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ABSTRACT 

A numerical technique is developed that can be used 

to numerically solve two- and three-dimensional unsteady 

viscous flow problems. This numerical technique, called 

the vorticity source method, differs from current numerical 

methods presently in use because it is devoid of the stream 

function and requires no knowledge of the pressure distri

bution. 

In applying the vorticity source method, the amount 

of vorticity produced is calculated; and the vorticity 

distribution in the fluid is determined by integrating the 

vorticity transport equations. The velocity field is 

obtained by integrating an integral equation, the Biot-

Savart law, which relates the velocity to the vorticity. 

The basic concepts and equations needed to use the 

vorticity source method are developed and presented. The 

procedures to be used in numerical calculations are 

described in detail. Two elementary flow problems, for 

which there are analytical solutions, are solved numeri

cally to verify the new concepts and the computational 

procedures. 

The new method is then used to study the flow field 

resulting from the impulsive motion of a semi-infinite 

x 
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plate in a viscous, incompressible, constant property 

fluid. The complete vorticity transport equation is 

solved to ascertain the details of the flow with particu

lar emphasis placed on the leading edge region. The 

numerical methods used to obtain the solution are presented 

in detail. 

For the impulsively accelerated semi-infinite plate, 

the numerical calculations were terminated when a portion 

of the flow field reached steady state. The steady state 

region extended to a dimensionless downstream distance 

that corresponded to a local Reynolds number of 30. The 

calculated transient velocity and vorticity profiles are 

presented graphically and in tabular form. The results 

include the region upstream of the leading edge. 

The flow along the plate starts out as one-

dimensional Rayleigh flow, gradually changing to a spatial 

and time dependent flow before approaching steady state. 

The calculated skin friction coefficient and coefficient 

of drag are higher than those predicted by previous 

analyses. The results obtained also show that in the 

vicinity of the leading edge, the fluid in the outer 

portion of the boundary layer is accelerated. This unex

pected phenomenon is related to the vorticity source dis

tribution along the plate and the existence of a favorable 

pressure gradient near the leading edge. 



CHAPTER 1 

INTRODUCTION 

The intent in this chapter is to discuss the moti

vation for the work being undertaken and to specify the 

primary objectives. The latter part of the chapter dis

cusses the pertinent previous analyses. 

1.1 Discussion of the Problem 

The use of numerical methods suitable for high 

speed digital computers with large storage capacity repre

sents a powerful approach for solving complicated fluid 

flow problems. The success of numerical methods is evident 

from the numerous articles that appear in the current tech

nical journals. The primary advantage of using a numerical 

approach is that the exact governing equations can be 

used in obtaining a solution. The only approximation 

usually introduced is the finite-difference representation 

of the partial derivatives. 

Briefly, conventionally accepted methods of treat

ing unsteady two-dimensional problems utilize the follow

ing procedures. The vorticity transport equation, 

1 
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diu* , ..jt duu* , _r# S(»* _ d uu* , d («* 

obtained by forming the curl of the incompressible form of 

the Navier-Stokes equations written in two-dimensional 

cartesian co-ordinates, is integrated to obtain the vor-

ticity distribution. Once the vorticity distribution is 

known, the stream function is obtained by solving the 

Poisson equation 

V ̂ ij;* = - cu*. 

Finally, the velocity distribution is obtained from the 

stream function. 

This conventional procedure for treating unsteady 

fluid flow problems is not without its difficulties. 

Since the procedure involves the use of the stream func

tion, three-dimensional applications could present serious 

problems. Even for two-dimensional problems, numerical 

difficulties are encountered because two coupled partial 

differential equations must be solved. If the Navier-

Stokes equations are used directly, it is necessary to 

consider the pressure distribution. This requires that a 

large region of the fluid be considered instead of only 

the region of non-zero vorticity. Clearly, a need exists 

for an alternative method of treating complex two- and 

three-dimensional flow problems. 
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1.2 The Vorticity Source Method 

Lighthill (Rosenhead 1963, pp. 57-60) has suggested 

an approach that is free of all the difficulties associated 

with current methods. There are two novel features asso

ciated xwith this new approach. The first concerns the 

origin of vorticity in motions generated by the movement of 

a solid body through a fluid. It is known that the surface 

of the solid body is a distributed source of vorticity. 

Once vorticity is produced at the body surface, it is trans

ported throughout the fluid by convection and diffusion. 

Therefore, the approach developed and presented in this work 

focuses attention on the source of vorticity and the amount 

of vorticity that is transported into the fluid. Once the 

vorticity enters the fluid its behavior is completely 

specified by the vorticity transport equation. The second 

novel feature concerns the determination of the velocity 

distribution directly from the vorticity distribution. 

The contribution to the velocity that results from the vor

ticity can be calculated from the Biot-Savart law. The 

velocity thus determined, together with the requirement for 

zero normal velocity at the surface of the solid body, is 

all that is needed to specify the complete velocity distri

bution. A complete discussion of this point is presented 

in Section 2.2. Clearly, this procedure eliminates the 



dependence on the stream function. Furthermore, the numer

ical integration of an integral expression (the Biot-Savart 

law) represents little numerical difficulty when compared 

with the numerical solution of a partial differential equa

tion. This new approach will "be called the vorticity source 

method. This method is free of most of the difficulties 

associated with present methods, and has the potential for 

solving the most complex two- and three-dimensional prob

lems . 

1.3 The Objectives of the Study 

Although Lighthill's profound and stimulating dis

cussion serves as an inspiration, in reality it leaves many 

important questions unanswered. It presupposes a thorough 

knowledge of kinematics and vorticity concepts. By no 

means does the discussion spell out the details of apply

ing the physical principles to the study of actual prob

lems. Therefore, insofar as the development of the 

computational method is concerned, the task at hand is 

two-fold. First of all, the concepts associated with the 

treatment of viscous fluids from a vorticity standpoint 

must be understood, and in some instances further develop

ment is needed. Second, the vorticity concepts and 

associated equations must be incorporated into a computa

tional method for treating two- and three-dimensional 
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fluid flow problems. The latter consideration includes the 

writing of a computer program that can be used to test the 

method. 

Another objective of this work concerns the use of 

the vorticity source method to solve the problem of the 

impulsively accelerated semi-infinite plate. To the 

author's knowledge, there is no known exact analytical or 

numerical solution for this problem. The approach in this 

study will be to use the vorticity source method to calcu

late the flow development from the instant of impulsive 

acceleration, to a time where a portion of the flow field 

reaches steady state. 

Pew qualitative and quantitative results are cur

rently available for the leading edge of a flat plate. In 

this work, the details of the flow field near the leading 

edge are examined. For a period of time, far downstream 

of the leading edge, the local flow field behaves as if the 

plate were infinite. Therefore, the time dependent one-

dimensional result for the impulsively accelerated infinite 

plate is an asymptotic solution. After some period of 

time, the steady Blasius result is reached far downstream. 

The exact nature of the transition from the one-dimensional 

time dependent flow to the steady state Blasius type flow 

remains a point of controversy. This work is directed, in 

part, toward resolving this point. Finally, the problem 



of the impulsively accelerated semi-infinite plate provides 

an ideal example for the use of vorticity source method. 

All of the physical phenomena associated with generation of 

vorticity and its subsequent transport are present. How

ever, the complexity of the problem is not so severe that 

it obscures the fundamental concepts. 

1.4 Previous Investigations 

Although Lighthill's comments appear in a widely 

quoted book (Rosenhead, 1963), there has been only one 

previous attempt to use a technique akin to the vorticity 

source method. Undoubtedly, part of the reason for this 

is that Lighthill's comments are not fully understood or 

appreciated. Payne (1958) apparently was the first to use 

Lighthill's ideas in calculating the unsteady viscous flow 

past a circular cylinder. In his work, Payne ascertained 

the general features of the flow, including the formation 

of the eddies attached to the rear of the cylinder. He 

calculated the drag on the cylinder for Reynolds numbers 

of 40 and 100. Payne calculated the velocity distribu

tion using the Biot-Savart law in conjunction with an 

image vorticity system within the body. The use of the 

image vorticity system made it possible to satisfy the 

requirement for zero normal velocity at the surface of the 

cylinder. However, Payne did not treat directly the 



production of vorticity at the surface of the body. 

Instead, he assumed that the velocity at the cylinder sur

face satisfied the no-slip condition, and computed the vor

ticity at some point near the surface of the cylinder by 

considering the circulation around that point. He then 

assumed that the vorticity thus calculated was the vor

ticity at the surface of the cylinder. This assumption is 

incorrect since the calculated vorticity is at a point 

removed from the surface of the cylinder. 

Kinney and Paolino (1971) have illustrated the 

utility of the vorticity source method by applying the 

basic concepts to several problems for which exact solu

tions could be obtained. Included in their work was the 

solution for the steady flow near the leading edge of a 

semi-infinite plate. The solution was obtained by using 

the Oseen approximation to linearize the vorticity trans

port equation. Although the validity of Oseen approxima

tion is open to question, the solution does illustrate 

the important qualitative physical features near the 

leading edge. The results obtained clearly show a depar

ture of the flow in the region upstream of the leading edge 

from the usually assumed uniform flow. The work also 

illustrated the importance of the streamwise diffusion of 

vorticity. When the streamwise diffusion of vorticity was 

omitted, the vorticity distribution was singular at the 
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leading edge. When the streamwise diffusion was included, 

the singularity was replaced by a discontinuity in the 

streamwise gradient of vorticity at the leading edge. 

infinite plate has been treated previously only with the 

use of simplifying approximations. The literature con

cerning this problem is voluminous. Therefore, the dis

cussion presented in this work will be limited to the more 

pertinent and realistic analyses. Previous studies may be 

conveniently divided into two groups. One concerns the 

transient flow phenomena starting with the impulsive motion 

of the plate, and the other concentrates on the steady 

state solution. The discussion that follows will treat 

them in that order. 

of the impulsively accelerated semi-infinite plate was 

made by Stewartson (1951). As a first attempt, 

Stewartson used the appropriate momentum integral equa

tion, 

to solve the problem. In the foregoing, an^ are 

the displacement thickness and momentum thickness respec

tively. Assuming a velocity profile of the form 

The problem of the impulsively accelerated semi-

One of the earliest attempts to solve the problem 

y*=o 



9 

u* = U* sin gjj (0 < y < 6), 

Stewartson found that for U*t*/x* < 2.65, the solution 

corresponded to the Rayleigh solution obtained for the 

impulsive acceleration of an infinite plate. This solu

tion is given as 

Thus, for U*t*/x* < 2.65, the flow is independent of x* 

and behaves as if the plate had no leading edge. For 

U*t*/x* > 2.65, Stewartson found that the solution obtained 

corresponds to the Blasius solution. Therefore, this sim

plified analysis divides the entire flow field into two 

regions. In the downstream region, the one-dimensional 

time-dependent Rayleigh solution is obtained, while in the 

upstream region, the steady state Blasius solution is 

obtained. The boundary between the two regions sweeps 

downstream with a speed that is equal to U^/2.65. The 

value of 2.65 for the constant is the result of the 

assumed velocity profile. 

Stewartson further investigated the behavior of 

the flow by introducing the boundary layer equations, 

u* = U*erf y*/2 V vt* . (1.1) 

du* dv* _ n 
dx* 6y* ~ ' (1.2a) 
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(1.2b) 

and the variables 

T) = y*/ , 

T = U*t*/x*, 

u = U* 

He found a singularity at U*t* = x* and a singularity at 

the leading edge. For U*t*/x* < 1/ the results obtained 

again yielde-d the Rayleigh solution, while for U*t*/x* > 1, 

the Blasius solution was obtained. 

Stewartson was unable to find a smooth analytic 

solution that connected the two regions. He concluded 

that after the plate had been given its impulsive start, 

the velocity in the boundary layer was independent of x* 

until U*t* = x*. Then starting at the edge of the bound

ary layer with an essential singularity and moving in 

towards the plate, the solution becomes x* dependent, 

the changeover being complete, approximately, when U*t* = 

2.65x*. Stewartson's conclusion indicates that a 

and 

du* 
St* + u* 

du* 
6x* •+ v* 

du* 
3y* 

= v a
2u* 

dy 
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well-defined boundary may not exist between the two regions 

previously identified and that the speed of the front 

between the two regions may vary across the boundary layer. 

Koob and Abbott (1968) proposed a three-region 

model to describe the flow field associated with the impul

sive motion of the plate. First, a region far downstream 

of the leading edge was identified. In this region, the 

flow behaves as if the plate were infinitely long and as if 

Equation 1.1 were the asymptotic solution. Second, there 

was a region near the leading edge which yielded a steady 

Blasius type flow with increasing time. The third region 

was an intermediate region in which the flow was truly 

unsteady and time-dependent. With increasing time, every 

point on the plate passed through all three regions. 

Koob and Abbott investigated the transition from 

the one-dimensional Rayleigh flow to the steady Blasius 

flow by integrating the unsteady boundary layer equations, 

Equations 1.2, in a region bounded by the leading edge of 

the plate (x=0) and a dimensionless downstream distance of 

x=l. After introducing the usual dimensionless variables 

based on an arbitrary characteristic length and the free 

stream velocity, they used the method of weighted resid

uals to reduce the number of independent variables in the 

unsteady boundary layer equation from three to two. 

Following this, the method of lines was used to reduce the 
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partial differential equation to a set of ordinary differ

ential equations. These equations were solved numerically 

using an Adams-Moulton predictor corrector method. The 

authors assumed uniform flow ahead of the leading edge and 

at large y distance. 

Koob and Abbott's results show that at the down

stream distance x=l, the flow reaches the steady Blasius 

solution at t=7. The implication here is that for some 

downstream distance L, the time to pass from the one-

dimensional Rayleigh flow to the steady Blasius flow is 

7(L). The fact that the integration accurately yields the 

Blasius solution indicates that the results are numerically 

accurate but not completely correct, since the Blasius 

solution is not valid near x=0. The use of the boundary 

layer equation, Equation 1.2b, is not justified near the 

leading edge since it omits the pressure gradient and the 

streamwise diffusion terms. Furthermore, the assumption 

of a uniform free stream, upstream of the leading edge, is 

not justified in any analysis involving the leading edge. 

Similarly, if the analysis is to apply at some downstream 

region, the assumption of a uniform stream is a question

able boundary condition at the upstream boundary of the 

region. Koob and Abbott's three-region model is 
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qualitatively correct and could be improved if the steady 

state solution in the vicinity of the leading edge were 

not assumed to be the Blasius solution. 

Hall (1969) used a numerical procedure to investi

gate the development of the flow from the one-dimensional 

time-dependent Rayleigh flow. Equation 1.1, to the steady 

state flow described by the Blasius solution. This corre

sponded to the intermediate region identified by Koob and 

Abbott (1968). Hall confined his attention to a region 

sufficiently far downstream of the leading edge in which 

the boundary layer equations were applicable. He intro

duced the usual dimensionless variables based on a refer

ence length and the free stream velocity. Denoting x as a 

dimensionless distance measured along the plate from the 

leading edge, and t as the dimensionless time, Hall assumed 

that the flow at a station x was unaffected by disturbances 

for t < x. That is, if the boundary layer equations are 

valid, disturbances can be convected downstream, at most, 

at the speed of the free stream. This is consistent with 

Stewartson's findings (1951). Hall considered a downstream 

region bounded by the distances x and x-H. He assumed that 

at t=x, the velocity between x and x-M was specified by the 

Rayleigh solution, Equation 1.1. To start the computations, 

he assumed that for a first approximation, the velocity at 

x was given as 



u = UB + (UR-UB)exp[- l/4(t-x)2]. 

14 

(1-3) 

Ug indicates the Blasius solution and corresponds to the 

Rayleigh solution, Equation 1.1. The boundary layer equa

tions were then integrated between x and x-HL yielding the 

velocity distribution. The computed velocity at x+1 was 

then used to calculate an improved approximation to the 

velocity at x using a type of similarity parameter. The 

justification for this procedure stems from the fact that 

if the variables T=t/x and Y=y/Vx are introduced into the 

unsteady boundary layer equations, the number of independent 

variables is reduced from three (x,y,t) to two (T,Y). 

Therefore, the computed results should be expressible as 

functions of T and Y alone. Using the new approximation 

at x, the boundary layer equations were again integrated 

and the process was repeated until successive approxima

tions at x converged. To obtain the results for the next 

time increment, Equation 1.3 was used for the velocity 

distribution at x and the entire process was repeated. 

Hall's claim is that at t/x=4, the transition from 

the time dependent one-dimensional Rayleigh flow to the 

steady state Blasius flow is complete for all practical 

purposes. Hall's analysis indicates that the boundary 

between the one-dimensional flow and the intermediate 

region moves downstream with a speed equal to the free 



stream velocity, while the boundary between the inter

mediate region and the steady state Blasius region moves 

downstream with a speed approximately equal to 1/4 the 

free stream velocity. 

To some extent, the value of t/x that character

izes the transition to steady state must depend on the 

value of the constant in the exponential term in Equation 

1.3. For example, if 1/4 were replaced by .0001, the bound

ary condition at x would be more like the one-dimensional 

time-dependent Rayleigh flow for a longer period of time. 

The use of the calculated velocity at x+1 to improve the 

approximation at x is somewhat obscure. If the time step 

used to integrate the boundary layer equations is less 

than 1, then from the basic assumption, the velocity at 

x+1 must be Rayleigh flow until t=x+l. It is entirely 

possible that the computed results do yield the Rayleigh 

values at x+1 for t < x+1. This point is not clear and no 

results are given from which a conclusion can be drawn. 

Hall's analysis does show that the transition from 

the Rayleigh flow to the Blasius flow occurs over some 

finite period of time during which the velocity is a func

tion of x,y and t. There was no evidence of any discontin

uous behavior. In contrast to Stewartson's results, Hall's 

results indicate that the first departure from the 
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one-dimensional flow occurs at the plate surface rather 

than the edge of the "boundary layer. 

Tokuda (1968) introduced similarity variables in 

the same manner as Stewartson. Tokuda solved the unsteady 

boundary layer equations by using two power series, one 

valid for small time and the other for large time. The 

series solution developed for large time was "divergent 

and merely asymptotic" but for the results presented did 

not deviate far from the Blasius solution. Tokuda found 

no evidence of Stewartson's singularity at U*t*/x*=l. He 

claimed that his small time solution showed a smooth trans

ition from the initial one-dimensional Rayleigh flow to the 

steady Blasius flow. This claim appears to be unjustified 

because the small time series solution appears to diverge 

for U*t*/x* >2.35-

Cheng and Elliot (1957) investigated the problem 

of flow over a nonimpulsively accelerated plate and con

cluded that the two singularities found by Stewartson were 

not caused by the impulsive acceleration. They concluded 

that the Navier-Stokes equations must be considered for any 

leading edge analysis. 

In the remaining part of this chapter, previous 

steady state analyses for the impulsively accelerated semi-

infinite plate will be considered in terms of the downstream 

solutions and leading edge solutions. The majority of the 
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analyses in the downstream region involve perturbation 

methods. It is known (Van Dyke 1964, p. 135) that for 

large downstream distances, the Blasius solution is an 

aymptotic solution correct to second-order, since the 

second-order correction for the flow due to the displace

ment thickness vanishes. 

Goldstein (i960), using perturbation methods, 

obtained a third-order solution in terms of the stream 

function . The solution is valid far downstream but con

tains an undetermined constant which depends on the nature 

of the flow near the leading edge. Goldstein pointed out 

that similar undetermined constants arise in higher approxi

mations. Using Goldstein's results, Van Eyke (1964, p. 140) 

obtained the following expression for the local skin fric

tion coefficient, 

662, .551 An Re C,-l 
Cf - -b°I- + 375̂ + (i-'O 

Eex Rex 

where represents the unknown constant. 

Imai (1957) calculated the integrated skin friction 

(coefficient of drag) for large downstream distances. 

Although the second-order contribution disappears at large 

downstream distances, it is present near the leading edge. 

Imai considered the balance of momentum of the fluid 
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contained in a large circle with the center at the leading 

edge. He thus avoided the leading edge difficulty since it 

was only necessary to know the "behavior of the flow on the 

circle. In rectangular Cartesian co-ordinates, Imai's 

result is given as (Van Eyke 1964, p. 140), 

1.328 2.326 1-102 m Rex '20̂  + 2C1 n n = + — 070 X/2~' V1-?) 
Rex Rex"7 Rex3/ 

The second term appearing in Equation 1.5 is the second-

order contribution from the leading edge region. 

As was stated previously, there are few results 

available for the leading edge region. The use of pertur

bation methods near the leading edge presents certain diffi

culties. Van Eyke (1964, p. 39) discusses this point in 

some detail. Only the form of the solution in terms of an 

expansion can be determined because of the appearance of 

undetermined constants that depend upon boundary conditions 

far outside of the range of validity of the expansion. 

A good example of this point is the work of Carrier 

and Lin (1948). They investigated the nature of viscous 

flow near the leading edge of a flat plate using the steady 

Navier-Stokes equations and making a co-ordinate expansion 

for small radius. Using complex variables where 

z* = r*e"*"®, 



they obtained a solution in the form of the series (cor

rected by Van Eyke 1964, p. 39) > 

ijf=2Ar* 2̂[cos (0/2)-cos (30/2) ] +Br* 2̂[cos (0/2)-cos (56/2) ] . 

The constants A and B depend on the boundary conditions 

far outside the valid range of the expansion used. 

Davis (1967) examined the steady flow past a semi 

infinite plate by using the method of series truncation 

and the full Navier-Stokes equations. Davis claimed the 

method was not restricted to far downstream solutions and 

was applicable near the leading edge. He introduced 

dimensionless parabolic co-ordinates where 

1 f*2 
x  —  2\5 - t1 ), 

and 

y = $r\. 

He then assumed that the solution to the problem may be 

written in terms of a series in one of the independent 

variables. The dependence on the other independent vari

able is left unspecified by letting the coefficients of 

the series be functions of that variable. Following this 

procedure, he obtained for the stream function, 

t ~~ 5 [("H) (§~5q)S2(^l) (5~§Q) ("H)' 
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where §Q is the position on the plate about which the 

expansion is taken. 

Davis was able to calculate the first truncation 

(includes only g^) and the second truncation (g^ and gg) 

at points on the plate away from the leading edge. Near 

the leading edge, he was able to calculate only the first 

truncation. Using the first two truncations valid for 

downstream locations, he was able to estimate the value of 

the constant C-^ in Equations 1.4 and 1.5* By matching his 

second truncation with Equation 1.4, he found that = -8, 

while matching with Equation 1.5# showed = 1.5. Davis 

stated that when more terms in the series are taken, the 

calculated values of the constant will be in closer agree

ment. He also reported that the values of obtained by 

matching the first truncation are much further apart. The 

fact that the first truncation represents a large dis

crepancy downstream, raises a question concerning the 

accuracy of the first truncation near the leading edge. 

Dean (1954) treated the problem of the impulsively 

accelerated semi-infinite plate by assuming that the first 

order Blasius boundary layer assumption was approximately 

valid everywhere along the plate. He used the stream 

function from the Blasius solution which he designated as 

to find a second approximation \(r^• This was accom

plished by using to evaluate the convective terms in 



21 

the Navier-Stokes equations. In effect, Dean assumes that 

the departure from the Blasius solution is primarily a 

result of viscous forces. If were an exact solution, 

the two functions ̂  and i|r2 would be exactly the same. 

Therefore, the ratio of gives some numerical estimate 

of the accuracy of the function The results show that 

the ratio is approximately one, but always greater, with 

the departure near the leading edge being greatest 

(42^1 = Therefore, a further correction ̂  is 

needed near the leading edge. ^ was not obtained. 

Toomre and Rott (1964) investigated the effect of 

an oncoming shear flow on a flat plate. The shear flow was 

symmetric about the plate and varied linearily from 

U to U + A y . At an arbitrary distance h above and o o I ° 

below the plate, the shear flow was bounded by an irrota-

tional flow of speed UQ + Ah. This model satisfactorily 

approximates the nonuniform flow that exists upstream of 

the leading edge of a plate. Therefore, the results of 

Toomre and Rott should be in qualitative agreement with 

those obtained in the present work. 

Toomre and Rott's results show that near the leading 

edge, the pressure gradient is very large when compared 

with the downstream pressure gradient which approaches zero. 

