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ABSTRACT 

The interaction of a normal shock wave with a turbulent boundary 

layer is a phenomenon which occurs frequently in fluid mechanics. 

Existing methods for predicting the behavior of turbulent boundary layers 

will not adequately predict the turbulent boundary layer under the 

influence of a shock-induced severe adverse pressure gradient. The 

primary concern of this report is the modification of an existing boundary 

layer prediction method so that the turbulent boundary layer may be 

adequately predicted while under the influence of a shock-induced pressure 

gradient. 

Head's method as modified by Green for compressibility was modi

fied by calculating the boundary layer parameters along isobars which 

were assumed to be Mach lines extending from the edge of the boundary 

layer as suggested by Myring and Young. New empirical inputs required in 

the use of Head's method were determined using data from Seddon's experi

ment of a normal shock wave interacting with the turbulent boundary 

layer on a flat plate. The method was used to predict Seddon's results 

up to separation. Sandborn's method was used to determine the separation 

point. 

viii 



CHAPTER 1 

INTRODUCTION 

1.1 General Considerations 

The interaction of a turbulent boundary layer and a normal shock 

wave is a phenomenon which is frequently encountered in aerodynamics. 

For example, on a lifting surface immersed in a flow at high subsonic 

speeds, the fluid velocity is increased as it is displaced over the 

lifting surface and supersonic velocities may result. The supersonic 

region is terminated with a normal shock wave which interacts with the 

turbulent boundary layer on the lifting surface. This interaction can 

result in separation of the boundary layer if the shock is strong enough, 

and in some cases can lead to an unsteady flow condition known as buffet. 

The normal shock turbulent boundary layer interaction also occurs on 

external compression surfaces within the diffuser section of a jet engine 

and in a supersonic wind tunnel operating supercritically, resulting in a 

drop in total pressure and in some cases, separation and unsteady flow. 

Figure 1 depicts several examples of the interaction of a normal shock 

wave and turbulent boundary layer. 

1,2. A Physical Description of 
the Interaction Phenomenon 

Figure 2 gives a more detailed schematic of the interaction of a 

normal shock wave and the turbulent boundary layer on a flat plate. 
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Figure 1. Examples of Interaction of Turbulent Boundary Layer 
and Normal Shock Wave (35). 
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Figure 3 is a photograph of the interaction. The normal shock is bifur

cated at a height of approximately five times the thickness of the 

undisturbed boundary layer above the surface. The rear shock of the 

bifurcated system is S-shaped and leaves the bifurcation point normal to 

the flow behind the front leg. It inclines backwards from the normal 

lower down, and on entering the boundary layer reverts to the normal 

direction. The flow behind the rear shock is mixed subsonic and super

sonic and as shown in Figure 2, a supersonic tongue extends several un

disturbed boundary layer thicknesses behind the rear shock, The flows 

above and below the bifurcation point have equal static pressure, but 

different total pressures and, therefore, different flow velocities, 

temperatures and densities. This surface of discontinuity is called a 

vortex sheet and extends downstream for some distance. 

The boundary layer will separate if the strength of the shock is 

great enough. The cause of separation is the inability of the boundary 

layer air to negotiate the adverse pressure gradients caused by the shock 

waves. In the external flow the pressure gradients are very large, but 

at the surface the gradients are reduced by interaction with the boundary 

layer. Since the inner portion of the boundary layer is subsonic, the 

pressure rise imposed by the shock wave is propagated upstream causing a 

thickening of the boundary layer. The resulting curvature of the edge of 

the boundary layer is convex and, hence, a band of compression waves is 

generated. These compression waves coalesce into a single normal shock 

in the external flow and result in a conversion of the sharp discontin-* 

uous pressure rise of a normal shock to a -more gradual one that can be 

negotiated by the boundary layer if the shock is not too strong. As the 
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strength of the shock increases, the pressure gradients increase and the 

boundary layer will eventually separate. Figure 4 depicts the resultant 

pressure gradient for shocks strong enough to cause separation. 

Separation occurs at S in Figure 4. The pressure rise to separa

tion is substantial but not sufficient to meet the rise required by the 

shock in the external flow. The. pressure rise from the start of the 

interaction up to separation depends on the boundary layer profile and 

the free stream velocity. For example, the pressure rise necessary to 

cause separation is greater for turbulent than for laminar boundary 

layers. After separation the pressure rises very slowly at a rate which 

can be supported by the separated viscous layer. The slow rise continues 

until the shear layer is deflected back towards the surface at T in Fig

ure 4. This starts the re-attachment process which permits the rate of 

pressure rise to increase. The end of re-attachment completes the 

pressure rise required by the shock. 

When separation occurs, the interaction region can spread to an 

appreciable length along the stream as the strength of the shock in

creases . This phenomenon is explained in the following way. Both the 

pressure rise from the start of the interaction up to separation and that 

which occurs during re-attachment depends on the upstream boundary layer 

profile and the free stream velocity. The sum of the pressure rises in 

the regions up to separation and after re-attachment is affected by 

shock strength only in so far as this may influence the boundary layer 

profiles at separation and re-attachment. When an increasing shock 

strength demands an increasing pressure rise, it must be accommodated 

mostly in the separated region where the unattached boundary layer can 
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Figure 4. Separation of a Turbulent Boundary Layer at the Foot 
of the Shock on an Airfoil Surface (25). Definition of Certain 
Pressures on the Surface. 



support only a gradual pressure rise, The result is a lengthened sepa-?. 

rated region, 

The size of the separation bubble also depends on whether the 

pressure at the knee of the curve, , in Figure 4, corresponds to sub-̂  

sonic or supersonic flow. The supporting argument for this hypothesis 

can be followed by reference to Figure 5. If reattachment of the se-* 

parated boundary layer is to occur soon after separation, the flow which 

has been deflected outward at separation must be deflected back towards 

the surface soon after separation. If the pressure at the knee of the 

curve, P̂  , corresponds to subsonic flow, then the stream tubes near the 

surface which are deflected outward will expand to accommodate an in-̂  

creasing pressure. The. expanding stream tubes will deflect the flow to-̂  

ward the surface and close the Bubble, If P̂  corresponds to supersonic 

flow, the stream tubes will contract to accommodate an increasing pres*? 

sure, The contracting stream tubes will not assist in directing the 

flow towards the surface and the bubble will lengthen (25)., 

1,3 Purpose of Investigation 

The purpose of this investigation is. to select a method for cal->-

culating the growth of the two-dimensional turbulent boundary layer in 

the region from the start of the interaction with the normal shock to the 

separation point. The pressure distribution at the edge of the boundary 

layer is assumed to be known, There are a number of methods in existence 

for calculating the growth of a turbulent boundary layer while undergoing 

an interaction with a shock wave, but none of these, without modification, 

adequately predicts the boundary layer parameters for severe adverse 
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Figure 5. Diagrammatic Sketch of Streamlines and Boundary Layer 
Flow Near a Separation Induced by a Normal Shock on a Curved Surface 
(Curvature Greatly Exaggerated). The Approximate Position At Which 
the Velocity on the Streamline has Fallen to Sonic Value (Pearcey, 25) 
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pressure gradients such as exist for Seddon's experiment (35). A num

ber of reviews of existing methods have been conducted. One of the more 

recent ones performed by Thompson (42) concluded that the method of Head 

(14) gives the best general level of agreement with experiment. Also, 

the method developed by Bradshaw, Ferriss and Atwell (3) looked promising 

because it does not rely on the assumption that the shear stress profile 

is uniquely related to local flow conditions, a major shortcoming in most 

methodŝ  However, Bradshaw's method proved unworkable in this case be

cause an accurate starting shear stress profile could not be obtained. 

Headls method as modified by Green (13) for compressibility was 

found to work very well after some further modifications. This method 

does not rely on the above assumption concerning the shear stress pro

file, but does use the assumption that the pressure is known along the 

edge of the boundary layer. This is the usual assumption for classical 

boundary layer problems where the flow is divided into a thin viscous 

region near the surface and external inviscid flow theory is used to de

termine the pressure along the edge of the boundary layer. For the nor

mal shock-̂ turbulent boundary layer interaction problem the external flow 

and the boundary layer are coupled, and a decoupling procedure is neces

sary before the flow regions can be treated independently. 



CHAPTER 2 

A REVIEW OF PREVIOUS METHODS 

2.1 Review of the Pr oblem  ̂ . • » • • • • •• 

There are in existence a large number of computational methods 

for predicting the incompressible turbulent two-dimensional boundary 

layer* For example, methods have been developed by Head (14), Moses 

C2Q), Granville C12), Trucbenbrodt (43), Spence (37), Maskell (19), Schuh 

C34)., and many others. There also are a few methods for analyzing com

pressible turbulent boundary layers such as the methods of Walz (46), 

Patanker and Spalding (24), Bradshaw et al. (3), Kutateladze and 

Leontlev (16), Reshotko and Tucker (29), and Green's modification of 

Head's method (13). Several transformation theories relating compressî  

ble to incompressible turbulent flows have been developed by Stewartson 

C39), Magar (18), Coles (6), and Crocco (7), Fortunately several re-r 

views of prediction methods have been published recently by Thompson 

C42), Spalding (36) and Escudier (8), which provide some guidance as to 

the use of these methods. All methods for both incompressible and com-c 

pressible boundary layers of a laminar or turbulent nature use the Na— 

vier-,Stokes equations as a starting point, These equations are a formu-r-. 

lation of the equilibrium of the viscous, inertial, pressure and body 

forces, and were developed independently by Navier (22) and Stokes (40). 

The Navier-Stokes equations along with the continuity, energy and state 

11 
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equations are a system of nonlinear partial differential equations of the 

second order and without simplication have not been completely solved 

because of mathematical difficulties. Prandtl (27) was able to 

simplify the equations into a usable form for problems associated with 

gases in motion by assuming the effects of viscosity to be confined to 

the very narrow region termed the boundary layer, adjacent to the solid 

wall over which the fluid is flowing. Because the boundary layer is very 

thin, some of the terms which make the Navier-Stokes equations so mathe

matically difficult become negligibly small. The result is Prandtl's 

boundary layer equation for steady flow which follows: 

3u . 3u dp . 3t 
8x 9y dx 3y CD 

This equation is applicable to both laminar and turbulent boundary 

layers if the following definitions of terms are used for turbulent 

boundary layers. For turbulent boundary layers u and v are interpreted 

as time averages u and v; that is 

u » T 

t„+T 

udt (2) 

and 

v = T 

t0+T 

vdt , (3) 
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where 

u = u + u' 

and 

v = v + v' 

The velocities are separated into a mean (u) and fluctuating velocity 

component as suggested by 0. Reynolds (in 32) and the mean values are 

taken over a long enough time interval (T) to be completely independent 

of time. 

For laminar boundary layers the shear stress (T) in the equation 

(1) can, according to Newton, be represented by the equation 

T - y 3y , (4) 

where y is a material property called viscosity. 

For turbulent boundary layers because of "apparent stresses," 

sometimes referred to as "Reynolds' stresses," the shear stress in equa

tion (1) is represented by the equation 

T = y ly -pu,v' »  ̂

where the term -pu'v' is the Reynolds stresses. 

A general solution of the equations as simplified by Prandtl's 

boundary layer assumption has still not been accomplished because of 

mathematical difficulties, but solutions of special cases have been 

achieved. For example, by assuming the pressure gradient to be zero, 

Blasius CI) transformed th.e partial non-linear differential equations 
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into ordinary non-linear differential equations and obtained a solution 

in the form of a series expansion which is applicable to the viscous in

compressible flow at large Reynolds numbers over a zero incidence flat 

plate. Also "similar" solutions of the boundary layer equation where 

velocity- profiles in the laminar boundary layer are similar at all 

points have been found by Falkner and Skan C9) to exist when the extern 

rial flow velocity is proportional to the distance from the leading edge. 

In addition to the special solutions above, the solution of the 

boundary layer equations for a large number of problems has been obtained 

by making certain approximations. The Prandtl equation is averaged by 

integration over the boundary layer thickness as first proposed by von 

Karman (45) and Polhausen (26). All methods use the continuity equation. 

