  k  / *k * v  k A  ,  w i  = w A  -  & AXj ,  AJ  (2.19) 

where 

= kxA - k"1Xj. 

kAj = j(kX) - j(k_1X) 

( 2 . 2 0 )  

(2.21) 

with w. bounded above and below. This essentially re-

quires that w^ remain proportional to the step size gen-

k k erating AJ, the magnitude of AJ, and a positive 

coefficient S. Rastrigin also introduced similar tech

niques which discard "old" information. 

An interesting aspect of the above algorithm is 

that Rastrigin conceived the idea of separating learning 

steps and exploratory steps. The learning phase collects 

information on past performance for subsequent prediction 

of future exploratory steps. The search algorithm itself 

decides to actually move the base point as a result of an 

exploratory step. If the search moves with every explor

atory step, the learning algorithm completely controls the 

search. This is handy when the local response surface 

possesses a wide valley. 
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Heydt ( 1 9 6 9 )  extended Rastrigin's ideas in a more 

sophisticated adaptive random search. The search begins 

at some base point °X and proceeds until an improvement in 

1 10 
performance index is made, say at X* The line 

assigned the axis of symmetry for a hypercone in parameter 

space with focus at °X (Fig. 2.4). Trial steps are chosen 

2 
uniformly within the hypercone and the best observation X 

2 1 becomes the new focus with axis of symmetry X- X for the 

new hypercone. When no point within the directed hyper

cone reduces the performance index, the hypercone is en

larged and the process repeated. One advantage of this 

algorithm is the ability to traverse local minima. Heydt 

successfully applied the directed-hypercone algorithm to 

a satellite attitude acquisition problem investigated by 

Kavanaugh, Stewart, and Broclcer ( 1 9 6 8 ) .  

Another aspect of adaptive random search that has 

been considered is that of correlating past successes with 

future trials. De Graag (1970) incorporated this feature 

in the following algorithm. 

XAX = P(1x-kx) + XZ (2.22) 

k where X is the previous base point and p is some fixed 

scaling coefficient. If XZ is a random vector with inde

pendent zero-mean Gaussian components, a typical step 
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would appear as in Fig. 2.5« With p=0 for no correlation 

and p=.l for correlation, de Graag demonstrated a four

fold reduction in the number of function evaluations for 

two problems, the Rosenbrock function and a four parameter 

identification problem. 

Matyas (1965) devised a similar scheme for cor

relating perturbations of past events with future trials. 

His algorithm introduces a "correlation" matrix 1T into 

the following scheme for generating future perturbations. 

XAX = ^"d + 1T1Z (2.23) 

1Z are random vectors from a Gaussian distribution with 

zero mean and unity correlation matrix. 1d is the "mean" 

1 
of AX and is generated by the following algorithm. 

Xd = c01_1d + c11"1AX (2.2k) 

i — 1 If AX is an improvement 

0 <cQ < 1 

cH > 0 1 (2.25) 
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Fig. 2.5 Trial step correlation. 
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otherwise 

( 2 . 2 6 )  

The matrix 1T introduces correlation between trial step 

components ^AX. Matyas suggested that for a simple al-

gorithm 

XT = ^-bl (2.27) 

where 1^ is the identity matrix and xb is a scalar variance 

of the trial steps. 

Parrish (1971) incorporated both correlation and 

adaptive step size within a non-redundant adaptive random 

search algorithm and applied the technique to the three 

following problems: 

1. Unconstrained minimization of 

J = oC* + (2.28) 

2. A five parameter human transfer function 

piloting a pursuit aircraft (constrained 

minimization). 

0 < cQ < 1 

c 1  < 0  

' C0+Cl' < 1 
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3. A five parameter electron beam-transport 

design problem (dependent inequality param

eter constraint). 

He concluded that the combined algorithm was highly prob

lem dependent though results showed that convergence in 

all cases compared favorably with a Davidon-conjugate-

gradient search (Davidon, 1959). The three problems were 

optimized, both on a CDC 6600 real-time digital simulation 

subsystem and on a GPS 10000 iterative analog computer. 

Surprisingly, for these low order parameter optimization 

problems, he discovered that actual computer time was 

nearly the same for the random search algorithm and the 

deterministic conjugate-gradient search. 

2.4 Constrained Optimizations 

Though methods do exist for handling constrained 

minimization such as nonlinear programming (Saaty and Bram, 

1964), gradient projection (Rosen, i960), and created re

sponse surface (Fiacco and McCormick, 1964, 1968), the 

class of problems in this paper does not require such 

techniques. 

The usual constraints which appear in our control 

and trajectory optimization problems are terminal con

straints, which specify some terminal conditions on the 

state variables (see Introduction). These constraints, 

C^, defined by 



**9 

Ci(xl'x2''* * »xn) > 0 (2.29) 

are readily handled by "penalty" functions (Korn and Korn, 

1968). This method redefines the performance index J(x) 

to include additive terms called penalty functions, 

P^(C^) such that 

m 
J (X) = J(X) + 2 K.P.(C ) 

i=l 1 
(2.30) 

where 

1 (2.31) 

and 

P.(Ci) = « 

h.(C.) c.> 0 

0 c. \<o 

( 2 . 3 2 )  

The h^(C^) must be strictly monotonic increasing functions 

of the terminal constraints, C^. It is easily seen that 

the additive terms in Eq. (2.29) increase rapidly as the 

constraint boundaries are crossed and thus penalize the 

modified performance index. The penalty-function method 
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is attractive because the modifications are easily imple

mented on the analog computer. 

2.5 Some Observations and Conclusions 

Though comparative data on the relative merits of 

the various creeping random algorithms is scarce, some 

general observations based on the literature survey can be 

made. 

1. For locally quadratic index functions, the average 

number of function evaluations necessary to mini

mize the performance index within a fixed accuracy 

is asymptotically linear in n (Schumer and Steig-

litz, 1968). 

2. Adaptive random searches perform favorably for 

smooth, unimodal performance index functions. 

Simple absolute biasing alone proved very effec

tive even with a highly irregular function 

(Stewart, Kavanaugh, and Brocker, 1 9 6 7 ) .  

3. For locally quadratic index functions, a combin

ation of adaptive step size and directional adap

tation within adaptive random searches considerably 

improves convergence rate over simple creeping 

random searches. 

k. Sophisticated adaptive random searches with step 

size and directional adaptation can be programmed 

and implemented on a hybrid computer with total 
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search execution times comparing favorably with 

such elaborate deterministic searches as Davidon-

conjugate-gradient. 

Thus, there is evidence to support the conclusion 

that adaptive random searches in conjunction with fast 

hybrid computers can effectively solve multi-parameter 

optimization problems. 

The objective of this study was to demonstrate 

extremely fast execution of multi-parameter optimization 

problems with hybrid computers with a certain class of 

performance indices. The significant cost involved in 

the operation of the search procedure results from the 

evaluation of the performance index, because it requires 

the solution of a system of differential equations. 

Therefore, fewer performance index evaluations reflect a 

desirable direction. 

Even so, the digital computer program overhead 

time necessary to implement the random search strategy 

should be minimized. This requires careful assessment of 

the merits of each technique reviewed in the literature 

survey. Obviously minimal "overhead" time and storage 

preclude the use of Heydt1s directed-hypercone option. 

In addition, the matrix manipulations proposed by Matyas 

rule out their use. But judicious usage of adaptive step 

size and direction control can be programmed simply and 



52 

effectively with the machine language of minicomputers if 

a macro assembler is available. Block-oriented simulation 

languages, such as Differential Analyzer REplacement. DARE 

(Korn, 1969), are especially attractive to the engineer 

since they are simple to program. The next section pre

sents a modified algorithm of adaptive random searches 

with such characteristics. 



CHAPTER 3 

A BIASED ADAPTIVE STEP SIZE (BASS) 
RANDOM SEARCH ALGORITHM 

3.1 Problem Statement and Method of Solution 

For clarity, the problem statement and proposed 

method of solution are repeated. Control and trajectory 

optimization requires us to find an input control u(t) 

(0£tx<T) which guides a dynamical system 

= f(x,u,t) x(0)=xo (3-1) 

so as to minimize a given performance index 

J* = fQ(x,u,t)dt (3.2) 

u(t) will be represented as a sequence of sample values 

u(iAt) (i=0,1,...,n-l<T/AT), which are treated as the un

known parameters of an ordinary parameter optimization 

problem. 

