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ABSTRACT 

The phenomena of dielectric breakdown in alumina and beryllia 

were investigated theoretically and compared to previous experiments, 

for a range of temperatures extending from 300° to 1200°K. Two theo

retical models of electron dynamics were studied. Each of these models 

specifies the critical pre-breakdown conditions and the mechanism which 

leads to failure for different parts of the temperature regime. These 

two models were combined with a general energy-band model for an insu

lator with locallized trapping centers. The effects of carrier 

generation, trapping, collision multiplication, and recombination are 

all considered. 

The first of the theoretical models treats dielectric break

down caused by an electron avalanche. A swarm of electrons is assumed 

to move through the material under the influence of the electric field. 

The electron density in the swarm may increase through a process of 

collision ionization. A Boltzmann type of equation is used to relate 

the processes involved with the conservation of particles and the 

particle motion in the swarm. 

The following processes are considered: 

1. Energy gain by an electron from an applied electric 

field. 

2. Electron scattering by energy dependent lattice 

phonon processes. 

viii 



3. Carrier multiplication by collisions with lattice 

atoms. 
1 . v., 

4. Carrier multiplication by collisions with filled 

electron traps. 

5. Carrier loss by electron trapping or recombination. 

6. Thermal carrier generation with field enhancement. 

The equation describing the electron avalanche and auxiliary 

equations were solved together with appropriate boundary conditions to 

calculate the maximum density attained by an electron swarm for a given 

electric field. If the density in the electron avalanche reaches a 

certain critical size, energy deposition in the crystal will cause 

permanent disruption. The condition is then considered to be dielectric 

breakdown. The electric field corresponding to the critical size 

electron avalanche is taken as the breakdown field and is now predict

able. 

The calculations are performed by iterative procedures on a 

digital computer to obtain results. The calculation is repeated for a 

range of material temperatures both in and out of a flux of high energy 

x-ray photons. The results are in quantitative agreement with experi

ments performed in earlier investigations on and BeO in front of 

a 1 Mev electron accelerator used as an x-ray source. 

The second theoretical model was developed to analyze thermal 

breakdown which occurs at higher temperatures. For these calculations 

a lumped parameter heat balance was devised to obtain a differential 

equation for the time behavior of the temperature in region where the 
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breakdown occurs. The breakdown region undergoes Joule heating by the 

electrical current leaking through the insulator. This region loses 

heat to the body of the insulating material and to the surroundings. 

Feedback enters through electrical conductivity which is strong

ly dependent on temperature. This dependence is caused by thermal 

generation rates of carriers as well as rates of electron trapping and 

recombination. The coupled set of differential equations describing 

the system was analyzed to determine the maximum electric field for 

which a stable solution of the system exists. This field is then taken 

as the breakdown field. 

A single lumped parameter constant, which includes all thermal 

and geometrical parameters, is determined by normalizing the equations 

to fit experimental data at one temperature. Having thus determined the 

appropriate constant, the breakdown field can be predicted by the thermal 

model for a variety of sample thicknesses over a temperature range of 

500°K to 1300°K. 

As with the avalanche model, solutions are obtained by an 

iterative procedure on a digital computer for both irradiated and un

irradiated conditions. Calculated results of thermal breakdown agree 

with experiments for A^O^ and BeO for temperatures above 500°K. The 

results of avalanche model calculations ^re in agreement with experi

ments at the lower temperatures. 



CHAPTER 1 

INTRODUCTION 

To a large extent the evolution of technology and the realiza

tion of engineering designs is limited by the capabilities of materials. 

These technological constraints may be in the form of either environ

mental requirements or economic feasibility. 

The need to retain prescribed structural properties over a 

range of temperatures and temperature cycling is an example of environ

mental challenges posed for design materials. Resistance to corrosion 

may be another limiting factor. Often times a unique thermal, electri- • 

cal or optical property is demanded of a material. The useful 

properties must not be unacceptably changed when the material is taken 

from laboratory conditions into an operating environment. 

Contrastingly, a particular application may require materials 

which are impractical from a standpoint of cost rather than physical 

properties. Costs in fabrication must also be considered. 

Nowhere is fact of material limitation more in evidence than 

in the fields of energy generation and energy conversion. Efficient 

operation of these energy processes has been motivated by the laws of 

thermodynamics toward the use of severe environmental conditions, e.g., 

high temperatures, highly reactive chemicals, and nuclear radiation or 

x-rays, etc. In a device which involves energy transfer or energy 

1 
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conversion, there are likely to be localized large entropy differences. 

These often take the forms of temperature gradients or electric poten

tial gradients; and often both conditions are present in combination. 

The core of a nuclear reactor is one such device which combines 

the environmental problems of many effects. So severe are the require

ments, that advanced reactor concepts are most strongly development 

limited only by materials. Efforts are being made to develop new 

reactor types for propulsion or electric power generation by direct 

energy conversion in the reactor core. The material needs of these 

reactor designs has helped to stimulate the development of non-

fissionable metal oxide ceramics. 

Two ceramic materials that have shown a great deal of promise 

in high temperature applications are alumina (A^O^) and beryllia (BeO). 

These materials possess many unique properties that make them attractive 

for reactor applications. They are excellent electrical insulators and 

at high temperatures they are a logical choice for structural materials 

because of their very high melting points. The nuclear properties of 

alumina and beryllia make them suitable for use in reactor cores or 

reflectors. Beryllia is most unusual in that while being a very good 

electrical insulator, its thermal conductivity at low temperatures, e.g., 

(20(RT<600°K) is greater than the majority of metals. 

A wide variety of applications in the electronics industry have 

been met by use of metal oxide insulators. A familiar example is the 

common use of BeO heat sinks for heat sensitive semi-conducting devices 
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which are dissipating power. There is also a large number of electron

ic components which depend on metal oxide layers. Aluminum oxide is 

found in MOSFETS (Metal Oxide Field Effect Transistors) and in 

film resistors. Performance of these devices in radiation fields is 

important for designs requiring radiation hardening. Particularly in 

thin film devices there are likely to be large electric fields due to 

a voltage difference across a very small thickness of dielectric 

material. 

Thus it can be readily seen that a knowledge of performance 

of metal oxide insulators is needed for a combination of any or all of 

the following environmental conditions: (1) high electric fields, 

(2) elevated temperatures, and (3) nuclear radiation, x-rays, cosmic 

rays or radiation from solar flares. One aspect of performance limita

tion on electric field strength is failure due to dielectric breakdown. 

The investigation of such failures and related phenomena is the subject 

of this dissertation. Part of the objective is the prediction of maxi

mum electric field limits and failure mechanisms for design considera

tions; but of equal importance is an understanding of basic processes 

governing the breakdown phenomena. This type of understanding is 

important for development of breakdown resistant insulators. The 

dynamics of charge carriers in high electric fields is also needed for 

description of the phenomena occurring in thin film electronic devices. 

The emphasis of this work is primarily theoretical. Much 

previous work, both analytical and experimental has been incorporated 

as basis of the present study. Earlier work on the electrical 
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conductivity in high temperatures and radiation was carried out on 

Al^Oj [1,2]. The conductivity of other ceramic materials including 

beryllia and lucalox (General Electric trade name for 99.8% with 

0.25% MgO) was later measured [3], These experiments were carried out 

in the core of the TRIGA reactor at The University of Arizona. The 

results of the electrical conductivity experiments have been previously 

analyzed in terms of solid state band theory to obtain semi-empirical 

equations for the variations of conductivity with temperature and radia

tion. These relationships for the electrical conductivity are needed 

for breakdown calculations; however because all the previous conductiv

ity investigations were carried out at low applied electric fields, the 

results are not completely applicable to the high field conditions of 

electric breakdown. It proved to be necessary to modify the expressions 

for the electrical conductivity to include field effects which are 

important with large voltage gradients. 

The initial experimental work which has contributed to this 

investigation of dielectric breakdown was done on beryllia [4]. This 

same experimental work was continued with a more extensive treatment of 

lucalox [5]. These two experimental studies provided the motivation 

for the present theoretical investigation as well as experimental data 

for correlation. 

A partial analysis of the data obtained for BeO at high 

temperatures was formulated in terms of a thermal runaway model [6]. 

The results of that analysis were at least qualitatively in agreement 

with data at high temperatures but diverged badly at lower temperatures. 
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These same calculations were carried out for the data on lucalox [5]. 

In the present work the thermal breakdown model has been extended and 

refined to give more definitive results. 

Additional analysis is also done in the present investigation 

to explain the breakdown behavior at lower temperatures. The lower 

temperature analysis is based upon the concept of an electron ava

lanche [7]. Additional developments of avalanche breakdown theory have 

strongly influenced the viewpoint of present investigation [8,9]. The 

calculation of avalanche breakdown requires a description of the quantum 

mechanical interaction between an electron in a crystalline solid and 

the phonons in the crystal lattice. This interaction was first calcu

lated by Frohlich and expressed as a relaxation time [10]. Further work 

on the interaction of electrons and the lattice have contributed to the 

current theory [8,9]. 

An important contribution was made by Pickard [11] in which 

there is a quantitative description of electron trapping phenomena, 

and charge carrier generation and recombination in aluminia and beryl-

lia. The present investigation has incorporated the results in Pickard's 

work with the earlier ideas of avalanche breakdown to formulate an 

avalanche model which includes the effects of carrier generation from 

filled traps, retrapping and recombination. Pickard's methods for 

description of carrier generation rates formed the basis for the 

expression of field enhanced carrier generation in the present work. 



The effects of field enhancement are needed in both the avalanche 

calculations and the thermal model. 

The results of the avalanche calculations in this work agree 

with experimental data for temperatures from room temperature to 

several hundred degrees Kelvin above. At this point the thermal break 

down results agree with the data. Thus a complete description of the 

phenomena of electric breakdown including the effects of thickness, 

temperature and radiation is available in the present investigation. 



CHAPTER 2 

THEORETICAL MODELS OF INSULATORS 

Energy Level Model 

The basis of a theoretical model to describe electrical break

down phenomena in crystalline metal-oxide insulators is the band theory 

of solids. As applied to BeO and A^O^ type ceramics, the theory must 

include impurity states or trapping centers, because these materials 

typically exhibit extrinsic electrical conductivity. With some revi

sions and additions a model of the insulator developed by Pickard is 

applicable to the conditions of electric breakdown. 

The energy level scheme for the insulator model is shown in 

Figure 1. The symbols used in Figure 1 have the following meanings: 

E = the energy width (e.v.) of the band-gap 
fi 

forbidden zone. 

Et = the energy depth (e.v.) of the trapping 

levels below the conduction band. 

E = the energy height (e.v.) of the trapping 
tg 

levels above the valence band. 

7 
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TRAPS (Nt) 
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Figure 1. Energy Level Scheme for the Insulator Model 



3 -1 
the rate of electron excitation (cm sec) 

from the valence band to conduction band by 

phonons. 

3 -1 
the rate of electron transitions (cm sec) 

into the conduction caused by radiation. 

3 
the rate of electron multiplication (cm sec) 

caused by collisions of electrons and lattice 

atoms. 

3 
the rate of electron multiplication (cm sec) 

caused by collisions between electrons and 

filled traps. 

3 i 
the frequency per unit volume (cm sec) of 

electron emission from filled traps into the 

conduction band. 

3 -1 
the frequency per unit volume (cm sec) of 

free electron capture by empty trapping sites 

3 
the rate of electron multiplication (cm sec) 

caused by collisions of electrons and filled 

traps. 

3 -1 
frequency per unit volume (cm sec) of free 

electron recombinations from the conduction 

band to the valence band. 
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Nt = the density of imperfection energy levels 

which serve as trapping centers for electrons 

(cm-3). 

Nc = the energy states in the conduction band 

(cm-3). 

In this type of insulator model the electrons in the valence 

band are bound to lattice atoms. There may be holes in the valence 

band which can act as positive charge carriers; but because of their 

relatively small mobility compared to electrons, they usually play a 

minority role in conduction processes for these insulators. Electrons 

in the conduction band are free to move under the influence of the 

applied electric field. The motion of electrons in the conduction band 

is impeded by scattering events involving lattice vibrations or phonons. 

There are no available energy states in the forbidden zone except for 

localized imperfection levels. Although the trapping levels in 

Figure 1 are all shown at energy Et, an actual insulator contains 

imperfection levels at various energies distributed throughout the for

bidden energy zone. 

An adequate description of electric breakdown in these metal 

oxide insulators can be formulated by considering only a single trap

ping level at Et. The positive charge carriers need not be considered 

explicitly; and only the drift of electrons is treated. However, the 

dynamics of electron motion, including scattering and collision ioni

zations, must be analyzed in detail for a model based on an electron 

avalanche type breakdown. 
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Recombination processes are physically more likely to occur 

through the action of recombination centers with energies near the 

center of the forbidden zone. However, in the theory, recombination 

is handled mathematically as a transition probability with no details 

as to mechanisms. Hcnce the recombinations are diagrammatically 

represented in Figure 1 as direct processes with no intermediate levels. 

Carrier Excitation with Field Enhancement 

The probability of an electron being captured by an empty trap 
^ \ 

, can be expressed as: 

c t =  \  t N t  -  V (2-» 

where is equal to the product of the trapping cross sections and the 

electron velocity v. The number of filled traps is denoted by n^; 

hence with the definition for (already stated), the quantity 

(Nt - n^) represents the number of empty traps. 

The trap emission probability P is proportional to a Boltzmann 

factor expf-E^/kT) and a "frequency of approach to the barrier," 

u [11,12]. It can be shown that equilibrium balance of trapping and 

trap emission requires w = Nc> N£ can be expressed as [11,13]: 

Nc = 2(2TT M* kT/h2)3/2 (2-2) 

where m* is the value of the effective mass tensor for electrons in the 

insulator crystal, k is the Boltzmann constant, h is Planck's constant. 

T is the temperature in degrees Kelvin. It is convenient to factor out 
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a grouping of constants in N£ which do not depend on temperature. This 

grouping is defined as Zc, thus 

N = Z T3/2 (2-3) 
c c v 1 

where Z£ = 2 (2tt m* k/h2)3̂ 2. (2-4) 

Combining the results: 

Pt = Bt Nc exp(-Et/kT). (2-5) 

The Boltzmann factor in Eq. (2-5) is changed under the influence of a 

very strong electric field; since the field distorts the potential of 

the trap, changing the effective value of energy depth E^. Thus, if a 

strong electric field is present in the insulator, E^ is replaced by 

E * = E - AE . (2-6) 

where AE is change in the energy depth caused by the field. For a 

coulombic trap potential well, the change in the energy depth is given 

by 

AE = C/F . (2-7) 

Equation (2-7) is the result of a development shown in Appendix 

A. In the equation for AE, C is a constant and F is the electric field. 

The derivation follows the well known Shottky effect in the electron 

emission from metals. If the trap potential well can be modeled as 



having an effective charge equal to E (one electron charge), the value 

for C is 7.61x10 4 when F is expressed in (volts/cm) and E^, E^* AE are 

expressed in (e.v.). With the effects of applied electric field, the 

trap emission probability becomes 

Pt = Nc Bt expC-Et*/kT) 

or Pt = Nc Bt exp[-(Et - AE)/kT] (2-8) 

A term of exp(+AE/kT) can be factored out from Eq. (2-8). The 

same factor would modify any other rate process in the insulator which 

is temperature controlled in an exponential manner. The emission from 

a bound state in a coulombic well follows this relationship. It is 

then useful to define a field enhancement factor 

R = exp(AE/IcT) (2-9) 
6 

or R = exp[C/F/kT] (2-10) 

Evaluating the constant for a unit charge: 

Rg = exp[(7.61 x 10"4)/F/kT] • (2-11) 

The rate of emission from filled traps is equal the number of 

filled traps n^ multiplied by the transition probability Pt. The rate 

at which free carriers are captured by empty traps is given by the 

product of the number of electrons in the conduction band n and the 



trap capture probability C^. Similarly, the rate at which electrons 

make recombinations from the conduction band is given by nCR. 

Development of the Rate Equations 

Referring to Figure 1 and accounting for all the various tran

sition rates, it is possible to write a differential equation for the 

rate of change of the density of electrons in the conduction band. 

n = Cph - CR + Gpl + Gpt + nt Pt - n[Bt(Nt - nt) + CR] (2-12) 

where n is the rate of change of the conduction electron density. C 

has been written in the expanded form - n ) and the other terms 

have been previously discussed. 