The continuity equation for compressible flow is 

ifiy. + IfiJL = o (6) 
3x 3y W 

Using the definition for the skin friction coefficient 

T 2  
C£ - J—T • "> 

2 pul 

and the momentum equation along the edge of the boundary layer 

i J du, 
- — ̂  = U, -T— , (8) 

p dx 1 dx ' 

and the procedure given in Schlichting (32) of integrating over the 

boundary layer thickness, one can express the boundary layer equation 

in the following form for compressible flow: 
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JA C- A 
— = — - (H+2 - M*) — 3— (compressible) (9) 
dx 2 i Uj dx 

The definitions for the compressible case are 

6 

<5* = (̂ 1 - p̂ ~j dy (displacement thickness) (10) 

6 

P 
ji _ —) dy (momentum thickness) (11) 

iul \ UJ 

H = g— (shape factor). (12) 

In addition to the integrated Prandtl equation, sometimes re

ferred to as the momentum integral equation, a second integral equation 

is needed for the approximate method. It is possible to derive an in** 

finite set of ordinary differential equations by multiplying Prandtlls 

differential equation by weight functions and integrating. Following 

k Wieghardt (47), the Prandtl equation, equation (1) is multiplied by u 5 

k+1 
and the continuity equation, equation (6)} is multiplied by u /k+1, 

The equations are then added and integrated over the interval 0\< y 6 

yielding the relation 

d f i  81,  d u i  

<GT + £k<2 + k " f7 " m5> vl + ek + sk " 0 • <13) 
k 1 

where 



e. = (k + 1) dy 

Piui 

16 

(14) 

f*- fi 
3iui L 

/ \ k+i-̂  

-fe) ]* 
(15) 

8k = (k + 1) is. r^i (M k~2. n 
>iui LP \uj J 

1 dy (16) 

k u. 
dS , d_ 
dx dx 

£_ 
P 7 ft) 

k+2 
dy (17) 

9_ 
dx [ 5 7 f t ) ™ ] » -  f e t e & ) " ' ] «  

k is an arbitrary integer. The values of k = 0 and k = 1 are normally 

chosen in order to obtain equations with physical significance. The 

momentum integral and energy equation are obtained by letting 

k = 0 and k = 1. With k = 0 one can obtain the following: 

8o = 6* f„ = 0 S„ = 0 e = -

Piu? 

(18) 

With k = 1 one can obtain 
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= 2 jar- - ii 
>1̂ ! LP J 

1 dy (19) 

Using the perfect gas law, 

P = pRT (20) 

and assuming the pressure to be constant across the boundary layer one 

can obtain 

LL I— 
P = T, 

(21) 

Using 

CT = h 
P 

(22) 

and substituting into equation (19) one obtains 

Pu- P - 1~| dy = 0„ (enthalpy thickness) (23) 
>iui Lhi J H 

fi -
[l - j dy = 0g (energy thickness) (24) 

o 

e = 
l 

9T . 
u 87 dy 

(25) 

or after integration by parts, 
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= -2 

ru. 

Tdu 

Piu l  
Cp (dissipation integral) (26) 

Making these substitutions into the general equation (13) one again 

obtains 

d0 6* Cf 
•JU + 0(2 + -g— - Mj) (momentum integral equation) (27) 

d9. 6, 
+ e (3 + !j! - m?) — -t-!- = —— 

E E 1 u. dX p,»» 

u. 

Tdu (energy 

integral equation) .(28) 

If time averaged velocities as defined by equations (2) and (3) are used, 

these equations are valid for both laminar and turbulent flows. The 

above equations were derived for the general case of a compressible flow; 

hence they are valid for the special case, of incompressible flows. For 

incompressible flow energy thickness, 0̂ , is defined as 

2 

- |̂ 1 - j dy (energy thickness) (29) 

Using equations (27) and (28) for incompressible flow, along with the 

applicable boundary conditions and a representative velocity profile, and 

equation (4) at y = 0 for shear stress at the wall, one can accurately 

predict the incompressible boundary layer. 



19 

Polhausen (26) first assumed a polynomial velocity profile 

which satisfied the boundary conditions. The following expression was 

used to represent the skin friction coefficient: 

C. = - t-K— |a . (30) 
f ipuf ip.; 3" y-0 

He then solved the momentum integral equation for the boundary layer and 

displacement thicknesses. This method is fairly accurate for laminar 

boundary layers. 

The turbulent boundary layer problem is more complex. If the 

momentum and energy integral equations are to be used, there must be an 

accurate representation of the skin friction coefficient, Ĉ , and the 

shear stress distribution across the boundary layer for conditions of 

favorable, adverse and no pressure gradients at the edge of the boundary 

layer. The skin friction coefficient is somewhat uncertain but several 

empirical relations exist, one of the most reliable in adverse pressure 

gradients being the Ludwieg-Tillman (17) skin friction law, 

Cf = 0.246 R0~*268 io"-678H , (31) 

where Rg is the Reynolds number based on the characteristic length 0. 

2.1.1 Turbulent Shear Stress 

Turbulent shear stress is not accurately known because of a 

limited understanding of the very complex turbulent motion. 

As stated before the turbulent shear stress can be represented by 

the expression 
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3u —;—r 
T «= y _ -pu'v' , (32) 

where the first term on the right hand side of the equation represents 

the stresses due to molecular viscosity and the second term represents 

the "Reynolds stresses" or "apparent stresses" due to the fluctuating 

motion of the turbulent flow. For large Reynolds numbers which are as-s 

sumed wh.en using boundary layer theory, the "Reynoldsr stresses** exceed 

tb.e wNewton stresses1' by seyeral orders of magnitude and the "Newton 

stresses" are therefore assumed to be negligibly small. The most un-* 

certain factor in predicting the behavior of the turbulent boundary laŷ  

er is the uncertainty involved in determining th.e "Reynolds stresses," 

The most commonly used approach to this problem is the one sug

gested by Boussinesq (2). in analogy with Newton's law for shear 

stresses, Boussinesq introduced a mixing coefficient or eddy viscosity, 

Vi5, and represent the "Reynolds stresses" as 

T = >̂ (33) 

where u is the mean velocity. 

Prandtl (Ref. 28) further developed Boussinesq's theory by relating 

and the mean velocity. In what is known as Prandtl's mixing length hypo

thesis, the shear stress is represented as 

T  
2 du du 

dy dy 
(34) 

or 

y» = P*2 If I ' 
(35) 
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where Z is the mixing length. The mixing length is analogous to the mean 

free path of molecular motion in gases and is the length over which indi

vidual turbulent eddies of turbulent fluid move until they lose their 

individuality by collision and consequently mixing with other eddies. 

The major shortcoming of this hypothesis is that y5, unlike the molecular 

viscosity which is a fluid property, depends on local flow conditions in 

a complex fashion. This representation does not account for the past 

history of the boundary layer. The mixing length Z has been found exper

imentally to be 

Z % cy . (36) 

In the vicinity of solid walls c = .4. 

c = .267 in the outer region of the boundary layer. 

Other investigators, such as Bradshaw and Ferriss(in 3), have 

argued that the shear stress is closely related to the turbulent kinetic 

1 o 2 2 
energy, p(u' + v1 + w' . ), and since kinetic energy is 

governed by the turbulent energy equation it is not determined by local 

flow conditions. 

Eddy viscosity is an empirical term and when conditions for its 

use vary from those for its determination, it is of questionable accuracy. 

Approximate theories require an integrated value of the shear stress, 

called the dissipation integral. An empirical law for the dissipation 

integral for incompressible flow has been developed by Rotta (30) 

and for compressible flow by Felsch (10). 
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2.1.2 Turbulent Velocity Profile and 
Dissipation Integral 

The polynomial representation of the velocity profile with the 

coefficients as free parameters as used for the laminar boundary layer is 

not suitable for the turbulent boundary layer; however, a similar proce

dure of assuming an equation for the velocity profile can be used. A 

table of velocity profiles can be developed from either special solutions 

or from experiments with different conditions for the external flow. 

These velocity profiles are then classified approximately by a shape 

parameter and in some cases, a second characteristics parameter of the 

boundary layer flow such as the momentum thickness, 0. 

The shape parameter is introduced as an unknown variable into the 

equations of motion which can now be solved if suitable skin friction and 

dissipation integral expressions are available. An example of velocity 

profiles which are frequently used is the power law given by 

1 

2 where n = =-=- and H is defined by equation (12). This profile is of the 
h-1 

single parameter type and is valid for flow where either a weak or zero 

pressure gradient exists at the edge of the boundary layer. For strong 

pressure gradients the "law of the wall and the law of the wake" (5) 

is frequently used in certain methods. 
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where ai is a universal wake function, Ut is the friction velocity, K and 

B are constants, and ir is a function of Reynolds number and pressure 

gradient but is independent of the distance from the wall, y. The func

tion to was determined by Cole from a large quantity of experimental data, 

Walz (46) shows that Cole's velocity profile is a function of the 

shape parameter H and RQ, where Rn is the Reynolds number using the y w 

momentum thickness as the characteristic length. This velocity profile 

is applicable for both incompressible and compressible flow. 

The dissipation integral, Cp, represents the work of the shear 

stresses which is converted to heat in the boundary layer and is obtained 

by integrating the product of the velocity and the gradient of the shear 

stress across the boundary layer. In dimensionless form it can be 

expressed as 

C„ = 
D  ̂ 3 

1 U 1  

u|̂  dy . (39) 

This quantity is contained in the energy integral equation and is usually 

accounted for by the formulation of an empirical expression. For exam

ple, Walz (46) gives the expression for Ĉ  (incompressible) as 

2(.00481 + .0822(H,. - 1.5)"'81 

\ * <40) 

(R r 

where N = .2317H12 - .2644 - .87 10s(2 - H12)20 

6p 
and H12 = q— . (41) 
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For compressible flow the above expression is modified in the following 

way: 

C, 
D 

(42) 

where 03 is the incompressible momentum thickness. As stated above for 

incompressible flow, the momentum integral and energy integral equations 

are solved with the empirical inputs. There are numerous methods avail

able for their solution and it would be impractical to outline each. 

Examples may be found in references 12, 14, 19, 20, 34, 38 and 43. 

outlined above will solve most incompressible turbulent boundary layer 

problems to an acceptable degree of accuracy for most engineering appli

cations. For the compressible turbulent boundary layer the theory is 

more complex because the density is now a function of pressure and temper

ature; the kinetic energy and frictional work in the boundary layer reach 

the order of magnitude of the enthalpy and now changes in velocity are 

followed by changes in temperature. Also, one must account for the var

iation of viscosity with temperature. We must now consider the law of 

gas dynamics in formulating the momentum, energy and continuity equations. 

The energy equation which follows is a balance of total energy, 

the work done by the shear stresses and the heat energy: 

2.1.3 The Compressible Turbulent Boundary Layer 

The approximate theories along with the necessary empiricisms 
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where T is temperature, hQ is the stagnation enthalpy 

h = h + \ u2 (44) 
O 2. 

and Xg is the effective heat conductivity used in Fourier's relation for 

heat flow, q, which is 

q(x,y) = -As . (45) 

Busemann (4) found that if the Prandtl number 

yc 
(Pr = —j*. ) is Set equal to one which is approximately satisfied for 

air (Pr = 0.72), then the temperature, T, depends solely on the velocity 

component, u, taken parallel to the wall: i.e.,T = T(u). If the assump

tion is made that there is no heat transfer at the wall, equation (43) 

can be solved and the boundary conditions applied to obtain the follow

ing relation between temperature and velocity: 

s|5g - i • rji «;[!-(*-) *] «6, 

where Y is the ratio of specific heats. 