The proposed method of solution by a modified 

adaptive random perturbation algorithm is described by the 

following sequence: 

1. Compute J=®J for a trial control sequence °u(iAt). 

53 
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2. Perturb all sample values °u(iAt) simultaneously 

by adding random increments u(iAt) (i=0,1,...,n-l), 

and compute the performance index J+6J correspond

ing to the perturbed control. 

3. If the performance index is not significantly im

proved (SJ>-£<0, "unsuccessful" perturbation), 

perturb the °u(iAt) with a new set of random 

u(iAt) until success is achieved (£J>-£<0) with 

the "improved" control sequence 

1u(iAt) = °u(iAt) + 6u(iAt) (3«3) 

Let 

1J = °J + 6 J (3-4) 

4. Repeat this procedure for the new trial sequence 
A 
u(iAt), and continue until J no longer improves 

within some preset number of trials. 

The general flow chart for this method appears in 

Fig. 3.1. Functions performed by the analog computer ap

pear within dashed boxes, and all remaining steps are per

formed by the digital computer. The chart presents an 

overview of the actual algorithm. Description of 
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particular blocks and the random search algorithm follow 

in the next two sections. 

3.2 Characteristics of BASS 

The design of the BASS random search algorithm, 

based on conclusions derived from the literature survey, 

has incorporated the following objectives: 

1. The algorithm should accommodate global and local 

searches. 

2. Response-surface discontinuity should not badly 

handicap successful implementation. 

3. The algorithm should seek only the optimum point 

on a multimodal response hypersurface. 

k. A priori knowledge should not necessarily include 

explicit analytical expressions for the perform

ance index. 

5. The strategy should encompass comparatively modest 

computation, but it ought to include both step 

size and step direction adaptation. 

6. The algorithm should allow on-line operator inter

action for manual control of the search. 

The BASS random search algorithm proposed in this 

section has been developed and exhibits these desirable 

characteristics. The BASS algorithm allows for direct 

operator control. Its adaptive bias nature, which 



57 

determines preferred directions, is provided by adjusting 

the uniform probability distribution mean of each pertur-

Jr . . 
bation S u(iAt) to a weighted average of past successful 

k—1 / \ k—2 steps u(iAt), u(iAt),.... By adjusting the allowable 

variance of perturbation, adaptive step size is provided 

such that the search is localized when previous steps are 

successful and expanded when recent steps are unsuccessful. 

These adaptive properties of BASS are implemented with 

basic strategy elements. 

The basic elements of the BASS strategy include: 

1. Mode Control - Mode control allows the operator 

to specify the general nature of the search dur

ing implementation. The algorithm allows three 

distinct phases of search; global, local, and 

terminal. Each phase is characterized by bias 

generation, variance control, and parameter 

space dimensionality, all of which can be altered 

by the operator prior to initiation of the next 

phase. The operator can also manually return to 

a previous phase or advance to the next phase 

during operation at any time. 

2. Single Step Strategy - In order to take advantage 

of favorable local terrain, the single step 

strategy is based on the notion that the trial 

following a successful step might be made 
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deterministic rather than random. One can accom

plish this by reducing the variance of perturba

tions for the next few trials and increasing it 

after some fixed number of consecutive failures. 

3. Correlation -with Past Successes - During local 

and terminal phases, the mean values of each per

turbation component can be "biased" by a weighted 

average of recent successful trial components. 

In our algorithm, a maximum of four past success

ful trial parameters can be used. The weighted 

average becomes the bias, :for nex^ 

few trials where 

.  / > l i ( i « )  =  l / 2 ( i _ 1 u )  +  l A ( i ~ 2 u )  +  

l/8(1_3u) + l/l6(i_\) (3.5) 

-j_1 i —ii 
u, u, ^u, and u represent recent suc

cesses only. Several consecutive failures reset 

the bias to zero. See Fig. 3.2. 

k. Threshold Strategy - This strategy classifies the 

nature of a trial as successful or unsuccessful. 

A successful trial has occurred if the performance 

index is reduced by some fixed percentage of the 

current performance index value. A modified 
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strategy would require large improvements during 

the initial stages of a search and small improve

ments during the terminal stages. 

5. Terminal Strategy - In the terminal phase, just 

prior to the end of a search, the variance of 

perturbations can be increased significantly. 

Should the search trap to a local minimum, such 

a terminal strategy provides the "chance" to 

jump out. 

6. Gradual Increase of the Number of Samples u(iAt) -

Another highly desirable feature of BASS attempts 

to take advantage of the smoothness of u(t). With 

this in mind, the BASS algorithm begins with a 

rough or low-bandwidth approximation involving 

only, say u(iAt) (i=l,...,10). Refinement to this 

low order approximation is introduced at subse

quent intervals concurrent with variance reduc

tions of the perturbations u(iAt) until some 

ultimate refinement is desired, say u(iAt) (i=l, 

...,100). Figure 3*3 depicts refinement to 20 

steps (parameters), each refinement occurring af

ter 100 trial intervals. 



Fig. 3.3 Control input refinement. 
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3.5 BASS Digital Computer Program 

The BASS random search algorithm has been pro

grammed in fast-executing assembly language for a PDP-9 

digital computer. The algorithm is logically divided into 

two sections, a conversational supervisor program and an 

interrupt service subroutine (see Fig. 3«i0» Each section 

performs a different, almost autonomous, function. The 

conversational supervisor program allows for operator con

trol of the search after each iteration. The operator can 

change the mode from global to local, or final, temporar

ily suspend the search while he observes results on a 

cathode ray oscilloscope, modify perturbation distribution 

parameters (increase variance, allow bias, etc.) or even 

abort the search entirely. Additional functions of the 

conversational supervisor program include obtaining the 

random perturbations and starting the analog computer. 

The interrupt service subroutine is initiated by 

the termination of each analog computer run. A control 

signal is transferred via the analog-digital interface to 

the digital computer and determines where the interrupt 

service subroutine commences. This program entry location 

depends on whether the run was successful or whether the 

run was unsuccessful, as defined below. For either re

sult, the subroutine implements the basic strategy of BASS. 

By counting the number of consecutive unsuccessful runs, 



DIGITAL COMPUTER SOFTWARE 

Conversational 
Supervisor 
Program 

Function 

1. Monitor. 
2. Operator Control. 
3. Obtain Random Perturbations, 
4. Start Analog Computer Run. 
5. Display Results. 

Interrupt 
Service 
Subroutine 

Function 

1. Ascertain trial character
istic (successful or not). 

2. Record number of success
ful runs and total number 
of runs. 

3. Implement basic strategy 
elements. 

4. Return control to conver
sational supervisor program. 

Fig. 3.4 Digital computer software functions 

C\ 
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the program determines whether the perturbation variance 

should be altered or whether the bias should be eliminated. 

The subroutine also computes the bias as necessary. Last

ly, the subroutine initializes the interface control and 

returns to the conversational supervisor program. 

The digital computer program is represented by the 

flow charts, Fig. 3.5 and Fig. 3.6. The actual program is 

presented in Appendix A. Figure 3.5 depicts the conversa

tional supervisor program portion of software. Figure 3.6 

shows the interrupt service subroutine which implements 

the basic strategy elements discussed previously. Dashed 

lines represent on-line operator control zones. 

The conversational supervisor program begins with 

the initialization of pointers, skip chains and interface 

control registers for automatic priority interrupt and 

program interrupt. An initial trial control, u(t), is 

generated next with a joystick (Korn, 1969). Provision is 

made at this point for automatic generation of the null 

set or some linear function for the initial trial. The 

next sequence of events turns on the analog computer clock. 

Requests for parameters u(iAt) synchronized with the analog 

computer clock appear via interface control, and each 

u(iAt) is sequentially transferred to the analog computer 

during run time via the data channel and an 11 bit digital-

to-analog converter (DAC). 
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Upon termination of the analog computer run, 

caused by the "end of parameter set" signal, MEM OFLO (see 

Appendix B), or the analog computer integrator overload 

signal, OVLD, the digital computer program control enters 

the program interrupt servicing subroutine at entry point 

NO for an unsuccessful run (no improvement in performance 

index) or GDRN for a successful run (improvement in per

formance index), Fig. 3«6. The servicing subroutine per

forms the basic decision-making steps of BASS. These 

include modifications to the variance and mean (Bias) of 

the probability distribution of the random perturbations. 

Control returns to the conversational supervisor program 

with these modifications which generate the next trial 

control sequence and start the analog computer. 

