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PREFACE 

The purpose of this study was to investigate the feasibility of 

optimizing a particular simulated real system by means of selected in

formation from the output of a simpler, idealized version of a more 

complex simulated system. For investigative purposes the particular 

example of a minimum time trajectory for a two-dimensional aircraft be

tween two points was chosen. The Phantom F-4C aircraft was selected as 

the subject vehicle. The overall procedure developed during the inves

tigation was numerical since the governing equations were non-linear 

and coupled so as not to be solvable in closed form by analytical means. 

Consequently, the research was conducted mainly on an electronic digital 

computer. All the computer programs were created by the author with one 

minor exception involving a least squares fit. 

The electronic digital computer research facilities at both the 

Universities of Arizona in Tucson and of Missouri in Columbia were uti

lized during the investigation. The author expresses his gratitude as 

well as acknowledgement to both of the aforementioned facilities without 

whose excellent services the investigation could not have been accom

plished. 

During the five-year period throughout which the author's back

ground as well as research was implemented, financial support was pro

vided by the Ford Foundation.Forgiveable Loan Program and graduate 

teaching fellowships as well as tuition scholarships at the University 

of Arizona. These sources of financial support were quite vital 
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because of the author's family responsibilities, and are acknowledged 

by the author with deepest appreciation. 

In addition during the past two years the author has been a 

full time staff member of the Mechanical and Aerospace Engineering 

Department at the University of Missouri in Columbia. The author 

wishes to express acknowledgement and gratitude to the University of 

Missouri, particularly the Mechanical and Aerospace Engineering Depart

ment, the Engineering Experiment Station, and the College of Engineering 

for all the consideration and full support offered by them. 

Finally, but most of all, the author expresses his sincere ap

preciation and acknowledges the expert assistance of his advisor, Dr. 

Thomas L. Vincent, whose enduring patience, initial and continued sug

gestions, and encouraging words were vital sustaining elements during 

the entire period in which the investigation was conducted. 
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ABSTRACT 

An approximate optimal guidance scheme to achieve minimum time 

flight of a simulated F-4C Phantom aircraft flying in a vertical plane 

between two specified points in range-altitude space was investigated. 

The technique involved determining the guidance program from a greatly 

simplified version or idealized model of the simulated aircraft. The 

minimum time flight equations of the idealized model were obtained from 

the calculus of variations. Both the idealized model and simulated 

real aircrafts constituting the system were investigated with the aid 

of an electronic digital computer. 

An idealized version of the aircraft was first selected and 

analyzed. This was based on constant values of thrust, weight, drag 

coefficient, and uniform atmospheric condition. By means of the cal

culus of variations the optimizing equations in comparatively convenient 

analytic form were obtained. These equations, governing minimum time 

flight for the idealized model, were numerically solved on a digital 

computer to yield an optimum trajectory between two specified points. 

The consequent flight angle program from this idealized model calcula

tion then provided a basis upon which an approximate optimal guidance 

program for the simulated real aircraft was obtained. 

The real aircraft was simulated by acquiring vendor information 

and thereby allowing for variable thrust, drag coefficient, and specific 

fuel consumption. In addition the atmosphere was considered to have 

variable density and temperature as based on information from a table 

x 
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defining a model atmosphere. The flight trajectory of the simulated 

real aircraft was determined by the governing dynamical equations of 

motion, kinematical equations, the factor of varying weight, and atmos

pheric considerations as well as the time dependent guidance program 

provided by the idealized model. 

The results of the investigation revealed two particularly 

notable observations as follows: 

(1) The value of the drag coefficient is a vital factor in achieving 

suboptimal guidance for the simulated real aircraft, and 

(2) A smooth approximate minimum time trajectory for the simulated 

real aircraft can be obtained with a single guidance program from 

its idealized counterpart. 

The determination of the approximate location of the optimal trajectory 

for the simulated real aircraft was achieved by examining a series of 

flight trajectories guided along parabolic paths. The effects of the 

other variables (thrust, specific fuel consumption, and atmospheric 

conditions) for the simulated real aircraft were found to be compara

tively insignificant insofar as their effect on causing the trajectory 

of the simulated real aircraft to deviate from that of the idealized 

model. 

Due to the pronounced effect of the drag coefficient the appli

cability of the technique investigated to a real aircraft is limited. 

However, the general idea underlying the method can probably be applied 

to other particular engineering systems with greater success. 



CHAPTER 1 

OPTIMIZATION, GUIDANCE, AND GENERAL DESCRIPTION OF PROBLEM 

1.1 Introductory Comments 

This investigation involved determining the effectiveness of a 

suboptimal guidance scheme on the control of a simulated real physical 

system. The guidance scheme was obtained by optimizing an even simpler 

version of the real system. The reason for such an approach was to 

overcome the formidable task of obtaining analytic expressions for the 

optimal guidance of a complex simulated real system. This study dif

fered from past investigations of closed loop control which do not 

utilize the control from an associated idealized model. 

The real system selected for the investigation was an F-4C 

aircraft. For the study it was simulated as accurately as possible in 

terms of analytical expressions. The objective was to determine for 

the simulated aircraft a minimum time trajectory in a vertical range-

altitude plane between two specified points. The solution to the 

problem formulation required solving a two-point boundary, value problem. 

The detailed description of the particular problem utilized for the 

purposes of the investigation is given in Chapter 3. The remainder of 

this first chapter will be devoted to presenting a brief background 

for the understanding of the particular problem and technique that was 

involved. 

1 



1•2 Optimal Trajectories 

The dictionary definition of the word optimal is listed simply 

1 ̂ 
as "most desirable or satisfactory." Optimal is the adjective form 

of the word optimum which has a dictionary definition of being "the 

2 
best or the most favorable degree, condition, amount, etc." In the 

field of engineering in the study of systems, an optimum is taken as 

the minimum or maximum of some particular physical quantity associated 

with a system. Such an optimum can be determined experimentally, 

analytically, or numerically depending on the formulation of the quan

tity being optimized. The achievement of an optimum involves control 

or guidance of the system from an initial to a final state by some means 

so as to cause the system to follow a definite continuous sequence of 

states. 

The continuous sequence of states involved when a system goes 

from its initial to its final state is called a trajectory. The popu

lar notion of a trajectory is that it is the path of an object or 

point traversing space. In more general terms a trajectory is a curve 

in state space, which is characterized by a finite number of real 

variables x^, x^. In general, the values of these variables 

depend on time t, and the locus of points x = (x^, X£, ..., x^) defin-

—0 —1 
ing a path from some initial state x to final state x is called a 

trajectory in state space. From a geomecric viewpoint the "state of 

a system" is regarded as a point x in an n-dimensional Euclidean space 

denoted En, and the continuous set of points from, an initial to a final 

* A numerical superscript denotes a reference. All references 
are listed after the nomenclature following the appendix. 



point described above in En is a trajectory. 

Since the geometric interpretation offers a convenient and 

lucid means of describing optimal systems, the approach and nomencla-

3 ture offered by Leitmann will be followed. Attention will be focused 

on systems where the state changes with time and consequently are 

called dynamical systems. It will be assumed, that the change in state 

for a dynamical system is specified by a set of differential equations. 

The state x of a dynamical system at any given time is denoted x(t). 

The initial time is denoted by t^ and the final time by t^. The dif

ferential equations which govern the time history of the state of a 

dynamical system may be referred to as rules. Obviously, there are 

many such rules that will govern the dynamical behavior of a system. 

A particular rule that assigns a unique number called the cost V 

—0 to each transfer of a system from an initial state x in finite time 

to any one of a set of prescribed final states 0^ is called a perform

ance index. The cost V depends in general on the initial and final 

states, the rules r, and the path p; hence, it is denoted by 

V = V(x°, x1; r, p). (1.1) 

1 —1 * 
If 0 denotes the set of prescribed final states for x then rules r 

* —1* ~1 
are said to be optimal along a path p if it reaches the state x e 0 

in such a manner that the cost V assumes a minimum value. This situa

tion is denoted as follows: 

V(x°, x1*; r*, p*) £ V(x°, x1; r, p) (1.2) 

for all admissible rules r. 

Attention will be directed to physical systems whose state x 

changes with time and whose behavior is specified by the following 



ordinary differential equations: 

' jy 
— f j (x^ ,X£ j •.. ,x^,Uj >U2»" *" ^ — (i«3) 

where the underivated quantities u^ •. • jti^ are called control vari

ables. The points u = (u^,U£,•..5um) define an m-dimensional Euclidean 

space Em. The vector u is called the control vector for the system, 

and the specification of u = u(t) on some time interval [t^jt^] governs 

the exact dynamical behavior of the system during that time interval. 

The objective of optimal control is to arrive at a specification of 

u(t) that yields minimum value to the cost function V. This results in 

an optimal trajectory in state space. 

The performance index is often expressed as a functional in the 

form 

'l — — 
/ f_(x(t), u(t) ) dt. (1'.4) 

2 

For any state x(t) at time t e [t^jt^] the cost of transferring to the 

state x"^ is 

t, _ _ 
V = /t fQ(X(T), u(T) ) dT. (1.5) 

The value of V in Equation (1.4) for t = t^ will then represent the 

total cost of transfer from t = t^ to t^. 

1.3 Variational Approach to Optimization 

For the general system under consideration the functional given 

by Equation (1.4) will be minimized by the variational approach affor-

4 ded by the calculus of variations. The variational approach is based 

on an imagined change or variation in the given functional. 



In addition to the functional (1.4) a given system is also sub

ject to constraint equations (1.3). These equations may be written as 

*3 = *3 " fj(xl'x2» * * *'xn>ui»u2'''',Um) = 0 

3 = 1,2,...,n (1.6) 

so that the functional (1.4) subject to constraints (1.6) constitutes a 

mathematical statement of the problem which is to be solved for an opti

mum value of the functional. The method of Lagrange multipliers or the 

multiplier rule as presented by Bliss"* is applicable here. This method 

provides the means for optimizing a single functional rather than the 

functional to be extremized subject to separate constraint equations. 

For this purpose the following augmented function F is defined: 

F = fQ + j = 1,2,...,n (1.7) 

where the repeated subscripts will be understood to denote a summation 

,and Aj = ^j(t) are called Lagrange multipliers. For convenience denote 

F(-^j >^2, • « •,x^,u^,u2, • . •,— F(z) (1.8) 

where z represents x augmented by u. Then the multiplier rule allows 

the problem under consideration to be formulated as the minimization of 

t, 
V = / F(z) dt (1.9) 

t. 

'1 „ 

;o 
subject to no constraints. It is evident that the situation has been 

reduced to a much simpler form. However, the introduction of the 

A. (t) has increased the number of unknowns. 
3 

A change AV in the functional (1.9) due to variations 6z^, Sz2» 

..., 6Zp where p = n + m is given by 



AV = / * [F(z, + 6z,, z„ + Sz0, z + 6z ) 
^ L 1 12 2 P P 

- F(z1,z2,...,z )] dt. (1.10) 

From the general Taylor's Series expansion of F about the point z = 

(z^yz^,...,Zp) there results 

F( z 1  + 6z,, z + Sz„, ..., z + 6z ) = F(z,,z„, . . . ,z ) 1 1 Z Z p p x z p 

J. 9F ft -u 1 

+ 8z, k + 2 
k 

6z. 
dz, lc 
k 

F *f~ ... k 1,2,. . . ,p. ( l . U )  

Substituting Equation (1.11) into the integrand of Equation (1.10) re

sults in 

t, 
AV - / 1 

9F x oT- OZ. oz, lc 
k 

*  + u l  fc 6zu 
k 

F dt + ( 1 . 1 2 )  

"0 0 

In simpler form the total change in V may be written as 

AV = SV + -|<$2V + .. . (1.13) 

where 6V is called the first variation and 6 V is the second variation. 

A necessary condition for a minimum is that 

SV = 0. (1.14) 

A sufficient condition that V be a minimum is that 

6 V > 0. (1.15) 

If 6 V = 0 then the next higher order term in Equation (1.13) must be 

examined. For systems in which the maximum cost is desired the afore

mentioned procedure is still applicable merely by assigning a negative 

value to the cost. Then minimization of the resulting expression is 

synonymous with the finding of maximum cost. For-many physical systems 

the ascertaining of whether the cost is a maximum or a minimum is 



apparent from physical considerations. 

1.4 Optimization Problems arid Methods 

In engineering systems the first decision in solving any prob

lem so as to accomplish some desired mission or cost in an optimal 

manner is to select what quantity is to be optimized. Thus any optimi

zation problem is optimal relative to the quantity being minimized. 

There are a variety of optimizing methods other than the calcu

lus of variations both analytical and numerical in nature that may be 

found in an excellent book edited by Leitmann. A comparison of some 

of the basic numerical optimization methods is reported in a survey 

article by Tapley and Lewallen.^ In order to implement the technique 

of the investigation the calculus of variations was required to arrive 

at the analytic formulation of the approximate optimal guidance program 

of the idealized model as well as to indicate the complexity involved in 

solving the optimizing equations for the simulated real system directly. 

In addition to the book edited by Leitmann there are a number of good 

references available on the calculus of variations of which the one by 

g 
Bliss is particularly suitable. Other references are listed in the 

Supplementary Bibliography section after the Appendix material. 

The calculus of variations has wide applications in engineering 

such as in aircraft trajectory problems that have already been men

tioned. In addition it is applicable to problems in such areas as 

vibrations, aerodynamics, elasticity, quantum mechanics, geometrical 

9 optics, and electrostatics. The calculus of variations was developed 

largely as a result of interest in certain applied problems such as the 



8 

brachistochrome and the isoperimetric problems. The word "variation" 

refers to an imagined change or increment in the function x(t), denoted 

as Sx(t), which is analogous to the finite increment At of the indepen

dent variable in ordinary calculus. There exists a close analogy 

between the calculus of variations and ordinary calculus.The fol

lowing two sections will be devoted to the pertinent basic results from 

the theory of the calculus of variations for one independent variable. 

1.5 The Problem of Bolza 

The problem of Bolza is a particular formulation of a class of 

problems in the calculus of variations. Two other common formulations 

of such problems in the calculus of variations are those of Mayer and 

of Lagrange. Any of these three problems can be converted to either of 

the other two forms."** 

A general analytical statement of the problem of Bolza for the 

case of two separated end points "0" and "1" in state space is the fol

lowing : 

Given the functional of the form 

_ 1 t. 
¥ = [z(t,x)]| + / f(t,x,u) dt (1.16) 

0 'o 

subject to the constraints 

Xj = * (t,x,u) j = 1,2-, ... ,n (1.17) 

where x = (x^,x2»•••,x ) is the state vector, u = (u^,•••,um) is the 

control vector, and x. is the ordinary derivative of x. with respect to 
J J 

the independent variable t. Among the class of functions x = x(t) and 

u = u(t) which satisfy the constraints (1.17), find that particular set 



—A —& 
x (t) and u (t) which minimizes the value of the functional ¥ defined 

by (1.16) where the end conditions are specified by 

— 0 — 1  
Qg(tQ,t^,x ,x ) = 0 s = 1,2,... ,r <_ 2n + 2. (1.18) 

The foregoing statement of the problem of Bolza has been put in control 

notation, and the analogous statement in classical notation will be 

12 
found in the basic book by Bliss. 

1.6 The Multiplier Rule arid the Euler Equations 

According to Bliss^ in Theorem 74.1 called "The Multiplier Rule" 

there exist so-called Lagrange multipliers X,(t) and y not all zero 
J S 

and a function 

H = - f j = 1,2,.. . ,n (1.19) 
3 3 

where (J), is given by Equation (1.17), such that A.(t) are continuous on 
3 J 

[tQ,t^] except possibly at values of t defining corners or discontinui

ties in the first derivatives of x^ such that the following Euler 

Equations hold (Equation (74.8), Bliss): 

State variable equations: 

| |  + X ± = 0  i = 1.2,...,n (1.20) 
i 

Control variable equations: 

|| = 0 k = 1,2,...,m (1.21) . 

Lambda equations: 

+ x. = 0 j = l,2,...,n (1.22) 

In addition, at the end points 0 and 1 the following equations hold as 
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follows with the introduction of the multipliers y from Equation 
s 

(74.9) of Bliss: 

Initial point "0" 

H 0  
+ Ho - 0 

3G (1>23) 
7j- - Xi0 = 0 i = 1,2,... ,n 

xO 

Final point "1" 

- H - 0 
"l -

SG (1>24) 

= 0 i = l»2,j. .,n 

where G is defined by 
1 

Ĝ t0'tl 'XiO'XiP = Cz(tjX_^)3| + Vg^g s = 1,2,... ,r. (1.25) 

The Lagrange multipliers y are constants, and the are the end condi-
s s 

tions (1.18). Equations (1.20) through (1.22) comprise the necessary 

conditions based on setting the first variation equal to zero (see 

Equation (1.14) ) for the optimization of the trajectory defined by 

& £ 
x (t) under the optimal control u (t) for the problem of Bolza. Equa

tions (1.23) and (1.24) are consequences of the so-called transversality 

condition, and they together with the end point conditions (1.18) con

stitute a set of (2n + 2 + r) unknowns tn, t,, x._, x.1} and y . For 
0 1 xO xl s 

an actual problem the value of t^ and some of the x^^ and x_^ are 

specified directly which serves to make the task of solving for the 

unspecified unknown values easier. In general, however, the entire set 

of equations is solved simultaneously and thus result in determining 
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the end points and consequent optimal trajectory. 

1.7 Open Loop arid Closed Loop Control 

The control of any system is said to be open loop if the opti

mum trajectory is determined directly by the control vector u without 

any possibility of adjustments. On the other hand for most systems it 

is desirable to be able to adjust the trajectory control because of the 

effect of perturbing factors such as those caused by natural environ

mental occurrences and those attributable to human error. In such 

situations a closed loop control law is sought so that the trajectory 

may be corrected and have it remain as near optimal as possible. 

Closed loop control involves feedback, and systems that utilize 

feedback for control purposes are an integral part of modern technology. 

Examples of such systems range from comparatively simple toys to large 

complex production equipment as well as entire factories. Since the 

13 
existence of feedback is not always easy to demonstrate Wilts indi

cates that a completely general definition of feedback is difficult. 

In closed loop control the existence and nature of feedback must be 

spelled out. For the case of a simple feedback system some specified 

parameter is being controlled. Closed loop control is achieved by mak

ing an actual comparison of the state of the system with its desired 

value, then the deviation between the two values is used for corrective 

14 
control purposes. According to Horowitz in one sense feedback control 

is a means for "coping with ignorance." The purpose of this paper is 

to investigate the attainment of closed loop control with feedback from 

an idealized model of the simulated real system. 
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1.8 Clbsed Loop Optimal Coiitrol 

Past investigations reported in generally available literature 

on closed loop control of a system have approached the problem by re

computing the optimal control vector at successive times. None of the 

reported investigations approached optimal guidance with an auxiliary 

idealized model as was done in this paper. Dreyfus and Elliot*"* have 

utilized a linear feedback guidance scheme in one of their investiga

tions. The linear feedback guidance scheme was based on successive 

linearized corrections to the control vector u(t) of the given system. 

Host of the research efforts on closed loop optimal control have been 

based on the second variation utilizing the actual equations governing 

the dynamical behavior of the system. Kelley*^ has explored a guidance 

concept based on the second variation. In this particular investiga

tion Kelley pointed out that the method is equivalent to generating a 

field of extremals in the neighborhood of a preselected extremal which 

serves as a "nominal" trajectory. 

17 
Breakwell, Speyer, and Bryson have developed a scheme based 

on a linear perturbation from the nominal optimal path which then neces

sarily involves the second variation. The results of this investigation 

applied to a simple system were quite satisfactory. However, the au

thors of the paper were careful to state that "It is impossible to 

precisely evaluate the performance of the guidance scheme." In a later 

18 
investigation Speyer and Bryson have modified the linear perturbation 

feedback scheme of the aforementioned investigation. The particular 

problem investigated in this paper'was one in which the final time was 

unspecified. The modification involved the utilization of a set of 
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precalculated gains designed to allow in-flight estimation of the ad

justment required in final time due to perturbations from some nominal 

trajectory. 

Another means for obtaining analytic equations for implementing 

feedback control based on a mathematical error criterion has been de-

19 
veloped by Merriam. The implementation of this particular technique 

depends on the selection of some error criterion then minimizing it. 

20 
In a later investigation Ellert and Merriam apply the technique of 

the previous reference to the aircraft landing problem. The particular 

means they employ to implement the minimization of error criterion is 

called the Parametric Expansion Method which involves assuming a parti-

21 
cular quadratic form for the error criterion. Bailey has applied the 

same technique, to the guidance and control of a rocket booster. 

For the investigation conducted by the writer, closed loop op

timal control was approximated by utilizing the analytical optimizing 

equations of an idealized version or model of the simulated real system. 

Consequently, the approach of selecting an auxiliary idealized model 

for optimal guidance purposes differed from all past investigations 

which involved only the simulated real system equations and based opti

mal control on them. The optimizing equations for the idealized model 

used in the investigation were nonlinear. The need for introducing the 

idealized model of the simulated real system was due to the complexity 

of the equations defining the simulated real system, and such complex

ity obviated the obtaining of analytical optimizing equations. In the 

next section the approach adopted by the writer will be described in 

general terms. 
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1.9 General'Description ofSuboptimal^ Closed Loop Guidance 

The purpose of guidance or control of any system is to achieve 

some specified objective or mission. If such a mission is to be accom

plished in a "best" manner with respect to some particular criteria or 

quantity then it is said to be optimal. In those situations where it is 

impractical or impossible to achieve a mission optimally then approxi

mate techniques must be introduced to achieve the mission in a subopti-

mal or quasi-optimal manner. The investigation undertaken by the 

writer was of this category. 

The technique adopted in the subject investigation was to con

trol a simulated real system by means of an idealized model of the 

system. The optimal output from the idealized model provided the neces

sary information to guide the simulated real system. The system 

investigated was the aircraft minimum time problem mentioned earlier, 

and the actual system as well as equations utilized are presented in 

detail in Chapter 3. 

The suboptimal nature of the problem was due to the fact that 

the control equations from the idealized model were utilized for the 

guidance of the simulated real system. Since the idealized model is in 

a sense a sub-system of the more elaborate simulated real system, the 

control can be regarded as "suboptimal". 

The closed loop or feedback control was provided by comparing 

selected optimal outputs from the idealized model such as radial dis

tance and velocity with those resulting from the simulated real system. 

When the deviation from such a comparison became excessive, a new or 

revised optimal guidance program was determined using the idealized 
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model. This revised guidance program then was utilized for continuing 

the trajectory of the simulated real system. For the particular problem 

investigated the closed loop feature was ultimately found to be unneces

sary. In general, however, for any other example problem, this may not 

be the case especially in those problems where there are pronounced 

perturbations causing appreciable deviations from the trajectory. 

The real system was simulated using both analytical and empiri

cal equations as well as tabular data. As has been the case for other 

investigations of closed loop control or guidance, a digital computer 

was utilized to solve the equations by numerical means. 

1.10 Application of ' Suboptimal, Closed Loop Guidance to Other Problems 

Although the investigation focused attention on a particular 

aircraft minimum time problem, the general idea and technique is appli

cable to a wide variety of dynamic systems requiring optimal closed 

loop control. Any such system with control vector u for which a conven

ient analytical formulation cannot be obtained is one for which the 

approach described in the previous section is applicable. Given such a 

system the initial procedure is to define a simplified idealized model 

of the system by introducing as many assumptions as needed to arrive at 

a model for which an exact optimal solution can-be analytically derived. 

By utilizing pertinent information from this exact optimal solution of 

the idealized model, the consequent control vector u = u(t) is available 

to suboptimally guide the original dynamic system. 

It is evident that the applications of the method investigated 

by the writer are quite numerous as well as broad in applicability. For 



16 

those systems where the subject method is applicable the present inves

tigation has revealed that one limitation is that the existence of an 

extremely sensitive parameter will cause the method to fail for certain 

situations. However, the method appears to be a reasonable approach for 

the approximate optimal control of systems in which the deterring ef

fects of sensitive input parameters is absent. Future research utiliz

ing the method on other example systems should yield additional insight 

as well as useful results. 