The solution for heat transfer at the wall with no pressure 

gradient for a flat plate (44) is 

f r - 1 )  •  < « >  

where T0 = Tr 1̂ + M2 j . (48) 
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For cases where Pr j4 1 the solution is 

T - T 
T r s- = 1 + 
Tj T r (5r - i) + r [> - fr)2] <«> 

where r = v¥F (laminar flow) (50) 

r • ̂Pr (turbulent flow) 

and 

• C1 + r M (recovery temperature). (51) Tr = T, | 1 + r 

To solve the boundary layer equations requires some expression of 

viscosity as a function of temperature. For gases Sutherland's empirical 

relation holds (4 6) . 

C T3/2 
y(T) = » (52) 

where the units of viscosity are Newton seconds/meters2, temperature is 
-6 

in °k, Cj = 1.486 x 10 and C2 = 110.6 for air. An approximation of this 

expression is given as 

t • (y 
to 

(53) 

with 0) = 3/2 V" (54> 
1 + _i 

ir 

or to £ .79 for 200 < T < 400°k. (55) 

The temperature distribution through the boundary layer and a relationship 

between viscosity and temperature are known. With empirical inputs for ve

locity, the shear stress profile and the dissipation integral, the momentum 
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and energy equation can be solved. Examples of calculating procedures 

for the compressible turbulent boundary layer are given in references 3, 

13, 16, 24, 29 and 46, The subject of this report which will be out-

lined subsequently is a detailed description of the method of Head modi-̂  

fied for compressibility by Green (13) and further modified for sharp 

adverse pressure gradients encountered in normal shock wave-turbulent 

boundary layer problems. 

2,1,4 Selection of Head's Method with Green's Modification 

Thompson (42) concluded from his review of approximate methods 

for incompressible boundary layers that Head's method gives the best 

general level of agreement with experiment when compared to methods in 

existence at the time of the review (1964). Head's method was modified 

by Green (13) to account for compressibility and the theory follows the 

general outline given above with the following exception, A new auxil

iary equation is determined by assuming the controlling factor in the 

development of the turbulent boundary layer to be the entrainment of 

mass into the boundary layer from the inviscid flow region. The new aux-? 

iliary equation is shown to be of the form of the generalized equation 

(13) and is used with the momentum integral equation in place of the en

ergy integral equation. Thompson also concludes that none of the exist

ing methods gives good agreement with experiment in severe adverse pres

sure gradients. Since Thompson's review, Dr. Yosihara of Convair has ap

plied the most recent method of compressible turbulent boundary layer pre

diction developed by Walz (46) and Magar's (18) and Coles' (6) transforma

tion theories to the case of the turbulent boundary layers with severe 
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adverse pressure gradients without success. These results were obtained 

from conversation with Dr. Yosihara and have not been published, Also 

Green (13) found Magar's transformation to be lacking. In addition, the 

method of Bradshaw's et aL (3) was used by this author unsuccessfully. 

For these reasons and because Head's method is a fairly simple 

method with which to work, it was selected as the most suitable for mod

ification in an attempt to predict turbulent boundary layers developing 

in severe adverse pressure gradients. 

2.2 Head's Method 

Head (14) developed an auxiliary equation for incompressible 

boundary layers by postulating that the controlling factor in the devel

opment of the turbulent boundary layer is the entrainment of mass into 

the boundary layer from the inviscid flow region. He assumed that the 

quantity of flow entrained will depend only upon the boundary layer 

thickness, the velocity outside the boundary layer and the distribution 

of velocity in the outer part of the layer: that is, if Q represents 

the volumetric flow in the boundary layer per unit time, then 

42- « 
dx 

A = Q 

Profile shape, external velocity and some measure of 
boundary layer thickness J (56) 

rS 

dy 
u, 

(57) 

dy - ( ' -3 dy = 6 - 6* (58) 
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or 

dfi 
dx - s M • (59) 

6 - 6 *  
He chose 6 - 6* as a thickness parameter and the ratio of —g or Hj as 

the parameter specifying the velocity profile shape. The entrainment can 

then be expressed as 

(60) ~ = f<Hi> Uj, 6 - 6*) , 

or in non-dimensional terns 

(uiA) * F(H.> • <61> 

After differentiation, the new auxiliary equation can be written as 

4̂  = F - — — . (62) 
dx u} dx 

Head's auxiliary equation can be obtained from the general bound

ary layer equations (13), (14), (15), (16), and (17) by letting K = °°. 

In this case, because 

0 < — < 1 , 
ui 

fe) K+2 
0 ; (63) 

K-x» 

thus 
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6 

P" 
D u Hri 

dy = 6-6* = A , (64) 

K + 1 

p u2 Ki l 
ft) 

K 
3T 
dy 

dy = 0 , (65) 

_L _ M 
Uj dx ' 

(66) 

and 

8m ® <°° + D Pu 

Piui 
o 

dy = (a>+l)f„ • (67) 

Therefore 

8K 
fR(2 + K - - M2) = fR(2 + K - M2) ~ gjj 

= fw(2 + co _ m̂ ) - (oo + l)fo 

(68) 

(69) 

= f̂ d - M2) = A(1 - M2) . (70) 

Finally equation (13) becomes 

A(1 - M2) — — . (71) 
dx x i' Uj dx dx Uj 

For the incompressible case substitute Mj = 0 into equation (71) to 

obtain 
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dA A IL no\ 
dx Uj dx dx Uj 

Now starting with equation (57) for mass flow 

Q = uxA = udy , (73) 

we obtain, through differentiation, 

d(UjA) 

dx 
d_ 
dx 

udy (74) 

Using Leibnitz's rule for differentiating under an integral we obtain 

d(û ) 

dx 
3u , d6 
aJ dy + «, 5; (75) 

Using the continuity equation (6) we obtain 

dÔ A) 

dx 
= u dS 

l dx 
3v , 
37 dy 

(76) 

d6 
u, j v, i dx l 

= u d6.Il 
1 dx u. 

(77) 

(78) 

Therefore from equation (61) 
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F<v • • <79> 

Substituting equation (79) into equation (72) we obtain 

5 + !t;ir • F<V > <80> 

which is Head's auxiliary equation in which the dissipation integral is 

equal to zero [equation (39)]. Therefore, when using Head's auxiliary 

equation, we do not have to consider the shear stress profile. However, 

the shear stresses determine the development of the velocity profile 

through their interaction with the inertial and pressure forces. The 

influence of the shear stress profile is therefore included in the en-* 

trainment parameter F which is determined empirically. 

Head assumed Hj to be a function of the conventional form factor 

H. He used data taken from experiments of Newman (23) and from 

Schubauer and Klebanoff (33) for regions where no pressure gradient and 

others where a favorable pressure gradient existed, to determine curves 

which represent the relationship between Ht and H,and F and Hj. Using 

curves of F Vs. Ht and Ĥ  Vs. H and the Ludwieg-Tillman skin-friction 

coefficient, the momentum and auxiliary equations can be solved using the 

following procedure. 

The equations to be solved are 

JQ •'Q .dUj 
-r— = —7T 1— (2 + H) (momentum equation for incompressible (9) 
dx 2 U1 dx flow with M, = 0) 

and 
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and 

dA A ^Ui 
dx + u~~ dx~ = (auxiliary equation for incompressible flow) . (80) 

The skin friction coefficient can be expressed as 

C_ = . 246Rfl***263 io~«67eH (Ludwieg-Tillman skin-friction (31) 
Coefficient). 

Initial values of A, H, 0, and U must be assumed. The pressure gradient 

must be known at all positions along the surface. With the initial val

ues given, the initial value of can be calculated and can be de

termined using equation (31). The momentum equation can now be solved 

using the finite difference relation 

A0 = Ax [r - ̂  sr(2 + <81> 

to affect a stepwise marching procedure along the plate. A value of 0 at 

an advanced position on the surface is determined. F is then evaluated 

from the initial value of Hj and the HjVsF curve of Figure 6 which is an 

empirical relationship determined by Head. The auxiliary equation is 

solved in the same way as the momentum equation using 

A(<5 - 6*) = Ax (82) 

to obtain a value of 6 - 6* or A at an advanced position on the surface. 

The newly determined values of A and 0 are used to resolve a new value of 

H . The curve of H.Vs. H and H, Vs. F are used to determine values of H 
l 1 1 

and F and the procedure is repeated. 
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2.3 Green's Modification 

Green (13) modified Head*s method to account fot compressi

bility by assuming that the density variation in the outer part of a 

supersonic boundary layer has little effect on the entrainment mechanism; 

that is, varying density does not change the relation between entrainment 

and distribution of velocity in the outer part of the boundary layer. He 

assumed that the velocity is adequately specified by the following shape 

parameter. 

(Hx), ( i _  
ul \ 

dy (83) 

The relation between the entrainment F and shape parameter (Hj)̂  is 

assumed to be the same as the empirical relation obtained by Head. For 

compressible flow F is defined as 

1 d 
Pjtij dx 

pudy (84) 

The rate of increase of mass flow in the compressible boundary layer is 

&T (piuiA) = piuiF ' 

where 

(85) 

,6 

A = pu 

pxu, 
dy = 6 - 6* . 

(86) 
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Equation (85) can be differentiated and expressed as 

dA 
dx 

A -du. 
= F + (M* - 1) — — 

i Uj dx 
(87) 

It can be shown using the same procedures as for incompressible flow that 

equation (87) can be obtained from the general boundary layer equations 

(13), (14), (15), (16), and (17) by letting K->«\ 

The new auxiliary equation (87) can be solved simultaneously with 

the momentum-integral equation for compressible flow, 

using Head's experimental relation determined from incompressible flow 

data (Figure 6), if a suitable skin-friction coefficient is used and a 

suitable relation between (Hj)̂  and H can be determined. 

ter interaction with an oblique shock wave to determine and experimental 

relation between H and H (Figure 7) and between (H ) and (H) (Figure 
1  1 4  4  

8) where 

(88) 

Green used experimental data for a boundary layer recovering af-

H ( £_ 
Pi 

(89) 

o 

and 

6 •6 

(90) 
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H is the incompressible shape parameter transformed from the compressible 

by using Magar's transformation defined by the relations, 

dy £_ dy » dx "(I) dx , (91) 

u 

u. 

u 

u. 
and u, = M a 

1 10 
(92) 

An analytical relation between (H)̂  and is given by Green, 

(H) = H 

! + £ M2 (H +1) (H - l)2 

5 1 H(3H - 1) (2H - 1) 

H(H + 1) 
1 + (l-

(3H - 1) (2H - 1) 

and between H1 and (HJ)( 

rM; 
H. 

<HX), 
= 1 + (—) V H j  +  2 }  

(93) 

(94) 

where r is the recovery factor. 

By curve-fitting, analytical expressions were obtained from the experi

mental curves. 

F = .0306 [(Hj)^ - 3.0]~°•653 

H  =  1 + 0 . 9  [ H j  -  3 . 3 ]  - 0 . 7 5  

(95) 

(96) 

3.4 + 1.87 [(H)^ - .5]~3*8 (97) 
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Figure 6. Empirical Relation Between Entrainment F and (Ĥ )̂  
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Figure 7. Correlation of Transformed (H) and Incompressible 00 
Shape Parameters. 



Figure 8. Correlation of Transformed (H) and Kinematic (H ) 
Shape Parameters. ** 
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Assuming the temperature distribution through the boundary layer to be 

T •= T. + (T - T ) — + (T, - T ) \ 2 , (98) 
2 v r 2 Uj i r'  \u 11 

where Tg and indicate wall and recovery temperatures, Green obtained 

an analytical relationship between H and H, 

T T 
H = — H + —- - 1 . (99) 

l l 

Following Spence (38), he corrected the Ludwieg-Tillman incompressi

ble skin-friction coefficient for compressibility by using equation (100) 

Ti -
Cf " T~Cf (100) 

m 

where, T̂ , the intermediate temperature is given by 

Tm = .5(T2 + Tj) + .22(Tr - Tx) (101) 

and is the incompressible skin friction coefficient at a Reynolds 

number of Rq defined as 

se " rEe • - <102) 
m 

"co0 

where R0 = — 
00 

and 00 signifies free stream condition. 

The viscosity was calculated using the following relation, 

" ir \w 

t " k) • <103) 

where to = 0.76. 



