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ABSTRACT 

This dissertation presents a theoretical 

investigation into the production, evolution, and 

asymptotic form of chirped pulses in both homogeneously 

and inhomogeneously broadened laser amplifiers. Amplifier 

equations of motion are obtained in a form appropriate for 

dealing with such frequency modulated pulses. The transient 

response of laser amplifiers to variously chirped Gaussian 

input pulses is studied parametrically using numerical 

solutions of the amplifier equations. The chirping 

mechanisms of the intensity dependence (Kerr effect) and 

the quadratic frequency dependence of the index of refrac

tion are discussed briefly, as are the chirps produced by 

them and the amplification of Gaussian pulses in their 

presence. The amplifier whose host exhibits these dis

persive effects is treated as a sequence of pairs of 

slices. One of each pair amplifies and exhibits the Kerr 

effect; the other has an index with a quadratic frequency 

dependence. This slice model is used to obtain steady-

state pulses in both homogeneously and inhomogeneously 

broadened amplifiers whose host indexes have a quadratic 

frequency dependence. The steady-state pulse characteris

tics are determined as functions of amplifier parameters 

and the index curvature. The principal results are as 

ix 
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follows: The homogeneously broadened amplifier responds 

predominately to the temporal character of a chirped input 

pulse while the inhomogeneously broadened amplifier 

response depends primarily upon the pulse spectrum. Of 

three important concepts (area theorem, echoes, and 

optical nutation) used to describe unchirped pulse ampli

fication in inhomogeneously broadened media, only photon 

echo is useful when pulses are more than slightly chirped. 

The presence of the Kerr effect can produce significant 

chirps on large pulses. Amplification in the presence of 

the Kerr effect produces pulses strikingly similar to 

experimental results. Quadratic frequency dependence in 

the index has very little influence on most pulses in 

short amplifiers but has a cumulative effect in long 

amplifiers and laser oscillators. Chirped steady-state 

pulses exist in both homogeneously and inhomogeneously 

broadened amplifiers when the host index has such fre

quency dependence. In the homogeneously broadened case, 

they exist at relative gain levels dramatically below 

other theoretical predictions. They occur in the inhomo

geneously broadened case only for the smaller index 

curvatures. 



CHAPTER I 

INTRODUCTION 

Short, intense pulses of radiation have potential 

applications in a variety of areas: lifetime measurements, 

nonlinear phenomena, optical radar, and optical computers, 

to name a few. Since short pulses require a large spectral 

content, there is considerable interest in the neodymium: 

glass laser whose large gain bandwidth should allow produc

tion of pulses only a few tenths of a picosecond in dura

tion. Experimentally, however, this potential has not been 

realized; pulses are observed to have widths of 4 or more 

psec—even though their spectral content indicates that 

laser oscillations are occurring over the entire gain 

bandwidth (DeMaria, Stetser, and Glenn 1967; DeMaria et 

al. 1969)* This discrepancy was largely explained in 1968 

when Treacy compressed such pulses to widths of about O.^t 

psec using an optical delay line formed of two diffraction 

gratings. He postulated and later, in 1970, directly 

demonstrated that the pulses were "chirped," that is, the 

carrier frequently was swept upward during the pulse. 

However, the question of the origin of the chirp is 

still not adequately answered. Both DeMaria et al. (1969) 

and Cubeddu and Svelto (1969) point out that chirps can be 



produced by dispersion due to the quadratic frequency 

dependence of the index of refraction of the host material 

in which the laser atoms are imbedded. While DeMaria et 

al. (1969) exploit an analogy with microwave theory, 

Cubeddu and Svelto (1969) balance the effect of a 

saturable absorber against the frequency dependence of 

the host dispersion. In another treatment, Comly, Yariv, 

and Garmire (1969) balance the effect of the intensity 

dependent index of refraction found in a Kerr medium 

against the linear response of the lasing medium to 

demonstrate that the Kerr effect can cause a chirped 

pulse. However, all three treatments are confined to a 

linear response of the lasing atoms and to steady-state 

considerations. Thus they cannot directly relate to the 

nonlinear interactions and dynamic conditions that exist 

in the pulsed Nd:glass lasers. Recently Duguay, Hansen, 

and Shapiro (1970) have estimated that in such lasers the 

chirp can be accounted for by the Kerr effect of the glass 

host alone. The net effect of these treatments is to pro

vide a useful estimate of the mechanisms for producing 

chirps and of the magnitudes of the possible chirps. There 

is, however, no work that provides a detailed theoretical 

attack on the problem of the production and evolution of 

chirped pulses. 

There are several considerations that are necessary 

in such an investigation to insure that the results be 



applicable to Ndiglass lasers. First of all, in Ndiglass 

lasers, pulse durations are on the order of the atomic 

coherence time, thus the rate equation approximation, 

which ignores coherence effects, must not be used. Also, 

Ndiglass is essentially inhomogeneously broadened, whereas 

in most cases, an analysis of the homogeneously broadened 

medium is undertaken because of the ease of treatment. 

There are physical phenomena that clearly differentiate 

the two models. For instance, there are frequency competi 

tion effects in the homogeneously broadened case that are 

not present in inhomogeneously broadened media and con

versely, there are phenomena like photon echo (Abella, 

Kurnit, and Hartman 1966) that are found only in the 

inhomogeneously broadened medium. One purpose of this 

dissertation is to provide the foundation for a detailed 

investigation that includes these considerations. 

The problem of ultrashort pulse production in a 

laser is a difficult one to treat theoretically. Many 

theories of mode-locking are based on the theory of the 

laser developed by W. E. Lamb, Jr. (1964) in which he 

analyzes a Fourier superposition of the oscillating modes 

in the laser cavity and develops differential equations 

for the evolution of radiation in each mode. If the 

radiation is intense, then saturation of the atoms occurs 

and the differential equations become highly nonlinear and 

strongly coupled. Even with a large computer, their 



solution presents a very difficult problem for neodymium: 

glass lasers, where more than ten thousand modes may be 

oscillating simultaneously. 

Alternatively, one can consider mode-locked lasers 

that produce very short pulses as a series of amplifiers. 

The pulse is first amplified in the laser rod and then 

reflected at the mirror; on the return trip, it is again 

amplified and at the mirror, a portion of the pulse is 

reflected while the remainder is transmitted through the 

mirror. Each round trip thus produces one of the pulses in 

the output train seen experimentally. 

There are several requirements that must be 

considered if this succession-of-amplifiers model of the 

laser is to be used. First, the basic premise of simple 

amplifier theories is that the pulse can be characterized 

as a plane wave modified by an envelope function. If a 

mirror is placed so close to the end of the laser rod that 

the pulse overlaps itself in the rod during reflection, 

then interference effects (standing waves, additional 

population pulsations, etc.) must be considered. Most 

amplifier theories neglect these phenomena. In addition, 

the amplifier theories must be modified to include the fact 

that the resonant atoms retain some decaying memory of the 

polarization and modified population inversion that resulted 

from previous passages of the pulse. We can capitalize on 

the short duration of the Nd:glass laser pulse by using 



this simple unfolded amplifier model of the laser to 

circumvent most of the problems that occur in attempting to 

obtain exact solutions using the approach of a superposi

tion of cavity eigenmodes (Cubeddu and Svelto 19&9; Garmire 

and Yariv 1967)• 

Before an investigation into the laser can be 

undertaken profitably, we must make a detailed investiga

tion of three subsidiary problems. These are: (l) the 

amplification of chirped pulses, (2) the production of 

chirped pulses in amplifiers, and (3) the problem of 

steady-state pulses in laser amplifiers. This dissertation 

is a presentation of investigations in these three problem 

areas. In view of the difficulty of the investigation, it 

was decided to terminate the dissertation with these 

preliminary investigations. However, the computer programs 

written for this dissertation can also be used to study 

mode-locked laser problems. 

There are five chapters to this dissertation, of 

which this introduction is the first. In Chapter II, we 

develop the equations of motion for both the homogeneously 

and inhomogeneously broadened laser amplifiers. The 

methods used parallel those of Hopf and Scully (1969); 

however, their theory is extended to include a host medium 

having both an intensity-dependent and partially frequency-

dependent index of refraction. Treating both kinds of 

dispersion introduces a difficult semantics problem. We 



solve it as follows: the intensity dependence is referred 

to as the "Kerr effect" while the frequency dependence is 

called "normal dispersion" or "normal host dispersion" 

regardless of the character of that dependence. We use 

"linear" or "quadratic" as modifiers of "normal dispersion" 

to denote the form of the frequency dependence. 

In the theoretical development, we find that the 

use of the slowly varying envelope approximation (SVEA) 

allows us to retain only the effect of a linear frequency 

dependence (linear normal dispersion). We are forced to 

use an alternate approach (the slice model that is dis

cussed below and in Chapter IV) to retain the chrip-

producing quadratic normal dispersion. In the amplifier 

theory we have also included, following Pantell and Puthoff 

(1969) , the effect of the local electric field in a medium. 

The result of this is an enhancement of the dipole matrix 

element for the resonant atoms and of the Kerr constant for 

the Kerr medium. 

In Chapter III we present the results of the 

investigation into the amplification of chirped pulses. 

We first outline the methods for our analysis by explaining 

our notation and discussing the reasoning behind the choice 

of a Gaussian pulse with a linearly increasing instantaneous 

frequency as our input pulse for studying chirped pulse 

amplification. We then study the transient response of the 

homogeneous amplifier to such input pulses. We find that 



the rate equation approach applies for pulses that are long 

compared with the phase memory time, while short chirped 

pulses are less efficiently amplified than their unchirped 

counterparts. We find that the inhomogeneous amplifier has 

a substantially different performance. The temporal 

characteristics that mark unchirped pulse amplification 

(the area theorem of McCall and Hahn [1967], edge echoes 

and pulse narrowing, for example) are shown to be eliminated 

or drastically altered for chirped pulses. The picture 

that then develops is one that appears intuitively 

reasonable. Because of the independent nature of the 

response of the atoms at various frequencies within 

the gain bandwidth, the amplification characteristics for 

highly chirped pulses depend primarily upon the power 

spectrum of the pulse. In the final sections of Chapter 

III, we compare and summarize the results for these two . 

types of media. 

The results of Chapter III aid us in interpreting 

the results of the investigation in Chapter IV on the 

production of chirped pulses. We review the theory of the 

Kerr effect and demonstrate that it produces self-phase-

modulation of the pulse, i.e., that it causes a pulse to 

develop a chirp without changing the pulse shape. This 

leads to a redistribution of energy within the power 

spectrum of the pulse. We show that the effects of this 

in a Kerr-host amplifier are consistent with the principles 



developed in Chapter III. The pulse shapes produced by-

such amplifiers are remarkably similar to those observed 

by Treacy (1969)* 

We continue in Chapter IV with a discussion of the 

classical approach (Brillouin i960) to pulse propagation 

in media where quadratic normal dispersion (quadratic 

frequency dependence in the index of refraction) is present. 

Analytical results show that pulse broadening and chirp 

production occur in such media; however, they are insignifi

cant in most short amplifiers. For long amplifiers (and 

the laser), the effects of quadratic normal dispersion 

could accumulate and become significant. In preparation 

for this problem, we introduce the slice model of the 

dispersive amplifier as a sequence of pairs of slices. One 

of the pair exhibits only the quadratic portion of normal 

dispersion and is treated classically; the other is a Kerr-

host amplifier that is treated using the equations developed 

in Chapter II. Such a model should be appropriate in the 

limit of a large number of very thin slices. 

In Chapter V we use this slice model to deal with 

the problem of steady-state pulses (pulses that propagate 

with unchanging form) in amplifiers exhibiting only normal 

dispersion and not the Kerr effect. Of particular rele

vance to this investigation is the work of Armstrong and 

Courtens (1969) who solve the full wave equation analyti

cally to obtain the steady-state pulse in an homogeneously 



broadened amplifier with quadratic normal dispersion. One 

of the results of our investigation is that the steady-

state pulses we obtain behave in a manner totally different 

from those of Armstrong and Courtens (1969)* For condi

tions similar to Nd:glass (but homogeneously broadened), we 

differ by many orders of magnitude as to threshold condi

tions, magnitude of chirp, pulse widths, etc. Moreover, 

the pulses we obtain resemble more closely the pulses 

obtained from the mode-locked Nd:glass laser. However, 

there are a number of qualitative similarities between the 

Armstrong-Courtens result and ours as to the dependence of 

steady-state pulse parameters upon variations in the decay 

time, gain, and loss of the amplifier. 

In addition to the extensive investigation of 

steady-state pulses for homogeneous media, we demonstrate 

the existence of steady-state pulses in the inhomogeneous 

normally dispersive amplifier and note several of the 

characteristics of the pulse parameters as a function of 

the curvature in the frequency dependence of the index of 

refraction. We note, for example, that the inhomogeneous 

steady-state pulse is less stable for a given index 

curvature than its homogeneous counterpart, a feature 

expected from the results in Chapter III. 

Although we have not investigated steady-state 

pulses in Kerr-host amplifiers, such studies are of some 

relevance since they do deal with chirped pulses. In 
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particular we note that the work of Eberly and Matulic 

(1969) contains a solution for a chirped steady-state pulse 

propagating in a Kerr-active unbroadened (i.e., no finite 

decay time) attenuator. The study yields an analytical 

solution that can be used as a check for future numerical 

calculations. We conclude the dissertation in Chapter VI 

with a brief summary of the results of these investigations 

and note several areas for future investigation. 



CHAPTER II 

LASER AMPLIFIER THEORY 

In this chapter, we develop laser amplifier equa

tions of motion appropriate for dealing with chirped 

pulses. We include the index of refraction in the 

development insofar as it leads to the group and phase 

velocity of light. We also include the Kerr effect 

phenomenologically. This theoretical treatment is the 

first to include all of these effects in a single context. 

First we develop the electromagnetic field equations 

appropriate for a host exhibiting both a linearly frequency-

and an intensity-dependent index of refraction. We then 

calculate the polarization of the resonant atoms using a 

streamlined version of the method of Hopf and Scully 

(1969)* This yields the equations of motion for the 

inhomogeneously broadened laser amplifier. We then 

specialize these equations to the case of the purely 

homogeneously broadened laser amplifier. 

Electromagnetic Field Equations in the 
Host Medium 

As with the usual approaches to laser amplifier 

theory, the electric field is treated as an essentially 

monochromatic linearly polarized plane wave. For this 

11 
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treatment we write the field in terms of a carrier wave of 

frequency v and wave vector k modulated by a complex 
0 

envelope e(t,z), i.e., 

\ 

E(t,z) = ~(t,z)exp[i(vt-k 0 z)] + c.c. ( 2 .1) 

Since we will consider the wavevector k to be a function of 

frequency w when we discuss dispersion, we have here taken 

k k(v) for convenience. 
0 

Defining the real quantities le(t,z) I and ¢(t,z) as 

the amplitude and phase of the field respectively such that 

e < t , z) = 1 e < t , z) 1 exp c i ¢ < t , z) J , (2.2) 

we find that Equation (2.1) is identical with the defini-

tion 

E(t,z) = le(t,z) lcos[vt-k z+ ¢ (t,z)]. 
0 

( 2. 3) 

This represents a slight departure from the notation of 

Hopf and Scully (1969) in that the signs of v and k have 
0 

been reversed. Although the change is trivial, it has the 

desirable consequences of making the signs of v and ¢ the 

same and, referring to Equation (2 .1), making the sign of v 

such that no confusion in sign arises when using standard 

Fourier transforms to obtain pulse spectra. 

We proceed by applying Maxwell's equations to the 

problem of propagation of radiation in a dielectric medium. 

For a plane wave of the for m (2 .1), we obtain the 
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one-dimensional wave equation 

d2E a dE _ 1 d2D . .v 
*  2  2  a t  2  _ , 2  1 2 .  
oz e c e c at o o 

which, along with the constitutive relation 

D = e E + P, (2.5) 
o 

describes a wave damped by a fictitious ohmic current ctE 

(used to represent linear losses like scattering) and 

driven by a polarization P. We take the polarization P to 

be produced by three sources, 

P " PD + PK + PR' <2"6) 

where P^ is the polarization of the dielectric atoms of the 

host material and gives rise to the normal index of 

refraction; P^ is the polarization due to the Kerr effect 

of the host atoms; and P^ is the polarization of the 

resonant atoms embedded in the host. 

The polarization P^ is due to the linear response 

of the host atoms to the local electric field E, in the loc 

vicinity of the host atom and is described in terms of the 

polarizability a_^ of atoms of species i, i.e., 

Pn = s N.a. E. = CE
n , (2.7) 

D loc b loc' 
i 

where Q = £ cc. N. . We follow the usual procedure in 
i 

determining the Lorentz-Lorenz correction (Kittel 196?) 



I k  

but, following Pantell and Puthoff (1969), we take special 

care to properly include the effects of the corrections 

upon the relatively small polarizations PK and PR* Since 

the local field 

E. = E + - P, 
loc 3eQ ' 

( 2 . 8 )  

we find, using (2.7) and (2.8), that 

PD = ^ + 3J-P. ( 2 . 9 )  

Substitution into (2.6) yields 

P = i-?- e + <VPR>. 

3 e ,  3 e .  

(2.10) 

so that 

D = e. 1 + 
1 -

3 e .  

E + 
x C *PK+PR* 

3e _  

(2.11) 

In the absence of the polarizations P^. and P^, this reduces 

to the normal expressions 

D = eE = e n E, 
o 

(2.12) 

where n is the index of refraction of the host and e is its 

permitivity. From (2.1l) and (2.12) we find that 

1 -

n2+2 
3  '  

( 2 . 1 3 )  

3 e .  
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so that (2.1l) can be written 

D = e n^E + 
o (•¥) ( 2 . 1 k )  

Thus the wave equation (2.4t) becomes 

BE 1 
5 at2 (V) (Pk+PrK 

(2.15) 

In calculating and P^, we know that the atoms 

respond to 1 given by (2.8), (2.10), and (2.13) as 

The last approximation is valid for small PK and P^ and is 

usually true in solid state lasers. 

Incorporation of Linear Normal Dispersion 

We have now proceeded to the point where we can 

incorporate some of the effect of normal host dispersion. 

Normal dispersion results when the wave equation is driven 

by a polarization term that is both linear in the electric 

field strength and frequency dependent. The result is that 

radiation of different frequencies travels through the 

medium at different velocities. Using the superposition 

principle (which is valid if the medium's response is 

linear in the electric field amplitude), one can readily 

solve the problem of pulse propagation in normally 

E 
loc 

( 2 . 1 6 )  



dispersive media (Brillouin i960). The procedure is to 

find the amplitudes of the Fourier components of the pulse 

upon its entry into the medium, propagate them through the 

medium at their respective velocities, and reassemble them 

to determine the output pulse. 

Unfortunately, this approach is not possible in 

the laser problem because the resonant atoms respond non-

linearly in the electric field and also nonlocally in time. 

The alternate approach of using the slowly varying ampli

tude approximation (SVEA) to reduce the wave equation to a 

first order differential equation is only partially 

successful. Although it retains the effects of the linear 

normal dispersion by predicting that the pulse envelope 

velocity is the group velocity rather than the phase 

velocity, it neglects the quadratic normal dispersion 

terms. It presently appears that the two phenomena 

mutually exclude the possible simple methods of solution. 

In this section we derive equations that include 

the effect of linear dispersion. Because the index of 

refraction is frequency dependent and we will later con

sider components of the pulse's spectrum at various 

frequencies, it becomes necessary to have a clearly 

defined reference frequency. This we take to be the 

center of the resonant line uuq. The carrier frequency is 

always taken to be resonant with this frequency (i.e., 

V = uu , k = k(uu )) in Eq. (2.1) and any detuning appears 
0 0 o 
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in the phase. Taking a, Pj^, and to be zero for 

simplicity and following a procedure similar to that of 

Armstrong and Courtens (1969), we find that the wave 

equation (2.15) becomes 

~—2 (n2]E) = °* (2.17) 
dz c 3t 

When the index of refraction is a function of frequency 

n(uu), the solutions of this wave equation are well known to 

be plane waves characterized by a wave vector k and fre

quency UJ such that 

k (uu) = (2.18) 
c 

To properly write the wave equation for E(t,z), we must 

consider the response of the medium to each of the Fourier 

components E(uu,z) of the field and then superpose these 

responses to determine the time domain response. Thus the 

wave equation (2.17) becomes 

r t -h772 ft•±"t»2<*>E<»,*> -0. (..19) 
oz c dt -» 

The partial derivations with respect to time can be 

performed to yield 

+ J ̂  elU,t w2n2(u))tf(uj,z) = 0. (2.20) 
OZ C —co 
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We have noted that the SVEA rejects the terms that cause 

chirping. Therefore we expand the index of refraction only 

to first order in wavelength, that is 

n = no - ni {~rf) = iir [<n0+ni)UJ - niv] (2-21) 

where n and n, are constants, \ = 27tc/v and X  = 2Hc/u). 
o 1 ' o 

Since the group velocity is defined to be the inverse of 

derivative of k(uu) with respect to uu, 

1_ = dkiii = (2>22) 

v duu c 1 

S 

our model has a frequency independent group velocity. 

The wave equation (2.20) thus becomes 

1 <r> du) iu) t r t \2 2 „ , \ 2 2-,. 
+ ~2 / W 6 [(no+nl} W -2n1(no+n1)a)v+n1v ] 

BE 
^ 2  -  -
O Z  C —oo 

• £(w,z) = 0. (2.23) 

Expressing the integral in terms of E(t,z) and its time 

derivatives, we obtain 

2 2 2 . 2„ /n_+n.,\ ^2^ 2in, (n.+n, ) v ,,, n., v 
o & / n o + n l )  d 2 E  2 i n 1 ( n o + n 1 ) v  Q E  n ^  

a 2 - \T~I 772 + 2 at + 2 E = °-
9z v ' Bt c c 

( 2 . 2 k )  

Since none of the operations performed here affect 

the terms that we took to be zero for Eq. (2.17), we may 

include them now. The full wave equation (2.15) is 
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+ -^77 [2in1(n +n1)v - 2—] 2 1 o 1 e c o 

BE 
at 

c 
(2.25) 

To a good approximation, the index of refraction in 

Eq. (2.16), in the last term of Eq. ( 2 . l h ) ,  and hence in 

Eq. (2.25) can be replaced by nQ since terms involving n^ 

will be of the order of the terms discarded under the SVEA. 

However, in the first term on the right hand side of Eq. 

(2.14) the expansion has been kept, as it will appear as 

the envelope velocity term in the SVEA. The primary 

effect of including the index is to bring the group 

velocity into the problem in the proper fashion as we 

shall see in the next section. 

Slowly Varying Envelope Approximation 

The Slowly Varying Envelope Approximation (SVEA) 

takes advantage of the fact that picosecond pulses of 

radiation are made up of hundreds or thousands of optical 

cycles. The field envelope £(t,z) defined in (2.1) changes 

very little in an optical wavelength or a period. Quanti

tatively, this implies that 

( 2 . 2 6 )  
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Similarly, we can define the complex polarization envelopes 

^j^(t,z) and^^(t,z) for the resonant atom and Kerr effect 

polarizations that also vary little in an optical cycle. We 

let 

P^(t,z) = Tjj- t, z) exp[ i ( vt-kQz) ] + c.c. (2.27) 

and 

P^.(t,z) = ^ t, z) exp[ i ( vt-kQz) ] + c.c., (2.28) 

and we write relations similar to (2.26) for &^ and 

The SVEA is made by substitution of the expressions 

for the field (2.1) and polarizations (2.27) and (2.28) 

into the wave equation (2.25) and the use of relations 

similar to (2.26) to eliminate the negligible terms. We 

take the conductivity a to be sufficiently small that the 

BG 
CT TT" is negligible. We find ot 

3£(t,z) . 1 d£(t,z) ____—3 + _J + H t K t . z )  =  
dz v dt 

S 

v(n2+2) 
= _i 6n e c [^R(t,z)+^K(t,z)], (2.29) 

o o 

where w = cr/2n e c is the linear loss coefficient and v is 
o o g 

defined by (2.22). The appearance of v rather than c or 
s 

c/nQ in (2.29) implies that the pulse would travel at the 

group velocity if ;<,, and were zero. 
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Incorporation of the Kerr Effect 

In a lossless.medium the optical Kerr effect can be 

understood phenoraenologically as an index of refraction 

that increases linearly with the intensity of the incident 

radiation (Bloembergen 1965; Minck, Terhune, and Wang 

1966). Suppose that a pulse of radiation containing many 

optical cycles propagates through a Kerr medium. In the 

leading portions of the pulse, each succeeding wave crest 

is larger than the previous one. Thus the index of 

refraction for each successive crest is higher and each 

crest travels more slowly than the preceding one. The 

crests spread apart and the wavelength increases. Conse

quently, when the pulse amplitude is increasing, the 

frequency of that portion of the pulse decreases and vice 

versa. Intense pulses can thus acquire appreciable fre

quency modulation in a Kerr medium. 

A quantum mechanical treatment of the interaction 

of an electric field with a collection of atoms shows that 

the induced polarization includes a term that is cubic in 

the applied field (Butcher 1965). This term leads to the 

various manifestations of the Kerr effect and has the form 

pK = X(3)e,3 , (2.30) 
K loc' 

( 3) 
where x indicates the strength of the Kerr effect. The 

(3) 
real part of x i-s related to the intensity-dependent 
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portion of the index of refraction. For lossy media, the 

imaginary part describes an intensity dependent absorption 

coefficient (Bloembergen 1965) and leads to their use in 

Q-switching lasers and for fast photographic shutters 

(Duguay et al. 1970). Since laser host media have 

(3) 
extremely low absorption losses, we take x "t° real. 