The operator maintains control of the search in 

progress by observing results on a cathode ray oscillo

scope (CRO) in the analog computer bays and on an alpha

numeric cathode ray tube (CRT) display in the digital 

computer bays. The analog computer CRO displays run time 

results, such as u(t) and the dynamical system response. 

The digital computer CRT displays the current value of the 

performance index, numbers of successful runs, number of 

total runs and the parameter space dimensionality. Con

trol is effected with toggle switches on the DARE system 

peripheral control console (Korn, 1969). Manual control 
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of the number of parameters, bias, perturbation mean and 

variance is accomplished with the accumulator switches on 

the PDP-9 digital computer. 

Each random search iteration involves two se

quences of events. The first sequence represents the op

erations of the conversational supervisor program to 

determine the mode of the search, to generate the random 

perturbations and add them to the current base point, and 

to start the analog computer. The second sequence of 

events includes the analog computer run which simultane

ously "solves" the dynamical system equations and computes 

the performance index. During the global phase, execution 

time for the conversational supervisor program is approxi

mately 1.5 milliseconds for five parameters, 2.5 milli

seconds for 50 parameters, and 3.3 milliseconds for 100 

parameters. Execution time for the analog computer run 

varies with the problem to be investigated. For the two 

optimization problems discussed in this report, this 

execution time is approximately 0.6 milliseconds. Thus, 

the BASS algorithm makes nearly 500 iterations per second 

for a 100-parameter space. 



CHAPTER k 

OPTIMIZATION EXPERIMENTS WITH BASS 

This chapter presents empirical data from two op

timization problems, a nonlinear optimal-time control 

problem and a constant-thrust-rocket trajectory optimiza

tion problem. Each serves as a convenient test bed from 

which to observe the effects of the various characteris

tics of the BASS algorithm. 

It should be emphasized that the optimal time con

trol problem does not belong to the class of problems for 

which the proposed method of solution is intended. The 

optimal input control law u(t) is discontinuous and the 

criterion function is not locally quadratic. But the ap

plication and its results graphically demonstrate the lev

el of effectiveness of the BASS algorithm and its basic 

strategy elements. The constant-thrust-rocket problem 

does belong to the applicable class of optimization prob

lems and emphasizes the ease with which the BASS algorithm 

can handle trajectory optimization problems. 

The data and curves to follow were obtained to de

termine the effectiveness of each of the basic strategy 

elements of the BASS algorithm. This experimental data 

72 
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represents approximately ten million hybrid computer opti

mization runs. 

Sections k . l  and k . 2  discuss the two problems. 

Data and curves with remarks follow in Section 4.3. A 

summary follows in Section k.k. 

4.1 Constant-Thrust-Roclcet Tra.jectory Optimization 

The objective of this problem is to determine the 

optimal thrust-direction program which will place a rocket 

vehicle moving under constant gravitational force at a 

given altitude with zero vertical velocity and maximum 
\ 

horizontal velocity. All other effects are neglected. 

Refer to Fig. k.l. The system equations are 

y(t) = V ( t ) y v  '  

Vy(t) = A sin©(t) 

Vx(t) = Acos0(t) 

y( o )  • "<i 

yo> = °^2 

vx(0) = o(3 

where 

y = altitude 

v = vertical velocity 
*/ 

v = horizontal velocity (^«2) 

\ = constant thrust acceleration 

g = gravitational acceleration 



Fig. k.l Constant-thrust-rocket 
flight dynamics. 
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The performance index associated with this problem is the 

total horizontal velocity increase over some specified 

time interval t^. 

t. 
J = -/ ̂ cosd(t)dt (k.3) 

o 

= ^3~vx(ti) (4.4) 

The boundary conditions (terminal conditions) 

y(tjL) = 

Vy^l) = 0 
(4.5) 

are given. The following initial and final values were 

used in the simulation 

t„ = 100 

y( o )  =  o  

v y ( o )  =  o  

vx(o) = o 

cr/
1 = 100,000 

A= 2g = 6k 

(4.6) 

The optimal solution for^(t) is shown in Fig. 4.2 

The analog patchbay setup for system equations, performanc 

index, and endpoint constraints are shown in Appendix B. 
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Fig. 4.2 Optimal thrust direction. 
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(4.7) 

where 

0<K^<£ (4.8) 

The modified performance index includes vertical and hor

izontal velocities: 

J* = 10K2|vy(t1) | + K15 |(vx(t1) - 101 (4.9) 

Here we have indicated a scalar performance index. Thus, 

i 
J can be improved if either the terminal vertical veloc

ity decreased or the terminal horizontal velocity in

creased. 

4.2 Time-Optimal Second-Order System 

Given a double integral control system with 

bounded input control law u(t), obtain the optimal u*(t) 

such that the state variables x^(t) and x,,(t) diminish to 

zero from some specified initial values in minimum time, 

where 
i 

x2(t) = u(t) (4.10) 

x1(t) = x2(t) (4.11) 



78 

Equations 4.10 and 4.11 represent the dynamics for this 

system and are implemented directly on the analog computer, 

The performance index for this problem becomes 

simply 

t. 
J = fo 1dt (4.12) 

where t^ remains unspecified. The terminal constraints 

are 

x1(t1) = 0 (4.13) 

x2(ti) = 0 (4.14) 

The actual problem setup on the analog computer 

assumes the following initial conditions and constraint 

x1(0) = 5 (4.15) 

x2(0) = 0 (4.16) 

|u(t)|^l (4.17) 

with the modified scalar performance index 

J = K|x2(t1)| + jT xdt 

K » 1 

(4.18) 
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A successful run is declared when 

|x1(t1)l <£ (4.19) 

with £ a small positive voltage and the performance index 

has decreased. The optimal control law u*(t) is shown in 

Fig. 4.3. 

while the time-optimal solution is well known (Athans and 

Falb, 1966), the problem with its discontinuous solution, 

u(t), is very badly suited for direct functional optimiza

tion. It serves, therefore, as a simple but very strin

gent test of the method. 

4.3 Basic Strategy Element Effects on Convergence 

BASS on a hybrid computer (PDP-9 and LOCUST). Each data 

point represents the average or sample mean, R, of 100 

statistically independent optimizations, where 

and R.^ are elements of the sample space. 

This statistical study was undertaken to demon

strate the effects of various aspects of BASS upon rate of 

convergence. Those aspects investigated include: 

This problem was specifically chosen because, 

The following empirical data was obtained with 

1 100 

- = l00.S.Ri i=l 
(4.20) 
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Fig. k.3 Optimal trajectory and control law. 
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1. No correlation is allowed during the global search 

mode. Bekey et al. (1966) had suggested that cor

relation could he highly directional. 

2. Of several weighting schemes for computing the 

bias, emphasis is placed on most recent successes. 

3 .  Bias introduced by correlating past successes 

should be used in conjunction with small perturba

tion variances (single step strategy). 

4. The vector performance index structure decreases 

the likelihood of trapping to a local minima. 

5. A threshold strategy for the performance index re

duces the number of runs required to converge. 

6. A large perturbation variance increase more likely 

allows the search to jump around local minima 

instead of aborting (expanded end-search strategy), 

The specific parameters of the BASS algorithm were 

set to the values tabulated in Table 4.1 for most of the 

investigations. Exceptions to these parameter value set

tings are indicated in the discussion. Except for the 

first investigation, the BASS algorithm is automatically 

sequenced through the three search modes, global, local, 

and terminal, each of which can abort in three ways. 

1. The operator manually changes modes. 

2. A search mode makes (Table 4.1) consecutive 

unsuccessful trials. 



Table k.l BASS algorithm parameters lor investigations. 

Parameter 
Space 

Dimension 

Number of Past 
Successes Used To 
Determine Bias 

Initial 
Variance of 

Perturbations 

Consecutive Bad 
Runs Allowed 
Before Abort 

KJ 

Global 

Local 

Final 

10 

50 

100 

0 10 volts 

5 volts 

2 volts 

10,000 

20,000 

30,000 
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3. A search mode attempts to reduce the perturbation 

variance twice after 1000 consecutive unsuccessful 

trials. 

4.3.1 Directionality of Bias 

Our study begins with the effects of bias upon the 

directionality of a search in the global mode. It is sug

gested that bias tends to direct the search into the gen

eral local gradient direction which can reduce the 

likelihood of finding a good initial control u(t) before 

entering local or terminal search modes. The BASS algor

ithm was kept in the global search mode in ten parameter 

space by the operator. Also, the acceptable minimum per

formance index was set at a higher level to allow for the 

coarse approximation to the input control.law. 

