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ABSTRACT 

This study presents the use of Feynman's Quantum Path Integral (QPI) approach in 

the Molecular Dynamic Simulation of two electrons in molten KC1. In this research, 

we have successfully implemented an original technique to tackle the questions of 

spin dependent quantum exchange phenomenon between two electrons. It was found 

that two electrons with antiparallel spins form a stable bipolaronic complex 

(triplet state) and those with parallel spins repel each other and form two dissociated 

or singlet states. Calculations of the average energies compare well with previous 

computational findings by Selloni et. al. who used a direct integration of the time 

dependent Schrodinger equation. The radial distribution function illustrated clearly 

that the triplet state nests itself among the cations, namely K+. The electron-electron 

separation distance was found to be ~ 3.5A for the triplet state and the singlet case 

showed the electrons being repelled as far as possible; namely half the size of the 

simulation cell ~ 7 A. 
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CHAPTER 1 

BACKGROUND 

In ionic crystals, typical resistivities range from 102 to 108 ohm-cm. 

Conduction cannot be due to the thermal excitation of electrons from the valence to 

the conduction bands, as in semiconductors; for the band gap is so large that few if 

any of the electrons can be so excited [1]. 

The charge carriers in ionic crystals are not electrons; but the ions themselves. 

The ability of the ions to conduct stems from the existence of vacancies in the crystal 

which greatly facilitate mobility in contrast to the ion being forced through the dense 

ionic array of a perfect crystal. 

1.1 F-Centers : 

To maintain charge neutrality; it is required that vacancies of one constituent 

of a diatomic ciystal be balanced either by an equal number of interstitials of the 

same constituent (Frenkel) or by an equal number of vacancies of the other 

constituent (Schottky). 

However, it is also possible to balance the missing charge of a negative ion 

vacancy with an electron localized in the vicinity of the point defect whose charge it 

is replacing. Such an electron can be regarded as bound to an effectively positively 



charged center as seen in Fig. 1(b) [2]. These and other such defect-electron 

structures are known as color centers, since their presence imparts a strong color to 

the otherwise transparent perfect crystal. 

An electron bound to a negative ion vacancy is commonly known as an 

F-center. The simple F-center is not the only state the electrons inhabit. Two other 

possibilities are: 

(a) The M-center in which two neighboring negative ion vacancies in a (100) plane 

bind two electrons, (b) The R-center in which three neighboring negative ion 

vacancies in a (111) plane bind three electrons. These events impair conduction and 

often lead to insulation of the model. 

1.2 M-NM Transition : 

When ionic insulators are doped excessively; they may become conductors as 

more electronic species are created. This phenomenon is called the Metal-Non 

Metal (M-NM) transition. 

Metal-Nonmetal (M-NM) transitions are not limited to doped ionic materials 

but occur in a wide range of materials [3]. These include doped semiconductors, 

organic conductors and conducting polymers, transition metal oxides, as well as 

molten salt-metal solutions. The M-NM transition takes place upon changes in some 

physical parameter: pressure, temperature, density, composition, dir order, etc. A 

variety of theories have been introduced to explain the M-NM transition in various 
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systems [4]. For crystalline solids, insulating behavior, may result from a change in 

the electronic states by opening of an energy gap between the lowest unoccupied 

level and the highest occupied level. On another hand, electron correlation may also 

induce electron localization and, therefore, insulation. This latter mechanism for the 

N-NM transition, also known as the Mott-Hubbard transition, is describable by the 

Hubbard model [4]; a highly oversimplified Hamiltonian including a kinetic energy 

term for electron hopping between neighboring sites and an energy required to form 

pairs of electrons on sites. This model predicts in some limiting cases metallic 

conductor or an antiferromagnetic insulator. 

In the case of disordered solids, in absence of electron interaction effects, the 

disorder may yield electron localization. This was first proposed by Anderson in 

which he considered an electron moving through a medium in which the potential 

energy varies randomly from point to point. He showed that when the randomness 

exceeds a certain amount, the electronic states are spatially localized [5]. 

1.3 Polarons : 

In an insulator the combination of the electron and its strain field is called a 

polaron. It is energetically favorable for an electron to move in a spatially localized 

level, accompanied by a local deformation in the previously perfect ionic 

arrangement i.e., a polarization of the lattice. This serves to screen its field and 

reduce its electrostatic energy. 
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In Fig. 2(a) and Fig. 2(b) [7] the electron is shown in an elastic or deformable 

lattice in contrast to a conduction electron in a rigid lattice. The electron plus the 

associated strain field is called a polaron. 

In liquid systems such as metal-metal halide solutions, in addition to the Mott-

Hubbard transition, and Anderson localization; a polaron (or self trapping) transition, 

in which the electron localizes by making a nest in the melt; is also a very probable 

case for the M-NM transition. 

Until recently there was no direct confirmation of the F-center model in alkali 

halide solutions, nor was it even definitely known that the excess electrons are 

localized. Nachtrieb (1975) and Warren (1981) have summarized models that prove 

this. More specifically, Parrinello and Rahman [6] have shown how the dilute metal-

salt solution can be modeled using a combination of molecular dynamics and 

Feynman path integral techniques. Their results for the electron-cation partial pair 

distribution function ge..+(r) and the cation-anion function, g+.(r) are shown in 

Figure 3. The solvated character of the electronic state is clearly demonstrated by 

the peak at some finite distance r. The co-ordination number for the electron is 

approximately 4 metal ions. The mean electron-cation separation is substantially less 

than the anion-cation distance given by the main peak in g+.(r) . This indicates a 

strong polaron effect [5]. 

Recent investigations have been focussed on the properties of electrons 

dissolved in molten alkali halides in the limit of extremely high dilution. The validity 

of the F-center model, in which the electron sits in a fluid cavity surrounded mostly 



Figure 2.(a) : A conduction electron in a rigid lattice of KC1. 

Figure 2.(b) : The Polaron; electron in an elastic or deformable lattice. 
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by cations has been proved by experimental findings. 

At very low concentrations, metal-molten salt solutions of the type MX-MXj.x 

have shown to have valence electrons released by the excess metal atoms that tend 

to form localized states analogous to F-centers in alkali halide crystals. The most 

accepted picture in this dilute limit is that the added metal atom dissociates into M+ 

and e". The physical picture underlying is that the electron substitutional^ occupies 

in the liquid structure, the place of an anion; which is analogous to the phenomenon 

observed in solid alkali halides [8]. 

At higher concentrations, interactions between the F-centers become 

important and studies indicate the formation of spin paired species or bipolarons [9]. 

This is a system of two antiparallel spin electrons which localize in the same spatial 

portion as the gain in electron-ion interactions is much stronger than the loss in 

subatomic energy due to electronic repulsion. 

1.4 Exchange : 

We have seen that electron correlation plays an important role for M-NM 

transitions as well as other electronic properties. The scenario for a system with a 

large number of electrons is quite complicated and presents a quantum many body 

problem. 

The theory of exchange between two electrons is not only a problem of 

quantum indistinguishability but also of spin dependency due to the Pauli's exclusion 
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principle. This principle states that no two electrons with identical spin states are 

allowed to occupy the same orbital state. This is a direct consequence of the 

hypothesis that the total electronic wave function involving spin must be 

antisymmetric [10]. Hence, we can state the exclusion principle quite generally in the 

form that the total wave function must change sign under simultaneous interchange 

of both the spin and orbital coordinates [11]. 

Since the electronic wavefunction is the product of its spin and orbital parts; 

it follows that two electrons with parallel spins or symmetric spin wave function must 

have an antisymmetric orbital wave function. Thus the product yields an 

antisymmetric wave function which satisfies the Pauli exclusion principle. Therefore, 

in the case of antiparallel spins the orbital wave functions are symmetric [10,11]. 

These lead to an energy separation between the triplet (antisymmetric) and singlet 

(symmetric) states. 