We combine the expressions (2.16) for E, and 
loc 

(2.1) for E with the definition (2.30) to obtain 

The terms oscillating at 3v lead to third harmonic genera

tion. However, they have no contribution to our problem and 

we will ignore them. Comparing the remainder of the 

expression with the definition of in (2.28), we see 

that 

+ 3£*£^exp[i(vt-kQz)]] + c.c. ( 2 . 3 1 )  

( 2 . 3 2 )  

The wave equation (2.29) then becomes 

v(n2+2) 
o 

"  ± X K  l e ' 2 e '  ( 2 . 3 3 )  

where 

21bn e c 
o o 

( 2 . 3*0 



This completes the development of the wave equation for the 

host medium under the SVEA. We see the results of includ

ing linear dispersion by the appearance of v in Eq. 
O 

(2.33) and the Kerr effect by the intensity dependent 

polarization term. We are now ready to consider the 

problem of the resonant atom polarization. 

Polarization of the Resonant Atoms 

We complete the development of the equation of 

motion for the field by calculating the polarization 

induced in the resonant atoms by the field and using it in 

the wave equation (2.33)• Specifically we write the 

quantum mechanical equation of motion for each atom, find 

its induced dipole moment, and sum these microscopic dipole 

moments to obtain the macroscopic polarization. This pro

cedure is essentially the same as the treatment of the 

inhomogeneously broadened laser amplifier by Hopf and 

Scully (1969)* There are two primary differences, however. 

They are: (l) the use of a population matrix to simplify 

the development of the polarization, and (2) the use of 

complex variables for the field envelope and the general

ized susceptibility to ease the incorporation of frequency 

modulation. 

We find the polarization of the resonant atoms by 

taking them to have two relevant levels, each with lifetime 

T^. The upper level a is separated from the lower level b 
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by an energy ftuu ~ that varies from atom to atom due to 

local stresses induced, for example, by latice dislocations 

in a crystal or by the aperiodic nature of glass structure. 

This inhomogeneous nature of the atoms is represented by 

a distribution ct(u>) of their resonant frequencies. 

Individual atoms are excited to either their upper or lower 

levels at a time t and position z and are assumed to be 

stationary since dispersion and the Kerr effect are 

appreciable primarily in dense media. The density matrix 

for an individual atom is written as 

paa(tW,t ,Z,to'a) Pgb^'"6'z't«'CX) 

p(u),t,z,trt,a) = 

Pba(u)'t'z'to'CX) Pbb(tW ' ' "o 

,t ,z,tQ,a)\ 

'  ,  t  ,  Z , t  ,<x) J 
(2.35) 

and describes an atom at the position z at time t, having 

a resonant frequency ID, and excited at the time t < t to 

the state oc = a,b. We assume the atoms are excited to a 

pure state so that the density matrix at the time t is 

/6a°c ° \ 

p(w,to,z,to,a) =1 I. (2.36) 

V0 kJ 

The expectation value of the dipole moment for an 

individual atom is 

p = t> ' pab(w,t,z,to,a) + c.c., (2.37) 
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where p1 is the (real) dipole matrix element between the 

states |Y ) and |Y,). Thus, if the atoms are excited to 1 a 1 b ' 

the a«h state at a rate per unit volume Xa(t,z), we can 

write the macroscopic polarization as the sum over all the 

atoms as characterized by their frequency, their time of 

excitation, and the state to which they were excited, e.g., 

We obtain expressions for p ^ and p^a through 

solution of the equations of motion for the components of 

the density matrix (2.35). These equations are 

CO t 

Cpab<«>,t,z,to,a) + c,c*3« ( 2 . 3 8 )  

Pab(uJ,t'z'to'°t) = (~iUJ " T""* Pab
(lU't'z't

0'a) 

2 

- i V(t,z)[pab(u),t,z.to,a) -c.c.], (2.39c) 
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and 

P b a ( U ) ,  t ,  z ,  t Q  , o c )  =  p ( u ) ,  t , z , t q  , t x )  ,  ( 2  •  3 9 d )  

where T„ < T, indicates the enhanced decay rate of p . and 
2 1 ab 

pba due to phase diffusion which results, for example, from 

atomic collisions or interactions with phonons; also V(t,z) 

is the interaction potential. Although these equations can 

be solved directly (Hopf and Scully 1969), we can obtain 

them more simply by using the population matrix 

t 
p(u),t ,z) = J dtQ Y, Xa(to,z)p(ui,t ,z,tQ,a) . (2.^0) 

—00 <X=a, b 

One can show using (2.36) and (2.39), that this has 

component equations of motion 

Pab^'t 'z) = ^ — - T ^ Pab^ 
2 

+ - V(t,z)[paa(u),t,z)-pbb(iD,t,z)], (2.41a) 

Paa(u)'t'z) = Xa(t'z) " ̂  Paa(UJ't'z) 

+ ~ V( t, z) [ pab (U), t, z) - c.c.], (2.4lb) 

Pbb(uJ't,z) = x
b
(t,z) " Pbb(uJ,t,z) 

- V( t ,z) [ pab(uj ,t ,z) - c.c.], (2.4lc) 
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and 

pba(a),t ,z) = Pab^tU,^,z^* (2.4ld) 

With (2.4o), the expression for the polarization PR(t,z) in 

(2.38) can be simplified. We obtain 

00 

PR(t,z) = p1 J dUJCT(uj) [ Pab(^ , t ,z)+ pba(cu , t ,z) ] . (2.42) 
— 00 

Thus the use of the population matrix relieves us of 

detailed consideration of the majority of the statistical 

averaging required in the problem. 

We continue by formally integrating (2.4la) to 

obtain 

t -
pab(u),t,z) = J dt • exp[-(iuu + )(t-t')] • 

—00 2 

• V( t 1 ,z)[ Paa(«>,t ' ,z) "Pbb(^,t ' ,z) ] . (2.43) 

When we use the expression for the dipole interaction 

potential 

/n^+2\ 
V(t,z) = -p'Eloc(t,z) = -(-2 J p ' E (t , z) , (2.44) 

and the expression (2.1) for the electric field, there are 

exponentials under the integral which oscillate at fre

quencies (cu-v) and (uu+v). We make the rotating wave 

approximation by discarding the terms oscillating at 
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( t t l + v )  since their contributions to the integral are negli

gible. In this approximation, (2.44) becomes 

-ip1(n^+2) t 
Pab

(u,'t'z) = 5jST exp[-i(vt-koz)] J dt' • 
— 00 

• exp[ - £i((JU-v) + t-t ') }£* (t ' ,z) * 

" tpaa<uj,t • ,z)-pbb(uj,t ' ,z)] . (2.45) 

Since this expression requires the knowledge of the popula

tion difference n - n, , , we subtract Eq. (2.4lc) from Kaa Kbb' ^ 

(2.4lb), use the above expression for Pab, and again make 

the rotating wave approximation to obtain 

Paa(u),t 'z*~Pbb*U,'t 'z) = ^Xa(t 'z)~Xb(t 'z)^ 

_ /n2+2\2 ,2 t 

- tT CPaa(u,'t'z)-Pbb(u,'t'z)^ " \~T~) ?72 I dt* * 
1 x ' tin ~m 

• exp^- paa(aj;t ' ,z)-pbb(t«,t «z) ] • 

• {£(t ,z)£* (t ' ,z) exp[-i( u J - v )  (t-t ' ) ] + c.c.}, (2.46) 

which expresses the rate of change of the population dif

ference in terms of itself, the field, and the pumping 

rates X and X, . In practice, these pumping rates have the 
Si D 

same functional form so that we can define a "pump 

function" f(t,z) such that 

Nf(t,z) = T1[Xa(t,z)-Xb(t,z)], (2.47) 
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where N is the maximum excitation density (i.e., the 

maximum difference between the number of atoms in the 

upper state and the number in the lower state per unit 

volume) that one might expect anywhere in the amplifier 

rod in the absence of any field. We see that f(t,z) has 

a maximum value of unity when the pump is fully on and is 

zero when the pump is off. 

We now use the expression for from (2.^3) and 

its complex conjugate in the expression for the polariza

tion (2.42) and compare the result with the definition of 

^p(t,z) in (2.27). We find that.. 

*R<t,z) = i " ''WvWAa) | dt, . 

— 00 

• exp[- ^—-]e(t,z)x(t-t•,t »,z), ( 2 .48) 
2 

where the generalized susceptibility x(T,t,z) defined as 

the normalized inverse Fourier transform of the population 

difference, i.e., 

X(T,t,z) = 27t|J( V)N J1 du)rj (u)) exp[ i(iu-v)T] • 
— 00 

' [paa(»,t,z)-pbb(u.,t,z)]. (2.49) 

Here the factor l/ 2 T C ( j ( v ) N  normalizes x(T,t,z) to a maximum 

value of unity and thus x(T,t,z) is susceptibility per 

resonant atom. This choice allows us to later incorporate 
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all the relevant constants into a single parameter (a) that 

describes the gain of the amplifier. Further defining 

y (T) as the normalized inverse Fourier transform of the 
o 

frequency distribution q(uu) , 

1 00 

X0(T> = 2TXct(v) J* du)a(iu)exp[i(u)-v)T], (2.50) 
— CO 

we find, using (2.46) and (2.47), that x(T,t,z) has the 

equation of motion 

&X(^t,z) = ̂  Cxo<T)f(t,z)-x(T,t,z)] 

2 
(n^+2) p2 t / , * 

- ° , J dt ' exp[ -
18h2 -- 2 

• [e(t,z)e*(t«,z)x(T-t+t • ,t-,z) 

+ e*(t,z)e(t»,z)x(T+t-t•,t»,z)]. (2.51) 

This completes our purpose in this section of 

calculating the slowly varying amplitude of the polariza

tion of the resonant atoms. The result is given in (2.48); 

however, we also have found that we need the additional 

Eq. (2.51) to properly describe the atom-field interaction. 

We can now use these results in the following section. 

Inhomogeneouslv Broadened Medium Equations 

The field equations of motion for the amplifier are 

given by substitution of the polarization envelope (2.48) 
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in the reduced wave equation (2.33)i that is, 

H + 7-|r+He = ot I dt'expC- (t~t')]e(t',z)-
g -to 2 

• ',t1,z) - ixK|c|2£, (2.52) 

where the gain constant a is defined to be 

2 

(2.53) 
N7lV(j(v) 

o o 

<n2
+2> "I 

5 P 'J * 

Note that the entire effect of the local field and 

the polarization corrections derived in (2.1^) and (2.16) 

has been to increase the dipole matrix element p ' of an 

atom when it is placed in a host. For convenience, then, 

we define the enhanced dipole matric element 

p = '• (2.5^) 

We also use the time retarded frame where 

T = t  - z/v (2.55) 
S 

to simplify the Eqs. (2.51) and (2.52). The final working 

equations for the inhomogeneously broadened laser amplifier 

are 

1  =  a  J  d T ' e x p [ -  ^  T t  " —~] £( T '  ,z) x( T-T ' ,  T '  ,z) 
— CD 2 

- h . £ ( t , z )  -  i x K |e(t, z )  12e(t,z )  ( 2 . 5 6 a )  
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and 

5X(?Viz> = T- [xo(T)f(T,z)-x(T,T,z)] - ̂  j dT' • 
0T 1 ° 2 h -co 

* exp[- ^ TtT—-] [£(T,z)£*(T•,z)X(T-T + T1,T',z) 
2 

+ £*(T,Z)£(T1,Z)X(T+T-T',T',Z)]. ( 2 . 5 6 b )  

These equations are complicated because they take explicit 

account of the atomic coherence (the exp[- (T-TO/T^] terms) 

and the possibility of reversible effects (the dependence 

of X(T,T,Z) upon its value at the time T-(T-T')). Although 

these equations are very similar to those of Hopf and 

Scully (1969), it must be remembered that £ and x here are 

complex functions while Hopf and Scully investigate the 

behavior of the amplifier for fields that have zero phase. 

Thus their working equations are for |£| and |x1• The fact 

that here £ and x are complex means that Eqs. (2.56) are 

really four equations relating |fi|, 0, Re(x) = Xs 1 anc* 

Im(^) = ^ as shown in Hopf and Scully [1969, Appendix A, 

Eqs. (A9) and (A10)l. 

Several simplifications are usually made to 

facilitate the solution of Eqs. (2.56). We take a(uu) to 

be a Gaussian centered at v with a full width at the 1/e 

point of 2/T^*, i.e., 

CT(UD) = a( v) exp[-(UJ-V) 2T2*"/^] , (2.57a) 
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where 

C T ( v )  =  T2 * / 2 Vti,  ( 2 . 5 7 b )  

so that 

( 2 . 5 8 )  

The use of T^* here is in direct analogy with the 

use of Tg as the decay time of the radiation from a collec

tion of homogeneously broadened atoms that are initially 

radiating in phase. The mechanisms for the radiation decay 

in the two cases differ, however. In the homogeneously 

broadened case, the atoms undergo interactions with their 

surroundings (collisions, for example) that cause them to 

become randomly phased. Thus the radiation gradually 

decays. In the inhomogeneously broadened case, the atoms 

are radiating at slightly different frequencies. After a 

time, the radiation from different atoms gets out of phase 

and tends to cancel after a time T^*• Hence T^* is also 

known as a dephasing time. Because phase memory is 

retained, it is possible in some circumstances to reverse 

the dephasing process as in photon echo (Abella et al. 

1966). The notation T^ and T^* thus aptly emphasizes both 

the similarities and differences between the two types of 

media. 



Other simplifying assumptions that are made are 

that the pump remains fully on while the pulse interacts 

with the medium, and that the medium is fully pumped when 

the leading edge of the pulse enters the amplifier. Thus 

f(t,z) is unity and the initial condition for the suscepti

bility equation (2.56b) is 

X(T,to,z) = X0(T). ( 2 . 5 9 )  

For the majority of problems, one usually considers pulses 

that are very short compared with T^. In such problems, 

the value of the pump function f(t,z) is immaterial since 

the atoms are unaffected by the pump during the pulse. In 

such cases, the first term on the right-hand side of 

(2.56b) is simply dropped. 

Homogeneously Broadened Medium Equations 

Having obtained the general equations for the 

inhomogeneous amplifier used in later chapters, we 

specialize to the homogeneous medium. This problem has 

been treated by a number of investigators: Franz and Nodvik 

(1963), VTittke and Warter (1964), Arecchi and Bonifacio 

( 1 9 6 5 ) ,  B a s o v  e t  a l .  ( 1 9 6 6 ) ,  A r m s t r o n g  a n d  C o u r t e n s  ( 1 9 6 8 ) ,  

G. L. Lamb, Jr. (1971), Tang and Silverman (1966), and 

Estes , Eteson, and Narducci (1970), to name several. In 

the present work, the homogeneous medium equations are 

given by the frequency distribution 
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or(o u )  -  6  ( u u - v )  •  ( 2 . 6 0 )  

This limiting process forces us to reconsider the 

normalization that we used iii order to define the gain 

constant a. We note, however, that the quantities 

[ 2H<j( v) Xq(T) ] and [ 2TCa (v) x(T , t, z) ] remain well defined as 

the limit of (2.60). Prom the definitions (2.^9) and 

(2.50), we see that the quantities x(T,t,z) and X0^) 

become independent of T in this limit. We renormalize 

according to the scheme: 

2 7 i c r ( v ) x  1 ,  ( 2 . 6 l a )  

2Ka(v)x(T,t ,z) - jf[paa(Vit ,z)-pbb(v,t ,z) ] = «/Mt ,z) , 

(2.6lb) 

where (t, z) is now the normalized population inversion 

and consequently is a real function. Defining the constant 

a  •  =  — —  ,  ( 2 . 6 2 )  
2noeoch 

Eqns. ( 2 . 5 6 )  become 

^ 9 z , Z ^  =  a '  J  d T * e x p [ -  —T^,-T—-]£ ( T '  ,  z) T ,  z) 
— 00 2 

-  k S ( T , z ) - i x K I T , z ) I 2 e ( T , z )  ( 2 . 6 3 a )  
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and 

5^Z) = i-[f(T,z)-^(T,z)] - j dT 1 exp[ - (T^T,)] • 
dT 1 2 f t  -» 2 

• «/F( T,,Z)[£(T,Z)£*(T',Z) + C.C.]. (2.63b) 

Some investigators define the quantity 9  (T,Z) 

(similar to a polarization) as 

T / \ 
^(T,Z) = J dT'exp[- T

T
T ]£( T ' , z) «/f( T 1 , z) ( 2 . 6 4) 

-00 2 

and obtain the equations 

d&5z,Z^ = a ' ̂  ̂ T T 5Z)-iXg; I T »ZM T ? (2.65a) 

= £ ( T , z ) Jlf ( T , z )  -  ~ £ ( t , z ) ,  ( 2 .65b) 
2 

and 

2 
5^^Z) = i-[f(T,z)-^(T,z)] - Wfi(T,z) i*(T,z)+C.C.] 

aT A1 2ft 
(2.65c) 

as their working equations. We use Eq. (2.63) as our 

working equations in Chapters III and IV when we discuss 

the production and evolution of chirped pulses. We find 

the formulation (2.65) convenient in Chapter V in our 

discussion of steady-state pulses. 



CHAPTER III 

AMPLIFICATION OF CHIRPED PULSES 

In this chapter, we study the transient response of 

laser amplifiers to chirped input pulses. We concentrate 

exclusively on the amplification of pulses that have been 

chirped by some process external to the amplifier. These 

pulses are varied systematically in ways suggested by the 

chirp-producing mechanisms of the Kerr effect and normal 

host dispersion, i.e., the frequency-dependent index of 

refraction. 

This chapter is organized in four sections. In the 

first, we explain our notation and motivate the choice of a 

Gaussian pulse with a linearly increasing frequency as the 

input pulse for studying chirped pulse amplification. In 

the next two sections, we discuss the effect of the 

amplification of chirped pulses in homogeneously and 

inhomogeneously broadened amplifiers respectively. These 

parts are organized basically in parallel. We consider 

first the effect that the amplifier has on the field 

amplitude, chirp, and power spectrum of several specific 

pulses. We then study parametrically the variation in the 

output pulse energy, width, spectral width, and time-

bandwidth product with changes in the input pulse. The 

37 
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fourth part summarizes the results and compares the two 

cases. The comparison is not straightforward, however, for 

the behavior of the inhomogeneous amplifier subject to an 

unchirped pulse is dominated by the coherent response of 

the atoms, which is summarized in the area theorem of 

McCall and Hahn (1969)* In the limit of no chirp, the 

comparison reveals that there is little coherence in 

homogeneous media and the area theorem does not apply. 

Since this limit has been discussed extensively in the 

literature, we will not deal with it here in any systematic 

fashion. For increasingly chirped pulses, those aspects of 

pulse propagation that are specific consequences of the 

area theorem go away. The comparison of homogeneously and 

inhomogeneously broadened amplifiers is very different for 

highly chirped and unchirped regimes and is a particularly 

complex question in intermediate cases. Therefore, the 

summary will deal only with the highly-chirped limit. The 

discussion of the intermediate regime is pertinent only for 

the inhomogeneous case and is dealt with there. 

Foundation for Analysis 

In this section, we consider the various approaches 

(rate equation, thin medium, perturbation expansion, direct 

numerical solution, etc.) to solutions of the problem and 

the implications of each. We also consider the inter

relation of the shape, spectrum, and chirp on an input 
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pulse and the possibility of confusing their effects on 

pulse amplification. We then outline our method of solu

tion, the notation we use, and the way our results are 

presented. 

The problem of solving Eq. (2.56) for the in-

homogeneously broadened amplifier or even its simpler 

homogeneously broadened counterpart Eq. (2.63) is diffi

cult. Exact solutions to (2.63) are known only in the rate 

equation approximation (Franz and Nodvik 1963; Basov et 

al. 1966) where the electric field is assumed to vary 

little in a time and may be removed from the time 

integrands. We note here that the results of a rate equa

tion analysis do apply to the problem of chirped pulse 

amplification provided that both the amplitude and'phase 

of the electric field do not vary much in a time T^, i.e., 

AL&(T,Z)I « |&)T,Z)1 (3.1a) 
9t Tn 

a' 

and 

< i-. (3-l.b) 

Equation (3«lb) is rather restrictive, so that the chirp on 

a pulse must be very small for the rate equations to apply. 

Attempts to develop analytical results for the case where 

one uses the rate equation approximation for the amplitude 

but not the phase have not yet been fruitful. 



ko 

Other approaches to solving ( 2 . 5 6 )  or ( 2 . 6 3 )  

assume that the field is small enough for the equations to 

be solved by iteration or that the amplifier rod is so 

short that the polarization is induced only by the input 

field. Attempts to use these methods to obtain results for 

chirped pulses also have not yielded solutions. These 

simplified approaches add insight to the physics of the 

amplifiers, but they do not help us with the current 

problem of short, large pulses incident on long amplifiers. 

We are forced, therefore, to solve the transient pulse 

problem numerically using computers. 

To aid us in interpreting the results of these 

numerical calculations, we recall some of the results of 

the limit where the field is small and the spectrum of the 

field is very narrow compared with the gain bandwidth. 

Under these conditions ̂  ~ 1 in Eq. ( 2 . 6 3 a )  and 21 

\o(T) in Eq. ( 2 . 6 5 a )  , so that both of the equations can be 

written in the form 

=  ( g - x . ) £ (  T  , z )  ,  ( 3 . 2 )  
o z 

where the small signal gain g may be written for the 

homogeneous amplifier as 

g = oc'T2  ( 3 • 3a) 

and for the inhomogeneous amplifier as 
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o 
g = a J* dTXo(T)exp(-T/T2) . (3-3b) 

— 00 

When T * is very much greater than T_ , that is, when the 
Ci w 

amplifier is purely inhomogeneously broadened, the small 

signal gain is just a/2. 

Experimentally, the width and energy of the pulse 

are commonly measured quantities. Consequently, we define 

T(Z) as the full width at the half maximum points (FWHM) of 

the electric field modulus |S(T,Z)|. We also define the 

integrated intensity 3(z) as 

3(z) = J dT | £( T , z) | ij.k) 
f x  - 0 °  

We note that it is proportional to the pulse energy and 

that it is independent of any phase or frequency modulation 

in the pulse. The differential equation (3*2) can be 

written as 

= 2(g-H)3(z), (3-5) 

which has the solution 

3(z) = 3( o) exp[ 2( g-x.) z] . (3«6) 

We use the term "small signal enhancement" for the factor 

exp[ 2 ( g-H,) z ] and "enhancement" for the ratio 3(z)/3(o) 

under general conditions. Note that the word "gain" has 
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the very specific meaning defined by Eq. (3•3)5 we will not 

use it to mean "enhancement." 

As with most nonlinear problems, it is wise to 

observe the results in both the time and frequency domains 

in order to gain a better understanding of the process. 

The spectrum £(Q,z) is the Fourier transform of the field 

£(n,z) = J dTe"l[]T6(T,z), (3*7) 
— 00 

where Q = U)-v is the deviation from line center. The power 

spectrum of the pulse is given by |2f(n,z)|*S however, in 

keeping with the use of fields rather than intensities, we 

deal with S^(f2,z) or its modulus. The phase of £(Q,z) does 

not play a significant role in these calculations, so that 

discussions of pulse spectra usually refer to the modulus 

of the Fourier transform (3»7) or, equivalently, to the 

square root of the power spectrum. We will clearly note 

those situations, such as normal host dispersion in Chapter 

IV, in which the phase of £(fi,z) plays an important part. 

Continuing with the development of our notation, we 

A 
define Q as the full width at half maxima points (FWHM) of 

the spectrum. We also note that an equivalent expression 

to Eq. (3-4) for the integrated intensity is 
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As with (3*4), 3(z) is independent of phase modulation in 

The phenomenon of the self-induced transparency 

(McCall and Hahn 1967, 1969) of an unchirped (i.e., $(T,Z) = 

0) coherent light pulse in an inhomogeneously broadened 

medium has focused attention on the pulse area 

0(z) = Ijjj- J dT£(T,z)|. (3*9) 
— 00 

When Tg ^ t and x. = Xr = then 0 can be shown^ (McCall and 

Hahn 1969; Hopf and Scully 1969) to obey the "area theorem" 

d*?(z) = % sine. (3.10) 
dz 2 

We note that values of 0 greater than 271 have been 

associated with pulse breakup phenomena in both inhomo

geneously broadened (McCall and Hahn 19&9; Hopf and Scully 

1969) and unbroadened media (Estes et al. 1970; G. L. 

Lamb, Jr. 1971), that is, media with no finite decay time. 

We will show that such results are not applicable to 

highly chirped pulses. The interpretation of 0 as the 

pulse area for chirped pulses is not credible; area has no 

meaning when the pulse envelope is a complex quantity. The 

only interpretation that can be made is that 0(z) is pro

portional to the modulus of the spectrum at line center, 

that is, 

0(z) = |£- e(o,z) |. (3.11) 



This interpretation of 9 along with the area theorem 

(3*10) then implies a restriction on the evolution of the 

spectrum at line center for unchirped pulses. We will 

confirm that this restriction is broken for chirped 

pulses. 

The information above allows us to make a more 

deliberate choice of the method to study chirped pulse 

amplification. As stated earlier, the results of rate-

equation and small signal analysis apply to chirped 

pulses. The interesting and unexplored regime is thus the 

amplification of pulses with widths on the order of the 

relevant decay time (T^ for the homogeneously broadened 

medium and T^* for the inhomogeneously broadened medium) 

and energies sufficiently large to induce nonlinear 

response of the medium. In this regime, however, the 

amplified pulses can exhibit characteristics attributable 

to the shape (Hopf and Scully 1969) or spectrum of the 

input pulse. The Fourier transform relation (3*7) between 

a pulse and its spectrum is a very restrictive one here. 