Similarly, a particle balance of electrons entering and leaving 

the trapping centers leads to the following equation for the rate of 

change in the density of filled traps: 

nt = n[Bt(Nt - n^ ] - nt Pt - Gpt. (2-13) 

where n is the rate of change in the trapped electron density. 

Various special cases of Eqs. (2-12) and (2-13) will be used to 

predict the conditions of dielectric breakdown. In the absence of an 

electric field G„, and G„^ are both zero. If there is no radiation then 
F1 Ft 

G^ = 0. Consider the case where the system is at equilibrium with no 

electric field and the temperature constant at T = T . All time deri

vatives vanish consequently, 
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0 = Gph + GR + nt Pt " n[Bt(Nt " V + CR] (2-14) 

0 = n[Bt(Nt - nt)] - nt Pt . (2-15) 

Adding Eq. (2-14) to (2-15) yields, for the equilibrium case 

(2-16) 

or n = n(T ) = (G . + Gn)/C_ . 
o  ̂ oJ v ph R R 

(2-17) 

From steady state conductivity measurements, the functions G 

and G^ can be determined. By definition, the electrical conductivity 

for one type of carrier is 

where tf(TQ) is the conductivity at T , y is the mobility for electrons 

in the insulator, and e is the electron charge. The electrical conduc

tivity of several metal oxide insulators has been measured as a function 

of temperature both, in and out of radiation fields [1,2,3]. The re

sults have been fitted to equations of the form: 

the additional contribution to the conductivity resulting from carrier 

generation by radiation. 

a(T ) = n ye 
oJ o 

(2-18) 

cr(T) = a1exp(-b1/T) + a2exp(-b2/T) + aR (2-19) 

where the constants aa°d b^ are empirically determined; is 
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Using Eq. (2-19) to express the conductivity with Eqs. (2-17) 

and (2-18), allows G^ and G ^ to be calculated: 

Gph = + a2exp(-b2/T)] 
e 

(2-21) 

R R 
'R " ye 

(2-22)  

The mobility y is a weak function of temperature and is deter

mined from the relaxation time associated with electron scattering. The 

values of the electrical conductivity parameters associated with this 

type of insulator model were previously measured [1,2,3] and are given 

in Appendix B. 

The equilibrium density of filled traps can be calculated from 

Eq. (2-15). At equilibrium: 

Substituting for from Eq. (2-8) 

(2-23) 

and simplifying 

(2-24) 
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It is expected that the insulator model should correlate with 

the results of Fermi statistics if the rate processes have been properly 

described. With a Fermi level at an energy E above the top of valence 
r 

band, a Fermi distribution can be used to express the number of filled 

traps as [13] 

Nt 
"t = 1 + exp[(Etg - Ep)/kT] * (2_25) 

Similarly the density of electrons in the conduction band with a Fermi 

distribution is: 

n = Nc exp[(Ep - E )/kT] . (2-26) 

Noting that = E - E^. allows the exponential term in Eq. (2-25) to 

be factored so that Eq. (2-25) and (2-26) can be combined to yield and 

a result identical to Eq. (2-25). 

Thus the correlation between the two models is verified. 

Quantum Mechanical Tunnelling of Trapped Electrons 

In addition to the field enhancement of thermal emission dis

cussed previously, there is another process by which electric field can 

cause emission of electrons from filled traps. This process is barrier 

penetration by quantum mechanical tunnelling. Suppose that an electric 

field distorts the trap potential as shown in Figure 13 of Appendix A. 

In addition to reducing the barrier height (as occurs in the field 

enhancement of thermal emission), there is also a narrowing of the 



barrier as the field is increased. For an electron bound in a shallow 

trap and with a high applied field, the barrier becomes narrow and the 

traps are emptied by tunnelling. This type of process is discussed in 

the literature [14,15]. 

Modifying the expression for interband tunnelling, the proba

bility for field emission from a filled trapping center is given by the 

following equation [16]. 

PFE = vpl0/3 expC-y/F) (2-30) 

where Ppg = the probability per unit time that a trapped 

3 -1 
electron is field emitted (cm sec) 

„ ~ , _-7 -1 ,-10/3 
V ~ 10 sec (V/cm) 

y = 4 x 107 (m*/m)1/2 Et3/2 

m*/m = ratio the effective mass in the crystal to the 

rest mass of an electron. 

. <."> 

Et = the energy depth of the trap (e.v.). 

Estimates based on Eq. (2-30) show that for temperature near 

room temperature and fields near breakdown, a shallow trap has a higher 

probability of field emission than the probability of thermal emission. 

More specifically, traps with E^< 1.0 e.v. are significantly affected by 

tunnelling emission; while traps with Et < 0.5 e.v. are completely 



19 

emptied by field emission. An experiment which qualitatively verified 

this phenomenon is described in Appendix C. 



CHAPTER 3 

MECHANISMS OF ELECTRIC BREAKDOWN AND ANCILLARY CHARACTERISTICS 

A conceptual limit for the maximum amount of electric field that 

can be applied to an insulator is found by considering the field required 

to overcome catastrophically the atomic binding forces of the valence 

orbital electrons in the crystal. In an ideal perfect insulator, where 

all charge is bound, this would be the breakdown field. However, all 

actual insulators possess a small density of mobile charge carriers. 

There is a great deal of both theoretical and experimental evidence to 

indicate that one or more of a variety of mechanisms involving the 

motion of charge carriers acts to cause a breakdown in the insulator 

long before the field is large enough to disrupt the crystal lattice 

directly. A basic phenomenon common to all these mechanisms is the idea 

that the charge carriers moving under the influence of the applied field 

deposit sufficient energy into the material to cause permanent disrup

tion. 

In actuality, a combination of mechanisms may be simultaneously 

active; with some of the processes providing the conditions necessary 

for the occurrence of others. For most materials, a mechanism is 

dominant for only a limited range of temperatures, after which another 

one becomes important. If the field is slowly increased, a material 

will usually break down by the allowable mechanism occurring with the 

20 
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lowest electric field. However, because of the statistical nature of 

the breakdown process, a particular sample may survive a lower field 

breakdown mechanism and fail at a higher field associated with a differ

ent mechanism. This leads to variations in experimental data points -

particularly in an area where there is a transition from the dominance 

of one mechanism to another. 

An additional consideration which cannot be neglected is the 

interfacing of the insulator medium with its electrodes. The material 

of the electrodes and/or the type of contact is important in determining 

the breakdown process. 

The mechanisms that have been postulated to account for the 

behavior of electric breakdown are numerous; however they can be broadly 

classified into to groups: (1) Intrinsic Breakdown, and (2) Thermal 

Breakdown. 

Intrinsic Breakdown 

The end result of all breakdown processes is the disruption of 

a sufficiently large number of atoms in the crystal to significantly 

alter the material properties. Thus, in terms of the results, di

electric breakdowns are a macroscopic process. While this is also true 

for intrinsic breakdowns, the primary conditions for instability and 

catastrophic behavior in intrinsic breakdowns involve electrons on a 

microscopic scale. The role played by the crystal lattice in theories 

describing intrinsic breakdowns is that of an electron scattering 

medium capable of supplying additional electrons in ionization processes. 
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The central problem of intrinsic breakdown theories involves 

calculating the dynamics of electrons moving under the influence of a 

large electric field in the crystal lattice. Depending on the size of 

the field, the conditions in the crystal and the energy of the electrons 

may either gain energy or lose energy to the lattice. The interaction 

between electrons and the lattice was calculated by Frohlich [10] who 

treated the lattice atoms as an array of harmonic oscillators. The 

calculation employs perturbation theory to calculate the value of the 

square of the interaction matrix element between the harmonic oscillator 

wave functions and the conduction electron wave functions. 

By treating the interaction as a scattering process between 

electrons and phonons, Frohlich's results can be cast in the form of a 

dispersion relation showing the variation of the interaction with the 

momentum of the scattering phonons [8]. 

o 2 4 -4m 
G(q) = 87T 6 (3-1) 

MV ho q 

where G(q) = the value of the square of the interaction matrix 

element for a phonon of momentum, q = |q| in the 

crystal. 

a) = the angular frequency of the characteristic 

lattice vibrations. 
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M = the reduced mass of the ions in the crystal. 

V = the volume of the crystal. 

N = the number of unit cells per unit volume in the 

lattice. 

Frohlich [17] also calculated the form of the interaction by 

treating the lattice as a continuum and obtained the following results 

[8 ] .  

2ue2 -fi2[hto(e /ej1//2] 
G(q) = 2—I S O2) 

Vq (j; -
00 s 

where e = the static dielectric constant. 
s 

em = the dielectric constant at optical frequencies. 

The form of the interaction function given by Eq. (3-1) is more 

applicable to scattering of high energy electrons (E>>kT) which take 

part in dielectric breakdown. However the expression for G(q) in 

Eq. (3-2) is needed for calculations involving lower energy electrons 

in the range of carrier drift velocities. Both expressions have the 

same dependence on phonon momentum, q but Eq. (3-2) has a grouping of 

constants that is about a factor of three larger. 

There have been some modifications to the expressions for the 

interaction as expressed by Eq. (3-1) [18]; however the majority of 
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intrinsic breakdown theories treat the electron-phonon scattering with 

interactions similar to Eqs. (3-1) and (3-2). It should be noted that 

polaron theory has not been included in these interactions. The polaron 

interaction may change the results for the lower energy scattering; but 

for the higher electron energies where Eq. (3-1) applies; ignoring the 

polaron interaction causes negligible error. 

Once the electron-phonon interaction is properly described, it 

is possible to calculate the rate energy gain from the field by an 

electron in the crystal. This is traditionally denoted by A(F, E, T ). 

In addition to the electric field the gain rate A is dependent on the 

electron energy E and the lattice temperature T . Similarly one can 

calculate the rate of energy loss for an electron B(E, T ). B(E, TQ) 

is not assumed to be a function of the electric field. 

The variation of A(F, E, T ) and B(E, T ) with electron energy 

is shown schematically in Figure 2. Note that the loss curve, B(E, T ) 

goes through a maximum and thus there are two equilibrium points where 

the gain equals the loss. At both of these energies (Ej and E£) the 

energy of an electron would not change, however only E^ is a stable 

equilibrium point. Moving electrons with energies near E^ will change 

their energies in such a way as to approach E^. Contrastingly, 

electrons with energies near E^ will be accelerated so as to move away 

from E^ If an electron should acquire energy greater than E^, the 

gain curve is always greater than the loss curve, and the electron will 

be accelerated indefinitely or "runaway." 
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o» 

Electron Energy 

Figure 2. Variation of A(F, E, Tq) and B(E, T ) with 
Electron Energy 

Accelerating Field 
o a> 

TJ 

Applied Field 

Figure 3. Amount of Electric Field Necessary to Cause an 
Electron of Energy E to be Accelerated 
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Increasing the field in Figure 2 will cause the curve, 

A(F, E, T ) to be shifted upward. Curve B(E^ Tq) will be unchanged. 

The points E^ and E^ will move closer together and meet at a point of 

tangency just before A lifts off from B. If F is regarded as a variable 

instead of a family parameter the two curves in Figure 2 can be com

pressed in a single one as shown in Figure 3. In Figure 3 the curve 

represents the amount of electric field necessary to cause an electron 

of energy E to be accelerated. The applied field can be shown explicitly 

in Figure 3 as a straight line. The features of the equilibrium points 

are preserved in Figure 3. This type of representation is more convient 

to discussions of electric breakdown. 

There are intrinsic breakdown theories which consider electron-

electron scattering besides electron-lattice interactions. However, in 

the main the distinguishing features of the various intrinsic theories 

are not so much in their treatment of the electron dynamics as in the 

criteria specifying the conditions on the electron population which 

lead to breakdown. A brief examination of several theories follows. 

Frohlich's High Energy Criterion 

The calculation of the interaction function Eq. (3-1) was done 

by Frohlich for a theory of dielectric breakdown. This early work 

assumed that the behavior of a relatively few high energy electrons 

controlled the pre-breakdown conditions. In order to discuss the con

cept, it is necessary to consider what happens to those electrons which 

reach energies greater than E£ (in Figures 2 and 3); and thereby suffer 

an energy runaway. 



If an electron continues to be accelerated by the field, it 

will eventually reach an energy where it can make an ionizing collision 

with one of the bound electrons of the lattice atoms. The result of 

such a collision is to free the bound electron with energy transferred 

from the colliding electron, and produce two low energy electrons in 

the conduction band. The minimum excess kinetic energy which must be 

acquired from the field by the colliding electron in this process is 

E , the width of the band gap in Figure 1. 
S 

The process of recombinations exist as an inverse to ionizing 

collisions. In these recombinations, two electrons have an encounter 

where one electron gives up all of its kinetic energy to the other 

electron and is then recaptured by a lattice atom. The electron 

receiving the energy remains free and is upscattered to high kinetic 

energy. A recombining collision of the type just described always 

produces one electron in the conduction band with E ^ E^. 

It is now possible to explain the high energy breakdown 

mechanism. In this theory the criterion for a breakdown to occur is 

that the applied field be large enough to cause E_ to be less than E . 
^ 8 

It is assumed that there will always be a few chance electrons which are 

thermally excited to energies beyond and are then accelerated to 

cause ionizations. Normally the electrons produced by these ionizations 

are balanced by losses in recombination events. However if E_ < E , 
^ G 

the free electron remaining after a recombination will have enough 

energy to be in the unstable region and immediately be reaccelerated to 
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cause further ionization. Thus the conduction electron density grows 

indefinitely until damage results. 

An explicit analytical expression for the breakdown field can be 

derived with high energy criterion [8,9]. The calculated results for 

alkali halides are somewhat lower than observed experimentally. Critics 

of the theory claim that it is not stringent enough because it treats an 

instability for only a small group rather than entire electron popula

tion. Some observable features of the field strength predicted with 

the high energy criterion are: increasing breakdown field with tempera

ture; no dependence on sample thickness, since the material is treated 

as an isotropic crystal with no boundary conditions. 

Callen-von Hippel Low Energy Criterion 

A different criterion for breakdown can be formulated by re

quiring the applied field to be high enough so that an electron of any 

energy is accelerated. This would correspond to a situation in 

Figure 3 where the straight line representing the applied field is high 

enough to lie above the peak in the curve for the accelerating field. 

In this case all electrons in the conduction band would run away in 

energy. 

The conditions leading to a breakdown of the type just described 

has been called the Ion) energy criterion [18]. A quantitative calcula

tion of the breakdown field can be given with a different form of the 

interaction function which takes into account an effective ionic charge, 

modified by polarization [18]. However in the region of low energies 
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the mean time between collisions is so small that perturbation theory is 

not strictly valid. 

The temperature dependence of the breakdown fields calculated 

by the low energy criterion is increasing similar to the results of the 

high energy theory. There is also no thickness dependence. 

Collective Breakdown Theories 

Various other intrinsic breakdown theories have been based on 

the behavior of a distribution function of conduction electrons. These 

theories assume that there is enough electron-electron energy inter

change to thermalize the electrons in the conduction band causing a 

Maxwellian type distribution for the electron energies characterized 

by temperatures higher than the lattice temperature. These collective 

breakdown theories depend upon high densities of conduction electrons 

for validity. In insulators the conduction electron density is low, 

but nearly all mechanisms of breakdown cause the electron density to 

increase as the breakdown proceeds. 

In collective breakdown calculations, the instability is calcu

lated in a manner similar to that used in the low energy criterion but 

with a suitably weighted averaging over the energy distribution of the 

conduction electrons. An unchecked increase in the electron distribu

tion temperature is the mathematical form of the instability. One well 

known example of a collective breakdown calculation is the Frohlich-

Paranjape Hot Electron Theory. Other detailed calculations of break

downs involving the electron energy distribution have been reported in 

the literature [8,9,19]. 
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Breakdown fields calculated with collective theories for alkali 

halides are bracketed by the results of the high energy criterion and 

the low energy criterion. The temperature and thickness variations for 

collective breakdown calculations are also similar to the other previ

ously described theories. These relationships between collective break

down and the other theories are not unexpected since the collective 

breakdown treats an average of electron energy distribution which is a 

compromise between viewpoints of the other two theories. 

Field Emission Breakdown 

Bound electrons may reach the conduction band by quantum 

mechanical tunnelling if the electric field is very high. This phenom

enon was discussed in Chapter 2 in connection with trap emission. If 

in Eq. (2-30) for the probability of electron tunnelling out of a 

filled trap the value of E^ is substituted for E^, the result gives 

the probability of transition from valence band to conduction band by 

tunnelling. 

