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ABSTRACT 

A unified theory of orbital and rotational resonances is 

developed, applicable to the interaction between a sphere and a rotating 

asymmetrical rigid body. No restrictions are placed on orbit incli

nation, eccentricity or mass ratio of the two bodies. 

The separate problems of orbital and rotational resonances have 

previously been analyzed. It is shown herein that, since both cases 

are governed by the same potential function, it is possible to treat 

them as limiting cases of the general resonance problem. 

The analysis is based upon a determination of the potential and 

kinetic energies of the sphere-asymmetrical body system in terms of the 

appropriate generalized coordinates. The equations of motion are then 

derived and the existence of possible equilibrium states is discussed. 

Resonances are found to exist whenever the rotational and orbital 

periods are commensurable. It is shown that quasi-equilibrium 

configurations can be established at resonance. The stability criterion 

for these equilibrium states is determined and librations around the 

equilibrium points are discussed. The librational periods and 

bandwidths for each resonant state are determined. 

It is shown that the general theory reduces to the special 

cases of orbital and rotational resonance in the appropriate limits and 

that the results obtained in these limiting cases agree with previously 

published analyses. Orbital resonances, such as exhibited by some 

viii 
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artificial Earth satellites, and rotational resonances, as illustrated 

by the Moon-Earth and the Mercury*"Sun systems, are considered briefly. 



CHAPTER 1 

RESONANCES IN CELESTIAL MECHANICS 

This dissertation consists in an analysis of the rotational and 

orbital resonances that arise in the gravitational interaction between 

an asymmetrical rigid body and a sphere. 

Resonances are important in many branches of physics, particu

larly in the study of oscillating mechanical or electrical systems. If 

such a system is subjected to a periodic driving force of frequency 

equal to the natural frequency of the system, the amplitude of the 

oscillations will tend to grow extremely large. For example, the 

equation of motion of an undamped linear oscillator can be written as 

x + <a)£"x. = 0. (1-1) 

For (Oe > 0,  the solution is simply periodic with "natural" frequency 

(a)0. But if the system described by equation (1-1) is subjected to a 

periodic driving force of frequency , such that the new equation of 

motion is 

X + (£>o X = A COS cot , (1-2) 

a particular solution will have the form 

A cos out n\ 
*P= ~~to7T£Z~ V-V 

The resonance condition is <t) = cv0. Equation (1-3) indicates that if 

on & (&<> (near resonance) the amplitude will be very large. At resonance 

1 
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( Ut> = 6£>0) the solution implies an infinite amplitude; however, since 

the solution is singular, equation (1-3) is not valid at resonance. It 

is a characteristic of resonant systems that at resonance the form of 

the solution changes. For example, at resonance the solution of 

equation (1-2) is 

At sin cot x = 
p 2 t<D0 

(1-4) 

The appearance of a "resonance denominator", such as is 

exhibited in equation (1-3), is typical of the solution of a resonance 

problem. 

Resonances play a particularly important role in celestial 

mechanics (Brown and Shook 1964). For example, a planet in orbit around 

the Sun can be considered as an oscillating system. Let this system be 

perturbed by the gravitational attraction due to another planet. If the 

periods of the two planets are in the ratio of small integers (commensu

rable) , certain terms in the effective driving force can give rise to 

1 resonances. 

Resonance effects have been invoked to explain such phenomena as 

the gaps in the asteroid belts between Mars and Jupiter (Danby 1962, 

p. 257) and the motion of the Trojan group of asteroids (Brown and Shook 

1964, Chapter VII). Another well known resonance is the "great 

1. If X represents an orbit element of one of the planets and 
P^L and Pg are the periods of the two planets, X can be expressed as the 
expansion 

X = Xo + £ fnra(t)/(nP^ - 1T1P2) 
where fnm(t) are periodic functions of time (Smart 1953, PP. 79"90). 
Note that certain terms in the expansion will have resonance denomi
nators if Pi and ?2 are commensurable, specifically if P3./P2 = Wn» 



inequality"^ of Jupiter and Saturn ('Brown and Shook 196^, Chapter VII) 

whose periods of revolution around the Sun are nearly in the ratio of 2 

to 5. It has even been suggested (Molchanov 1968) that the form of the 

solar system itself is based on resonance principles, and that the 

spacing of the planets obeys Bode's Law3 because it is an expression of 

the resonant structure of the solar system. 

The resonances mentioned above are due to the perturbations 

induced by a celestial body on a system consisting of two other bodies. 

All of these bodies can be assumed to be spherical, and the potentials 

are those due to point masses. Recalling that the Kepler problem is an 

analysis of the motion of two particles, we see that resonance effects 

appear when the motion is perturbed by the presence of a third body. 

Resonances are also present in the two body problem if one of 

the bodies is non-spherical. Since the external potential of the 

asymmetric body is not simply i/r , the resulting motion is non-Kep-

lerian. Indeed, if the rotational period of the asymmetrical body is 

commensurable with the orbital period one can expect resonances. In 

such a system there will be time-varying driving forces and torques 

which will affect the orbital motion of the system as well as the spin 

of the asymmetrical body, 

2. "Inequality" as used here is an archaic term signifying a 
deviation from elliptical motion, i.e., a perturbation. 

3. Bode's Law states that the mean radius of a planetary orbit 
(in astronomical units) is given by 0.^ + (0.3)(2n~^) where n is the 
"number" of the planet, counted outward from the sun. Thus, for Mer
cury n = 1, for Venus n = 2, etc. There is no planet at n = 5» but the 
asteroid belts are in this region. 
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To study the resonances due to the interaction between an arbi

trary body and a sphere it is convenient to introduce a coordinate sys

tem with origin at the center of mass of the asymmetrical body, so that 

the sphere is assumed to be "in orbit" around it. This is, of course, 

just an arbitrary but useful choice of origin for the reference frame; 

however, it can lead to unusual interpretations of the motion for some 

systems. Thus, in studying the Sun-Mercury interaction, we shall assume 

that the Sun is in orbit around Mercury. Due to this choice of a 

coordinate origin the asymmetrical body will appear to have no orbital 

motion. 

From physical considerations it is clear that if the asymmetri

cal body is much more massive than the sphere (e.g., the asymmetrical 

Earth and a small spherical satellite), the perturbations will affect 

the orbital motion of the sphere but not the rotation rate of the 

asymmetrical body. Under these circumstances one can expect to find 

orbital resonances. On the other hand, if the sphere is much more 

massive than the other body (e.g., the interaction of the spherical Sun 

with the asymmetrical planet Mercury), the perturbations mil affect the 

rotation rate of the smaller asymmetrical body but not the orbital 

motion of the sphere. This case leads to rotational resonances. 

An example of orbital resonance is afforded by a geostationary 

(24-hour) satellite which is "locked" into an orbit such that it remains 

over the same point on the Earth's surface at all times. If it moves 

away from this position it encounters a restoring force which causes 

it to return to the geostationary point. Thus one can consider the 
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geostationary satellite as trapped in some sort of a potential well. 

In like manner, the other extreme case (rotational resonance) 

represents a situation in which the torque on the asymmetrical body 

"traps" it in a particular rotational state. The best example of this 

is the synchronous rotation-orbit motion of the Moon, which always 

presents the same face towards the Earth, A more interesting case is 

that of the planet Mercury which is trapped in a 2:3 resonance, the 

length of the Mercury day being approximately 59 Earth days while its 

year is of 88 Earth days. 

Heretofore the two types of resonances, orbital and rotational, 

have always been treated separately. In particular, orbital resonances 

have been studied, among others, by Cook (1961), Blitzer (I965 and 

1966a), Yionoulis (1965 and I966), Allan (1967a and 1967b) and Gedeon 

(I969), while rotational resonances have been analyzed by Goldreich and 

Peale (1966 and I967), HLitzer (1967), Counselman (I969) and Lutze and 

Abbitt (1969). Yet it is clear that both resonances are merely extreme 

examples of the interaction between a sphere and an asymmetrical body, 

and hence are governed by the same potential function. The basic 

difference lies in the fact that in the orbital resonance problem the 

asymmetrical body is assumed to be much more massive than the sphere, 

while the opposite is true for the rotational resonance problem. 

The purpose of this analysis is to present a unified theory of 

the resonances that appear in the interaction between a sphere and an 

asymmetrical body. It will be shown that orbital and rotational 



6 

resonances, as previously regarded, .are just special cases of the 

general problem. 



CHAPTER 2 

KEPLERIAN MOTION 

Since most celestial bodies can be considered spherical to a 

high degree of approximation, we shall assume throughout this study that 

the asymmetrical body is nearly spherical. Then the interaction between 

the two bodies can be closely approximated by the interaction between 

two point masses, and the orbital motion will be nearly Keplerian. 

Therefore, we shall first consider a few aspects of Keplerian motion 

which will be useful in our analysis. 

Historical Note 

Johannes Kepler (15?1 -1630) dedicated most of his life to a 

study of the motions of the planets, basing his analysis on the data 

obtained by Tycho Brahe (15^6 - 1601). Kepler deduced from these data 

the following conclusions, known as Kepler*s laws (Koestler i960). 

1. All planets move in elliptical orbits with the Sun at one 

focus of the ellipse. 

2. The radius vector from the Sun to a planet sweeps out equal 

areas in equal times. 

3. The ratio of the cube of the semi-major axis of the orbit 

to the square of the period is a constant. This law can be expressed 

in the following forms 

xfia? = /* (2-1) 



where 

Q- = semi-major axis, 

"H = mean angular motion (velocity) = 2 tr/Period, 

yM = a constant for any given planet 

= G (mass of Sun + mass of planet). 

Using the second law one can prove that the angular momentum of 

the planet is constant, and furthermore that the force acting on the 

planet is a central force. The third law can be used to show that this 

force obeys an inverse square law. Kepler did not formulate the concept 

of a force acting at a distance, and it was not until Isaac Newton 

(1642 - 1727) postulated his universal law of gravitation that the 

dynamics of planetary motion could be understood. Newton's law states 

that the attractive force between two particles of masses m^ and nig 

separated by a distance r is given by 

F = 6 ̂  N 
(2-2) 

The Orbit Elements 

Since we are dealing with a two-body problem one can specify the 

position of the two bodies with respect to a cartesian coordinate system 

by the six coordinates (xpy^z^jx^yg,^). However, it is often advan

tageous to introduce a coordinate system with origin at the center of 

mass of one of the bodies (which is then referred to as the primary). 

With respect to the primary, the second body moves in an elliptical path 

which can be drawn on a celestial sphere as indicated in Figure 2-1. 
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The position of this second body can be specified by the 

following set of generalized coordinates which are called the orbit 

elements. 

a = semi-major axis, 

e = eccentricity, 

•c = time of periapsis passage, 

-£̂ -= longitude of the ascending node, 

i = inclination, 

<*> = argument of periapsis. 