The data in Table k . 2  demonstrates the harmful 

directional effects of bias during the global mode. The 

zero point represents no bias. Figure k.k supports the 

contention that bias should not be used in the global 

mode. This is especially evident for the difficult time-

optimal control problem. 

k.3.2 Optimal Weighting Method 

The second investigation considers different 

weighting schemes on past successes to ascertain the most 

effective method. The BASS algorithm parameters were 



Table 4.2 Bias versus runs (global search). 
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Number 
of Past 

Successes 

Average Number 
of Runs to 
Convergence 

0 (No Bias) 

1 

2 

3 

4 

Rocket - 0 

26,461 

31,647 

37,153 

58,059 

74,272 

Nonlinear Control 

0 (No Bias) 

1 

2 

3 

4 

64,271 

93,682 

147,266 

201,483 

262,153 



Average number 
of runs to 
convergence 

250,000-| 

200,000 -

A 

0 - Rocket 
A - Control 

100,000 -

0 

~r 

1 

~r 

2 

-r 

3 

Number of past successes 
used for correlation 

Fig. k.k Bias versus runs. 
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chosen, again, as per Table 4.1 (page 82), but this time 

the optimization was automatically allowed to sequence 

through the three search modes. 

Four weighting schemes are listed in Tables 4.3 

and 4.4. Table 4.3 applies to correlation with two past 

successful trials. Table 4.4 applies to correlation with 

four past successful trials. Scheme A weighs recent suc

cesses heavily. Scheme B similarly weighs recent suc

cesses heavily, but the bias is smaller than the bias of 

Scheme A. Scheme C considers equal weighting of past suc

cesses while Scheme D weighs distant successes heavily. 

From Fig. 4.5 and Table 4.5 it is apparent that 

a weighting scheme which favors recent successful trials 

provides a relatively better performance than the other 

methods. 

4.3.3 Single Step Strategy 

The next investigation considers the single step 

strategy effects of the BASS algorithm. This strategy as

sumes that the trials immediately following a successful 

trial with bias should have smaller variances in order to 

stay within a region where the gradient direction has not 

changed too much. Biasing is continued to keep track of 

the approximate gradient direction and small perturbation 

variances reflect less uncertainty or randomness in the 

choice of the trial. 
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Table k.3 Weighting scheme with 
two past successes. 

Scheme Bias Formula 

A \(v) - i/2(1_1u) + iA(1 _ 2u) 

B ^(u) = l/M**"1".) + i/l6(i-2u) 

C V») = l/4(1-1u) + iA(1_2u) 

D ^(u) = ±/%(±-1H.) + l/2(1-2u) 



Table 4.4 Weighting scheme with four past successes. 

Scheme Bias Formula 

A "^(u) = l/2(i-:lu) + l/4(i_2u) + l/8('*'~^u) + l/l6(i""^u) 

B \(u) = 1/4 (1""1u) + VsC1"2") + l/ieC1"3^) + l/32(1_Zlu) 

C "^(u) = + 

D \(u) = l/l6(1_1u) + l/8(1_2u) + l/4(1_3u) + l/2(x"ku)-
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Fig. k.5 Runs versus weighting scheme. 



Table 4.5 Runs versus weighting scheme. 

Scheme 
Average Number of 
Runs to Convergence 

Rocket Problem 

A 90,153 

B 96,316 

C 150,421 

D 163,7^0 

Control Problem 

A 201,420 

B 363 ,120  

C 370,291 

D . 420,980 
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The BASS algorithm was allowed to automatically 

sequence through the three search modes with the parameter 

value set of Table h.1 (page 82); however, the digital 

program was modified to vary the reduction of the current 

perturbation variance when a non-zero bias is used. Of 

course, the variance was increased to its previous value 

after bias was removed (after 1000 consecutive unsuccess

ful trials with the bias). 

Four data points for each problem are shown in 

Fig. 4.6 and Table 4.6. Here a current variance reduction 

ratio of 1/2 means that the current variance is reduced by 

l/2 whenever non-zero biasing occurs. It is evident that 

some reduction is necessary, but the data does not clearly 

indicate a preference of one ratio over another. 

k. Performance Index Structure 

The fourth investigation studies the relative ef

fectiveness of a vector performance index structure as 

compared with a combination of vector and scalar or a pure 

scalar structure. Kavanaugh, Stewart, and Broclcer (1968)  

and Gonzalez (1969) reported that a vector structure will 

reduce chances of moving towards a local minima. However, 

their work was limited to very few parameters. This study 

attempts to clearly distinguish the relative effectiveness 
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Fig. 4.6 Runs versus variance reduction 
ratio. 
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Table 4.6 Runs versus current variance reduction ratio 

Current Variance Average Number of 
Reduction Ratio Runs to Convergence 

Rocket Problem 

0 182,943 

1/2 145,672 

l/4 121,920 

1/8 140,203 

l/l6 130,792 

Control Problem 

0 283,127 

1/2 270,249 

1/4 250,613 

1/8 256,210 

1/16 251,925 
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of a vector structure in inulti-parameter optimization 

problems. 

The BASS algorithm was, again, implemented with 

the parameter set of Table 4.1 (page 82) and allowed to 

sequence automatically. Table 4.7 provides the notation 

for Fig. 4.7. "+" corresponds to arithmetic addition 

while corresponds to the Boolean "and". It is obvious 

from Fig. 4.7 and Table 4.7 that a vector structure is 

cffeotlve. In contrast, the pure scalar structure for the 

optimal control problem defies convergence. Of 100 opti

mizations with the control problem and a scalar perform

ance index, not a single optimization converged. 

4.3.5 Threshold Strategy 

The next investigation determines the relative 

merits of the threshold strategy proposed earlier. This 

strategy classifies the nature of a trial as successful or 

unsuccessful. A successful trial has occurred if the per

formance index is reduced by some fixed percentage of the 

current performance index value. Thus, large improvements 

are required during the initial steps of a search. Termi

nal stages would require small improvements. 

The BASS algorithm is again implemented with the 

parameter set of Table 4.1 (page 82) and sequenced auto

matically. Now the percentage of performance index re

quired to classify a successful run is modified through 



Table 4.7 Runs versus performance index structure. 

Performance Index 

Structure J 
Average Number of 
Runs to Convergence 

Rocket Problem 

A pure scalar C1 l(y-yc)l + |vy |  +  iv x i  326,431 

B scalar/vector C1 l(y-yc)i + ivyi ©ivxi 207,922 

C vector/scalar C1 Ky-yc ) i  © iv y i  + ivxi  215,373 

D pure vector C1 l(y-yc)l ©|vyi@ivxi 140,258 



Table h.l—Continued Runs versus performance index structure. 

Performance Index 

Structure J 
Average Number of 
Runs to Convergence 

Control Problem 

A pure scalar + lx2i + IT I * 

B scalar/vector |3C±I + |x2i @ IT| 520,632 

C vector/scalar Ix^ @ tx2i + ITI 490,541 

D pure vector IX^ © |x2l © |T I 383,720 

*Does not converge. 
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convergence 
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400,000 
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100,000 -
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B 

(all vect 

D 

Performance index structure 

Pig. k.7 Runs versus performance index 
structure. 



the schedule of Table k.8. At the 25% point, the current 

performance index must be improved by 25 percent before a 

trial is declared successful. The experimental data (Fig. 

*1.8) does not indicate any substantial improvement in 

convergence for the rocket problem; however, the nonlinear 

optimal control problem does indeed exhibit an improvement 

for a small percentage requirement. 

k.3.6 Expanded End-Search Strategy 

The last statistical study analyzes the ability to 

jump out of a local minimum in the terminal mode of an 

optimization search (expanded end-search strategy). This 

strategy is implemented by significantly increasing the 

perturbation variance towards the end of an abortive 

search (the performance index is not significantly re

duced). Such a procedure would allow subsequent control 

law trial values to change drastically. 

The BASS algorithm is implemented with the parame

ter values of Table ^.1 (page 82). But the digital com

puter program is modified slightly. Originally, a search 

mode would terminate in three ways discussed previously. 