For large electric fields it has been proposed that this process 

could free enough electrons to cause breakdown [15]. Breakdown fields 

7 
calculated with this method [8,9] are generally greater than 10 V/cm, 

values which are larger than are observed for insulators. However, 

field emission breakdown is thought to occur in reverse biased semi

conductor diodes. Field emission breakdown is characterized by being 

nearly independent of temperature. There is also no thickness depend

ence. 



31 

Avalanche Breakdown 

The behavior of a specific locallized group of electrons in the 

crystal, is treated explicitly in theories of avalanche breakdown. Since 

avalanche breakdown is observed to occur in and in BeO it will be 

discussed more thoroughly than the other intrinsic mechanisms. The 

electrons in the avalanche are assumed to move through the crystal as a 

group undergoing scattering, multiplication by collision ionization, 

trapping and recombination. If the electric field is sufficiently high 

that collision multiplication is frequent enough to outweigh the losses, 

the electron density in a swarm will grow as it moves through the 

material. 

The size attained by an avalanche is dependent upon the distance" 

the electron swarm has travelled. Therefore the swarm will be largest 

just before it reaches the anode. Furthermore, an avalanche that started 

at the cathode will travel the longest path in the material before reach

ing the other electrode. This avalanche is the largest possible one for 

a given field. 

Electrons in the swarm lose energy to the lattice as they travel. 

The interaction between electrons in the swarm and the lattice can be 

treated as in Eq. (3-1) so the energy deposition is greatest near the 

anode. The swarm also deposits a varying amount of energy in the insu

lator material all along its path. The path has a conical shape since 

diffusion processes and mutual repulsion cause the swarm to spread out 

in a transverse direction as it moves. 

Electrons in the avalanche swarm tend to have an energy 

distribution highly peaked at E^, (see Figure 3). From the figure it 
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can be seen that electrons with 0< E < E^ will be accelerated by the 

field until they reach an energy of E^. Conversely electrons with 

E j< E < E 2 will lose energy and slow down to an energy equal to E^ so the 

swarm drifts as unit with the velocity associated with E^. 

Since E, < E„< E . electrons in the swarm do not have sufficient 
1 t g' 

energy to ionize the lattice or even to free trapped electrons. Electron 

multiplication by collisions can only occur when a chance electron in 

the swarm makes an extra long free flight and temporarily reaches a high 

energy. 

Between collisions the average length of free flight for the 

electrons in the swarm will be simply the mean free path. However not 

all the electrons have the same free flight; a statistically small — 

fraction will be accelerated by the field for a long enough free flight 

to reach an energy of E * before colliding. If one of these electrons 

with improbably high energy then strikes a filled trap an electron can 

be excited into the conduction band. Note that if the fast electron 

does not hit a trap it will quickly be downscattered by phonon excita

tion back to Ej. The probability of hitting a filled trap is propor

tional to n^ S^., the product of the number of filled traps and the cross 

section of a trap. This process gives rise to the q lantity G„. discussed 
rt 

in Chapter 2. 

In addition to the electrons which reach trap depth energy, an 

even smaller fraction of the swarm reaches E , (the band gap energy) 
S 

between collisions. These electrons have sufficient energy to knock a 

bound electron from the valence band into the conduction band by 



collisions. This process of carrier generation by collisions with the 

lattice was termed Gpj in Chapter 2. Note that although it is much less 

probable for an electron to reach E^ than E^, this is offset by the fact 

that there is a far greater number of available collision targets in the 

form of lattice atoms than filled trapping centers and so Gpj > Gp^. 

Detailed consideration of the energy dependent collision fre

quencies and the distribution of electron free paths must be used to 

calculate GC1 and G„. . The mathematical relationships necessary to 
r 1 r t 

handle these quantities have been previously developed [8,9] and will be 

fully discussed in Chapter 4. In addition to the collision dynamics, 

the insulator rate equations of Chapter 2 are needed to calculate the 

density of filled traps as well as recombinations and retrapping rates. 

The variable in Eq. (2-12) can be changed from time to length and the 

density of electrons in the swarm determined by 

dn 1 • ,, -j— = — n : (3-3) 
dx vd ' v ' 

where v^ is the drift velocity. A solution of Eq. (3-3) evaluated at 

the anode gives the maximum electron density attained by the swarm. 

This will be treated fully in Chapter 4. 

A criterion for breakdown is that the avalanche size near the 

anode be greater than a critical electron density nc, for the energy 

deposited in the lattice at that region to destroy the insulator. The 

critical number of electrons liberated in an avalanche large enough to 

cause damage for a path length of 1 cm [20] has been estimated at 
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12 -3 10 cm . The electrons are liberated in a small tubular or conical 

6 3 
region [ 8 ] with a volume of approximately 10 cm ; and the atoms in 

the avalanche region are assumed to receive ~ 10 e.v. per atom. It is 

probably not necessary to deposit such a large amount of energy in the 

avalanche channel to cause an irreversible situation. The deposition 

of only 0.1 e.v. per atom would raise the temperature in the channel so 

high that a thermal breakdown would result immediately following the 

triggering avalanchc. Recent experiments with thin film insulators 

indicate this two stage type of failure may be closer to what is 

actually observed [21]. 

Assuming a value of 0.1 e.v. per atom and a channel volume of 

6 3 16 
10 cm leads to an electron density in the critical swarm of 10 

- 3  . . .  cm . A precise estimate of the critical swarm density is unimportant 

actual calculations show that changing of n£ by six orders of magnitude 

12 18 
from 10 to the value 10 results in a change in the computed break

down field of the order of 1%. All the subsequent calculations made in 

16 3 
the present investigation use a critical density of 10 cm 

The amount of electric field required to produce an avalanche 

of the critical size is given by a transcendental relationship. Hence 

an explicit solution of the avalanche breakdown field is not possible. 

The method to determine the breakdown field is to choose a trial value 

for the field, then incrementally increase the size of the field until 

the avalanche density at the anode is greater than or equal to 10*^. 

If the insulator is in a radiation field the avalanche break

down field will be lowered. This occurs because the radiation fills up 



a larger fraction of the traps and thereby increases Gpt while decreas

ing the retrapping probability. Through a similar interaction, in

creasing the temperature also increases ths avalanche breakdown field, 

because the higher thermal emission tends to empty the traps. Since 

the avalanche size increases for longer available paths in the material, 

avalanche breakdowns are characterized by a decreasing dependence on 

sample thickness. The pre-breakdown leakage currents in avalanche 

breakdown are likely to be noisy showing "spiking" due to the avalanches 

that do not reach critical size. 

This concludes the discussion of intrinsic breakdowns. By no 

means all of the mechanisms have been described in this writing. Other 

intrinsic processes have been proposed and analyzed in the literature. 

Most of these analyses share some of the features with the intrinsic 

breakdowns as described here. One further consideration is that the 

present investigation has been concerned with only D.C. electric fields. 

Rapidly pulsed or A.C. applied fields introduce modifications to the 

analyses. 

Thermal Breakdown 

The second general category of breakdown mechanisms is thermal 

breakdown. This is a mechanism which affects the behavior of metal-

oxide insulators; hence it is worthwhile to examine its qualitative 

features. A more complete analysis of thermal breakdown is presented 

in Chapter 5. Thermal breakdown is a macroscopic process in the sense 

that a thermal runaway occurs in large numbers of the insulator's atorcs. 
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In most cases, the region of the thermal excursion (it may be the 

entire insulator bounded by the electrodes) is large enough to allow 

treatment with conventional methods of heat transfer calculations. 

The microscopic interactions involving the charge carriers 

themselves are not taken explicitly into account. These effects are 

absorbed in the temperature variation of the electrical conductivity. 

No instabilities in the electron population and its energy distribution 

function occurs, although the density of conduction electrons may in

crease greatly. The breakdown process is relatively long lived (in 

some cases it may be several minutes) compared to intrinsic breakdown. 

The characteristic breakdown times are determined by the thermal proper

ties of the insulator material and the boundary conditions of a par

ticular geometry. 

Recalling Eq. (2-19) for the electrical conductivity of 

insulator it can be seen that a rise in temperature will result in a 

sharp increase of electrical conductivity. A temperature rise can 

occur when an electric field is applied from Joule heating caused 

by leakage currents. Depending on the environmental conditions and the 

insulator's temperature, the distribution of temperatures in the 

material may assume a new stable configuration with part of the material 

now hotter than it was with no applied field. However, if the field is 

large enough a stable temperature distribution may not be possible and 

a thermal runaway occurs. Such a process is a thermal breakdown. 

The general problem of calculating the temperature distribution 

in the metal oxide insulator, with Joule heating is a time dependent, 



three dimensional problem with a nonlinear feedback. This is further 

complicated by the fact that a solution is not merely needed for a 

given set of conditions, but rather one must determine the boundaries 

in a parameter space where a stable temperature distribution can exist. 

A complete analytic solution of the general problem of this type 

of spatially dependent, nonlinear stability is not available. Certain 

idealized geometries have been treated with some success. A numerical 

calculation is possible, but this would require a time dependent finite 

difference treatment with a spatial mesh. Furthermore the need to 

repeatedly solve the problem while varying parameters to determine the 

limitations on the existence of a solution makes a finite difference 

approach unfeasible. 

In view of the considerations of mathematical difficulties, 

the method of analysis chosen for this investigation is a two region, 

lumped parameter, heat balance. This is further motivated by the con

figuration of the electrodes used to obtain the experimental data. It 

is a characteristic of thermal breakdown calculations that the analysis 

must consider an applied voltage in a particular geometry rather than 

an applied field. The region where the breakdown occurs is assumed to 

be at temperature T. The rest of the insulator material is assumed to 

remain at a constant temperature T . For a given value of the bulk 

temperature Tq there is a maximum amount of applied voltage for which 

T can be stable. These values can be calculated and the maximum value 

of the temperature in the breakdown region is denoted by T*. The 
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thermal breakdown field is then taken as the field associated with the 

maximum voltage and T*. This is carried out in detail in Chapter 5. 

The thermal breakdown runaway tends to occur in a locallized 

region because of the temperature feedback in the electrical conductiv

ity. The endency to localize the breakdown region results in thermal 

"pinch" effect somewhat analogous to the magnetic pinch effects experi

enced by highly ionized plasmas. In some cases, particularly at 

temperatures greater than 1200°K the runaway may involve the insulator 

as a whole. Because of the geometry associated with the experimental 

data in this work (a sharp point on one side and a plane electrode on 

the opposite side of a thin sample) nearly all thermal breakdowns were 

highly localized. 

Calculations of thermal breakdowns for other geometries are 

reported in the literature [8,15.,22]. Particular attention has been 

given to calculations of thermal breakdown for infinite slab geometry. 

Also given are treatments of impulse thermal breakdown where the 

electric field is pulsed so rapidly that heat losses can be neglected 

and adibatic approximations can be made in calculating the time behavior 

of the temperature. The criterion for impulse thermal breakdown does 

not depend on stability in the temperature distribution since the 

temperature is rising rapidly during the voltage pulse. Breakdown 

occurs if the heat capacity of the material is insufficient to absorb 

the thermal spike. 

Nearly all types of thermal breakdown show decreasing dependence 

on the bulk temperature T . This is because a higher bulk temperature 



reduces the rate of heat transfer from the breakdown region. For the 

same reasons thermal breakdown is most likely to dominate over other 

mechanisms in causing failure at high temperatures. There is also 

likely to be a thickness dependence that is generally decreasing but is 

determined in any specific case by electrode geometry. It is also 

expected that since radiation increases the conductivity of metal oxide 

insulators, thermal breakdown strength in a radiation field will be 

lowered. 

Breakdown Mechanisms in Al^O^ and BeO 

The experimental data accumulated for and BeO have the 

following observed features. 

1. The breakdown down field increases with increasing 

temperature for sample temperatures in the range 

from room temperature to slightly above. 

2. The breakdown strength goes through a maximum at 

~ 500°K in (the maximum is not well defined 

in BeO). Near the maximum there are wide variations 

in the data points, indicating that there may be 

more than one breakdown mechanism acting to cause 

failure at this point. 

3. There is a decreasing temperature dependence of the 

breakdown field for all temperatures beyond the point 

of maximum out to a temperature of 1200°K. 
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4. At all temperatures the breakdown field has a 

decreasing dependence on sample thickness for 

these ceramics. 

5. The groupings of experimental points taken in a 

£ 

radiation field ~ 2 x 10 R/hr. from the gold target 

of 1 M e.v. electron accelerator are somewhat lower 

than the unirradiated points at a corresponding 

temperature. 

An inspection of Figures 6 through 12 in Chapter 6 may aid in 

assimillating these qualitative features of the experimental data. A 

further general comment is that a D.C. field was applied and slowly 

increased to the breakdown point with a time of the order of one minute. 

The current was not monitored. 

Table 1 contains a summary of the various types of breakdown 

mechanisms that have been discussed. A comparison of the features 

listed in Table 1 with the observed characteristics of the experimental 

results leads to the following conclusions: (1) in A^O^ and possibly 

BeO the breakdown mechanism at temperatures including and slightly 

above room temperature is probably avalanche breakdown; (2) and 

BeO appear to undergo thermal breakdown at higher temperatures. 

Consequently a detailed analysis of these two types of breakdowns was 

undertaken with specific applications to alumina and beryllia ceramics. 

These analyses are presented in the next two chapters. 
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Table 1. Summary of the Characteristics of Various Breakdown Mechanisms 

Breakdown 
Mechanism 

Temperature 
Dependence 

• Thickness 
Dependence 

Radiation 
Effects 

Special 
Features 

Frohlich 
High Energy Increasing None None 

Von Hipple-
Callen Low 
Energy Increasing None None 

Hot Electron 
Collective 
Theory Increasing None None 

Field Emission Negligible None None 

Avalanche Increasing Decreasing Lowers 
Breakdown 

Noisy 
Pre-
break-
down 
Currents 

Thermal 
Breakdown 

Decreasing Decreasing Lowers 
Breakdown 

Dominates 
at High 
Tempera
ture 

Impulse 
Thermal 

Decreasing Various Lowers 
Breakdown 

Rapidly 
Pulsed 
Fields 
Only 



CHAPTER 4 

CALCULATION OF AVALANCHE BREAKDOWN 

The calculation of avalanche breakdown requires a detailed 

description of the dynamics of a swarm of electrons moving through the 

insulator crystal under the influence of a strong electric field. Re

ferring to Figures 2 and 3 in Chapter 3, note that the energy E^ is a 

stable point where the rate of energy gain equals the rate of loss. 

Electrons in the conduction band of the crystal will tend to move at 

a velocity associated with energy E^ and the distribution of 

energies will be peaked at that energy. If an electron is being ac

celerated by a field it will gain energy according to 

where y(Ej) = the electron mobility at A simple relation exists 

between the mobility and the relaxation time for an electron; 

A(F, Ex Tq) = eF vd . (4-1) 

The drift velocity can be expressed as 

v^ = y(E1) F , (4-2) 

y(Bi )  T( E l )  (4-3) 

42 
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with the relaxation time at E^ denoted by T(E^). Substituting Eq. (4-3) 

into Eq. (4-1) yields 

e2 F2 xtE.) A<F> Ei v - —s*—• (4"4) 

Calculation of Relaxation Times 

The formulation of Eq. (4-4) requires an energy dependent 

expression of the relaxation time. This can be calculated by integrat

ing the interaction function, Eq. (3-1), over all possible values of the 

momenta of phonons which can interact with a given electron of energy E. 