Ludwieg-Tillman's incompressible skin-friction law is written 

Cf = .246 exp.(-1.561 H)R0~*268 . ' (104) 

The boundary layer parameters are calculated using the finite 

difference form of the momentum equation (88) and the auxiliary equation 

(87). Initial values of A and 0 must be assumed and values of Mj, T2 and 
dUj 
•jgjT- must be known. Hj is calculated using A and 0, H is evaluated using 

equation (96), (H)̂  from equation (93), (Hj)̂  from equation (97) and F 

from equation (95). H is calculated using equation (99), T from equa-
ym _ m_ 

tion (101), —— from equation (103), R„ from equation (102), Cf from 

equation (104) and from equation (100). The momentum and auxiliary 

equations in the finite difference form can now be advanced with respect 

to x, the distance along the plate. 

2.4 Results of Head's Method 

Head's method with Green's modification was programmed into com

puter language and used in an attempt to predict the boundary layer pa

rameters measured by Seddon from his experiment of a normal shock-tur-

bulent boundary layer interaction on a flat plate with a free stream 

Mach number of 1.47 (35). The pressure gradient at the edge of the 

boundary layer as measured by Seddon was used. Only the region from the 

start of the interaction to separation was analyzed. This is the region 

where the most severe adverse pressure gradient exists. The Ludwieg-

Tillman skin-friction law was not used for these calculations because it 

is based on measured data only in the range of 1.2 < H £ 1.8. Since 

Seddon measured values of H in the interaction region greater than 1.8, 
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it was felt that Ludwieg-Tillman's skin-friction law would not be accur

ate enough., 

Felsch (10) has extended the Ludwieg-Tillman law to higher val

ues. of H by evaluating experimental data .having values of H. as #reat as 

2,5 using the Ludwieg-Tillman method. 

The new skin-friction law can be written as 

Cf = .058(.93 - 1.95 log10 H)*-705 R0~0-268 . (105) 

The results of the calculation using Head's method with Green's modifi

cation are plotted in Figure 9 and Figure 10. The predication of 0 

values is fairly good, but values of H are too low. 



Figure 9. Comparison Between Measured and Calculated Data For 
Seddon's Experiment Using Head's Method As Modified By Green, (a) 
Shape Parameter (H) Vs. Distance (X/6u). (b) Momentum Thickness (0) 
Vs. Distance (X/Su). 
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Figure 10. Comparison of Calculated and Measured Data for the 
Experiment By Seddon Using Head's Method As Modified By Green. Mass 
Flow Parameter (A) Vs. Distance (X/6u) 



CHAPTER 3 

FURTHER MODIFICATION OF HEAD'S METHOD 

3.1 Shortcomings of Previous Methods 

From review of the results of Green's modification of Head's 

method given in Figure 9 and Figure 10, it is obvious that further modi

fication to Head's method is necessary if both values of 0 and H are to 

be accurately predicted for Seddon's experiment. 

Green's modification and Head's method have several shortcomings 

which could cause errors in the prediction of turbulent boundary layers 

in the presence of shock-induced pressure gradients. In obtaining the 

momentum-integral equation used in Head's method the assumption was made 

that the pressure normal to the surface in the boundary layer was con

stant. It is doubtful that this is a good assumption for supersonic 

flow external to the boundary layer, such as exists in Seddon's experi

ment. In supersonic flow the pressure is constant along Mach lines and, 

since a major portion of the boundary layer is supersonic, the Mach lines 

would be expected to extend into the boundary layer. Myring and Young 

(21) have shown that for boundary layer flows at moderately high super

sonic speeds the pressure is almost constant along a Mach line extending 

from the boundary layer's edge to the surface if the external flow is 

supersonic. The Mach angles change on entering the boundary layer as the 

flow is slowed. However, the change is gradual for a major portion of a 

45 



turbulent boundary layer because of the characteristic full velocity pro

file, Subsonic conditions exist only very near the surface. Within the 

boundary layer, vorticity and viscosity cause the pressure to vary along 

the characteristics or Mach lines, Myring and Young demonstrated by the 

method of characteristics that changes in pressure along Mach lines in 

the boundary layer due to vorticity and viscosity are small and compensa

ting, They concluded that inside the turbulent boundary layer the iso

bars are very nearly coincindental with Mach lines extended inward from 

the edge of the boundary layer. This conclusion was supported with ex

perimental evidence. 

The momentum equation used in most appropriate methods is obtain-? 

ed by integrating along a surface normal, assuming the static pressure to 

be constant along this path. The displacement and momentum thicknesses 

are measured along the surface normal. If the assumption is made that 

the static pressure is constant along the Mach lines extended inward from 

the edge of the boundary layer, the momentum equation must be reformû  

lated, Myring and Young reformulated the momentum equation and accounted 

for the change of the isobar assumption. They measured the displacement 

and momentum thicknesses along Mach lines instead of the surface normal. 

The experimental relations between the shape parameter H,̂  and the 

transformed shape parameter H, and between CH ) ̂ and (H) ̂, determined by 

Green are not applicable to Seddon's experiment, since Green's experiment 

tal relations were determined under the condition of a mild adverse 

pressure gradient, while Seddon dealt with a severe adverse pressure gra

dient. In addition, the relation between the entrainment parameter F 

and shape parameter (H ) used by Head and Green is not applicable to 
l 4 

Seddon's experiment. Data used for the determination of the relation 
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between F and (Ĥ ,, was for favorable pressure gradients and measurements 

of parameters were normal to the surface. The isobars are more nearly 

parallel to the Mach lines than to the normal direction; therefore all 

measurements must be made along Mach lines whose directions change as the 

flow is slowed in the interaction region for Seddon's experiment. 

Since Seddon's experiment is for a severe adverse pressure gradi

ent and boundary layer parameters are measured along Mach lines, the 

relation between F and (Ĥ )̂  will differ from the relation determined 

by Head. 

Myring and Young's correction to the momentum equation (21), 

made necessary by assuming the isobars to be along Mach lines, will be 

made in section 3.2. In section 3.3 the modifications to the equations 

and empirical relations used by Green and Head necessitated by assuming 

the Mach lines to be isobars will be made. In section 3.4 the equations 

and graphical relations used in the solution are summarized. Chapter 4 

deals with the computational method and results and Chapter 5 with the 

conclusions. 

3.2 Myring arid Young's Momentum Equation 

In order to reformulate the momentum integral equation using a 

swept element bounded by linear isobars, Myring and Young (21) gave 

physical meaning to the displacement and momentum thicknesses when mea

sured along the isobars. They defined the displacement surface as that 

surface relative to the actual surface that would produce an identical 

external flow if the entire flow field remained inviscid and if the 

displacement thicknesses were measured along the isobars. Figure 11 
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compares the actual boundary layer flow to the inviscid flow with the 

displacement surface included. Myring and Young showed that the mass 

flows are identical: that is 

6 

pudy 

6 

PjUjdy , (106) 

.6* 

where i represents the inviscid condition. 

The momentum integral defect, •O', is defined as the difference in 

momentum flux between the boundary layer flow and the inviscid flow along 

the displacement surface. The momentum integral equation is based on the 

principal that the rate of change of momentum defect with respect to 

streamwise position is equal to the difference in forces on an elementary 

segment of mass in the boundary layer flow and the inviscid flow. 

The elementary segment of fluid is bounded by isobars which are 

the same for both flows if we assume the isobars of the boundary layer 

flow are extensions of the Mach lines from the boundary layer's edge. 

Figure 12 depicts the mass element for the two flows bounded by isobars, 

with AS representing an increment of the solid surface. The momentum 

integral equation (88) becomes 

a? -bc (It ) 2 - > • <107> 

If be is the displacement normal to the wall, then be = ab (sin $) (3 is 

the Mach line angle), and since ab is the displacement thickness 6* 

measured along an isobar, equation (107) becomes 
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d€H-
ds 

- 6* sin 3 =  t „  (108) 

From the definition of the momentum defect © 

B  = PjUj sin 3 dJL — 

6* 

pu sin 3d£ , (109) 

where Z represents distance along an isobar. 

Using the result that the mass flows are equal, the momentum 

defect becomes 

191 = pu(uj - u) sin . (110) 

From equation (105), by equating the mass flows 

pu sin 3d& = pjuj sin BdA 

6* 

(111) 

The momentum thickness, 0, is defined as 

0 sin 3 = 
p A 

(112) 

Therefore, 

0 = J*_ ( l  -  —} 
51U1 v 1 

dZ (113) 
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/ / / / / / / '  /  /  /  

Figure 11. The Viscous (a) and the Inviscid (b) Flow Fields Used 
in Deriving the Momentum Integral Equation (13). 
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AS 

Figure 12. The Elemental Flow Sections Used in Deriving the 
Momentum Integral Equation (13). 
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By adding 6*pjû  sin 3 to both sides of equation (111) the 

expression for the displacement thickness 6* is obtained, 

6 * = 

V Piui/ 
dZ . (114) 

\ ^iui/ 
'o 

The momentum equation then becomes 

Ĵ 0(sin 3) (p.uf)] - 6* sin 3 = T2 * (115) 

This is the equation derived by Myring and Young (21). 

3.3 Modification of Equations 
and Relations Used by Head and Green 

In order to modify the theory developed by Head and Green using 

the concepts of Myring and Young, Myring and Young's momentum equation 

(115) must first be put into a different form. This can be done by com

pleting the indicated differentiation along a flat surface where s = x 

and dividing by (sin 3)pxu* , 

d0 6_ + 20 + 6 d(sin 3) 6* d]3 _ T2 , (116) 
dx Pj dx dx sin 3 dx ~ p̂ u2 dx ~ (sin 3)PiU2 

then substituting 

M2 du - dp 
<117> 

Uj dx Pj dx 

and 

t2 = Cf-|Plu2 (118) 



52 

to obtain 

d8 _ 28 dui dut  ̂ 6 d(sin B) mqi 
dx ~ 2 sin B~u.dx~u.dx „ 2 dx " sin B dx 

1 1  P j U J  

Using the one dimensional momentum equation 

1 j du, 
7r¥- =  ~ u i  < 1 2 0 >  
Pj dx 1 dx 

we obtain 

d9 _ Cf „.§* „2v 6 dui - e d(sin B) n2n 

dx ~ 2 sin B " U + 6 " Mi; dx sin B dx 

Now B - sin -1 -i— (122) 
Mi 

and d(s*n g) = cosB̂  J (123) 
dx dx 

therefore, the last term in equation (121) becomes 

e_^ 
dx 

(124) 

Also using the definition of Mj or 

H, = (%-) 1/2 , (125, 

it is easily shown that S 

.  r i  +  i l^HMn !Lp. . (126) 
Mj dx L 2 aJ Uj dx 

Making this substitution, equation (119) can be expressed as 
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d0 
dx 

C.H 
f 

L- 0 
Hf 

1 + H - j- (1 + y) >1 -^^1 
11 «i dx ' 

(127) 

where H = g— , and 0 and 6* are measured along an isobar. 

The compressible auxiliary equation used by Green must also be 

modified in order to have a consistent set of equations. 

If the mass flow Q in the boundary layer at any station is mea

sured across an isobar then, 

Q = pu sin Bdft (128) 

Since sin 3, u and are constants at any given station then 

Q = sin 3 u,p di -
l l 

(129) 

Q = (sin 3) utPjA (130) 

where A = 6-6*, and values of 6 and 6* are determined along the 

isobar. 

The entrainment parameter becomes 

fl = (sin 6) UjPji . (131) 

Following Head and Green 

~ (sin 3) " jP jA = (sin 3) uiPiF (132) 
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By differentiating and dividing by (sin $)p ult 

dA . A dpi A dui A d(sin g) 
dx px dx Uj dx sin 3 dx = F . (133) 

Substituting as before 

1 dPi 
dx Uj dx ' 

(134) 

(135) A d(sin g) = _ A_ -dMi = _ A_ / . . Y ~ 1 „2 \ 
sin 3 dx Mj dx Uj dx \ 2 l J  

yielding 

F- = F + (M* - 1) ^ ̂  + * <136) 

dx l Uj dx ' / Uj dx 

Combining terms, 

= I +OJUl^p, . (137) 
dx 2 Uj dx 

The auxiliary equation (137) and the momentum integral equation (127), 

which is repeated with y = 1.40 

« . (1 + H.,^) a_£ 

can be solved simultaneously in the same way as done by Green. 