The quantities a and e determine the size and shape of the elliptical 

orbit, while £1, i, determine the orientation of the orbit with 

respect to a fixed coordinate system. 

To specify the position of a body in a perturbed orbit one often. 

uses the "osculating" elements which are the orbital elements of the 

elliptical trajectory which the body would follow if the perturbation 

were suddenly removed. 

Figure 2-1. The Celestial Sphere and Orbit Elements 
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Referring to Figure 2-1, note that if the primary is rotating, 

the Z-axis can be taken along the spin axis. The X-axis points in a 

fixed direction in space which is denoted by , the vernal equinox or 

first point of Aries. Ci is the angle between the X-axis and the 

ascending node, designated by N. The inclination is denoted by i and is 

the angle between the orbit plane and the equator or the ecliptic, 

depending upon whether one is considering satellite motion or planetary 

motion. The angle u is measured in the orbit plane and is the angle 

from the ascending node to the satellite. If the orbit is elliptical, 

the closest point of approach between the satellite and the primary is 

called the periapsis, and the angle from the ascending node to the peri

apsis is denoted by w , the "argument" of periapsis. The position of 

the satellite with respect to the periapsis is given by the true anomaly 

f, which is measured in the orbit plane as shown in Figure 2-2. Note 

that u = co + f. 

Figure 2-2. The Orbit Plane 

Kinematics and Dynamics 

The unperturbed orbit is elliptical, so from the equation for an 

ellipse one has 
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r = ^ (l - — • (2-3) 
I +• e cos-f 

Furthermore, it can be shown that the angular momentum per unit mass 

(h) is given by 

h = r2f = //a(i-el) . (2-4) 

Let us determine the energy of the system of two point masses. 

The total kinetic energy is the kinetic energy of the motion of the 

center of mass and the kinetic energy of the motion about the center of 

mass. The kinetic energy associated with the motion of the center of 

mass is constant and can be ignored. The motion of the two particles 

about the center of mass can be reduced to the equivalent one-body 

problem of a particle with mass (m^mg)/(m^ + nig) moving around a fixed 

force center (Goldstein 1950» Chapter 3). 

The kinetic energy is 

i m, -* z = i Mv2 
1 z in, Wj *liV 

where 

M = = reduced mass. 

The potential energy, from Newton's law (equation 2-1) is -Gm^m2/r, 

Dividing by M we get the potential energy per unit (reduced) mass, 

V = -G(m^ + m2)/r = -^/*/r , (2-5) 

The total energy per unit (reduced) mass is then readily shown to be 

T + V = (v^/2) - (/*/r) = E = ~ / x / Z &  =  constant. (2-6) 
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The Satellite Paradox 

If a satellite in an elliptical orbit is acted upon by a dis

turbing force F which is small compared to the Newtonian force, the 

orbit will remain essentially Keplerian and the total orbital energy can 

be expressed as 

E = ->u/2a. 

Now let us recall that the virial theorem (Goldstein 1950» Chapter 3) 

predicts that in an inverse square law force field the relationship 

between the average kinetic energy and the average potential energy is 

T = -(1/2)V . 
av av 

Therefore, 

V £* -Wa. 
av ' 

The root-mean-square linear velocity of the satellite will be 

vrms = ̂ v2>av =K = • 

Thus, the total orbital energy, the average kinetic and potential 

energies and the mean velocity all depend on a, the semi-major axis. 

Note that any change in the orbital energy will be related to 

changes in the semi-major axis and velocity via 

Aa = (2a2/yu)AE, 

and 

Avrms = -i^Va3~Aa = - y/a^'AE. 

If F , the disturbing force, acts so as to decrease the energy 

(as, for example, in the case of a drag force) we see from the equations 

above that the semi-major axis of the orbit will decrease while the mean 
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(rms) velocity will increase. That is, the satellite falls to a lower 

orbit but moves more quickly. In like manner, if F causes an increase 

in energy, the orbit will grow larger (a increases), but the satellite 

will, on the average, move slower. This effect is called the satellite 

paradox because of the apparent paradox that a drag force will result in 

a larger velocity while a positive thrusting force causes the mean 

velocity to decrease. 
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CHAPTER 3 

THE POTENTIAL OF AN ASYMMETRICAL BODY 

The potential energy of a system consisting of a sphere and a 

body of arbitrary shape is easily determined if one knows the potential 

due to the arbitrarily shaped body at every point in space. Then the 

mutual potential energy is just the potential of the arbitrary body at 

the center of mass of the sphere times the mass of the sphere. This is 

due to the fact that the field exterior to a spherically symmetrical 

body is the same as if all the mass were concentrated at the center, a 

result first demonstrated by Hewton. 

Gravitational Potential of an Asymmetrical Body 

The gravitational potential at a point P due to a particle of 

mass m at a distance r from P is given by 

U = -Gm/r . (3-1) 

An arbitrary rigid body can be considered to be a collection of 

mass particles. Thus in Figure 3~1 the potential at P due to the mass 

element dm is 

dU = -G dm/s (3-2) 

where s is the distance from dm to P. Referring to Figure 3~1» consider 

a spherical-polar coordinate system with origin at the center of mass, 

and let the coordinates of dm be designated by r*, 0' , V' , and the 

coordinates of P by r, 0 , f . The angle between the vectors ~r* and "r 

14-
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is denoted by X* . 

By the law of cosines, 

s2 - r2 + r,2 _ 2rr*cos J* . 

Therefore, 

or 

dU _ _ (• fj* _ 
( r* + r'1 - 2 vr'eos vy/% 

dU = - G i?[l + (•£)*-2 *]"*• 

(3-3) 

Figure 3-1. Coordinates of Point P and Mass Element dm 

Recognizing that the generating function for the Legendre poly

nomials is 

[l- (3 (£<*-(3)] 2 =^5 ?(0°P 
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equation (3~3) can be written as 

dU = - G ̂  H 15 Cc« (-£/ (3-^) 
•* = <> 

where stands for the J^-th Legendre polynomial (Jackson 19^2, p. 56). 

The addition theorem for Legendre polynomials (Jackson I962, 

p. 67) states that 

(cos If) = 1^ (cos Q) (cos O') +• 

* z t  ̂  eJ5-<"« «'•) «>«  ( r - V ) ,  5> 

where the notation is that of Figure J-l, The Pg^ are the associated 

Legendre polynomials defined by 

j — r 1  •  ( 3 - 6 )  

Using (3~5) we can write U(r, &, <P) as 

K =  J ju =  -  & J J J  i s i  £ r« B <«» e'J + 
koi/ r' e'p' 

+ Z j: 5™Ct" e> Bm c"< f';] . 

This can be expressed more simply in the following manner 

U ' ' ̂ Dr. TT ?* "™'ex* to S. P""r""" •» v + »»™ f]J ̂  (3-7) 

where , and are quantities characteristic of the shape of 

the body and are defined by 

A  „  = - r r  J f  /  d m  f r ' / ^  ( c o s  ,  ( 3 - 8 a )  
1 
M r' &' y>' 
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V= A JJ] *'>(3"8b> 
r'o'V 

<3-8o> 
t'0'V 

It can be shown that AQ = 1 and that A^ = 0 if the coordinate origin is 

taken to be at the center of mass of the body. 

If we let the index m take on the value zero, the potential can 

be written in a more compact form by defining BJ(0 = 0, and letting 

Aj0 = 2 , Then U can be written as 

4tO ntso 1 

So that the constants will be dimensionless we introduce a quantity R 

which is a characteristic dimension of the body (often taken to be the 

mean equatorial radius). Then using the facts that A0 = 1 and A^ = 0 we 

have 

U +^i?o^^?»"Cc0seJ(Cjfw c°SM</>+Sjin,s'""» ?)] 

Let 

5mCos "i(V-£jS V+ sir; m f (>10) 

Then 

U = - §±l \l+Zz ̂ 0̂ V Ĉ0Se) C°S m ((3-H) 

Using Earth Standard Notation in which S stands for the lati

tude and /\ for the geographic longitude, as indicated in Figure 3-2, 

we can write 
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XL - - [l +JEL Z!o 5m (t*)"8 5m <Sln cos m %4m)] • (3" 12) 

This is one of the commonly accepted forms for the external geo-

potential, wherein the constants J- and A, are characteristic of the 
.Lra xm 

mass distribution of the Earth. 

Note that in Figure 3~2 (and henceforth) we denote the prime 

meridian of the asymmetrical body by Z to conform with the usual 

notation. 

Figure 3"2. Satellite on Celestial Sphere with Longitude and Latitude 
Indicated 

Potential of an Asymmetrical Body in Terms of the Orbit Elements 

We return now to a consideration of the orbital interaction of a 

sphere (m ) and an asymmetrical body (m„), as viewed from the center of s a 

mass of ma. Referring to Figure 2-1 of Chapter 2, the position of mg is 

usually specified in terms of the osculating Keplerian elements a,e,i,/i, 

a»,-c. Since these orbit elements are uniquely related to the position 

coordinates of mg it should be possible to express the potential of ma 

at the position of m_ in terms of these elements. The appropriate 
s 
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transformations have been worked out by Kaula (1961) and Jeffreys 

(I965), and allow one to eliminate 8 and A in favor of u, i ,12., 

and 0, where 0 is the angle measured eastward along the equator from the 

fixed direction in space (*?P) to the prime meridian (Z). See Figure 

3-3. 

-a 

Figure 3-3. Transformation from r, 6 , ̂ to Orbit ELements 

The result of carrying out this transformation, as given by 

Kaula (I96I) is 

U = -G(ma/r) +£ ito UAmp (3-13) 

where 

V, = CR/r)* [<"* - 2P'U +»(«•-« - w] .(3-it) 

with the inclination function Fjfmp (i) given by 

m fJt-m-Zt+sU "I - I \ 
c  . . .  V* ( Z - i - Z f i !  . .  t - n * 7 t  •  y  /»n\_ s. V* I c . . 

U) - Z. t zt*.zr S"1 t̂4o'ŝ  U-m-Z*>! (3 "15) 
r c - i(Jt-m) 

x ( ~ ± y  c~ i-M-"-'*jo 



where t is summed from 0 to the lesser of p or ^ ^ . 
C * U - m - l )Jo 

£ is summed from 0 to m, and £ is summed over all values making the 

binomial coefficients nonzero (Kaula I962). 

Note that we have adopted the convention that super- or sub

script e and £ on curly braces stand for ( JL - m) even and ( X ~ m) odd 

respectively. Thus, 

(cos)e 
Isinjo 

means that the upper function (cos) is to be used for ( X - m) even, and 

the lower function (sin) for ( JL - m) odd. 

The quantities r and u can also be replaced by the semi-major 

axis a and the eccentricity £ by means of a Fourier series in the mean 

anomaly Ytl , defined by 

m = n(t --E- ). 