CHAPTER 2 

NUMERICAL SOLUTION OF NONLINEAR, TWO-POINT BOUNDARY 
VALUE PROBLEMS IN THE CALCULUS OF VARIATIONS 

2.1 Introduction 

As was indicated and evident from the material covered in Chap

ter 1, the mathematical formulation of a problem in optimization theory 

utilizing the calculus of variations leads to a nonlinear, two-point 

boundary value problem. Since nonlinear problems do not lend themselves 

to analytic techniques for obtaining closed form solutions, usually 

either approximate series solutions or numerical methods are used. The 

purpose of this chapter will be to present the pertinent background for 

the numerical solution of nonlinear, two-point boundary value problems 

governed by ordinary differential equations. Consequently, there will 

be only one independent variable t, and in general n dependent variables 

*1' X2' '''' Xn' 

For most engineering systems, the differential equations of con

straint governing the dynamic behavior of the system are written down as 

a result of certain established physical laws such as Newton's Second 

Law, principle of impulse and momentum, first law of thermodynamics, 

heat conduction equation, wave equation, etc. For many systems it is 

often possible to write down more than one differential equation for the 

system being analyzed. If more than one differential equation results 

the two or more equations constitute a system of differential equations. 

In general the one or more differential equations and accompanying 

17 
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additional information such as assumptions, variable properties, geome

trical constraints, etc. are said to constitute a mathematical model of 

the real system being analyzed. 

Not only for the purpose of establishing the existence and uni

queness of a solution to a system of one or more differential equations 

but also to achieve the same format of the calculus of variations prob

lem described in Chapter 1, it is desirable to indicate how one or more 

higher order differential equations can be reduced to a system of first 

order differential equations. In addition, a system of first order 

differential equations is desirable from a numerical analysis viewpoint, 

since most numerical methods for solving ordinary differential equations 

are based on the first order version. 

2.2 Reduction of a Set of Higher Order Differential Equations 
to a First Order System 

Consider a set of higher order ordinary differential equations 

written in explicit form as follows: 

= fj(t, yx, y^, ..., yj^"1̂ ) 

y2(t/r̂  = f2(t, y2, y2', ..., y2̂ r~1̂ ) 

• • 

(2.1) 
• • 

vt)<B> • v* v V' 
(k) 

where t is regarded as the independent variable, denotes the kth 

time derivative of the dependent variable y_^. Consequently, Equations 

(2.1) represent a set of p higher order differential equations such that 
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the order of any of them is two or more. Such a set of higher order 

differential equations can always be reduced to a system of n first or

der differential equations where n is the sum of the orders q, r, s 

in each of the p equations of (2.1). 

The general procedure is to introduce the new set of dependent 

variables as follows: 

X1 = yl 

x2 = yi 

'  (q-1) x = y, 1 
q '1 

Xq+1 = y2 

' (r-1) (2'2> 
Xq+r = y2 

Xq+r+l = y3 

Xq+r-i-.. .+1 yp 

* (s~l) x = y 
n p 

where 

n = q + r + . . . + s .  ( 2 . 3 )  

Then the set of p differential equations reduces to the following equi

valent first order system: 
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X1 X2 

X2 X3 

x , = x 
q-1 q 

(2.4) 

Xq = fl t̂' Xl' X2' " '' Xq^ 

Xq+1 = Xq+2 

x . = f_ (t, x x , ) 
q+r 2 ' q+1 ' q+r 

Xq+r+...+1 Xq+r+...+2 

x = f (t, x , . x ). 
n P q+r+...+l n 

To illustrate the procedure more clearly consider the particular 

case of one differential equation of order n of the form 

y(t)(n) = f(t, y, y', y^"^). (2.5) 

The substitutions given by Equations (2.2) take the form 

Xj = y 

x0 = y' 

( 2 . 6 )  
(n~2) " y 

(n-l) x = y . 
n J 

Then the original differential equation given by Equati.on (2.5) reduces 

to the following system of n first order differential equations: 

x . = y 
n-l J 
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X1 = x2 

x2 = x3 

x - «= x „ 
n-1 n-2 

*n = %Ct» x2» •••» * 

Thus any one or a set of ordinary differential equations of order great

er than one can always be reduced to an equivalent first order system. 

In general the form of the first order system of differential equations 

may be given'by 

Xj = fjCt, x) j = l,2,...,n (2.8) 

where as before x is an n-dimensional vector with components x^, x^, 

Xr. Equations (2.8) are often written in the Euclidean space E1 ,n 

as follows: 

x = f(t, x) 

where 

x = 

(2.9) 

V V 

x2 
• 
• 

and f = 

f2 
• 
• 

• • 
• 
X 
n 

f n 
^ J  

2.3 The Two-Point Boundary Value Problem 

A two-point boundary value problem for an nth order differential 

equation requires the specification of a total of n initial and final 

values of the dependent variable and its derivatives up to order n-1. 

Thus, neither the initial nor the final point has n values given so it 

is not an initial value problem. As discussed in the previous section 
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the nth order differential equation can be easily reduced to a system 

of n first order differential equations. The required end point values 

then become a set of p initial values among the newly defined dependent 

variables and n-p final values among the dependent variables where 

p < n. There are two major sources of difficulty in solving such a 

problem as follows: 

(1) Nonlinea.r differential equations are usually not solvable in ana

lytic form so approximate methods must be employed. 

(2) Determination of the unknown initial values so as to arrive at a 

solution that satisfies the specified final end point values, or 

vice versa, is particularly difficult for a nonlinear system. 

The survey article^ mentioned in Chapter 1 gives an excellent discus

sion and a limited comparison of the methods presently being used for 

solving a two-point boundary value problem involving optimization. The 

authors of this particular article conclude that on the basis of the 

available experience "the best overall optimization method appears to 

be a combination of methods in which a gradient method is used first 

and, after a few iterations, a switch is made to one of the indirect 

methods".^ Indirect methods are those based on equations obtained from 

conditions required for mathematical optimality such as, for example, 

the Euler Equations in the calculus of variations. On the other hand, 

the direct methods which use only the equations of motion and the speci

fied end point conditions attempt to minimize or maximize some specified 

performance index. The gradient or steepest descent method is an ex

ample of a direct method, and it employs a correction term based on the 
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first derivative to converge from some initial crude solution to the 

final desired optimal result. The inherent disadvantage of gradient 

methods is their extremely slow convergence as the optimal solution is 

approached. 

Using the indirect method, the mathematical formulation of an 

optimal process between two points leads to a two-point boundary value 

problem and often the governing constraint equations are nonlinear. If 

the system is linear, however, the solution is readily obtained by 

linear techniques. 

The solution of the two-point boundary value problem eventually 

leads to an initial value problem solution such that the particular 

complete set of initial values obtained yields a trajectory to the final 

end point satisfying all the specified end conditions there. The fact 

that the trajectory exists and is unique is assured mathematically by a 

22 
theorem associated with the names of Cauchy and Lipschitz. For many 

engineering problems the existence of a solution trajectory is evident 

from physical considerations. The uniqueness of the solution is also 

sometimes evident as was the case for the problem investigated. 

In the remaining sections of this chapter attention will be 

directed to a discussion of the numerical methods adopted in the inves

tigation for the purpose of obtaining an approximate solution to the 

nonlinear two-point boundary value problem arising in the investigation. 

2.4'Numerical Methods of Integration 

As already mentioned, the calculus of variations two-point prob

lem with governing ordinary nonlinear differential equations is 
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difficult to solve analytically in closed form. This situation necessi

tates approximate methods of which the numerical approach utilizing an 

electronic digital computer was chosen for this investigation. 

There are two basic methods that are commonly used to achieve 

numerical integration of differential equations on a digital computer. 

These two basic methods are called the multi-step or predictor-corrector 

and the one-step or Pamge-ICutta methods. The predictor-corrector meth

ods for solving a first order differential equation of the form 

x=||=f(t,x) (2.10) 

require the values x , x x , to calculate x ,, where x. = 
n n-1' ' n-k n+1 1 

x(t^). Runge-Kutta methods for solving a differential equation of the 

form (2.10) are designed to determine = x(tn+̂ ) by utilizing only 

the information at t and certain selected intermediate points in the 

interval (t , t ,,). 
n' n+1 

The predictor-corrector methods are based on a collocation of 

formulas that fit a kth degree polynomial through k+1 points on or very 

near the solution curve. This polynomial is then integrated to obtain 

an approximate solution. The most commonly used predictor-corrector 

formulas are based on a fourth degree polynomial which are equivalent 

to collocation formulas that truncated after the third order difference. 

The predictor-corrector method is defined by two formulas, one of which 

is called a predictor and the other a corrector. The predictor formula 

is used once at each time step to give an initial estimate of the value 

of while the corrector formula is employed iteratively to refine 

the initial approximation and thus obtain a more accurate value for 
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xn+l' 

Runge-Kutta formulas are derived from a Taylor's Series which 

may be written as 

h2 
x , i = x  +  h x  +  * r * r  x  +  . . .  ( 2 . 1 1 )  
n+1 n n 2: n 

where the super dots denote the respective derivatives with respect to 

t and h = At = ~ •'•s possible to calculate pro

vided that the values of x , x , x . ... are available. By assuming a 
n' n' n 

general form for the derivatives as follows: 

k., = f (t , x ) h 
1 n' n 

k2 = f(tn+a1h» xn+̂ llkl^ h 

k3 ~ f̂ tn+0t2h'* Xn+̂ 21kl+̂ 22k2^ h (2-12) 

where f is defined by Equation (2.10) and defining 

x ,. = x + y.k, + y0k0 + ... + yi k , (2.13) 
n+1 n 1 1 2 2 m m 

it is possible after applying Taylor's Series and considerable manipu

lation to arrive at a set of Runge-Kutta formulas. A more detailed 

explanation of Runge-Kutta methods of which a particular fourth order 

version was used in this investigation will be found in Appendix A. 

2.5 Flooding and Iterative Techniques for Solving Two-Point 
Boundary Value Problems 

The major challenge of the two-point problem is due to the fact 

that all the necessary boundary conditions are not known at either end 

point. If all the necessary information was known at either end point, 

it would be a comparatively simple procedure to solve the problem by any 



one of various numerical methods of integration on a digital computer. 

An initial value problem falls under this category. 

There are essentially two basic approaches in solving the two-

point problem on a digital computer using numerical integration methods. 

23 < — 
The first is a flooding technique whereby the solution space is filled 

to any desired density with trajectories satisfying the governing equa

tions. This is achieved by a judicious selection of values for the 

constant parameters as well as the boundary values at either end point 

so as to have an initial value problem and thus a particular trajectory. 

After selecting a particular set of values the desired trajectory is 

then obtained by either forward or backward integration depending on 

which end point was chosen as the initial one. Repeating this procedure 

« 

for various sets of conditions generates the desired family of trajec

tories. From among such a family of trajectories there will be, hope

fully, either one that satisfies specified end point conditions, or at 

least two of them whose_final values bracket the specified conditions so 

that the desired trajectory can be obtained. The flooding technique is 

applicable to problems where there are comparatively few unknown para

meters and/or boundary conditions that need changing in generating the 

trajectories.. If there are many such unknown quantities, the flooding 

technique becomes extensive if not unwieldy and hence impractical. 

The other basic method of solving the two-point boundary valu2 

problem using numerical integration on a digital computer is an itera-

23 
tive method referred to as a trial and error search technique. This 

approach utilizes information at both end points from previous trajec

tory calculations to determine a corrected and hopefully improved set of 
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unknown parameter and/or initial conditions values for each succeeding 

calculation. The technique begins with an initial set of values that 

are essentially guessed in nature and which have been obtained by some 

approximate means and/or based on past experience with the problem. 

There are a variety of methods to adjust the unknovm parameter after 

each trajectory calculation, all of which involve some means of inter

polation and thereby adding a correction term to the previous value. 

The choice of a particular interpolative technique depends on the prob

lem being solved and particularly on whether its outputs are linear or 

nonlinear. It has been the experience of the writer _that there is no 

particular method that produces consistent reliability for any given 

problem. Even when a method seems to work on a given problem for cer

tain end points it may not work for others. For nonlinear problems a 

second order interpolation technique is almost mandatory. 

The iterative method is not always successful for at least two 

reasons. First, if small changes in the unknown initial and/or para

meter values produce negligible changes in the final end point values, 

it will fail. The reason for this is that when utilizing interpolation 

for corrective purposes the procedure involves differences between 

adjacent values. When such values are close together their differences 

will be very inaccurate and thus exert their damaging influence on the 

interpolated result. Procedures involving a correction term such as 

utilizing a numerically evaluated derivative will be subject to the same 

difficulty as interpolative techniques. In fact the subtraction of two 

veiy nearly equal numbers is the greatest single source of error in nu

merical methods. 
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The second source of difficulty of iterative methods for solv

ing the two-point boundary value problem on a digital computer occurs 

if very small changes in any of the unknown parameters and/or initial 

values cause very large changes in the end point values. As a result 

convergence to the solution is difficult and often impossible. The ' 

situation is analogous to trying to hit a very distant target with a 

high-powered rifle. The success of iterative techniques for solving 

the two-point boundary value problem depends quite heavily on the 

availability of a good and complete set of initial values for the 

unknown parameters and/or initial values. 

The particular approach adopted in the subject investigation was 

a combination of both the flooding and trial and error techniques. The 

iterative methods utilized were of second or quadratic order. 

2.6 Soma Particular Numerical Methods for Solving 
the Two-Point Problem 

During the course of the investigation various compromise tech

niques, devised by the writer, were found to be useful as follows: 

(1) A method to determine a parameter and an initial value 

from the results of a sweeping technique for a given 

problem defined by a specified end point, and 

(2) A method to determine the values for a parameter and an 

initial value from a reasonably good but approximate set 

of values for the parameter and the initial values involved 

in the problem. 

As the investigation continued the original need for these two methods 

became somewhat incidental. However, descriptions of the methods are 
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included to provide additional insight into the more extensive aspects 

of the investigation as well as offer a means for future extensions of 

the present investigation or other mathematically similar problems. 

To describe the aforementioned methods in general terms con

sider a problem defined by the following set of nonlinear equations: 

*1-
fx(t, xl' x2' x3' X4' 

A) 

X2 = 
f
2(t, V x2' x3' X4' 

A) 

X3 = f3(t> X l >  x2' x3' x4' 
A) 

*4" f4(t> x v  x2' 
x3, x4' 

A) 

•Ktj, Xj(t 1>> x2(t 1>> x3(t 1>' 

(2.14) 

where >L, i = 1, 2, 3, 4, are derivatives of x^ with respect to the in

dependent variable t; x^, i = 1, 2, 3, 4, are the dependent variables; 

and X is a single parameter. Furthermore, the following end conditions 

are specified at the initial point corresponding to t^: 

Xi<t ) = x̂ Q> a constant 

X2 t̂0^ = X20' a constant (2.15) 

*3^0^ = X30' a constant 

and at the final point at t^ 

x.(t.) = x.., a constant 
1  1  1 1  ( 2 . 1 6 )  
x2(ti) = a constant 

The problem is to determine the proper value of x^(t^) and X so as t.o 

satisfy end conditions (2.16) upon solving the set? of equations (2.14) 

as an initial value problem. 

The purpose of the method (1) mentioned earlier in this section 

is to arrive at a solution from the results of a sweeping technique. 



Consequently, it will be assumed that Equations (2.14) together with 

initial values (2.15) have been used to generate a reasonably extensive 

and dense set of trajectories corresponding to various judiciously 

selected values for x.(t„) and A .  With such chosen values it is a como-
4 0 

aratively.easy task to generate a set of trajectories on a digital 

computer, which will result in the tabulation of end point coordinates 

an(j X2ĵ Ĉ  at the final point corresponding to t̂  and to the 

(k) (k) 
initial value X^-Q and parameter value A , the preselected values 

for x^(tp) and A ,  respectively. The method is simply to search such a 

set of tabular values which are stored in the computer and then perform 

a double quadratic interpolation to arrive at the desired values of 

X4^0^ 'an<̂  ^ that will cause the trajectory to satisfy the specified 

end conditions (2.16). Before setting up the procedure the first step 

is to determine the relative effects of x^(t^) and A on the final end 

point values, x^ and Interpolation is based on two corresponding 

sets of values so a choice is made of such sets, one of which will in

volve x^(tg) and the other A each together with x^(t^) or X2(tp, depen

ding on how strongly they vary functionally. The stronger the varying 

relationships among the two sets the better will be the chances for suc

cess. For the sake of explicitness let us assume that x^(t^) varies 

the strongest' with respect to x^(t^) and that X£(tj) varies the strong

e s t  w i t h  A .  T h e n  x ^ ( t ^ )  i s  c o n s i d e i - e d  a s  a  f u n c t i o n  o f  x ^ ( t ^ )  a n d  A  

a function of X2(t^). 

For a particular end-point problem defined by Equations (2.14) 

and end conditions (2.15) and (2.16) the tabular information from the 

flooding technique is searched until the specified value of one of the 



final conditions (2.16), say is bracketed by previously computed 

values ^ anc* corresPonĉ nS to some fixed value of X, say 

X^), An additional value for the same X^^ is selected for 

the purposes of quadratic interpolation which necessarily requires 3 

sets of values. Then the values of x^^, and xu^ ̂  

together with the corresponding values of x^(t^) denoted as 

X Q̂^\ and X Q̂
+̂̂ ^ are used to interpolate for the value of x*^^^ 

corresponding to the specified final value x^ in the first of Equations 

(2.16). The value X Q̂
v̂̂  then corresponds to X^\ The procedure is 

repeated for some fixed values X +̂̂ , X +̂̂ , ... until the specified 

value in the second of Equations (2.16) is bracketed. Consider that 

this has happened for the values of X equal to X Ĉ+̂  X +̂̂ , and 

^(k+j+1)^ C0rreSp0n(jj[ng to the calculated values x21 +̂"^ X21 Ĉ+"^' 

(k+i+1) 
and » resPectively• All of these correspond to the common 

value x^j for x^(t^) in the first of Equations (2.16). Then by a dou

ble quadratic interpolation procedure beginning with interpolating for 

& 
X corresponding to the specified and using the points 

*<k+3~1)>. <x21(k+3>> *<k+d)>> and (=<21<k+3+1), X(k+3+1) 

the desired values of x^(t^) and X are obtained. For the particular 

problem investigated which falls under the category discussed in this 

Section, the foregoing method produced values of x^(t^) and X which 

yielded a solution trajectory converging to within a reasonably close 

neighborhood of the specified final conditions (2.16). The details of 

the procedure are not as important as the more general result that qua

dratic interpolation appears to be a suitable technique for interpolat

ing nonlinear sets of data for the particular purpose of arriving at 
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reasonably accurate initial values. This agrees with the experiences 

of other investigators. 

The other method (2) mentioned in the first paragraph of this 

Section is concerned with an approach that combines the flooding and 

iterative techniques as well as quadratic interpolation. For this pur

pose we again will discuss the problem defined by Equations (2.14) sub

ject to end conditions (2.15) and (2.16). As mentioned in the first 

paragraph it will be assumed that there is available a reasonably good 

set of initial values for x^(t^) and A, which shall be designated 

and A^, respectively. The idea of the method is to generate 

a small table of values consisting of particular end point values that 

bracket the desired final point values (2.16). Then quadratic interpo

lation is used to arrive at the desired values of x^(t^) and A leading 

to a trajectory satisfying (2.16). 

The first step, as was the case for method (1), is to determine 

the relative effects of changing the values of x^(t^) and A on x^(t^) 

and X£(tj). This procedure not only indicates how to increment x^(t^) 

and/or A but also what pair of outputs to use for interpolative pur

poses. The technique begins with a computation of the initial approxi

mate trajectory as based on X Q̂̂ ^ and A^\ Then by a simple incre

mentation one of the unknowns, say x^(t^), is varied with A^^ fixed so 

as to generate a set of trajectories that brackets one of the specified 

final point values, say x^j of (2.16). Next by quadratic interpolation 

of three of the together with the corresponding X Q̂ with re

spect to the specified x^ the initial value giving x^ and 

corresponding to the fixed value of A^^ is obtained. In general the 
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other final condition of (2.16) will not be satisfied. Consequent

ly, A(0) is given a simple increment to a value A^, and the previous 

* (1) 
procedure is repeated to yield X^,Q , which in turn gives corres

ponding to X(1). The entire procedure is repeated until a set of 

x.A(i) and A(i) is obtained that brackets the final condition x„, in 40 21 

Equation (2.16). Mien this occurs a set of 3 values of X Q̂^ and A^ 

are used to interpolate quadratically for the final desired values for 

x^(tg) and A. This final pair of values produced excellent results 

for the problem undertaken in this investigation. 

The two methods described above can clearly be extended to simi

lar problems involving more than two unknowns at t^. An increase in 

the number of unknowns, however, will result in a much larger set of 

trajectory calculations required for eventual solution. However, the 

two methods appear to be quite dependable as based on the experience of 

the writer. 



CHAPTER 3 

SUBOPTIMAL, CLOSED LOOP GUIDANCE OF AN 
AIRCRAFT IN MINIMUM TIME 

3.1 Introduction 1 1  1  »  

As was mentioned in Chapter 1 the investigation involved two 

systems denoted as the "simulated real system" and the "idealized 

model". The particular simulated real system selected was one involving 

the minimum time flight of an F-4C Phantom aircraft in a vertical plane. 

The real system was simulated with the aid of information available from 

vendors. A standard atmosphere was assumed. The idealized model con

sisted of a simplified, version of the F-4C Phantom aircraft in which 

certain properties were held constant. The necessary optimizing condi

tions outlined in Chapter 1 from the calculus of variations were then 

applied to the idealized model and the results used for the governing 

equations for the optimal flight of the idealized model. Information 

from such trajectories was then utilized to guide the simulated F-4C 

Phantom aircraft along a suboptimal or approximate minimum time trajec

tory. 

This Chapter will be devoted to a detailed presentation of the 

simulation procedure for the F-4C Phantoiii aircraft as well as the as

sumptions and derivations of the optimizing equations for minimum time 

flight of the idealized version of the F-4C aircraft. The techniques 

developed for the purpose can be readily"applied to other aircraft for 

which flight data and/or'wind tunnel information are available. 

34 
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3.2 Kinematic and Dynamic'Equation^ of Motion 

The aircraft will be confined to flight in a vertical plane 

subject to vector forces in the plane consisting of thrust, weight, 

drag, and lift. The gravitational field in which the aircraft tra-

2 
verses will be assumed constant with g = 32.17 ft/sec . In addition a 

point on the surface of the earth will be regarded as the origin of a 

Newtonian reference frame. This particular assumption is acceptable for 

physical problems where the trajectories are confined to an immediate 

neighborhood of the earth and characterized by relatively small time 

spans as compared to the periods of the Earth around the Sun and that of 

24 the Moon around the Earth. 

Further assumptions are as follows: 

•J-
Cl) The thrust T propelling the aircraft acts tangent to the flight 

path and in the direction of motion; 

(2) The drag force D acts along the line of action of the thrust T but 

with an opposite sense; 

(3) The lift force L acts perpendicular to the thrust and drag force 

vectors in the usual sense; 

(4) The parameters controlling the flight direction of the aircraft do 

not interact with those controlling the power plant; and 

(5) The engine performance is independent of the thrust direction. 

Assumptions (4) and (5) lead to the following functional relationships 

25 
for thrust T, drag force D, lift force L, and mass flow rate 3: 

T = T(y, v, ir) , (3.1) 

D = D(y, v, a), ' (3.2) 

L ~ L(y, v, a), (3.3) 
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and 3 = 8(y, v, IT) (3.4) 

where y = altitude above the earth's surface, 

v = absolute velocity of aircraft, 

IT = engine control parameter or power setting, and-

a = angle of attack. 