To solve these equations a suitable skin-friction coefficient and 

a relationship between F and H are needed. Following Green, the assumption 

is made that the density variation in the outer part of the supersonic 
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boundary layer has little effect on the entrainment mechanism. Varying 

density does not change the relation between entrainment and distribution 

of the velocity in the outer part of the boundary layer. The velocity is 

then adequately specified by the following shape parameter. 

<B,\ - | ir yjt (^ir) « 

Now the entrainment parameter F and shape parameter (H ) can no longer 
1 •» 

be represented by the experimental relation determined by Head because 

Head's experimental data is significantly different from Seddon's. Head's 

data were for favorable pressure gradients and Seddon's data, as mention-r

ed before, were for severe adverse pressure gradients. In addition, mea

surement of parameters is along Mach lines which vary in direction as 

the Mach number decreases in the interaction region. Head used data 

where parameters were measured along a normal to the surface to deter

mine a relation between F and (H ) . 1 
Following the procedure of Green, we now develop experimental 

relations between the shape parameter H and transformed shape parameter 

H and between (H ) and (H) . Green's experimental relations are not 
>» 

applicable since the conditions existing for his data are significantly 

different from conditions of Seddon's experiment. The shape parameter 

is defined as 

Ĥ  = -̂ (parameters are measured along the isobar). (140) 
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The transformed shape parameter H, which is defined as 

6* H = , 
e 

(141) 

can be expressed in a different form by making use of the following 

relationships. Starting with the definition of the displacement thick

ness for the transformed flow, 

7* -u* ( " f )  d£ (142) 

where Si is measured along the Mach line which is assumed to be the isobar, 

and using Magar's transformation conditions 

3 

d£ • ft) • 
dx = =- dx , 

40 
(143) 

u 

u.  
and u. V. • 

we obtain 

s* = (144) 

Since T does not depend on £, can be removed from within the 

integral, 



57 

6* "  f t ) "  r ^ - S r )  
d£. (145) 

The definition of the transformed momentum thickness, 

0 = i1 
- M u. * u. ' 

(146) 

by using Magar's transformation conditions given in equation (143), can 

be expressed as 
00 

— (l-S-) (£•) §-d£ . 
ul \ ui / W P, 

(147) 

Removing the — term from inside the integral we obtain 
Ao 

• £) 
e , (148) 

where 0 = f! -
i"i V ui / 

d£ . (149) 

Substituting equations (145) and (148) into equation (141)» we obtain the 

following 

H = 
:  l 1 " ^ )  d£ / 0 (150) 
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A relation between the transformed shape parameter H and the shape 

parameter H is needed where 

H = 6* 
0 (151) 

The derivation of the relation between H and H follows. 

6* = (l-TT11-) 
\  Piu i /  

d£ (152) 

where SL is distance along the isobar. 

The pressure P is assumed to be constant along the Mach line 

which is assumed to be the isobar. From the perfect gas law 

P = pRT ; (153) 

hence the relation between density and temperature along an isobar is 

- JL 
P1 ~ T 

(154) 

pT 
Multiplying equation (152) by r

T we obtain 
pi l 

r6 

6* = 

and 

6* = 

11 - pu \ PT d£ 
\ P,u, ) P,T, 

(155) 

d£ . (156) 
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We now assume the temperature distribution through the boundary layer is 

given by the quadratic 

T = T2 + (Tr - Tj) J- - (Tr - Tj ~~ 
l l 

(157) 

Dividing equation (157) by Tj and substituting into equation (156) we 

obtain the following: 

6* = 
Tr - T. 

. (158) 

Rearranging terms results in the following: 

6* = 
Tr T, t2\ dl (159) 

and 

6* = — t 1"—) 
Pi V ui ) 

Tr - T, 
d£ + £L-(l - ,SL\ 

Vi I ui I 
dl (160) 

Since 0 = J»L_ / l - — ̂ 
51U1 v U1/ 

d£ (161) 

and 6* = (162) 
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Substituting equation (162) into equation (151) we obtain 

. .T 

k l1- ̂ ) 
dJl 

H = 2 0 Tr - T. 
(163) 

Now H = (164) 

Substituting equation (164) into equation (163) we obtain 

T Tr - T 
H = •=— H + rr-1 

l l 
(165) 

A relation between H and (H)̂  is needed. The relation is between 

parameters included in the integral form 

(I) ,  fc) dy (166) 

and its counterpart 

r5 

I = 
(ir) dy = 

Pi \UJ 
dy , (167) 

where the following substitutions have been made, 
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dy v = £- dy and 5 = dy (168) 

assuming the temperature distribution in the boundary layer to be 

| - 1 + r (34-i) Mj - r (H-) * , (169) 

where r is the recovery factor. 

Green developed the following analytical relations between (H)̂  and H, 

and between (Hj)̂  and Hj which are applicable in the case where the 

pressure is assumed to be constant along the Mach line. 

(H)„ = H 

rM l (H + 1) (H - 1)! 

1 + 
5 H(3H - 1) (2H - 1) 

1 + rMf 

I" 

H(H + 1) 

(3H - 1) (2H 
i—"l 
H - 1) J 

and 

(170) 

rM; 
H. 

f H i - ^  —  
<V« 

= 1 + (171) 

The skin-friction law of Felsch, which follows, was used. 

= .058 (.93 - 1.95 loĝ H)1*705 Rr0,268 e (172) 

All boundary layer parameters used in this expression are mea

sured along Mach lines. Following Spence (38), the Felsch skin-

friction law was corrected to 
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^1. 
Cf = T f , (173) 

m ' 

where the intermediate temperature is 

T = .5(T + T ) + .22(Tr - T.) (174) 
m 21 i 

and 0̂  is the incompressible law at a Reynolds number 

Ee = !rRe • <175) 

m 

uro0 
where RQ = and values of 0 are measured along the isobar. An 

00 

approximation of Sutherland's formula was used to obtain the viscosity 

ratio 

5? - ft) • <176) 

where w = .76 

A new relation between F and (Hj)̂  (Figure 6) was determined us

ing Seddon's data. Values of <$*, H, 0 and A measured by Seddon normal 

to the surface were converted to values measured along Mach lines. The 

converted values of A and the values of measured by Seddon were used 

in equation (137) to determine values of F. Values of were calcula

ted using the converted values from Seddon's data and equation (140). 

The data was somewhat scattered as was Head's (14) data. An average 

curve was drawn through the data points ignoring the one data point 

which appears to be in error. Although this procedure is somewhat ar

bitrary, it is considered justifiable by the accuracy of the method. 
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A new relation between H and H (Figure 7) was determined. Values 

of H taken from Seddon's data were used in equation (165) to determine 

values of H. Values of Hj calculated from the converted data were used. 

To determine the relation between (Hj)̂  and (Figure 8), values of 

obtained from equation (171) and values of (H)̂  obtained from equation 

(170) were used. 

Seddon determined the Mach number at the edge of the boundary 

layer Mj by measuring the static pressure on the surface and the total 

pressure behind the observed shock system, assuming the static pressure 

to be constant across the boundary layer normal to the surface. The Mach 

number, M , determined by Seddon was used in this investigation as that 

at the edge of the boundary layer where the Mach line from the point on 

the surface at which the static pressure was measured, intersected the 

boundary layer. This is consistent with the assumption that the static 

pressure is constant along the Mach line. The pressure gradient was cal

culated using the momentum equation and values of Mach number at the edge 

of the boundary layer. The Mach numbers were converted to velocities, 

plotted versus distance along the surface and graphically differentiated 

1 dui 
to determine the values of the quantity — . From the momentum 

"I d"l 1 d£ 
equation, — " p dj • 

3.4 Summarization of Equations 

The following equations were used in the solution. 

Ho cfMi r Mi i r dui 
 ̂ IJL + H - — (1 + y)J — (momentum equation) (127) 
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dA 
dx 

= F , a + y) "f a 
2 Uj dx 

(auxiliary equation) 

Hj = A/0 (shape parameter) 

(137) 

(140) 

<H\ = H 

rM: 

1 + 

l (H +1) (H - l)2 

5 H(3H - 1) (2H - 1) 

1 + rM2 
< 1 _ »(H + 1) 

(3H - 1) (2H - 1) 

T„ Tr - T. 
H = 8 + { 

A1 A1 

Ir - I, j]l+ 
T = .5(T2 + Tj) + .22(Tr - Tj) 

} 
(170) 

(165) 

(51) 

(174) 

 ̂ (h\ 
*1 " vrj 

(I) 

(171) 

RQ = * —* R 
 ̂0 

(175) 

Rfl 
Uj0 

(177) 

Cf = .058 (.93 - 1.95 log1QH) Tj\ X • 7 0 5 5 ""*268 

Cf = T1 5f 
m 

(105) 

(175) 
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In addition the following graphical relations were used. 

Figure 6 (Graph of F Vs. )̂ ) 

Figure 7 (Graph of Vs. H) 

Figure 8 (Graph of (H ) Vs. (H) ) 

The detailed computational procedure will be discussed in Chapter 4. 



CHAPTER 4 

COMPUTATIONAL PROCEDURE AND RESULTS 

4.1 Computational Procedure 

The equations summarized in Chapter 3 were programmed into 

Fortran IV and solved using an IBM 360-40 computer. The computational 

scheme of the program is controlled by a main program which calls upon 

two subroutines. The input data, which is read into the main program, 

consists of the following: 

1. Free stream Mach number. 

2. Recovery factor. 

3. Initial value of A. 

4. Initial value of 0. 

5. Reynolds number per foot of length using free stream condition. 

6. Information contained in the graphs of Figure 6 (F Vs. Figure 7 

(Hj Vs. H), Figure 8 (Ĥ  Vs. (H)̂  

7. Values of the pressure distribution at the edge of the boundary lay-<s 

ex. Pressure distribution inputs can be expressed either as ratios 

of the static pressure at the edge of the boundary layer to the static 

pressure of the free stream or velocity at the edge of the boundary 

layer to the velocity of the free stream. 

In addition, the distribution of the temperature on the surface 

over which the boundary layer is being computed can be an input to the 

66 
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program. In the case of Seddon's experiment the wall was assumed to be 

adiabatic. 

The output consists of the following parameters: 

1. Mach number and velocity at the edge of the boundary layer. 
„ du . 2 i 

2. The term — which is related to the pressure gradient. 

3. The recovery temperature and temperature of the wall. 

A. Values of (skin-friction coefficient), A entrainment parameter), 

6* (displacement thickness), 0 (momentum thickness, Rq (Reynolds 

number using 0 as the characteristic length) and all input data. 

Figure 13 is a flow diagram for the computer program. A detailed 

description of the input data cards and the complete program is included 

in the appendix. A detailed description of the method used to solve the 

equations of section 3.4 follows. 