The transformation is (Kaula I96I) 

(l/r-*+1) {l^jl [U " 2p)( a) + f) + m(n - 0 - )] = 

(l/a ) <*> { cosjo [ < * " 2P + q)111 + 

+ m(n - 9 - "Xjyn) ] « 

where G^pq is the Hansen coefficient *%* * (Plummer i960). 

Therefore, the disturbing part of the potential can now be 

expressed completely in terms of the orbit elements as 

« = -G(m /r) + f ttfl • (3"16) 

where 

. (3-17) 
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The mutual potential energy of a sphere of mass mg and an 

asymmetrical body of mass m& is obtained by multiplying the above 

expression for the potential by m_, This gives s 

V =-<S -J" <5 SfB< til J,m CVi)'^S}« [(J-2p)o, + 

+" (£-2p+ "j,) W. + W> O — A f 

where the origin of coordinates is at the center of mass of the 

asymmetrical body, and the position of the sphere is specified by the 

orbit elements. 



CHAPTER 4 

THE INTERACTION BETWEEN A SPHERE AND AN ASYMMETRICAL BODY 

The Lagranfcian 

The system which we are considering is composed of a sphere of 

mass ms and an arbitrarily shaped body of mass ma. Since the theory is 

to be applied to real celestial bodies, we shall assume that the asym

metrical rigid body (m ) is very nearly spherical. Then the dominant 

term in the expansion of the potential is proportional to l/r and the 

resulting orbital motion is very nearly Keplerian, 

1XIS of rt-faJ-ion o-f m, 

Figure 4-1, Orbit of ms on the Celestial Sphere with Origin at the Orbit of the Celestial m, on 
Center of Mass of m 

The system is illustrated in Figure 4-1 in which the origin of 

the celestial sphere is at the center of mass of m_, "TP refers to a c£ 

22 
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fixed direction in space, the node is designated by N, and Z denotes the 

position of the prime meridian on m -cL 

Due to the choice of coordinate origin at the center of mass of 

m , the motion of the system can be separated into two component parts. cL 

These are the rotational motion of the asymmetrical body and the orbital 

motion of the sphere. (As the rotation rate of the sphere will remain 

constant, it can be neglected.) 

To analyze the motion we must determine the Lagrangian 

(L = T - V) for the system. This requires that we derive expressions 

for the potential and kinetic energies in terms of the appropriate 

generalized coordinates. We shall begin by considering the potential 

energy. 

As was seen in Chapter 3t the potential energy of a system 

consisting of a sphere and a rigid asymmetrical body is given by 

equation (3-1^) as 

V = -Gmams/r + Z.VjemP , (4-1) 

where 

Vimp = "G(V1s/r)J*n(R/r̂  W(i>{sinjo[ ~2P>U + ̂  " e " **•)]. 

(4-2) 

Note that we have expressed the potential energy in terms of r rather 

than replacing r by the semi-major axis a and the eccentricity function 

Gipq(e). The reason is that we shall first consider nearly circular 

orbits. The generalization to eccentric orbits will be carried out near 

the end of this chapter. 
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Consider the orbital motion .of ms. We can define the mean 

sidereal motion of ms by 

n = u +^icos i, (4-3) 
av 

where u„,_ is the average orbital velocity of m measured with respect to 
av S 

the ascending node, and XLcos i is the component of the nodal motion in 

the orbit plane (cf. Figure 4-2). 

si 

Figure 4-2. Component of the Precession of the Node in the Direction of 
the Mean Motion 

From equation (4-3) one obtains 

uav = *av(t " V = l̂cos î t " V' 

where t is the time at which m would be at the node if its motion were 
N s 

exactly equal to the mean motion. 

The average rotation rate of the asymmetrical body in will be 
a 

denoted by 0 . Let us define a quantity s as the ratio of the mean av * 

rotation rate to the mean orbital motion, i.e., 

s = 6 / n. (4-5) 
av x 

From equation (4-5) we have 

6 = - t ) = sn(t - t ), (4-6) 
av av o o'" 
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where t_ is the time at which the mean prime meridian (Z„„) is directed U ay 

along the fixed line ( TP ). 

Since we are considering a system in which neither the rotation 

rate of the asymmetrical body nor the orbital motion of the sphere need 

be constant, it is convenient to introduce two paramenters and / 

which are defined as follows: 

The quantity tj is the difference between the true orientation of the 

prime meridian and its average value, as illustrated in Figure 4-3, 

Figure 4-3. Definition of . 

Similarly, J is the difference between the true value of u 

and UaV, i.e., the angle in the orbit plane between the actual satellite 

and the mean satellite. See Figure 4-4, 

(4-7) 

(4-8) 

z 

N 
scvfelfife 

Figure 4-4. Definition of $ . 
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With the aid of equation (4-4) one can write equation (4-8) as 

u = f + uav = 1 + (n - ncos i)(t - tN). (4-9) 

Similarly, using (4-6) one can write (4-7) in the form 

e = •>? + e = '»7 + sn(t - t ). (4-10) 
1 av l o 

The time dependence of the right ascension of the node can be exhibited 

explicitly by writing 

^ = At+n„ , (4-ll) 

where ri is the secular motion of the node due to the dominant zonal 

harmonic (Jg) of the potential (Merson 1961), and -fl0 is the right 

ascension of the node at time t = tQ. Now, utilizing equations (4-9), 

(4-10) and (4-11), one can express V-j^ in terms of f , , and t. 

• ( f + [ n - cos i Ut t - tjj 3 ) + 

+ m(At + ClQ- i\ - sntt - tQJ - (4-12) 

This can be written more simply be defining the quantities and 

as 

Ajjmp = (J? - 2p)(n - Acos i) + mfi - msn = ( Jl - 2p)n - msn, (4-13) 

and 

®j?n»p= ~ 2p)(n - ricos iH + + msntQ - m/\jM 

= "Ajrmp % + 1,1 [Ĵ ,tN + ~ sn̂ tN " ̂  

= + m( - Ajm). (4-14) 

Here = jfl t^ + £La - sn(t^ - tQ) is the longitude of the node when 

the mean satellite is at the node, as illustrated in Figure 4-5. 



Figure 4-5. Longitude of the Node at Time t^ 

Using the definitions given above, the general term in the 

expansion of the potential energy can be written as 

% = -G(mams/r)J^(R/rf TAmr C«^njolM"2p)f" ""'+W; +iW)- (""15) 

Equation (4-15) expresses the potential energy in terms of the 

parameters which we shall be using in this study. V/e shall now 

determine the kinetic energy in terms of these same parameters (gener

alized coordinates). 

The orbital kinetic energy is determined by replacing the two-

body problem with an equivalent one-body problem (Goldstein 1950, . 

Chapter 3) in which the system is replaced by a single particle and a 

fixed center of force. The mass of the particle is the reduced mass M 

where 

M = (mams)/(ma + ms) . 

Since no gravitational torques can act upon a sphere, the 

rotational kinetic energy of the sphere remains constant and can be 

ignored. Similarly, the kinetic energy associated with the motion of 
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the center of mass of the system can be ignored because it too remains 

constant. However, the rotational kinetic energy of the asymmetrical 

body must be included in the total energy. This rotational kinetic 

energy is jr C , where C is the moment of inertia of ma about its 

axis of rotation, which is also assumed to be a principal inertial axis. 

Therefore, the kinetic energy (to within an arbitrary additive 

constant) is the sum of the orbital kinetic energy of a particle of mass 

M plus the rotational kinetic energy of the asymmetrical body. 

Since V is expressed in terms of r,^, | , one must also write T 

in terms of these (generalized) coordinates. From Figure 4-6 it is 

easily shown that 

T = \ M(x? + y^ + z2) + | C 02 . (4-16) 

x = r cos u cosn. - r sin u sin.fi. cos i t 

y = r cos u sin£l + r sin u cosn. cos i , 

z = r sin u sin i 

z 
/ • 

> 

*y 

Figure 4-6. Relationship Between x,y,z and r,u, 
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A straightforward but somewhat tedious calculation leads to 

T = ?M[r2 + r2(u +Acos i)2 + r2.6.2s:5n2i cos2u] + |C02 . 

• « 

Since SI << u we can drop the third term in the above equation. 

Furthermore, noting from equations (4-9) and (4-10) that 

• • • j • i 
u + CI* cos i = ( J + cos i) + ^icos i = J + n , 

and that 

e  -  + n  =  s m  ,  

the kinetic energy becomes 

T = j M [r2 + r2( f + n)2 J + £ C(sn + )2. (4-1?) 

The Lagrangian is given by L = T - V ; hence combining 

equations (4-1), (4-15) and (4-17) we obtain 

L = -jr M [r2 + r2( f + n)2 J + -g C(sn + )2 + G wams/r + 

(4-18) 
+ G(mams/r) Z1 ̂  + +B̂ pl -

The Equations of Motion 

: Applying the formula 

d o> L d L __ Q 

to equation (4-18) and replacing q^ by r, J , and ^ in turn, we get 

the three Lagrange equations of motion: 



30 

M r - M r(j + n)2 + Gm&ms/r2+ Gmams S «W X + D jJ? Pjtwp<i) 

CSo [<•* -2p)? - -n - w+ v]= "• ^ 

Mr2| + 2 M r r( f + n) - Gna»aH Jfm( X - 2p) F^i) 

{"S3: [<•« - 2?>f - mn + W+ <*-20> 

Ci\ - G(mams/r) JZ Jj ^RAO* (-ra)Ffmp (i) 

{"Jo"]" [(*'2p)J -B n+ w+ v]= °- (""21) 

Let us inquire into the possibility of equilibrium orbits, i.e., 

orbits such that r = constant = rQ, 5 = constant =0, n\= constant = 0. 

Substituting these values into the equations of motion we obtain 

H rjt? = G iyis/r02 + Ct-23*) 

-2p)(R/r/ Flmp (DHoS [Vf* + = °- (,*-23b) 

Z J,m( «) (H/rJ* F,mf (i) { [ A,„f t + B„„r j = 0. («-23o> 

The first of these specifies the radius of the circular orbit. For the 

other equations to be satisfied at all times requires that all of the 

Ajemp = °» ^-s clearly n°t possible, as can be seen from the 

definition of A m̂p, equation (4-13)• However, in the special case of 

i = 0 (an equatorial orbit), the inclination function *jemp (0) vanishes 

unless ( JL - m ) is even and p = -j- ( J2. ~m). Then both 

(4-23 b and c) reduce to 
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From equation (4-13) if p = ~k ( A - m ), 

A*mp = m ( 1 - s ) n . 

