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ABSTRACT 

Optical matched filters have been used for the recognition of patterns in a 

noisy background. Different types of matched filters have been proposed since the 

introduction of the VanderLugt matched spatial filter. A novel filter, the hybrid 

phase-only matched filter, is proposed which shows promise for better signal to 

noise ratio, correlation peak intensity and light efficiency compared to the recently 

proposed optimal phase-only filter. 

A neural technique for the design of space-domain binary filter for pattern 

recognition applications is developed. The method takes advantage of the similarity 

in the structure of the minimum squared error criterion for the construction of linear 

discriminant functions and the Lyapunov function of the Hopfield Neural Model. 
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CHAPTER 1 

INTRODUCTION 

1.1 Historical Background of Coherent Optical Signal Processing 

The roots of modern coherent optical signal processing can be traced to the 

end of the 19th century in the work of Ernst Abbe [1], who developed a theory 

to explain the resolution limitations encountered in microscopy. This theory was 

dramatically verified in spatial filtering experiments by both Abbe and Porter [2]. 

One of the earliest and most important applications of spatial filtering was the 

Nobel Prize winning invention of the phase-contrast microscope by Fritz Zernike 

in 1935 [3]. In the 1950's, the possibility of applying coherent optical techniques to 

more general kinds of data processing problems began to be appreciated. In France, 

A. Marechal and his coworkers demonstrated that coherent optical methods could 

be used to restore contrast and resolution in blurred photographs [4]. In the U.S., 

E. L. O'Neill applied coherent optical techniques to the detection and extraction of 

signals in noise [5], and L. Cutrona and his colleagues began to investigate the use of 

coherent optics for the formation of images from side-looking radar data [6]. These 

advances, together with the important developments in holography by Leith and 

Upatnieks [7]-[9], the commercial availability of CW lasers, and the introduction 

of the interferometrically generated complex filter by VanderLugt [10], all in the 

early 1960's, led to a maturing of the field of coherent optical signal processing. 

In this thesis the optical pattern recognition application of coherent optical signal 

processing is considered. 

1.2 Fresnel and Fourier Transforms 

Signal processing operations for which coherent optical signal processing 

systems are most naturally suited are Fresnel and Fourier transformations. A brief 

review of these is now provided. 
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A. Fresnel Transform 

The Fresnel transform of a (possibly complex-valued) function f (x ,  y )  can 

be defined as [11, 12] 

+ 0O 

F a (u ,v )= JJ  f (x ,y )exp[ ja(x 2  + y 2 ) ]exp[- j2 ir (xu  +  yvj \dx  dy .  (1.1) 
— OO 

The inverse transform is given by 

/(x,9)=exp[-M*2+i/2)] j j  F a ( u , v ) e x p [ + j 2 * ( x u  +  y v ) ] d u J v .  (1.2) 

— OO 

To illustrate the way in which Fresnel transforms arise in optical processing, con

sider the simple experiment shown in Fig. 1.1. A uniform, polarized, normally 

incident plane wave of wavelength A illuminates a planar transparency. The field 

immediately behind the transparency can be described by a complex-valued func

tion Ui(x,y), representing the phasor amplitude of the transmitted field, which is 

related to the incident field Uq (assumed constant here) and the amplitude trans-

mittance of the transparency t^(x, y) by 

Ui(x! ,y i )  =  U Q t A (x i ,y{ ) .  (1.3) 

The field ^2 (#2 >2/2)5 that results across a plane parallel with the transparency and 

located a distance z behind it, can be expressed as [13] 

\ exp[i^(xl+y|)] 
U 2 (x 2 , y 2 )  =  \ z  

X  

+00 

JJ U 1 (x i ,y 1 )exp^j^(xl  +  y l )^exp^- j^(x 1 x 2  + yiy2) \dx 1 dy 1 .  (1.4) 



Plane 1 

U ,  
0 

Input 
Transparency 

Fig. 1.1 Optical Fresnel Transform 

Plane 2 

U 2  

Output Plane 



14 

At optical wavelengths, only the intensity I = \U\2 is directly observable, and 

hence, in the (x2, y2) plane, the intensity is measured as 

Ia(®2,!fe) = ^2X 

+°° 2 

JJe x p +  ! / ? ) ]  ^( x i x 2 + ViVi^dxi  dy i  

2 

, (1.5) 

where equation (1.3) has been used and Jo = |t7o |2• Thus, up to a proportionality 

constant, the observed intensity is the squared modulus of the Eresnel transform 

of the input amplitude transmittance ^(x,?/) with parameters: 

7T X2 J/2 

a ~ \z '  U ~ Xz '  V ~\z '  

B. Fourier Transform 

The Fourier transform is identical to the Eresnel transform defined earlier 

with the parameter a set to zero, 

+00 

F(u,v )= JJ  f (x ,  y )  exp [-j27r(®tt + yv) \  dx  dy .  (1.6) 

— OO 

The inverse transform is given by 

+00 

JJ  F(u ,v)exp[+j2ir (xu  +  yv)]dudv .  (1-7) 

— OO 

The system that realizes the Fourier transform is shown in Fig. 1.2 and the relation 

between the complex fields is given by 

+00 

U 2 (x 2 , y 2) =  J jJJ u i ( x hyi ) e x p[ - j 2 x ( x i u  + y i v ) \ d x i  dyi ,  (1 .8)  



Fourier Plane 
(m.V) 

'Fourier' Lens Object Plane 
(*o0 

Fig. 1.2 Optical Fourier Transform 

L h  
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where / is the focal length of the lens and 

X 2  ,  V 2  u = — and v = —. 
<*/ •*/ 

The relation between JJ2(a:,j/) and U \ { x , y )  given by equation (1.8) for a lens is 

derived in reference [13], The derivation shows how the parameter a in equation 

(1.2) reduces to zero resulting in equation (1.6). 