It is also noted that the pressure gradient drops off very 

rapidly in the downstream direction within a distance that 
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is of order h. Associated with the increased pressure 

gradient near the leading edge is an increase in the shear 

stress at the plate surface. This implies that the local 

skin friction will be high near the leading edge. 



CHAPTER 2 

FUNDAMENTAL CONCEPTS 

This chapter presents the fundamental definitions, 

concepts and mathematical relationships that are needed 

for the analysis that follows. Most of the material pre

sented can be found in the literature that deals with vor-

ticity and the kinematics of fluid flow, for example: 

Aris (1962), Truesdell (195^-) > Batchelor (1967) and 

Rosenhead (1963). However, there is no single reference 

that covers all of the material presented. It is important 

to the work that follows, that the reader understand these 

fundamental notions as they are presented. Section 2.2 

and Section 2.6 of this chapiter are especially critical to 

the development presented in subsequent chapters. 

The initial portion of the chapter is intended to 

present a physical understanding of deformation and vor-

ticity in light of their contribution to the motion of a 

fluid particle. The equations that relate the velocity 

distribution to the vorticity and expansion dilatation 

are developed. The remainder of the chapter covers 

those kinematic definitions and concepts that are germane 

to the work that follows. 

23 
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2.1 The Velocity Gradient Tensor 

Based on the Eulerian point of view, the velocity 

of two adjacent fluid particles may be expressed in terms 
-X- . -X- . -x . -x * *. 

of spatial co-ordinates as v.(x.,t*) and v. (x. + 6x.,t ). 
-L J J- J o 

The compnents of the vector bx.% represent the separation 
J 

"between the two particles. The relative velocity of the 

two particles is expressed as 

* dv. ^ 
dv. = —* dx.. (2.1) 

Sx. J 

•X* 
Since dv. and dx. are components of vectors, the 

1 J 

quotient rule of tensor analysis (Aris 1962, p. 29) 

requires that the nine components 

dv* 

dx* 
d 

form a tensor which Is called the velocity gradient tensor. 

The velocity gradient tensor may be represented as the sum 

of a symmetric and an anti-symmetric contribution, that is, 

N * N * "\* dv. -,0V. ov. n ov. ov. 
T = 2 (r~~¥ + ~*) + 2 (r~̂  " 7~*) * (2-2) 

Sx. Sx. Sx. Sx. Sx. 
J J X J 1 



The symmetric and anti-symmetric parts of Equation 2.2 are 

represented symbolically as and ̂ [ij] ŵ ere 

J dv? dv* 

Vd) (2"3) 

J 1 

and 

dv* dv* 
D[id] =2 (2A) 

J 1 

The terms D/. . n and Dr• . i make distinct contribute)) [1JJ 

tions to the relative velocity dv^. The tensor i-s 

often referred to as the rate-of-strain tensor and the 
•Xr 

contribution to the relative velocity dv^ from is 

said to represent a pure straining motion. It is possible 

to represent this contribution in a simple descriptive man

ner by considering a small material element which is ini

tially spherical. It is assumed that the co-ordinate 

reference axes are chosen such that they coincide with the 

principal diameters of the material element. 

As a consequence of the contribution of D,. . •* to 
(1J )  

dv^, the element which was initially spherical is deformed 

into an ellipsoid. The contribution from D/.. \ effected 
\ 13 / 

this change of the material element by causing the prin-
•fr -x-

cipal diameters to stretch at a rate given by dv^/dx^. 



Material line elements not parallel to the principal 

diameters experienced both a stretching and rotation, but 

the rotation only to the extent necessary for consistency 

with the pure stretching motion. 

For an incompressible fluid, the stretching along 

one principal diameter must be balanced by shrinking along 

at least one other principal diameter. Mathematically, 

this fact is expressed as 

dv* dv* dv! av* 
_ = -l -l = q 

Sx^ Sx^ dx2 dx^ 

which is immediately recognized as the continuity equation 

_ -x- -x-
for an incompressible fluid. The quantity dv^/ox^ is 

called the expansion or dilatation. 

In the case of a compressible fluid, the pure 

straining motion may be regarded as a superposition of an 

isotropic expansion and a straining motion without change 

of volume. 

The contribution to the relative velocity from the 

anti-symmetric part of the velocity gradient tensor, 

denoted as dv^ , can be interpreted in terms of the rota-

tion of the fluid particle. The contribution dv^ is 

expressed as 

-Vi = nij] aXj dv!a = Dn dx*. (2.5) 
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If the anti-symmetric part of the velocity gradient tensor 

is expressed as 

* 
D[ij] = " €ijk nk' 

where •* * 
_ 3v. dv. 
| (r-4 " —I). (2-6) 

i 3xj 

Equation 2.5 becomes 

*a * * r,\ 
dvi = " eijk nk dxj' (2'7) 

Writing Equation 2.7 in vector form, the following result is 

obtained, 

— *a —* —* //-. o\ dV = 0 x dr . (2.8) 

Equation 2.8 may be interpreted as meaning that the contri

bution to the relative velocity from the anti-symmetric 

part of the velocity gradient tensor is analogous to a 

rigid body rotation with angular velocity fi*. Aris (1962, 

p. 24) proceeding in a more rigorous manner proves this 

result and makes the following statement: "if the relative 

velocity is related in part to the relative position by an 

anti-symmetric tensor, then that contribution represents a 

rigid body rotation." Prom a physical standpoint, Equation 

2.8 has the following interpretation: If a spherical 
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fluid element were suddenly solidified and at the same time 

all surrounding fluid removed, the body would continue to 
——•X-

rotate with angular velocity Q . 

If the spherical fluid element is being deformed 

some extended definition of angular velocity is required. 

Batchelor (1967, p. 82) and Truesdell (195^> P- 59) discuss 

this point. For a deformable body it is necessary to think 

in terms of a limiting process where the angular velocity 

is defined at a point. In this manner it is still possible 

to think of the anti-symmetric contribution to the relative 

velocity in terms of angular velocity. 

In light of the previous discussion, the relation

ship between the vorticity and the anti-symmetric part of 

the velocity gradient tensor is easily demonstrated. By 

definition the vorticity is given as 

u> = V x V , (2.9) 

or 

uuf = - e. .1 v? .. (2.10) k ljk i,j * ' 

Comparing Equation 2.10 with Equation 2.6 it follows that 

the vorticity is equal to twice the angular velocity, that 

is, 

i* = 2(Q*). (2.11) 
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2.2 Expression for the Velocity Field 

The previous section has shown that it is possible 

to calculate the velocity at a point, in part, from the 

contributions made by the velocity gradient tensor. In 

this section, the expressions needed to calculate the 

velocity are developed. 

The Cauchy-Stokes decomposition theorem, otherwise 

known as the fundamental theorem of the kinematics of a 

continua (Truesdell 195^, P' 66; Batchelor 1967* P- 84) 

states that an arbitrary instantaneous state of continuous 

motion may be resolved at each point into a uniform trans

lation, an expansion, a pure straining motion without 

change of volume and a rigid body rotation. 

Using the Cauchy-Stokes decomposition theorem as a 

starting point, it is possible to develop the expressions 

which yield the velocity distribution when the expansion 

and vorticity (rotation) are specified. If V* represents 

the velocity, then from the Cauchy-Stokes decomposition 

theorem 

V* = V* + V* + A, (2.12) 

where V. represents the contribution from translation, V 
t >  s  

represents the contribution from the pure straining motion 
•x-

and A must be chosen such that it gives the specified 

expansion and vorticity. 
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If the expansion is specified as E and the vor-
•v. 

ticity is specified as uu , then v • V = E, and V x V = uj , 

which implies that V • A = E, and V x A = uj*. It is known 

from vector analysis that any vector function of position 

can be written as the sum of an irrotational and solenoidal 

part, that is, 

A =Vcpe + V x Br. (2.13) 

cpe is the scalar potential associated with the expansion 

and Br is the vector potential associated with the vor-

ticity. Obviously then, 

V . A = V . (Vcpe) + V . (V x Br) = E, 

and since V • (V x B ) =0, it follows that 

V2cpe = E. (2.14) 

It also follows that 

V x A = V x(Vcpe) + V x(V x B ) = uu*, 

and since V x(Vcpg) =0, it follows that 

V x(V x B ) = uj*. (2.15) 

If V0 denotes that part of the velocity V which results 

from the specified expansion, then 
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V * = V <pe. (2.16) 

Similarily, if V denotes that part of the velocity V 

which results from the specified vorticity, then 

V * = V X B r .  ( 2 . 1 7 )  

Once the vorticity is specified, an expression is 
M. X. 

needed which gives Vr in terms of u) . With the use of 

Equation 2.15 it is possible to develop the equation for 

the potential B , that is, 

V x (V x Br) = V( V- Br) - V2Br = w*. (2.18) 

The vector potential Br is indeterminate to the extent of 

the gradient of some potential. That is, Br may take the 

form 

B = B1 x Vcp . 
r r ^r 

If cpr is selected such that V • Vcpr = - V • B^,, then 

v • Br = 0, and Equation 2.18 reduces to 

^Br = i*. (2.19) 

If cju (x^*,t*)dx* is an element of the vorticity 

distribution situated at a point x^*, and Br(xf,t) is the 

potential at a point xf, then a solution of Equation 2.19 

is (Milne-Thornson 1968, p. 569) 
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_ uJ (x!*,t*) 'dr* 
Br(x*,t*) = £ J * x!. (2.20) 

v, I i 1 
T I 

where the integration is with respect to the co-ordinates 

x^* of the vorticity distribution. The use of Equation 

2.17 in conjunction with Equation 2.20 yields 

-I w*(x!*,t*) x r* dT* 
V*!'**) = 5F J" (2.21) 

r 

—r)f 
where r = xf - xj*. Equation 2.21 is frequently called 

the Biot-Savart law. This equation is of paramount impor

tance since this expression makes it possible to calculate 

the instantaneous velocity distribution that results from 

the instantaneous distribution of vorticity. 

It is now necessary to consider the contribution 

from the straining motion V . Clearly, since the contri-s 
_* _* 

butions Vg and Vr satisfy the requirements for the expan

sion and the vorticity, V • y = o, and V x V_ =0. s s 

Batchelor (1967, p. 102) shows that V is uniquely deter-s 

mined, apart from an arbitrary constant, by the value of 

the normal components of Vs at the boundaries of the fluid. 

Specifically, if V* • n = 0, where n is a unit normal at 
o 

-v-
the boundaries, then V = 0 everywhere in the fluid. Under 
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certain conditions, when the contribution from the expan

sion and vorticity do not satisfy the requirement of zero 

normal velocity at the boundaries of the fluid, the contri-

the situation where part of the boundary of the fluid is a 

solid body, Lighthill (Rosenhead 1963, p. 53) calls the 
—"X-

contribution V , the contribution from the image source of S 

vorticity. This terminology arises because Lighthill cal

culates the contribution V by considering an image source s 

of vorticity within the solid body. In this study, the 

concern is with flows bounded by a flat plate and extending 
—-x-

to infinity. For these cases, Vg = 0. 

oped in an analogous manner to the contribution from the 

specified vorticity. A solution to Equation 2.l4 is 

known to be (Milne-Thornson 1968, p. 569) 

_* 
bution Vg is such that this requirement is satisfied. In 

The contribution from the expansion E can be devel-

E(x'i,t ) dT 
( 2 . 2 2 )  

Using Equation 2.16 the velocity Vg is given as 

—* / . * * v * 
7̂* _ 1 r r E(x1 ,t ) dT 
Ve W J -*| 3 (2.23) 

T* I r | J 



34 
.y. 

It is emphasized that for an incompressible fluid V0 = 0 

since the expansion E is zero. 

In summation, then, for a specified expansion and 

rotation the velocity is given as 

_ *  _ *  _ • * _ * _ *  , .  
v = Vt + Vr + Ve + Vs, (2.24) 

.y. 
where Vr is computed from Equation 2.21 and Ve is computed 

from Equation 2.23. 

2.3 Vortex-lines and Vortex-tubes 

A vortex-line is a line in the fluid whose tangent 

is everywhere parallel to the local vorticity. If a 

closed curve is drawn in the fluid, the intersection of 

the vortex-lines and the closed curve forms a closed curve 

on a vortex-tube. In the limit as the cross-sectional 

area of a vortex-tube approaches zero (the circulation 

around the vortex-tube remaining constant), the vortex-

tube becomes a vortex-filament. In a two-dimensional flow 

field the direction of the vortex-lines and vortex-tubes 

is orthogonal to the plane of motion. 

The flux of vorticity across a surface formed by 

the cross-sectional area of a vortex-tube is called the 

strength of the vortex-tube. At any instant of time the 

strength of a vortex-tube is constant along its length. 

By using Stokes' theorem it can be shown that the 

strength of a vortex-tube is equal to the circulation 
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around the closed curve bounding the vortex-tube, that is, 

,6 —* —* „ —* — * » . 
J, V • dx = J (D • n ds , (2.25) 

A 

2.4 The Vorticity Transport Equation 

For a viscous incompressible fluid the Navier-

Stokes Equation reduces to (Schlichting 1968, p. 62) 

+ (V* • VW* = - - ivp* + v^V*. (2.26) 
St P P 

Referring to Equation 2.9 it is possible to obtain the 

vorticity transport equation by taking the curl of Equa

tion 2.26. The following vorticity transport equation is 

obtained (Batchelor 1967* p. 267), 

= - (V* • v)af + vA* + (uT* • v)V*. (2.27) 

Already an obvious simplification is evident since the 

pressure gradient has been eliminated from the equation. 
_* 

The rate of change of cu at a given point in space 

is represented by the three terms on the right-hand side 

of Equation 2.27. The first term is the familiar rate of 

change due to convection of the fluid in which the vor

ticity is non-uniform past the given point. The second 
.v. * 

term represents the rate of change of w due to diffusion 



of vorticity. An interesting observation about this con

tribution to the transport of vorticity has been made by 

Batchelor (1967, p. 267). In his words, 

Vorticity or angular velocity of the fluid does 
not seem at first sight to be a transportable 
quantity, capable of being conveyed from one 
part of the fluid to another, by molecular 
migration, but inasmuch as all components of 
V*, at all points in the fluid, are transpor
table quantities^so too are the spatial 
derivatives of V* and so too, in effect, is 
vorticity. 

The last term on the right-hand side of Equation 

2.27 does not appear explicitly in the momentum equation, 

Equation 2.26. As shown in Figure 2.1, this term repre

sents the change in vorticity resulting from the rigid 

rotation of the vortex-line due to the component of V 

normal to the vortex-line, and the stretching of the 
—-x-

vortex-line due to the component of V parallel to the 

vortex-line. In a two-dimensional flow this contribution 

is zero since uo is orthogonal to the plane of motion. 

2.5 The Rate of Change of Circulation 

In Section 2.4 it was noted that at any instant 

the strength of a vortex-tube, or equivalently the circu

lation, was constant along its length. However, in general 

for a viscous fluid the circulation does not remain con

stant from one instant of time to another. The rate of 

change of circulation is given as (Batchelor 19^7^ p. 269), 
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X 
Vortex Line 

V= V,+V, 

Figure 2.1. Stretch and Rotation of a Vortex-line 



=  -  V  $  ( v x  a i * )  •  d x * .  ( 2 . 2 8 )  
dt c 

If the fluid is inviscid, it follows 

^r = 0. (2.29) 
dt 

Equation 2.29 is recognized as the mathematical statement 

of Kelvin's circulation theorem for an inviscid, incompres

sible fluid of uniform density acted on by a body force 

which is the gradient of some potential. 

More significantly, however, Equation 2.28 illus

trates the important fact (Batchelor 1967, P* 270) that 

the circulation is only affected by the condition at the 

material curve C. Gravity and pressure forces do not have 
—"X* 

any effect on u . If the fluid is originally at rest and 
_* 
cu = 0, circulation can only arise by the diffusion of 

vorticity into the vicinity of the material curve C. 

2.6 Vortex-sheet 

The concept of a vortex-sheet is critically impor

tant to the remainder of this work. As will be discussed 

in Chapter 3, in a two-dimensional flow field of a vis

cous, incompressible fluid with constant properties, the 

formation of a vortex-sheet at a solid surface that bounds 
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the fluid is the mechanism which produces the vorticity 

that is present in the flow field. 

Referring to Figure 2.2, a vortex-sheet is defined 
—r)f 

as a surface across which the tangential velocities and 
—-x- * 
V"2 change abruptly. The thickness of the vortex-sheet e 

is considered to be infinitesimally small. The vorticity 
—-%• 

in the vortex-sheet is denoted as Q to distinguish it from 

the vorticity u) in the flow field. The vorticity that is 
* * -x-

contained in the volume element 6t = e 6s , will be referred 

to as the total vorticity. The total vorticity is given by 
_* * * Q 

the expression Q e 6s and has dimensional units of L /T. 

In reality it is the velocity discontinuity 
_-x- _-x-

between Vg and V-^ that is responsible for the formation 

of a vortex-sheet. In practical problems the velocities 
•v. Jfc 

V-̂  and Vg are known or can be calculated. For the pur

poses of subsequent analysis it is necessary to relate the 

velocity discontinuity to the vorticity in the vortex-

sheet . 

From Gauss1 divergence theorem the expression 

_f * V x V* dT* = J * n x V* ds*, (2.30) 
6T 6 S 

is easily obtained. For a small element of the vortex-

sheet the following equation is obtained from Equation 2.30 
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Figure 2.2. Vortex-sheet 



V x  V e 6s = n x (?1 - V2)6s . (2.31) 

_-x- _* 
Since £ = V x V , it follows that 

_-x- * _ ,_•* 
C e « n x (V1 " V2), (2.32) 

_* * 
which is the desired expression. The quantity q e is 

called the strength of the vortex-sheet or the total vor-

ticity per unit area and has dimensional units of L./T. 
_-x- * 

The quantity £ e can also be thought of as the amount of 

vorticity that lies in the surface 6s and is often 

referred to as the surface vorticity. 

Due to the viscosity of the fluid, the vorticity 

that is present in the vortex-sheet is transported by 

diffusion out of the vortex-sheet into the surrounding 
-X-

fluid. Since the velocities and/or Vg contain a con

tribution from vorticity as indicated by Equation 2.24, it 

is obvious that the strength of the vortex-sheet may vary 

from one instant of time to another. 



CHAPTER 3 

GENERAL ANALYSIS 

The objective in this chapter is to present a com

putational procedure for calculating unsteady flows result

ing from the impulsive motion of solid bodies. Prior to 

describing the computational procedure it is necessary to 

discuss the development of unsteady flows from the stand

point of vorticity generation and transport. 

The initial part of the chapter extends the con

cept of a vortex-sheet and discusses the origin of vor

ticity in motions generated from rest by a solid body. 

Two examples with known exact solutions are presented 

because they illustrate the role of vorticity. These 

same two examples are used to test numerically the compu

tational procedure developed herein. The problem of the 

impulsively accelerated semi-infinite plate is discussed 

in anticipation of the results presented in Chapter 5. 

Finally, the computational procedure is discussed in 

detail using the impulsively accelerated semi-infinite 

plate as a model. 

42 
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3-1 Dimensionless Variables 

In the absence of a characteristic length, it is 

convenient to define the dimensionless variables in terms 

of the kinematic viscosity and a characteristic velocity. 

Since the subsequent discussion concerns motions gener

ated by the movement of a solid body, a logical choice for 

the characteristic velocity is the velocity of the body 

V^. Proceeding in this manner, the dimensionless vari

ables may be written as: 

u = u*/V* (3.1) 

* . * 
V = v /vb 

t = tX2/v 

* / *2 
C = C v/V 

*  /  *2  U) = UJ v/V̂  

* * . 
6o = »oV» 

* * . 
€ = € Vb/v 

* . * 
C « c /Vb 

x = x*V*/v 

* * . y = y \/\> 

*/ *2 p - p /p v. 
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The x co-ordinate is measured along the body, the 

y co-ordinate normal to the body and u and v are the x 

and y components of velocity. It will be assumed that the 

velocity of the body is in the negative x direction. With 

the introduction of dimensionless variables, the velocity 

u is of order unity and the dimensionless x distance 

becomes the familiar local Reynolds number. 

3.2 The Source of Vorticity in Motions 
Generated from Rest 

The important idea discussed in this section con

cerns the origin of vorticity in motions generated from 

rest by a solid body. For a viscous, incompressible fluid 

with constant properties, it is impossible for vorticity to 

be created or annihilated within the fluid. Any vorticity 

that is present in the fluid is created at the surface of 

the solid body and is transported into the surrounding 

fluid. The mechanism whereby vorticity is created at the 

surface of the solid body, namely a vortex-sheet, was 

introduced in Section 2.6. It is now necessary to extend 

the concept of a vortex-sheet to suit the objectives of 

this work. That is, the concept of a vortex-sheet must be 

adapted to facilitate numerical computations of unsteady 

flows. The reader will find the ideas presented in this 

section illustrated in the discussion that follows. 
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When the solid body is moved the fluid in contact 

with the body moves with it. However, the fluid at an 

infinitesimal distance e, measured normal to the body, 

need not have the same velocity. Referring to Figure 2.2, 

the velocity of the body corresponds to the velocity Vg* 

and the velocity a distance e away, called the induced 

velocity , corresponds to the velocity V^. The tangential 

velocity discontinuity that exists across the distance e, 

namely, - V^, forms a vortex-sheet with vorticity Q. 

Again the symbol Q is used to distinguish the vorticity in 

the vortex-sheet from the vorticity uu in the surrounding 

fluid. 

In actual computations (to be discussed in Section 

3.6) the velocity of the body is specified, but the 

induced velocity must be calculated. The various con

tributions to the velocity, in this case the induced 

velocity V\, were discussed in Section 2.2. Since it has 

been assumed that the fluid is incompressible and initially 

at rest, the contribution to the induced velocity from 

the translation and the expansion V0 is zero. The con

tribution from the vorticity Vr is calculated through the 

application of Equation 2.21. If the normal component of 

Vr is zero at the surface of the body the contribution from 

the pure straining motion V is zero. Otherwise, the contri-s 

bution from the pure straining motion must reduce the normal 



46 

component of the velocity at the surface of the body to 

zero. When applicable, this contribution must also be con

sidered in calculating the induced velocity . 

For the purpose of performing numerical calcula

tions which are described in Section 3-6, it is necessary 

to obtain an expression which specifies the total amount of 

vorticity per unit area that diffuses out of the vortex-

sheet in a time interval fit. As a starting point it is noted 

that at any location on the surface of the body, the rate 

of change of the vorticity in a volume element 6t = € 6s 

of the vortex-sheet, must be equal to the diffusion of 

vorticity across the surface element 6s. This statement is 

expressed as 

dc* c*Ro* duu* * —^ e 6s = v —^ 6s . 
dt dy 

In terms of dimensionless variables the last equation is 

€6s = 6s . (3.2) 

Equation 3.2 may be integrated with the result 

t+6t 

e[6(t«t)-c(t)] = j- |ffl aY. 

t 

With the use of Equation 2.32 the last equation becomes 
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t+6 t 

[vb(t+6t)-v1(t«t)I-[vb(t)-v iCt)I = - J || ay. (3.3) 

t 

In arriving at Equation 3 - 3  it is necessary to recall that 

the velocity of the body is in the negative x direction. 

For the present it will be assumed that (t) = V^(t) and 

Equation 3-3 reduces to 

t-f61 

[V"b(t+6t)-Vi(t+5t)] = - J ^ dy. (3.4) 
t 

The justification for the assumption V^(t) = V^(t) follows 

shortly. Equation 3.4 is the desired expression that 

relates the total amount of vorticity per unit area that 

diffuses out of the vortex-sheet in the time interval 

(t+6t)-t, to the velocity discontinuity, V^t+St) -

V^(t-H>t). Several comments regarding Equation 3-4 are 

needed. 

First of all, V^(t+5t) - V^(t+6t), which is also 

the strength of the vortex-sheet, depends on the vorticity 

present in the fluid. Recall, V^(t+6t) is calculated from 

Equation 2.21. If the vorticity distribution in the fluid 

is not uniform, V^(t+6t) will vary along the surface of 

the body. 
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The second comment concerns the use of Equation 3.4 

in numerical calculations. Suppose the vorticity transport 

equation, Equation 2.27, is integrated from t to t+6t. 