If frequency modulation is added to a given unchirped 

pulse, its spectral content becomes wider and, since the 

total energy is unchanged, the peak of the spectrum must 

become smaller. Conversely, if the spectra of two pulses 

are the same, their energy must be the same and the chirped 

pulse will be wider and less intense than its unchirped 

counterpart. Thus, in comparing results for amplification 
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of chirped and unchirped pulses, care must be taken to 

separate the shape and spectrum effects from those due to 

chirp. 

We can simplify the problem somewhat by choosing a 

Gaussian form for the input pulse. We will find in Chapter 

XV that for a quadratic normal dispersion in glass, a 

Gaussian pulse propagating in lossless glass becomes a 

widening Gaussian with an increasingly large linear fre

quency modulation, i.e., an increasingly large chirp. 

Since the glass is lossless, the spectral content of the 

pulse remains unchanged, providing an ideal input pulse for 

studying chirped pulse amplification. We can maintain 

constant spectral content and the same general form of the 

pulse while varying the chirp. Although we must consider 

the effect of changing width in these circumstances, we 

have the distinct advantage that the chirp always remains 

linear as the Gaussian is dispersed. 

In addition to facilitating interpretation of our 

results, the Gaussian pulse aids in modeling chirps due to 

dispersion. We show in Chapter IV that the chirped Gaussian 

can result from quadratic normal dispersion. As for the 

Kerr effect, also discussed in Chapter IV, we find that 

phase modulation develops without changing the pulse shape 

and that the instantaneous frequency of the pulse is pro

portional to the time derivative of the pulse intensity. 

For a Gaussian pulse, the frequency is resonant at the 
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center and at the leading and trailing edges of the pulse 

and has the general appearance of the letter "s" lying on 

its side. The frequency modulation is largely linear 

during the most intense portion of the pulse, and a 

linearly chirped Gaussian is a reasonable approximation. 

Although we can model each source of chirping with 

the same type of pulse, the amplification of a pulse by a 

dispersive host and a Kerr-host amplifier is different. 

Dispersion changes the pulse width and chirp while keeping 

the spectrum constant; the Kerr effect leaves the pulse 

envelope unchanged while modifying the chirp and the 

spectrum. We can, however, model the response of both 

media by choosing an appropriate progression of the 

parameters in our Gaussian input pulses. 

We proceed, then, by using a particular form of the 

dispersed Gaussian that we derive in Chapter IV. The 

result is: 

c (, \ I KJln2 £ ( T , o) = *1 exp 
1 YT m 

-kin2(-^—) (1-i Jy2-1) 

YT ' m 

(3.12a) 

which has a Fourier transform given by 

T ( n*J 2  ru— 
2(0,o) = - vr; exp l6£n2 (l + i\Y -1) 

+ ~ arctan \ y -1 (3.12b) 
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(We have chosen the amplitude factor A in  Chapter IV to  be 

, / j tr~Jn2".  )  We see  that  when y = 1 ,  both C(T,O )  and £(f i ,o)  

are real  functions given by 

£(T,O) = . I~̂ K̂ EXP - k Z n 2 ( i—) J (3«13a)  
Y m m J 

and 

r  (o f  ) 2 t 
g ( n , ° )  °  2  e i I p [ ~  liinZ J- ( 3 . 1 3 b )  

This i s  the famil iar Gaussian function of  FWHM T and i ts  m 
A 

transform, which has a FWHM Q of 8jJn2/T • 
' m 

The remaining undefined parameter in  (3>12) i s  the 

compression factor y.  This  factor i s  defined as  the rat io  

of  the FWHM of  the f ie ld envelope to  that  of  the narrowest  

envelope the spectrum of  the f ie ld would permit ,  that  i s ,  

y = I -  . (3-14) 
m 

We see from (3«12a)  that  as  y increases  from i ts  minimum 

value of  unity,  the pulse becomes wider ( the FWHM i s  YTm )  

and the peak power decreases;  the shape,  however,  remains 

Gaussian.  One feature to  note here i s  that  the modulus 

| f i (Q,z)I  of  the Fourier transform (3»12b) i s  independent of  

Y,  as  we would expect  s ince the power spectrum of  a pulse  

must  be unchanged by propagation in a lossless  medium. 



48 

The electric field also becomes frequency modulated 

as Y is increased. The instantaneous frequency is given by 

5(T,o) = = -8to2 = P (3.3.5) 
3T <Y%,)2 * 

which varies linearly in time, hence, the term "chirp." 

Several measures of this chirp are y, the slope [3 of the 

frequency as defined by (3«15), and the difference A0 in 

the instantaneous frequencies at the half maximum points of 

the field. This difference is given by 

A 0(z) = 0( —^,z)-0(- —z) = -"/a"2 ^Y2-1 • (3-16) 
' m 

A fourth measure of chirp is the "dispersion 

factor" Y1 used in chirp radar theory. It is defined as 

the ratio of the FM to AM bandwidths of pulse, i.e., the 

ratio of the frequency spread due to chirp to the fre

quency spread due to the finite duration of the envelope. 

The FM bandwidth is just A0 while the AM bandwidth is given 

by 

0  ,  = 8 £ j 2 = 8 4 n 2  
envelope T VT '  r ' m 

so that the dispersion factor is 

y. . — A t  

envelope 

= yY2-l- (3.18) 
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Finally, we can use the time-bandwidth product TFI 

to measure the degree of chirp. For a Gaussian pulse, this 

is just 

TFI = 8yj£n2.  (3«19)  

None of these parameters truly measure the chirp in 

general pulses. The slope (B yields only the linearly 

increasing portion of the frequency and does not increase 

monotonically as a function of disperser length. The 

remainder do increase monotonically with disperser length, 

but depend upon knowledge of the half maximum points of the 

pulse or its spectrum. There will inevitably be situations 

where the shapes make the definition of such points 

ambiguous. Furthermore, A0 and y1 emphasize the frequency 

modulation aspects of dispersion, while y and, in a sense, 

the time-bandwidth product emphasize the time domain 

aspects. With no compelling reason other than experimental 

convenience, we characterize general chirped pulses in this 

A A 

dissertation by their time-bandwidth product TQ. Since 

this product is proportional to Y f°r Gaussian pulses, we 

use y for the input pulses. 

We include the derivation of the chirped Gaussian 

and its spectrum given by (3*12) in Chapter IV in the dis

cussion of the classical approach to propagation in 

normally dispersive media. The important point to note 

here is that we restrict ourselves to a Gaussian pulse 



shape and a l inear chirp while  al lowing wide variat ions in 

pulse width,  degree of  chirp,  and spectral  content .  

The methods for invest igating chirped pulse 

amplif icat ion in homogeneously and inhomogeneously 

broadened media are essential ly  the same.  We s tudy the 

transient  response by numerical ly  solving the integro-

differential  equations (2 .56)  for the inhomogeneously 

broadened amplif ier  or (2 .63)  for the homogeneously 

broadened amplif ier  for given values of  the gain and loss  

parameters ,  atomic decay t imes,  and input f ie lds  specif ied 

by (3 .12) .  In Figure 1 ,  we show a prototype of  a  numerical  

calculat ion.  The pulses  labeled z  = 0 ,  z  = 20 cm, and 

z  = 100 cm are observed at  a f ixed point  z  as  a  function 

of  the retarded t ime T much as  they would appear on an 

osci l loscope,  except  that  we have plotted the f ie ld 

|£(T,Z ) |  rather than intensity.  We a lso plot  the 

instantaneous frequency 0(T,Z )  and the spectrum |£(f i ,z) |  

at  the various values of  z .  The lower f igure shows the 

FWHM t  and the integrated intensity 3 as  a  function of  

distance in the amplif ier .  

The parameters  we have chosen for the amplif iers  

are a  length L of  100 cm, small  s ignal  gain g of  0 .03 cm ,  

and a relevant decay t ime (TQ  in the homogeneous case,  

T^* in the inhomogeneous case)  of  1  psec.  We typical ly  

observe the pulse at  both 20 cm and 100 cm but general ly  

report  pulse  characterist ics  only at  20 cm. Beyond that  
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Figure 1. Prototype of Pulse Aniplific at ion Figures 
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length the pulse has typically changed sufficiently that 

the output reflects the properties of the intermediate 

pulse rather than the input. The small signal gain 

parameter has been chosen to be typical of Nd:glass while 

the decay time is taken arbitrarily since the results will 

scale with time for the pure homogeneous or pure inhomo-

geneous amplifiers. The Kerr constant Xr is se^ zero 

throughout this chapter as is the loss k unless specified 

otherwise. In zero loss cases the small signal enhancement 

is always 3»32. 

The energy (3*4) of the input pulses has been fixed 

at 3(o) = 1.64 psec This corresponds to an area of K 

for an unchirped pulse k psec in width. With the energy 

thus fixed, we have varied the pulse width yTm logarith

mically by factors of 2 from 0.25 psec to 128 psec; 

however, the y has a maximum value of 16. The calculation 

of all these combinations allows the effects to be observed 

as a function of spectral width ( = 1/T ) at constant 
m 

chirp (y) (for y = 1, this choice is equivalent to changing 

the area at constant energy), a function of chirp at 

constant spectral width, or as a function of chirp at 

constant pulse width )• This will enable us to 

clarify the effects of chirp in the presence of spectral 

and pulse width effects. 

As with the choice of the Gaussian input pulse 

earlier, observation of these functional dependences is 



motivated by knowledge of the chirp producing mechanisms. 

We indicated earlier and show in Chapter IV that dispersion 

produces chirps while leaving the spectrum unchanged; 

hence, the amplifier response as a function of y a^ 

constant T and therefore constant spectrum may be indica-
m 

tive of the amplifier with a dispersion host. The Kerr 

effect produces a chirp while leaving the field envelope 

unchanged. Hence, observation of the amplifiers response 

as a function of y versus constant input pulse width 

T = YTM may be indicative of the Kerr host amplifiers. 

Since the investigation method is the same for both 

types of amplifiers, we organize our presentation of the 

results similarly for both. First, for the sake of 

reference, we present the results for the amplification of 

an unchirped Gaussian with a FWHM of k psec. We then 

present the results for two chirped Gaussians for which 

the compression factor y is One of these has the same 

¥ 

spectrum as the unchirped Gaussian; thus it is typical of 

an experiment where the unchirped pulse is passed through 

a glass rod before being amplified. The second chirped 

pulse has the same envelope as the unchirped pulse; it is 

typical of passing the unchirped pulse through a Kerr 

medium before amplifying it with the exception that we wish 

to use a linear chirp in order to avoid the effects of 

complicated frequency modulations. 



After presenting and discussing these results, we 

parametrically study the way that basic properties of the 

amplification process, such as an increase in pulse 

energy, are affected by systematic variations of the input 

pulse. 

Homogeneously Broadened Amplifier 

We begin with the homogeneously broadened amplifier 

because it is simpler and more readily understood. In 

fact, many of the results can be explained simply by 

considering the nature of a homogeneously broadened medium. 

It is a collection of identical atoms, each placed in 

identical surroundings. Thus every atom has the same 

resonant frequency, the same linewidth, and responds 

equally well at a given frequency. 

For this medium, when both 0 and S vary slowly 

compared to T^, the rate-equation approximation (3«l) is 

valid. This limit has been treated extensively in the 

literature, and for sufficiently small chirps, yields 

results independent of the chirp magnitude. This makes 

the limit relatively uninteresting. We use it only as a 

convenient analytic check on the numerical calculations. 

An unchirped input pulse of 4 psec duration is 

representative in that neither the rate-equation approxima

tion nor the unbroadened limit (T ^ T ) applies. The 

evolution of this pulse is given in Figure 2. It grows in 
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energy by a factor of 1.75 (versus the small signal 

enhancement of 3*32) and its width is decreased by a factor 

of 0.92. The instantaneous frequency is zero initially and 

remains so since the amplifier, by itself, is incapable of 

creating a chirp in the SVEA. The spectrum remains smooth 

and symmetrical, and its width is decreased as the inverse 

of the pulse width. 

We consider by comparison two outputs produced from 

inputs with the compression factor y = one with the same 

input spectrum as the case discussed above (Figure 3 )  a nd  

the other with the same input envelope (Figure k). These 

waveforms show certain features in common that are charac

teristic of the homogeneously broadened amplifier. The 

instantaneous values of 0(T,Z) are slightly reduced by the 

amplification process, with the exception of the modulation 

in Figure 3 that we will discuss later. Since the pulses 

are also both narrowed, the amplifier has removed some of 

the chirp. Another common feature is the pronounced down

shift of the center of the spectrum. This is readily 

understood from the fact that all atoms in the medium are 

equally saturated by the leading edge of the pulse. Thus 

the leading edge gets most of the gain, and grows at the 

expense of the growth in the trailing edge. Thus one 

expects an increase in the frequency components below line 

center. Since the equations are antisymmetric in 0 , it is 

clear that the spectrum shifts in the opposite direction 
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when the higher frequencies occur first. Another common 

feature is that the amplification efficiency is decreased 

slightly by chirping the input pulses (the ratio of energy 

out to energy in is ^.85 and at the 100 cm points 

respectively). 

The modulations on the trailing edge are a special 

feature of input pulses with minimum widths Tm less than 

1 psec and input widths T(O) lying between 2 and 8 psec. 

This means that the modulations occur when the pulse 

spectrum is wider than the gain bandwidth of the medium 

and the pulse width is in the region of optimum efficiency. 

This indicates that the modulations are connected with the 

phase flips of l80° that can occur due to the Rabi flopping 

when a narrow, unchirped pulse encounters a high-gain 

medium. 

The previous calculations show some of the charac

teristics of chirped pulse amplification in homogeneously 

broadened media; however, they are an insufficient basis 

for general conclusions. To provide such a basis, we have 

studied pulse amplification parametrically for input pulse 

widths (t = YTm) varying from 0.25 psec to 128 psec and 

compression factors y varying between 1 and 16. The pulse 

histories shown previously are part of this study; the 

additional calculations were performed for identical 

amplifier conditions. Most of the forthcoming results are 
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for an amplifier length of 20 cm, although occasionally 

100 cm is used. 

The most revealing display of the characteristics 

of the homogeneously broadened amplifier comes from a study 

of output energy versus input pulse width. Figure 5 shows 

these results for 20 cm of amplification. The y = 1 curve 

is essentially a baseline for the remaining curves since it 

is the result for unchirped amplification. Curves cor

responding to input pulses with constant y are shown in 

solid lines. The dashed curves are for constant f , i.e., 
m' ' 

constant spectrum. Thus, if we perform the gedanken 

experiment of passing an unchirped pulse through varying 

lengths of glass before amplifying it, we would follow the 

T = constant curves; if we wish to simulate the Kerr 
m ' 

effect, we move vertically along a T(O) = constant line 

toward increasing values of y for increasing lengths of 

Kerr medium. 

The conclusion to be drawn here is obvious; no 

pulse is amplified by the homogeneously broadened amplifier 

better than an unchirped pulse of the same width or spectral 

content. Figure 6 shows that this conclusion remains true 

after 100 cm of amplification, although, for wider pulses, 

the chirped pulses do almost as well as the unchirped. One 

may note in Figure 5 that this also occurs for very wide 

pulses after a 20 cm amplifier. The explanation for this 

is that this is the region where rate equations apply. 
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One consequence of those equations is that one can obtain 

an analytic expression for the output energy °RE in terms 

of the input energy 3(o), the coherence time T^, small 

signal gain g, and amplifier length z provided that there 

is no unsaturable loss. The result is 

RE J L n  ( 3 . 2 0 )  

Using the approximations 4n(l+x) ~ x, e^ ~ 1+Y ̂ or 

we see that this reduces to the small signal relationship 

8(z) = e2gz3(o) (3-21) 

for sufficiently small input energy and enhancement. For 

the cases in Figures 5 and 6, we are well out of the small 

signal regime; 3(o) = 1.6*1 psec , e^®z = 3*32 for the 

20 cm amplifier (kok for the 100 cm amplifier), and is 

1 psec. These values and (3.20) yield 

3 r^(20 cm) = 2.69 psec 
-1 (3.22a) 

and 

3 (100 cm) = 7.^2 psec ^, 
RE 

(3.22b) 

which agree very well with those obtaine : numerically. 

This comparison represents one of the few poi. >ts of 

contact between analytical and numerical results. The 

difference between the two results, a few tenths of a 
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per cent, is well within the 1-3 per cent error normally 

expected from the numerical methods used. 

The maximum enhancement occurs for pulse widths 

near but this is not significant. It is clear that 

there will be an optimum width for amplification of any 

given energy pulse. For low energies, the pulse should be 

very long so that one may approach the maximum possible 

enhancement, the small signal enhancement. For high 

energy pulses, they should be short to allow coherent 

processes like Rabi flopping to occur so that maximum 

energy can be extracted from the medium. Pulses short 

enough for this process lead very quickly to discussion of 

the "unbroadened" medium limit, a problem we are not 

addressing here. However, it is clear that some transition 

occurs between these two limits, and that it is a function 

of the pulse energy. 

The parametric study also yields the ratio of 

output to input pulse widths, shown in Figure 7 after 20 cm 

of amplification. We note that any given unchirped input 

pulse that is chirped at constant input width f(o), 

corresponding to a Kerr medium, narrows more readily upon 

amplification. The same is true for chirping at constant 

spec tr um  ( cons tant  T )  i n  the  reg ions  where  t he  ra t e  
m 

equation does not apply. After a width of l6 psec has been 

achieved, all pulses chirped at constant spectrum are 

narrowed less effectively than less chirped pulses. The 
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Y = 1 curve shows that both narrow and wide pulses tend to 

expand, while pulses with widths that correspond to maximum 

enhancement are compressed slightly. The curves for higher 

Y show that highly chirped pulses are compressed much more 

readily, particularly if their widths are again near those 

of maximum enhancement. 

We observe the effect of chirp on the output 

spectral width in Figure 8 where we plot the ratio of the 

output to input spectral widths versus the compression 

factor Y* Of significance here is that the normalized 

output spectral width changes little with Y except for 

pulses with narrow input widths (i.e., wide input spectra). 

For wide spectrum pulses, the output spectra narrow as the 

input pulse is chirped. 

The ratios of the output to input time-bandwidth 

product for our parametric study is shown in Figure 9* We 

mentioned earlier that the time-bandwidth product constant 

will be slightly different for different shapes of pulses 

and their spectra. Thus, a quantitative comparison is 

impractical; however, it can give a qualitative idea of the 

degree that a chirp is changed in an homogeneous amplifier. 

The rise in the curves for T values of k, 8, and 16, 

possibly indicating increased chirp, are in our opinion 

insignificant. Such changes are easily within the degree 

to which the values could change for different pulse 

shapes. In fact, most information indicates that long 
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chirped pulses are dechirped by the amplifier, although 

slowly. The decrease in the curves for Tm = 0.5, 1, and 2 

is significant and indicates a substantial compression 

takes place for these narrow pulses. 

We next consider nonzero loss. The purpose here is 

to determine any significant complications in the amplifi

cation of chirped pulses due to an unsaturable loss. This 

was investigated by considering the amplification of pulses 

for which T was h psec and the compression factors were 

1 and 2. Different input energies were considered and the 

loss/gain ratios (n/g) as high as 0.8 were considered. As 

in the case of an unchirped pulse, we found that the addi

tion of an unsaturable loss does not affect the problem in 

a qualitative way in situations where steady-state pulse 

considerations are not required. This generally requires 

the product H,L to be much less than unity. We leave 

consideration of long lossy amplifiers to Chapter V. 

We can summarize this investigation into the 

transient response of a homogeneously broadened amplifying 

medium to chirped input pulses with four main points. 

First, it is clear that a chirped pulse is amplified less 

efficiently than an unchirped pulse with either the same 

spectrum or the same pulse envelope. This loss of effi

ciency becomes very small for pulses long compared to T^. 

Spectral or pulse width considerations are generally not 

useful in determining the degree of amplification. 
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The second point is that the spectra of amplified 

chirped pulses shift toward the frequency of the leading 

edge of the pulse. The degree of the shift generally 

increases with the compression factor y and the length of 

the amplifier. 

Third, in the absence of chirping mechanisms, the 

amplification of chirped pulses causes the pulses to become 

less chirped. This occurs very quickly for narrow pulses 

and slowly for wide pulses. The dechirping occurs pre

dominantly through pulse narrowing rather than spectral 

broadening, although both occur to a significant degree 

for short pulses. 

The final point is that the presence of an 

unsaturable loss in a short homogeneous amplifier does not 

alter these results. 

Inhomogeneously Broadened Amplifier 

The inhomogeneously broadened amplifier is much 

more complicated than the homogeneously broadened 

amplifier. This is evident in the more complex nature of 

Eqs. (2.56) for the inhomogeneous amplifier compared with 

Eqs. (2.63) for the homogeneous amplifier. Also, unchirped 

resonant pulses in the homogeneous amplifier obey the area 

theorem, Eq. (3»10), which has no counterpart for homo

geneous amplifiers. Photon echoes (Abella et al. 1966) are 

also a characteristic feature only of inhomogeneously 



broadened media. The basis for these phenomena lies in the 

fact that the atomic resonances are distributed over some 

range of frequency in inhomogeneously broadened media. 

Thus, radiation of a single frequency interacts only with 

atoms that have line centers very near that frequency. 

This suggests the spectrum amplifier view that we develop 

here for chirped pulse amplification. We find that the 

area theorem does not hold in the presence of even a modest 

chirp (y > 2). Also, the reversible decay process that 

produces photon echoes manifests itself in a seemingly 

opposite way from the unchirped case. In cases where the 

unchirped pulse is anomolously narrowed by the amplifier, 

we find anomolously wider chirped pulses. 

As in the previous section, we use a representative 

input pulse with an energy 1.64 psec and a width of 

k psec. The graphs in Figure 10 show that after 100 cm the 

pulse has grown in energy to 7*58 psec ^ and decreased in 

width to 2.2 psec. The train of pulses following the main 

pulse (we call them afterpulses) result from echo phenomena 

on the trailing edge. As we expected from the area theorem 

for a K-pulse, the center of the spectrum remains fixed. 

The spectrum grows by adding energy into two large maxima 

equidistant from line center that can attain an arbitrarily 

large size. The radiation at these frequencies beats to 

produce afterpulses. Thus the FWHM as a measure of temporal 

width must be handled carefully, since it samples just the 



72 

z=0 

t> lei 
h 

(psec 

_ _ _ _  
ft 0 LA 

o 

z=20 cm 
2i— 

U . 1 o 
20 kO 0 20 

T(psec) 

z=100 cm 
2 r 

J. • uVy^o^ "H 0 
40 0 \l 20 

I' 

_| 
40 

Sl. 
271 

(lO^Hz) 

10 

0 

-10 

£jil 
ft 

20 

8 r 

4 -

A. 
-10 

10 

T« 0 40 
-10 

11 

J L 

20 

T(psec) 

8 " 

k -

10 

] 1 H 0 
ko 
-10 

• t t t t t ,  
20 

J L 
0 10 -10 0 10 -10 

40 

10 

T 

(psec) 

6 r- 12-

(psec ) 

100 

Figure 10. Gaussian Pulse Evolution in an Inhomogeneous 
Amplifier: Input Pulse Width = k psec, Input 
Compression Factor = 1 



73 

width of the main peak, whereas a significant portion of 

the energy can be located elsewhere. 

The afterpulses also have an effect upon the 

frequency 0. Successive afterpulses differ in phase by K, 

and since we use the modulus of the field p there are 

abrupt changes in 0 where the field approaches zero. 

Hence, 0 is very large at these points as indicated by 

the delta functions on the A0 graphs. If, rather, we plot 

the total field (dashed lines in Figure 10), it is 

clear that the pulse amplitude changes smoothly with time 

rather than discontinuously. 

The reason for dwelling upon the amplitude modula

tion and the associated 71 phase changes is that this 

phenomenon is seen in the amplification of chirped pulses. 

If the chirp is very small, perhaps a y of 1.1 or so, then 

the output pulse is the same as the unchirped case except 

for certain subtle features. The phase flips are gradual 

rather than aburpt, so that the frequency plot has finite 

bumps rather than delta-function changes. Similarly, the 

intensity of the pulse never vanishes entirely and varies 

smoothly near the minimum. This degree of smoothing of 

amplitude and phase discontinuities increases with larger 

y. In a highly chirped pulse, one sees only fluctuations 

in the frequency of the trailing edge and no afterpulses. 

The afterpulses are evident only in the gradual decay of 

the trailing edge. 
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We can see some of these effects in Figures 11 and 

12. As in the previous section, we have used two input 

pulses with a compression factor of the first with a 

chirp introduced at constant spectrum compared with the 

unchirped case and the other with a chirp at constant 

temporal width. 

The chirped pulses behave similarly to unchirped 

ones in that there are no general properties of the pulse 

waveforms. In contrast, the spectra have several general 

characteristics; the center of the spectrum is not bound 

by the restrictions of the area theorem; the power centroid 

of the spectrum can shift to higher or lower values of 

frequency although the shift is consistently very small; 

and the spectrum takes on highly asymmetric configurations. 

The large shifts of the peak of the spectrum to higher 

values of frequency (Figure 11) is characteristic of input 

pulses that are not highly chirped, have input widths less 

than 16 psec, and input areas of less than Tt. 