Therefore, if s=l,(i.e., n = 0&v)» &Mf = °» anc* the equilibrium 

condition becomes 

5„p(0) sin B,mp = 0, (t-2t) 

where 

®jemp ~ 1,1 ( ̂ N ~ (^*25) 

Equation (4-24) can be solved for equilibrium values of 

Hence there is a unique equilibrium state, namely the equatorial 

(i = 0) synchronous (s = 1) circular orbit. 

Returning to the equations of motion (4-19, 20, 21) note that if 

we restrict our attention to nearly circular orbits, we can replace r 

by 

r = rQ + A (4-26) 

where 

^ << r . 
o 

While no restrictions are placed on the amplitudes of J and 
m 

, we do assume that their motions are slow ( f , °^ << n ). Hence 
• # 

ignoring squares and cross products in A , $ , ̂  , and their 

derivatives we obtain the following approximate equations of motion: 
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MA - 2 M rQn f - 3 n2M A + Gnyrig 21 + ̂ (^Vr 4̂-2* ) FJmp(±) 

?s: t u " 2 p ) ?  - » n  (4-2?) 

Mr f + 2 M n A - G mams Z J m̂( Jl - 2p)(R7r*+Z ) FXmp(±) 

rat" •2p)i • •"<+w+^ =(4~28) 

Cij + Gmams r ) %p(i> [U - 2p) J - m •>; + 

+ A. + B  1 = 0  tfmpj *«P -rj (̂ .29) 

Non-Resonant Induced Oscillations 

Since the perturbation parameters are small, Jjlm « i, the 

perturbing forces will be small and one would in general expect only 

small-amplitude induced oscillations. For the moment let us assume the 

small-amplitude case, f« it and *l<<"rr, so that the products J 

and can be neglected. Then equations (4-2?) through (4-29) 

become 

MA - 2 M r0nl - 3 n2MA = -Gnyn, 2 Jtm( A + l)(R*/rJ+a ) F,mp(i) 

{sSo t V - J . <V30> 

M r0 f + 2 M n £. = G £ J)m (J! - 2p) ) FJ„p(i) 

« [ W + B,„,], (4-31) 
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°r "Gmams2 J,Mm(RVro,+1 )Fimp (i){ [ Axmpt + . (4-32) 

The solutions to these equations are the sum of complementary functions 

and particular integrals. The particular integrals are 

A = 21 ~~T 7-7^2 rf C°S?6 )» (**-33a) 
irr\f(n ~ 

? sin->° F P 

1 = 2 A 2 , 2 x fSin\e < W + VP). ^33b) 
Aj(^p(n ~ A Jwp) * cosjo r  F 

= E °T°r lsiT ( W+ V • <""33o) 

^ A JmP 
1 cos)° r 

where D m̂p , D' ̂wp , and D* " m̂p are quantities proportional to . 

These equations describe the small-amplitude induced oscillations in 

A , J , ̂  due to the asymmetries in the potential. Note that these 

oscillations have the same frequencies A m̂p as the driving terms in 

(4-30,31,32). We shall consider the general solutions to (4-30) through 

(4-32) in Chapters 5 and 6. At present it suffices to note that the 

particular integrals (4-33a,b,c) exhibit resonance denominators. There

fore, if any Ais very nearly zero, the corresponding term in the 

summation will dominate the solution. For this reason, near resonance 

one can ignore all terms in the expansion except the resonant term. 

Note too that a resonance occurs in equations (4-33 a»b) when 

the driving frequency is equal to the orbital frequency n. This type of 

resonance affects only the orbital motion ( ̂ ), and will be considered 
/ 

briefly in Chapter 5. ; 
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Resonant (Quasi-Equilibrium) States 

For any Ajewf » 0 the solutions (4-33 a,b,c) become inapplicable 

because of the resonance denominators. Hence, to determine the effect 

of this specific term we revert to equations (4-27)ff. in which we 

ignore all perturbing terms except the particular Imp combination for 

which 0. The justification is that for all other Imp combi

nations the induced oscillations will be small. 

For such cases the quasi-equilibrium condition is, from (4-28) 

or (4-29), with f -  ̂ = constant - 0, 

{ cos}o + B-e«p] = °* 

This will be satisfied if 

A^f=0 (4-34a) 

and 

%> (k +T/2)*}o • = (^b) 

Thus, at resonance, from (4-34a) and (4-13), 

s = (I -2p)(n " Acqs i) + m A = A -2p + (1 _ l-2p vA 
res m n m x m 'n * 

Since 4X« n, it follows that 

Hence, by equation (^5)» 

sres = ( X - 2p)/ m . (4-35) 

9 = ~ ?P n , 
av m » 

which indicates that resonances will occur whenever the ratio of the 

mean rotation rate of the asymmetrical body to the mean orbital motion 
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is the ratio of integers ( X - 2rQ / m. For example, due to the dominant 

longitude-dependent term, namely JL = m =• 2 and p takes on values 

0,1,2. Therefore the resonant orbits are those for which the ratio of 

the mean rotation rate of the asymmetrical body to the mean orbital 

motion takes on the values 

2sX= 1,0,-1. n » * • 

We shall see later that this is expanded to an infinite set in the case 

of elliptical orbits. 

Furthermore, using equation (4-14) we see that condition (4~34b) 

implies that the equilibrium node longitudes are 

fx + 
I AjPw rn 

"k 
I *** + —— 

Again, for the dominant Jg2 tesseral harmonic, the fovir equilibrium 

longitudes are 

^22 • ( k = 0,1,2,3) 

To study the motion at resonance we utilize the above values of 

an<* in which case the equations of motion (4~27)ff. become 

A - 2 rjn - 3 n2A + K,mp U + 1) cos [(i - 2p)f - m^] = 0,(4-37) 

r Q |  +  2 A n  +  -  2 p )  s i n  [  (  ̂ -  2 p ) |  -  m = 0 ,  (4 - 3 8 )  

'vj - (K^p m M rJ C ) sin [(X - 2p) f - m-^j = 0, (4-39) 

where 

= <-«k G K»s/ »> ) W0- c-*0) 
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Note that the summation symbols have been dropped since we are examining 

the motion in the region near a particular resonance. 

One can eliminate A from equations (4-37) and (4-38). Taking 
• • • •• 

the time derivative of (4-38) leads to an equation in f and A . One 

then substitutes for A from (4-37) and differentiates again with 
• » 

respect to time. Dropping squares and cross products in A, | , , 

and Jand their derivatives and substituting for A from (4-38) one 

finally obtains 

r
0 ffU° + ri\^ " 3 I - 2p) sin [(J> - 2p)f - m^"]= 0. 

For a harmonic function of frequency w , the ratio of the 

fourth derivative to the second derivative is equal to the square of the 

frequency, hence the ratio of the first two terms in the equation above 

is 

m(i'V) 9 S co 
2 X 2 * 
n f n 

Since we are interested only in long-period effects, UD«n, we can drop 

the first term, rQ leaving us with 

1 = (3/r0) Kj^U - 2p) sin [U - 2p)f " m • (4-41) 

Note that this equation has the same form as equation (4-39) for ̂  . 

It is convenient to define the quantity 

S  s ( j e  - 2p) f - m^, (4-42) 

which will allow us to combine the two equations, (4-39) and (4-41), 
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It should be noted that S is the sum of two angles which are, in 

1 general, not in the same plane. 

Multiplying (4-39) by m, and (4-41) by (Z - 2p), and sub

tracting gives 

^ ~ ^ sinS' 
Now let us introduce a dimensionless parameter ot defined by 

OC H M rD
2/ 3 c , (4-4-3) 

so that 

s = [( Z - 2p)2 - m2«] (3 K^/ r0) sin S . (4-44) 

In (4-44) we have the equation for a simple pendulum, which incorporates 

both the Jf and motions of the resonant system. 

Stability Considerations at Resonance 

Since the system can be described by a pendulum equation, one 

expects the motion to be analogous to that of a simple pendulum, i.e., 

characterized by librations around a stable equilibrium point. Thus it 

is of interest to determine the equilibrium points and the stability 

conditions. 

Recall that for a simple pendulum whose equation of motion is 

S = k sin S , 

the equilibrium values of $ are determined by solving 

1. This is analogous to the "longitude of pericenter" long used 
in celestial mechanics (Smart 1953» P. 22), which is the sum of two 
angles not in the same plane. 
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sin S>*£) = 0. 
• • 

The stability of a given equilibrium point depends upon whether S is 

positive or negative in the region near &<e> . (That is, whether or not 

one has a "restoring" force.) It is apparent that the equilibrium 

point Sie> is stable if 

k cos S < £ )  < 0. 

Thus, from equation (4-̂ 4), the equilibrium values of S are given by 

sin S i s )  =  0, 

or 

sin J\jl - 2p)Jfc£> - = 0. (4-^5) 

A given equilibrium value Slt> is stable if 

[( JL - 2p)2 - m2a] (3 KJ!Mf/r0) cos 0. 

This stability criterion is quite general, but not particularly 

instructive, so let us consider the two limiting cases of m » m and ® s 

m << m . a s 

Assume first that » ms, so the system might be a small 

spherical satellite (m_) in orbit around a massive asymmetrical planet s 

(mfi), as an artificial satellite in orbit about the Earth. The 
€& 

asymmetries in the potential of the planet will affect the orbital 

motion of the satellite, while the small satellite will have no 

appreciable effect on the rotation rate of the planet. Thus the planet 

will rotate at a constant rate. However, the orbital motion of the 

satellite will not be constant, so we expect that f » ̂ . Recall 
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that rj is the amplitude of the rotational librations, while! f is the 

amplitude of the orbital librations. 

On the other hand, if m„ << m , such as would be the case if the * a s 

asymmetrical body is Mercury and the sphere is the Sun, the asymmetries 

of Mercury could hardly affect the orbital motion, while the spin-orbit 

coupling would definitely disturb the rotation rate of the planet. 

Thus, the orbital librations should vanish, while the rotational li

brations could attain large amplitudes; that is, » £ . 

To determine the amplitude ratio of the rotational to the 

orbital librations, divide equation (*+-39) by equation (*4—^1) to obtain 

V. _ m M rft2 m 
I 3C(je - 2p) JL - 2p 

Integrating twice 

"*( =[m /(JL - 2p)}afjf + A t + B , 

where A and B are constants of integration. Since we are considering 

librational motion we can set A = 0, because neither rj nor f can 

increase secularly with time. B can be set equal to zero because "H = 0 

when f =0. (This was assumed when we set both and £ equal to zero 

at equilibrium.) In the resonant situation, then, 

""I = xm- 2p « F (t-46) 

Note that if m » m_, it follows that « << 1 and < < f  , so 
cl S 

the orbital librations are much greater than the rotational librations. 

This case is referred to as an orbital resonance and is discussed 

further in Chapter 5. 
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On the other hand, if ma « ms, we have ot » 1 and 17 » f .  Then 

the rotational librations are much greater than the orbital librations. 