This means that the distribution of the vorticity present 

in the fluid at t, is known at t+6t. Using this vorticity 

distribution in Equation 2.21, V^(t+6t) could be calculated 

along the surface of the body. In general V^(t+6t) may not 

satisfy the no-slip condition. That is, V^(t+6t) ̂  (t+6t). 

Whenever this is the case, it must be concluded that during 

the time interval 6t, exactly enough vorticity is produced, 

such that its effect, combined with the vorticity already 

present in the flow field, reduces the velocity slip at the 

surface of the solid body to zero. Referring to Equation 

3-4, this implies that the velocity discontinuity at time 

t+6t, determines the total amount of vorticity per unit 

area that diffuses into the fluid from the surface of the 

solid body in the time interval (t+6t)-t. This means that 

it is necessary to proceed to the end of the time interval 

(t+6t)-t, to determine the amount of vorticity produced 

during the time interval. When V^(t+6t) is calculated, it 

does not include the vorticity produced in the time inter

val since this is unknown. 

After determining the amount of vorticity that is 

"lacking" in the fluid at time t-ffit, it is possible to 

proceed to time t+2fit. For the second time interval, 



Equation 3-3 becomes 

t+2fit 

[Vb(t-3-26t)-Vi(t+26t)] - [V^(t+6t)-Vi(t+5t)]  = -  J* ^  dy.  

t+6t 

It is now possible to show why the second term on the 

left-hand side of Equation 3«3 is zero. To start the 

second time interval it is necessary to put into the fluid 

the amount of vorticity that is "lacking." This amount is 

exactly enough to insure that V^t+St) = V^(t+6t) which 

justifies the assumption made in writing Equation 3.^. 

The previous discussion has shown that for any 

time interval 6t, the total amount of vorticity per unit 

area that enters the fluid by diffusion from the surface of 

the body is calculated from Equation 3*4. The detailed 

procedure for calculating unsteady flows to include the 

use of Equation 3.4 is presented in Section 3-6. 

The presence of a vortex-sheet at the surface of a 

solid body moving with a constant velocity may be shown to 

be associated with the existence of a pressure gradient 

along the surface of the body. To see this, the x compon

ent of Equation 2.26 is written as 

+ = + (3.5) 
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At the surface of the "body u and v as well as their deriv

atives with respect to x and t are zero, and the above 

equation reduces to 

&-'&• ( 3"6 )  

For a two-dimensional flow field the only component of vor-

ticity is normal to the plane of motion. At the surface of 

the "body the vorticity is given as uj = - 3u/dy. In terms 

of the vorticity, the pressure gradient is expressed as 

li = - If- (3-7) 

The right-hand side of Equation 3 - 5  represents the tangen

tial vorticity source strength or the flux of total vor

ticity per unit area per unit time out of the vortex-

sheet. In the absence of a vortex-sheet, ~ = 0, and from dy 

Equation 3 - 7 ,  = 0-

3»3 The Impulsively Accelerated 
Infinite Plate 

The problem of the impulsively accelerated infinite 

plate, frequently referred to as the Rayleigh problem, has 

previously been solved exactly. It is appropriate to con

sider the problem in this work for three reasons. First 

of all, the previous ideas concerning the formation of a 
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vortex-sheet may "be illustrated. Secondly, the vorticity 

phenomena that are applicable to this problem may be 

extended with some slight modifications to more general 

flow situations. Thirdly, because the problem has an 

exact solution, it is possible to test the computational 

procedure that is described in Section 3-6 of this chapter. 

Initially, the plate and the fluid are at rest. 

At t=0, the plate is impulsively accelerated. In terms of 

dimensionless variables, the velocity of the plate is 

V = - 1. Since the plate is infinite there are no gradi-
P 
ents in the x direction and the y component of velocity 

is zero. 

For the Rayleigh problem, Equation 2.26 reduces to 

du dSj. (3-8)  

The initial and boundary conditions are 

u(y,0) = 0 (3-9a) 

u(0,t) = - 1 (3.9b) 

^ u(y,t) = 0. (3.9c) 

The solution to the problem specified by Equation 

3.8 and Equations 3.9 is given by Schlichting (1968, p. 82) 

In terms of the dimensionless variables the solution is 
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"H 
U = - 1 + J" exp(-y ) dy, (3.10) 

^ o 

where 

n = —SL-. (3-11) 

2 \[t 

The expression for the vorticity distribution is easily 

obtained by applying Equation 2.9 in conjunction with Equa

tion 3.10. Thus, the expression for the vorticity is 

u) = — exp(- y2/4t). (3-12) 

\Fft 

The vorticity distribution given by Equation 3*12 

is one-dimensional and time dependent. Using this expres

sion for the vorticity distribution it is possible to 

verify the previous statements made concerning the vortex-

sheet and to make some useful observations and conclusions 

regarding the vorticity distribution. An appropriate 

starting point is to note that for t > 0, the flux of total 

vorticity per unit area per unit time, du)/dy, is zero at the 

plate surface (y=0). This means that for t > 0, there is 

no vortex-sheet present and the pressure gradient is zero. 

In the absence of a vortex-sheet at the surface of 

the plate, the induced velocity must be equal to the 
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plate velocity, V = - 1. To calculate the induced veloc

ity it is necessary to integrate Equation 2.21 using the 

vorticity distribution given by Equation 3.12. In general, 

the velocity resulting from the vorticity distribution is 

given as (Equation 2.21) 

T? _ 1 r°° P°° r°° uj(x,y,z,t) x fix+Jy-fez) dxdydz 
vr ~ J J J , 2 2 ,  2v3/2 

-co -00 -00 (x + y + z ) 

In performing this integration, the origin of the 

co-ordinate system is taken at the point where the velocity 

is to be calculated. In a two-dimensional situation, the 

vorticity is a function of x, y and t and the previous 

expression for the velocity may be integrated to yield 

V = f u»(x,y,t) x (ix+Jy) dxdy (3.13) 
^ -co -co x + y 

Equation 3.13 is applicable to any two-dimensional flow 

where the x-y plane is the plane of motion. 

For the Rayleigh problem, m is a function of y 

only and Equation 3.13 may be further integrated with the 

result 

V  =  | i J  u > ( y , t ) d y .  ( 3 . 1 4 )  
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Finally, with the use of Equations 3.12 and 3-llj the 

expression for the induced velocity, 

V± = " ~ J* exp(-n2)dr1, 
Vtt o 

is obtained. With the aid of any standard table of 

integrals, the last equation leads to the result, = - 1. 

This result verifies the statement that the induced veloc

ity is equal to the plate velocity and there is no vortex-

sheet at the plate surface. 

The question left unanswered concerns the origin of 

the vorticity in the fluid. Recall, it was assumed that 

the vorticity was initially zero everywhere. In this case 

all of the vorticity was created during the impulsive accel

eration. As the plate was impulsively accelerated, the 

fluid at the plate surface was moved while the fluid an 

infinitesimal distance e away from the plate remained 

motionless. The velocity discontinuity resulted in a 

vortex-sheet. The vortex-sheet existed only for an infini

tesimal length of time during which vorticity was generated 

and transported into the fluid "by diffusion. 

After the initial impulsive acceleration, the 

effect of the viscosity of the fluid is to diffuse the 

vorticity over an ever-increasing region. As time 



increases, the magnitude of the vorticity at any fixed 

point approaches zero but the "total amount" of vorticity 

present in the fluid, which was produced instantaneously, 

remains constant for all time. This statement is easily 

verified by integrating Equation 3-12 over the entire 

region occupied by the fluid. Carrying out the integration, 

the following result is obtained 

^7 J exp(-y2/4t)dy = - f exp(-r)2)dn = - 1. 
V TTt o VlT b 

This result is valid for any time t. 

Equation 3.12 indicates that the vorticity spreads 

with infinite velocity. That is, for t > 0, vorticity is 

present in the entire region occupied by the fluid. How

ever, for large y and small t the magnitude of the vor

ticity is minute. Following the development of Liepman 

and Roshko (1965, p. 315) it is convenient to think of 

the diffusion of vorticity in terms of a characteristic 

distance 6Q called the vorticity thickness, and a velocity 

c which characterizes the spreading of vorticity into the 

fluid. The vorticity thickness 6q is defined by the equa

tion 

00 

cu(0,t)6o = J uu(y,t)dY, 
o 



56 

where uu(0,t) is the vorticity at y=0 at any time t. The 

rate at which the vorticity thickness grows defines the 

velocity c and is given as 

_ ;d6o 
dt * 

For the impulsively accelerated infinite plate, 

the vorticity thickness is 

6q = yfrt. (3.15) 

The corresponding characteristic velocity c is 

c = § V ir/t. (3-16) 

3.4 The Linearly Accelerated Infinite Plate 

The linearly accelerated infinite plate repre

sents a further degree of complexity over the Rayleigh 

problem. This is due to the continuous presence of a vor

tex-sheet at the surface of the plate. 

If the velocity of the plate varies linearly with 

timej that is, Vp = - kt, the expression for the velo

city distribution is obtained by applying Duhamel's inte

gral (Hildebrand 1965* P* ^51) in conjunction with Equa

tion 3.10. Proceeding in this manner, the following 
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result is obtained 

u(y,t) = - f exp(-y2)dy + £3L- J exp(-y2)dy. 
Vtt j£ 2v? _j_ y 

2Vt" 2Vt (3.17) 

Using Equation 2.9, the corresponding vorticity distribu

tion is expressed as 

• g 00 
ou(y,t) - 2k/y^ exp(- +-—5 / exp(-y2)dy. (3.18) 

2\Ji 

In this example, the vortex-sheet owes its exis

tence to the continuous acceleratidn of the plate. The 

pressure gradient along the surface of the plate remains 

zero. It will now be shown that Equation 3*4 may be used 

to calculate the amount of total vorticity per unit area 

that diffuses out of the vortex-sheet into the fluid. 

For this problem the result can be verified. The velo

city of the plate at t -f §t is given as - k(t + 6t). The 

induced velocity at t 4- 6t is calculated from Equation 

3.14 using the vorticity distribution given by Equation 

3.18. In calculating the induced velocity at t + 6t the 

vorticity distribution at t must be used. Otherwise, the 

implication is that the vorticity distribution at t + 6t 



is known.' This important point is further explained in 

Section 3.6. The result of a lengthy integration by parts 

yields V^(t -3- fit) = - kt. Therefore, 

V (t + fit) - Vi(t 4- fit) a - kfit, 

which is the amount of total vorticity per unit area that 

diffuses into the fluid in the time fit. This result is 

easily verified by evaluating ^^ from Equation 3-18 

and integrating the result between t and t -3- fit. 

As in the Rayleigh problem, the vorticity thick

ness fiQ is equal to \firt and the characteristic velocity c 

is equal to 1/2 Vfr/t. 

3-5 The Impulsively Accelerated Semi-
infinite Plate 

In the previous examples, the vorticity distribu

tion was obtained from velocity distribution. This pro

cedure, was logical since the intent was to verify the 

statements made concerning the formation of a vortex-sheet 

without making any a priori assumptions in the form of 

vorticity boundary conditions. However, the computational 

procedure to be presented in Section 3.6 takes an alterna

tive approach. That is, the vorticity distribution is 

obtained, and from it, the corresponding velocity distri

bution is calculated. This procedure has distinct 

advantages that are discussed in Section 3-6. In 



59 

preparation for this approach, the discussion of the 

impulsively accelerated semi-infinite plate will be primar

ily concerned with the vorticity phenomena. As the discus

sion progresses it will be evident that all of the phenomena 

discussed in the preceding examples are applicable. 

The problem of the impulsively accelerated semi-

infinite plate has never been solved exactly. However, 

asymptotic solutions are available for comparison with 

numerical results. The complexity of the problem stems 

from the presence of a vortex-sheet, the strength of which 

varies along the surface of the plate, the transport of 

vorticity by convection as well as diffusion, and the 

presence of steep vorticity gradients in the vicinity of 

the leading edge of the plate. 

A model for the flow field generated by the 

impulsive acceleration of a semi-infinite plate has been 

proposed by Koob and Abbott (1968). With appropriate 

modifications their model is consistent with the model 

used in this work. 

Referring to Figure 3-1, the new model divides 

the flow field into three regions. The flow field in 

Region III is one-dimensional, time dependent and the 

Rayleigh solution (Section 3-3) is the asymptotic solu

tion. In Region III, the significant mechanism for the 

transport of vorticity is diffusion normal to the plate. 



Steady State 

Flow 

Region I  

Time Dependent 

Two-dimensional 

Flow 

Region I I  

,Time Dependent 

One- dimensional 

Rayleigh Flow 

Region I I I  

vD=-i 

Figure 3-1- Model for the Flow Field Generated by the 
Impulsive Acceleration of a Semi-infinite 
Plate at Time t 



During the impulsive acceleration, Region III 

encompasses the entire plate. However, for all practical 

purposes the effect of the leading edge of the plate is 

felt immediately. Since there is no generation of vor

ticity upstream of the leading edge, this region acts as a 

vorticity sink which receives the resulting upstream diffu

sion of vorticity. The streamwise diffusion of vorticity 

is critically important near the leading edge and must be 

considered in any meaningful analysis. 

Due to the upstream diffusion of vorticity, the 

flow field in the vicinity of the leading edge, meant also 

to include the region upstream of the leading edge, imme

diately becomes two-dimensional and time dependent and is 

identified as Region II. There is no known asymptotic 

solution available for Region II. In Region II, vorticity 

is transported by convection as well as diffusion. As 

time increases, the unsteady, two-dimensional flow field 

that characterizes Region II continues to move downstream. 

After some finite time the flow field in the 

vicinity of the leading edge becomes essentially inde

pendent of time which indicates the start of Region I. 

As time increases, the steady state characteristic of 

Region I also moves downstream. Far from the leading 

edge, in that part of Region I where the boundary layer 

assumptions are valid, the Blasius solution (Schlichting 



1968, p. 125) is applicable. The Blasius solution is not 

valid near the leading edge simply because the boundary 

layer assumptions are not valid in this region. There is 

no known exact steady state solution available in the 

vicinity of the leading edge. 

At the surface of the plate there is always a 

vortex-sheet present. The flux of total vorticity per 

unit area is a function of time and the downstream plate 

distance. Par downstream where the Rayleigh solution is 

asymptotically valid, the induced velocity approaches the 

plate velocity and the flux of total vorticity per unit 

area approaches zero. Correspondingly, the pressure gradi

ent approaches zero. Near the leading edge, where the 

pressure gradient is significant, the induced velocity is 

not equal to the plate velocity and the flux of total 

vorticity per unit area has some spatial distribution. 

The vorticity thickness 6Q and the characteristic 

velocity c cannot be calculated exactly since the vor

ticity distribution is not known. However, based on the 

preceding results it is expected that for order-of-

magnitude estimates, 

6Q ~ 

and 



All of the phenomena previously described can be 

verified only by solving the complete vorticity transport 

equation. The results presented in Chapter 5 substantiate 

the model presented and provide a detailed description of 

the motion generated by the impulsive acceleration of a 

semi-infinite plate. 

3.6 Computational Procedure 

The preceding discussion presented the equations 

and concepts needed to describe the method used to com

pute the transient flow resulting from the impulsive 

acceleration of a semi-infinite plate. The method 

described in this section can be extended to compute the 

transient flow over a body of arbitrary shape. 

In reality, the process of the formation of a 

vortex-sheet, the generation of vorticity in the vortex-

sheet, the diffusion of vorticity out of the vortex-sheet 

and the resulting change in the strength of the vortex-

sheet occurs simultaneously. The key to the computational 

procedure is to consider the chain of events sequentially. 

To begin the computations it is assumed that the plate 

and the viscous, incompressible, constant properties 

fluid are at rest. The vorticity is everywhere zero. 

For this two-dimensional situation, the vorticity trans

port equation is 



2 2 
du> , „ do) , „ du> _ 3 uj , 9 uu ,^ + O-1*) 

It is noted that at time t~0, the left-hand side of 

Equation 3.4 is zero, and thus no vorticity can enter the 

fluid. It is therefore necessary to proceed to time t^ =* 

6t to start the computations. At time t^ = 6t, the left-

hand side of Equation 3^ is unity since V-^(t -f 6t) = 1, 

and V^(t + 6t) = 0, where t + 6t = t-^. Therefore, during 

the time interval fit, the total amount of vorticity per 

unit area that diffuses into the fluid is known at every 

point on the surface of the plate. It can be seen that in 

performing the calculations, it is necessary to proceed to 

the end of the time interval to determine the total amount 

of vorticity per unit area that diffuses into the fluid 

during the time interval. It was for this reason, in 

the example of the linearly accelerated infinite plate, 

that the induced velocity at t + 6t was calculated from 

the vorticity distribution at t. 

In reality, the vorticity is continuously created 

and diffused during any interval 6t. However, it is not 

necessary to know the exact variation with time of the 

vorticity production. All that is required is the total 

amount of vorticity entering the fluid in the time inter

val 6t. This interval is chosen sufficiently small such 

that from a computational standpoint, the effect of the 



vorticity created during fit, is to reduce the velocity dis

continuity at the plate surface to zero. 

Once the total amount of vorticity per unit area 

that diffuses into the fluid in the time interval 6t is 

determined, it is possible to continue the computations 

through the second time interval corresponding to t2 = 2fit. 

To do this, Equation 3-19 must be integrated from t^ to tg. 

This integration yields the vorticity distribution at t 

The details of the numerical integration are presented in 

Chapter 4. 

One initial condition and four boundary conditions 

are needed to integrate Equation 3.19* The initial con

dition is specified by the vorticity distribution at the 

start of the time interval. For example, for the inte

gration from t to t + fit, the initial condition is given 

by uj(x,y,t). If the origin of the co-ordinate system is 

taken at the leading edge of the plate, the boundary 

conditions are: 

= 0; x < 0, y = 0 (3.20a) 

lim uu(x,y, t) = 0 (3.20b) 

lim dm(x,y,t) _ Q 
x-*+o° ox ~ (3.20c) 
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• lim uu(x,y,t) = 0. (3.20d) 

Along the surface of the plate, the boundary condition is 

specified by Equation 3-4. That is, the vorticity gener

ated during the previous time interval is put into the flow 

field and its distribution is determined by integrating 

Equation 3.19- Once the vorticity distribution is known at 

t2, the velocity distribution (including the induced 

velocity) is calculated using Equation 3.13. It is now 

possible to continue the calculations to t^ = 36t and so on. 

This method of computation simulates as closely as 

possible the "chain of events" as they actually occur. 

Attacking the problem from a vorticity source standpoint 

has several advantages. In the first place, the necessity 

of dealing with the pressure distribution and the stream 

function is eliminated. The introduction of the stream 

function requires the solution of a second partial differ

ential equation. This presents a considerable degree of 

numerical complexity as compared to the numerical integra

tion of Equation 3-13• In addition, since the vorticity 

is restricted to the fluid near the plate, the vorticity 

source method requires that Equation 3-19 be integrated 

only over the region of non-zero vorticity. 

To test this computational procedure, the impul

sively accelerated infinite plate and the linearly 



accelerated infinite plate-were solved numerically. 

Table 3.1 and Table 3.2 compare the computed results with 

the exact values (Equation 3.10 and Equation 3-12) for 

the impulsively accelerated infinite plate. Table 3-3 

compares the computed results with the exact values (Equa 

tion 3.17 and Equation 3-18) for the linearly accelerated 

infinite plate. The Crank-Nicolson implicit method 

(discussed in Chapter 4) was used to integrate Equation 

3.19. 

An examination of the results shows that the 

greatest discrepancy between the computed values and the 

exact values is less than four percent. In fact, except 

for a few isolated points, the error is less than two 

percent. Noteworthy is the fact that the accuracy 

achieved with the large time and space increments, Table 

3.2, is comparable with that achieved with the smaller 

time and space increments. The velocity results, in 

general, are in better agreement than the vorticity 

results. That is so, simply because the velocity is 

obtained by integrating over the vorticity distribution 

(Equation 3.13). Therefore, any local deviations in 

vorticity tend to be smoothed in the integration process. 

This is one obvious advantage of using the vorticity 

source method. 
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Table 3-1. Comparison of the Exact Values and the Computed 
Values for the Impulsively Accelerated Infinite 
Plate Ay = .2, At - .007 

y t = • 35 t = • 70 

Comp. 
(D 
Exact Comp. 

u 
Exact Comp. 

U) 
Exact Comp. 

u 
Exact 

.i .9610 .9469 .9034 .9049 .6770 .6719 • 9321 .9327 

• 3 .9053 .8943 • 7159 • 7199 .6575 .6530 .7934 • 7999 

• 5 .8035 .7977 .5444 .5501 .6202 .6167 .6703 .6726 

• 7 .6722 .6720 .3965 .4028 .5682 . 5661 .5513 • 55^1 

• 9 .5305 • 5347 .2762 .2821 .5057 .5049 .4438 .4469 

1.1 • 3952 .4018 .1838 .1886 .4372 .4377 .3494 .3525 

1.3 .2782 .2852 .1169 .1202 .3672 .3688 .2690 .2719 

1.5 .1852 .1912 .0709 .0730 • 2997 .3019 .2024 .2049 

1.7 .1168 .1210 .0411 .0422 .2377 .2402 .1487 .1508 

1.9 .0698 .0724 .0228 .0232 .1833 .1858 .1068 .1083 

2.1 .0397 .0409 .0121 .0121 .1374 .1396 .0748 .0759 

2.3 .0214 .0218 .0061 .0060 .1002 .1019 .0512 .0519 

2.5 .0711 .0724 .0342 .0346 

2.7 .0490 .0499 .0223 .0225 

2.9 .0329 .0335 .0142 .0143 

3.1 .0215 .0218 .0088 .0088 

9 
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Table 3.2. Comparison of the Exact Values and the Computed 
Values for the Impulsively Accelerated Infinite 
Plate Ay = 2, At = .5 

y t = 20 t = 45 

Comp. 
U) 
Exact Comp. 

u 
Exact Comp. 

uu 
Exact Comp. 

u 
Exact 

1 .1269 .1246 .8720 .8744 .0839 .0832 .9158 .9165 

3 .1141 .1127 .6291 .6352 .0801 .0796 • 7512 • 7531 

5 .0923 .0923 .4217 .4292 .0732 .0729 .5973 .6002 

7 .0674 .0684 .2619 .2684 .0640 .0639 .4598 .4631 

9 .0446 .0458 .1506 .1547 .0535 .0536 .3423 • 3455 

11 .0268 .0278 .0802 .0820 .0427 .0430 .2461 .2489 

13 .0147 .0152 .0396 .0398 .0327 .0330 .1709 .1730 

15 .0074 .0076 .0182 • 0177 .0239 .0243 .1145 .1159 

17 .0034 .0034 .0078 .0072 .0168 .0171 .0741 .0747 

19 .0015 .0014 .0031 .0027 .0113 .0115 .0462 .0464 

21 .0073 .0074 .0278 .0277 

23 .0045 .0046 .0162 .0159 

25 .0027 .0027 .0091 .0088 
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Table 3*3• Comparison of the Exact Values and the Computed 
Values for the Linearly Accelerated Infinite 
Plate Ay = .1, At = .0035 

t = .175 t = .525 

Comp, 
U) 
Exact 

u 
Comp. Exact Comp. 