In spin notation, the triplet and singlet states are denoted as s=0 and s = l 

states; whereas in the orbital part they are represented as £= + 1 and £=-1 states 

respectively. 

The triplet state is formed from the binding of two electrons with antiparallel 

spins because this does not violate Pauli's exclusion principle. Conversely, two 

electrons with parallel spin (singlet state) tend to stay far away from each other. 

Since the exchange interaction depends on the degree to which electron clouds 

overlap so as to occupy approximately the same region in space; it falls off with 

increasing separation distances [12]. 
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Fig. 4 illustrates the quantum indistinguishability problem which leads to 

exchange. Particle (1) in state i is shown to take two probable paths to transform to 

particle (1) in state i+1 or particle (2) in state i+1. The same applies for particle 

(2) in state i. 

Exchange is a quantum mechanical effect. At high temperatures, atoms 

operate in the classical limit and do not show this phenomena. Feynman [13] proved 

this using a path integral method for the motion of atoms separated by a distance d 

and mass m. He stated that the exchange depended on the term exp(- md2T/2t2). 

Atoms have a large mass and in general this event is unfavorable. Only at very low 

temperatures; near absolute zero, does the exponential term play a key role. 

In contrast to this, electrons possess a negligibly small mass so that the critical 

temperature for exchange is considerably larger. Room temperature can thus be said 

to be very cold for electrons [7]. 

Hence we address the problem of spin dependent exchange for our system 

which is two electrons in molten KC1. 



Fig.4. : Exchange phenomena between two electrons. 
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QUANTUM PATH INTEGRAL WITH MOLECULAR DYNAMICS (QPIMD) 

2.1 Single e- : 

There exists an isomorphism between a classical representation of an 

electron and its quantum representation. The basic path integral consists of 

mapping the quantum particle onto a closed polymeric necklace with P nodes [14]. 

In the limit where P •* the isomorphism is exact. The nodes are quantum 

mechanical identical particles which obey Boltzmann statistics. 

The canonical partition function for a single electron is derived from 

statistical mechanics as [15]: 

where j is a state of the system, Ej is the corresponding energy, /3 = 1/kT, where 

k = 1.38 x 1023 J/°K (Boltzmann constant), and T is the temperature of the 

system. 

The density matrix of states described by a Hamiltonian, H, is defined as: 

N 

Z = £ e-"> (2.1.1) 

p(r/) = (r|e->"|r'} (2.1.2) 

which is written in wavefunction notation as 



PM = E IjtoljV)*"**' (2.1.3) 
j 

where i|ry is a wave function defined by Htyj = Etyj. When r = r' then 

p(r,r) = se'mi and also from the definition of the density matrix [13] it is clear 

014that we have 

Z = J p(r/)dr = 7>[p] (2.1.5) 

where Tr is an abbreviation for "trace." 

Hence, if we are interested only in conventional thermodynamic variables, 

we need only the trace or diagonal sum of the density matrix to determine the 

partition function Z [13]. 

To make progress in evaluating the trace, we can divide the Boltzmann 

factor exp -pH into P parts and insert P-l intermediate states. 

Tr e -W = Tr[e<^]P = J  dr™ J  dr™ . . .  J  dr^ ( r™ |e r<2>) 

( r(2) |g -(P/P)H| r(3)^ _ _ ( r(P) |g -WP)H| r(l)j (2.1.6) 

The reader should visualize this as a representation of P intermediate 

positions along a closed path starting at and finishing at r*-l\ 



For large P, (3/P = e is small enough that one can make use of the 

asymptotic formula for the density matrix of a single particle in an external 

potential cp(r) [17]: 

/3 
r. r. „ 
•' !' p Po exp .£ 

P kr>)+ *{rj)} (2.1.7) 

where p0 is the free particle propagator relative to the temperature /3/P: 

Po 
/3 

r, r, _ 
p 

/ W2 

Pm 

2ir(3h2, 
exp Pm 

2f3h2 h ~ r$ 
(2.1.8) 

This approximation is exact in the limit that the potential energy does not 

vary appreciably when particles in physically realizable configurations are 

displaced by distances of the size (/3hz/Pm)^z. In most of our cases, we assume 

that this condition is met for a reasonably small value of P. 

Rewriting Z with the newly defined density matrix, we get 

t \3P/2 
Pm 

2*2/3 J 
J dr\ . . . drp e (2.1.9) 

where Veft; the effective potential follows the equation; 

i' * * * *p) 52 
i=1 

Pm 
(r> rlt? * *(0) 

(2.1.10) 
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This classical representation of a quantum electron is perceived as a 

necklace of P nodes where each node interacts with its neighbor through a 

harmonic force with spring constant Pm/f32h2 and with the external potential 

through an appropriately scaled term <t>(r)/P. This isomorphism is exact in the 

limit of P -* oo and holds only for high temperature and/or smooth potentials. 

For a typical solid or liquid at room temperature, with an atomic mass of 

around 20, for example, ((3hz/Pm)1/2 is about 0.1 A, while the interatomic 

distances and forces range over one or two angstroms. Thus, motions greater 

than 0.1 A will not contribute to the density matrix, while the potential function 

will remain unchanged until the motion of the order of 1-2 A is reached. It is 

clear that classical statistical mechanics is adequate for such materials. 
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2.1.1 Energies : 

The partition function can now be used to calculate the thermodynamic 

properties of interest. The energy E is obtained as: 

<E> = - 9 ln Z. (2.1.1.1) 
dp 

Substituting Z^-* Zp into the above equations yields • ' 

E = 3P Pm ' P 

20 2h2/32 

This involves a potential energy term 

(ZU-2) 

p 

I » =1 

and a kinetic energy term; namely 

PE = £ (iW) <2'U'3> 

KE = — - Pm 

2P 2h2f32 
(E f, - -wj2) 

As shown by Herman et al [16] this kinetic energy can be rewritten as a virial to 

avoid too much variance in the values as P -+ oo 

3 £ (t, '*) (2.1.1.5) 
KE = — + Y, 

20 ft 2P 



where the first term is the free particle contribution , and the second term 

represents the electron-medium interaction contribution to the electron kinetic 

energy. 
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2.2 Two Electrons 

The quantum TV-body fermion partition function, with periodic boundaries 

and in an external potential may be rewritten in the form: 

ZD = ' l T Pm 

J 
3NP 

2 
N P 

j nn dr>0) n J j= 1 i = l k=\ 

"4 E  E  4/y)) - 4 E  E  % ( r V - r r )  P e Hi p 
e "1 

where is a NxN matrix whose components are given in the high 

temperature limit by: 

A 0(3 = P 2tfp2 

^k,k* 1 e 

(2.2.1) 

(2.2.2) 

where a, 0 = 1,2, ... N 

In the above equation for the partition function; <p(rP) refers to the 

external potential and the extra term ^(f) is the Coulombic interaction between 

the quantum particles j and £. 

In the case of a system of N bosons, the determinant in eq. (2.2.2) becomes 

a perminent. Quantum indistinguishability (exchange) leads to this complex NxP 

body problem where linkage between the N cyclic "polymeric" necklaces to form 

dimers, trimers, etc., occurs. 
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For a two electron or multielectron system we have three situations which 

immediately arise where: 

(1) the particles have no spin or identical spins and they can be termed 

as bosonic. They exhibit antisymetric wave functions upon exhange. 

(2) the particles have opposite spins and show fermionic behavior. 

They yield symmetric wavefunctions upon exchange. 

(3) the particles have similar spins and produce antisymmetric 

wavefunctions upon exchange. 

For a two electron system, 

.  r  .  ,  §  f e "  -  -  ' 8 f ]  
det[A,*,i] = e 

, -iff)'} + C e 1 

(2.2.3) 

where C = Pm/h2f32 

The exchange parameter £ takes values +1 or -1 depending upon the spin state of 

the electrons. £ = +1 corresponds to a symmetric orbital part of the two 

electron wave function (total spin S = 0 or triplet state). { equals -1 corresponds 

to an antisymmetric orbital wave function with spin state 5 = 1 which is also 

known as the singlet state. 
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The first term alone represents the two electrons in the absence of 

exchange whereas the second term consists of an exchange contribution. 

