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ABSTRACT 

Droplet growth by collision and coalescence is 

important in the development of precipitation in convec-

tive clouds. Adequate consideration of these processes 

in theoretical cloud models requires knowing their effect 

on the spectral distribution function n(x,t)dx giving the 

mean number density of droplets with radii or volumes in 

the interval x to x + dx at time t. Presently, ntx,t) 

is obtained by numerically solving either a stochastic 

transport equation for n(x,t), known as the coalescence 

or collection equation, or an approximation to it. Either 

technique is computationally time-consuming when placed 

in the larger context of two- or three-dimensional cloud 

models incorporating microphysical processes. This dis

sertation is a partial contribution toward a parametric 

description of n(x,t) designed to simplify the evaluation 

of n(x,t) and permit the ready incorporation of collection 

effects into cloud models. 

A parametric description of n(x,t) is viewed here 

as a function of x and t containing as time-dependent 

parameters those cloud-physical variables describing the 

overall behavior of n(x,t). These variables are the num

ber density of droplets of all sizes, the mean droplet 

xi 



volume, the volume-weighted mean droplet volume, and the 

relative dispersion in droplet volumes. Obtaining this 

parametric description of n(x,t) involves two steps, first, 

finding the time-dependence of the variables and, second, 

expressing n(x,t) in terms of the variables. This disserta

tion is concerned with the first step. 

The time-dependence of the cloud-physical variables 

is obtained from solutions for the closely related sta

tistical moments of n(x,t). 

Before the moments are evaluated, there appears a 

derivation for the collection equation. In view of the 

current discussion of the statistical foundations of this 

fundamental equation, it appears desirable to present our 

views on the subject. 

The moments are obtained as solutions of a set of 

differential equations. These equations are valid when the 

droplet collection kernel can be approximated by a poly

nomial in the volumes of the droplets involved in a collec

tion event. Solutions for these equations are found from 

power series solutions of a second, similar, but somewhat 

less exact set of moment equations that can be made to 

approach the first set arbitrarily closely. An important 

result of the analysis leading to the moment equations is a 

functional relation between n(x,t) and its statistical 

moments having potential application when obtaining a 

parametric description of n(x,t). 



xiii 

The solutions for the moment equations are based 

on an actual polynomial approximation to the collection 

kernel. The collection kernel is computed in the usual 

way from the difference in droplet terminal velocities 

and the Davis-Sartor-Shafrir-Neiburger collision efficien

cies . The approximating polynomial exceeds the collection 

kernel for collector droplets greater than 100 y radius but 

is sufficiently accurate for the smaller collector droplets 

that the final analysis yields a number of expected be

havioral features of a droplet population evolving through 

collection. The approximating polynomial has the potential 

of being combined, along with the Golovin approximation to 

the kernel for the larger collector droplets, into an even 

more accurate "piecewise" polynomial approximation to the 

kernel. 

The solutions for the moments have two useful 

characteristics. First, the power series involved can be 

written in closed form. The evaluation of the moments is 

thus a simple matter. Second, the .radius of convergence 

of the power series is sufficiently long (> 10^ to 10^ sec) 

that there is no real limitation on the practical value 

of the solutions. The finite radius of convergence is a 

consequence of the approximate nature of the polynomial 

used in place of the kernel. 



xiv 

Closed expressions for the time-dependence of the 

cloud-physical variables, derived from the moment solu

tions, confirm present thinking on the overall behavior 

of a droplet population evolving through collection. 



CHAPTER I 

INTRODUCTION 

This chapter consists of two parts, the first out

lining the development of the theory of stochastic droplet 

collection and the second outlining the particular con

tribution to this theory in this dissertation. 

Development of Droplet Collection Theory 

Prior to the year 1955, investigators of cloud 

droplet collection effects used what is now termed the 

"continuous" model in describing collision and coalescence 

of two cloud droplets. In this model any droplet falling 

through a cloud is assumed to sweep up other droplets as 

if the liquid water contained in them is distributed uni

formly and continuously throughout the cloud rather than 

localized at the droplets' individual positions. The 

discrete nature of individual collection events is allowed 

for only through the concept of "collection efficiency", 

which gives that fraction of smaller droplets of any given 

size lying in the path of a larger droplet which is swept 

up by it, 

This "continuous" model was used by early investi

gators (e.g., Langmuir, 1948; Bowen, 1950; Houghton, 1950) 
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to describe the rate at which a single given droplet grows 

by collecting smaller droplets. About 1 hour of growth 

time is required to produce a precipitable drop in a con-

vective cloud with reasonable up-draft speed, liquid water 

content, and droplet spectrum. This growth time is greater 

than even the observed 30 minute average total lifetime of 

a precipitating convective cloud. This discrepancy in 

these early theories of droplet collection was not resolved 

until the statistics of the collection process, viewed 

as a series of discrete events, was considered, 

Telford (1955) demonstrated that the discrete and 

probabilistic nature of collection events profoundly af

fects droplet growth rates. Telford examined the statistics 

of these events in a cloud composed initially of only two 

sizes of droplets and showed that fluctuations in the time 

taken by a droplet to collect a number of smaller droplets 

will lead to the formation of a significant number of large 

droplets in times much shorter than those predicted by the 

"continuous" model and, more importantly, in times compar

able with cloud lifetimes. Almost all subsequent studies 

of droplet collection have accordingly treated it as a 

stochastic process. 

These more recent studies, in allowing for the 

statistics of droplet collection, shifted focus from the 

growth rate of a single droplet collecting smaller droplets 



to the simultaneous behavior of all the droplets in a 

cloud. This shift in focus requires examining the time-

dependence of a spectral distribution function n(x,t)dx 

giving the mean number of droplets in unit spatial volume 

with individual sizes, e.g., radii or volumes, in the in

terval x to x+dx at time t. The time-dependence of n(x,t) 

is subject to the following differential-integral equation 

= Js/n(z(x,y) ,t) 
9t a 

3z(x,y) 
3x 

3 (z (x,y),y)n(y ,t)dy 

-n(x,t) f  3 (x,y)n(y ,t)dy 
a 

CX-1) 

A detailed derivation of this equation, so fundamental to 

droplet collection theory, will appear later in Chapter II. 

Nevertheless, some comments on this equation are 

in order at this point. First of all, it is noted that the 

integration limits a and b are the sizes of the smallest 

and largest droplets assumed to be involved in stochastic 

collection. The stochastic nature of droplet collection 

enters (1-1) through the collection kernel 3(x,y). This 

quantity is related directly to the probability that in a 

given interval of time there will be a collection event 

involving two particular droplets of sizes x and y. The 

first term on the right-hand side of (1-1) describes, for 

each given droplet size x, the increase in n(x,t) that can 
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be expected because of the binary -collision and coalescence 

of those droplets of sizes y and z(x,y) whose volumes sum 

to the volume of a droplet of size x. If droplet size is 

given by droplet volume, this means that the first integral 

takes into account all collection events for which 

x = y + z (x,y). 

On the other hand, if droplet size is given by droplet 

radius, then the first integral takes into account all 

those collection events for which 

x3 = y3 + z3(x,y). 

The second term in (1-1) describes, for each given droplet 

size x, the decrease in n(x,t) that can be expected because 

of binary collision and coalescence of droplets, when one 

of the droplets involved is of size x. 

We should point out that Eq. (1-1) thereinafter 

called the "collection equation") was used by a number of 

investigators of droplet growth long before Telford pointed 

out to the meteorological community the importance of the 

stochastic nature of droplet collection. Numbered among 

these investigators were Tunitskii (1938), Schumann (1940), 

Melzak (1953, 1957a, 1957b), Melzak and Hitschfeld (1953), 

Hitschfeld (1956, 1957), and Saffman and Turner (1956), 

Even though each of these workers was concerned with the 
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collection equation, and each presented solutions to the 

equation of varying generality, none of them recognized 

nor emphasized the importance of using the collection 

equation rather than the "continuous" model to describe 

the evolution of a droplet spectrum and the formation of 

precipitation. 

After Telford's work, however, increasing attention 

was paid to droplet collection as a stochastic process 

leading rapidly to rain and to the collection equation as 

describing this process. Twomey (1964) was the first to 

solve the collection equation for n(x,t) for physically 

realistic droplet collection probabilities. These were 

based on the hydrodynamically calculated collision ef

ficiencies of Hocking (1959). Twomey improved on Telford 

by examining the evolution of a continuous spectrum of 

droplets, although with radii no larger than 30y, His 

numerical"'" solutions showed that allowance for the dis

crete nature of collection events in clouds having a 

continuous range of droplet sizes also leads to produc

tion rates for large droplets substantially greater than 

those predicted by the "continuous" model. In later work, 

"'"The complexity of physically realistic collision 
efficiencies (and of the collection equation itself) re
quired that Twomey solve it numerically. This has been 
the method of solution used in all subsequent work with 
the equation involving realistic collision efficiencies. 



using the Hocking collision efficiencies for small droplets 

(r<30y) and those of Shafrir and Neiburger (1963) for 

larger droplets, Twomey (1966) demonstrated that increasing 

the mean radius of the droplets in a cloud from about 10 y 

to about 20y greatly increases the production rate of large 

droplets (those leading to precipitation). This is due to 

the rapid increase of collision efficiency with droplet 

radius for radii in this range. Twomey indicated that the 

dispersion of the distribution plays a less important role 

as long as there is some minimum concentration of droplets 

2 
with radii above the 18y Hocking limit, 

Bartlett (19 66) was able to give more precise 

definition to this minimum concentration of larger drop

lets , His results (obtained using an approximation to the 

collection equation) indicated that significant numbers of 

large, precipitable droplets can be produced at appreciable 

rates within a cloud only if there is, in addition to suf

ficient numbers of droplets larger than the Hocking limit, 

also at least 1 droplet/liter with radius larger than 22y. 

Bartlett found also that there must be appreciable numbers 

(<vl0^/ liter) of smaller potentially collectable droplets 

(rVLOu - 15y) . 

^The Hocking limit is a theoretical result [since 
shown by Davis and Sartor (1967) to be fictitious] indi
cating zero collision efficiency for a droplet pair, 
neither member of which has radius larger than 18y. 
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Although these early numerical solutions of the 

collection equation did provide insight into the effects 

of certain fundamental parameters (e.g., mean droplet 

radius, dispersion in droplet radii) on the production rate 

of large droplets, they still suffered from a number of 

deficiencies. Perhaps the greatest deficiency in these 

solutions was their neglect of the influence on raindrop 

production rates of stochastic collection involving large 

cloud droplets. For example, Bartlett restricted his 

treatment to droplets no larger than 40y radius and Twomey 

applied the collection equation only to those droplets 

smaller than 50y radius. (Twomey believed the "continuous" 

model to be accurate for larger droplets.) 

This application of the collection equation to the 

smaller droplets only was due to the numerical-computational 

requirements that the two integrals in Eq. (1-1) be evalu

ated accurately, yet rapidly (when measured in terms of 

computer time). Accurate numerical evaluation of these 

integrals requires knowing the size distribution at a 

sufficiently large number of individual droplet sizes, a 

number N of evaluation points which will increase with the 

range of droplet sizes considered. Rapid numerical evalua

tion of these integrals requires reducing this number N, 

since the numerical computation-time per integral is 

roughly proportional to N^. A reduction in N will also 
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reduce the number of these integrals to be evaluated. 

Twomey and Bartlett satisfied these two opposite require

ments on N by limiting the droplet radii entering the col

lection equation to small values (40y « 50y). 

Berry (1965, 1967), however, was able to include 

large droplets in the collection equation, and yet satisfy 

these two requirements on the number of evaluation points, 

by taking into account the generally observed steady de

crease in droplet numbers with increasing droplet size. 

This decrease in droplet numbers permitted him to reduce 

the number of evaluation points needed at large droplet 

sizes and, thereby, achieve a reduction in computational 

time with no corresponding loss of accuracy. Twomey (1966) 

was also aware of this possible reduction in the number of 

evaluation points at large droplet sizes but did not fully 

exploit it in his analysis, perhaps because of computational 

difficulties that arise if the location of the evaluation 

points is not a differentiable (and increasing) function of 

droplet size (see Berry, 1967, p. 692). In Berry's work 

these evaluation points formed a geometrical progression 

in droplet radius. As desired,the information contained 

in the large droplet "tail" of the size distribution was 

compressed into a relatively few number of evaluation 

points, yet the detail at the small droplet end was still 

taken into account at an adequate number of points. Berry 
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was thus able to evaluate the two integrals in the collec

tion equation rapidly, and yet take into account large 

droplet sizes. Much larger droplets than previously con

sidered were thereby included in the stochastic collection 

process. 

Berry solved the collection equation for a variety 

of collection kernels, He used certain known solutions of 

the collection equation (Golovin, 1963a; Scott, 1965, 

1968a) to check his numerical techniques, and then he pro

ceeded to obtain solutions for collection kernels derived 

from geometric collision efficiencies, hydrodynamic col

lision efficiencies (Hocking, 1959; Shafrir and Neiburger, 

1963) , and collision efficiencies of uncharged droplets 

in external electric fields (Plumlee and Semonin, 1965). 

Berry's results using the hydrodynamic collision efficien

cies indicated that a distribution of droplet volume, 

weighted according to droplet volume, becomes bimodal after 

a time lapse of 15-30 minutes, and that the behavior of 

certain mean characteristics of this distribution may 

approach an asymptotic form once the median droplet radius 

becomes about 60y. 

Although Berry's calculations contributed greatly 

to explaining the behavior of a droplet population under

going collision and coalescence, they were, as we now know, 

based in part on the inaccurate hydrodynamic collision 
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efficiencies of Hocking. These have been shown to be in

correct by Davis and Sartor (1967) and by Hocking and Jonas 

(1970); both sets of authors have determined the new and 

3 
correct collision efficiencies. These new efficiencies 

have been parameterized by Scott and Chen (1970) and have 

been used in numerical solutions of the collection equation 

by both Warshaw (1968b) and Bartlett (1970), Although 

these latter workers' results differ in some minor respects 

from those of Berry, they really serve only to confirm his 

essential results. 

The solutions of the collection equation described 

above assumed that the droplets composed a spatially 

homogeneous cloud; however, in a real cloud updrafts and 

downdrafts are present leading to spatial inhomogeneities 

in the numbers of large and small droplets. Warshaw (1967) 

was the first to obtain solutions to the collection equa

tion including the effect of the updraft. His work has 

since been followed by that of Kaniel, Kovetz, and Olund 

(1968), Takeda (1968), and Kovetz and Olund (1969) , and by 

that of Nelson (1970, 1971) who in addition modeled the 

warm-rain stimulation process. Some of these later solu

tions incorporated the condensation process as well. 

-^Incidentally, these new "correct" collision ef
ficiencies are themselves now open to question (see Davis, 
Klett, and Neiburger, 1970). 
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The discussion above has outlined the develop

ment of the theory of stochastic droplet collection from 

its rudimentary beginnings to the present-day numerical 

solutions of the collection equation allowing for sedi

mentation and condensation. 

The Contribution to Droplet Collection Theory 
in this Dissertation 

A theoretical model of a cloud should take into 

account a variety of microphysical and dynamical processes; 

existing cloud models do not, however, realistically in

clude a number of these processes. This is because of the 

complexity of the physical descriptions of these individual 

processes presently needed to characterize them satis

factorily. The far greater complexity of a cloud model 

incorporating them would place a very large demand on 

present-day computing machines. Without an increase in 

the capabilities of computing machines, cloud models can 

realistically incorporate a number of microphysical and 

dynamical processes only when they are more simply, yet 

accurately, described. 

One step in this direction would be a simple, 

accurate description of a droplet-size distribution n(x,t) 

as it is affected by droplet collection. The comments 

above on computing machine capabilities indicate that 

such a description of n(x,t) should require only minimal 
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use of a computing machine. At present, however, n(x,t) 

is obtained by numerically solving the collection equa

tion, a computationally time-consuming task. Thompson 

(1968) has proposed a method to reduce the amount of numeri

cal computation required to solve the collection equation 

for n(x,t); Drake (1970) feels, however, that Thompson's 

proposal contains a number of inherent difficulties and is 

of questionable value. A more promising approach for ob

taining n(x,t) has been introduced by Bleck (1970) and in

volves numerically integrating an approximation to the 

collection equation rather than the equation itself. Con

siderable savings in computational time are obtained with 

little loss in accuracy for n(x,t), at least for physical 

applications. 

Perhaps the best approach in obtaining a simple, 

accurate expression for n(x,t), requiring minimal use of a 

computing machine, would be to express n(x,t) as a 

parametric function of x and t. The parameters in this 

function would be those cloud-physical variables, e.g., 

total number density of droplets, which appear to describe 

the overall behavior of n(x,t), The parameters would thus 

be functions of time. This dependence of the parameters 

on time should be more easily obtainable, however, than 

the two-variable, x and t, dependence of n(x,t). This 
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dissertation is a partial contribution toward obtaining 

such a parametric description of n(x,t). 

Parametric descriptions of cloud microphysical 

quantities are not without precedent. Twomey (1959) , for 

example, expressed the essential results of condensation 

theory, namely, the maximum cloud supersaturation and the 

cloud droplet concentration, parametrically, in terms of the 

Beta function and in terms of the updraft speed and con

densation nucleus spectrum, two physical variables which 

seem to govern the condensational development of a cloud 

droplet population. More closely related to this disserta

tion, however, are the parametric descriptions of n(x,t) 

that have been obtained in previous studies of stochastic 

droplet collection; Golovin (1963b, 1963c, 1965) and 

Enukashvili (1964a, 1964b) expressed the size distribution 

in terms of its first three statistical moments. 

A parametric description of n(x,t) is desirable 

for several reasons. 

I) A parametric description should reduce the 

numerical computation requirements for ob

taining n(x,t), once the time-dependence of 

the parameters has been obtained. 

IX) With a parametric description it is possible 

to obtain n(x,t) at any given time t simply 

by inserting t into a mathematical formula. 



Solutions obtained by numerically inte

grating the collection equation, or an 

approximation thereto, forward in time, 

must, on the other hand, always begin 

with a droplet population in some initial 

state, 

III) A parametric description of n(x,t) does 

not suffer from the computational in

stability associated with numerical 

solutions of the collection equation. 

These advantages of a parametric description of n(x,t) 

should allow the working scientist, not intimately involved 

with collection theory, to examine the effects of droplet 

collection himself and with a minimum of effort. 

From the standpoint of heuristic value, a parametric 

description of n(x,t) should correspond in some way to our 

intuitive thoughts on the effects of collection on a popula

tion of cloud droplets, This suggests that a parametric 

description of n(x,t) should contain, as parameters, those 

cloud-physical variables which appear to describe the over

all behavior of a cloud droplet population. These cloud-

physical variables are 

1) the total number density of droplets, 

Ntotal^ 

2) the mean size of the droplets, x(t) 
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3) the volume-weighted mean volume of the 

droplets, y"(t) , and 

4) the relative dispersion in sizes of the 

droplets, Dx(t). 

A parametric description of n(x,t) should then take the 

form 

n(x,t) = F(x,t; parameters (t)) , CI—2) 

where "parameters (t)" denotes these four variables. 

That these four variables describe the overall 

behavior of ntx,t) should be clear from the following. 

To begin with, it is noted that in every binary droplet 

collection event two droplets are destroyed and only one 

droplet is produced and that this droplet is larger than 

either of its predecessors. The overall effect of this on 

a droplet population would be described as a decrease in 

the total number density of droplets, Ntota^(t) and as an 

increase in the mean size of the droplets, x(t). Note that 

these two quantities are just the first two cloud-physical 

variables given above. To show that the volume-weighted 

mean volume of the droplets jT(t) also describes an aspect 

of the overall behavior of a droplet population, reference 

is made to the work of Berry (196 8c). This work shows 

that once collection events have occurred in a cloud drop

let population for about 10 minutes, the quantity y"(t) 
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gives the mean volume of those droplets containing most of 

the liquid water in the population. Finally, in considering 

the importance of Dx(t), it is noted from Twomey (1966) 

that, although collection produces a few very large drops in 

a population from a much larger number of small ones, most 

droplets in a population still tend to retain their original 

small condensationally produced sizes. The effect is to 

produce a size distribution n(x,t) that contains overall 

an increasingly dispersed range of droplet sizes. This 

dispersion can be described by Dx(t). 