UJ 
Exact 

u 
Comp. Exact 

.05 

• 15 

.25 

• 35 

.45 

• 55 

.65 

• 75 

.85 

• 95 

i.05 

1.15 

1.25 

1.35 

1.45 

1.55 

1.65 

1.75 

1.85 

1.95 

.4237 

.3371 

.2636 

.2025 

.1526 

,1128 

.0817 

.0581 

.0404 

.4237 

.3371 

.2636 

.2023 

.1524 

.1125 

.0814 

.0577 

.0400 

.1530 

.1151 

.0851 

.0620 

.0443 

.0311 

.0214 

.0145 

.0096 

.1526 

.1147 

.0848 

.0616 

.0439 

.0307 

.0211 

.0142 

.0094 

.7686 

.6764 

.5918 

• 5149 

.4453 

.3827 

.3269 

.2774 

.2339 

.i960 

.1631 

.1348 

.1106 

.0901 

.0729 

.0586 

.0467 

.0370 

.0291 

.0227 

.7686 

.6763 

.5918 

.5148 

.4452 

.3826 

.3268 

.2773 

.2338 

.1958 

.1629 

.1345 

.1104 

.08 99 

.0727 

.0584 

.0465 

.0368 

.0289 

.0225 

• 4857 

.4136 

.3502 

.2950 

.2470 

.2057 

.1703 

.l4oo 

.1146 

.0931 

.0752 

.0603 

.0481 

.0381 

.0300 

.0234 

.0182 

.0140 

.0107 

.0081 

.4854 

.4132 

.3498 

.2945 

. 2466' 

.2053 

.1699 

.1397 

.1142 

.0928 

.0749 

.0600 

.0478 

.0379 

.0298 

.0232 

.0180 

.0139 

.0106 

.0080 
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The results presented in Table 3-2 are especially-

significant. The same time and space increments are used 

in obtaining a numerical solution for the impulsively 

accelerated semi-infinite plate. It was pointed out in 

Section 3-5> that for the semi-infinite plate, far down

stream, the result for the impulsively accelerated infin

ite plate was an asymptotic solution. Therefore, it is 

reasonable to use the impulsively accelerated infinite 

plate as a guide in choosing the time and space increment 

for the impulsively accelerated semi-infinite plate. This 

point is discussed in greater detail in Section 4.1. 



CHAPTER 4 

NUMERICAL PROCEDURES 

For complex problems, general results are not 

available regarding the best numerical method(s) to be 

used. Modern textbooks and references (Richtmyer and 

Morton 19&7* p. 353> Porsythe and Wason 1967* P- 139; 

p. 397i Cheng 1970) point out that insofar as non-linear, 

multi-dimensional partial differential equations are con

cerned, the state of the theory governing their repre

sentation in finite-difference form is not well developed. 

The selection of a particular method or technique is often 

a trial-and-error procedure. The techniques presented 

in this chapter evolved from extensive experimentation 

and are believed to be the best suited (of those con

sidered) for the problem at hand. 

The first part of this chapter discusses the 

selection of the time and space increments. Following 

this, the details of the numerical procedures are dis

cussed. The last part of this chapter treats the 

stability and convergence of the finite-difference equa

tions . 

72 
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4.1 Determination of the Grid Size 
and Spacing 

The use of a finite-difference technique requires 

that region of interest be divided into a grid. Because of 

the symmetry of the problems considered, it is necessary to 

perform numerical computations only for the region above 

the plate. The selection of a grid arrangement can often 

be a trial-and-error procedure; furthermore, the problem of 

the impulsively accelerated semi-infinite plate presents 

certain restrictions. 

To start with, the grid has to be arranged such 

that the boundary conditions given by Equations 3•20 are 

applicable. This means that the grid array must extend 

sufficiently far upstream of the leading edge of the plate, 

and in the transverse y direction such that the vorticity 

remains essentially zero in this fringe region for all 

time. It is also necessary that the grid extends far 

enough downstream to provide a one-dimensional region of 

flow for a sufficiently long period of time. The period 

of time depends on the length of time it takes for a 

region of the flow near the leading edge of the plate to 

reach steady state. 

The grid spacing (Ax, Ay), that is, the distance 

between nodes represents another serious restriction. 

The spacing has to be small enough to describe the 



phenomena that occurs in the region of the boundary layer. 

This requirement and the restriction imposed by the far 

field boundary conditions necessitates the use of an 

expanding grid. In the vicinity of the leading edge of 

the plate and near the surface of the plate, a small spacing 

is used. The Ax and Ay spacing is gradually expanded to 

fill the entire space. 

A further complication results from the fact that 

the Ay spacing and the time interval At are found to be 

dependent. That is, for the impulsively accelerated 

infinite plate, which is an asymptotic solution for the 

impulsively accelerated semi-infinite plate, not all com

binations of Ay and At yield accurate numerical results. 

Therefore, it is felt that only those Ay-At combinations 

that yield accurate results for the infinite plate can be 

used for the semi-infinite plate. The results of several 

numerical experiments indicate that after a Ay spacing 

is selected, a good first choice for the time step At is 

obtained from Equation 3-15-

It is important that the time step selected is 

large enough to allow a portion of the flow field to 

reach steady state within a reasonable amount of computer 

time. This choice is further complicated by the fact 

that it is not known a priori how long it takes for a 

given portion of the flow field to reach steady state. 
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Various authors (Koob and Abbott 1968, Hall 1969) made 

attempts to predict the time to steady state using simpli

fied models, but even these results are not in agreement. 

For estimation purposes, the time to steady state is taken 

to be proportional to L/V , where L is the length of the 

steady state region downstream from the leading edge. The 

proportionality constant was predicted by the authors 

cited above to vary between four and seven. 

The preceding discussion illustrates important 

considerations to be observed in determining the grid 

size, the grid spacing and the time step. The procedure 

used in making these final selections is as follows. A Ay 

spacing is selected and a At computed from Equation 3.15-

If the At appears to be too small a larger Ay is selected, 

etc. Using the selected Ay and At, the impulsively 

accelerated infinite plate is used as a test problem. A 

comparison of the computed results and the exact results 

is made. If this comparison is not satisfactory, the 

time step is adjusted and the computations are repeated. 

Usually 100 time steps are computed and the results are 

compared at various points for accuracy. After a satis

factory Ay-At combination is obtained, the grid for the 

semi-infinite plate is designed. In the vicinity of the 

' leading edge the Ax spacing is selected to be the same 

as the Ay spacing. Experience reveals that this is a 



good procedure to follow. At some distance upstream and 

downstream of the leading edge of the plate, the Ax spacing 

is expanded. Similarly, at some y location sufficiently 

far from the plate, the Ay spacing is expanded. Two or 

three time steps are computed and the results are checked 

to insure that the far-field boundary conditions are appli

cable. If they are not, the grid is readjusted, etc. 

It was apparent almost immediately that a one-

dimensional region existed far downstream of the leading 

edge. The details of the flow field in the one-dimensional 

region are discussed in Chapter 5« There could be no 

guarantee that the vorticity at the edges of the computa

tional grid would remain essentially zero so that the 

appropriate boundary conditions could be applied for the 

length of time required for a portion of the plate to 

reach steady state. In fact, during the early stages of 

this work it was necessary to start the problem over 

since it was apparent that the time-distance step selected 

would not meet the desired objectives. 

For the impulsively accelerated semi-infinite 

plate the grid arrangement consists of 70 nodes in the x 

direction and 15 nodes in the y direction. The leading 

edge of the plate is located at x node 14. The leading 

edge of the plate is the origin of the co-ordinate system. 

Node one is the farthest node upstream of the leading 



edge, and is a dimensionless x distance of -550 from the 

leading edge. Note 70 is the farthest node downstream 

of the leading edge, and is a dimensionless x distance of 

37, 150 from the leading edge. The farthest node from the 

plate in the y direction is located a dimensionless y dis

tance of 78 from the plate. If n represents the numbering 

of the nodes in the x direction, and m represents the 

numbering of the nodes in the y direction, the node spacing 

is as follows: 

n < 55 Ax = (5-n)40 

5 < n < 9 i  A x  =  1 0  

9 < n < 24; Ax = 2 

24 < n < 32; Ax = 10 

32 < n < 70; Ax = (n-31)50 

m < 8; Ay = 2 

8 < m < 15; Ay = (m-7)2 

The time step is At = .5. 

4.2 Finite-difference Formulation 

To obtain a numerical solution for the impulsively 

accelerated semi-infinite plate, it is necessary to numer

ically integrate the vorticity transport equation, 

du) , , dio . Sou , 32UJ 
3t " 



using a finite-difference technique. Depicted in Figure 

4.1 is a typical node arrangement used for the finite-

difference formulation. The node arrangement allows for a 

non-uniform grid since in general Axl ̂  Ax2, and Ayl ̂  Ay2 

Ay3. The control volume, indicated by the solid lines 

surrounding the node (i,j), is drawn such that the sur

faces parallel to the y axis are midway between adjacent 

nodes and the surfaces parallel to the x axis are equally 

spaced around the node (i,j). 

Figure 4.2 depicts the same control volume with 

the appropriate vorticity transport expressions. Due to 

the manner in which the dimensionless variables are 

defined, the viscosity of the fluid does not appear in 

the diffusion terms. The u component of velocity in the 

convection terms is represented by the average velocity 

at two adjacent nodes. The v component of velocity is 

calculated from the integral continuity equation; there

fore, v is a mean or bulk velocity whose value is known 

at the control surface. This point is further discussed 

in Section 4.3. For the convective terms, the procedure 

is to use the value of the vorticity immediately upstream 

of the control surface. This procedure is necessary to 

eliminate the severe restrictions on the stability 

requirement. 
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The Crarik-Nicolson finite-difference scheme 

(Carnahan, Luther, and Wilkes 1969* p. 451) was selected to 

integrate Equation 3»19« This choice was based on the 

results of several numerical experiments comparing various 

finite-difference methods. In these experiments the 

impulsively accelerated infinite plate and the linearly 

accelerated infinite plate were used as the test problems. 

The details of writing Equation 3-19 in a- finite-differ-

ence form consistent with the Crank-Nicolson scheme and 

Figures 4.1 and 4.2 are presented in Appendix A. The 

resulting finite-difference equation is 

+ ,A+ At(U. . + U. •J_T)t+At At • t+At r -j , 1 J J 1 ) J +1 1 1+1/2, J 
mi, 0 [± 2 (Axl + Ax2) + 2Ay2 

At At At •. t+At 
+ Axl(Axl+Ax2) + Ay2(Ay2+Ayl) Ay2(Ay2+Ay3)J " ̂ i-l,j 

.....t+At A4-/TT I IT \ t+At 
t
AtVi-l/g,j At_ , . At Ul;1.l+Ulj1) 

1 2Ay2 Ay2(Ay2+Ayl)J i,j"-l 1 2(Axl+Ax2) 

At -I t+At r At ^ t+At 
+ Axl(Ax2+Axl) " "ijj+l lAx2(Ax2+Axl)J "i+l^ (4.1) 

A. + At(U. . MU. •)t Atvf.wo . f , At _1 _ t r-, _ 1 , J +1 1,,] _ 1+1/2, J 
lAy2(Ay2+Ay3) i,j - 2(Axl+Ax2) 2Ay2 

At _ At _ At At -I 
Axl(Axl+Ax2) ~ Ax2 (Axl+Ax2) ~ Ay2(Ay2+Ayl) ~ Ay2(Ay2+Ay3J-* 

7-t AO. /TT .TT \ t 
, tt%w r ' > v 1 ° ii u r jl> j-i i; j 

i-l,j 2Ay2 + Ay2(Ay2+Ay3) Wi,j-ll 2(Axl+Ax2) 

. At I , t r At I t r At I 
Axl(Ax2+Axl) ^i,j+llAx2(Ax2+Axl)J ^i+l,j1 Ay2(Ay2 +Ay3)J 



82 

Special consideration must be given to the finite-

difference formulation for the nodes which comprise the 

first row above the plate surface. Figure ^-.3 depicts a 

typical node. The line y=0 denotes the plate surface. 

The point (o,j) is not considered a node inasmuch as a 

finite-difference equation is not written for this point. 

The line y=0 acts as a lower boundary for the control vol

ume that surrounds the node (i,j). There is no transport 

of vorticity across the line y=0 by convection since the 

normal component of velocity is zero along this line. 

Ahead of the plate, along the line y=0, there is no trans

port of vorticity by diffusion since the normal gradient 

of vorticity is zero from symmetry. However, there may be 

a transport of vorticity by diffusion at the plate surface. 

Recall that a vortex-sheet is formed at the plate surface 

from which vorticity diffuses. Equation 3-4 specifies 

the total amount of vorticity per unit area that diffuses 

into the control volume in At. Therefore, the total amount 

of vorticity that diffuses into the control volume is 

given as 

[y _y "I (Axl+Ax2) g} 
lvp iJ o,j 2 ' 

where V\ is calculated at the point (o,j) at the end of the 

last time step. At the leading edge of the plate, node 

(i,j) is directly above the leading edge and the point (o,j) 
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Figure 4.3. Node Arrangement at the Plate Surface 
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is at the leading edge. Thus, the amount of vorticity that 

diffuses into this control volume is given as 

'VVo.J TT- <4'3' 

Therefore, the finite-difference representation for the 

first row of nodes above the line y=0, is obtained by 

eliminating the convection. term uj. .-V. /0 . from both J X/ £L j J 

sides of Equation 4.1. For the nodes ahead of the plate 

Stu/By | y==o = 0, 

which implies 

uu^ ..At ^i-l 
Ay2(Ay2+Ayl) = Ay2(Ay2+Ayl)' 

and, therefore, these expressions cancel in Equation 4.1. 

For the node above the leading edge of the plate, the 

diffusion term 

Ay2(Ay2+Ayl) 

on both sides of Equation 4.1 is replaced by Expression 

4.3• For the remaining nodes, Expression 4.2 replaces 

the diffusion terms. 

The applicable boundary conditions are given by 

Equations 3.20. The procedure for applying these boundary 



85 

conditions in conjunction with Equation 4.1 is relatively-

simple. Equation 3.20b requires that when j=l, which cor

responds to the first column of nodes, the vorticity 

upstream is zero for all i. Therefore, Equation 3.20b 

implies un. . n = 0. Similarly, Equation 3«20d requires 
1 y J — j_ 

that above the last row of nodes, the vorticity is zero 

for all j. That is, m.,n . = 0. Finally, Equation 3.20c 
l-rJ_ y J 

implies that at the last downstream column of nodes j, the 

vorticity has no gradients in the x direction for all i. 

This implies that 

U)i,.1At = 
U)iv1+lAt 

Ax2(Ax2+Axl) Ax2(Ax2+Axl]"' 

Equation 4.1 may be written in a more compact form 

by making the following definitions: 

0 , At 
i,j 2(Axl+Ax2) 2Ay2 Axl(Axl+Ax2) 

At , At At 
«" A.-O / A--n • AL rVV + Ax2(Axl+Ax2) Ay2(Ayl+Ay2) Ay2(Ay2+Ay3) 

(4.4a) 

AtV*+At - i-1/2,.1 At (K > 
i-1, j "" 2Ay2 + Ay2(Ay2+Ayl) 

At(U. . -,+U. .)t+At 
n = v i,.i-l'"i,.y At ()x u s 
i,j-1 2(Axl+Ax2)+ Axl(Axl+Ax2) (4.4cJ 
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ai,j+l ~ Ax2(Ax2+Axl) (4.4d) 

ai-H,j ~ Ay 2(Ay2-fAy3) (4.4e) 

At(U. , + U, AtV? , i /p . A. o = ^ ' J 3- j J ~^~1 i j-KL/2 j J , At 
pi,j 2(Axl+Ax2) 2Ay2 Axl(Axl+Ax2) 

i A"5 At At /;. c % 
* Ax2(Axl+Ax2) + Ay2(Ayl+Ay2) + Ay2(Ay2+Ay3) 

= 
Atvi-i/a,.i At ,4 5b1 

pi-l,J 2Ay2 + Ay2(Ay2+Ayl) 

At(U. . -,-RJ. .)t a4. 
p _ j :L _ i * 0_ _ _l At /) ,  \ 
pi,j-l ~ 2(Axl+Ax2) + Axl(Axl+Ax2) 

Pi,j+1 ~ Ax2(Ax2+Axl) (4-5<3) 

Pi+l,J ~ Ay2(Ay2+Ay3) (^-5e) 

With these definitions, Equation 4.1 may be written as 

t+At/n_!~ t+At t+At t+At 
'Vj ^i-lj J ai-l,j " ®i, 3-1 .ai,J-l " ̂ i, j +1 ai,o+l" 

t+At t /n . \ , t „ , t 
" "i+ljj ai+l,j ~ "i, 1̂̂ !, j) + mi-l, j pi-l,j + U)i,j-1 pi,j-l 

+ "i,j+1 Pi, J+l + "i+l^ Pi+l,J* 
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If Equation 3•19 is integrated over a region that 

is divided into n by m nodes, then there would be n x m 

equations similar to Equation 4.1 (or 4.6). The set of 

n x m simultaneous equations in the unknowns can be 
J 

written in matrix notation as-

= Bu,t. (4.7) 

The matrices A and B which are n x m by n x m in size are 
4* l A 4- 4-

called the coefficient matrices, w and id represents 

column vectors with n x m elements. For any row k, of the 

matrix A, the elements are: 

\k = 1 + ai, j 

akk-n ~ ~ ai-l,j 

akk-l ~ ai,j-l 

akk+l = " ai,j+l 

akk+n ~ ~ ai+l,j 

The remaining elements of the row are zero. Similarly, 

for the matrix B, the elements are: 

bkk ~ 1 " pi,j 

bk.k-n = pi-l,j 
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bkk-l = 

bkk+l = pi,j+l 

bkk+n = pi+l,o 

Again, the remaining elements of the row are zero. For 

those nodes where boundary conditions are applicable, 

Equations 4.4 and 4.5 must be modified accordingly. 

To illustrate the preceding discussion, a three by 

three grid arrangement with the corresponding coefficient 
, j 

matrix A and column vector uj are shown in Figure 4.4. 

4.3 Numerical Calculation of the Velocity 
Distribution 

As stated previously, if the vorticity distribu

tion is known at any time t, the corresponding velocity 

distribution is calculated by the application of Equation 

3»13^ Since Equation 3-13 is a vector equation, both the 

u and v components of velocity are obtained by performing 

the indicated integration. The procedure followed in 

this study was to obtain the u component of the velocity 

from Equation 3-13* and then to make a mass balance on a 

control volume to determine the v component of velocity. 

From Equation 3-13 the u component of velocity 

is given as 
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Figure 4.4. 3 by 3 Grid with Corresponding Matrix and Col
umn Vector 



u „ i f f y My, (4.8) 
F -oo -oo x + y 

For a grid that consists of n by m nodes, it is necessary 

to integrate Equation 4.8 n x m times. Figure 4.5 illus

trates the co-ordinate system used to integrate Equation 

4.8. The origin 0 is located at the node where the 

velocity is to be calculated. The integration in the x 

direction is performed first by considering each row of 

nodes separately. For any row, the value of y is a con

stant. In performing the x integration, the variation of 

vorticity between any two nodes is treated as a straight 

line. Thus, knowing the value of the vorticity at two 

adjacent nodes and the distance from the origin to the two 

nodes makes it possible to solve for the constants Cg and 

in the expression 

u> = C2x + C3. (4.9) 

Once C2 and are known, Equation 4.9 may be substituted 

into Equation 4.8 and the result of the x integration 

yields 

riu "̂3 -1 1  ̂
dy = tan x/y + 27" (X-y tan X//y)J ' C^-10) 

X1 

where x2 and x^ represent the distances from the origin to 
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Figure 4.5* Illustration of the Co-ordinate 
System Used to Integrate Equa
tion 4.8 
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the adjacent nodes. This procedure is repeated between 

successive nodes along a particular row. The results are 

then summed. 

The limits of integration for x in Equation 4.8 

are - <» and + <». The lower limit presents no difficulty 

since the vorticity upstream of the plate approaches zero. 

The upstream integration is terminated when the integrated 

contribution between two adjacent nodes is less than 

-5 1 x 10 . In performing the integration to + &, the summing 

process just described is carried out until the one-

dimensional vorticity distribution is reached. Beyond this 

point C2 = 0 and is a constant. Equation 4.10 is then 

simplified, and the contribution from the one-dimensional 
t 

region is obtained by setting = 00 and x^ equal to the 

distance corresponding to the last node in the two-

dimensional region. 

After performing the x integration along a particu

lar row, the y integration is accomplished by multiplying 

the result obtained from the x integration by Ay2 (see 

Figure 4.1). When the contribution to the velocity 

-4 obtained in this manner is less than 1 x 10 the integra

tion is terminated. 

Referring to Figure 4.5* it is important to note 

that the direction of the velocity depends on the location 

of the nodes with respect to 0 and the direction of the 



vorticity vector. The contribution from the vorticity in 

the region below the plate must be considered but this 

presents no problem since the vorticity is symmetric about 

the plate. 

Once u, the x component of velocity is calculated, 

it is possible to calculate v, the y component from the 

continuity equation or the conservation of mass. As a 

result of performing a mass balance on the control volume 

shown in Figure 4.6, the following equation is obtained 

(Ui,,j-1 + Ul,.j> Ay2 , v (Axl+Ax2) 
2 + i-l/2,j 2 

= V1+1//2̂ . (Axl+Ax2) + ^ —2 1̂ +1̂  Ay2. (4.11) 

Equation 4.11 makes it possible to solve for the 

velocity V. ., /n . since the remaining terms are all known. l+J-/ £-,3 

The computations are started with the first row of nodes 

above the line y=0 (see Figure 4.2). Along the line y=0, 

the velocity V . is zero. The velocity V. ,/0 • o, J l+J./ <z} j 

obtained from Equation 4.11 is really a mean or bulk velo

city and as such, it should not be associated with or tied 

down to a particular node. From a computational stand

point, it is desirable to have a mean or bulk velocity to 

associate with the convection of vorticity across a control 

surface. 
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Figure 4.6. Control Volume for Mass Balance 
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4.4 Computation of the Surface Vorticity 

As explained in the latter part of Section 4.2 and 

depicted in Figure 4.2, there is not a node, in the sense 

of calculating vorticity, at the plate surface. The first 

row of nodes is located a distance ^j=- above the plate 

surface. This arrangement facilitates the use of Equation 

3.4 in determining the amount of vorticity that diffuses 

into the control volume. To calculate the coefficient of 

drag and the local skin friction, however, it is necessary 

to determine the value of the vorticity u)Q at the surface 

of the plate. 

At the end of any time step the vorticity at the 

nodes above the plate is known. Using the first three 

nodes above the plate surface, at a fixed x location, it 

is possible to determine the equation of a second order 

curve that passes through these points. The general form 

of the equation of the curve is 

2 cu = ao + a-jy + a2y . (4.12) 

Once the value for the three constants is obtained, the 

value of the vorticity at the surface of the plate (y=0) is 

seen to be a . o 

Prom the surface vorticity, the local skin friction 

coefficient, and coefficient of drag are easily calculated. 



By definition, the local skin friction is 
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o * 2 T, 
ot - (4.13) 

p\ 

However, at the surface of the plate, 

* * 
T _ du 
o,j * 

dy 
= U) 

* y =0 

* 

0 , 3  
(4.14) 

Substituting Equation 4.14 into Equation 4.13 and noting 

that 

V l v  

V. 
*2 

the following result is obtained 

cf • a-o.j (4.15) 

The coefficient of drag per unit depth of the plate is 

defined as 

* 
x * . * 

2D 
4  T ° , j  a  Y  

~ *2 * ~ *2 * pyx pVx 
(4.16) 

With the use of Equation 4.14, Equation 4.16 may be written 

as 
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* 

x * * 
4v J" %J d y 

°D ~ - *2 * 
VP X 

After introducing dimensionless variables, the following 

expression is obtained 

4 J «o,j d y 
° D  -  '  t 4 -" )  

In Section 3-2 it was shown that ̂  = - ̂  at the 

surface of the plate. Therefore, from Equation 4.12, the 

pressure gradient at the plate surface is given as 

5 
5x = ~ al* <4-18) 

4.5 Finite-difference Numerical 
Calculations 

To obtain the value of the vorticity at the nodes 

(i,j) at t + At it is necessary to solve the n x m system 

of simultaneous equations represented by Equation 4.7. 

There are several techniques available for treating the 

n x m by n x m matrix A. The Crout method (Hildebrand 

1952, pp. 503-07) was selected because it was ideally 

suited for the problems being studied. The method of Crout 

is basically equivalent to the method of Gauss; however, 

the calculations are systematized in such a way that they 



are conveniently carried out on a digital computer with a 

minimum number of machine operations. The method is essen

tially a mechanical procedure and an excellent example is 

contained in the above cited reference. 