The perminent in equation (2.2.3) predicts the possibility of the following 

events as illustrated in Fig. 4. 

• Particle (1) in state (k) transforms to (1) in state "k+1." 

• Particle (2) in state (k) transforms to (2) in state "k+1." 

• Particle (1) in state (k) transforms to (2) in state "k+1." 

• Particle (2) in state (k) transforms to (1) in state "k+1." 

We shall consider the three cases f = 0, -1, +1 and evaluate the partition 

functions accordingly. 
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2.2.1 Case (1): { = 0 or No Exchange 

The partition function is rewritten as 

z - ' ' i  

\3p 

Pm 

l 2tf/3 J 

2 p 

jn n J j= 1 ; = 1 
drPe-"* 

(2.2.1.1) 

- 4 E  E  4 / " )  - 4 E  E  % ^ - r r )  
e p i"1 i°I g />! i-1 

In the absence of exchange, the total effective classical potential for the 

two electron system in an external potential $ takes the form: 

v /r-(D r-(!) r-(2) rV>\ 
e/A 1 > • " >  r p  >  r l  '  *  *  *  '  )  

(2.2.1.2) 
- E* {I c(r;<" - *S>F <• lc(r® - 5®)2} 

with cyclic condition on the sum marked with an asterisk. For electrons solvated 

in an ionic system, the external potential tp (rk®) becomes 5^ ~ ^y)> 
i=i 

a sum over the electron-ion ("/") pair potentials; where R, is the position of ion /. 
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2.2.2 Case (2): £ = +1 or Two Electrons with Opposite Spins 

We rewrite the determinant in the form det 
[Am x ]  " 

- o where 

e~pv# = exp 

C * exp -p— 

(r ,m  -  nsf  •  (rf> -  nS>) :  

\nm - n(Sf • 

(2.2.2.1) 

Using the relation: 

2(r™ -  r*){C -  rS)  = (*<" -  sS?f  *  ( / f> -  r <«f  -  (r« -  r™f 

we get; 

- (<f> - rtff (2.2.2.2) 

-PV*r „ C e * = exp -/? — -  n S f  •  ( r k
( 2 )  -

+ exp(/3C(r;(1) - rk
(2))(rky - r™)) 

(2.2.2.3) 

Taking logarithms on both sides; the effective potential becomes; 

K„ - | c(<i™ - rt f f  • 1 c(,f  -  #>f 

- I  t a l l  - e x p [ - ^ ( r ; < ' > - r ; ® ) - ( / i « > - / j S > )  
r* 

s (2.2.2.4) 
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The last term in equation (2.2.2.4) is an exchange contribution to the effective 

potential and can be very easily incorporated in a molecular dynamics algorithm. 

It is instructive to calculate the effective force on the electron (1) in state 

"k" arising from the effective potential function given in equation (2.2.2.4). 

F ?  =  =  - C  -  f V )  + (1 - f ) - ( r k
m  -  /&>)} (2.2.2.5) 

d r k
K )  

where 

r  _  f l f i  1) =>(2) -(1) -(2)\ _ 1 
f  "  / (  * ' ' • < * "  w  "  J  ^  -  r » ) i r 8  -  r S )  ( 2 ' 2 - Z 6 )  

We may write where the subscripts (1)(1) and (1)(2) stand 

for the two possible events for electron (1) in state k\ namely [a] annihilation of 

electron (1) in state k and creation of electron (1) in state k+1, [b] annihilation of 

electron (1) in state k and creation of electron (2) in state k+1. In the singlet 

state (t = +1), the function/behaves like a Fermi function. / and (1 -/) are 

positive. Attractive effective CF(i)(i) and F(1)(2)) forces are acting between the 

states k and k+1 of electron (1) as well as k of electron (1) and k+1 of 

electron (2).  
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Figure 5 shows the competing forces ( f )  and (1 -/) as a function of the 

distance between the two particles defined as dn where 

As can be observed from the distribution in Fig. 5, the forces compete only 

at very short distances. At large nodal or interparticle separation distances, / 

tends to 1 or 0 and we have only one dominant force. 

In summary, the value of the function "f depends on the topology of the k 

and k+1 states of both electrons. The function "f weights the two events (a) and 

(b). Clearly, symmetrical effective forces apply on electrons (1) and (2) in states k 

1 + exp (-2pCdn) 
(2.2.2.7) 

and 

du = d (exch) - dQiarm) = {(/£(1) - r$f + (rk
(2) - /jiVf} 

(2.2.2.8) 
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Figure 5. Plot of Fermi function, f and (1-f) denotes the harmonic and 

exchange forces. 
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and k+1. Hence, considering exchange, the total effective classical potential for 

the two electron system in an external potential <j> takes the form: 

v ( r m  r m  r (2) r (2)) 
e f f \  1  p  '  l  ' • • • '  r p  )  

-E*U *= 1 

-1 In 
P 

1 + exp [-*%<" - >-,<%<? - /;<?)] (2.2.2.9) 

E k= 1 

(1) _ , (2)\ 2 P 4*") •E E „ « = 1 k=1 -T 

with cyclic condition on the sum marked with an asterisk. Again, for electrons 

solvated in an ionic system, the external potential </> (r^) becomes 

E ^eii^ - Rj), a sum over electron-ion ("/") pair potentials. 
i=i 
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2.2.3 Case (3): C = -1 or Two Electrons in Same Spin States 

In this case, the difficulty in defining an effective potential resides in the 

fact that the partition function is a sum over terms which can be either positive or 

negative. In order to produce an effective classical potential useful in a computer 

simulation, one would like to rewrite the partition function in a way that 

corresponds to a sum of positive terms. 

The determinant for the parallel spin electrons takes the form 

The distance between two successive nodes within a necklace decreases as 

the number of nodes P increases. The coulombic repulsion between the electrons 

dictates the distance between nodes in their respective necklaces. The fact that 

for large P ; | - r/2) | greater than | rA
(1) - rk+]

m | imposes a topological 

constraint on the sign of {rA
(1) - r^}.{rk+1

w - rfc+/2)}. Or in other words, the 

Coulombic interaction breaks the symmetry between a path within the necklace 

and an exchange event. Thus states for which the determinant is positive are the 

major contributors to the partition function. Quantum Monte Carlo simulations 

of fermion systems [32] have indicated that at high temperatures, the ratio of 

negative sign states is small. Therefore, here we asume that these are the only 

det Ami = exP -P y [(rkm ~ + ( )1 
(2.2.3.1) 
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states that contribute to the partition function. This allows us to define an 

effective potential in the form 

= 7 + i c(/f> -2  \ «  ™ i  2  

s (2.2.3.2) 

1 - e x p  1 In 
P 

Due to computational limitations, the number of nodes is finite and we 

approximate the effective potential by the following equation : 

v« = \  <%'" " *Sf  * 1 - t f>f  

• 1 exp[-^(rf> - - ̂ ')] 

This effective potential is also defined for states with negative 

determinants. 