Obtaining the function F in (.1-2) requires two 

major steps. The first step is to obtain the time-

dependence of the parameters. The second step is to ex

press the droplet size distribution in terms of these 

parameters. This dissertation is concerned with the first 

step, the time-dependence of the parameters; therefore, 

it is a partial contribution toward a parametric descrip

tion of n(x,t). (We hope in the future to go to the second 

step and use this knowledge about the parameters to obtain 

an actual parametric description of n(x,t).) The time-

dependence of the parameters is, of course, useful in 

itself because it provides us with information on the 

overall behavior of the droplet size distribution. 

The time-dependence of the parameters is obtained 

in this dissertation by taking into account their close 



connection with the statistical moments of the size dis

tribution. This is done in the following step-wise fashion. 

STEP I. Each of the four parameters listed 

is expressed as a function of the statistical 

moments of n(x,t), namely 

parameter (t) = (Mg(t),M^(t),M2(t),...) 

It will be notationally convenient to substitute 

for the argument of F^ the symbol Af(t) so that 

parameter (t) = F^ (A7(t)) (1-3) 

Thus, Af(t) will denote all those integer-order 

moments 

b 
Mk(t) = / x n(x,t)dx k=0,l,2,... (1-4) 

a 

on which F^ must depend for (1-3) to be an equality. 

STEP II. The droplet size distribution is ex

pressed as a function of its moments 

n(x,t) = F2 (x,Af(t)). (1-5) 

Af(t) now denotes all of the integer-order moments. 

STEP III, The function F2 and the collection 

equation (1-1) are used to derive a set of 
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differential equations for the moments. These 

equations are solved for the time-dependence 

of each moment: 

Mk(t) = F3(Mk(tQ), t;k). k=0,l,2,., (1-6) 

STEP IV. Eqs, (1-6) are substituted into (1-3) 

to yield explicitly the time-dependence of the 

parameters 

parameter (t) = F4 (t) (1-7) 

Golovin (1963b, 1963c, 1965) and Enukashvili 

(1964a, 1964b) have, in fact, already obtained expressions 

for the time-dependence of the moments (the function F3 

above) and for the time-dependence of the parameters 

(F^(t)). Their expressions are, however, only rough ap

proximations to the actual time-dependence, for two reasons. 

First, Golovin and Enukashvili assumed that n(x,t) depends, 

through the function F2 in (1-5), above, on no more than the 

first three moments: Mq(t), M^(t), and M^ft). Second, 

they assumed physically unrealistic collection kernels. 

In particular, they assumed the collection kernel is either 

proportional to the sum of the droplet volumes or based on 

geometric collision efficiencies. 

The expressions of Golovin and Enukashvili for the 

time^dependence of the parameters will be improved in two 



ways in our analysis. First, we will allow for the im

portant dependence of n(x,t) on the higher order moments. 

Second, we will incorporate as best as possible, our present 

knowledge of the actual physical interactions of colliding 

droplets. 

A chapter-by-chapter description of our analysis 

is as follows. First, in Chapter II th.e droplet collection 

equation is derived from first principles. In view of the 

current discussion of the statistical foundations of this 

fundamental equation, it appears to be desirable to present 

our views on the subject. A derivation of the equation 

would seem to be the proper format. In Chapter III (STEP I 

in the analysis) we obtain the function F^ in Eq. (1-3) 

relating the parameters and moments of the size distribu

tion. In Chapter IV (STEP II) the droplet size distribu

tion n(x,t) is expressed as a function F2 of its moments. 

In Chapters V, VI, and VII we obtain the time-dependence 

of the moments (STEP III), expressed by the function F3, 

and the time-dependence of the parameters (STEP IV), ex

pressed by the function F4, In particular, Chapter V 

presents a derivation of a set of coupled non<-linear 

differential equations for the moments, and discusses the 

manner in which the physics of the droplet collection 

process enters these equations. Chapter VI gives a de

scription of the analysis leading to solutions of this set 



of equations, and Chapter VII presents the results 'of this 

analysis for the time-dependence of the moments and of the 

parameters, Finally, Chapter VIII concludes the disserta

tion with a review of the salient points of the investiga

tion . 



CHAPTER II 

DERIVATION OF THE DROPLET COLLECTION EQUATION 

In this chapter we derive the droplet collection 

equation from first principles. The statistical founda

tions of this equation, so fundamental to the analysis, 

will then be illuminated and the misconceptions and errors 

in previous derivations will be eliminated. This deriva

tion will be a modification of that found in Long (1971). 

Behavior of a Droplet Population 

In order to understand better the assumptions and 

approximations entering into the collection equation, it 

is appropriate to outline the behavior of a droplet popula

tion undergoing collection and then point to that particular 

aspect of this behavior which the collection equation de

scribes , 

Consider a droplet population (which shall be 

identified below as "the population") with the following 

properties at some initial time tD: 

1) There are N(x,t0)dx droplets in the 

population with sizes in any given 

interval x to x + dx. 

21 
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2) The droplet population occupies a 

finite volume V of air space. 

3) The droplet population has a random 

spatial distribution consistent, 

however, with property 2. 

The quantity N(x,t)dx is not to be confused with the quan

tity n(x,t)dx introduced in Chapter I and denoting the mean 

number density of droplets with sizes x to x + dx. Rather, 

N(x,t)dx is the total number of droplets with these sizes 

in the entire volume V occupied by the population. 

Droplet collection events cause the size distribu

tion of the population to change with time. In particular, 

since the spatial distribution of the population is 

initially random, it follows that as a result of collec

tion N(x,t) becomes stochastically multi-valued; for any 

t>tQ and for any x, there will be a certain probability 

that the value of N(x,t) will lie in any given numerical 

interval. 

Gravitational sedimentation affects the spatial 

distribution of the population. It causes the population 

to move earthward relative to that volume of air that it 

occupied initially at the time tQ, Greater sedimentation 

rates for the larger droplets cause them to move toward 

the lower levels of the volume occupied by the population 

and, in general, away from the smaller droplets. Thus, 



the volume V of space occupied by the population changes 

in magnitude, in general, increases with time, and the 

population begins to interact with other droplet popula

tions (if we deal with a real cloud in which the selected 

population is embedded). In addition, unequal sedimenta

tion rates for droplets of different sizes cause the 

spatial distribution of the population to become less 

random. 

Of the several aspects of the behavior of a droplet 

population outlined above, the collection equation de

scribes one: the behavior of the size distribution. In 

particular, the collection equation describes the mean 

behavior of the size distribution, as expressed by the 

time-dependence of the average or expectation value N(x,t). 

(The equation does not describe deviations from this mean 

behavior. These are obtainable from the actual probability 

distribution for N(x,t), for any x and t.) 

Derivation of the Collection Equation 

Our derivation of the collection equation, like 

previous derivations, takes only partially into account 

that full range of possible behavior of the population de

scribed above. A truly complete derivation of this equa

tion would make allowance for the multi-valued character 

of N(x,t), the changing volume of the population, the 

interaction of the population with neighboring populations, 
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and the increasingly less-random nature of the spatial 

distribution for t>tQ. To avoid the great complexity of 

such a complete derivation, we make the following assump

tions in deriving the collection equation: 

(£) The population, although undergoing 

sedimentation, occupies at all times 

a volume of constant magnitude V. 

(i£) The population interacts with no other 

populations. 

{Hi) The population is randomly distributed 

at all times. 

It should be kept in mind that these three assumptions will 

be completely justified only if the selected population 

is embedded in a spatially homogeneous cloud. The final 

assumption that is made is that the multi-valued character 

of N(x,t) may be taken into account by using mean values 

of N(x,t) rather than its entire range of values. This 

assumption is discussed in the latter parts of the deriva

tion. 

The derivation of the collection equation seeks an 

expression for a transport equation for NCx,t), We first 

obtain a form of this equation appropriate at the initial 

time t0, and then modify it to arrive at a transport equa

tion appropriate for later times as well. 
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First of all, let pr(x,y,<5t) denote the probability 

that, during a short time interval 6t beginning at time tQ, 

a particular droplet of size x in the population collects 

a particular smaller droplet of size y in the same popula

tion, Since by assumptions (i) and (iii) the droplet 

population is distributed randomly at all times throughout 

a constant finite volume V, it can be shown (see, for 

example, Warshaw, 1967) that pr(x,y,6t) is given by 

pr(x,y,St) = ir(r(x) + r(y))2 E(x,y)[W(x) - W(y)]St/V. x^y 

(II-l) 

In this expression r(x) and r(y) are the radii of the two 

droplets. They are assumed to approach each other at a 

velocity given by the difference of their terminal veloci- . 

ties W(x) and W(y). E(x,y) is the appropriate collection 

efficiency of the two droplets. 

The time interval <5t can be made so small that in 

writing an expression for pr(x,y;6t) we need not allow for 

the possibility that, during fit, either the x-droplet or 

the y-droplet may also be involved in collection events 

other than that event to which (II-l) refers. In other 

words, <St can be made sufficiently small that any collec

tion event in the population can be assumed statistically 

independent of all other collection events. 

The definition of the collection probability 

pr(x,y,<St) leads directly to the mean value for the number 
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of times that a particular x-droplet collects a particular 

y-droplet during St, namely 

mean number of collection events = pr(x,y;St) . (II-2) 

Proceeding with the derivation, it is noted that 

one of the two terms in a transport equation for N(x,t), 

appropriate at the initial time tQ, will express the mean 

number of droplets with sizes in the range x to x + dx 

destroyed during St. This term is given by the product of 

two factors, first, the number of droplets in the popula

tion in this size range at the initial time tQ and, second, 

the mean number of collection events which occur during St 

and which involve a particular droplet with size x to x + dx, 

found in the population at the initial time t0. (This 

formulation of the destruction term, besides being based 

on assumptions (£i) and (Hi) , is also based on the assump

tion that since St is small and begins at the time tQ, the 

actual size distribution during St is effectively given by 

N(x,t0).) The second factor in the above product may be 

obtained by summing the right hand side of (.11-2) over all 

droplets which may be collected by a particular droplet of 

size x to x + dx or which may collect a particular droplet 

of this size, being careful in the latter case to inter

change x and y in (XI-2) , This second factor is, therefore, 

given by 



b 
/ pr(x,y;6t)N(y,tD)dy 
a 

(II-3) 

The limits a and b are the sizes of the smallest and 

largest atmospheric liquid water particles that we include 

under the definitions of cloud droplet and raindrop and 

allow in "the population". We need not be concerned that 

during <5t the mean number of collection events in (II-3) 

involving a particular droplet may be greater than unity, 

since fit can always be chosen sufficiently small that this 

number is much less than 1. Multiplying (II-3) by the 

number of droplets with sizes x to x + dx at time t0 yields 

an expression for the mean number of droplets with sizes 

x to x + dx destroyed during the time interval <St, namely, 

b 
[6N (x,t0)dx]__ = N (x,tQ)dx / pr(x,y;<5t)N(y,t0)dy (II-4) 

a 

A second term in the transport equation for N(x,t), 

appropriate at the initial time tQ, will express the mean 

number of droplets being created with sizes x to x + dx 

during St. This mean number will be a sum of terms each 

proportional to the initial number of droplets in some 

other size range y to y+dy whose collection of a smaller 

droplet of size z to z+dz will produce a droplet of size 

x to x+dx. The proportionality constant in each term in 

this sum of terms is the mean number of times during 6t 
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that a particular droplet of size y to y+dy (found in the 

population at the initial time tQ) collects a droplet of 

size z to z+dz (also found in the population at the initial 

time tQ). Using (II-2) we then obtain 

x 
[6N(x,t0)dx]+=3s S N(z(x,y),t0)dz(x,y)pr (z (x,y),y; <St)N (y, tQ) dy 

y=a 
(II-5) 

for the mean number of droplets being created with sizes 

x to x+dx during 6t. The factor % is included to com

pensate for the fact that each collection event producing 

an x-droplet is twice taken into account in the integral. 

The droplet size z is written as z(x,y) in (II-5) 

to emphasize that it is the size, e.g., volume or radius, 

of that droplet which, when combined with a droplet of size 

y, produces a droplet of size x. This conservation of mass 

requirement will be denoted henceforth by 

x = y ©• z. (II—6) 

If droplet size is given by droplet volume then the rela

tion © becomes ordinary addition and 

x = y + z. (II-7) 

Hence, 

z (x,y) = x - y 
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If droplet size is given by droplet radius then ® signifies 

Hence, 

x = (y3 + z3)1/3, 

(x,y) = (x3 - y3)1/3 

(II-8) 

As the counterpart of ©, a symbol 9 can be defined. This 

symbol means that if 

y = x 0 z 

then the volume of a droplet of size y equals the difference 

between the volumes of droplets of sizes x and z. 

The differential change dz(x,y) in the integral 

in (II-5) can be written as 

dz(x,y) = 8z(x,y) 
3x 

dx (II-9) 

since the integration there is with respect to the droplet 

size y. 

From (II—4), (II-5), and (II-9) we obtain the mean 

change in the size distribution of the population during 

the time interval <5t, namely 

x 
$N(x,t0)=3s / N(z(x,y),t0) 

a 

d z (x,y) 
3x pr (z (x,y),y;St)N(y,t0)dy 

-N(x,t0) / pr (x,y;<5t)N (y, tQ)dy. 
a 

(11-10) 
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This transport equation for N(x,t) is appropriate 

at the initial time t and must be modified if it is to be 

applied to a droplet population at any later time. For 

times t later than tQ, we must take into account: 

1) that N(x,t) will have changed from the 

initial value N(x,t0), and 

2) that N(x,t) will be stochastically 

multi-valued. 

But to allow explicitly for the entire spectrum of values 

that N(x,t) will have at these later times would require 

a very complex transport equation for N(x,t). To avoid 

confronting the full measure of that complexity, we resort 

toa simple modification of (11-10) to obtain a transport 

equation for N(x,t) valid at times t later than tQ. We 

note that we have implicitly assumed all along that the 

collection equation provides a useful description of col

lection effects even if it describes only the average effect 

of collection on the number of droplets of any given" size 

in the population. Let us then explicitly make the closely 

related assumption that, for the purpose of predicting 

changes in N(x,t), the mean number of droplets of each size 

provides a satisfactory description of all stochastically 
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possible numbers of droplets of each size."*" Using this 

assumption, we modify the transport equation (11-10), for 

use at times later than tQ, by substituting for the quan

tities N(x,tQ), N(y,t0), N (z (x,y),tQ) , the mean values 

N(x,t), N(y,t) , N(z(x,y),t), thereby obtaining 

$N(x,t)=25 / N (z (x,y) , t) 
a [3z (x,? 

3x 
y 

pr(z(x,y),y;St)N(y ,t)dy 

_ b _ 
-N (x,t) / pr (x,y;<5t)N(y,t)dy. (11-11) 

a 

The time interval 6t now begins at any time t>tQ. If we 

divide both sides of this equation by 6t, and note that 6t, 

pr(x,y;St), and 6N"(x,t) are quantities of the same order, 

we obtain on passing to the limit, 6t o, 

This assumption is supported directly by the work 
of Scott (1967) on the statistics of N(x,t) and by Warshaw's 
(1967) demonstration that covar [N(x)dx, N(y)dy] is neqligi-
ble in comparison to either N(x)N(y)dxdy or N(x)N(y)dxdy. 
This assumption is open to question, however, in the case of 
those finite difference-and-sum approximations to the collec
tion equation employed in its numerical solution. Consider
able discussion of this assumption in this latter case by 
Scott (1967, 1968b, 1972), Warshaw (1967, 1968a), Berry 
(1968a), and Long (1971, 1972) has not resolved the issue 
to the satisfaction of all. 
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3N(x,t) 

3t 

x 

= h S N(z(x,y)/t) 
a 

3z(x,y) 
3x 

y. 

^[pr'z(^),y'w]"(y>t)dY 

-N(x,t) ! 
a 

pr(x,y; <5t) 
N (y, t) dy (11-12) 

If we next define a mean droplet number density n(x,t) by 

n(x,t) = N(x,t)/V (11-13) 

and a collection kernel P(x,y) by 

- ̂ :0[pr(x^!'t']v (11-14) 

we obtain the usual droplet collection equation 

3n(x,t) 
3t 

x 
h / n (z, t) 
a 

3z 
3x 3 (z,y)n(y ,t)dy 

- n(x,t) / 3 (x,y)n(y,t)dy 
a 

(11-15) 

It is now implicitly understood that the droplet size z 

depends on x and y. 

For the sake of completeness we next present, 

without derivation, a transport equation for droplet 

numbers, similar to (11-15), but including the additional 
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effects of spatial transport of droplets, drop breakup, 

and vapor condensation onto droplets. This equation is 

9n(x.?,t) 
§t 

x 
h S n(z,J,t) 
a 

9z 
3x 

3 (z,y)n(y,r,t)dy 

n(x,r, t) / 3(x,y)n(y,r,t)dy 
a 

V ' [n(x,r,t) v(x,r,t) ] (11-16) 

+ / n(y,r,t)y(y,x)dy - n(^^)ft) / v(y)yCx,y)dy 
x 

" 9x 5(x,r,t)] 

The third term on the right hand side of (11-16) describes 

the effect of spatial transport (e.g., gravitational sedi

mentation) on a droplet size distribution n(x,r,t) which 

depends on the spatial variable r. The quantity v is the 

velocity of spatial transport. The fourth and fifth terms 

describe the effect of drop breakup as represented by the 

breakup rate-function y. The quantities v(x) and v(y) are 

the volumes of the x- and y- droplets (see Melzak, 1957a). 

The last term in this equation describes the effect of con

densation as represented by the droplet condensational 

growth-rate function £ (see Kovetz and Olund, 1969), Our 



analysis is concerned with the simplified version of this 

equation appearing in (11-15). 



CHAPTER III 

CLOUD PHYSICAL PARAMETER - STATISTICAL MOMENT RELATIONS 

In this chapter we obtain functional relations 

between those microphysical parameters which appear to de

scribe the overall behavior of a cloud droplet size dis

tribution and the integer-order statistical moments of 

the distribution. This chapter is thus STEP I of the 

analysis leading to the time dependence of the parameters, 

as outlined in the Introduction. 

As discussed in Chapter I, the microphysical 

parameters of interest are as follows: 

1) The number density of droplets of all 

sizes, Ntota^(t) given by 

b 

parameter (t) • = F ^ ( M { t ) )  (III-l) 

(III-2) 
a 

2) The mean size, e.g., radius or volume, of 

the droplets, x(t), given by 

b b 
x(t) = / xn(x,t)dx/ / n(x,t)dx (III-3) 

a a 

35 
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3) The volume-weighted mean volume of the 

droplets, y(t) , given by 

b 
2 

b 
Vi(t) = / n (x)n(x,t)dx/ / yi(x)n(x,t)dx 

a a 
(III-4) 

where y(x) is the volume of an x-droplet 

4) The relative dispersion in droplet sizes 

' given by the ratio of the standard 

deviation of droplet sizes to mean droplet 

size: 

b b ^ 
Dx(t) = [/(x-x(t))2n(x,t)dx/ /n(x,t)dx] /x(t) 

a a 
(III-5) 

Each of these parameters can be expressed in terms 

of integer-order moments M^ft) of the droplet-size distribu

tion, defined as 

b 
Mj^Ct) = / x n(x,t)dx. (III-6) 

a 

In particular, 

Ntotal(t) = "<><*> (III-7) 

xCt) = M-^tJ/MoCt) (XIX-8) 

y(t) = M2(t)/M1(t) (III-9) 
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Dx(t) = [M0(t)M2(t)/M12(t) - l]*5 (111-10) 

Eq. (III-9) holds, of course, only if the droplet size x 

is either equal to or proportional to the droplet volume 

y(x). These last four equations are the functional rela

tions F-^ in Eq. (III-l) , 

Some heuristic insight into the moments may be ob~ 

tained if these relations are transformed to read: 

M 0 =  N t o t a l ( t )  ( I I I - l l )  

Mx(t) = Ntotal(t) x(t) (III-12) 

M2Ct) = Ntotal(t) x(t)iKt), (111-13) 

M2(t) = Ntotal(t) x2(t) Cl+Dx2(t) ] (111-14) 

Once again, Eq. (111-13) holds only if the droplet size x 

is either equal to or proportional to the droplet volume 

y(x) . 