For the purposes of the investigation a constant power setting was as

sumed so that the functional relationships (3.1) and (3.4) become 

T = T(y, v) (3.5) 

and $ = 3(y, v). (3.6) 

By eliminating the angle of attack a between (3.2) and (3.3) there is 

obtained the functional relationship 

D = D(y, v, L). (3.7) 

In view of the assumptions made to this point Figure 1 illus

trates the situation under consideration. The origin 0 is a point on 

the earth's surface, Oxy is a Newtonian reference system, and y is the 

flight angle measured with respect to a horizontal reference line paral

lel to the range axis x. From Newton's Second Law for a particle the 

vector dynamical equation of motion for the aircraft is given by 

T + D + L + W = m v  ( 3 . 8 )  

where m is the total mass of the aircraft and v is its absolute accel

eration. The scalar equations of motion in the tangential and normal 

directions are given by^ 

T - D - mg siny = mv (3.9) 

L - mg cosy = mv y (3.10) 

where T, D, and L are variable as indicated by functional relationships 

(3.5), (3.7), and (3.3), respectively. 
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T = T(y,v) 

D = D(y,v,L) 

W = mg 

Fig. 1.; Forces Acting on Aircraft Flying in a Vertical Plane 

x 
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The equation governing the varying mass due to fuel consumption 

and ejection of combustion products is specified by 

m • - 3(y, v) (3.11) 

where 3 is the mass ejected per unit time. 

The kinematical equations describing the motion of the aircraft 

in a vertical plane is given in scalar form by 

x » v cosy, (3.12) 

y = v siny. (3.13) 

In summary then equations (3.9) through (3.13) constitute the 

goveriiing equations for the flight of an aircraft in a vertical plane 

under the stated assumptions of this Section. 

3.3 Optimizing Equations for the Simulated 
Real Aircraft 

In Equation (3.9) T and D are functionally defined by Equations 

(3.5) and (3.7). Consequently, there are a total of six variables x, y, 

v, y, L, and m involved in the five equations (3.9) through (3.13), and 

one variable, namely the lift L, can be selected for guidance or control 

purposes. 

For convenience in discussing the derivation of optimizing equa

tions for the real aircraft the five governing equations for its motion 

are listed together as follows: 

T(y,v) - D(y,v,L) - mg siny = mv (3.9) 

L - mg cosy = mvy (3.10) 

m = - B(y,v) (3.11) 

x = v cosy (3.12) 

y = v siny (3.13) 
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For the aircraft minimum time problem we seek to minimize time of flight 

as defined by the functional 

t, 
•Y = / dt (3.14) 

t0 

subject to the constraint equations (3.9) through (3.13) listed above. 

The end conditions are specified at the initial time t - t^ = 0 

° (3.15) 

and final time t = t^ by the following: 

x(0) = xQ 

y(0) = y0  

v(0) = v 

m(0) = m0 

x(tj) = Xj 

y ( t x )  =  y y  

The next task is to obtain the optimal control or guidance program by 

the calculus of variations. 

From the procedure outlined in Chapter 1 we may write the aug

mented function H defined by Equation (1.19) for the system being consi

dered as follows: 

TT - D 
H = A^v cosy + AyV siny + XI—- g siny 

m 

^ - &• cosy| + Am(-B) - 1. (3.16) 
mv v ' m 

The necessary Euler Equations are now readily obtained by applying 

Equations (1.20), (1.21), and (1.22) to yield the following: 

State variable Euler Equations: 

x: X = 0 (3.17) 
x 



y: 
v 3y 

T - D 
m 

- X -P- + X = 0 
m 3y • y 
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(3.18) 

Xxc.osY + Â siny + X. 
8_ 

v 8v 
D 

m 
-T- + A-S-ESSI 

y mvz y 

83 — X vp- + X =0 
m 3v v 

Y: 

m: 

- X v siny + X v COSY - X g COSY + X -̂ sir/v + X =0 
x y 1 v" 1 Yv Y 

- !L̂  - X V m 
7— + X - 0 ^ m Y m v 

Control variable Euler Equation: 

L: ' - X - |̂  + X — = 0. 
v m dL • Y mv 

(3.19) 

(3.20) 

(3.21) 

(3.22) 

A consequence of the fact that the constraint equations (3.9) through 

(3.13) do not contain the independent, variable t is that 

H = C, a constant. (3.23) 

The transversality condition as put into the form, of Equations 

(1.23) through (1.26) is expressed in terms of the end point function G 

defined by Equation (1.27). For the particular problem being considered 

G = y1[x(0) - xQ] + y2[y(0) - yQ] + y3[v(0) - vQ] 

+ V^D^O) - m0] + y5[x(tj) - x^ + y&[y(t1) - y^. (3.24) 

The equations (1.23) through. (1.26) for obtaining optimal end points 

become the following: 

Initial point: 

t: 

x: 

y: 

v: 

Y= 

HQ = 0 

W1 " Xx'o = 0 

y2 " Xy10 = ° 

U3 ~ Xv'o = ° 

-  \ l o  =  °  

(3.25) 

(3.2b) 

(3.27) 

(3.28) 

(3.29) 
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m: (3.30) 

Final point: 

(3.36) 

(3.35) 

(3.33) 

(3.31) 

(3.32) 

(3.34) 

The formidable task that now presents itself is that of solving 

the six Euler Equations (3.17) through (3.22) together with the twelve 

conditions (3.25) through (3.36) for the 18 unknowns x, y, v, y> 

Am, y19 n2, y3, y^, y5, y6> and -tj. Equations (3.26) 

through (3.28) and (3.30) may be regarded as defining equations for the 

constant Lagrange multipliers y^, y^, y^> and y^,, respectively. Simi

larly Equations (3.32) and (3.33) define yc and y,. Hence these six j b 

equations can be eliminated from the analysis. There still will remain 

the enormous task of solving twelve equations in twelve unknowns. The 

number of unknowns is a major obstacle in obtaining a solution. In ad

dition the fact that convenient analytic expressions for the functional 

relationships of T, D, and $ are not usually available complicates the 

analysis, However, such functional relationships are usually expressed 

in tabular form or as families of curves. Hence it is possible to ap

ply the technique of curve fitting to arrive at reasonably approximate 

analytic expressions for T, D, and 3. However, due to the fact that 

these variable properties depend on at least two variables the curve 



fitting procedure will require families of analytic approximating func^ 

tions. Such a family of functions could not be introduced into the • 

analytical procedure without a great deal of inconvenience. The best 

possibility of pursuing the analytic approach would be to achieve by 

some means a single analytic expression for T, D, and 3 in terms of the 

two or more variables. Such a task is extremely difficult to achieve. 

Even when this feat is accomplished there still remains the formidable 

problem of solving a system of twelve equations in twelve unknowns for 

the desired optimal trajectory. 

For the purpose of the optimal guidance it would be conveneient 

to obtain the expression for control in the form 

L = L(t, x, y, v, y ,  m, X / )  (3.37) 

where represents one or more of the Lagrange multipliers which may 

be constant or which assume variable values with time t. Equation 

(3.37) is obtained by combining the Euler Equations (3.17) through 

(3.22) and utilizing Equation (3.23) as well as the pertinent end point 

equations among (3.25) through (3.36). Such an equation is derivable 

in theory but often virtually unobtainable in practice, For the case at 

hand it was found impossible to arrive at a convenient form resembling 

Equation (3.37) due to analytic and manipulative difficulties arising 

from the large number of unknowns and equations in addition to the mix

ture (differential and algebraic) and nature (nonlinear) of the set of 

twelve equations. For the idealized model, however, the simplified form 

of the equations readily yielded an equation of the form (3.37), The 

procedure followed for obtaining the equation will be presented in the 

next section. 



43 

If T, D, and 3 were obtainable in convenient analytic form an

other approach which could be used to solve the problem would be to 

solve the equations simultaneously using an iterative numerical tech

nique. For such an approach the five governing equations (3.9) through 

(3.13), the six Euler Equations (3.17) through (3.22) together with 

the specification of t^ = 0, six end conditions (3.15), and the addi

tional four end conditions given by equations (3.29), (3.34), (3.35), 

and (3.36) would be solved simultaneously for the time history behavior 

of 11 variables x, y, v, v, m, L, X , X , X  , X  , and X as well as the 
x y v y m 

value of the final time t^. Essentially then the mathematical model of 

the system would consist of solving a nonlinear, two-point boundary val

ue problem for ten ordinary differential equations and one nonlinear 

equation (3.22) for a total of eleven variables. The final time t^ 

results as a consequence of the specification of the initial time 

tg = 0. The magnitude of the task is thus quite enormous particularly 

since there is usually not always available a good physical interpreta

tion for the initial values of the unknown Lagrange multipliers. This 

fact makes estimating the initial value of the unknown multipliers very 

difficult if not impossible. Hence as has been the experience of past 

investigations the solving of the problem by such methods is formidable 

and often impossible. The desirability of investigating the use of an 

idealized model of the real aircraft to guide the simulated, more comp

licated version in a suboptimal, closed loop manner becomes apparent. 

3.4 Optimizing-Equation^ for the 
Idealized Aircraft 

The idealized model'will be regarded as a special case of the 



aircraft defined in Section 3.2 of this Chapter. It will be assumed to 

have unbounded lift L, and'the drag force D will be considered a func

tion of velocity v only. This latter assumption for D implies high 

speed flight and is particularly convenient for manipulative purposes 

since if D ^ D(L) the dynamical equation (3.10) in the normal direction 

becomes uncoupled from Equation (3.9) in the tangential direction with 

respect to the control variable L. 

The drag force will be defined by 

D = h P0v2ScD (3.38) 

where is atmospheric density assigned a constant value at standard 

sea level conditions, S is a constant characteristic area such as the 

span area of the aircraft, and c^ is the drag coefficient which also 

will be assigned a constant value. The dynamical equation (3.9) in the 

tangential direction of flight for the idealized model of the aircraft 

can be written 

T - h PQV ŜC^ - mg siny = mv. (3.39) 

To simplify the situation further the thrust T and mass m will be as

sumed constant. Thus Equation (3.11) can be deleted from the analysis 

of the idealized model since m = 0 as a consequence of assuming constant 

mass. Recall that g has already been assumed constant. For convenience 

the pertinent additional governing equations are listed below: 

L - mg cosy = mvy (3.10) 

x = v cosy (3.12) 

y = v siny. (3.13) 

Since lift L appears only" in Equation (3.10) the other equations (3.39), 

(3.12), and (3.13) are uncoupled from it. Consequently, Equation (3.10) 



45 

may be eliminated from the ensuing analysis and merely serve to define 

lift L for any given time when the values of y, v, and y are known. 

The dependent variables in the remaining three equations (3.39), 

(3.12), and (3.13) are the state variables x, y, v, and y. The ideal

ized system thus has one degree of freedom, and y now plays the role of 

the contrcl variable which in turn may be readily converted to the ori

ginal control variable I, by means of Equation (3.10). 

Following the same procedure as outlined in two previous tech

nical reports, one of which represents partial effort expended by the 

27 28 writer ' , the three governing equations will be non-dimensionalized. 

For this purpose a reference velocity v will be defined that character

izes an aircraft. The reference velocity v will be taken as that of an 

aircraft in steady, horizontal flight at standard sea level conditions. 

For such a situation the governing dynamical equations of flight fellow 

from Equations (3.39), (3.9), and (3.10) as being; 

T - h p0v2ScD = 0 (3.40) 

and L - mg = 0. (3.41) 

Next assume lift L to be given in terms of the lift coefficient c. by 

1 ~ H pQv2ScL (3.42) 

and assign, = 1 and v - v^. Then by substitution of (3.42) into 

(3.41) for these values of c^ and v there will result 

v = 
r 

2mg (3.43) 
p s 

The following set of non-dimensionalized variables can now be. 

readily defined: 

non-dimensional tine T - (3.44) 
v r 
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non?*dimensional range \ ?=> ^ (3,45) 
v 
r 

nonr-dimensional altitude ri = ̂  (3.46) 
v 
r 

V 
non-dimensional velocity u = — (3.47) 

r 

T ^ 3D 
non-dimensional 1' «- D r ~ = r(ri,u). (3.48) 

mg " 

The flight angle y will be regarded to be expressed in radians, 

which is already non-dimensional. In terms of the new set of non-dimen

sional variables Equations (3,12), (3.13), and (3.39), respectively, 

become 

£' = u cosy (3.49) 

n* = u siny (3.50) 

u' = r(ri,u) - siny (3.51) 

where ( )' denotes the derivative of ( ) with respect to non-dimensional 

time T. 

The problem for the idealized model may now be specified as that 

of minimizing the time of flight as defined by the functional 

T, 
V = / 1 dT (3.52) 

To 

subject to the constraint equations (3,49), (3,50), and (3,51). Analo

gous to the case of minimum time flight of the more elaborate real air

craft discussed in Section 3.3 the end conditions are as follows: 

T0 = ° 

5(0) « 0 

n(0) = ru 
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u(0) - uQ (3.53) 

C(TX) = ^ 

n(Tj) = nx-

Following the same procedure as in the previous Section 3.3 

where the method outlined in Chapter 1 was utilized, the augmented 

function II defined by Equation (1.19) takes the form 

H = A^u cosy + A^u siny + X^(r - siny) - 1. (3.54) 

The Euler Equations defined by Equations (1.20) and (1.21) become the 

following: 

K  A?' = 0 (3.55) 

\,i£+y 0  (3.56) 

Arcosy + A siny + A + A 1 = 0 (3.57) 
t, TI u 3u u 

- Ag-u siny + A^u cosy - Aucosy =0. (3.58) 

Since again H is not a function explicitly of time T we may write a re

sult similar to Equation (3.23) or 

H = C, a constant. (3.59) 

To obtain the end conditions corresponding to the transversality 

condition the function G of end point behavior given by Equation (1.27) 

becomes 

G = Y1C(O) + U2[TI(0) - n0l + Y3[U(O) - uQ] 

+ - Cj] + y5[n(x1) - r^]. (3.60) 

From Equations (1.23) and (1.24) the following set of end conditions 

result: 

HQ = 0 (3.61) 



48 

yx - X?|0 = 0 (3.62) 

M 2 - a „ I 0 - O  '  ( 3 - 6 3 )  

y
3 " \Jo = 0 (3-64) 

- Hj = 0 (3.65) 

y4 + Xc'l = 0 (3,66) 

y 5 + X n | 1 = 0  (3. 6 7 )  

X u l 1 = 0 .  (3 . 6 8 )  

As before Equations (3.62), (3.63), (3.64), (3.66), and (3.67) serve 

only to define through respectively. Consequently these equa

tions will be omitted from the ensuing analysis. 

From Equations (3.59) and (3.61) as well as (3.65) we may read

ily conclude that H = 0 for the entire trajectory. Hence, Equation 

(3.54) becomes 

X^u cosy + X^u siny + X^(r - siny) =1. (3.69) 

The next step is to obtain the governing optimal equation for 

y' from the necessary Euler Equations (3.55) through (3.58) with the 

aid of Equation (3.69). For this purpose the y Euler Equation (3.58) 

may be written as 
X 

•X^tany = X^ - (3.70) 

where the condition u cosy ̂  0 is imposed. Differentiating this equa

tion with respect to X there results 

uX1 - X u1 

Xg[sec y]y' = X' — 2 
u (3.71) 

u 

where Equation (3.55) has been introduced. 

By solving Equations (3.56) and (3.57) for X^ and X^, 



respectively, substituting the results into Equation (3.71), and then 

replacing u' by utilizing Equation (3.51) there results 

• (sec2y)y' = - fi] + I^u cosy + y siny 

+ Xu(r - siny)]. (3.72) 

E.egrouping terms in Equation (3.72) and utilizing Equation (3.69) 

results in 

(sec\)Y' - Xji  ̂ (3.73) 

Equation (3.69) with the condition cosy ^ 0 can be put into the follow

ing form: 

rX = 1 - X>-u cosy H———(X siny cosy - uX siny cosy). (3.74) 
u t, 1 cosy u 1 1 1"] 

Multiplication of Equation (3.58) by siny and rearrangement of terms 

produces 

2 - uX^sin y = X^siny cosy - uX^siny cosy. (3.75) 

From Equations (3.74) and (3.75) there results 

rXu = 1 - uX^secy. (3.76) 

If it is assumed that r ^ 0, then Equation (3.76) may be solved for Xu, 

substituted into Equation (3.73) and result in the following equation: 

(sec2
Y )T '  = i . ( 1  _ uXc SecY)(i  -  f^> + i f  ( 3 - 7 7 )  

Finally, if we assume that X^ ̂  0 and secy ^ 0, Equation (3.77) assumes 

the form 

V - £ - u2 - 1) + Sf]- (3.78, 

Equation (3.78) is the general equation which manifests all of 

the Euler Equations for the case ofu^O, r^O, X^^O. Consequently, 
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a candidate for an optimal trajectory for the idealized model of the 

aircraft can be obtained by solving Equation (3.78) together with the 

constraint equations (3.49), (3.50), and (3.51), the end conditions 

(3.53), and some equation defining the value of X^. 

From the £ Euler Equation (3.55) it follows immediately that 

X^ is a constant. Combining Equations (3.68) and (3.76) at the final 

point there results for u^ f 0 

cosy^ 
\ = } a constant. (3.79) 

1 

This equation then specifies the value of X^ needed to solve the system 

of equations defining the problem. Unfortunately the value of X^ is 

not available at the initial point but must be evaluated at the final 

point. For any specified but incomplete set of initial values then X^ 

must be guessed along with y(0), which together with the specified val

ues of TQ = 0, 5(0), f| (0), and u(0) serves to make possible the calcula

tion of a candidate for the desired optimal trajectory. If both the 

proper values of X^ and y(0). have been found or selected then the tra

jectory will terminate at the specified final end point (C^» Tl^), and 

the value of Xg given by Equation (3.79) will serve as a terminating 

condition for each calculation of the trajectory.' For any given calcu

lation the value of X^ is chosen to be greater than that of cosYq/uq. 

Then at each time step of the ensuing computations of all the perti

nent variables, the following test is made: 

cosy 
Is < X? (3.80) 

un " 5 

When equality is met, the trajectory calculation is terminated, and the 
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consequent final end point values have been established. Such end point 

values are used to adjust the values of X^ and y(0) so that eventually 

the required optimal trajectory satisfying the specified final point in 

Sri -space is achieved. 

In the development thus far which led to Equation (3.78) thrust 

T and drag D were regarded as functions of y and v. By introducing the 

assumption of constant thrust T and D = D(v) as given by Equation (3.38) 

Equation (3.78) assumes the following form: 

Y« ^ cosy 
T u 

Zc^u2 
D n cosy x j Cosy 

T 2 u ~ uXc ' uXf 
W - V 5 ? 

T 2 u, r, and X^ ̂  0, r = ̂  - cD u . 

Equation (3.51) for constant thrust T and drag D = D(v) becomes 

u' — ~ — c u^ - siny (3.82) 
WD 

which follows from using the definition of D = D(v) in Equation (3.38) 

as well as the definition of v^ and u in Equations (3.43) and (3.47), 

respectively. 

Equations (3.80), (3.81), and (3.82) together with (3.49), 

(3.50), and (3.79) constitute the actual equations that were utilized 

in the investigation for the idealized model of the aircraft flying be

tween two points in minimum time. 

3.5 Calciilatiorial Procedure for Minimum Time Flight of 
the Idealized Model Aircraft 

For convenience let us summarize the governing equations as well 

as specify the given end conditions that constitute the minimum time 
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problem for the idealized aircraft. The governing equations tq be solv

ed are as follows: 

= u cosy 

-r\1' = u siny 

U' = I ~ cDu2 " sinY 

(3.49) 

(3.50) 

(3.82) 

= 
cosY 
u 

2C
DU 

T 2 
W " CDU 

C\ COSYN . COSY 
(1 " uX? } + uX> 

Xr = 
5 U 

r, u, X^ $ 0 

cosy^ 

(3.81) 

(3.79) 

where T. W, and are constants. The end conditions consist of the 

specification of the initial values = 0, 5(0), ri(0), u(0) and the 

final values £(t^), ri(Tj). 

In order to completely solve a given problem it is necessary to 

find the unique values of y(0) and X^ such that the computation utiliz

ing all the governing equations results in end point values satisfying 

the specified values, and r|^. For this purpose there are two basic 

procedures: 

(1) Flood the £n~space with optimal trajectories by some sys

tematic means of selecting y(0) and X^ values and eventu

ally determine the desired trajectory whose end point 

coincides within reasonable limits to the specified end 

point (S15 nx). 

(2) By some iterative procedure beginning with guessed values 

Yo
(0> and Xj.^, successively improve their values by 
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utilizing information at the resulting end points. 

Procedure (1) is very time•consuming and not always a practical means 

for solving a given problem. However, it is a useful means of studying 

the effect of parameters such as T, W, c^, etc. as well as the effect 

of changing Yq Xg when all other parameters and initial values of 

the variables are fixed. 

Procedure (2) is accomplished by a variety of approaches, and 

all such approaches require a good initial set of approximate values 

for YQ and X^. When this is not the case it has been the experience 

23 of the investigator as well as others that iterative techniques often 

fail. Consequently, a technique that is a combination of the two basic 

procedures was devised for the purpose of solving a particular problem 

under the assumption that "reasonable" values of YQ an̂  were avail

able. 

The overall procedure for finding the proper values of YQ and 

X^ was first to increment them successively by crude but fixed values 

AYQ and AX^. Computations of optimal trajectories were thereby made 

which yielded a region of final end points in £r]-space. After this re

gion was expanded to contain the specified end point r^) the de

sired set of values was obtained by a double interpolation procedure. 

For convenience denote the respective approximate values of Yq 

and Xg by YQ̂ ^ and respectively, where YQ^ and X^.^ are 

available initially as previously mentioned. Denote the corresponding 

(V) 
final point values of non-dimensional range and altitude by ^ and 

(k) 
T"l^ » respectively. The detailed procedure is then as follows: 

(1) Calculate the initial trajectory by numerical integration (see 
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Appendix A) utilizing Equations (3.49), (3.50), (3.81), (3.82), 

and (3.79) as veil as' the specified initial values £Q> HQ, and 

the approximate values of an̂  A^^. The trajectory calcu

lation is terminated as previously mentioned when at some time 

COS1fn _ (0) 

un 5 ' -

Then by interpolation, the values £^(0) and ri^(0) are determined 

to correspond to the particular value of A^^. 

For the next calculation the value of YQ^ i-s held fixed; i.e., 

Y d )  =  Y ( o )  
Y0 Yo 

The value of i-s obtained by adding or subtracting a constant 

value AA^ > 0 according to the following procedure in reference 

to the specified value of the final non-dimensional altitude: 

(a) If ri1 ^ then "" 

(b) If nx > r) 0̂5 then A (̂1) = (̂0) + AA?. 

In essence decreasing A^ tends to decrease the next calculated value 

(1) 

of when YQ^^ held fixed and vice versa. 

Step (1) is then repeated with these new approximate values 

(0) 

and which replace the original pair. A test is made after 

repeating Step (1) to determine if ri^ has been bracketed by r|^ 

and If the test is met and 1"]^ has been bracketed, one ad

ditional coiistant increment correction is made in the same direc-

( 2 )  ( 2 )  
tion to obtain A^ . Step (1) is again repeated using y^ that 

remains fixed at Yq^^ and A^^. If ri^ has not been bracketed 

(k) 
Steps (2) and (1) are successively repeated using adjusted A^ 

values until r)^ is eventually bracketed by and 
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Vk+2), i-
At the end of Step (3) there are available the following sets of 

values: (rij00, X?(k)), (n1(k+1), X?(k+1)), and (x] k̂+2), X (̂k+2)) 

(k) 
where k ̂  0 and the specified value ri^ is bracketed by and 

ri^(k+2). By quadratic interpolation with respect to the next 

refined value X^.^^ is obtained. As before YQ̂
+~^ is assigned 

its original constant value, and Step (1) is repeated using YQ̂
+"̂  

aind Xe(k-3) to yield final point values £ k̂̂  and where 

(k+3) 
ni - nl' 

n 1 f (k+3) r (j) , (k+3) (j) For convenience denote = E,^ J and = Hj • 

The value of obtained in Step (4) is then compared with the 

specified value E,^, and the original value YQ^^ which was retained 

throughout steps (1) through (4) is incremented by a constant val

ue AYQ > 0. The procedure is as follows: 

(a) If then Y0^ = Y(/°^ - &YQ 

(b) If > Z,v then y0(j) = y0<0) + Ay0. 