Assumed values of A and 0 are advanced to a new downstream posi

tion by solving a finite difference form of the momentum equation (127) 

and auxiliary equation (137) simultaneously. The step sign (Ax) is cal

culated using the starting and terminating values of x and the number of 

intervals. Values of the velocity at the edge of the boundary are 

assumed to be given and are input to the computer program. A numerical 

1 dui 
method of differentiating is used to calculate the quantity — . The 

ratio of recovery temperature to temperature at the edge of the boundary 

layer is calculated using equation (51) and the Mach number at the edge 

of the boundary layer. The Mach number at the edge of the boundary layer 

is determined from the velocity at the edge of the boundary layer and free 

stream Mach number which is assumed given. The ratio of the temperature 

at the edge of the boundary layer to the free stream temperature is cal
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culated using values of Mach. numbers at the edge of the coundary layer 

and in the free stream along with the following equation 

•"•o Y - 1 
if- = 1 - •LYJl M . (178) 

The ratio of the density at the edge of the boundary layer to free stream 

density is calculated using the isotropic relation for a perfect gas 

between temperature and density. The ratio of viscosity at the edge of 

the boundary layer to free stream viscosity is calculated using equation 

(171) with 0) = .76. A value of Hj is computed using equation (140) and 

assumed initial values of A and 0. RQ is calculated using equation (177) 
u p 

00 00 

and assumed free stream value of values of Uj assumed given, and 

values of density and viscosity at the edge of the boundary layer pre

viously calculated. For Seddon's experiment the plate is assumed 

adiabatic and the temperature at the wall is set equal to the recovery 

temperature. The relation between Hj and H given in Figure 7 is used to 

determine the value of H which corresponds with Hx. (H)̂  is calculated 

using equation (170). Figure 8 is used to determine the value of (Hj)̂  

corresponding to value of (H)̂ . Figure 6 is used to determine the value 

of F corresponding to the value of (Hj)̂ . Equation (165) is used to cal-> • 

culate the value of H. T is calculated using equation (174), -BS is 
m -pa 

calculated using equation (179). RQ is calculated using equation (175) 

and the previously calculated value of Rg. is calculated using equa

tion (105) and is calculated using equation (173). The values of A and 

0 are calculated at a downstream position by solving the finite difference 

form of the momentum equation (127) and the auxiliary equation (137) using 

the previously calculated values of A, Ax, F, Mach number at the edge of 
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WRITE INPUT 

I 
7 

INITIALIZATION 

I 
CALCULATE DELX 

I 
x = x s  

CALL BOUND 

HI = 

CALL PARINT 

OUTPUT 

ISIP=IRITE 

YES 
STOP 

OUTPUT 

CALL PARINT 
3_ 

CALL ORDl 

CALCULATE HK 

=NOX 

J^NO 

^\N0 

I 

=NOX 

J^NO 

^\N0 

CALL PARINT 
=NOX 

J^NO 

^\N0 

=NOX 

J^NO 

^\N0 

CALCULATE CF 

=NOX 

J^NO 

^\N0 

NOX—number of X values 
HK— (H)„ 
CF—skin friction coefficient 
DELX—AX 

ISIP=ISIP+1 

X=X+DELX 

i  
CALCULATE DEL, TH 

Figure 13. Block Diagram of Coraputer Program 



the boundary layer and — to calculate a new value of A and values of 
Ul dUj 

0, Ax, Ĉ , H, Mach number at the edge of the boundary layer and — 

to calculate a new value of 0. The above procedure Is then repeated for 

a prescribed number of times. 

4.2 Results of Head's Method with Modifications 

The above method was used in an attempt to predict Seddon's ex

perimental results measured in the interaction region up to separation. 

The predicted boundary layer parameters, 0, A, and Hj have been plotted 

as functions of distance measured from the start of the interaction and 

compared to the measurements taken by Seddon. Seddon's measurements and 

the predicted values are along Mach lines, which are assumed to be iso

bars. The results are shown in Figures 14 and 15. Excellent agreement 

was obtained for the momentum thickness. The agreement for the shape 

parameter H and mass flow parameter was good, but not as close as for the 

momentum thickness. The predicted value of the shape parameter H was 

slightly lower than the measured value of Seddon's experiment up to a 

point near separation and then slightly greater up to separation. The 

mass flow parameter A was overpredicted for an approximate distance of 

one thickness of the undisturbed boundary layer from the start of the 

interaction point and subsequently underpredicted up to separation. 

By comparing the results of Head's method as modified by the 

author to the results of Head's method as modified by Green given in 

Figures 9 and 10, the conclusion can be drawn that the author's modifi

cations provide considerable improvement over Green's modifications in 
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Figure 14. Comparison Between Measured and Calculated Data For 
Seddon's Experiment. (a) Shape Parameter (H) Vs. Distance (X/6̂ ) 
(b) Momentum Thickness (0) Vs. Distance (X/6U). 
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Figure 15. Comparison Between Measured and Calculated Data For 
Seddon's Experiment Using Head's Method Modified to Calculate Parameters 
Along Isobar. Mass Flow Parameter (A) Vs. distance (x/Su). 
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the prediction of values of H and A. In addition, values of 0 are more 

accurately predicted using the author's modifications. This supports 

the assumption made by the author that the relations between the param

eters **» ant* ** used by Green are invalid for shock 

induced pressure gradients. 

4.3 Separation 

Separation of a turbulent boundary layer is a complex phenomenon. 

Previously, boundary layer separation was thought to be a steady process, 

but Sandborn (31) has shown it usually to be an unsteady process, From 

flow visualization studies by Kline (15) it is evident that large areas 

of intermittent flow separation exist. This led to the conclusion that 

boundary layer separation occurs in.a region similar to the transition 

region from laminar to turbulent flow, and not at a specified fixed 

point; 

The separation region can be considered to be the transition 

region between boundary layer and free separated flow. The length of the 

region depends on such factors as free stream velocity, pressure gradient 

and turbulent intensity. The unsteady region starts where the first 

evidence of an instantaneous separation occurs and continues to the point 

where the time averaged wall shear stress is equal to zero: that is, the 

separation region exists as an instantaneous line at the point where 

T2(t) = 0; a steady line where T = 0 (time averaged); or a region between 

T2(t) = 0 and T2 = 0. The region of intermittent separation is depicted 

in Figure 16. This is the region that is usually identified by experi

menters as one of turbulent separation. 
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Sepa'i:â "̂Tl® 

i TIC. Region 



75 

Sandborn (31) concluded that all boundary layer separation 

could be grouped into steady and unsteady separation. Using a relation 

between the form factor, H, and the ratio of the displacement thickness, 

6*, to boundary-layer thickness, 6, for intermittent separation given as 

b - 1+ (i - |i) 1 , (179) 

Sandborn and Kline were able to correlate all turbulent separation veloc

ity profiles available. This equation is plotted as the lower curve in 

Figure 17. The equations for the steady case are given as 

JL = 2v̂ A + 1 2(/T)2 2/-K 1 
6 (/3C+1)2 (2/=X + l)3 (2/=I+l)2 l7-k + 1 

and 

6* 2/-K + 1 

(180) 

6 (/T+l)2 
(181) 

a2 dui 
where -X = — -=— . (182) 

v dx 

This equation is plotted as the upper curve of Figure 17. The steady 

separation curve primarily applies to laminar separation. 

Using values of displacement thickness, 6*, boundary layer thick

ness, 6, and form factor, H, calculated along the isobar (Mach lines), a 

curve of H Vs. <5*/6 was plotted. This curve represented by a dashed line 

in Figure 17 intersects the unsteady separation curve of Sandborn at a 

point where H is equal to 2.72 and 6*/S is equal to .408. These values of 

H and S*/S are obtained at 1.98 undisturbed boundary layer thicknesses 



mm 

Figure 17. Boundary Layer'Separation Correlations (49). 
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from the start of the interaction region. Seddon observed separation to 

occur at two undisturbed boundary layer thicknesses from the start of the 

interaction region. Sandborn's unsteady separation curve is therefore 

found to be very accurate in predicting separation in this case. 

Two methods normally used for steady separation of turbulent 

boundary layers were also used to predict separation. First the method 

of Stratford (41) was used. 

Stratford's criterion was developed for incompressible flow for 

conditions of sharp adverse pressure gradients. He solved the equations 

of motion approximately and used a velocity distribution in the boundary 

layer represented by the power law or 

t " (*) 
1/n 

(183) 

His criterion for separation is the relation 

1 
n-2 dC 2 

2̂CpJ 4 (x̂ f ) = 1.06 3(10~6R)1/10 . (184) 

ui 
where C =1 , n is the quantity used in the power law velocity 

P 2 
00 

distribution, x is the distance from the leading edge, R is the Reynolds 

number based on x and B is an empirical constant found to be equal to 

0.66 by Stratford. Gadd (11) modified Stratford's formula to account 

for compressiblity by interpreting C as equal to 1 . Using this 
P 

00 

value for C Stratford's criterion can be written as 
P 



n-2 1 
2 /M* - M*\ 4 2xM dM 

" ( 1 l 1_ 
1 M 1 M2 

dx 
CO M oo 

78 

= 1.06 3(10~6R)l/l0 . (185) 

Gadd found that n, the quantity used in the power law velocity distribu

tion, varies in the interaction region. The value of n in the interaction 

region is given as 

n = (K + 3) 3 , (186) 

00 

where K is the value of n upstream of the interaction region. In the 

present case, K = 7. Gadd also deteirmined that if 3 = 1, better results 

/ m5\ 
are obtained. Using equation (185) with 3 = 1 and n = ~ 3 an(* 

being careful to use a value of x measured from the leading edge of the 

plate it was found that separation occurred approximately one length of 

the undisturbed boundary layer too early for Seddon's experiment. 

In addition to the above methods for determining separation, the 

method developed by Felsch (10) was used. Felsch used the condition 

that the skin-friction coefficient was equal to zero at separation. 

By his skin-friction law equation (105), is equal to zero when H = 3. 

Felsch found by experimenting with several different sets of data that 

the best method for predicting the separation point was to extrapolate 

the calculated value of to zero. Figure 18 shows the result obtained 

by Felsch's method for Seddon's data. Separation is predicted one-half 

of an undisturbed boundary layer thickness past the actual separation 

point. 



Steady separation prediction methods do not accurately predict 

separation for Seddon's experiment. 
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Figure 18. Prediction of Separation Point Using the Felsch Method. 
Skin friction coefficient (Cf) Vs. Distance (X/6u). 



CHAPTER 5 

CONCLUSIONS 

Head's method for the prediction of turbulent boundary layers, 

as modified by Green to account for the effects of compressibility, has 

been further modified to obtain a semi-empirical method suitable for the 

prediction of turbulent boundary layer parameters in the interaction re

gion of a normal shock and a turbulent boundary layer up to separation. 

Following Myring and Young, Green's version of Head's auxiliary equation 

based on entrainment of mass into the boundary layer and the momentum 

integral equation has been modified so that all variables are measured 

along Mach lines, which are assumed to be isobars, extending from the 

edge of the boundary layer to the surface. New experimental relations 

of the parameters involved have been determined using Seddon's data for 

the interaction of a normal shock wave and a turbulent boundary layer. 

Head's method, including the above modifications and new experimental re

lations, was used to predict Seddon's data. Good results were obtained, 

Using this method with the empiricisms from Seddon's experiment, boundary 

layer parameters for condition similar to those of Seddon's can be pre

dicted. 

The methods of Sandborn, Stratford and Felsch were used to pre-<-

diet separation. Sandborn's method which uses an empirically determined 

relation between the form factor, H, and the ratio of the displacement 

thickness and boundary layer thickness, 6*/<S, was found to be very 



accurate in predicting separation. Stratford's criterion as modified by 

Gadd was less accurate. Separation was predicted too soon at approxi-. 

mately one undisturbed boundary layer thickness using Stratford's crite

rion. Felsch's method of extrapolating the skin friction coefficient, 

Ĉ , to zero was more accurate than Stratford's method but less accurate 

than Sandborn's method. Felsch's method predicted separation one-half 

of an undisturbed boundary layer after actual separation. Both Strat

ford's and Felsch's methods are for steady separation. Sandborn's meth

od utilizes two experimentally developed curves, one for steady separa

tion and the other for unsteady separation. Accurate results were ob̂ -

tained using the unsteady separation curve. 

This investigation demonstrates the feasibility of the approach 

used to calculate the parameters of turbulent boundary layer developing 

under the influence of a shock induced adverse pressure gradient. How

ever, it is felt that additional experimental data is needed to refine 

the experimental functional relations used. Meaningful data should be 

taken on a flat plate and on airfoil surfaces using frequent data points 

in the narrow interaction region up to separation. An attempt should be 

made to measure velocity distributions within the boundary layer along 

isobars instead of normal to the surface. These data should be taken 

over a range of Mach numbers, Reynolds numbers and airfoil shapes. Data 

should be carefully taken in the separated region and investigation 

should be made to select or develop a method that adequately predicts pa

rameters in that region. From the point of reattachment downstream, 

Head's method as modified by Green should be suitable. 