1.3 Spatial Filtering 

Among the operations rather easily achieved with coherent optical signal 

processing systems is the class of spatial filtering operations. This thesis shall 

however restrict to the class of linear space-invariant type of spatial filtering oper

ations. 

When an input f ( x ,  y ) is subjected to a linear space-invariant filtering op

eration, the output g(x, y) is related to that input through the simple convolution 

equation 
+oo 

g ( x , y )=  J  J  /(£> v i )K x  - £» y  -  vWZ <*77, (1.9) 
—oo 

where h ( x  —  £ ,  y  —  r j )  is the response of the filter at coordinates (a; — £ , y  —  r j )  to 

a unit impulse (point source) at coordinates Using the convolution theorem 

of Fourier analysis, the corresponding Fourier transforms are related by 

G ( u , v )  =  F ( u , v ) H ( u , v ) ,  ( 1 - 1 0 )  

where F ( u , v )  is the Fourier transform of f ( x , y ) ,  G ( u , v )  is the Fourier transform 

of g(x,y) and H(u,v) is the filter transfer function. This product relationship 

suggests a simple method for realizing such operations by means of coherent optics 

as shown below. 

Consider the optical system shown in Fig. 3. If an input transparency with 

amplitude transmittance f(x, y) is placed in the front focal plane of a positive lens 



Object Plane 'Fourier' Lens Filter Plane 'Fourier' Lens Image Plane 

F(u,v )H(u ,v )  

Fig. 1.3 Spatial Filtering 
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(focal length /) and illuminated by a plane wave of amplitude U o ,  the complex 

field appearing across the rear focal plane is 

^ . « ) =  i H f j .  ff\ (!•»> 

where the frequency domain coordinates u  and v  were shown to be 

X2 , 1/2 
u  = j j  aad v = T f .  

To obtain the convolution of f ( x , y )  with h(x ,y ) ,  it is necessaxy to multiply the 

corresponding Fourier transforms F(u, v) and H(u, v) and inverse Fourier transform 

the product. The multiplication of F(u, v) by H(u, v) can be accomplished optically 

by placing a transparency with amplitude transmittance 

tA{x2,y2) = KH(^-f,fj), (1.12) 

in the rear focal plane of the first lens, yielding a transmitted field 

U o  
A / ' "  U / ' A / / " U / ' A / >  

Now if a second identical lens follows at one focal distance, the field in its rear focal 

plane will be the Fourier transform of U'2. The fact that the second lens computes 

another forward transform, rather than an inverse transform, leads to an inversion 

of the output coordinate system, which is of no practical consequence. Neglecting 

constant factors, the output field is just the convolution of f(x,y) and h(x,y), as 

desired. 

It should be mentioned that the observable quantity at the output of the 

processor is the intensity distribution, 

+oo 

I ( x 3 , y 3 )  =  JJ f i t ,  V)Kx 3 -  f ,  y»  -  dr)  (1.14) 
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The cross correlation g(x ,y )  of two functions f (x ,y ) and h(x ,y ) is defined 

by the relation, 
+00 

9 ( x , y )  =  JJ  f(£ ,r] )h( t  +  x , r )  +  y)d£dr) .  ' (1.15) 

— OO 

The corresponding Fourier transforms are related by, 

G ( u ,  v )  =  F ( u ,  v ) H * ( u ,  v ), (1.16) 

where * denotes complex conjugation. Hence if the transparency placed at the 

filter plane has an amplitude transmittance 

t A (x 2 , y 2 )  =  K H*((1-17)  

the output field is the cross correlation of / and h.  

1 . 4  Filter Realization 

In discussing the system required for performing convolutions and correla

tions, it has been tacitly assumed that a filter-plane transparency with amplitude 

transmittance proportional to the desired transfer function can indeed be made. 

In this section some of the possible approaches that can be used to realize such 

transparencies axe considered. 

1 . 4 . 1  Z e r o  O r d e r  F i l t e r i n g  

If the transfer function J? is a reasonably simple function with little spatial 

complexity the modulus and phase transmittances can be controlled independently 

with separate absorbing and phase-shifting masks. The filtering technique is called 

zero order filtering because all the incident light is diffracted into only one order, 

viz. the zero order. Care must be taken to minimize undesired phase-shifts intro

duced by the absorbing transparency and to align the two transparencies. Such 

filters have been successfully made in some cases [14, 15]. 
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1 . 4 . 2  V a n d e r L u g t  M a t c h e d  S p a t i a l  F i l t e r  

In 1964, VanderLugt [10] proposed an interferometric method of complex 

spatial filter generation. The method proposed was holography, which results in 

encoding the complex function on a spatial carrier, and involves an object beam 

modulated by the reference pattern. Holography was considered a suitable method 

for recording complex signals in the frequency plane. 