The effective force on electron (1) in state "k" arising from this potential is 

jr(» = - ^ 
k 

drk 

k = - (1 -/)((?>-/$)} (2.23.4) 

where 

f f/-(i) ->(2) _(i) _(2)\ 1 -j (i*(1) ~d?) (2.2.3.5) 
/  =  / ( V  ,  ̂  ^ + i )  =  1  +  e  
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In the rare event that we attain states for which the determinant is 

negative, the nature of the force pushes the system toward the positive regime. It 

will be shown in the results section that indeed these states are extremely rare for 

the system under investigation. This stems from the fact that the second term in 

equation leads to counteractive forces between the quantum events 

(a) - rk
(X and (b) rk

m - r™ • 



2.3 Thermodynamic Properties : 
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2.3.1 Energy : 

These properties are calculated as time averages during the molecular 

dynamic simulation. To calculate the energy of a two electron system, we use the 

partition function to express the energy as: 

( E )  =  -  9  ln Zf (2-3.1) 
dp 

which gives 

{ E ) " 2 x ^ - c ( i k f  *  < r ' 2 >  -  r ® ) i  

. ( r ® - ^ ) 2 } )  ( 2 . 3 . 2 )  

J £ (,.« - r<2>) , £ £ 
* A=1 -P 1 = 1 A=1 -P ' 

where/was defined in equation (2.2.2.7) for C = +1 and in equation (2.2.3.15) for 

C = -1. 

The third term is the average potential energy of the system including the 

electron/electron Coulomb repulsion. The first two terms can be identified with the 

kinetic energy of the two electrons [5]. 

The equation for the kinetic energy is not usable because it is expressed as a 

difference between two energies and its variance thus grows with P. To solve this 



39 

problem Herman et al. [11] suggested that the second term in the equation should 

be expressed as a virial. 

The revised equation now reads as 

a(0+i|r12)^(1) ^ 5(0 + 

3 a " (2.3.3) 
K = 7X— + -

2/3 2P 

This virial applies only for a partition function which is homogeneous and of 

degree 2. On examination of equation (2.2.1); it is clear that this condition is not 

satisfied for C = +1 and C = -1. 

We thus estimate the kinetic energy as the difference of the terms: 

AverageKE. = ( 3P//3 ) - ( vhx ) (2.3.4) 

where <vhx> denotes the average harmonic-exchange energy. This is obtained from 

the normalized distributions of their respective partition functions along a trajectory 

generated by a MD simulation. 

2.3.2 Radial Distribution Function : 

The most important distribution in the QPIMD program is the electron/ion 

radial distribution function. Since MD generates the positions of all the particles in 

the system as a function of time, it is straightforward to evaluate this function [ge./^]. 
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The shape of the curves generated give information concerning the radial density of 

the electrons. Peaks in these functions indicate average distances between the 

electrons and the surrounding cation/anion. We use a radial mesh of 0.05 A [17]. 

Due to the finite size of the primary cell, values for g(r) can only be obtained for r 

< L/2 where L is the size of the cell (6.9 A). 

The equation reads 

j E (n/W) = Anr2/Sr —y~ Se-i(r) (23,5) 

where r = (l-l)A and NI / V is the number density. 

This function can also be used to estimate the spatial correlation between 

electrons. 
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2.4 Predicting Optimum Number of Nodes : 

The discretised path integral represents the exact quantum system when the 

number of nodes "P" tends to infinity. However there exists a value of P above which 

the properties of the classical system have already converged to the properties of the 

quantum system. This minimum is when the thermal energy of the nodes, namely 

PkT ; where 'P' is the number of nodes in our classical isomorphism, exceeds the 

potential energy of the electron due to a nearby ion. Hence the condition is that; 

PkT > e2 (2.4.1) 
4Jreoro 

P > el (2.4.2) 
47^0kT 

where e = 1.602 x 10"19 J; e0 = 8.841 x 10'12, k = 1.3806 x 10"23 Jk"1 and r0 (core 

radius K+) = 1.96 A 

Substituting these values we can predict a minimum value of P for some temperature 

from 

Pmin = 83444 / T 

At T=1300°K Pmin ~ 64 nodes. (2.4.3) 

Hence, a general equation for the P at a given temperature is 

P > (M x 83444) / T where M > 1 
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The harmonic energy (HE) for a system without exchange is given by 

HE = JZL (r,-/-,.,)2 

2tf/32 

or substituting for P, we arrive at the relation; 

(2.4.4) 

HE = M x 83444 m ji (r _r )2 
2tf r ' 11 

We see from the above equation that 

(2.4.5) 

HE a 7>rr(+1)2 
(2.4.6) 

This simply states that as the temperature decreases the bonds strengths between the 

nodes decreases. 

We now turn to the system of two electrons with exchange in the absence of 

external potential fields. 

The partition function Q is given by 

Q = J dr^ . . . drp^dr^ . . . drjp (2.4.7) 

n (/ W "rff)! *("'8" , ew(r/"" 'S>!' 
1=1 

-|E 

where the two exponential terms in the product summation denote the harmonic and 

the exchange contributions to the partition function Q; respectively. We have 
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removed contributions from external potentials for the sake of simplicity in the 

argument. 

For two interacting nodes the equation could be simply stated as the product 

of two terms (a1 +bj)(a2 +6^ which is equal to aja2 +djb2 +b1b2 where the 

term ata2 denotes a purely harmonic term and the term bjb2 is purely exchange. For 

a system with N nodes the partition function Q can be split into two terms namely; 

Q = Qi * Qm 

where Ql = 0harm = • • • and contains terms arising from all possible 

combinations of exchanging nodes. 

When factoring Q}, the total partition function becomes 

0 = 01 i + 9± + 9i + + 
01 0! 0! 

(2.4.9) 

where Q2 denotes one exchange process; Q3 denotes two and so on. A general 

equation can be derived in the form 

0 = 0! 
p  

E 
p\ Qn (2.4.10) 

n?I (P ~ N)\ N\ Qx N * / 

for a system of N exchanging nodes. 

When the number of nodes is large the exchange contribution to the partition 

function tends to be veiy small. But as we multiply it by a factor P!/{N!(P-N)!} we 

do see a finite exchange term evolving. However, when P is larger than a maximum 
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value; numerical sampling is ineffective and the small ratio Q^/Qi is approximated 

by a zero. The factor P!/{N!(P-N)!} cannot have any effect anymore in the 

numerical calculations. 

In order to set the maximum limit for P we divert our attention to the 

evaluation of the ratios of partition functions. This can be done using the energy 

distribution method [30] [31]. 

We develop all the expressions necessary to use these techniques in the 

canonical ensemble but they can be written in other ensemble without many 

modifications. In the (N, V, T) ensemble the thermodynamic potential is the Helmoltz 

energy and it is related to the canonical partition function Q by: 

F = -kT In Q (2.4.11) 

Let us consider two systems differing in their Hamiltonians, a reference system 

say U(o) and the system of interest U(l). U0 could be viewed as the potential energy 

for two electrons with purely harmonic terms; namely; ( with reference to section 

2.2.2) 

U m  -  £  ' % | ( r / 2 > - r , 2 > ) 2 * E  W " - ' - / 2 ' )  < 2 - « 2 >  
(1=1) L (i-1) Z 1=1 

and the second term for two necklaces with some nodes exchanging. For example, 

for one exchange process at node 'j' the potential reads; 
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p • p » 

f<>, - E f'trF'-W+Y, %r™-r!3? * •?(om-oS>)2 

O-l) 
•*j 

(M) 2W — 2 

p * 
(2.4.13) 

- |(-f-<-/.Y)2 - £ "pfr/'V) 
z i=i 

A two-sided evaluation of the free energy difference between two identical 

systems experiencing different potentials is based on the construction of two 

normalized distribution functions h0(x) and h^x), which are given by 

/ \ 

h0(x) = (S(U0-Urx))o = J 6(U0-Urx) exp Uo 

kT 
(2A14) 

hfr) = (SiU.-U.-x)^ = J S(U0-Urx) exp Hi 
kT 

drdv/Q1 (2-4-15) 

where < >0 and < > t refers to the respective ensemble averages and S is the 

Kroenecker delta function. The functions ht(x) are easily estimated in a MD 

sampling by compiling a histogram h* (x) of the frequency of occurrence of states with 

enthalpy U0-Uj between (x - dx)/2 and (x + dx)/2. Rewriting h^x) as: 

h^x) = J 6{U0-Ux-x) &cp[-(Ux-U^/kT\ exp(-U0/kT) drdv/Q1 (2.4.16) 

leads to an expression relating the free energy difference to a ratio of the 

distribution functions at some point x; namely 

expHUv-UJ/kT] = Q0/Q1 = exp[~x/kT\ {hjh0} (2.4.17) 
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The ratio can be calculated only if there is sufficient overlap of the distributions h0 

and hj as shown in Fig.7. 