The frequency modulation and washing out of the 

afterpulses that we mentioned earlier can be clearly seen 

in the prototype calculation in Figure 1. Though used as a 

sample, it is informative since it is a calculation for 

inhomogeneous amplification of a chirped Gaussian pulse for 

which T(O) = 8 psec and y = 2. It thus represents an 

intermediate case between the unchirped case (Figure 10) 
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and the one chirped at constant spectrum to y = k 

(Figure 12). 

A characteristic development of long high energy 

pulses in the inhomogeneous amplifier is beginning in the 

100 cm field plot in Figure 12. In longer amplifiers, 

these pulses break apart into several short pulses whether 

chirped or unchirped. The leading pulse is then amplified 

while the trailing ones are successively attenuated. This 

phenomenon is well established for unchirped pulses (Hopf 

and Scully 1969; McCall and Hahn 1967) and is associated 

with areas greater than 271. However, no such correlation 

has been found for chirped pulses. This characteristic 

appears to be the primary mechanism for pulse narrowing. 

Rather than a straightforward contraction, the pulse breaks 

apart into a narrow rapidly amplified leading pulse and 

quickly absorbed trailing pulses. 

The output pulse energies 3(z=100 cm) rise slowly 

for input pulses chirped at constant spectrum (7.58 psec 

for V = 1, 8.33 psec for Y = 2, and 8.^9 psec * for y = 4 

as shown in Figures 10, 1, and 12 respectively), while the 

result of 11.32 psec-*" for a chirp at constant temporal 

width in Figure 11 appears anomolously high. We will see 

shortly that this is expected since we have changed the 

spectrum by chirping at constant temporal width and the 

inhomogeneous amplifier responds primarily to the spectrum. 
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As previously, we cannot draw general conclusions 

from these specific calculations, so we again parametrically 

study the output pulse characteristics as a function of 

input pulse parameters. We consider a large number of 

calculations for input pulses that have compression factors 

V between 1 and l6 and minimum widths T (i.e., widths 1 m ' 

when y = l) between 0.25 psec and 128 psec. 

The output energies 3 of pulses amplified by a 

20 cm inhomogeneously broadened amplifier are shown in 

Figure 13 as a function of input pulse width T(O). The 

compression factor is held constant for the solid curves, 

as is the minimum width T for the dashed curves. Because 
m 

the curves overlap to some degree, care has been taken to 

draw the dashed curves to intersect only those solid ones 

with which they have common points. The general shape of 

the set of curves in three dimensions would be that of an 

undulating plain that first rises and then falls with 

increasing T • ° m 

The most significant information is shown by the 

dashed curves, that is, the curves for constant input 

spectrum. When y > 2, the output energy is almost the 

same for all input pulses with the same spectra. For wide 

spectra (wider than the gain bandwidth) the amplification 

decreases slightly with higher chirp, while for narrow 

spectra, chirping makes it slightly more efficient. The 

implication here is that for chirped input pulses, the 
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energy enhancement in the inhoniogeneous amplifier is 

dominated by the spectral width of a pulse; that is, 

knowledge of the power spectrum alone is sufficient to 

estimate the enhancement. As in the homogeneously broadened 

case, it is fortuitous rather than significant that the 

spectral width for which the energy enhancement is maximum 

corresponds almost precisely to the FWHM of the gain band

width. Calculations show that for low energy input pulses, 

the maximum enhancement occurs for narrow spectral widths 

(T = 20 psec for 3(o) = 10 psec ) while for high 
m 

energy pulses, the maximum enhancement occurs for pro

gressively sider spectra (? = 1.5 psec for 3(o) = 1.6*1 

psec and Tm = 0.4 psec for 3(o) = 26.2 psec ^"). This is 

as expected since there must be a transition between the 

low energy regime where one obtains the small signal 

enhancement for very narrow spectra (as implied by the 

approximation required to obtain the small signal enhance

ment) and the high energy regime where one needs wide 

spectra to interact with the maximum number of atoms. Of 

course, very high energies in very short pulses require 

consideration of the unbroadened response regime that we 

are not considering in this dissertation. 

The observations above also apply to some degree 

for pulses with y < 2. Such pulses are nearly unchirped, 

and the range from y=2toy=lisa transition region 

where consequences of the area theorem (3*10) become 



increasingly important. We recall that the input energy 

for the unchirped input pulse with width of k psec was 

chosen so that the pulse area was Tt. This choice for 

normalization implies the relationship 

0(o) = f lg(°i°>J = E (3.23) 

between the input area 9(o) and t , as can be seen from 
m 

Eq. (3.12b). Thus we have chosen to change the area by 

changing the minimum width rather than the usual fashion 

of changing the energy. The most dramatic effects of the 

area theorem on energy enhancement occur for 0 = 2n7l where 

n is an integer, as we can see for T = l6 and f = 64 1 mm 

(0 = 2Ti and respectively). These correspond to minimum 

efficiency and are the converse of minimum absorption in 

self-induced transparency (McCall and Hahn 1969)* One can 

see that a chirp of Y = 2 is sufficient to completely 

eliminate these minima. Thus even a small chirp is 

sufficient to eliminate the effects of the area theorem 

on the energy enhancement of pulses. 

Thus, to first approximation, a chirp of the sort 

produced by normal dispersion in a glass host has no 

influence on the energy behavior of the pulse except in 

the case where the area theorem constrains the energy. In 

that case the chirp will remove these constraints so that 

the behavior is smooth. On the other hand, a chirp 



produced at constant amplitude (such as occurs in the Kerr 

effect) drastically affects the efficiency of the amplifier 

since it changes the spectrum. This is seen by considering 

the effect of moving vertically (T(O) = constant) in 

Figure 13 from one value of y another. For example, 

the amplification of the TC pulse (T = 4 psec) is increased 

by nearly a factor of two going from y = 1 to y = 4 and the 

1.4k input is increased by nearly a factor of five. This 

occurs when the spectrum is spread out until it is com

parable to the bandwidth. Beyond that the efficiency drops 

until, for example, the pulse with t = 4 psec and y = 8 is 

amplified about as well as for y = 1. 

The enhancement in  100 cm amplif ier ,  shown in 

Figure l4 ,  exhibits  essential ly  the same character.  The 

notable features here are the large differences in enhance

ment as  a function of  spectral  width,  the fact  that  the 

pulses  with input areas of  271 and kl l  now show some enhance

ment,  and that  the effects  of  the area-theorem are essen

t ial ly  absent for pulses  with y >/2.  

The results shown in Figures 13 and l4 also support 

a conclusion we made earlier in this chapter. We stressed 

that the slope of the chirp was not a good measure of the 

chirp because it did not increase monotonically with dis-

perser length. We see that its use could indeed cause 

confusion here since the results for input pulses that 
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have the same slope, for example y = 1»05 and Y = 5, are 

very different. 

The normalized output pulse width T(20 cm)/T(o) 

(Figure 15) also illustrates the differences between chirped 

and unchirped pulse amplification. Here, however, they are 

much more dramatic and confusing than those for the output 

energy. Because the figure is already very complicated, 

and because the width as a function of T is also complex, 
m 

we have not drawn the lines for constant spectrum. They can 

be constructed from points for which T(O) = YT M, as we have 

done for f = 0.25 and 8 psec. 
m 

The output energy figures showed us that one of the 

relevant descriptions of the inhomogeneously broadened 

amplifier, the area theorem, has an impact on chirped pulse 

amplification only for weakly chirped (y < 2) pulses. 

However, they do not provide us with information as to the 

validity of another relevant description, that of photon 

echo or edge-echo phenomena (Hopf and Scully 19&9)« The 

results in Figure 15 show us that such a description is 

relevant, and indeed required, to explain chirped pulse 

evolution in an inhomogeneous amplifier. The points indi

cated in Figure 15 for Tm = 8 psec will help us with this 

later; first, however, we discuss the results more 

generally. 

We again restrict ourselves first to at least 

mildly chirped input pulses (y > 2). When the spectra are 



1.2i-

1.0 

Normalized 
Output Pulse 

Width 

T(20 cm) 
TToT 

0.8 

0 . 6  

,\ 

v 
v 
\. 

16 

I 

/ 
/ 

/ 
/I 

0.25 0.5 

w 

V 

\\yi 

\"J2 I 
\  I 

il6 
8 

\\2 

\V2 
1 

y-<2 

V>2 

T =8 
m 

t =0.25 
m ^ 

2 k 8 l6 32 

Input Pulse Width T(O) (psec) 

6k 128 

Figure 15* Normalized Output Pulse Width Versus Input Pulse Width for Various 
Compression Factors Using a 20 cm Inhomogeneous Amplifier 

CO 



86 

wider than the gain-bandwidth (T < T *), substantial 
m tL 

compression occurs for higher input chirps, as shown in 

Figure 15 by the Tm = 0.25 psec points. For narrower 

spectra (T > T *), the response is relatively independent 
m u 

of Y, as indicated by the Tm = 8 psec points for y > 2. 

Curves for other values of T tend to show slightly more 
m 

structure than the Tm = 8 psec curve, but not significantly 

so. 

These results are consistent with the picture of 

the inhomogeneous amplifier as a spectrum amplifier for 

chirped pulses. We see that pulses with spectra on the 

order of but narrower than the gain-bandwidth are shortened 

somewhat, while the typical response for narrow spectra 

(large T) pulses is for them to lengthen by the same per

centage regardless of chirp. The behavior here is not 

straightforward however. We note an apparent anomaly in 

that the maximum increase occurs for T =8 psec. This is 
m 

related to photon echo phenomena and will be addressed 

after we review the results for unchirped input pulses. 

The unchirped case presents an extremely complex 

structure. Very short pulses exhibit temporal broadening 

that is understood in terms of gain-narrowing of the 

spectrum. The features for large input widths reflect the 

pulse breakup that is associated with large input areas. 

Such features are difficult to explain in a simple fashion 

and since they have been investigated in a number of 



papers (McCall and Hahn 1969; Hopf and Scully 1969, 1970; 

G. L. Lamb, Jr. 1971), we will not discuss them here. For 

us, the most important feature is the maximum compression 

that occurs for input pulses with a width of about 8 psec. 

Such features cannot be explained by the area theorem 

alone. Procedures that obtain approximate pulse widths 

based upon pulse energy and area (0 « t3) make the assump

tion that no phase flips occur in the pulse. Numerical 

calculations, however, such as Figure 10 and Hopf and 

Scully (1969) show that phase flips occur in almost all 

cases. If, instead, one takes the view that the effects 

in the amplifiers are explained primarily by photon echoes, 

then the phenomenon is much clearer. The photon echo view 

is that the effects in the amplifier are due to the 

reversals of the decay process that results from the 

dephasing of the dipoles. These reversals result in a 

continuum of echoes whose magnitude and phase are determined 

by the area formula. If we digress, for the moment, to the 

problem of photon echo of two distinct input pulses, we 

find (Hopf 1968) that a treatment in terms of pulse areas 

predicts that a maximum echo occurs where the pulses have 

areas of Tt/2 and U respectively. In the degenerate case 

for pulses placed edge to edge to form a single pulse, the 

echo still occurs, but this time on the trailing edge of 

the total.pulse. This echo pulse then echoes with the main 

pulse to produce a second echo pulse trailing the first 



two,  etc . ,  forming the ringing tai l .  Other echoes occur 

inside the bulk of  the pulse and produce extreme narrowing 

for pulses  with areas near 3 7 1 c /2  and pulse  breakup for 

larger pulses .  The ineff ic iency in amplif icat ion for an 

input 2TC pulse  occurs because the maximum echo occurs 

inside the pulse,  and,  because i t  occurs out  of  phase with 

the pulse,  "eats  away" the trai l ing edge.  This  represents  

a  reabsorption of  the radiation that  the leading edge 

caused the atoms to  emit ,  and hence l i t t le  net  gain.  

This  view lacks the quantitat ive applicabil i ty  of  

the area theorem, but does lead to a correct  picture of  

unchirped pulses .  For instance,  the area theorem cannot 

predict  the ringing and leads to  an erroneous measure of  

pulse  compression.  Moreover this  view predicts  that  3% 

pulse  should break up init ial ly  into two pulses  of  3/2TC 

each,  which i s  what i s  observed in computer colutions.  The 

area theorem leads more natural ly  to  the notion that  the 

breakup should be into a Tl and 271 pulse .  

When echoes are produced by pulses  that  are at  

different  frequencies ,  the result  i s  a complicated pulse 

with spectral  content  at  both frequencies .  When an echo 

of  this  sort  i s  added to  a pulse  of  s t i l l  another fre

quency,  there wil l  be a considerable reduction in the 

amount by which the reversal  process  can add to  or subtract  

from the amplitude of  the f ie ld.  The most  apparent conse

quence of  the reversal  process  i s  the addit ion of  lower 
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frequency components to the trailing edge of the pulse that 

causes the chirp to become a modulated displacement of the 

carrier frequency. 

This viewpoint is strongly supported by the 

behavior of the pulse width when the chirp is large. It 

cannot be a coincidence that both the minima and maxima in 

the set of width curves occur for the same values of T m 

(i.e., T =8 psec, 9(o) = 3^/2). It is clear from these 1 m 1 

curves that the reversal and reradiation due to echoes still 

occur, but instead of removing the back portion of the 

pulse, they add to it and cause a broadening of the pulse 

rather than a narrowing. 

The normalized output pulse spectral width data 

shown in Figure 16 again presents the pattern of a well 

behaved response of the inhomogeneously broadened medium 

to input pulses with a compression factor y > 4, a response 

to unchirped pulses that is dominated by the area-theorem, 

and a transition region between the two. As with the width, 

one must be careful in attaching significance to small 

differences in the spectral width when measured by the FWHM. 

This is especially true in this case since the spectrum can 

take peculiar shapes, and the maximum is a sensitive 

function of conditions. For y > 'l, the output spectral 

widths are just about independent of y. The very narrow 

input spectra are broadened and the wide ones are narrowed. 

For y = 1 (unchirped pulses) the pulses with 0(o) = U or 
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slightly larger are the most broadened. This is a direct 

consequence of the area theorem since, for these pulses, 

the center spectrum must remain constant or get smaller 

and the only avenue open for amplification is spectral 

broadening. 

The results for Tm = 8 psec and y > 2. are signifi

cant in spite of the problems with interpreting FWHM 

information. They present an anomolous behavior in that 

the normalized output spectral width increases until T = 
m 

4 psec, then decreases for Tm = 8 psec, and then rises 

again. This supports the idea that a maximum echo is 

occurring. Since these pulses are anomolously wide, their 

AM contribution to the bandwidth is anomolously small; 

consequently, we see an anomolously small relative band

width . 

We are now in a position to make a qualitative 

estimate of the degree to which a chirp is enhanced or 

decreased in an inhomogeneous amplifier. As with the 

homogeneous amplifier, our measure of this phenomenon is 

the normalized time-bandwidth product. Values signifi

cantly larger than unity indicate increased chirp and those 

smaller indicate decreased chirp. Again, these results are 

qualitative, since they depend upon shape of both the pulse 

and its spectrum. 

The normalized time-bandwidth products (Figure 17) 

indicate that the input pulses with spectra as wide or 
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wider than the gain bandwidth (as indicated by small T ) 

are compressed and dechirped significantly in the ampli

fier. Wider pulses appear to have their chirps enhanced. 

We noted earlier that these pulses widened both temporally 

and spectrally. The temporal widening is due to high areas 

that induce pronounced echo phenomena, while the spectral 

broadening is due to saturation at line center but not at 

the edges due to both high areas and narrow spectra. Both 

of these contribute to the enhanced time-bandwidth product. 

Other measures confirm increased chirp. While A0 remains 

constant or perhaps decreases slightly because the trailing 

edge has an almost constant frequency, the envelope has 

widened, indicating enhanced chirp. The dispersion factor 

Y* expresses this too, in that the FM bandwidth has changed 

only slightly but the AM bandwidth has decreased signifi

cantly. We note that this chirp enhancement will be only a 

transient phenomenon. Pulse breakup occurs in longer 

amplifiers, eventually decreasing the chirp. This has not 

been investigated precisely in this context, but some of the 

calculations in Chapter V show that the dechirping process 

occurs. 

Finally we mention that we have investigated the 

effect of introducing a passive loss into the problem. We 

have seen no interesting consequences other than a con

siderable complication of the results, as noted by Hopf and 

Scully (1969)* The loss becomes very important, however, 



in the limit of long amplifiers because it allows the pulse 

to attain an asymptotic form. 

Since the problem of the inhomogeneously broadened 

amplifier was first considered, the results have been 

interpreted either in the terms of the area theorem or in 

terms of edge-echo and nutation effects or both. We have 

seen in this section that for highly chirped pulses, the 

amplifier responds characteristically to the spectral width 

and the energy of the input pulse. Changing the spectral 

width at constant energy will, of course, change the area, 

so that the two views can in some cases be equivalent. For 

example, the enhancement of an unchirped pulse with area 

near IT and a width much greater than T^* increases rapidly 

when one holds the energy fixed and decreases the width. 

This change can be viewed either as a result of decreasing 

the area, which characteristically increases efficiency by 

making the problem more nearly linear, or as an increase in 

spectral width, which uses up the available gain more 

efficiently. We have, then, singled out two special 

properties of pulse propagation that are not consistent 

with the simple spectrum amplifier view. The first is the 

extreme inefficiency that comes from trying to amplify an 

unchirped 2Tt pulse. This is seen to vanish with the intro

duction of a chirp such that y > 2. The second special 

property involves the compression of a pulse whose area is 

near 3^/2, and occurs because the maximum photon echo is 



produced by this  pulse.  From the area theorem point of  

view, the amplif ier forces both a reduction in the energy 

at  l ine center and an increase in the total  energy.  This 

typically results  in the form of spectral  development shown 

in Figure 10.  Again,  the introduction of  a chirp such that 

Y > 2 is  enough to el iminate the pulse compression and 

spectral  broadening.  The photon echo remains however,  and 

exhibits  i tself  as an enhancement of  the pulse duration.  

There are,  of  course,  other properties of  unchirped pulse 

propagation,  such as pulse breakup, that are consequences 

primarily of  the nutation effect .  These are also seen to 

vanish,  but they are not shown here s ince they are compli

cated effects .  Breakup of  chirped pulses does occur in 

longer amplif iers than shorn here,  but i t  bears no rela

tionship to breakup of  pulses greater than 2TC in the 

unchirped amplif ier.  Breakup is  one typical  means by 

which the pulse gets rid of the highly nonresonant values 

of  the instantaneous frequency by breaking up into a pulse 

that is  less chirped and one that is  highly nonresonant.  

The subsequent pulse is  then attenuated.  We conclude that 

the general  view of the inhomogeneously broadened amplif ier 

should be one that is  a simple spectrum amplif ier.  Those 

properties of  resonant unchirped pulse propagation that are 

equivalent to this  viewpoint are seen to be largely un

affected for input pulses chirped at  constant spectrum. 

However,  those special  properties that are not consequences 
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of this  simple viewpoint ( i .e . ,  the area theorem and 

nutation) are seen to disappear for pulses with compression 

factors greater than two. 

In summary,  then,  with the presence of  a chirp,  one 

no longer expects any s ignificant effects  in the inhomoge-

neously broadened amplif ier on the time-domain aspects of  

the pulse.  This means that the dominant aspects of  pulse 

propagation are determined by the power spectrum, or 

equivalently,  the spectral  width and the pulse energy.  

Comparisons and Summary 

In the previous two sections,  we have avoided any 

comparison between the results  for the two types of  

amplif iers.  To do so would perhaps have been confusing 

and most certainly detracted from the main purpose of  

describing the phenomenon of  chirped pulse amplif ication in 

the two classes of  amplif iers.  With those phenomena 

established,  we may compare the results ,  note their 

s imilarit ies and differences,  and briefly consider the 

consequences of  mixed broadening.  

We emphasize that we are restricting ourselves to 

considerations of  the l imit  of  "highly" chirped pulses.  

This l imit  is  determined by the point at  which al l  those 

effects  that are uniquely predicted by the area theorem of 

McCall  and Hahn disappear.  Such effects  were discussed at  

length in the previous part and are not repeated here.  In 
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addition the unchirped l imits  are not considered,  s ince 

they have been extensively discussed in the l i terature.  

The regime where the spectral  width of  the pulse 

is  wider than the gain bandwidth is  a simple one.  Basi

cally the form of broadening does not make much difference 

in this  regime as both amplif iers show the same response.  

The eff iciency is  determined entirely by the input spectral  

width and is  largely unaffected by the degree of  chirp.  

The eff iciency in this  regime decreases with increasing 

spectral  width.  In both cases the spectrum narrows as 

would be expected,  with more narrowing as the input spectrum 

gets wider,  and with the degree of  narrowing increasing very 

s l ightly with increasing chirp.  The degree of  chirp has a 

large effect  on the degree to which the pulse is  compressed 

in t ime.  The ratio of  the output to input width drops 

sharply with increasing chirp.  If  one considers what 

happens to the degree of  chirp,  one f inds that the pulses 

are dechirped more in this  regime than in any other,  with 

the most highly chirped input pulse being dechirped the 

most.  

The difference between the homogeneously and 

inhomogeneously broadened amplif iers becomes apparent when 

one considers pulses that have spectral  widths less  than 

the gain-bandwidth of  the medium. In this  regime, we focus 

on the response of  the energy enhancement (eff iciency) as 

being physically the most s ignificant parameter.  The 



efficiency of the inhomogeneously broadened amplif ier is  

determined by the spectral  width and energy of  the pulse;  

in other words,  one need only know the input power spectrum 

to determine the enhancement.  This is  only applicable for 

short distances,  however,  s ince the power spectrum itself  

evolves in a fashion that is  dependent upon the degree of  

chirp.  The enhancement does not afford a unified descrip

t ion of the homogeneously broadened amplif ier in this  

region.  For pulses with very narrow spectra,  the rate 

equations apply as we have seen.  The enhancement is  

entirely determined by the input energy and the medium 

parameters and is  insensit ive to the width or degree of  

chirp.  In the intermediate regime, the most s ignificant 

feature is  the general  decrease in energy enhancement with 

increasing chirp either at  constant temporal width or 

constant spectral  width.  A feature that does lead to a 

unified description is  the development of  the spectrum, 

which shows a marked shift  in the direction of the pre

dominant frequency content of  the leading edge.  This is  

readily understood by a t ime-domain argument,  namely that 

the leading edge of  the pulse is  amplif ied at  the expense 

of  growth in the trail ing edge.  This shows that the 

proper view of the homogeneously broadened amplif ier is  in 

the t ime domain.  

We investigated briefly the mixed broadening case 

(T^ ~ ^2*^ that represents an intermediate between the pure 



homogeneous and pure inhomogeneous amplif iers.  The pure 

case calculations are taken from the previous two sections.  

Some parameters for the mixed broadening amplif ier were 

varied sl ightly to maintain the same small  s ignal enhance

ment as for the pure case,  otherwise they are the same. 

The input pulse characterist ics were a width f(o)  of  8 psec,  

a compression factor y of  2,  and the same energy 3(o) of  

1.64 psec •*" used in the previous two sections.  The center 

spectrum value for the input pulse i f  71 s ince Tm  = 4 psec.  

The results  in Figure l8 show the pulse shape,  chirp 

characterist ics,  and spectrum of the output pulse versus 

coherence t ime.  One can see that the spectrum shift  is  a 

coherence effect ,  as are the remnants of  the afterpulses in 

the pulse envelope and of  the abrupt it  phase changes in .the 

output frequency modulation,  s ince they al l  disappear 

gradually as T^ becomes smaller and smaller.  

The parametric studies of  the temporal width T, the 
A A 

spectral  width Q, and the t ime bandwidth product TQ reflect  

the details  of  the small  structure that is  characterist ic  

of  the amplitude and, in the inhomogeneously broadened .  

amplif ier,  of  the spectra of  the pulses.  Thus one must not 

infer too much from small  differences from one result  to 

another.  However,  the differences noted for the curves for 

T = 8  psec in the inhomogeneous case are s ignificant in 

that they show us that even for highly chirped pulses,  
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photon echo considerations are necessary to explain the 

phenomena. 

The most notable aspects of  the curves of  the 

spectral  and temporal widths and of  the t ime bandwidth 

product are that,  for highly chirped pulses,  the trends 

within the curves are s imilar for both kinds of  amplif iers.  

In both cases for y > 2,  the spectral  width changes very 

l i tt le  with Y a n (* the relative output spectral  width 

increases with T (except in those cases where photon echo 
m c  

considerations are necessary).  However,  the scale of  the 

curves is  noticeably different.  The homogeneously broadened 

amplif ier does not s ignificantly increase the spectral  

width for the range of  parameters considered.  The in-

homogeneously broadened amplif ier,  on the other hand, does 

increase the spectral  width.  

The t ime-bandwidth product also shows s imilarit ies 

for y > 2. It  is  only weakly dependent on the degree of  

chirp in either case and the relative product gets  larger 

as T increases.  Again the dist inction is  that the t ime-
in 

bandwidth product can increase considerably in the in-

homogeneously broadened case whereas i t  generally stays 

smaller for the homogeneous case.  Thus the homogeneously 

broadened amplif ier does the better job in dechirping the 

puis es .  

The temporal widths have s imilarit ies in that the 

degree of  compression is  not greatly affected by changes in 
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the degree of  chirp.  The two amplif iers differ drastically,  

however,  in their response to T ,  which reflects  the large 

reradiations which occur only in the inhomogeneously 

broadened amplif ier.  This produces the maxima in the 

curve for large T(O)  which have no counterpart in the 

homogeneously broadened amplif ier s ince in that case no 

reradiative phenomena are possible.  