1 . 4 . 3  J o i n t  T r a n s f o r m  . C o r r e l a t o r  

Another optical architecture for realizing cross correlation operations op

tically, which has become known as the Joint Transform Correlator (JTC), was 

proposed in 1966 by Goodman and Weaver [16]. It is shown in Fig. 1.4. Here, 

both functions are presented together in the object plane, and their combined or 

joint Fourier transform is produced in the focal plane behind the lens. If the joint 

Fourier transform is recorded on a square-law or energy detector and the inverse 

Fourier transform is taken, the cross correlation of the two functions is obtained. 

One advantage of this system is that it does not require a separate filter. One 

simply introduces the filter function, usually a real function, beside the input func

tion at the input plane. A disadvantage of the JTC is that the space-bandwidth 

product available in the input plane must be shared by the two signals along with 

a guard band to ensure separation of correlation patterns from undesired terms at 

the output plane. 

1.5 Goals Of The Thesis 

Optical matched filters have been used for the recognition of patterns in a 

noisy background. Different types of matched filters have been proposed since the 

introduction of the VanderLugt matched spatial filter. They are phase-only 
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Joint 
Object Plane 'Fourier' Lens Transform 

-<| £> 

Joint 
Transform 'Fourier' Lens Correlation Plane 

ff  

Fig. 1.4 Joint Transform Correlator 
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matched filter, optimal phase-only filter to name a couple. The factors of impor

tance to be considered in the design of such filters are its noise performance, its 

light efficiency and correlation peak intensity. In this thesis a new filter is proposed 

with improved performance in the above mentioned aspects. 

Binary filters for optical pattern recognition have some advantages over the 

continuous type optical spatial filters. A neural approach for the design of space-

domain binary filter is proposed. 

1.6 Report Outline 

In chapter 2, definitions of certain measures (which will be used to evaluate 

the performance of various existing frequency-domain optical correlators) will be 

made. The filters that are discussed are the Classical Matched Filter, Phase-

Only Matched Filter and the Optimal Phase-Only Filter. The proposed filter, 

Hybrid Phase-Only Matched Filter, is described in chapter 3. A comparison of the 

proposed filter with various filters (mentioned above) is done. The performance 

of the filter is evaluated using ID and 2D signals. In chapter 4, a technique 

for designing a space-domain binary filter is proposed. It takes advantage of the 

similarity of the energy function of the Hopfield Neural Model. Finally, all the 

results are summarized in chapter 5. 

1.7 Contributions 

The contributions of this research are, 

® Proposal of a new filter, the hybrid phase-only matched filter. 

© Performance evaluations of the proposed filter. 

a Computer simulation results of the filter using ID and 2D signals. 

© Proposal of a neural technique for the design of space-domain binary filter. 

© Computer simulation results of the binary filter. 

® Proposal of a neural technique for the design of space-domain binary filter 

for recognition of patterns immersed in noise. 
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CHAPTER 2 

PERFORMANCE MEASURES 

AND 

REVIEW OF SOME OPTICAL CORRELATION FILTERS 

In this chapter mathematical notations, used hereafter, is developed. This 

is followed by definitions of certain performance measures used to evaluate the 

performance of filters. A brief review of some existing filters is presented whose 

performance will be compared to the new filter proposed in this thesis. 

2.1 Notations and Criteria for Performance Evaluation. 

2.1.1 Continuous Space and Frequency Domain Signal Notation 

In this thesis I D  notation will be used henceforth for simplicity. Let f ( x )  

be a signal in the object plane and F(u) its complex Fourier transform. Let the 

maximum magnitude of F(u) be normalized to unity. One could carry a scalar gain 

not equal to unity throughout the analysis. However for mathematical simplicity it 

s h a l l  b e  a s s u m e d  t h e  m a x i m u m  m a g n i t u d e  o f  F ( u )  i s  n o r m a l i z e d  t o  u n i t y .  L e t  n { x )  

be a sample realization from a zero-mean stationary random process with power 

spectral density Pn(u). Let f(x) and n(x) be inputs to a linear space-invariant 

s y s t e m  w i t h  i m p u l s e  r e s p o n s e  h ( x )  a n d  t h e  c o r r e s p o n d i n g  t r a n s f e r  f u n c t i o n  H ( u ) .  

Let g(x) be the signal output of this system with G{u) as its complex Fourier 

representation. Assume, without loss of generality, that the output is sampled at 

x = 0 (i.e. , g(0)). 

2.1.2 Discrete Space and Frequency Domain Signal Notation 

Let f ( n )  be the I D  discrete sequence obtained by lexicographic ordering 

the rows of the image in the object plane. Similarly, let F(k) be the corresponding 

discrete Fourier transform (DFT) sequence. The discrete image sequence is also 
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described as a column vector f of dimensionality d equal to the number of pixels 

in the image, i.e. , 

f = [/(l),/(2),...,/(<*)]'. (2.1) 

where ' denotes matrix transpose. All discrete Fourier transform sequence vectors 

are of length d. The vector F denotes the discrete frequency domain sequence F(k). 