Referring to Figure 4.4, a close examination of 

the coefficient matrix A reveals that at most five ele

ments of any row are non zero. This type of matrix is 

commonly called pentadiagonal. It is noted that the non

zero elements are located along the principal diagonal, 

on each side of the principal diagonal and n elements 

removed on each side of the principal diagonal. The 

matrix A will always be arranged in this manner regard

less of the size of A. This arrangement makes it possible 

to eliminate the zero elements from the matrix A, since it 

is very easy to remember (in a computer program) where 

they belong. Proceeding in this manner, the matrix A is 

reduced to a five by n x m matrix resulting in an obvious 

reduction in the computer memory required and a simplifica

tion in the numerical computations. In applying the Crout 

method, the matrix multiplication Bou^ in Equation 4.3 is 

easily performed and the result is treated as a column 

vector of constants. 

Referring to Equation 4.1, it is noted that the 

coefficient terms contain the velocities. The velocities 

are known at t since they are computed from the vorticity 
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at t using Equation 3-13* However, the coefficient of the 

terms on the left-hand side of Equation 4.1 contain the 

velocities at t + At. To overcome this difficulty, an 

iterative procedure is employed. Initially the velocities 

at t are used and the system of equations is solved result

ing in the vorticity distribution at t + At. Using these 

results the velocities at t + At are computed and the 

system of equations is again solved. This time, the 

velocities at t + At are used in the coefficients on the 

left-hand side of Equation 4.1. The procedure is repeated 

until successively computed values of the vorticity differ 

-4 by less than 1 x 10 . When this requirement is met it is 

assumed that the iteration has converged. In practical 

calculations this required four iterations for the first 

few time steps, gradually decreasing to the point where one 

iteration was sufficient. It is important to note that 

during any iteration the velocity is treated as a constant. 

4.6 Stability and Convergence of the 
Finite-difference Method 

Before any finite-difference numerical method can 

be used with any degree of confidence it should be shown 

that the method is stable and converges. The terms stabil

ity and convergence are defined by Carnahan et al. (1969, 

p. 449) as follows. Stability of a computational procedure 

denotes a property of the particular finite-difference 
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equation(s). It means that any error introduced in the 

initial conditions, or brought in by the boundary condi

tions, or arising from any sort of error in the calcula

tion will not be amplified. The term convergent means that 

the exact solution of the finite-difference problem (in the 

absence of round-off error) tends to the solution of the 

partial differential equation as the grid spacings in time 

and distance tend to zero. Stability is a stronger condi

tion than convergence because for the simplest problems 

stability implies convergence. 

One method of showing that the finite-difference 

equations are stable is the von Neuman technique (Carnahan 

et al. 1969* p. 449) • At some time t let represent the 

accurate solution (without errors) of the finite-difference 

equation. Let (t )e ŶX+;3"5̂  be the error introduced into 

the computations. Therefore, the calculated vorticity is 

given as 

<u = u, + tt,(t)eiYX+i6y. (4.19) 

In general, components of all frequencies y and 6 

may be present. They are introduced through initial condi

tions, boundary conditions or round-off errors. By sub

stituting Equation 4.19 into Equation 4.6, noting that uj_ 

satisfies Equation 4.6 exactly, the following equation is 

obtained 
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• - I|I (t«t)eiYX+16'y_Ay)ai_1(} 

- •(t+6t)e1Y(x-Ax)+i6yai;J.1 - •(t+At)ell'(x-,Ax)+i6yai)J4.1 

- •(t+At)e1Vx+"(y«y)ai+1)j •_ •(t)eiV3Hi»Jr(l-slfJ) 

+ •(t)eiVx+16(y-A5r)p, n , +t(t)eiY(x-Ax)+"3'p, , , 
1 -L ̂  J 1 ̂ J X 

+  • ( t ) e
iv(x+Ax)+i6ypî +i + • ( t ) e

1vx+i(y+Ay)Bi+i<̂  ^ 

In obtaining Equation 4.20 it is assumed, without loss of 

generality, that Axl = Ax2 and Ayl = Ay2 = Ay3« Simplify

ing Equation 4.20 yields the following result, 

i|r (t+At) [ (1-hx^j) - a^-^. e~l6Ay - aî ._1e~lYAx 

ai,j+le YAX " ai+l,oel6Aŷ  ~ 'I'(t)[(1 ~ Pi,j) 

+ Pi-l Je_i5Ay + ̂  i-le"lYAX + B e1̂ * + B iSAyi l 1,3 J- + Pi,j+ie + Pi+l,je J* 

(4.21) 

Equation 4.21 can be written in terms of real and 

1Q 
imaginary parts by noting that e D = cos 0 + i sin 0. 

Equating the real parts of Equation 4.21 obtains the result, 
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i]t (t+At) [ (1 -+ an- n.) - a, , cos 6 Ay - a. cos y Ax 

- ai+i j cos 5 Ay] = *(*)[(1_Pi,j) + pi-i,j cos 6 Ay 

Pi, j-1 ws ' 41 + Pi.J+l cos Y Ax + Bi+ljJ cos 6 Ay] . 

(4.22) 

Finally, the following useful result is obtained 

i|j (t+At) 

•  (" t )  

[1-Pij -j+Pi-i, -jCOsSAy+B.^ •j-1cosYAx+P î-j+1cosyAx+pi+1̂ ..cos 6 Ay] 

1 l-ta±_Jcos6Ay-a±+1cosyAx-^[j +1cosYAx-ai+1'jcos6 Ay] ' 

(4.23) 

The expression is defined as amplification 

factor If j §| < 1, the finite-difference equations are 

stable. It will be shown that requiring p. . < 1, is suf-
1 9 J 

ficient to insure that |$ | < 1. 

From Equations 4.4 and 4.5* it is seen that all the 

a's and p's are positive. Furthermore, it is seen that 

p. n- > -i .cos6Ay + p. . -|cosyAx + p. . -.cosyAx 
1 j j 1 •" j- > j 1 j tj •" -l 1 j <j "t"j-

+ Pi+ljjCos6Ay, 

and 
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ai j > ai-l jcosSAy ai j_jCOSyAx + ai,j+icosYAx 

+ ai+i,jcos6Ay-

Examination of Equation 4.23 -shows that for p . . < 1 1 i J 
and a- . > 0, the magnitude of the amplification factor 

i > J 
is a maximum when cos 6Ay = cos yAx = 1. Therefore, for 

the limiting case, Equation 4.23 is written as 

U - Plti1 + + Slj-1+i + Pj+i^l 

11 " ai,j " " ai,j+l " ai+l,JJ 

For convenience, let 

* = - »±,d + + + + (4-25) 

and 

a = a- • - a i,j i-1,j i, j-1 i,j +1 i+1, j (4.26) 

It is necessary to examine the behavior of the 

right-hand side of Equation 4.24. At interior points of 

the computational grid, a = p" = 0. Therefore, for all 

p. ., the finite-difference equations are stable. At 1 
> J 

boundary points on the computational grid, p" ^ 0 and 

a ̂  0. Since p. . < 1, and one or more of the remaining 
1 3 J 

p's are zero, then from Equation 4.25 it follows that 
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- 1 < ff < 0. This implies that 

M "  M * 1 '  

which means that on the boundaries of the computational 

grid the finite-difference equations are stable. There

fore, it is concluded that the finite-difference equations 

are stable everywhere, provided that p. . < 1. This require-
1 > J 

ment has been met in this work. It is to be noted that the 

requirement p. , < 1 is somewhat restrictive. Although not 
3- > D 

proven, it is believed that the finite-difference equations 

are stable at the boundaries for all r. •. pi>0 
The convergence of the finite-difference equations 

is somewhat more difficult to prove. Suppose Equation 

3.19 were solved exactly and the solution obtained was 

given as W(x,y,t). Let uj.(x,y,t) represent the exact solu

tion (without any errors) of the finite difference equa

tions. The discretization error is defined as 

T) = W - uj. (4.27) 

If the finite-difference equations converge, then in the 

limit as Ax, Ay, and At approach zero, t) also approaches 

zero. By using the same procedure shown in Appendix A for 

ui, ¥ is expanded at each node of the computational grid in 

a Taylor series expansion. However, in this instance the 
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higher order terms must be retained. Expanding W in a 

Taylor series expansion, using a vorticity balance as in 

Appendix A and introducing the result in Equation 4.27 

yields 

t+At _ r t+At , t+At , t+At 
^i,j [~al,3^1,3 + ai-l,j^i-l,j + ai,j-l^i,j-l 

, t+At t+At i , r t n "t 
+ "i^j+l^j+l + ai+l, j^i+l, ]̂ + ̂ i^'Pi,^!^ 

+ ̂ i-l^i-l,3 + Pi,j-l^i, j-1 + ̂ i, j +l^i, j +1 

+ R „t 1 J. 7"fc+At/2 
+ Pi+1, 0^1+1,0J + Zi ,3 (4.28). 

where 

, t+At/2 _ c^W 
Jî ' = 

t+At/2 3 n2.t t+At/2 
At d W AxAt 

o W 

5? 
t+At/2 

2^ +3x2 

Ax^At 
12 

+i7 

t+At/2 

ij J 

A^At -
2 3/ 

t+At/2 

J 

Ay2At 
12 

+• 0(At5 - Ax^At - Ay^At + Ax2At + Ay2At) (4.29) 
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For the sake of simplicity and without any loss of gener

ality it is assumed that Axl = Ax2 and Ayl = Ay2 = Ay3. 

At any time t + At, has a maximum or minimum 
1 i J 

value. When is a maximum, since all the a- • are 
'i ,3 

positive, the first bracketed term on the right-hand side of 

Equation 4.28 is non-positive. When is minimum, the 
1 > O 

same term is non-negative. Let represent the abso

lute maximum and let represent the absolute minimum. 

From the preceding statements it follows that 

•n++At < ir\l} j - j + P±-i, + Pi^-l^i^-l 

+ Pi, j+l^i, j+1 + ̂ 1+1,^1+1, j1 + Z±lT/2' (^-30) 

and it also follows that 

t+At r t "t.D t , _ t 
\ - [rii,j ' $1,3^,3 + Pi-1,j^i-l^ + pi,0-1^1,0-1 

\ 

+ pi, 0+1^1,0+1 + Pi+l^i+l, + zitjt/2, (4-31) 

At this point, (i,j) is fixed and refers to the node 

at which the maximum or minimum occurred. If it should 

happen that r| +̂̂  is a positive quantity, then Equation 4.30 

is of interest, because it represents the largest discrep

ancy. If ri +̂̂  is a negative quantity, Equation 4.31 is of 
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interest because then it represents the largest discrepancy. 

•^0-i i < 1' Equations 4.30 and 4.31* for the two limiting 
1 f J 

cases, are written as 

t+At ^ /-, . \ 
"""•max — ^ ~Pi,j) •n i ,3 +  P i _  

+ pi,d+i ^,0+1 

i-l> J 

+ Pi+l,j 

t 
^i-l.j + 

t 
^i> j-1 

^1+1,3 + ,t+A2/2 

Let "nmax be the upper bound of T1 i, J 

i, J 

(4.32) 

for t < t + At, 

for t < t zt+At/2 
i* 3 

and let be the upper bound of 

+ At. Then from Equation 4.32, since p. . > p. n . + p. 
X , J  1 - - L , J  1 , J — J .  

+ ̂ i J+1 + ̂ i+1 J' ̂  fô ows that 

t+At ̂  t , „t+At/2 
W i V-• + z-'max max (4.33) 

Initially, when t=0, rimax = 0, and from Equation 

4.33 it follows that 

n 
At „At/2 
max — max ' 

Similarly, for t+At = 2At it follows that 

2At At z2At-At/2 zAt/2 „2At-At/2 
^max — ^max max — max max (4.34) 
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Since ZmQv cannot decrease with time, Equation 4.34 becomes IilclX 

2At ^ 0_2At-At/2 
1W ̂ max 

Using mathematical induction it follows that 

nAt (n-1/2)At 
^max — max 

Referring to Equation 4.29, it is noted that n can be made 

vanishingly small by decreasing Ax, Ay and At. Therefore, 

the finite-difference equations converge. 

This result is clearly demonstrated in the data 

presented in Chapter 5- It will be noted that in the down

stream region, the computed results do converge to the 

known asymptotic solution. 



CHAPTER 5 

NUMERICAL RESULTS AND DISCUSSION 

In this chapter the results of the numerical study 

of the impulsively accelerated semi-infinite plate using 

the vorticity source method are presented and discussed. 

The first two sections are devoted to the transient and 

steady state phenomena resulting from the impulsive motion 

of the plate. Pertinent comments concerning the numerical 

computations are contained in the last section. 

5.1 The Transient Phenomena 

In Section 3-5 a three-region model was introduced 

to describe the phenomena associated with the impulsive 

motion of a semi-infinite plate. Recall, that far down

stream of the leading edge, the model assumes the flow 

to be one-dimensional, and the velocity and vorticity 

field are expected to approach the Rayleigh solution 

asymptotically. Figures 5.1 and ^.2 clearly show that the 

computed results verify this behavior. For both the vor

ticity and velocity profiles, the difference between the 

computed values and those obtained from the Rayleigh solu

tion is approximately one-half of one percent. 

109 
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It is not expected that the flow field in the one-

dimensional region is exactly Rayleigh flow. For the 

semi-infinite plate, the pressure gradient, which has "been 

shown to indicate the presence of vorticity production at 

the plate surface, approaches zero only in the limit of 

very large x. In the next section, it is shown that 

although the pressure gradient in the one-dimensional 

region is small, it is nevertheless present. In the 

Rayleigh problem, the pressure gradient is exactly zero. 

Because the departure from the Rayleigh solution is small, 

it is impossible to distinguish between the effects of the 

numerical approximations and the actual departure of the 

flow field from the Rayleigh flow. However, the results do 

verify that the flow far downstream is one-dimensional and 

the Rayleigh solution is the asymptotic solution. The fact 

that the numerical results do approach the correct asymp

totic solution supports the comments made in Section 4.6 

regarding the stability and convergence of the finite-

difference equations. 

Figures 5.3 through 5*12 depict the transient 

nature of the flow field along the plate and upstream of 

the leading edge. Figure 5-3 shows the spatial variation 

of the vorticity at t=48. Only the results above the 

plate (y > 0) are shown since y=0 is a line of symmetry. 

In the one-dimensional region the vorticity is normally 
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distributed with respect to y. At the leading edge (x=0), 

the vorticity distribution decreases rapidly in the y 

direction. This is a result of the strong upstream diffu

sion of vorticity. That is, the vorticity produced at the 

plate surface diffuses parallel to the plate as well as 

normal to the plate. This tends to distribute the vor

ticity ahead of the plate rather than in the fluid layers 

above the plate. Since the vorticity is not computed 

directly for 0 < y < Ay2/2 (as discussed in Section 4.4),  

the vorticity distribution is not known for y < Ay2/2. 

A comparison of the vorticity profiles at x=0 and 

x=10 shows that for increasing x, the vorticity gradients 

in the y direction decrease. This means that for increas

ing x, the effect of upstream diffusion diminishes. Also, 

the curves must take on a flattened appearance downstream 

if a smooth transition is to take place between the vor

ticity distribution at x=0 and the one-dimensional vor

ticity distribution far from the leading edge. The 

upstream diffusion of vorticity is clearly indicated by 

the presence of vorticity at x = -2. Recall, there is no 

production of vorticity upstream of the leading edge. To 

be noted, is the fact that for x < 0, the line y=0 is a 

line of zero vorticity. That is, there is no diffusion of 

vorticity upstream along this line. This is due to the 

fact that the vorticity above and below the line y=0 has 
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the same magnitude but opposite vector direction. There

fore, they cancel each other on this line of symmetry. 

Figure 5-^ is another indication of the transient 

nature of the vorticity distribution. Here, lines of con-
_ O 

stant vorticity (uu = 10 ~)) are shown for several elapsed 

times. As time increases, the vorticity is transported 

over a greater region of the fluid. Although it is not 

depicted, the vorticity contours upstream of the leading 

edge intersect the line y=0 at the origin. 

Figures 5.3 and 5'^ indicate the necessity of 

2 2 including the streamwise diffusion term d uu/dx in analyz

ing the nature of the flow field in the vicinity of the 

leading edge. If this term is omitted, it is impossible 

to account for the presence of vorticity upstream of the 

leading edge. Frequently, attempts to obtain an analyti

cal solution valid near the leading edge omit the stream-

wise diffusion term. This is because with this term 

included, the problem is substantially more complicated. 

Invariably, the omission of the streamwise diffusion term 

leads to a solution which predicts a singularity at the 

leading edge. The analysis of Kinney and Paolino (1971)* 

discussed in Chapter 1, showed that the omission of the 

streamwise diffusion term led to a solution that predicted 

infinite vorticity at the leading edge. When the stream-

wise diffusion term was included, the singularity changed 
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to a discontinuity in the slope of the vorticity distribu

tion at the leading edge. In this study, the only discon

tinuity observed consisted in the jump from zero vorticity 

upstream of the leading edge to some finite value at the 

leading edge. 

To analyze the transient nature of the velocity 

field it was necessary to establish a steady state criter

ion. Since the classical boundary layer concepts take the 

point of view of a stationary body and a moving free 

stream, (Vp-u) is used as the representative x component 

of velocity. The velocity at a node is considered to have 

reached its steady state value when the difference in 

successively calculated values of (V -u), differ by less 

than .001 (V-u). That is, 

[Vp(t+At)-u(t+At)J - [Vp(t)-u(t)] 

,001 [Vp(t+At) - u(t+At)] |. (5-1) 

Figures 5.5 through 5*15 depict the transient 

nature of the velocity field. These figures illustrate 

the transition from Region III through Region I (see 

Figure 5*8). The type of discontinuity predicted by 

Stewartson (1951) at t=x was never observed. The transi

tion of the flow field from Region III to Region I is 

smooth and without any discontinuities. 



118 

Figure 5.5 shows the transient velocity profiles at 

x=l,500. Ultimately, when the velocity at this x location 

reaches steady state and is in Region I, the velocity pro

file should coincide with the Blasius solution. For the 

times considered, the velocity field at this location is 

considerably short of its steady state asymptote. At 

t=71, the velocity profile for x=l,500 has deviated from 

the one-dimensional Rayleigh flow and is representative < 

of the time and spatially dependent flow of Region II. 

The exact time that marks this departure from the one-

dimensional flow cannot be determined. A complete discus

sion of this point is postponed for the present. 

Figure 5.6 depicts the transient normal component 

of velocity v at x=l,500- Although v has not reached 

steady state, it is interesting to note that its behavior 

agrees with the behavior of the steady state Blasius solu

tion. That is, for increasing y, v increases and shows 

the characteristic inflected shape. This behavior is not 

obtained for the normal velocity component near the leading 

edge. 

Figures 5.7 through 5*12 show the transient velo

city phenomena at increasing proximity to the leading edge 

and at the leading edge. For x < 5°> the numerical 

results indicate the one-dimensional region never existed. 

If a smaller time step (less than .5) is used, it would be 
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possible to observe the one-dimensional region. For x < 50 

all the velocity profiles with the exception of those indi

cated as steady state, represent Region II. The interest

ing point to be noted is that although the velocity profiles 

are quantitatively different at different x locations, they 

appear to have the same type of spatial similarity that is 

characteristic of the Blasius profiles. Recall, the simi

larity variable makes it possible to obtain a first order 

solution in the latter case. To date, no similarity vari

able has been found that gives a steady state solution 

near the leading edge, much less a transient solution. 

Another interesting phenomenon to be noted is the 

velocity overshoot (V ~u > 1) in Figure 5-8. If the point 

of view of a moving plate and stationary free stream is 

adopted, this feature corresponds to a reversed flow. The 

overshoot occurs because the boundary layer growth dis

places the flow outward. This outward displacement is 

analogous to the flow over a thin body. Another way of 

looking at this is to consider the overshoot from a vor-

ticity standpoint. In calculating the x component of 

velocity at any y location, the vorticity between that y 

location and the surface of the plate induces a velocity 

in the direction of the flow of the free stream. The vor

ticity below the plate and above the y location at which 

the velocity is to be calculated induces a velocity which 
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opposes the free stream flow. The velocity induced by the 

vorticity above y and below the plate is not sufficient to 

overcome the velocity induced by the vorticity between y 

and the plate. Therefore, the net result is a velocity 

greater than the free stream. With time, as the vor

ticity is transported further away from the plate into the 

free stream, the overshoot disappears. For example, for 

x < 10, at t=71, the overshoot which was evident for a 

period of time has disappeared. 

Figures 5.10 and 5.12 illustrate the point made 

previously concerning v, the y component of velocity. 

Note how the velocity reaches a maximum value and then 

decreases. Also to be noted is that near the leading 

edge, v is the same order of magnitude as u. 

Figures 5.13 through 5-15 show the transient 

velocity phenomena upstream of the leading edge. The 

important point to be noted here is the departure of the 

approaching flow from the commonly made assumption of 

uniform flow. Figure 5-15 shows that x = - 20, the veloc

ity profiles differ considerably from uniform flow. In 

this respect there is an interesting point that should be 

noted. Even if the effect of streamwise diffusion is 

neglected, the flow approaching the leading edge will not 

be uniform. That is, the vorticity in the fluid downstream 

of the leading edge will induce a velocity upstream of the 
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leading edge causing a departure from uniform flow. Any 

analysis of the leading edge region which assumes the 

presence of a uniform stream, upstream of the leading 

edge, involves a departure from the true physical phenom

enon that is difficult to justify. The extent of the 

upstream departure from the assumption of uniform flow is 

considered in Section 5-2. 

Figure 5.16 shows the elapsed time, from the 

instant of impulsive motion, for the velocity at a fixed 

x location to satisfy the steady state criterion. The 

time required to reach steady state, which also indicates 

the transition from Region II to Region I appears to have 

a linear variation for - 10 < x < 30. Whether this linear 

variation continues to "be valid far downstream is unknown 

since for x > 30, the flow field did not reach steady 

state for the values of t considered. The only other 

known prediction for the time to steady state in the 

vicinity of the leading edge was made by Koob and Abbott 

(1968). Their result was not considered to be valid 

since the boundary layer equations were integrated and 

the steady state result yielded the Blasius solution at 

x=l. This is another example in which simplifying assump

tions removed certain aspects of the true physical phe

nomenon. 
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Hall (1969) examined the transition from the one-

dimensional flow of Region III to the steady state flow 

of Region I by integrating the unsteady boundary layer 

equations. He assumed that the departure from the one-

dimensional flow did not occur prior to t=x. This tacitly 

assumes that the disturbance caused by the leading edge 

travels downstream at the free stream velocity. Hall's 

results predicted that the transition from the one-

dimensional flow to the steady state flow occurred in 

an elapsed time of 4x < t < 7x. The results of the pres

ent study indicate that at downstream locations where the 

boundary layer assumptions are considered to be valid, the 

departure from one-dimensional flow occurs prior to t=x. 

Table 5-1 illustrates this point. At t=Jl, there is a 

streamwise variation between the flow field at x=4,000 

and the one-dimensional region. It is to be noted that, 

for increasing y, the vorticity variation decreases. 

Hall's result concerning the elapsed time for the 

transition from one-dimensional flow to the steady state 

Blasius flow could not be verified or refuted since for 

x > 30 the steady state criterion has not been met. 

However, there is one point that is noteworthy. Referring 

to Figure 5-16, if a line is drawn through the plotted 

points, its slope is approximately one.< That is, Ax/At 

~ 1. The slope of this line can be interpreted as 
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Table 5«1. Comparison of the One-dimensional Plow Field 
with the Flow Field at x=4,000, t=71 

y x=4,ooo One Dimensional 
(JU <vu> u) <V») 

l .067138 .067157 .067041 .067100 

2 .065224 .19952 .065142 .19932 

5 .061627 .32637 .061566 .32602 

7 .056622 .44462 .056582 .44415 

9 .050597 .55184 .050573 .55130 

11 .043981 .64642 .043968 .64583 

13 .037197 .72759 .037191 .72699 

15 .036019 .79541 .030616 .79480 

18 .021493 .86901 .021492 .86840 

23 .010211 .94263 .010210 .94201 

30 .002826 .98457 .002826 .98396 

indicating the speed of the front between Region II and 

Region I. Using Hall's results, the speed of the front 

between Region II and Region I is 1/4 < Ax/At < 1/7• 

As mentioned previously, there can be no assurance that 

the trend obtained near the leading edge will continue to 

be valid downstream. Nevertheless, the discrepancy between 

the computed results and Hall's prediction is significant. 