This case is therefore called a rotational resonance, and is considered 

more fully in Chapter 6. 

At present, let us note that for the extreme case of orbital 

resonance we can set = 0, whence equation (4-44) reduces to 

I  =  (  J L  - 2p)(3 K,„f/r0) sin( J L  - 2p) f  . (4-47) 

Again, this is a pendulum equation. The equilibrium points f<e> are 

given by 

f = kfT/(JL - 2p), (k = integer) (4-48) 

In the opposite extreme of rotational resonance, we can set 

1 =0 and <x » 1, in which case equation (4-44) reduces to a pendulum 

equation in . 

^ = - m (M rQ/C) Kj^pSin m t\ , 

The equilibrium positions y\(e) are given by 

k-rr/ m . (4-49) 

Let us now return to a consideration of the general stability 

condition 

[(X - 2p)2 - m2«J (3 K,mp/r0) cos S'"< 0. (4-50) 

As the ratio ms/raa goes from zero to infinity, the system goes from an 

orbital resonance to a rotational resonance because the quantity « goes 
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from <*« i to 1. But this means that the coefficient of cos Sie> 

in equation (4-50) changes sign as the system goes from orbital to 

rotational resonance. We conclude that a stable equilibrium in the 

limit of orbital resonance is an unstable equilibrium in the limit of 

rotational resonance, and conversely. 

For example, in the case of a 24-hour (geostationary) artificial 

Earth satellite ( «<< 1) the stable equilibrium longitude lies along 

the short axis of the Earth*s equatorial section, as is illustrated in 

Figure 4-7. 

m$  f  SA-tel l i -fre.  

I 
I 

Figure 4-7. Orbital Resonance — The Stable Position of a Small Geo
stationary satellite is Over the Short Axis of the Earth's 
Equatorial Section 

On the other hand, for the Moon-Earth system the Moon's 

asymmetry is much the larger, so that the Earth may be considered 
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to be spherical. In this case <x >> 1, and the stable equilibrium orien

tation is with the long axis of ma pointing towards ms (Figure 4-8). 

Figure 4-8. Rotational Resonance — The Stable Orientation of the Moon 
is with its Long Axis Pointing Towards the Earth. Note 
that here the Earth is Treated as a Sphere while in Figure 
4-7 the Earth is Considered to be an Ellipsoid 

The Energy Method - An Alternate Approach 

Another way of deriving the pendulum equation (4-44) is to 

consider that at resonance the system is trapped in some sort of 

effective potential well. Recalling that the resonance conditions are 

Ajem p= 0, 

and 
_ C f i ir  7e 

B""P ~ 

we note that at resonance the general term in the potential energy is, 

from equation (4-15), 

V/mp= -GCm^g/rJJj.^CR/r/F^CiX-1) 0̂3̂  - 2p)f - mJ,(4-51) 
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or 

Clearly, ̂ jewp Is a periodic function of 6 , cf. Figure 4-9 

^8 

Figure 4-9. Sketch of Vjfmp as a Function of S 

At an equilibrium value of 6 the system can be considered as 

fixed either at a crest or trough of the potential energy curve. For 

libration around a stable equilibrium point the system can be thought of 

as trapped in one of the potential wells. 

To determine the equation of motion let us first recall that, by 

definition, 

Hence 

S . 

Since the orbital energy can be written as 

E = - / 2r ) , 

we have 
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Now let us write Kepler's third law in the form 

JJ- = u2r-^ , 

where u = the instantaneous value of the mean motion. 

Taking the time derivative of Kepler's law we get 

0=2uur^ +3 u2r2 r . 

Therefore, 

r = • (2 u r/ 3 u ) = - 2 | r / 3 u 

Substituting this result into our expression for E yields 

E = - M I 3 u r = M u r2 f / 3 . 

Since, in terms of the disturbing force F and the velocity v, 

A "3 -* /av \ • E = F - v = - ("as / u , 

we find 

- ( § ¥ ) i  =  - t t i r Z i  /3 . 

Therefore, 

f - ( 3/ Mr2) ( U J • 

Using equation (4-51) we obtain 

I = (3/r0 ) K m̂p (^ - 2p) sinS . (^52) 

Furthermore, the rotational motion of m& is derived via 

cn = - • 

Therefore, 

n = (Kj,wpM rQ/c) m sin 8 . (^53) 

Multiply equation (4-52) by ( X - 2p) and multiply (4-53) by m and 

subtract to obtain 

S = [(3/r0)( X - 2p)2 - (Mr0/C) m2J KJwpsin &, 
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or 

8 = [ ( SL - 2p)2 - m2« ] \ K Ŵf) sin S , 

which is identical with equation (4-44). 

Note that equations (4-52) and (4-53) lead to the equilibrium 

conditions stated previously, because if we set = I = 0, we have 

Us4=o= °» 

and 

° -

Using the general expression for V, equation (4-15), w© see that these 

two conditions imply that 

Ajf«p = 0 » 

and 

f fctr ?e 
BJmP= f(k«n)ir Jo • < k = integer.) 

Although this energy method is simpler and perhaps more elegant 

than the earlier approach, it does not yield as much information, since 

it gives only long period effects and says nothing about the short 

period small-amplitude oscillations found earlier in this chapter. In 

particular, it tells us nothing about the radial oscillations described 

by equation (4-33). 

Libration Period 

Having obtained the pendulum equation (4-44) one can easily 

determine the librational period by integration. Integrating once 
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leads to 

= ~ [(£ - 2p)2 - m2ocJ (3K m̂p/ro) cos S + constant. (4-54) 

Since we are considering only librations, we can impose the boundary 

condition that § = 0 at S = S . Then the constant in equation max ^ 

(4-54) is 

[( Z - 2p)2 - m2<x] (3Kj,mF/r0) cos Smax, 

and we find 

S = 2 [(X - 2p)2 - m20cj (3K,mp/r0)(cosSmax - cos S ). (4-55) 

The period of the libration is obtained in identical manner as that for 

a simple pendulum of arbitrary amplitude (Becker 195^» PP. 267-269). 
\ y 

plib = " ([3K|«,/*o][ <"* ' 2P>2 " mZaV~ C"#) 

where K represents the complete elliptical integral of the first kind. 

For small-amplitude librations, $ «<T , K( <S /2) = *rr/2, and 
HlclX ITlcLX 

= T? ( 3 7lm ( */r.)' WJ •»'«])" ̂  (k-5?) 

where we have used equation (4-40) for . 

Generalization to Eccentric Orbits 

We now generalize the results obtained above to include 

eccentric orbits. From Chapter 3» equation (3-18), the general term in 

the expansion of the potential energy of the system can be expressed in 

terms of the orbit elements as 

= -G(mamS/a)(R/a) ^ " 2p)<^> + 

+ (Z - 2p + q)m + rn(n - e - . (4-59) 

Note that we have denoted the mean anomaly by fit to distinguish it from 

the reduced mass M. 
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Just as we examined the motion of the actual satellite, as 

defined by the true anomaly f, we shall now consider the motion of the 

"mean satellite" as defined by the mean anomaly tn . In lieu of 

u = oo + f , 

we introduce the quantity 

f  =  w  + m  , (4-60) 

and re-define n (cf. equation 4-3) as 

n = +XLcos i = 1TJ + ( v  + .fLcos i. (4-61) 
av av 

<4 i 
Here n is the average mean motion1, and cu is the secular motion of the 

periapsis due to the dominant j£ zonal harmonic (Merson 1961). 

Once again we introduce the parameter f , but now it is to be 

defined by 

J  5  f -  9 „ ,  ( " - 6 2 )  

where 

^av = ^av(t -%) = ("- - ĉos " V • 

Hence 

f - csj + ITi- (n - cos i) (t - t^), 

and 

Tn = J - cv + (n - Jicos i)(t - tjj). (4-63) 

As before, we write 

8 = >| + s n (t - tQ) , (4-64) 

where n is given by equation (4-61). 

Substituting (4-63) and (4-64) into (4-59) yields 

1. In the literature of celestial mechanics this is usually 
called the mean mean motion. 
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T/mpt= " (R/a>' FJ.p <i)G/pt(e> Isin^o L< * " 2P + 

" "'n + + B,.,,] , (t-65) 

where 

A4uiiw1 = ( j? - 2p + q)(n - -H- cos i) + rnjTl - msn - q (if , 

(4-65a) 

and 

BJwpt = "(<* _2P + q)(n - A cosi)tN + ra( £i0+ sntQ - Aj,m) - qa>N , 

= * %»t % + *N ~ w 
N * (4"65b) 

It is important to note that the above three equations are mathemati

cally identical to our earlier equations for nearly circular orbits 

(equations 4-12,13,1*0 under the following substitutions: 

( Jt - 2p) > (J? - 2p + q) 

•Ajfwp • 

mp *" Bjemp$ 

r > a 

—  W i ) ( W e ) -
Hence, one can generalize the earlier results merely through the 

indicated substitutions. Thus, for equilibrium, in lieu of equations 

(4-35) and (4-36), one obtains 

sres = ( * - 2p + q)/ m (4-66a) 

and 
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( i )  J  + "»* + 

A" M V (4-66b) 
N / x. +• + JihhL J *• A jew m 

T r" J  o 

Since q takes on all integral values from - oo to + ao , it is clear 

that the finite set of quasi-equilibrium circular orbits becomes an 

infinite set in the case of eccentric orbits. 

Note that the definition of S must also be modified to read 

S  = ( J! -  2p +  q  )  J  -  m  ^  ,  

and the unified equation of motion now becomes 

S = [( X - 2p + q)2 - m2oc J ( 3/a) K,Mpj sin S , (4-6?) 
where 

'/met = G ("A« <WR' )V(1) G->P»(6) • 

Equation (4-66b) indicates that for each there are 2m 

possible equilibrium orbits with node longitudes dependent upon the 

argument of periapsis and the eccentricity. Except in the special case 

of d> = 0 the longitude of the node A. ̂  will advance or regress uni

formly according to 

An = (q/m) W . 

Since w << n and A << n , then, according to equation (4-61), 

and 

•* = ^av = (^ +1^) - n(t - y 

= Cfc>+7ri-n(t-'K ,)-cw 

= TTl - n( t - -zr), 
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where 

= time of periapsis passage. 

Hence, instead of equation (4-63) one can write 

TYl = Jf + n( t - ) . (4-68) 

Using (4-64) and (4-68) the argument of can be modified as follows 

[ ( ̂ - 2p) oe> + (-£ -2p + q )Tn + m( n - © - z^,*) J = 

= [ ( X - 2p) tA>+(^-2p + q)(jf +n[t-T$3) + 

+ m( Xt - - sn tt - t0D - 7itm ) J 

= [( * - 2p + q)/ - m n + A^t + (4-69) 

where 

= ( ̂ - 2p + q - ms) n , (4-69a) 

= " + ( ^ - 2p)(V + m( An - i M̂). (4-69b) 

"X ̂  is now to be interpreted as the longitude of the node when the 

sphere is at periapsis, i.e., 

XJJ = - msn( "C - tQ) ̂ 

The alternate form of the argument of V(as given by equation 4-69) 

is useful when treating the special case of rotational resonances. 

