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ABSTRACT 

The mechanisms of charge transport in aluminum oxide insulators 

are investigated in this work. A theoretical model is developed to 

explain the conduction electron-lattice interactions to be expected in 

such polar crystals. It is shown that the electron interacts strongly 

with the longitudinal optical phonons of ionic lattices. To describe 

the electron transport process, these interactions can be separated into 

two classes: (1) the lattice strain fields, or "virtual" optical phonons, 

induced by the presence of the conducting electron in the lattice (even 

at 0°K), with the electron-virtual phonon system termed a polaron, and 

(2) the scattering of the polaron from the optical phonons of the crystal 

which result from thermal motion of the lattice ions. To describe the 

first effect, the optical phonons of the lattice are replaced with a 

single fictitious "polarization particle" harmonically coupled to the 

electron, after a method developed by Feynman. This procedure is adapt

able to the strong electron-lattice coupling expected for AJ^O^. 

The theoretical drift mobility is investigated using the above 

model to describe the interactions encountered by the conduction elec

tron in the insulator. It is shown that the existing theories account 

for the influences of strong coupling on the size of the polaron, the 

wavelengths of the optical phonons participating in the polaron inter

actions, and the polaron mobility. The central problem encountered in 

these calculations is that they are only applicable at extremely low 
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temperatures where, in real crystals, optical phonon scattering is not 

the predominant process. Phenomena such as polaron dispersion, reso

nance broadening, and the sensitivity of the electron-lattice coupling 

to the phonon wavelength impose this temperature restriction. In 

particular, in aluminum oxide it is shown that the resonance-width is 

significant even at room temperature. A prescription is given for modi

fying the calculations to account for the above high temperature 

phenomena and therefore obtaining a rigorous high temperature theory 

limited solely by the requirements imposed by the scattering theory and 

the Boltzmann equation. The temperature limits of existing calculations 

are extended to a range where optical scattering is observed experi

mentally by accounting for polaron dispersion in the lattice, the 

initial polaron energy, and the temperature dependence of the resonance 

momentum. 

Hall voltage measurements were made on the insulators over the 

temperature range 300° to 800°K and the Hall mobility compared with the 

theoretical drift mobility. The measured Hall mobilities ranged from 

45 to 250 cm2/volt-sec. Corresponding Hall densities ranged from 105 

3 
to 109 cm . The temperature dependence of the Hall mobility above 

500°K was in good agreement with the theoretical result for the poly-

crystalline alumina. Below 500°K, a temperature dependence was obtained 

which could be explained by impurity scattering. This temperature depen

dence was the primary effect observed for the polycrystalline A^Og. 

Otherwise optical phonon scattering appeared to be the primary 
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interaction mechanism of the conduction electrons in both the single 

crystal and polycrystalline insulators. 

A photon radiation field was used to supply the required 

conduction carriers in the samples. Making the required Hall effect 

measurements in the radiation field constituted one of the major accom

plishments of the work. However, above 480°K there were sufficient 

carriers due to thermal ionization of the impurities to allow accurate 

measurements. A three-probe, null circuit Hall effect technique was 

used because of the high resistance of the insulators. The Hall voltage 

was measured with a MOS field-effect electrometer having an input resis

tance of greater than 10ohms. Platinum paste was baked onto the 

samples to form the required electrodes. 

The Hall mobility results were also used to identify the 

majority charge carrier to be an electron, or "negative polaron". The 

temperature dependence of this mobility corresponded to an effective 

optical mode lattice vibrational frequency of 1.Ixl0ltf/sec in polycrys

talline alumina. 



CHAPTER 1 

INTRODUCTION 

The electron mobility in single and polycrystalline aluminum 

oxide is investigated in this work. Aluminum oxide belongs to a class 

of ionic metal oxide insulators that has found many important applica

tions in the nuclear technology of recent years. This is due to its 

high temperature capability and excellent electrical insulating proper

ties under severe conditions. 

Single crystal alumina, or sapphire, is expensive to manufacture, 

but finds applications where transparency to light is required, such as 

in furnace windows. Since single crystal materials are usually thermally 

grown, the size of the crystal is restricted. 

Polycrystalline forms of alumina are fabricated more 

economically and have many of the capabilities of sapphire. Such metal 

oxides have been widely used as insulating sheaths for electrical cables 

in nuclear reactor environments, for partitions in thermal radiation 

transfer applications, and for the insulating layers in solid state 

devices. The metal oxides form the required insulation in the severe 

environments of direct energy conversion systems, such as thermionic and 

thermoelectric units. An example of the latter was SNAP-10A. Due to 

their good mechanical, physical, and nuclear properties some of the 

metal oxides have been utilized as structural materials and reflectors 

in reactors. 

1 
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The physics of such polycrystalline materials is in its infancy— 

at the point where single crystal semiconductor physics was several 

years ago, when charge transport in semiconductors was receiving much 

attention because of its enormous technological importance. And just as 

semiconductor research led to much of the solid-state technology we have 

today, insulator research has also proved fruitful. In recent years 

there has been an upsurge of interest in charge transport in insulators, 

stimulated by technical applications such as those mentioned above and, 

more remotely, by the possible analogy with biological transport process

es. The primary emphasis of this work is on the nature of charge trans

port in the polar insulators being studied: sapphire and Lucalox (trade 

name for a polycrystalline alumina manufactured by the General Electric 

Company). Such information is important in, e.g., determining the 

electrical power loss in thermionic conversion systems. 

Most experimental work on wide-bandgap polar crystals has been 

on cubic structures such as the alkali halides because of their simpli

city, and complex crystals such as aluminum oxide (rhombohedral hexagonal 

structure) have been largely ignored. In the consideration of poly

crystalline aluminum oxide, matters are even more complicated. A poly

crystalline insulator such as Lucalox is made up of small A^Og single 

crystals about 10 cm in diameter. Consequently there is short range 

order, but long range disorder. The effects of this disorder has been 

studied by Pickard"'' and was interpreted in terms of an increased 

carrier trap density, greater than that of the single crystal sapphire. 

In this work we will examine the effects of such traps, and of impuri

ties, on the carrier transport processes in the polycrystalline insulator. 
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The central problem will be the determination of the charge 

carrier mobility in the crystal lattice. The mobility is the average 

drift velocity acquired by the charged particle per unit applied field 

(for small applied-field strengths). The mobility is the quantity tra

ditionally measured when one is attempting to predict the nature of 

charge transport in solids as its magnitude gives information about the 

type of carrier involved and its temperature dependence will tell what 

2 3 
kind of scattering process is impeding the carrier motion. ' 

The electron mobility of metals and semiconductors can be 

determined by measuring the Hall effect in the materials, and then 

2 3 
relating this to the drift mobility. ' The former procedure is not 

^ 5 6 
readily accomplished with polar insulators ' ' therefore it appears 

logical to attempt direct measurements of the drift mobility. However, 

the drift mobility is usually "trap limited" in these materials, i.e., 

a conduction electron spends a large fraction of its time in a trapped 

state, therefore such a mobility is not indicative of the actual elec

tron transport in the crystal and the drift mobility has little meaning. 

This situation may in principle be avoided by Hall effect measurements, 

in which conduction electrons are deflected in a magnetic field by the 

Lorentz force, ev x B/c, and the resulting transverse voltage effect 

measured. Such measurements then will not be affected by trapped elec

trons, as the Lorentz force does not act on a stationary charge. From 

the resultant "Hall mobility", as defined in Chapter 4, one hopes to 

predict the true microscopic behavior of the electron in the crystalline 

lattice. For this reason, Hall effect measurements were made on the 

crystals, rather than drift mobility measurements. 
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A complete theory of charge carrier transport in insulating 

solids falls naturally into two parts. First, a local quantum mechan

ical calculation of a basic theoretical quantity, like the drift or Hall 

mobility, is required. Secondly, this quantum mechanical quantity must 

be related to experimentally measurable quantities, like voltages and 

currents. The first part of this program has received wide attention, 

and is dealt with in Chapter 2 where expressions for the drift mobility 

are derived (no theoretical treatment of the Hall mobility is presented). 

However, the second part of the program has been largely neglected for 

insulators, and we do not attempt to improve on this situation here. 

Rather, the traditional approach is taken of solving for a theoretical 

drift mobility, and then to determine the relation to the measured Hall 

mobility. 

To make electrical measurements on insulators one needs 

sufficient conduction charges to see an effect. The conduction charges 

may be obtained by thermal activation of electrons from impurity atoms— 

such electrons occupying localized energy states slightly below the con

duction band and therefore having small ionization energies—or by photo-

induced processes which form electron-hole pairs in the conduction and 

valence bands. The first process may require large temperatures for a 

measurable effect and the latter process requires a photon radiation 

field. Both methods were used. A gamma radiation field was used to 

supply carriers for the conduction band, and was in this sense a diag

nostic tool to nondestructively examine the electrical properties of the 

crystals. The radiation level, about 200,000 R/hr (which corresponds to 
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about .1 milliwatt/cm3 of energy deposited), was provided by a 1 Mev 

electron accelerator incorporating a gold X-ray target. Radiation 

effects on the electrical circuit were large and had to be taken into 

account and corrections applied to the measured values. The radiation 

field caused no measurable permanent change in the insulators. 

It was assumed that the holes produced by the radiation field 

had little effect on the measurements, due to their small mobility. 

This is discussed in Chapter 4. 

It is expected that conduction electrons in ionic crystals such 

as aluminum oxide are influenced by the large dipole fields of the 

optical phonons in such materials. To this end, a transport theory for 

such processes is developed in Chapter 2. The influence on charge trans

port of polaron dispersion, high temperatures, impurities, traps, and 

polycrystalline structure are also treated. In Chapter 3, the Hall 

effect measurements on the insulators are described. In particular, 

problems such as making Hall voltage measurements on the high resistance 

(up to 1013 ohms) materials, as well as the problems associated with 

making electrical measurements in a radiation field and separating the 

Hall effect from the radiation induced effects, are described. These 

problems were characteristic of these types of measurements and special 

methods of treating the problems were necessary for the completion of 

the work. Chapter 4 gives the results of the Hall effect measurements, 

and discusses the results in relation to the observed polycrystalline 

and phonon effects seen on the mobility of the crystals. The type of 

carrier is also predicted from these results. 



CHAPTER 2 

THEORY OF CHARGE TRANSPORT IN POLAR CRYSTALS 

Electron transport in polar insulators may be impeded by many 

processes: interaction with the rigid lattice, Rutherford scattering 

from ionized impurities or trapped electrons, short range interactions 

with neutral impurities, or scattering from acoustical or optical 

phonons. For slow electrons, the first interaction may be lumped into 

an effective "band mass", as compared to the rest mass of a free elec

tron. The relative importance of the other types of interactions is 

determined by the purity of the sample, whether it is a single crystal 

or polycrystalline, and its temperature. For instance, at low tempera

tures there are not many phonons and impurity scattering may predominate, 

while in pure crystals at high temperatures phonon interactions will 

predominate. Also, acoustical phonons are more prevalent than optical 

phonons at low temperatures, as less energy is required to excite the 

acoustical modes. 

For the polar crystals considered in this work, one expects the 

electron to interact the strongest with the optical phonons, due to the 

large dipole electric field resulting from the positive and negative ion 

separation in the optical modes of the diatomic crystal. Due to the 

large energy and strong coupling of the optical phonons they cannot be 

treated as small deformations of the conduction band potential causing 

partial reflections of the conduction electron (as is the usual 

6 



treatment for acoustical phonon scattering) and we must resort to time-

dependent scattering theory to obtain the interaction rates. 

A Hamiltonian for the system of conduction electron plus 

polarized lattice has been derived by Frohlich for a continuum lattice 

as 

where 

and 

H Hel + Hlattice + Hint 

H el Pe
2/2mb 

H lattice " I (Vl + 

H int - I V (a e e + a+ e1<1-re) i q q q 

V = itiWp 
q L 

ti 

2\^l 

e2 -v / "b 
a ~ -- V2tiu)» 

tie -c 

(2-1) 

The electron-optical phonon coupling constant, a is proportional to the 

difference of the static and optical dielectric constants, as discussed 

following Eq. (A-6); a>£ is the corresponding optical phonon frequency 

(which actually corresponds to energies in the infrared range), assumed 

to be the same for all phonon wavelengths; is the band mass previously 

mentioned; p£ and are the electron momentum and position operators, 

respectively; a^ and a^ are phonon creation and annihilation operators; 

q is the phonon wave vector; and e is the effective dielectric constant 

of the crystal, as defined by Eq. (A-6). This Hamiltonian is derived in 
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Appendix A, where the system it models and the assumptions and approxi

mations used are discussed in more detail. 

For A^Og, an effective optical phonon energy is .07 ev.^ This 

value corresponds to an optical mode frequency of l.lxlO^Vsec. Also, 

e(0) = 9.0 is the static dielectric constant and e(°°) = 3.1 is the 

optical dielectric constant, therefore e" = 4.7 at room temperature. 

From Eq. (2-1) these values give an a of 2.7. The band mass is not in 

general known for these types of insulators. 

Notice that H. ^ is linear in a and a+. (As discussed in 
xnt q q 

Appendix A this is a consequence of a dipole approximation to the 

crystalline field). Therefore H n̂t operating once, i.e., a first order 

interaction, can change the phonon occupation of the system by plus or 

minus one. This will be represented as 

Pe 6 

Pe+q (2-2) 

for absorption of a phonon of wave number q by an electron of momentum 

pe, and 

Pe Pe-q (2-3) 

for phonon emission. Second order processes such as 

JL  ̂« \ < 

' V s 
v n ^ (2-4) 

Pe pe pe pe Pe Pe 
where n denotes the intermediate states, are also allowed. However 

v > n ̂  „«-q 

, etc., 

Pe 
are forbidden because they are first order process involving more than 

one phonon. 
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Quasi-Particle Concept 

Consider now a conduction electron propagating through the 

crystal at T = 0°K. As the slow electron cannot excite the crystal 

with the energy quanta 

Ej = J 

where J = 1,2,3... without violating energy conservation, the lattice 

ions merely respond to the Coulomb interaction and then return to their 

original energy level. Therefore the problem can be thought of as a 

classical jiggling of the lattice superimposed on the quantum-mechanical 

bound state. Quantum mechanically, this means optical phonons are 

emitted and then must be recaptured to satisfy the uncertainty principle, 

AE t > ft. Here t is the lifetime of the phonon and AE is the energy 
n n n r n 

level of the intermediate, or "virtual", state and must be an integer 

multiple of as in the above equation. Consequently, short-lived, 

energy-violating lattice states are continuously formed along the path 

of the charge carrier and one expects a continual emission and absorp

tion of virtual phonons along the path of the electron: 

*\\ , <2-5> 

These events are also mathematically reasonable since the electron-

lattice coupling described by H n̂J. includes phonon emission as well as 

phonon absorption, as discussed in Appendix A. 

Classically, this phenomena corresponds to the electron inducing 

lattice displacements, or oscillations, via the Coulomb interaction. The 

resulting localized lattice potential may in turn bind the electron, or 
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at least increase its effective mass: 

E  =  s k  =  - 6 E  < 2 ~ 6 >  

where 6E is the binding energy due to the lattice displacements and m* 

is the effective mass due to lattice distortions. As SE is real 

ijj(t) -e Êt̂  is purely oscillatory and the virtual processes cause no 

change of state of the system on the average. 

The events described here are manifested by the dispersion of 

the electron in the lattice, i.e., SE = 6E(p). In the case of weak 

coupling this energy correction may be calculated by second-order, 

8 9 
stationary-state perturbation theory ' (as mathematically these virtual 

processes are second-order, or fourth-order, etc., in , anc* no 

change of state occurs): 

I 2 
V„jz . iv.wi . v 1 ni1 r 1 ni 

6 E  =  "  I -ehT =  "  I 
n 1 * _i_ 

Jc 

P. Pe 2 2-t 

E ?E, "i 5 P "Tiq|2 P 2 e "' ' e 

""b n 

' ' l  i  "5" - — » t  < 2 " 7 )  

where V ^ is the matrix element of the electron-phonon interaction, using 

the plane-wave electron states |n^ and |i^. This spectrum is plotted in 

Fig. 1. Note that energy violation is also necessary to permit a finite 

energy correction in Eq. (2-7) and that momentum is conserved through

out in the non-relativistic treatment as the electron is essentially 

"free" between phonon events. 
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The average number of virtual phonons accompanying the electron 

in the crystal, <0Haqaql ̂ , is a/2.^ For the materials of 

interest in this work, a>l, as calculated from Eq. (2-1) and therefore 

techniques other than perturbation theory must be used to account for 

the virtual phonon cloud. Later it will also have to be decided 

whether low-order time-dependent perturbation theory can be used to 

describe interactions of the electron with real crystal phonons. 

The pertinent "quasi-particle" can now be defined as the 

conduction electron plus its accompanying virtual phonon cloud.^ 

This quasi-particle is known as a polaron and its effective mass is 

given by m . The band mass, m^, then is associated with the "bare" elec

tron. The quasi-particle is also referred to as a "dressed" electron. 

One further remark is that the problem presented above of an 

electron propagating in a polar crystal is entirely analogous to, e.g., 

the dispersion of light in crystals: the photon does not have the energy 

to induce electronic transitons, however the atomic electrons can 

respond to the electric field of the photon, forming transient states, 

or classical oscillations, Consequently, virtual electron states, con

sisting of the bound atomic levels, accompany the photon and are mani

fest in the optical dielectric constant and index of refraction being 

greater than unity. For example, has an optical dielectric con

stant of 3.1. 

For weakly ionic crystals such as InSb or PbS, a<<l and the 

electron is weakly coupled to the optical modes. This may be depicted 
i 

in a number of ways: 
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(1) As the electron is weakly interacting, or weakly bound 

by its induced lattice distortions, it is spread out 

much like a free electron wave, inducing small ionic 

displacement potentials over a large area. This is shown 

in Fig. 2.a. This type coupling leads to a "large polaron", 

since its effect extends over several atomic spacings, and 

a band picture is valid. 

(2) There are a small number, less than one on the average, of 

virtual phonons that accompany the electron. 