The integral is 

v b° 

=  Sfr /G C q )  q 3  ( 2 N" * "  d q  t 4~5 )  
b 

where p is the electron momentum and N is the number of lattice quanta r 0) 

with frequency w. contains the temperature dependence and, because 

'fito/ kTQ is large, can be approximated by' 

Nw = [exp(ftoj/kTQ) -1] 1 . (4-6) 

Because of the occurrence of the quantity (2NW + 1), it is convenient to 

define the following function, explicitly showing the temperature depen

dence , 

Q(To) = 2Nw + 1 (4-7) 
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also 

Q(Tq) = 2[exp(fiw/kT0) -L]"1 + 1 . (4-8) 

The upper limit of the integral bQ in Eq. (4-5) can take on two values 

which are determined as follows. For high energy the electrons of the 

interaction is limited to those phonons whose wave numbers are in the 

first Brillouin zone of the reciprocal lattice. The value of bQ can be 

expressed by the Debye condition as [8,9]. 

bQ = <FT(67T2 N)1/3 . (4-10) 

The cutoff energy associated with this maximum wave number has the 

following relationship to bQ. 

b2 
Eo " TW • (4-11) 

For electrons with lower energy, E < Eq, the conservation of 

energy limits the interaction to those phonons with no more than twice 

the electron momentum. Hence for E < E : 
o 

bQ = 2p . (4-12) 

The low energy form of the relaxation time can now be calculated substi

tuting Eq. (4-7) into Eq. (4-5) and using Eq. (3-1) to carry out the 

integration. The result is 
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. 4Tr/m* e N Q(T ) 
-tIt = rrr- i£ E < En C4"1 3 )  

If E > Eq the integration is performed using the upper limit at 

the Debye cutoff. Thus the relaxation time of higher energy electrons 

is expressed as 

. nh2e4 N(6TT2N)2/3 Q(T ) 
° if E > E . (4-14) 

T(E) 23/2 ̂  e3/2 O 

Equations (4-13) and (4-14) explicitly show the inverse relation time 

which is equal to the collision frequency for isotropic scattering. 

Even if the scattering is not isotropic the difference in the mean time 

between collisions for a single electron and the true relaxation time 

of the electron distribution is not large. Hence Eqs. (4-13) and 

(4-14) will be used in calculations of electron collision ionizations. 

Calculation of Equilibrium Energy 

At very low energies the electron-lattice interaction is better 

described by Eq. (3-2) and the inverse relaxation time takes the form 

of [8] 

, eF (2N. + 1) 
1 _ o I J 

in 
tTFI ~ __ (4-15) 

^ /2m*E 

m*e k0. .. . 
where F = =—- ( —) 

o v2 ve e J 
T1 co s 
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in which k0. =-ftu (e 
X 5 

and Nj = [exp^/kT^ - l]"1 

Equation (4-15) is accurate in the energy range k0^ « E « Eq. The 

rate of energy loss in the same range of energies is given by [8] 

eF k0. 
B ( E )  =  [m(4E/k0.)  -  WE] (4-16) 

where ri. = k0. (N. + 1/2) . 
1 X I 

e2F2 
Similarly, the rate of energy gain from the field A(E) = ^ T(E) 

becomes 

A stts _ /2m*E ,A 
A(E) - ( m* ) eF (2N. + 1) (4-17) 

0 1 

Using Eqs. (4-16) with (4-19) and noting that at the equilibrium point 

A(E^) = B(Ej), leads to 

B(E ) 
aotj = 1 = °2 XCEjl) (4-20) 

F 2 
where D„ = ° 

2 " „2 

and X(EX) = (^/Ep [ln(4E1/k0.) - n^] 
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Equation (4-20) provides a transcendental solution for the 

value of E^, the equilibrium energy in the electron swarm. An iterative 

technique can be used on Eq. (4-20) to calculate the value of E^^ for 

any given temperature, Tq and electric field F. The method is desci'ibed 

in Appendix D. 

The algorithm for finding E^ was programmed for a CDC 6400 

computer and is used in the calculation of the avalanche breakdown 

fields. The values calculated for E^ were found to be ~ kG^ which 

crowds the lower limit for validity of Eq. (4-15). Hence the accuracy 

is somewhat dubious. Fortunately the breakdown field is extremely 

insensitive to the value of E^. Other authors [8,9] have used only 

one value of E^, based on a very approximate estimate for all of their 

calculations of avalanche fields. The insensitivity of E^ can be 

qualitatively seen by inspection of Figure 3. A change in the value b 

near the vertical slope of the curve representing the "accelerating 

field" near E^ causes little change in the position of E^. 

Calculation of Electron Free Flight Probabilities 

The relationships derived in the previous sections of this 

chapter form the basis to begin a calculation of electron free flight 

distances. An approach to the problem follows the development by 

O'Dwyer [9 ]. Let P(t) represent the probability that an electron has 

no collisions for a time, t. Similarly the probability of no collisions 

in t + dt = P(t + dt). The law of probabilities requires that 

P(t + dt) = P(t)[probability of no collision in dt] . (4-21) 



If the relaxation time is used to represent the average time between 

collisions, then the probability of no collisions in the time interval 

dt is [1 - dt/f(E)]. Substituting this expression into Eq. (4-21) 

yields 

P(t + dt) = P(t)[l - dt/x(E)] . (4-22) 

Transforming Eq. (4-22) into differential equation yields 

dP _ _ P(t) 
dt ~ " T(E) 

(4-23) 

Upon integration of Eq. (4-23) 

t 

P(t) = exp[-J ̂ y] . (4-24) 

o 

During a free flight between collisions an electron gains 

energy from the field by simple translation acceleration viz. 

= eFv = (f)1/2F . (4-25) 

Using Eq. (4-25) the variable of integration in Eq. (4-24) can be 

changed from time to energy yielding 

i 

P(E) = exp J- (^)1/2(^-) f —1/^~" ] C4"26) 
1 J E1 t(E') J 

fcl 
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The lower limit for the integral is chosen by assuming that all 

electrons in the swarm begin a free flight with the equilibrium energy 

E^. The interpretation for P(E) is that it represents the probability 
•I 

that an electron in the swarm will momentarily increase its energy 

from Ej to E during any one free flight between collisions. P(E) can 

then take the form 

P(E) = exp(- H/F) (4-27) 

. „ l,m* 1/2 f dE' 
"here H ° J _,L/2 T(E') 

Ej E 

Calculation of Electron Multiplication 
by Collisions with Filled Traps 

The probability that an electron will reach an energy large 

enough to raise a trapped electron into the conduction band can be 

calculated with Eq. (4-27). The integration for H is carried out using 

the appropriate form of 1/T(E) from Eqs. (4-13) and (4-14). 

The energies of the trapping levels have been measured for 

and BeO [11] . As discussed in Chapter 2, tunnelling emission at 

fields near breakdown affects traps with E < 1 e.v. In alumina there 

is one trapping level with a measured value of E > 1 e.v. which was 

used for breakdown calculations. However for beryllia the deepest 

trapping level was measured at 0.85 e.v. These traps will be partially 

emptied by tunnelling. The calculations for BeO were made using the 

trapping level of 0.85 e.v. An error may result since tunnelling is 
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not explicitly included in the theoretical calculation. Under the 

1/2 
influence of the electric field E. becomes E * = E+- CF . Further t t t 

considerations show that for both materials E * < E , hence only the 
to 

form of the relaxation time given by Eq. (4-13) need be used in the 

integration. Thus the probability that an electron reaches an energy 

of E * or greater during a free flight is calculated by 

P(Et*) = exp(- Ht*/F) (4-28) 

with 

E * 

dE 

E1/ 
1 
E E1/2 T(E) 

and . 
4irm*1/'2 e4 N Q(TQ) 

/2 ma E1/2 

Performing the integration leads to 

27!m* e3 N Q(T ) 
Ht* = « . (4-29) 

Even though an electron has reached energy of E * it is still 

more likely to undergo lattice scattering than to hit a filled trap. 

Let f denote the relative probability of hitting a trapped electron. 

This probability is the ratio of macroscopic cross section presented by 

the filled traps to the total cross section for electron interaction. 

The ratio can be expressed as 
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"t St £ = Z Z (4-30) 
I (Et*) 

where = number of filled traps. 

= cross section for hitting a filled trap. 

It(Et*) = total macroscopic collision cross section for 

an electron with energy E *. 

The quantity 1/J (E which has dimensions of length is by definition 

1 = Z (4-31) 
I (Et*) 

where SL is the mean free path. The mean free path can be related to 

the collision time as follows: 

I = vr(Et*) . (4-32) 

In Eq. (4-32) as in previous calculations the relaxation time T(E *), 

is considered to be the collision time. The electron speed after 

reaching trap energy 

v = Et*1/2 • 

Combining Eqs. (4-30), (4-31), (4-32), and (4-33) gives 

(4-33) 



f • nt St v T(Et«) (4-35) 

or, in terms of more basic quantities, 

f = nt St/27irF Dp Et* (4-36) 

, _ /2 M hw 
where D = j 

p 4trv^m*" e N Q(T ) 

The value of the cross section, S^, for a filled trap is some

what in doubt. Thermally stimulated current measurements give a value 

15 2 
of ~ 10 cm for an empty trap [11]. It is expected that the total 

collision cross section of filled trap should not be greatly different 

from that of an empty one; consequently the value of is taken as 

10~^. Changing the value of over several orders of magnitude re

sults in only minor variations in the calculated field strengths, be

cause the contribution to carrier generation by collisions with filled 

traps is small. 

17 -3 
The density of filled traps in A^O^ and BeO is ~ 10 cm 

near room temperature. The density of lattice atoms is 5-6 orders of 

magnitude larger. Consequently the calculated values of f are « 1. 

Only a very small fraction of the electrons make ionizing collisions 

with traps; since the process requires a sequence of improbable events: 

an extra long free flight to gain energy E *, followed by a collision 

with a relatively small density of targets in the form of filled traps. 



Two electrons are formed by an ionizing collision, i.e.., the 

original electron plus the freed electron. If a swarm of electrons with 

-3 • 
energy E, and density n(cm ) moves through the crystal the collision 

rate per unit volume is n/T(E^). The rate of increase in conduction 

electron density due to generation by collisions with filled traps is 

given by 

GFt = Txnfr • <4-37) 

The generation rate, Gpt was discussed in Chapter 2 in connec

tion with the rate equations. The value of Gpt is zero except in the 

region of the electron swarm while an avalanche is in progress. 

Calculation of Electron Multiplication 
by Collisions with Lattice Atoms 

The effect of ionizing collisions with lattice atoms are 

handled in a manner similar to the calculation of G„^, but with two 
Ft 

important differences. First, the electron must undergo a free flight 

acceleration to an energy E rather than E_. Since E > E,. this free h} g t g t 

flight distance is much less probable. Secondly, the targets for 

ionizing are the lattice atoms rather than traps. This more than 

compensates for the need of the longer free flight. 

by 

The probability of reaching the band gap energy, E is given 
& 

P(E ) = exp(- H /F) (4-38) 
o o 



E 
g 

where H = LA 1 / 2  f  d E  

«  ^  £ E ^ T C E )  '  

In A1„0, and BeO.E < E < E_: hence the integration to calculate H 
2 3 o g 2' 6 g 

must be made in two parts: for E^ E Eq, Eq. (4-13) is used to 

define T(E) in the integral; Eq E E^, Eq. (4-14) is used. Carrying 

out the integration results in 

"C3 N QtT ) •R3f67l2Nl2/3 1 1 
Hg " a, [2ninn(E0/E ) - (i- - i-)] . (4-39) 
• O g 

The two terms of H is caused by the two part integration. 
6 

Once an electron reaches the energy of the band gap the 

probability of ionizing a lattice atom is large [8,9]. The probability 

of colliding with a lattice atom can be taken (1 - f) ~ 1. The 

ionization of a lattice atom also produces two free electrons. Hence 

the rate of generation of conduction electrons by ionizing collisions 

of the lattice is 

an - 2;(i) 0 p<y • C4-40) 

The generation rate, is similar to Gpt in that it only makes a 

contribution inside the avalanche. 
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Calculation of the Size of the Electron 
Density in an Avalanche 

Just prior to the occurrence of an electron avalanche, the 

crystal is in a steady state at temperature Tq with the densities of 

electrons in the traps and in the conduction band determined by the 

equilibrium conditions of the rate equations presented in Chapter 2. 

Once initiated, the electron avalanche moves through insulator disturb

ing the steady state conditions as traps are emptied by collisions and 

localized heating occurs. However the avalanche swarm constantly moves 

out of the region it has disturbed into undisturbed material. Thus, 

the collision interactions and other electronic behavior in the swarm 

may be treated with the lattice parameters at the steady state values. 

From the development in Chapter 2 the density of electrons in 

the conduction band prior to the avalanche is given by 

"| = "o = C7 <gr 4 V C4"41) 
t=0 

and the initial density of filled traps is 

n Cf 
nt = . (4-42) 

During the avalanche the rate of change of electron density in swarm is 

given by 

' • S . ' V  G F t  •  S *  *  W  - " I c t  •  c R 1  •  < 4 - 4 «  
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Because the swarm is always moving into new material it is possible to 

substitute into Eq. (4-33) from the equilibrium values given by Eqs. 

(4-31) and (4-32). Making the substitutions in terms of nQ yields 

" = GF* + St - tn - no,(Ct * V • (4"44) 

Substituting the values for Gpt and Gp^ from Eqs. (4-37) and (4-40) 

leads to 

1 • Tpfj" PtEt*3 + 2nT(E;if) P(Eg5 - C" - nO)(Ct * V •(4-45' 

Factoring and changing the variable from time to length gives 

dn r2fP(Et*) 2(1 - f) P(Eg) (Ct + ̂  

'd Vd 
s- = *»[ 7cV- + 7r— ĥ 51 ~] + ~(C^ + C„) (4-46) 
dx lV£jT(Ej) V{jT(E^) Vj j VjV t R v 

where v^ is given by Eq. (4-2). 

A solution of Eq. (4-46) is possible by separating variables 

and integrating. The form of Eq. (4-46) is 

= an + b . (4-47) 

It is useful to define the following quantities 

2fP(Et*) 2(1 - f)P(E ) 

a = W+ * 
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. . Ct " CR 

Then, writing the constants of Eq. (4-47) in terms of a and 3: 

a = a - 3 

b = 3no . 

Integrating Eq. (4-47) 

n L 

/ irfr= /dx t4"48) 

n 
o 

and evaluating at the limits 

£n[an + b. ] = aL . (4-49) Lan + bJ 
o 

Rewriting Eq. (4-49) in the exponential form with a and 3 yields the 

final result 

an 3n 
nc = expt(a - B)L] - n2? t4-50) 

where n£ is the electron density in avalanche swarm when it reaches 

the anode. 

The breakdown field can be implicitly calculated with Eq. 

(4-50) in the following way. The value of n£ is set equal to the 

critical number density estimated to be necessary for material 
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destruction, i.e. j  10 cm" ; and then for a given temperature, Tq and 

sample thickness, L the problem is to find a value of F which will 

satisfy Eq. (4-50) . 

Because Eq. (4-50) is a transcendental relationship for F, an 

interative solution using a computer was used for the calculation. The 

programming algorithm is given in Appendix D. Appendix D also contains 

a listing of the computer program with a glossary of relating the 

computer variables to symbols used in the text of the theory. The cal

culated results are presented in Chapter 6 and compared to the experi

mental data. 



CHAPTER 5 

ANALYSIS OF THERMAL BREAKDWON 

Formulation of Lumped Parameter Heat Balance 

The thermal breakdown analysis requires the solution of a heat 

transfer problem to describe the experimental data of the work which 

was taken in the geometry shown in Figures 4 and 5. In cylindi'ical co

ordinates, r and z, a heat balance for the dielectric insulator can be 

written as 

c
p ̂ [T(r, z)] = o(T)|F(r, z)|2 

- V»kVT(r, z) 

(5-1) 

- ao£[T4(r, z) - To4] 

- aoe[T4(r, z) - TR4] 

The left side of Eq. (5-1) is the rate of change of the spatially 

dependent temperature function multiplied by the specific heat capacity 

The first term on the right side of Eq. (5-1) is a source term caused 

by Joule heating in the insulator. The form of the Joule heating term 

is obtained by assuming that the leakage current in the insulator can 

be represented by J(r, z) = a(T) ?(r, z) where a(T) is the temperature 

59 
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dependent electrical conductivity and F(r, z) is the spatially-

dependent electric field. The other three terms on the right side are 

heat loss terms. The first term accounts for heat loss by conduction, 

with the thermal conductivity of the material denoted by k. The other 

two terms are for radiative heat loss. One radiation term accounts for 

heat radiated from the hotter region to the bulk of the insulator at 

temperature T . The other radiative term represents heat radiated into 

the surrounding environment to T^. The Stephan-Boltzmann constant is 

denoted by aQ (this symbol should not be confused with electrical 

conductivity a(T)). The coefficient e includes both the emissivity and 

transmissitivity of the material. 

In addition to the electrical conductivity a(T) each of the 

quantities, k, C , and e is temperature dependent for most insulator 

materials. However c(T) is a very strong function of temperature while 

the other terms have relatively weak temperature variation. Feedback is 

introduced into the system through all of the temperature dependent 

coefficients but only the electrical conductivity need be considered 

explicitly. 