Matrices are denoted by light face characters and vectors by bold characters. Upper 

case symbols refer to the frequency plane terms, while lower case symbols represent 

quantities in the space domain. The vector h represents the filter h(n) in the space 

domain and the vector H its Fourier transform. It is clear that h can be obtained 

from H by inverse discrete Fourier transform and vice versa. Similarly g represents 

the image g(n) at the output plane and the vector G its Fourier transform G(k) 

in the frequency domain. 

2.1.3 Performance Measures 

In this section, three performance measures (performance criterions) will 

be defined. These measures will be used to evaluate the performance of different 

frequency domain optical correlators discussed in this thesis. 

A. Signal-to-Noise Ratio (SNR) 

The signal-to-noise ratio that will be used here is the same as discussed in 

the derivation of the classical matched filter in communication theory [17]. It is 

different from another useful measure known as the peak to sidelobe ratio (PSR) 

used by researchers in Optical Pattern Recognition. 

The signal-to-noise ratio is defined as 

SNR = (2.2) 

where g{0) is the output sampled at x = 0 and er2 is the noise variance. 
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In the frequency domain, the signal-to-noise ratio takes the form 

r,,p I! F(u)H(u)du\2 

The limits of integration axe from —oo to +00. Better detection performance is 

expected with filters yielding higher signal-to-noise ratio values. 

B. Correlation Peak Intensity (CP) 

The correlation peak intensity is defined as the light intensity at the origin 

(a: = 0) in the output plane. It is given by 

CP = \g( 0)|2. (2.4) 

The correlation peak intensity in the frequency domain is given by 

CP = \jF{u)H(u)du (2.5) 

The limits of integration are from —00 to +00. The higher the correlation peak 

intensity the better the light detecting capability at x = 0 in the output plane. 

C. Light Efficiency (rj) 

The light efficiency is defined as [18] 

f \g(x)\2dx 

In the Fourier domain equation (2.6) can be written as 

/|g(»)|Vu 

_ nF(u)H(u)pdu 

~ , m  f \ F ( u ) \ ' d u  '  [  l  
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where rf = light efficiency and r]m = medium efficiency or diffraction efficiency and 

the limits of integration are from —oo to +00. A medium efficiency of unity is 

assumed henceforth. This implies that the filter is being realized by zero-order 

filtering as discussed earlier. 

2.2 Review of Optical Correlators 

In this section a brief review of some optical correlators is presented. The 

performance measures will then be used to compare the performance of the filters 

with that of the proposed filter 

2.2.1 Classical Matched Filter 

The classical matched filter is obtained by maximizing the signal-to-noise 

ratio. To determine the filter function H(u) that performs optimally in the presence 

of noise, the signal-to-noise ratio given by equation (2.3) is maximized. 

It can be shown [17] that the optimal filter is given by 

where F(u) = |F(w)| exp(j$ir(u)) and |F(u)| is the magnitude of the Fourier 

transform and is the phase function of F(u). If the input noise is white, 

Pn(u) is a constant and hence, H(u) is proportional to F*(u) or h(x) = /(—x), 

and the filter output turns out to be the cross correlation of the reference signal 

f(x) with the image in the object plane corrupted by noise, i. e. , 

(2.8) 

H ( u )  = |F(u)|exp(-j$F(u)). (2.9) 

The filter given by equation (2.9) is referred to as the classical matched fil

ter (CMF). 



27 

In the remainder of this section the expressions for the performance measures 

of the classical matched filter is derived. The definitions made in section 2.1.3 is 

employed. 

A. Signal-to-Noise Ratio (SNRcmf) 

Substituting the expression for H(u) given by equation (2.8) in equation 

(2.3), the signal-to-noise ratio is obtained as 

If the noise is white with power spectral density Pn(u) = No, the signal-to-noise 

ratio given by equation (2.10) reduces to 

This is the maximum signal-to-noise ratio achievable by any filter. 

B. Correlation Peak Intensity (CPcmf) 

The correlation peak intensity for the classical matched filter for the white 

noise case from equation (2.5) and equation (2.9) is given by 

C. Light Efficiency (tjcmf) 

Substituting equation (2.9) in equation (2.7), the light efficiency for the 

classical matched filter is given by 

SNRcmf (2.10) 

SNRcmf (2.11) 

CPcmf (2.12) 

vcmf = f+oo |EV v |2, • 
J-oo \F(u)\2du 

(2.13) 
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It must be noted, however, that neither the correlation peak intensity nor the light 

efficiency is the maximum. In other words, this filter is not optimal for correlation 

peak intensity and light efficiency. 