(3) The lattice deformations induced by the electron as it 

travels in the crystal have only a small effect on the 

electron's motion. To visualize this, recall that the 

coupling constant, a, is proportional to the product 

(l/Zoj^) (1/e) (see Eq. (2-1)). This means an electron 

will not be able to match the lattice vibrations when u>£ 

is too large (for a given polarization field strength).^ 

Further, a small polarization field, corresponding to a 

small value of 1/E as in Eq. (A-6), is induced by the 

electron in a weakly ionic or covalent solid and has only 

a small effect on the electron. Toward the end of this 

chapter it will be shown that this second effect is more 

important in comparing the coupling strengths of different 

compounds. 

The opposite case of strong coupling, a>>l, can be pictured with converse 

arguments: 
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Fig. 2. Representation of Localized Potential Wells 
Induced by Lattice Distortions 
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The electron will be strongly bound and thus confined to 

a few lattice sites that it has strongly displaced, 

causing a deep self-induced potential well. This can be 

represented as in Fig. 2.b. This state is called a 

"small polaron" and is characterized by highly localized 

states existing below the conduction band in the forbidden 

gap. Such a polaron can move in the lattice by two mech

anisms. First, there is the probability of tunnelling 

to an adjacent self-induced bound site. Mathematically 

this is a diagonal transition, since in calculating matrix 

elements for the transition, the initial and final phonon 

occupation of the state is the same. Secondly, external 

phonon processes can make it energetically possible to 

leave the potential well. Mathematically this is an off-

diagonal process since the phonon number of the state 

increases by one. The process of leaving the well is 

called thermally activated "hopping" from site to site. 

The mobility for these strongly bound polarons is extremely 

small (as represented in Fig. 3) which can be shown by 

the following example: Suppose adjacent bound state 
o 

sites to be about 1 A apart and assume a thermal electron 

speed of 107 cm/sec. Then x = 10~ /107 = 10~15 sec. 

Therefore, using a simple relaxation time model for the 

mobility (see, e.g., Eq. (4-3)), 
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(2-8) 

The temperature dependence of this mobility will be of the 

form exp(-6E/kT). For small polaron tunnelling, there is 

12 
a weak temperature dependence of the transition rate. 

The affects of these processes on the mobility, along with 

lower temperature behavior, is illustrated in Fig. 3. 

(2) The electron induces many virtual phonons as it travels 

in the crystal: 

e -• cm2 
= —9f T < 1 r~ 
m volt sec 

n \ 

W \ //, 

(3) The strongly coupled electron follows the lattice 

vibrations (phonons) it produces because the oscilla

tions are low frequency and/or the polarization field 

associated with the oscillations are large. This is 

called adiabatic coupling and it resembles the Feynman 

polaron model that will be used here. 

The coupling for aluminum oxide falls in between the two extreme 

situations described here and a band concept and large polaron theory 

can be used for this insulator. 
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Dielectric Constant and the Strength of the 
Electron-Lattice Coupling 

As is mentioned in the discussion following Eq. (A-6), the 

lattice property that gives the most insight into the strength of the 

electron-lattice coupling, and thus the magnitude of the lattice 

mobility, is the difference between the static and optical frequency 

dielectric constants. The larger this difference, the stronger the 

coupling and the smaller the lattice mobility. This is readily shown 

by the parameters in Table 1. InSb has a coupling constant of only 

(.13), a correspondingly large measured room temperature mobility of 

77,000 cm2/volt-sec,"^ and 1/T = l/e(°°) - l/e(0) = 1/16 - 1/17.5 = .005. 

For a strong coupling example from this same source, AgCl has a coupl

ing constant of 3.6, a room temperature mobility of 50 cm2/volt-sec, and 

l/e=.15. Similarly, A^Og has a coupling constant of 2.7, a room temp

erature mobility as measured in this work of about 100 cm2/volt-sec and 

a 1/e of .21. 

As also seen from Table 1, the variance in u)^ is much less than 

of ? consequently the value of u>£ is not too important in comparing 

coupling strengths. 

Polaron-Phonon Scattering 

The charge carrier mobility is the quantity that is . 

experimentally measurable. Since this is related to the scattering 

rate, the scattering rate is the quantity of interest. 

At temperatures greater than T = 0°K there will be optical 

phonons in the crystal that will scatter the polaron system described 
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Table 1. 
* 

Lattice Properties of Polar Crystals 

e(0) 
(293°K) e(°°) (xlO13/sec) 

1 

6 - k 
(eK) a 

LiF 9.3 1.9 12.3 941 5.2 

NaF 5.3 1.8 7.7 586 6.3 

NaCl 5.6 2.2 4.9 374 5.5 

Nal 6.6 2.9 3.3 254 4.8 

KC1 4.7 2.1 3.9 296 5.6 

KBr 4.8 2.3 3.1 239 5.7 

KI 4.9 2.7 2.8 212 4.6 

RbCl 5 2.2 3.6 276 6.2 

CsCl 7.2 2.6 3.3 252 6.2 

AgCl 12.3 4.0 3.7 280 3.6 

AgBr 13.1 4.6 2.8 210 3.6 

Cu2° 10.5 4.0 8.1 621 2.5 

MgO 9.8 3.0 22 1710 2.3 

ZnO 8.5 3.7 12.5 960 1.9 

CdS 9.3 5.8 5.8 440 1.2 

ZnS 8.3 5.1 7.3 580 1.3 

PbS 17.9 15.3 2.7 206 .26 

InSb 17.5 16 3.8 290 .13 

GaAs 13.5 11.6 5.5 420 .24 

from Brown 
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in the preceding section. (The crystal will be assumed to be pure 

here and impurity scattering of polarons will be considered later). 

The scattering can be depicted as follows using Eq. (2-5): 

q real crystal phonon 

- N̂\-*-virtual phonon (2-9) 
\\ cloud 

final polaron state 

lal ?° 
s 

, e  

The above is a first order process, i.e., one interaction event. 

Therefore the scattering rate may be determined by first-order time-

dependent perturbation theory using the expression for , provided 

the initial and final polaron states can be described. Notice now that 

this "real" interaction will cause an imaginary energy shift, iAE, as 

opposed to the real energy shift of the virtual interactions. The 

energy shift is AE = "fi/r, where t is the inverse scattering rate, or 

state lifetime. This indicates decaying and localized polaron eigen-

states 

„ iE't/ft _ -t/x iEt/tt ip(,t; " e = e e 

The approximation of the scattering by such a first-order 

process puts restrictions on the frequency of the scattering events. 

The restrictions are due to the fact that energy conservation, as well 

as momentum conservation, are necessary to give a calculable scattering 

rate, i.e., to be able to use the "Golden Rule" of time-dependent per

turbation theory. (This point is made clear in Appendix B.l where the 

Golden Rule is derived and the physical conditions leading to its valid

ity are made explicit). Therefore the energy uncertainty of the initial 
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and the final states is zero and the polaron is making a transition 

(decaying) from one well-defined state to another well-defined state. 

Also, the polaron must exist in these states long enough for transient 

states produced by the interaction to decay off. These conditions 

require the polaron to exist unperturbed for a relatively long time in 

the initial and final states. Consequently the scattering rates must 

not be too great for the time-dependent perturbation theory to be valid. 

The maximum scattering rate may be estimated as follows: one can 

require the time between collisions to be long compared to the character

istic interaction time, which may simply be taken as the inverse phonon 

— 14 
frequency, l/<*>£ = 10 sec, thus 

t > 10 sec . (2-10) 

Relating the state lifetime to the mobility, the condition for 

the validity of the perturbation theory is, from Eq. (2-10), 

y = — t > 17 cm2/volt-sec • (2-11) 
m 

This shows that a mobility greater than 17 cm2/volt-sec is required for 

first-order scattering theory to be valid. Explicit equations will be 

developed to express the mobility in terms of a temperature limit below 

which first-order theory is valid. Figure 4 depicts two successive 

phonon events to illustrate the requirement. For phonon interactions 

the criterion of long-lived final states is not valid at high tempera

tures (see the remarks following Eq. (2-66)), as the final energy is 

greater than and the polaron can excite the lattice. This con

dition is remedied by using a second-order scattering theory. 



E - Initial, unperturbed polaron energy 

Phonon emission Phonon absorption 

Fig. 4. Time-Development of a Polaron Energy State Encountering Phonon Interactions 
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The Boltzmann equation to describe polaron transport also 

requires the scattering events to be well defined and independent, and 

Eqs. (2-8) and (2-11) for the mobility are relaxation time solutions 

to the Boltzmann equation. A criterion that has been assumed necessary 

for the Boltzmann equation to be valid is that the energy shift caused 

by the inverse scattering rate, AE ~ H(1/T), to be much less than the 

15 16 characteristic energy of the polaron, kT, or * 

7 « it • (2-12; T 11 

Both sides of this equation are temperature dependent. Eqs. (2-10) 

or (2-12) may define a temperature range where phonon scattering is 

no longer the dominant process. 

In this discussion the lifetime of an electron in the conduction 

band, £, must be much greater than the scattering rate of the electron 

-14 
which by Eq. (2-11) is about 2 x 10 sec. Therefore the time it takes 

for the electron to become trapped, or leave the conduction band by some 

other process, must be much greater than T. A previous work has shown 

—9 1 
the lifetime Z to be about 10 sec. 

It should also be mentioned that the problem of calculating the 

scattering rate of the interaction in Eq. (2-9) is complicated by the 

fact that H. ^ was derived for a bare electron-lattice interaction, and 
mt 

the virtual phonon cloud will partially screen the charge of the bare 

15 electron. In other words, a coupling renormalization constant, Z, 

should be evaluated to modify the square of the matrix element used in 
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the calculation, and Z = 1 only applies to weak coupling when there is 

a virtual phonon associated with the electron only a small fraction of 

the time. 

Feynman's Polaron Analog 

The preceding section dealt with the physics described by a 

first-order time-dependent perturbation theory analysis of polaron 

scattering, and found the results essentially restricted the validity 

to a low temperature regime. Earlier it was mentioned there were also 

problems with using low order time-independent perturbation theory to 

describe the stationary polaron state for strong coupling. For a > 1, 

perturbation theory should not be used if there is an alternate method 

that can accomodate strong coupling. 

Feynman developed an alternative approach in 1955. He replaced 

the virtual phonons induced in the crystal with a single fictitious 

particle harmonically coupled to the conduction electron. This 

"polarization particle" represented the entire electron crystal inter

action at T = 0. The analog system can be represented as follows: we 

replace Eq. (2-5) with 

where kg is the "spring constant" of the quantum mechanical oscillator. 

The frequency of oscillation of the system is just w = /m ^ where 

m
re(j is the reduced mass of the system, mre(j = nijM/(m^ + M), and M is 

o 
(2-13) 
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the mass of the polarization particle. The corresponding internal 

energy states are 

E = n,1lw 
nf f 

where n^ = 0,1,2,... and the subscript "f" denotes the fictictious 

A 
oscillator. The effective polaron mass is m = M + 

Feynman used a variational method, minimizing the energy of 

the system represented by Eq. (2-13), in order that the variable para

meters w and M which best imitated the actual electron-lattice coupling 

could be determined as a function of a. These values are given in 

Table 2. Notice that w is greater than for non-zero coupling. 

The system represented by Eq. (2-13) is just an electron of 

reduced mass confined to a potential well V = h ̂ s
rrei = ̂  mred 

r2 . where r - = |r - r|. This is similar to the interaction depicted 
rel' rel 1 e 1 

in Fig. 2 for weak and strong coupling. 

To now we have been discussing a "non-interacting" polaron at 

T = 0°K. At nonzero temperatures in a pure crystal the analog polaron 

will as before be scattered by real optical phonons and Eq. (2-9) can be 

replaced with 

M Pe+q ' (2_14) 

The analog polaron-phonon interaction Hamiltonian will still be 

FrBhlich's expression for H n̂t in Eq. (2-1). But now the "free" polaron 

Hamiltonian is not p^/2tn^, but, in decoupled form"''® 
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Table 2. Parameters of Feynman Polaron Theory for Various 
Coupling Strengths* 

11 

w/uj£ 1 3.44 4.02 5.81 9.85 15.5 

m 

% 
0 .89 2.89 13.4 61.8 184 

* 
from Schultz 15 

r<2 p-tpi 2 
H  =  r y ,  P ^ + 9 + % k (r - R) (2-15) 
o 2(M+ra^) "'red s e 

where p = P + pg is the total momentum operator of the polaron, P is 

that of the polarization particle, and Prê  = (M^-m^p)/(M+m^) is the 

relative momentum. 

The first term in Eq. (2-15) is the total drift energy operator, 

while the second and third terms are the internal coupling energy oper

ators. The free state can then be described by the product wave function 

ip = |p^|n^N^ where | p^ is the total momentum eigenfunction, |n^^is 

the three-dimensional harmonic oscillator wave function for the n^-th 

oscillator level, and |N^ is the wave function for the N real phonon 

2 
states. The corresponding energy eigenvalues will be Eq = 2(M+m^) + 

+ ftw (nf +nf +nf +-|-). Therefore the eigenf unctions for the analog 
x y z  

system can be written by inspection, a useful feature to be used when 

calculating interaction matrix elements. 

When used to calculate the interaction matrix element, these 

dressed electron wave functions give a renormalized interaction. The 
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renormalization constant previously referred to may be defined as 

the ratio of the dressed-to-bare matrix element squared: 

. l<P.n£lHlntlp,'nf>|2 
I* — 0 o —lô  

Kpl"ln,l»'>|2 < 

where n^ and n^, are the initial and final internal excitation levels, 

respectively, p and p' are the initial and final polaron momenta, and 

the bare-electron interaction matrix element is simply V (as defined 
q 

in Eq. (2-1)). 

The "size" of this Feynman polaron may be estimated as follows: 

for a polaron in the ground state of the oscillator the average polaron 

radius squared is 

I  d3r- • r2  '  6  

-r2el/(h/mred») 

o >• • 'rel1 / J rel rel <r , > = 
rel _r2 /m 

I d-^r - e rel red ; rel 

•h 
2 m ,w 

red 
(2-17) 

Therefore the polaron radius is /3ft/2mre{jW. Using the parameters from 

Table 2 to evaluate this equation shows that the radius varies as 1/a as 

o 
was illustrated in Fig. 2. For a = 3 the radius is 11 A, or three times 

the size of a unit cell of A^O^. Consequently the approximation of 

the lattice vibrations as a continuum is questionable. 

Some interesting conclusions concerning the polaron-lattice 

coupling strength can be drawn from an analysis of Eqs. (2-16) and 

(2-17). For the weak coupling situation, M = 0 and w = <*>£ (see Table 2). 

Therefore the polaron radius is large and Z = 1 (see Eq. (2-33)). This 

corresponds to the electron oscillating slowly about the small 
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polarization particle and over a large region of localization. There

fore the electron still appears as a point particle (or bare electron), 

the phonon sees the full charge of the electron, and there is no inter

action renormalization. 

For large coupling, two phenomena occur: (1) The size of the 

polaron decreases as 1/ot, as mentioned. In the adiabatic model previ

ously referred to, the electron is strongly coupled to the polarization 

particle and oscillates rapidly about a small region of localization, 

as illustrated in Fig. 2. The charge of the electron appears as a 

smeared-out cloud, becoming smaller and more dense (approaching the 

limit of the lattice constant), as the coupling increases as was indi

cated above. The interaction renormalization due to this size effect 

will be denoted Z^ and Z^ increases linearly with a. (2) The Feynman 

polaron mass increases as a3 as is shown in Table 2, therefore from 

Eq. (2-28) the wavelengths of the optical phonons participating in the 

,  1 . 5  
scattering decrease with coupling as 1/a (this means the assumption 

of a single lattice frequency is poor for strong-coupling interactions, 

as decreases significantly at large q in real crystals). The inter

action renormalization due to this affect will be denoted as Z^. 

The relation between these two affects determines the interaction 

strength. When the wavelengths of the interacting phonons become 

smaller than the charge cloud of the polaron, the phonons can pass 

through the polaron with very little scattering, since the phonons do 

not "see" the full charge of a point electron. Thus Z2 varies as 1/a3 

and the interaction strength initially increases because the effective 
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charge seen by the phonon increases with the localization of the elec

tron. However, as the coupling increases further, the affect of the 

rapidly decreasing phonon wavelengths predominates and the coupling 

decreases as a3. 

The total renormalization, Z = as a function of a will 

exhibit maximal behavior and approach zero in the limit of large coupl

ing, while the mobility will show the inverse behavior. The affects 

discussed above are accounted for in the Feynman parameters of Table 2 

and the theory can be renormalized, as will be shown later. However, 

it is evident that this renormalization does not account for the 

effective charge of the polaron seen by the incident phonon. The 

ground state harmonic oscillator wave function used for the analog 

polaron accounts for the Gaussian charge distribution of the electronic 

component of the polaron, however the charge associated with the virtual 

phonon cloud is not incorporated in the distribution. (As the phonon 

wavelength, Eq. (2-28), is much larger than the polaron, the internal 

polaron charge structure is unimportant). 

The Boltzmann equation will be solved in the next sections for 

this Feynman polaron. In principle the strong coupling difficulty has 

been overcome but we are still restricted to low temperatures. The 

temperature range may be extended to a region in which optical phonon 

scattering can be observed experimentally by the refinements to the 

calculations given in a later section. A more complete mathematical 

development which can accomodate correlated events would be necessary 

19 
to make a high temperature theory. 
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Polaron Transport - First Order Theory 

The Boltzmann transport equation for slow polarons is: 

a P'V 
-rr + rr~ + F (r,t)*^ 
91 M+m^ p 

f(p,n,;r,t) = If) (2-18) 
coll 

where f(p,n^;r,t) is the normalized polaron distribution function in 

the neighborhood of r, F(r,t) = -V<j)(r,t) is the external, velocity-

independent force, and the scattering rate is 

3f 
3t 

= / d3p* [p(pU p)f(p')-P(p p')f(p)] (2-19) 
coll 

where P(p' -> p) is the transition probability rate from p' into d3p about 

p, per unit momenta. For steady-state spatially independent transport 

the first two terms of Eq. (2-18) are neglected. 

Since the Boltzmann equation above describes the dynamics of a 

particle in an external electromagnetic field, there needs to be some 

revision of the concept of an electron (or polaron) wave travelling in 

the conduction band of the solid. The latter concept is only applicable 

to stationary electronic states, i.e., in between phonon interactions. 