CHAPTER IV 

A FUNCTIONAL RELATION BETWEEN THE 
DROPLET SIZE DISTRIBUTION AND ITS MOMENTS 

In this chapter (STEP II of the analysis) we ob

tain a functional relation between the droplet-size dis

tribution and its moments of the form 

n(x,t) =F2(x,M(t)). (IV-1) 

This function F2 will be fundamental to the derivation in 

Chapter V of a differential equation for the moments. The 

symbol M(t) denotes those moments of n(x,t) on which F2 

must depend in order to represent the size distribution 

accurately. The function F2 need depend on only a few of 

the moments, usually those of lowest order, if n(x,t) is 

an idealized distribution, such as the normal and Gamma 

distributions. If n(x,t) is a distribution of arbitrary 

form, however, it is possible that, regardless of the num

ber of moments on which a function F2 depends, it may still 

not represent the size distribution accurately. This pos

sibility arises because more than one distribution n(x,t) 

may lead to a particular set of moments; theorems on the 

uniqueness of n(x,t) are presented in Shohat and Tamarkin 

(1943) and reviewed in Drake (1970). It shall be assumed 

38 



here, however, that any distribution n(x,t) that might be 

encountered will be such that the function F2 represents 

it uniquely. 

A variety of functions F2 can be used to relate 

the droplet-size distribution to its moments. Examples 

of such functions are given by Widder (1934), who expresses 

the size distribution as'the limit of a sequence of forward 

differences of its moments, and by Pearson (1895, 1901, 

1916) who relates certain categories of frequency curves 

to their statistical moments (see also Elderton and John

son, 1969) , A number of other functions F2 are reviewed 

in Drake (1970), 

In selecting the appropriate functional relation 

F2 from the several candidates available, it must be kept 

in mind that F2 will eventually be used in STEP III of our 

analysis (next three Chapters, V, VI, and VII), and that 

this involves deriving and solving a differential equa

tion for the moments. F2 must make it possible to easily 

derive and solve this equation. Having this in mind, it 

was concluded that the most productive step would be to use 

that functional relation F2 employed by Enukashvili (1964a, 

1964b) in his own moment solutions of the collection equa

tion. Since Enukashvili only briefly describes the steps 

leading to his function F2 and since other discussions of 

it provide little additional information on its origins, 



we feel it in order to derive it in some detail here, from 

first principles. 

Derivation of F2 (x,A/(t)) 

Our derivation of F2 consists of two major steps. 

The first step approximates a function of the size distribu

tion G(n(x,t)) by a linear combination of functions of x 
4 

drawn from a complete set. The time-dependent coefficients 

of the functions in this linear combination are linear com

binations themselves of moments of the size distribution. 

The second step of the derivation uses this approximation 

to G and the functional inverse of G to obtain the function 

f2-

First Step of Derivation 

We begin by approximating a function G(n(x,t)) by 

a linear combination of functions drawn from a com

plete set. This approximation is denoted by 

00 

G(n (x,t)) ̂  2 ai(t)ij;i(x) (IV-2) 
i=o 

Approximating a function G of the size distribution rather 

than the distribution itself makes it possible to incorpo

rate into F2 some guess as to the form of the size distribu

tion n(x,t). This feature of F2 is desirable when forming 

parametric expressions for n(x,t) but is, strictly speaking, 
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not necessary for the determination of the time-dependence 

of the moments, (More will be said about this subject 

once F2 is obtained.) The particular separation of the 

x and t dependences in (IV-2) corresponds with the view 

that (IV-2) is an approximation to a function of x at a 

given time t, t being a parameter indicating which values 

of a^ to use at a particular time. This separation of x 

and t is fundamental to the analysis. 

The meaning of the approximation in (IV-2) is as 

follows. Courant and Hilbert (1953) show that if a func

tion is piecewise continuous and square integrable, then 

it can be approximated in the mean arbitrarily closely by 

a complete system of functions. In particular, if some 

real function g(x) has these properties in the (finite 

or infinite) interval [a,b] then 

n . b m a .. . 
inioo / [g(x)- Z a.^.Ujrdx = E(m,ajL) = o, (IV-3) 

a i=o 

if, and only if, the functions ij^(x) form a complete set. 

It is in this sense that we write the approximation (IV-2), 

assuming that G(n(x,t)) is at any time t piecewise con

tinuous and square integrable over its domain of defini

tion . 

The validity of (IV-3) does not necessarily imply 
00 

that g(x) = X a^tj^(x), i.e., that g(x) can be "expanded" 
i=o 
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in a series in the functions i|^(x). Such an "expansion" 

of g(x) is valid only if there is uniform convergence of 
m 

the series £ ai^i(x). But Eq. (IV-3) implies only that 
i=o 

there will be point-wise convergence of this series to 

g(x) "almost everywhere" in [a,b], with the possible ex

ceptions being a set of points of measure zero. This 

behavior of the series in (IV-2) is denoted by the approxi

mation symbol (*v) . For our purposes we will assume that 

(fb) essentially denotes equality. 

Returning to the derivation of F2, it is assumed 

that the functions in (IV-2) are orthogonal and 

normalized over the x-domain, [a,b], of n(x,t). This is a 

permissible assumption since a standard procedure (Schmidt, 

1907) is readily available for constructing a system of 

orthonormal functions from any system of functions, some 

of which are linearly independent. 

It shall be further assumed that the quantities 

a^(t) are given by 

b 
a^t) = / G(n(x,t) ̂(xjdx 5 (t) (IV-4) 

a 

The quantities a^(t) are now "Fourier coefficients" of 

G(n(x,t)) with respect to the system of orthonormal func

tions (x) . These Fourier coefficients minimize the error 
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]3(m,a^), associated with (IV-2) and defined in (IV-3) . 

This error is given by 

k m 2 
EOi^a^t)) = / [G (n (x, t)) - Z a, (t) t|k (x) ] dx (IV-5) 

a i=o 

b 2 
m 2 2 

= / G (n( x ,t))dx + Z [(a.(t)-c.(t)) -c. (t)] 
a i=o 1 1 x 

(IV-6) 

E(m,a^(t)) is clearly minimized for any given m when, for 

each i, a^(t) equals c^(t). The minimum error E(m,t) is 

b 0 m 2 
o<E(m,t) = / G (n(x,t))dx - Sc. (t) (XV-7) 

a i=o 1 

It decreases monotonically with increasing m and, since 

the functions are complete, approaches zero as m becomes 

infinite. 

The approximation (IV-2) to the function G has 

now become 

CO 
G(n(x,t)) ̂  E c. (t)ij>. (x) (IV-8) 

i=o 1 1 

with the functions (x) forming a complete orthonormal 

set and the Fourier coefficients c^ (t) satisfying (IV-4). 

The right hand side of (IV-8) can be expressed in 

terms of the moments M^Ct). Our technique is to write 

each coefficient c^(t) as a linear combination of the 
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moments. In particular, it shall be required that each 

c^(t) be a linear combination of the first (i+1) moments, 

namely, 

i 
Cl(t) = Z b±.M.(t) (IV-9) 

j=o J J 

Eq, (IV-9) will hold, according to Eqs. (III-6) and (IV-4), 

if G and the functions jointly satisfy 

G(n(x,t)) ij)i (x) = n(x,t) Qjl (x) (IV-10) 

where (x) is a polynomial in x given by 

i -j 
Q±(x) = Z b..x (XV-ll) 

j=o 3 

This joint condition on the function G and the functions 

will, in turn, hold if these functions individually 

satisfy 

G(n(x,t)) = n(x,t)h(x) (IV-12) 

^i(x) = Qi(x)/h(x) (IV-13) 

The function h(x) appearing in these equations may be 

freely chosen, except that it and Q^(x) must together be 

such that the orthonormality conditions on the functions 

i|^(x) are satisfied, namely, 
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7 [QjL (x) Qj (x)/h2(x) ]dx = / i|»i(x) (x) dx = <5i:j (IV-14) 
s a 

Thus, it is seen that if we construct the functions 

according to the formula (IV-13) from polynomials Q^(x) 

and a function h(x) satisfying (IV-14), we are ensured 

that each coefficient c^ (t.) will be a linear combination 

of the first (i+1) moments. 

A standard procedure exists for finding polynomials 

Q^(x) and functions h(x) satisfying (IV-14) (see Courant 

and Hilbert, 1953, p. 87). To begin with a "weight func

tion" p(x) is defined, for all x in the integration interval 

[a,b]. The Schmidt procedure is then used to construct 

from the infinite system of linearly independent functions 

/p(x) , x/p(x) , x2/p(x) ,, . . (IV-15) 

a complete system of functions <j>j_ (x) , orthonormal over 

[a,b]. Each function ^(x) will have the form 

<f>i (x) = P^x) /p (x) (IV-16) 

where P^(x) is a polynomial in x of precise degree i 

"belonging to" the weight function p(x). This procedure 

may be used to construct polynomials Q^(x) and functions 

h(x) satisfying (IV-14), if we make the identifications 
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h(x) = [p(x)]"Js 

QjlCx) = Pj.(x) 

In fact, we shall henceforth use [p(x)]"^ and P^(x) In 

place of h(x) and Q^(x), respectively. 

From the above discussion it should be clear that 

the coefficients c^(t) in Eq, (IV-8) will be expressible 

as linear combinations of the moments of n(x,t), as in 

(IV-9), if in (IV-8) we choose 

G(n(x,t)) = n(x,t)/ /p (x) (IV-17) 

and 

^(x) = P^x) /p(x) (IV-18) 

with the polynomials 

(IV-19) 

and weight function p(x) jointly satisfying 

b 
/ Pi(x)P.(x)p(x)dx = 6±j 
a ^ 

(IV-20) 

The approximation to G then assumes the form 

oo i CO 
G(n(xft)) 'v 2 2 E bi.M.(t)Pi(x) /p(x) 

i=o j=o J J 
(IV-21) 
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This concludes the first step in the derivation of the 

function F2(x,M(t)) = n(x,t). 

Second Step of Derivation 

The second step of the derivation inverts the func

tion G(n) to obtain n(G) and then uses (IV-21) to obtain 

F2. The function n(G) is obtained from (IV-17), namely, 

n(x,t) = /p(x) G (IV-22) 

The function F2 is obtained by substituting the right side 

of (IV-21) for G in (IV-22). This yields 

00 i 
n(x,t) ~ F2(x,M(t)) = Z E bi.M.(t)Pi(x)p(x) (IV-23) 

i=o j=o 

The approximation symbol C^) appears in (IV-23) 

for two reasons. First, some approximation symbol must 

appear, if only because substituting the right hand side 

of (IV-21) for G in (IV-22) involves an "approximation in 

the mean" to G (whose characteristics we have already 

discussed), Second, some symbol other than (M. must be 

used because the function F2 does not itself constitute 

an "approximation in the mean" to n(x,t). This can be 

seen if, from Eq. (IV-8), with G(n(x,t)) set equal to 

n(x,t), and from Eqs, (IV-9) and (IV-18), it is noted that 

an "approximation to the mean" to n(x,t) , with the coef

ficients c^(t) satisfying (IV-9), requires that the 



polynomials P^ (x) in the approximating linear combination 

be multiplied by /p(x), In the function F2 these poly

nomials are multiplied by p(x) instead. This indicates 

that F2 is not an "approximation in the mean" to n(x,t). 

Use of F2(x,Af(t)) in a Parametric 

Description of n(x,tT 

Before proceeding to Chapter V and deriving a dif 

ferential equation for the moments, it is in order to 

briefly discuss the possibility of using F2(x,M(t)) in 

obtaining a parametric description for the size distribu

tion n(x,t). That this possibility exists should be evi

dent from (IV-23) and the moment-parameter relations in 

Chapter III. Any use of F2 in parametrically describing 

n(x,t) should satisfy a requirement of accuracy. This 

can be ensured by including a sufficient number of terms 

from the i-summation in (IV-23). From the standpoint of 

simplicity, however, no more than a minimum number of the 

terms in the i-summation should be used. The time-

dependence of only a minimum number of moments Mj(t) 

would then need to be computed. The factor p(x) intro

duced here can be chosen so as to minimize the number of 

terms needed in (IV-23) for a given level of accuracy. 
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This property of p(x) can be understood from the 

following argument. First of all, assume that at some in

stant in time p(x)=n(x,t). Next, multiply both sides of 

(IV-23), assumed now to be an equality, by P^(x). Finally, 

apply the orthonormality conditions (IV-20). The result 

is that all of the j-summations in (IV-23) are zero, 

except that for i=0. This indicates that if p(x)=n(x,t) 

at some instant in time then the infinite summation leading 

to F2 can be terminated at the first term and with no loss 

of accuracy. From this it is reasonable to expect that if 

p(x) is approximately equal to n(x,t), then the i-summation 

in (IV-23) can be terminated after a few, low-order terms 

and still represent n(x,t) moderately well. 

The method proposed here for selecting a weight 

function p(x) approximately equal to n(x,t) is as follows. 

To begin with, assume that, roughly speaking, n(x,t) can 

be represented by some idealized droplet-size distribution. 

As the next step, let this distribution serve as the de

sired weight function; the distribution must, however, be of 

such a form that it actually can act as a weight function 

p(x) for polynomials Pi(x) orthonormal over the droplet 

size interval [a,b]. Examples of such distributions are 

the normal distribution, which can act as a weight function 

for the Hermite polynomials, and the Gamma distribution, 
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which can act as a weight function for the Laguerre poly

nomials . 

The requirement made next is that the weight func

tion be time-dependent. Thus as n(x,t) changes with time, 

the weight function may also be made to change with time, 

and in such a way that the number of terms in the sum in 

(IV-23) may be kept to a minimum. A dependence on time may 

be incorporated into the weight function by expressing the 

parameters of the idealized size distribution as functions 

of the moments of the actual distribution n(x,t). The 

parameters can be expressed in terms of the moments using 

the relations given in Chapter III. In the case of a 

normal distribution the parameters would be x and the 

standard deviation of x. The time-dependence of the 

moments of the actual distribution can be evaluated using 

the techniques developed in the following chapters of this 

dissertation. 

Using the above procedure, a weight function 

p(x,t) can be selected which, roughly speaking, repre

sents n(x,t) and, moreover, not at just a single instant 

in time. It should be possible to use this weight func

tion to obtain a realistic approximation (IV-23) to n(x,t) 

requiring only a few of the terms in that summation. 

From the above remarks it should be clear that the 

factor p (x) plays an important role in the expression, 



F2 (X ,Af(t)), obtained here for n(x,t). This factor was 

introduced into the analysis through the initial approxi

mation of a function G(n(x,t)) instead of n(x,t). This 

should be evident from study of Eqs, (IV-10), (IV-12) and 

(IV-13). 

It is important to realize, however, that p(x) is 

included in F2 only in anticipation of obtaining a para

metric expression for n(x,t) at some later date (and not 

in this dissertation). The actual presence of p(x) in 

F2 will not be crucial to the derivation in the next 

chapter of a differential equation for the moments. 



CHAPTER V 

DIFFERENTIAL EQUATIONS FOR THE MOMENTS 

In this chapter we begin STEP hi of the analysis 

leading to the time-dependence of the moments and param

eters, In particular, we derive a set of differential 

equations for the moments which are valid when the collec

tion kernel is a polynomial in the droplet volumes x and 

y, (In later chapters these equations are solved for the 

individual moments.) The derivation of these differential 

equations begins with a derivation of a more general set 

of moment differential equations, valid for arbitrary 

collection kernels. These latter equations contain, as 

parameters, not to be confused with the droplet distribu

tion parameters in Chapter III, certain double integrals 

which represent the actual physics of droplet collection 

events. These double integrals are evaluated for collec

tion kernels which are sums of products of powers of the 

droplet volumes, x and y, involved in a collection event. 

These double integrals take a particularly simple form 

when the exponents of x and y are integers, i.e., when the 

collection kernel is a polynomial in the droplet volumes 

x and y. This simple form for these double integrals in 

this case leads to considerable simplification in the set 

52 
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of moment differential equations for arbitrary kernels. 

This simplified set of equations is solved in later chap

ters to yield the time-dependence of the moments. 

Differential Equations for the Moments 
for Arbitrary Collection Kernels 

The derivation of a set of differential equations 

for the moments begins with the expression 

dM, (t) b . 
k = / xk 3n(x't) dx 
dt a 

k=0,1, 2 , . , .  (V-l) 

obtained from Eq. (III-6). Substituting the collection 

equation (11-15) into the right hand side of (V-l) gives 

dM (t) b x 
k = h / xk / n(z,t) 

a a dt 
3z 
3x 

3 (z,y)n(y ,t)dy dx -

b b 
/ xkn(x,t) / 3 (x,y)n(y,t)dy dx, 
a a 

k=0,l,2, (V-2) 

where, as before, z satisfies 

x= y © z (V-3) 

Interchanging the order of integration in the first double 

integral in (V-2) indicates it is equal to 

b b 
h f n(y,t) / xkn(z,t) 

a y 
3z 
3x1 

3(z,y)dx dy (V-4) 
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Making the transformation, x' =[x0y]+a, yields the 

equivalent expression 

ik 
b Cb0y]+a 

h f n(y,t) / [(x'-aj^yj^ntx'-a^t) 3(x'-a,y)dx' dy 
a a 

(V-5) 

Relabeling x'-*x in (V-5) and inserting the result back into 

(V-2) yields 

dM (t) b 
—-rr— = / n (y, t) 

u a 

[b0y]+a k 

h f C(x-a)©y] n(x-a,t) 3(x-a,y)dx 
a 

/ x n(x,t) 3 (x,y)dx 
a 

dy k=0,l,2,... (V-6) 

Eq, (V-6) expresses the time-derivative of each moment as 

an integral function of the droplet size distribution. 

From this equation we can obtain a differential-

integral equation for the moments by substituting, wherever 

the size distribution appears in (V-6), a function 

F2(X ,M(t)) describing its dependence on its moments. 

This substitution yields 

dMk (t) 

dt 
/ F2 (y,M (t)) 
a 

[b0y]+a k 

h  f  [(x-a)®y] F2(x-a,M(t)) 

3 (x-a ,y) dx - / xKF2(x,M(t)) 3(x,y)dx jdy* 
a 
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This set of coupled differential-integral equations for the 

moments is completely general and holds independently of 

the particular function F2-

A set of differential equations for the moments 

can be obtained from (V-7) by eliminating the integral 

dependence on the moments in its right-hand side. This 

elimination is particularly simple for the function F2 

derived in Chapter IV and given in Eq. (IV-23), namely, 

00 i 
n(x,t) £ F2(x,A/(t)) = £ E (t) Pi (x) p (x) 

i=o j=o 

Substituting one of the partial sums over i in this ex

pression for F2 in (V-7) yields 

dM, (t) b m i 
~Jk— * f 2 z b. M (t)pi(y)p(y). 

at- a i=o p=o F v 

[b0y]+a , m j 
h f C(x-a)®y]K Z S bi Ma(t)P- (x-a) p (x-a) • 

a j=o q=o J 

b 
k m j \ 

$(x-a,y)dx -fx Z Z b . M (t)P . (x) p (x) 3 (x,y)dx ) dy 
a j=o q=o JSI 4 J J 

k=0,l,2,... (V-8) 

The symbol (^) appears in (V-8) because n(x,t) is only 

approximated by F2. Interchanging the processes of summa

tion and integration in (V-8) yields 
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dMfc(t) m i j 
~ d t-^. 2 Iijk ^ S b ±  pb j qM^(t)M (t) 

1=0 p=o q=o J ^ 
j=o 

k=0,l,2,.., (V-9) 

where 

b 
Iijk = / PiCy)p(y) 

[b0y]+a k 

h f C(x-a)$y] P.(x-a)p(x-a) 
a. J 

b k 
(5(x-a,y)dx - / x P.(x)p(x)p(x,y)dx | dy 

a 3 

(i,j,k=0,l,2,...) CV-10) 

Letting m 00, we obtain a set of coupled non-linear dif

ferential equations for the moments 

dMk(t) i j 
-Ej— = i Iljk S S bipbjgMp{t)M (t) 

1=0 p=o q=o 
j=o 

k=0,l,2,,,. (V-ll) 

The equality sign is used in (V-ll) in place of (%) since 

for most droplet size distributions they have essentially 

identical meanings, Eq. (V-ll) is a completely general 

expression and is, in principle, solvable for the time 

dependence of the moments, once the associated double 

integrals have been evaluated. These quantities 

mathematically connect the moments and the physics of the 

collection process (kernel 3). 



Evaluation of 

The optimal method for evaluating will depend 

on the form of the kernel g. Analytic methods will be 

used here to evaluate I^jk for those idealized collection 

kernels g(x,y) which are sums pf products of powers of x 

and y, where x and y denote droplet volume. Of special 

interest will be those expressions obtained for when 

the exponents of x and y are integers and 3(x,y) is a 

polynomial in x and y. 

Preliminaries to Evaluating 
Iijk for Idealized Kernels 

It is clear from (V-10) that before evaluating 

Iijk, ;'-s necessary to select the limits of integration, 

a and b, the polynomials P^ orthonormal over [a,b] and 

belonging to the weight function p, the relation and 

the collection kernel 3. 