Now, instead of terminating the search, the perturbation 

variance is increased as in the schedule of Table k.9> 

Should no successful trials result before 1000 consecutive 

unsuccessful attempts, the search is aborted. Should a 

successful trial occur, the variance is reset to its value 
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Table 4.8 Runs versus percentage 
index increase. 

performance 

Percentage 
of Current 

Performance Index 

Average Number 
of Runs to 
Convergence 

Rocket Problem 

0 192,764 

25 177,260 

50 215,833 

75 350,941 

Control Problem 

0 325, V72 

25 277,639 

50 • 301,421 

75 308,527 



o - Rocket 

a - Control 

Runs to 
convergence 

100 

300,000 

200,000 

100,000 

0 
~i— 
25 

-i r~ 
50 75 

Percentage performance index (%) 

Fig. 4.8 Runs versus percentage 
performance index increase. 
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Table k.9 Aborts versus percentage 
variance increase. 

Average Number 
of Aborts in 

100 Optimizations 

Percentage 
Increase In 
Variance 

Rocket Problem 

15 0 

Ik 25 

17 50 

15 75 

15 100 

Control Problem 

30 0 

29 25 

27 50 

28 75 

21 100 
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prior to implementing the expanded end-search strategy. 

It is evident from Fig. k.9 that this strategy is effec

tive for the control problem only with a large percentage 

increase in the variance. 

k.k Summary 

All investigations, to this point, have consid

ered, one at a time, the various strategy elements of the 

BASS random search algorithm. Nearly all of these ele

ments proved effective in increasing the rate of conver

gence. The performance of each investigation is presented 

in capsule form in Table 4.10 for the trajectory problem 

and the control problem; the approximate percentage de

crease in the average number of runs required for conver

gence is listed in each case. 

Although, to some extent, it may have been obvious 

that some of the strategies would be beneficial, it was 

not known just how much the strategies would contribute to 

successful optimization in a space with so many parameters. 

In particular, the single step strategy produced a 25% 

reduction in the number of function evaluations necessary 

for convergence. The weighting scheme for computing the 

bias (which favors recent successes) produced similar re

sults. Even more striking was the necessity for a vector 

performance index structure for the nonlinear control 

problem in order to insure reasonable convergence. 
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o - Rocket 

- Control 

Average number 
of aborts 

30 

20 

10 

0 25 50 75 100 

Percentage variance increase 

Fig. *1.9 Runs versus percentage variance increase. 



Table 4.10 Approximate reduction in runs required to converge. 

Problem 

Preferable 
Weighting 
Scheme For 

Bias Averaging 

Single 
Step 

Strategy 
Threshold 
Strategy 

Vector 
Performance 

Index 

Rocket 
Problem 

20% 25% 10% 50% 

Nonlinear 
Control 
Problem 

50% 20% Necessary 
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Some additional results are noted. As mentioned 

earlier, the nonlinear control problem was chosen inten

tionally as1 a case unfavorable to the proposed direct 

functional optimization. This became more and more appar

ent as the writer began to acquire data on this example. 

Nearly one third of all BASS optimizations for the non

linear control problem terminated without a significant 

reduction in the initial performance index value. In con

trast, the trajectory problem rarely failed to converge. 

Also, the possibility of man-machine interaction 

in the course of the search was extremely useful during 

initial studies. Since the iterations of the search pro

ceeded rapidly, the author had to stop the search periodi

cally in order to observe the progress effected by 

modifications to the basic strategy elements of the BASS 

algorithm. Parrish (l97l) found this operator-interaction 

capability extremely beneficial in his five parameter 

electron beam-transport-design optimization. Stewart, 

Kavanaugh, and Brocker (1967) also relied on human control 

during the satellite attitude-acquisition optimization. 

Surprisingly, for them, the operator interaction produced 

a significant change in a vehicle preliminary design which 

was assumed to be optimal already. 

With the effectiveness of each of the basic strat

egy elements of the BASS algorithm established, the 
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question of performance of the BASS algorithm with all 

preferred characteristics arises. The writer has applied 

the BASS algorithm to both problems with the following 

preferred strategies derived from the previous investiga

tions . 

1. A weighting scheme for bias, u), which favors 

recent successful trials. 

(u) = l/2i(u) + + 
I 

l/81_2(u) + l/l61"3(u) (4*21) 

2. No bias is allowed during global search mode. 

3.  A single step strategy which reduces the current 

variance to l/k of its current value when non-zero 

bias is introduced. 

h. A vector performance index structure. 

5. A threshold strategy which requires the current 

performance index value to be reduced by 25% be

fore a successful trial is declared. 

6. No variance increase is allowed during the termin

al stages of the search (Empirical data suggested 

that the strategy of variance-increase would not 

aid convergence for the trajectory optimization). 
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In addition, the BASS algorithm was allowed to se

quence automatically through three modes, global, local, 

and terminal, with the parameter set of Table *t.l (page 

82). Each mode ended when either of the following condi

tions was true. 

1. K. consecutive unsuccessful trials had occurred. 
1 

2. 1000 consecutive unsuccessful trials had occurred 

between two variance reductions. 

For the trajectory optimization problem, the 

search converged within three to six minutes, usually re

quiring on the order of 100,000 iterations. The difficult 

nonlinear optimal control problem nearly always required 

200,000 iterations with five to ten minutes for conver

gence. In contrast to the trajectory problem, which sel

dom failed to converge, the nonlinear control problem 

failed to converge nearly one third of the time. 

Typical curves for the optimal control sequence, 

u*(t), for the trajectory problem and the nonlinear control 

problem are depicted in Fig. 4.10 and Fig. k.ll. Perform

ance index values, J*, for the trajectory problem curves 

are 

.05, .06, .03 (volts) 

Performance index values, J*, for the nonlinear control 

problem curves are 

.1, .08, .12 (volts) 
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Fig. 4.10 Typical optimal control sequence (trajectory 
problem) generated with BASS. 
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Fig. 4.11 Typical optimal control sequence (nonlinear 
control problem) generated with BASS. 



CHAPTER 5 

CONCLUSIONS 

In contrast to more conventional optimization 

methods (calculus of variations) which involve complicated 

boundary value problems and which double the number of 

system equations, adaptive random search algorithms embed

ded within a hybrid computer environment offer a feasible 

engineering solution to direct functional optimization of 

control and trajectory problems. The method is concep

tually simple, straightforward, and easy to implement. 

The BASS random search algorithm proposed and investigated 

in this study demonstrates, remarkably, the effectiveness 

of adaptive changes in step size and sample-to-sample cor

relation of successive control functions in multi-paramete 

space. 

Not so obvious are the effects of the on-line hu

man interaction capabilities. The ease of temporarily 

suspending a search, observing current progress with an 

alphanumeric display, and modifying search algorithm param 

eters on the DARE console make it valuable for preliminary 

system design because it allows one to study trade-offs 

among various initial system design choices directly in 

110 
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terms of performance. Such preliminary system design mod

ifications might include altering the performance index, 

itself, to best reflect design objectives (in contrast, 

the usual quadratic criteria required by linear control 

theory are fixed and in general difficult to relate to 

the design goals). 

Though extremely large numbers of iterations are 

required for optimization, this does not deter successful 

implementation if a fast digitally controlled analog com

puter is available with a digital computer programmed in 

assembly language. With a computing speed of approxi

mately 500 simulations per second, typical optimization 

times were on the order of three to six minutes for a 100-

parameter trajectory problem simulated on LOCUST. While 

frugal digital computer programming dictated assembly 

language, modern simulation languages implementing the 

assembly language with simple macros make the programming 

task transparent to the user. 

Suggestions for future work include more effective 

utilization of the hybrid computer method by increasing 

the iteration rate further. The LOCUST hybrid interface 

uses double-buffered digital-to-analog converters (DAC) 

data channel transfer. Such double-buffering is unneces

sary here and faster single-buffer DAC's would suffice. 
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Even faster iteration rates are available if a direct mem

ory access (DMA) is used with single-buffered DAC's. 

Other future work might include generating sample 

values for the control function, u(t), which are not even

ly spaced. Gently curved segments of u(t) would require 

sample values spaced further apart than sharply curved 

segments of u(t). 



APPENDIX A 

DIGITAL COMPUTER PROGRAM 

113 
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• Bias Adaptive Step flize (BASS) 
Random Search Algorithm 

Digital Program 

.TITLE MANUAL BIAS ADAPTIVE STEP SIZE (BASS) 
/RANDOM SEARCH 
.GLOBL SUBWR,SUBR,SUBN /FORTRAN 10 
.DEFINE ARRAY,XE,STRT,SZ,SO 

/XE IS A DUMMY VARIABLE 
/STRT IS STARTING ADDRESS 
/SZ IS NUMBER OF WORDS AVAILABLE 
/SO IS NUMBER OF WORDS DESIRED 

LAC SO 
TAD (STRT 
DAC XE 
JMP* XE 

STRT .BLOCK SZ /RESERVES SZ LOCATIONS 
.ENDM 
.DEFINE REED,INQ,PTQ,STQ,SXZ 

/THIS MACRO SEQUENTIALLY DEPOSITS THE CONTENTS OF AN 
/ARRAY WITH STARTING ADDRESS STQ AND LENGTH SXZ INTO 
/REGISTER INQ EACH TIME THE MACRO IS CALLED. PTQ IS 
/A POINTER FOR EXTERNAL RESET. 