A further effort to obtain information concerning 

the manner in which the flow field passes from Region III 
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to Region II led to a refinement of the computational 

grid. For the refined grid, near the leading edge, the Ax 

spacing is .4. At a dimensionless x distance of 5> Ax is 

increased to 2, and remains fixed for the remainder of the 

grid. The Ay spacing is .4 and the At increment is .05. 

The end of the computational grid extends to a maximum x 

distance of 135- It is doubtful that at steady state the 

Blasius solution would be applicable at this point. The 

computations were run from t=0 to t=.55-

Even with a refined grid it was impossible, to 

identify clearly a boundary that divides one region from 

another. There is no doubt that the transition from one 

region to another takes place in a smooth continuous man

ner. Lacking any better criterion, the departure from 

the one-dimensional flow is considered to have taken 

place when duu/dx > .0001 10. Using this criterion, 

the departure from the one-dimensional flow can be com

pared with a "wave" that sweeps downstream. The speed 

of the "wave" differs across the boundary layer. Near 

the plate surface, the speed of the "wave" is greater 

than at the outer edge of the boundary layer. This 

phenomenon agrees with the results presented in Table 

5.1 which showed the streamwise variation was greatest 

near the plate. As the "wave" moves downstream its speed 

appears to change. For example, along the first row of 



nodes above the plate, corresponding to a y distance of .2, 

the point of departure from the one-dimensional flow moved 

from x~35 to x=39> in an elapsed time of At=.05. This 

corresponds to a speed equal to 80 times the free stream 

velocity. In the same time interval, at y=3«8, the point 

of departure from the one-dimensional flow remained fixed, 

indicating a zero "wave" speed. At the end of the computa

tions the one-dimensional flow moved downstream and the 

speed of the "wave" along the line y=.2. decreased to 40 

times the free stream velocity. Along the line y=3>8 the 

speed increased to 20 times the free stream velocity. The 

implication here is that the speed of the "wave" is becom

ing uniform with respect to y and is decreasing as it 

moves downstream. The "wave" is moving too rapidly to be 

considered a convection phenomenon. The only other possi

bility is to consider its movement as being a result of 

diffusion. Since the streamwise vorticity gradients 

decrease downstream, approaching zero in the one-dimen

sional region, it is possible that the speed of the "wave" 

decreases as it moves downstream. It appears that Hall's 

assumption, regarding the departure of the flow field 

from the one-dimensional Rayleigh description at t=x, is 

a valid asymptotic behavior. 

With regard to Stewartson's prediction of a 

singularity at t=x, it is concluded that the discrepancy 
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must be attributed to the mathematical model; that is, the 

use of the boundary layer equation. The results obtained 

in this work show no evidence of any singular behavior. 

Table 5*2 depicts the strength of the vortex-sheet 

at different times. This reveals that the production of 

vorticity is distributed along the plate surface and 

decreases in the downstream direction, approaching the 

Rayleigh limit far downstream. This behavior represents a 

departure from the line source of vorticity, or vortex 

filament, located at the leading edge, predicted by the 

linearized analysis of Kinney and Paolino (1971)• This 

discrepancy is believed to arise from the Oseen approxima

tion which is used in the earlier analysis. Table 5-2 

also illustrates that for t > 15 and x > 4, there is very 

little change in the strength of the vortex-sheet. This 

means that, with the exception of a small region at the 

leading edge, the production of vorticity reaches a fixed 

rate long before the flow field reaches steady state. 

5.2 The Steady State Flow Field 

Again, the point of view adopted in discussing the 

steady state phenomena is that of a stationary plate and a 

moving free stream. The steady state velocity and vor

ticity profiles for - 10 < x < 20 are contained in Appen

dix B in tabular form. 
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Table 5-2. Strength of the Vortex-sheet, ("^U-Vj) 
r 

t=1.0 t=15. t=4o t=7i 

.4144 .2163 .1975 .1899 

.1407 .0595 ' .0539 .0515 

.0350 .0149 .0142 .0136 

.0107 .0080 .0083 .0081 

.0065 .0071 .0076 .0074 

.0059 .0067 .0072 .0071 

.0058 .0064 .0069 .0067 

.0057 .0060 .0065 .0064 

.0054 .0057 .0061 .0059 

.0048 .0049 .0054 .0053 

.0037 .0034 .0040 .oo4i 

.0019 .0011 .0012 .0014 

.0016 .0008 .0008 .0010 

.0014 .0008 .0006 .0007 

.0013 .0008 .0006 .0006 

.0012 .0008 .0006 .0005 

.0011 .0008 .0006 .0005 

.0009 .0008 .0006 .0005 

.0007 .0004 .0004 .0004 
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The fact that the flow field upstream of the lead

ing edge is not uniform was discussed in the previous 

section. Figure 5.17 shows the steady state profiles at 

three upstream locations. Note that at x = - 100, the 

upstream velocity is effected by the vorticity present in 

the fluid. In fact, the numerical results show that at 

t=71, the upstream velocity achieves a value of .99 > for 

0 < y < 78, somewhere between x = - 200 and x = - 300. 

Figure 5-18 illustrates the variation of the pres

sure gradient at the surface of the plate. For increasing 

x, the pressure gradient continues to decrease, diminishing 

-4 to a value of 1.1 x 10 in the one-dimensional region. 

In Section 3*2 it was shown that the existence of a vortex-

sheet and the production of vorticity at the surface of a 

solid body were associated with the pressure gradient. A 

comparison of Figure 5-18 and Table 5-2 illustrates this 

point. For t=71* the strength of the vortex-sheet 

decreases with increasing x in a manner similar to that of 

the pressure gradient. The behavior of the pressure gradi

ent near the leading edge agrees with the analysis of 

Toomre and Rott (1964). Recall, they showed that, as a 

result of the interaction between the boundary layer and 

the external flow, a streamwise pressure gradient was 

induced along the plate and decreased very rapidly in the 

downstream direction. 
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Because of the presence of vorticity in the fluid 

upstream of the leading edge, and the departure of the 

velocity distribution from uniform flow, it is difficult to 

define the extent of the boundary layer from only the 

velocity results. This can be ascertained, however, by 

considering the behavior of the displacement thickness 6^ 

and the momentum thickness 

Because of the nature of the flow field upstream of 

the leading edge, it is reasonable to calculate 6^ and 62 

upstream of the leading edge. These results are presented 

in Table 5*3• The significant point to be noted is that 

for - 8 < x < 40, decreases. Since 62 is a measure of 

the loss of momentum in the boundary layer, this implies 

that in some portions of the boundary layer, the fluid is 

being accelerated. Before proceeding further with this 

discussion, however, two points concerning the computa

tion of 6j_ and need to be noted. First, for x > 20, 

the steady state criterion has not been achieved. There

fore, only the behavior for x < 20 will be considered. 

Second, because of the limitations imposed by a finite 

grid, it is only possible to integrate to y=78. However, 

at y=78, (V -u)> the x component of velocity is greater 
c 

than .99• 

To illustrate this phenomenon of acceleration in 

the boundary layer, constant velocity distributions are 
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Table 5.3• Displacement Thickness and Momentum Thickness 

X 51 62 

-10 4.0921 3•6849 
- 8 4.1665 3,6988 
- 6 4.2458 3.6905 
- 4 4.3324 3.6392 
- 2 4.4371 3.5073 

0 4.6585 3.1994 
2 4.6828 2.9606 

4 4.7309 2.7630 

6 4.7933 2.6059 

8 4.8631 2.4783 

10 4.9368 2.3714 
12 5.0134. 2.2795 
14 5.0920 2.1973 
16 5.1709 2.1197 
18 5.2515 2.0449 
20 5.3321 1.9724 

30 5.7290 1.7135 
4o 6.1088 1.6252 

50 6.4582 1.6593 

60 6.7707 1.7724 

70 7.0452 1.9284 
80 7.2840 2.0982 

90 7.4905 2.2573 
.100 7.6689 2.3900 

150 8.2762 2.8753 
250 8.7224 3.2489 
4oo 8.9724 3-4630 

1500 9.2829 3.7231 
l-D 9.3919 3.8118 
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depicted in Figure 5.19. For (V -u) < .80 the flow is 
Ir 

decelerated in the x-direction, while for (V -u) > .80 the 

flow is first accelerated and then decelerated. This 

acceleration phenomenon can be considered to result from 

the fluid passing over a body whose shape is specified by 

the displacement thickness 6^. Associated with the accel

eration is a streamwise pressure gradient. This streamwise 

pressure gradient is felt at the plate surface. This 

agrees with the results presented in Figure 5>l8 which 

illustrates that the pressure gradient decreases (as does 

the acceleration) in the downstream region. 

In discussing the acceleration phenomenon, and 

relating it to the pressure gradient, the point of view 

taken is that the pressure gradient is imposed on the 

plate. This point of view results from the ideas that 

arise from the classical boundary layer theory. There can 

be no doubt about the existence of a streamwise pressure 

gradient. However, it is more realistic to consider that 

the pressure gradient is due to the presence of the vor-

ticity in the fluid. If the point of view of a moving 

plate and a stationary fluid is adopted, the pressure 

gradient is seen to be a result of the interaction of the 

velocity induced by the vorticity and the stationary fluid 

surrounding the plate. In this case the plate "impresses" 

a pressure distribution on the fluid rather than vice versa. 
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Figures 5.20 and 5.21 show the local skin friction 

coefficient and the coefficient of drag frequently 

referred to as the integrated skin friction. The results 

of Goldstein (Van Eyke 1964) and Imai (1957) are repre

sented for comparison purposes only. Recall that it was 

pointed out' in Chapter 1 that these results are not valid 

near the leading edge. 

Referring to Figure 5-20 it is noted that a "hump" 

occurs in the numerical results for the local skin fric

tion between x=0 and x=2. This hump is believed to be a 

result of the numerical approximations rather than a 

physical reality. In Section 4.2 it was shown that the 

local skin friction was proportional to the vorticity at 

the plate surface. The latter quantity is calculated by 

extrapolating the vorticity distribution to y=0. There

fore, the closer the first node is to the surface of the 

plate, the better is the approximation. 

The present results show that, along the line 

that corresponds to the first row of nodes above the 

plate, the vorticity reaches a maximum value downstream 

of the leading edge. This result is correct since 

directly above the leading edge the upstream diffusion of 

vorticity is greatest. However, at the plate surface, 

the vorticity should be greatest at the leading edge. 

The difficulty arises when the vorticity at the plate 
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surface is calculated "by extrapolating the vorticity dis

tribution to y=0. This calculation reflects the fact that 

the vorticity is maximum downstream of the leading edge at 

x=2. Thus, the calculated surface vorticity at the lead

ing edge is smaller than that at x=2, giving the appearance 

of the "hump." A refinement in the grid would correct 

this behavior as well as improve the accuracy of the cal

culated skin friction near the leading edge. It is felt 

that for x > K, the skin friction results are satisfactory. 

An alternative method of calculating the skin 

friction is to use the velocity profile. That is, to make 

use of the fact that, at the plate surface, C^/2 = du/dy. 

Then, as a numerical approximation, the skin friction is 

given by two times the velocity at the first node above 

the plate surface, since the velocity of the plate is 

zero and Ay=l. 

Values of computed in this manner are shown as 

the circled points in Figure 5-20. These results do 

display the correct behavior. However, their accuracy 

still remains in question because of the numerical 

approximation to the partial derivative. It is important 

to note in this respect that the velocity field and the 

vorticity field that result directly from the vorticity 

source method do behave correctly. It is only in cal

culating the vorticity at the plate surface, a result that 
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Is not germane to the method, that difficulties are 

encountered. 

Another point to be made in this regard is the fact 

that the vorticity source method gives a finite value for 

the skin friction at the leading edge. This is markedly 

different from those results which predict infinite skin 

friction at the leading edge. Clearly, if the vorticity 

at the leading edge is finite, so is the skin friction. 

Figure 5-21 represents the coefficient of drag, 

which is obtained by integrating the local skin friction 

along the plate surface. Any inaccuracies in the skin 

friction are also present in the drag coefficient. 

Nevertheless, the smoothing effect.of the integration 

could be beneficial, thereby rendering the predictions 

for the drag coefficient more acceptable. 

5.3 Discussion of the Calculation 
Procedures 

In calculating the data for the semi-infinite 

plate, two or three time steps are computed, then the 

results are analyzed. This procedure makes it possible to 

detect any obvious errors without wasting a large amount 

of computer time. Two observations are noteworthy. First 

of all, it was observed that if the downstream boundary 

condition, du)/dx=0, was imposed when in fact it was not 

valid, the results were clearly in error. That is, the 
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vorticity at a fixed y location behaved smoothly in the 

downstream direction until the end of the grid was reached. 

At the end of the grid, the last two or three nodes 
t 

revealed an excessive variation in the value of the vor

ticity. By extending the grid further downstream, this 

problem was elminated. 

The second point involves the variation of the 

grid spacing. At nodes where the grid spacing was changed, 

the value of the vorticity showed a small perturbation 

when compared with the vorticity distribution at preceding 

nodes. The nature of the perturbation was a slight posi

tive increase in the vorticity distribution. Even though 

the results were analyzed after every two or three time 

steps, this effect was so small that it was not detected 

until the numerical calculations were essentially com

pleted. The fact that, downstream of the points where 

the grid spacing changed, the computed results agreed 

within one percent of the asymptotic Rayleigh solution 

indicated that the perturbations were localized. It is 

important t o  recall t h a t  i t  was shown i n  Section 4 . 6  

that the finite-difference equations were stable. 

Therefore, it is impossible for any errors introduced 

into the calculations at any time step to be amplified in 

subsequent time steps. 
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Since the complete governing equations are used to 

obtain a numerical solution for the impulsively accelerated 

semi-infinite plate, the only approximations introduced 

are the finite-difference representations. By decreasing 

the time and space increments, the details of the flow 

phenomena can be examined with increased accuracy. In 

addition to those considerations presented in Section 4.1, 

the time and space increments are restricted by practical 

considerations such as computer size and the computer 

running time. In the final analysis, the selection of 

time and space increments must suit the problem at hand as 

well as meet practical considerations. 



CHAPTER 6 

CONCLUSIONS 

General procedures for using the vorticity source 

method have been developed and the method was used to 

study the impulsively accelerated semi-infinite plate. 

It is the author's opinion that the vorticity source 

method currently represents the best technique for the 

numerical solution of complicated flow problems. Once 

the fundamental concepts are understood, the vorticity 

source method is very simple to use. The simplicity of 

the method results from the elimination of the dependence 

on the stream function. The method proved to be success

ful in obtaining a solution for the impulsively acceler

ated semi-infinite plate. The only shortcoming in the 

method is the amount of computer time used. Integrating 

Equation 3*13 to obtain the velocity distribution is time 

consuming. Future efforts should be aimed at reducing 

this time. In the final analysis, this may be a small 

price to pay for the ability to solve complicated three-

dimensional problems. 

The results of the numerical study of the impul

sively accelerated semi-infinite plate revealed the 

154 



155 

nature of the flow field. The three region model proposed 

in Section 3.5 accurately represents the flow phenomena 

associated with the impulsive motion of a semi-infinite 

plate. The results obtained show that the transition 

from one region to another occurs in a smooth continuous 

manner. It is impossible to indicate the start of one 

region or the end of another. 

The results indicate that any meaningful analy

sis near the leading edge must be based on the complete 

governing equations. Simplifying assumptions yield 

results with singularities that do not exist when the 

complete governing equations are used. 

Hall's analysis (1969) concerning the transition 

from the one-dimensional flow to the steady state Blasius 

flow applies only in the limit of x approaching infinity. 

The time to steady state predicted by Koob and Abbott 

(1968) is not valid near the leading edge. 

The results obtained indicate that the produc

tion of vorticity at the plate surface occurs essentially 

along a finite region of the plate in the vicinity of 

the leading edge. 

The skin friction at the leading edge is not 

infinite. Some improvement in the accuracy of the cal

culated skin friction and drag coefficient can be obtained 

by refining the grid used. 
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Future efforts should be aimed at using the vor-

ticity source method to study more complicated problems. 

For example, flow in a two-dimensional channel and the 

impulsive motion of a finite plate at an angle of attack. 

The computer program developed for this study can be 

easily extended to solve these problems. 

v 
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APPENDIX A 

FINITE-DIFFERENCE EQUATIONS 

The use of the Crank-Nicolson finite-difference 

method to integrate Equation 3-19 requires that the terms 

be expanded in a Taylor series about the point, t + 1/2 At. 

Consider Figure 4.2 which depicts a typical node (i,j). 

Also depicted are the appropriate terms which represent 

the transport of vorticity across a control volume indi

cated by the solid line surrounding the node (i,j). If a 

vorticity balance is made on the control volume, the 

following equation is obtained 

dcu 
St 

t+At/2 (Axl+Ax2) f (Ui,tj+1+Ui,.l) it+At̂ 2. ̂ 
Ay2 J p L = [ ^ p UJ_. , -,] Ay2 

i . *  x,3 ± 

Sou 
Sx 

du) 
5y 

J_ duu 
+ 33F 

j. 
+ 3x 

t+At/S Ays + (V. , „ \t4At/2 (AX1+AX2) 
^j_ 1/2 ~ '•jJ *-

t+At/2 (Axl+Ax2) ,y ^ vt+At/2 (Axl+Ax2) 
i-l/2,j ^ i+l/2,j i,j' 2 

t+At/2 (Axl̂ x2) _ .]t«t/2 

i+1/2, j d d ±,3 

t+At/2 
Ay2. (A.1) 

i,j+l/2 
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The terms that appear as partial derivatives in Equation 

A.l are expanded in a Taylor series in the .following manner. 

t+At t+At/2 , dm 
(i). = iu. + XT i > J i s 0 ot 

t+At/2 At ^ a2 

i>0 

uu 
2 + ̂ j.2 dt' 

t+At/2 

+ °(At3) 

t t+At/2 duo 
mi,J = »i,J ~ 3t 

t+At/2 At 

i,J 2 ^t2 

i,0 

t+At/2 

i>0 

(A-2) 

^ + 0(At3) (A.3) 

Subtracting Equation A.3 from Equation A.2 obtains the 

result 

t+At t U). • - U) • wi,j wi,ti _ duj 
At cTt 

t+At/2 

1,0 
+ 0(At ). (A.4) 

t+At/2 t+At/2 duu 
mi,j - * 1 , 3 - 1 / 2  +  si 

t+At/2 Axi , a2u, T 
i,j-l/2 2 dx2 

t+At/2 

i,0-1/2 

Axl' 
~8~ 

+ O(Ax^) (A.5) 

t+At/2 
(JU • • n 
1,0-1 

t+At/2 
*1,3-1/2 

+ O(Ax^) 

du) t+At/2 

i,0-1/2 

Axl + S2oj 
t+At/2 

i,0-1/2 

Axl 
~8~ 

(A .6) 
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Subtracting Equation A.6 from Equation A.5 obtains the 

result 

t+At/2 t+At/2 
0 • • - UJ • j i ^ i, J i,.1-l _ dou 

Axl 

t+At/2 

i,J-1/2 
+ 0(Ax2) (A. 7) 

t t+At 
t+At/2 _ "ijj i,j 
ij j ~ 2 (A.8) 

t t+At 
t+At/2 _ U)i,,j-1 i,,j-l 
i, j -1 ~ 2 (A.9) 

&U) 
+ ,a+/o t  t+At t+At \ / t t \ t+At/2 = 

2Axl 2Axl (A.10) 

t+At/2 
'"i, j 

t+At/2 , dm 
= *1-1/2,  i  +3jF 

t+At/2 m 

i-l/2,j 2 5y2 

t+At/2 o 
Ay 2 
~8~ 

i-l/2,j 

+ O(Ay^) (A. 11) 

uu t+At/2 i-1, j 
t+At/2 

UU. T /o . 1-1/2,0 

+ 0(Ay3) 

d(JU 
3y 

t+At/2 

i-l/2,j 

Ayl -s2 o OU 

dy£ 

t+At/2 

i-l/2,J 

Ayl 

(A.12) 
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Subtracting Equation A.12 from Equation A.11 obtains the 

result 

or t+At/2 t+At/2\ 
2K,.i - "i-i/i ) 

(Ayl + Ay2) 
Sou 
3y 

t+At/2 

1-1/2,j 
+ O(Ay) 

t t+At 
, t+At/2 _ U)i-l,.l'hMi-.lt.1 
i-1,j ~ 2 (A.13) 

Sou t+At/2 

1-1/2 ,3  

, t+At t+At \ / t t \ 

Ayl + Ay2 Ayl + Ay2 (A. 14) 

t+At/2 U) . • 
1.0 

t+At/2 Suj 
mi+V2,j " 3y 

+ 0(Ay3) 

t+At/2 A 0 ^2 
Ay2 d en 

1+1/2, j 2 dy2 

t+At/2 

i+l/2,j 

Ay2£ 

(A.15) 

t+At/2 
" i+ l ,3  

t+At/2 , duj 
*1+1/2 ,3  

+ 0(Ay3) 

t+At/2 A 3 -s2 
Ml + 

1+1/2, j 2 Sy2 

t +At/2 p 
Ay3 

1+1/2,0 

(A.16) 

Subtracting Equation A.15 from Equation A.l6 obtains the 

result 

0[ t+At/2 t+At/2\ 
2K-n,.i - »i..i ) 

(Ay2 + Ay3) 
3(i) 
3y 

t+At t 
t+At/2 _ wi+l, J + ̂ i+l^j 
*1+1,3 " 2 

t+At/2 

i+l/2,j 
+ O(Ay). 

(A.17) 



duu 
37 

,,.,/o / t+At t+At \ ft t \ 

14-1/21 3 Ay2 + Ay3 Ay2 + Ay3 

161. 

(A.18) 

t+At/2 t+At/2 du) 
= mi,J+V2 ~ 35E 

t+ht^ &x2 , a2 (JJ 

i,j-fl/2 2 dx2 

U). 