In principle Eq. (5-1) is solvable if the needed spatial 

boundary conditions and initial conditions are available. However, 

except for highly idealized solutions and specialized boundary condi

tions, a closed form solution is intractable. Moreover, what is needed 

for the breakdown determination is not a solution for a particular set 

of conditions. Instead, the calculation of thermal breakdown involves 

finding the value of the field function F(r, z) (consistent with the 
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equations of electrostatics and electrode geometry) which determines 

the limiting value for the existence of a stable solution for the 

temperature distribution. 

A simpler formulation of the problem is possible by making 

approximations to treat the heat balance as a two region system with 

suitably averaged lumped parameters. The division of the insulator 

into two spatial regions is accomplished as shown in Figure 5. The 

central region is modeled as a truncated cone located under the point 

of the negative electrode. This region is assumed to undergo the 

thermal excursion with a time varying temperature T. The rest of the 

insulator is assumed to remain at a constant bulk temperature T . The 

choice of a conical central region is motivated by the variation of 

the electric field in the point-plane geometry. Such a cone contains 

the main part of the conducting paths determined by the field lines. 

The variation of the field within the conical region is not explicitly 

considered; instead, the calculation is formulated with a voltage 

difference, V between the electrodes. 

It is necessary to calculate the effective electrical resist

ance of the conical breakdown region. Assuming that the vertex angle 

of the cone remains constant for different values of the sample thick

ness d, the effective resistance of a truncated cone varies as 

~ [<J(T)d] *. Denoting the lateral surface of the cone as S, and base 

area as A, the lumped parameter form of the heat balance to replace 

Eq. (5-1) is written as 
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C Vol T = H + V2/R(T) - k. A(T - TD) - k0 S(T - T ) p O Jl K Z O 

k3 S(T4 - Tq4) - k4 A(T4 - Tr4) (5-2) 

where Hq = the heat input through base of conical 

region. 

R(T) = the effective resistance of the cone. 

R(T) ~ [aCT)d]_1. 

Td = the temperature of the heat reservoir at 
R 

the cone base. 

kj, k^, 5 k^ = properly weighted coefficients for the 

various heat loss mechanisms. 

Vol = the volume of the breakdown region. 

The first linear heat loss term in Eq. (5-2) is the conduction 

out of the base of the cone. The second linear term is the conduction 

out of the lateral surface to the bulk of the insulator at T . The 
o 

third loss term is the radiation out of the lateral surface to insulator 

material. The final term is the radiative heat loss to the heat 

reservoir at TR. 

Assume that the excursion starts from an equilibrium temperature 

with the following initial conditions. Initially: 

T = 0 V = 0 T(0) = Tq . 
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Under the equilibrium conditions Eq. (5-2) becomes 

0 = Ho - kl A(To - V - k4 A(To4 - TR4) • (5-3) 

Solving Eq. (5-3) for Hq and substituting into Eq. (5-2) allows and 

Hq to be eliminated resulting in 

Dividing by the quantity C^Vol permits further simplification and the 

result can be written as 

where K, A, and B represent the appropriate groupings of the former 

constants. The dependence on sample thickness has been explicitly re

tained in the geometrical factors, e.g.j surface to volume ratios, etc. 

Condition for Thermal Breakdown 

It is convenient to divide the right side of Eq. (5-5) into 

two parts, a heat input term 

CpVol T = V2/R(T) - (k2 A + k2 S)(T - TQ) 

- (k3 S + k4 A) (T4 - TQ
4) . (5-4) 

T = K O(T) - §(T - TQ) - |(T4 - TO
4) 

d 
(5-5) 

I (T) = ̂ O(T) 
d 

(5-6) 
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and a loss term 

L(T) = j(T - Tq) + |(T4 - Tq4) . (5-7) 

With these definitions, a non trivial solution for an equili-

brium point, i.e.j T = 0, can be described by the conditions I(T) = L(T). 

The temperature dependence of I(T) and L(T) is shown schematically in 

Figure 6. The curve labeled L(T) starts from zero at Tq and increases. 

It is the same for all values of the applied voltage. There are three 

curves shown for I(T), each representing a different value of the 

applied voltage. In the lowest of the three curves for I(T) the applied 

voltage is less than the breakdown value (V < Vg). This I(T) curve 

crosses L(T) at a point slightly above Tq resulting in a stable equili

brium temperature rise for the central cone of the insulator. The next 

I(T) just comes tangent to L(T) at a one point T*. This represents the 

critical condition for the maximum stable temperature rise where the 

voltage is at the breakdown value Vg. The highest I(T) curve is for 

V > Vgj the curve has lifted off in the lower temperature range and 

crosses L(T) only at a temperature outside the physical range. A 

thermal runaway would occur before the cross over temperature could be 

reached. 

A precise mathematical description of the condition required 

for thermal breakdown can now be given. Referring to the critical state 

depicted in Figure 5 note that at the point of tangency, T = T*, the 

slopes as well as the ordinates of I(T) and L(T) are equal. Hence 
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mathematically at the point T* 

I(T*) = L(T*) (5-8) 

and 

91 (T) _ 9L(T) (5-9) 
T* 

9T 
T* . 

However since T = I(T) - L(T) Eqs. (5-8) and (5-9) also express the 

conditions that 

It is important to note that the value of T* is not constant as has 

been previously claimed [3]. The value of T* is a function of TQ and 

the applied voltage and thus must be calculated in each case. 

one heat loss term of Eq. (5-5). The linear heat loss term is used for 

temperatures below 1,000°K, and is replaced by the fourth power term at 

1,000°K and above. Both terms can be retained, but the small increase 

of accuracy in the calculated results does not justify the complexity 

of the treatment. The solution will be developed with the linear heat 

T(T*) = 0 (5-10) 

and 

(5-11) 

Solution of Thermal Breakdown Equations 

For simplicity, solutions are carried out while retaining only 



loss, and then modified to show the changes associated with the fourth 

power model. 

A description of the system must include not only the differ

ential equations for the temperature of the central cone; but also 

appropriate forms of the rate equations (discussed in Chapter 2) for 

the densities of filled traps and electrons in the conduction band. 

The needed equations are given below 

" - GR • fy - ntPt - - V * CR] l5-12) 

At » n[BtCNt - nt) - nt Pt (5-13) 

2 
T = ̂  pen - A/d(T - T ) . (5-14) 

d o 

Note that the collision multiplication terms have been left out 

of Eq. (5-12). Also, in obtaining Eq. (5-14) from (5-5), a(T) has been 

replaced by yen. The system is in equilibrium before the voltage is 

applied. The equilibrium conditions are as follows. Initial equili

brium: 

T = T T = n = n. = 0 
o t 

Adding Eqs. (5-12) and (5-13) and including the appropriate equilibrium 

values yields 



70 

no • ̂  [GR * VTo'J • 
(5-15) 

Also from Eq. (5-13) the equilibrium value of filled traps is given by 

n 
nn B* Nt o t t 

to - no Bt + Pt(To) 
(5-16) 

In the critical state with the electric field applied, the 

conditions are as follows. Critical conditions: 

• • 
T = T* n = nt = T = 0 

V= VB and = 0 

J* 

Differentiating Eq. (5-14) with respect to temperature and evaluating 

that result as well as Eqs. (5-12), (5-13), and (5-14) at the critical 

condition gives the following set of equations. 

0  -  G R +  v  - \  p < ™  -  n [ B t ( N t  -  V  +  c rJ C5"17) 

0 = n[Bt(Nt - nt)] - nt Pt(T*) (5-18) 

KVR 
0 = -f- yen - A/d (T* - TQ) (5-19) 

KV, 
0 = 

2~ ĉFT 
T* 

- A/d (5-20) 



Combining Eq. (5-19) and (5-20) gives the following result for T* 

Hp-^1 = T* - T . (5-21) 
9ni o 
3T|t* 

If Eq. (5-17) is added to Eq. (5-18) and the result rearranged, the 

value of n at the critical temperature is found to be 

n(T*) = ̂  [Gr + Gph(T*)] . (5-22) 

In Chapter 2 the quantities G^fT) and GR were related to CTd (T) 

(the equation for the equilibrium, low field conductivity with fitted 

coefficients). However, in Eq. (5-22) the field enhanced emission must 

be included, since the system is in the field stressed condition. 

Making these changes in Eq. (5-22) results in 

n(T*) = ̂  Vd^*5 C5_23) 

where R accounts for the field enhanced carrier generation. The field 

enhanced conductivity can be written as 

Recr(T) = c^expC- (bx - C/F)/kT] 

+ a2exp[- (b2 - C/F)/kT)] + aR . (5-24) 

The value of n(T*) can be calculated for any given value of F, by using 

Eqs. (5-23) and (5-24). 
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An expression for 3n 
3T 

T* 
is derived by using the deriviative 

chain rule. Since n is an implicit function of time 

A = (|Y)T (5-25) 

Differentiating Eq. (5-25) yields 

— = r3 n) f + (—) (—) 
3T 3t2J 9T 3T 

(5-26) 

However at T = T*, T 
3T 
3T 

= 0; hence 

3n 
3T 

= 0 . 

T* 
(5-27) 

Similarly it can be shown that 

3n, 

3T 
= 0 

T* 
(5-28) 

If Eq. (5-12) is added to Eq. (5-13) and the sum differentiated 

with respect to temperature, the result will be 

3n 
3T 

3nt 

3T 

3G 
'ph r 3n 
3T " R 3T " 

(5-29) 

3G 
The fact that R _ 

3T 
= 0, has been used to obtain the result of Eq. (5-29) 

When Eq. (5-30) is evaluated at T* the terms involving the time deriva

tives vanish and the result can be rearranged as 
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3n 
W 

i 3G . 
= JL r Elb 

T* CR 1 3T J 
(5-30) 

J* 

Since G ^ is expressible in terms of the field enhanced fitted conduc

tivity equation, Eq. (5-30) can be written as 

3n 
3T 

[R an(T)] 
T* CRye 3T 1 e Dv J* 

(5-31) 

where the temperature dependence of the mobility has been neglected. 
t 

(In the calculations the mobility was a function of Tq#) Since 

Eq. (5-24) is explicitly differentiable, it can be used in Eq. (5-31). 

With the aid of Eqs. (5-21), (5-23), and (5-31), the value of T* can be 

calculated. 

Having found T* the thermal breakdown field strength for a 

linear heat loss is 

P .!• 
B 2d 

|A_ rT* - T0-i 1/2 
f4K 1 yend—1 

(5-32) 

where T* is given by 

T* T = — 
o 3n 

3T 

(1*1 (5-33) 

T* 

An explicit solution of Fg is not possible since the value T* depends 

on F. Hence the solution is found by an iterative procedure using F as 

a trial function to determine a value of T*. The calculated value of 
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T* is then used in Eq. (5-33) to update a new value of F and the process 

is repeated until convergence is obtained. 

For a radiative heat loss model the linear term of Eq. (5-5) is 

dropped while the fourth power term is retained to give 

T = —-z- a(T) - 5* (T4 - T 4) 
d c ° 

(5-34) 

and 

3T 
3T 

KV 

T* 

, 8n 
2 ye 3T 

4B „^3 
X T 

(5-35) 

The value for T* is similarly calculated for this model and leads to a 

determination of the value of the breakdown field. The breakdown field 

strength for a fourth power heat loss model is found to be 

- J ±  f 1 W2 rT*4 
I4K VndJ 1 

t 4  1 / 2  

o 1 (5-36) 

with T* given by 

n(T*) 

4T* ^ 
3n 
3T •p* 

(5-37) 

The pair of Eqs. (5-36) and (5-37) form a coupled set of transcendental 

equations for T* and Fg just as in the linear case. Hence the same 

type of iterative procedure is used to obtain a numerical solution. A 



description of the calculational procedure, and the digital computer 

program which was used, are presented in Appendix E. 

In order to obtain correlation with experimental results, it is 

necessary to first evaluate the constants in Eq. (5-32) and Eq. (5-36). 

The evaluation is simplified by fact that in both of the cases, the 

1/2  
constants appear as a ratio. In Eq. (5-32), the quantity [A/4K] 

must be determined; while the corresponding quantity in Eq. (5-36) is 

1/2  
[B/4K] . The evaluation is made by normalizing the calculated re

sults to the experimental data at one point for each of the two heat 

loss models. The linear heat loss parameters are determined by compar

ison with data for one thickness at a temperature of 900°K. The fourth 

power constant ratio is similarly determined at 1,000°K. 

After the constants have been determined for each of the heat 

loss models, a good agreement is obtained between the calculation and 

the experimental points for a large variation in temperature and thick

ness for a given material. The thermal parameter constants must be 

individually determined for each different material. The calculated 

results for A^O^ and BeO are presented and compared to experimental 

data in the next chapter. 



CHAPTER 6 

CALCULATED RESULTS AND CORRELATION WITH EXPERIMENTAL DATA 

Geometrical Consideration of the 
Experimental Field Strengths 

The experimental data of this investigation were obtained with 

an apparatus having point to plane electrode geometry as shown in 

Figure 4. Negative D.C. high voltage was applied to the spring loaded 

upper electrode to induce breakdown. The temperatures were varied with 

the heater in the base electrode. The apparatus was located near the 

gold target of a 1 MeV electron accelerator which produces an x-ray-

field of ~2 x 10^ R/hr. at the point where the insulator test sample 

was located. 

The electric field in the insulator caused by the electrode 

configuration is approximately the same as the field resulting from 

two small oppositely charged spheres located a distance 2d (twice the 

thickness) apart. The radii of the spheres is equal to the radius of 

curvature on the point of the upper electrode. One of the spheres in 

the electrostatic model replaces the pointed electrode. The other 

sphere is an image of the first, located an equal distance below a 

grounded image plane at the surface of the base electrode. 

The maximum value of the electric field between two charged 

spheres occurs at the surface of one of the spheres. In the experi

mental setup the separation distance between the spheres is large 
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compared to their radii, then the field at the surface of one sphere 

may be regarded as due merely to its own charge. For a sphere bearing 

a total charge Q, the field at the surface is in m.k.s. units 

F = _Q__L 
max 4ue 2 (6-1) 

r 

where r = radius of the sphere. Each sphere in the electrostatic model 

is assumed to be at a potential of V/2, one half of the applied voltage 

difference between the electrodes. The charge on the spheres then is 

calculable i.e., 

Q = 4ner(V/2) (6-2) 

Substituting for Q in Eq. (6-1) from Eq. (6-2) yields the maximum 

field in terms of the voltage. 

Vc = 1 

If r«a, where a = separation distance between centers of the spheres, 

a relation for the ratio of the maximum to average field between the 

two charged spheres is approximately given by [3] 

F 
ITtclX cL t r a*\ 

= 2? ' (6"4:) 

Noting that in this case a = 2d, and combining Eq. (6-2) with (6-3) 

gives 
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(6-5) 

From the above development the values of the breakdown field 

strengths used in this investigation were obtained from the applied 

voltage as follows. 

where = the maximum value of the voltage applied to the electrodes 

before breakdown occurred. The reported experimental values of the 

breakdown field strength therefore represent an approximate average of 

the field in the material at the time of breakdown. 

correlation with calculated thermal breakdown results would not be 

affected, since the thermal breakdown calculations yield results in 

terms of voltages and the calculation is normalized to experimental 

data. However, the avalanche breakdown calculations are formulated on 

the basis of a constant electric field in the material; and the spatial 

variation of experimental fields may cause some error. This possible 

source of error may be partially responsible for the fact that the 

thickness dependence of the avalanche calculations did not correlate 

as accurately with the experiments as did the thickness variation of 

the thermal breakdown calculations. 

F„ - Vg/2d (6-6) 

If the experimental data contained a systematic error, the 
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Input Data for Avalanche Breakdown Calculations 

In addition to basic physical constants, the avalanche break-

do™ calculations require values of the parameters governing the 

electron transition rates between various energy levels. Also needed 

are the trapping parameters (i.e.^ number density of trapping sites, 

energy levels etc.)- These data have been previously determined and 

are listed in Table 2. 