But now in the transport problem there is the added complication of a 

weak external force field which acts on the quasi-particle at all times. 

To handle this situation, recall that the effective mass theorem allows 

one to accomodate the dynamics of an electron in a lattice under the 

application of an external force by the construction of an electron 

"wave packet" from the available states in the band. The localization 

thus obtained is in accordance with the uncertainty relation ApAr£ h, 
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where the momentum uncertainty is limited by the range of available 

states in the band. The "group velocity" of the wave packet then 

corresponds to that of a classical charged particle of effective mass 

20 
(M+m^) in an external field. 

For first-order phonon scattering Eq. (2-19) can be written 

explicitly. The second term on the righthand side is the "scattering 

out" term. For absorption of one phonon (real or virtual) of wave 

number q this can be written as 

, . . (2-20) 
p =p+ tiq 

while for real or virtual phonon emission the scattering out terra is 

(2-21) 

p-frq 

Similarly, the "scattering in" term of Eq. (2-16) for emission is 

(2-22) 
p =p+tiq 

while for absorption it is 

q 

>» 

p-frq 
(2-23) 

For a slow polaron, p2/2(M+nijj)<<Iia)£ and Eqs. (2-21) and (2-22) 

are forbidden, i.e., a slow polaron cannot emit a high energy phonon or 
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be formed by phonon absorption. (Also note that Eqs. (2-20) and (2-22) 

taken together describe second order scattering events which will be 

considered later). Initially we confine ourselves to solving Eq. (2-18) 

for the absorption interaction of Eq. (2-20) only. 

First it is appropriate to mention some methods commonly used 

to solve Eq. (2-18). Under the conditions of: (1) isotropic medium, 

(2) spherical momentum space, and (3) small energy changes in the 

scattering, one may use the relaxation time approximation: 

3f 
3t 

f(p) - fQ(p) 

coll * ^ 

and when Eq. (2-18) is solved the result for the mobility is Eq. (2-8). 

However, for first order optical phonon processes conditions (2) and (3) 

are both violated and a relaxation time solution cannot be used. Howarth 

21 
and Sondheimer solved the Boltzmann equation for the case of free 

electrons scattered by optical phonons by applying Ziman's variational 

no i Q 

method to the entropy production. Kadanoff used Eq. (2-18) to cal

culate an expression for the average drift velocity, or group velocity 

of the polaron wave packet, in the direction of the applied field: 

r Px 
! d L 5hT f(Px'n£) 

<v*> ; —5 (2"24) 
I d p* S£f<vnf> 

where f(Px>nf) is the distribution function for polarons with an x com

ponent of momentum, px, and therefore arrived directly at an equation 

for the polaron mobility without a relaxation time approximation. 

Kadanoff's calculation will now be discussed in more detail. 
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For a lattice oscillator system of volume V, macroscopic reac

tion cross-section E, and polaron flux <j>, the total reaction rate is: 

jjf 
9t 

= - / d3pf P(p + p1) f(p,nf) = V £ (J> • (2-25) 
coll 

The polaron density is f(p,n^)/V and therefore <j>(p,n^) => f(p,n^)Vp/V 

where v^ is the velocity. Also, E = o/V, where 

/n> = — (2-26) 
S /q Tioj^/kT _ ^ 

e 

is the average number of optical phonons of wavelength q associated with 

each optical-mode oscillator and is derived in Appendix C for the 

decoupled crystal, a = f(p,n^)v/(J), where v is the transition probability 

rate, i.e., from Eq. (2-25), 

3f 
at 

= - / d3 p' P(p -> p') f(p,nf) = V E<j> 
coll 

= <̂ 1̂  v f(p,nf) . (2-27) 

The only contribution to this rate is the interaction given by Eq. (2-17). 

In °f Eq. (2-26) we are discussing a phonon with a definite 

momentum tiq because of energy and momentum conservation in the first-

order phonon-polaron interaction, i.e., for a polaron with small momen

tum, q must nearly satisfy 

+M)ui» 
— (2-28) 
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Equation (2-28) assumes an effective "hco^ for all momenta phonons plus 

a parabolic band near the phonon energy, e.g., p2/a(m^+M) = 1iu>£ and 

means that effectively a small range of phonon wave numbers are being 

selected from the summation over q in Eq. (2-1), therefore, an inte

gration over q does not have to be performed. 

Using the "Golden Rule" of scattering theory, Eq. (B.l-17), for 

the absorption rate pictured in Eq. (2-20), an equation for v can be 

written immediately. Noting that the oscillator part of the polaron 

wave function, |n^, is discrete, the sum £ in Eq. (B.l-16) is 

(2ir) 3 v/ d3k' J where p1 = hk'. From Eq. (B.l-17) v is given by: 

"f 

v = ̂ 777? r̂ d3p' 2,l<p'.l<°qIH±nt!p• nf>lxq>l2 
(2ir) h n^ M H 

where |p,n^and |p',n£^ are the initial and final polaron wave func

tions, respectively, and |l ^and |0 ̂  are the initial and final (real) 

phonon states, respectively. The term inside the absolute value then 

denotes the matrix element of H. . between these initial and final 
int 

states. Equations (B.l-17) and (2-29) assume that one scattering phonon 

is present at all times. This is not valid on the average, and is 

accounted for with the actual phonon number as in Eq. (2-27). 

Note that only the a^ term in gives a non-vanishing matrix element 

for absorption. Also, it is assumed that the analog polaron wave func

tions describe the final state, |p',n^^, though this state can spon

taneously emit a phonon. 
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As kT << 1iw = 2660°K, it follows that n^ = 0, i.e., the initial 

probability of occupation of an excited oscillator level is small. 

Similarly, since tiw > Tico^+kT = 830 + kT, the single phonon collision 

cannot excite the fictitious oscillator therefore the polaron oscillator 

remains in its ground state, n^ = 0. Noting that <0q|aq|lq> = 

= 1, the momentum conserving q is selected from the sum over q 

in Eq. (2-1) and Eq. (2-29) becomes: 

2ir v 1, 2 ?  
T ttb it*2 <4 /i— — r> r  M (2n)> *  *• f*b"l  £  

-iq* r 
• /  d V | < p ' , 0 |  e  ! | p , 0 > | 2  6(E q -E , o  +  l i w £ )  •  ( 2 - 3 0 )  

q f > F > 

To calculate the matrix element in the above, one must 

distinguish the electron coordinate rg from the center-of-mass polaron 

position rcm , i.e., r0 = rcm + (M/Nhi^) rrel. As |p,nf> = |p>|n£> = 

I matrix element in Eq. (2-30) is: 

-j|j-<p|e " C,°|p'> <0| exp ] |0> • (2-31) 

Since p is the momentum of the polaron center of mass, i.e., the 

normalized wave function is |p^ = exp(ip,rcm/fi)/v/V, the first factor 

in Eq. (2-31) is the momentum conserving Kronecker delta function 

6 -k . Putting these results back into Eqs. (2-27) and (2-25) 
£ +<1> £_ 
• f t  Vi  

yields: 
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» /d3 p1 P(p ->• p') f(p»n )= (ny v f(p,n ) 
coll £ N q £ 

where 

. ,.,2 /j!_ i™ _i_ i ,3 +̂ 'rep,.o> V = u>7 

/

ft 4tra 1 r , 

vi pr (2n)2 H i;-f'i2 

-*.v -> 
f i(p-p') »r , Ml 

• K ° i  e x p [ — 5 o s ^ r - J i ° > i  •  ( 2 - 3 2 )  

The harmoftic oscillator matrix element in Eq. (2-32) as evaluated in 

Appendix D, is 

ri (p-p')* r  i  M I  r  Ipt'I m ^1 . . .  

<°l exp [ hOtm^) J l°> " exp [" 4(tttab) hw J • (2:33> 

The above matrix element is the square-root of the renormalization 

constant defined in Eq. (2-16). The influence of the phonon wavelength 

participating in the scattering, as defined by Z2, is accounted for in 

this renormalization. See Fig. 5. Thus, using Eq. (2-28) 

exp 
-«*[-$]-*2 • ( 2- 3 4 )  

The affect of polaron size is not contained in this dressed interaction 

matrix element. 

The transition rate is then 

2 OUT « /dV 6(Ep-Ep,-Hko£) T |jS-p12 M/n^ 1 
v ~ j 21̂ 0)̂  ir j+,_+ j2 expl 2(m+mb) ft* j 

(2-35) 
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Fig. 5. Effect of Electron-Lattice Coupling Strength on 
Polaron Mobility 
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Since p<<p' for T<<830°K, the integral over p' in Fig. (2-35) is 

equal to: 

I" M/n^ p'2 "1 
4» / dp' S,) exp | -

To perform the integration the relation between E^, and p1 = 

/2(m^+M)tiaj£ is required. Since the final state is long-lived at low 

temperatures, p' may be obtained from Larsen's spectrum of stationary 

polaron states shown in Fig. 1 by using the criterion (dE'/dp) »=0. 
r r 

This yields a value of p1 = .95/2(M+m^)"haj£ for a = 3. Therefore the 

parabolic band approximation for E(p') is valid within a 5% correction. 

In this approximation the virtual interactions with the lattice are 

accounted for by using the effective mass (W-m^), while the real inter

actions of the final polaron state via phonon emission are accounted for 

by the factor (.95) obtained from the dispersion curve. Therefore 

E' = p12/2(H+m^) and the integral becomes 

• „12 f M/n^ p'2 I 

4u I dP S(tor 2<M+,nb>) [" tiw 2(Wmb) J ' 

Noting that for a well-behaved function G(p) 

/ dp* G(p') 6[*(p')-«Kp)] = d.G(p) • 

(dp')p'=p 

(• M/jl p'2 I ,2 
let G(p') - exp J- ̂  . +(P') - •>•»£- • and 

<Kp) = 0 at p = /2(M+m^)1ia)£ . This allows the integration over p' with 
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the result 

/M+m, 

4ir / 2ho)£ exp 

and Eq. (2-35) becomes: 

% w 

/5T I 
"J "b exp r vj 

v = 2o)£ a / m,^ exp [ - ̂7-77] . (2-36) 

The Boltzmann equation that results from Eqs. (2-18), (2-27) and (2-36) 

is, 

(hi " <n>q v£<P'°) " • 2<n>q £<P'°) "l " • 

exp|-—| • <2"37) 
W I 

For a weak electric field applied along the x axis, E = F /q, 
X X 

consider only the x component of the velocity and let the corresponding 

distribution function be 

f(p 0) = f (p 0) [l+*(p 0)] (2-38) 
A  y U  A ) A Y  

-E(px)/kT 
where f = e is the equilibrium distribution and <Kpx>0) is 

the perturbation caused by the field. Then F V f (p 0) is linear-
x p o *x, 

*x * 
ized in F to be 

x 

1 „ px 
FX VPX 

fo(px,0) kT FX fo(px,0) • 

In equilibrium 
3fo 
r—— i = 0, therefore Eq. (2-38) can be used to replace 
3t 'coll 

f(p,0) with fQ(p,0)4>(p>0) in the collision term in Eq. (2-37) yielding 
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1 FxPx y V Ma) 

7T. = a)o a / m. kt^ = 2<n>q a ' mb exp 
% 

<Kpv,0) . (2-39) w J ' rx' 

Kadanoff used this form of the Boltzmann equation to calculate 

^vx̂ from Eq. (2-24) as follows. Eq. (2-24) reduces to 

p. 

Ldp* s*r f(v0) 

<vx> ~p 6 • (2-40) 
/ dPx f(px.o) 
.00 A A 

However, notice that 

/ d p  f  ( p  , 0 )  p  = 0  
— o o  * X  0 N t x '  X  

due to random motion of the equilibrium system. On substituting for 

«Kpx,0) from Eq. (2-39), Eq. (2-40) becomes: 

_1 _1 exp(mu)£/mbw) 

NVx' kT (M4-m^) 2a <^n^ V 

P 2 x 
/ dpx m-hn^ ^o^x'^ 

x r°° 
Ldpx £o(px>0) 

(2-41) 

Now 

c,dpxpx2 £o(px'0) 2\ 
- (mĥ ) kl =<j.x2̂  

/ d p  f  ( p  , 0 )  j-oo fx o *x' 

and <(px2̂ > /2(tthnb) = kT/2 is the average kinetic energy of the polaron 

along the x-axis. Therefore from Eq. (2-41) an equation for the drift 

mobility of the Feynman polaron is: „ /v*> .<%> imt\ ...... 
" = e F;- % plvl 
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where 

v- = o 2ao)£(Mfm^) [-RH 
23 

is the weak coupling limit of Low and Pines. The dimensions for y 

in MKS units are m2/volt-sec. 

The exponential factor in Eq. (2-42) is the inverse of the 

renormalization constant Z^ of Eqs. (2-16) and (2-34) that accounts for 

the phonon wavelength. The factor /m^/M+m^ is proportional to the 

relative polaron size for a>l and accounts for the affect of the 

decrease in polaron size with increased coupling. Therefore 

y (M=0) 
z = z -z = ° 

l 2 y 

3/2  

»b I exp 
mo)» \ 

1 (2-43) 
"b 
w 

3/2 
where Z^ = (M+m^/m^) and Z is the total renormalization constant of 

the bare electron interaction, accounting for both phenomena. These 

affects are illustrated in Fig. 5. The minimal mobility behavior 

previously discussed is seen to occur at a = 7. 

Polaron Transport - Second Order Theory 

In the previous section only first-order phonon events were 

considered and it was assumed that the scattering events were a series 

of real phonon absorptions and emissions, thus Eq. (2-20) could be 

followed by Eq. (2-22) as successive events. (Phonon emission and 

absorption processes are related in the second quantized electron-

lattice interaction Hamiltonian, Eq. (2-1) as discussed in Appendix A. 

For a first-order process the criterion for phonon emission is that it 
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be energetically possible to excite the lattice.) However, after absorb

ing a phonon the polaron can excite the lattice and the probability of 

emitting a phonon of wave number q is proportional to ( (n ̂  

the phonon absorption probability is much less, being proportional to 

^n as in Eq. (2-27) where ̂ n ̂  is the number of phonons present 

before the interaction. This is analogous to photon absorption and 

emission in the quantum theory of radiation, and follows from the Bose 

statistics of phonons and photons. The factors a+̂ |N( >«= /Nq+1 |Nq+l> 

and a |N >= vfT|N -1> [see Eqs. (A-12) and (A-13)], which appear in 

the matrix elements of H n̂t between phonon states accounts for the large 

difference in the mathematical probabilities for emission and absorption, 

respectively, when there are only a small number of phonons available. 

The above means that at temperatures where the density of final 

states is significant phonon absorption will be followed very quickly 

by phonon emission, thereby returning the polaron to its original low 

energy state before another absorption occurs. This double event will 

violate the assumptions of the first-order theory of well-defined events 

discussed in the preceding sections. Therefore, the final state in the 

first-order process can be thought of as a intermediate-state of a 

second-order process as in Eq. (2-4): 

s 
* 

* 

n . (2-44) 

The intermediate states will not in general conserve energy and their 

energies are given by Eq. (B.2-5). Each virtual state conserves 
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momentum though, in the non-relativistic theory, as the quasi-particle 

states are "free" in between interactions. (State n is not be be con

fused with the analog polaron internal excitation level n^, which is 

incorporated in the polaron wave function as in Eq. (2-29).) 

This model has two advantages: (1) at low temperatures the 

time between second-order processes is long, justifying a Boltzmann 

equation and scattering theory description, and (2) the final energy is 

the same as the initial energy in the single-frequency approximation. 

The latter allows a relaxation time to be defined and Eq. (2-8) used 

as a solution of the Boltzmann equation. Another consequence is that 

both initial and final states are well-defined and the problem of writ

ing a wave function for a fast polaron state capable of spontaneously 

emitting a phonon is avoided. 

The requirement then is the calculation of the second-order 

reaction rate. This was the approach employed by Schultz"'"^ and his 

calculation will now be discussed. 

As in Compton and Moller scattering, Eq. (2-44) is not the only 

possible second-order diagram. Because of the uncertainty principle, 

another equivalent and indistinguishable process is the phonon "exchange" 

diagram in which phonon emission takes place first and is followed by 

absorption: 
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Since the intermediate state here does not conserve energy for an 

initially slow polaron, there will be no small energy-denominator in the 

second-order scattering amplitude (see, e.g., Eq. (2-45)), as there will 

be for the event in Eq. (2-44). For this reason exchange scattering can 

be ignored. The possibility of two successive absorptions or emissions 

is neglected, an assumption which is reasonable at low temperatures. 

Second-order time-dependent perturbation theory can describe 

double processes such as Eq. (2-44)and is developed as a logical exten

sion of first order theory in Appendix B.2. Using Eq. (B.2-10) a 

formula can be written for the transition rate for scattering of a 

polaron of momentum p^ into the solid angle element dQ^ about the final 

momentum p : 
m 

V dft = 4f (E ) ~—T [ f dfi dp p2 
m h m 

m 
m 3 3  J J n ^n Fn 

(2-45) 
<£|Hint|n><n|Hint|m> 

E -Ep-tlido -i 
n Z t 

fr n 
2 

where by Eq. (B.2-11) the density of final states, (Em), is 

m 

v v P2 
p (E )dfl = ^ -r—~ = —-—s- dQ , .— . (2-46) 
«m m m <2rt)3 m (2rt>)3 m (de/dp)ein 

The number (less than unity) of phonons of wavelengths q associated with 

the lattice oscillatoris necessary in Eq. (2-45) since in the 
q 

formal treatment in Appendix B.2 the phonon density is not accounted 

for. Because energy conservation may be violated in the intermediate 

levels, we need not in general restrict the interacting phonons to have 
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a definite value of q, as in Eq. (2-28). However, as shown below, 

energy as well as momentum conservation is approximately satisfied for 

these intermediate levels for slow polarons (T << tiu^/k) therefore the 

same restriction on q is required here as it was for the first order 

interactions. ** /fi is defined in Eq. (B.2-1) to be the decay rate of 

the intermediate level n and is expressed by [see Eq. (B.l-18)], 

2tt V 
r /ft » 
n * (2irti) 

dp p2dft l^nlH. .ImNI 6 (E -E -1ii0p) 
*111 m1 N i mt1 / 1 n m U 

2tr 
•h 

i • <2"47> 
m 

The second equality follows from the change of variables 

dp p2 = (dp /dE ) = p2 dE and an integration over the energy-conserving 
'm'm m m rm m ° 

delta-function. 