2.2.2 Phase-Only Matched Filter 

The classical matched filter yields the highest signal-to-noise ratio when 

detecting an object immersed in a noisy background. However, for several appli

cations, the performance of this filter as regards to correlation peak intensity and 

light efficiency is not satisfactory [18, 19]. The low light efficiency of the classical 

matched filter is due to the fact that, for most common input objects, the light 

power in the Fourier spectrum is very unevenly distributed: it is characterized 

by a high peak at zero spatial frequency and a rapid falloff of the power towards 

higher spatial frequencies. This falloff is detrimental since the maximum of the 

filter transmittance is normalized to unity. 

In 1982, Horner and Gianino [20] introduced the concept of phase-only filters 

which overcame the problem of low light efficiency and correlation peak intensity 

in the classical matched filter. The phase-only matched filter is obtained by setting 

the amplitude of the classical matched filter to unity for all frequencies. This filter 

is based on an earlier work done by Oppenheim and Lim [21], which showed the 

relative importance of the phase information in preserving the visual intelligibility 

of the image. These phase-only matched filters can, in principle, yield a light 

efficiency of 100% with sharp correlation peaks. 

In 1984, Lohmann and Thum [22] proposed an alternate method for improv

ing the light throughput. In this method the light efficiency is improved by placing 

a spatially fixed phase mask behind the object plane. This results in dispersing the 

light more evenly in the Fourier domain thereby increasing the efficiency. In this 

thesis only the phase-only filter proposed by Horner and Gianino will be discussed. 

The phase-only matched filter (POF) is obtained by setting |F(u)| in equa

tion (2.9) to unity at all frequencies. Hence the phase-only matched filter is given 
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by 

H(u) = exp (~j$F(u)). (2.14) 

In the remainder of this section the expressions for the performance measures 

of the phase-only matched filter is derived. The definitions made in section 2.1.3 

is employed. 

A. Signal-to-Noise Ratio (SNRpof) 

Substituting the expression for H(u) given by equation (2.14) in equation 

(2.3), the signal-to-noise ratio for the phase-only matched filter is written as 

[f+0° \F(u)\du}2 
SNRpof = ' J • (2-15) 

J-oo Pn{u)du 

From the above expression for the signal-to-noise ratio it is seen that due to the 

unlimited bandwidth (limited only by the size of the optical system) the signal-

to-noise ratio is low. Comparing the classical matched filter definition given by 

equation (2.8) with that of the phase-only matched filter in equation (2.14), the 

phase-only matched filter can be viewed as the cascade of the classical matched 

filter with a transfer function given by P„(u)/|F(u)|. Since the signal spectra 

|F(m)| tends to zero for high frequencies, this additional transfer function acts as a 

high-pass filter amplifying the noise at those frequencies where the signal is absent. 

This implicit high-pass filtering effect causes the phase-only matched filter to be 

more sensitive to distortions, like rotation and scale, than the classical matched 

filter [23]. 

B. Correlation Peaic Intensity (CPpoF) 

The correlation peak intensity for the phase-only matched filter, from equa

tion (2.5) and equation (2.14), is given by 

r +oo " ^ 
CPpof = 1 I  |  F{u)\du .  ( 2 . 1 6 )  
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C. Light Efficiency (tjpof) 

Substituting equation (2.7) in equation (2.14), the light efficiency for the 

phase-only matched filter is given by 

J+0° \F(u)\2du 
vpof = = 1.0. (2.17) 

2.2.3 Optimal Phase-Only Filter 

Phase-only matched filter offers superior performance over the classical 

matched filter only in certain respects. These filters can, in principle, transmit 

100% of the incident light. They have high correlation peaks and offer a supe

rior discrimination capability. However, as discussed earlier, these filters have low 

signal-to-noise ratios and are sensitive to distortions. Recently Kumar and Bahri 

[24, 25, 26] have proposed an optimal phase-only filter which improves the signal-

to-noise ratio of the phase-only matched filter by limiting the bandwidth of the 

phase-only matched filter. It must also be noted that the phase-only matched filter 

was obtained by determining an optimal classical matched filter and setting its 

magnitude to unity arbitrarily. Kumar and Bahri have also shown that the phase-

only matched filter proposed by Horner and Gianino is indeed optimal amongst all 

phase-only filters in the signal-to-noise ratio sense. 

Assuming that the reference signal f ( x )  is such that the magnitude of the 

signal Fourier transform, |F(u)|, is zero for all |u| > «/, the optimal phase-only 

filter (OPOF) is defined as 

(2.18) 
10 otherwise, 

where the filter bandwidth Uh is less than or equal to the signal bandwidth u j. 

The proper choice of tt/4 is discussed below. 

In the remainder of this section the expressions for the performance measures 

of the optimal phase-only filter is derived. The definitions made in section 2.1.3 is 

employed. 
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A. Signal-to-Noise Ratio (SNRqpof) 

Substituting the expression for H ( u )  given by equation (2.18) in equation 

(2.3), the signal-to-noise ratio for the optimal phase-only filter is given by 

SNRqpof = 

= 2 
/„"* |F(u)|A. 

(2.19) 

where the even symmetry of |-F(w)| and P„(u) is used. 