We see then, that it is a simple matter to generalize results 

obtained for nearly circular orbits to include eccentric orbits. There

fore, we shall feel free to use whichever approach is simpler in any 

given problem, and, if necessary, generalize the results by applying the 

substitutions given above. 
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Comments on the Conservation of Energy and Angular Momentum 

Since we are considering a closed system with no dissipative 

forces the total energy must remain constant. The fact that the system 

can be described by the pendulum equation (4-44) leads to the following 

integral 

\  S* +• [ (Jl-Zp)Z-  J -  t os8—E (4-70) 

where E* is a constant and may be interpreted as the total "energy" in 

the appropriate 8 -frame. However, equation (4-70) does not describe 

the motion completely since it gives no explicit information on the 

radial oscillations. 

When the system is undergoing librations around a stable equi

librium point, 6 varies periodically in analogy with the librational 

motion of a simple pendulum. This means, in general, that we have 

orbital librations ( J ) in which the sphere oscillates around its 

average position (uav), and, at the same time, rotational librations 

( TJ ) with the prime meridian of the asymmetrical body rocking back 

and forth around its average position ( 0av)» These librations are most 

easily understood for the case of a synchronous circular orbit. They 

are represented schematically in Figure 4-10. 

We recall that for the synchronous circular orbit s = 1 and 

q = 0. Therefore, from (4-35) and (4-46), 

{ x-7.p 5 
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Note that, contrary to what one might off-hand expect, the and J 

motions are in phase. This means that as the sphere picks up orbital 

kinetic energy the asymmetrical body simultaneously picks up rotational 

energy. This seeming non-conservation of energy is due to the fact 

that we have ignored the variation in the distance between the centers 

of mass of the two bodies. Although these radial oscillations are of 

very small amplitude, they cannot be ignored as they are the mechanism 

through which energy is conserved. 

Figure 4-10. Librational Modes for a Synchronous Circular Equatorial 
Orbit as Viewed in a Frame of Reference Rotating with the 
Mean Orbital Motion—Solid Lines Represent the Stable 
Equilibrium Orientation ( <x > 1 ) 

Now let us examine the angular momentum of the system. The fact 

that the and f motions are in phase also leads to a seeming non-

conservation of angular momentum. Let us express the total angular 

momentum of the system as the sum of the orbital angular momentum of 

the sphere and the spin angular momentum of the asymmetrical body. For 

the synchronous circular equatorial orbit, 
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L= ^ orb + ^spin = constant 

L = M r2 uav + Mr2| + C 0av + C \ , (4-?l) 

whence 

2 £-22. 
H ( uav + i ) 

Although L , © av » and uav are constant, it is clear that r will 

vary as f and ^ vary. 

In the special case of orbital resonance = 0, and the radial 

variation is given by 

2 constant 
y _ # • 

uav + f 

This is illustrated in Figure 4-11, 

Figure 4-11. Variation in r during Libration for Orbital Resonance 

4 

Similarly for pure rotational resonance we set % = 0, and the 

radial variation is given by 

_2 _ constant - C v 
M uav 



which shows that r diminishes as 'vj increases, and conversely, r 

increases as ̂  decreases. 

Thus we see that although the variations in r are small compared 

to the separation between m and m , one cannot ignore these variations 

without violating the conservation of energy and angular momentum. 

Interestingly enough, the fact that and | are in phase 

explains why the stability characteristics of an equilibrium point 

change as we go from orbital resonance to rotational resonance. (Recall 

that a stable equilibrium point in the limit of rotational resonance is 

an unstable point in the limit of orbital resonance, cf. Figures 4-7 and 

4-8.) Consider the system illustrated in Figure 4-12. At equilibrium 

the sphere will be over one of the axes of the ellipsoid. If the sphere 

is relatively small { oc« 1), the stable points are over the short 

axis of the ellipsoid, while for a sphere which is much more massive 

than the ellipsoid (tx » 1) the stable points are over the long axis. 

Q m* 

/ 

Figure 4-12. Sphere-Ellipsoid System in a Synchronous Orbit 
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Consider the situation when the system is off equilibrium. Let 

the angle between the long axis of the ellipsoid and the sphere-ellip-

soid line be f$ . The net force on the sphere ( F ) is directed 

towards a point over the long axis of the ellipsoid, and as a result, 

the sphere will tend to move towards a point over the short axis of the 

ellipsoid. (This is, of course, due to the satellite paradox discussed 

in Chapter 2.) The motion of the sphere, then, is such as to increase 

the angle fi . Now consider the torque on the ellipsoid. This torque 

will tend to make the ellipsoid rotate so as to line up its long axis 

with the sphere. That is, the motion of the ellipsoid is such as to 

decrease ft . 
All in all, the sphere will move in such a way as to increase 

the angle ft , while the motion of the ellipsoid is such as to decrease 

ft . To determine whether will increase or decrease we recall that 

for synchronous orbits 

=<* 

If ft > 1 then ^ > | and the ellipsoid moves faster than the satellite 

and decreases. Equilibrium is then established over the long axis. 

On the other hand, if <X < 1 , then § > \ and the satellite moves 

faster than the ellipsoid so ft increases and equilibrium is established 

over the short axis. Thus we see that in general the stability of an 

equilibrium orientation depends upon whether (X is greater or less than 

unity. 

For example, if we consider only the J22 term, then Z = m = 2 

and £= 2 (3 . Hence, from equation (4-W-), 
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fi = (i - « )(6K22O/ r0)sin 2^ 

Thus, we see that the sign of J3 depends on the sign of (1 - «• ). 

In conclusion, for a synchronous equatorial orbit, the 

librations around a stable equilibrium point consist of in-phase oscil

lations of and J . For o(« 1 (orbital resonance) the librations 

are as depicted in Figure 4-13, where the various sketches describe the 

oscillations at successive instants of time, tQ,t^,t^,t^,t^. 

to. 

© © © 
Figure Orbital Librations (m » m , <* << 1) 

el 5 

Similarly, if oi>> 1 (rotational resonance) we have >>£ and the 

librations are as shown in Figure 4-14 at successive times tQ,t^,,..,t^. 

t ,  

I 

xr 

* a % & 
Figure k-lb. Rotational Librations (ma<< mg , « » 1) 



CHAPTER 5 

ORBITAL RESONANCE 

In the preceding chapter we developed a theory for the reso

nances due to the interaction of a sphere and an asymmetrical rigid 

body. As was pointed out, this analysis is valid irrespective of the 

mass ratio of the two bodies. We shall now investigate in some detail 

the limiting case of orbital resonance (ma >> mg) and compare our theory 

with previously published results. It is necessary to go to the 

limiting cases to verify the theory, since heretofore the problem has 

been attacked only in these limits. 

It is worth noting that there exists a considerable body of 

literature on the subject of orbital resonances. This is due to the 

fact that the most easily observed examples of orbital resonances are 

found in the orbital motion of artificial Earth satellites. The first 

studies were made by Cook (1961) on a rather limited basis. Intensive 

analyses of the librational motion of 24-hour synchronous satellites 

soon followed (HLitzer et al. 1962, Morando I963). Interest in the 

problem of orbital resonances was greatly stimulated by the discovery 

that the•anomalous behavior of the satellite I963 ̂ 9B was due to its 

being in near-resonance with the (l,m = 13,13)th term in the geo-

potential (Anderle 1965). Further satellite data, has allowed for the 

determination of higher order «JAVV| (Anderle I965, Yiounoulis 1965,1966), 

The proliferation of such satellites in recent years has led to further 
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studies (Blitzer 1966a, Allan 1965, 196?a,b, Gedeon 1969) regarding their 

interaction with the gravitational field of the Earth. 

The general theory (as worked out in Chapter 4) reduces to the 

case of orbital resonance when « « 1 and ^\= 0, This can be 

appreciated by noting that oi is defined by 

2 in m_ r. 
" 5 

m\ Sm (5-1) 
s a 

Since C « m l£, we see that oc << 1 implies that m >> m , Hence Q. S 

the orbital motion of the system will not affect the rotation of the 

asymmetrical body, but the asymmetrical body will influence the orbital 

motion. Under these conditions orbital resonances are to be expected. 

Furthermore, when « « 1, we have < < f  (cf, equation 4-46) and 

we can set ^ =0. (For the case of an artificial Earth satellite the 

ratio of to § is of the order of 10 .) Thus, setting <* << 1 and 

H = 0, the general results of Chapter 4 should reduce to those for 

orbital resonance. 

In order to develop a physical picture of orbital resonances we 

shall start by examining the equations of motion for this limiting 

configuration. 

Equations of Motion for Nearly Circular Orbits 

For <x « 1 and 0, the general equations of motion (4-27) 

and (4-28) reduce to 

M2 - 2Mr0n f - 3n%A + GmamsZJJ!n,( X + 1) +2)F/rnp(i) 

{sinjo [U ' 2p)f + W + °' (5"2) 



59 

Mrcf + 2Mna - a - 2p)(R*/r*+Z > ?̂mp(i) 

{-»[«-«» +W + %J"°« (5"3) 

where A and J are the radial and along-track oscillations, 

respectively. 

For small amplitude oscillations, f« - t r ,  these further reduce 

to 

MA - 2Mr0n? - 3n2MA + Gmamg£(S. + l)(RS/r ẑ )FJtitifl(±) 

{£$ fw+ = °* <>+) 

Mr0f + 2Mni - -  Zp) (R* / r f  )F,„p(i) 

rs&tw* vi-0- (5_5) 

As mentioned in connection with equations (4-30) and (4-31) the above 

constitute a coupled linear system which we solve by obtaining 

particular integrals and complementary functions. 

The complementary functions are 

A = A sin nt + B cos nt + C, (5-6) 

Jf = (2A/r0) cos nt - (2B/rQ) sin nt - (3nC/2rQ)t + D,(5~7) 

where A, B, C, D are arbitrary constants. Since we are assuming that 

f does not increase secularly, we can set C = 0. 

The particular integrals can be written in the form of the 

summations A = IE and f = X %am * where 

J? ' 

/\ . — . J? HdLE? y .Camp ̂ mpl^ .fCos?^ !"/l 4 . t2 ") f 
Jvn M r0*+* y t* '»3a lAmp* *>»?] , 
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and 

with 

Csmp = 2( je - 2p)n - ( sl + l)A ŵp , (5-10) 

D/«p = 2( * + l)nA4h,P - ( ̂ - 2p)A^2p - 3(* -2P)n2. (5-11) 

The solutions (5-8) and (5-9) describe the small amplitude forced oscil

lations in A and ? . These solutions are inapplicable at resonance, 

i.e., when AĴ tnp= 0 or i n, This indicates that there are two types of 

orbital resonance, one with the driving frequency equal to n, (A= 2h), 

and the other with zero driving frequency (AjMp= 0). In either case, 

near resonance the resonant term will dominate the solution and the 

other terms in the summation can be neglected. 