The value of Tn in Eq. (2-47) is small due to the small values 

of pm> which result from the final polaron energy being the same as the 

initial energy. Therefore the transition probability (first order) out 

of the n-th state is small, i.e., the intermediate level is long-lived 

and energy-conserving so its energy can be written 

E
n  =  +  n h o ( 2 - 4 8 )  

where n = 1 only, as opposed to Eq. (B.2-5). 

Alternatively, the resonance nature of the reaction may be seen 

from the square of the absolute value term in Eq. (2-45). This is equal 

to 

i hp h |2 
nm . (2-49) 

(en"er̂ £)2+(T 
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When plotted versus the initial energy E^ the result is a Gaussian 

shape with a full energy-width at half the maximum reaction rate of T . 
n 

Again, the maximum reaction rate occurs at the energy state specified 

by Eq. (2-48). 

The final polaron state, m, is slow and the final p-space is 

spherical, or isotropic. Operating on Eq. (2-45) with (l/4ir)/dfim 

will not change the result since ^n|lLnt|m^ is also isotropic for small 

p . Noting this, interchanging the order of integration over ft and 
m n m 

and using Eq, (2-49) yields 

vdJm = if V 3 //dnndpnpn' ̂ KnJ1̂  ̂ — m 11 (2Trti) (2irfi) n nn mt ^ 

r Kn lHint'in),|2 

m  ̂
r 
n 

(en-ê -ftaî ) + 

Using Eq. (2-47) yields for this transition rate, 

dj2 
vdfi = ̂ n ̂  o 7—^ //dft dp p2 | < £|H. In^ | ̂r 

m \ ' q (2irh) ^ n " n1 N 1 mt1 2ft 

rn/2 

(en-e£-ftw£)2+(rn/2)2 

dpn 
Replacing dpnp2 by P2dE and using Eq. (2-46) gives 

n n 

dQ 9 1 
vd!)m- 4^<n>q//dWB (VKtlHintl")! 2h ' 

hi 
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For small T the limit 
n 

rn/2 
lim , r .2 = it6 (E^E^-ftu^) 

n I 
rn"° <en-er,"£)2+ 

is the condition of Eq. (2-48). Therefore the differential scattering 

rate is 

dfl 0 

vdfi = 4r<n> //dE dJ2 p (E )|<£.|H, |n> | • 
m h x 'q 4ir 11 n n^ft n 1 N 1 int1 ' 1 

n 

• • 

The integration over may be carried out here under the assumption 

that (E^) is isotropic and p^ is small yielding a factor of 4ir so 
n 

vdS!m • it <n> q dam 0 (Er> I OI Hint' r> I * (2"51) 

where the symbol r refers to an energy conserving intermediate state 

selected from the group of intermediate levels n, i.e., E^ is given by 

Eq. (2-48): 

Er = E£ + ilo)£ . (2-52) 

The energy E^ has also been integrated out, as in Eq. (B.l-18). 

From Eq. (B.l-18) it is evident that the result for the double 

process is just the rate for the absorption of a single phonon into 

the n-th state. If wave functions appropriate for a Feynman polaron are 

used to evaluate the matrix element in Eq. (2-51) a mobility similar to 

Eq. (2-42) is expected. 
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Since there is no m-dependence, the distribution of final states 

in Eq. (2-51) is isotropic in momentum space and the density of reso

nance states is 

p<e^ = we/3pt (2"53) ( 2ttr) p̂=pr 

This "resonant" polaron is dependent upon three basic 

quantities: 

(1) the resonance momentum p^, defined by 

E(pr) = E(p£)-H\iO£ (2-54) 

(2) The resonant "group" velocity u =(dE/dp) _ , and 
P Pr 

(3) The effective magnitude of in Eq. (2-1). 

The first two quantities are not well-defined as the resonance 

state r will have larger values of pr and ur than the corresponding 

16 
state p1. Using Feynman's strong coupling theory, Schultz calculated 

a resonance momentum of pr = 1.49/2m^1ia)^ = l,13/2(M+m^)tla) for a = 2.7, 

compared to the stationary state momentum determined in the last section 

of p' = 0.95/2(M+m^)liaj£ . Therefore, a parabolic band approximation for 

E(pr) is valid with a 13% correction. In this approximation the virtual 

interactions are accounted for in the effective mass (m^+M), while real 

phonon emission of the resonance state is accounted for by the factor 

(1.13). The effective magnitude of H£nt is obtained by using wave func

tions that describe a dressed electron in calculating the interaction 

matrix element, as in the last section. The effective mass of the 
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polaron does not appear in the scattering amplitude as the real and 

virtual processes are separated in this treatment. 

From this theory, the relaxation time solution Eq. (2-8) may 

be used to calculate the mobility of a slow polaron. Using Eqs. (2-51) 

and (2-53) the scattering rate is: 

ft —~—r " (2irfi) 
i - /d8 » " 4r(« v- <•>>„ I< ̂ IhintI r> 12 ' <2"55> 

For a Feynman polaron, Eq. (2-55) can be calculated by using the results 

of the previous section. From Eqs. (2-30), (2-31), and (D-2), the 

matrix element is: 

4/T h 
V 

•h 1% 

2iw 
<v° 

-q-r 

|q| 
pp»0^ 

where 

<Pr»° 

-q*r 

|q| 
p£ 
,0> = < 

-iq r 

p£ 

em 

|q| 
Pr> <(0 exp 

(2-56) 

, -> -> 
-1q*rrei 

M/mb 
o> 

= 6 

P£ + <r 

if q' 
h 

l* "k 

r iy?ri^i 
6XP [ 4 CtW-nij^ )Tiw J 

For a parabolic energy band E^ = "fio= p^/2(M+m^) and P^,/Ur = P^M-hn^) 

Therefore the scattering rate is given by: 

1 
T  

2o) 
, . I . (M/l"b>Pr 
'q Pr exp [ 2(M+m^),Rv 

f (M/mb)pr 1 
[" 2(M+mb)'Rw J • (2-57) 

For a = 2.7 the resonance momentum was p^ = l.lS^d^+m^^w^, consequently 

the scattering rate reduces to: 
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-  = 2.26 
t 

*>\\ 

"b 

f r w-13)2^! 
I <->q " i "  w  [ -  —- j (2-58) 

and the mobility is, from Eq. (2-8) 

e e _ e 
^ ^ T (m^+M) T 2.26a)£(M+m^)ot ̂ n ̂  

% 
\h 

M+-1 
"v 

•exp 
1.28m0) t 
"b 
w 

(2-59) 

This is nearly the same as Kadanoff's results, Eq. (2-42), and this 

theory is ultimately limited by the same restrictions as the first-order 

theory. 

For A^Og, tiu)£ = .07 ev and = 830°K. Putting in values 

from Table 2 for a  =  2 . 7  gives for y and 

y = 1.53 (e^^^-1) cm2/volt-sec 

(2-60) = 2.1 (e^^^-l) cm2/volt-sec 

This result is plotted in Fig. 6. 

In conclusion, in the low temperature theory there is not much 

difference between the polaron mobility and the corresponding bare 

electron mobility for this coupling strength. The only explicit temper

ature dependence in Eqs. (2-42) or (2-60) is due to the number 

of crystal phonons present, however, a is also expected to be temper

ature dependent. Refinements to the calculations of Kadanoff and Schultz, 

as presented in the next sections, will introduce a temperature depen

dence to the scattering amplitude and extend the high temperature limit 

of the theory. 
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Polaron Dispersion 

In Kadanoff's calculation the assumption of a Maxwellian 

equilibrium distribution for the initial states, fQ(p), was used. 

This is not strictly valid, especially at high temperatures, as high 

energy polarons can excite the lattice and therefore will interact and 

will not come to equilibrium. Thus the polarons that would be in the 

high energy tail of the equilibrium distribution do not propagate and 

the polaron dispersion curve flattens for energies near 

The polaron spectrum of Eq. (2-7), shown in Fig. 1, was written 

from perturbation theory valid for a<<l and it gives dE/dp = 0 at 

p = . 72/2 (M+m^)"hw£. This is not valid and is due to the vanishing of 

the energy denominator in the perturbed energy at p = /2m^tia)£. Larsen's 

polaron spectrum, also shown in Fig. 1, was obtained by using a varia-

9 tional technique valid for a£l. As mentioned, this spectrum exhibits 

a maximum at p = .95/2 (M+m^tuo^ and this is the maximum momentum of a 

long-lived state. A parabolic approximation for E(p) with a correction 

of less than 5% holds up to p = .90/2(M+m^for a = 2.7. 

The affects on the polaron distribution function may be 

accounted for by truncating the range of integration in Eq. (2-41) at 

px = .95 v^2 (M+m^)"fio)^, as polarons with momenta larger than this are 

unstable with respect to phonon emission and are thus short-lived, with 

a decay-rate given by Eq. (B.l-18). Therefore, from Eq. (2-41) the 

mobility can be written as 
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.95/2(m+mk)ti<»>£ 

^ ^Kadanoff kT 

P2 rx 

dPx M+m^ fo(Vo) 

• 95/2(mfnik)tiu)£ 

dp f (p ,o) 
*x oNtx' o 

(2-61) 

where UKadanoff is given by Eq. (2-42). 

Evaluation of the integrals in Eq. (2-61) is straight-forward 

and yields: 

£ 1-0.282 p|£] 
-790/T "1 

y = MKadanoff I 1-0•282 [~f~] erf(790/T) * (2-62) 

This result is plotted in Fig. 7 to show its relation to Kadanoff's 

result. The correction is small over the temperature range of interest 

but increases with temperature as expected because the high-energy tail 

of the distribution function becomes more pronounced at high tempera

tures. The decrease in mobility is due to the elimination of the high 

momenta contributions from the average drift velocity in Eq. (2-41). 

High Temperature Calculations 

The effect of the initial polaron momentum, p, has been 

neglected in the previous calculations. This greatly limits the tem

perature range of the theory by requiring T<<830°K as well as the 

perturbation theory limitation of Eq. (2-11). The influence of initial 

momentum on the mobility will be treated in the ensuing calculations. 
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First we will calculate the energy-width of the resonance, r , 

to see the affect of a non-zero temperature. From Eqs. (2-46) and 

(2-47) this width is: 

• m 
rr " 2" l6Qm (Mi)3 WE/dp)E < r  lHin(Jm> 

(2-63) 

m 

where the matrix element was calculated to be, from Eq. (2-56), 

I < r I Hint Im > I 
4iTa hi ' ti ' 
V 2m

b
t0£ 

h 

i ->• -> 
exp [-|pr-pin|2m/4(m+mb)mbtiw] 

|p -P |/h ,rm rr' 

(2-64) 

Since a parabolic approximation is valid for p for T<830°K, p2/(dE/dp) 
m m B 

m 
(M+m^)pm. Invoking momentum conservation for the intermediate states 

and using Schultz's result for the resonance momentum for slow polarons, 

one can let the wave vector of the absorbed phonon be 

f iq = IP r~Pm l  =  1.13/2(Mfmb)ttoj£ * (2-65) 

Therefore the above vector is constrained to be temperature independent 

and has the same value as in the low temperature theory. Putting these 

values into Eq. (2-63) the resonance-width becomes: 

r
r (p ) 2 
r m (1.13) 2mb [mwo "1 

- ( 1 - 1 3 ) 2  •  

As |pm l  = |P^| by assumption, we can let p^ = /2(M+m^kT/fr and obtain 

for the energy-width in 

Tr(T) = .85hto£ /T/830 . (2-66) 
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For an example, at 300°K, = . 5hu)£. Thus resonance broadening is 

significant even at low temperatures. Using this result the perturba

tion theory requirement of Eq. (2-10) yields the requirement that 

T < 940°K . (2-67) 

We will begin the high temperature modifications by revising 

Kadanoff's mobility calculation. The integral in Eq. (2-35) must be 

evaluated exactly, i.e., for p ~ p1 it is of the form 

/d3p' 6 (E -E .+Ti(j)o) °*P (~°|P-P^|2) (2-68) 
P P 1 

where a = M/2(ffl-m^)m^hw. Since p and p' have spherical symmetry in-an 

isotropic medium, p may be put along a coordinate axis, e.g., the z-axis, 

without loss of generality and with p fixed in this direction the inte

gration may be carried out by varying p1 over the momentum space. In 

cylindrical coordinates then 

Jp—P* |2 = (p'sin<j>)2 + (p' cos<j>-p)2 (2-69) 

and a differential element of integration is 

d^p' = (p1)2 dp'sinij) d<f> d0 (2-70) 

^ 4. 
where <J> is the angle between p and p' and 9 is the aximuthal angle. 

Therefore the integral becomes: 

•°° 2it u 

' d«.ln« 6(E -E ^pt-»(p2-2pp'c°^p'2)) . 

P P p2-2pp' cos 4>+p12 

0 (2-71) 

dp'p'2 d0 

0 0 ' 
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Making the change of variables u = p2-2pp'cos<j>+p'2 yields for the 

integral 

•Cp+p')2 
ff. 
p 

dp'p' 6(Ep-Ep,-Wio)^) 

(P-P1)2 

du^-au 
u 

which is equal to 

0 

dp'p1 S(E -E ,-rtUOo) (E [a(p-p')2]-E [a(p+p')2]} 
p p 1 1 p 

where E^Cx) is the first-order exponential integral. 

This integral may be evaluated by using the property of the 

24 
Dirac delta-function 

6(x2-b2) = [6(x-b)+6(x+b)] 

yielding for the integral 

-h 

p J 
dp'p' {Ex[a|p-p'|2)-E1[a(p+p')2} • 

/2(m+m̂ ) - /  

+ 6 e. 
[/ 2(M+-mb) 

where we have let Ep=p2/2(Iifiii^) , E^=p12/2 (Mfm^), x=p' /2 (M+m^) , and 

b=/ tp2/2(M+m^)]+hw^. (The parabolic approximation for the initial 

states, E(p), is valid at least up to p=.9/2(Mfm^tuo^, as shown in the 

last section. However, the final states are short-lived and not 
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well-defined at high temperatures and therefore the spectrum of station

ary polaron states cannot be used to determine E(p'). This is the 

primary difficulty with the high temperature theory.) The arguments 

of the delta-functions are now in a form that permits integration. As 

the argument of the second delta-function is non-zero over the range of 

integration, the final result is: 

IT 

P 
(M+n^) 

M/m, 
b r _ -1 

2(M+m^)fiw VP2 + 2  ( )  f i u ) ^  
-E 

M/mb 
!(M+m^)ftw 

• £ /p 2+2 (M+m^ ) ho)£ +p j 

Therefore Eq. (2-35) is evaluated to be: 

i(p) = a)£ /h/2m^co^ p 

2(M+^)1to [/P2+2(Wlnb>,,"i +p] 

m/lilb 
2 (M+m^ )ttw£ /p2+2 (M+m^)tiW£ -pj 

-E 

and allowing for dispersion of the initial polaron state Eq. (2-41) 

becomes: 
.95 /2(M+m^(hw£ 

. dp f (p,o) 6 (p,o) r£ 

<v >= N X' 

m-hnb x 
.95 

/2(wh-m̂ )ha)£ 

dP fQ(p>o) + 

/2(IH-mb) ha). 
kl̂ n̂ ) 3<n > u>|a 

dp f0(P»°) 4»Cp,o> 

•.95/2(ttfm̂ )tia)£ 

dP P3 f0(P.°) l[^c(p) -p ] | -E^j d [ /c(p) +p] 

-1 

••95̂ (mhnb)liu£ fx/2̂ 7h 
dP fn(p»°) + kKM+nih)2 <n > 
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dp fQ(p,o) p Ei | d[/c(p) -p] 2j -E^ | d[ /c(p) +p]2 J 
-1 

-1 

(2-72) 

where c(p) = p2+2(Mfnijj)titO£ and d=M/2mjj 

As this is not easily calculable, we will apply Schultz's 

second-order calculation. Ignoring the broadening of the resonance 

state, r, at elevated temperatures we start with Eq. (2-55) which can 

be reformulated as 

r ilr 
2 (M 

->• in . m 

-pj2 m/n^ 

-rV- -£r 0«v <• >q »! /x pr e'pt 2<t>' 
T(p r>p£) JT \rT4t\ 

Tiw 

(2-73) 

and with the "vector" polaron mobility 

We will assume the resonance polaron state, parabolic in shape, 

conserves energy though it may be short-lived now due to the increased 

density of final states, p(E^) [see, e.g., Eq. (2-47)]. Therefore, 

e = A 
r 2(M+mb) 2(1*+^) + 

(2-74) 

Using Eq. (2-73) and the equation for the "vector" mobility a "scalar" 

polaron mobility can be written: 

p(p*0 

d3PrVi(P£»Pr) 6[pr - >/p|+2(M+mb)hco^ j 

jd3pr 6 |pr - /p̂ +2(m+ttib)ftŵ  ] 
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_ e 1/4tt (" 3 i-> -> j 2 

= <Mn>2 ^2<„>q 
3/2 J Pt lPr"Pil 

• exp[a|pr-p^|2] fi£pr - /p2+2(M+mb)tlu>£ J (2-75) 

where "a" is given in Eq. (2-68). 

The integral in Eq. (2-75) can be evaluated in cylindrical 

coordinates as in Eqs. (2-69) to (2-71) by putting p^ along the z-axis 

and integrating p^ over momentum space: 

-* 12 c a | p p | (°° 
jd3pr|pr-p£|2 e r  ̂ <stpr - /p|+2(i«-nib)htô  ] = 2ir jqdprp2 .. 

•IT 

... 6 [pr - •,|+2(«tmb)hM£ 3 eXp [a(p2-2prp£cos4. + p|) 1 

(p2 - 2prp^cos^) + p2) . 