Steps (1) through (4) are repeated using the value YQ^ in place 

of y0<°> together with X^ k̂+3̂  = from the previous execution 

of Step (4). This will lead to the next value that corres

ponds to = r)^. A test is now made to determine whether 

and bracket E,^. If E,^ has been bracketed by 

and £J +̂̂ then YQ +̂̂  incremented once more to obtain YQ +̂̂ > 

which together with the corresponding value X^ +̂̂  from Step (4) 

is used to repeat Steps (1) through (4). If E,^ has not been brack

eted then Step (5) as well as steps (1) through (4) are repeated. 

Eventually then E,̂  will be bracketed by repeating this procedure. 
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(7) After has been bracketed by a set of 3 calculated end point 

values and corresponding values YQ^> quadratic interpola

tion with respect to yields a value for and another quadratic 

interpolation of the accompanying values of and yields 

a value for A^. These final values of and A^ thusly obtained, 

when used to calculate a trajectory, yielded final point values 

that were quite reasonably close to the specified values. In terms 

of dimensional values the final point was usually specified to be 

within a fifty-foot radius of the given final point. 

Another means of arriving at a particular trajectory for a given 

final point was interpolative in nature. This approach was utilized 

earlier in the investigation to find the y^ and A^ values for the first 

calculation of the idealized model trajectory for a given final point. 

The means consisted of first running a large family of trajectories and 

thus developing a table of final point values corres

ponding to Y0̂  and values. For any given specified final point 

that was bracketed by the tabular entries of end points, the values of 

YQ and were determined by a double quadratic interpolation procedure. 

The method yielded excellent results. The details of the procedure are 

described below: 

(1) Determine whether the specified (^, r^) is within the region of 

the previously generated table of end point values 

If the given final point is not within the available region, dis

continue the problem and then proceed to another problem, if any. 

(2) For the previously selected values of YQ^ that were used to 

generate the region of an̂  *1]^^ values, determine the 
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/ « \ £ * V 
corresponding Xg for each YQ with respect to the specified 

value -E^ using quadratic interpolation. By this means there is 

obtained a tabular functional relationship of the form 

h ~ fc1(V 
(3.83) 

with ̂  fixed at its specified value. 

(3) Similarly as for Step (2) the quadratically interpolated values 

are obtained relative to the given value of ri^. Hence there re

sults the functional relationship 

with Tij fixed at its given value. 

(4) The functional relations (3.83) and (3.84) are then solved simul-

relations (3.83) and (3.84) are in tabular form and so if plotted 

which yield the specified final point (£^> Hj) when used in an 

optimal trajectory calculation. 

3.6 Governing Equations and Procedure for Simulated Real Aircraft 

The assumptions made for the simulated real aircraft were pre

sented in Section 3.2, and the equations governing its flight were also 

derived. For convenience in pursuing our discussion the pertinent equa

tions will be summarized below: 

x = v cosy (3.12) 

y = v sinY (3.13) 

T - D - mg sinY = mv (3.9) 

(3.84) 

taneously to yield the desired values of yn and X The functional 

they represent a pair of intersecting curves in the YQ^~plane« 

The intersection point represents the desired values of YQ and X^ 
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L - mg cosy = mvy (3.10) 

m = - 3 ' (3.11) 

where T = T(y, v) (3.5) 

D = D(y, v, L). (3.7) 

Generally speaking the following information is available for 

a typical aircraft: 

(1) Thrust as a function of altitude y and Mach number M as well as 

throttle setting. 

(2) Specific fuel consumption SFC as a function of y and M. 

(3) Cp including induced drag as a functional relationship of c^ for 

various Mach numbers. 

Such was the case for the actual aircraft F-4C Phantom aircraft 

selected for the purpose of this investigation. The aircraft is des

cribed briefly in the next section, but for the present section there is 

no need to tie the discussion to a particular aircraft. 

Atmospheric conditions were allowed to vary, and the model atmos-

29 phere found in the appendix of a textbook, on flight mechanics _by Miele 

was utilized. From this reference the following functions were avail

able in tabular form: 

a - a(y), and (3.85) 

P = p(y)> 

which gave the varying of speed of sound "a" and atmospheric density p 

with altitude y. 

With the foregoing information the next step was to set up a 

numerical procedure for "flying" the simulated real aircraft on a digi

tal computer. For this purpose, two definitions were introduced as 
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follows: 

(1) Drag force D was defined by 

D = % Pv2ScD (3.87) 

where c is a function of c and includes the effect of i) i-i 

induced drag. 

(2) Lift coefficient c was defined by 
JL 

C = L . (3.88) 
h. pv S 

The constant throttle setting assumed for the simulated real 

aircraft that gave the relationship (3.5) was taken as being the mili

tary thrust setting. This assumption enabled fitting curves to the 

thrust data so that the following family of curves was obtained: 

=• T±(M), i = 1, 2, ..., k (3.89) 

where K is the Mach number and k denotes the total number of specified 

altitudes for which thrust versus Mach number was available for the 

aircraft. 

In order to calculate drag D for any p and v the procedure is 

to first determine the value of c^. For this purpose a curve fit of c^ 

versus c is achieved for each of the m available specified Mach num-
Lt 

bers. This gives the following set of equations: 

CDj = CDj ĈL^' j = 1» 2' •••» m* (3.90) 

With this relationship it is possible to obtain c^ for any given M and 

y where 

M = —. (3.91) 
a 

Finally the other detail that needs to be worked out is a curve 

fit of the specific fuel consumption SFC data that results in the 



60 

following for each altitude designation i: 

SFCjL = SFCi(M), i = 1, 2, k (3.92) 

where again k denotes the number of altitude values for which SFC versus 

M data were available. 

The detailed calculational procedure may now be described for 

any time step. At the beginning the initial values x^, y^, VQ, Yq> anĉ  

1^ are assumed to be specified for t = 0. The values of c^, T, and SFC 

can be readily obtained from Equations (3.88), (3.89), (3.91), and 

(3.92). By numerical integration using a' Poinge-Kutta method it is pos

sible to obtain x, y, v, y, and m corresponding to t^ = t^ + At where 

tg = 0. The value of lift L is assumed to be available as a means of 

guiding the simulated real aircraft; i.e., L was the control variable. 

At t = tj the corresponding values of T, c^, and 3 are again obtained, 

and the procedure continues until some test such as achievement of the 

final end point terminates the calculations. 

The detailed procedure for obtaining T^, , and $n knowing 

the' value x , y , v , Y , m , and L at t is as follows: 
n' •'n' n' 'n' n' n n 

(1) Find the values of a^ and Pr corresponding to y^ from the model 

atmosphere tables. 
v 

(2) Calculate the Mach number for t using M = —. v ' n n a 
n 

(3) Evaluate the dynamic pressure q^ corresponding to t^ using the 

defining equation 

i 2 q = \ p v 
^n ^n n 

(4) Generate a table of T versus y using the empirical equations by 

fixing M = M . 
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(5) From the table obtained in Step (4) interpolate with respect to 

y and thus obtain Jn 
T = T(y ,v ). n wn* n 

(6) Determine the lift coefficient for t using 
. X. 
= n 

CLn q S 
n 

(7) Generate a table of c^ versus M using the empirical equations 

(3.90) holding c, = c, fixed. ° L Ln 

(8) From the table generated in Step (7) interpolate with respect to 

M and obtain 
n 

CT»' = Cr/CT » M ). Dn D Ln' n 

(9) Obtain the value of 0^ = £(yn>^-n) by a procedure similar to that 

outlined for in steps (4) and (5). 

Since g was taken as constant the computer program developed to "fly" 

the simulated real aircraft utilized weight W rather than mass m. Con

sequently, Equation (3.11) was written in the form 

W - (SFC)T (3 93) w 3600 

where W = tag (3.94) 

ANA A - (SFC>T 

and P 3600g 

3.7 Choice of Aircraft 

The particular aircraft chosen for the investigation was the 

McDonnell-Douglas F-4C Phantom, which is an Air Force version of a high 

altitude fighter-bomber aircraft. General information on all Phantom 

aircraft is available from the vendor at their St. Louis, Missouri, 

location. Some of this information will be presented in the ensuing 

paragraphs. 
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The Phantom is being produced for the major branches of the U. 

S. military services as well as for Great Britain. The F-4C aircraft is 

a twin-engine, two man, all weather vehicle. It was originally designed 

to meet a U. S. Navy requirement for a high performance interceptor air

craft capable of all-weather operations. The top speed of the F-4C is 

in excess of 1600 miles per hour (2347 ft/sec). It has been flown to 

altitudes exceeding 100,000 feet, and its ferry range with reserve tanks 

is well over 2000 miles. The Phantom has also been designed to fly com

fortably at extremely slow speeds in the vicinity of 125-130 miles per 

hour (183-191 ft/sec). The high performance of the Phantom is provided 

by two General Electric J-79 engines. The air-to-air intercept capabil

ity of the aircraft extends to over 900 miles. Air-to-surface attack 

capability on a typical high-low-high mission varies, depending on ini

tial bomb loading and flight program to over 1000 miles. 

Some of the more basic data on the F-4C are listed below: 

58.25 ft 
16.42 ft 

530 ft2 

38.42 ft 
2.78 

29,397 lb 

42,215 lb 

51,905 lb. 

Data on the functional relationship of c with cT and M were obtained L) XJ 
30 

from a flight manual issued by the U. S. Air Force. The data on 

thrust and SFC as a function of altitude and Mach number was obtained 

from sea level to 75,000 feet and was available from the vendor (General 

BODY: 

WING: 

WEIGHTS: 

Length 
Height 

Area 
Span 
Aspect Ratio 

Operating weight 
Operating weight plus 

full internal fuel 
Operating weight plus full 

internal fuel plus 
three external tanks 
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Electric Company) under the designation "J79-GE-15," Spec. No. E-2027. 

Tabular information obtained from the data sources just mentioned will 

be found in Appendix C. Also in Appendix C will be found the results 

of curve fits that were utilized to "fly" the F-4C on a digital compu

ter. 

The particular initial fixed and/or constant values chosen as 

based on the F-4C aircraft were as follows: 

Total weight W 40,000 lb 

Initial Mach number M 0.87 
(3.96) 

Initial thrust T 14,200 lb 

Initial drag coefficient c^ 0.0423. 

In addition the initial range was taken as 0 ft and the initial 

altitude as 15,000 ft. The F-4C aircraft was assumed to be in level 

flight at an altitude of 15,000 feet. From these assumptions and the 

assumed value of M = 0.87, the functional relationship for T using ven

dor's curves yielded the value for T listed above. The additional value 

of W = 40,000 lb for steady level flight together with the specified 

values of altitude and Mach number gave c^ = 0.0423 from the functional 

relationship provided by the vendor. The aforementioned choices of 

initial conditions were based on communications with actual F-4C pilots 

as well as with McDonnell-Douglas Aircraft Corporation in St. Louis, 

Missouri. From the defining relationship for Mach number the initial 

velocity was found to be 919.79 ft/sec. The idealized aircraft utilized 

the information in the previous paragraph with T, W, c^, and atmospheric 

condition values held fixed. 
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3.8 P£oc6dii:f6 fot Siiboptimal, Closed Loop Gtildaricfe of ari Aircraft 

The means for suboptimal, closed loop guidance of the simulated 

real aircraft was based on information provided by its idealized model 

for a particular mission. The desired trajectory of the idealized model 

for a particular mission was first determined from which the consequent 

lift program was recorded. The lift program was readily computed since 

the y profile from the idealized model was available throughout its 

trajectory. Consequently, the lift program was readily determined as a 

function of time by means of rearranging Equation (3.10) in the form 

L = W(cosy + — y)- (3.97) 
6 

The procedure for obtaining the desired idealized trajectory was ex

plained in Section 3.5. 

The lift program from the idealized aircraft for a particular 

mission to a specified end point (x^, y^) was then utilized to fly the 

simulated real aircraft whose values of T, p, c^, and W were allowed to 

vary. As expected, the trajectory of the simulated real aircraft devi

ated from that of its idealized model. Consequently, there arose the 

need to determine not only how much the real trajectory had deviated 

from that of its idealized version but also when such deviation was 

excessive. During the investigation two approaches were taken as fol

lows : 

(1) The deviation was based on a specified radial distance of 

the spatial position of the simulated real aircraft from 

the corresponding position of the idealized model. 

(2) After determining that velocity was a more sensitive 
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measure of deviation the percent of velocity deviation 

was used at each time step. 

The radial deviation described in (1) was chosen as 100 ft during the 

investigation, and it was quite difficult to obtain successful results 

for the completion of a particular mission. The difficulty was not so 

much due to the approach but rather due to the fact that the fixed value 

Cp = 0.0423 utilized by the idealized aircraft was a poor one because 

throughout the flight of the simulated real aircraft its varying c^ va

lues were considerably less than 0.0423. The value of 100 ft was consi

dered to be a reasonable distance only from a practical viewpoint. 

Choice of values for percent velocity deviation ranged about 

4 to 5 percent which were used mainly because such values appeared con

sistent with the radial deviation of 100 ft. Using other values of per

cent deviation did not yield fruitful results for the same reasons 

involving the fixed c^ value mentioned in the previous paragraph. 

The closed loop feature of the guidance scheme was manifested 

when the deviation became excessive as indicated by the radial distance 

or the percent velocity deviation. When this occurred a new idealized 

trajectory was determined to the same end point with different current 

initial conditions. This gave rise to a means of determining the next 

optimal trajectory for the idealized model, which was described in de

tail in Section 3.5. The consequent difficulty encountered was due to 

the fact that the last value of Y from the simulated real aircraft and 

the value of used by the previous idealized model aircraft did not. 

represent good initial guesses for calculating the succeeding idealized 

model trajectory. Reducing the tolerance on the deviation helped 
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somewhat, but the calculations still encountered formidable difficulty 

because of the poor guesses. Later in the investigation it was deter

mined that if a value of c^ within or very near the range of variable 

values encountered by the simulated real aircraft was used for deter- . 

mining the lift program, there was no need for any succeeding idealized 

model calculations. In other words the idealized model using a reason

able fixed value of c^ yielded a single lift program that was capable 

of successfully guiding its simulated real counterpart to the final spe

cified end point along an approximately optimal trajectory. 

3.9'Parabolic Guidance Scheme 

The exact location of the simulated real aircraft minimum time 

trajectory to a specified final end point was not known. Also there was 

no basis for concluding that any given trajectory calculation of the 

idealized model was even near that of the simulated real aircraft. One 

result obtained during the investigation was very questionable from a 

physical point of view. These considerations led to the development of 

a scheme to provide a lift program which the real aircraft could utilize 

to follow an approximately optimal path in range-altitude space. By 

calculating a series of such trajectories to a given end point, an ap

proximate location of the actual optimal trajectory for the simulated 

real aircraft could thus be determined. The "parabolic guidance" was 

accomplished by specifying an intermediate point at mid-range together 

with the initial and final end points. 

The details of the procedure for parabolic guidance will now 

be developed. Let (x^, y^) and (x^, y^) be the specified initial and 
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final points respectively and denote (x, y) as a given intermediate 

point such that 

X q  <  X  <  X j .  

A parabola passing through the given three points was written in the 

following form: 

y = a0 + al X̂ ~ V + a2 X̂ ~ X0)(X ~ X̂  (3.98) 

where the following collocation conditions are imposed: 

y(xo) = yo' 

y(x) = y, ' (3.99) 

y(xi> = y :• 

These conditions (3.99) applied to Equation (3.98) produced the follow

ing results: 

aQ = yQ, (3.100) 

yl ~ a0 a! = zr > (3.101) 
x - xQ 

yl ~ a0 ~ al(xl ~ V a2 = — - —1 _ U . (3.102) 
('*1 ~ x0)(xi ~ x) 

The derivative of (3.99) with respect to range x whose coefficients are 

defined by (3.100), (3.101), and (3.102) gave the slope of the. parabola, 

which is also the tangent of the flight angle y. Thus 

y1 = aj + a2(2x - xQ - x), (3.103) 

and since y' = tany there is obtained 

y = tan + a2^x ~ x0 ~ x̂ ' (3.104) 

With this equation it was possible to calculate the value of flight an

gle y for any value x in the range. The value of Y was needed to 

determine the lift program so for this purpose the following 
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approximation was used at the time t : 
n 

Yn " Vl 
1 * * — SE <3'105' 

which means that y^ was calculated at each time t based on present and 

the immediately preceeding information. The value At, which is the in

tegration increment, is fixed so it was a comparatively simple procedure 

to obtain y for each t since the values of x as well as x , were 
n n n n-1 

available for evaluating both y^ and Yn_^ by utilizing Equation (3.104). 

The parabolic guidance scheme yielded excellent results for 

guiding the simulated real aircraft to the final specified end point. 

The actual end point attained by the simulated real aircraft could easi

ly be placed within a 25-foot radius of the specified end point. The 

results from such calculations offered much insight into the investiga

tion and will be discussed in the next chapter. 



CHAPTER 4 

RESULTS AND DISCUSSION 

4.1 Preliminary Investigation 

The preliminary stages of the computer investigation were con

ducted at the University of Arizona and devoted largely to determining 

the best available means for performing the numerical integration of the 

problem investigated. For this purpose both the predictor-corrector and 

Runge-Kutta methods were explored. As mentioned in Chapter 2, Section 

2.4, these are the two basic methods for solving systems of differential 

equations such as those comprising the governing equations of the prob

lem in the investigation. Fourth order methods offered sufficient 

accuracy for the purpose of solving the problem, and the increase in 

accuracy of fifth order methods was not significant. In practice fourth 

order Runge-Kutta as well as the same order predictor-corrector methods 

are the most widely used for solving differential equations. Of such 

predictor-corrector methods that were investigated the so-called Nord-

31 
sieck's Method , which is a modification of the fourth order Adams" 

Bashforth Method, Was found to be particularly convenient. The method 

features a starting routine utilizing the predictor-corrector equations 

rather than another independent set of equations. All predictor-correc

tor methods require a means of obtaining starting values, and usually a 

Runge-Kutta Method is employed for the purpose. Nordsieck's Method has 

a "built in" starting procedure based on the same equations it utilizes 

69 



throughout the numerical integration process. However, Nordsieclc's 

Method has difficulties in certain instances involving its procedure 

for adjusting the integration increment to maintain a prescribed level 

of accuracy. By testing various example differential equations for 

which the exact solution was known, Nordsieclc's Method tended to give 

more accurate results than the comparable Runge-Kutta Methods but not 

to a significant extent. 

Of all the various fourth order Runge-Kutta methods, it was 

found that the version associated with minimum truncation error des-

32 cribed by A. Ralston was at least equal to and often better in accur

acy than other corresponding versions for various example problems. 

Since Runge-Kutta methods ar-e inherently more convenient to use for 

solving differential equations, the Runge-Kutta fourth order method 

with minimum truncation error was selected as the means for performing 

the numerical integration for the investigation. 

The next step in the investigation was to generate a family of 

optimal trajectories for the idealized model of the F-4C Phantom air

craft using the initial conditions and constant values mentioned in 

Chapter 3, Section 3.7. This pertinent information is listed below: 

Thrust T 14,200 lb 

Weight W 40,000 lb 

Drag Coefficient c^ 0.0423 

Initial Range x^ 0 ft 

Initial Altitude y^ 15,000 ft 

Initial Velocity VQ 919.79 ft/sec. 

Using the above values together with various combinations of values for 
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initial flight angle y^ and Lagrange multiplier X^ yielded the desired 

family of trajectories. Initial flight angles from -80 to -15 degrees 

in increments of 5 degrees together with different ranges of values for 

Xg from 0.01 to above 0.27 were selected for each angle. A plot of the 

end points from these calculations is shown in Fig. 2. The purpose for 

generating the family or set of optimal end point values was for the 

determination of the proper values of y^ and Xg when a particular end 

point was specified. Consequently, the information displayed graphical

ly in Fig. 2 was stored in digital form as tables in the memory of the 

.computer. Then as described in detail in Chapter 2, Section 2.6, the 

value of y^ and Xg that wo.uld yield an optimal trajectory of the ideal

ized aircraft to the specified end point was determined. Information 

from the resulting computations needed to guide the simulated aircraft 

was stored and provided the y program as a function of time from which 

the corresponding lift program was determined with the aid of Equation 

(3.97) 

4.2 Results from Approximation of F-4C Phantom Data 

In order to simulate the flight of the F-4C Phantom aircraft on 

a computer, data on aircraft characteristics were obtained as mentioned 

in Section 3.7. Such data consisted of c versus c for various Mach 
D LI 

numbers, military thrust as a function of Mach number for various alti

tudes, and specific fuel consumption as a function of Mach number for 

various altitudes. 

Rather than utilize the data in discrete tabular form in the 

computer a continuous least squares polynomial fit was determined. This 
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was desirable not only to facilitate the calculations but also to afford 

a more convenient means of determining variable properties. For each 

set of data various degree polynomials were investigated to obtain 

a relationship of the general form 

Y = A Xn + A .X11"1 + ... + A,X + A-'. (4.1) 
n n-1 10 

The lowest degree polynomial that yielded satisfactory accuracy of fit 

in the least squares sense was selected. By this is meant that the er

ror E was defined by 

r, ,2 

i = 1, 2, ... , m (4.2) E = - v: 

m 

where is the value corresponding to X^ calculated from the least 

squares polynomial fit of Equation (4.1) and Y_^ is the associated 

"exact" value provided ,by the given data. The accuracy was determined 

by the smallness of E. 

The c versus the c equations are listed in Appendix C. The 
is L 

maximum error as defined by (4.2) expressed in percent occurred with the 

curve fit for a Mach number of 0.6. This maximum error was only 1.467%. 

The minimum percent error among the curve fits of cn versus c was only 1) L 

-0.488% for M = 1.2. Such small errors can be considered negligible in 

view of the fact that the c versus c data are not exact since they D J-< 

were based on experimental data obtained from sources such as wind tun

nel readings. It will also be observed from the results of the second 

degree polynomial fit that none of the coefficients are negligible; i.e., 

for 

cD = A + B(cL) + C(cL)2 

the coefficients A, B, and C for each Mach number are all of significant 



74 

size relative to each other and the contribution of each term to the c^ 

value. From theory the middle term involving the coefficient B should 

be negligible. However, experimental data are such that the contribu

tion due to the first order term B(cT) is appreciable. This is because 
Li 

it is possible for some aircraft to exhibit airframe characteristics 

that will require a third degree polynomial to accurately approximate 

experimental c versus c data. 
D Lt 

The military thrust T was determined as a fourth degree polyno

mial function of Mach number M as a consequence of the least squares fit 

procedure. Results of the equations found for T as a function of M 

will also be found in Appendix C. The maximum error in the least 

squares sense among the curve fits was -3.27% at an altitude of 45,000 

feet'while the minimum error was only 0.23% at the altitude 15,000 feet. 

Finally the specific fuel consumption SFC was fitted by a poly

nomial of degree three in M for the various specified altitudes. The 

results of the curve fits will again be found in Appendix C. The number 

of data points available for SFC versus M for each altitude was rela

tively sparse. As a consequence, the curve fits were in greater agree

ment due to the nature of the least squares polynomial fit procedure. 

The maximum percent error in the least squares sense was -1.67% at sea 

level altitude, and the minimum error was only -1.24x10 ^% at an alti

tude of 15,000 feet. 