The choice of u h is made by setting the derivative of the signal-to-noise ratio 

given by equation (2.19) with respect to uh to zero. Uh,opt is the solution to the 

following equation, 

' I  

Uh,opt 
Pn(u)du 

I  f **h ,op t  

l - F X ^ M p f ) !  =  J o  \ F { u ) \ d u  Pn{uh,opt)- (2.20) 

If the above equation cannot be solved explicitly, then one has to graph the signal 

to noise ratio given by equation (2.19) as a function of u/L and select that Uh which 

yields the maximum signal-to-noise ratio. 

The above equation was obtained with an assumption that the optimal 

phase-only filter is a low pass filter. This assumption makes the optimality of 

the optimal phase-only filter valid only for input images with the magnitude of 

the signal Fourier transform monotonically decreasing and the background noise 

white. However the low pass filter assumption can be removed as shown in the 

next section for the white noise case. 
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B. Correlation Peak Intensity (CPopof) 

The correlation peak intensity for the optimal phase-only, from equation 

(2.5) and equation (2.18), is given by 

2 

C Popof = 4 / \F(u)\dt 
Jo 

(2.21) 

C. Light Efficiency (tjopof) 

Substituting equation (2.7) in equation (2.18), the light efficiency for the 

optimal phase-only filter is given by 

r«f. 
=  r i w ,  ( 2 . 2 2 )  

topof 

It is evident from equation (2.22) that although the optimal phase-only filter 

maximizes the signal-to-noise ratio obtainable by a phase-only matched filter, the 

light efficiency of the filter is less than or equal to that of the phase-only matched 

filter. Further the optimal phase-only filter also sacrifices the correlation peak 

intensity to a certain extent. 

2.3 Synthesis Algorithm for Optimal Phase-Only Filter for 2D Signals 

This section deals with a numerical method proposed by Kumar and Bahri 

[24, 25, 26] to obtain the optimal filter bandwidth for 2D signals. Noted that the 

assumption of monotonicity on the magnitude of the signal Fourier transform is no 

longer made. 

Let F { k ) ,  { k  =  1 , 2 , . . . ,  d } ,  be the I D  discrete Fourier transform sequence 

obtained by lexicographic ordering of the rows of the 2D discrete Fourier transform 

(DFT) of the reference image in the object plane. 

These samples are now reordered as 

\ F ( l ) \ > \ F ( 2 ) \ > - - - > \ F ( d ) \ ,  (2.23) 



33 

where d  is the number of samples in the signal discrete Fourier transform F ( k ) .  

Let m be the number of pixels in the passband corresponding to the first m signal 

DFT values in equation (2.23). 

The signal-to-noise ratio for the optimal phase-only filter for the 2D discrete 

case with m pixels in the passband can be written as 

where m ranges from 1 to d. (Note: The ID continuous version of the signal-to-

noise ratio is given by equation (2.19)) 

The expression for signal-to-noise ratio given by equation (2.24) assumes 

that the input signal is immersed in a background white noise. In the above 

equation the power spectral density is taken to be unity. However, one could carry 

a scalar factor in front without affecting the calculations of m. 

The signal-to-noise ratio given by equation (2.24) is evaluated for all possible 

values of m and mopt is the value of m which maximizes the signal-to-noise ratio. 

Once mopt is found, the filter magnitude for the pixels A; = 1,2,..., mopt is set to 

u n i t y  a n d  t h e  f i l t e r  m a g n i t u d e  f o r  t h e  r e m a i n i n g  p i x e l s  k  =  m o p t  + 1 ,  m o p t  +  2 , . . . ,  d  

is set to zero. 

The optimal phase-only filter for the 2D discrete signal case is given by 

Note that, due to the reordering of the samples of the signal Fourier transform as in 

equation (2.23), it is not necessary for the magnitude of the 2D DFT of the signal 

to be monotonically decreasing. Further, the optimal phase-only filter so obtained 

is not necessarily a low pass filter. 

(2.24) 

for k  = 1,2, . . . , m o p t ;  

for k = mopt  + l,mopt  + 2,... ,d. 
(2.25) 
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CHAPTER 3 

HYBRID PHASE-ONLY MATCHED FILTER 

3.1 Introduction 

The classical matched filter offers the maximum signal-to-noise ratio but the 

correlation peak intensity is low. On the other hand the phase-only matched filter 

offers good correlation peak intensity and light efficiency but the signal-to-noise 

ratio is poor. It is speculated whether it is possible, by some proper combination 

of parameters, to obtain a filter with better light efficiency and correlation peak 

intensity than the classical matched filter and a signal-to-noise better than that of 

the phase-only matched filter. The optimal phase-only filter proposed by Kumar 

and Bahri, discussed in the preceding chapter, is one such solution. In this chapter, 

a new filter, the hybrid phase-only matched Filter (HPOMF), is proposed which 

has a superior performance over the optimal phase-only filter with respect to the 

three performance measures [27]. 

3.2 Filter Definition 

Assume initially, as in the case of the optimal phase-only filter that the signal 

Fourier transform, |F(u)|, be zero for |u| > Uf and the magnitude of the signal 

Fourier spectrum be decreasing monotonically. The proposed filter is assumed 

arbitrarily to have the form 

where Uf is the signal bandwidth. 