Making a change of variables in the integration over (j), as before, by 

letting u = p^ - 2prp^ costj) + p^, the integral becomes: 

• ^(p^) | [/c(p£) + p^]2 exp | a[/c(p^) + p^]2] + 

- [/c(p^) - p^]2 exp | a[/c(p£) - P^]2] -O-ta) ' 

* £exp | a[/c(p^) + P^]2J ~ exp |a[/c(p£) - P£^)j 

Therefore, the polaron mobility as a function of p is: 

e/2m̂ 7h 

^x> = 777T Ti J/2 
16(̂ 1%) a a o>£ <n > px c(px) 
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lYc(px) + px] exp (a(/c(px) + px] } ~[/c(px) - pj' •[  
t 2 f 2 

• exp (a[/c(px) - px] } -(1/a) I exp {a[/c(px) + px] } 

-exp (a[/c(px) - Px]2}jj . (2-76) 

This expression may be averaged over px, as in Eq. (2-41): 

/2fil0£(m+nî ) 

y(px) f(px»o) dpx 

u(T)= '° (2-77) 

72̂ (1̂ 11̂ ) 

f(px»0) dpx 
o 

where f(p ,o) is given by Eq. (2-38) and the integration has been trun-
X  

cated as before to allow for dispersion of the initial polaron state. 

An approximation for Eq. (2-77) can be found by letting p be 

the average polaron momentum, i.e., px = /(M+m^)kT in Eq. (2-76), and 

evaluating the different terms yields: 

[9 2 (/t+1660 + /T ) exp[(/t+1660 + /f) /6640] 
. 

2 2 

-(/T+1660 - vf) exp[(/T+1660 - /if) /6640]- 6640 

(exp[(/T+1660 + /T)2/6640]-exp[(/T+1660 - /T) /6640]jj . 
(2-78) 

where is the weak-coupling mobility given by Eq. (2-42). This result 

is plotted in Fig. 7. The correction becomes greater at high tempera

tures as expected, and causes a flattening of the mobility curve. 
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The preceding calculation of mobility using Eq. (2-74) to 

define pr, neglected the affects on p^ of phonon emission of the reso

nance state. This effect may be incorporated by using Eq. (2-65) to 

specify the resonance phonon wave vector, tiq = |P r̂~P^I» as follows. 

From Eq. (2-73) the vector mobility is: 

. e /2Vh lpr-p.el2 , - ,2. 

»/2 <n > "7t" > 

(2-79) 

and using the above this can be written as: 

. /2m, /ti 

n(p£,pr) = (1̂ )2 ̂  û 3/2 ̂  y 0-13> 2(mf̂ nb)fttoe> 

exp[a(1.13)2 2(Mfm^)haj£] 

V p2-2p^(1.13) ^(WHi^tiu^ cost}) +(1.13) 2  2(Mhnb)tiu^ (2-80) 

where <|> is the angle between p£ and p^- The scalar mobility is 

y(p^) = h d<|>sin<|> p(p£,pr) 
^ o 

and is calculated to be 

q 

Letting p^ = ^(M+m^kT/TT leads to a mobility of 

y(T) = 2.34 /830 y . (2-81) 
T ° 

This result is also displayed in Fig. 7. 
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At high temperatures there are other consequences which are 

important in regard to polaron transport besides the effects considered 

so far: 

1. Since p is not small the optical phonons involved in 

first-order interactions will have a spread of wavelengths, 

as opposed to Eq. (2-28). Conserving momentum and energy 

yields 

where 3 is the angle between p and q. This spread will 

have two immediate consequences in calculations using first-

order theory: the assumption of a single lattice frequency 

will not hold for the small wavelength phonons involved in 

strong coupling interactions as uj£ decreases at large q in 

real crystals; and the selection of a single momentum con

serving wave vector as in Eq. (2-30) is not valid. As the 

strength of the electron-phonon coupling is sensitive to the 

wavelength of the phonons, the strength of the effective 

interaction which limits the mobility is temperature depen

dent. Therefore a calculation of Eq. (2-30) will yield a 

high-temperature mobility result if the temperature depen

dence of the phonon wavelength is accounted for by replacing 

the interaction Hamiltonian of Eq. (2-1) with: 

(2-82) 

) (2-83) 
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where is defined in Eq. (2-1), Z (q) is obtained from 

Eqs. (2-33) and (2-43), and the phonon wave vectors are 

obtained from Eq. (2-82). The effective polaron charge 

problem mentioned earlier should also be incorporated in 

Z(q). This result would then be limited only by the require

ments of the scattering theory and of the Boltzmann equation. 

2. In the second-order resonance scattering theory, the 

narrow-resonance approximation is not valid, as mentioned, 

and phonons with non-resonance energies and momenta will 

participate in the scattering. As before, the effective 

interaction is temperature dependent and must be treated 

as above. The resonance scattering theory can be used 

at high temperatures by making a direct calculation of 

Eq. (2-50) without resorting to a narrow-resonance 

approximation. 

In the first-order theory the final state, p', will be 

short-lived and a polaron spectrum cannot be used to determine E(p') 

if Eq. (2-67) is violated. For this reason it appears the resonance 

scattering description is better at high temperatures. It is important 

to keep in mind that first-order interactions and resonance scattering 

as used here are not different types of interactions, but alternative 

ways of describing the same interaction. 

Temperature Limits of the Mobility Calculations 

The criterion for the validity of the polaron scattering theory 

and the Boltzmann transport equation, as given by Eqs. (2-11) and (2-12), 
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respectively, are plotted in Fig. 8, along with the mobility results 

of Fig. 7. Below 715°K the requirement imposed by the Boltzmann equa

tion imposes a more severe temperature limit on the theory. Thus the 

Kadanoff-Schultz mobility is valid much below 240°K for alumina, while 

in the high-temperature result, Eq. (2-81), this limit is raised to 

520°K and optical phonon scattering is observable in this range. The 

high-temperature phenomena discussed in the previous section would have 

to be included in the calculations, as prescribed, to obtain a rigorous 

result with the above limitations. A theory describing correlated 

19 
phonon events is required to extend these limits, however the treat

ment here is adequate for the temperature range covered by the experi

mental portion of the work. 

A "band narrowing" effect may also occur at high temperatures, 

in which the effective width of the conduction band is decreased by the 

lattice motion. This will cause a rapid decrease in the mobility, and 

will accompany any strong coupling (small polaron) effects caused by 

high temperatures. See Fig. 3. 

The temperature range over which the mobility has the weak 

exponential temperature behavior is depicted in Fig. 3, to show how it 

relates to the high temperature (small polaron) theories. Such large 

polaron mobility behavior, as has been discussed here, has been obtained 

25 experimentally for alkali-halide single crystals and is in very good 

agreement with the present theoretical development. 

It should be mentioned that no curve such as Fig. 3 has actually 

been obtained experimentally for a given sample (see, e.g., Ref. 14) 
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with the different temperature dependencies of the mobility theories 

appropriate to the different temperature ranges. This is usually due to 

the limited temperature range of the experiment; or to an overlapping of 

high and low temperature effects, e.g., a hopping mechanism occuring 

immediately above the temperature range of impurity scattering, with no 

large polaron effect seen in between. Therefore Fig. 3 should be taken 

only as a guide to show how the mobility theories might fit together 

over a large temperature range for a hypothetical polar crystal. 

Impurity Scattering 

The case where impurity scattering is predominate over phonon 

scattering will now be discussed. Impurity scattering may predominate 

at low temperatures (compared to the optical phonon temperature), and 

will also depend on the concentration of impurities in the sample. As 

in the polaron-phonon scattering problem, the ionic charge seen by the 

polaron will depend on the electron-lattice coupling strength, due to 

screening of the electronic charge by the virtual phonon cloud. 

Electron mobility calculations have been made for various models 

of the scattering potential: from a screened Coulomb potential to 

characterize neutral impurities or a high density of ionized impuri-

26 27 
ties, ' to a truncated Coulomb potential for a low density of con-

28 
duction electrons. In all cases, the temperature dependence of y is 

+ 1/2 3/2 
weak compared to phonon scattering, being T— or T . This is 

depicted in the low temperature region of Fig. 3. As the cross-section 

for impurity scattering is proportional to the square of the product of 
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the effective polaron and impurity charges, a calculation of the magni

tude of the mobility is not easily obtainable for this mechanism. 

Acoustical phonons are also always present and may make a 

contribution to the conduction-electron scattering at low temperatures. 

-3/2 29 
This mechanism has a mobility dependence of T and therefore is 

also characterized by a weak temperature deperuence. 

Polycrystalline Effects on Charge Transport 

Polycrystalline insulators such as Lucalox will have short-range 

order, but long-range disorder and they are expected to have an altered 

energy band scheme from the single crystal insulator. Instead of the 

sharp boundaries separating the conduction and valence bands of the 

single crystal, many localized electron states are expected to exist in 

the forbidden gap near the edges of the conduction and valence bands. 

There is still a band gap, due to the short range order, but it is some

what smeared near the edges due to the long range disorder. Thus the 

long range disorder manifests itself in higher trap densities than in 

single crystals, as conduction electrons may "fall" into, and thus be 

trapped by the localized states. Therefore the trap density of Lucalox 

is much greater than that of sapphire. Lucalox will show stronger 

Coulomb scattering effects than sapphire, since traps may act as poten

tial scattering centers. 

The grain boundaries in Lucalox will impede phonon transport 

since a phonon cannot pass a grain boundary. However, optical phonons 
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do not propagate appreciably and grain boundaries, which are about 

10"4 cm apart, are not expected to have much influence on the optical 

phonon number density. 



CHAPTER 3 

HALL EFFECT MEASUREMENTS 

The experimental portion of this work consisted of Hall voltage 

measurements on Lucalox and sapphire. Due to the relatively simple 

experimental requirements "dark" measurements were made first. However, 

such measurements required making voltage and current measurements on 

materials having extremely high electrical resistance in the lower tem

perature ranges. The measurement of voltages produced in these crystals 

was considered to be a major difficulty, so a Keithley Model 602 electro

meter with an input resistance of greater than 10llf ohms was acquired. 

Sample Preparation and Mounting of Electrodes 

An optimum shape of a sample to be used in making Hall effect 

measurements can be found by solving Maxwell's equation for the poten

tial distribution inside the sample under the following conditions of 

the Hall effect experiment. Consider the typical four-probe Hall effect 

circuit shown in Fig. 9. First, a primary current is applied along the 

x-axis. However, ignore the primary current for a moment and consider 

the electric field along the y-axis, E^, due to the buildup of charge in 

the y-direction after the application of a magnetic field in a typical 

Hall experiment. As the conduction electrodes at the ends of the sample 

cannot support an electric field, Ey(x=+a/2)=0. Therefore Ey(x) is the 

70 
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largest at x=0 by symmetry. (This same result is obtained by solving 

the appropriate Maxwell equation, V2<()=0, under the above boundary 

conditions. 

To measure the maximum Hall effect voltage, the probe should be 

at x=0, i.e., in the middle of the sample. (The corresponding "Hall 

current" is a minimum at the center, because the electrostatic buildup 

opposes the Lorentz force which causes the Hall current. Therefore the 

Hall current is greatest at the ends of the sample, x=+a/2, and this is 

the position for the probes to measure the maximum Hall effect current). 

The Hall voltage will still be somewhat less than its true value due to 

the aforementioned shorting effect of the end electrodes. For a sample 

30 
of finite length the shorting effect of this has been calculated. On 

the other hand, if the insulator sample is too long, it will prove diffi

cult to pass a measurable current through it. A length-to-width ratio 

of 2.5, which corresponded to V being 95% of its true value, was chosen. 

Lucalox slabs with the dimensions 12.7 mm by 5.1 mm by 1.3 mm 

were obtained from the General Electric Company. Sapphire discs 1.3 mm 

thick were obtained from the Linde Company and cut to the same dimen

sions with a diamond saw. The Linde samples were greater than 99.98% 

31 
pure, with small amounts of silica, magnesium, and iron impurities. 

32 
Lucalox is about 99.9% pure, its primary impurity being MgO. 

A further problem was the mounting of appropriate electrical 

contacts to the samples. It was desired that these electrodes should 

resist oxidation at the highest temperature to be attained in the experi

ment, about 800°K, in order to block conduction of oxygen ions should 
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ionic conduction occur. Platinum or gold would be a good choice on this 

basis. Another criterion was to have the work function of the metal 

electrode not much greater than that of the insulator, which is 4.7 ev, 

to achieve a good electrical contact. Platinum has a work function of 

5.3 ev, while for nickel it is 4.5 and for titanium 3.9. All of these 

metals were tried. Platinum was obtained in an organic paste prepared 

by Englehard Industries. The paste was baked onto the insulators in an 

open furnace at 870°C, to drive off the suspension and leave a smooth, 

thin layer of metal adhering to the surface. No diffusion into the 

samples was observed. Nickel, titanium, and gold were vacuum deposited 

onto the samples by evaporation; however, the results lacked mechanical 

integrity and the gold diffused into the Lucalox. The platinum paste 

method proved the quickest, and also produced the most uniform and 

durable surfaces. 

Hall Circuit 

Hall effect measurements have traditionally used contacts 

placed at the points x=0, y=+ as shown in Fig. 9, to measure the Hall 

voltage. These have primarily been on metals or on semiconductors which 

had resistivities of less than 50 ohm-cm. Therefore the primary voltage 

could be quite small and any misalignment of the Hall probes would not 

result in the measurement of large voltage drops that were produced by 

the primary voltage. However with resistivities may be as high as 

1013 ohm-cm, therefore the applied voltage must be relatively large to 

draw an appreciable current through the sample. Because of the voltage 
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requirement large potential imbalances between the Hall probes could 

result due to the applied voltage alone, rendering the observance of a 

Hall voltage difficult. Under these circumstances an alternative cir

cuit for measuring the Hall effect is required. 

There are several d-c methods (not to mention Hall current 

methods, and a-c and rotating sample methods of various combinations) 

that have been reported to measure Hall voltages on materials with resis-

i q o 33,34,35 
tances up to 10i3 ohms and mobilities as low as 0.2 cnr/volt-sec. 

The simplest d-c method that has been used is shown in Fig. 10 and is 

a "three-probe" method in which only one probe is used to measure the 

35 
Hall voltage. The two variable battery power sources, which apply a 

primary voltage across the sample, are adjusted until the electrometer 

has a null voltage reading. This means the electrometer terminal con

nected between the batteries is at the same potential as the Hall probe, 

as indicated by the dotted line in Fig. 10, and therefore functions as a 

"movable" Hall probe. The magnetic field is then applied perpendicular 

to the sample. As shown in the circuit diagram, the voltage across the 

electrometer will be one-half of the total Hall voltage produced in the 

sample. The circuit therefore is always balanced, and the problems of 

the four-probe Hall method avoided. The electrodes in this method are 

positioned on both ends of the sample with a small electrode on one 

edge. 

Experimental Apparatus 

The measurement of a Hall effect in the insulators required 

the construction of special apparatus, as shown in Figs. 11 and 12. This 
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consisted of a sample holder, vacuum system, battery power supply, 

electromagnets with a d-c power supply, and strip heater. The power 

supply and data acquisition equipment were in the control room of the 

irradiation facility, a 1 Mev electron accelerator. The balance of the 

equipment was in the target room of the accelerator. 

The sample holder was used to secure the samples in the gap of 

the electromagnets, and to provide electrical contacts to the three 

electrodes on the sample. Alumina rods were used in this holder to sus

pend the electrical connectors and to avoid bypassing the sample with a 

low resistance current path. As the sample itself was between the heater 

and the holder rods, the rods were automatically at a lower temperature 

than the sample, to maintain electrical isolation. The rods were fas

tened together with stainless steel fittings. The three electrical 

leads were passed outside of the vacuum system by an octal feedthrough. 

See Figs. 11 and 12. This feedthrough was molded into a quartz bubble 

and was located approximately 3 inches below the base plate of the vacuum 

system. The base plate provided heat and radiation shielding for the 

feedthrough. 

A vacuum was maintained with 8 liter/sec Vacion (trade name) 

pump. The total volume of the vacuum system was about 10 liters. 

- 6  
Pressures of 1 to 5 * 10 mm Hg were obtained, depending on the operat

ing temperatures and the radiation level. Continuous operation without 

cold-trapping was possible with this type pump. Recycle time was one 

to two hours. 
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For the Hall measurements, a 4700 gauss magnetic field in a V 

gap was obtained by using specially fabricated electromagnets. One inch 

diameter pole-pieces of low carbon steel were passed through the stain

less steel baseplate and welded in place. A 4500 turn coil of No. 16 

copper wire was wound on these pole-pieces below the base plate, as 

shown in Fig. 11. Coil resistance was 13 ohms. The enamel insulation 

of the coil wire was rated for temperatures up to 150°C. As 9 amps of 

d-c current were necessary to achieve the 4700 gauss, over 100 watts of 

power were generated by the magnet ivindings, therefore a high temperature 

capability was required. The coils were potted in an epoxy cement 

which could withstand 125°C temperatures. The magnets were also air-

cooled when operating for long periods at currents over 3 amps. A curve 

of the magnetic field strength versus coil current was obtained, using a 

100 turn search coil and a gauss meter. The magnetic field began to 

saturate at about 3 amps and 3300 gauss, and was almost flat at the 4700 

gauss level. The inductance of the coil was 2.7 henries. This large 

impedance could dampen any 60 cycle ripple in the d-c power supply. 

The samples could be maintained at temperatures up to 800°K 

(provided the system was well outgassed) by a molybdenum strip heater. 

As shown in Fig. 12 the heater element was V' wide and extended in a 

half-circle over the top of the pole pieces, thus providing uniform 

sample heating by thermal radiation. The heater was insulated with a 

quartz shield, which passed thermal radiation to the sample. The heater 

power source was a highly regulated 25 amp d-c power supply. The desir

ability of zero voltage ripple in the heater and electromagnet circuit 



was to prevent stray electromagnetic couplings from affecting the high-

resistance Hall circuit. The heater power supply was monitored with an 

oscilloscope and any ripple was less than 0.1 volt at a 36 volt output. 

The electrometer had a tri-axial input, which meant the Hall 

circuit could electrically float. The third connection was used for the 

electrostatic shield ground, as shown in Fig. 13a, therefore the Hall 

circuit was electrically isolated. Coaxial cable was used for all 

electrical leads of the Hall circuit, and the sheath grounded to provide 

shielding. The portion of the circuit inside the vacuum was shielded by 

a wire screen that covered the bell jar. The milliampere output of the 

electrometer was recorded on a Bristol "Dynamaster" chart recorder. 