Limits of Integration. Since we wish to include 

in the collection formulation drops of all sizes, from the 

smallest to the largest, we set a=o, b=+°°. Physically 

speaking, however, droplets smaller than a certain size 

will not play an effective part in the collection process 

since the collection kernel for such droplets will be 

negligible; droplets larger than a certain size also will 

not be involved since the probability is great that they 

will disintegrate. For mathematical convenience, however, 



it is desirable to include both these sizes of drops. 

This should have little effect on the results because, 

first, the collection kernel used for the very small 

droplets is indeed negligible and, second, the computa

tions are stopped before the unrealistically large drops 

are formed. 

P^ and associated weight function p must now be ortho-

normalized over the semi-infinite interval [a,b] = [o,°°]. 

The set of generalized Laguerre polynomials L® (X) defined 

i=0,1,2,... CV-12) 

and belonging to the weight function 

are orthonormal over the semi-infinite interval [o,00]. 

These polynomials have received extensive study and their 

properties are well documented (Szego, 1967; Magnus, 

Oberhettinger, and Soni, 1966). From these polynomials 

the following selection is made for the polynomials P^Cx), 

Polynomials and Weight Function. The polynomials 

by 

r ii 1 
Lr(i+a+l)J 

p(x) = xa e~x a>-l (V-13) 

a=o 
Pj/x) = L± (x) = L^x) (V-14) 



P^(x) will then belong to the weight function 

p(x) = e~x (V-15) 

For this choice of P^(x) the polynomial coefficients b^p 

in (V-ll) are, from (V-12), 

», -4=il£ 
ip p! 

1 
i-P (V-16) 

Relation $ . As a further preliminary to evaluating 

Iijk it is assumed that the relation corresponds to or

dinary addition. Since our discussion in Chapter II 

[connected with Eq. (II-6)] indicates the droplet size x 

is then the droplet volume, it is clear, from Eq. (III-6), 

that we shall be dealing with volume moments of the size 

distribution. By dealing with volume moments it will be 

possible to obtain closed analytic expressions for the 

quantities I^jj^. It will also be easier to compare the 

results obtained here with those obtained by previous 

workers dealing with the volume moments of droplet distribu

tions (Drake, 1970). 

Kernel 3-(x,y) . The final step, before evaluating 

Iijk, is to select the collection kernel 3. When the time-

dependence of the moments is actually obtained in Chapter 

VII, allowances will be made for the current physical 

knowledge of (3, but at this point it is assumed that 



I 

60 

3(x,y) is simply a sum of products of powers of x and y, of 

the form 

N u u 
P(x,y) = Z aaTx ay T (V-17) 

a=o 
T=O 

The same letter "u" identifies both the x and y exponents, 

since the symmetry of 3(x,y) about the x=y line (see Eqs. 

(Il-l)and CEI-14)) requires symmetry of any approximation to 

it. For the same reason, it must be assumed that the coef

ficients a0T are symmetric, i.e., a0T = aT0, The exponents 

ua and uT will range over all real numbers greater than (-1), 

this lower bound being required since for smaller exponents 

Iijk becomes infinite. The expressions for that we 

shall obtain with this idealized kernel will suggest, later 

in this chapter, those approximations to the actual hydro-

dynamic kernel that should be made before obtaining the 

time-dependence of the moments. 

Our selections for the limits of integration, a . 

and b, for the polynomials and weight function p, for 

the relation ©, and for the kernel 3 may be summarized by 

simply writing down the resulting expression for 

This is, according to (IV-10), 
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i jk 

N oo u oo r 
= Z aaT / e*"Yy Lj^y) / e~x 

a=o o o L a=o 
T=O 

(x+y) 
- x 

u 
x Lj(x) dx dy ifj,k=0,l,2,... (V-18) 

Expressions for 
Iijk for Idealized Kernels 

For the idealized kernel (V-17) the double integral 

Iijk as given in (V-18) can be separated into the product 

of two integrals and, for values of k=0, k=l, k£2, takes 

the form 

N oo u_ oo ua 
IHk = Z aax f e"Y y My) dY / e"X x Lj(x)dx J rr=n r\ n  ̂a=o 

T=0 

(k=0;i,j=0,1,2,...) (V-19a) 

^i jk 

N 
h  Z  a 

a=o 
T=O 

0 T 

00 U_+L 
/ e~y y L-j^yidy 
o 

00 u_ -x a. 
/ e ̂  x " L j(x)dx - / e~y y '^(yjdy / e A x L j(x)dx 

u„ Uf^+l -X 0 

(k=l;ifj=0,l,2,...) (V-19b) 

i jk 

N 
% 2 aaT 

a=o 
T=O 

k 
2 
£=1 

s 
" -y UT+A 
/ e y 

o 
Y L±(y)dy 
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°° Ufr+k-S, 
/ e~x x 0 

00 _ u 00 u_+k 
L j(x)dx - f  e~^ y L^(y)dy / e""x x L j(x)dx 

o o 

(k=2,3,...; i,joQ,1,2 ,..) (V-19c) 

In obtaining Eq. (V-19c) the binomial theorem is used to 

expand the term (x+y) in (V-18) in powers of x and y. 

The individual integrals in (V-19) are simply 

evaluated. Formulae presented in Magnus et al. (1966, pp. 

40 and 245) together with the r-function relation 

r (b,-a)/r (-a) = (-1) T (a+l)/r (a+l~b) (V-20) 

imply that 

f  e 
o 

(w) dw = (x+1).32 

r(n+l)r(X+l-n) 
w Ln (w) (V-21) 

Substituting (V-21) into (V-19) yields 

•ijk -̂ 4 
i! j! 

x+j N 
E a 

a=o 
T=0 

[r(uT+i)r(ua+i)r 
aT r(uT+i-i)r(ua+i-j) 

(k=0 j i,j=0,1,2,.. •) (V-22a) 

h i!jI £ a [ijk — ^2 
0=o 
T=0 

OT 

[r(uT+2)r(ua+i)]2 [r(uT+i)r(ua+2) 
r(uT+2-i)r(ua+i-j) r(uT+i-i)r(ua+2-j) 

(k=l;i,j=0,1,2,...) (V-22b) 
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(-l)i+j N 

Iijk ~ h ijjj afQaax 

T=0 

" k /ki [r (UT+a+d r (ua+k-A+i) ]2 _ [r(uT+i)r(ua+k+i) ]2 

rj r (uT+)i+i-i) r (ua+k-ui-j) r(uT+i^i)r(ua+k+i-j) 

(k=2_^3 ,.,,;i,j=0,1,2,...) (V-22c) 

These expressions are valid for any kernel which can be 

expressed as a sum of products of powers of the droplet 

volumes x and y. 

An important special case of (V-22) arises when the 

exponents uo, uT are integers. The collection kernel 

3(x,y) is then a polynomial in x and y. In this case 

, -.xi+j N [u ! u !]2 
t = —Itr (~"1) y = T CT 
1jk H i!j! aI0 aT (uT-i)!(u0-j)< 

T=0 

6 (i,Min(i,uT)) 6 (j ,Min(j ,ua)) 

(k=0;i,j=0,l,2,...) (V-23a) 

(-l)1+j N 

Iijk 35 i! j I a=oaaT 

T=0 

"[(u +1)! u !]2 

(uT+l-i) 1 (uQ-j) 1 5 (i/Min(i,uT+;L)) 6 (j ,Min(j ,u0)) -
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2 [u I (u +1) ! ] 

luT~i) 1 (ug+l-j) I 

n r * 

"ijk = % "W" afQa<" Ll± 
T=0 

(k=l;i,j=0,1,2,, . .) (V-23b) 

k\ C(u +A) ! (u +k-A) !]2 
K| r a 
&J (uT+&-i) ! (uCT+k-&-j) ! 

[u ! (u+k)!]2 

6U,MaxU,i-uT))6U,MinU,ua+k-j)) - (u -i);(u +k-j)! 

. ,Min(i,uT)) S (j ,Min( j ,ua+k) )J 6 ( 1 ,  

(k=273,...?i,j=0,l,2,...) (V-23c) 

The Kronecker delta, written here as <5(a,b), appears in 

(V-23) to show explicitly that the term multiplying the 

Kronecker delta is zero whenever the arguments of the 

Kronecker delta are not equal. 

The particular arguments for 6 in (V-23) are ob

tained in the following way. To begin with, note that 

factorials of negative integers take infinite values. 

Focusing on (V-23a), it is clear then that the two fac

torials in the denominator in each term of the (cr,r) 

summand are infinite, and the term itself is zero-valued 

if 

i > uT 

or if (V-24) 

3 > "a 



These conditions on i and j can be expressed as 

i = Min(i,uT) 

j = Min(j,ua) 

But this latter interpretation of these conditions on i and 

j can be equivalently expressed by the Kronecker 6's in 

(V-23a). Similar arguments lead to the Kronecker 6's in 

(V-23b) and (V-23c). 

The presence of i, j, and k in these various 

Kronecker 6's indicates that, whenever 3(x,y) is a poly

nomial in x and y, may be zero for certain values of 

its indices. Whether a particular is zero-valued 

depends on the individual values taken by the factors 

multiplying each coefficient a0T in Eqs. (V-23a, b, and c). 

The values of i, j, and k for which each and every multi

plicative factor must be zero will provide the information 

necessary for determining whether I-^j^ itself must be zero-

valued, assuming, of course, that the coefficients agT 

are known. According to Eqs. (V-24) the multiplicative 

factor in (V-23a) is zero-valued if 

i > uT 

or (k=0) (V-25a) 

j > ua 
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Similarly, the Kronecker 6*s in (V-23b) imply that the 

multiplicative factor in that equation is zero-valued if 

i > uT+l 

or 

j > ua+l (k=l) (V-25b) 

or 

i+j > ua+uT+l 

In (V-23c), the two Kronecker 6's in the ^-summation, to

gether with the limits of that summation, imply that it is 

zero-valued if 

i > uT+k 

or 

j > Ug+k-1 (k>2) 

or 

i+j > ua+uT+k 

It is equally clear from the last two 6's in brackets in 

(V-23c) that the second term in brackets is zero-valued if 

i > uT 

or (k£2) 

j > ua+k 

These two separate conditions for the two terms in brackets 

in (V-23c) individually to be zero tell us that the entire 

bracketed multiplicative factor is zero if 



i > uT+k 

or 

j > ua+k (k£2) (V-25c) 

or 

i+j > ua+uT+k 

Combining these three sufficient conditions (V-25a,b,c) on 

i and j, for various k, we see that the factor multiplying 

a given coefficient aax in Eqs. (V-23) must be zero if 

i > uT+k 

or 

j > u^+k (k£0) (V-26) 

or 

i+j > u0+uT+k 

If we select values for ug and uT we can delineate the re

gion in (i,j,k) space in which this multiplicative factor 

must be zero-valued and the complementary region where it 

may be nonzero. Fig. 1 displays a perspective drawing of 

this complementary region, for ua = 2 and uT =3, For all 

points (i,j,k) outside the "lattice" in Fig. 1 the multi

plicative factor must be zero; for all points on or within 

the lattice the factor may be nonzero. The major implica

tion is that the multiplicative factor must be zero for i 

and j greater than certain lower bounds, defined by k, ua, 

and uT, This is confirmed, of course, by the above in

equalities, We can determine whether is itself zero 



Region in (i,j,k) space used to show that Iijk 
must be zero-valued for i and j greater than 
certain lower bounds, defined by k,ua, and uT. 

The "lattice" points represent those values of 
(i,j,k) for which the factor multiplying a0T in 
Eqs. (V-23) may be nonzero. For points outside 
this lattice this factor must be zero. Condi
tions (V-26) on i and j, for various k, are used 
in constructing this Figure. We are-assuming 
U0=2 and uT=3. See text for further details. 
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or possibly nonzero by considering the union of all these 

"lattices", for all the coefficients aQT. If a particular 

point (i,j,k) lies outside the combined lattice, then Iijk 

must be zero; if a point is within or on the boundary of 

the region, Iijk may possibly be nonzero. Thus, if 3(x,y) 

is a polynomial in x and y, I^j^ may be zero for certain 

values of its indices. 

Simplification of Moment Differential Equations 

This behavior of Ij. jk, when the collection kernel 

is a polynomial in x and y, permits us to simplify the 

moment differential equations (V-ll). In fact, it is seen 

from (V-ll) that if, for any k, the outer sum over i and j 

effectively terminates at finite values of i and j, because 

I^jk is zero for larger values, then the moment of order k 

depends on only a finite number of other moments. The 

actual interdependence of the moments that then results 

when the kernel is a polynomial can be derived by sub

stituting expressions (V-23a), (V-23b), and (V-23c) for 

Iijk into (V-ll). This substitution yields the simpler 

infinite set of coupled non-linear- differential equations 

dMn(t) N 
—£r— = -h I a0T Mu (t)M (t) (k=0) (V-27a) 

a-o A T 
x=o 
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(t) 

—dt— 58 0 (k=l) (V-27b) 

dM^t) 
N k-1 

a t  ' " o Z o ^ t x  W  V* ( t ) " v * - » ( t >  

T=0 

(k=2,3,.,(V-27c) 

The details of the substitution leading to (V-27) appear in 

Appendix A, 

Eqs, (V-27) can be derived in another simpler way 

by 

1) substituting expression (V-17) for the 

kernel into (V-6), 

2) performing the indicated integration, 

3) substituting the definition (III-6) of 

the moments, 

4) using the symmetry of aCTT to eliminate 

certain terms, and 

5) assuming integer values for ua and uT, 

That the equations obtained are identical to (V-27) is 

gratifying and is a degree of confirmation of the more 

general expression (V-ll), for the interaction of the 

moments for arbitrary kernels. This latter method of 

deriving Eqs. (V~27) is important because it indicates 

Eqs. (V-27) hold even when the exponents ua and uT in 



(V-17) are not integers. Eqs, (V-27) are then uncoupled, 

however, since, although the index k in the left hand side 

still ranges over all non-negative integers, the moments, 

in the right hand side have non-integer indices. 

The original moment equations (V-ll) remain coupled, 

however, when the kernel (V-17) contains non-integer ex

ponents ua and uT. The collection process then does not 

appear through the simple coefficients aaT, but rather 

through the more complicated quantities given by Eqs. 

(V-22). Eqs. (V-22) indicate that the quantities Iijk are 

nonzero for all i and j; hence, the outer sum in (V-ll) 

does not terminate and (V-ll) will be an infinite set of 

differential equations for the moments with right hand 

sides containing all infinity of the integer order moments. 

The important simplification (V-27) to the funda

mental moment equations (V-ll), resulting when the collec

tion kernel is a polynomial in the droplet volumes x and y, 

together with the remarks immediately above on the com

plicated equations obtained when the powers of x and y are 

non-integral, suggest that we try to approximate the 

physically realistic (hydrodynamically computed) kernel 

3(x,y) by a polynomial in x and y and solve the corres

ponding set of equations (V-27). Appendix B is, in fact, 

devoted to evaluating the physically realistic kernel 

3(x,y) as it is determined by the actual differences in 
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droplet terminal velocities and as it is determined by the 

Davis-Sartor-Shafrir-Neiburger droplet collision efficien

cies as approximated by Scott and Chen (1970) . Appendix C 

obtains a polynomial approximation to S(x,y), namely 

P(x,y) l.OlxlO"9 + 2,26(x+y) + 9.81xl08 (x+y)2 (V-28) 

where $(x,y) has units of cmJ sec and x and y are mea

sured in cm3. Fig. 19 on page 149 compares this polynomial 

approximation to the actual kernel. 

Before closing this chapter and commencing to solve 

Eqs. (V-27), it should be pointed out that in choosing to 

express the collection kernel P(x,y) as a polynomial in 

x and y, we have relied solely upon a comparison of the 

simplifications to (V-ll) obtained with this kernel and 

with a similar kernel involving non-integral powers of 

x and y. Other analytic expressions for 3 have not been 

considered simply because the present theory of Laguerre 

polynomials does not for such expressions permit us to 

integrate (V-10) analytically, thus precluding the type of 

mathematical analysis leading to the moment equations 

(V-27). 



CHAPTER VI 

METHOD USED TO OBTAIN THE TIME-DEPENDENCE 
OF THE MOMENTS 

In this chapter we describe the method used to 

obtain the time-dependence of the moments. To begin with, 

the infinite set of moment differential equations (V-27) 

is approximated by a finite set of somewhat similar equa

tions. Power series methods are then used to solve this 

finite set of equations. It will be possible to obtain 

solutions which predict, for each moment, a time-dependence 

that is in effect identical to that which would be predicted 

by the original infinite set of equations (V-27), Thus, we 

are able to obtain essentially exact solutions to Eqs. 

(V-27) . 

Before beginning the analysis let 

ua = a 

uT = x 

This simplifies the notation and is consistent with the 

assumption that (3(x,y) be a polynomial in x and y, Eqs, 

(V-27) then become 
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dMn(t) N 
-4-—= "H E aaTM0(t)MTCt) (k=0) (VI-la) 
at cr—o 

T~o 

dM. (t) 
1 = 0 (k=l) (VX-lb) 
dt 

dM,.(t) N k-1 i| 
— H Z agT Z L j  MT+A^t^Ma+k"«,^t^ 
uu a=o &=l i I 

T=0 
(k?=2, 3,.,.) (VI-lc) 

Approximate Moment Equations 

Equations (VI-1) clearly constitute an infinite 

set of coupled non-linear differential equations for all 

the integer-order moments M^tt). The extent of the 

coupling is determined by the order N of the polynomial 

approximating the collection kernel. As N increases we 

can expect a greater coupling of equations of various 

indices since the moment indices in the right hand sides 

of Eqs, (VI-1) then will have a greater range of values. 

Equations (VI-1) can be simplified, thereby re

ducing the difficulty in solving them, by either 

1) reducing the order N of the polynomial 

approximation to 3, or by 

2) reducing the number of equations in the 

set (VI-1), 

The first alternative does, in fact, lead straightforwardly 

to analytic solutions, if N is reduced to either 0 or 1 
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(Drake, 1970), We will choose the second alternative, 

however, and truncate the infinite set of equations (VI-1). 

It will be possible to incorporate in this truncated set 

of equations a better approximation to 3 (higher order 

polynomial) than that afforded by Drake's zero- and first-

order polynomials in x and y. The solutions obtained from 

these truncated equations will be essentially as accurate 

as those of the original infinite set of equations (VI-1), 

The set of equations (VI-1) is truncated in the 

following way. First, eliminate all equations of order k 

greater than some value 5c. As shall be seen later, & 

should increase, in order to preserve a given level of 

accuracy for the solutions for the moments, as the order 

N of the polynomial approximation to 3(x,y) increases. 
r\, f\j 

Closure of the remaining k + 1 equations (k=0,l,2,.,.k) 

% 
requires that all moments of order k greater than k be 

eliminated from their right-hand sides. This can be 

accomplished by terminating the (a,x) summation in (VI-la) 
a, <v 

at k, if N>k, and by resetting the limits of the H-

summation in (VI-lc) so that for any values of k, a, and t 

Max(l,a+k-k) a A £ Min(k-l,k-r) (VI-2) 

The truncated equations approximating (VI-1) are then as 

follows: 



dMn(t) Min(N,&) 
0 = -h E aaT Ma(t)MT(t) Ck=0) (VI-3a) 
dt a=o 

T=O 

dM,(t) 
—± = 0 (k=l) (VI-3b) 
dt 

<v 
dM^t) N Min(k-l,k-x) k 

- h E affT £ _ [J mt+£ (t)Ma+^_^ (t) 
0=o fc=Max(l,a+k-k) 
T=O 

(k~2,3,..&) (VI-3c) 

Although the "exact" moment equations CVI-1) are only ap

proximated by these truncated equations, the method that 

shall be employed to solve them will yield solutions which 

are essentially identical to those that would have been 

obtained had no approximations been made to the Eqs, 

(VI-1), 

It should not be surprising to obtain essentially 

% 
the same results from Eqs, (VI-3) , :uf the number, k+1, of 

these equations is sufficiently large. To see this,note, 

from the upper limit of the (a,t)-summation in Eq, (VI-3a), 

that that equation is, for 1c£n, no longer approximate but 

rather identical to the "exact" moment equation (VX-la). 