Other required input data include the dielectric constant at 

optical frequencies and the static dielectric constant e . Values 

of the static dielectric constant for and BeO are available in 

the literature [25]. The optical dielectric constant was calculated 

from the index of refraction of the insulator material as follows. 

e„ = n2 (6-7) 

where n = optical index of refraction. The values of n for alumina and 

beryllia were taken as the indices of refraction of sapphire and bro-

mellite respectively. • 

Another important input parameter is the value of restrahlen 

frequency for the insulator crystal. Restrahen frequencies are mea

sured from infrared reflection data. Two slightly different values of 

infrared data were obtained from the literature for Al^O^. One re

ported wavelength for the restrahlen peak in i-s at *5 y [26,27]; 

the other is at 14 y [28]. For A^O^, avalanche breakdown calculations 

were made for eaoh value of restrahlen wavelength. The avalanche 



Table 2. Data for Electron Transition Rates 

Value 
Parameter Ah°Z BeO 

N (cm-3) io18 1018 

Et (e.v.) 1.4 0.85 

Eg (e.v.) 10.0* 6.8** 

St (cm-3) 10"15 IO"15 

Bt (cm~^ sec-1) 2.0 x io"9 2.0 x 10"9 

-3 -1 
CR (cm sec ) io9 109 

-3 -1 G  ̂ (cm sec ) 1.3 x io17 1.3 x io17 

*Value of E for Alo0_ [23]. g 2 3 1 J 

**Value of Eg for BeO [24]. 

All other values were determined by Pickard [11], however, the value 
of G^ has been adjusted to yield agreement with other conductivity 
measurements [2,3]. 



results for alumina therefore show two curves corresponding to each 

set of experimental data, one for each v^lue of the restrahlen data. 

The restrahlen wavelength for BeO was not obtained despite an 

extensive literature search. However it was determined that infrared 

transmission of beryllia decreases rapidly from a high value at 

~5.5 y [29]. Since the restrahlen peak is usually located at a 

wavelength slightly longer than the infrared transmission cutoff, the 

restrahlen wavelength for BeO was estimated to be 6 y. The value of 

6 y was used in all pertinent calculations for BeO. A summary of the 

electro-optical properties used for the avalanche breakdown calcula

tions is given in Table 3. 

Avalanche breakdown calculations also depend on crystal-

lographic data in that the number of unit cells per unit volume N must 

be known. The value of the energy, Eq, associated with the cutoff 

wave number at the Brillouin zone boundary is also required. A 

relationship between these quantities was given in Eq. (4-11). An 

alternate way to calculate Eq is [8] 

k0D E0 = (6-8) 

where 0^ = the Debye temperature in the insulator crystal and S = the 

velocity of sound in the insulator. The values for 9^ and S are avail

able for A^Oj [25,30], so Eq for alumina was calculated with Eq. (6-8) 

Eq for beryllia was calculated using Eq. (4-11) . The values calculated 
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Table 3. Summary of Electro-optical Properties for Avalanche 
Breakdown Calculations 

Circular 
Restrahlen 
Frequency 

ui(rad/sec) 

Static 
Dielectric 
Constant 

e 
s 

Optical 
Dielectric 
Constant 

e 00 

Index 
of 
Refraction 

n 

A12°3 

14 
1.255 x 10 (l5y) 11.0 3.117 1.765 

1.348 x 1014 (14u) 

BeO 

3.142 x 1014 C6y) 6.8 2.978 1.725 



by either method do not vary greatly: for A^O^, EQ = 1.54 e.v.; for 

BeO, E was calculated to be 1.56 e.v. 
' o 

The density of unit cells is calculable from the weight density 

of the material and the molecular weights once the number of molecules 

making up a unit cell is determined. Both alumina and beryllia have a 

crystal lattice which consists of a hexagonal close packing of oxygen 

ions with metalic ions in the octahedral interstices. The h.c . p .  

lattice cell contains six oxygen atoms and is made of three primitive 

unit cells. In BeO all of the available octahedral sites are filled 

by beryllium ions, hence the primitive cell is taken as the unit cell. 

It contains two BeO molecules. In alumina, only two-thirds of the 

interstices are occuppied by aluminum ions, so it is necessary to take 

the entire hexagonal cell to obtain all of the symmetry features. 

This cell contains two A^O^ molecules. The computer program carries 

out the calculation of N once the number of molecules per unit cell is 

specified. 

An additional parameter that must be determined is the reduced 

mass of the ions in the crystal. The definition of a reduced mass for 

two particles leads to 

where M = reduced mass and m^, = masses of each of the ions. No 

problem is encountered in implementing Eq. (6-7) to calculate M for 

BeO because beryllia has a 1:1 ratio of metal ions to oxygen ions. 



However, in the ratio of metal ions to oxygen ions is non 

integral. Consequently M for A1203 was calculated using a value of 

1.5 times the weight of an oxygen atom with the weight of a single 

aluminum atom. 

The only other data required for the avalanche calculations 

are those describing the electrical conductivity. The electrical 

conductivity is needed to calculate nQ at each temperature. The values 

of the constants for the equations pertaining to the conductivity are 

given in Appendix B. 

Input Data for Thermal Breakdown Calculations 

The thermal breakdown calculations require experimental values 

of the breakdown fields at two temperatures for each material to deter

mine the heat transfer parameters. These data are given at 900°K and 

1,000°K. The sample thickness associated with the normalization 

values must also be specified. For A^O^ the calculation was normal

ized to data for the two temperatures at a thickness of 0.058 cm. The 

thermal breakdown calculation for BeO was normalized to data for a 

thickness of 0.0381 cm. 

The electrical conductivity of the insulator is also needed. 

The constants given in Appendix B were used to calculate the conductiv

ity as was done for the avalanche breakdown calculations. 
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Presentation of Calculated Results and Correlation 
with Experimental Data 

The computed results of both the avalanche calculations and 

the thermal breakdown for lucalox are plotted along with experimental 

data points in Figures 7, 8, 9, and 10. The same information for 

sintered polycrystalline beryllia is shown in Figures 11 and 12. 

The calculated values of avalanche breakdown fields for lucalox 

are the pairs of increasing curves on Figures 7, 8, and 9. The de

creasing curve in each figure is the results of the thermal breakdown 

calculations. The upper curve in each figure was calculated with a 

restrahlen frequency corresponding to a reflection peak at 15 y. The 

lower curve is for a restrahlen peak at 14 y. The effects of radia

tion change the avalanche calculations to produce the dashed curve. 

The difference between the irradiated and unirradiated results gives 

an indication of the effect of the electron traps on the breakdown 

field, since the radiation keeps a larger fraction of the trapping sites 

filled. At higher temperatures and field strengths, the field en

hanced thermal excitation overshadows the effects of radiation, hence 

the radiated and unirradiated curves merge in this region. 

The thickness dependence of the avalanche calculations is very 

weak. The experimental data points decrease with larger sample thick

ness more rapidly than the calculated avalanche values. This can be 

seen by noting that the calculated values match the experiments for 

thickness of ~0.03 cm and ~0.06 cm in Figures 7 and 8; but in Figure 9 
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and 10, for thickness of ~0.08 cm and ~0.09 cm, the calculated curves 

are clearly higher than the experimental points. 

The thermal breakdown calculated curves show a much better agree

ment with thickness variation of the experiments. The temperature de

pendence of the thermal breakdown results is significantly affected by 

the choice of the constant for the field enhancement of carrier genera

tion. The curves shown on the figures are for a unit charge potential 

-4 
well (Ze££ = 1); and the constant value is 7.61 x JO cm/V. If the 

field enhancement is neglected the calculated thermal breakdown curves 

lift well above the data at T > 80°K but approach the measured results 

at T < 600°K. 

Figures 11 and 12 show a comparison of experimental and 

theoretical results for beryllium oxide. It should be noted the scale 

of the field strengths in Figures 11 and 12 is twice as large as it is 

in the previous figures. The avalanche calculation for BeO is almost 

constant with temperature. This is primarily a result of the higher 

restrahlen frequency used in the calculations for BeO. There is also 

a negligible difference between unirradiated and irradiated avalanche 

calculations in beryllia. The higher fields cause so much electron 

emission from traps that the radiation effect is small. 

The thermal breakdown calculations for BeO are in much better 

agreement with experiments than the avalanche values, even at the lower 

temperatures. It may be that thermal breakdown -s the failure mechan

ism in BeO for all temperatures above and including room temperature. 

This is somewhat indicated by the fact that the experimental data for 
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BeO seem to show a decreasing temperature dependence for the entire 

temperature range. 

It must also be noted the avalanche calculations for beryllia 

are based on imprecise estimates for the input parameters. The crystal 

lattice of BeO is such that good agreement can be made by taking the 

unit cell as a single ion pair as is done for alkali halides. If 

this were done, the calculated avalanche fields would be ~900 KV/cm. 

It is also possible that the restrahlen frequency for BeO is more 

nearly equal to the restrahlen frequency for alumina. This would also 

raise the calculated values of avalanche breakdown. If either of 

these changes were made, the avalanche values for BeO would be higher 

than the experimental data lending further credence to the possibility 

that only thermal breakdown occurs in BeO. 

The thermal breakdown calculations in all cases showed almost 

no effects of radiation and only one curve representing thermal break

down is plotted on each of the figures. While there is a decrease in 

the thermal breakdown strength the effect is minimal because the field 

enhanced thermal emission is much larger than carrier generation by a 

high intensity photon field. 



CHAPTER 7 

CONCLUSIONS 

The failure of metal oxide insulators due to dielectric break

down is explainable and predictable using a theoretical model which 

utilizes two types of breakdown mechanisms: (1) a growing electron 

avalanche for samples at temperatures in the range of ~300°K - ~450°K, 

(2) a thermal runaway due to Joule heating for higher sample tempera

tures . 

The correlation between experimental and theoretical results 

indicates that in part of the temperature regime the breakdown condi

tions in alumina are triggered by an electron avalanche. In ava

lanche breakdowns the subsequent processes which act to cause failure 

are somewhat in doubt; but it does appear that for alumina, the initial 

instability at intermediate temperatures is caused by an electron ava

lanche. The possibility of avalanche breakdown in beryllium oxide also 

exists; but this is not clearly indicated. 

The calculations of avalanche breakdown made in this investiga

tion show that the size attained by the critical avalanche is not a 

sensitive parameter. The field at which growing electron avalanches 

begin to form is not very different from the field strength required 

16 -3 to produce an avalanche with an electron density of -10 cm . The 

difference between these two field strengths is certainly less than 
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the experimental error of the measured data. Therefore the quantitative 

calculation of avalanche breakdown fields requires only a prediction of 

field conditions necessary to cause significantly growing avalanches; 

and does not depend on a precise description of the processes which re

sult from the occurrence of an electron avalanche. 

At higher temperatures, the data for both BeO and A^O^ indicate 

the failure mode is a thermal breakdown. By using the theoretical cor

relation derived in this dissertation with experimentally determined 

thermal parameters, the thermal breakdown field strengths are quantita

tively predictable. Thermal breakdown may be the only mechanism occur

ring in BeO for the temperature range investigated. 

It is necessary to include effects of field enchanced carrier 

generation in the theory to obtain agreement with experimental break

down results. This would seem to indicate that field enhancement is an 

important phenomenon in metal oxide insulators for high field conditions. 

With the addition of field enhancement to the rate equations for the 

dynamics of carrier generation, trapping, and recombination; the one 

trapping level, energy band insulator model is adequate to describe high 

field electronic conductivity in insulators. However, a complete 

description of the dielectric breakdown should also include the motions 

of positive charge carriers and ionic drift. 

The necessity to avoid failure due to dielectric breakdown 

imposes design constraints on systems which require the operation of 

metal oxide insulators in thin films or at high temperatures. The 



effects of photon irradiation also reduces the breakdown strength of 

these materials. Within the variations of the experimental data the 

radiation field dependence is not important in engineering design. The 

change in the breakdown field strength caused by radiation fields does 

indicate that trapping phenomena are participating in the breakdown 

process. 

Specific values of the D.C. breakdown field strength for 

alumina and beryllia range between 10^ - 10^ V/cm for temperatures up 

to ~800°K; with beryllia having about a factor of 2 greater resistance 

to dielectric breakdown. Above 1,000°K the breakdown field tends to 

fall below 10^ V/cm for both materials. At very high temperatures, 

1,300°K, a spatially and temporally locallized breakdown is not 

observed. Instead, the entire bulk of the dielectric material behaves 

like a temperature sensitive resistor with internally generated Joule 

heating. Material destruction is possible under these conditions if 

a sufficiently large current is passed through the insulator to cause 

melting. 



APPENDIX A 

FIELD ENHANCED EMISSION 

A bound electron in the crystal is assumed to reside in a 
\ 

coulombic attractive potential well determined by an appropriate charge 

Zgf£. The potential energy as a function of distance for the coulomb 

well is given by 

- Z e2 

V(r) = . CA-1) 

If a strong electric field is applied to the insulator, a linear 

potential gradient acts on a bound electron as well as on the potential 

described by Eq. (A-l). The two potentials and their composite effect 

are shown diagramatically in Figure 13. The value of the potential 

energy of a bound electron under the influence of the composite poten

tial is written as 

" Zeff *2 V fr) = 5i£ e Fr CA-2) 
v r 

where F = the electric field. 

The bound electron is assumed to be in a bound state at an 

energy depth Et as shown in Figure 13. The effect of the applied field 

is to cause a reduction of barrier height for the composite potential 
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by an amount AE. The value of AE can be calculated by evaluating the 

composite potential energy given by Eq. (A-2) at the point of its maxi

mum. Accordingly Eq. (A-2) is differentiated to yield at the maximum 

+ ^eff e eF = 0 , (A-3) 
rm 

where rm = the distance to the point of the maximum. 

Solving for rm in Eq. (A-3) gives 

1/2 
r
m = l-T-l • CA-4) 

Hie value for r^ can be substituted in Eq. (A-2) to calculate the poten

tial energy at the maximum as follows, 

- Zeff ®2 ê 1/2 (z e\] -*£-) • (A-5) P3 
The change in the energy depth can now be calculated. 

AE = 2e3/2 (Ze££ F)1/2 . (A-6) 

Comparing Eq. (A-5) with Eq. (2-7) gives 

AE = (A-7) 

where C = 2e^^/Z^££ . 
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If E is expressed in e.v., and F in V/cm: 

C = 7.61 x 10"4 for Z ._ = 1 
eff 

C = 5.37 x 10~4 for Zgff = 1/2 . 

In dealing with electron traps, values of were taken < 1; 

for calculations of the emission of valence electrons, a unit charge 

potential well was used. Field enhancement of carrier generation caused 

by a change in the excitation energy proportional to /F has been dis

cussed in the literature [31] and is referred to as Poole-Frenkel 

emission. 



APPENDIX B 

INSULATOR CONDUCTIVITY PARAMETERS 

The electrical conductivity of metal oxide insulators has been 

expressed as [1,2,3] 

a(T) = expC-bj/T) + a2 exp(-b2/T) + aR . (B-l) 

• Based on measurements done in the TRIGA reactor core, the temperature 

dependence of the radiation induced conductivity has been described 

with the following relation [2] 

ffR = PG exp(-W/RT)T3/2 (B-2) 

where PG = a constant that depends on reactor power and W = activation 

3/2 
energy or appropriate shift in the Fermi Level. The T factor is a 

mobility dependence due to ionized impurity scattering. Little error 

results in dielectric breakdown calculations, if the low field mobility 

is taken as constant. 

The constants in Eqs. (B-l) and (B-2) have been determined by 

least squares fitting to experimental data [3] and are listed in 

Tables 4 and 5. 

It was also found that the approximate amount of radiation 

induced conductivity for A^O^ and BeO can be calculated from the 
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Table 4. Constants for Temperature Dependent Conductivity 

Er 

BeO 

A12°3 

0.0723 1.31 ± .031 2.24 x 10 
-11 

0.067 1.12 ± .04 6.30 x 10 -7 

0.190 ± 0.082 

0.471 ± 0.029 

Table 5. Constants for Radiation Dependent Conductivity 

W ev PG (ohm-can) 
-1 G (kW/l-orvn-'am) -1 

BeO 

A12°3 

0.012 ± .009 

0.086 ± .0014 

2.57 x 10 

3.7 x 10 

•15 

•14 

4.30 x 10 
-16  

6.1 x 10 
-15 
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equilibrium values of rate equations in Chapter 2 by setting 

Gr-S-1.3 x 1017 (cm - sec)-1. 