The primary current power source consisted of four 90 volt dry 

cells with voltage dividers used to make each side of the power supply 

variable. A coaxial "tee" connector was used to obtain the split in the 

power source. 

A gamma radiation field of about 200,000 R/hr was provided by a 

1 Mev electron accelerator incorporating a gold X-ray target. This was 

a sufficient photon field to provide photoconductivity in the samples, 

and only deposited in them a power density of about 0.1 milliwatt/cm3. 

Hall Effect Measurements - Unirradiated 

The capability of the Keithley electrometer was tested by putting 

it in series with the "equivalent circuit" of a high resistance and a 

small voltage source. Using a measured resistance of 5 * 1012 ohms and 

signals of less than 0.5 volts, the electrometer measured the full 
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magnitude of the voltages with a rise time of one to two minutes. This 

was consistent with the RC time constant of a circuit having a capaci

tance of 20 picofarads. 

With no radiation field applied to the samples, Hall voltage 

measurements were successfully made over the temperature range 500° to 

800°K. The low temperature limit to these measurements was set by the 

resistivity of the sample—the sample resistance had to be much less 

than the input impedance of the electrometer, which was greater than 

1014 ohms, in order to read the full Hall voltage. In the temperature 

range 370°K to 500°K the Hall signal was found to decrease exponentially 

with temperature, with a temperature dependence of exp(-5500/T). 

This exponential relationship is the temperature dependence of 

36 
the conductivity therefore the measured voltage below ~500°K appeared 

to be a conductivity limited effect and not the full Hall voltage. Con

sequently the electrometer had little effect on the primary circuit in 

the unirradiated Hall effect measurements above 500°K, and in all the 

irradiated Hall measurements. 

To make the Hall voltage measurements, a primary voltage was 

applied to the sample, and the response of the Hall probe voltage moni

tored with the electrometer which was connected as shown in Fig. 13a. 

After about ten minutes the Hall-probe signal was stabilized and minor 

adjustments in the primary voltage were made to keep the Hall-probe 

signal below 1 volt. The total applied primary voltages varied from 

20 to 350 volts. When a steady voltage was obtained at the Hall probe, 

the magnetic field was slowly applied to minimize voltage transients. 



After a predetermined and constant value was reached the magnetic field 

was maintained until a steady-state voltage reading was obtained. The 

time response of the Hall-probe voltage during one of the Hall measure

ments is shown in Fig. 14. The magnetic field was then removed to 

observe the voltage return to its original value. This is also shown in 

Fig. 14. The transient voltage produced by removal of the field is seen 

to decay to a constant value after approximately four minutes. A re

versed magnetic field was then applied, to determine if the sign of the 

resulting voltage signal reversed. To rule out unipolar effects the 

Hall voltage, as given in the data of Appendix E, was then taken to be 

half the difference in the two readings. To ascertain whether or not 

the signal was a voltage induced by the application of the magnetic 

field, the time response of the voltage in Fig. 14 was analyzed. An 

induced voltage, V = </> dJ*E = /dA B, would eventually disappear after 

the magnetic field reached a steady value, whereas a Hall effect would 

not. The voltage signal persisted as long as the B-field was applied— 

for about three minutes. 

Due to anomalous current behavior (see Fig. 15) it was 

impractical to make measurements with the current reversed, as positive 

currents could only be obtained in one direction. (Anomalous current 

37 
behavior in Hall measurements has also been reported by Cohen for 

single crystal alumina at 10 6 mm Hg pressure over the temperature range 

1200° to 1600°K. In this case voltage probes along the sample showed 

long-term potential gradient reversal in the sample interior, indicative 

of the presence of space charge). However, Hall measurements identical 



1.0 

to 

1.5 o 
> 

V = 125 volts 
o 
u 

2 .0  

B = 3300 gauss t 2.5 
6 8 10 0 

Time (minutes) 

Fig. 14. Time Response of Hall Probe Voltage for an Unirradiated Sample oo •p-



85 

4 

-12 

aA 

A 
A 

aA 

A 

A "~~ 

A 
A A 

A 

A 

T = 7( 

*4 0 O 

>
 

t>
 

A 

A 

>
 

t>
 

A 

-160 -80 0 80 160 

Primary Voltage (volts) 

Fig. 15. Current-Voltage Curve for an Unirradiated Sample 



86 

to those described above were made with zero, or a reduced, primary 

current to prove the observed effect was a true Hall voltage, produced 

by charge carriers travelling perpendicular to a magnetic field. 

Similarly, measurements were made with the sample removed, to see the 

effect of the sample holder, etc., on the results. For the measurements 

without a radiation field, these effects were small. 

Primary current measurements also had to be made for each Hall 

effect measurement, in order to calculate a Hall density. The circuit 

used for these measurements is shown in Fig. 13b. The internal imped

ance of the electrometer in the current modes used was less than 5% of 

the sample resistance in all cases, therefore the electrometer did not 

load the circuit. The conductivity a was obtained from the relation 

a=£/RA where R is the resistance, £ the length of the sample, and A 

the cross-sectional area of the insulator A typical current response 

is shown in Fig. 16. Time constants varied from one to about fifteen 

minutes, depending on the temperature of the sample. Figure 16 shows 

the typical behavior of these types of measurements: an initial current 

spike followed by the decay to a steady current. The latter component 

is the current that is "passed" by the electrode contact and may be 

38 
ionic, electronic, or in general some combination of both. The tran

sient part of the current is due to polarization of the crystal ions, or 

a flow of current which is eventually blocked at the electrode. The 

effect of the magnetic field on the primary current was also checked in 

separate measurements. This effect was small in both the irradiated and 

unirradiated measurements. 
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No independent temperature measurements were made on the samples. 

This was due to the difficulty in obtaining an accurate sample tempera

ture with the crystal suspended between the pole pieces in the magnetic 

36 gap. It was decided that earlier work which measured the temperature 

dependence of the electrical conductivity would give better results than 

could be obtained here.' Therefore only the conductivity was measured, 

and the corresponding temperature read directly from the a(T) curves 

given in the above reference. 

Hall Effect Measurements - In a Radiation Field 

The photoelectrons which are produced by the photon field have 

energies which are peaked at about 80 Kev. Such photons will interact 

with alumina predominantly by Gompton scattering. The Compton scatter

ing cross section at this energy is approximately four times greater 

than the photoelectric cross section and the maximum energy of a Compton 

electron is about 20 Kev. Low energy Compton electrons will be preferen

tially produced and will be emitted at large scattering angles. The 

20 Kev electrons will be emitted in the forward direction. This informa

tion is useful in predicting the radiation effects involved in the Hall 

measurements. 

In making Hall voltage measurements on the samples in the photon 

field, rather large effects were seen to occur that had been absent in 

the unirradiated measurements. This is illustrated in Fig. 17, which 

shows the time response of the Hall electrode voltage when the B-field 

is applied (after the circuit has been balanced as in the unirradiated 
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measurements). The voltage is seen to peak in about fifteen seconds, 

and then start a rapid drift in the opposite sense until it goes off 

scale. When the magnetic field is then reversed and the measurement 

repeated, the voltage simply starts to drift, with no intervening peak. 

From this it is seen that the effect is not unipolar and there is always 

a rapid drift that eventually washes out the initial effect—when the 

drift and the desired effect are in the same sense, the drift is all 

that is observed. The slope of the dirft was dependent on the level of 

the radiation field. 

This voltage drift was caused by the cyclotron-orbiting of 

Compton electrons from the residual gas in the gap between the pole-

pieces, or from the pole-pieces, striking the Hall-probe and therefore 

causing a unipolar drift. When the magnetic field was turned on, the 

paths of these fast electrons were curved and shortened and more of them 

struck the Hall electrode than had previously, thus upsetting the deli

cate voltage balance that had been obtained. Since the energy of these 

electrons is in the Kev range, there is no upper voltage limit seen by 

the electrometer. The cyclotron radius for a 10 Kev electron in a mag

netic field of 5000 gauss is about 1 mm. When the B-field is reversed 

the circular orbits are reversed, however the Hall electrode sees the 

same potential due to the symmetry of the surrounding gas and pole-

pieces. This argument strongly suggests that the unipolar drift is due 

to events occurring outside of the samples, as the Hall electrode-sample 

geometry is asymmetrical; this was also indicated by the presence of the 

drift with the sample removed. Therefore effects produced inside the 
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sample or sample-holder will produce bipolar results under a B-field 

reversal, as, for example, the voltage peaks. Reversal of the polarity 

of the drift was only accomplished by rotating the entire apparatus, 

thus changing the direction of the Compton electrons. 

Measurements of the voltage peaks described above were made with 

different primary voltages applied and also with the reversal of the 

primary current. A definite relation was found to exist and two distinct 

curves always occurred— one for each current direction. See Fig. 18. 

The difference in the two curves indicated a true Hall effect was being 

observed, i.e., that due to the deflection of conduction electrons in 

the magnetic field. The error in the magnitude of the peaks due to the 

radiation-induced drift was cancelled by the subtraction. The conver

gence of the two curves in Fig. 18 at zero applied-voltage was also 

indicative of a Hall effect. In obtaining a Hall voltage from the 

curves, account was made for the difference in the primary current in 

the reversed direction by using results such as Fig. 19. 

I 
Various other arrangements were considered to show that the 

above effect took place inside the sample and not by some extraneous 

means, since the radiation field extended for large areas outside of the 

sample. Identical measurements were made with the sample removed and no 

splitting into two curves, or Hall effect was observed. See Fig. 18. 

This was further proof the observed splitting effect was due to a Hall 

effect occurring inside the samples. The experimental apparatus was 

rotated with the sample in place so that the pole-pieces shielded the 

insulator from the radiation. It was found that the voltage drifts 
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decreased markedly, indicating that these drifts were due to processes 

which occurred between the pole-pieces. It was concluded that the drift 

was due to the cyclotron-orbiting of Compton electrons in the gap sur

rounding the sample. Similarly, a lead brick approximately 4 cm-in 

thickness placed in front of the photon source completely erased the 

radiation effects. 

Note in Fig. 18 that though the splitting in the curves 

decreases to zero with the applied voltage, the magnitude of the peaks 

does not necessarily vanish at zero applied-voltage. Therefore, there 

also exists a "Hall effect" due solely to the radiation: in particular, 

the 20 Kev component of the Compton electrons which are forward scattered 

inside the outside of the crystal are deflected into the Hall probe by 

the magnetic field. The positive slope of the curves in Fig. 18 also 

indicates there is a Hall effect due to low-energy Compton electrons 

which are affected by the applied voltage. 



CHAPTER 4 

HALL MOBILITY RESULTS 

The results of the Hall effect experiments described in the 

preceding chapter will be presented in this chapter. Also, the inter

pretation of the Hall effect in insulators will be treated. 

Drift and Hall Mobilities of Insulators 

The drift mobility of a charged particle in a solid is defined 

as the average velocity acquired per unit applied electric field. See, 

e.g., Eq. (2-42). From the definition of the conductivity as the cur

rent density per unit applied field, it follows that the drift mobility, 

Vip, and the conductivity a are related by 

a = nepD (4-1) 

where n is the density of conduction charges and e is the charge carried 

by the particles. A theoretical expression for o may be found by solving 

the Boltzmann equation under a relaxation time approximation. This 

approximation is valid for impurity scattering, since the conditions 

stipulated in Chapter 2 are satisfied. It was shown in Chapter 2 that a 

relaxation time could be defined for polar lattice scattering (i.e., 

phonon scattering) if care was used in describing the scattering process. 

39 
In this approximation then the conductivity is expressed by 

0 = a£ (4-2) 
"b <v > 
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where the brackets indicate an average over the carrier velocity distri

bution. From Eqs. (4-1) and (4-2) 

e <v2t^ ,, oN 
JyZy • (4*3> 

For a T that is independent of velocity, Eq. (2-8) follows immediately 

for the drift mobility. 

To compare this with a Hall effect measurement, as in Fig. 9, 

the following simple analysis can be made. The total force on an elec

tron wave packet moving along the x-axis in a z-directed magnetic field 

is: 

F = -e 
y 

v B \ 
Ey + -P • 

After a steady-state condition is reached, electrostatic charge will 

have built up at the Hall electrode which will prevent further charge 

buildup. Therefore Fy=0 and 

E = — v B (4-5) 
y c x z 

Combining this with the current density, J = -nev , yields 

E 
2- • (4-6) 

n„ec J B 
H x z 

E /J B is called the Hall coefficient. From this it is seen that the 
y x z 

measurement of the Hall coefficient gives the sign of the charge, e, in 

this one-carrier theory, plus the magnitude of the "Hall density", n^. 

The conduction electrons in an insulator will have a distribution 

2 
in vx and no perfect balance, Fy=0 is obtained. In this case one gets 
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i_ - "_1_ </v2t2~Xv;> . „ 

nec <v2t> ' X z 

and the Hall density is 

n m± <V2t2Xv2 > ^LJE. . (4-8) 
H ec / 2 v 2 E K ' 

\v t: / y 

Combining Eq. (4-7) with Eq. (4-2) yields for the "Hall mobility", 

= ° = e ^V2T2̂  / , QS 
PH I B /E m, c / 2 \ ' ^ ^ 

x z y d \v 1/ 

From this approximate analysis it could be concluded that the 

Hall and drift mobilities are equal and given by Eq. (2-7) for a veloc

ity independent t. For impurity and acoustical phonon scattering in 

nonpolar (i.e., wide energy band) semiconductors the two mobilities as 

2 3 
given by Eqs. (4-3) and (4-9) are practically equal. ' However, for 

4 5 6 
narrow bandwidth insulators there are no such simple relationships. ' ' 

In this case the Hall effect can be anomalous in both magnitude and sign. 

The anomalies may be explained qualitatively as follows. The bandwidths 

of ionic crystals are narrow due to the small overlap of the nearest-

neighbor electronic wave functions of even the outer atomic shells. In 

Appendix A it is shown that the ionic nature of the crystal is manifested 

by the large conduction electron-lattice coupling strengths. In this 

case, kT may be equal to or greater than the width of the conduction 

band and some of the negative effective-mass states near the top of the 

band are occupied. (Recall that the effective mass of an electron in a 

energy band has the same sign as d2E/dk2, therefore the upper half of a 

band contains negative effective-mass states, while the bottom half has 



the ordinary positive effective-mass states). Physically, a negative 

effective mass means the electron will behave as if it is positively 

charged, therefore some of the conduction electrons are rotated in the 

"wrong" direction in the magnetic field, while the ones in the bottom 

half of the band will behave normally. The net effect will yield a Hall 

coefficient of either sign. In general the sign will depend on the ratio 

of kT to the bandwidth and this can be used to determine the bandwidth 

of the insulator. Consequently, it is better to predict the sign of the 

carrier in some other way than from the sign of the Hall coefficient. 

The Hall mobility is also ambiguous for low-symmetry non-cubic solids, 

and at high temperatures where hopping may occur the two types of 

mobilities are fundamentally different in nature. For example, it has 

been shown that the sign of the Hall coefficient of the organic insula

tor anthracene is "normal" only for kT less than one-tenth of the band

width, while temperatures much lower than this are necessary for the 

4 
Hall coefficient to have the "correct" magnitude, i.e., for 

As mentioned in Chapter 1, it is beyond the scope of this work 

to give a complete theory of charge carrier transport in insulating 

solids. Here, we have taken a traditional approach of measuring the 

Hall mobility and relating the temperature dependence to the theoretical 

drift mobility. It has been pointed out in the literature that although 

the magnitude of the measured Hall mobility may contain systematic er-

14 
rors, the measured temperature dependence is usually quite accurate. 

The relation between the Hall and drift mobility for our problem will 

not be investigated, but here we will simply use the Hall density and 
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mobility as they are defined in Eqs. (4-6) and (4-9), respectively. As 

mentioned in Chapter 1, Hall measurements tend to avoid seeing the 

effects of trapped electrons and therefore give a mobility that is indic

ative of the electronic interactions in the lattice. 

A one-carrier treatment has been given throughout, neglecting 

holes, because this simple picture can give unique expressions for 

n^ and The effects of holes cannot be well separated from those of 

electrons by Hall measurements even in wide-band solids, as the Hall 

constant gives only a net effect. Also, hole densities would only be 

comparable to electron densities in the irradiated measurements, when 

electron-hole pairs are formed by ionization from the valence band and 

inner atomic shells. However, one expects holes to be much less mobile 

than conductions electrons, as discussed later in this chapter, in which 

case the two-carrier equations reduce to the one-carrier equations. 

Equation (4-6) is now evaluated for the following experimental 

situation: B =4700 gauss, J is the current density through a slab of 
Z X 

0.0645 cm2 cross sectional area, and E is the electric field across the y 

0.51 cm width of the sample. These conditions give for a Hall density: 

1 i 
nR = 2.2xl015 ^ (cm ) (4-10) 

where is the current in amperes, and is the Hall voltage in 

volts. The corresponding Hall mobility is then simply, from Eq. (4-9), 

" iq • (4"n) 
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Hall Density of Single Crystal and 
Polycrystalline Aluminum Oxide 

Hall densities for unirradiated Lucalox and sapphire were 

obtained in the temperature range 550 to 800°K. Values of I ranged 

— 12 _ 0 
from 10 to 10 amps. Hall voltages ranged from 0.01 to 0.5 volts. 

See Appendix E for the tabulated results. These results are shown in 

Figs. 20 and 21. Sample No. 4 had electrodes of vacuum deposited titan

ium. The other samples had platinum electrodes as described in the last 

chapter. The smallest measured Hall density is about 105/cm3 and the 

largest about 109/cm3. The Hall density measured for unirradiated 

Lucalox is larger than that measured for sapphire, and is indicative of 

impurity conduction. The irradiated Hall densities are equal for the 

single crystal and polycrystalline samples, as expected for photoconduc-

tion. 

There is a break-point in the curve of nu(T) for Lucalox at n. 

about (l/T)xl0l+=16(oK) *. This is due to the activation energies of .47 

36 and 1.9 ev that are present in the conductivity curve which are indic

ative of impurity conduction. No break-point for the sapphire sample 

was observed. However, other investigators have found one in the con-

-3 31 
ductivity curve of Linde sapphire at 830°K at a pressure of 10 mm H . 