In this  chapter,  we have investigated the transient 

response of  both homogeneously and inhomogeneously 

broadened amplif iers to chirped input pulses.  We have 

attempted to minimize the interplay between pulse shape 

effects ,  pulse width effects ,  and spectral  width effects  

by choosing the chirped Gaussian as the general  input 

pulse.  It  has the features of  always retaining a Gaussian 

shape,  a l inearly increasing frequency,  and a Gaussian 

spectrum for al l  degrees of  chirp.  In addition,  because 

each input pulse with i ts  individual chirp,  width,  and 

spectral  content evolves differently,  we observe the 

results  of  our calculations for a short amplif ier so that 

unexpected features of  the pulse evolution would not 

develop to the point of  confusing our results .  We have 

chosen an input energy for the pulses that is  large enough 

to induce highly nonlinear responses and have held i t  

constant for al l  input pulses.  Input pulse widths ranged 

from shorter than the relevant decay t ime to much longer.  
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Our attempt has been to conceptualize the problem 

of chirped pulse amplif ication in such a way that we can 

describe the associated phenomena with a minimum number of  

general  principles.  We have concentrated primarily on 

those features of  the results  that are of  value in doing 

so.  An example of  a successful  application of  this  

approach,  which has the additional advantage of  being 

quantitative,  is  the application of the area theorem of 

McCall  and Hahn (1969) to the problem of unchirped pulses 

in an inhomogeneously broadened attenuator.  It  is  not 

always appreciated,  however,  that the area theorem, by 

i tself ,  is  incapable of  such power.  Its  uti l i ty comes from 

another principle that these attenuators do not produce 

phase shifts  in pulses.  In inhomogeneously broadened 

amplif iers,  the numerical  solutions show that phase shifts  

are the order of  the day,  and for that reason the area 

theorem does not have the quantitative impact on this  

problem as i t  does on transient problems associated with 

self- induced transparency.  

Hopf and Scully (1969) found i t  more useful  to 

describe the amplif ier in terms of  nutations and edge 

echoes,  which were qualitative notions,  but which did 

indicate correctly how pulses should behave.  The photon 

echo approach leads directly to the notion that phase 

shifts  do not occur in the attenuator,  and so has impact 

on that problem as well .  This is  not to say that the area 
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theorem and the photon echo notions are at  variance; in 

fact ,  the quantitative behavior of  echoes can be derived 

from the area theorem provided that the qualitative behav

ior has been assumed for that derivation.  The issue of the 

comparison of  the homogeneously and inhomogeneously 

broadened amplif iers is  confused,  in turn,  by the fact  that 

the photon echoes in many respects respond quantitatively 

to the Rabi-f lopping formula,  which determines the pro

perties of  coherent atomic response in the homogeneously 

broadened amplif ier.  Thus for unchirped pulses,  the two 

media frequently produce very similar pulses.  Much of  the 

work in Hopf and Scully (1969) was involved in charac

terizing these s imilarit ies and differences.  

Similar problems are confronted in the case of  

chirped pulses s ince in many respects the two amplif iers 

behave in the same way.  Fortunately i f  we restrict  our 

comparison to the behavior of  the energy of  the pulse,  

which is  unambiguously definable,  and to large and systematic 

changes in those properties of  the pulses whose definit ions 

are practical ,  rather than of  obvious physical  s ignificance 

(such as using the full  width at  half  maxima to measure 

widths),  i t  is  possible to outl ine the difference in the 

two cases.  

The homogeneously broadened amplif ier is  the most 

straightforward of the two cases.  In the l imit  of  very 

long pulses an instantaneous equil ibrium is  set  up between 
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the f ield and the atoms and is  described by a set  of  rate 

equations.  This means that the properties of  the pulse in 

this  regime are determined primarily by the incident 

intensity and, in particular,  are insensit ive to the phase 

( i .e . ,  the chirp) provided the phase varies slowly in time 

compared to T^. When one shortens the pulse the atomic 

coherence plays a role which,  because of  the Rabi-f lopping 

formula,  al lows for greater changes in the inversion,  and 

hence greater eff iciency.  If  now one considers comparing 

a resonant with a nonresonant pulse in this  regime, one 

sees that there is  generally less  change in the inversion 

and hence a decrease in eff iciency.  The same thing occurs 

when the pulses are chirped,  and one sees the f irst  

principle of  the homogeneously broadened amplif ier in this  

regime: The addition of  a chirp,  especial ly self-phase 

modulation (Kerr effect)  when the temporal width stays 

constant,  wil l  cause the amplif ier to be less  eff icient.  

Although the physics of  the medium (which is  a collection 

of identical  atoms whose only characterist ic  is  that their 

polarization decays in time) and the nature of  the equa

t ions suggests a t ime domain interpretation of  the results ,  

the eff iciency argument could be equally well  expressed in 

the frequency domain,  i .e . ,  i t  is  a matter of  semantics to 

describe the results  by the principle that the amplif ier 

becomes more eff icient as the spectral  width approaches the 

gain bandwidth of  the medium. Indeed the eff iciency is  not 



106 

greatly affected by the degree of  chirp provided that the 

input spectral  width stays f ixed.  However,  the large shift  

in the center of  the spectrum in the direction of the 

frequency content of  the leading edge of  the pulse fol lows 

as a natural  consequence of  a t ime domain but not a fre

quency domain description.  Thus we see that the best  

description for the amplif ication of  pulses in the homoge

neously broadened medium is  the most natural  one,  namely 

that the pulse is  best  characterized by the gross features 

of  the t ime domain nature of  the pulse.  

The discussion of  the inhomogeneously broadened 

medium presents an entirely different aspect.  The physics 

of  the atoms is  one of  atoms at  different frequencies that 

respond in different ways to the input pulse.  However,  

the individual atoms respond to the f ield itself  and thus 

the equations are written either in the total  t ime domain 

as is  done here (which tends to focus attention on the 

echo aspects of  pulse propagation) or in the mixed fre

quency and t ime domain picture,  i .e . ,  Bloch Equations 

(McCall  and Hahn 1969),  that is  preferred by others.  Thus 

there is  no clear cut natural  framework here in which to 

discuss pulse propagation.  However,  two of  the sal ient 

features of  this  investigation show clearly how the result  

must go.  First  is  the fact  that al l  those aspects of  

unchirped pulse propagation that are uniquely described by 

the t ime domain aspects of  the problem ( i .e . ,  the 
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inefficiency of amplif ication of  271 pulses,  breakup that 

results  from nutation,  and ringing accompanied by temporal 

narrowing that comes from echoes)  are el iminated or 

drastically altered by the presence of  chirps.  Second, 

for al l  degrees of  chirp that are large enough (y > 2) to 

el iminate these effects ,  the eff iciency of amplif ication is  

dependent only on the spectral  width.  This says that,  with 

increasing chirp,  the t ime domain aspects give way to 

frequency aspects.  This is  incomplete,  however.  The 

photon echo processes st i l l  remain,  and in fact  explain why 

the f irst  of  these two phenomena occur.  The anomolous 

behavior of  the width for large chirps is  also explained 

by echoes and indicates that the s ize of the center of  the 

power spectrum plays a role in determining the magnitude of  

the effects .  In conclusion,  then,  the inhomogeneously 

broadened amplif ier is  seen to respond primarily to the 

power spectrum, i ts  energy and width determining the 

eff iciency,  and i ts  peak determining the development of  the 

pulse width.  However,  the t ime domain concept of  the 

photon echo is  needed to explain why the pulses behave as 

they do.  



CHAPTER IV 

PRODUCTION OF CHIRPED PULSES 

Two mechanisms have been proposed as the source for 

the generation of  chirped pulses;  they are the optical  Kerr 

effect  ( intensity-dependent index of  refraction) and normal 

host  dispersion (frequency-dependent index of  refraction).  

We have discussed portions of  the theory for both of  these 

effects  in Chapter II .  In Chapter III ,  we indicated that 

normal host  dispersion caused a chirp at  constant spectrum, 

while the Kerr effect  caused one to occur at  constant 

envelope.  In this  chapter we develop the basis  for these 

statements and investigate briefly the production of  

chirped pulses in both amplifying and nonamplifying media 

where these effects  are present.  We f irst  understand each 

effect  by investigating i t  in a nonamplifying medium; then 

we observe the combination of  the effect  and the amplif ier.  

The results  of  the previous chapter are useful  in inter

preting the results  of  that combination.  

We f irst  investigate normal host  dispersion using 

the classical  approach involving the superposit ion 

principle.  Our results  indicate that normal dispersion has 

essential ly no effect  for a 1 psec pulse passing through 

100 cm of  glass.  For most glass amplif iers,  i ts  effect  is  

108 
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negligible unless subpicosecond structure exists  on the 

pulse.  In our investigation of the Kerr effect ,  we f ind 

that s ignificant chirps develop only on large pulses,  so 

that i ts  influence would predominantly occur during the 

latter stages of  pulse development in a laser osci l lator 

or in a long amplif ier.  We also obtain results  for a 

pulse amplif ied in a Kerr-host amplif ier that are strik

ingly similar to the experimental  results  of  Treacy (1969)•  

This investigation is  not intended to be a detailed 

exploration; rather i t  is  an attempt to learn the general  

characterist ics of  the interactions of  chirp-producing 

effects  with the pulses being amplif ied.  The predominant 

results  wil l  be an indication of the type of  chirp pro

duced,  the t ime scale required to develop a s ignificant 

chirp,  and any characterist ics that may be experimentally 

s ignificant in identifying the dominant mechanism in Nd: 

glass lasers.  

Quadratic Normal Dispersion 

In Chapter II  we mentioned that,  in the absence of  

intensity dependent effects ,  the problem of pulse propaga

t ion in a dispersive medium can be easi ly solved using the 

superposit ion principle.  Since the medium's response to an 

electric f ield is  to f irst  order in the f ield amplitude,  we 

can propagate each Fourier ( infinite plane wave) component 

of  the pulse through the medium at  i ts  respective velocity.  
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When we want to observe the pulse at  a certain point,  we 

merely reassemble the Fourier components to determine the 

t ime evolution of the pulse at  that point.  This is  the 

classical  approach to the problem, and we wil l  review i t  

here to aid us in understanding how chirped pulses evolve 

when frequency-dependent (normal)  dispersion is  present.  

We then consider the problem of normally dispersive 

host  amplif iers and come to the conclusion that normal 

dispersion is  only significant for very short pulses or in 

long amplif iers.  Since we investigate long normally dis

persive amplif iers in Chapter V in studying the steady-

state pulse problem, we introduce the "sl ice model" of  such 

an amplif ier.  In this  model,  we treat the amplif ier as 

alternate thin s l ices of Kerr-dispersive amplif iers and non-

amplifying normal dispersers.  We then discuss the advan

tages of  and problems with using such a model.  

Nonamplifying Media—Classical  Approach 

In this  classical  approach to normal dispersion,  we 

take advantage of  the l inearity of  the medium's response to 

the electric f ield in two ways.  We use the superposit ion 

principle when we Fourier analyze the input pulses,  and also 

when we consider the evolution of the complex electric 

f ield 

E(t ,z)  = 6(t ,z)exp[i(vt-kQz)]  Ct. l)  

rather than the real  f ield E(t ,z) .  This wil l  enable us to 



obtain the correct results  at  a considerable convenience.  

The real  f ield can,  of  course,  be readily obtained as the 

real  part of  E(t ,z) ,  i .e . ,  

E ( t ,  z )  = Re{E(t ,z)} .  (4: .2)  

Note that we are using the full  electric f ield in 

our development rather than just  the envelope £(t ,z) .  Thus 

we start  with the full  one-dimensional wave equation (2.  At) 

rather than any reduced wave equation and we develop an 

expression for the evolution of  the complex f ield envelope 

fi(t ,z)  in a normal disperser to be compatible with the 

amplif ier equations of  motion.  We recall  the propagation 

properties of  the plane wave solutions to the wave equa

t ions to develop the equations for the evolution of  E(t ,z) .  

The Fourier components 

E(uu,z) = J dtE(t,z)e (4.3) 
— 00 

yield the amplitudes of  the plane wave solutions of  the 

wave equation that,  when superimposed,  give the t ime 

development of  the f ield at a point z .  In a dielectric 

medium, each of  these plane waves propagate with a charac

terist ic  frequency dependent wavevector k(uu).  The phase 

of  these plane waves at  the point z+L in the medium is  

determined by the product k(uu)L; thus the t ime development 

of  the pulse at  the point z+L is  determined by the super

posit ion of the Fourier components 
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E(uu,z+L) = exp[-ik(u))L]E(iu,z) . (4.4) 

Using (4.3) and its inverse to write this in terms 

of the time domain fields, we find 

E(t,z+L) = J eiU)texp[-ik(uu)L] J dt'e ^^E (t ' ,z) . 

(4.5) 

The evolution of the complex envelope 6(t,z) follows 

directly by using the definition (4.1) of E(t,z). 

£(t,z+L) = J ~ exp{i(iu-v)t-i[k(uj)-k ]L} * 
271 

J dt '£• (t ' , z) exp[ -i(u)-v) t 1 ] (4.6) 

As in Chapter III, we use CI = uu-v; also we assume that k(ou) 

can be expanded about the frequency V in a Taylor series 

that can be terminated after three terms over the frequency 

range of the power spectrum of the pulse, i.e., 

k(v+fi) = kQ + Q +  i  
u,=v 2  dU)2  

(4.7) 

UJ = V 

Using this, Eq. (4.6) becomes 

£(t,z+L) = J* exp[ in (t "L^-1 ) -
4> d U J luu=v * dUJ U) = V 

w 

J dt'exp(-iQt 1 )£(t•,z). (4.8) 
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By using the definit ion of the group velocity at  l ine 

center,  

1_ 
v  

g 

dk 
duu 

(4.9)  
<JU=V 

we can simplify this  expression by again introducing the 

t ime-retarded frame as we did in Chapter II ,  Eq. (2.55)* 

In addition,  we define the parameter 

D = 8jJn2 d2k 

duu2  
(4.10) 

uu=v 

as indicative of  the strength of  the dispersion.  We con

tinue the expansion of  the index of  refraction in (2.2l)  as 

fol lows,  

n = n°"niCv) + ' 
(4.11) 

where 

n = n(X ) ,  
o o '  

.  dn |  
n l  -  - \> dx| i = x  •  

(4.12a) 

(4.12b) 

and 

= 1 ,  2 d2n 
5  ° ^  

X=X 

(4.12c) 
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and see that D can also be defined 

D 
4\ n0in2 O tL (4.13) 

These considerations allow us to write (4.8) as 

e(T,z+L) = J |g einTexp[-i "^^3 J d-r 'e~inT'e(T ,z) 

N. • 

e(n,z) 

/ £(fi ,z+L) (4.14) 

This expression describes the evolution of the pulse 

envelope in a dispersive medium and is the working equation 

for pulse propagation. Its structure is strikingly similar 

to that of the expression (4.5) for the total field E(t,z). 
/•«-/ . . 

The Fourier components £(fi,z) of the envelope are dephased 

by the term exp[-ifi DL/l6in2] to form the Fourier compo

nents £(fi,z+L) that are then superposed to form the output 

envelope £(T,Z+L). The choice of the time-retarded frame 

eliminates the nonessential (for us) change in the pulse 

due to linear normal dispersion; only the effects of 

quadratic normal dispersion are retained. 

quadratic normal dispersion can be obtained for a Gaussian 

input envelope and leads to the general input pulse that we 

used in Chapter III in our study of the response of 

amplifiers to chirped input pulses. We choose 

An analytic example that shows the effect of 
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£ ( T , O )  = *— exp[-kS,n2(i—) 2] , 
m m 

(4.15) 

where A is  an amplitude factor and T is  the FWHM of  the m 

pulse. The integration of (4.l4) to find the transform 

2<n,o) can be easily done by completing the square. We 

then multiply by the dephasing term to obtain the result 

E(n'L) = IV$" I§H2 ( fm2 + i D L )]  (4.16) 

for the Fourier transform of the pulse at  the point z=L. 

We also complete the square in the inverse transform to 

obtain 

£ ( T ,L) = 4 exp -
a 2 . nT T +xDL 
m 

j"_ 4T2j&n2 "I 

L ^m^+ i D LJ' 
(4.17) 

which is  more easi ly understood when placed in the 

amplitude-phase form. We f ind that 

-1/4 

|e(T ,L) |  = 
m 

1 + (r¥ 
T 
m 

exp -ki-n.2 

m 
(4.18a) 

and 

0 ( T , L )  =  kjLn2 
* 2 
T m 

(DL v' 
l+(  5-)  

A u 
Tm 

t  PI* ^ 1  i /  PL \  ( p) - ârctanl 5-) , 

m m 
(4.18b) 
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where the second term for the phase angle results  from the 

a 2 — X/2 
rationalization of the factor (t  + i  DL) in (4.17)•  

m 

The particular form of (4.l8) has been chosen to emphasize 

the role of  the ratio DL/T 2 .  The FWHM of  the dispersed 
m 

pulse 

J *(L ,  -  *'1  -  <inr> 
Tm 

(4.19) 

depends on this  ratio and makes the identif ication 

Y = Y 1 + <DL/TM
2) ( 4. 20) 

obvious for the compression factor that we introduced in 

Chapter III .  The use of  y in the expressions for the f ield 

and i ts  spectrum in (4.l6) and (4.17) simplif ies  them 

significantly.  They become 

£( T,L )  = — exp |~-4.gn2(—*—) ( l - i  Jy2-1 
T Y* I M 

m (_ 

-  — arc tan (4.21a) 

and 

®(FL,L) = A tnr I" ( n f
m
) 2  . rr~r' 

2  V^ n 2  e x pl~ I 6 £ n 2  * 1  V Y  " 
(4.21b) 

These are,  within a complex constant multiplier,  the same 

as the expressions that we used as the input pulses for the 

chirped pulse amplif ication investigation in Chapter III .  
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We found there that as y increases, the pulse width 

increases as yT and the pulse becomes chirped. The 

instantaneous frequency was found to be linearly increasing 

in time, i.e., 

0( T,L) = 8in2 t/y2-l T, (4.22) 
( A  &  \  I  Y T ) m 

with a slope that we called |3. Also, the frequency dif

ference at the half maximum points was 

A0(L) = 8^n2 yY2-l. (4.23) 
^ Tm 

The effect of dispersion on a Gaussian input pulse 

thus appears as a widening of the pulse envelope and as a 

linearly increasing chirp with no change in the power 

spectrum of the pulse. No energy is redistributed in the 

frequency domain; instead, the frequency components are 

simply dephased. In the limit of large y, i.e., large 

distances L, 

A0(L-co) - 8|n2, (4.24) 
m 

A 

which is just Q, the FWHM of the spectrum of the input 

pulse. Thus after large distances, the spectral content 

originally necessary for the amplitude modulation of the 

pulse manifests itself as frequency modulation. The above 

expressions show that the important factor in this model of 

dispersion is the dimensionless quantity 
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U„2 / V^V 

~ 2 \-*r) -
7 2 ~ n n l - V ^ | ,  (4 . 2 5 )  
Tm 

which is dependent not only upon the curvature in the 

refractive index but also upon the square of the ratio of 

the geometric mean of the wavelength-distance product to 

the minimum spatial width of the pulse. 

As an example of the effects of quadratic normal 

dispersion, we plot in Figure 19 the evolution of an 

initially unchirped Gaussian pulse as it propagates in a 

normally dispersive medium. The input pulse has a width 

of k psec and a wavelength of 1 p,in. The coefficient for 

_2 
the nonlinear dispersion, n^, is 10 , which leads to a 

__ 2  
value for D of 9*8 x 10 psec /cm. 

As z increases, the pulse envelope widens gradually, 

and develops a linear upward chirp, while the spectrum 

remains unchanged. We see from Eq. (4.l8b) that the slope 

of the instantaneous frequency can be written 

P = 8£n2 [— s-]. (4.26) 
T +(DL) 

m 

As we mentioned in Chapter III, (3 does not increase 

monotonically with disperser length; it increases very 

quickly until T^2 = DL (or equivalently y = *]H) , and then 

decreases slowly. For the pulse shown in Figure 19, 
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y = J2 for z ~ 160 m, so that we see the slope decrease as 

expected from the 400 m point to the 800 m point.  

The results  above are dependent upon the quantity 

DL/Tm  ,  so that they can be interpreted for a variety of  

s ituations for which the quantity remains constant.  In 

particular,  we can easi ly estimate the effect  for Nd:glass 

lasers.  Using data for optical  quality fused s i l ica 

(Malitson 1 9 6 5 ) ,  we f ind that the quadratic coefficient n^ 

_ 2 in the index of  refraction is  about 10 in the region of  

\  = 1  (im, and,  while pulse widths are on the order of  4 

psec,  the minimum pulse widths are on the order of  0.4 

psec.  Thus,  to interpret Figure 19 for Nd:glass pulses,  

one must divide the t imes noted by 10 and the lengths noted 

by 100.  One can easi ly compute that for a 0.4 psec wide 

pulse to evolve to a 4 psec wide pulse,  i t  must propagate 

through l6 m of  glass,  and, once i t  is  to that point,  i t  

requires an additional 16 m of  glass to increase to 8 psec.  

Thus i t  is  apparent that pulses with widths greater than 

about 1 psec accumulate an appreciable chirp only after 

propagating through a great deal  of  glass.  Even in Nd: 

glass,  the dispersion lengths required are too long to be 

of  concern in laser amplif iers.  Dispersion,  however,  can 

be important in the laser osci l lator since the pulse passes 

through the laser rod a large number of  t imes.  It  is  

clear,  though, that even here a stringent condition must be 

met for large chirps to develop.  The pulse in the laser 
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must develop a bandwidth large enough to support a pulse 

with less than a 1 psec width and quickly enough so that it 

has a chance to disperse and develop a chirp during the 

passes that remain before all the energy is extracted from 

the laser rod. For a 20 cm laser rod, this would require 

80 passes through the laser rod after the pulse bandwidth 

has developed, figures that are reasonable for Nd:glass 

lasers. 

We can see from the results of this section that 

quadratic host dispersion can produce a significant chirp 

in a pulse quickly only if the pulse is very narrow. 

Otherwise, the chirp builds up gradually after propagation 

through a great deal of glass. Normal dispersion produces 

a widened pulse envelope and a linearly increasing fre

quency modulation without affecting the pulse's spectrum. 

In the next section, we consider the problems involved in 

incorporating quadratic normal dispersion in the laser 

amplifier theory and the use of a slice model of the 

amplifier to circumvent the difficulties involved in the 

exact solution. 

Amplifying Media--The Slice Model 

The results of the previous section forecast the 

results to be expected here. Essentially, in the short 

amplifier, the small effect of dispersion implies that the 

results for dispersive amplifiers are essentially identical 
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to those for nondispersive amplifiers and can be obtained 

from the results in Chapter III. 

In the long amplifier, however, normal dispersion 

does have an opportunity to cause a chirp to develop and to 

cause a change in the character of the output pulse. It is 

with this problem that we run into difficulty theoretically. 

It is not possible to write first-order differential equa

tions that adequately describe the evolution of an electric 

field under the influence of both quadratic normal disper

sion and amplifying atoms. Use of the SVEA reduces the 

wave equation to first-order but fails to retain quadratic 

term. The usual approach to normal dispersion of analyzing 

the evolution of the Fourier components of the pulse also 

fails; the superposition principle, upon which this approach 

is based, cannot be used because the response of the 

amplifying atoms is a highly nonlinear function of the 

electric field. 

The alternative approach of attempting to solve the 

full wave equation including dispersion and the amplifying 

atoms would require so much time on a computer that it is 

not feasible. To circumvent this problem, we have used a 

computer model that treats the dispersive amplifier as a 

sequence of sections. Each section consists of a length of 

Kerr-dispersive amplifier (using the equations developed in 

Chapter II) followed by an equal length of a nonamplifying 

quadratic normal disperser (using the equations developed 
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in the previous section). In the limit of many short 

sections or slices, this model should exhibit the same 

characteristics for pulses with slowly varying envelopes 

as would an exact theory. 

We have used this slice model to investigate the 

evolution of an unchirped input pulse in amplifiers with 

nonzero loss and found that a chirp does gradually develop. 

The characteristics of the pulse and its spectrum are 

largely as expected from the results of Chapter III and the 

previous section. Initially in the inhomogeneous ampli

fier, the trailing edge rings; however, the effect of 

dispersion gradually accumulates to cause the envelope to 

smooth. The peak of the spectrum of the pulse gradually 

shifts toward higher frequency as the pulse accumulates a 

chirp. Eventually, however, the tendency of the amplifier 

to pull the frequency of the field toward line center 

begins to exert itself to limit the effects of dispersion. 

The effects in the homogeneous amplifier are in 

some ways not as dramatic as those in the inhomogeneous 

amplifier because the pulse does not ring and the homo

geneous nature of the amplifying atoms tends to limit the 

degree of chirp. The normal dispersion still has effects, 

though, in that a chirp develops and the center of the 

pulse spectrum gradually shifts below line center. As we 

expect from the results in Chapter III, we see large 

chirps, small spectral shifts, and highly asymmetric pulses 
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and spectra in the inhomogeneous amplifier, and the 

opposite, small chirps, large spectral shifts, and rela

tively symmetric pulses and spectra in the homogeneous 

dispersive amplifier. 