Similarly, the limits of the ^-summation in Eqs, (VI<-3c) 

imply that any of these equations is, for kSk+N-1, no 

longer approximate but rather identical to the corresponding 

"exact" moment equation (VI-lc). From this last inequality 



we can derive the proportion of Eqs, CVI-3) identical to 

Eqs. (VI-1). This proportion of "exact" equations is 

clearly given by 

/5V» ^ 
(k -N-KD+l = k - N+2 = x _ IH. . £>N (VI-4) 

fc+1 ft+l ft+1 

Since the proportion of "exact" moment equations in (VI-3) 

increases toward unity as 5c increases, it is not unreason

able to expect that for sufficiently large & their solutions 

will approach in some sense, perhaps become almost 

identical to, the solutions of the infinite set of "exact" 

moment equations (VI-1). The degree to which the solu

tions become identical is discussed in some detail later 

in this chapter, after the method used to solve Eqs, 

(VI-3) is outlined. 

Power Series Method for Solving 
Moment Equations (VI-3) 

Power series methods are used to solve equations 

(VI-3) for each moment M^(t), for times t - t0, where tQ 

is the initial time from which the droplet population 

begins its evolution. 

The first step is to express each moment as an 

infinite power series in the time increment t-tQ. Thus, 

we will write 
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00 

Mk(t) = 2 dj^t-to)"1 (k=0,l,2,. . .) (VI-5) 
m=o 

The quantities dj^ will be "expansion coefficients" of 

Mk(t) with respect to the variable t-tQ. This power series 

will converge uniformly to Mk(t) as long as (t) is a 

continuous function of t-tQ. For physical reasons this can 

be assumed to be true. By introducing (VI-5) the problem 

of solving the moment equations (VI-3) has been reduced to 

the problem of evaluating the coefficients dj^. 

A recursion relation for .these coefficients can be 

obtained if (VI-5) is substituted into (VI-3), This sub

stitution yields 

m-1 Min(N,k) °° « 
E n,dom(t"to) = E aax 2 dcr(t-t0)r 2 dTS(t-tQ)s 

m=o o=o r=o s=o 
T=O 

(k=0) (VI-6a) 

E md^tt-to)"1"1 = 0 (k=l) (VI-6b) 
m=o 

00 , N Min(k-l,k-r) i 
2 mdkm(t-t0) = h I a0T E * [y 

m=o a-o Jl=Max(lfa+k-k) 
T=O 

00 00 

2 dr+£,r(t-to^ " 2 da+k-A,s^t_to) 
r=o s=o 

(k=2,3 ,..]<) (VI-6c) 
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In obtaining the left hand sides of (VI-6), we have dif

ferentiated the series in (VI-5) term-by-term. This is 

permissible in the interval of convergence of the series. 

The next step in obtaining a recursion relation 

is to combine the r and s summations in (VI-6) to obtain 

00 m-i Min (N,k) 00 

£ mĉ om̂ t'"tô  = aox ^ ^ar^xs ̂ t-to^ 
m=o a=o r=o 

t=o s=o 

(k=0) (VI-7a) 

S md^tt-^)"1-1 = 0 (k=l) (VI-7b) 
m=o 

0 0  
m_i N Min (k-1 ,5C-T) I. 

Z mdkm(t-t0) = % S aaT Z { 
m=o a=o A=Max(1,0+k-k) V 

T=O 

CO 

^ ^r+5,,rda+k-Jl,s ̂ t-to^ r=o 
s=o 

(k=2,3,..&) (VI-7c) 

Combining the r and s summations is permissible if 

the individual svunmations converge absolutely (see Bromwich, 

1926, p. 154). Although it is not possible to prove this 

convergence holds for these summations, because we have no 

knowledge of the coefficients d^, support for absolute 
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convergence does exist in the formulae for the moments 

Mk(t) obtainable (see Drake, 1970) when the kernel 3 

satisfies 

For these particular kernels the moments are expandable in 

convergent power series in t, with nonzero radii of con

vergence, power series which are also absolutely convergent. 

Equating coefficients of equal powers of (t-tQ) in 

Eqs. (VI-7) yields the desired recursion relations for the 

coefficients d^ 

3(x,y) = c 

3(x,y) = b(x+y) 

3(x,y) = Bxy . 

d 
o=o r=o 
T=0 

(k=0;m>l) (VI-8a) 

d 
lm 

0 (k=l;m£l) (VI-8b) 

dkm a] ^ dT+&,rdcr+k-jl,m-r-l 
I r=o 

T=0 
(k=2,..k?m>l) (VI-8c) 

The starting coefficients for these relations are 

the coefficients d^ , for all k. These are obtained by 

substituting t=tQ into (VI-5) and are 
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dko = Mk(t0) (k=0,l,2,..) (VI-9) 

Recursive nature of Eqs. (VI-8). Some understanding 

of the recursive nature of Eqs. (VI-8) may be gained from 

Fig. 2. This displays the coefficients dkm as a two-

dimensional array. The column m=o contains the starting 

coefficients dko; successive columns to the right contain 

the coefficients dj^, m^l. According to the relations 

(VI-8) coefficients in these latter columns depend on the 

coefficients located in 

1) columns 0 to m-1, and either in 

2a) rows 0 to Min(N,lc) , if k=0, or in 

2b) rows 1 to Min (k+N-1,ft) , if k^2. 

Exceptions to this rule are the coefficients d^m, m£l; 

according to Eq, (VI-8b) these are, however, all known and 

are identically zero. In terms of the array in Fig, 2 the 

coefficients d^ are evaluated by columns, from left to 

right, using the coefficients from all previous columns 

but from only particular rows. 

Once the coefficients d^ have been obtained with 

Eqs, (VI-8), the time-dependence of the moments can be 

constructed with Eqs. (VI-5). The extent to which the 

expressions so obtained are accurate representations of the 

moments' time-dependence will depend, of course, on the 

accuracy of the coefficients d^ themselves. 
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2: Two-dimensional array of the coefficients d^, 
used in visualizing the recursive nature of 
Eqs. (VI-8). 

A coefficient in a given column depends on 
coefficients in all previous columns but only 
in particular rows. See text for details. 



Accuracy of the Coefficients 

The solutions for the moments Mj^(t) given by Eqs. 

(VI-5) will be truly accurate only if the power series co

efficients d^, used there and obtained, ultimately, from 

Eqs.(VI-3), are themselves close approximations to the 

"exact" power series coefficients that would be obtained 

from solutions to the original set of moment equations 

(VI-1). It will be shown in this section that any coef

ficient dkm assumes the value of the corresponding "exact" 

'Ki 
coefficient, once k exceeds a certain lower bound, defined 

by k, m, and N. 

It is not unreasonable to expect that certain of 

the coefficients d^ will equal the "exact" coefficients 

obtainable from solutions to the original moment equations 

(VI-1). Our earlier remarks on the set of approximate 

equations (VI-3), from which the d^m are ultimately derived, 

f\j 

indicated that as k increases we should expect the solutions 

to (VI-3) to approach in some sense the solutions to (VI-1). 
<\j 

Correspondingly, for sufficiently large k, equal to or 

greater than a certain lower bound, the leading terms in a 

series solution to Eqs. (VI-3) should equal the leading 

terms in a series solution to Eqs. (VI-1), and the leading 

coefficients d^m should assume their "exact" values. 

It is possible to evaluate this lower bound, that 
f\, 
k must equal or exceed for a given coefficient d^ to be 



"exact". To begin with, it is recognized that a coef

ficient d^m will be "exact" if^ 

1) the recursion relation, (VI-8a) or (VI-8c), 

from which it is obtained is derived from a 

corresponding moment differential equation, 

(VI-3a) or (VI-3c), that is identical to 

the corresponding "exact" moment equation, 

(VI-la) or (VI-lc), and if 

2) every coefficient in the right hand side of 

d^m's recursion relation is also "exact". 

Condition 2 implies that d]^ will be "exact" not only when 

af) its recursion relation satisfies 1, but, 

in addition, only if 

b') the recursion relations of all the coef

ficients d^n, on which d^ depends, satisfy 

condition 1, and, in addition to this, only if 

c') the recursion relations of all the coef

ficients , on which these latter coefficients 

depend, satisfy condition 1, and so on, until 

d') all coefficients that must be evaluated from 

the recursion relations, (VI-8a) or (VI-8c), 

have satisfied condition 1. 

Examining the circumstances under which condition 

1 is satisfied, it is recalled from the earlier discussion 

of Eqs. (VI-3) that Eq. (VI-3a) will be identical to 



Eq. (VI-la) if 5c£N; it is also recalled that an Eq. (VI-3c) 

of index k will be identical to the corresponding Eq. 

(VI-lc) if 5c>k+N-l. These two inequalities imply that 

condition 1 will be satisfied if & obeys either 

5c>N, for k=0 

or (VI-10) 

fc>k+N-l, for k>2 

Our remarks above on condition 2 indicate now that a given 

coefficient d^ will be "exact" not only when 

f\j 

a) k satisfies (VI-10) for dj^, but, in 

addition, only if 

b) 'k satisfies an inequality of the form 

(VI-10) for each of those coefficients 

d^n on which d^ depends, and, in 

addition to this, only if 

c) ft! satisfies an inequality of the form 

(VI-10) for each coefficient on which 

these latter coefficients depend, and, 

so, until 

d) 5c has satisfied an inequality of the form 

(VI-10) for all those coefficients that 

must be evaluated from the recursion rela

tions, (VI-8a) or (VI-8c). 
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It is possible to determine the lower bound that 

K must equal or exceed for all these conditions a, b, c, 

..,d to be satisfied, and hence, for d^m to be "exact". 

Recall the earlier discussion of the recursive nature of 

Eqs. (VI-8). That discussion indicated that any coef

ficient d^n, lying in row SL and column n of Fig. 2, will, 

through its recursion relation, depend on coefficients 

located in 

1) columns 0 to n-1, and either in 

2a) rows 0 to Min(N,5c), if &=0, or in 

2b) rows 1 to Min (&+N-1 , 5c )  , if H-2 

This information can be used to determine 

1) the inequalities of the form (VI-10) that 

5c must satisfy, for the coefficient dĵ  

itself (requirement a above) and for 

each successive set of coefficients 

(requirements b, c, ... d), and 

2) the next, successive set of coefficients 

on which each set must depend. 

<V( 
To begin with, it is seen that if k satisfies 

(VI-10) for a given coefficient d^ (requirement a) , then 

d^ will depend, according to 1) , 2a) , and 2b) immediately 

above, on coefficients located in 



I) columns 0 to m-1, and either in 

Ila) rows 0 to N, in case k=0, or in (B) 

lib) rows 1 to k+N-1, in case k>2 

According to requirement b above, Jc must satisfy 

an inequality of the form (VI-10) for all of the coef

ficients in this set (B) of columns and rows. In other 

'V 
words, k must obey either 

fc>N+N-l , in case k=0 

or 

(k+N-1)+N-1 , in case k>2 

In obtaining these inequalities from (VI-10) we have sub

stituted for the row index k there, the row indices in Ila 

and lib above. Also, it has been assumed, of course, that 

N£2. Smaller values of N are of no interest since as we 

have already noted, the "exact" moment equations (VI-1) 

can then be solved analytically. 

All the coefficients in the set (B) of columns and 

rows collectively depend, according to 1), 2a), and 2b) 

above, on coefficients located in 

I) columns 0 to m-2, and either in 

Ila) rows 0 to N+N-l, case k=0, or in (C) 

lib) rows 1 to k+2(N-l), in case k^2 

According to requirement c above, fe must satisfy 

an inequality of the form (VI-10) for all of the 



coefficients in this last set (C) of columns and rows. 

<\j 
In other words, k must obey either 

(N+N-D+N-l , in case k=0 

or 

&>(k+2(N-l))+N-l , in case kis2 

The important point here is that these last inequalities 

are greater lower bounds on k than the previous set of in 

equalities. All of the coefficients in the set (C) of 

columns and rows collectively depend, according to 1), 

2a), and 2b) above, on coefficients located in 

I) columns 0 to m-3 and either in 

Ila) rows 0 to N+2(N-1), in case k=0, or in 

lib) rows 1 to k+3(N-l), in case k^2 

Continuing in this manner to determine, first, 

r\j 
the inequalities that k must satisfy for each successive 

set of coefficients, and second, the next successive set 

of coefficients on which each set must depend, we come to 

a set of coefficients located in 

I) columns 0 to 1, and either in 

Ila) rows 0 to N+(m-2)(N-l), in case k=0, or in 

lib) rows 1 to k+(m-l)(N-l), in case k-2 

Now 5c must satisfy an inequality of the form (VI-10) for 

all of the coefficients in this last set of columns and 

f\f , 
rows. In other words, k must obey either 



&;sN+(m-l) (N-l) , in case k=0 

or 

ic£k+m(N-l) , in case k£2 

All of the coefficients in this last set of columns and 

rows collectively depend, according to 1), 2a), and 2b) 

above, on coefficients located in 

I) column 0, and either in 

Ila) rows 0 to N+(m-l)(N-l), in case k=0, or in 

lib) rows 0 to k+m(N-l), in case k-2 

But these last coefficients are just the starting coef

ficients d„ of the recursion relation and are all known. 
Ao 

Thus, this last step concludes the procedure of determining, 

first, the inequalities that k must satisfy for each set of 

coefficients, and then the next, successive set of coef

ficients on which each set depends. 

Earlier remarks on the requirements (a, b, c .. d) 

for a coefficient d^m to be "exact" indicated that all the 

'Xi 
inequalities above involving k must be satisfied. Since 

the last set of inequalities is the most restrictive, it is 
<v 

seen that d^ will assume its "exact" value if k obeys 

either 

&>N+(m-l)(N-l) , in case k = 0 (VI-lla) 

or 

5c>k+m(N-l) , in case k£2 . (Vl-llb) 
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These are the lower bounds on & that must be equaled or 

exceeded for a given coefficient d^ to be "exact". 

If these inequalities are written as 

» * §=x (k=0) 

m £ {j}=£ (k̂ 2) 
N-l 

»Vi 
it becomes apparent that for any given k, as the order N 

of a polynomial approximation to the collection kernel 

increases, the number of "exact" coefficients d^ decreases. 

This is, of course, to be expected. A greater N implies a 

greater amount of coupling between the "exact" moment 

equations (VI-1), and if this is not taken into account 

by an increase in the number (k+1) of equations in the set 

(VI-3), a decrease must be expected in the accuracy of its 

solutions. 

Exact Solutions for the Moments 

The solutions for the moments, presented in the 

next chapter, will be obtained using "exact" coefficients 

dkm/ computed from recursion relations (VI-8) in which 

satisfies (VI-lla) and (Vl-llb), The solutions will, 

therefore, be essentially identical to those for the 

original infinite set of moment equations (VI-1). 



CHAPTER VII 

THE TIME-DEPENDENCE OF THE MOMENTS AND RELATED 
CLOUD-PHYSICAL PARAMETERS OF DROPLET SIZE DISTRIBUTIONS 

In this chapter we obtain the time-dependence of 

the moments and related cloud-physical parameters of a 

variety of unimodal initial droplet size distributions. 

Unimodal Initial Droplet Size Distributions 

It will be assumed that the initial droplet size 

distribution is unimodal. This type of distribution repre

sents the average characteristics of most cloud droplet 

populations. Cloud droplets are generally observed to 

cluster around the small droplet sizes (10vi-30y radius); 

relatively few droplets are observed outside this modal 

range, and then primarily at the larger sizes where they 

form a "tail" for the distribution. Within the category 

of unimodal droplet distributions, distinctions between 

distributions can be made according to 

1) the total number density of cloud 

droplets, Ntotal 

2) the liquid water content, L, and 

3) the relative dispersion of droplet 

radii Dr. 

91 
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In this dissertation the liquid water content L is liquid 

volume, rather than liquid mass, per unit spatial volume, 

O -,3 
e.g., L = 0.5 cm m ; L dxffers from the usual quantity 

by only the liquid water density, an inconsequential 

factor. 

Analytic Size Distribution Formula 

The initial size distribution will be approximated 

by an analytic formula. This formula will make it easier 

to determine the initial values of the moments and, hence, 

the coefficients d^Q in Eqs. (VI-9). Since the formula 

will represent the average characteristics of a wide 

variety of observed cloud droplet distributions, we can 

expect the picture we obtain with it, for the moments and 

parameters, to be better than one obtained using some par

ticular observed size distribution. 

Analytic size distribution formulas, representing 

the average characteristics of many samples of cloud drop

lets, have been obtained by Best (.1950, 1951), Khrgian and 

Mazin (1952, 1956), and Levin (1954, 1958). In each of 

these formulas one or two empirical constants appear which 

can be adjusted to fit the characteristics, such as mean 

droplet size or liquid water content, of a particular class 

of droplet distributions. An example of a particular class 

of droplet distributions would be those for clouds of 
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continental origin. Another class of distributions would 

be those for. maritime clouds. 

Since the various analytic formulas available rep

resent the characteristics of droplet distributions about 

equally well (see Khrgian and Mazin, 1956), the initial 

size distribution will be represented here with the most 

workable of these formulas, that of Levin (1958). This 

formula is a Gamma-distribution and is given by 

n.(r,t ) = ra e"°1/6 osrs- (VII-1) 
1 ° r (a+1) $ 

In this expression denotes the number density of 

droplets per unit interval of droplet radius at the initial 

time tQ; Ntota^(tQ) is the initial total number density of 

droplets of all sizes. (The subscript 1 in n^(r,tQ) de

notes a unimodal initial distribution.) The quantities a 

and 3 depend on the initial mean droplet radius and on the 

initial relative dispersion in droplet radii. In particular 

(VII-2) 

(VII--3) 

(VII-4) 

a Dr*(tQ) ~1 

3 = r(tD) Dr2(tQ) 

An alternative expression for 3 is 

[L D 6 (t ) 1 1/,3 
£ 2 . 

f ̂ total^o) (1+3D2 (t0)+2D^(t0) ) J 
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Figs. 3, 4, and 5 display n^tr,^) for representative 

values of Ntotal^o^' L' and ^^o** 

The initial volume moments M^t^ corresponding to 

n^(r,tQ) are, from Eq. (III-6), 

00 
Mk(t0) = / xkn1(r,tQ)dr 

o 

where as before x denotes droplet volume. Equation (VII-1) 

for ni(r,t0) yields the following explicit expressions for 

Mfctto), the first corresponding to (3 as given in (VII-3) 

and the second to f5 in (VII-4) . 

Mk(tc) = Nt0tal(t0) TT?3(t0)Dr6Ct0)J * 

r(i/Dr2(t0)+3k)/r(i/Dr2(t0)) 

(k=0,l,2,...) (VII-5) 

Mk^o) = NtotalCto> ^ CDr6(t0)/(l+3Dr2(t0)+2Dr,t(t0))]k * 

r (i/Dr2 (t0)+3k) /r (i/Dr2 (tG)) 

(k=0,l,2,...) (VII-6) 

From these expressions for Mk(t0) we can obtain the starting 

coefficients dkQ (see Eq. (VI-9)) for the recursion rela

tions (VI-8). Before doing this, however, values for 

Ntotal^o^' L' and Dr must selected. 
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Fig. 3: Unimodal initial droplet size distribution 
ni(r,t0) with varying initial total number 
density of droplets, N^otal^o)* 

This distribution is defined in Egs. (VII-1) 
to (VII-4) and discussed in the related text. 
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DROPLET RADIUS (microns) 

4: Unimodal initial droplet size distribution 
ni(r,t0) with varying liquid water content, L. 

This distribution is defined in Eqs. (VII~1) 
to (VII-4) and discussed in the related text. 
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Fig. 5: Unimodal initial droplet size distribution 
ni(r,tQ) vjith varying initial relative dis
persion in droplet radii, Dr(t0). 

This distribution is defined in Eqs. (VII-1) 
to (VII-4) and discussed in the related text. 



In order to cover the range of observed values for 

the total cloud droplet number density, liquid water con

tent, and dispersion in radii, it is assumed that Ntota^(t0), 

L, and Dr(tQ) take the following values 

Ntotal(to) = 25' 50' 100' 200' 400 cm~3 (VII-7a) 

L =0,25,0.50, 1.0, 2.0 cm3m"3 (VII-7b) 

Dr(t0) = 0.2, 0.3, 0.4, 0.5 (VII-7c) 

Time-Dependence of the Moments 

As indicated in the previous chapter, the time-

dependence of the moments is obtained from Eqs. (VI-5), 

using "exact" coefficients d]^ computed from the recursion 

relations (VI-8). Eqs. (VI-5) can be expressed as 

00 00 

Mk(t) = £ dkm(t-t0)m = Mk(t0) £ dkln(t-t0)m (VII-8) 
m=o m=o 

The discussion of the time-dependence of the moments will 

center around the new series coefficients dkm introduced 

here and related to the original coefficients dkm by 

dkra " dkm / Mk <to> 'VII"9» 

These new coefficients will exhibit certain important regu

larities, both in their dependence on the characteristics 

of the initial size distribution and in their dependence on 
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their indices m. These regularities will make it possible 

to obtain closed expressions for the moments. Such ex

pressions are highly useful because they simplify the 

evaluation of the moments. 