+ 0(Ax3) 

t+At/2 _ t+At/2 duj T* 1 
1, j+1 i,3+1/2 3x 

+ O(Ax^) 

t+At/2 Ax2 ^ 
4* 

1,3+1/2 2 ' ax2 

t+At/2 

1,3+1/2 

t+At/2 

1,3+1/2 

Ax2' 

(A.19) 

Ax2 

(A.20) 

Subtracting Equation A.19 from Equation A.20 obtains the 

result 

t+At/2 t+At/2 
î./i+l ~ "'i,3 

Ax2 
duj 
35E 

t+At/2 p 
+ 0(Ax ) 

1,3+1/2 

t+At t 
t+At/2 _ '"î j+l (Mi,.1+l 
Vj+l ~ 2 

(A.21) 

&UD 
,,.,/o / t+At t+At \ , t  t \ 
t+At/2 ^ (wift-]+i " ̂ 1,3 ) ^1,3+1 " *"1,3^ 
. . - t /o 2Ax2 2Ax2 l,J+1/2 

f (ui,3-l+Ui,J)u,i,J-l]t+At/2 ~ 2 t(Ui,3-l4Ui,3)u,i,3-l1 

(A.22) 

t+At 

+ 2 (A.23) 
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£(Ui,j+Ui, j+l^i,^ = 2 f (Ui,j+Ui, j+l^i, jlt+At 

+ 2 Ûi,j*+Ui,j+l^i,^ (A.24) 

/ Nt+At 
(V \ t - te t /2  _  ^1-1/2 ,^1-1 , .^  
1̂-1/2,̂ 1-1, j; ~ 2 

+ ̂ Vi"1/g, ̂1, ̂ (A.25) 

/„ vt+At 
\ t+At/2 _ V Vl+l/2,,iU)l ,.1' 

i+l/2,j i, j' ~ 2 

+ (A.26) 

Substitution of Equations A.4, A.10, A.l4, A.l8, A.22, 

A.23, A.24, A.25 and A.26 into Equation A.l, followed by-

some algebraic manipulations,yields 
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a 4-/tt « tT \t"fAt A. 
t+At n 1 ( i».i 1 i4-1/2,j 

l± + 2(Axl+Ax2) 2Ay2 

A t  . A t  A t  
+ Axl(Axl+Ax2) Ax2(Axl+Ax2) + Ay2(Ay2+Ayl) 

A.Vt+At 
At i t+At r i-l/2,j , At t 

+ Ay2(Ay2+Ay3) " "i-ljJ 1 2Ay2 Ay2(Ay2+Ayl)1 

_ t*t r
At(Ul..i-l+Ul..1>t4At , At , 

i,j-l 1 2(Axl+Ax2) Axl(Ax2+Axl) 

t+At r At i _ t+At r At 
^i^j+l LAx2(Ax2+Axl)J ~ ^i-f-l^j lAy2(Ay2+Ay3) 

. At(U. ,+U. At Vn.,n/o * A-f-_ r "i i j J i -3-1/2 j j At 
i,j LX 2(Axl+Ax2) 2Ay2 

t AJ. „t 
bl/2, .1 

Axl(Axl+Ax2) 

At At At i 
Ax2(Axl+Ax2) " Ay2(Ay2+Ayl) " Ay2(Ay2+Ay3)1 

+ t rAt Vi-l/2,,i At 1 
+ 1 2Ay2 + Ay2(Ay2+Ayl)J 

. At(U. , n+U. J"5 A. . r ijJ i *1 
+ ̂ i,j-1 1 2(Axl+Ax2) + Axl(Ax2+Axl)J 

"fc *fc Ak"t 
+ "l^+l [Ax2(Ax2+Axl)^ + "i+l,j ^Ay2(Ay2 -fAy 3)^ (A-2?) 
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Table B.l. Steady State Velocity, (V_-u) and Vorticity, uu 

0
 

H
 1 II X X II 00

 

x = - 6 

Y uu u uu u U) u 

0 0 

1 9.277x10"^ 

3 7-762x10"^ 

5 5-874x10"^ 

7 4.132x10-Z|" 

9 2.758x10"^ 
-4 11 1.771x10 ̂  

13 1.109x10"^ 

15 6.886xlO~5 

18 3•112xl0~5 

23 8.8l2xl0~6 

30 1.629x10"6 

39 2.013xl0"7 

50 1.690xl0"8 

63 9-793x10"10 

78 4.005x10"11 

8.049x10"1 0 

8.076x10"1 3-023x10 
-1 

-1 

,-1 

8.198x10 

8.370x10 

8.552x10 x 1.037x10 

8.722x10"1 6.351x10 

8.872x10"1 3.771x10 

-3 

-3 2.335x10 

1.6l4xl0~3 

-3 

9.001x10 

9•110x10 

9.245x10 

9.411x10 

-1 

-1 

-1 

-1 

v-l 

2.203x10 

-4 

-4 

-4 

1.294xlO-2j" 

5.478x10"5 

1.453xlO"5 
- 6  

9.568x10"-1- 2.540x10 

9.695X10"1 3-003x10 

9.791x10 

9.858x10 

-1 

-1 

-7 
,-8 2.436x10 

l.376xlo"9 
s-11 

-1 

-1 

-1 

-1 

-1 

-1 

,-1 

9.182x10~3 

6.672x10"3 

4.304x10"3 

2.586x10'3 

1.487x10"3 
-4 

7.656x10 

7.717x10 

7.941x10 

8.211x10 

8.467x10 

8.685x10 

8.864x10"-*- 8.323xl0-if 

9.010X10"1 4.602x10"^ 

9.129x10"1 2.576x10"^ 

9.269X10"1 1.022x10"^ 

9.437x10 

9.591.10 

9-714x10 

9.806x10 

9.870x10 

"-1 2.540x10" 5 

-1 4.192xl0"6 

-1 4.726x10"7 

-1 3.693.IO"8 

_1 2.025xl0"9 

9.904x10"1 5.517XIO"11 9.912XIO"1 7.941x10"11 

7-036x10 -

7.186x10"-1-

7.623X10"1 

8.056x10"1 

8.409x10"1 

8.680X10"1 

8.884x10"-1 

9.042x10"-1 

9.165x10"1 

9.306X10'1 

9.469x10"-1-

9.618x10"-1 

9.736x10"x 

9.822x10"-1 

9.88lxl0_1 

9.920x10"1 

H 
Ch 
vj1 



Table B.l. Continued; Steady State Velocity, (Vn-u) and Vorticity, uu 

x = - 4 X II 1 ro
 0

 11 X 

Y (!) U U) u UD U 

0 

1 

3 

5 
7 
9 
11 

13 

15 
18 

23 
30 

39 
50 
63 

78 

0 

.7l8xl0"2 

.815X10"2 

.083X10"2 

.095xl0"3 

•320xl0"3 

.775x10-3 

.425x10"̂  

.093x10"^ 

.922xl0-1 

.537X10-5 

.139xlO"6 

•720xl0"7 

.824xl0"2 

.104x10"9 

.190x10"10 

6.033x10 0 

6.390x10"1 7-905x10 

7.263x10"1 4.583x10 

7.938x10'1 2.478x10 
-1 

-1 

-1 

-1 

9.222x10"1 

9.356X10"1 

X-1 

8.402x10 

8.718x10 

8.940x10 

9.101x10 

- 2  

- 2  

- 2  

- 2  

9.510x10 

9.649x10'1 1.223x10 

9.759x10"1 1.283x10 

1.305x10 

6.789XIO"3 

3.510xlO"3 

1.816x10"3 

9.601x10"^ 

3.512xlO"2j' 

8.027x10"5 
-5 

9.840x10 

9.894x10 

9.929x10 

-1 

-1 

-1 

-6  

v-8 9.416x10" 

4.900x10"9 

1.842x10"10 

4.258X10_1 

5-241X10"1 

6.920x10"1 

7.887X10"1 

8.454x10"1 

8.802X10-1 

9.028X10_1 

9.l84xl0_1 

9.298x10"1 

9.4l9xl0-1 

9.558x10"^ 
9.685x10 

9.784x10"1 

9.857x10"1 

9.906x10"1 

9.938x10"1 

2.253x10 -1 

- 2  
9-993x10 

4.825xl0"2 

2.415X10'2 

1.226X10"2 

6.256X10"3 

3.209x10 

1.686xlO"3 

6.099x10 

1.376x10 

2.066x10'5 

2.130x10"6 

1.536X10~7 

7.858XIO"9 

2.911x10"10 

-3 

-3 
-4 

-4 

u 

3.895xlO_1 

6.597x10"-1 

7.895x10"-1 

8.525x10"-1 

8.905X10"1 

9.134x10"1 

9.283x10"1 

9.386X10"1 

9.49IXIO"1 

9.611x10"'1 

9.722xl0_1 

9.811x10"'1 

9.876x10"-1 

9.919X10"1 

9.948x10"1 

H 
OA 
o^ 



Table B.l. Continued: Steady State Velocity, (V -u) and Vorticity, uu 

x = 2 x = 4 x = 6 

Y uu u uu u U) u 

0 0 0 0 

1 2.525x10" • 1 2.855x10" •1 2.155x10" •1 2.265x10" •1 1.946x10" •1 1.860x10' •1 

3 1.326x10" •1 6.126x10" •1 1.392x10" •1 5.561x10" •1 1.353x10" •1 5.055x10" •1 

5 6.949x10" •2 7.717x10" •1 8.245x10" •2 7.427x10" •1 8.856x10" •2 7.064x10" •1 

7 3•638x10" •2 8.537x10" •1 4.674x10" •2 8.441x10" •1 5.425x10" •2 8.253x10' •1 

9 1.899x10" •2 8.980x10" •1 2.579x10" •2 8.990x10' •1 3.180x10" •2 8.927x10" •1 

11 9.880x10" •3 9.230x10" • 1 1.397x10' •2 9.289x10" •1 1.807x10" •2 9.300x10" •1 

13 5.139x10" •3 9.379x10" •1 7.490x10" •3 9.458x10" •1 1.007x10" •2 ' 9.507x10" •1 

15 2.726x10" •3 
j. 9.477x10" •1 4.066x10" •3 9-559x10' •1 5.641x10" •3 9.625x10" •1 

18 9.94-9x10" •4 
i, 9-566x10" •1 1.522x10" •3 

t. 9.640x10" •1 2.190x10" •3 
1. 9-707x10" •1 

23 2.258x10" •4 9.668x10" •1 3.528x10" •4 9.726x10" •1 5.248x10" •4 9-784x10" •1 

30 3-392x10" •5 
/*• 

9.763x10" •1 5.377x10" •5 9.805x10" •1 8.206x10" •5 9-849x10" •1 

39 3.483x10' •6 9.840x10" •1 5.561x10" •6 9.870x10' •1 8.634x10' •6 9-901x10" •1 

50 2.492x10" •7 
n 

9.896x10" •1 3.985x10' •7 9.916x10" •1 6.252x10" •7 
j—v 9-938x10" •1 

63 1.264x10" •8 
9.933x10" •1 2.019x10" •8 9-947x10" • 1 3.185x10" •8 9.962x10" •1 

78 4.641x10" •10 
9.957x10" •1 7.394x10" •10 9.967x10" •1 1.171x10" •9 9-977x10" •1 



Table B.l. Continued; Steady State Velocity, (V -u) and Vorticity, ou 
Jr 

x = 8 x = 10 x = 12 

Y U) u uu u uu u 

0 0 0 0 

1 1.670x10" • 1 1.749x10" •1 1.539x10" •1 1.612x10" •1 1.441x10" •1 1.509x10* •1 

3 1.286x10" •1 4.656x10" •1 1.220x10" •1 4.343x10" •1 1.159x10" •1 4.092x10" •1 

5 9-045x10' •2 6.701x10' •1 9-001x10" •2 6.371x10' • 1 8.842x10" •2 6.077x10" •1 

7 5-915x10" •2 8.015x10' •1 6.202x10" •2 7.758x10" •1 6.348x10" •2 7.504x10" •1 

9 3.668x10" -2 8.806x10" •1 4.041x10" •2 8.647x10" •1 4.314x10" •2 8.467x10" •1 

11 2.187x10" •2 9.263x10" •1 2.520x10" •2 9.187x10" •1 2.801x10" •2 9.082x10" •1 

13 1.270x10" •2 9-522x10" • 1 1.524x10" •2 9.504x10" •1 1.759x10" •2 9.460x10" •1 

15 7.362x10" •3 9.668x10" •1 9.143x10" •3 9.688x10" •1 1.092x10" •2 9.687x10* •1 

18 2.985x10" •3 9-764x10* •1 3.886x10" •3 9.808x10" •1 4.873x10" •3 9.839x10" •1 

23 7.460x10" •4 9.840x10* •1 1.019x10" 9-892x10" •1 1.345x10" •3 9-941x10" •1 

30 1.207x10" •4 9-894x10" •1 1.717x10" •4 9-939x10" •1 2.375x10" •4 9-983x10" •1 

39 1.302x10" •5 9-933x10* •1 1.913x10" •5 
V— 

9.966x10" •1 2.753x10' •5 9-998x10" •1 

50 9-599x10" •7 9-959x10" •1 1.446x10" •6 9.981x10" •1 2.148x10" •6 1.0004 

63 4.952x10" •8 9-976x10' •1 7.602x10' •8 9-991x10" •1 1.160x10" •7 1.0006 

78 1.837x10" •9 9 - 986x10" •1 2.864x10" •9 9.996x10" • 1 4.466x10" •9 I.0005 



Table B.l. Continued; Steady State Velocity, (V -u) and Vorticity, u) 
~ ir 

x = 14 X = 16 x = 18 

Y (JU u (JU u UU u 

0 0 0 0 

1 1.360x10' •1 1.425x10" •1 1.290x10" •1 1.350x10" •1 1.225x10" •1 1.279x10" •1 

3 1.105x10" •1 3-882x10" •1 1.058x10" •1 3.697x10" •1 1.019x10" •1 3.526x10* •1 

5 8.635x10" •2 5.817x10" •1 8.427x10" •2 
5.582x10" •1 8.275x10" •2 5.366x10" •1 

7 6.404x10" •2 
O 

7.261x10" •1 6.420x10" •2 7-032x10' •1 6.465x10" •2 6.8l6xlO~ •1 

9 4.511x10" 
.d 

8.278x10" •1 4.667x10" •2 8.091x10" •1 4.844x10" •2 7.908x10' •1 

11 3-038x10" •2 8.959x10" •1 3.250x10" •2 8.827x10' •1 3.490x10" •2 8.692x10" •1 

13 1.976x10" •2 9.395x10" •1 2.187x10" •2 9.317x10" •1 2.434x10" •2 9.234x10' •1 

15 1.268x10" •2 9.668x10" •1 1.449x10" •2 9.636x10" •1 1.669x10" •2 9-595x10" •1 

18 5.944x10" •3 9-859x10" •1 7.152x10" •3 9.870x10' •1 8.713x10" •3 9-874x10" •1 

23 1.734x10" •3 
J. 9.985x10" •1 2.218x10' •3 1.0024 2.900x10" •3 I.OO59 

30 3•228x10" •4 1.0026 4.392x10" •4 I.OO69 6.184x10" •4 1.0109 

39 3.923x10' •5 
s-

1.0031 5.655x10" •5 I.OO63 8.534x10" •5 I.0095 

50 3.189x10" •6 1.0026 4.838x10' •6 1.0048 7-752x10' •6 1.0070 

63 1.783x10" •7 1.0021 2.826x10" •7 1.0036 4.761x10" •7 1.0050 

78 7.071x10" •9 1.0016 1.163x10" •8 1.0026 2.042x10" •8 1.0036 



Table B.l. Continued; Steady State Velocity, (V_-u) and Vorticity, u) 

x = 20 

Y uu u 

0 0 

1 I.l66xl0-1 1.209x10"-1-

3 9-967X10"2 3.368x10"1 

5 8.288x10"2 5.169X10"1 

7 6.674x10"2 6.617X10"1 

9 5.191x10"2 7.734x10"x 

11 3.903xlO"2 8.560x10"-1 

13 2.849x10"2 9.146x10"-1 

15 2.037xl0"2 9.550X10"1 

18 1.131xl0"2 9.870x10"1 

23 4.089xl0"3 
1. I.OO89 

30 9.492xl0"4 

1.412x10"^ 

1.0147 

39 

9.492xl0"4 

1.412x10"^ 1.0126 

50 1.363xlO"5 1.0092 

63 8.787x10"7 

3.914x10"8 

I.OO65 

78 

8.787x10"7 

3.914x10"8 1.0046 



Table B.2. Steady State Velocity, v 

Y x = - 10 x = - 8 x = - 6 

0 0 0 0 

2 1.947x10" •2 4.447x10" •2 6.635x10" •2 

4 3-550x10" •2 7.324x10" •2 1.002x10" •1 

6 4.754x10" •2 8.895x10" •2 1.140x10" •1 

8 5.600x10" •2 9.611x10" •2 1.172x10" •1 

10 6.164x10" •2 9.824x10" •2 1.156x10" •1 

12 6.517x10" •2 9.764x10' •2 1.118x10" •1 

14 6.718x10" •2 9.560x10" •2 1.074x10" •1 

16 6.810x10" •2 9.288x10" •2 1.026x10" •1 

20 6.787x10' •2 8.678x10" •2 9.384x10" •2 

26 6.495x10" •2 7.803x10' •2 8.280x10" •2 

34 5.950x10" •2 6.802x10" •2 7.122x10" •2 

44 5.266x10" •2 5.797x10" •2 6.010x10" •2 

56 4.549x10" •2 4.872x10" •2 5.020x10" •2 

70 3.875x10" •2 4.066x10" •2 4.180x10" •2 

86 3.286x10" •2 3.404x10" •2 3.489x10" •2 

x = - 4 x = - 2 x = 0 

0 

9.725x10"2 

1.324x10"1 

1.409x10" -1 

1.386x10"1 

1.325x10"1 

1.253x10"-1-

1.182x10"1 

1.116x10"'1 

1.002X10"1 

8.694x10"2 

7.378x10"2 

6.173x10"2 

5.118x10"2 

4.244x10"2 

3.530xl0"2 

0 
1.248x10"1 

1.580X10"1 

1.620x10"-1 

1.558x10"-1 

1.465x10"1 

1.368X10-1 

1.277x10'"1 

1.195x10"1 

1.061X10"1 

9.096xl0'2 

7.635xlO"2 

6.334xl0~2 

5.217xl0"2 

4.317x10"2 

3.584x10'2 

0 

1.193x10"1 

1.590X10"1 

1.675x10"-1 

1.634x10"x 

1.545x10"-1 

1.444x10"1 

1.346x10"1 

1.257X10-1 

.1.110xl0~1 

9-457X10"2 

7.876X10"2 

6.481x10'2 

5.311xl0"2 

4.376X10'2 

3.628x10'2' 



Table B.2. Continued 

Y x = 2 > x = 4 x = 6 

0 0 0 0 

2 8.148x10" 2 4.549x10" •2 2.58IXIO"2 

4 1.333x10" •1 9-901x10' •2 7.109x10"2 

6 1.549x10" •1 1.317x10" •1 1.074x10"x 

8 1.591x10" •1 1.458x10" •1 1.287x10"x 

10 1.548x10" •1 1.485x10" •1 1.379x10"1 

12 1.470x10" •1 1.449x10" •1 1.392x10"1 

14 1.382x10" •1 1.385x10' •1 1.360x10"1 

16 1.296x10" •1 1.311x10" •1 1.306x10"1 

20 1.146x10" •1 1.170x10" •1 1.182x10_1 

26 9.737x10" •2 9-952x10" •2 l.OlOxlO"1 

34 8.063x10" •2 8.214x10" •2 8.332xlO~2 

44 6.597x10" •2 6.686x10" •2 6.754x10"2 

56 5-390x10" •2 5-441x10" •2 5.468x10"2 

70 4.421x10" •2 4.450x10" •2 4.454x10'2 

86 3.659x10" •2 3.671x10" •2 3.666x10"2 

x = 8 x = 10 x = 12 

0 
1.665x10"2 

5.224xl0~2 

8.688x10"2 

1.116x10"'1 

1.256x10"-1 

1.313x10"1 

1.315x10"1 

1.283x10"1 

1.182x10"1 

1.020x10"1 

8.4l6xl0"2 

6.797X10"2 

5.483x10"2 

4.455X10"2 

3.66lxlO"2 

0 
1.200x10"2 

4.0l6xl0"2 

7.134x10'2 

9-686xlO"2 

1.138x10"1 

1.229X10'1 

1.260x10"1 

1.251x10"1 

1.175x10"1 

1.025x10"1 

8.465x10"2 

6.826X10"2 

5.494x10"2 

4.456X10"2 

3.658X10~2 

0 

9-385X10"3 

3.247x10"2 

6.018x10"2 

8.504X10'2 

1.035X10"1 

1.148x10"1 

1.203x10"1 

1.213x10'1 

1.162x10"-1 

1.024x10"1 

8.480x10"2 

6.846xl0~2 

5.501xl0"2 

4.463x10"2 

3.662X10"2 

t—1 
->3 



Table B.2. Continued 

Y 

-3
-

rH II ><
! 

X = 16 X
 II H
 

00
 

x = 20 

0 0 0 0 0 

2 7-946x10" •3 7.282x10" •3 7.073x10" •3 5.176x10" •3 

4 2.774x10" •2 2.507x10" •2 2.349x10" •2 1.734x10" •2 

6 5.253x10" •2 4.760x10* •2 4.412x10" •2 3.286x10" •2 

8 7-617x10" •2 6.985x10" •2 6.484x10" •2 4.899x10" •2 

10 9.498x10" •2 8.840x10" •2 8.267x10" •2 6.370x10" •2 

12 1.077x10" •1 1.017x10" •1 9.605x10" •2 7.575x10' •2 

14 1.148x10" •1 1.098x10" •1 1.046x10" •1 8.463x10" •2 

16 1.174x10" •1 1.134x10" •1 1.089x10" •1 9.038x10" •2 

20 1.143x10" •1 1.120x10" •1 1.090x10" •1 9.449x10' •2 

26 1.018x10" •1 1.008x10" •1 9-932x10" •2 9.005x10" •2 

34 8.463x10" •2 8.428x10" •2 8.366x10" •2 7.830x10" •2 

44 6.838x10" •2 6.819x10" •2 6.796x10' •2 6.478x10" •2 

56 5.494x10" •2 5-489x10" •2 5.484x10" •2 5.283x10" •2 

70 4.448x10" •2 4.452x10" •2 4.467x10* •2 4.320x10" •2 

86 3.648x10" •2 3.658x10" •2 3.679x10* •2 3.563x10" •2 
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PROGRAM ZPAOL (INPUT,OUTPUT,PUNCH) 
DIMENSION U(15»70)»V(15i70)»CON( 1050)»VAL(105n),A (105 
10»5) , W(15»70) » TAU(60) »E(15)»\/I(70) »ACON(1050> ,DIX(70)t 
2UR(30),CD(60),CDC(60)»CF(60),WC(15)»DS(70)»00M(7qj 

100 FORMAT(1H0»I5»2E13.4) 
101 FORMAT (4X,10E13.4) 
102 FORMAT (1 HO•13,1OE13 .4) 
103 FORMAT (8F10.6) 
104 FORMAT (I5»2E13.4) 
105 FORMAT(7E11.4) 
106 FORMAT(1 HO) 

XXXXXXXXX SET CONSTANTS FOR MAIN PROGRAM XXXXXXXXXXXX 
TOL = .99994 
IC = 6 
DC=1.5 
T = 0. 
IT = 0 
ITER = 0 
RE = 1 • 
I = 15 
J s 70 
IPROD = I#J 
REMOVE THE FOLLOWING 4 CARDS FOR REGULAR RUN 
DT = .5 
DXO = 2. 
0X1 s 10. 
DX2 = 50, 
OY1 = 2. 
JY1 = 8 
JSP a 14 
JS1 = 5 
JS2 = 9 
JS3 s 24 
JS4 = 32 
PI = 3.14159265 
DO 1 IA s 1,57 
CD{IA) s o. 

1 TAU(IA) = C. 
DO 2 IA = 1,J 

2 VI(I A) = 0. 
DO 20 IA = 1»I PROD 
ACON(IA) = 0. 
CON(IA) = 0. 

20 VAL(IA) s 0. 
DO 23 IA a 1,IPROD 
DO 23 JA = 1,5 

23 A(IA,JA) = 0. 
DO 3 IA = 1,1 
E ( I A )  =  0 .  
DO 3 JA = l,j 
U(IA,JA) = 1. 
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V(IAfJA) a 0. 
3 W(IAt JA) a 0. 