LAC SXZ 
TAD STQ 
SAD PTQ 
JMP .+!i 
LAC* PTQ 
DAC INQ# 
ISZ PTQ 
.ENDM 
.DEFINE WROTE,INP,PTX,STRW,SW 

/THIS MACRO DEPOSITS THE CONTENTS OF REGISTER INP INTO 
/AN ARRAY SEQUENTIALLY WITH STARTING ADDRESS STRW WITH 
/LENGTH SW. PTX IS A POINTER FOR EXTERNAL RESET. 

LAC SW 
TAD STRW 
SAD PTX 
JMP .+4 
LAC INP 
DAC* PTX 
ISZ PTX 
.ENDM 
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.DEFINE MEANP,BUFFM,BUFFI,SKK,N 
/THIS MACRO OBTAINS THE WEIGHTED SUMS OF SKK ELEMENTS 
/LOCATED IN SKK ARRAYS OF LENGTH N. THE STARTING 
/ADDRESS OF THE FIRST ARRAY IS LOCATED IN BUFFI. 
/REMAINING STARTING ADDRESSES FOLLOW SEQUENTIALLY. 
/THE WEIGHTED SUMS FOR EACH ELEMENT (THERE ARE N OF 
/THEM) ARE LOCATED IN AN ARRAY WITH STARTING ADDRESS 
/BUFFM. 

LAC BUFFI 
DAC PI# 
LAC (BUFFI 
TAD (1 
DAC TEMP# 
LAC* TEMP 
DAC P2# 
LAC TEMP 
TAD (1 
DAC TEMP 
LAC* TEMP 
DAC P3# 
LAC TEMP 
TAD (1 
DAC TEMP 
LAC* TEMP 
DAC Vk# 
LAC BUFFM 
DAC PM# 
LAC N 
CMA 
TAD (1 
DAC CTR# 
CLA 
LAC SKK 
TAD (INC 
DAC BIP# 

INCR CLA 
JMP* BIP 

INC JMP .+20 
JMP .+14 
JMP .+10 
JMP ,+h 
TAD* P4 
ISZ Pk 
LRSS 1 
TAD* P3 
ISZ P3 
LRSS 1 
TAD* P2 
ISZ P2 



LRSS 1 
TAD* PI 
ISZ PI 
LRSS 1 
DAC* PM 
ISZ PM 
ISZ CTR 
JMP INCR 
. ENDM 
.DEFINE RNDPS,BFFB4,BIAS,BUFFW, 
.ETC MASKP,MASKN,SN,SSZ 

/THIS MACRO OBTAINS A RANDOM PERTURBATION OF EACH 
/ELEMENT IN AN ARRAY WITH STARTING ADDRESS IN BUFFW. 
/THE MEAN VALUE OF EACH PERTURBATION IS IN ARRAY 
/BIAS. THE POSITIVE MASK IS MASKP AND THE NEGATIVE 
/MASK IS MASKN. THE TOTAL NUMBER OF ELEMENTS IS SN 
/AND THE NUMBER OF REPEATABLE ELEMENTS IS SSZ. 
/RESULTS ARE DEPOSITED IN ARRAY BFFB4. 

LAC SN 
CMA 
TAD (l 
DAC CTR# 
LAC MASKN 
LMQ 
LAC SSZ 
CMA 
TAD (1 
DAC NSTEP# 
DAC NNTEP# 
LAC BUFFW 
DAC PTW# 
LAC BFFB4 
DAC Vk# 
LAC BIAS 
DAC PBS# 

RANDS 706412 
SPA 
JMP .+3 
AND MASKP 
SKP 
OMQ 
TAD* P4 
TAD* PBS 
ISZ Pk 
ISZ PBS 

- STEP DAC* PTW 
ISZ PTW 
ISZ NSTEP 
JMP STEP 
LAC NNTEP 
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2,3,RN,RN, 1 
2 

DAC NSTEP# 
ISZ CTR 
JMP RANDS 
.ENDM 
.DEFINE CMASK,MASKP,MASKN 

/THIS MACRO REDUCES THE MASKS MASKP AND MASKN BY A 
/FACTOR OF \ AND LEAVES RESULTS IN MASKP AND MASKN 
/RESPECTIVELY. 

LAC MASKP 
LRSS 2 
DAC MASKP 
LAC MASKN 
LRSS 2 
DAC MASKN 
.ENDM 

BEGIN .INIT 2,1,BEGIN 
CAF 
LDA2C 
LDA2X 
.TRAN 
.WAIT 
JMS* SUBN 
LAS 
AND (16000 
LLSS 4 
TAD (37777 
DAC MASKP# 
CMA 
DAC MASKN# 
LAW -2000 
DAC BDCTR# 

ZCORRL LAS 
AND (700 
LRSS 6 
AND (7 
DAC NCORR# 
CMA 
TAD (1 
DAC GCTR# 
DZM SA# 
LAC (144 
DAC N# 
CMA 
TAD (1 
DAC NEGN# 
LAW -144 
DAC MADCTR# 

ZSTEP LAS 
CLL 
AND (77 

/INITIALIZE THE CRT. 
/CLEAR ALL INTERRUPT FLAGS. 
/CLEAR LOCUST MDAC #2. 

/POSITION CURSOR ON CRT. 

/OUTPUT TITLE BLOCKS ON CRT. 

/BITS 5,6,7 /GET MASKS 

/NOW BITS 1,2,3,••• 

/INITIALIZE CONSECUTIVE BADRUN 
/COUNTER. 

/GET NUMBER OF CORRELATIONS 

/2'S COMPLEMENT 

/NUMBER OF PARAMETERS 

/CONSECUTIVE BADRUN COUNTER FOR 
/BIAS 



118 

SNA 
LAC (1 
DAC SSZ# 
DAC .+3 
LAC N 
IDIV 
0 
LACQ 
DAC NSIZE# 
LAC (377000 
DAC SMALL# 

AC23T LAC (100000 
DAC TEST# 
DZM FLAGH# 
CAP 

REST1 CLA 
LCRL!LCRX!LCRC 
DZM NBORT# 
DZM NGOOD# 
DZM NTOT# 
LAC (SKP 
DAC RUNSW 
DAC REFIL 
LAC (NOP 
DAC END1 
LAC (703001 
DAC* (1576 

START .SETUP 64,703001,INT1 
DBK 
.SETUP 46,DDSF,DINT1 
DBK 
.SETUP 0,LSF1,NO 
DBK 
.SETUP 0,LSF2,GDRN 
DBK 
.IODEV 2 
ARRAY Q#,ARRYW,144, N 
ARRAY QQ#,ARRYB,144,N 
ARRAY QB#,ARRBS,144,N 
ARRAY Q1#,ARR1,144,N 
ARRAY Q2#,ARR2,144,N 
ARRAY Q3#,ARR3,144,N 
ARRAY Q4#,ARR4,144,N 
ARRAY QD#,ARRD,144,N 
LAC (ARRD 
DAC BUFFD# 
LAC (JMP INIT 
DAC START 