From the filter function given by equation (3.1), it is evident that the hybrid 

phase-only matched filter is basically a phase-only filter for |it| from 0 to and 

' exp ( - j'$f(w)) 

H ( u ) — <  |.F(u)|exp (-.;'$*•(«)) 

. 0 

if |u| < Uh\ 

if Uh < |m| < uf, (3.1) 

otherwise, 
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assumes the form of a classical matched filter for |u| from uu to u/. The choice of 

this filter function as stated earlier is arbitrary, however the following argument is 

presented in arriving at such a form. The light power in the Fourier spectrum of 

most common input objects is unevenly distributed. It is characterized by a high 

peak at zero spatial frequency and a rapid falloff of the power toward higher spatial 

frequencies. Assuming that the signal at the object plane has a background noise, it 

is seen that the signal, power is more dominant at lower and the noise power is more 

dominant at higher spatial frequencies. It thus seems appropriate to employ a filter 

of unity transmittance at low frequencies to let maximum signal power through 

without attenuation and a transmittance of the form similar to that of the classical 

matched filter at higher spatial frequencies where the noise power is dominant to 

keep the effect of noise to a minimum. It will be noticed that the filter function so 

defined has a discontinuity at Uh- It is be possible to fit a spline and remove the 

discontinuity without appreciable change in the filter performance. (The effects of 

the discontinuity is noticeable in the 3D plots shown in the simulations later on.) 

However the removal of the discontinuity is not considered in the thesis. In the 

following section, the filter is assessed based on the three performance measures as 

before. 

3.3 Performance Measures of the Hybrid Phase-Only Matched Filter 

A. Signal-to-Noise Ratio (SNRhpomf) 

Substituting the filter function given by equation (3.1) into equation (2.3) 

the signal-to-noise ratio for the hybrid phase-only matched filter can be written as 

SNRhpomf 
\F(u)\*Pn(u)du + J2h Pn(u)du + Q \F(u)\2Pn(u)du 

(3.2) 
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For a given U h ,  since |F(tx)| and Pn(u) are even symmetric, the signal-to-noise ratio 

for the hybrid phase-only matched filter is given by 

|/;*iF(«)i^+/„7iF(u)i2<i«r / n 
SNRhpomf = 2-?— t- (3-3) 

[io" Pn(u)du + /;/ \F(u)\2Pn(u)du] 

For the case of white noise with power spectral density No, the signal-to-noise ratio 

in equation (3.3) can be written as 

|/0
u"ii;i(«)i^ + /uYmu)i2^|2 

SNRhpomf = 2—? n—. (3.4) 
[N0uh + N0 Q \F(u)\*du\ 

B. Correlation Peak Intensity (CPhpomf) 

Substituting equation (3.1) into equation (2.5), the correlation peak inten

sity of the hybrid phase-only matched filter is given by 

CPhpomf = 4 

f f h  f U ,  
/ \F(u)\du+ / \F(u)\2du 
jo J Uh 

(3.5) 

C. Light Efficiency (t)hpomf) 

Substituting equation (3.1) into equation (2.7), the light efficiency of the 

hybrid phase-only matched filter is given by 

" H r O M F  £ '  \ F ( u ) \ 2 d u  •  ( 3 ' 6 )  

In the remainder of this section, it will be proven that the hybrid phase-only 

matched filter outperforms the optimal phase-only filter in all three aspects, i.e. , 

signal-to-noise ratio, correlation peak intensity and light efficiency. 

The noise performance of the two filters is considered first. It is shown that 

the proposed filter offers a better signal-to-noise ratio compared to the optimal 
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phase-only filter for the case of white noise. The signal-to-noise ratio of the optimal 

phase-only filter for white noise with power spectral density No can be rewritten 

from equation (2.19) as 

SNRopof = (3.7) 
N 0uh 

Comparing equation (3.7) with equation (3.4), 

SNRopof 

SNRhpomf 

_ I/;* 1-F(tt)l<fa|2 [jVpMfi + N0 |F(«Q|2<faj 

N0uH\fih |F(«)|(i« + /u7 \F(u)\*du\2 

»4/o"h l^OON2 + ([Jo"" l*X")N2 J.7iJfroi2^) 

" uh [/„"* |F(U)|du]2 + (2«f t  |F(tt)|du /;/ IF(u)\>du + uh [Q |F(U)|2^]2) ' 

(3.8) 

The problem now reduces to showing that the term in the parenthesis in the nu

merator is less than the terms in the parenthesis in the denominator. Writing the 

ratio of these terms as K, 

(LT 

" (a-,, m « ) i 5 A < + | f M P < * < ] 2 )  

LC"_jF(«)Wa _ 
2 uh Jo" + Uh /"/ \F(u)\2du' 

(3.9) 

Recall that the maximum magnitude of |.F(u)| was normalized to unity. Under 

this assumption, it is seen that the first term in the denominator of equation (3.9) 

is always greater than the term in the numerator. Therefore K is less than one 

and hence the signal-to-noise ratio of the optimal phase-only filter is less than the 

signal-to-noise ratio of the hybrid phase-only matched filter. 
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Comparing the correlation peak intensity of the optimal phase-only filter 

given by equation (2.21) and that of the hybrid phase-only matched filter in equa

tion (3.5), 

CPQPQF IC \F(u)\du\ /g 

CPhpomf |/J"1 |F(«)|<(i, + £' \F(u)\ 2du\ 2 '  

This ratio is always less than one proving that the proposed filter always yields a 

stronger correlation peak. 