With reference to the Fig.7; we see that a criterion for overlap of the 

distributions or in other words; for the satisfactory estimation of the ratio of partition 

functions; is that the gap between the distribution should be less than the width 'w' 

of the distributions. 

We know from fluctuation theory that the variance of a property; such as 

energy E is given by; 

a J- = T.EfP.-E2 where P- = e~eE' (2.4.18) E *-~i] ] ) j 

The relative magnitude of the energy distribution spread for 'N' follows the 

proportionality [15] : 

— « —— or width V « —— (2.4.19) 
E pV2 pV2 

As the number of nodes P tends to infinity, the exchange distributions h0 and 

hj tend toward delta functions. Analytically the distributions overlap over the entire 

range of x's. However, numerical sampling by methods like molecular dynamics will 

tend to approximate the distributions continuously varying with x by a distribution 

defined as nonzero over only some finite interval [xo, Xj]. The small values that the 

distribution takes outside this interval are replaced by zero. Hence we proceed to 



Figure 6. : The normal distributions h0 and h2, 
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evaluate the upper bound for P. 

The distributions are centered on < h0-hj > which are ensemble averages and 

are P independent. We know that the shift between h0 and hj is caused by the 

Coulombic interactions between the two electrons. 

The gap between the distributions normalized to the thermal energy is written as: 

&E oc if (2.4.20) 
kT Airej^T 

where r, is some appropriate length. 

Applying the criterion for overlap of distributions; that the gap be smaller than the 

width and from equations (2.4.19) and (2.4.20), we get; 

if < _L (2.4.21) 
AirejfcT pV2 

Assuming suitable values (r; = 6.9A or the cut off range in our simulation cell and 

T = 1300°K); we arrive at an upper bound of 300 for efficient exchange sampling. 

The analysis yields a choice for the range of 'P' between 60 to 300 nodes. 
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CHAPTER 3 

SIMULATION TECHNIQUE 

Computer simulation methods are now an established tool in many branches 

of science. The motivation for computer simulations of physical systems are 

manifold. Systems not yet tractable by experimental or analytical means can be 

studied using computational methods. Complex systems can be studied and 

approximate theories can be hypothesized which may veiy well lay the foundation for 

novel experimental approaches. Simulations bridge the gap between theory and 

experiment. 

3.1. Molecular Dynamics : 

The starting point for the molecular dynamics method is a well-defined 

microscopic description of the system. The system can be a many-body system. The 

system is described by a Hamiltonian. 

The molecular dynamics method computes phase space trajectories of a 

collection of particles which individually obey classical laws of motion [20]. The 

phase space is the space of positions q and momentum p of all the particles. The 

collection of these particles that comprise the system represents the true molecular 

nature of a material. Once the molecular positions and momenta have been 

determined then properties of the system can be evaluated by time-averaging 
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appropriate microscopic states. For example, i f f ( t )  is some microscopic quantity that 

depends on the molecular position {q(t)} and momenta {p(t)}, then the average 

value </> is given by 

3.2. Classical Mechanics : 

From classical mechanics, it is understood that the equations of motion in a 

"2x5xAT dimensional phase space of the AT particles obey classical Newtonian physics 

[25]. That is, the idea that Newton's second law, F = ma, applies here. In fact, what 

this equation actually says is that the rate of change in momentum is equal to the 

applied force. By denoting the momentum as "p," a more general version of this 

equation becomes dp/dt = p= F. For a mass that does not change as a function of 

time, then dp/dt = mdv/dt - m - ma. 

The second order differential equations of motion for the trajectories of the 

particles are solved numerically along a discretized time line. The major task for a 

computer, therefore, is to solve numerically the equations of motion specified for a 

collection of N particles. 

(3.1.1) 
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3.3. Computational Approach : 

The partition function for two quantum electrons can be approximated by 

Z = Zp = 
3P 

Pm 

2h (3 
J dr?\ . . . dr™dr™ . . . drj> .(2) 

(3.3.1) 

. . . rf>) 

Therefore, when the system is composed of two quantum electrons in a 

classical ionic system, the states of the system are sampled by trajectories generated 

by the classical Hamiltonian [5]; 

n  

H - E l m '  r f *  • £  1  M t f  
1 = 1 Z 1 = 1 Z /=1 Z 

(3.3.2) 
n  

• + E MR„) * E * E E ̂  
/>/ y>/l i=l Y=1 P 

where is given by equation (2.2.1.2) when C = 0, by equation (2.2.2.4) when 

C = +1 (the triplet states) or from equation (2.2.3.13) when £ = -1 (singlet state). 

The masses are taken as the ionic masses, m is a mass assigned to each node 

on the classical "necklace" taken arbitrarily. We customarily use one atomic mass 

unit. The potential <P^ra) model the interactions between ions. 
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3.4. Pair Potential : 

We employ a Born-Mayer-Huggins type potential for our simple alkali halide 

system. In this model of ionic bonds, each ion is represented by a point charge and 

the interaction between two ions is described by a long range Coulomb interaction 

K(r12) = eye2lrn where the point changes are ev e2. The Born-Mayer-Huggins[2] 

potential also describes the interaction between ions at short distances and an 

attractive Van der Waals term. 

The potential thus contains three terms. First is the Coulombic interaction, 

the second a core-core repulsion which is a short range repulsion that decays 

exponentially with separation distance and finally a Van der Waals attraction. The 

final total pair potential is of the form 

e2 

= Z/Z/ 4^ + A* 6XP 
IL 
P'Jj 

- El (3.4.1) 
6 

rH 

Here is the distance between ion i and /. is the ionic change, and Cy is a Van 

der Waals coefficient. The exponentially decaying repulsive term is composed of two 

parameters, Ai} and Pjj, which are characteristic of the size and hardness of the 

interacting ions. 
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3.5. Ewald Summation : 

The basic idea of the Ewald method is to approximate the Coulomb 

interaction as a short range interaction [21]. The main concept used is that if ions 

are spherically symmetric, the electrostatic potential at one ion "i" due to all other 

ions in the system can be written as the sum of two terms: 

<p = + (ii, (3.5.1) 

where is the potential resulting from Gaussian charge distributions at each ionic 

site except at the reference site "i." The potential <p2 is that of a lattice of point 

changes with superposed Gaussian distribution with opposite charge excluding the 

reference point. The first term can be calculated efficiently in reciprocal space while 

the second can be deduced in real space <pj and <p2 depend on a parameter 

characterizing the width of the Gaussian distribution. By a suitable choice of the 

width parameter, we can obtain very good convergence of both parts at the same 

time. The Gaussian distributions vanish on taking the sum of cpl and <p2, so that the 

total potential <p is independent of the parameter. This parameter is also called the 

Ewald parameter "rj". 

The Ewald summation method is used to find the energy due to electron ion 

interactions. It consists of three terms; two in real space and a third in reciprocal 

space. By a suitable choice of r\, one can make one of the terms dominate. When 

r? is chosen as 5.741 the reciprocal term vanishes. The real space terms that 

represent the long range potentials are replaced by short range terms that include the 
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Ewald parameter "77",where r? = 5.741/L, where L is the longest edge of the 

simulation cell. This is the value used by Parrinello and Rahman [6] to ensure rapid 

convergence. The potential energy of an electron in an ionic solution can thus be 

written as; 

E=~Ub + Ys^e-I+lLQe-e- (3.5.2) 

where 

U-lMljtt (3.5.3) 
eo 7T0-75 

and the Coulombic term is given by; 

<*> (r) _ 1 (3.5.4) 
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3.6. Periodic Boundary Conditions : 

The number of particles in a simulation is usually only a few hundred 

molecules, so the presence of hard walls or free surfaces for a system of volume V 

would dominate the behavior of the fluid and obscure the bulk behavior. Periodic 

boundary conditions are thus needed to embed the system in an infinite, 

homogeneous medium with the same macroscopic properties. It also avoids surface 

effects inherent in small clusters. 