4.3 Comments on Results of ' Calciilatiorial Procedures 

In the calculation of the idealized aircraft trajectories no 

difficulty was encountered in determining the initial guidance program 
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to guide the simulated real aircraft. However, when a succeeding ideal

ized aircraft trajectory was required to the same specified end point 

starting from a new initial point, namely the point where the simulated 

real aircraft deviated excessively from the trajectory of any preceding 

idealized aircraft program, difficulty was invariably encountered. This 

difficulty often resulted in not being able to determine the next ideal

ized aircraft trajectory and thus required terminating the computational 

program. The difficulty was due to at least two reasons as follows: 

(1) The sub-terminal value of flight angle y from the simu

lated real aircraft trajectory and the value of X^ used in 

the previous idealized trajectory were poor initial gues

ses to the succeeding idealized model aircraft calculation. 

(2) The sub-terminal values of thrust T, drag coefficient c^, 

and velocity v from the simulated real aircraft which were 

fixed for the next idealized aircraft calculations were 

such that the Specified end point could not be reached 

using a smooth trajectory. 

A source of numerical difficulty in the calculational procedure 

occurred when the integration increment h = At was of such size as to 

cause odd behavior in the calculations. Such odd behavior consisted of 

the flight angle suddenly decreasing rather than experiencing its normal 

increase. 

Computation of the simulated real aircraft trajectories present

ed no difficulties as far as the numerical method was concerned. Later 

in the investigation it was found that the choice of c^ = 0.0423 as the 

initial value for both the idealized and the simulated aircrafts was a 
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major source of difficulty. This choice of fixed c^ was later found to 

be the main impediment to obtaining successful as well as meaningful 

results for many of the selected end points. 

Persistent efforts utilizing the initial value of c^ = 0.0423 

eventually led to a presumably approximately optimal real aircraft tra

jectory. This was accomplished for the one case of the specified end 

point of (12000, 17000) feet in range-altitude space. The criteria for 

determining the second and only additionally required idealized aircraft 

trajectory was based on radial distance of the real trajectory from that 

of the idealized one in range-altitude space. The presumably successful 

result was obtained for the radial distance of 125 feet. A plot of the 

simulated real aircraft trajectory for this case is displayed in Figure 

3. In Figure 4 is displayed the trajectory of the simulated real air

craft when a radial distance of 150 ft was specified. Since the devia

tion criteria was different for both of these cases, the points at which 

the second and only additional idealized aircraft trajectories were 

determined do not coincide. As can be expected the point at which the 

second guidance program was determined is at a greater range value when 

the specified radial distance tolerance is 150 feet instead of 125 feet. 

However, the tolerance of 125 feet yielded a simulated real aircraft 

trajectory that was comparatively smooth in its flight angle transition 

from the first guidance program to the final one while the 150 feet ca^e 

was characterized by a sudden change in flight angle. The total time 

for the smooth transition case was less, which should be expected. 

Additional trajectory calculations involving all possible combi

nations of fixed and variable values of T, p, c^, and SFC for the 
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(12000, 17000) feet end point case were obtained to determine the ef

fect of these parameters on the trajectory. For T, c^, p, and SFC all 

fixed, the real aircraft followed the idealized model trajectory, which 

thus verified the consistency as well as the accuracy of the computer 

programs for the simulated real and the idealized model aircrafts. The 

results for this case are displayed in Figure 5. The trajectory profile 

of this curve as compared to that of the corresponding idealized air

craft are almost identical as to be expected. However, the total flight 

time for the simulated real aircraft case (t^ = 16.45 sec) was less than, 

that for the idealized model (t^ = 16.54 sec) due to the fact that the 

model atmosphere variables assumed values favorable to minimum time 

flight. The atmospheric conditions, of course, x^ere held constant for 

the idealized model. 

Other results in the calculations mentioned in the previous 

paragraph indicated that the effect of variable SFC was negligible and 

also that variable T did not appreciably affect trajectory calculations. 

The effect of variable c^ and p appeared to be more pronounced, but 

later results disclosed that they also did not have appreciable effects 

if an appropriate value of c^ was chosen for the idealized aircraft at 

the outset of a particular problem. 

It was decided to try percent velocity deviation rather than 

radial distance for invoking the feedback procedure since velocity was 

found to be a stronger criteria for deviation of the simulated real air

craft trajectory from that of the idealized one. A velocity tolerance 

of ,4.93% led to results which duplicated the 125-foot radial distance 

deviation case of Figure 3. Additional investigation using the velocity 
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test produced no successful results of the previously defined problem 

with the (12000, 17000) ft'end point, and the same initial value of 

Cp = 0.0423 was used. 

Various other end point value problems using the same set of 

initial values were investigated, and all such efforts yielded no fruit

ful results. . Later it was determined that the initial value of c^ = 

0.0423 used for the first idealized aircraft trajectory calculation 

yielded an initial guidance program that was highly erroneous for the 

simulated real aircraft. 

Due to the physically obvious excessive dip of the presumably 

optimal trajectory obtained for the real aircraft using the initial 

value of Cp = 0.0423 for the (12000, 17000) ft final point case an 

investigation of its validity was clearly necessary. For this purpose 

a direct "beeline" trajectory between the specified end points of 

(0, 15000) and (12000, 17000) ft was obtained. As shown in Figure 6, 

the beeline trajectory of the simulated real aircraft resulted in a 

total flight time of 13.24 seconds which was less than that of the 

presumably optimal time of 16.16 seconds. It was then quite evident 

that the guidance program provided by the idealized model with the value 

of Cp = 0.0423 had not yielded an optimal trajectory for the simulated 

real aircraft. 

The next phase in the investigation was to locate approximately 

the actual optimal trajectory of the simulated real, aircraft. This task 

was accomplished by guiding the real aircraft along a pre-defined para

bolic trajectory. The details of the procedure are described in Sec

tion 3.9 of Chapter 3. Various parabolic trajectories were attempted 
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from the initial point (0, 15000) feet to the final point (12000, 17000) 

feet. To define the parabolic path various intermediate points were 

specified. The results of the investigation are displayed in Table 1. 

Choosing the intermediate point at the quarter, the half, or the three 

quarter range point had no significant effect on the value of minimum 

time. Consequently, the half range point was selected for pursuing the 

parabolic guidance studies. By taking a set of intermediate points at 

a fixed intermediate range it was possible to determine approximately 

the location of the minimum time trajectory for the simulated real air

craft. From the resulting family of such trajectories the approximate 

location of the optimal real aircraft trajectory was found to correspond 

to the parabolic trajectory that passed through or was near the inter

mediate point of (6000, 15500) ft with a total flight time of 13.16 sec. 

A superimposed set of curves showing three representative parabolic 

trajectories, the beeline trajectory, as well as the erroneous subopti-

mal trajectory obtained for the initial value of c^ = 0.0423 is display 

ed in Figure 6. It is quite evident from these curves that the minimum 

time trajectory for the simulated real aircraft with variable T, p, c^, 

and SFC lies below the beeline path with a much slighter dip than the 

presumably optimal but erroneous trajectory obtained from the guidance 

program of the idealized model using an initial c^ value of 0.0423. 

To explore the effect of holding c^ constant at the value 0.0423 

a continuous feedback procedure was attempted for the final point of 

(12000, 17000) feet. The simulated real aircraft trajectory was thus 

calculated quite readily by specifying a velocity deviation tolerance 

of zero so that at each time step a new optimal guidance program was 



Table 1 

RESULTS FOR TRAJECTORY OF SIMULATED REAL AIRCRAFT 
GUIDANCE 

WITH PARABOLIC 

Specified Initial Point (0,15000) ft 

Specified Final Point (12000,17000) ft 

Variable Thrust, Drag Coefficient, and Specific Fuel Consumption 

Variable Model Atmosphere 

Comparison Trajectories Total Flight 
Time, sec 

Actual End Point 
Reached 

Bee Line Flight 13.24 (12005,17001) 

Suboptimal, Closed Loop Case 
(Erroneous Results) 

16.16 (12212,17271) 

Parabolic Trajectory Given 
Intermediate Point 

Total Flight 
Time, sec 

Actual End Point 
Reached 

(4000,12000) 15.28 (12039,16974) 

(4000,13000) 14.18 (12000,16945) 

(4000,14000) 13.47 (12017,16986) 

(4000,14500) 13.24 (12003,16984) 

(4000,15000) 13.16 (12017,16997) 

(4000,15500) 13.24 (12048,17008) 

(4000,16000) 13.40 (12013,17006) 

(4000,17000) 14.26 (12028,17018) 

(6000,10000) 17.31 (12012,16985) 

(6000,11000) 16.14 (12005,16901) 

(6000,12000) 15.12 (12023,16952) 

(6000,13000) 14.18 (12000,16945) 



Parabolic Trajectory Given 
Intermediate Point 

Total Flight 
Time, sec 
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Actual End Point 
Reached 

(6000,14000) 13.55 (12028,16992) 

(6000,14500) 13.32 (12018,16991) 

(6000,15000) 13.24 (12059,17016) 

(6000,15500) 13.16 - (12016,16999) 

(6000,16000) 13.24 (12005,17001) 

(6000,16500) 13.47 (12026,17008) 

(6000,17000) 13.79 (12009,17016) 

(6000,18000) 14.81 (12020,17029) 

(8000,12000) 16.06 (12032,16952) 

(8000,13000) 14.88 (12027,16962) 

(8000,14000) 13.94 (12030,16985) 

(8000,15000) 13.32 (12018,16991) 

(8000,15500) 13.16 (12002,16989) 

(8000,16000) 13.16 (12006,16997) 

(8000,16500) 13.32 (12017,17004) 

(8000,17000) 13.63 (12031,17010) 

(8000,18000) 14.65 (12013,17030) 
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calculated, keeping c^ = 0.0423 for both the simulated real and the 

idealized aircrafts. The computations took a cumulative total time of 

over 15' minutes on the IBM 7040 computer including processing time, and 

the simulated real aircraft "flew" for a total of 9.01 seconds. The 

results of this calculation are displayed in Figure 7. The trajectory 

profile of the continuously guided simulated real aircraft follows that 

of the "successfully" guided corresponding trajectory curve displayed 

in Figure 3 to about a range of 6000 ft then encounters difficulty as 

can be seen from Figure 7. The continuously guided case experiences 

erratic behavior in its trajectory beyond 6000 feet. The determination 

of the idealized model trajectories became increasingly difficult near 

the ultimate end of the simulated flight. Since c^ was held constant 

and the result was unsuccessful it was evident that the value of c^ 

played a significant role in the achievement of a successful optimal 

guidance program. 

In order to examine the results obtained using parabolic guid

ance for the final point (12000, 17000) feet, another end point was 

selected, specifically, (21000, 12000) feet. This choice gave a trajec

tory of much longer distance and hence of greater total time. A beeline 

trajectory was also calculated. The results of this investigation are 

displayed in Figure 8. Again it was apparent that the real optimal tra

jectory was situated below the beeline path. 

In order to examine more extensively the effect of the value of 

on the idealized aircraft flight as compared to those values of c^ 

of the simulated real aircraft, the parabolic, guidance technique was 

again utilized. First the value of c^ = 0.028 was chosen, and this 
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COMPUTER RESULTS FOR TRAJECTORY PLOTTED IN FIGURE 7 

Time (sec) Range (ft) Altitude (ft) Velocity (fps) Fit Angle (deg) 

0.00 . 0.0 15000.0 919.8 -45.2 

0.39 258.5 14746.6 928.6 -43.7 

0.78 526.2 14497.9 937.1 -42.1 

1.18 799.2 14250.1 945.5 -41.4 

1.57 1082.0 14008.8 953.4 -39.6 

1.96 1375.1 13774.9 961.0 -37.6 

2.35 1680.5 13442.6 968.1 -35.0 

2.74 1996.4 13340.5 974.7 -32.7 

3.13 2322.7 13140.2 980.8 -30.3 

3.53 2657.9 12950.4 986.4 -28.2 

3.92 3003.7 12775.7 991.5 -25.4 

4.31 3359.5 12618.0 996.0 -22.4 

4.70 3724.7 12478.9 999.7 -19.3 

5.09 4099.2 12362.7 1002.7 -15.5 

5.48 4481.0 12269.1 1004.9 -12.0 

5.88 4868.1 12196.6 1006.4 -8.7 

6.27 5256.8 12130.2 1007.7 -7.6 

6.66 5648.7 12082.8 1008.3 -4.7 

7.05 6038.4 12017.9 1009.5 -6.9 

7.44 6422.4 11922.4 1011.7 -11.0 

7.83 6813.7 11859.2 1012.8 -5.9 

8.23 7208.3 11821.0 1013.1 -1.9 

9.01 7994.1 11714.0 1014.6 -0.6 
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value together with = -45 and = 0.191 was used to determine an 

idealized aircraft trajectory to the final point (18006, 13860) feet. 

Then a family of parabolic trajectories was calculated from the usual 

initial point (0, 15000) ft to the final point attained by the idealized 

aircraft. The approximate optimal total flight time for the simulated 

real aircraft was thus found to be 18.25 sec as compared to the 20.51 

sec required by the idealized aircraft with c^ = 0.028. The initial 

value of Cp for the simulated real aircraft was 0.0225 and the final 

value was 0.0255. The trajectories for both the simulated real aircraft 

with variable c^ and the corresponding idealized model using c^ = 0.028 

is shown in Figure 9. As can be seen there was a significant effect 

when the fixed value of c^ for the idealized aircraft was outside the 

range of variable values of c^ for the corresponding trajectory of the 

simulated real aircraft. It was therefore important to select a fixed 

Cp value for the idealized aircraft that lies within or reasonably near 

the range of values assumed by the simulated real aircraft for a parti

cular mission. 

The next step in the investigation involved comparing an ideal

ized model trajectory using a c^ value within the range of values as

sumed by the approximate optimal real trajectory. For this purpose the 

(12000, 17000) ft end point was selected from which an arithmetic aver

age value of Cp = 0.0233 was calculated from the results of the approxi

mately optimal trajectory obtained by parabolic guidance. Using this 

value of c^ the corresponding idealized aircraft trajectory was deter

mined to the same end point. The results of this investigation are 

displayed in Figure 10. The approximately optimal real trajectory was 
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almost coincident with the corresponding trajectory of the idealized 

model using an average value of c^. However, the total flight time 

was less for the parabolically guided real aircraft. The difference 

lies in the fact that the idealized aircraft utilized fixed values of 

T, p, Cp, and SFC while these are allowed'to vary for the simulated real 

aircraft. The faster time for the real aircraft was due undoubtedly to 

a combination of effects other than thrust since the average thrust was 

13,961 lb as compared to 14,200 lb for the idealized model. 

4.4 'Effect of Varying c^ in Idealized Trajectories 

In order to ascertain the effect of c^ on end point values in 

range-altitude space for various values of c^ a parameter study was 

conducted. The importance of the value of c^ had been established, and 

the purpose of this investigation was to determine the relative effect 

of the value of c^ on the location of the end point. 

The results for the choice of YQ = 10° together with X^ values 

of 0.25, 0.20, and 0.15 are shown in Table 2. The entries which are 

denoted "Would Not Run" are due to the fact that those particular choi-

ces of YQ and Xg led to a negative value of Y at t = 0. This possibility 

is apparent from Equation (3.81) for Y' which contains a negative term. 

From the data of Table 2, it is apparent that for YQ = 10° and X^ fixed, 

changing the value of c^ has a marked effect on the locus of optimal end 

points. The results thus emphasized the pronounced effect of c^ on op

timal trajectories for the idealized model. Consequently, to use the 

output of such idealized trajectories it is important to select a "reas

onable" value of Cp for the guidance of the stimulated real aircraft. 
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Table 2 

PARAMETER STUDY FOR EFFECT OF VARYING cD WITH Yo 83 10 

~D 
Time, sec Range, ft Altitude, ft 

0.25 

0 .20  

0.060 

0.050 

0.040 

0.030 

0.028 

0.026 

0.024 

0.022 

0.020 

0.018 

0.016 

0.014 

0.012 

0.010 

0.000 

0.060 

0.050 

0.040 

0.030 

Q. 026 

0.024 

13.21 8672 

12.16 8469 

9.95 7481 

4.39 3669 

2.10 1809 

Would not run 

Would not run 

33.01 22516 

23.53 17199 

18.40 14216 

15.08 12119 

12.75 10541 

11.04 9309 

9.72 8325 

6.05 5402 

11.65 7003 

10.44 6651 

8.13 5591 

1.42 1112 

Would not run 

Would not run 

19927 

19509 

18564 

16370 

15613 

26547 

23503 

21476 

20093 

19124 

18422 

17899 

16564 

20187 

19721 

18700 

15617 
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Time, sec Range, ft Altitude, ft 

0.020 

0.15 

0.022 

0.020 

0.018 

0.016 

0.014 

0.012 

0.010 

0.000 

0.060 

0.050 

0.040 

Q.030 

0.028 

0.026 

0.024 

0.022 

0.020 

0.018 

0.016 

0.014 

0.012 

0.010 

0.000 

Would 

Would 

Would 

44.39 

36.84 

32.41 

29.19 

19.82 

10.45 

9.21 

6.97 

2.54 

1.09 

Would 

Would 

Would 

Would 

Would 

Would 

73.02 

45.49 

30.40 

27.88 

not run 

not run 

not run 

27616 

22894 

20589 

19094 

14915 

5529 

5159 

4212 

1712 

768 

not run 

not run 

not run 

not run 

not run 

not run 

48446 

25477 

21356 

16204 

31692 

30232 

29087 

28069 

24109 

20399 

19895 

18801 

16411 

15610 

38055 

33890 

32901 

30137 
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A more extensive study of the effect of c^ values on the locus 

of optimal end points merely verified the significant effect it had on 

the final point location when and Ag were held fixed. 

4.5 Siiboptimal, Closed Loop Guidance of Simulated Real Aircraft 

The culminating phase of the investigation was accomplished af

ter determining that the value of c^ for any particular mission had a 

pronounced effect on the outcome for the guidance of the simulated real 

aircraft. Instead of restricting the investigation to particular end 

points, choices of YQ, and c^ values were made for the idealized 

model trajectory calculation which in turn determined a "specified end 

point". By this approach it was possible to examine a larger class of 

trajectories in range-altitude space with respect to c^ values and also 

to study the effects of varying c^ on the success of any given class of 

problems. 

Many successful results were obtained for various end points in 

range-altitude space as determined by the choices of Yq» anĉ  cp* 

Included among such results were trajectories of short duration through 

those up to times of about 30 seconds duration. There was found to be 

no need for the calculation of a second guidance program inasmuch as 

the first idealized trajectory was adequate to provide suitable control 

for the entire trajectory of the simulated real aircraft. Hence the 

value of Cp was the only serious deterring parameter in achieving a 

successful suboptimally guided program. 

When fixed values of c^ were chosen reasonably near (within 

\ 
\ 



approximately 0.005) but less than the average value assumed by the 

corresponding flight of the simulated real aircraft, a successful mis

sion was almost invariably assured for those flights of duration less 

than 15 seconds. One such typical result is shown in Figure 11. The 

trajectory of the idealized model was essentially coincident with that 

of the corresponding simulated real aircraft for which it served guid

ance purposes. The total flight time for the real aircraft was always 

slightly less than that for the corresponding idealized counterpart. 

The fixed value c^ = 0.024 utilized for the idealized trajectory calcu

lation was reasonably close to but less than the resulting average value 

c„| = 0.0258 obtained from the variable drag coefficients experienced 
D1 avg 

by the simulated real aircraft. The range of values of c^ for the real 

aircraft was from 0.0244 to 0.0264, which is quite narrow. Real trajec

tories to other points in range-altitude space experienced a much broad

er range of values for c^. 

Figure 12 shows a plot of the real trajectory for a much longer 

duration flight. Again as for the trajectory discussed in the previous 

paragraph the fixed value c^ = 0.0265 used for the idealized model was 

quite close to but again less than the average value of 0.0257 that 

resulted in the calculation of the real trajectory. The range of vari

able Cp values was broader for this case, namely 0.0234 to 0.0271. 

The successful results discussed in the previous paragraphs 

were obtained only after a lengthy set of computer calculations that 

were required to establish approximately what fixed value of c^ would 

be suitable to calculate an idealized trajectory to successfully guide 

% 

the simulated real aircraft along an approximately optimal trajectory. 
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It was thus evident that for any given end point there was a range of 

fixed Cp values that would serve to determine a successful optimal 

guidance program for the real aircraft. Due to the enormous amount of 

computer time required to carry out an investigation for determining 

the extent or range of such values, research was not extended in this 

direction. The difficulty of obtaining such information stems from 

holding the final point fixed, which entails numerous computer runs 

for each c^ selected for the purpose. It does not appear that such an 

effort would yield significant results or be of particular value. 

Since much effort was expended on the (12000, 17000) ft speci

fied final point case, a series of computer runs were made to arrive at 

an approximate suboptimally guided version of that particular case. 

This was accomplished by determining the average value of c^ for the 

approximately optimal parabolically guided version of the same case with 

varying properties. As a result the value c^ = 0.0233 was determined 

from which numerous computer calculations were made to arrive at and 

Ag values that would yield the particular idealized optimal trajectory 

to the (12000, 17000) ft end point. This was accomplished to within 

reasonable accuracy for the end point (11976, 16997). The extreme sen

sitivity of YQ and values made greater accuracy formidable. Results 

of this particular investigation are displayed in Figure 13. The ap

proximately optimal trajectory for the simulated real aircraft as deter

mined by the parabolic guidance scheme for this same case, which is 

shorn in Figure 10, gives a trajectory that lies slightly above that in 

Figure 13. It is also to be noted that the average c^ value of the sub-

optimal, closed loop guided trajectory in Figure 13 was 0.02745, which 
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is somewhat removed from the value 0.0233 used for the idealized model 

trajectory calculation. An extra refinement of this case was not at

tempted due to the excessive computer time required to arrive at the 

Yq and X^ values for any fixed c^ to a specified end point. 

In order to ascertain that the suboptimal, closed loop guidance 

method was yielding approximately optimal trajectories the parabolic 

guidance scheme was applied to run a set of trajectories above and below 

the one obtained and plotted in Figure 11. The results of this investi

gation are given in Table 3. The final time of the parabolically guided 

version of the reference case was identical to that resulting under sub-

optimal, closed loop guidance. Midpoint values at the fixed range of 

7034.8 ft with altitude values spaced 200 ft apart both above and below 

the reference case were selected. The actual end points reached by the 

parabolically guided trajectories were all reasonably close to the spe

cified end point of (14130, 13719) ft as can be seen in the results of 

Table 3. There is also a fairly wide selection of parabolic trajector

ies that all yield the same total flight time of 14.49 seconds. This 

was a consequence of the fact that all numerical methods for solving 

differential equations are approximate. A common time step of about 

0.08 seconds was used in all the calculations depicted in Table 3 so 

the results for the total flight time t^ are necessarily limited by 

this fact. Decreasing the value of the time or integration step will 

not necessarily lead to more accurate results due to the inherent trun

cation .errors of any digital computer. There always exists a minimum 

value of the integration increment for a particular problem below which 

accuracy will decrease due to truncation errors of the computer. A 



103 

Table 3 

RESULTS OF PARABOLIC GUIDANCE FLIGHTS OF SIMULATED REAL AIRCRAFT 
FOR A PARTICULAR CASE 

Specified Final Point = (14130,13719) ft 

Cp for Idealized Model = 0.024 

Yo for Idealized Model = -10° 

Xg for Idealized Model = 0.26 

Radial Tolerance on Final Point = 100 ft 

Flight Time Specified Midpoint Actual Endpoint Reached 
tj, sec Range, ft Altitude, ft Range, ft Altitude, ft 

14.88 7034.8 15070.6 14148 13724 

14.81 14870.6 14176 13716 

14.73 14670.6 14190 13713 

14.65 14470.6 14187 13714 

14.57 14270.6 14169 13716 

sfe 
14.49 14070.6 14134 13715 

14.49 13870.6 14164 13713 

14.49 13670.6 14178 13713 

14.49 13470.6 14177 13711 

14.49 13270.6 14161 13706 

14.49 13070.6 14132 13696 

14.57 12870.6 14167 13703 

14.65 12670.6 14188 13708 

14.73 12470.6 14197 13710 

Corresponds to reference case problem but using parabolic guidance 
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preliminary investigation of integration step sizes indicated that a 

range of values from about 0.5 to 0.05 seconds yielded the "best" re

sults. The terminal velocity was about 1025 ft/sec so the results could 

deviate as much as the time step times the velocity or about 82 feet. 