READ 1.04,IT»DT,T 
READ 1 05»(VI(M),M = 1»J) 
READ 105*((U(M,N)»N=1.J),Msl,I) 
READ 105»((W(M,N)»N=1»J),M=1,I) 
IF(IT)65»5»59 

5 ITER = 0 
IT = IT * 1 
T = T+DT 
PRINT 100»IT»DT»T 

4 ITER = ITER+1 
Y s -t5#DYl 
DYB = DYl 
DVC = DYl 
DO 17 II s 1,1 

C REMOVE THE FOLLOWING 2 CARDS FOR REGULAR RUN 
DXB = DX2ttJS1 
X = -550, 
DO 17 J1 = 1,J 
17 a J<*(I1-1)+J1 
INDIC = 0 
UADV a o, 
VADV a 0. 
VADV1 = 0. 
COl = 1. 
C02 a i. 
C04 a 1. 
C05 a 1. 
C07 a 1, 
C010 a 1. 
COll a o. 
C012 a J, 
CO13 a 1, 
IF{V(111 J1).LTe0)COlCa0. 
IF <V(11»Jl-1)»LT,0)COl1 a i. 
IF(Jl—1)21*21*120 

21 C02 a 0. 
120 IF(J1.,LT.JS1)DX a <jSl-Ji>*0X2 

IF(J1»GE«JS1)DX a 0X1 
IF(J1,GE.JS2)DX a DXO 
IF(J1.6E.JS3)DX a 0X1 
IF(J1.GE.JS4)DX = DX2#(ji*i.-JS4) 

C REMOVE THE FOLLOWING 2 CARDS FOR REGULAR RUN 
DIX(Jl) a x 
X a X+DX 
IF(J1 — J)121»139»121 

139 C04 a o. 
C07 a 2. 

121 DXA a DXB 
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D X B  b  O X  
IF(11-1)65» 618 

6  C O l  =  0 .  
60 TO 7 

8 IF (11*1)7»13» 65 
13 C05 = 0. 
7 IF(I1,LT,JY1)0Y = DY1 

IF(I1.6E.JY1)DY = 0Yl#(Il+2.-JYl) 
IF(DY.EQ.O)PRINT104,I1,Jl 
IF(DY.EQ.O)GO TO 65 
IF(J1.GT.1>G0 TO 10 
DYA a DY8 
DYB s DYC 
DYC = DY 
IF(J1.EQ.J.AND.I1.LE.JY1)Y = Y + DY1 
IF(Jl.EQ.l.AND.I1,GT.JYl)Y = Y + 0Y1«(11 + .5-JYl) 
IF(ITE«.E0.1)WC(U) = l./(PI#T)«#,5ttEXP(-(Y)<nV?/(4.«T) ) 
IFdTER.EQ.l.AND.IT.EQ.l . AND. Jl »EQ.1)PRINT 101 ,Y 

C XXXXX CALCULATE CONSTANTS FOR VECTOR C XXXXXXXXXXXXXX 
10 IF(ITER.6T.1)60 TO 99 

ACON(17) = W(I1,J1)#(1.-.5«DT #((C07#U(I1.Jl)+C04«U(I 
11» Jl + 1) ) / (DXA+DXB) + CO]0#V(Il«Jl)/nYB + COn#COl#V<Tl-l , 
2Jl)/DY8+2./(RE«DXA#(DXA+OXR)> +C04"2./(RE#DXB#(DXA+DXB 
3))*C01«2./(RE«OYB*(DYB+DYA))+2./(RE«DYB*(OYB+OYC)))) 
l+W(Il-l,J\)»C0l#.5«DT«((l.-C011)#V(Il-l»Jl)#C012/0YB+ 
22./(RE#DYB#(DYB+DYA))) 
2+W(Il»Jl-1)*C02«,5^DT«((U(II»Jl-1)+U(II»Jl))/(DXA+DXB 
1) +2./(RE#DXA#(DXA+DXB) ) ) 
4+W(II »J1 + 1) <*C04», 5*0 T« (2./ (RE«DXB# (DXA + DXB))) 
5 + W(Il + l»J])#C05«.5«0T*((1.-CO 10)(11»J])#C012/DYB+2. 
1/(RE*DYtt# (DYB + DYC))) 
IF(Il.EO.J.AND.Jl.EQ.JSP)AC0N(Jl>=AC0N(Jl>•(I,-VI(Jl> 

1)/(2.#DY1) 
IF(Il.EO.l.AND,Jl.GT.JSP)AC0N(Jl)=AC0N(Jl)+(l.-VI(Jl) 

1)/0Y1 
C XXX CALCULATE COEFFICIENTS FOR *A*MATRIX XXXXXXXXXXXX 

99 A(I7»3)si.*DT«(C0l3#(U(li »Jl)»C07+C04»U(11»Jl. +1))/(DX 
1A + OXB)•C010»C012»V(II•Jl)/DYM+COl1«C012»C01#V(11-i* Jl) 
l/DYB+2./(RE»DXA*(DxA+DXB))+C04»2./{RE»DXB* (DXA + DXB)) 
1*C01#2./(RE#DYB#(DYB+OYA))+2./(RE«DYB»(DYB+DYC))+ 2.«U 
1ADV/(DXA+DXB)+VADV1/DYB)».5 
A(I7»1)=-C01«0T«((1.-COli)»V(11-1»Jl)#C01?/DYB+?./(RE 

1<*DYB« (OYB + OYA) ) + (1 .-CO 11) * V ADV/DYB) / A (171 3) « . 5 
A(I7?2)s-C02«0T<M (U(11»Jl-1)+U(11•Jl))*C013/(DXA + DXB) 

1+2./(RE«OXA#(DXA+DXB)) )/A(I7,3)#.5 
A (I7f4) s-(C04#2./(RE»DXB#(DXA+DXB)))/A(I7»3)#DT«.5 
A(17•5)=-C05#DT«M(1.-CO10)«V(I1»Jl)#C012/nYB+?./(RE»D 

1YB#(DYB + DYC)) + (1.-COl0)*VADV/DYB)/A(17•3)«.5 
CON(17) = ACON(17)/A(I7i3) 
A(I7»3) = A(I7,3)/A(I7»3) 

17 CONTINUE 
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c XXXX SOLVE SYSTEM OF EQUATIONS BY CROUT REDUCTION XXX 
9 DO 15 II = 2iIPROD 

A<Il«3)=A(Il»3)-A(Il»2)«A(Il-l»4)-A(li»l)#A(Il-75»5> 
A(I1,4)=A(I1,4)/A(I1,3) 
A (11»5) = A(11»5)/A(Il»3) 

15 CON(II) = ( CON(Il)-A(Il,l)#CON(Il-70)-A(Ilf2)#CON(li 
1-1))/A(Ilt3) 
DO 16 17 = 111 PROD 
II = IPR0D+1-I7 

16 VAL(Il)=C0N(Il)-A(li»4)#VAL(Il*l)-A(Il* 5)ttVAL(11+70) 
DO 93 II = 1»I 
DO 93 J1 = 1»J 
17 = J* <11-1)*J1 

93 W(I1»J1) = VAL{17) 
IF(IT•NE•IC)GO TO 40 

500 CONTINUE 
C XXXXXXXX COEFFICIENT OF DRAG CALCULATIONS XXXXXXXXXXX 
C CHANGE THE FOLLOWING 2 CARDS FOR REGULAR PUN 

DO 3D L = 1»57 
M = L+)3 
CA2 = (W(3»M)-W(l»M)-2.#(W(2,M)-W(l»M)))/8# 
CA1 s (W (2,M)-W (1 ,M) ) #.5 -4.*CA2 
CAO a (W(1,M)-CA1-CA2)#2. 
PRINT 100,M»CA0 

30 TAU(L) = 2.«U C1« M) 
TOTAL =0. 
X = 0. 

C CHANGE THE FOLLOWING 1 CARDS FOR REGULAR RUN 
DO 25 M = 1• 56 
DX = (M+1A.-JS4)«DX2 
IF(M•LT•JS4-13)0X = DX] 
IF(M.l.T. JS3-13) OX a DXO 

C REMOVE THE FOLLOWING 1 CARDS FOR REGULAR PUN 
X = X + DX 
IF(X.EQ»0.)G0 TO 40 
TOTAL = TOTAL*<TAU(M)+TAU(M+1)>#DX*,5 
CDC(M) a i.32«VX««.5+2.3?6/X-(.204+2.#UC+i.10?«ALOG(X)) 
1/X«»1,5 
CF(M) a ,664/X«#,5*(.551#AL03(X)+ DC-1,)/X«#1.5 

25 CD (M) = TOTAL/X 
C XXXXXXXXXVELOCITY INTEGRATION ROUTINE XXXXXXXXXXXXXX 

40 K = 0 
IF<ITER.EQ.3>K a -1 
110 = 11 
IF (ITER.GT.l)110 = 8 

55 K = K+l 
L = 0 
IF(K.EQ.0)L=JSP-1 
IF(ITER.GT.l.AND.K.NE.0)L = JSl-1 
IF (K. EO. 0 . AND. IT.EQ.IOL = 0 

58 L = L + l 
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IFLAG = 1 
SUM =0. 
N  =  0  
IF(K)60»60»62 

60 DDY = »5WDY1 
60 TO 63 

62 IFLAG = 2 
DOY = K#DY1 
IF(K.GT.JY1)D0Y = JYl#DYl+((K+1.-JY1)»#2~1.)«.5#0Y1 

63 N = N+1 
SUM1 = 0. 
IF(N-I )94 »71»71 

94 IF(IFLAG-4)42*67,65 
67 IF(N-K)42*77*65 
42 E<N) = 0, 

X5 = 6. 
X4 = 0 • 
LLA s L 
IF(L.EQ.J>E(N> =W(N»J-l)#.5#PI/(2**PI) 
IF(L+1-J )61»61»46 

61 J2 = J -1 
M = L-l 

64 M s M+I 
DX = (M+l.-JS4)#0X2 

C REMOVE THE FOLLOWING 2 CA«DS FOR REGULAR RUN 
IF(M.LT.JS4)DX = DX1 
IF(M,LT.JS3)QX s 0X0 
IF(M.LT.JS2)DX s DX1 
IF(M.LT » JS1)OX s DX2#(JS1-M) 
X4 = X5 
X5 = X5+DX 

162 X2 = X5/0DY 
XI = X4/0DY 
X3 a (DDY«n*2*X5«#2)/<DDY»«R*X4*»2> 
AZ = (W(N»M)-W(N»M+1))/(X4-X5) 
B1 = W(N*M)-AZ«X4 
SUM2 = BZ*(ATAN(X2)-ATAN(Xi))/(2.»PI) 
SUM2 = SUM2+DDY»AZ«AL0G(X3)/(4,#PI) 
E(N) = E(N)+SUM2 
IF(M.EQ.J2)GO TO 47 
IF(M.LE.JS4)GO TO 50 
TEST = A8S(W(N,M)-W(N,M+l)) 
IF(TEST.GT•1 .E-5)GO TO 50 

47 E (N) = E(N)*W(N»M)«(.5<»PI-ATAN(X2))/(2,#PI) 
GO TO 46 

50 IF(M,LT.J2)GO TO 64 
46 LLA = L+l 

X5 a 0. 
X4 = 0. 
17 = 0 

70 17 = 17+1 
M a LLA-I7 
IF(M»EO«1)GO TO 98 

C REMOVE THE FOLLOWING 2 CARDS FOR REGULAR RUN 
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DX = DX2#(M-JS4> 
IF(M,LE.JS4)DX a DX1 
IF(M,LE.JS3)DX a DXO 
IF(M.LE•JS2)DX = 0X1 
IF(M.LE.JS1)DX a DX2#(JSl"+l.-M) 
X4 = X5 
X5 = X5+DX 

82 X2 = X5/D0Y 
XI a X4/DDY 
X3 = (0PY<>*2 + X5<*«2> / (DDY»»2*X4#«2) 
AZ a (W(N»M)-W(N,M-1))/(X4-X5) 
BZ a W(N»M)-AZ#X4 
SUM2 = BZ'>(ATAN(X2)~ATAN(Xi) )/(2.<>PI) 
SUM2 a SUM2 + DDY<*AZ#AL0G(X3)/(4.#PI) 
E(N) a E(N)*SUM2 
IF (M.GE.JSP)GO TO 45 
IF (SUM2.LT* 1»E-5)GO TO 90 

45 IF (17 . LT,LLA)GO TO 70 
98 IF (IFLAG-4)66,96,66 
96 SIGN = -1. 

GO TO 73 
66 SIGN = 1, 
73 IF(N.GT.JYI)G0 TO 68 

SUM1 a E(N)*DY1 
SUM a SUM+SIGN»SUM1 
IF(N.EG.JY1)DDY a UDV+ SIGN»1.5«DY1 
IF(N.LT.JY1)DDY = ODY+SlGNoDYl 
IF (SUM1-].E-4)71,63,63 

68 SUM1 = E(N)#DY1*(N+1.-JY1) 
SUM a SUM+SIGN«SUM1 
DDY a ODY+(N+1.5-JYl)#0Yi#SIGN 
IF(SUM1-1.E-4)71»63,63 

71 GO TO(74,75,76,77), IFLAG 
74 VI(L) = 2."SUM 

IF(VI (L> .GE.TOL.ANU.VI (L-X) . GE . TOL . ANf). VI (L-2) rGE.TOL 
1)60 TO 72 
GO TO 48 

72 DO 80 J1 a L,J 
80 VI(Jl) s i,o 

GO TO 49 
75 N a K 

IFLAG a 3 
DDY a DYl 
IF(N,GE.JY1)DDY a DY1«(N*].5-JYl) 
GO TO 63 

76 IF(K-l)77,77,97 
97 N a 0 

IFLAG a 4 
DDY a (K -1 • ) w D Y1 
IF (K.6E • JY1) DDYaQY 1<} (JY1-1 • ) + ( (K+l JYl) #*2-1. ) <*.5«DY1 
GO TO 63 
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77 TEST = ABS(U(K,L)-1.*SUM) 
U(K»L) = l.-SUM 
IF(ITER.EQ.1)60 TO 81 
IF(L.LT.JSP+4)G0 TO 48 
IF(TEST.LT.1.E-4)G0 TO 49 

81 IF (L• LT, J54 ) GO TO 48 
TEST = ABS(U(K,L)-U(K»L-7)) 
IF (TEST.GE.1.E-4)G0 TO 48 
17 a L+l 
DO 79 16 = 17 • J 

79 U(K»I6) = U(K»L) 
GO TO 49 

48 IF(L«LT » J)GO TO 58 
49 IF ( K.LT.UOJGO TO 55 

C XXXXXXXX CALCULATE V COMPONENT OF VELOCITY XXXXXXXXXX 
59 DO 190 II « J d 

C REMOVE THE FOLLOWING 1 CARDS FOR REGULAR RUN 
DXB s DX2*JS1 
DO 180 J1 = liJ 

C REMOVE THE FOLLOWING 2 CARDS FOR REGULAR RUN 
DX = (Jl+l.-jS4)<tDX2 
IF(J1.LT.JS4)DX = DX] 
IF(Jl.LT # JS3)OX = 0X0 
IF(J).LT.JS2)DX = DX1 
IF(J1,LT.JS1)DX = 0X2^(JS1-J1) 
DXA = DXB 
DXB = DX 

190 IF(I1-1)211»211»212 
212 IF(I1.LE.JY1)0Y = DY1 

IF(11»GT»JYl)DY = DY1#(I1+1.-JYI> 
IF(J1.EQ»1)V(II»1)3(l,-U(IltJl*l))»DY/<OXA+DXR)»V(Il-

llt Jl) 
IF < J1.EQ.J)V(Il,Jl) = (U(Il»Jl-1)-U(Il,Jl)) # D Y / ( D X A * D X B )  

1+V(I1-1,Jl) 
IF(Jl.GT.l .AND. Jl.LT. J) V (11 , Jl) = (U(I1, Jl-1)-U(li , JUl') ) 

1«DY/(DXA+DXB) +V (11 -1 * Jl ) 
GO TO 180 

211 DY = DY1 
IF(J1.EQ.1)V(I1»1) = (1.-U(IWJ1*1) )#DY/(OXA+DXR) 

IF(Jl.EQ.J)V(I1,Jl)=(U(li,J]-1)-U(I1,Jl))«UY/(DXA+DXB) 
IF(Jl.GT.l.AND.Jl,LT.J)V<11»Jl) = (U(11•Jl-1)-U(li,Ji+D) 

1<>DY/(DXA + DXB) 
180 CONTINUE 

IF (ITER.EO.O)GO TO 5 
IF(ITER.LE.2)G0 TO 4 
DO 56 N = 1,J 
PRINT in2»N»DIX(N),VI(N) 
PRINT 101 • (W (Mf N) »M= id) 
PRINT 101» (U(M,N) »M = ld) 

56 PRINT 101» (V(M,N)»M=1d) 
PRINT 106 
PRINT 101• (WC(N)»N = 111) 
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IF (IT.LT.IC)GO TO 5 

C XXXX CALCULATE VELOCITY FOR RAYLEIGH FLOW XXXXXXXXXXX 
DO 69 II = 1»JY1 
I F ( I I.LE,JY1)UR(I1)=W(H, J-1)*.5«DY1 
IF(I1.6T,JYl)UR(Il)sW(lllJ-l)»,5«(Il*l,-JYl)«0Yi 
1 2  =  I 1 + 1  
DO 69 J1 = 12*1 
I F (J1.LE.JY1)OY = DY1 
IF(J1 .GT.JYDOY = DYl^ (Jl + i .-JY1) 
UR(I1) = UR(I1)*W(J1»J-1)»0Y 

69 CONTINUE 
PRINT 106 
PRINT 101»(UR(N)»N=1»JY1) 

505 CONTINUE 
PRINT 106 
PRINT 101» TAU (1) 
PRINT 1n1, (TAU(M)»M = 2» 6 0) 
PRINT 106 
PRINT 101, (CD (M),M = 1»59) 
PRINT 106 
PRINT 101 *(CF <M),M = 1,59) 
PRINT 1^6 
PRINT 101,(CDC(M),M = 1,59) 
PUNCH l!H»IT»DT,T 
PUNCH]05,(VI(M>,M=1,J) 
PUNCH 195f((U(N»M)»M=1»J)»N=1»I) 
PUNCH 1 05 • ( (W(N»M) »M = 1,J) ,N=1,I) 

C XX CALCULATE MOMENTUM AND DISPLACEMENT THICKNESS XXXX 
DO 78 K s 1,J 
J1 = K 
Y1 = .5»DY1 
SL - U(1 *J1)/Y1 
IF(K.LT.JSP)SL =(U(]»J1)-1.+VI(Jl))/Yl 
DS (K) = Y1-SL#.5#Y1««2 
DOM (K) = ,5tfSL"Yl<K>2-SL»*2»Yl<n*3/3. 
IF (K.LT.JSP)DS(K) = Y1-.5#SL#Y1«#2-(1.-VI<Jl>)#Y1 
IF (K.LT.JSP) QOM(K) = ,5«SL«Y1 <><>2 + Y1<M 1 ,»VI (JU )-SL»»2# 

lYl«»3/3.-Yl»«2»SL#(l.-VI(Jl))-Y1#(1.-VI(Jl)) 
DO 78 II = 2,1 
IF (11 ,LE.JY1)DY = DYl 
iFdl.GT.jY] )DY = DYl«(Il + .5-JYl) 
Y2 = Yl+DY 
SL = (U(I1»J1)-U(I1-1»J1))/DY 
SI = U(I1-1»J1)-SL*Y1 
DS(K) = DS(K)+DY-SL#.5#(Y2««2-Y1##2)-SI#DY 
DOM(K) = DOM(K)*SI#DY*.5«SL#(Y2##2-Yl<n»2)~SL«#2#(Y2«# 
13-Y1#»3) / 3.-SI»SLMY2#»2-Yl##2) - SI##2»DY 

78 Y1 = Y2 
PRINT 106 
PRINT 101»(DS(M),M a 1,J) 
PRINT 106 
PRINT 101•(DOM(M),M s 1,J) 

65 CONTINUE 
STOP 



APPENDIX D 

LIST OF NOMENCLATURE 

An * appearing as a superscript denotes a dimen

sional variable. The absence of the * denotes the corre

sponding dimensionless variable. 

Arabic 

A constant, Chapter 1; coefficient matrix, 

A 

a. kk 

Chapter 4, Equation 4.7 

vector sum of the vorticity velocity, V 

and the expansion velocity, Vg 

elements of the coefficient matrix A 

* 
a2 

B 

constants 

constant, Chapter 1; coefficient matrix 

Chapter 4, Equation 4.7 

B. vector potential for the vorticity, ui 

elements of the coefficient matrix, B 

r 
b kk 
C material curve referring to a line integral 

coefficient of drag 

local skin friction coefficient 

C D 
C f 
C 1 constant 

c characteristic velocity for the transport of 

vorticity 
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constants 

anti-symmetric part of the velocity gradient 

tensor 

D / .  .  \  s y m m e t r i c  p a r t  o f  t h e  v e l o c i t y  g r a d i e n t  t e n s o r  
\ / 

E expansion 

exp exponential 
2 x - 2d erf error function, erf x = —-— J e~Y Y 

P force ° 

&2_'S,2'^3 arbitrary functions 

h arbitrary height of a shear layer 

"i, k unit vectors 

k constant acceleration 

L a dimensionless distance measured from the 

leading edge of a flat plate 

m node numbering in the x direction 

n node numbering in the y direction 

n unit normal vector 

0( ) order of magnitude 

p pressure 

Re^ Reynolds number, Rex = V^x/v 

"r position vector 

r modulus of a complex number 

s surface area 

T variable 

t time 

U free stream velocity 
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U .  B 

U 

yt t+At 
i i j  i jj  

U R 

u 

V 

Vt 

\ 
V, 

v_ 

v. 

vt vi+i/2 ,y 

Vt+At 
Vi+l/2,j 

x component of velocity obtained from the 

Blasius solution 

x component of velocity upstream of the lead

ing edge of a flat plate along the line y=0 

x component of velocity at the node (i,j) 

at t and t+At, respectively 

x component of velocity obtained from the 

Rayleigh solution for an impulsively acceler

ated infinite plate 

x component of velocity 

vector velocity of a fluid particle 

velocity of a moving solid body 

vector velocity resulting from the expansion, E 

tangential induced velocity at the surface of 

a solid body 

velocity of a moving flat plate 

vector velocity resulting from the vorticity, uJ 

vector velocity resulting from the straining 

motion of a fluid particle 

vector velocity resulting from the translation 

of a fluid particle 

y component of velocity at the point 

(i+l/2,j) at t and t+At, respectively 



Vo,J 

Vi,v2 

v 

vi'v0-

a 
vi 

W 

x 

X ± , X j  

Y 

y 

zt+At/2 

zt+At/2 
max 
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y component of velocity at the point (0,j) 

on the surface of a flat plate 

vector velocity resulting from the anti

symmetric part of the velocity gradient tensor 

tangential vector velocities bounding a vortex-

sheet 

y component of velocity 

rectangular cartesian components of V; 

1,0 = 1,2,3 

rectangular cartesian components of Va ;  

i = 1,2,3 

exact solution to the vorticity transport 

equat ion,  Equat ion 3•19  

abscissa in cartesian co-ordinates 

spatial or Eulerian co-ordinates 

variable 

ordinate in cartesian co-ordinates 

truncation error at node (i,j) at t+At/2 

upper bound of 
1, J 

complex number 

a 

a 

Greek 

sum of the finite-difference coefficients 

a • 

finite-difference coefficients 



sum of the finite-difference coefficients 

B. . 

finite-difference coefficients 

circulation 

frequency of the error introduced in the 

numerical calculations, Chapter 4, Equation 

4.19; variable of integration 

finite-difference time step 

finite-difference x spacing 

finite-difference y spacing 

boundary layer thickness; frequency of the 

error introduced in the numerical calcula

tions, Chapter 4, Equation 4.19 

elemental surface area 

time increment 

vorticity thickness 
00 a, 

J. / IX \ (1 - — )dy* 
o U 

00 
u* . u* \ momentum thickness, 6P = | —* (1 - ~)dy* 

^  o  U  U  

elemental volume 

thickness of a vortex-sheet 

permutation symbol 
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C 

*n 

t t+At 

t+At 
T1+ 

t+At 
T1_ 

t 
''"'max 

t+At 
^max 

0 

v 

5 

V 

p 

T 

^O, j 

<Pr 

vorticity referring to a vortex-sheet 

dimensionless parabolic co-ordinate, Chapter lj 

dimensionless variable, Chapter 1 and Chapter 

3i discretization error, Equation 4.27 

discretization error at node (i,j) at t and 

t+At, respectively 

absolute maximum of 
'i, J 

absolute minimum of 
1 9 3 

upper bound of n- . 
i > J 

greater value of either t+At or 

angle 

kinematic viscosity 

dimensionless parabolic co-ordinate, Chapter 1; 

amplification factor, Chapter 4, Equation 4.24 

3•14159 

density 

dimensionless variable, Chapter 1; volume 

shear stress at the surface of a flat plate 

at the point (o,j) 

scalar potential referring to the vorticity, u> 

scalar potential referring to the expansion, E 



ijr (t+At) 

n 

"k 

U) 

0) 

t 
"ij j' 

t+At U). 
J 

UUi 

UJ, o , j  

stream function where u = 3\|f/dy and 

v = - dt]//dx 

amplitude of the error introduced in the 

numerical calculations at t and t+At 

angular velocity of a fluid element 

rectangular cartesian components of fi, 

k  =  1 , 2 , 3  

vector vorticity in the fluid, uu = V x V 

accurate solution (without errors) of the 

finite-difference equations 

vorticity at the node (i,j) at t and t+At, 

respectively ' 

rectangular cartesian components of uj, 

k = 1,2,3 

vorticity at the surface of a flat plate a1 

the point (o,j) 

^ ^ ^ 
del operator, V = i + J ^ + k ^ 
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