In selecting particular moments to evaluate, recall 

the discussion in Chapter III. That discussion indicated 

that those cloud physical parameters of interest to us, 

namely Ntota^(t), x(t), y(t), and Dx(t), have a time-

dependence that can be obtained from the first three 

moments MQ(t), Mi(t), and M2(t). Accordingly, the discus

sion here will be limited to these three moments. The 

generality of the analysis, as developed in previous 

chapters, indicates that the discussion could be extended 

easily to higher order moments. 

The discussion of the time-dependence of the 

moments begins with an examination of the coefficients 

d]^m, k=0,l,2. We examine the way in which these coef

ficients depend on the characteristics of the initial 

droplet size distribution and on the values of the index m. 

The coefficients d^m, which lead to the moment 

M-^ (t) , depend very simply on these two factors. From 

Eq. (VII-9) and from Eqs. (VI-9) and (VI-8b) we obtain 

d^Q = 1 m = 0 (VH-10a) 

d ^ m  = 0  m i l  ( V H - l O b )  
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These results and Eq. (VII-8) indicate that M^(t) remains 

constant at its initial value Mj_(t0). Thus, 

MJL (t) = Mj^Cto) (VII-11) 

This result is to be expected, of course, since Eq. (111-12) 

implies that is just the liquid water content, a quantity 

conserved in the collection process. 

| I 
The coefficients dom and d2m, which lead to the 

moments Mg (t) and J^ft), depend in a more complicated way 

on the characteristics of the initial distribution and on 

the value of the index m. 

Figs, 6, 7, 8, and 9 and Figs, 10, 11, 12, and 13 

display the results obtained for d^ and d^ for l<m^4. It 

is seen that, generally speaking, the coefficients d^ 

take only negative values and the coefficients d^ take 

only positive values. (Notice that the ordinate in Figs, 

6 to 9 is log^Q [minus 3^] •) The only exception to this 
i 

rule occurs in Fig. 7 where d.Q2 takes positive values 

(dashed line and dot) for large N-total^o^ small L« 
I 

(For these positive values of d^ "the ordinate scale is 
i 

assumed to refer to log^Q [plus dQ2].) This behavior of 

d^ is °f no interest, however, since it occurs only for 

those droplet distributions which contain very small drop

lets (r^6y) and which experience only negligible alteration 

through droplet collection. 



200 50 25 400 

N TOTAL 

Fig. 6: Dependence of dgi' on N-j-otal^o) an^ L* 
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1=0.25cm- m"3/ 

-14 
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7; Dependence of dQ2' on Ntotal ̂ o) anc^ L« 

In the case of the dashed line, for L=0.25 cm^m"^, 
and the single point, for L=0.5 cm3m~3f the ordi
nate refers to login[plus 302'^* For these two 
values of L, the coefficient dQ2* goes from nega
tive to positive values as Ntotal^o) increases. 
This leads to the apparent singularity in do2* 
in this Figure. 
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Fig. 8: Dependence of d^^' on Ntota^(tQ) and L. 
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Fig. 9: Dependence of d04' on Nt0ta^(t0) and L. 
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Fig. 12: Dependence of d23' on N-total^o) an<^ L* 
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Fig. 13: Dependence of d24* on Ntotal^o^ and L* 
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An important feature of Figs. 6 to 9 and Figs 10 

to 13 is the dependence they predict between the two coef

ficients d^ and d^ and N-total^o^ an<* L* Analysis of the 

slopes of the curves there (which are, in fact, almost 

straight lines), of the separation of the curves, one 

from another, and of the change in this separation from 

one coefficient to another indicates that the following 

relations hold, at least up to m=4 

dom = " [Co LVNt0tai<t0)]m mil (VII-12a> 

d2m - [c2 L2/Ntotal(to'3m mil <VII-12b> 

The remarkable regularity of Figs. 6 to 9 and 10 to 13 

suggests we assume these relations hold for all values of 

m, up to m=+°°. 

The quantities CQ and C2 in (VII-'12) depend on the 

initial dispersion in droplet radii, Dr(t0). Fig, 14 dis

plays this dependence. The points plotted there were ob

tained by, first, evaluating the two coefficients dQm 

and d^ for values of Dr(tQ) = 0.2, 0.3, 0.4, and 0.5 and 

for various values of L and N total 

CQ and C2 were then computed from Eqs. (VII-12a) and 

(VII-12b). The weak dependence of CQ and C2 on m, 

Ntotal^to^' anc^ L was t^len averaged out to obtain the 

dependence of each quantity on Dr(t0), The plotted results 

indicate that C0 and C2 can be approximated by 
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Dr  (t0) 

Fig, 14: Dependence of quantities Cq and C2 on Dr(t0) 

See Eqs. (VII-13) and text for details. 
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(VII-13a) 

(VII-13b) 

The expressions we finally obtain for the coef-
i i 

ficients dQm and d2m are thus 

, -3+D (tQ) m 

dom = - [1.8 x 10 * L2/Ntotal(tQ)T ; m^l (VII-14a) 

• -3+2D-(t0) _ 
d2m = [3.2 x 10 L2/Ntotal(tD)T ? mil (VII-14b) 

For completeness we include the initial coefficients 

d^0 = 1 (VII-15a) 

d2Q = 1 , (VII-15b) 

obtained simply from Eqs. (VI-9) and (VII-9). 

Closed Expressions for 
M0(t) and M2(t) 

i » 
These expressions for dom and d2mr when substituted 

into Eqs. (VII-8), yield closed expressions for the time-

dependence of the moments Mg(t) and M2(t). Note that if 

we define 

-3+Dr(t0) 
CQ = 1.8 x 10 

-3+2D (t ) 
C2 = 3.2 x 10 

"3+D (t ) 
wD = 1.8 x 10 x " L (t-t0)/Ntotal(to) (VII-16a) 
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and 

w2 = 3.2 x 10 
-3+2Dr(t0) 

(t-t0)/Nt0tal(t0) (VII-16b) 

then the moments Mq (t) and M2(t) in (VII-8) take the form 

[ 00 m 
M0(t) = M0(to) I 1 - wQ 2 wQ 

m=o ] (VII-17a) 

M2(t) = M2(tQ) i w2 
m=o 

m 
(VII-17b) 

If the time increment (t-tQ) is sufficiently small, then 

the factors wQ and w2 are less than unity, and the infinite 

sums in these expressions can be evaluated, with the result 

M0(t) = M0(to) 
w. 

1 - T= 1-w, (VII-18a) 

M2(t) = M2(tQ) / (l-w2) (VII-18b) 

If the definitions of wQ and w2 in (VII-16) are substituted 

into these last two equations, the following closed ex

pressions for MgCt) and M2(t) are obtained 

Mq(t) = M0(tQ) < 

-3+Dr(t0) 
1 - 3.6 x 10 L2(t-t0)/Nt0tal(t0) 

-3+Dr(t0) 
1 - 1.8 x 10 LMt-t0)/Nt0tal(t0) 

> 

(VII-19a) 
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-3+2Dr(tQ) 
M2(t) = M2(tQ) / (1 - 3.2 x 10 L2<t-to)/Ntotal(to>) 

(VII-19b) 

It should be noted that these are closed expressions for 

the moments. Hence, it is a simple step to compute the 

moments once the evolutionary time t-tQ is known. 

Validity of Solutions for 
Mq(t) and M2(t) 

These solutions for the moments are valid only for 

finite times t-tQ. For example, for sufficiently large 

t-tD the denominators in both expressions become zero-

valued, and then negative, and the moments infinite-valued, 

and then negative. In addition, for large t-tQ the num

erator in (VII-19a) becomes zero-valued and then negative. 

The time t-tQ mUst be restricted to finite values 

if the moments are not to behave anomalously. The greatest 

restriction is provided by the denominator in (VII-19b) and 

is 

Ntotal^to^ 
t_t° * T * -3+2Dr (tQ) <VII-20) 

3,2 x 10 L2 

This upper bound T is displayed in Fig. 15 for representa

tive values of Ntotal^o^ and L' and for Dr^o^ = °"2, 

Since t is much larger than observed cloud lifetimes, it 
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Fig. 15: Upper bound t on the evolutionary time t-tQ for 
which the solution (VII~19b) for M^Ct) is valid. 

The solution (VII-19a) for Mg(t) holds for even 
larger times t-tQ. See text for details. 
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can be stated that the moment solutions in Eqs. (VII-19) 

suffer from no limitation on their practical value. 

This upper bound t on the period of validity of 

the moment solutions (VII-19) is due to the approximate 

nature of the polynomial used here in place of the collec

tion kernel. It is reasonable to expect that if 

1) a polynomial is a good approximation to the 

kernel for collector droplets up to, but not 

greater than , some given size, and if 

2) there is a negligible effect on the moments 

of the incorrect portion of the polynomial 

beyond this given size, then 

the solutions for the moments obtained with this polynomial 

should be good approximations to the actual moments. The 

incorrect portion of the polynomial should have a negli

gible effect so long as the time t-tQ is short enough that 

few, if any, collector droplets exceed the given size. 

Since for the polynomial used here this given size, beyond 

which it does not approximate the kernel well, is about 

100)i radius (see Fig. 24, p. 170 in Appendix C) , the moment 

solutions obtained here should be valid only for those 

times t-tQ sufficiently short that few, if any, droplets 

exceed lOOy radius. 

The quadratic term in the approximating polynomial 

used here causes it to deviate from the actual kernel at 
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the larger droplet sizes. This term is larger than the 

sum of the two other terms in the polynomial 

3(x,y) % l.OlxlO-9 + 2.26 (x+y) + 9 . 81xl08 (x+y) 2 , 

for 

x+y £ (4/3) ir (8.6y)3 

and is essentially the sole contributor to the polynomial 

once the collector radius has reached lOOy. 

Thus, the upper bound T on the period of validity 

of the moment solutions (VII-19) is due to the kernel-

approximating polynomial deviating from the actual kernel 

for collector radii exceeding about 100y, and this is 

because of excessively large values taken by its quadratic 

term. 

The work of Drake (1970) confirms this point. He 

has shown that if a polynomial approximation to the kernel 

has the form 

P(x,y) £ A + B(x+y) + Cxy, (VII-21) 

and if the coefficient of the quadratic (xy) term is non

zero, then there exists a finite time T=t-tQ beyond which 

solutions for the moments are no longer valid. The moments 

then behave anomalously and, in fact, very similarly to 

the way they do in Eqs, (VII-19). Drake attributes this 



anomalous behavior for the moments to a too rapid increase 

of the quadratic portion of the polynomial with droplet 

size. 

There is further evidence that the upper bound x 

is a consequence of the deviation of the approximating 

polynomial from the kernel at the large droplet sizes. 

This evidence is that T decreases with increasing values 

for M2(t0). For the polynomial approximation to the kernel 

used here, Eqs. (VII-6) and (VII-20) imply that 

T = 1 r °r6(to> r(i/Dr2 (t0)+6) 

M2ct0) l+3Dr2(t0)+2Dr't(t0) r(i/Dr2 (t0)+3) 

3.2 x 10 
-3+2Dr(t0) 

(VII-22) 

Drake's expressions for x for the polynomial (VII-21) also 

indicate a decrease in t with increasing values for M2(tQ). 

Since M2(tQ) is a sensitive and increasing function of the 

initial mean droplet size, this result indicates, roughly 

speaking, that x depends inversely on the initial mean 

droplet size. Our earlier arguments indicated that x is 

determined by the elapsed time required for producing a few 

droplets with sizes in that region where the approximating 

polynomial deviates from the kernel. But this elapsed 

time should decrease as the initial mean droplet size in

creases. Thus the result (VII-22) is further confirmation 
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that the upper bound T is a consequence of the deviation 

of the approximating polynomial from the actual kernel at 

the large droplet sizes. 

The moment solutions obtained here clearly could be 

improved by basing them on a better approximation to the 

kernel. This would involve either a single polynomial 

approximating 3(x,y) more closely at the larger collector 

sizes, and probably including cubic and higher order terms 

in x+y, or two or more polynomials constituting a "piece-

wise" approximation to 3(x,y). This latter approximation 

would entail using a polynomial such as the one used here, 

for the short evolutionary times when most droplets are 

small. For the longer evolutionary times when appreciable 

numbers of larger droplets (r > lOOy) will exist, a poly

nomial would then be used that is more accurate for these 

droplets but not necessarily as accurate for the smaller 

droplets. An example of this latter polynomial is that of 

Golovin, displayed in Fig. 21, p. 156. This piecewise 

approximation to the kernel is discussed in somewhat further 

detail in Appendix C. 

The solutions for the moments in Eqs. (VII-11) 

and foTI-19) are, of course, the functions F3(M^(tQ),t;k) 

in Eq. (1-6) used in Chapter I in outlining the analysis. 

From the solutions for the moments the time-dependence of 
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the cloud-physical parameters Ntotal^' *^t) , y(t), and 

Dx(t) is now obtained. 

Time-Dependence of the Cloud-Physical Parameters 

As noted in the Introduction, we now present expres

sions for the time-dependence of those cloud-physical 

parameters which seem to describe the overall behavior of a 

droplet population evolving through collection. These ex

pressions will be the functions F^t) in Eq. (1-7). 

From Eqs. (VII-11) and (VII-19) giving the time-

dependence of the moments Mq(t), M^(t), and M2(t) and from 

Eqs. (III-7) to (111-10) relating these moments to the 

cloud-physical parameters, we immediately obtain 

\ 
-3+Dr(t ) 

1-3.6x10 L2(t-tQ)/Ntotal(tQ) 
Ntotal(t) = Ntotal^oK -3+Dr(t0) , 

1-1.8x10 L (t-t )/N (t ) 
o total o 

X(t) = [L/Ntotal(tQ)] 

(VII-23) 

f 
-3+D„(t_) 

1-1.8x10. L2(t-t0)/Nt0tal(t0) 

-3+D(t ) 
1-3.6x10 r ° L (t-t )/N . .(t ) 

o total o 1 

(VII-24) 

x is the mean droplet volume. 
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y(t> = CL/Ntotal(t0)]( 
r(1/Dr 2(tQ)+ 6)/r(1/Dr 2(tQ)+ 3) 

-3+2D (t ) 
11-3.2x10 L2 (t-t0) /N ̂ ai <M 

[Dr6(t0)/(l+3Dr2(tD)+2Dr^(tQ) )] (VII-25) 

y is the volume-weighted mean volume of the droplets. 

Dx(t) = 
r(1/Dr2(t0)+6)/r(1/Dr2(tc)+3) 

-3+2Dr(t0) 
11-3.2x10 r ° L2(t-t0)/Nt0tal(t0) 

[Dr6 (t0)/(l+3Dr2(t0)+2DrI,(t0)) ] ' 

< 

-3+D (t ) 
1-3.6x10 ° L2(t-t0)/Nt0tal(t0) 

-3+D (t ) 
1-1.8x10 r ° L2(t-to)/Ntotal(to) 

(VII-26) 

D is the relative dispersion in the volumes of the droplets. 

Since these expressions are of closed form they make it 

simple to evaluate the cloud-physical parameters. 

The time-dependence of each of these quantities can 

be evaluated for given values of Ntotal ̂ o^ ' L' an(^ Dr(t0). 

Figs. 16, 17, and 18 display results for the percent in

crease in x(t) , jl(t) , and Dv(t) over their initial values. 

(We do not display (t) since Eqs. (VII-23) and 

(VII-24) indicate it is inversely related to x(t).) 
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a*NTOTAL^o's|00cm"3 .L« 1.0cm3 m"3 

Dr (t0)«0.2 

b.njotau «»o) s 100 cm~31 L«0.5 cm3 m" 3 

Dr (t0) « 0.5 

C. NTOtal^o' "lOOem"3, L«0.5cm3 m"3, 

Dr (t0)» 0.2 

d. Ntotal lt0) = 200 cm*3, L •0.5 cm3 m"3, 

Dr (^) = 0.2 

Fig. 16: Percent increase in x(t) over its initial value. 

The quantity x(t) is given in Eq. (VII-24). 
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I 1 1 i r 
ntotal^o^* 100cm"3 ,L«l.0cm3 m"3 , 

Dr (t0) • 0.2 

_b. Ntota , (t0) * 200 cm-3, L«0.5cm3 m"3, 

Dr (t0) • 0.5 

_ c. (t0) 8100cm"3, L«0.5cm3 m"3, 

Dr (t0) • 0.2 

_d. NT0TAL(t0) • 200cm'3, L«0.5 cm3 m"3, 

Dr (t0)« 0.2 

o 20 

uj 12 

t-t0 (sec x 10 ) 

Fig. 17: Percent increase in y"(t) over its initial value. 

The quantity \x (t) is given in Eq. (VII-25) . 
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(*o) sIOOcm"3
t L*I.Ocirr m"3; TOTAL 

Or (t0) = 0.2 

b- ^ TOTAL (t0) s'00cm"3» La0.5cm3m"3; 

Or (t0) = 0.5 

c- NjojaL (*<>) s 100cm-3; LB0.5cm3m"3; 
Dr(t0) =0.2 

-d. NTOTA,(to)*200cm"3
l L*0.5cm3m"^ 

Dr (t0)s0.2 

r- t0  (secx 10 c )  

Fig. 18; Percent increase in Dx(t) over its initial value, 

The quantity Dx(t) is given in Eq. (VII-26). 
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The importance of Ntotal(t0), L, and Dr(tQ) in the 

growth of drops by collection is clearly indicated. For 

example, doubling the initial number of droplets in a 

cloud, with no compensating increase in the liquid water 

content or increase in the dispersion in their sizes, 

doubles the time required to achieve a given percentage 

increase in x, y, or Dx< A similar doubling of the liquid 

water content reduces by a factor of 4 the time required 

for a given percentage increase in x, y, or Dx, The larger 

initial values for x and y in clouds with larger liquid 

water content implies that there will be an even greater 

reduction in the time required for a given absolute in

crease in x or y. An increase in Dr(tQ) from 0.2 to 0.5 

reduces by a factor of 2 the time required to achieve a 

given percentage increase in x or Dx, and by a factor of 4 

the time required to achieve the same increase in y\ 

Berry (196 8c) has shown that after a time t-tQ 

on the order of 10 minutes y is a reasonable measure of the 

size of those droplets containing most of the liquid water 

in a cloud. The results of the previous paragraph indicate 

that the speed dy/dt at which liquid water is transferred 

by collection to the larger droplets must obey 

dy L2Pr(tp) 

^ ^total(to) 
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The dependence on N and Dr(tQ) indicates that collection 

effects tend to be weaker in continental clouds where N is 

large and Dr(tQ) is small than in maritime clouds where N 

is small and Dr(t0) is large. The dependence on L indicates 

that exceptionally moist inhomogeneities will play a role in 

cloud development out of proportion to their size. Finally, 

the dependence on Dr(t0) indicates the potentiality of 

modifying clouds to produce rain by seeding them with a 

water-spray composed of droplets generally larger than 

those naturally present (Nelson, 1970, 1971). 



CHAPTER VIII 

SUMMARY 

In this dissertation three major goals have been 

accomplished. First, it has been shown that the droplet 

collection kernel can be approximated reasonably closely 

by a polynomial in the volumes of the two droplets involved 

in a collection event. Second, a power series method has 

been developed for solving that set of differential equa

tions for the moments of a droplet size distribution, valid 

for a polynomial collection kernel. Third, closed expres

sions have been obtained for the time-dependence of certain 

cloud-physical parameters describing the overall behavior 

of a droplet population evolving through collection. This 

last accomplishment was that goal set out for us in the 

Introduction. Rather than summarize the entire disserta

tion, we shall briefly review the background behind each 

of these accomplishments. 

The motivation for obtaining a polynomial approxima

tion to the collection kernel lay in the simplicity of the 

resulting set of differential equations for the moments. 

These equations are so attractive, when compared to those 

that must be used for more complicated kernels, that con

siderable effort has been made here to obtain a reasonable 

126 
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approximating polynomial. The techniques used are quite 

straightforward, They involve nothing more than obtaining 

an algebraic function of the droplet volumes which approxi

mates the gross features of the collection kernel, and then 

approximating this function with a polynomial in the volu

mes. Although the polynomial approximation is admittedly 
.  t  

crude for the larger collector droplets, it is sufficiently 

accurate for the smaller collector droplets that, using it, 

the analysis yields a number of expected behavioral fea

tures of a droplet population evolving through collection. 