The high field mobility, for electrons drifting at energy 

with lattice scattering, was obtained as part of the computer calcula

tions in the avalanche analysis. These mobility values have been fitted 

by an approximate linear equation giving the temperature dependence as 

U(Tq) = 3.0 - (9.6 x 104)To (B-3) 



APPENDIX C 

EXPERIMENTAL EVIDENCE OF FIELD ENHANCED CARRIER EMISSION 

An experiment was set up such that a high electric field could 

be applied to a sample of a metal oxide insulator while monitoring the 

current with a digital voltmeter. This was accomplished by using the 

d.v.m. to measure the voltage drop across a 10 meg ohm resistor in 

series with leakage current passing through the insulator. The insu

lator sample was between plane parallel electrodes in vacuum. 

The following results were obtained. Each time the applied 

voltage was increased, the d.v.m. indicated a current flow through the 

sample which slowly decayed to an unreadable value with a period of 

from ~10 sec to 1 min. Another increment of voltage would cause another 

burst of current, but each time the current would decay to the low 

background level. When the sample was removed, it was found to be 

positively charged and would attract small objects. An electrometer 

verified that the charge was positive. The sample slowly returned to 

charge neutrality but only after a period of several hours. 

The behavior can be interpreted by noting that the interface 

potentials set up by the contacts in a metal-insulator-metal system 

are "blocking" for electron injection but will permit the removal of 

negative carriers with no excitation energy. Apparently what occurred 

in the insulator sample is that each time the field was increased, 
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enhanced emission and/or tunnelling freed some bound electrons from 

shallow traps in the bulk of the material. Carrier migration would then 

occur with electrons being trapped and reemitted as they drifted until 

they were removed at the positive electrode. Holes would drift toward 

the negative electrode, where they are blocked by the potential at the 

surface. This process would continue until the internal field caused 

by the non-conservative current would prevent further drift and the 

current transient would die out. 

The next incremental increase in the applied field would free 

another burst of carriers from deeper trapping levels and cause another 

current transient. Each transient removed more electrons causing a 

larger net positive charge in the insulator. It was this excess posi

tive charge which was observed when the sample was removed. The 

excellent insulating properties of the ceramic allowed the charge to 

remain for a relatively long time while electrons diffused back into 

the crystal to neutralize the imbalance. 

The fields applied to the ceramic in this experiment were of 

the same order of magnitude as that required for dielectric breakdown. 

It is therefore assumed that similar processes resulting from the 

electric field would be active in an insulator just prior to the 

occurrence of a breakdown initiation. 



APPENDIX D 

NUMERICAL CALCULATION OF AVALANCHE BREAKDOWN 

Computation of the Equilibrium Energy, Ei, Associated 
with the Drift Velocity of an Electron Swarm 

The computation of avalanche breakdown field strengths requires 

an iterative procedure using the field F as a trial function. However 

nested within the iteration on F is another iterative routine which 

determines the value of E^. A description of this part of the calcula

tion will be presented first and then the overall calculational scheme 

will be described. 

The value of the equilibrium energy is determined by the point 

where the rate at which a conduction electron gains energy from the 

field is balanced by the rate of energy loss to the lattice, i.e., 

A(Ej) = B(Ep. Expressing this conduction in terms of the equations of 

Chapter 4 leads to 

B(Ep 
Mlp - 1 = °2 XCBp (D-D 

where 

F 2 

°2 = -f" 
£ * 

and 

X(Ep = Cni/E1) [An(4E1/R0i) - n^] 
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The meanings of the symbols were previously defined in Chapter 4. 

The method used to compute the value of from these equations is 

follows below. 

1. ,Calculate which depends on the current value of F 

and calculate which depends on Tq. 

2. Choose an initial estimate of £ ' = 1/2 kQ.. 

3. Calculate and B(Ê ')/A(Ej'). 

4. If B(Ê ')/A(Ej') > 1, divide Ê ' by 2. Continue to 

halve Ê ' and repeat Step 3 until B(Ê  ')/A(Ê ) < 1. 

5. As soon as B(Ê )/A(Ê ) < 1 (this may occur on the 

initial trial estimate)3 increment Ê ' = Ê ' + 0.01 e. 

Continue to increase Ê  ' by the same increment while 

repeating Step 3 until the value of B(Ê ')/A(Ê ') goes 

through 1. 

6. Back up 1 interval on Ê  ' and begin increment Ê  ' = 

Ê ' + 0.001 e.v. Continue to increase Ê  ' by this 

smaller increment while repeating Step 3 until 

B(Ej ')/A(Ê  ') again goes through 1. 



7. Back up 1/2 of the small interval to the final 

value of E2 = Ê ' - 0.005 e.v. 

The value of E^ obtained by these methods applies only to a 

particular trial value of F. Each time F is changed, E^ must be re

calculated. The method used to determine the field Fg which will caus 

avalanche breakdown is now presented. 

Calculational Routine for Avalanche Breakdown Field 

The following algorithm was used as the basis of a computer 

program to calculate Fg. 

1. Read all input data and compute constant parameter 

groupings. 

2. Choose the case values of the sample thickness, L 

and the temperature T . Calculate all parameters 

which depend on temperature and/or thickness but 

not on the electric field. 

3. Choose an initial estimate for the field F'. 

4. Using F' calculate Ê .*. Also compute the field 

enhancement factors for trap emission as well as 

the equilibrium values of the filled trap density 

n. and the conduction electron density n under 
"u O 

the field stressed conditions. 
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S. Determine the value of Ê  for the current value F' 

by using the iterative procedure described in an 

earlier section of this appendix. 

6. Using Ê  calculate T(Ê )3 V-(Ê ) and the drift 

velocityj v̂ . 

7. Compute and Hthen use these values with F' 

to calculate P(E*) and P(E ). 
t g 

8. Compute the value of f, the relative trap collision 

probability. 

9. Using the current value of all the necessary 

variables calculate the values of a and 3« 

10. Calculate the value of n .  ̂ c 

2 Q 
11. Check the calculated value of n . If n < 10 Q C 

begin to increment F' = F' + AF; where AF is a 

preselected interval (usually ~ 100 - 500 KV/cm). 

Continue to increase F' while repeating Steps 4 

16 
through 10 until the value nQ >_ 10 . 
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12. Back up 1 interval and begin to increment with a 

smaller. interval F' = F' - t\F/10. Continue to 

increase F' while repeating Steps 4 through 11. 

13. Iterate down to the final of F' by successively 

smaller step sizes until the interval is within 

the desired tolerance. 

14. When kF' is sufficiently small, accept the final 

value for the breakdown field as F̂  = F'. Condi

tion all data for read out and print results. 

15. Repeat the calculation for other cases while 

varying Tand L over the ranges of interest. 

16. Repeat the entire calculation for irradiated cases 

with all parameters changed to their appropriate 

values in a radiation field. 

Avalanche Breakdown Computer Program 

A FORTRAN IV computer program was constructed to carry out the 

calculations required for determining the .avalanche breakdown fields. 

The program was titled "YOBIE." Program YOBIE is presented below and 

followed by a glossary of programming variables. 



PROGRAM YOBIE(INPUT»OUTPUT) 
10 FORMAT(4E20.8) 
11 FORMAT(2E20 »8) 
12 FORMAT(flEl0«3) 
13 FORMAT(El0»3) 
15 FORMAT(6E10 «3) 
20 FORMAT (2E10.3) 
21 FORMAT (2E10.3/) 
41 FORMAT (4E10.3/) 
61 FORMAT (6E10.3/) 
81 FORMAT (8E10.3/) 
22 FORMAT (2E10.3//) 
42 FORMAT UE10.3//) 
62 FORMAT (6E10.3//) 
82 FORMAT (RE10.3//) 
111 FORMAT (///1E20.8 ///) 
129 FORMAT ( # SHOTKY EFFECT TOO GREAT «• ) 
130 FORMAT ( * El TOO SMALL « ) 
139 FORMAT( 28H STRATTON*S EQUATIONS USED /////////) 
144 FORMAT ( # ITERATION IN PROCFSS 
149 FORMAT ( //2.0X* 28H STRATTON*S EQUATIONS USED 
159 FORMAT (// 2QX , 13H IRRADIATED ) 

READ 10, ELC, ELM, PI. H 
READ 11, H8, BK 
READ 12, ANT» CR» GR, S,ETEV,W, BT, A 
READ 15, EPI, EPS, EOEV, EGAPEV* BDN, CRYM 
READ 15, RHO, WTM, WTO, CPNM, CPNO, AVGN 
GRP = GR 
SRIN = S 



DO 7000 LK s 1. 2 
GR = GRP # (UK -1) 
IJ = 1 

1999 GO TO ( 20001 2001» 7000)• IJ 
2001 PRINT 139 
2000 PRINT10» ELC, ELM, PI, H 

PRINT 11, H8» BK 
PRINT 12, ANT, CR, GR, S,ETEV,W, BT, A 
PRINT 15, EPIt EPS, EOEV, EGAPEV, RDM, CRYM 
PRINT 15, RHO, WTM, WTO, CPNM, CPNO, AVGN 

109 FORMAT(7X , 2HT0, 11X, 1HF, 11X, 3HHT#, 
111X, 3HFT»» 10X, 6HP(ET«), 10X, 2HF1, 
29X, 7HTAU (El) • 8X, 6HMU(E1)» 8X, 5HP(EG> /) 

119 F0RMAT(//3X,9HTHICKNESS, 4X, 3HCM., 16X, 6HINCHES) 
120 FORMAT(Fll,1, F14.lt 7E14.3) 
121 FORMAT(2F20.4//) 

FT = ETEV«1.602E-i2 
EGAP = EGAPEV«1.602E-12 
EO = EOEV«1.602E-i2 
A2 = A»A 
A3 = A2<*A 
ELC2 = ELC»ELC 
ELC3 = ELC«ELC2 
ELC4 = ELC2*ELC2 
ELMQ = SQRT(ELM) 
H s 2,0 # PI « HB 
BKT = HB#W 
BKEV = BKT/1.602E-12 
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301 GO TO (2001 201. 7000) »IJ 
201 PRINT 149 
200 PRINT 119 

PRINT 121, DL» DLIN 
PRINT 109 
FP = 100000,0 
TOIN = 250.0 
DELTO = 25.0 
DO 6999 M= Of 16 
TO = TOIN • DELTO«M 
GPHO = CR»8.4«EXP(-22000.0/TO)»1.0E*09/ELC 

l • CR#92.5«EXP(-6800.0/T0)/ELC 
ANOP = (GR + GPHO)/CP 
ANO = ANOP 
ANB = 1.0/<EXP(BKT/(BK«TO)) - 1.0) 
QTO = 2.0*ANB • 1.0 
DP = DPP/QTO 
ANI = 1.0/(EXP(BKTI/(BK»TO)) - 1.0) 
QITO = 2.5*ANI • 1.0 
OPQ = DSl»QITO 
OPQH = DSl#SQRT(EPI/EPS)«OTO 
ETAI = BKTI»(ANI *0.5) 
RKTO = BK«TO 
ANC = 2.0*(2.0«PI»XH3»BKTO/H )»»1.5 
PTO = ANC«BT»EXP(-ET/BKTO) 

601 DELF = 1.6oE-03«DELTO • FP 
FP s FP » (1.0 • 1.0DE-03»DELTO) 

700 F s FP/300.0 
701 ETS s ET - 1.602E-12 • 5.37E-04 • SORT(FP) 



702 RAF = 1.602E-12 • 5.37E-04 • SORT(FP)/BKTO 
RAFE = EXP(RAF) 
REM = RAFE 
GPH s  GPHO#REM 
PT = REM«PT0 
ANTS a AN0*8T#ANT/(AN0»BT * PT) 
CT = BT«{ANT -  ANTS) 
TAUET = DP«SQRT(ETS) 
SF = ANTS«S«i.414214»DP*ETS/ELMQ 
RSF = 1.0 -SF 
F? = F«F 
CS1 = FZ02«ETAI/(2.0«F2) 
ElP s 0.5«BKTI 
K = 1 
EB = E1P/BKTI 
IF <EB - 1.0E-06)1003» 1003»490 

490 CHIE =<ALOG(4.0»E1P/BKTI) - ETAI/EIP)/E1P 
BOVA = CSl • CHIE 
IF (BOVA -1.0) 500* 550» 510 

510 E1P = 0.5#E1P 
GO TO 490 

500 CONTINUE 
DELE1 s 1.602E-14 

491 E1P = E1P • DELE1 
EBB = 4.0_« E1P/8KTI - ETAI/EIP 
IF (EBB- 1.0E-06)1003* 1003» 480 

480 K = K*1 
IF (K - 100) 492* 820» 820 

492 CHIE =(ALOG(4.0*E1P/BKTI) - ETAI/EIP)/E1P 



ROVA = CSl • CHIE 
TF (BOVA -1.0) 491» 550» 494 

494  IF  (DELE1 -  1 .602E-14)  550T 495 I  495  
495 EIP = EIP - DELE1 

DELE1 = DELEi/10.0 
GO TO 491 

550 El = EIP - 0.5#DELE1 
CHIE =(ftLOG(4.0«Ei /BKTI) - ETAI/El )/El 
BOVA = CSl « CHIE 
TAUIS = DPQ/(SORT(El)) 
TAU s 1•O/TAUIS 
TAUOO = DP«SQRT(E1) 
UM S ELC«TAU/ELM 
VD = F«UM 
GO TO (  750»  751»  7000)» IJ 

750 HTS s ZHH * OTO • <ZH1#AL0G(ETS/E1)) 
GO TO 792  

751 HTS s (ELMQ/1.414214) »(DPQH/ELC) • ALOG(ETS/E1) 
792 PET s EXP(-HTS/F) 

GO TO ( 760 » 761» 7000)» IJ 
760 HGS s ZHH * QTO # <ZHl»Al_0G(EO/El) + ZH2»(1.6/EO - l.O/EGAP)) 

GO TO 793 
761 HGS a (ELMQ/1.414214) #(DPQH/ELC)  »  ALOG(EO /ET )  •  

1 XHH « QTO •  XH2 » (L.O/EO -  ICO/EGAP) 
793 PEG s EXP(-HGS/F) 

XAL1 = 2.0«SF»PET/(VD«TAU) 
XAL2 = 2.6#RSF«PEG/(VD»TAU) 
AL =  XAL\  •  XAL2 
RE *  (CT •  CR) /VD 



XC1 = AL«ANO/(AL-BE) 
XC2 = 8E«AN0/(AL-BE) 
ALBE = (AL -9E)«DL 
IF (ALBE - 250.0) 810, 810, 900 

820 PRINT 12, HTSt HGS, PET, PEG, XAL1, XAL2, AL, BE 
PRINT 11, FP, ANL 
PRINT 10, El, TAU, UM, ETS 
GO TO 6999 

810 ANL = XC1«EXP(ALBE) - XC2 
IF(ANL-ANCL) 910, 900, 900 

910 FP = FP • DELF 
911 GO TO 700 
900 IF (DELF - 250.0) 999, 999, 800 
800 FP » FP - DELF 

DELF = DELF/10,0 
FP = FP • DELF 
GO TO 7ro 

999 E1EV = E1/1.602E-12 
ETSEV = ETS/1.602E-12 
UMPU = UM/300.0 
8KT0EV = 8KTO/1.602E-12 
PAFEV = RAF/1.602E-12 
GO TO 1001 

1003 PRINT 130 
100* PRINT 126, TO, FP, HTS, ETSEV, PET, ElEV, TAU*, UMPiV, PEG 
6999 CONTINUE 
6969 CONTINUE 
7000 CONTINUE 

STOP 
END 
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Glossary of Computer Variables 

Computer Theoretical Meaning 
Symbol Symbol Meaning 

ELC e Electron charge 

ELM m* Electron mass 

PI it Geometrical constant 

H h Plank's constant 

HB H h/2Tr 

BK k Boltzmann constant 

ANT Number of trapping centers 

CR CD Recombination coefficient 

S St Trap collision cross section 

ETEV E^ Trap energy depth in e.v. 

W a) Restrahlen circular frequency 

BT B^ Transition coefficient 

A a Lattice constant 

EPI Optical dielectric constant 

EPS e Static dielectric constant 
s 

EOEV Eq Cutoff energy in e.v. 