PBC consists of conserving and restricting the N particles in the volume and 

to repeat this volume periodically in all directions [22]. Also, the particles in a 

simulation cell interact with the particles in the image cells as shown in Fig.8. and 

the total number of cells in 3 dimensions is 27 cells. Thus, the potential energy in 

the cell becomes 

where a, b, c are +1, 0. Lx, Ly and Lz are the lengths of the edges of the cell. Since 

it is possible for the reference particle to interact only with image particles in an 

adjacent image cell, the radial distance for the interaction is restricted by the length 

of the simulation cell. This suggests that the potential would be zero outside a cutoff 

range of about half the minimum length of the cell. 

(3.6.1) 

- rfc + aLx, y + bLy, z+ cLz)\ 
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Figure 7. : Periodic boundary conditions in 2 dimensions. 
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Therefore, the total potential with PBC and the cutoff range of interaction, 

R, is: 

Vc = £ Aij( rij)*{nj) (3.6.2) 
total pairs 

Aij = 1 if < Rj 

Ay = 0 if rfj > Rt 

The time consuming part of computing with MD method resides in the calculation 

of forces between interacting particles. We employ an update process to reduce 

running time. The update is necessary to optimize the calculation of interacting 

forces. The reference particle interacts with a restricted list of neighboring particles 

within a cutoff range, Rc > Rt. As time goes on, the particles move in the cells and 

some of the interacting particles move outside the cutoff range from the reference 

particle; only then particles have to be traced [24]. 

If any particle moves more than some specified distance, S, since the last 

update, the list of neighbors of all particles is updated. S is defined by 

5 = Rc " R' (3.6.3) 
2 

where Rc is the cutoff range and Rt is the interacting range. An additional PBC 

constraint is that the total number of particles in the simulation cell is conserved. 
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3.7. Rescaling Momenta : 

Since we operate in the microcanonical ensemble E, V and N are held 

constant. The kinetic energy and temperature keep varying due to fluctuations in the 

system. 

The temperature and kinetic energy are directly related to each other by the 

Maxwell-Boltzmann high temperature approximation: 

Av. K£. = It my? = £ Hi = (3.7.1) 
2 T i 2m 2 

This is a sum over all particles including contributions from each degree of 

freedom. 

To perform simulations in a canonical ensemble (T,V,N) a coupling scheme 

to insure that the temperature and momenta of the system remain constant can be 

easily devised. 

We do this by coupling the system to a heat bath. We then adding or 

subtracting momentum from the particles accordingly; to maintain the desired 

temperature. Note that the momenta of the nodes and the ions are rescaled 

independently 
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3.8 Units : 

The data from the simulations present the energies based on reduced units. 

The reduced unit is given by 

where e is the charge of an electron equal to 1.602 x 10"14 C, 

e0 is the dielectric constant of vacuum = 8.85 x 10"12 C2N_1m"2. The calculation leads 

to a value of 14.4 eV. 

The units of a time step should be based on the electronic motion. The time 

step "At'" is stated with reference to one atomic vibration. From Newton's first law 

we have 

F = m'a where m* = 1 atomic mass 

£ 

47re0(l x 10"10) 
(3.8.1) 

IN = 1 kg ms"2 

, s = kS m 2 = 2.144 X 10"14 . 
\ / 

(3.8.2) 

Hence At should be multiplied by 2.144 X 10f14 s to get the actual time in 

seconds. For example, A/* =0.125 actually means a real time of 2.68 X lQr15 s. 
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CHAPTER 4 

Results and Discussion 

4.1 Model: 

We "conducted MD simulations using the QPI approach on a system 

constituting two electrons in molten KCl. The simulation cell is a fixed cubic box 

of edge length L = 13.8 A, containing 32 K+ and 30 CI" ions. Periodic boundary 

conditions were subsequently imposed on the system. 

The interaction between the ions are of the Born-Mayer-Huggins type and 

we used the parameter of Sangster and Atwood [23]. The electron K+ interaction 

is modelled with a local pseudo-potential identical to the one used by Parrinello 

and Rahman [6] with a core radius Rc = 1.96 A as shown in Figure 8. The long 

range Coulombic potential and forces are calculated with the Ewald summation 

method. All simulations in this study have been performed with the following set 

of condition: Ewald parameter rj = 5.741/L, and a real-space part of the 

summation truncated at half the length of the simulation cell. The reciprocal sum 

under these conditions is small compared to other contributions and is neglected 

[23]. Various time integration steps are used for the simulations. The steps are 

specified wherever necessary in the text. 
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Electron-Ion Potential 

U(r.) 
i j ' J  

core 

Figure 8. : Electron-Ion Pseudo-potential 
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The initial state was based on a well equilibrated liquid of 32 K+ and 

30 CI" at a temperature of 1300 K and a density of 1.5 g/cm3. We vary the 

number of nodes of our necklace in the range of 10 to 288 nodes. 
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4.2 Validity of Assumptions : 

We conducted simulations of the parallel spin electrons ( £ = -1) with the 

main objective of ensuring that the frequency of occurence of states with det < 0 

was indeed rare. The necklace consisted of 88 nodes and simulations lasted close 

to 170,000 time steps. A random initial configuration was chosen. We noted that 

in the first 6,000 steps there was 1 of 88 nodes which entered the negative regime 

every 300 steps. Thereafter, these transgressions decreased rapidly to a negligible 

rate of 1 node every 20,000 steps. We take these results as a footing for the 

approximation for the effective potential of the triplet state (f = -1). The 

probability of these states should fall further with increase in the number of 

nodes. 
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4.3 Convergence of Algorithm : 

The effect of time steps on our simulations was tested. Simulations were 

run for £ = 0, +1, -1. Three different time steps were used, namely At = 0.125, 

0.0625 and 0.03125. The necklace comprised, of 100 nodes and a well equilibrated 

structure from a £ = 0 simulation was used as the initial state. The number of 

time steps were varied from 25,000 to 50,000 and 100,000 steps to check the 

effects of time steps on the average thermodynamic properties of the system. The 

simulations did not exhibit any significant deviations with these changes imposed. 

We therefore chose the largest At, namely 0.125 for all subsequent simulations. 

Table 1. shows a comparison of energies for £ = 0, +1, -1 with variable 

node specifications of 10, 50, 100, 176 and 288 and time step At = 0.125 (At = 

2.68 X 10"15). We go through this exercise to confirm our theoretical predictions 

for the optimum range for the number of nodes which was hypothesized in section 

2.4 to be between 50 to 300. The energies are presented in eV. The energies are 

referred to a state of zero energy for infinitely spread particles. The standard 

deviations for the Coulombic, potential and kinetic energies were on the order of 

0.3, 0.8 and 2.0 eV. It should be noted that the standard deviations do not 

represent the errors made on averaging a finite set of energies, but represent the 

spread of the instantaneous energies. 