Furthermore, the polynomial approximation obtained here has 

the potential of being combined along with the Golovin 

kernel into a more accurate "piecewise" polynomial approxi

mation to the actual kernel. This latter polynomial 

approximation would have definite application in examining 

drop growth all the way through the raindrop size stage. 

The second accomplishment here has been obtaining 

essentially exact solutions to that set of moment differen

tial equations valid for polynomial collection kernels. The 

method used to obtain these solutions succeeded for three 

reasons. First, the analysis dealt with an approximate set 

of differential equations which could, by the simple ad-

^ . . 
justment of a parameter, k, be made as close to the origi

nal, exact set of moment equations as wished. This property 

of the approximate set ensured that any solution to it, that 
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might be obtained in any manner, would approach the exact 

solution as k was properly adjusted. 

Approximate moment solutions which approach "exact" 

solutions in a theoretical sense, do not by themselves en

sure it will be possible in any practical sense to obtain 

solutions which are essentially identical to the "exact" 

ones. Only with some knowledge of the separation between 

the approximate and exact solutions can the meaningfulness 

of the approximate solutions be evaluated. The second 

reason the power series method used here succeeded was 

because it provided this knowledge, through the coef-

ficients d^. It was seen that as the parameter k is 

increased, increasing numbers of the leading coefficients 

become identical to the leading coefficients for solu

tions to the "exact" moment differential equations. 

The method used for solving these equations suc

ceeded, finally, because the coefficients d^ happen to 

decrease rapidly in size. Thus it was possible to evaluate 

the infinite series solutions and obtain closed expres

sions for the moments. These expressions had time periods 

of validity generally much larger than observed cloud 

lifetimes. 

In summary, the analysis produced essentially 

exact solutions for the moments, at least for the kernel 

that was used, because 
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1) it employed a set of approximate moment 

equations that could be made to approach 

the exact set arbitrarily closely, because 

2) the power series methods used to solve 

these approximate equations yielded in

formation (coefficients d^) which could 

be used to judge the distance between the 

approximate and exact solutions, and, 
) 

finally, because 

3) the power series coefficients d^ decreased 

sufficiently rapidly for the power series 

solutions to converge for a range of 

physically reasonable times. 

The final accomplishment of this investigation was 

to obtain explicit expressions for the time-dependence of 

those cloud-physical parameters which appear to describe 

the overall behavior of a droplet population. The closed 

nature of the expressions obtained permits rapid evaluation 

of the parameters. This is a distinct computational bene

fit, especially in the context of three-dimensional cloud 

models making use of the parameters. The evaluation of 

the parameters confirmed the intuitive feelings of cloud 

physicists as to the important role played by variations 

in the number of cloud droplets, their liquid water 
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content, and the dispersion in their sizes in the initia

tion of a precipitation. 

Two areas of future research have been opened up in 

this dissertation. First, and foremost, better polynomial 

approximations to the collection kernel should be obtained. 

Despite the reasonableness of the results obtained in 

Chapter VII, they are still based on a collection kernel 

which behaves anomalously at the large collector droplet 

sizes. A better approximating polynomial might be obtained 

by a more thorough exploration of the techniques used in 

Appendix C or, as already discussed, by employing a "piece-

wise" combination of polynomials, each valid over a given 

range of collector droplet sizes. A second area of future 

research would involve examining the time-development of a 

broader range of initial droplet distributions than con

sidered here. For example, a bimodal size distribution 

appears to typify a fair number of observations of cloud 

droplets and would bear study. 

As a final note, mention is made of the possibility 

of experimentally verifying the results obtained here for 

the time-dependence of the cloud-physical parameters. The 

experiment would entail creating a large spatially homo

geneous cloud under sufficiently controlled circumstances 

that the only growth of droplets would be due to collision 

and coalescence. An examination with time of the spectrum 



of droplets sedimenting at the base of the cloud would 

provide the data for verifying the results obtained 

here. 



APPENDIX A 

DERIVATION OF EQUATIONS (V-27) 

In this Appendix Eqs. (V-27a), (V-27b), and (V-27c) 

are derived. This set of coupled non-linear differential 

equations for the integer-order moments is valid whenever 

the collection kernel $(x,y) can be expressed as a poly

nomial in the droplet volumes x and y. The derivation of 

these equations begins with the more general set of moment 

differential equations (V-ll), valid for arbitrary kernels. 

Into these latter equations are substituted the expressions 

(V-23a), (V-23b), and (V-23c) for the quantities I^j^r 

valid for the polynomial kernel. Manipulation of the re

sulting differential equations yields (V~27a), (V-27b), 

and (V-27c), 

Equation (V-27c) will be derived first and in con

siderable detail. Equations (V-27a) and (V-27b) will then 

be derived but some of the detail presented in the first 

derivation will be omitted. 

132 
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The first step of the derivation of (V-27c) in

volves substituting (V-23c) for and (V-16) for b^p 

and b- directly into (V-ll) to give 
J  4  

dMk(t) 

dt 

°o / i \ i+j N 
h Z \ Z a, 
i=o i•D• a=o 
j=o r=o 

ar 
k  I k  

tii I* 

[ (Ut+£) ! (ua+k-il) !] 

(u_+£-i)!(u_+k-A-j)! 
6 (&,MaxU,i-uT)) 6 U,Min(A,ua+k-j)) -

[uT! (u0+k)!] 

(uT-i)!(u0+k-j)! 
6(i,Min(i,u ))6(j,Min(j,ua+k)) 

i 3 
£ Z 

(-l)P+qi!j! 

P=0 q=o (i_p) j (p!)2(j-q) ! (q!)2 

Mp(t)Mg(t) (A-1) 

The second step of the derivation involves inter

changing the (i,j) and (a,x) summations in (A-1) and then 

using the Kronecker S's to terminate the (ifj) summations 

and interchange them with the two terms in brackets. That 

particular interchange involving the ^-summation term 

treats its associated Kronecker 6's as conditions on i and 

j rather than as conditions on A. 
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The result of these several interchanges is 

dMk (t) 

dt 

N 
h  I  a 

0=0 
T=0 

0T 2 £ C (u_+A) ! (uff+k-Jl) I ]2 
1=1 r/ T 

uT+Jl ua+k-.fc 
(-l)i+j 

i=Q j=o (uT+A-i) ! (ua+k-r£-j) J 
- [uT! (ua+k) ! ]' 

uT ua+k 

S E 
(-Di+i 

i=o j=o (uT-i)l(ua+k-j)l _ 

i i (-l)p+qji (t)M ft) 
i 2 P q 

p=o q=o (i-p)I(pi)2(j-q)!(q!)2 

(A-2) 

As the third step the following identity 

A a A A 
2 * fab = * * fab * 

a=o b=o b=o a=b 

is used in interchanging the (p,q) and i,j) summations. 

The result is 

dMk(t) N 

dt~" = 32 2 aar 
0=0 
T=0 

k 
Z 
A=1 

a] C(u_+A)!(u +k-A)!]2 
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u +& urt+k-& , n+„ 
I  Z qMp(t)Mq(t) 

p=o q=o [pJ qj]2 

uT+Jl ua+k-A 
(-1) 

i+j 

i=p j=q (uT+JJ,-i) ! (i-p) | (ua+k-A-j) ! (j-q) ! 

[uT!(un+k)!] 2 
2 "j ""j" (-i)P'h3Mp(t)'̂ (t) . 

T * X"G 

uT ua+k 

E E 
i=p j=q (uT-i)!(i-p)!(ua+k-j)!(j-q)! 

p=o q=o [p! q!]2 

(-l)1+j (A-3) 

As the fourth step of the derivation, the i and j 

summations are evaluated and the results used to simplify 

(A-3). The i and j summations have the form 

? (-Da 

a=b (c-a)J(a-b)! 

The binomial theorem then gives 

c 
Z  (-1) 

c-b 
=  Z  (-1) 

d+b 

a=b (c-a)I(a-b)! d=o (c-b-d)!(d)! 

= ("1) (c-bMfP) = <-l)C«(b,c) (A-4) 
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Thus, (A-3) is reducible to 

dMk(t) 

dt 

N 
h £ 
0=0 
T=0 

ax S (J) [ (u„.+Jl) ! (urt+k-£) J ]2 
1=1 

ut+£ ua+k-Jl (-i)P+qM (t)M (t) 
E S E 3 (-1) 

,2 

ua+uT+k 
6 (p,uT+A) 6 (qfu„+k-il) 

p=o q=o [p! q!]' 

U
T ua+k (_i)P+qM(t)M(t) 

- [uT! (ua+k) \ Y  Z  Z 2 
p=o q=o [p! q! ] 

(-1) 
ua+uT+k 

<5 (PfUT)6 (q,u0+k) (A-5) 

The fifth step of the derivation of (V-27c) uses 

the Kronecker S's in (A-5) to contract the p and q summa

tions to yield 

dMk(t) 

dt 

N k 
2 a0T £ 

a=o *=
 

11 H
 

T=0 

*1 VV» " Mux(t)Mu0+k(t) 

(A-6) 
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The symmetry of aCTT allows the &=k term in the 

inner summation and the last term in brackets to be 

mutually cancelled, with the result 

dMk(t) n k-1 

dt — ^ ^ a<JT ^ at cr=o A=1 
T=0 

This is Eq, (V-27c). 

*1 "uT+H %+k-H <a"7» 

In obtaining Eq. (V-27a) , Eq. (V-23a) for 

and Eq. (V-16) for b^p and bjg are substituted directly 

into (V-ll) to give 

^ 00 (_x)i+D N [uT! ua!] 
~~ —^5 Z , , Z a 

dt i=Q i!j! 0=o (uT-i)!(uCT-j)I 

j=0 T=0 

i j (-l)P+qi! j!M_(t)MfT(t) 
6 (i,Min (i,uT)) 6 (j ,Min( j ,un)) E E E 3 

p=o q=o (i-p)!(p!)2(j-q)!(q!)2 

(k=0) (A-8) 

Next, the (i,j) and (0,T) summations in (A-8) are inter

changed and then the (i,j) and (p,q) summations are inter

changed, with use made of the Kronecker <S's in this latter 

interchange. The final result is 
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U u dMR(t) N 2 T U<y 

— —  =-% E a 0 T  [ u T !  U ( j n  Z  S  - E — — 3  • 
a=0 P=0 q=0 [pj q J] 
T—O 

U? 
i=P j=q (uT-i)J(i-p)!(ua-j)!(j-q)! 

(k=0) (A-9) 

The identity in Eq. (A-4) can be used to evaluate the i 

and j summations. The Kronecker 6's obtained permit the 

p and q summations to be contracted so that (A-9) becomes 

dM. (t) N 
—-T£— = -h Z aaTMu (t)M (t) (k=0) (A-10) 

a=o a T 
T=O 

This is Eq. (V-27a). 

In obtaining Eq. (V-27b) , Eq. (V-23b) for 

and Eq. (V-16) for b^p and bjg are substituted directly 

into Eq. (V-ll) to obtain 

dM, (t) oo , .i+j n 
= % 2 -4-; 2 a 

a=o 
j=0 T=0 

dt .^o i, j J JL 

[(u+1)!u_!]2 

(uT+l-i)!(ua-j)! 6(i»Min(i,uT+l))6(j,Min(jfuff)) -

[ uTj(ua+l)i]2 

(uT-i) 1 (ug+l-j) ! fiti/MindrU^JJfitjjMintj^^l)) 



i j p+q t 
E 2 —•—i-l-li M_(t)M (t) (k=l) 

P = o q = o  (i-p)|(p|)2(j-q)!(q!)2 
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(A-ll) 

Next, the (i,j) and (a,x) summations in (A-ll) are inter

changed and then the (i,j) and (p,q) summations are inter

changed, with use made of the Kronecker 6's in this latter 

interchange. The final result is 

dMk(t) 

dt 

N 
h  Z  a  

CT=0 

t=0 

ctt !u„n2Tlu? (-1'p+qMp(t)Mq't) 

[ p !  q ! ] 2  

[(uT+l) 
p=o q=o 

ux+l ua 

E Z  (-l)i+j 

i=p j=q (uT+l-i) 1 (i-p) ! (ua-j) ! (j-q) ! 

[uT!(u0+l)!] Z  Z  
p=o q=o 

2 Ua+1 (-l)p+qMp(t)Mq(t) 

Cp! q!]' 

ua- u«+1 t a (-l)i+j 

i=p j=q (ux-i)!(i-p)I(ua+l—j)!(j-q)! 
(k=l) (A-12) 

The identity in Eq, (A-4) can be used to evaluate the i and 

j summations, The Kronecker 61s obtained permit the p and 

q summations to be contracted so that (A-12) becomes 

d\(t) 

dt 
= *5 

N 
Z  

a=o 
t=o 

o t £ MuT+l (t)Mua (t) - MUx(t)MUa+1(t)J 

(k=l) (A-13) 
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The symmetry of the coefficients aaT implies that the sum

mation in (A-13) is identically zero. Thus 

da (t) 
-4r— = o (k=l) (A-14) 

This is Eq, (V-27b). 



APPENDIX B 

EVALUATION OF THE COLLECTION KERNEL 

This Appendix outlines the method used here to 

evaluate the droplet collection kernel 3(x,y). The values 

so obtained for the kernel provide the basis for the poly

nomial approximation to it obtained in Appendix C. Evalua

tion of the collection kernel, defined according to Eqs. 

(II-l) and (11-14) by 

3(x,y) = it (r (x) + r(y))2 E(x,y) [W(x) - W(y)], (x>y) (B-l) 

requires knowing the terminal velocities, W(x) and W(y), 

and collection efficiency, E(x,y), of two droplets of 

volumes x and y. The collection efficiency is the product 

of the collision efficiency, Ec(x,y), and the coalescence 

efficiency, Es(x,y). These quantities are evaluated in 

the following way. 

Terminal Velocity 

In evaluating W, use is made of the most accurate 

parametric approximation to droplet terminal velocities 

presently available (Wobus, Murray and Koenig, 1971), 

This approximation is an algebraic function of droplet 

radius, fitted to the experimental measurements of Gunn 
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and Kinzer (1949) for terminal velocities of droplets with 

radii in the range 50u-2900n and to the Stokesian terminal 

velocities for radii less than 25n, and interpolating 

these results for radii in the 25y-50n range. Interpola

tion between the Stokesian velocities and the Gunn and 

Kinzer results begins at 25y, despite the fact that 

Stokesian velocities are believed to hold for somewhat 

larger droplets• This is because interpolation beginning at 

any larger size yields an S-shaped dependence of velocity 

on droplet size, a feature inconsistent with the decreasing 

change in velocity with increasing size that is observed 

for water droplets. The error associated with the Wobus 

approximation is considerably less than 1% for all droplets 

except those in the 25p-50vi radius interval, where it is a 

few per cent low. 

Collision Efficiency 

The collision efficiency Ec(x,y) is computed from 

values for the linear collision efficiency Yc(x,y), re

lated to E„(x,y) by 
v 

Ec (x,y) = [Yc(x,y)/(1 + sr) ]2 x£y (B-2) 

Values for Yc are obtained in part from the work of Scott 

and Chen (1970), which fits two slightly different, but 

essentially equivalent, parametric formulas to hydrodynamic-

ally computed values for Yc. These hydrodynamic values 
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for Yc are those which have been computed for collector 

droplets smaller than 30u radius by Davis (1967) and Davis 

and Sartor (1967) and for larger collector droplets by 

Shafrir (1962) and Shafrir and Neiburger (1963, 1964). 

The Scott-Chen formulas for Yc are modified in two ways 

before they are used to compute the values of Yc used here. 

First, the errors (apparently of the careless 

typographical variety) appearing in the published Scott-

Chen formulas are corrected. Calculations with these two 

formulas yield values for Yc nowhere near those indicated 

graphically by Scott and Chen in their Figs, 2 and 3. The 

apparent source of this discrepancy lies in their expres

sions for the quantity B, defined in their Eqs. (8) and 

(9), and giving the deviation of Y from geometric values, 
v 

These two equations, (8) and (9), correspond to the two 

formulas for Yc. Eq. (8) is simply corrected by an 

examination of the text; the first right-hand bracket 

should actually be placed just after the cosine term and 

B should take the form 

B = exp [ [-16 . 587-1.1413r+ (r-10) g (r) cos [it (r-78) /119 ] ]/40 ] . 

(B-3) 

with r being the collector droplet radius. Correcting their 

Equation (9) is somewhat more difficult, since Scott and 

Chen do not explain how it is obtained. Drake (1970, 
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p. 127) gives a clue as to the correct expression in his 

Eq. (4.34) for B, quoted from some preliminary work of 

Scott (Drake, 1971). Although calculations of Yc with 

Drake's expression for B also do not correspond to the 

graphical results displayed in the Scott-Chen paper, it 

has been possible to manipulate Drake's expression suf

ficiently, taking into account the original form for B 

in Scott-Chen's Eq. (9), to obtain the following ap

parently correct expression for B: 

The second modification made here to the Scott-

Chen formulas yields improved values for Yc for collector 

droplets smaller than 13y radius (r < 13y). Scott and 

Chen state that their formulas exhibit the appropriate 

limiting characteristics of Yc found in the computed re

sults of Shafrir, Neiburger, Davis, and Sartor. These 

characteristics are 

B = 1.587/r + 32.73/r2 + 344 (20/r)1 *56 

exp[-(r - 10)/15] sin[ir(r - 10)/63]/r2 (B-4) 

Yc(r,rsr) = 0 for sr = 0 

Yc(r,rsr) > 0 for 0<sr<l (B-5) 

Yc(r,rsr) = 0.25 for s r 1 
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Although these limiting characteristics are important, one 

characteristic that should have also been considered is 

that Yc must not increase as collector radius r decreases, 

for any given radius ratio sr. Calculations with the 

formulas of Scott and Chen, using the corrected expressions 

for B given above, indicate, however, that as r becomes 

smaller than about 13y, Yc begins to increase. Values'of 

Yc which do not exhibit this anomalous behavior are ob

tained here, by smoothly extrapolating values of Yc, for 

r in the 13y-18y range where Yc behaves normally, down to 

a collector radius of 8y; below this radius Yc is kept 

constant at its extrapolated value at 8y, since Sartor 

(1967) has shown that for smaller radii there is essen

tially no further decrease in Yc. (Incidentally, it was 

found that improvement could be made only in those values 

of Yc (for r<13y) computed with expression (B-4) for B, 

and not with (B-3).) 

The details of the extrapolation of Yc are as 

follows. First of all, it is noted that calculations of 

Yc indicate that for collector radii in the 13y-18y range 

and for any given sr, An Yc(r,rsr) increases approximately 

linearly with collector radius, namely 

An Yc(r,rsr) = m(sr)r + d (13y£r£l8y) (B-6) 
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This linear behavior of An Yc, for r in this interval, and 

Sartor's result that An Yc(r,rsr) is constant, for rc8y, 

together suggest that, for r in the 8y-13vi interval, An Yc 

be approximated by a parabola of the form 

An Yc(r,rsr) = a + br + cr^ (B-7) 

The constants a, b and c can be evaluated by requiring that 

the computed values of Yc satisfy, for any given sr, 

1) dYc(r,rsr)/dr = 0, at r = 8|j 

2) An Yc(r,rsr) = (corrected) Scott-Chen value of 

Yc, at r = 13n 

3) d An Yc(r,rsr)/dr = m(sr) , at r = 13]j. 

The first requirement ensures that Yc smoothly approaches 

its constant value for r£8vi (Sartor's condition). The 

second requirement ensures that Yc assumes its known value 

at r = 13y, and the third requirement ensures that this 

latter fit is a reasonably smooth one (cf. Eq. (B-6)). 

In order to apply this third requirement, m(sr) 

must be known. Values for m(sr) can be computed, according 

to Eq. (B-6), by obtaining a least-squares fit of a linear 

function of r to An Yc(r,rsr) , for r in the 13y-18vi range. 

The resulting values of m(sr), for sr = 0.1 to 0.9, are 
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m(O.l) = 348 ; m(0.4) = 390 ; m(0,7) = 326 

m(0,2) = 365 ; m(0.5) = 391 ; m(0,8) = 220 

m(0,3) = 380 ; m(0.6) = 375 ; m(0,9) = 53.4 

Additional values, for m(0) and m(l), can be obtained from 

(B-5) above. These values are 

m(0) = 0 ; m(l) = 0 

Values for m(sr) for other values of sr can be obtained by 

linear interpolation between the values given above. 