EGAPEV E Band gap energy in e.v. 
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BDN 

CRYM 

RHO 

WTM 

WTO 

CPNM 

CPNO 

AVGN 

WTMOL 

CELLN 

M 

AV 

N 

Critical avalanche size 

Reduced mass of ions in the crystal 

Weight density of ceramic 

Atomic weight of metallic atom 

Atomic weight of oxygen 

Chemical proportion number of metal 
atoms in metal oxide 

Chemical proportion number of 
oxygen atoms in metal oxide 

Avogradro's number 

Molecular weight of metal oxide 

Number unit cells per unit volume 

BKTI 

FZO 

DL 

DLIN 

k0. 
x 

L 

L/2.54 

Parameter grouping 

Parameter grouping 

Thickness in cm 

Thickness in inches 

ANCL 

GPHO 

ANO 

ETAI 

TO 

n 

Jph 

n 

ni 

Critical electron density 

Thermal carrier generation rate 

Equilibrium electron density 

Parameter grouping 

Sample temperature 
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ANC 

PTO 

FP 

ETS 

REM 

ANTS 

TAUET 

SF 

EIP 

BOVA 

El 

TAUIS 

QTO 

UM 

VD 

HTS 

PET 

N 
c 

Pt 

F» 

V 

Re 

nt 

£ 

E 1 
fcl 

B(E1')/A(E1») 

E1 

1/TCEp 

QCT
0) 

y(Ej) 

V 

P(Et*) 

Density of states in conduction band 

Trap emission coefficient 

Trial value of field 

Field modified trap energy 

Field enhancement factor 

Density of filled traps 

Relaxation time at trap energy 

Relative trap collision probability 

Trial value of E^ 

Parameter groupting 

Equilibrium energy 

Inverse relaxation time 

Parameter grouping 

Mobility, cgs units 

Drift velocity 

Parameter grouping 

Probability of getting to trap ; -• •' 
energy 

HGS 

REG 

H 

pCBg) 

Parameter grouping 

Probability of reaching energy 
equal to the band gap 
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AL a Parameter grouping 

BE 6 Parameter grouping 

UMPU VCEj) Mobility, practical units 

Not all of the computer variables are contained in this listing. 

Many parameter groupings do not have a clearly meaningful analog in the 

theoretical develop. Also the program contains convergence checks and 

diagnostic aids which may not be active on a production run. All runs 

were made on the CDC 6400 at the Computer Center at the University of 

Arizona. 



APPENDIX E 

NUMERICAL CALCULATION OF THERMAL BREAKDOWN 

The calculation of thermal breakdown field strengths requires 

the determination of the value of T*, the maximum stable temperature 

in the breakdown region. The value of T* is then used to compute a 

value of the field F. Because of the field dependence in the enhanced 

electrical conductivity F must be used as a trial function until a 

convergent set of values is obtained. A digital computer program is . 

used for the calculation. 

The calculation of T* uses the following equations which were 

developed in Chapter 5, 

n(T*) _ 
9n 
3T 

= (T* T ) , 
oJ ' 

(E-l)  

for linear heat loss, 

n(T*) _ 
3n 
3T 

4 4 
T* - T0 

4T*3 
(E-2) 

for fourth power heat loss. 

As discussed in Chapter 5, the values of n(T*) and its deriva

tive are expressible in terms of the field enhanced electrical conduct

ivity. However, because the fitted conductivity equations contain 
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exponential terms, both Eq. (E-l) and Eq. (E-2) are transcendental 

equations. The numerical solution of Eq. (E-l) and (E-2) is made by the 

computer using a function subroutine which is called by the main program 

as needed. 

Programming Algorithm 

The computer program for calculation of thermal breakdown per

forms the operations described below. 

1. Read all input data and compute the parameter 

groupings. 

2. Call the function to compute the value of T* for 

Tq = 1J000°K and a read-in value of the experimental 

field strength at that temperature. 

S. Using the value of T* computed in Step 2, an 

experimental field strength and a specified thickness3 

calculate the value of the normalization constants in 

the fourth potter model. 

4. Call the function to compute the value of T* for 

Tq = 900°K and a read-in value of the experimental 

field strength at 900°K. 

5. Using the experimental values of the breakdown 

field and of the sample thickness with the value of 

T* computed in Step 43 calculate the value of the 

normalization constants in the linear heat loss model. 
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6. Print out all read-in data with computed parameters 

and column headings. 

7. Choose the case values for the bulk temperature T 

and the thickness d. 

8. Using an initial estimate of field F', call the 

function to compute T* for the current value of Tq. 

9. Compute a value for the breakdown field F with the 

value of T* calculated in Step 8. 

10. Update the value of the electric field by averaging 

the two most recent values and then compute a new 

value of T*. 

11. Repeat the calculations in Step 10 until the successive 

estimates of the breakdown field vary less than 1%. 

12. Average F and F' one final time and accept this value 

of breakdown field. 

13. Condition all data for output and print results. 

14. Repeat the entire calculation for all values of Tq 

and d in the range of interest; using a linear heat 

loss for Tq £ 900°K and a fourth power heat loss for 

T > 900°K. 
o 
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Computer 
Symbol 

ELC 

ELM 

PI 

H 

HB 

BK 

ANT 

CR 

GR 

EGAPEV 

ETEV 

BT 

DEX 

B1 

B2 

Theoretical 
Symbol 

m* 

IT 

h 

k 

Nt 

CR 

GR 

Meaning 

Electron charge (c.g.s. units) 

Electron mass (c.g.s. units) 

Fundamental constant 

Planck's constant 

h/27T 

Boltzmann constant 

Density of trapping centers 

Recombination coefficient 

Rate of excitation of conduction 
electrons by radiation 

Band gap energy in e.v. 

Trap depth energy in e.v. 

Transition rate coefficient 

Thickness associated with the 
experimental values of the break
down field 

Exponential constant in the fitted 
equation for electrical conductivity 

Exponential constant in the fitted 
equation for the electrical 
conductivity 
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BR b Exponential constant in the fitted 
equation for the radiation induced 
conductivity 

FBEX Value of the experimental breakdown 
field at 1,000°K 

FBEXL Value of the experimental breakdown 
field at 900°K 

SIG1 Coefficient in the fitted equation 
for the electrical conductivity 

SIG2 Coefficient in the fitted equation 
for the electrical conductivity 

SIGR Coefficient in the fitted equation 
for the radiation induced electrical 
conductivity 

TOIN Initial case value of the 
equilibrium bulk temperature for 
which the breakdown strength is 
computed 

DELTO AT Interval between successive values 
of T for which the breakdown field 
is t8 be calculated 

NTO Number of intervals which T is to 
be stepped for different breakdown 
cases 

NDL Number of intervals through which 
the thickness L is to be stepped for 
various breakdown cases 

TSTAR 

AKL 

T* 

A/K 

Critical maximum stable temperature 

Normalization parameter in linear 
heat loss model 

AK B/K Normalization parameter in fourth 
power heat loss model 



127 

TSVPL 

TS4TH 

TO 

TSV 

F 

ANO 

ANTO 

AN 

SIGMO 

SIGM 

ANTSV 

T* 

•p* 

o 

T* 

F 
B 

n 

W 

n(T*) 

aCV 

a(T*) 

ntCT*) 

Value of T* computed for the linear 
model at the point of normalization 

Value of T* computed for the fourth 
power heat loss model at the normal
ization point 

Bulk equilibrium temperature 

Value computed for T* 

Breakdown field strength 

Conduction electron density at Tq 

Density of filled traps at Tq 

Conduction electron density at T* 

Electrical conductivity at Tq 

Electrical conductivity at T* 

Density of filled traps at T* 

Computer Program for Thermal Breakdown 

There are other symbols used in the computer program besides 

those listed in the glossary. However the glossary includes all input 

and output variables and other necessary parameters. The listing of the 

program follows below. 



PROGRAM HOT^AP (INPUT, OUTPUT) 

COMMON /7AP/ Hit fl2» pR> 0T» SIGl» SIG2» SIGHP, ET» CR» 
1HK, ANT, ZC, ELCM 
2 FORMAT (?110) 

102 FORMAT (?T10 //) 
10 FORMAT (4F7U.P.) 
101 FORMAT (///4E2.).8) 
11 FORMAT (2F?r.Ci) 
12 FORMAT(HE]C.3) 
112 FORMAT (7F1 <?«3) 
13 FORMAT(El^.3) 
15 FORMAT (6F.1 0.3) 
20 FORMAT (2E10.3) 
43 FORMAT UF10.3) 
50 FORMAT (5F10.3) 
21 FORMAT (PE10.3/) 
41 FORMAT (4F10,3/) 
61 FOHMAT lfiFlC',3/) 
81 FORMAT < BF; l o. 3/> 
22 FORMAT (PE10.3//) 
42 FORMAT (4E1L'.3//) 
62 FORMAT (^E10.3//) 
82 FORMAT (nFlC.3//) 

154 FORMAT( // 22X, 20H SHOTKY EFFECT 
159 FORMAT (// 20X, 13H IRRA0IATEU ) 
168 FORMAT (//) 
169 FORMAT < 3CX, 3CH ITERATION IN PROCESS 
170 FORMAT ( // • BERYLLIUM OXIDE *  

to oo 



178 FORMAT ( // » NO CONVERGENCE « ) 
1/v FORMAT ( * NO CO.-JvEHGENCE » //) 

READ 10, ELC, ELM, PI, H 
READ 11* HH, BK 
READ 12» A.'JT, CH» GR» EOAPEV, ETEV* ELC!3» Bl'» UEX 
<*EAD 12» «l» B2, FREx, FBExl., SlG] , SIG2, SlGhlP 
READ 20, TOI'J, OELTO 
READ 2» NT(), MDL 

109 POPMAT(//7X»2HTO»11X» 2Hf»»l2x* 1HF» 
113X* 2Hi\ir>, PA, 6HiJT(T0), 10X» 5Hrt(T»>» 
2VX, 5HSlG"iO» l i x ,  4HSIGM. 8 X »  6 hNT(T»)) 

119 F uRMAT <//?X»9hTHICKNESS» 4X* 3r1CM.» 16X» 6HLNCHTS) 
120 FOR-1AT (F 11 , 1 t 2F14.1, <SC14.3) 
121 FORllAT (2F?p,4» F] 4• 1) 

G'*P = GK 
cT s ETEV'»l»6r.2E-l2 
^TP = ET/ITK 
/A = 2.0«PI*(ELM/M)*(HK/H) 
7.C = 2.0 « (Zl»«1.5> 
FP = FUEX 
TO = 100 0.0 

200 T')4 s TO»TO»TO#TO 
GR = 0•0 
SI OR = 0.0 
U -1 S 3.0? - 9.6E-34*T0 
EMU a IJM O ELCH 
SIGO = SIGl * EX°(-Bl/TO) • SIG2 * EXP(-a?/TO) 
ANO = SI GO/EM'J 
A'JC = ZC * (TO*#1.5) 



PTB = ANC«EXP(-BTP/TO> 
M-iTO a ANT/(1.0 • PTB/ANO) 
T5VP s TSTAR (TO* AMO. AMTOf IJM* GR.SIGR, FP) 

% TSVP4 = 7SVP#TSVP»TSVP»TSVP 
FED = l.*,.2E-12« 7.61E-04 • SttRT(FP) 
FEliK = Frn/BK 
BIS = HI - FEOK 
B2S = B2 - FEUK 
SEX = EXP<-B1S/TSVP) 
SEXY = EXP (-R2S/TSVP) 
SIGTSP - SIG1 » SEX • SIG2*SEXY 
Ai JSP = SrOTSP/ENUJ 
IF (TO -300.P) 210* 210, 212 

210 A*L = 4.J»0EX «(FBEXL«FBEXL> # SIGTSP/(TSVP-TO) 
TSVPL = TSVP 
GO TO 29f) 

212 AK = 4»0*I>EX»<FBEX*F8EX> « SIGTSP/(TSVP4 - T04) 
TS4TH = TSVP 
T O  =  9 0 0 . 6  
FP = FHEyL 
GO TO 200 

29'J DO 7600 LK = 1» 2 
GR s GRP» (LK -1) 
GRCR s Gp/CR 
SIGR = SIG»P» (LK-1) 
PRINTlol* ELC* EL'-i* PT, H 
PRINT 11» HB, 3K 
PRINT 12, A N T ,  CR» GR, SIGR, EFEV, ELCB, BT* DEX 
PR INT 12» Rl» B2, FBEX, FBEXL, SlGl, SIG2, SIGRP 



PRINT 21» TO IN, nELTO 
PRINT 102, NTO, NDL 
PRINT13, RTP 

' PRINT 41, AK, TS4TH, AKL, TSVPL 
PRINT 22, Zl, ZC 
DO 6969 I. = ?-i NDL 
01. s 0.11 - 0.005«L 
MLIN = DI./2.54 
(50 TO (3 01, 310, 7000) » LK 

310 PRINT 159 
301 PRINT 150 

PPINT 17n 
PRINT 119 
PPINT 121, DLt DLIN 
''PRINT 1C3 
0.0 6999 -Is 0* NTO 
TO = TO I M - DELTO-&M 
T04 = TO»TO»TO»TO 
Urt = 3.C? - 9.6E-G4#T0 
EMtj - IJM « ELCB 
SIGO = 5IG1 # EXP(-Hl/TO) • SIG2 * E*P(-b2/TO> 
SIGMO = 51,jO • SlGRttEXP(-RR/TO) 
AMO & Sl(iHi)/FJlU 
ANC = ZC » (TO»«l,5) 
PTH= AHC*EXP(-HTP/T0) 
AtiTO s AMT/ (1,0 * PTH/ANO) 
FP = 300000*0 - 3PO*0«(TO-500.0) 
J J = 1 

700 TSV = TSTAR (TO, ANO, ANTO* UM, GR»5IGR, FP) 
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ANCS= ZC » (TSV«»I,5) 
PTS =ANCS*EXP(-B-|VS/TSV) 
ANTSV = A NT / (1.0 +PTS/AM) 
GO TO 901 

791 PHINT 17A 
PRIMT 12R> •  TO* TSV» JJ» F,  FP» 
PRINT 179 
GO TO 6999 

901 PRINT L?N,  TO,  TSV,  F ,  ANO T  ANTO ,  
6999 CONTINUE 

PRIMT 501 PTB, AN'C» 6TP» 7.C» E'- 'U 
6969 CONTINUE 
7000 CONTINUE 

STOP 
E"D 

AN* SIGMO» SIBM, ANTSV 

AN, SIGMO, SIGH, ANTSV 



FUNCTION TSTAR (TO* ANOt ANTO,liw, GR» SIGR» FP) 
COMMON /ZAP/ Bit R2t BR» RT* SIGl» SlG2» SIGRP» LT» CH» 
1BK» ANTt ZC» ELC^ 
EMU S U^FlCB 
GC?CR = GR/CR 
FED = 1.6-:?E-12» 7.61E-0* » SOHT(FP) 
FEDK = F£N/HK 
BLS = BL -  FEDK 
B2S = B2 -  FEDK 
BWS = BR -  FEDK 
ETS = ET-FEO 
BTP = ETS/FLK 
OELTS = 10.0 
T04 = TO«TO»TO»TO 
TS = TO 
LLK = 1 

400 TS? = TS«TS 
T S3 = TS?»TS 
TS4 = TS30TS 
SEX1 S EXP(-B1S /TS )  
SEX? = EXP(-B2S/TS) 
SEX* = EXP(-BRS/TS) 
SIGTS = STG1*SEX1 + SIG2«SEX2 • S1GR*3EXR 
3B1 = SlGl^Bis 
SH2 = SI«'^»n2S 

W •c* 



SHR = SIGR»HUS 
SIGPS = (Sb]/TS2)»SEX1 • (SB2/TS2)*SF.X2 • (SMR/TS2) »SEXR 
IF < TO - 9P0.0) 411, 411, 41? 

411 SL = TS - TO 
GO TO 41n 

412  SL =  (TS4 -  T04) / (4 ,O«TS3)  
410 SR = SICiTS/SlGPS 
429 GO TO (4?1 * 422, 423) . LLK 
421 IF (SL - SR) 43C, 499, 411 
430 LLK = 2 

GT TO 429 
431 LLK = 3 

GO TO 429 
422 IF (SL - SR) 401 * 499? 4{,? 
423 IF(SR - SL) 401* 499» 402 
401 TS = TS + T)ELTS 

GO TO 4 'JO 
4Q2 IF (DELTS - n*5) 499, 403* 403 
403 TS =  TS -  DELTS 

DELTS = OELT S/10,C 
TS = TS * DELTS 
G~* TO 41)0 

499 TSTAR s TS - 0.5 • DELTS 
RETURN 
END 

Lrt cn 
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