Figures 9,10 and 11 are plots of the Coulombic energies for the £ = +1,0 

and -1 cases respectively. Table 2 compares the values of the Coulommbic 
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TABLE 1 

NODES COULOMBIC POTENTIAL KINETIC TIMESTEPS 

II o
 

10 4.0 -20.36 1-.4 100,000 

50 3.8 -16.1 1.3 30,000 

100 3.7 -15.5 1.7 25,000 

176 4.0 -16.5 2.1 100,000 

288 4.0 -14.9 2.1 100,000 

C = +1 

10 3.9 -19.8 1.1 100,000 

50 4.6 -19.5 1.8 30,000 

100 4.7 -18.7 1.8 25,000 

176 4.5 -17.9 2.2 100,000 

288 4.6 -18.7 2.2 100,000 

C = -1 

10 3.1 -19.6 1.2 100,000 

50 3.5 -16.6 2.2 30,000 

100 3.6 -16.2 2.2 25,000 

176 3.7 -16.2 2.0 100,000 

288 3.46 -14.1 2.1 100,000 

All the energies are presented in eV. The zero of energy is for infinitely 

separated particles. The standard deviations on the Coulombic, potential and 

kinetic energies are 0.3, 0.8 and 2.0 eV respectively. 
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Table 2 

NODES Average Coulombic Energies (eV) NODES 

o
 II +
 II C = -1 

10 4.0 3.9 3.1 

50 3.8 4.6 3.5 

100 3.7 4.7 3.6 

176 4.0 4.5 3.7 

288 4.0 4.6 3.4 

The standard deviations for all the values fell in the range of 0.3 to 0.4 eV. 
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energies with the number of nodes. It should be noted that the Coulombic 

energies truly represent the states of the two electrons or necklaces. 

The triplet state (C = +1) shown in Fig. 9 exhibits a low in the Coulombic 

energy for P = 10 nodes. However, for P >50 to 288 nodes, all the values of 

Coulombic and potential energy are within the range of the dictated by their 

respective standard deviations. We do not have much confidence in the kinetic 

energy due to our approach towards its calculation which is discussed at length in 

section 2.3. 

As P tends to values greater than 300 nodes we predict that the exchange 

interactions though present, will not be fully sampled due to reasons stated in 

section (2.4). We should thus expect a gradual convergence to the £ = 0 state as 

P -* oo. We have not been able to simulate systems larger than 300 nodes due to 

computational limitations. However, our numerical calculations for £ = +1 

indicates clearly that the path integral method with exchange has converged for 

P >50 nodes at 1300 °K. 

The C = 0 system constantly fluctuates between the singlet and triplet 

states. Averaging out values would requires very long simulations. It appears that 

for P > 100, the energies have converged. In this case, since no exchange 

interaction is taking place; large values of P do not limit the simulation. In fact 

accurate values of energies can be obtained by increasing P. Figure 11 shows the 

plot of Coulombic energy vs. the number of nodes for the C = -1 (singlet) case. 

As can be seen in a review of section 2.2.3., we specify the need for the exchange 
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distance to be considerably larger than the harmonic distance in order to achieve 

reliable results. For the P = 10 nodes, we are probably far below the boundary 

limits of the above mentioned approximation. For P values of 50 to 288, we 

obtain fairly convergent values. As P tends to larger numbersjas stated earlier, we 

end up with the problem of ineffective sampling of the states. 

In general, the quantum path integral should collapse for small number of 

nodes (P = 10) as the classical isomorphism is said to be exact at P -* On the 

other extreme; the states of the system with exchange should also be ineffectively 

sampled at large P by the path integral method. 

Convergent thermodynamic properties are seen to be obtained in the range 

of 50 to 300 nodes. 
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Figure 9. : Plot of Average Coulombic energy vs. number of nodes 

for C = 0. 
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Figure 10. Plot of Average Coulombic energy vs. number of nodes 

for £ = +1. 
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Figure 11.: Plot of Average Coulombic energy vs. number of nodes 

for C = -I-
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4.4 Localized States : 

Table 3 compares the energy of a single electron immersed in a 32 K+ and 

31 CI" molten salt to that of a two electron systems. For the sake of comparison, 

the energies are referred to a state of zero energy for infinitely separated 

particles. By a simple analysis it can be seen that when the potential energy of 

the single electron is doubled it has a value similar to the triplet (C = -l/s=l) 

state. This clearly indicates the formation of two dissociated or polaronic states. 

On the other hand, the triplet (C = +l/s=0) state shows a lower potential energy 

thus leading to a more stable structure. The complex is more commonly referred 

to as a bipolaronic complex. 

The Coulombic energy term shows a higher value for the triplet state than 

the singlet configuration. The increase in electron-electron Coulomb energy for 

the triplet state is offset by a decrease in the potential energy. Electrons with 

parallel spin feel a negligible part of the short range Coulombic repulsion, as they 

are kept apart by Pauli's exclusion principle. Only electrons of antiparallel spins 

interact via the large momentum transfer part of the Coulomb interaction, namely 

at near separation distances. 

The orthonormality of the electronic wave functions in the singlet (C = -1) 

state or parallel spin case restricts the spread of the function. Since the kinetic 

energy is related directly to the extent of the spread of the wavefunction, we 

culminate in a higher kinetic energy for the singlet (£ = +1) state. 
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* P = 100 Path Integral * P = 100 

C = +1 C = -1 One electron 

Kinetic energy 1.8 (1.4) 2.2 (2) 1.2 (0.3) 

Coulombic energy 4.7 (0.3) 3.6 (0.4) -

Potential energy -18.7 (0.8) -16.2 (0.6) -8.3 (0.5) 

The energies are in eV. 

The zero of energy is for infinitely separated particles. 
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These results are substantially corroborated by the configurational plots of 

the singlet and triplet states and the radial distribution functions. 

4.4.1 Configurational Plots : 

We chose the 100 nodes system not only for simplicity of illustrations but 

also for the computational tractability and ease. From section 4.2 we see that this 

number falls in the range which yields convergent thermodynamic properties. The 

trajectories of the nodes are presented in Fig. 12 for C = +1 and Fig. 13 for 

C = -1. The triplet (£ = +1) state shows a highly localized structure or a 

bipolaronic complex, where the antiparallel spin states causes a high Coulombic 

interaction and thus forces the two necklaces to form one dense cluster. The 

singlet (C = -1) case dissociated into two localized polaronic states. This is 

expected from Pauli's exclusion principle which states that two electrons with 

parallel spins are prohibited from occupying the same orbital state. We thus see 

two separated clusters. 

In the C = 0 , one could visually observe the two electrons alternating 

between the clustered states; typical of the antiparallel case and the dissociated 

states (C = -1). In contrast to the singlet and triplet states; where equilibration 

was achieved; the system without exchange seemed to be rife with fluctuations. 

These preliminary structures support the theory which states that a 

bipolaronic complex must be formed for an antiparallel spin case and for the 

parallel spin case two separate polarons are formed. 
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Figure 12.: Trajectories of the C = +1 or triplet state clearly showing a well 

localised bipolaronic complex. 
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Figure 13. : Trajectories of the C=-l or singlet state showing two 

dissociated clusters. 
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4.4.2 Radial Distribution Function : 

The radial distribution function helps us to get a picture of the average 

positions of the electrons (necklaces) with respect to themselves and with respect 

to each ion in the alkali halide melt. The radial mesh used for measuring the 

distributions was -0.05 A. 

Figure 14 compares the singlet and triplet radial distributions. For the 

£ = +1 case we see that a bipolaronic complex is formed with the average 

distance between the electrons being ~3.5 A. The dissociated states for C = -1 

move as far apart as permitted, which is nearly 7 A or half the size of the 

simulation cell. 

It can be clearly seen from Fig. 15 that the bipolaronic complex nests itself 

within the cations, namely K+ separated by a distance of 3-4 A and the e"-Cl" 

RDF shows a repulsive nature where the electron localizes itself away from the 

anion. 



78 

0.5 

0.4 

0.3 

0.2 

i1 

0.0 
120 240 Y 

0.65 

0.52 

0.39 

0.26 

0.13 

0.00 
0 120 240 

r 

Fig. 14 : The electron -electron pair correlations for a) triplet & b) singlet states. 

The radial mesh is in units of 0.05 A. The Y-axis is in arbitrary units. 
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Fig. 15 : a) The electron -K+ & b) Electron -CI" radial distributions. 