S 

(At high temperatures, sample purity and residual gas composition and 

40 
pressure determine the types of conduction occurring and therefore the 

temperature of the break-point. For example, at high oxygen partial 

pressures, hole conduction due to oxygen excess can occur or substitutional 

impurities leaving interstitial ions can cause ionic conduction to 

occur.) 
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The low temperature, irradiated Hall densities were near 106/cm3, 

a value which agrees with the carrier density calculated from the follow

ing simple analysis. The carrier density, n, is given by n=G£, where G 

is the production rate of carriers by irradiation, and £ is the lifetime 

of a conduction electron, as defined in Chapter 2. G may be estimated 

as follows. The gamma radiation level was about 2(10)5 R/hr and this 

corresponds to 10*1 ions/cm3sec produced in air, or about 3><10llf 

carriers/cm3sec in alumina and is a value for G in alumina. As mentioned 

_g 
in Chapter 2, £ is about 10 sec, consequently the carrier density is 

about 106/cm3. 

From Fig. 20 it is seen that for T<500°K the ng(T) curve for the 

irradiated Lucalox is flat and therefore the conduction carriers are 

produced by the radiation field via Compton scattering and not by 

thermal activation in this temperature range. From this it is inferred 

that Pickard's model"'" of the photoelectrons being in equilibrium with 

the trapped states is valid in this temperature range. Above 500°K, the 

extrinsic component begins to be large compared to the photo-induced 

component. 

Hall Mobility of Single Crystal and 
Polycrystalline Aluminum Oxide 

The Hall mobility results using platinum electrodes and the 

isolated Hall circuit of Fig. 13a is shown in Figs. 22 and 23. The 

values range from 45 to 250 cm2/volt-sec. The theoretical polaron drift 

mobility due to optical phonon scattering, Eq. (2-78), is also 

shown for comparison. There is a discrepancy in the magnitudes of the 
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results but there is a similarity in the temperature dependence. The 

magnitude of the theoretical drift mobility is less than the measured 

Hall mobilities for Lucalox and sapphire at high temperatures. There is 

also variance between the Hall mobilities measured for the unirradiated 

and irradiated runs for both types of samples. 

Sign of the Hall Coefficient and 
the Majority Charge Carrier 

The sign of the Hall coefficient, is given in 

Appendix E. It is negative for unirradiated sapphire and positive for 

the rest of the measurements. The signs are consistent for a given type 

of measurement. The relation between the sign of the Hall constant and 

the sign of the charge carrier is not definite if both holes and elec

trons are carriers, and is not well-defined in narrow bandwidth crystals 

4 under any circumstances. Consequently, little significance is attached 

to the signs of the Hall coefficients obtained here for predicting the 

type of majority carrier. That the carrier is electronic, as opposed to 

ionic, can be seen from the magnitude of the mobility: oxygen ion mo

bilities are typically about 10 ** cm2/volt-sec.^ Metal ion mobilities 

are even less. Furthermore, holes are bound in the lattice and are ex

pected to conduct by thermally activated hopping. This fact has been 

42. 
shown experimentally for hole conduction in Li-substituted metal oxides 

where the mobility has a thermal activation behavior. This was inter

preted as a hole trapped in its own induced lattice-strain potential, 

which varies as 1/r for an ionic lattice. Such a potential accepts bound 

states therefore a "small polaron hole" is formed. No activation 
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behavior in the mobility occurs for Li-substituted, monatomic, nonpolar 

semiconductors such as Ge or Si. (The induced strain potentials in 

these covalent materials are short-ranged, ~l/rL>, and do not accept 

bound electronic states.) Thus hole mobilities are given by Eq. (2-8) 

o 43 and are less than 1 cnr/volt-sec. An additional argument is that the 

Hall voltage, which is proportional to the Hall mobility, is not observ

ed in Li-substituted metal oxides. 

One can conclude from this discussion and the results obtained 

for yu(T) that the small mobility and hopping behavior of holes negates n 

them as the observed carrier in the samples and that electrons, or large 

"negative polarons", are left to fill this role. 

Discussion of Hall Mobility Results 

From Fig. 22 it is seen that the slope of the Hall mobility 

above 500°K is consistent with an effective "optical phonon temperature", 

•hio^/k, of 830°K for Lucalox. This corresponds to a longitudinal optical 

mode frequency of 1.1x10ll+/sec. The similarity in the theoretical and 

Hall mobilities of Lucalox at high temperatures suggests lattice effects 

are being seen in the Lucalox and not the effects of grain boundaries. 

This means the electric field strength seen by charge carries due to 

lattice vibrations is greater than that due to impurities and this can 

830 / T 
be explained as follows. The optical phonon density is 1/[(e -1)/V] 

where V is the lattice oscillator volume. For alumina this phonon den

sity is 5xl021/cm3 at 500°K, while the impurity density is less than 

2xl019/cm3 and the trap density is 1018/cm3 for Lucalox."'' 
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The Hall mobility curve for Lucalox appears to flatten more than 

the sapphire curve in Fig. 23 at temperatures less than 500°K. This is 

indicative of impurity or trap scattering predominating over optical 

phonon scattering in Lucalox at low temperatures and was predicted by 

36 
Haidler from the temperature dependence of the conductivity in a radi

ation field. As mentioned in the introduction, the presence of traps 

should not greatly effect the Hall mobility, due to the absence of a 

Lorentz force on a trapped carrier, and the Hall mobilities of the two 

samples are seen to be similar. However, traps may scatter a conduction 

electron, and therefore account for the above effect in Lucalox. A 

detailed description of the affect of traps on conduction carriers is 

44 
discussed in the literature but is not treated here. 

The Hall mobility curve for sapphire shows no appreciable change 

over the entire temperature range indicating that there is no large 

influence due to impurities. This result is to be expected as the den

sity of impurities in Lucalox is more than ten times that of the Linde 

sapphire. The optical phonon density of sapphire is 1.4xl021/cm3 at 

room temperature, the impurity density less than 4xl018/cm3 and the trap 

density about 1016/cm3.''' The impurity and trap densities explain the 

optical phonon effects at the lowest temperature considered. 

The slope of the Hall mobility curve for sapphire indicates that 

the effective longitudinal optical mode frequency for the single crystal 

is less than that of the polycrystalline material. As sapphire is an 

anisotropic crystal this frequency will depend on crystal orientation. 
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The fact that the slopes of the y„(T) curves are not greater 

than the theoretical result at the highest temperatures considered indi

cates that no band-narrowing, or small polaron effects, are observed. 

One might expect such effects to appear above the optical phonon tem-

25 
perature. 

The magnitude of the electron mobility at 600°K in Lucalox has 

been reported to be 0.2 cm2/volt-sec.This result was obtained from 

the density of free electrons, from a measurement of the trapping para

meters, and from the electrical conductivity and therefore was a "trap-

limited" mobility. The difference between a mobility of 0.2 cm2/volt-sec 

and the mobilities determined in this study is not surprising, as a 

I 
small value of the mobility is expected for a conduction process that 

is trap limited. The precise relation between a trap-limited mobility 

and a lattice-scattering mobility however is beyond the scope of this 

work. 



CHAPTER 5 

CONCLUSIONS 

The results of this research presented in the last chapter show 

that the Hall mobilities for sapphire, and Lucalox above 500°K, agree 

with the theoretical model of a scattering event between a large polaron 

and the longitudinal optical phonons in the crystal. The large value of 

the coupling constant, a=2.7 gives credence to- treating the charge 

carrier as a large polaron as opposed to a bare electron. A small 

polaron model is not considered valid because of the large values of the 

Hall mobilities measured (45 to 250 cm2/volt-sec) and because of the 

absence of thermally-activated hopping behavior in the temperature depen

dence of the Hall mobility. The large mobility values also rule out the 

possibility of holes or oxygen ions being the majority carrier. 

For temperatures in Lucalox less than 500°K it appears that 

impurity scattering is predominate over phonon scattering, in agreement 

with previous work. A larger impurity affect is the polycrystalline 

influence seen in the Lucalox. The high temperature phonon scattering 

affects in Lucalox are comparable to those of the Linde sapphire. 

The radiation field was used to provide enough carriers in the 

low temperature range to allow measurements to be made. The radiation 

effects were used to facilitate the experiment, and were not of such 

magnitude as to cause measureable changes in the crystals. 

110 
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The problems associated with separating the desired Hall effect 

from radiation-induced effects proved difficult in itself and illus

trated the general problem of making electrical measurements in radiation 

fields. The "dark" measurements also illustrated the problems in making 

Hall measurements in highly resistive (up to 1013 ohms) materials like 

alumina. The problems encountered were characteristic of these types of 

measurements and special methods of treating them were necessary for the 

completion of the work. 

In addition to the Hall mobility the measurements allowed an 

indirect determination of the longitudinal optical-phonon frequency. 

The polaron transport theories of Kadanoff and Schultz were 

modified in Chapter 2 by including the effects of polaron dispersion in 

the lattice. Also, the high temperature limit of the theory was extend

ed to that range of temperature where optical-phonon scattering could 

be experimentally observed. 



APPENDIX A 

FROHLICH1S HAMILTONIAN 

The Hamiltonian for a slow electron in a polar crystal may be 

written: 

H = H , + ft, ... + H. (A-l) 
el lattice int 

where Hê =p02̂ m^, m^ is the effective mass of an electron in the con

duction band and therefore contains the monopole interaction with the 

rigid lattice, pg is the momentum operator of the electron; ̂ att-LCe 

the energy operator for the lattice motion; and t is the interaction 

Hamiltonian between the electron and longitudinal optical phonons. 

To derive the last two terms of Eq. (A-l), one first defines a 

lattice polarization field P(r,t). This can be thought of as arising 

from a lattice-ion displacement due to thermal motion of the ions about 

some equilibrium point r at time t. Since P is linearly dependent on 

some displacement vector, a dipole approximation is being used to char

acterize the crystalline field. 

An electron will interact the strongest with optical-mode ionic 

displacements. This is because the optical-mode vibrations (in the 

infrared energy range) correspond to positive and negative ions vibrat

ing in antiphase with respect to each other in a diatomic lattice, 

resulting in large dipole fields in an ionic crystal. Acoustical modes 

112 
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are a travelling wave disturbance in which positive and negative ions 

move together and there is no change in separation distance. 

There are two types of optical-mode vibrations: longitudinal 

and transverse. An electron will interact more strongly with optical-

mode ionic displacements that are purely longitudinal with respect to 
A 

one another, P = ?£. Mathematically, this can be stated as: 

$ • P£ i 0 

V • ?£ = 0 (A-2) 

where P is the transverse polarization field. A long-range Coulomb 

interaction may be expected from the longitudinal dipole field, while 

only short-range effects are expected from transverse optical modes. 

From Eq. (A-2) one can write: 

V x = 0 (A-3) 

and further, a potential function <f>(r,t) can be defined: 

? = V<|) . (A-4) 

D(r,t), the lattice field induced by the presence of the electron, is 

defined by: 

V«D = p(re) = e 6(r-re) • (A-5) 

Following the analogy of the last four equations to Maxwell's equations 

for macroscopic media (i.e., a lattice continuum), an effective dielec

tric constant of the crystal can be defined: 

D = e ? (A-6) 
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where 1/"E" = l/e(a) - l/e(0), e(0) is the static dielectric constant, and 

e(°°) is the dielectric constant above the optical resonance but below 

the ultraviolet resonances, i.e., e(°°) is the square of the index of 

refraction. This relation for e may be derived as follows. The fre

quency-dependent dielectric constant of the crystal, e(u)), in general 

has resonances in the infrared frequency range, corresponding to posi

tive and negative ions vibrating in antiphase with respect to each other 

(i.e., optical modes), the optical range, corresponding to oscillations 

of the electronic clouds of the ions induced by the oscillating external 

field, and the ultraviolet range due to atomic electron transitions. At 

frequencies below the ultraviolet resonances, the total polarization 

field, may be decomposed into two contributions: 

P .(r) = P (r) + P. (r) 
tot opt ir 

Here PQpt is the optical and P r̂ (which is the P(r) defined earlier) the 

infrared polarization field. The following standard equations relate 

~y -> . 
D, E, and P: 

D = e(io) E 

D = E + P 
tot 

Therefore 

P = D - E = [1 ^~v] D. 
tot 1 E(W)J 

At zero frequency the above becomes 

Ptot 
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while at optical frequencies P. . = P . since the lattice ions cannot 
tot opt 

respond to optical frequencies and 

P . = [1 --] D. 
opt e(u>) 

A conduction electron will interact most strongly with the low frequency 

polarization field associated with the lattice vibrations, and 

Bir(?) " Ptot<?) " Popt<?) " 1 iW " 

Eq. (A-6) follows immediately from this. The polarization field P r̂ is 

proportional to the difference in the optical and static dielectric con

stants and a crystal that has a large difference in these quantities 

will have a large infrared component, i.e., a large lattice polariza

tion field, that can interact strongly with a conduction electron. 

The energy density of the field in the crystal is D»P and it 

follows that 

Hint 
dVD'P = e dVD*^<() = e|dV[V* (4>D) - $($•$)]. 

Applying Gauss' law to the first term on the right hand side, 

^dVV*(<j)D) = </id£>»(j>D = 0 as the potential will vanish at the boundaries 

of the volume. Therefore, using Eq. (A-5), 

Hint = e * (A"7) 

The Lagrangian density for the system is 

L = T-V = Jsy(P2-w2P2) + 
I 

= Pp - H (A-8) 

where p is a proportionality constant, H is the Hamiltonian density, and 
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a)£ is the longitudinal optical-mode angular frequency that is assumed to 

be the same for phonons of any wavelength. The last assumption is a good 

approximation for low momenta optical phonons, and is exact for a de

coupled diatomic lattice. 

The canonical variables (P,p) for this system are chosen accord

ing to Lagrangian field theory as, 

generalized coordinate = P 

31i # 
generalized momentum = p = — = pP 

3P 

The lattice field can be quantized assuming equal-time, non-commuting 

canonical variables, 

[P (t), yPq(t')] = i h <Sqq' S(t-t') 

where P^(t) is the Fourier coefficient of P(r,t) with respect to the 

wave vector q of the vibrational modes, i.e., 

-> -> 

?(£,t) = ̂  £ -3-P (t) eiq"r 

/T q | q | q 

As P and P are physically restricted to be real numbers, a canonical 

transformation is made to obtain complex, non-commuting, dimensionless 

operators which can serve as canonical variables for the field: 

X(r,t) = /2h~[p(r,t) + ̂ - p] 

and 
Alio, 

A*(r,t) = / 2h P(r,t) - p]. (A-9) 
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A Fourier analysis of A and A over the wave vectors of the vibrational 

modes yields 

i -> 
A(r,t) = ——— £ —3— a (t) e"^ r 

^  q  | q |  q  

and 

-y -> -> 

_9_ 
i - > I  

i+tr.t) - — I a+(t) 
/v 1 |q| q 

Similar commutater equations for the Fourier coefficients are 

[a ,a ,] =6 i 
q q qq 

and 

[aq,aql] = [a*,a*,] = 0 . (A-10) 

To gain insight into the physical meaning of the operators a^ 

and a+ the Hermitian operator N is defined, 
q q 

„ _ + N = a a 
q q q 

and a corresponding eigenvalue equation is written: 

N In  ̂  = n In \  
q' q' q q/ 

where n^ is an eigenvalue of N. From the commutation relations, 

Eq. (A-10), it follows that 

N a+|n y = (n + 1) a+|n \ 
q q q q q1 q' 

N a In ) = (n - 1) a In ) . (A-ll) 
q q q  q  q  q  '  

Thus a*|n^^ is an eigenfunction corresponding to the eigenvalue 

(nq + 1), i.e., 
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a+|n > = c+|n + 1> (A-12) 
q q q q 

where c* is a normalization factor. Similarly, one can write 

a In ) = c In - 1^ . (A-13) 
q v q1 q 

46 
It has been shown that the eigenvalue n^ must be a positive integer 

while |c+| = /n +1 and • Ic I = /n~. From this we see that Bose statis-
i qi q q q 

tics (where the probability of transition into a state is proportional 

to the initial occupancy of the state) is automatically incorporated 

into the formalism by the introduction of the non-commuting operators. 

More importantly, it is also evident that the Fourier coefficients of 

the canonical crystalline field variables, a* and a^, are longitudinal 

optical phonon creation and annihilation operators, respectively. 

To get <J>(re), invert Eq. (A-9) to solve for P and P. Then "j>(r ) 

is obtained from Eq. (A-4). Finally, from Eqs. (A-7) and (A-8) we find 

that -> -> 

i r, i iq*r . -iq*r h /4na 1 . e , + e 
H. . = itlWn 
int Z 2IV£ 

v/ tt ( a  e  + a e  )  
q v |q |  q  q  

(A-14) 

e2 / \ 
where a = — / 2tim '*"s t'ie ^imensionless electron-optical phonon coupl-

he" Z 
ing constant and 

H . = E(a+a + -ho)/, 
Lattice q q q Z 

"J" 
Note that H. . is linear in a and a . This is a result of 

int q q 

the original dipole approximation in defining P, and manifests itself 

here in the quantized crystalline field in that a first-order interaction 
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between a conduction electron and the lattice can change the phonon 

occupation number only by plus or minus one. Also note that phonon 

absorption and emission have equal weights in This results 

from the requirement of a complex field operator, e.g., Eq. (A-9). 

Thus the only requirement for a phonon event is a non-vanishing inter

action matrix element, and energy conservation for a first-order process, 

as discussed in Chapter 2. 



APPENDIX B.l 

FIRST ORDER INTERACTION RATES 

Eq. (2-29) is not always valid in describing scattering rates 

and the assumptions that are used to derive this equation will be inves

tigated here. 

Assume the time independent Hamiltonian for a system to be Hq. 