APPENDIX 

FORTRAN IV PROGRAM TO COMPUTE BOUNDARY LAYER DEVELOPMENT 

This program was written originally in a form which would permit 

the calculation of boundary layer parameters measured normal to the sur** 

face. It was modified to permit the calculation of parameters along iso-̂  

bars in the boundary layers or along lines inclined at an angle (the Mach 

angle) to the surface. This method could easily be put into its original 

form. Following is a description of the data cards used: 

First Card 

NOX An integer > 1 indicating the number of points on the surface in 

the x direction at which calculations will be made, 

NOR An integer > 1 indicating the number of steps in the x direction 

taken between read out points. 

NOP An integer > 1 indicating the number of points in the x direction 

at which inputs of pressure at the edge of the boundary layer are 

made, 

NOT In the event that the temperature is changing along the surface, 

NOT indicates the number of points in the x direction at which 

inputs of temperature at the wall are made. Zero is used if the 

temperature at the wall is constant. 

1A A zero is placed in this column when the pressure distribution 

at the edge of the boundary layer is expressed in the form of 
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velocities at the edge of the boundary layer. The integer 1 

indicates the pressure distribution is expressed as a pressure at 

the edge of the boundary layer. 

1C A zero indicates an adiabatic wall. The integer 1 indicates that 

values of temperature will be input to the program at the wall. 

IE An integer > 1 which indicates the number of input values of H 

(designated HJT in program) and Hj (designated as HIT). 

IF An integer > 1 which indicates the number of input values of (H)̂  

(designated as HKT) and (Hj)̂  (designated as HLT). 

ID An integer > 1 which indicates the number of input values of (Hj)̂  

(designated as HLT1) and F (designated as FT). 

Second Card 

XMI The input value of the free stream Mach number. 

R The input value of the recovery factor. 

XS The starting value of x (distance along the surface) measured in 

feet. 

XF The final value of x measured in feet. 

DEL Starting value of A given in units of feet which corresponds with 

the starting value of x. 

TH Starting value of 0 given in units of feet which corresponds with 

the starting value of x. 

UNIT The Reynolds number per feet of length using the free stream 

conditions. 

Third Card 

HIT Contains input values of Ĥ . Depending on the number of data 
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points several cards could be required in order to include all 

points. 

Fourth Card 

HJT Contains input values of ii which correspond with value of Hj 

given on card three. 

Fifth Card 

HKT Contains input values of (H)̂ . Several cards may be required. 

Sixth Card 

HLT Contains input values of (Hj)̂  which correspond with values of 

(H)̂  given on card five. 

Seventh Card 

HLT1 Contains input values of (Hj)̂ . Several cards may be required. 

Eighth Card 

FT Contains input values of F which correspond with values of (Hj)̂  

given on card seven. 

Ninth Card 

Contains values of the pressure distribution at the edge of the 

boundary layer. Inputs can be expressed either as ratios of the 

static pressure at the edge of the boundary layer to the static 

pressure of the free stream or velocity at the edge of the bound

ary layer to the velocity of the free stream. 
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Tenth Card 

XI Contains values of x which correspond with pressure values given 

on card nine. 



FOKTRA~ IV G l(V~l 18 UA H • llllu 13/3rU\l 

(. tLl~o~tiHGO LU OR. rllAO, REF-J.l.G~El~,J~JR~~l UF FLUID 
C. PRE:liC.TIUN IJF ll11{rlULUd l.iCUNO~I<Y LAYtll OfV(lLPI'I(f.l It\ COKPR[SSitllf 
C. HECt'AkiC.S, VOL.3lt Plo ~. FP. 7)3 - 7t!6. 
c 

t'AIN~02 

.-AINUC1 
I'AINC'CJ 
P'AINCOtoo 

OOC1 OU'E-II.SICN HITI~ult HSli~CI,HKlCSul,ttlf('>C..I,Fll':iOI,Pl(lOG I,HJlC~CI,._AINOCS 

uooz 

c 
c 
c 
c 

I p l ( l c 0 I I p H 1 0 •JI • p It ( l (J c I • p s ' 1 J J I • p b ( I 0 0 I • p 7 ( 1 0 c I • p 1\( 1 0 0 I • p c; ( l J 0 I 
1 P X ( 1 ~C I, P PI ~ I, P '4 I Jl , H Ll 1 ( SCI 
CO~MCN R,RE,~t,l~,r~,UG~CX,uE,U"IT,X~t,XI'(l,XI>(J,X, 

11 A, I C., t.UP, MH, P II':) 0 I , T ll I I S:J I , U I I ~vI, X I I Sf I , X T I I ~IJ I , 
U 11 TlE ( 4:0 I, C. PI I SCI, CPE I SO I , uCP ,l!ll , H ' P 21 I SO I 

~1')03 1 Rt/lD 15o1CCI CAJIHHII, l•ltl81 
COOle RE£0(5,1051 ~0x,~ow, .. CP,~CJ,IA,IC,IEolf,IO 
(005 RtAO (5,11(1 XMI,R,XS,Xf,(~ltl~,UNIT 
~006 RE•o (S,llCI IH!ltll,l•lol~l 
C·001 lll:/lU l~tllCI (IIJlllltl•ltlfl 
~008 fU:ID (~rllCI IHKlllltl,.ltlfl 
(1009 f!E/lO CS.IICI (Hlllllol~<lolfl 

COlO R~/lOIS,llCI (Hllllllol7l,l~l 

1 MA I~OC6 
I'AINC07 
P'AINOCP 
"AI1~0C9 
.,AINOIO 
f'IAINOll 
f'AtrlCll 
"AI"'4C.l3 
t'AINfJllt 
"AINOl':i 
1'Aiti016 
MA 111017 
I'AIN01A 
I'AIN019 
"AIN020 
f'llNv2l 
f'Al"Cll 

~O_U _______ .RtAp15.11CI CFTC I I, l,l,ICI 
t 
c 
c 

-- ----- ----------------=-""'~~7!_ 
.. ,.11~024 

0012 
(1013 
OOH 
0015 
~016 
COl1 
C0l8 
0019 
0020 
C021 
~022 
0023 
OOH 
0025 
OU26 
0021 
0028 
00.29 
0030 
0031 
0032 
OOH 
OOH 
0035 
(10)6 
0031 

0038 
OOlc; 
001\C 

2 

H 
16 

16 

20 
c 

.. Rllfl6rl051 ~OX,NCR,P.CP,~OT,JA,JC,JE,JF,IO 

.. RITE I6 0 11CI XHI, R, XS,XF,OEL 1 T~,UNIT 
WRITEI6rll0) IHiftllol•lolEI 
WRIT(I6rll01 (HJTIIIol•l,IEI 
WRITEI6rll01 (HKllll,l•l,IFI 
kRITEI6tllCI IHlllll,l•ltl~l 
WRITEl6rll01 (Hllllllol•l,IOI 
"'RllE(t,llOI IFTIIJ, 1•1 1 101 
IF IIAI 1,2,11 
RI:AO (5.11CI ( Ullllo l•lo'-OPI 
.. RITE (6 0 1101 (Ullllt l•lo~UP) 

GO TO 6 
READ C5t1HI I PJ(I), l•l,~UPI 

RE/lO (5,11~1 I ~1111, l•l,"LPI 
Wk ITt ( 6, 11 C I ( X I I I I t I .a 1 , P,!J PI 
If- llC I le,tetlt 
RE~D (5,11CI IT~IIIIt 1•1•'-~ll 
REAU l!ollCI (Xlllllr l•l,NuTI 
WRilt: (6,2~01 (Allllllllt l•lelel 
10 .. c 
IS tP .. 0 
1RITE • 0 
XNO • ,_UX 
DELX c CXF-XSI/XNU 
Jl • xs 
CALL 6CUNO 

c COMPUTE 6CUNCAR~ LAYER INTEGRAL PAR/l~fTERS FCW GI~E~ ~lEP 

c 
t41 • OEL/T~ 

lf(~l-3.31 2~.2~.21 
21 RT • UNIT•RE•UE•TH/SE 

U,JI\C<.2'5 
11AIN026 
f'A INU27 
f'AINC78 
"AIN02'i 
f'AINOJC 
ftAINOH 
f'AINv32 
tAl NOH 
tiAJNOH 
fiAIN035 
I'AIN036 
f'AIN037 
I'AJN038 
f'AIN039 
f'AIN~40 
f'AIN041 
I'AIN042 
I'Ait<043 
f'AINC'44 
I'AJ,...Oio'5 
llfAINOtoo6 
I'AI!<iOtool 
t<AINI)Itf! 
t1AfN04a9 
"'-INCSC 

. ... /dN~'Sl 
I'AIN~'>2 
rAJNG53 
IIAINC!:-too 
rAJ"-;;55 
f'AIN)';6 
"AlNv\7 
I'AINI)'5P. 
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FORTRAN IV C LEVEL IS pa IN OATt: • Til 10 
00*1 
0042 
0041 
0044 
0045 
0046 
004T 
0048 
0049 
0050 
0051 
0052 
005J 
0054 
0055 
0056 
COST 
cose 
0059 

0060 
0061 
C062 
006) 
0064 
006$ 
0066 
006T 
0066 
C069 
OOTO 
OOTI 

CALL PAKINT (HIT.HJTtIt It.HI.MJ.OHJ.il 
IF ll-J-3.01 22.22,24 

22 HA • hJH.O 
HB • (HJ-l.OIMHJ-l.UI 
HC • 3.0»HJ -1.0 
HO • 2.0*HJ -l.C 
HE • HA*HO/(HJ*HC*HDI 
HF • 1.0-HJ*HA/IHC*HOI 
UK • HJ*(1*0 •(R*XME2*ht/5.0»/(l.C »R*XME2*HF/S.0lI 
CALL PAftltlT (HKT.HLT.1.1F.HK.HI ,UHL• 11 
CALL PARINT (KLT1, FT, I, IC.HL .F.OI-. II 
H » TK*HJ tin -1.0 
IN * 0.**(Th«l.0l »0.22*(IR-I.0I 
SN • TP»*0.76 
KTI • rt/SM 
CFI • 0.05S*<0.93-I.<5«41C<;10(HJII«*1.705 
CFI • CFI/R!1**0.266 
III • SCRTICFl*R£*UE*UE/2«CI "  ̂

»3 CF » CFI/TM 
C 
C PRINT CUT RESULTS 
C 

IF IISIP-HUXI 26.24.24 
24 10*1 

GO 10 28 
26 IF I ISIP-IRITEI 30.28,30 
20 1RITE • IRITfctNOR 

OS » H«TH 
CFR • CF»KE«UI:»Ut 
ah • IH«2.C-XHC2I*IH*UCLCX 
6RITE I6.2C5I / SIP.XHt ,tt .UOUOX.Iti.Th 
URITEI6.210I X.RE 
tlRITt 16.2121 CFR.CF.til .HJ.HI ,HK 
mrI IE (6.2151 OEL.DS.lH.RT.H.HL 

PRUCEEU IC NEXT STEP 

0012 
eon 
00T4 
0015 
00 T6 
007? 
0076 
0019 
0080 
0081 
0062 
ooei 
0084 
0085 
0086 

0081 
0088 
0089 

IF (101 30.30.32 
>0 1STP • ISTP.l 

x • XtCtLX 
DEL • DEL «DELX*(F •(1.21«XHE2*CEl*UCU0XI 
JH • ft- »0ELX»(C«-*XKE/?.C-(H»l.C-l.2*XME2) 
CU TU 20 

32 WRITE 16.2201 
READ 19.1011 I 
IF (II 34,34,1 

34 STCP 
100 FORMAT (16A4I 
101 FORMAT (111 
105 FORMAT 114151 
110 FORMAT (6812.51 
200 FORMAT (BJhOCOMPRESSI BLfc TLRUUIEM BOUNDARY 