The radial mesh is in units of 0.05 A. The Y-axis is in arbitrary units. 
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4.5 Comparison with Selloni et al.: 

In Table 4, the energies calculated by the QPI formalism were compared to 

those of Selloni et al. who used a direct integration of the time dependent 

Schrodinger equation with local spin density approximation. The zero of energy is 

now referred to that of two uniformly spread particles. The conversion factors 

for the conversion from a reference state of two infinitely separated particles to 

that of two uniformly spread particles is explained in Appendix A. 

The kinetic, potential and total energies compare qualitatively with our 

values but cannot be compared quantitatively. Selloni et al. used a Born-Mayer 

type potential for the ion-ion interaction potential which is similar to our model. 

They, however, used the parameters fixed by Fumi and Tosi [28] in comparison to 

the Sangster and Atwood [29] parameter which we employed. Also, the electron-

ion potentials we used was Parrinello and Rahman's truncated pseudopotential. 

Selloni et al. employed a smoothed version of the same potential. 

Albeit the differences in the model parameters and approach, the 

electron-electron Coulombic energy obtained from the path integral calculation is 

seen to be in excellent agreement with those calculated by Selloni et al. (Table 4) 

[27]. As these values are truly representative of the singlet and triplet states, we 

can conclude that the QPI method with quantum exchange appears to be 

adequate. 
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TABLE 4 

NODES COULOMBIC POTENTIAL' KINETIC TOTAL 

ii +
 

i—
i ii 

P=50 3.0 (0.3) -15.7(0.9) - 1.8 (2.0) -11.5 

P=100 3.0 (0.3) -15.3(0.8) 1.8 (2.1) -10.5 

P = 176 2.9 (0.3) -14.1(0.8) 2.2 (2.0) -9.0 

P=288 3.0 (0.3) -15.1(0.8) 2.2 (2.0) -9.9 

Selloni 3.3 (0.2) -13.3(0.6) 2.3 (0.1) -7.7(0.3) 

C = -1 (s = 1) 

P=50 1.9 (0.4) -12.8(0.6) 2.2 (2.0) -9.1 

ii i—*
 

o
 

o
 

2.0 (0.4) -12.4(0.6) 2.2 (2.0) -7.6 

P = 176 2.1 (0.4) -12.4(0.6) 2.0 (2.0) -7.6 

P=288 1.8 (0.4) -10.3(0.7) 2.1 (2.0) -6.4 

Selloni 2.0 (0.5) -11.1(1.5) 2.9 (0.3) -6.2(0.8) 

The energies are presented in eV. The numbers in parenthesis are the standard 

deviations. The zero of energy is such that the electron-electron Coulomb energy 

and the potential energy are zero for two uniformly spread particles. The large 

uncertainties on the values of the kinetic energies by the path integral results from 

the reasons stated in section 2.3. 

** The potential energy of Selloni et al. is reported as a sum of their exchange 

and potential energies. 
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CHAPTER 5 

CONCLUSION 

We have successfully implemented our Quantum Path Integral formulation of 

two electrons in molten KC1, considering the effect of spin dependent exchange. 

Preliminary results showed that the electrons with antiparallel spins formed 

a bipolaronic complex and those with identical spins repelled each other and formed 

two separate localized states. Theoretical predictions agreed well with experimental 

findings. The convergence of the QPI method was observed for P > 50 nodes. 

Satisfactory exchange is expected to an upper limit of 300 nodes. 

Calculation of time averaged properties, namely energies, were in good 

agreement with prior results presented by Selloni et al [27]. The electron-electron 

Coulombic energy was found to be identical and the other energies ; namely kinetic, 

potential and the harmonic energies compared well only qualitatively due to the 

difference in the calculation of e"-ion and ion-ion interaction potentials. 

The RDF illustrated clearly that when C = +1 (triplet) the two electrons 

nested themselves among a sea of cations. The e" - e" separation distance was 

calculated to be —3.5 A. The C = -1 (singlet state) showed the electrons being 

repelled as far away from each other as possible namely half the size of the 

simulation cell ~7 A. On the basis of these encouraging results, we believe that the 

aforementioned QPI approach could be extended to study multielectron systems. 
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CHAPTER 6 

FUTURE WORK 

We have clearly highlighted the importance of the QPI MD approach for the 

study of the two electron system with exchange. 

Future work would involve extending the formalism to model a multielectron 

system where the exchange effects would lead to the formation of not only dimers 

but timers ... etc. 

We propose to study a variety of systems representative of doped conductors, 

amorphous or crystalline materials (including the perovskite crystal structure), and 

lower dimensionality structures. 

Considering a molten salt KC1 containing 32 K and 32 CI with periodic 

boundaries, a whole range of compositions up to the pure liquid K metal can be 

spanned. At a temperature ~ 1300 °K, calculations with P = 100 nodes per electron 

have been proven to be reliable. The molten metal can be simulated with 32 K and 

3200 electronic nodes, a system computationally tractable. 

Numerous perovskite oxides exhibit M-NM transitions upon doping. In light 

of the superconducting properties of some of these oxides, it is compelling to use 

computer modeling to look at these electronic structures (in the ground state). 

Application of the QPI approach, considering exchange to high Tc 

superconductors could make a significant contribution to our understanding of a 
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paring mechanism in the high Tc superconductors. 

While much can be learned from path integral simulation, this technique 

cannot give direct information on the dynamical properties of the electrons. Path 

integral yields only thermally averaged correlation functions. This was the drive for 

the development of a method involving simultaneous integration of the time-

dependent Schrodinger equation and Newton's equations of motion by Selloni et al. 

[30]. However, the path integral method can provide indirect information on the real 

time behavior. The calculation of mean square displacement, momentum correlation 

and optical spectrum are critical for the description of the dynamical nature of 

multielectron systems. Time correlation functions may be calculated by the method 

of analytic continuation [31]. 

Another disadvantage of the method is that at low temperature, convergence 

of the discretized path integral requires even larger numbers of necklace nodes. In 

addition to increasing computational time, this results in less effective sampling of 

exchange states. This problem may be overcome to some degree by employing a 

higher -order correction to the Trotter expansion [32, 33] to reduce the number of 

nodes for convergence. 
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APPENDIX 

Reference Energies : 

In order to compare our simulation results with the one reported by Selloni 

et al we need to convert our energies from the reference state of two infinitely 

separated electrons to that of two uniformly distributed electrons. 

First we consider a negative ion, namely CI' experiencing a potential due to 

another electron uniformly spread over a volume Q. 

The electron charge density is given by : 

p(r) = 47rr2dr {-—) (1) 
n 

and the e'-Cl' electrostatic energy is 

a  .  .  =  f R '  q p  =  f  J ? ' (~e)(~e/n)47iy2rfr (2) 
e ~a Jo 47re0r Jo 4^6,/-

where the integration is performed from the center to the maximum range of 

interaction, Rt. We designate Rt as explained in the text to be 

1/2 LceU = 6.9 A. The volume of the cell is (13.8 A)3 and the other universal 

constants apply. The result from eq. (2) gives a value of 0.113825 in reduced units. 
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For the K+ ion the integration is performed over two ranges. The first term 

accounts for the core of the e~-K+ pseudopotential with a core radius Rc for K+ ion 

of 1.96 A. The second term is the standard electrostatic energy. The equation thus 

reads 

= r *,(e)(-e/n) Anridr + r*,(e)(-g/n) 4jr/.2dr ^ 
e'K Jo 4 ttCqT X 47re0r 

= 4** 3 
+ 4*r2dr 

4^6^ 47re0r 

Substituting Rc = 1.96 A and Rt = 6.9 A ; a value of -0.1107629 is obtained. 

Hence a reference state for the energy of interaction between two uniformly spread 

electrons and the ions is given by 

E,. = 32 X 2( K+) + 30 X 2((pe_. aJ (4) 

where the factor of 2 accounts for the two electrons 

= 32 X 2(0.113825) + 30 X 2(-0.U07629) 

= 0.639026. 

A reference energy for the two electrons can be estimated in the same way. 

= 2 X (0.11385) = 0.2277 (5) 
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