Summarizing, the linear collision efficiency 

Yc(x,y) is evaluated, for r^l3ii, from the Scott-Chen 

formula, using the corrected expression for B given 

above, for 8vi£r<13ii, from a parabolic extrapolation of 

Jin Yc, and for smaller r, from the extrapolated r=8y 

value. Equation (B-2) is used to evaluate the collision 

efficiency Ec(x,y). 

Coalescence Efficiency 

The coalescence efficiency Es (x,y) is assumed 

equal to unity, for two reasons. First, present knowledge 

of Es (Woods and Mason, 1964; Whelpdale and List, 1971) 

gives no more than a rudimentary indication of its depen

dence on droplet size. Second, comparison of the results 

of the analysis here with the results of previous workers 

requires using the same coalescence efficiency, Es = 1. 
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Collection Kernel 

Substitution in Eq. (B-l) of the droplet terminal 

velocities, collision efficiency, and coalescence efficiency 

evaluated -in the above manner yields the particular values 

for the collection kernel displayed in Fig. 19. 
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APPENDIX C 

A POLYNOMIAL APPROXIMATION TO THE COLLECTION KERNEL 

In this Appendix a polynomial approximation to the 

collection kernel is obtained. This approximation is based 

on values of S(x,y) computed according to Appendix B. The 

first step is to approximate 3(x,y) with a certain alge

braic function of x and y. From this function the ap

proximating polynomial is then obtained. 

A Function(x,y) Approximating 3(x,y) 

As a starting point for the polynomial approxima

tion, recall the definition of the collection kernel 

3(x,y) = ir(r (x)+r (y)) 2 E(x,y) [W(x)-W(y)] ; x £ y (C-l) 

(cf. Eqs. (II-l) and (11-14)), The terminal velocity dif

ference in this expression implies that as y x, 3(x,y) 

approaches zero. Calculations of droplet collision trajec

tories indicate that as y 0, for x constant, E(x,y) and, 

hence, 3(x,y) approach zero. This behavior of 3(x,y), as 

y -*• x and as y + 0, suggests that it satisfies 

k' 
3(x,y) ̂ C[(xy)p (x-y)3] (C-2) 

150 
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where C and k1 are posi-tive constants and where the ex

ponents p and q take positive and, in the latter case, 

even values. (Even values of q preserve the symmetry of 

3(x,y) about the x=y line.) 

The kernel-approximating function in (C-2) can be 

expanded in non-negative powers of x and y to yield a poly

nomial approximation to £(x,y). The polynomial that is 

then obtained happens to be a reasonably good approxima

tion to 3 for small collector droplets (r S 50]i) but can 

only be termed very poor for larger droplets, The function 

in (C-2) must be modified and, curiously enough, an even 

cruder estimate of 3(x,y) used, before a polynomial can 

be obtained that fits 3 reasonably well over a substantial 

range of collector droplet sizes. 

This latter estimate of 3(x,y), used here for ob

taining the polynomial approximation, can be derived from 

(C-2) in the following way. To begin with, it is noted 

that (C-2) can be written as 

P(x,y) £ C[svP(l-sv)q]k x
k'(2p+q) (C-3) 

with sv being the ratio, y/x, of collected droplet volume 

to collector droplet volume. In this expression the de

pendence of 3 on sy, contained in the bracketed factor, is 

purposely separated from the dependence of 3 on x, contained 

in the last factor. The assumption is now made that 3 is 
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more strongly dependent on x than on sv. Direct support 

for this is found in Fig. 19 indicating, for example, a 

roughly million-fold increase in 3 as collector radius 

goes from 10u to lOOji, but not more than about a ten-fold 

increase in 3 for any realistic change in sr. 

The greater importance in (C-3) of x than sv sug

gests that the sv-dependence be neglected there and that 

the polynomial approximation to 3 be obtained from the 

function that remains. The polynomial that would be ob

tained in this way would, however, contain no dependence 

on the collected droplet size y. Although it has just 

been shown that the effect of y on £5 is considerably weaker 

than the effect of x, it would be desirable to include some 

dependence on y, even if only because the polynomial might 

thereby have x-y symmetry. A dependence on y can be in

cluded in (C-3) by writing it as 

k' 

P(x,y) «v» C 
svP (1"sv)<; 

(l+sv) 2P+(3 
Cx+y)k'(2p+g) (C-4) 

If the bracketed term in this latter expression is neglected 

and the remaining function expanded in non-negative powers 

of x and y, a polynomial approximation to £ will be obtained 

that is symmetric in x and y. 

Before the bracketed term can be neglected, however, 

it must be determined whether it really is less important 



than the term in x and y. This must be done even though it 

has already been shown that the bracketed term in (C-3) 

is negligible. Representative values for the bracketed 

term in (C-4) are displayed in Fig. 20; they indicate only 

a negligible 5-10 fold probable variation in the collection 

kernel due to changes in sv. 

The values for k=k'(2p+q) used in Fig, 20 are ob

tained in the following way. To begin with, it is noted 

from (C-4) that k is the exponent of (x+y) encountered in 

that approximation to 3. This exponent appears in (C-3) 

as well and, according to (C-3), is simply the slope of a 

log-log plot of 3 vs, collector droplet volume, assuming 

a constant value of sy. This slope can be obtained from 

the lines in Fig. 19, From the variety of values for this 

slope implied there the representative k "-values in Fig, 20 

are obtained. 

Neglecting the bracketed term in (C-4) gives the 

following approximation to the collection kernel 

3 (x,y) ̂  C(x+y)k (C-5) 

The constant k just equals the previous constant k'(2p+q). 

The function in (C-5) will be expanded in non-negative 

powers of "X and y to yield the polynomial approximation 

to the kernel. 
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Incidentally, a special case of (C-5) has already 

been introduced into the literature of stochastic droplet 

3 collection by Golovin (1963a). He showed that if C=6xl0 

sec-"*" and k=l, then C(x+y) is a reasonable approximation 

to P(x,y), for collector droplets larger than 50y radius 

and for most sizes of smaller collected droplets. Fig. 21 

illustrates this point. 

Polynomial Approximation to 3(x,y) 

A polynomial approximation to (3(x,y) is obtained 

from C(x+y) by expressing it as a linear combination of 

Laguerre polynomials 

k k Fx+vlk ^ k N a=o 
= c,a h—1H  ̂m,\ K C (x+y) = Ctoo J ^ Cw0 2 Cj Lj = P(x,y) (C-6) 

The right-most expression P(x,y) will be the approximating 

polynomial. The adjustable scale factor w0 allows P(x,y) 

to be optimally fitted to the kernel. 

The sum over j in (C-6) can be expressed explicitly 

in terms of powers of x and y. First, the coefficients Cj 

are evaluated from the orthogonality properties of the 

Laguerre polynomials. The result is 

00 f • 1 k 

•< •: ("1 
-(x+y)/u0 I 

wo 
(C-7) 



156 

+4 

+  3  

+ 2 

'o I a> - I in 
% 
Z  - 2  

UJ 
z oc. 
UI - 3  

o -4 

a 
£ ~5 
s -k 0 o 
3 

- 7  

- 8  

- 9  

-10 
5 10 50 100 

COLLECTSfi DROPLET RADIUS (microns) 
500 800 

Fig. 21: Comparison of the actual collection kernel and the 
Golovin (1963a) kernel, C(x+y). 

Solid lines-actual kernel 
Dashed lines-Golovin kernel 

s = c°liec^ed droplet radius 
~~ collector droplet radius 



157 

The integral in (C—7) can be evaluated with the aid of Eq. 

(V-21) with the result 

c _ (-1)jcr(k+i)]2 
cj ~ r(j+i)r(k+i-j) (C 8) 

Equations (C-6)r (08), and definition (V-12) of the 

Laguerre polynomial then yield the following expression 

for P(x,y) 

P(x,y) = Cw0k[r(k+1)]2 E — • 
° j=0 r(j+l)T(k+l-j) 

E (-D1!! /x+y 
i=o (j-i) ! (±!) 2 (<°o 

(C-9) 

Using the binomial theorem to expand ((x+yJ/wQ)1 in powers 

of x and y gives 

k n N / i v J 3 ^ ill 
p(x,y) = ca)0 [r(k+i)]2 s S —^ -

j=o r(k+l-3) i=D (j-i)! (i!)2 

i /.\ | \l , ti-Jt 

il1) a 
Interchanging the i and % summations yields 
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p(x,y) = ca)0kcr(k+i)]2 s z I . .. , 
js=o rtk+l—j) q i=^ (3**i) li» (i-A) ! A I 

ft i-ft 

£1 (£) <c-11' 

Defining m = i-A finally yields 

k o ^ / _ i \ 3 
P(x,y) = Cw0 CrCk+UlT 2 ) 1 }  

° j=o r(k+l-j) 

£ £ — —— x* y (C-12) 
A=o m=o (D-A-m) ! (A+m) Ujm» 

This is the polynomial approximation to the collection 

kernel. 

Before this approximation can be used in place of 

the kernel, the constants C and k must be evaluated and 

selections made for the order N of the polynomial and for 

the scale factor taQ. 

Evaluation of C, k, N, and wQ in Eq. (C-12) 

The constants C and k are evaluated by recognizing 

that (C—5) can be written as 

An P(x,y) ̂  k An(x+y) + An C (C-13) 

The goal then is to obtain the slope and intercept of a 

linear function of ftn(x+y) approximating An 3(x,y). Ideally 
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the deviation between this linear function and An 3 should 

be kept to a minimum. 

Before the constants C and k can be evaluated 

limits must be set on that two-dimensional domain of drop

let pairs (x,y) for which (C-13) is to be assumed valid. 

This domain of validity will be defined by the following 

three conditions. 

1) The combined volume (x+y) of any pair of 

droplets will be no smaller than the sum of 

the volumes of two individual droplets, 

each lOy in radius. 

2) No droplet in any pair will be smaller than 

5]i radius, 

3) The combined volume (x+y) of any pair of 

droplets will be no larger than the volume 

of a single droplet with a radius, Rc, that 

may be one of five values: 50y, lOOy, 200y, 

400.y, or 800vi. (Thus five different drop

let pair domains will be considered.) 

Commenting on these conditions, it is noted that 

although 1 and 2 do limit the smallest radii of collector 

and collected droplets, to 10u and 5y, respectively, they 

are not inconsistent with existing observations of clouds 

which indicate that collection effects are important only 
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if there are collector droplets at least as large as 

15vt~20y radius and collectable droplets at least as large 

as 10vi-15y radius. 

The five different droplet pair domains permitted 

by condition 3 will lead to five relations (C-13) and, 

hence, to five functions C(x+y) approximating the kernel. 

It should be expected from the definition of Rc that as 

Rc increases, the corresponding function C(x+y)^ will be 

an increasingly better fit to the collection kernel at the 

larger collector droplet sizes, an increasingly poorer fit 

for the smaller droplets, but an increasingly better over

all fit considering both large and small collector droplets. 

The same type of behavior should be expected for 

polynomial approximations to 3 obtained from these functions 

C(x+y) . The advantage of having a sequence of such poly

nomials lies in the ability then, when solving the moment 

equations, to employ for small evolutionary times, when 

most droplets are small, a polynomial which is accurate 

for small droplets, and to employ for large evolutionary 

times, when there are more large droplets, a polynomial 

which is more accurate for these larger droplets, 

Having set limits on the two-dimensional domain 

for which (C-13) is to be valid, the quantity £n(x+y) in 

that equation is now transformed into a new variable z, 

given by 
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2 An (x+y) - An C(x+y) . (x+y) 1 
„ _ mxn * 'max- trt_^ AS 
' *n ' ' 

In this equation (X+Y)m^n and ^x+y^max are t*ie minimum an<^ 

maximum coalescing volumes allowed by conditions 1 and 3 

above; (x+y) must therefore, satisfy the inequalities 

<x+y>min * x+y * <x+y>max (C~15) 

Correspondingly, all values of z must lie in the interval 

[-1, +1], In terms of z the linear relation (C-13) reads 

Jin 3(x,y) 'vJ bD + b^z (C-16) 

with the coefficients bQ and b^ being related to C and k by 

bQ = k An C(x+y)max (x+y)mjLn-^ /2 + An C 
(C—17) 

bx = k An C(x+y)max/(x+y)min] /2 . 

The problem of finding the constants C and k in (C-13) has 

been transformed into the related problem of finding the 

coefficients bQ and b^ in Eq. (C-16). This latter problem 

can be solved using "least-squares" approximation tech

niques , 

The "least-squares" technique allows one to find 

those particular values of the coefficients bQ and b-^ which 

minimize the sum of the squares of the deviations between 

the relation bQ+biz and An 3(x,y). These minimizing 
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values for bQ and b-^ will lead through Eqs, (C-17) to values 

for C and k minimizing the error in Eq. (C-13) and, thus, 

to an optimal approximation of 3(x,y) by C(x+y) . From 

the theory of the least-squares approximation (Hildebrand, 

1956, Chapters 7 and 9) it follows that those particular 

values of bQ and b^ minimizing the squared error in Eq. 

(C-16) are just the Fourier coefficients of An 3(x(z),y(z)) 

relative to a set of polynomials <f>^(z) orthogonal over the 

domain of z, [-1,+1], In other words, the deviation in 

(C-16) is minimized when 

1 
/ An (3 (x(z) ,y (z)) ̂  (z) p (z) dz 

b± = — j (i=0 ,1) (C-18) 

/ <j>i2(z)p(z) dz 
-1 

p(z) is the weight function to which the polynomials <{>^(z) 

belong. 

The particular weight function and polynomials 

employed in (C-18) are determined by the manner in which 

various values of An 3(x(z),y(z)) are to be emphasized in 

the upper integral. If no particular values of Anf5 are to 

be emphasized, then p(z) is a constant and <j>£(z) is the 

Legendre polynomial P^(z). Use of this particular weight 

function and these polynomials results, however, in the 

difference between An(3 and bQ+b^z in (C-16) being unevenly 
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distributed over the interval [-1,+1], in fact, being 

largest at the two ends of the interval. The deviation 

between An$ and b0+bjZ can be more evenly distributed, over 

all values of z in the interval [-1,+1], if used instead 

are the weight function 

p  ( z )  =  ( 1  -  z 2 ) ~ h  (C-19) 

and the associated Chebyshev polynomials T^(z). The coef

ficients b^ are then given by 

bi = j / An (3(x(z),y(z)) Ti (z) (1-z2) dz (i=0,l) (C-20) 

where n equals 1, if i=0, and equals 2 otherwise (see 

Magnus, et al., 1966, p. 258). 

The integral in (C-20) can be evaluated using 

Gauss-Chebyshev nvunerical quadrature (see Hildebrand, 

1956; Stroud and Secrest, 1966). This technique implies 

that 

M M 
b± £ 2. 2^ Wj An {3 (x (Zj) ,y(Zj)) T^Zj) ti=0,l) (C-21) 

M 
where is the j-th weight of Mth-order Gauss-Chebyshev 

quadrature and where z^ is the j-th zero of the mth-order 

Chebyshev polynomial. For the sake of accuracy, a large M, 

equal to 100, is used here. 
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Before (021) can be evaluated, explicit choices 

must be made for each of the 100 droplet pairs (x(Zj),y(Zj)) 

appearing there. Although conditions 1, 2, and 3 above have 

defined the two-dimensional domain in which these droplet 

pairs must lie, no statement has yet been made on where they 

will actually lie within this domain except that the sum of 

the volumes, x+y, in any pair must satisfy, for each zero 

Zj, the relation (C-14). An additional relation is needed 

in order to determine the individual values of x and y. 

This second relation will be assumed to be 

y(Zj) = (sr).? + 
(l-(sr)j )v5 

x(Zj)+y(Zj)-v, 
x( Zj) (C-22) 

This relation together with (C-14) distributes the 100 

droplet pairs evenly, throughout the domain allowed by 

conditions 1 to 3, as the 100 zeros Zj range over their 

values. The factor (sr)j is the ratio of collected to 

collector droplet radii and successively assumes the values 

0.05, 0,15, ... ,0.85, 0.95; 0.05, 0.15 ... (C-23) 

and j increases through its M values 1 to 100. Equation 

(C-22) indicates that this particular sequence of values 

of (s )• distributes the droplet pairs roughly along lines 
i J 

of equal radius ratio (sr)j. The second term in the 

brackets in (C-22) ensures that no droplet in any pair has 



165 

4 3 
volume smaller than v,- = — tt (5u) (condition 2 on the 

5 3 

droplet pair domain). Fig. 22 explicitly displays the 100 

droplet pairs resulting from (C-14) and (C-22), for the 

particular case Rc = 50y. 

Having made explicit choices for the droplets pairs 

(x(Zj),y(Zj)), An $(x(Zj),y(Zj)) in (C-21) can be evaluated, 

using the method outlined in Appendix B, and, thence, the 

coefficients bQ and b^. These quantities together with 

Eqs. (C-17) yield the constants C and k. For the five 

values of Rc listed in condition 3, the results are 

c = 8.81X1011 cm"11 . o e 
-1 

sec , k = 2.36 '• Rc = 50y (C-24a) 

c = 1.89x10s cm"3 . 0 0 sec \ k = 2.00 > Rc = lOOy (C-24b) 

c = 2.24x107 cm"2 .22 sec""1", k = 1.74 ; Rc = 200y (C-24c) 

c = 1.30x10 6 cm 1 . 7 1 sec"1, k = 1.57 <• Rc = 400p (C-24d) 

c = 1.62x105 cm"1 . 2 9  sec"1, k = 1.43 ; R(-. — 800y (C-24e) 

1c The corresponding kernel approximations C(x+y) are dis

played in Fig. 23 along with the actual kernel. This 

Figure confirms the earlier qualitative remarks on the 

approximating differences between the various functions 
Ir 

C(x+y) , depending on whether Rc takes small or large 

values. 

With these values for C and k in hand, it is 

necessary only to select N and wQ before using Eq. (C-12) 

to obtain the polynomial P(x,y) approximating the kernel. 
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Fig. 22: Droplet pairs used in fitting the function 
C(x+y)k to the actual collection kernel. 

Each point denotes a particular droplet pair. The 
associated index j identifies the corresponding 
index of the 100th order Chebyshev polynomial. It 
is assumed that Rc=50u. See text for further de
tails and method used to obtain droplet pairs. 
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Solid line-actual kernel ; Dashed lines-C(x+y)_. 
The value of Rc, used in computing each approxima
tion C(x+y) , labels each dashed line. s^O.5 is 
assumed for each line. See text for details. 
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The two criteria used here in selecting N and w0 are, first 

and foremost, that P(x,y) be close to (3(x,y) for small 

collector droplets (radius £ 50jj) and, second and less 

importantly, close to p(x,y) for larger droplets. The 

relative importance of these two criteria ensures that 

when P is used in place of £, to determine the time-

dependence of the moments, meaningful results are obtained, 

at least in the initial stages of the droplet growth process, 

if not in the later stages. These two criteria have been 

applied to values of P(x,y) computed for values of N from 

0 to 9 and for w0 in the range (4/3) ir (ly) ̂ to (4/3) ir (lOy) 

and for each of the five pairs of C and k values in Eqs. 

(C-24), The optimal values of N and w0 were found to be 

N = 2 

0)o = (4/3) TT (5y) 3 

Curiously enough, N equal to 2 gives a better polynomial 

approximation to 3(x,y) than do higher values of N. This 

is perhaps because the two selection criteria given above 

require comparing polynomials of various orders with 3 it-

self and not with the function C(x+y) from which P actually 

k is derived. P should naturally become closer to C(x+y) as 

N increases, but this may not necessarily hold when P is 

compared with 3. Probably for this same reason, it was 

found that the polynomial obtained when C and k have their 
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"Rc = 50p" values is a closer approximation to 3 than 

polynomials obtained for other values of C and k; thus, it 

shall be assumed that 

. . — 4•0 8 _-i 
C = 8.81x1011 cm sec , k = 2.36 

Substituting these values for C and k and for:.N and uQ 

into Eq. (C-12) yields the following polynomial approxima

tion Ptx,y) to the collection kernel, 

3(x,y) ̂  P(x,y) = l.OlxlO"9 + 2.26(x+y) + 9.81xl08 (x+y)2 

(C-25) 

Fig. 24 compares this formula with the actual droplet col

lection kernel. It is clear that this formula is quite 

good for the smaller collector droplets, but that it must 

be used with caution for the larger droplets (r £ 100y). 
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its polynomial approximation. 
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See text for details of the method used to obtain 
this polynomial. 
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