The exact specified end point was not attainable due to the approximate 

nature of the numerical procedure. Consequently, if the end point ac

tually reached by one flight as compared to another differed by only 

50 feet the time difference would be about 0.05 seconds. The actual 

integration step used was 0.08 sec as mentioned earlier. Thus the li

mitations of numerical procedures prevented the obtaining of signifi

cantly more accurate results than those given in Table 3. It appears 

from the results that the actual optimal trajectory of the simulated 

real aircraft at mid-range lies about 500 feet Below that of the appro

ximate! trajectory determined by suboptimal means for this case. 

In order to pursue the situation discussed in the last paragraph 

more extensively, another case corresponding to the results plotted in 

Figure 12 was investigated in the same manner. This case corresponded 

to a much longer but successful suboptimal trajectory. The results of 

the investigation are shown in Table 4. The total flight time of the 

parabolically guided case corresponding to the reference problem was 

28.67 sec, which was less than the suboptimal, closed loop counterpart 

flight time of 28.98 seconds. This result was to be expected due to the 

much longer duration of the trajectory as well as the fact that an in

tegration step of about 0.08 sec was used for the parabolically guided 

case and 0.39 sec was utilized for the suboptimal case. Furthermore, 

the difference in the two times is not excessive and of no real 
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Table 4 

RESULTS OF PARABOLIC GUIDANCE FLIGHTS OF SIMULATED REAL AIRCRAFT 
FOR A LONG TRAJECTORY CASE 

Specified Final Point = (25654,20771) ft 

Cp for Idealized Model = 0.024 

Yo for Idealized Model = -5° 

for Idealized Model = 0.265 

Radial Tolerance on Final Point = 100 ft 

Flight Time Specified Midpoint Actual Endpoint Reached 
tj. sec Range, ft Altitude, ft Range, ft Altitude, ft 

28.83 12639.4 16442.7 25673 20773 

28.83 16222.7 25708 20789 

28.75 16022.7 25677 20774 

28.75 15822.7 25701 20786 

28.67 15622.7 25661 20764 

28.67* 15422.7 25673 20770 

28.67 15222.7 25680 20774 

28.67 15022.7 25680 20774 

28.67 14822.7 25675 20769 

28.67 14622.7 25665 20761 

28.75 14422.7 25703 20789 

28.75 14222.7 25683 20773 

28.75 14022.7 25658 20752 

28.83 13822.7 25681 20769 

Corresponds to reference case problem but using parabolic guidance. 
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significance. More important is the overall picture displayed in the 

results of Table 4. It is seen again that the suboptimal, closed loop 

trajectory lies within the set of flight times for the parabolically 

guided trajectories. Again there is observed the tendency for duplicate 

total flight times which is due to the error and limited accuracy 

sources discussed in the last paragraph. Also it appeared that the 

actual optimal trajectory for the simulated real aircraft lies below 

the one determined by suboptimal guidance. For this longer trajectory 

case the actual optimal trajectory appears to lie only about 400 feet 

below the suboptimcal one at mid-range. 

To examine the effect of c^ values in greater detail, a series 

of computer runs were made with fixed values of YQ and X^, and varying 

Cp values for obtaining suboptimal trajectories of the simulated real 

aircraft. Results of this investigation are given in Tables 5 and 6. 

In these results the trajectory was terminated if and when the full 

specified final range was attained by the simulated real aircraft. 

Consequently, the altitude value was left free and was not always in 

reasonably close agreement with the specified value. From the results 

shown in Table 5 it is evident that the c^ values used for the calcu

lation of the idealized trajectory have a pronounced effect on the 

achievement of a "successful" trajectory for the simulated real air

craft. It appears that when YQ = -55° and X^ = 0.12 a c^ value for the 

idealized trajectory calculation that is lower than the average c^ 

value which results from the corresponding simulated real aircraft 

flight was the desired value. The results of Table 6 with YQ ~ 0° an& 

X^ = 0.27 indicate the same tendency. The pronounced effect of c^ 



Table 5 

SUBOPTIMAL, CLOSED LOOP GUIDANCE RESULTS WITH y0 AND FIXED FOR IDEALIZED AIRCRAFT 

Idealized Aircraft Data 

t,,sec x^ft y15ft Yo.deg 
'D 

Simulated Aircraft Data 

t^,sec Xj,ft y^jft Avg c^ c^ Range Result 

12.19 8451 16509 -55 0.12 0.034 

0.038 14.70 9999 16723 

16.20 10798 16875 

17.14 11192 16783 

17.76 11350 16751 

18.14 11364 16698 

0.042 

0.046 

0.050 

0.054 

12.53 

12.53 

Bad 

J 14.06 9999 16301 0.04658 0.0287- Good 
0.0753 

14.51 1079S 15797 0.04072 Q.0266- Good 
0.0604 

14.60 11192 15329 0.03820 0.0255- Good 
0.0532 

16.80 11350 16980 0.03425 0.0176- Good 
0.0490 

Bad 

# 

Second succeeding idealized trajectory for guidance purposes could not be determined. 

Computer program was designed to stop when specified final range was reached by simulated aircraft. 



Table 6 

ADDITIONAL RESULTS WITH yQ AND FIXED FOR IDEALIZED AIRCRAFT 

Idealized Aircraft Data 

t^sec xx,ft y^ft Y0»deg ^ • cD 

Simulated Aircraft Data 

t,,sec xl'ft yl'ft 
Avg ĉ  ĉ  Range Result 

4.70 

7.78 

9.64 

10.93 

4234 15585 0 0.27 0.028 

6844 16271 

8297 16820 

9228 17266 

12.67 10314 17943 

13.28 10631 18199 

0.030 

0.032 

0.034 

0.038 

0.040 

4.67 

7.63 

9.35 

10.50 

11.91 

13.28 

4234#  15583 

6844 . 16253 

8297 16779 

9228 17196 

10314 17800 

0.03476 0.0399-
0.0355 

0.03116 0.0299-
0.0323 

0.03022 0.0287-
0.0316 

0.02968 0.0279-
0.0313 

0.02899 0.0269-
0.0308 

Good 

Good 

Good 

Good 

Bad 

Bad 

# Computer program was designed to stop when, specified final range was reached by simulated aircraft. 

Second succeeding idealized trajectory for guidance purposes could not be determined. 
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value is quite evident for both cases. 

Table 7 gives a selection of additional results of successful, 

suboptimally guided simulated real aircraft trajectories where c^ = 

0.024 was held fixed for various and values. These results sup

ported the observations discussed in the previous paragraph. In parti

cular, it is to be noted that the last four reasonably successful 

entries had average c^ values of the flight of the simulated real air

craft that were larger than the fixed c^ = 0.024 for the idealized 

model. Consequently, the apparent observations from Tables 5 and 6 

concerning the desirable values of c^ are verified. There appeared to 

be no predictable pattern as to what c^ values are the best for any 

particular specified end point except that they should be lower for the 

idealized model. To seek such a pattern would consume an enormous 

amount of computer time and so was not attempted in the present investi

gation. It appeared that the c^ value used for the idealized aircraft 

should be reasonably near (within about 0.005) but less than the average 

value encountered by the simulated real aircraft experiencing varying 

Cp values throughout its flight. The range of values encountered by 

the real aircraft depends oh the specified final point, which introduces 

another source of difficulty in arriving at desirable c^ values. Es

sentially then for each point in range-altitude space there will be a 

range of c^ values whose corresponding idealized trajectories to that 

particular point will serve to provide a good guidance program for the 

simulated real aircraft. 



Table 7 

MISCELLANEOUS RESULTS WITH yQ AND FIXED FOR IDEALIZED AIRCRAFT 

Idealized Aircraft Data Simulated Aircraft Data 

t1,sec x^ft . yjjft YQ,deg ^ % t^sec Xj.ft. y^ jft .Avg cD cD Range Result 

29.37 20577 25000 10 0.26 0.024 

25.51 19620 22487 5 0.265 

13.08 11530 17171 0 0.27 

30.34 25654 20771 -5 0.265 

14.91 14130 13719 -10 0.26 

6.34 5841 13648 -15 0.0255 

27.14 20577# 24460 

24.05 19620 22162 

12.08 11530 17135 

28.98 25663 20802 

14.49 14097 13699 

6.26 5841 13647 

0.02355 0.0220- Good 
0.0323 

0.02456 0.0220- Good 
0.0290 

0.02717 0.0259- Good 
0.0283 

0.02567 0.0234- Good 
0.0271 

0.02581 0.0244- Good 
0.0264 

0.02523 0.0242- Good 
0.0258 

Computer program was designed to stop when specified final range was reached by simulated aircraft. 

This corresponds to the trajectory plotted in Figure 11. 

This corresponds to the trajectory plotted in Figure 10. 



CHAPTER 5 

CONCLUSIONS 

For convenience the. conclusions will fee. placed under two cate

gories corresponding to the. preliminary phase, in the investigation and 

then the. final phase during which, successful results were obtained. 

These, two phases will be. denoted as "preliminary investigation" and 

"suboptimal, closed loop guidance", respectively. It is to be noted 

that the closed loop feature, of the. guidance, scheme was ultimately 

found to be unnecessary, as explained in Chapter 4. 

Preliminary Investigation 

1. Approximation of actual aircraft data by the method of least 

squares using polynomials is a good means of providing compact 

information for the. computer. Such information can then be used 

succe.ss.ful.ly to fly the simulated version of the real aircraft on 

a computer. For the particular aircraft chosen in the investiga

tion the accuracy was within 4% in the least squares sense for the 

CJJ versus c^, T versus M, and SFC versus M data. 

2. For the. fixe.d value of n 0.Q423 family of idealised model optimal 

trajectory end points,- displayed in, Fig. 2 and s.tore.d in the computer 

in tabular form, the. • de.t<irntinat.i;on of the. particular idealized 

trajectory to a specifie.d' end point utilising a double interpolation 

technique, yields a trajectory th.at is: within a radial distance of 

. 10 ft for most cases. 

Ill 
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The iterative method devised for determining subsequent trajec

tories of the idealized model is strongly dependent on a good set 

of initial guesses. This agrees with the experience of other 

investigators. The sub-terminal results from the simulated real 

aircraft trajectory calculation does not provide good initial ap

proximate values of y and for the determination of the succeed

ing idealized model trajectory. For a few isolated cases the 

numerical technique developed for the purpose did succeed as indi

cated in Figures 3 and 4. For the situations in which a good set 

of initial values for y and was available, the iterative method 

developed to determine the idealized trajectory to a given end 

point functioned successfully. 

For the fixed value c^ = 0.0423 of the idealized model and the 

specified end point (12000, 17000) ft there exists a guidance pro

gram for the simulated real aircraft consisting of two parts such 

that the point at which the second guidance program takes over 

results in a smooth flight angle transition. This is evident from 

Figures 3 and 4. The total flight time for the smooth transition 

case tends to be the least. HOxrever, the resulting simulated real 

aircraft trajectory is not optimal due to the poor choice of the 

Cp value used for the idealized model. 

The effect of SFC on the flight trajectory of the simulated real 

aircraft as compared to the corresponding idealized model trajec

tory whose SFC is zero is negligible. This is due to the compara

tively small value of SFC as well as flight time for the simulated 

real aircraft resulting in a small weight change as compared to the 
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initial weight of 40,000 lbs. 

6. Variable thrust for the simulated real aircraft has no significant 

effect on the trajectory as compared to the corresponding idealized 

model trajectory. 

7. The contiguously guided simulated real aircraft using an idealized 

model with a fixed c^ value of 0.0423 does not lead to a successful 

mission to the specified end point (12000, 17000) ft (see Figure 7). 

This appears to be due to the fact that the initial flight angle at 

t = 0 for Cp = 0.0423 is so erroneous that the guidance program is 

not able to compensate. 

8. The technique of parabolic guidance appears to be a reasonable 

means of determining an approximate optimal guidance programs. For 

minimum time trajectories there is no significant difference in the 

results when the necessary intermediate point is chosen at the 

quarter, half, or three quarter range point (see Table 1). 

9. The location of the actual optimal trajectory for the simulated 

real aircraft lies below the straight line joining the initial and 

final points. This is evident from Figures 6 and 8. 

10. For the particular case of c^ = 0.028, = -45°, and = 0.191 

and the resulting end point of (18006, 13860) ft for the idealized 

model trajectory, the actual approximate location of the optimal 

trajectory for the simulated real aircraft is above that of its 

idealized model (see Figure 9). 

11. From the results displayed in both Figures 8 and 9 it appears that 

for a given end point using a c^ value for the idealized model 

. larger than the range of c^ values encountered by the associated 



simulated real aircraft will yield a suboptimal trajectory that 

is below the actual optimal trajectory. 

12. For the specified end point (12000, 17000) ft utilizing the average 

value Cp = 0.0233 of the approximately optimal simulated real air

craft trajectory obtained by parabolic guidance, the corresponding 

idealized model trajectory is quite near but below the parabolic 

version, it thus appears that the average value is a reasonable 

one to use for the idealized model in obtaining the guidance pro

gram for the simulated real aircraft by suboptimal means. 

13. Results of the parameter study of idealized trajectories given in 

Table 2 point out the marked sensitivity of c^ values on the final 

end point for particular fixed values of YQ and This is a 

source of difficulty when fixing the final point and then trying 

to determine the correct values of and corresponding to a 

fixed Cp value. 

Suboptimal, Closed Loop Guidance 

14. From the results displayed in Figures 11, 12, and 13 it appears 

that reasonably successful suboptimal, closed loop guided results 

are obtainable by means of a single guidance program provided by 

the idealized aircraft using a fixed c^ value lower than the aver

age 0^ value encountered by the simulated real aircraft flight. 

Success appears to be assured even if the c^ value for the ideal

ized aircraft lies outside the range of c^ values encountered by 

the simulated real aircraft as long as it is less than the range 

of values. This observation is evident from the information in 
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Figures 11 and 13. The closed loop feature is unnecessary when a 

good Cp value is used in the idealized model calculation. 

15. For the particular specified end point of (12000, 17000) ft the 

approximately optimal trajectory obtained by the suboptimal, closed 

loop technique had a flight time (13.22 sec) very near that (13.16 

sec) of the corresponding approximately optimal trajectory obtained 

by parabolic guidance for the simulated real aircraft (see Figures 

10 and 13). Furthermore, the trajectory for the suboptimal, closed 

loop case is virtually coincident with its corresponding idealized 

trajectory. 

16. The total flight time for the simulated real aircraft with variable 

properties guided by the suboptimal, closed loop technique appears 

always to be slightly less than that of the associated flight of 

the idealized model. 

17. The results displayed in Tables 3 and 4 examining the approximately 

optimal trajectory of the simulated real aircraft by suboptimal, 

closed loop means for two particular cases indicates that the tech

nique is a reasonable one and yields a trajectory that is probably 

very near the actual optimal trajectory. It is to be pointed out 

that the examination of the location of the actual optimal trajec

tory was accomplished by means of another approximate guidance 

method so the observations are necessarily limited. 

18. The results of obtaining suboptimal, closed loop trajectories shown 

• in Tables 5 and 6 for various c^ values again indicates a c^ value 

for the idealized aircraft that is below the average value of the 
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corresponding simulated real aircraft flight gives better results 

with respect to arriving at the proper end point. In addition it 

is evident that a value of c^ that is too low results in an unsuc

cessful suboptimal, closed loop controlled flight as revealed by 

the results of Table 5. 

19. The results shown in Table 7 in which c^ = 0.024 was held fixed 

for the idealized aircraft again verify that the lower value of 

Cp for the idealized model yields better results for the subopti

mal, closed loop controlled simulated real aircraft. 

20. For the case of the particular aircraft studied in this investiga

tion, the technique of closed loop, suboptimal guidance for mini

mum time flight of the simulated real aircraft trajectories is of 

questionable value. It is possible that the technique can be ap

plied to an actual aircraft provided a table of good c^ values for 

any specified end point is available to generate a guidance program 

from the idealized model calculation. 

The present investigation has not been completely exhaustive, 

as already indicated. Hence, if future research and extensions of the 

present investigation are to be executed, some of the more obvious areas 

of research are as follows: 

1. Attempt to determine a means of arriving at desirable c^ values as 

functions of spatial position for suboptimal, closed loop guidance 

purposes. 

2. Study the effects of changing the initial values of range, altitude, 

weight, and throttle setting for the subject aircraft. 

3. Conduct similar research on other aircraft. 
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4. Apply the suboptimal, closed loop technique to other mathematically 

equivalent engineering problems. 

5. Utilize the analog computer for conducting further investigations. 

This last item is particularly appealing because of its conven

ience. Utilization of a digital computer for an extensive investigation 

is comparatively slow, time consuming, and inefficient due to the limi

tations of any numerical procedure. However, the digital computer does 

enjoy greater accuracy. The results of this investigation has revealed 

that the method of suboptimal, closed loop guidance for the particular 

problem investigated is a means of approximate optimal guidance. Fur

thermore, while the overall procedure and idea is undoubtedly applicable 

to a wide variety of other real engineering systems, its utilization 

would certainly be difficult to employ for any extensive system. 



APPENDIX A 

RUNGE-KUTTA METHODS 

Runge-Kutta methods are classified as being one-step numerical 

methods for solving differential equations. The one-step refers to the 

fact that the value of approximating xCtR+j) is determined by using 

information at x and intermediate points in the interval (x , x 
n r n n+1 

No information before x is needed as is the case for the so-called 
n 

multistep methods in which information at x , x • x „, ... is needed r n' n-1' n-2' 

to numerically evaluate xn+j* As a consequence the multistep methods 

require a special starting procedure since past information is not 

known at the beginning of a problem for solving differential equations. 

This fact tends to increase the length as well as complexity of computer 

programs using a multistep method. On the other hand multistep methods 

may be more accurate than equivalent one-step methods for certain types 

of differential equations as well as faster, except for the starting 

procedure. 

A discrete numerical method results in a solution consisting of 

a discrete set of values x^, x... that are approximations to the 

e x a c t  v a l u e s  x ( t j ) ,  x ( t 2 ) ,  .  f o r  p r e - s e l e c t e d  v a l u e s  t ^ ,  t . . .  o f  

the independent variable. Thus any discrete numerical method whether 

one-step or multistep in nature will consist of an algorithm for solving 

one or more differential equations so as to calculate at each pre

selected value t the value of all the dependent variables x that 
n n 

118 
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approximate the exact values xCt^). 

The basic or "classical" Runge-Kutta method was devised by C. 

Runge about the year 1894 and reported in Mathematische Annalen, Vol. 

46, in 1895. A few years later W. Kutta extended the ideas of Runge 

and reported them in an article which appeared in 1901. Since that time 

there havfe been numerous contributors to the Runge-Kutta integration 
i 

method, which has come to be widely used for solving differential equa

tions on digital computers. The greatest advantage of Runge-Kutta 

methods is their simplicity as compared to multistep methods. The sim

plicity derives from the fact that the calculations for the Runge-Kutta 

methods are one-step so the computations for any increment including 

the first are exactly the same for any other increment, and the incre

ment can be readily changed for any step. Frequently, Runge-Kutta 

methods are used to provide starting values for multistep methods. 

Runge-Kutta methods share the common disadvantage of limited 

accuracy that is true of all numerical methods of integration. For 

manual- computation it suffers the disadvantage of lack of convenient 

checks. However, this particular drawback is not a serious one since 

the method is rarely used in hand calculations but rather on an elec

tronic digital computer where checks in the computer program are not 

required due to the integrated circuit checks of such a computer that 

assure arithmetical accuracy. It has been the experience of the writer 

that for differential equations with solutions that are oscillatory in 

nature with sharp changes in value or equivalently having large and 

rapidly changing values of the derivative existing throughout the range 

of the independent variable t, Runge-Kutta methods rapidly lose accuracy. 
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This seems to indicate that Runge-Kutta methods are not suitable for 

such differential equations. However, applying a multistep method 

yields good accuracy. A particularly suitable multistep technique is 

Nordsieck's Method, which is a modification of the Adams-Bashforth 

Method. The writer's experience has also revealed that the multistep 

Nordsieck's Method requires less time for calculating a given problem 

than the Runge-Kutta Method with minimized truncation error. It appears 

then that given any problem consisting of a set of differential equa

tions that cannot be solved analytically, the Runge-Kutta method is a 

good choice, provided that the savings in time is a secondary consider

ation. However, if the solution function(s) vary rapidly in an oscilla

tory fashion and computation time is of primary importance, then it is 

desirable to use a multistep method for the sake of increased accuracy 

and economy. 

All Runge-Kutta methods are applied to the numerical solution of 

the initial value problem specified by 

x_. = f (t, x j, » • • • > > J = 1•••» n 

with initial conditions 

x. (t_) = x.ft, constants. j 0 j0 

The procedure in deriving the computational equations for a Runge-Kutta 

method is to replace the result of truncating a Taylor's series expan

sion for xn+-^ about Xr in the following form: 

h2 
x , = x + h x + vr x + ... (A-1) 
n+1 n n 2. n 

by an approximation involving only the first order derivatives of the 

form 
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x — x + y_ 1ct + y0k„ + ... + y .k ,, 
n+1 n 11 2 2 m+1 m+1 

where h = t ,. - t 
n+1 n 

k, = f(t , x ) h 
1 n n 

k „ =  f ( t  +  OL h ,  x  +  3, - k , )  h  
2 n 1 ' n 11 1 

lc3 - f (t^ + o^h, Xr + ̂ 2]kl + ̂ 22k2^ h (A-2) 

k. = f(t + a h, x + 3 .k, + 3 0k„ + ... + 3 k ) h. 
m+1 n m n ml 1 m2 2 mm m 

The three sets of constants y, a, and 3 are determined so that if the 

values of the derivatives x^, xn, ... are expressed in terms of f and 

its derivatives then the coefficients of corresponding terms in the 

resulting expression agree with those obtained for (A-2) when the k's 

are expanded by means of a Taylor's series. The details of the deriva

tion are very involved and entails expanding k^ \i+l ̂  t*ie 

use of a Taylor's series in more than one variable then equating corres

ponding coefficients of the equivalent representation given by (A-l) 

where x^, x^, ... are expressed in terms of f and its partial deriva

tives. The actual derivation of any Runge-Kutta formula of higher order 

in m is very laborious since it involves extensive algebraic manipula

tions as well as analytical maneuvering. The case of a single dependent 

variable talcing m = 2, which results in a so-called Runge-Kutta third 

33 
order method, is derived in detail by Kuo . The most commonly used 

Runge-Kutta methods are of fourth order. The writer has tried a fifth 

order Poinge-Kutta method and found that it did not result in a signifi

cant increase in accuracy in spite of the additional refinement and 
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extra steps. The fourth order Runge-Kutta method appears to be "opti

mum11 for most practical engineering applications. 

The best known and most commonly used Runge-Kutta method is the 

"classical" one of fourth order that was originally devised by Runge 

and refined by Kutta. Its algorithm is specified by the following set 

of formulas: 

h = t . - t 
n+1 n 

kl = h f̂ tn' xr.) 1 n n 

k = h f(t + 0.5h, x + 0.5k,) 
2 n n 1 

k„ = h f(t' + 0.5h, x + 0.5ko) (A-3) 
3 n n 2 

k, = h f(t + h, x + k„) 
4 n 5 n 3 

Ax = *7"(ki + 2k„ + 2k„ + k,) 
n 6 1 2 3 4 

x ,, = x + Ax . 
n+1 n n 

For the case in which x = f(t), Equations (A-3) reduce to the familiar 

Simpson's Rule for numerical integration since k^ and k^ combine. This 

points out that Simpson's Rule is of fourth order accuracy. 

Another version of the Runge-Kutta method is that which utilizes 

Gill's coefficients. The chief advantage of this so-called Runge-Kutta-

Gill Method is that it requires a minimum number of storage locations 

in a computer. This was a very desirable feature when the memory capa

city of the early vintage electronic digital computers was limited. 