INIT LAC (400000 

/NUMBER OF STEPS 

/SMALL WINDOW TESTS 

/LOCUST GOOD RUN TEST 

/LOAD SKP CHAIN 

/SAVE LOCATIONS 

/ENABLE API 



ARRSX 
FTRIAL 

ZERO 

TRLZ 

TRLFT 
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ISA 
LCF1 /CLEAR LOCUST PI FLAGS 
LCF2 
LAC (ARRYW /INITIALIZE POINTERS 
DAC PTW# 
DAC BUFFW# 
LAC (ARRYB 
DAC PTB# 
DAC BUFFB# 
LAC (ARRBS 
DAC PBS# 
DAC BIAS# 
LAC (ARR1 
DAC PTR1# 
DAC BUFFI# 
DAC .+16 
LAC (ARR2 
DAC PTR2# 
DAC BUFF2# 
DAC .+13 
LAC (ARR3 
DAC PTR3# 
DAC BUFF3# 
DAC .+10 
LAC (ARR4 
DAC PTR4# 
DAC BUFF4# 
DAC .+5 
JMP .+7 
.BLOCK 6 
LAC NEGN 
DAC CTR# 
LAW -70 /GET FIRST CONTROL LAW 
DAC NTR# 
LAS 
AND (1000 
SZA 
JMP TRLG 
DZM INPB# 
LAS 
AND (760000 
DAC INPS# 
WROTE INPB,PTW,BUFFW,N 
WROTE INPB,PTB,BUFFB,N 
WROTE INPS,PBS,BIAS,N 
ISZ CTR 
JMP TRLZ 
LAC BUFFW /GET FIRST CONTROL LAW WITH 
DAC PTW# /JOYSTICK 
LAC BUFFB 
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DAC PTB# 
LAC NEGN 
DAC CTR 
701414 
CMA 
AND (700000 
LRSS 1 
DAC BIASS# 
701432 
CMA 
AND (700000 
LRSS 6 
DAC SLOPE# 
LAC BIASS 

BEEP TAD SLOPE 
DAC INP# 
WROTE INP,PTW,BUFFW,N 
WROTE INP,PTB,BUFFB,N 
LAC INP 
ISZ CTR 
JMP BEEP 
LAC NEGN 
DAC CTR# 
LAC BUFFW 
DAC PTR# 
LAC BUFFD 
DAC PTD# 

CLIP REED OD#,PTR,BUFFW,N 
LAC OD 
LRSS 1 
DAC ID# 
WROTE ID,PTD,BUFFD,N 
ISZ CTR 
JMP CLIP 

SHEW LAW -1 
TAD BUFFD 
DAC* (37 
LAW -144 
DAC* (36 
LAC (-20000 
DAC CTC# 
LAC (2630 
IOF 
DSL 
ION 
ISZ CTC 
JMP .-1 
701414 
AND (2000 

/JOYSTICK B BIAS 

/JOYSTICK A SLOPE 

/ADD SLOPE 

/DISPLAY CONTROL LAW 
/GENERATED 

/TRACE FINDER 4 ON? 
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SNA 
JMP SHEW 
701414 
AND (20 
SNA 
JMP TRLFT 
LAC POOR /INITIALIZE TITLE BLOCK 
DAC L8+14 
LAC POOR+1 
DAC L8+15 
LAC P00R+2 
DAC L8+16 
LAC POOR+3 
DAC L8+17 
JMP ENDTR 

TRLG LAC (400000 
DAC INP# 
ISZ NTR 
JMP .+5 
LAC (-1 
DAC NTR 
LAC (377777 
DAC INP 

FILLW WROTE INP,PTW,BUFFW,N 
FILLB WROTE INP,PTB,BUFFB,N 

DZM INPB# 
WROTE INPB,PBS,BIAS,N /ZERO BIAS 
ISZ CTR 
JMP TRLG 
LAC FAIR /INITIALIZE TITLE 
DAC L8+14 
LAC FAIR+1 
DAC L8+15 
LAC FAIR+2 
DAC L8+16 
LAC FAIR+3 
DAC L8+17 

ENDTR LAC NEGN 
DAC CTR 

MNDPZ DZM INPZ# 
WROTE INPZ,PTR1,BUFFI,N 
WROTE INPZ,PTR2,BUFF2,N 
WROTE INPZ,PTR3,BUFF3,N 
WROTE INPZ,PTR4,BUFF4,N 

ERA ISZ CTR 
JMP MNDPZ 
LAC BDCTR 
DAC BADCTR# 
LAC NEGN 
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DAC* (32 /INITIALIZE LOCUST DATA 
LAW -1 /CHANNEL REGISTERS. 
TAD BUFFW 
DAC* (33 

SCREN .TRAN 2,3,RN,RN,1 /OUTPUT TITLES 
.WAIT 2 
.WRITE 2,2,LNBUF, 20 
.WAIT 2 
.WRITE 2,2,LI,20 
.WAIT 2 
.WRITE 2,2,L2,20 
.WAIT 2 
.WRITE 2,2,L3,20 
.WAIT 2 
.WRITE 2,2,L4,20 
.WAIT 2 
.WRITE 2,2,L5,20 
.WAIT 2 
.WRITE 2,2,L8, 20 
.WAIT 2 
.TRAN 2,1,RNC,RN,1 
.WAIT 2 
JMS* SUBWR 
JMP .+3 
.DSA NCORR 
.DSA NSIZE 
.TRAN 2,1,RRC,RN,1 
.WAIT 2 
JMS* SUBR 
JMP .+4 
.DSA NTOT 
.DSA NGOOD 
.DSA NBORT 
JMP STRTL 

SENWS DZM TRFLG# 
701414 
AND (400 /SENSE SWITCH 1 UP? 
SZA 
SKP 
JMP REFIL 
.TRAN 2,1,RRC,RN,1 
.WAIT 2 
JMS* SUBR 
JMP .+4 
.DSA NTOT 
.DSA NGOOD 
.DSA NBORT 

DPLY NOP /DISPLAY CONTROL LAWS 
701414 



FIG1 

FIG2 

FIG3 

FIG4 

FIG5 

DISPL 

AND (37000 
SNA 
JMP TRACE 
70141*t 
AND (20000 
SZA 
JMP FIG1 
701414 
AND (10000 
SZA 
JMP FIG2 
701414 
AND (4000 
SZA 
JMP FIG3 
701414 
AND (2000 
SZA 
JMP FIG4 
701414 
AND (1000 
SZA 
JMP FIG5 
LAC (ARR1 
DAC TEMPD# 
ISZ TRFLG 
JMP DISPL 
LAC (ARR2 
DAC TEMPD 
ISZ TRFLG 
JMP DISPL 
LAC (ARR3 
DAC TEMPD 
ISZ TRFLG 
JMP DISPL 
LAC (ARR4 
DAC TEMPD 
ISZ TRFLG 
JMP DISPL 
LAC BIAS 
DAC TEMPD 
ISZ TRFLG 
JMP DISPL 
LAC NEGN 
DAC CTD# 
LAC TEMPD 
DAC TEMPE# 
DAC PTPD# 
LAC BUFFD 

/ANY BUTTON? 

/BUTTON 1? 

/BUTTON 2? 

/BUTTON 3? 

/BUTTON 4? 

/INITIALIZE DISPLAY CHANNEL 
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DAC PTD# 
CLOP REED OD,PTPD,TEMPE,N 

LAC OD 
LRSS 1 
DAC ID 
WROTE ID,PTD,BUFFD,N 
ISZ CTD 
JMP CLOP 
LAW -1 
TAD BUFFD 
DAC* (37 
LAW -144 
DAC* (36 
LAC (-30000 
DAC CTR 
LAC (2630 
IOF 
DSL 
ION 
ISZ CTR 
JMP .-1 
JMP OUTDP 

TRACE LAC TRFLG 
SZA 
JMP DISPL 
LAW -1 
TAD BUFFB 
DAC TEMPD 
JMP DISPL 

OUTDP 701414 
AND (400 
SZA 
JMP DPLY 

LOCPH 701414 
AND (40 
SZA 
JMP BEGIN 

ZCIRRL LAS 
AND (700 
LRSS 6 
AND (7 
DAC NCORR# 
CMA 
TAD (1 
DAC GCTR# 
DZM SA 
LAC (144 
DAC N 
CMA 

/SCALE DISPLAY REGISTER 

/START DISPLAY 

/SSI STILL UP? 

/YES. DISPLAY AGAIN. 
/SS4 UP FOR BEGIN? 