While the slice model appears to be effective, it 

still has its drawbacks. One must be very careful to 

insure that the effect of each slice is "small"; sometimes 

this can be ascertained only after computer runs are 

completed. For example, if the pulse develops sharp spikes 

due, perhaps, to the Kerr effect, the normal disperser 

slice length must be very short. In addition, because the 

Kerr effect can act very quickly, the amplifier sections 

must also be very short. Other features are also apparent; 

comparisons should be made between results at the ends of 

similar sections; although long slices may be used to 

approach a solution quickly, the final result should be 

obtained for slice lengths that produce variations in the 

results on the order of the accuracy of numerical methods 

used. Also, pulse propagation velocities are not cleanly 

obtainable. Additional features could be listed but the 

conclusion to be drawn from them is obvious; one must be 

careful with the model. Also, on theoretical grounds, one 

must consider the effects of discarding the higher order 

derivatives and other small terms under the SVEA and 

whether these effects may be on the order of the effects of 

quadratic normal dispersion, whose effects are known to be 
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discarded by the SVEA. The answers to problems like these 

are unknown. Thus, while we recognize that potential 

problems exist for the slice model, it does provide an 

intuitively reasonable and practical approach to the dis

persive amplifier as opposed to the very difficult and 

expensive approach of solving second order nonlinear dif

ferential equations numerically. 

In this section, we have shown that quadratic 

normal dispersion can cause chirped pulses, but that its 

effects for short laser amplifiers is negligible for 

pulses much longer than a picosecond. In the next part of 

this chapter, we consider the Kerr effect, which can pro

duce substantial chirps very quickly once the pulse has 

attained sufficient intensity. 

Kerr Effect 

As we mentioned in Chapter II, the Kerr effect is 

caused by an intensity dependent index of refraction. The 

rapidly changing refractive index results in fast changes 

in the light velocity. Consequently the wave crests either 

get closer together or spread apart, resulting in frequency 

modulation and hence, a shirp. Since the chirp develops 

without affecting the temporal character of the pulse, the 

power spectrum of the pulse must broaden. This spectral 

broadening has led researchers to propose (Fisher, Kelley, 

and Gustafson 1969) that optical Kerr liquids like carbon 
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disulfide be used to chirp picosecond pulses and then a 

"grating pair," such as introduced by Treacy (1968), be 

used to compress the pulses to the shorter minimum width 

that the broader spectrum could now support. 

In this section we will show how Kerr media can 

produce a chirp and indicate the chirp and spectral develop

ment for Gaussian pulses propagating in a nonamplifying 

Kerr medium. We then consider amplification of initially 

unchirped Gaussian pulses in both homogeneous and in-

homogeneous Kerr host amplifiers. In both cases, our output 

pulses bear a striking resemblance to those reported by 

Treacy (1969) from a mode-locked Nd:glass laser. 

Nonamplifying Media 

The evolution of pulses in a nonamplifying Kerr 

medium can be readily predicted using the equations we 

developed in Chapter II by letting oc in (2.56) or a' in 

(2.63) be zero. We also use the amplitude-phase descrip

tion (2.2) of the field to obtain equations of motion 

5 ^ = -H|S(T,z) | (4.27a) 

and 

° -xK|E(T,z)|2. (4. 2 7 b )  

for the field in a Kerr medium. These may be integrated to 

obtain 
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|&(T,Z)| = |fi(T,o)|e~MZ (4.28a) 

and 

0(T,Z) - 0(T,O) = - — (l-e2HZ)|£(T,O)|2. (4.28b) 

Thus the envelope attenuates exponentially while acquiring 

frequency modulation given by the instantaneous frequency 

0(T,Z) =  - ~  (l-e2wZ) |£(T,O) |  al £^ o )  I . (4.29) 

The characteristics of the chirp produced by the Kerr 

effect are best studied in a lossless medium. For a = 0, 

the field envelope |£(T,Z)| is unattenuated. Thus (4.28) 

becomes 

|£(T,z) | = |e(T ,o) | (4.30a) 

and 

0 ( T ,  z)  -  0(T,O) = ~XK|C(T,O)  |2z.  (4.30b) 

The instantaneous frequency given by (4.29) becomes 

0(T,Z) = -2XK|£(T,O) | 51&^ IO) I (4.31) 

and hence is dependent upon the rate of change of the 

intensity of the pulse with time and upon the product Xj^z* 

This tells us that chirps will be most intense near sharp 

peaks in the intensity. 
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Because frequency modulation develops at constant 

pulse envelope, the spectrum broadens; however, we cannot 

obtain a general expression for the spectrum analytically. 

To display the effects of propagation in a Kerr medium, we 

study a Gaussian pulse similar to those used in Chapter III 

and perform the integrations numerically to obtain the 

chirp and spectral development. Our results in Figure 20 

are for the input pulse used for the unchirped case studies 

in Chapter III, i.e., FWHM T of 4 psec, energy 3(o) of 1.64 

psec , area 9(o) of Tt, and compression factor y of 1. 

Since the medium is lossless, we know the envelope is 

unattenuated and 

^- |G(T,Z)| = j~* | £• ( T , o )  |  =  V t t j f c n  2  e x p ( ~  ^ T2 £ n 2 )  .  (4 . 3 2 )  

This and Eq. (4.31) yield the chirp development 

=  
( i g 2 )  ^xK ̂  TZ exp(- | T2 £ n 2 ) .  (4.33) 

(We see that since we use the quantity p|£|/h as our 

measure of the field, the Kerr constant x^ must be measured 

2 2 in units  of  p /h • For i l lustration,  we have chosen 

2 2 3 XKft  /p to be 0.1 psec /cm.)  The instantaneous frequency 

increases linearly with z, is zero at T = 0 and », and 

is negative for T less than zero and positive for T greater 

than zero. The leading and trailing have negative slopes 

or are downchirped , while the central, most intense 
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portion is  upchirped.  Since the chirp increases with z ,  

after a t ime a substantial  chirp can be developed on a 

pulse.  

The addition of  frequency modulation to an un

changing pulse envelope means that the Fourier transform 

of the pulse broadens at  constant energy.  Since the chirp 

is  not l inear,  the spectrum wil l  not be Gaussian as was the 

case with dispersion.  We see in the spectrum plot in 

Figure 20 that both the broadening and non-Gaussian 

character of  the spectrum are evident and are indicative 

of  the nonlinear character of  the Kerr effect .  If  we write 

the expressions for the Kerr effect  polarization in 

Chapter II  in the frequency domain rather than the t ime 

domain,  we see that as a result  of  the EE*E term, the 

medium is  mixing radiation at three frequencies,  in 

general ,  to obtain a polarization that radiates energy at  

a fourth frequency,  that is ,  

% = "V ~ "V * + • (4.34) 
K E1 2 3 

This argument holds equally well  for the spectral  compo

nents of  the pulse envelope and the equivalent expression 

that reduces identically to (4.34) is  

n = Qp — cip * • (4.35) 
K 2 3 

This mixing of  the various frequencies in the pulse 

continually generates radiation at  frequencies where 
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formerly there was none and redistributes other radiation 

while constantly maintaining the same total  energy.  

This redistribution is  clear in Figure 20.  Radia

t ion at the center frequency of  the init ial ly Gaussian 

spectrum beats with frequencies near the edge of  spectrum 

to transfer energy from the center of  the spectrum to out

side the edges of  i t  (z=50 cm).  This robbing of  energy 

from the center spectrum continues unti l  there is  a pro

nounced "hole" at  the center (z=100 cm).  Then the two 

peaks above and below l ine center beat together to produce 

radiation both at  the l ine center again and at  frequencies 

st i l l  further away from l ine center (z=150 cm).  With 

energy now at  l ine center,  the process begins to repeat by 

producing a ne%ir hole at  l ine center (z=200 cm).  As the 

distance increases,  the energy is  spread over larger and 

larger frequency ranges with the energy at  a given fre

quency osci l lating up and down as the beating feeds or 

depletes that region.  This could have serious implications 

for pulse amplif ication in the inhomogeneous amplif ier 

s ince i t  tends to increase the spectral  content of  pulse.  

The nature of  the parameters used above were chosen 

because we believe them typical  of  what can occur in Nd: 

glass lasers or amplif iers.  We used typical  gain cross-

section values from manufacturers'  data to pbtain a rough 

estimate of  the dipole moment p/ft for Nd:glass of  10 ^ cm/V 

psec,  and also used quoted values of  the Kerr effect  for 
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BK-7 glass (Duguay et  al .  1970) to obtain a value of  

3 2 2 0.1 psec /cm for /p • Using the dipole moment above,  

we estimate a peak electric f ield in the U-pulse used to 

be about 10^ V/cm. While this  may be high for outputs of  

laser osci l lators,  i t  might be achieved in master 

osci l lator-power amplif ier arrangements.  

The results  of  this  section show that for large 

pulses,  the Kerr effect  can introduce a substantial  chirp,  

and as such,  could have s ignificant effects  on pulse 

amplif ication in Nd:glass.  In a lossless medium, a pulse 

accumulates a chirp at  constant pulse shape,  and the chirp 

is  upward during the most intense portion of  the pulse.  

Also,  the Kerr effect  can effectively distribute a sub

stantial  portion of  a pulse's  energy over a large range of  

frequencies.  We now proceed to investigate the conse

quences of  the Kerr effect  for pulse amplif ication.  

Amplifying Media 

Pulse amplif ication with Kerr-active hosts is  a 

very involved subject.  Both pulse amplif ication and the 

Kerr effect  involve nonlinear reactions of  atoms to the 

incident radiation.  Thus the results  depend not only upon 

the relative magnitudes of  the various parameters--small  

s ignal gain,  loss,  decay t imes,  Kerr constant,  etc.--but 

also on the particular shape and energy of  the input pulse 

and i ts  spectrum. These complexit ies make i t  nearly 
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impossible to make any general  statements that precisely 

predict  results  in a variety of  circumstances.  We are 

forced,  therefore,  to deal  with particular examples.  

One can conceive of  three regions of  interest  in 

amplif iers with Kerr-active hosts.  The f irst  is  the one 

where the amplif ier characterist ics dominate;  the second is  

one in which the Kerr effect  and amplif ier compete; and the 

third where the Kerr effect  dominates.  The f irst  region is  

where most amplif iers and, for that matter,  lasers operate.  

Here the Kerr constant or the pulse intensit ies or both are 

so small  that the Kerr effect  is  minimal.  Thus the results  

for this  region are the same as for the non-Kerr hosts 

treated in Chapter III  with,  perhaps,  a s l ight tendency for 

chirped pulses to be less  easi ly compressed due to the 

s l ight addition of  chirp by the Kerr effect .  

The third region,  where the Kerr effect  dominates,  

i s  not quite as trivial  as the f irst .  If  we take the 

spectral  viewpoint,  this  is  the region where the Kerr 

effect  causes energy to be shifted very rapidly to outside 

the gain bandwidth.  The amplif ier continues to amplify,  

though less and less  well .  Finally one reaches a point 

where the energy remaining within the gain-bandwidth of  the 

amplif ier is  so small  that i t  is  essential ly in the l inear 

regime, and some balance is  achieved between the energy 

deposited in the pulse by the amplif ier and the energy 

removed from the gain-bandwidth by the Kerr effect .  Of 
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course,  such reasoning assumes that there is  l i tt le  change 

to the pulse shape during this  process.  This is  highly 

unlikely,  so that a more l ikely evolution is  one in which 

init ial ly the Kerr effect  dominates very strongly in 

throwing energy outside the gain bandwidth; then the 

amplif ier has had enough effect  to change pulse shapes and 

intensit ies or perhaps induce pulse breakup so that the 

situation now fal ls  in the second regime where the amplif ier 

and Kerr effect  are competing.  One note of  caution,  how

ever,  is  that i t  is  probably inadequate to treat physical  

s ituations that l ie  in this  third region with a plane-wave 

theory.  The f inite extent of  the laser beam and the dif

ference in intensit ies across the beam wil l  cause self-

focusing of  the laser beam through the transverse changes 

in the index of  refraction due to the Kerr effect  i tself .  

The region where the Kerr effect  and the amplif ier 

are competing processes is  probably the most interesting,  

the most complex,  and the one about which the least  can be 

said in general .  A number of  considerations are necessary 

in this  region.  The amplif ier amplif ies  best  at  the center 

of  the spectrum; the Kerr effect  reduces the energy there.  

For a TC-pulse,  this  al lows more eff icient amplif ication in 

the inhomogeneous amplif ier.  The Kerr effect  also widens 

the spectrum; we saw in Chapter III  that the enhancement 

for both classes of  amplif iers depended both on the energy 

and width of  the spectrum. It  is  clear,  though, that i f  
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the input spectrum is  very narrow, the Kerr effect  enhances 

amplif ication; i f  the spectrum is  init ial ly very broad, 

however,  the Kerr effect  can inhibit  amplif ication.  The 

Kerr effect  also produces a chirp; i ts  effect  in the 

homogeneous amplif ier has been shown to be deleterious 

while i t  is  perhaps beneficial  in the inhomogeneous ampli

f ier.  

We stated earlier that this  investigation would be 

cursory in nature.  Our purpose is  to determine in a gross 

sense the characterist ics of  Kerr-host amplif iers.  To the 

end, we include the results  of  numerical  calculations for 

an unchirped input pulse of  FWHM T of 4 psec,  energy 3 of  

1.64 psec ^ (corresponding to an area of  71) incident on 

both a homogeneous and an inhomogeneous amplif ier.  The 

2 2 Kerr constant / p  of 0.1 is  the same as used in the 

calculations shown earlier in this  chapter.  The amplif ier 

small  s ignal gain of  0.03 cm and relevant decay t ime of  

1 psec are the same as used for calculations in Chapter 

III .  These choices al low easy comparison between these 

results  and those both earlier in this  chapter and in 

Chapter III .  

Figures 21 and 22 show the evolution of  the pulse 

envelope,  chirp,  and spectrum as the pulse travels  through 

an homogeneous and inhomogeneous amplif ier respectively.  

The most interesting features are the similarity of  the 

results  for the two amplif iers with each other and with the 
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experimental  results  of  Treacy (19&9) for the intensity 

profi le  of  the output of  a mode-locked Nd:glass laser.  At 

this  t ime,  i t  is  not clear to us i f  this  s imilarity is  

significant or fortuitous.  

There are characterist ic  differences between the 

homogeneous and inhomogeneous results ,  such as remnants of  

afterpulses and the associated frequency sweeps of  the 

inhomogeneous amplif ier and the more pronounced asymmetry 

of  the spectrum toward lower frequency of  the homogeneous 

amplif ier but largely,  the results  are s imilar.  In the 

early stages of  amplif ication,  the pulse is  amplif ied as 

though i t  were only s l ightly chirped.  Also the Kerr effect  

develops as shown earlier in the chapter.  There is  

apparently no interaction in the early stages.  At the 50 cm 

point,  the pulses have developed a fairly substantial  chirp,  

st i l l  largely symmetrical ,  although afterpulses are evident 

from the curve for 0.  The substantial  changes occur in the 

20 cm between 50 and 70 cm of  amplif ication.  The pulse 

envelopes develop a slowly rising leading edge and a very 

sharply fal l ing trail ing edge,  the frequency modulation on 

the pulses rises very sharply at  the trail ing edge,  and the 

spectra are shifted to dist inctly below l ine center.  The 

sharp peak at  the trail ing edge of  the pulse envelope gets 

increasingly sharper with distance,  rapidly taxing the 

numerical  methods used to solve the differential  equations 

on the computer.  
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Comparison of  these results ,  particularly the 

evolution of the pulse width f  and energy 3,  with those 

of  Chap'Eer III  show us what is  happening.  Over the f irst  

20 cm or so,  the results  are essential ly the same as for 

the T(O) = k ,  y = 1  results  of  Chapter III .  Since the 

pulses are relatively unchirped at  this  point,  these are 

the expected results .  The results  start  to diverge from 

the unchirped results  as the Kerr effect  begins to have a 

large impact.  For the homogeneous amplif ier,  the rate of  

energy growth slows over that of  an unchirped pulse,  as 

does the rate of  pulse narrowing.  In the inhomogeneous 

amplif ier,  however,  the enhancement increases for two 

reasons—the pulse spectrum is  wider and the pulse,  

init ial ly a TC-pulse,  i s  now chirped so that both the 

influence of  the area theorem to hold the center of  the 

spectrum fixed is  diminished and the energy at  the center 

of  the spectrum is  reduced.  We see from the evolution of  

the width that the Kerr effect  acts very quickly at  the 

20 cm point to inhibit  the formation of  afterpulses that 

ordinarily would narrow the pulse very quickly.  

We see,  then,  that the majority of  the charac

terist ics of  these examples of  pulse amplif ication in a 

Kerr-host amplif ier can be anticipated simply from a 

knowledge of  Kerr-chirp production on the one hand and 

chirped pulse amplif ication on the other.  Several  charac

terist ics warrant further investigation,  such as the 
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evolution of the sharp peak in the f ield,  and calculations 

for smaller f ields or Kerr constants to lessen the redis

tribution of energy (the Kerr effect  in the calculations 

removed energy from l ine center faster than the amplif ier 

could replace i t);  however,  they wil l  be left  to the future.  

We have shown in this  section that the presence of  

the Kerr effect  in an amplif ier host  can have serious 

consequences for pulse amplif ication.  Pulse shaping,  

spectral  broadening,  and chirp production are some of  i ts  

effects  and, depending upon the type of  broadening present 

in the amplif ier,  they may enhance or detract from an 

amplif ier's  desired performance.  

The motivation for our parametric studies in 

Chapter III  should now be clear.  We have shown in this  

chapter that quadratic normal dispersion produces a chirp 

at  constant spectrum; hence there we considered the 

amplif ier response as a function of  compression factor at  

constant minimum input pulse width.  We have shown in this  

chapter,  however,  that normal dispersion has very l i tt le  

effect  for most pulses in a short amplif ier.  Thus from 

that standpoint,  the amplif ier response is  determined 

largely by the input chirp.  

The Kerr effect  motivated our study of  amplif ier 

response versus chirp at  constant temporal width of  the 

input pulse.  We saw here that the nonlinear nature of  the 

Kerr effect  caused the spectrum of a pulse to broaden 



while introducing a chirp at  constant envelope.  Also,  

because of" i ts  intensity dependent nature,  we saw that i t  

could have a substantial  effect  on pulse amplif ication 

once the intensity of  the pulse became sufficiently large.  
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STEADY-STATE PULSES 

The name "steady-state pulse" is  really a self-

contradiction.  When one is  dealing with pulses that have 

widths on the order of  the relevant decay t ime,  there is  

nothing of  a steady-state nature about their interaction 

with the lasing medium. The response of  the medium is  

entirely a transient one,  very highly dependent upon the 

shape,  width,  and energy of  the pulse.  This is  evident 

from the results  in Chapter III ,  the work of  Hopf and 

Scully (1969),  and the work of  a number of  other authors.  

There is  the possibil i ty,  however,  that the shape of  a 

pulse propagating in an infinitely long lossy amplif ier 

may evolve to some asymptotic form. In the sense that the 

pulse may attain some unchanging shape and posit ion in some 

moving frame of  reference,  i t  may be called a "steady-

state" pulse.  This is  the sense in which the name has been 

used in the past ,  and we wil l  continue to use i t  here.  

The study of  steady-state pulses (SSP's)  has been 

prompted by the advent of  traveling-wave maser amplif iers.  

Wittke and Warter were the f irst  in 1964 to properly 

consider the effects  of  atomic coherence on pulse amplif i

cation and the f irst  to demonstrate numerically that SSP's 

142 
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existed in the homogeneously broadened amplif ier.  About a 

year later,  Arecchi and Bonifacio (1965) treated the same 

problem and were able to obtain analytic solutions.  In 

1968,  Armstrong and Courtens obtained an analytic solution 

to the same problem without using the slowly varying 

envelope approximation (SVEA).  Then, in 1969,  they pub

l ished analytical  results  for SSP's in the homogeneously 

broadened amplif ier with a normally dispersive host ,  also 

obtained without benefit  of  the SVEA. Also,  Hopf (1968) 

has obtained numerical  results  for SSP's in the inhomo-

geneously broadened nondispersive amplif ier.  

The problem of SSP's in normally dispersive host  

amplif iers has not been adequately treated.  The results  

of  Armstrong and Courtens (1969) apply only to homogeneously 

broadened media.  Furthermore,  as we shall  show, their work 

predicts  results  that are physically unreasonable.  Our 

approach has been to use numerical  calculations and the 

s l ice model described in the previous chapter to alternately 

amplify and disperse the pulse.  We consider that we have 

obtained an SSP when the pulse shape approaches some 

asymptotic form in the l imit  of  thin s l ices.  Where 

analytical  results  are available,  such as Arecchi and 

Bonifacio (1965) or Armstrong and Courtens (1969),  or where 

correspondences are possible in certain l imits ,  we have 

attempted to confirm the results  of  our numerical  calcula

tions with the analytical  results .  
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In this  chapter,  we f irst  review the work of  the 

researchers mentioned above using our notation.  We recall  

the characterist ics of  their results  with special  attention 

to those of  importance of  this  work. We then present the 

results  of  our investigation into SSP 's  for both homo

geneously and inhomogeneously broadened normally dispersive 

laser amplif iers.  We wil l  show that,  for the homogeneously 

broadened normally dispersive amplif ier,  we obtain SSP's 

that are physically reasonable,  exist  over a broad range of  

dispersion,  gain,  and loss,  and exist  far below the 

threshold predicted by Armstrong and Courtens (1969).  The 

inhomogeneously broadened dispersive SSP also exists ,  

although i t  is  much more "fragile." It  characterist ically 

is  wider,  has a larger chirp,  and has a much lower in

stabil ity threshold than i ts  homogeneously broadened 

counterpart.  

In the preceding paragraph, we have encountered a 

diff iculty that wil l  appear throughout this  chapter.  We 

f ind that we need a convenient means of  describing a 

steady-state pulse in the various media and under the 

various conditions that we wil l  consider.  The most con

venient way,  and the way that we choose to do i t  here,  is  

to use the adjectives that should properly be applied to 

the medium in which the pulse is  propagating as adjectives 

for the pulse i tself .  Thus we use the term "inhomogeneous 

dispersive SSP" to mean a steady-state pulse that propagates 
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in a medium that has normal quadratic dispersion as well  as 

inhomogeneous broadening.  We often f ind i t  convenient to 

abbreviate these descriptions by using ISSP and HSSP to 

mean SSP's in inhomogeneously and homogeneously broadened 

media respectively.  Since we wil l  not be considering Kerr-

active hosts in this  chapter,  any reference to dispersion 

of  necessity is  restricted to normal host  dispersion and 

in particular,  s ince we use the retarded time frame, refers 

to quadratic dependence of  the index of  refraction on 

frequency or wavelength.  Thus we are somewhat less  careful  

in this  chapter to repeated dist inguish normal dispersion 

from the dispersion due to the Kerr effect .  An example of  

this  is  the term "dispersive SSP," in which we presume the 

quadratic frequency dependence of  the dispersion.  

As with the usual approach to the SSP problem we 

have considered throughout this  chapter that the amplif iers 

are fully pumped before the pulse enters them, that any 

pump is  turned off  before pulse entry,  and that is  

infinite so that the init ial  inversion remains constant.  

The Kerr constant Xj£ a lso taken to be zero.  Investiga

tions considering nonzero wil l  be left  to the future.  

Review of  Results  for Hosts with 
Linear Normal Dispersion 

Formally,  the condition that must be satisf ied for 

the SSP to exist  is  
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5£(T, z)  
dz 

0,  (5.1) 

where T is the time in the time-retarded frame. For a 

constant or only linearly frequency dependent index of 

refraction in the host, the time retardation is computed 

using the group velocity as shown in Eq. (2.55)* When we 

deal with nonlinear dependence, however, the spectrum of 

the pulse may become asymmetric and shift away from line 

center after being amplified as we saw in Chapter III. 

Since the pulse propagation velocity depends upon the 

spectral content of the pulse, we cannot predict the proper 

frame of reference in advance; it must be a result of the 

calculation. In this case we know that there is no fre

quency modulation on the pulse, so that the spectrum is 

symmetric about line center. Thus the pulse will propagate 

at the group velocity and so we proceed directly to apply 

Eq. (5.1) to Eqs . (2.56) or (2.63) to obtain the SSP's for 

the inhomogeneous and homogeneous amplifiers respectively. 

Homogeneously Broadened Media 

For the homogeneous amplifier, it is more con

venient to use Eqs. (2.56) than (2.63) to obtain the SSP. 

We use Eq. (5«l) with (2.65a) to obtain the relationship 

& ( t )  =  f r r  e ( T )  ( 5 . 2 )  
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Note that s ince we have used (5«l) ,  the variables are no 

longer a function of  z;  they are only a function of  the 

r e t a r d e d  t i m e  T .  U s i n g  ( 5 * 2 ) ,  w e  e l i m i n a t e  &  f r o m  ( 2 . 6 5 b )  

and (2.65c) to obtain 

S^(T) = - 6(T) + ~^(T)S(T)  (5.3a) 
dT T2  H 

and 

a"t'T )  = -  £7 J- |e<T>|2  <5.3b) 

These equations have the solutions (Arecchi and Bonifacio 

1965) 

OCT -K a , T2~K  T 
||* £(T)  = sr-(  )sech[ (  )AT-] (5*^a) 
h  t

2  x  H  T 2
j  

and 

oc'T -H a'T -H _ 
^(<r) = -L- (l-(  2  )tanh[(  2  )j-]}  "(5.4b) 

2 K 2 

for the f ield envelope and the population inversion.  The 

Fourier transform of the f ield (5 •  ̂ a)  yields the spectrum 

J -  e ( n )  =  T t s e c h [ | ( a ,T
H_? t)T2n] (5.5) 

of the SSP, which we show along with the f ield in Figure 

23.  Recall ing from (3*11) that 9 = |p£(Q=0)/ft | ,  we see 

that the pulse has an area of  K for al l  conditions,  regard

less of  the tain,  loss,  or value of  T^. This feature has 
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led researchers to refer to the SSP problem as the "71-

pulse" problem. 