When Ajmp = t n we have a dynamical resonance in which the 

driving frequency Ais equal to the natural frequency n of the 

unperturbed system. Under these circumstances the amplitudes of the 

oscillations increase linearly with time and the system will be driven 

away from resonance, accompanied by a secular increase in the eccentri

city (Blitzer 1966a). 

The more interesting resonant situation is when A=0. In 

this case the driving frequency is apparently zero. Moreover, the 

solutions (5-8) and (5-9) become inapplicable and we have to examine the 

equations of motion in a new light. These resonances are called li-

brational resonances since they are characterized by a pendulum 

equation. 
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Libratlonal Resonances; Eccentric Orbits 

Rather than limit the discussion of librational resonances to 

nearly circular orbits, let us generalize to orbits of arbitrary eccen

tricity. It has been shown, equations (4-34 a,b), that the general 

resonance conditions are 

AJ'nP% ~ ° ' 

BJ-n = • (k = integer) •*»r% 

Hence, according to equations (4-66 a,b), the resonant orbits are 

characterized by 

°res ' £ ' • (5-12) 

X"' = ( 

Am 

= X - 2p + q 
m 

> + Btt . Ajitri m + m 
(5-13) 

where k = 0,l,2,...,(2ra - 1). 

These expressions are valid whether or not we are considering 

the extreme case of orbital resonance and, as is to be expected, they 

agree with the corresponding expressions given by Gedeon (1969) and 

Hldtzer (1966b), 

Physically, equation (5-12) tells us that at resonance the mean 

motion of the satellite is commensurable with the rotation rate of the 

Earth (or, in general, the asymmetrical body). Equation (5-13) speci

fies the possible geographic longitudes of the ascending node for such 



62 

quasi-equilibrium orbits. Note that there are 2m such orbits equally 

spaced around the equator. 

When the resonance conditions are met the satellite will obey 

the equation of motion 

t = ( JL - 2p + q)(3/a)KJ!̂ p14 sin( X - 2p + q) (5-1*0 

which is the pendulum equation in the limit of « << 1. 

From (5-1A) the equilibrium values of I are 

_ kir 
1 - - 2p + q (5-15) 

where k = 0,1,2,...,2( & - 2p + q) - 1. This tells us that there are 

2(JL - 2p + q) equilibrium positions evenly spaced around the orbit 

(Davis I967, Chapter V). These equilibrium points are alternately 

stable and unstable and they move around the orbit in inertia! space 

with the mean velocity of the satellite. In exact resonance the 

satellite will be at rest with respect to the equilibrium points. 

Determination of Stable Equilibrium Positions for the Earth 

In the special case of a synchronous (s = 1) orbit the satellite 

will appear to be at rest with respect to the rotating Earth and one can 

specify the equilibrium positions in terms of geographic longitude. We 

refer here not to the quasi-equilibrium corresponding to any particular 

term in the potential, but to the true equilibrium when all the 

potential harmonics are included. It is clear that an equilibrium orbit 

must be one for which i = 0 and r = constant. 

The general term in the potential energy is given by (*Hl5). 

Setting t\ = 0 this becomes 
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T/.f = -0<"aVr>WR/r>'W«{Sh£ t( 1 - 2p)f + A».,t ̂ .(5-16) 

However, if i = 0, then (0) = 0 unless p = Jt - m) and ( X - m) 

is even. Hence, 

VXrnP = -G(raamS/r)j£m(R/r^F/mp(°) cos [m 1 + Vf* + B̂ «P] * 

At equilibrium we have 

(•§7) = °-

Therefore, the equilibrium condition is 

HG(marns/r)J/m(R/r)5F m̂p(0) m sin(mff'; + A/mpt + BJnf) = 0.(5-18) 

Now let us recaLl that from equation (4-2) the general term in the 

expansion for the potential energy can be expressed as 

VjemP = -GCm^AOJ^CR/rf ̂ (0) cos m(u - 9 -

(This equation is obtained from equation (4-2) by setting CL= 0 since 

the concept of node is meaningless in an equatorial orbit,) 

From Figure note that (u - 0) is the geographic longitude of 

a satellite in an equatorial orbit. Therefore, let us denote (u - 0) 

by ^ . 

•u— r  

Figure 5~1. ?> = u - 0 is the Geographic Longitude of the Satellite 
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Thus we can write 

v ,  = - g "<R/r)* fiM p (q) cos ̂ c x - •  

Comparing this with equation (5"17) we note that 

m-( ^ ~ A<m ) = m F + A*mpt + ®-lwp • 

Therefore, the equilibrium condition (5-18) can be written as 

Z 6 ̂  (4/ CO, m( . (5-19) 

This equation cannot be solved generally for • However, any given 

single term in the potential leads to 

X*= X* m  +  k t r /m  . (k = 0,l,..,(2m - 1) ) (5"20) 

In the case of the Earth, the Jgj, term is dominant and one can write 

K<l + ktr/2 • <k = 0»1»2,3) 

To determine the equilibrium longitudes more accurately one can assume 

that the contribution due to all the remaining terms is small and write 

^£>= A22 + k-rr/2 + x , (5"21) 

where x  << i r  is the contribution due to all the remaining terms in the 

potential. It can be shown (ELitzer 19&5) "that 

XI "J'rZu" 
-y(£) _ + JUT 6&VS) , (5-22) 

l eve«/ 

where i-m 
( -  1) 2 C-g-Kn) 1 

- 6»«» (i±2?)| 

and k = 1 or 3 for the stable equilibrium positions and k = 2 or 4 for 

the unstable positions. 
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Utilizing equation (5~22) together with geopotential data 

derived from satellite observations, HLitzer, Davis and de Sulima (1968) 

determined that the equilibrium longitudes for the Earth are approxi

mately at 75° â d 225° for the stable points and at -11° and 162° for 

the unstable points. 

The librations around these stable points are as indicated in 

Figure 5-2. 

Figure 5~2. Librational Paths for a Synchronous Equatorial Earth 
Satellite around the Two Stable Equilibrium Points as Seen 
in the Frame of Reference Rotating with the Earth 

For an inclined orbit the ground trace of the satellite will be 

a diurnal figure-eight pattern, symmetric about the equator (Gedeon 

I969). For such an orbit the node of the figure-eight will librate 

along one of the paths shown in Figure 5~2. 

/» 

/ • 
'  / 

I \ 
1 v 
\ 
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Librational Periods and Bandwidths 

Equation (^56) gives a general expression for the librational 

period. In the extreme of orbital resonance, we replace S by 

( A - 2p + q) f and let « << 1, to obtain 

Plib = Tjrrfrjj" [ 3 (5-23) 

where 

Z = sin ( S. - 2p + q ) f max / 2 , 

% = amplitude of the librations, 
max L ' 

K = the complete elliptic integral of the first kind 

with modulus Z . 

Integrating equation (5-1*0 we obtain 
I 4 z 
t f + (3 Kje^/a) cos ( - 2p + q) g = E* = constant, (5-2*0 

or 

i f l+ (3 K/h,pt/a) [cos ( ̂ - 2p + q) f - cos ( ̂ - 2p + q)f J= 0. 

The resonance bandwidth, in terms of the velocity spread, is just 2fmax, 
• * 

where f is the maximum possible value of f in any resonant state, 
'max 

This occurs when 

*«« 2p + q) 

and 

Hence, 

f =0 

H' I M 3 K,„rt/a) 

^ J 3 Kjtlnp£ / a ' , 
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Therefore, the mean motion bandwidth for librational resonance is 

f -2^3Kx„p|/a '< # *2jj K^/a ' . 

The bandwidth can also be expressed in terms of the orbital period. 

Since P = 2-rr/n , the period bandwidth is 

2 -7T 2-rr 
©/£ - 2 &/s + 2>\J3 

eVs* 

For example, for a synchronous satellite if we consider only the Jgg 

term, we find the minimura librational period to be 844 days, and the 

bandwidth is of the order of 0.1 hours. Thus, for satellites launched 

with periods in the range 23.95 hr £ P < 24.05 hr, the orbit will be 

resonant. 

The constant E' in equation (5-24) can be interpreted as the 

total orbital energy in a reference frame rotating with the mean motion 

of the satellite. In Figure 5-3 (the phase-plane diagram) the various 

curves represent different values of E'. 

(A?) 

Figure 5"3. Phase-Plane Diagram for Orbital Resonance 
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Note that regions I and III in Figure 5~3 correspond to circu

lation while region II corresponds to librations. If the motion of a 

satellite is described by a curve in region I, the satellite will by

pass the equilibrium at f =0. It is moving around the orbit at a 

speed greater than that of the equilibrium points. If the satellite 

somehow loses enough energy, it may become "trapped" into region II 

and oscillate around the equilibrium point =0, The satellite 

would be in a resonance characterized by the quantity s, (One would say 

that the satellite is trapped in the s-th resonance,) A geostationary 

satellite is trapped in an s = 1 resonance (synchronous orbit). If the 

satellite in region II were to lose even more energy it could escape 

into region III in which its velocity is less than the velocity of the 

equilibrium points. This satellite does not have enough energy to 

remain at the s-th resonance, but as it slows down further there exists 

the possibility that it will be captured in the (s - l)th resonance. 

Conclusion 

We see, then, that the special case of orbital resonance may be 

obtained from our general theory simply by setting a < < 1 and ^ = 0, 

The resulting expressions for the synchronous equilibrium orbit, quasi-

equilibrium orbits, librational periods and bandwidths are in complete 

agreement with previously published results of Allan (196? a,b), Blitzer 

(1966a), and Gedeon (1969). 



CHAPTER 6 

ROTATIONAL RESONANCES 

In the preceding chapter we observed that the general resonance 

problem reduces to the special- case of orbital resonance when c< << 1. 

We shall now go to the opposite extreme of oi » 1 "with f =0 and show 

that the general case reduces to the special one of rotational reso

nance. The results should be applicable to the interaction of the 

asymmetrical planet Mercury with the spherical Sun, as well as to the 

rotational motion of the Moon as influenced by the (assumed spherical) 

Earth. 

The Equation of Motion and Equilibrium Orbits for Rotational Resonances 

rotational librations of the asymmetric body can be obtained from 

equation C+-21). We find that 

When « >> 1 and f = 0 the equation of motion governing the 

or 

where 

= G-W^RVa"" >F,„p(i)Qwt(e) = MaK,„r{ , 

A j | m ^  =  ( > C - 2 p  +  q - s m ) n ,  
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(6-3) 

(6-4) 
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SJ»e% = - + < 1 - + »< *1. - *»>• (6-5) 

Here we have used the form of the argument of as given by-

equations (4-69), so = node longitude when the sphere is at the 

pariapsis. 