/RETURN TO GLOBAL SEARCH 

/SET CORRELATION 



ZSTIP 

CLWD 

OPWD 

RFILL 

SASS 

TAD (1 
DAC NEGN 
LAW -144 
DAC MADCTR 
LAS 
CLL 
AND (77 
SNA 
LAC (12 
DAC SSZ# 
DAC .+3 
LAC N 
IDIV 
0 
LACQ 
DAC NSIZE 
701414 
AND (200 
SNA 
JMP RFILL 
701414 
AND (100 
SNA 
JMP OPWD 
LAC MASKP 
LRSS 1 
DAC MASKP 
CMA 
DAC MASKN 
JMP RFILL 
LAC (77777 
DAC MASKP 
CMA 
DAC MASKN 
LAC (NOP 
SAD END1 
JMP .+13 
DAC END1 
LAC ( SKP 
DAC RUNSW 
DAC REFIL 
LAC BUFFB 
DAC BUFFW 

/SET NUMBER OF STEPS 

/REDUCE MASKS 

/OPEN MASKS 

/RESET SWITCHES 

.TRAN 2,1,RNC,RN, 1 

.WAIT 2 
JMS* SUBWR 
JMP .+3 
.DSA NCORR 
.DSA NSIZE 

/OUTPUT TITLE 



STRTL 

GOAGN 
REFIL 

MASKN, 
RERUN 
HOLD 
INT 2 

INT1 

.TRAN 2,1,RRC,RN,1 

.WAIT 2 
JMS* SUBR 
JMP .+3 
.DSA NTOT 
.DSA NGOOD 
.DSA NCRIT 
LAC (400000 
ISA 
LCF1 
LCF2 
JMP STRTL 
IOF 
LAC (500000 
LCRL!LCRX!LCRC 
ION 
JMP HOLD 
SKP 
JMP RERUN 
RNDPS BUFFB, BIAS, BUFFW,MASKP,$ 

/START LOCUST 

INT 3 

SRCHE 
RUNSW 

RDIO 

ACC23 

NSIZE,SSZ 
JMP STRTL 
JMP . 
DAC ACSAV# 
LAC* (0 
DAC PCSAV# 
JMP INT3 
JMP INT2 
DAC ACSAV# 
LAC INT1 
DAC PCSAV# 
LAC (JMP INT2 
DAC INT1 
703002 
CLA 
ION 
LCRL!LCRX!LCRC 
702212 
AND (20000 
SZA 
JMP FIN 
SKP 
JMP END1 
LP1 
ISZ NTOT 
702212 
AND TEST 
SAD TEST 
JMP GDRN 

/GET RANDOM PERTURBATIONS 

/API AND PI INTERRUPT 
/SERVICING ROUTINE. 

/API ENTRY 

/ABORT BY CHOICE? 

/ABORT BY CHANCE? 
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GDRN 

GOOD 

LDWARR 

MEENP 

JMP NO 
DZM FLAGH 
LP4 
ISZ NGOOD# 
LAW -IKK 
DAC MADCTR 
LAC GCTR 
SMA 
JMP MEENP 
LAC (ARRSX 
TAD SA 
DAC TEMP# 
LAC* TEMP 
DAC TEMP 
DAC PATW# 
LAC NEGN 
DAC CTR 
LAC BUFFW 
DAC PATR# 
REED OUTW#,PATR,BUFFW,N 
WROTE OUTW#,PATW,TEMP,N 

/LOCUST PI ENTRY POINT 

/GOOD RUN 

/COMPUTE BIAS 

STOWAR 

ENDO 
NO 

ISZ CTR 
JMP LDWARR 
ISZ SA 
NOP 
ISZ GCTR 
NOP 
JMP STOWARR 
LAC NCORR 
CMA 
TAD (1 
DAC GCTR 
DZM SA 
MEANP BIAS,j 
LAC MASICP 
DAC MAKPT# 
LAC MASKN 
DAC MAKNT# 
LAC (17777 
DAC MASKP 
CMA 
DAC MASKN 
LAC BUFFW 
DAC BUFFB 
LAW -2000 
DAC BADCTR# 
JMP RUNLOP 
ISZ MADCTR 
JMP NZBIAS 

/REDUCE MASKS FOR BIAS 

/BAD RUN 
/LOCUST BADRUN ENTRY POINT 



/ZERO BIAS 

/RESTORE MASKS? 

/WINDOWS REDUCED TWICE 
/CONSECUTIVELY? 

ZBIAS LAC NCORR 
CMA 
TAD (1 
DAC GCTR 
DZM SA 
LAC MAKPT 
DAC MASKP 
LAC MAKNT 
DAC MASKN 
LAC NEGN 
DAC CTR 
LAC BIAS 
DAC PBS 

ZEBIS WROTE SA,PBS,BIAS,N 
ISZ CTR 
JMP ZEBIS 

NZBIAS ISZ BADCTR 
JMP RUNLOP 
LAC FLAGH 
SZA 
JMP FINO 
ISZ FLAGH 
LAW -1000 
DAC BADCTR 

HLVWT CMASK MASKP,MASKN 
LAC MASKP 
AND SMALL 
SZA 
JMP RUNLOP 

FIN1 LAC (222222 
DAC NBORT 
LP2 
JMP FIN 

FINO LAC (777770 
DAC NBORT 

FIN LAC (NOP 
DAC RUNSW 
DAC REFIL 

END1 NOP 
LAC (JMP RUNLOP 
DAC END1 

SWBACK LAC BUFFB /SWITCH BUFFERS 
DAC BUFFW 

RUNLOP LAC NEGN /RESET LOCUST DATA CHANNEL 
DAC* (32 /REGISTERS 
LAW -1 
TAD BUFFW 
DAC* (33 

/SMALL MASK ABORT 

/WINDOW REDUCE ABORT 
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DINT 2 

DINT1 

DINT3 

LNBUF 

LI 

L2 

L3 

/BLACK AND WHITE DISPLAY 
/INTERRUPT ROUTINE. 

/API ENTRY POINT 

/ENABLE API 

LDA2C 
LDA2X 
ION 
DBR 
XCT +1 
JMP* *(SENWS+200000 
DAC DACSAV# 
LAC* (0 
DAC DPSAV# 
JMP DINT3 
JMP DINT2 
DAC DACSAV 
LAC DINT1 
DAC DPSAV 
LAC (JMP DINT2 
DAC DINT1 
DDCP 
ION 
LAC (400200 
DBK 
ISA 
LAW -144 
DAC* (36 
LAC TEMPD 
DAC* (37 
IOF 
LAC (0 
DSL 
ION 
LAC DACSAV 
DBK 
DBR 
XCT .+1 
JMP* DPSAV 
10002 
0 
.ASCII 12 12 15 
24002 
0 
.ASCII 11 /HYBRID RANDOM / 
.ASCII /PERTURBATION/ 12 15 
24002 
0 
.ASCII 11 40 40 
.ASCII /FUNCTIONAL / 
.ASCII /OPTIMIZATION/ 12 15 
24002 
0 
.ASCII 11 40 40 40 40 40 
.ASCII 12 15 

/SHUT DOWN DISPLAY 

/MACRO TITLES 
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L4 

L 5  

L8 

RN 
RNC 
RRC 
POOR 
FAIR 

24002 
0 
.ASCII 
.ASCII 
24002 
0 
.ASCII 
.ASCII 
.ASCII 
24002 
0 
.ASCII 
.ASCII 
.ASCII 
0 
0 
0 
0 
0 
1 
1 7  
21 
.ASCII 
.ASCII 
.END 

11 11 
/MICHAEL ANDREWS/ 15 

12 40 40 40 
12 12 12 11 /SEARCH / 

/PARAMETERS/ 12 15 

11 /INITIAL TRIAL/ 40 
40 40 40 40 11 /=/ 
15 

40 /LINEAR/ 
40 /CALIBRATE/ 
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Subroutine A 

SUBROUTINE SUBRD(NTOT,NGOOD) 
K = NTOT 
N = NGOOD 
WRITE (2,200) N,K 
RETURN 

200 FORMAT(7X*N0. OF GOOD RUNS*5X 
ft *=*1X,17/8X*T0TAL NO. OF RUNS*4X 
$ *=*1X,17) 

STOP 
END 
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Subroutine B 

SUBROUTINE SUBWR(NCORR,NSIZE) 
I = NCORR 
J = NSIZE 
WRITE(2,100) I,J 
RETURN 

100 FORMAT(7X*C0RRELATI0N*10X*=*6X, 
$ I2/8X*N0. OF STEPS*9X*=*6X,I2) 

STOP 
END 
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Subroutine C 

SUBROUTINE SUBN 
WRITE (2,300) 
RETURN 

300 FORMAT (19X*THE*/9X*COMPUTER * 
$ *SCIENCE RESEARCII*/l6X*LABORA* 
$ *TORY*//l7X*PRESENTS*//l2X* 
§ INTERACTIVE HYBRID*//llX*COMPUTER 
$ OPTIMIZATION*/I6X*ALGORITHMS*// 
$ 20X*BY*//L3X*MICHAEL ANDREWS*/// 
I 11X*UNIVERSITY OF ARIZ0NA*//L4X 
& *TUCSON,ARIZONA*) 

STOP 
END 
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ANALOG COMPUTER PATCHBAY SETUP 
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