We can easily calculate the integrated intensity 8. 

the FWHM f, and the spectral FWHM Q. They are: 

9 a
' T o~H I 

3 = |- ( §—) = 2(—— - i-), (5-6) 
T
2 K K T2 

*= ^n(2+"/3> = ' (5*?) 

and 

0 = 4( K) An(2+V3) = f 3 An( 2+//3") • (5-8) 

(The factor j&n(2+>/3) stems from the use of the half maximum 

points rather than the one neper points in measuring the 

full width. Also note that Jln(2+VT) = - j&n(2-</3) = 1«317«) 

We see that both the field £(T) and its transform 

g(fi) are real functions. They and the derived quantities 

A 
3, T, and Q, are dependent primarily upon the ratio 

(a'T^-h)/h?2' Since this ratio is proportional to the 

pulse energy, and the pulse energy must be positive for 

the pulse to exist, we have the threshold condition that 

a'T2 > H (5-9) 

for an SSP to exist. Recalling Eq. (j.ja) for the defini

tion of the small signal gain g, this is simply the 
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requirement that the small signal gain be greater than the 

loss . 

The ratio (a/K , or more generally, (s~k)/k 

where g is the small signal gain, plays a central role for 

all SSP's; consequently we define 

A = (5*10) 
K 

Since g = n is the threshold condition for amplification, 

we can interpret A as the "fraction above threshold" for 

the amplifier. 

From the second expression for the energy in Eq. 

(5.6), we see that, for a given ratio of CX'/h., the pulse 

energy increases as increases and approaches the value 

2<X i/h asymptotically. Thus, for very long coherence times, 

if OC'/h, is small, the pulses are long and feeble; if oc'/x, 

is large, then the pulses are short and intense. 

The expression (5«6) can also be interpreted in 

another way. The ratio hA*1 is essentially the smallest 

width that an SSP can attain even with an infinite co

herence time in the laser medium. Equations (5«6) and 

(5*9) tell us that for an SSP to exist, the coherence time 

T of the medium must be longer than the minimum pulse 

width; and the shortest, most intense SSP's exist when the 

coherence time is much longer than this minimum width. 

The results for the field were first obtained 

analytically by Arecchi and Bonifacio (19^5)• Comparison 
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of these results with the computer calculations of Wittke 

and Warter (1964) shows substantial agreement for energy 

and pulse shape• However, such comparison also points out 

some pitfalls of numerical calculation. Wittke and Warter 

point out a "velocity anomaly" for SSP's; the analysis 

above clearly shows that the pulses propagate at the group 

velocity. Furthermore, the work of Wittke and Warter shows 

slight deviations in pulse shape and energy from those 

given above and the deviations are dependent upon the 

fraction above threshold for the amplifier. These defi

ciencies are difficult to circumvent. They are influenced 

by a number of factors: on the computer, one is constrained 

to finite (although long) amplifier lengths; one is also 

constrained to a fairly small number of points with which 

to sample the field; increments in time and space must be 

chosen carefully. If they are too short, the calculation 

time is excessive and the results may be incomplete; if too 

long, the calculations will be in error. Also, numerical 

calculations are best suited to pulses with sharp leading 

edges. Pulse shapes such as the hyperbolic secant have 

leading edges that rise very slowly; on the computer, 

either a large number of points must be devoted to properly 

sample that leading edge or one must be satisfied with the 

small errors and the pulse asymmetry that result and are 

evident in the works of Wittke and Warter (1964). 
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The work of Armstrong and Courtens (1968) for the 

dispersionless host extends the analytic investigation into 

the it-pulse problem by relaxing the restrictions imposed by 

the SVEA. They solved the general problem of obtaining the 

SSP that satisfies the complete wave equation (2.25) 

rather than the equation (2.29) that was obtained by using 

the SVEA. With this restriction removed, their results 

apply equally well to very long pulses and very short 

pulses consisting of only a few cycles. The impact of 

their results on this work is to assure us that the SVEA 

approach yields results that are significantly different 

from theirs only in regions where the SVEA clearly does not 

apply. 

Inhomogeneously Broadened Media 

The approach to an analytic solution for an SSP in 

an inhomogeneously broadened amplifier is the same as in 

the preceding section: Eq. (5«l) is used in conjunction 

with (2.56). Unfortunately, the analytic solution to the 

problem has yet to be found. As was the case with Wittke 

and Warter (1964), when no analytic solution is available, 

one turns to numerical calculations. Hopf (1968) has 

thoroughly investigated the problem numerically and we 

review his results here briefly. 

Figure 2k shows a typical SSP and its spectrum for 

the inhomogeneous amplifier. In contrast with the 



153 

£iSl 
h 

(psec ) 
l.O 

a. 

2 4 6 8 

T(psec) 

The Inhomogeneous Steady-State Pulse 

jlULL 
. h 

- 6  

2.0-r 

1.0--

-k  - 2  

If 
b. The Spectrum of the Inhomogeneous Steady-State Pulse 

Figure 2k. The Inhomogeneous Steady-State Pulse and Its 
Spectrum 



154t 

homogeneous SSP, the inhomogeneous SSP shows relatively 

rapid rise and fall times and has the ringing trailing edge 

that is typical of inhomogeneously broadened amplification, 

although it is not as pronounced here is it is in the 

transient response examples of Chapter III. Also, the 

spectrum of the pulse is smooth and regular, without the 

pronounced wings evident in the amplification of It-pulses. 

The values of the parameters used in obtaining the SSP 

shown in Figure 2k are: ot = 0.062^1 cm , x, = 0.0156 cm ^, 

Tg* = 1 psec, and = 00. These yield a value of 

unity for the ratio (g-n)/H and hence this SSP represents 

an average case against which we can make comparisons. 

Figure 25 compares the results obtained by Hopf for 

the inhomogeneous SSP energy 3, width T, and area 9 for 

various values of the fraction above threshold with those 

for the homogeneous SSP. We note the same general character 

of the results for both media, as expected. For large 

values of A, we see that the results tend toward the same 

values; we will explore this correspondence more formally 

in the next section. For small values of A, the results 

deviate radically. The inhomogeneous SSP's are narrower, 

less energetic, and have a smaller area than their 

homogeneous counterparts. The reasons for this performance 

are straightforward. As the fraction above threshold 

decreases, the pulse energy decreases, the pulse gets wider, 

and the spectrum narrows. In the homogeneous case, even 
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though the spectrum is narrow, all of the lasing atoms are 

resonant with the pulse and can interact with it. In the 

inhomogeneous case, however, the atomic resonances are 

distributed throughout the linewidth. As the pulse 

spectrum narrows, it can no longer interact effectively 

with the atoms in the wings of the distribution. Hence, in 

the inhomogeneous case, as the fraction above threshold 

decreases, a nonlinear effect occurs in which not only does 

the relative gain available from each atom decrease, but 

also the number of atoms capable of supplying gain 

decreases. Of course, this is the worst case since is 

infinite and each atom can respond only at a precise fre

quency. Curves for finite (i.e., mixed broadening) 

would lie between the curves shown. 

The reason for the small variation in A lies in the 

character of the numerical SSP calculations. The SSP shape 

for small values of A converges slowly. Also, the time 

increments in the calculation are governed by T^*; since 

the pulse widths are wide for small A, a large number of 

points must be calculated. The result of these two facts 

is long and costly computations. Large values of A also 

require lengthy computations, though for different reasons. 

Here, the large gain requires small spatial increments, 

lengthening the calculation. Even so, the numerical 

methods used are prone to instability. 
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Correspondence of Results in the Unbroadened 
Medium Limit 

The problem with numerical calculations of the sort 

required for the work presented here is that one is never 

really certain that the answers obtained are correct. One 

must use predictor-corrector or more sophisticated methods 

to numerically solve differential equations. The methods 

of numerical quadrature are almost too numerous to mention. 

The point is, however, that each method is erroneous to 

some degree and it is always necessary in complicated 

problems to compute numerical solutions for those cases 

where analytic solutions exist. Comparisons can then be 

made and the deviations can be evaluated. They may be 

within the estimated error for the methods used, or it may 

be found that the methods used were not appropriate for the 

behavior of the solution, or, most frequently, the devia

tions originate from a programming error. Whatever the 

source of error, a comparison with some analytic solution 

is almost always necessary to evaluate other numerical 

results. In the case of laser amplifier theory, analytical 

results are sparce. However, we are able to find a 

correspondence between the results for the homogeneously 

broadened SSP and those for the inhomogeneously broadened 

SSP. We do this in the "unbroadened" medium limit. This 

limit is approached as the fraction above threshold A 

becomes very large, either by the loss becoming small or 
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the gain becoming large. In this limit, the pulse energy-

is very large, its width is very small, and the spectrum is 

very broad. It is this last characteristic that leads to 

the idea of an unbroadened medium. For very small loss, 

the pulse spectrum is very much wider than the atomic line, 

i.e., 

n > b-, jftt (5.11) 
2 2 

or, equivalently, 

T2' T2* * (5-12) 

so that while the pulse is interacting with the resonant 

medium, no significant amount of decay occurs. In that 

situation, the nature of the decay process is irrelevant; 

all media will respond in the same way. 

A number of researchers (Eberly and Matulic 19&9, 

6. L. Lamb, Jr. 1971, among others) have done work on laser 

amplifiers using the unbroadened medium limit, particularly 

since (5.11) or (5*12) result in a number of simplifica

tions that allow analytical results. Occasionally, the 

unbroadened medium is also referred as a "power broadened" 

one. This name originates from the mechanism that allows 

atoms to amplify frequencies well outside their gain band

width. When very large, short pulses interact with a laser 

medium, the interaction is very highly nonlinear. Since 

nonlinear interactions create new frequencies, the medium 
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can respond over a large frequency range, much larger than 

the linewidth. High power pulse thus broaden the frequency 

response of the medium, hence the phrase "power broaden

ing. " 

We see from Eq. (5*6) that in this "unbroadened11 or 

"power broadened" limit, the homogeneous SSP energy becomes 

independent of for small H, i.e., 

3 >.20Li = 2 (5-13) 
homo small H * 2 K 

The discussions above about the irrelevance of the decay 

process in this limit lead us to postulate for the inhomo-

geneously broadened SSP that 

o.  *•  c  s .  =  c  (5-11!) 
inliomo small ^ n 2* 

where C is some constant. Similar reasoning, that is, that 

the two media approach essentially the same physical situa

tion, leads us to the conclusion that, in this limit, the 

energy approaches the same value for both types of broaden

ing. Thus we equate (5«13) and (5»1^) to obtain 

Since the data in Figure 25 confirm this, we may 

use the correspondence between T^ and T^* obtained by 

comparing (5*13) and (5.15), i.e., 
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t 2 ^ ^ T 2 * ,  ( 5 . 1 6 )  

to evaluate numerical results for the inhomogeneously 

broadened amplifier with analytic results for the homo

geneously broadened amplifier. 

In this section, we have reviewed the results for 

steady-state pulses in laser amplifiers. We see that SSP's 

exist in both homogeneously and inhomogeneously broadened 

media. Although the energies of the SSP's are about the 

same in the two media (for a given value of the fraction 

above threshold), the pulse width and area are typically 

smaller for the inhomogeneously broadened medium. Hence 

they have typically higher peak powers. We also saw that 

for low fractions above threshold, a nonlinear effect 

occurred for the inhomogeneously broadened medium that 

reduces the pulse area, energy, and width due to spectral 

narrowing and the consequential interaction with fewer 

resonant atoms. For high fractions above threshold, we 

saw that both media approached a situation where power 

broadening dictated the medium's response, and that a 

correspondence between the two media's decay times could 

be obtained. We have also shown that this correspondence 

is in accord with the numerical results and that we can 

use it to confirm the proper functioning of numerical 

codes. We now proceed to review the results for hosts 

exhibiting normal host dispersion. 
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Review of Results for Hosts with 
Quadratic Normal Dispersion. 

As we pointed out in Chapter XI, the slowly varying 

amplitude approximation (SVEA) and the quadratic frequency 

dependence of normal host dispersion are incompatible. One 

way of explaining this is that quadratic normal dispersion 

is essentially a second order effect while the SVEA retains 

only first order effects. This implies that any analytical 

results including normal dispersion must start with the 

full Maxwell's equation. Although such an approach appears 

impossible, it is the one taken successfully by Armstrong 

and Courtens (1969) in their second paper. Their research 

yields the only analytic result available for laser ampli

fiers with normally dispersive hosts. We review it here in 

our notation so that comparisons with our numerical results 

will be possible. We note again that we are considering 

only frequency dependent dispersion and not the Kerr effect 

in this chapter. 

The solution obtained by Armstrong and Courtens 

satisfies exactly both the second-order wave equation and 

the equations of motion for the density matrix of a two 

level atom. The assumptions that are made are two: (l) 

the resonant atoms are homogeneously broadened, and (2) the 

dispersion in the host is described by a frequency dependent 

susceptibility given by 
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eoX(u)) = n2(w) - 1 = ao - a± (£) + a2 <£) . (5.17) 

This dispersion is incorporated into the wave equation in a 

manner similar to that described in Chapter II. 

For dispersion typical of glass, several approxi

mations are possible that allow an analytical solution of 

their equations. They obtain 

£l e  ( T )i = 
CX«T2-H(I+Y'2) 

H(I+Y' ) 
s ech 

a'Tg-nd+Y' ) 

H(1+Y |2) 

(5.18a) 

and 

0( T) = = xl 
T2 

1 -
0C'T2-H(1+Y 1 ) 

K(1 + Y ,2) 
tanh 

Ot ,T2->1(1+Y ' ) 

k(i+y' 2) U|  ' 
5.18b) 

where 

Y' = Tnbr [ai - 2^2
(1+ao^ 

(5.19) 

is the "dispersion factor" as defined in chirp radar 

theory. We saw in Chapter III" that Y1 is defined as the 

ratio of FM to AM bandwidths of the pulse. Also, for a 

I 2 chirped Gaussian pulse we saw that Y1 = VY ~1? 
so that 

Y' = 0 and Y = 1 both signify unchirped pulses. Since 

Eqs. (5.18) were obtained for |Y'| ^ 1, it is virtually 

unnecessary to make a distinction between y and y'. Even 



163 

though a relationship that is true for Gaussian pulses will 

not necessarily hold for other pulse shapes, it is probably 

reasonable to assume that for large y, the relationship 

between y and y1 is essentially linear. 

Since y1 is a function of the expansion coefficients 

for x we may also relate it to those for the 

index of refraction. Armstrong and Courtens obtain 

1 + a = (n +nn)2 + 2n nn, (5«20a) 
O O ± o <2 

a.. = 2n,(n +n, ) + 4n n„. (5«20b) 
1 1 o 1 o 

and 

a„ = n 2 + 2n n„. (5«20c) 
a X O Ct 

This results in a relatively involved expression for y1. 

Using typical values of n , n.. , and n0 for glass at 1 Jim 
OX 

4 
to compute the value of y1, we find that y1 ~ -2x10 d, 

where d is an absorption length in cm. Since absorption 

lengths can range from on the order of a meter to hundreds 

of meters, |y'| is very large. This provides the basis for 

the approximation | y * | ̂ *1 used to obtain the result (5»l8) 

for the SSP. 

The form of the field envelope, a hyperbolic 

secant, is the same as the result for the nondispersive 

homogeneous SSP problem using the SVEA, a remarkable 

coincidence. One is tempted to take the results for that 
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2 
problem and use the correspondence x, -• K(1 + Y' ) to obtain 

the energy and pulse width for this pulse; however, that 

approach is incorrect as the correspondence is not com

plete. The integrated intensity 8 and the width T of the 

pulse are 

S = [a«T2-H(l+Y'2)] (5-21) 

2 

and 

T = 2T 4n(2+-/3) *(l+Y' ) = ^ 1+Y ' ̂ n^2+-v/3) (5.22) 
2 a'Tg-n(1+Y' ) 

The positive energy condition that we used earlier 

can be applied here to obtain a threshold condition that 

requires 

g = oc't2 > K(i+Y'2); (5.23) 

however, Armstrong and Courtens obtain the more restrictive 

result that (remembering that Y' < 0) 

a'T2 (1 + v¥~ )  >  *<1+Y'2) (5-24) 
2 

For the conditions |Y'| ̂  1 and OC'/VH <_ 1 that were used to 

obtain the SSP, the difference between (5.23) and (5*24) 

are negligible. Clearly, both equations imply that 

enormous small signal gains are necessary for an SSP to 

develop. Imposing the conditions |Y' I ^ 1 and OC'/VH. 1 
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in (5*24), we see that it reduces to essentially the 

requirement that 

VT2 > Y'2 (5.25) 

which means that the coherence time in the medium must be 

extremely large compared to an optical period. For 1 

micron radiation and |Y'| ~ 10^ f°r absorptive glass, 

must be greater than 10 microseconds; for highly trans-

g 
parent glass, |Y'| > 10 , so that a of greater than 10 

seconds is required. These are hopeless circumstances to 

achieve physically. 

Another interesting feature of the SSP is that its 

spectrum is centered at v+y'/T^, To obtain this, we first 

simplify the expressions for the SSP by using the "fraction 

above threshold" for this pulse 

OCT _ k(1 + Y'2) 
A 1 = 5 (5-26) 

H (1 + Y > 

in Eq. (5»l8). We obtain 

_  V1  + Y 1  2  

and 

^-|E ( T) I = * * + Y A •sech( A ' ̂—) (5.27a) 
2 2 

0(T) = ^—[ 1-A'tanh(A' ~~) ] . (5.27b) 
2 2 
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We can integrate (5•27b) and then use the amplitude and 

phase form of the complex pulse envelope in Eq. (2.2) to 

obtain 

^C(T) = ^1 + Y '2 rg— sech(|——) expil"^—— - y ' A*1 cosh(|--)1 . 
2 2 12 2 I 

(5.28) 

However, this can be written as 

^G(T) = y 1 + Y ,2 |sech(^—-)J exp (i -) , ( 5 . 2 9 )  

which has been shown (Erdelyi 195^) to have the Fourier 

transform 

& £(n)  = -
h 

r|i , ±r.. , \= xi)]) 
r(l + iY ' ) |2 2[Y A,( T2

} j 

• r(l+ l[v - ' (5-30) 

where T(x) is the Gamma function. The transform has a 

modulus given by 

11/2 

2 
n^l + Y1 isinhKY' ( / r- 01 ̂  

=rpp —— ) , OO-w 

y'jsinh2 + cosh2[^4(n - )J j 
-7tT 

- i a  

which we see is symmetric about the frequency Q = y'/T 

Since 6(T) is the envelope of the pulse, our result is 

relative to line center V. Thus we have shown that, since 

y' is large and negative, that the spectrum of the 

6 8 
Armstrong-Courtens SSP is centered some 10 to 10 
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linewidths (l/T^ is approximately the resonant linewidth) 

below line center. In addition, the width of the spectrum 

of the SSP is on the order of A'/Tg, so that the spectrum 

is highly nonresonant with the lasing atoms unless the 

fraction above threshold is on the order of |y'|i which 

would require tremendous small signal gain. One might be 

tempted to claim that since the spectrum is so nonresonant, 

the expansion of (5*17) is invalid. For realistic 

linewidths, one would be dealing with frequencies so far 

removed from the point about which the expansion was made 

that higher order terms would have to be included to make 

it valid. We note, however, that the conditions imposed 

above on mean that the laser linewidth is unrealistically 

narrow so that the expansion is probably valid. 

The spectrum of the SSP has its maximum value at 

fl = y'/Tg, which is 

jj-|£(n=Y'/T2) | = [p-(l + Y,2)tanhKY']l/2. (5-32) 

For large y 1 , this is approximately VY ,Tt, so that the 

spectral content at this frequency is extremely large. 

The final point to be made here concerns the 

application of the correspondence (5«19) between T^ and T^* 

in the unbroadened medium limit to the Armstrong-Courtens 

result. The requirement imposed to obtain that correspond

ence was that the energy 3 become independent of the 
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broadening mechanism for the laser line. This resulted 

there in the condition that OC/K ^ l/T^; here it is much 

more severe, i.e., that CX'/H > Y' /Tg. When we impose this 

condition, we are demanding that the physical situation be 

one in which the dispersion of the laser host really does 

not matter. The energy no longer depends on any quantity 

related to dispersion. Thus even though a correspondence 

does exist, it exists in a limit that ignores dispersion 

and that we already know to be valid. 

The analytical results of Armstrong and Courtens 

are disappointing in a way. While they are obviously the 

result of insight and apparently flawless execution, they 

predict results that are so wholly unphysical. Further

more, their results demand situations that are impossible 

to confirm with present numerical techniques since for any 

reasonable value of host dispersion, the gain required is 

so high that numerical calculations would be unstable. 

As we mentioned earlier and will show in the next 

section, we have obtained SSP's both in homogeneously and 

inhomogeneously broadened amplifiers with normal host 

dispersion at conditions far below the Armstrong and 

Courtens threshold. While this does not deny the mathe

matical validity of their theory, it does make their 

results highly suspect from a physical standpoint. Ours 

appear much more physically reasonable. 
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Steady-State Pulses in the Presence of 
Quadratic Normal Dispersion 

In this section, we present the results we have 

obtained for SSP's in normally dispersive host amplifiers. 

As we mentioned earlier, we have used the slice model 

described in Chapter IV to obtain them. The amplifier 

slices are described by the equations of motion developed 

in Chapter II. We have used essentially the same amplifier 

parameters here as we used in Chapter III for the initial 

calculations. These were a small signal gain of 0.03 cm 

and a relevant decay time of 1 psec. Of course, one must 

have non-zero loss to obtain a SSP; we have chosen k = 

0.015 cm for the initial calculations. This results in 

a fraction above threshold A=1 and allows reasonably rapid 

convergence to a SSP on the computer. These parameters 

were varied somewhat for the homogeneous steady-state 

pulse (HSSP) calculations in an attempt to find invariant 

quantities that could be used to generalize the results. 

Such variations required a large number of HSSP's to be 

obtained. They were not attempted with the inhomogeneous 

SSP (ISSP) calculations because of the inordinate amount of 

computation time required. 

The disperser slices were treated using the 

classical approach to normal dispersion developed in 

Chapter IV. The coefficient n^ that denotes the curvature 

of the wavelength dependence of the index of refraction was 
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varied from zero (to check the correspondence of results in 

the linear host dispersion limit) to as high as unity, an 

exceptionally large value, but one that was necessary to 

obtain significantly chirped SSP's in some cases. 

We have investigated the variability of our results 

versus the individual slice lengths. As we implied earlier, 

the primary criterion is that the change in the pulse in 

each slice be "small." In the transient situation, changes 

occur very quickly; thus to be appropriate for these cases, 

the slice length must be quite small compared to charac

teristic lengths like the inverse of g-K• In SSP calcula

tions, that condition is relaxed somewhat since the changes 

occur relatively slowly. We found that, for the parameters 

mentioned above, this characteristic length is about seven 

meters. Our results for slice lengths of less than about 

10 cm varied only slightly after an amplifier slice com

pared with after a disperser slice. Of course, the 

variability increases with n^; however, the variation was 

within the several per cent that we considered to be the 

capability of our numerical methods. 

We experimented with longer slice lengths and found 

them useful in that they caused rapid convergence to an 

approximate solution. We were then able to use that 

approximate solution with short slices to refine it. The 

parameters that are most sensitive to slice length are the 

pulse width and peak pulse power. The pulse energy remains 
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very nearly constant since the disperser slices have no 

loss. For long slices, the pulse width oscillates from 

large values after the disperser slice to small values 

after the amplifier slice. Since the energy remains 

essentially constant the results are just the opposite for 

the peak power. As the slice lengths are decreased, this 

variability decreases, and the values of the pulse 

parameters converge to essentially the average value of 

the parameters for long slice lengths. This convergence 

to an average value and the implied stability of the 

computational methods gives one the flexibility to balance 

the amount of computation required to obtain results 

against the degree of accuracy desired in those results. 

We note again that we are dealing here with only a frequency 

dependent index of refraction and not other forms of dis

persion. 

Homogeneously Broadened Media 

The homogeneous dispersive steady-state pulses 

(i.e., steady-state pulses in homogeneously broadened 

amplifiers with quadratic normal dispersion) that we 

obtain using the slice model are typically smooth and 

symmetric, relatively weakly chirped, and have spectra 

whose centers are somewhat downshifted. A typical result is 

shown in Figure 26. As we mentioned earlier, the amplifier 

slices were treated using Eq. (2.63) with a small signal 
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gain g of 0.03 cm , a loss H of 0.015 cm , and a decay 

time T of 1 psec. The disperser slices were treated using 

Eq. (At. 1 At) and a value of ng of 0.1. We see that the pulse 

envelope has relatively slow rise and decay times and is 

slightly skewed. The skewness is probably not significant; 

it is likely to be related to the difference noted earlier 

between the numerical calculations of Wittke and Warter 

(1964) and the analytical results of Arecchi and Bonifacio 

(1965)* The pulse is slightly chirped, predominantly on 

the leading edge; the trailing edge is notably nearly 

resonant. The spectrum is also smooth and reasonably 

symmetric, although it is shifted somewhat below line 

center. The spectral content indicates that the pulse 

could be compressed slightly, perhaps to on the order of 

ninety per cent of its current width. 

The interesting fact is not any of the particular 

pulse charzcteristics, for they all appear quite reasonable; 

rather, in light of the work of Armstrong and Courtens 

(1969), the interesting fact is that the SSP exists at all. 