IE PETHCU C-e OR. M.R. HtAO. /74H REF - J.E 
20 MECHANICS, VOL. 31. PT. 4, PP. 753-788 

205 FORMAT (11H0STEP hC. »l J.6X. *.£12. 
I 8HUUDX/U •.EI2.S.3X.4HTM •.E12.5.3X.4HTR 

210 FORMAT(IX.3H X«.t12.S.4HRE >.£12.51 
212 FORMAT(5H CF •>E12.5.3X,7HCFLOC ••C12.5.5X 

«<ainc59 
pa1n06c 
pain061 
pain062 
pain063 
pain064 
pain065 
pain066 
pain067 
pain068 
pain069 
painc70 
hain0t1 
pain012 
pain013 
paino74 
pain075 
pain076 
pain077 
pain078 
pain019 
pain060 
painom 
PAIN082 
PAINCC3 
PAIN084 
PAIN065 
PA1N066 
PAiNcai 
PA INO08 
KAIN0B9 
PAIN09C 
PA1N091 
PA1N092 
PA1N093 
PAINC94 
PAIN195 
PAIN096 
PAINC97 
PA1N098 
MAIN099 

• Th*LDUOX> PAIN 100 
PAIN101 
PAIN102 
PAIN1C3 
KAIN104 
PAIN105 
PAIN106 
PAIN101 
PAIN108 
PA1N109 

LAYER DEVELOPMENT BY THHAlNllO 
GREEN. JOURNAL OF FLUIMAIN111 
/ It- . 18A4 I MIN112 
5.5X.3HUE*.E12.5.3X. PAIN113 
E12.5 I «A1N114 

PAIN115 
.6HUTAU «,E12.5.7HH-INC PAIN116 
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FORTRAN IV G LEVEL IC DAIK DATE > TlltO 13/38/51 

l«EI2.5t4X.4HHI •,E12.5,3X,«HHK ..E12.5 I PAIN117 
0090 215 FORMAT (6H DCL »,E12.5•2X.7HOSTAR •,E12.5,5X,7HTHETA »,E12.5, PA IN 118 

1 8HRTHETA •.E12.5.3X,3HH •> E12.5,4X,4HHL *tE12.5 I FA IN 119 
0091 220 FORMAT (54H0RUN COFPLETE - ENTER 0 TO STCP. ENTER 1 FOR NEXT CASE)FAIN 120 
0092 END FA1N121 



fORl~AH IV G LEV~L 16 fiClJf\0 OAH • 71110 

0001 

I COOl 

0003 
. 0004 

C005 
0006 
0001 
0006 
0009 
0010 
0011 
0012 
0013 
0014 
0015 
0016 
0011 
0018 
OOlCI 
0020 
0021 
0022 
OOZJ 
(10241 
0025 
0026 
0027 

. ooze 
0029 
0030 
0031 
0032 
0033 
OCH 
0035 
0036 

SUBRCUT f NE BCU~D 
C COHPUTES UCU~OARY C(NOITICf\S 'l EACH STEP 
c 

c 

CC~~ C~ P,~~oSE,TR,Tw,UCLCX,UcoU~fT,X ~EoX~EZ,X~J,X, 
liAtiC,NOI',NLJT,Pf l5CI,hll5CI tUI15 0 1,XI(5(;) ,XTI (50l. 
U Tl Tl E ( 20 I , C P l I 5C I , C P E ( 5 C I , 0 C P , 1,; Z l , X II P Z I ( 50 I 

IF (XMII 56,56 1 52 
52 XM2 • )~l•XMJ 

IF ClAI 5t',5Eo54 
S~ CALL PA~I"l IXI 1 Pftlof\CF,X 1 P 1 0P,lJ 

PR • P••0.2657 
XI'IEZ • 5.C•I 1.0/PR -1.01 
XMf • SOK H XfiE ll 
UEZ • X~E2*11.v+(.2•XM2J/(XM2•(1,C•O.l•XI'IE2JJ 
UE • SI:RTlLEZI 
~OlJOX • -DP/(1.~t•x~E2•PJ 
GO TU 66 

5b If liAI 51",5Eot>O 
58 CALL PARI~T (XI,Ultlt~CP,x,UftDI.i,lJ 

UE2 • UI:•UE 
l.iOLOX • DL/UE 

GO TO H 
60 CAll PAKI,_T (Xl,Piolt~CF,x,P,OP,11 

UE2 • 1.0-P 
UE • SCRTCUE21 
uo~ux • -DP/cz.c•uezt 
RETURN 

6~ XME2 • XM2•LI:Z/Il.C+C.2•X~2•Cl,C-LElJJ 
XrCE • SCRTCXJoCE21 

66 lR • 1oO+C.Z•R•X~E2 
TE • Cl. 0 +0,2*X~ii/C1.0•~.z•xME2J 
RE a TE••2.5 
SE • H••C.76 
IF CJCJ bf',6Et1v 

68 h • TR 
tiETlJI<N 

TG '" ~ CRD11Tki,XTI 1 X,NCTJ 
T" • HolTE 

8(1 f!ETURN 
fNC 

13/38/51 

IWNDCC2 
fOP-tD003 
~ONOC~It 
f(;~DC05 

SUND006 
fONDOO 7 
PONDOC8 
t0NOC09 
fUI-;00 1 C 
eot.o011 
fONDC12 
fC"'0Cl3 
llONDOl4 
fONC015 
ButWO 16 
eoND017 
I'OhC018 
llONOUl9 
I!Ut-tDC2C 
PON0021 
I!ONCC,22 
I!UNOC23 
fCNOOH 
fOND025 
I'UND026 
I!ONDC17 
eot.ocze 
80ND029 
fONCC3C 
eUNOC3l 
f\OND032 
fCN0033 
fONOOH 
f\Oti00~5 
1\UNDC· 36 
f0N0037 
NiNflC 3~ 
I!Ct-OC'!'i 
llC,._OGioC 
f'llNDviol 
f(;Nt'Oio2 
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FCRTRAN IV C LEVEL 18 PARIM OATE • 71110 |3/)e/Sl 
C001 
C002 
0003 
€>004 
0005 
0006 
000? 
COOtt 
0009 
OOIC 
0011 
0012 
0013 
0014 
0015 
0016 
0017 
0016 
0019 
0020 
0021 
0022 
0023 
0024 
0025 
0026 
0027 
0026 
0029 
C03C 
0031 
0032 
0033 
0034 
0035 
0036 
0037 
0036 

20 
25 

30 
35 

SUBROUTINE PARINf(X.Y.11 
OlMbNSICN X(50)t V(501 
1A • 12-1141 
00 5 1"It•12 
IF (XI ll-XIM 5,10.15 

5 COMlNlfc 
CO IC 50 

10 I • I 
CO IC 20 

15 IFU .EC. 21 CO IC 40 
1 - 1-1 
IF U-lll 50*25• 3C 
a • mi«2>-vu*nm<xi 

i-iyc iMi-rini/HKiiui-
CO TO 35 
A • |Y||fl|-TII})/((X(h 

i-<ycii-yc t-m/uxu l-Xl 
e •  cy(i«ii-ycii i /cxci«i  
C • Ylll -A*XC| I • X ( 11 -8 
YOUT • AOIMXIN •8»KlK 
CYOUT • 2cC*A*XlK «d 
CO TU 55 

40 I • 1-1 
IF 11-111 5C.45.60 

45 A • (X||*2I-XCI* lll/MYI 
1-CXC hll-MIII/((Y(IHi-
CO TC 65 

60 A* tXIIMI-MlH/ICYt l« 
l-CX(!t*X<|-1II/I(Y(II-Y( 

65 0 • (X(l«ll-X(m/<Y(I«1 
C • XI II -A*Y(I I•YC11 -e 
IFIA6SIAI-C.OOll SIC.̂ IC 

910 PRINT 9C2 
900 CONTINUE 
902 FORMAT C1CX, <?HA IS 2ERC 

YCUT • C-B-SCftfC6**2 -4. 
OYCLT • -l./SQfUCa«*2 -4 
CO TC 55 

50 CVCU1 - OYCLT 
YOUT • YC I2I+0Y00TMXIK-XI12II 

55 RETURN 
CMC 

• 12«XI NtYC'ltT.OYOUT «L I 

I•21 — XC 1+1II*CX(1 + 21-X(11)1 
X(I)I+(X(!+2)~X(IIII 
ll-xmi*(XllMI-X||-U|l 
l-lll«CX(J«ll-XCI-ll)| 
I •* IIII "M|X(I«1IU(IM 
•XIII 
•C 

H2I-VC I+1II+CYII+2I-V11)11 
YIIIIMYC |42)-V(IIII 
ll-YII I I•IY|I•11—V I1-11II 
I - 111•IYCI•1l-VI 1-1)11 
1 — Y C III -A« C YC Mil •Villi 
• Ylll 

I 
• A*CC-XIMII/I2**AI 
• A*CC->1M I 

PART0C1 
PART0C2 
PART003 
PART004 
PARTCC5 
PARTCC6 
PART0C7 
PARTCC6 
PART0C9 
PARTG1C 
PARTOM 
PARTO12 
PARTC13 
PART0I4 
PART015 
PARTCI6 
FARTOI? 
PART018 
PART 019 
PARTC20 
PARTC2I 
PART022 
PARTC23 
PARTC24 
PART025 
PART026 
PARTC27 
PAPT02B 
PARTC2V 
PART05C 
P4RTC31 
FARTC32 
PAMTC33 
PARTO14 
PART035 
PAKT036 
*AfUC3T 
PART036 
PARTC39 
PARTu4C 
PARTC41 
PARTC42 



FORTH' 

OOOl 
0002 
0003 
0004 
000* 
0006 
0001 
000 « 
0009 
0010 
OOtl 
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IV C LEVEL la CROt OAlt • 71110 IJ/JB/M 
FUhCIICN CRUIlr.X.XIM.KI CKCIOCI 
CIHENSION XllOi)),rllOCI CKOICC? 
00 10 K>1 (N IH01CCJ 
IF (XIKI-XIMI IC.5,5 CKCIOO* 

5 j • K-1 (IKCIOO'J 
CO 1C IS CKOIOOo 

10 CUNIINUC ci<oiocr 
IS R • IXIM-X(JII/(XIJ»ll-XIJII UKOIuOH 

CRCI • II.O-RI«YIJI «K«V(J«II IKBICK 
RE1URN IRDItlC 
END OKPIOll 



LIST OF SYMBOLS 

x = distance measured along the surface of the flat plate 

y = distance from the flat plate measured normal to the surface 

h = enthalpy 

u = kinematic viscosity 

p = pressure 

p = density 

y = dynamic viscosity 

Y = ratio of specific heat at constant pressure to specific heat at 

constant volume. For air y = 1.4 

T = temperature or time 

H = shape factor, <5*/6 

6 = boundary layer thickness 

6* = boundary layer displacement thickness 

0 = boundary layer momentum thickness 

0 = momentum defect 

0 = boundary layer energy thickness 
£ 

0jj = boundary layer enthalpy thickness 

H = shape factor, 0_/0 
12 E 

Rq = Reynolds number based on 0 

M = Mach number 

f5 = Mach angle, sin""1 1/M 

u = component of velocity parallel to the wall 

v = component of velocity normal to the wall 
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— (l - dy ui  \  u! J 

o 

•5 

— (l - —\dy 
Ul \ V 

o 

0) = wake function 

7T = wake parameter 

T = shear stress 

uT = friction velocity /r2/p 

A = heat conductivity 

q = heat flux 

Q = mass or volumetric flow in boundary layer 

A = mass or volumetric flow divided by velocity at edge of boundary 
layer, Q/Uj 

F = entrainment parameter 

CD = dissipation integral 

Subscripts 

1 = conditions at edge of boundary layer or the inviscid region 

2 = wall conditions 

3 = incompressible conditions 

— = time averaged or transformed 

(Hi), u. 
dy 

H l ~ 0 

(H), dy 



fluctuating conditions 

free stream conditions 

stagnation conditions 

kinematic conditions 

recovery condition 
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