However, most present day computers have ample memory capacity to con

tain most problems without taxing its memory limitations. The writer's 

experience with the Runge-Kutta-Gill Method has revealed it to be of 

comparable accuracy with the classical method, which is to be expected 

since both were of the same fourth order. 
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A less well known version of a fourth order Runge-Kutta method 

is that which results from minimizing the truncation error bound and 

32 
which was derived by A. Ralston . A comparison of this method with 

the classical fourth order version using a number of example differen

tial equations has revealed that the one with minimized truncation 

error is as accurate and often more so than the comparable classical 

version. It seems evident then that the best choice among fourth order 

Rurige-Kutta methods is the one with minimized truncation error. The 

formulas defining the algorithm for this method are as follows: 

h = t . - t 
n+1 n 

k l =  h f(t , x ) n n 

k2 ~ 
h f (t + 0.4h, x + 0.4k,) 

n ' n r 

k3 = 
h f(t + 0.45573725h, x + 

n n 
0. 29697761kj + 0. 158759641C2) 

k4 = h f(t + h, x + 0.21810041 n xi 1 
- 3.0509651k2 -f • 3.83286476k3) 

Ax = 
n 

- 0.1746028^ -0.55148066k2 + 1.20553560k3 + 0.17118478k. 4 

x ., = x + Ax . 
n+1 n n 

The method was utilized on a digital computer as a Fortran IV subroutine 

program created by the writer. 

In addition it is desirable to mention that questions of accur

acy, stability, and error bounds are important considerations. J. W. 

• - 34 
Carr III has discussed error bounds for the Runge-Kutta methods and 

has proved a theorem giving the bound on the total error at any step 

in the numerical integration process. Carr also discusses stability 

in the same article. As a practical technique when using the Runge-

Kutta method with a constant increment h, the choice for the size of 

h can be accomplished by running a set of trial solutions with various 
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values of h. Then h is chosen from among those where the results using 

the various h values differed very little from each other. This parti

cular technique was used in the investigation by the writer. An exces

sively large or small value of h will yield very inaccurate results, 

and the cause of error due. to a large h is quite obvious. The error 

due to a small h arises from round off error that is inherent in any 

electronic computer as well as introduction of instability in the al

gorithm. Another rule of thumb method for selecting a value for h in 

the fourth order Runge-Kutta Method is that it should be such that 

k"2 ~ ̂ 3 or more specifically 

lk2 ~ k3l 
—7——r1- x 100 < e 
|k l  " 21 

where e is a number representing a small percent, say 1 to 5. 



APPENDIX B 

GENERAL DESCRIPTION OF COMPUTER PROGRAMS 

All computer programs were created by the writer in the Fortran 

IV language with the exception of a double precision subroutine that 

was provided by the University of Missouri Computer Center for the pur

pose of obtaining accurate least squares curve fits for aircraft data. 

The results from these curve fits that were based on polynomial approxi

mations were then incorporated into a subroutine program for the purpose 

of simulating the flight of the F-4C Phantom aircraft 011 an electronic 

digital computer. The programming efforts in the Fortran IV language 

resulted in about twenty subroutines and about five main programs. The 

final version of the entire computer program constituting the successful 

results of the final phase of the investigation involved the main pro

gram with a total of fourteen subroutines. It will be the purpose of 

this appendix to give brief and general descriptions of the more perti

nent subroutines that were used in the investigation. The main programs 

served to coordinate the computational procedures of the subroutines. 

Hence the main programs were essentially designed to monitor the overall 

procedure and perform some of the incidental calculations. 

Subroutine ENDPT 

This subroutine provided the proper initial values of flight 

angle and Lagrange multiplier for a specified final end point. 

It was needed only at the beginning of the flight of the idealized 

125 
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model aircraft. 

The first step was to determine whether a specified final point 

was within the single smooth optimum trajectory capability of the air

craft. This capability was specified by a closed polygonal region 

established from a. flooding technique and shown in Figure 2, Chapter 4. 

The boundaries defining the region were as follows: 

= 2000 

= 19100 

= -0.14x1 + 19580 

= -0.4142S6XJ +. 23614 (B-l) 

= 20500 

= 11500 

= -0.8XJ + 20300 

where the equations are listed so as to define the straight line boun

daries in the clockwise order beginning with the vertical boundary at 

the left in Figure 2. 

After establishing that a specified final point was within the 

"allowable" region y^ was found as a function of in tabular form 

from tables contained in the computer memory of previously calculated 

end points and corresponding y^ and values. The procedure involved 

finding two such functions defined in tabular form, based on interpo

lating for the specified point (x^, y^)- Then these two functions were 

solved simultaneously to yield the desired result. The result was re

markably accurate. Of the sample, end points tested, this subroutine 

yielded values of y^ and leading to minimum time flights of the 

idealized model aircraft with final point well within a radius of fifty . 
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feet of the specified point. 

Subroutine EPMOB 

This subroutine served the purpose of correcting initial values 

of YQ and for the idealized model aircraft during the intermediate 

portions of the suboptimally guided flight of the simulated real air

craft. The first correction involved fixing YQ then adding a fixed 

corrective increment to Then by a selective sweeping procedure 

using both linear and quadratic interpolation on the specified final 

point together with calculated end points, the subroutine arrives at 

values for YQ an(3- that produced an end point within a 50-ft radius 

of the specified final point. 

If good initial guesses for Yq an-d ^ were available, this sub

routine was found to determine refined values for YQ and ̂  that yielded 

a minimum tiir.e trajectory with an end point lying within a 5C-ft radius 

of the specified point and requiring about nine calculations in the 

sweeping process. By reducing the incremental correcti.ons on both YQ 

and greater refinement was possible. 

Subroutine FCN 

This was a short subroutine to provide the values of n1, u1, 

and y' f°r the idealized aircraft for any time T . The equations for 

those derivatives are given by (3.49), (3.50), (3.82), and (3.81), res

pectively. These values were required in the Runge-Kutta method sub

routine for the idealized model aircraft. 

Subroutine FCNR 
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This subroutine serves the same purpose as FCN only for the 

simulated real aircraft. It was devised to provide values of x, y, v, 

• • • « Y» and W. The value of Y was determined from the Y results of a cor

responding idealized model flight put into dimensioned form. The equa

tions defining x, y, v, and W are given by (3.12), (3.13), (3.9), and 

(3.93), respectively. 

Subroutine F4CMD 

The purpose of this subroutine was to provide the guidance pro

gram from the idealized model for the optimal control of the simulated 

real aircraft. In particular the time history of x, y, v, and Y' was 

furnished in tabular form. The values of x. and y as well as v were used 

for the feedback feature of the optimal guidance scheme of the investi

gation. 

Subroutine LINT 

Linear interpolation between two points for a third point value 

was the purpose of this subroutine. Given points (x^, y^) and (x^, }^) 

as well as a specified value x, the desired value y was found using the 

familiar formula 

y ° yi + (x" V- (B~2> 

Subroutine PINT 

This subroutine was.used for quadratic or second order interpo

lation as based on a second degree polynomial. For this purpose the 

points (xj, y^)s (*2> ^2^' an<̂  X̂3' ̂ 3^ are assume<̂  to specified 
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together with a value x. The corresponding value y is found using 

y = A2X2 + AjX + Aq (B-3) 

where. (y2 - yjXx-j - *2) ~ (y3 - y2 x̂2 ~ XP 
A2 = d 1 (B_4) 

(y3 - y2)(x22 - xx2) - (y2 - yi)(x32 - x22) 
A1 = d (B"5) 

xl2(x2y3 " X3y2} + x22(x3yl " Xly3) + X32(xly2 " VP 
o = 3 

(B-6) 

d = (Xj -• x2)(x2 - x3)(x1 - x3). (B-7) 

The foregoing set of formulas can be readily derived by requiring that 

y(xi) = y±, i = 1, 2, 3. 

Subroutine PLSFT 

This subroutine was a double precision procedure for obtaining 

a least squares polynomial fit to a given set of data. In addition the 

mean square error of the resulting curve fit was calculated. The sub

routine solved the normal equations resulting from the least squares 

approach by means of Gaussian elimination. 

Subroutine RGDAFP 

The means for achieving parabolic guidance was provided by this 

subroutine. In particular this subroutine determined the present value 

of y as based on a second degree polynomial of the form 

y = Aq + A.^ (x - xQ) + A2(X - xQ)(x - x) . (B-8) 

For determining the values of coefficients AQ, A^, and A.2 three points 

are assumed to be specified as follows: . 

(1) Initial point (XQ, Y^) where XQ = 0, 
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(2) Intermediate point (x, y), and 

(3) Final point (x^, 5^)* 

The values of the coefficients were then, found to be specified by 

A
0 = yQ (B-9) 

y - y0 
A! = - (B-10) 

x 

yl " y0 " Aixi A = y (B-ll) 
- x) 

Then from the fact that 

tany = = Aj + A2(2x - x) (B-12) 

it followed that the values of y^ and y^ ^ could be readily determined 

from Equation (B-12) knowing the values xn and xn_^> respectively. The 

value of y was then approximated using 

Yn " Vl 1 Y = T ; = T" (y - y ,). (B-13) 
'n t - t , h 'n 'n-l 

n n-l 

Initially the value of *n_^> or x ^ in particular, was not available so 

the range value. -250 ft was used. This subroutine provided a very re

liable guidance program for the simulated real aircraft along an. appro

ximately parabolic trajectory. 

Subroutine RKMIN 

This subroutine was the Fortran IV version of the Runge-Kutta 

fourth order method of integration with minimized truncation error 

bound. The equations utilized for this subroutine are found in Appendix. 

A. The subroutine was made so as to be capable of integrating up to 

15 first order differential equations. However, the capability of: the 
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subroutine was made flexible so it could readily be extended to systems 

of higher order. The subroutine was used to numerically integrate the 

governing equations for the idealized model aircraft in dimensionless 

form. 

Subroutine R.KMNR 

This subroutine served the same purpose as KKMIN except it was 

designed for solving the governing equations of the simulated real air

craft in dimensioned form. 

Subroutine SETRA 

The purpose of this subroutine was to provide the values for the 

varying parameters in the flight of the simulated real aircraft. In 

particular at any given time t with accompanying value of altitude y^ 

and velocity v^ the following were determined: 

(1) The speed of sound a^ from a table of altitude versus speed of 

sound, 

(2) The value of Mach number given by 

v 
M = 
n an (B-14) 

(3) The maximum military thrust T from empirical formulas and inter

polation, 

(4) The value of by interpolation from a table of y versus t pro

vided by the idealized model optimal trajectory calculation, 

(5) The density from a table of density ratio versus altitude, 

(6) Dynamic pressure q^ as calculated from 

q = hp v ^, (B-15)• nn "n n 
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(7) The value of lift L calculated by means of Equation (3.10), 

(8) The lift coefficient cT from 
Ln 

cLn " Ts ' n 

(9) The drag coefficient c n̂ found by interpolation and empirical 

formulas, 

(10) The value of drag force given by 

- D = cn q S, (B-17) 
n Dn^n ' v ' 

(11) The specific fuel consumption SFC^ determined using empirical 

formulas and interpolation. 

Subroutine TABLE 

This subroutine played a service role by providing the following 

information for variable properties of the atmosphere and the F-4C air

craft: 

(1) Altitude versus speed of sound ratio, 

(2) Altitude versus density ratio, 

(3) Altitude versus maximum military thrust, 

(A) Mach number versus drag coefficient, and 

(5) Altitude versus specific fuel consumption. 

Data for items (T) and (2) were given explicitly in tabular form. The 

tables of values for items (3) through (5) were calculated using empiri

cal formulas for any fixed Mach number or altitude. 

Subroutine TBLEP 

These constituted a set of subroutines required to store end 

point values and accompanying initial value information for Subroutine 
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ENDPT. The data for these subroutines were obtained separately using 

the "sweeping technique." 

Subroutine TBLK2 

The purpose of this subroutine was to solve simultaneously two 

functions y^(x) and y2(x) that were given in discrete tabular form with 

common argument values for x. Both linear and second order interpola

tion were utilized in this subroutine. 

Subroutine TBLK3 

Given a set of tabular values defining y(x) this subroutine 

found the value of y corresponding to a specified value of x by either 

second order or linear interpolation. Linear interpolation was required 

when a value of x was straddled by only two entries as was the case near 

the beginning and near the end of the specified table. 



APPENDIX C 

TABLES OF ATMOSPHERIC DATA AND F-4C PHANTOM 

.AIRCRAFT INFORMATION 

The numerical values of pertinent atmospheric values at sea 

level conditions were taken from the textbook by A. Miele entitled 

"Flight Mechanics, Volume 1, Theory of Flight Paths," published by 

Addison-Wesley Company in Reading, Massachusetts, 1962. The sea level 

property values of various physical parameters are given in Table 1, 

page 404, of this reference. Table 3, pages 405-406, of the same re

ference lists atmospheric properties that vary with altitude. These _ 

values were utilized in the investigation. 

The remaining portions of this appendix will be devoted to 

providing the data as well as the empirical formulas derived for the 

simulated real Phantom F-4C aircraft. As mentioned in Chapter 3, Sec

tion 3.7, the curves from which the listed numerical values were 

obtained are available from the appropriate vendors. 

134 
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LEAST SQUARES CURVE FIT OF c VERSUS cT CURVES 13 Jj 
FOR THE F-4C AIRCRAFT AT VARIOUS MACH NUMBERS 

From Cp versus curves at various values of Mach number M, the 

following tabular information was obtained: 

M = 0.4 M = 0.6 

"D 'D 

M = 0.8 

CD 

M =0.9 

CD 

0.00 0.0108 0.0124 0.0165 0.0227 

0.05 0.0114 0.0128 0.0169 0.0230 

0.10 0.0123 0.0141 0.0178 0.0242 

0.15 0.0141 0.0157 0.0197 0.0259 

0.20 0.0166 0.0182 0.0222 0.0284 

0.25 0.0197 0.0213 0.0255 0.0317 

0.30 0.0236 0.0252 0.0294 0.0355 

0.35 0.0284 0.0299 0.0341 0.0403 

0.40 0.0337 0.0353 0.0395 0.0457 

0.45 0.0399 0.0412 0.0457 0.0517 

0.50 0.0465 0.0472 0.0524 0.0584 

0.55 0.0540 0.0557 0.0598 0.0661 

0.60 0.0625 0.0640 0.0682 0.0743 

0.70 0.0815 0.0825 0.0870 0.0940 

0.80 0.1022 0.1042 0.1080 0.1155 

0.90 0.1282 0.1281 0.1322 0.1395 

1.00 0.1530 0.1560 0.1598 0.1662 

1.10 0.1830 0.1860 0.1900 0.1960 

1.20 0.2162 0.2190 0.2230 0.2285 
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M = 1.2 M = 1.6 M = 2.0 M = 2.4 

CL CD CD CD CD 

0.00 0.0149 0.0079 0.0058 0.0045 

0.05 0.0153 0.0083 0.0063 0.0050 

0.10 0.0163 0.0093 0.0071 0.0060 

0.15 0.0180 0.0111 0.0089 0.0078 

0.20 0.0206 0.0136 0.0114 0.0103 

0.25 0.0238 0.0168 0.0146 0.0134 

0.30 0.0278 0.0207 0.0186 0.0174 

0.35 0.0326 0.0254 0.0233 0.0220 

0.40 0.0380 0.0307 0.0287 0.0274 

0.45 0.0441 0.0367 0.0347 0.0333 

0.50 0.0507 0.0436 0.0415 0.0402 

0.55 0.0582 0.0510 0.0490 0.0477 

0.60 0.0664 0.0595 0.0572 0.0560 

With the foregoing information a polynomial least squares curve fit of 

Cp versus c^ was obtained with a double precision least squares computer 

program, c^ was obtained as a function of c^ in the following form: 

cD = A + B(cL) + C(cL)2. 

A list of coefficients listed from top to bottom at each M in the order 

A, B, and C is given below. In addition the root mean square error as 

well as the maximum per cent error as compared to tabular entries is 

given for each M. , 



Mach No. 

0.4 

0 . 6  

0 . 8  

0.9 

1 . 2  

Coefficients 

A = 1.069341094x10 -2 

B = 1.333833269x10 
-3 

C = 1.415967280X10 -1 

1.258187870X10 
- 2  

-1.363060171X10 
-3 

1.445363385X10 
-1 

1.649856408X10 
- 2  

6.497254308X1O 
-5 

1.432575947x10 
-1 

2.241848167x10 
- 2  

1.886878166x10 
-3 

1.418620676x10 
-1 

1.483626374x10 
- 2  

6.653346653x10 
-4 

1.422977023x10 
-1 

Root Mean 
Square Error 

4.5171x10 
-4 

2.4142X10 -4 

1.4064x10 -4 

3.5024X10 
-4 

8.8204X10 
-5 

Maximum 
% Error 

-0.98 

1.467 

0.773 

-1.240 

-0.488 

1 . 6  

2 . 0  

2.4' 

7.945054945x10 

-6.703296703x10 
-4 

1.439560440x10 
-1 

5.807692308x10 
-3 

-5.054945055x10 
-4 

1.437362637x10 
-1 

4.593406593x10 
-3 

--3.696303696x10 
-4 

6.1949X10 

6.8925x10 
-5 

5.8530x10 
-5 

0.570 

0.741 

-0.508 

1.432167832x10 
-1 
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RMS Error 
I(CD - hd)2 

m 

J (R.es.idual)i 

m 

with summation on m, m = total entries 

c.p = calculated value 

Cp = given value 

, Residual = c^ - c^ 

% Error = 1 \ (CD - V 
m - 2 

CD 

xlOO 
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LEAST SQUARES CURVE FIT OF MILITARY THRUST 

FOR THE F-4C AIRCRAFT 

The curve fits were obtained from data obtained for the jet en-

giiie used on the F-4C Phantom aircraft. The information for one engine 

was given on curves supplied by the vendor (J79-GE-15, Spec. No. E-2027), 

From these curves the following tabular entries were obtained for one 

Altitude, ft 

Sea Level 

5,000 

Mach No. 

0 . 0  

0 . 1  

0 . 2  

0.3 

0.4 

0.5 

0 . 6  

0.7 

0 . 8  

0.9 

1 . 0  

0 . 0  

0 . 1  

0 . 2  

0.3 

0.4 

0.5 

Military Thrust, lb 

10900 

10220 

9880 

9630 

9530 

9570 

9670 

9810 

10030 

10390 

10880 

9130 

8720 

8430 

8300 

8270 

8370 



Altitude, ft Macli Ho. Military Thrust, lb 

5,000 0.6 8500 

0.7 8680 

0.8 8930 

0.9 9320 

1.0 9710 

1 . 1  1 0 0 2 0  

1.2 10200 

15,000 0.2 5980 

0.3 5900 

0.4 5900 

0.5 6000 

0.6 6210 

0.7 6490 

0.8 6830 

0.9 7220 

1.0 7630 

1.1 8030 

1.2 ! 8400 

1.3 8670 

1.4 8810 

1.5 8840 

25,000 0.4 4100 

0.5 4170 

0.6 • 4290 

0.7 4500 



Altitude, ft Macli No. Military Thrust, lb 

25,000 0.8 4810 

0.9 5200 

1.0 5600 

1 . 1  6 0 1 0  

1.2 6420 

1.3 6820 

1.4 7150 

1.5 7380 

1.6 . 7470 

1./ 7370 

1.8 7000 

35,000 0.4 2730 

0.5 2800 

0.6 2900 

0.7 3030 

0.8 3240 

0.9 3550 

1.0 3820 

1.1 4200 

1.2 .4550 

1.3 4900 

1.4 5220 

1.5 5540 

1.6 5810 

1.7 . 5980 



Altitude, ft Mach No. Military Thrust, lb 

35,000 1.8 6000 

1.9 5920 

2.0 5600 

45,000 0.6 1720 

0.7 1820 

0.8 1990 

0.9 2120 

1.0 2320 

1.1 2520 

1 . 2  2 8 0 0  

1.3 3040 

1.4 3250 

1.5 3420 

1.6 3590 

1.7 3710 

1.8 3790 

1.9 3710 

2.0 3580 

2.1 3390 

2.2 3160 

2.3 2900 

2.4 2600 

55,000 0.6 1040 

0.7 1100 

0.8 1170 



143 

Altitude, ft Mach No. Military Thrust, lb 

55,000 '  0 .9  1270 

1 .0  1380 

1 .1  1530 

1 . 2  1 6 8 0  

1.3  1830 

1 .4  I960 

1 .5  2090 

1 .6  2190 

1 .7  2260 

1 .8  2320 

1 .9  2290 

2 .0  2180 

2 .1  2050 

2 .2  1920 

2 .3  1770 

2 .4  1600 

65,000 0 .8  680 

0 .9  760 

1 .0  830 

1 .1  920 

1 . 2  1 0 0 0  

1.3  1090 

1 .4  1180 

1 .5  • 1260 

1 .6  1330 
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Altitude, ft Mach No. Military Thrust, lb 

65,000 1 .7  1390 

1 .8  1400 

1 .9  1380 

2 .0  1330 

2 . 1  1 2 6 0  

2.2 1160 

2 .3  1070 

2 .4  980 

75,000 1 .2  • 570 

1 .3  630 

1 .4  690 

1 .5  740 

1 . 6  8 0 0  

1.7  820 

1 .8  840 

1 .9  840 

2 .0  810 

2 .1  760 

2 .2  710 

2 .3  650 

2 .4  590 

Based on the foregoing data, a curve fit using the.least squares method 

and utilizing double precision arithmetic was obtained for military 

thrust T for two engines in terms of Mach number M in the following form: 

T = A + B(M) + C(M)2 -I- D(M)3 + E(M)4. 
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The coefficients A, B, C, D, and E are listed below for the various 

altitudes. Also given is the root mean square error of the curve fit 

as well as the maximum percent error as compared to tabular "exact" 

values. The coefficients for each altitude are listed in the order A, 

B, C, D, and E. 

Altitude, ft Coefficients 
Root Mean Maximum 
Square Error % Error 

0 (sea level) 2.1790209790*10^ 

-1 .6141569542*10^ 

3 .4029137529X10 4  31.63 -0 .34 

-3 .1554001554*10^ 

1 .3636363636*10^ 

5 ,000 1.8226522301*10^ 

-8 .6908753012X10 3  

1.0384152612*10^ 67.95 0 .80 

3 .1355409296x10 3  

-3 .7176059235*10 3  

15,000 1 .2965364635*10^ 

-6 .9114630467x10 3  

9.1379662004xl0 3  15.86 0 .23 

- 3.4627382422X10 3  

-3 .3945221445X10 3  

25,000 9 .4668991141X10 3  

-5 .9579523222X10 3  

5.2323184219X10 3  23.84 0 .44 

5 .8108632562X10 3  

-3 .3878917779x10 3  -



Altitude, ft 

35,000 

45,000 

55,000 

65,000 

75,000 

Coefficients 

5.9666317377X10 3  

•2 .3062686883X10 3  

8.7669683259x10 2  

5.4744515890X10 3  

•2 .3398428197X10 3  

9.1196529577X10 3  

•2 .1932484084x10* 

2 .7138327686x10* 

1 .1024996228x10* 

1 .3483196484x10 3  

6.3967930759x10 3  

1.6122658305x10* 

1. 9486543829x10* 

•8 .  0094626445xl0 3  

1. 0223550624x10 3  

6.  2569548260X10 3  

1. 6483095830x10* 

1 .8450305615x10* 

7 .  6301235689X10 3  

1. 0379455417X10 3  

1. 2737168716X10 4  

3.  1688366051x10* 

3 .  0189239687x10* 

1. 1808926370x10* 

Root Mean Maximum 
Square Error % Error 

32.15 0 .73 

69.41 -3 .27 

50.84 2 .92 

28.62 2 .73 

7 .90 0 .84 
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Root Mean Maximum 
Altitude, ft Coefficients Square Error % Error 

75,000 1 .6231317704x10 3  
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LEAST SQUARES CURVE FIT OF SPECIFIC FUEL CONSUMPTION 

VERSUS MCH NUMBER FOR VARIOUS ALTITUDES 

From the curves on the jet engine for the F-4C aircraft the fol

lowing data were obtained: 

Altitude, ft SFC, hr ^ Mach No. 