Then the stationary states u^(x) and corresponding energy eigenvalues 

E^ of the system are given by: 

Vk = Ek\ (B-1~1) 

and are assumed to be known exactly. The time development of these 

states, t^(t), must of course satisfy 

EJ = ih (B.l-2) 

i|»(t) may in general be written as a linear combination of the normalized 

eigenfunctions ^(x), ^ 

-i — t 
ifi(x,t) = £ e ^ (B.l-3) 

where the time exponentials insure Eq. (B.l-2) is satisfied, and the 

expansion coefficients cjt(tQ) are the amplitudes of the k-th stationary-

state levels of the system and must be such that the one initial con

dition necessary to specify i/>(t) in Eq. (B.l-2) is satisfied. Keeping 

in mind that the state given by Eq. (B.l-3) has existed unperturbed from 

120 
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t=-» to t=o (i.e., t =-<*>), there is no uncertainty in its energy, or 

AE^=0 for all k. 

If at t=0 a perturbation H'(t) is applied to the system, the 

new Hamiltonian is H=HQ+H'(t). For t> 0, ip(t) satisfies 

= i-h II* (B.l-4) 

and may be expanded as^ 

-iE, t/ft 
<Kx,t) = £ Cjj-Ct) e (B.l-5) 

where c^(t) are the new, time-dependent expansion amplitudes for the 

various initial states k. For definiteness we assume that initially, 

from t=-°° to t=0, only the £-th level is occupied, i.e., the system is 

in a pure £-state, therefore 

ck(0) = SkZ • (B.1-6) 

As H'(t) is initiated at t=0, |c (t)| is the probability the m-th state 

is occupied at time t, (c^(0)=0). The probability of a transition into 

state m over a time interval t=0 to t is 

lc
m
(t)i2 

(B.1-7) 
t-0 

Because we are looking at processes depicted as 

\ -5 (B.l-8) 
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or, 

EL e£ 
E ^ — m 

t 

cm(t) must be calculated. 

Combining Eqs.'(B.l-5) and (B.l-4) yields: 

iE.t/ti _iEZt/fl 
E H'(t) ck(t) ̂ (x) e = ift E c^(t) u^(x) e 
k £ 

iE t/ft ^ m 
To determine c (t) we multiply both sides by u (x) e and integrate 

m m 

over the volume of the system with the result 

i • J.<E 
c
m(t) = -Tjr E ̂ m|H' (t) |k^ e ck^ (B.l-9) 

where the summation is over the possible initial states of the system 

k. As the cm(t) appear homogeneously in the equation, they cannot be 

calculated explicitly. Therefore is approximated by saying that 

the perturbation is weak and the initial system is not strongly effected, 

i.e., c^Ct) = c^(0). Consequently Eq. (B.l-6) leads to 

ck(t> * 

and Eq. (B.l-9) becomes 

m i • v i(E -E»)t/ft 
m (t) = e ' (B. 1-10) 

The superscript "one" signifies that mathematically this is an applica

tion of first-order perturbation theory and processes such as Eq. (B.l-8) 

are called first-order processes. With this assumption the solution of 

Eq. (B.l-10) for c^(t) is: 
m 
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i ft -E»)t'/fi 

m (t) * IS" j0dt' <mlH'Ct')|£> e m * . (B.l-11) 

For the case of interactions with phonons, H'(t) is due to 

crystalline dipole field oscillations of frequency oj^ and the time 

dependence of H1(t) may be written explicitly as 

, [tllZT • (B. 1-12) 

The plus and minus signs for emission and absorption will be discussed 

further. Equation (B.l-11) then becomes: 

m i v ft i(E -Ep T tk)n)t'/fi 
m (t) = ̂ mlH' dt' e m * ^ . (B. 1-13) 

* o 

The integral in Eq. (B.l-13) is: 

-i# f i<Em"E£ T , 

Em"E£ T 

and the associated transition rate, Eq. (B.l-7), becomes: 

./t-\ I ^ -̂t„2 c 
m Ct)l - 1 1/ Ih.IAI2 sln +Hh/2B1 

- JT I \m|H IV I [<Em-E£ T 

(B.l-14) 

To find a time-independent rate one can examine Eq. (B.l-14) in 

the limit as t-*10. This requires knowing the state of the system only a 

long time after the perturbation is applied, since the transient states 

initially induced by the perturbation are not of interest. (In neglect

ing the microscopic fluctuations that occur in the system, however, the 
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memory of the initial conditions of the system which are contained in 

the wave function, i.e., Eq. (B.l-3), is eliminated). Thus one finds: 

lim |c(1)(t)I2 2 
m 1 2ir 

t~*» t fi 
<m|H'|£> 6 (Em-E£ + tiu^) . (B.1-15) 

Therefore energy conservation is obtained by letting t-*». A 

result of the system occupying the final state, which for phonon 

absorption at high temperatures can emit a phonon, as well as the 

initial state for a long time is that there is no initial or final 

uncertainty in the energy of the system. Consequently, as Eq. (B.1-15) 

puts a limit on the allowable scattering rate we use Eq. (2-10) for a 

condition of the state lifetime between scattering events. 

Note also that the minus sign in Eq. (B.1-15) corresponds to 

phonon absorption while the plus sign designates phonon emission. 

To get the total interaction rate one sums over the probabilities 

of a transition into all the allowed final states m: 

2 

a) = £ 
m 

IQ 
(B.1-16) 

To put this in a calculable form a continuum approximation is used. For 

a large system the energy levels are close together and are nearly con

tinuous. Also, as the polaron is confined to the system, cyclic boundary 

conditions are imposedj therefore the allowed values of the wave vector 

in the x-direction are k =2™ /L, where n =1, +2,..., and L is the linear 
XX X 1 

dimension of the system. In the continuum approximation then, the allowed 

values of k are nearly continuous and we may write in three-dimensional 
X 
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form, d3n =f-^-] d3k, and £ = /d3n = —/d3k. Combining this with 
[27rJ m (2ir) 

Eqs. (B.1-16) and (B.1-15) the total transition rate is finally obtained: 

V 2 U t ,q, \S l„. U\|2 UJ = 
(2ir) 

3 ^ /d3k^m|H'|£>| 6(Em-E£ + fio)£) (B.l-17) 

where the integral extends over the final states of the system. To 

make this equation dimensionally correct, the wave functions are nor

malized over the volume, i.e. 

Equation (B.l-17) can also be written in the form: 

= T 'dom /dV(V K •"I11' l£> I" 6(Ve£ t 

- X /d:im C(E£ ± *«.) I< m|H' I£> (B.l-18) 

where 

Êm>dfim -
(2tt) 

k2 
dk 
dE 

dfi 
m 

m 

is the number of final states of energy E in direction dft about ft per OJ m m m 

unit energy. 

\ 



APPENDIX B.2 

SECOND ORDER TRANSITIONS 

In Appendix B.l |cm(t)| , the probability of a transition from 

a given state into the m-th state, was analyzed. In reality the m-th 

state will not exist for an infinite time, as further interactions will 

carry the system to another state. Thus the m-th level is a decaying 

state, which we will here label as the n-th level, and violates energy 

conservation. The depletion of this level may phenomenologically be 

accounted for by adding a loss term to the differential equation 

48 
Eq. (B.1-10): 

/,\ i i(E -Eo)t/ti T 
cn -!S<nl H'Ct)|£>e " 1 -2| =n(1) • (B.2-1) 

The first term characterizes the growth of the intermediate state n due 

to phonon absorption, and the second term its depletion due to sponta

neous phonon emission. n̂
=̂ /Tn t*ie energy "width", or decay rate 

times ti, of the intermediate level. The factor of one-half is by con

vention so that Tn will define a energy-width of the half-maximum 

resonance cross section. 

Equation (B.2-1) can be solved subject to c ^(0)=*0 as the 

appropriate initial condition: 

• . HV° i<VVtrt HV KVW'" 
cn 2fi °n ° "H e = "ST e 
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where Eq. (B.l-12) has been used to describe the phonon absorption and 

H1̂  denotes the matrix element ̂ n|H'. Thus, 

or 
-r t/2ff i(E -E»-1iw»)t/tl 
n  n i t  'n~ 

e - e 
(B.2-2) 

r 

En t 

Equation (B.2-2) is the probability amplitude of occupation of 

the n-th state. However, it is desired to know the rate of occurence of 

processes such as Eq. (2-38), i.e., 

Equation (B.2-3) is called a second-order process, since mathematically 

second-order perturbation theory is invoked to calculate its rate of 

occurrence. This rate may be calculated directly from Eq. (B.l-9) by 

replacing the summation over initial states, k, with a summation over 

the complete-set of intermediate states, n. Using Eq. (B.2-2) to replace 

c, (t) with c ^^(t) in the right hand side of Eq. (B.l-9), the latter 
iC n 

equation can be written as: 

(B.2-3) 

Sn(2>(t) =¥n <m|H'(t)|n>e 

i(E -E )t/ft 
m n 
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Since it takes a phonon emission to get from the intermediate state, 

n, to the final state, m, Eq. (B.l-12) is used for H1(t): 

itont 
H' (t) = H' e 

aiU* i(E +fkon—E )t/fi 

c (2)(t) = —y <mlH'ln^ e m n Cn (t) • (B*2-4) 
m i"h L-

n 

The superscript "2" indicates that this is a second-order process, 

obtained by a transition from state t to n by a first-order process, 

Eq. (B.2-2), with a subsequent first-order process carrying the system 

back to state m. The summation over n accounts for all possible inter

mediate states of the second-order process. The corresponding energies 

are 

En = E^ + nfuo£ (B. 2-5) 

where n=l,2,3,... (Later, all final states, m, will have to be summed 

over too.) 

Solving Eq. (B.2-4) for c^^(t): 

/ry\ , . i(E +fL(i)o-E )t'/fi 
(t>-is.£ /odt'<m|H'|n> e c„«='> • c 

m 
n 

(B.2-6) 

Substituting in Eq. (B.2-2) and ignoring the transient term for 

sufficiently large values of r nt/2fi means the system has entered the 

m-th state after the second-order process and existed unperturbed for 

a time that is much longer than the lifetime of the intermediate level. 

This is similar to the condition imposed in the first-order theory. 
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The probability amplitude then becomes, 

(2) /.v 1 v ft 
V (t) - ±K I />'<m|H'|n>e 

n 

i(-E»)t'/ft 
^n|H' l-O e 

i(Em)t'/ti 

-ir 
(B.2-7) 

E -E»-fiu) 
n 

n "I 2 

The cancellation of the plus and minus lUo^ terms in the exponential, 

for absorption and emission of single frequency phonons, leaves the final 

state at the original energy. 

As before, we are interested in the transition rate 

Since the time integration in Eq. (B.2-7) is the same 
|c (2)(t)|2 

lim 1 m _ 
t-x» t 

as Eq. (B.l-13); by analogy with Eq. (B.l-15) and using Eq. (B.2-7) the 

transition rate can be written as: 

lim 
t-*» 

C (2><t)|2 
m 2ir 

fi I 
n 

<m|H' InVnlH' [l> 
if 

En~Erhwl 2 
n 

6(Em~V «(B-2-8> 

The intermediate states factor, ^|n^^n|=l, was removed when taking the 
n 

absolute value squared of Eq. (B.2-7) and then substituted back in to 

get Eq. (B.2-8). 

Also note the same conditions apply to Eq. (B.2-8) as to 

Eq. (B.l-15) therefore the system must exist unperturbed in the initial 

(£) and final (m) states for a relatively long time, which means the 

second-order process taken as a whole must be an isolated and well-

defined event. 
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As in Eq. (B.1-16) the final states are summed over to obtain 

a total reaction rate 

I = i! 
T -R 1 I 

m n 

H' H' 
Zn nm 

ir 
n 

En~Er^l~ 2 

6(Em-E£) (B.2-9) 

Again making a continuum approximation for the energy levels, as in 

Eq. (B.l-17), Eq. (B.2-9) is rewritten as 

1 
T 

2tt V2 

* (2-rrti)' 

2tt V 
"h 

d3p 
m 

d3p 
n 

H' H» 2 
Zn nm 

if 
n 

~2" 

5<W 

(2rr1l) 
dn 
m 

dE p_ (E ) 
m m 

m 
d3p 

n 

H'„ H' 
Zn nm 

ir 
n 

2TT V 
•h 

(2irfi) 

dfi p (L ) 
m ft m' 

m 
d3p * r  

En 2 

2 

H* n H1 Zn nm 
ir 
n 

VVv t 

5<W 

(B.2-10) 

where the density of final states p_, (E ) is defined as 
m m 
m 

pn (E ) dft dE = —— 
N m' mm ,0„*\ m (2-rm) 

d3p _r r 
3 m (2irh) mm m 

dp p2 dft r  m* m n 
(B.2-11) 

and is the number of final states in the energy range dE about E in 
m m 

the direction dft^ about per unit energy. 



APPENDIX C 

DENSITY OF OPTICAL PHONONS 

Assuming the stationary optical-mode vibrations of the lattice 

to be approximated by a infinite harmonic oscillator, the possible ener

gies are 

E^ = nfiu)£, n = 0,1,2,... 

Here the ground state energy is taken to be zero. All phonons have 

49 
frequency to^. The average phonon energy is 

00 -fiu^n/kT 

£'^ e ivu, 
„ 1.-0 1 (c.1) 

«-ntioj^/kT fiu^/kT 
I e e -1 
n=0 

But we can also write for the average energy 

E = <n>?iw£ (C-2) 

where ̂ n) is the effective, or average oscillator level. Since all 

phonons have energy {n> is also equal to the average, equilibrium 

number of optical phonons of any wavelength associated with each optical-

mode oscillator at temperature T. 

Combining Eqs. (C-l) and (C-2) yields 

<n> " /̂kT.j 
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•Koi^/kT 
Thus the density of optical phonons is (e -1)-1/V where V is the 

"lattice oscillator volume". 



APPENDIX D 

EVALUATION OF THE HARMONIC 
OSCILLATOR MATRIX ELEMENT 

The harmonic oscillator matrix element in Eq. (2-29) is 

evaluated as follows. A normalized, ground state, spherical harmonic 

oscillator wave function is 

l°>- 4 
e 

„3/4 a3/2 

where 

vw 

is the width of the oscillator potential well at the ground state energy, 

and nire(j is the reduced mass of the oscillator, Mm^/CM+m^). 

Therefore the matrix element becomes: 

.->• ->•, . •> 

<o| exp 

exp 

ri(p-p')-rrel M 1 

L J1 a3, 

f M 1 
[ UttHV J 

d3r .. e 
rel 

-r2 ./a2 
rel 

1 2* f. 2 "W" f 
-~V2 ~ I rel rrel e ir a * J 

""-p'|r , cos0 M 

-r2 Ja* r1 

r!l_i e re |d(cos0) 

-1 

exp 
r ^IW|rrel 

[ TiCM+n^) ] 
133 



Performing the integration over angles gives 
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2ir 1 
(M+n^) 

2tl 
3 3/2 
a ir M 

IP"P I ' 0 

dr 1 r i e rel rel 

-r2 /a2 
rel 

sin 
r ip-g11 m rrel i 

[ MM+n^) J 
(D-1) 

The radial integration is 
50 

-x2/a2 dx e sin y x = —— a-" y e = £L a3 v p-y2a2/4 
4 

Substituting this into Eq. (D-1) yields for the matrix element 

<°l exp [-
"V 
(p-p')-r 

rel 
M -j |0> = exp £ ~ I P-P M/m^ 

4(M-hiijj) M -
(D-2) 



APPENDIX E 

HALL EFFECT DATA 

Sample 
No. 

1/TxlOf 
(°K) 

0 _1 
(ohm-cm) 

V 
y 

(volts) 
nR 3 

(cm)"d 

"H 
( cm2/ 
volt-sec) 

Sign 

vj* 

Unirradiated Measurements 

Lucalox 

1 19 l.OxlO-11 .9 3.4xl05 190 + 

1 18 2.2xlO~U .6 5.5x10s 250 + 

3 16 5.0xlO~U .8 2.3xl06 135 + 

2 15 l.lxlO-10 1.1 4.0xl06 170 + 

1 14 4.0x10'10 .5 2.6xl07 100 + 

2 14 2.7x10"10 1.6 7.0xio6 240 + 

1 13 4.3xl0-9 .5 2.6xio8 100 + 

1 12 3.3xio-9 .55 3. xio8 110 + 

1 12 5. xio-9 .45 3.8xl08 92 + 

1 11.5 8.8xio~9 .58 6.8x10® 80 + 

1 10 1.2xio~7 .75 7.5xl09 100 + 

4 21.5 4.3xl0~12 1.17 9. xio4 270 + 

4 20 7.7xl0~12 .75 2.5xl05 190 + 

4 19 6.5xio"12 .7 1.7xl05 240 + 

4 15.5 
„ „ -12 
2.5x10 .52 l.lxlO6 120 + 

135 
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Sample 1/Txl0j a 
(°K)~ (ohm-cm) 

Unirradiated Measurements 

Sapphire 

1 

1 

1 

1 

21.5 

17.5 

15 

14 

5. xlO 
-12 

1.6x10 
•  12  

1.3x10 
- 1 1  

3.7x10 
. -11  

Irradiated Measurements 

Lucalox 

1 

1 

1 

1 

1 

1 

1 

1 

Sapphire 

1 

1 

1 

1 

1 

34 

34 

27.5 

21.5 

20.5 

17.5 

16 

14 

3.4x10 
- 1 1  

3.3x10 
- 1 1  

2.9x10 
- 1 1  

5.3x10 
•  1 1  

4.3x10 
-11 

3.2x10 
. - 1 1  

2.3x10 
- 1 1  

7.0x10 
. - 1 1  

34 

27.5 

22.5 

17 

14 

3.4x10 
- 1 1  

3.7x10 

5.3x10 

3.0x10 

- 1 1  

- 1 1  

- 1 1  

y "H 
(volts) (cm) 

.4 

.5 

.3 

. 20  

. 2 8  

.14 

.10 

.10 

.15 

.07 

.03 

.25 

.20 

.15 

.15 

.15 

-3 

2. xlO5 

5.5x10s 

2.2xl06 

4. xlO6 

1.7xl06 

2.0xl06 

1.3xl06 

2.2xl06 

2.6xl06 

3.0xl06 

5.3xl06 

l.OxlO7 

1.6xl06 

2.0xl06 

4. xlO6 

2.3xl06 

/ H2 / (cnr-/ 
volt-sec) 

180 

180 

100 

105 

130 

100 

140 

150 

100 

80 

48 

45 

135 

120 

100 

85 

75 

Sign of 
V /J B y x z 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 
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