If equation (6-2) reduces to 

(6-6) 

The solution may be written as 

i 'Z,  ̂  <6"7> 

where 

In general, equilibrium (i.e., ^ =0) requires that 

*»Ff m K,/lhrj "̂C0sl0 IA-ewpj ̂ + ~ °* 

As indicated in Chapter 4 this condition can be met only by the synchro

nous (s = 1), circular (e = 0), equatorial (i = 0) orbit. Quasi-

equilibrium (in which the system is in equilibrium with respect to any 

one Impq-term in the potential expansion) can be established if one of 

the A^yg vanishes. The conditions for quasi-equilibrium are, as 

before, 

(6-8) 

• i •" r lCkt^)7r ) , ivKtiw.. |0 

Thus, the equilibrium configurations are specified by 

sres = ( ~ 2p + q)/ m (6-10) 
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/*-N ~ 

> « » -
U - z p l  
m KM 

(6-11) 
X,„ - <i£>u, • CiiJOf 

rvi 

The Pendulum Equation for Rotational Resonances 

For rotational resonances we set f = 0 in equation (4-44) and 

obtain the following pendulum equation in ^ , 

= ~ ^ ŝ n m *1 * (6-12) 

This implies that there are 2m equilibrium positions as given by-

equation (4-49). Equation (6-12) describes the oscillations of the 

prime meridian of the asymmetrical body about an equilibrium direction. 

The period of these librations is determined by the usual method and we 

obtain 
K? 

lib 
d- [ yy> L ] K (3) (6-13) 

where 

Z = sin(mi m̂ax / 2), 

7lnM = amplitude of the librations, 

K(Z) = the complete elliptic integral of the first kind 

with modulus Z, 

Integrating equation (6-12) -rile find 

•gC - Kfrtpg cos m^ = E = constant , (6-14) 

where E is the energy in a coordinate system rotating at the average 

spin rate of the asymmetrical body. 



Since we are considering only librations we have ^ = 0 at 

= ^ (°f« Figure 6-1). Thus the constant E in equation (6-1*0 
* IllaA 

can be expressed as 

E = - K*. cos m •»? . 
max 

Hence, 

and 

Therefore, 

i c n z =  K« ( cos I I I  t) - cos in -n ) , 
rfc v lmax 

nL"*K,'"t/c-

The resonance bandwidth in terms of the velocity spread is 

2 max . Since at exact resonance ŝ= sresn» We see that 

s n ~ 2 >T K* /C ' < e 5 s n + 2 f K 4̂/C ' . res v res res *w"t 

In terms of the period the bandwidth can be expressed as 

( & P) = J (6-15) v res v c 

One can now represent the libration in terms of a phase-plane 

diagram as shown in Figure 6-1. Regions I and III correspond to cir

culation and region II corresponds to libration. 

In the presence of frictional forces (such as those due to a 

tidal drag) a body which is rotating at a rate slightly greater than the 

average spin rate ( ̂  > 0, region I) could be slowed down and 

"captured" into a librational mode (region II). If the dissipative 

mechanisms are such that further slowing down is possible, the body will 
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"escape" to region HI where -^ < 0. It will then continue to slow down 

towards the next resonance. The question of capture into a rotational 

resonance has been treated in detail by Goldreich and Peale (1966) and 

Counselman (1969). 

Figure 6-1. Phase-Plane Diagram for Rotational Resonance 

The Moon 

If one assumes that the Earth is a sphere, then for the Earth-
h, 

Moon system ex. is of the order of 10 , Thus one would suspect that 

the system might be in rotational resonance. This is indeed the case, 

as the Moon presents the same face towards the Earth at all times. The 

long axis of the Moon points towards the Earth, and this is a stable 

equilibrium configuration, as was mentioned in Chapter k. 

One can determine the minimum librational period for the Moon 

from equation (6-13). Let us consider only the effect of the J22 term 

and use the accepted value of 

•W0 = %i\/c = 0.000230/^yv2 , 
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where 

= mass of the Moon, 

= mean equatorial radius of the Moon, 

A,B = moments of inertia about principal axes in the 

equatorial plane of the Moon. 

Since the eccentricity of the Moon's orbit is 0.055» w® have 

G200(0.055) = 0.9925. 

Evaluating (6-I3) for small amplitude librations gives 

Plib — 10^2 days. 

This is in excellent agreement with the value quoted by Kopal (I966) 

of 104-5 days. It has been determined that the amplitude of this 

libration is only 19" i 5" (Kopal 1966). 

The bandwidth for this libration can be determined from equation 

(6-15) and once again considering only the Jgg term we find that the 

bandwidth is approximately 1.^3 days. 

It might be mentioned that the motion of the Moon cannot be 

described by a simple libration of the type discussed here. For one 

thing, the perturbations due to the Sun are not negligible (Fletcher 

1961). A further complication in analyzing the motion of the Moon is 

that the orbit of the Moon is inclined with respect to the equator of 

the Earth. This fact, coupled with the fact that observations of the 

Moon are made from the surface of the Earth rather than from a 

geocentric point, give rise to the geometric problem of optical 

librations (Arthur I963). Due to these optical librations an observer 

on Earth can see up to 595° of the entire lunar globe. It should be 
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emphasized that these optical librations are purely geometrical in 

origin and are completely unrelated to the physical librations which we 

are considering in this study. Actually the motion of the Moon is so 

complex that it can be broken down into about 150 principal periodic 

motions along the ecliptic and roughly the same number perpendicular to 

the ecliptic (Payne-Gaposchkin 195^» P. 131). 

The Mercury-Sun System 

Another example of a rotational resonance is given by the 

MercurySun system (Colombo and Shapiro 1966 > HLitzer 1967, Liu I966). 

It is interesting to note that it was long believed that Mercury 

always presented the same face towards the Sun. This concept was based 

on optical observations of surface features of the planet. However, 

fairly recent radar measurements have demonstrated that the sidereal 

rotational period of Mercury is 59 - 3 days rather than 88 days (Petten-

gill and Dyce 1965), Colombo and Shapiro (1966) have shown that many of 

the previous optical observations allow for multiple values of the spin 

period. This is due to the fact that observations on the position of a 

particular optical feature could be made only when Mercury was in a 

favorable position with respect to the Sun. The time intervals between 

such observations were such that a whole set of possible rotation rates 

would satisfy the data. 

After it was determined that the rotation period was 59 days 

rather than 88 days it was suggested by Colombo (I965) that the Mercury-

Sun system might be in a 3/2 resonance. 



Note that a rotation period of 59 days means that Mercury 

rotates with a period equal to 2/3 of its orbital period, i.e., 

« = V/n = 3/2. 

Since the axis of rotation of Mercury is very nearly perpendicular to 

the orbit plane we can set i = 0, which then implies that X - 2p = m. 

Therefore, 

s = m + 9 = l +_£L 
m m 

where the possible values of £ are 

q = 0, + 1, + 2, ... 

If we consider the effect of only the dominant tesseral harmonic Jg2» we 

see that the resonant values of £ are 

s = 1, 3/2, 2, 5/2, ... 

It is clear, then, that the planet is indeed in a resonant state. 

From equations (6-13) and (6-15) we can determine the minimum 

librational period and the bandwidth of the oscillation around the 

stable point. Considering only the Jterm and assuming that 

(B - A)/C = 5 X 10~5 

we find that for s = 3/2 

piib = y0ars 

Upr0S) = 0.77 days. 

If originally Mercury had a large spin rate it must have slowed 

down through many resonances before being captured in the s = 3/2 

resonance. The probability of its being captured at s = 3/2 has been 

discussed by Goldreich and Peale (1966) and by Counselman (1969). 



A more general analysis of "rotational locks" has been worked out by 

Lutze and Abbitt (1969)# 

We can conclude from the above considerations that the special 

case of rotational resonance does indeed appear as a limiting case of 

the general theory presented in Chapter k when oc» 1 and f = 0. The 

results obtained in this limit are in complete agreement with previous 

analyses of rotational resonances. 



CHAPTER 7 

CONCLUSION 

In this paper we have developed a unified theory of the 

resonances that occur in the spin-orbit gravitational interaction of a 

sphere (ms) and an asymmetrical rigid body (ma). 

This theory is based on an analysis of the near-Keplerian 

orbital motion of the system. Upon investigating the possible existence 

of equilibrium (or quasi-equilibrium) states, it is found that one of 

the equilibrium conditions is the resonance condition (which implies 

that the orbital motion and the rotation rate of m& are commensurable), 

and the other equilibrium condition determines the possible longitudes 

for the ascending node of the orbit. At equilibrium the equations of 

motion of the system reduce to a single pendulum equation. The 

1 
stability of the equilibrium configurations is investigated and 

librations around the stable equilibrium points are studied. It is then 

easy to derive expressions for the librational period and the libration 

bandwidth. 

The character of the motion is determined by the parameter <K 

defined by 

0C = Mr02/ 3C . 

1. The general stability condition (equation 4-50) reduces to 
that determined by Weiner (1963) for the special case of a sphere and an 
ellipsoid. However, our condition is more general since it is appli
cable to a system consisting of a sphere and a body of arbitrary shape. 

78 
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For small values of <x ( a « 1) the equations reduce to those for 

orbital resonance in which the sphere librates around the equilibrium 

point (in the appropriate rotating reference frame) while the rotational 

rate of the asymmetrical body remains constant. 

In the opposite extreme of oc » 1 we obtain the equations 

appropriate to rotational resonances in which the orbital motion remains 

constant but the asymmetrical body, as viewed in a rotating reference 

frame, rocks back and forth around a stable equilibrium orientation. 

In each of these special cases the equations developed herein 

are in agreement with those previously determined on the basis of 

separate theories of spin and orbital resonances. 

The general case in which ol is neither much larger nor much 

smaller than unity has not been treated elsewhere, and the equations 

derived for this general case can be used to carry out an extensive 

analysis of this situation. In particular, it would be interesting to 

consider the behavior of the system at the point where the stability of 

an equilibrium changes from stable to unstable. However, these consid

erations are beyond the scope and intent of the present analysis. 

It might be pointed out that since this study is intended to 

present a unified theory of orbital and rotational resonances, one of 

the bodies has been constrained to be spherical. The reason is that for 

either type of resonance, as treated in the past, one could always 

approximate one of the bodies by a sphere. A more general problem would 

be the resonances in a system of two bodies of arbitrary shape. While 

such a problem leads to a more complicated set of equations of motion, 
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it is clear that the approach outlined in this study would be applicable 

to that more general problem. 
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