0 ( sea level) 0.9 0.13 

1.0 0.24 

1.1 0.56 

1 . 2  0 . 8 0  

1.3 1.06 

5,000 0.9 0.07 

1.0 0.27 

1.1 0.54 

1.2 0.90 

1.3 1.20 

15,000 1.0 0.33 

1.1 0.57 

1 . 2  1 . 1 0  

1.3 1.40 

25,000 1.0 0.50 

1.1 0.70 

1 . 2  1 . 2 2  

1.3 1.55 

1.4 1.72 

35,000 1.0 0.44 



Altitude, ft SFC, hr 1 Mach No. 

35,000 1 .1  0 .98 

1 .2  . 1 .40  

1 .3  1 .85 

45,000 1 .1  1 .02 

1 .2  1 .36 

1 .3  1 .67 

1 .4  1 .85 

55,000 1 .1  0 .68 

1 .2  1 .31 

1 .3  1 .64 

1 .4  1 .83 

65,000 1 .2  0 .84 

1 .3  1 .52 

1 .4  1 .80 

1 .5  1 .95 

1 . 6  2 . 0 6  

1 .8  2 .23 

75,000 1 .3  1 .31 

1 .4  1 .67 

1 .5  1 .90 

1 . 6  2 . 0 2  

1 . 7  2 . 1 1  

1.8  2 .19 

1 . 9  2 . 2 6  

2 .0  , 2 .32  
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The above data were fit with a third degree polynomial at each 

of the listed altitudes. The coefficients are listed in the order A, 

B, C, and D in the following equation: 

SFC = A + B(M) + C(M)2 + D(M)3. 

The curve fit was accomplished with a double precision program on the 

digital computer. Also given are the root mean square error and the 

maximum percent error as compared to the tabular data. 

Altitude, ft 

0 (sea level) 

5,000 

15,000 

25,000 

35,000 

Coefficients 

1.5849633369 

2 .0738311921 

-2 .2981816438 

1 .1792089278 

. 1 .7122840968 

1 .3101431293 

-0 .9945033032 

0 .4324764730 

1 .4316975183 

2 .4020711637 

-2 .3505661262 

0 .8791955029 

0 .7954359358 

3 .7786235600 

-3 .2335783959 

0 .9970149869 

1 .9473844310 

Root Mean 
Square Error 

0.02482 

0 .00146 

1 .49x10 -8 

0.00243 

Maximum 
% Error 

-1 .67 

0 . 0 1  

-1 .24x10 
-6 

0.14 
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Altitude, ft 

35,000 

45,000 

55,000 

65,000 

75,000 

Coefficients 

-0 .0378874927 

0 .4036672140 

-0 .1040560061 

-0 .6881896143 

5 .9569720352 

-4 .1251024604 

1 .0401681275 

1 .5428544428 

1 .7355992807 

-1 .4612347564 

0 .4853608972 

0 .8738244872 

3 .6979313477 

-2 .9219629141 

0 .8128367618 

-2 .0658287515 

8 .9113163723 

-5 .8595891467 

1 .3562485164 

Root Mean 
Square Error 

4.28x10 
-8 

3.65x10 

6 .32x10 
-8 

0.00271 

0 .00807 

Maximum 
% Error 

2.5x10 
- 6  

2 . 1 x 1 0  

-4 .3X10 
- 6  

0 . 1 2  

0 .50 



NOMENCLATURE 

Speed of sound 

Speed of sound at standard sea level conditions 

Coefficients of a polynomial 

General constant coefficients 

Coefficients of a polynomial 

Drag coefficient 

Lift coefficient 

Drag force, drag function 

Drag force vector 

Error in least squares sense 

Euclidean space of n dimensions 

Functions 

Function 

Vector function 

Functions 

2 
Acceleration due to gravity, 32.17 ft/sec 

General augmented expression for end points 

Increment or difference in independent variable 

Augmented function 

Values of functions in Runge-Kutta methods 

Lift force, lift function 

Lift force vector 

Mass, number of control variables 

152 
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Mach number 

Order of differential equation, number of state 
variables, a general time step or value designation 

Path, number of higher order differential equations 

Dynamic pressure, order of a differential equation 

Rule or performance index, number of end conditions, 
non-dimensional thrust minus drag, order of a dif
ferential equation 

Order of a differential equation 

Span area or other characteristic area of aircraft 

Specific fuel consumption 

Time, independent variable 

Thrust force, thrust function 

Thrust vector 

Non-dimensional velocity 

Point in control space 

Control variables, control variable functions 

Velocity 

Velocity vector 

Cost, functional 

Reference velocity 

Absolute acceleration vector 

Weight of aircraft, variable weight function 

Weight vector 

Range 

Initial value of range 

Final value of range 



.State variables, dependent variables 

Point in state space, intermediate value of x 

Approximate value of x(t^) 

Initial fixed values 

Final fixed values 

Altitude, dependent variable 

Intermediate value of y 

Derivatives of y 

Dependent variables 

Dependent variable, function 

Dependent variables 

Point in augmented space 

Angle of attack 

Constants 

Mass flow rate from aircraft engines 

Constants 

Flight angle 

Variation 

Change, increment 

A small number, "is an element of" 

Non-dimensional altitude, arbitrary function 

Set of prescribed states 

Parameter 

Lagrange multipliers 



y Constant Lagrange multipliers 
s 

£ Non-dimensional range 

IT 'Engine control parameter 

p Density of atmosphere 

PQ Density of atmosphere at sea level conditions 

T Time, non-dimensional time 

0 Constraint functions 

¥ Functional 

• General end conditions expressions 

SUBSCRIPTS AND SUPERSCRIPTS 

0 Initial point, optimal, sea level condition 

1 Final point 

f Final point 

i General number of altitudes, general quantity 

(i) General iteration value 

n Value of variable at time t 
n 

* Optimal, a particular value 

OTHER NOTATIONS 

d( ) Differential of ( ) 

3f 3f 9f 
9t' 9x.' 9x! 

i i 
Partial derivatives of f 

Ordinary derivatives of f 
i 

n! Factorial of integer n 

•yPĈ  kth derivative of y. j  1 j-jL-

(')> ('*)» ••• Time derivatives of ( ) 
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C )' Derivative of ( ) with respect to independent 
variable, derivative of ( ) with respect to 
non-dimensional time T 

( ) Intermediate value of ( ) 

( )j( Summation on j 

[ 5 J Closed interval 

|( )| Absolute value of ( ) 



REFERENCES 

1. "Webster's Third New International Dictionary of the English 
Language Unabridged," G. & C. Merriam Company, Publishers, 
Springfield, Mass., 1961. 

. 2. "Webster's New World Dictionary of the American Language," College 
Edition, The World Publishing Company, Cleveland and New York, 
1966. 

3.- Leitmann, G.: "An Introduction to Optimal Control," McGraw-Hill 
Book Co., New York, 1966, page 1. 

4. Elsgolc, L. E.: "Calculus of Variations," Pergamon Press Ltd., 
London, 1962. 

5. Bliss, G. A.: "Lectures on the Calculus of Variations," The 
University of Chicago Press, Chicago, 1946, page 202. 

6. Leitmann, G. (ed.): "Optimization Techniques with Applications to 
Aerospace Systems," Academic Press, New York, 1962. 

7. Tapley, B. D., and J. M. Lewallen: Comparison of several numerical 
optimization methods, J. of Optimization Theory and Applic., Vol. 1, 
No. 1, July 1967, pages 1-32. 

8. Bliss, G. A.: "Lectures on the Calculus of Variations," The 
University of Chicago Press, Chicago, 1946. 

9. Weinstock, R.: "Calculus of Variations," McGraw-Hill Book Co., 
New York, 1952. 

10. Elsgolc, L. E.: "Calculus of Variations," Pergamon Press Ltd., 
London, 1962, pages 189-193. 

11. Bliss, G. A.: "Lectures on the Calculus of Variations," The 
University of Chicago Press, Chicago, 1946, pages 189-193. 

12. Elsgolc, L. E.: "Calculus of Variations,Pergamon Press Ltd., 
London, 1962, page 189. 

13. Wilts, C. H.: "Principles of Feedback Control," Addison-Wesley 
Publishing Co., Reading, Mass., 1960, page 1. 

14. Horowitz, I. M.: "Synthesis of Feedback Control," Academic Press, 
New York, 1963, pages 1-3. 

157 



158 

15. Dreyfus, S. E., and J. R. Elliott: An optimal linear feedback 
guidance scheme, J. Math. Anal. Appl. 8, 1964, pages 364-386. 

16. Kelley, H. J.: Guidance theory and extremal fields, Inst. Radio 
Engrs., Trans. Auto. Control AC-7, October 1962, pages 75-82. 

17. Dreyfus, S. E., and J. R. Elliott: An optimal linear feedback 
guidance scheme, J. of Math. Anal, and Applic. 8, 1964, pages 
364-386. 

18. Speyer, J. L., and A. E. Bryson: A neighboring optimum feedback 
control scheme based on estimated time-to-go with application to 
re-entry flight paths, AIAA J. 6, May 1968, pages 764-776. 

19.' Merriam, C. W., III: Use of a mathematical error criterion in the 
design of adoptive control systems, Am. Inst. Elec. Engrs. Trans., 
Appl. Ind. 78, 1959, pages 506-512. 

20. Ellert, F. J., and C. W. Merriam, III: Synthesis of feedback 
controls using optimization theory - an example, Inst. Elec. 
Electron. Engrs., Trans. Auto. Controls AC-8, April 1963, pages 
89-103. 

21. Bailey, F. B.: The application of the parametric expansion method 
of control optimization to the guidance and control problem of a 
rigid booster, Inst. Elec. Electron. Engrs., Trans. Auto. Control 
AC-9, January 1964, pages 74-81. 

22. Coddington, E. A., and N. Levinson: "Theory of Ordinary Differen
tial Equations," McGraw-Hill Book Co., New York, 1955, pages 1-22. 

23. Paiewonslcy, B.: Optimal control: a review of theory and practice, 
AIAA J. 3, November 1965, pages 1994-1999. 

24. Miele, A.: "Flight Mechanics," Vol. I, Addison-Wesley Publishing 
Co., Pleading, Mass., 1962, page 35. 

25. Miele, A.: "Flight Mechanics," Vol. I, Addison-Wesley Publishing 
Co., Reading, Mass., 1962, page 51. ' 

26. Miele, A.: "Flight Mechanics," Fol. I, Addison-Wesley Publishing 
Co., Reading, Mass., 1962, page 53. 

27. Vincent, T. L., F. Lutze, and T. Ishihara: Applications of the 
calculus of variations to aircraft performance, NASA CR-499, 
Washington, D. C*, May 1966. 

28. Vincent, T. L., and R. G. Brusch: Minimum time aircraft trajec
tories between two points in range-altitude space, NASA CR-631, 
Washington, D. C., October 1966. 



159 

2 9 .  Miele, A.: "Flight Mechanics," Vol. I, Addison-Wesley Publishing 
Co., Reading, Mass., 1962, pages 404-406. 

30. McDonnell-Douglas Aircraft Corp.: "Flight Manual USAF Series F-4C 
and F-4D Aircraft," T. 0. IF-4C-1, pub. under authority of the 
Sec. of the Air Force, October 1, 1967. 

31. Nordsieck, A.: On numerical integration of ordinary differential 
equations, Math. Comp. 16, 1962, pages 22-49. 

32. Ralston, A.: Runge-Kutta methods with minimum error bounds, Math. 
Comp. 16, 1962, pages 431-437. 

33. Kuo, S.S.: "Numerical Methods and Computers," Addison-Wesley 
Pub. Co., Pleading, Mass., 1965, pages 114-118. 

34. Carr, J. W., III: Error bounds for the Runge-Kutta single step 
integration process, J. Assoc. Comput. Mach. 5, 1958, pages 39-44. 



SUPPLEMENTAL BIBLIOGRAPHY 

BOOKS 

Alt, F. L.: "Advances in Computers 2," Vol. 3, Academic Press, New 
York, 1961. 

Balalcrishnan, A. V., and L. W. Neustadt: "Computing Methods in Optimi
zation Problems," Academic Press, New York, 1964. 

Beckenbach, E. F. (ed.): "Modern Mathematics for the Engineer," McGraw-
Hill Book Co., New York, 1956. 

Bellman, R. E.: "Stability Theory of Differential Equations," McGraw-
Hill Book Co., New York, 1953. . 

Bellman, R. E., and R. E. Kalaba: "Quasilinearization and Nonlinear 
Boundary Value Problems," Am. Elseview Pub. Co., New York, 1965. 

Berezin and Zhikov: "Computing Methods," .Vols. I & II, Pergamon Press, 
Addison-Wesley Pub. Co., Reading, Mass., 1965. 

Ceschino, F., and J. Kuntzmann: "Numerical Solution of Initial Value 
Problems," Prentice-Hall, Inc., 1966. 

Churchill, R. V.: "Fourier Series and Boundary Value Problems," McGraw-
Hill Book Co., New York, 1941. 

Collatz, L.: "The Numerical Treatment of Differential Equations," 
Third Edition, Springer-Verlag, Berlin, I960. 

Courant, R., and D. Hilbert: "Methods of Mathematical Physics," Vol. I, 
Interscience Publishers, New York, 1953. 

Fox, C.: "An Introduction to the Calculus of Variations," Oxford 
University Press, London, 1954. 

Fox, L.: "The Numerical Solution of Two-Point Boundary Problems in 
Ordinary Differential Equations," Oxford Univ. Press, London, 1957. 

Fox, L. (ed.): "Numerical Solution of Ordinary and Partial Differential 
Equations," Oxford Univ. Press, London, 1962. 

Froberg, C.: "Introduction to Numerical Analysis," Addison-Wesley Pub. 
Co., Reading, Mass., 1965. 

160 



161 

Hamming, R. W. ; "Numerical Methods for Scientists and Engineers," 
McGraw-Hill Book Co.-, New York, 1962. 

Hastings, C.: "Approximations for Digital Computers," Princeton Univ. 
Press, Princeton, N. J., 1955. 

Henrici, P.: "Discrete Variable Methods in Ordinary Differential 
Equations," John Wiley & Sons, Inc., New York, 1962. 

Hildebrand, F. B. : "Iiitroduction to Numerical Analysis," McGraw-Hill 
Book Co., New York, 1956. 

Kantorovich, L. W., and V. I. Krylov; "Approximate Methods of Higher 
Analysis," Interscience Publishers, New York, 1958. 

Kaplan, W.: "Advanced Calculus," Addison-Wesley Pub. Co., Reading, 
Mass., 1952. 

Kopal, Z.: "Numerical Analysis," John Wiley & Sons, Inc., New York, 
1961. 

Lance, G. N.: "Numerical Methods for High Speed Computers," Iliffe, 
London, 1960. 

Lawden, D. F.: "Optimal Trajectories for Space Navigation," 
Butterworths Scientific Pub., London, 1963. 

Leitmann, G. (ed.): "Topics in Optimization," Academic Press, New 
York, 1967. 

Levy, H., and E. A. Baggott: "Numerical Solutions of Differential 
Equations," Dover Pub. Co., Inc., New York, 1950. 

Li, W. H.: "Engineering Analysis," Prentice-Hall, Inc., Englewood 
Cliffs, N. J., 1960. 

Milne, W. E.: "Numerical Solution of Differential Equations," John 
Wiley & Sons, Inc., New York, 1953. 

Minorsky, N.: "Nonlinear Oscillations," D. Van Nostrand Co., Inc., 
Princeton, N. J., 1962. 

Noble, B.: "Numerical Methods," Vols. I & II, Oliver and Boyd, 
Edinburgh, 19 64. 

Perkins, C. D., and R. E. Hage: "Airplane Performance, Stability and 
Control," John Wiley & Sons, Inc., New York, 1949. 

Pontryagin, L. S., et. al.: "The Mathematical Theory of Optimal 
Processes," Interscience Publishers, Inc., New York, 1962. 



162 

Ralston, A.; "A First Course in Numerical Analysis," McGraw-Hill Book 
Co., New York, 1965. 

Richtmyer, R. D.: "Difference Methods for Initial Value Problems," 
Interscience Publishers, New York, 1957. 

Saaty, T. L., and J. Bram: "Nonlinear Mathematics," McGraw-Hill Book 
Co., New York, 1964. 

Sagan, H.: "Boundary and Eigenvalue Problems in Mathematical Physics," 
John Wiley & Sons, Inc., New York, 1961. 

Salvadori, M. G., and M. L. Baron: "Numerical Methods of Engineering," 
Prentice-Hall, Inc., Englewood Cliffs, N. J., 1952. 

Scarborough, J. B.: "Numerical Mathematical Analysis," Third Edition, 
The John Hopkins Press, Baltimore, 1955. 

Southworth, R. W., and S. L. Deleeuw: "Digital Computation and 
Numerical Methods," McGraw-Hill Book Co., New York, 1965. 

Stanton, R. G.: "Numerical Methods for Science and Engineering," 
Prentice-Hall, Inc., Englewood Cliffs, N. J., 1961. 

Steffenson, J. F.: "Interpolation," Chelsea Pub. Co., New York, 1927. 

Struble, R. A.: "Nonlinear Differential Equations," Mcgraw-Hill Book 
Co., New York, 1962. 

Traub, J. F.: "Iterative Methods for the Solution of Equations," 
Prentice-Hall, Inc., Englewood Cliffs, N. J., 1964. 

Warfield, J. N.: "Introduction to Electronic Analog Computers," 
Prentice-Hall, Inc., 1959. 

ARTICLES 

Breakwell, F. V.: The optimization of trajectories, J. Soc. Ind. 
Appl. Math. 7, June 1959, pages 215-247. 

Breakwell, J. V., J. L. Speyer, and A. E. Bryson: Optimization and 
control of nonlinear systems using the second variation, SIAM J. Series 
A: Control 1, 1963, pages 193-223. 

Bryson, A. E., and W. F. Denham: A steepest-ascent method for solving 
optimum programming problems, J. Appl. Mech., June 1962, pages 247-257. 

Bryson, A. E. , W. F. Denham, F. J. Carroll, and M. Milcami: Determi
nation of lift and drag program to minimize re-entry heating, J. 
Aerospace Sci. 29, April 1962, pages 420-430. 



Bryscra, A. E., W. F. Denham^ and S. E. Dreyfus: Optimal programming 
problems with, inequality constraints I: necessary conditions for 
extremal solutions, AIAA J. 1, 1963, pages 2544-2550. 

Bryson, A. E., and W. F. Denham: Optimal programming problems with 
inequality constraints II: solution by steepest ascent, AIAA J. 2, 
1964, pages 25-34. 

Fox, L., and E. Goodwin: Some new methods for the numerical integration 
of ordinary differential equations, Proc. Camb. Philo. Soc. 45, 1949, 
pages 373-388. 

Gillj S.: A process for the step-by-step integration of differential 
equations in an automatic digital computing machine, Proc. Camb. 
Philo. Soc. 47, 1951, pages 96-108. 

Goodman, T. R., and G. N. Lance: The numerical integration of two 
point boundary value problems, Math. Tables and other Aids to Comp. 10, 
April 1956, pages 82-86. ; 

Gottlieb, R. G.: Rapid convergence to optimum solutions using a min-H 
strategy, AIAA J. 1, 1963, page 1463. 

Greenley, R. R.: Comments on "the adjuint method and its application 
to trajectory optimization," AIAA J. 1, 1963, page 1463. 

Hamming, R. W.: Stable predictor-corrector methods for ordinary 
differential equations, J. Assoc. Comput. Mach. 6, 1959, pages 37-47. 

Handelsman, M.: Optimal free-space fixed-thrust trajectories using 
impulsive trajectories as starting iteratives, AIAA J. 4, June 1966, 
pages 1077-1082. 

Hanson, J. N.: Comparison of two optimizations of a nonlinear 
boundary-value problem, AIAA J. 6, October 1968, pages 1979-1985. 

Hayes, J. G., and T. Viclcers: The fitting of polynomials to unequally 
spaced data, Phil. Mag. 42, 1951, pages 1387-1400. 

Jurovics, S.: Optimum steering program for the entry of a multi-stage 
vehicle' into a circular orbit, ARS J., April 1961, pages 518-523. 

Jurovics, S. A., and J. E. Mclntyre: The; adjoint method and its 
application to trajectory optimization, ARS J. 32, September 1962, 
pages 1354-1358. 

Kelley, H. J.: An optimal guidance approximation theory, IEEE Trans., 
Auto. Control AC-9, October 1964, pages 375-380. 

Kelley, H. J.: Gradient theory of optimal flight paths, ARS J., ^ 
October 1960, pages 947-954. 



164 

Kulakowski, L. J., and R, L. Stancil: Rocket boost trajectories for 
maximum burnout velocity, ARS J. 30, 1960, pages 612-618. 

Lastman, F. J.; A modified Newton's method for solving trajectory 
optimization problems, AIAA J. 6, May 1968, pages 777-=r780. 

Leitmann, G.s On a class of variational problems in rocket flight, 
J. Aero/Space Sciences, September 1959, pages 586-591. 

Lewallen, J. M.: A modified quasi-linearization method for solving 
trajectory optimization problems, AIAA J. 5, May 1967, pages 962-965. 

Lewallen, J. M., B. D. Tapley, and S. D. Williams: Iteration procedures 
for indirect trajectory optimization methods, J. Spacecraft 5, March 
1968, pages 321-327. 

Long, R. S.: Newton-Raphson operator; problems with undetermined end 
points, AIAA J. 2, October 1964, pages 1351-1352. 

McGill, R., and P. Kenneth: Solution of variational problems by means 
of a generalized Newton-Raphson operator, AIAA J. 2, October 1964, 
pages 1761-1766. 

Merriam, C. W., III: An algorithm for the iterative solution of a 
class of two-point boundary value problems, SIAM J. Series A: Control 2, 
1964, pages 1-10. 

Miele, A.: Lagrange multipliers and quasi-steady flight mechanics, 
J. Aero/Space Sciences, September 1959, pages 592-598. 

-Milne, W. E., and R. R. Reynolds: Stability of a numerical solution of 
differential equations, J. Assoc. Comput. Mach. 6, 1959, page 196. 

Southard, T. H., and E. C. Yowell: An alternative predictor-corrector 
process, Math. Tables Aids Comput. 6, 1952, pages 253-254. 

Stancil, R. T.: A new approach to steepest-ascent trajectory 
optimization, AIAA J. 2, August 1964, pages 1365-1370. 

Stancil", R. T., and L. J. Kulakowski: Rocket boost vehicle mission 
optimizations, ARS J. 31, April 1961, pages 935-943. 

Sterne, T. E.: The accuracy of numerical solutions of ordinary 
differential equations, Math. Tab., Wash. 7, 1953, pages 159-164. 

Stroller, L., and D. Morrison: A method for the numerical integration 
or ordinary differential equations, Math. Tab., Wash. .12, 1958, pages 
269-271. 

Thaclcer, H. C. ; Derivation of interpolation formulas in several 
independent variables, Anna! N. Y. Acad. Sci. 86, 1960, pages 758-775. 



165 

Theodoraen, T.; Optimum path of an airplane - minimum time to climb, 
J. Aero/Space Sciences, October 1959, pages 637-642. 

Vance, R. I.: Implementation of an optimal adaptive guidance mode, 
AIAA J. 3, January 1965, pages 141-142. 

Wegstein, J. H.: Accelerating convergence of iterative processes, 
Comm. Assoc. Comput. Mach. I, No. 6, 1958, page 9. 

Wilf, H. S.: An open formula for the numerical integration of first-
order differential equations, Math. Tables Aids Comput. 11, 1957, pages 
201-203; 12, 1958, pages 55-58. 