The discussion of their results in the previous section and 

the values of the parameters used here predict that we are 

many order of magnitude below threshold. Differences of 

this sort between two apparently reasonable approaches to 

a problem in physics are so rare that one expects very 

strongly that something is grossly wrong. Careful examina

tion has, however, not yet revealed this to be the case. 



17^ 

The work of Armstrong and Courtens is rigorous, careful, 

and methodical. Assumptions, where used, appear well 

justified and reasonable. Their results appear unassail

able. If something is wrong in that work, it is indeed 

subtle. Our use of the slice model is certainly not 

rigorously justifiable. However, it has an intuitive 

appeal that leads one to believe that it would certainly 

not lead to results that are so completely irreconcilable. 

To date, there have been several explanations proposed; 

some have been discarded; others are difficult, if not 

impossible, to evaluate. One possible explanation is in 

the difference in dispersion models used by us in Chapter 

IV and by Armstrong-Courtens. However, we discarded that 

explanation after we found that the same SSP occurred when 

the term in (4.l4) that dephases the spectral components of 

the pulse envelope was modified to properly reflect the 

Armstrong and Courtens dispersion model. 

Another possibility that was investigated was one 

where the evolution of the HSSP had reached either an 

inflection point, an unstable solution, or perhaps a 

solution that was stable only within certain limits of 

perturbation. We rule out the first two possibilities 

since the slice model inherently perturbs the SSP by small 

amounts and requires that the SSP remain constant in spite 

of these perturbations. The third possibility was investi

gated by dispersing the SSP in Figure 26 in degrees 



corresponding to short, medium, and long lengths of glass. 

These pulses were then reintroduced to the slice model as 

input pulses. In every case, the result was the same as 

shown. Having approached the solution from both sides, 

that is, by using input pulses with both greater and less 

chirp than the SSP, we have concluded that we have a stable 

solution for the SSP in a homogeneous (normally) dispersive 

amplifier. 

Other possible explanations for the difference are 

difficult to analyze. There is the possibility that the 

Armstrong-Courtens solution is an unstable solution. We 

mentioned earlier the unknown effects of discarding the 

higher order derivatives in the slowly varying envelope 

approximation that we used to obtain the amplifier equa

tions of motion. Also, the question of the evolution of 

the Armstrong-Courtens solution in the slice model has not 

been answered due to limitations both with computers and 

numerical methods. In short, we have no adequate explana

tion for the glaring discrepancy between the results of 

two apparently reasonable approaches to the problem of a 

steady-state pulse in a homogeneous dispersive amplifier. 

We feel, however, that the pulses we obtain are much more 

physically reasonable than those of Armstrong and Courtens. 

We have studied the functional dependence of our 

SSP upon the amplifier parameters of gain g, loss H, and 

decay time T^ and upon the curvature n^ of the dispersion. 
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In Figure 27, we show quantities related to the SSP energy, 

width, spectral width, and time-bandwidth product versus ng 

at constant loss. The quantities shown in the graphs are 

not the actual pulse characteristics, but rather are 

related to them by some function of the ratio A/T^. The 

reasons for this will become clear later; for simplicity 

now, however, we shall consider that A and T^ are both 

unity and concentrate on the curves for which A = 1. Thus 

the parameters being plotted are the familiar pulse energy, 

width, spectral width, and time-bandwidth product that we 

used in Chapter III. We see that as increases, the 

pulse energy and spectral width decrease and the pulse 

width and time-bandwidth product increase; as n^ tends 

toward zero, we obtain the values of these quantities that 

are predicted by Arecchi and Bonifacio (1965)* The increase 

in width and time-bandwidth product are expected from our 

discussion of normal dispersion. From the results of 

Chapter III, we also expect the decrease in energy, since 

chirped pulses are amplified less well in the homogeneous 

amplifier. The reason for the decrease in spectral width 

is less obvious; here one has to balance the decrease in 

spectral width due to a wider envelope against the increase 

in spectr'al width due to the addition of the chirp. 

Apparently the homogeneous amplifier does not allow 

sufficient chirp to develop to completely balance the loss 

due to pulse widening. 
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We now consider the scaling constant A/T^ and the 

choices for the quantities to be plotted in Figure 27 and 

later in Figure 28. We can write the equations (5*6), 

(5*7), and (5«8) for the energy, pulse width, and spectral 

width of the HSSP in a nondispersive host amplifier in the 

following ways: 

To 
3 - ^ = 2 ,  ( 5 . 3 3 )  

T ~ = 2£n(2+V3) = 2.63, (5.3^) 
2 

and 

T 
Q ̂  JLn( 2+-/3) = 1.68. (5.35) 

Thus these quantities have constant value regardless of the 

amplifier parameters. Of course, we see from this that the 

A A 

product tQ or (tA/T^)(QT^/A) also has a constant value of 

4.12. The point of this discussion is that the quantities 

3Tg/A, tA/T^, fiT^/A, and tQ have constant values for zero 

dispersion. The questions that now arise concern whether 

they also have constant values for a given curvature in the 

dispersion or whether they provide a clue to the quantities 

that are constant for a given curvature. The aim, then, is 

to determine the proper set of dimensionless variables with 

which to characterize the HSSP in normally dispersive host 

amplifiers. Admittedly, this is difficult to do without 

knowing the analytic form of the solution. However, we 
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have determined a number of characteristics of that solu

tion and of the dimensionless variables. We also note that 

a number of these characteristics are shared by the 

Armstrong-Courtens solution. 

Before we proceed to the results, we must consider 

the proper variable to describe quadratic normal disper

sion. The quantity n^ is not sufficient; short pulses are 

dispersed much more readily than longer ones. Also, since 

we are considering SSP's, the length of the disperser must 

not be a factor. We take our clue from the quantity 

A 2 DL/Tm that figured prominently in our discussion of the 

effect of normal dispersion on Gaussian pulses in Chapter 

XV. Ignoring the length because we are dealing with SSP's, 

the salient portion of that quantity is the product of 

and the square of the spectral width of the compressed 

pulse. The spectral width of an unchirped HSSP is pro

portional to A/T2; consequently, we choose the quantity 

n^ (A/Tg) as our measure of the dispersive power of the 

amplifier. 

With the reasoning behind the choice of quantities 

made clear, we can note the characteristics of the HSSP's. 

The first thing to note in Figure 27 is that results are 

dependent on A but are independent of T^. This is impor

tant, since in correctly determining the T^ dependence of 

the SSP characteristics, we have eliminated one parameter 

from those that need to be considered. This independence 
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of Tg was confirmed by varying over two orders of magni

tude from 0.1 psec to 10 psec and adjusting n2 appro-

priately to maintain the quantity ^(A/T^) constant. 

Next we note the general character of the solutions 

for various values of A. It appears that the closer the 

amplifier is to the threshold, the less able it is to 

counteract the effects of dispersion. At first thought, 

that statement is obvious; however, the quantities that are 

plotted have been compensated for the degree above 

threshold. The implication here is that this compensation 

is insufficient for the dispersive HSSP and the dependence 

on A is more complicated. One candidate for a measure of 

the SSP energy that looks promising is the quantity BT^/A . 

It appears that this quantity would be independent of A 

when plotted versus n^CA/T^) ; however, confirmation of 

this and other dimensionless measures awaits further 

investigation. One anomaly in these results also warrants 

further investigation. The time-bandwidth product does 

not follow the general rule of indicating a less dispersed 

pulse for increasing A at a given level of dispersion. 

The reasons for such behavior are not presently clear. 

We mentioned earlier that the results in Figure 27 

were obtained at constant loss. Thus A = (g-K)/«. was 

varied by changing the small signal gain g. Since there is 

no reason to presume that the SSP characteristics depend 

only upon A and not upon the individual values of g and , 
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we obtained a number of results for the SSP where A was 

held constant at unity and g and h were changed over 

roughly an order of magnitude. The pulse energy, width, 

spectral width, and time-bandwidth product for these 

results are shown in Figure 28. Their implication is 

clear: The character of the dispersive HSSP depends upon 

the individual values of g and k, not simply upon their 

ratio. Further, these results seem to indicate that the 

higher the absolute gain, the better able the homogeneous 

amplifier is to overcome the effects of dispersion, 

regardless of the fact that the ratio of gain to loss is 

held constant. There is the possibility that the results 

depend simply upon the difference g-K, but this will be 

left to future investigations. 

Also left to future investigation is the question 

of the threshold for the SSP in an amplifier with normal 

dispersion. This question arises when one considers what 

would happen to the HSSP if n were increased indefinitely. 

The SSP might, for example, continue to widen indefinitely 

and become increasingly less energetic. Another possi

bility is that, at some point, there is a transition to 

an unstable regime as we will see in the inhomogeneous 

dispersive SSP. 

In this section, we have established the existence 

of SSP's in a homogeneous normally dispersive amplifier 

using the slice model. We have noted that these SSP's 
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exist for conditions that are orders of magnitude below the 

analytically obtained threshold of Armstrong and Courtens 

(1969)* We have also determined the SSP characteristics 

as a function of the amplifier's gain, loss, decay time, 

and curvature in the dispersion. We found that we could 

eliminate the decay time dependence by choosing the appro

priate parameters to measure the SSP characteristics. As 

for the other variables, we generally found that as the 

dispersion is increased or the absolute gain (g-H.) is 

decreased, the SSP energy is decreased while the pulse 

width and degree of chirp is increased. 

We should also note that a number of these charac

teristics compare favorably with those of the Armstrong-

Court ens dispersive HSSP. When compensated for the 

computer-induced skew, the dispersive HSSP that we obtain 

is quite similar to a hyperbolic secant function; also, 

the instantaneous frequency is much like a hyperbolic 

tangent. The pulse's spectrum is shifted below line center 

by a fraction of the linewidth that is reasonably comparable 

to the dispersion factor as used by Armstrong-Courtens. 

The dependence of pulse energy, width, and spectral width 

on T is also as predicted by Armstrong-Courtens. 

Finally, the dependence upon the individual values of g 

and h is consistent with the results of Armstrong and 

Courtens. The only feature completely inconsistent with 
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their theory is the existence of our steady-state pulses 

far below their predicted threshold. 

Inhomogeneously Broadened Media 

As we expect from the results of Chapter III, we 

find significantly different results for the SSP in an 

inhomogeneously broadened normally dispersive amplifier 

from those for the homogeneously broadened case. We have 

again used the slice model to obtain the SSP, except that 

now Eq. (2.56) is used to describe the amplifier slices 

since the resonant atoms are inhomogeneously broadened. In 

Figure 29, we show the ISSP that we obtained for conditions 

similar to those for the homogeneous case shown in Figure 

26, that is, a gain g of 0.03 cm , loss h of 0.015 cm , 

decay time T^* of 1 psec, and a dispersion of 0.1. As 

before, this corresponds to a fraction above threshold A 

of unity. 

We see here many of the characteristics of chirped 

pulse amplification in inhomogeneous media that we saw in 

Chapter III. The modulations in the pulse envelope and 

instantaneous frequency, the relative rapid rise and slow 

decay times, the spectral asymmetry, and the small shift 

in the spectrum are all typical. The instantaneous fre

quency is roughly antisymmetric about the point at which 

the peak of the envelope occurs. As this implies, the 

frequencies of the leading and trailing are roughly equally 
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displaced from line center. This is again distinctive of 

inhomogeneous broadening. Also, the time-bandwidth product 

of this pulse indicates that the pulse could be compressed 

to about half its current width if it were dechirped. 

As in the homogeneous case, we proceeded to deter

mine the ISSP characteristics more generally. We have only 

determined them as a function of the curvature in the 

dispersion, however. We did not continue the investigation 

to study the results variation of the gain, loss, and decay 

time because of the inordinate amount of computation neces

sary to obtain the ISSP's for such a characterization. We 

show the results for the SSP pulse energy, width, spectral 

width, and time-bandwidth product as a function of n^ in 

Figure 30. Note that we do not attempt to talk in terms of 

any generalized quantities. We know from the nondispersive 

ISSP that we cannot. Our purpose here is then, not a 

characterization of the ISSP, but rather an indication of 

the phenomena to be expected for dispersive ISSP's and, 

later, a comparison of their characteristics with those of 

the HSSP. 

The most striking feature in Figure 30 is the 

region of instability. For low dispersion, we see that the 

results asymptotically approach the nondispersive values as 

expected. However, for high dispersion, the width and 

time-bandwidth product are highly variable while the energy 

remains almost constant (!) and the spectral width decreases 
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slightly. We cannot call the pulses in this region steady-

state pulses since the pulse envelope constantly changes as 

it propagates; however, they do have the characteristic of 

reasonably constant energy and spectral content. We find 

that the pulse typically goes through a cyclic but irregu

lar evolution in the highly dispersive amplifier. Starting 

at a time in the cycle when the pulse width is smallest, we 

find that the pulse begins to widen and become more chirped 

until the leading edge rises relatively slowly. An 

instability then develops in which the front portion of the 

leading edge is rapidly amplified while the trailing 

portion begins to form a separate pulse. The leading edge 

continues to be amplified and compressed; the pulse breaks 

into two distinct pulses; and then the trailing pulse is 

rapidly attenuated until its peak becomes five to ten per 

cent of that of the main pulse. Since this pulse breaks 

off the rear edge, its instantaneous frequency is well 

above line center. This process continues with the result 

that there is a main pulse that sequentially expands, 

breaks apart, grows, and compresses, followed by a very 

long train of small, closely spaced pulses of variable 

shape that have an instantaneous frequency well above line 

center. There appears to be no evolution to an asymptotic 

form in the limit of very thin slices. In fact, the pulse 

characteristics are essentially insensitive to slice 
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lengths that are sufficiently short to obtain the SSP for 

smaller values of n^. 

The question of the SSP stability for small dis

persion (no<0.l) was also addressed much as for the homo-

geneous case. The SSP was dispersed by the equivalent of 

short, medium, and long glass rods and then reintroduced 

into the slice model. In both cases, the SSP was obtained 

again. For the SSP that was only slightly dispersed, the 

evolution back to the SSP was a straightforward contrac

tion, while the highly dispersed case broke apart as in the 

unstable case (and as for long chirped pulses in Chapter 

III). The leading portion of that pulse then evolved to 

the original SSP. 

The characteristics of the inhomogeneous dispersive 

steady-state pulse are consistent with the picture of the 

inhomogeneous amplifier that we developed in Chapter III. 

The relatively constant energy and spectrum that are 

evident in the pulse characteristics in the high index 

curvature region confirm that spectral considerations 

dominate and that the temporal nature of the pulse is 

relatively inconsequential. 

A comparison of the homogeneous and inhomogeneous 

dispersive SSP's shows that typically the homogeneous case 

is less highly chirped but more resonant than the inhomo

geneous case. Pulse widths tend to be about the same 

within the stable regime, while the inhomogeneous SSP 
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energy is slightly higher than the homogeneous SSP. We 

also see that the threshold for SSP 's to exist in the 

inhomogeneous dispersive amplifier requires much lower 

values of index curvature for a given gain and loss condi

tion than the homogeneous case. Although we did not find 

the homogeneous threshold, we did achieve SSP's for condi

tions where none could be found in the inhomogeneous case. 

Summary 

In this chapter, we have reviewed previous 

theoretical work on the characteristics of steady-state 

pulses in normally dispersive and non-dispersive ampli

fiers and discussed our results for steady-state pulses in 

both homogeneously and inhomogeneously broadened dispersive 

host amplifiers. We saw that the hyperbolic secant pulse 

shape first derived by Arecchi and Bonifacio (1965) for the 

nondispersive homogeneous steady-state pulse appeared again 

in the solution for the dispersive homogeneous steady-state 

pulse obtained by Armstrong and Courtens (1969). Although 

our solution for the homogeneous dispersive steady-state 

pulse appears for conditions that are many orders of 

magnitude below the threshold predicted by Armstrong and 

Courtens, it too appears very similar to a hyperbolic 

secant. Our disagreement with the Armstrong-Courtens 

solution is substantial. According to their threshold 

condition we should only obtain steady-state pulses for 
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small signal gains that are ten or more orders of magnitude 

higher than the ones we used. On the other hand, we 

qualitative3.y agree on a number of points. The pulse 

shapes and chirp shapes are similar. The dependence upon 

Tg is the same. Our steady-state pulse characteristics 

depend upon the individual values of the small signal gain 

and loss, as theirs do. Although we consider our pulses 

more physically reasonable, we have no current explanation 

for the discrepancy. 

We have also obtained steady-state pulses for 

inhomogeneously broadened dispersive amplifiers; however, 

they lack the "cohesive" character of those for the homo

geneously broadened medium. They tend to be somewhat 

chirped, have long trailing edges, and become unstable for 

highly dispersive hosts. In contrast, the homogeneous 

steady-state pulses are less chirped and stable pulses 

exist for very high index curvature. All steady-state 

pulses, however, follow the general rule of becoming less 

energetic, wider, and more highly chirped as the curvature 

of the dispersion increases. 



CHAPTER VI 

CONCLUSION 

In this dissertation, we have addressed a number of 

problems associated with chirped pulses in laser amplifiers. 

These problems were addressed not only because they lead to 

a better understanding of laser amplifiers and, indirectly, 

laser oscillators, but also because they bear on the more 

basic physical problem of the interaction of radiation and 

matter. In fact, most of our discussions have been slanted 

toward understanding the basic properties of the interac

tion insofar as it applies to chirped pulses rather than 

attempting to apply the results to practical amplifiers. 

In order to study these problems, we have reviewed 

and codified a number of theoretical treatments, bringing 

together the Kerr effect and amplifier theory and empha

sizing the fact that the homogeneously broadened amplifier 

is a relatively simple special case of the generalized 

mixed-broadening amplifier. We found that we could not 

develop a rigorous theory that included the nonlinearities 

associated with resonant atom-field interactions, the Kerr 

effect, and the quadratic frequence dependence of the index 

of refraction. Instead, we developed and used an intui

tively appealing slice model of the normally dispersive 
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host amplifier. Although it is impossible to rigorously 

justify the results obtained through its use, they appear 

quite reasonable and provide at least some results that can 

be used until a more rigorous theory can be developed. 

The picture that emerges from the study of chirped 

pulse amplification is somewhat the opposite of that 

obtained for unchirped pulses. The rapid reversible 

dephasing of the individual atomic dipoles in the inhomo— 

geneous amplifier causes it to produce pulses with rapid 

rise times and very fast decay times. The inhomogeneous 

amplifier in the unchirped case can produce very short, 

very intense pulses, much more so than an homogeneous ampli

fier with an equivalent decay time. This leads one to the 

impression that the inhomogeneous amplifier does a much 

better job of .oinpressing or maintaining the cohesiveness 

of the pulse. The picture is the opposite for chirped 

pulse amplification. Here, the homogeneous amplifier 

emerges as the one that unchirps pulses and keeps them 

intact. It amplifies unchirped pulses best and supports 

short, relatively unchirped steady-state pulses when the 

amplifier host is normally dispersive. The inhomogeneous 

amplifier emerges as a spectrum amplifier for highly 

chirped pulses. We find that amplification is relatively 

independent of the temporal packaging of the input energy. 

We found both expected and unexpected exception to this. 

The expected exception was for pulses that are unchirped or 
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nearly so and involved area theorem and photon echo con

siderations that are well known. We saw that their primary-

effect in this transition region was to reduce the energy 

enhancement of the pulse for situations where analogues to 

self-induced transparency would be expected. However, 

these effects disappeared with increased chirp. 

The unexpected exception to the spectrum amplifier 

picture is that photon echo must still be considered for 

chirped pulse amplification. We saw that while the area 

theorem broke down for chirped pulses, the underlying 

principle of photon echo remained. Photon echoes occur 

throughout the chirped output pulse, but they occur at 

different frequencies and add to the pulse in a complicated 

way. The result is pulses that are elongated and more 

highly chirped. 

We found in studying chirped pulse production that 

normal dispersion has very little effect in the short 

amplifier except for pulses with subpicosecond structure. 

The dominant chirping mechanism in short amplifiers is the 

Kerr effect, Avhich can produce very large chirps very 

quickly once the pulse intensity is sufficiently large. 

In the oscillator, we find that normal dispersion will 

have a cumulative effect during the formation and subse

quent growth of the pulse. The Kerr effect will be 

important during the latter stages when the pulse is most 
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intense. It can also figure very strongly when pulses are 

amplified after being extracted from the oscillator. 

Finally, we have reviewed a number of works con

cerning steady-state pulses in laser amplifiers, putting 

them in our notation for ease of comparison. We then used 

the slice model of the dispersive amplifier to demonstrate 

the existence of steady-state pulses in both homogeneous 

and inhomogeneous normally dispersive amplifiers. We were 

able to determine some aspects of the dependence of the 

steady-state pulse characteristics on the amplifier for the 

homogeneously broadened case. A number of the dependences 

agreed qualitatively with the previously published theory 

of Armstrong and Courtens (1969) that we reviewed; however, 

all our steady-state pulses existed for situations that 

were many orders of magnitude below the threshold predicted 

by their theory. The differences in the results currently 

have no explanation. We find that we can neither confirm 

nor deny their results. However, our results are much more 

reasonable physically and make theirs highly suspect. 

In conclusion, this dissertation explores several 

current problem areas in the field of ultrashort pulse 

production and amplification. It also lays the groundwork 

for many future investigations, some difficult, some 

straightforward. A few of these are a rigorous dispersive 

amplifier theory, steady-state pulses in a Kerr-host 

amplifier, determination of the scaling of the steady-state 



pulse characterictics for both the homogeneous and inhomo-

geneous normally dispersive amplifier, and chirped pulse 

production in laser oscillators. 



LIST OF SYMBOLS 

Amplitude coefficient 

Speed of light in a vacuum 

Complex conjugate 

Electric displacement 

Dispersion constant 

Complex electric field 

Electric field 

Local electric field in a medium 

Fourier components of the electric field 

Slowly varying envelope of the complex 
electric field 

Fourier components of the complex electric 
field envelope 

Full width measured at half maximum points 

Pump function for amplifier (0 = pump off, 
1 = pump on) 

Small signal gain for a laser amplifier 

Planck's constant divided by 27t 

Wave vector as a function of frequency oj 

Wave vector at the electric field frequency 
(k(v)) 

Number of resonant atoms per unit volume 

Number of atoms of species i per unit 
volume 

Normalized population inversion for a 
homogeneously broadened medium 
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Index of refraction 

Index of refraction at line center (n(\ )) o 

Slope of the index of refraction at line 
center 

Curvature of the index of refraction at 
line center 

Total polarization 

Polarization due to dielectric atoms 

Polarization due to Kerr effect 

Polarization due to resonant atoms 

Quantity similar to the polarization 
envelope for a homogeneous broadened 
medium 

Slowly varying envelope of the Kerr 
effect polarization 

Slowly varying envelope of the resonant 
atom polarization 

Dipole matrix element with local field 
correction (p'(n^+2)/3) 

Dipole matrix element of the resonant atom 

Microscopic polarization; polarization of 
a single atom 

Transverse time for the generalized 
susceptibility x^,t,z) 

Lifetime of each level of the resonant two 
level atom 
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Decay time of radiation emitted by a 
collection of homogeneously broadened atoms 
initially radiating in phase 

Decay time of radiation emitted by a 
collection of inhomogeneously broadened 
atoms initially radiating in phase 

Integrated intensity of pulse; proportional 
to pulse energy 

Integrated intensity of a pulse as pre
dicted by a rate equation analysis 

Initial time 

Dipole interaction potential (-p ,E1^(t,z)) 

Group velocity (dk(cu)/do>) 

Inhoinogeneous amplifier gain constant 

Homogeneous amplifier gain constant 

Polarizability of atomic species i 

Slope of instantaneous frequency of the 
electric field envelope 

(dfi, 

at2 

Compression factor (T/T ) 
m 

Dispersion factor; defined as the ratio of 
the FM to AM bandwidths of a pulse 

Fraction above threshold for a homogeneous 
amplifier ((.s~k)/k) 

Fraction above threshold for an Armstrong 
and Courtens steady-state pulse 

Difference in the instantaneous frequency 
at the FWHM points of the pulse 

Kronecker delta 

Permittivity of a medium (e
0
n ^ 



Permittivity of free space 

E a.N. T XX 
X 

Area of an unchirped pulse; in general 
t> |£(n=o) \/h 

Amplifier loss per unit length (a/2eQnoc) 

Wavelength (27lc/cu) 

Wavelength at electric field frequency 
(27tc/v) 

Excitation rate of the resonant atoms to 
the ocl!) state 

Frequency of the electric field 

Density matrix of an atom of resonant 
frequency uu at position z at time t that 
was excited to the state a at time t o 

Population matrix of atoms with resonant 
frequency uj at position z at time t 

Diagonal elements of the density or 
population matrix 

Off-diagonal elements of the density or 
population matrix 

Distribution of atomic resonances in the 
inhomogeneously broadened medium 

Conductivity 

Retarded time (t-z/v ) 
S 

FWHM of a pulse 

FWHM of a dechirped Gaussian pulse 

Phase of the electric field envelope 

Instantaneous frequency of the electric 
field envelope 

Generalized susceptibility of the resonant 
atoms 
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X(u>) Frequency dependent host susceptibility 

X (T) Initial condition for x(T,t,z) 

2  4  ( 3 )  
Kerr effect constant ((n +2) vx n

0
eoC 

. ( 3 )  Susceptibility for the Kerr effect 

<VEI2C> 

|Y ) State vector for the (X state 
' Uo 

U) Frequency 

U)o Frequency at resonant line center 

n oi-v 

A 
fi FWHM of a spectrum 
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