Comparing the light efficiency of the optimal phase-only filter given by equa

tion (2.22) with that of the hybrid phase-only matched filter given by equation 

(3.6), 
rjppoF Jo"* \F{u)\2du 

VHPOMF /J"1 \F(u)\2du + /u"' | .F(u)|4du'  

This ratio is also always less than one proving that the proposed filter transmits 

more light than the optimal phase-only filter. The hybrid phase-only matched filter 

not only offers better signal-to-noise ratio compared to the optimal phase-only filter 

but also provides a better correlation peak intensity and light efficiency. 

«/> 
I ft I 1/ 11-/77/ 

(3.11) 

3.4 Performance Evaluation Using ID Signals 

In this section, the performance of the hybrid phase-only matched filter is 

evaluated graphically using three numerical examples. The examples chosen have 

a Fourier spectrum whose magnitude is decreasing monotonically and zero beyond 

a certain value u/. Further, the noise is assumed to be white with power spectral 

density No. 

In all three examples the following graphs for the hybrid phase-only matched 

filter (HPOMF) and the optimal phase-only filter (OPOF) are plotted. The choice 

of the X axis quantity (uh/uf) will become clear later on. Note that when this 

ratio equals one the HPOMF reduces to the POF and when the ratio equals zero 

the HPOMF reduces to the CMF. 

1. Signal-to-noise ratio versus u/,/«/• 

2. Correlation peak intensity versus Uh/v,f. 
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3. Light efficiency versus u.h/uf. 

4. Signal-to-noise ratio versus Correlation peak intensity. 

5. Signal-to-noise ratio versus light efficiency. 

Example 1: Triangular signal spectrum 

The magnitude signal Fourier transform shown in Fig. 3.1 can be represented 

as 

|F(u)| = ( I1 ~ v] if |u| ~Uf 5 (3.12) 
l o  otherwise. 

The three performance measures are then computed and the graphs plotted in 

Figs. 3.2-3.6. The values for No, the power spectral density and Uf, the signal 

bandwidth, are chosen arbitrarily to be 1 and 10 units respectively. 

In Fig. 3.2, the signal-to-noise ratio is plotted against uh/uf for the OPOF 

and the HPOMF. The signal noise ratio is normalized by the signal-to-noise ratio 

of the CMF. In the case of the OPOF, uj, is the filter bandwidth and in the case 

of the HPOMF, Uk corresponds to the frequency region upto which the HPOMF 

assumes the phase-only characteristics. From Fig. 3.2, it is seen that the signal-

to-noise ratio for the OPOF increases as the filter bandwidth is increased, reaches 

a maximum, and then decreases. The signal-to-noise ratio reaches a maximum at 

Uh,opt- When the filter bandwidth equals the signal bandwidth, the OPOF reduces 

to the POF. Uh = 0 corresponds to the trivial case of no filter. For the HPOMF, the 

signal-to-noise ratio is maximum when = 0 and then decreases as Uk increases. 

At Uh = 0, the HPOMF reduces to the CMF and hence, the signal-to-noise ratio 

is the maximum attainable and at uh = Uf the HPOMF reduces to the POF. It 

is evident that the signal-to-noise ratio of the HPOMF is always greater than or 

equal to that of the OPOF. 

Fig. 3.3 shows a plot of correlation peak intensity versus uh/uf for the 

OPOF and the HPOMF. In the case of the OPOF, the correlation peak intensity 

increases as the filter bandwidth increases and reaches a maximum when the filter 

bandwidth equals the signal bandwidth. This maximum value of the correlation 

peak intensity corresponds to the correlation peak intensity of the POF. The 
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Fig. 3.1 Triangular signal spectrum 
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Fig. 3.2 Signal-to-noise ratio versus u^/uf (Triangular signal spectrum) 
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Fig. 3.3 Correlation peak intensity versus u^/uf (Triangular signal spectrum) 
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correlation peak intensity of the HPOMF, on the other hand, starts off with a 

higher value compared to the OPOF and reaches a maximum at Uh = Uf. It is 

seen that the correlation peak intensity of the HPOMF is always greater than or 

equal to that of the OPOF. This is attributed to the fact that the correlation peak 

intensity of the HPOMF starts off with a higher value compared to that of the 

Fig. 3.4 shows a plot of light efficiency versus v,h/uf for the OPOF and the 

HPOMF. As before, the light efficiency of the OPOF and HPOMF increases with 

Uh and reaches a maximum of unity which corresponds to the light efficiency of the 

POF. Also, the light efficiency of the HPOMF is always greater than or equal to 

that of the OPOF. 

The signal-to-noise ratio for the OPOF and the HPOMF is plotted for vari

ous values of correlation peak intensity (Fig. 3.5) and light efficiency (Fig. 3.6). It 

is seen from these plots that, for a given signal-to-noise ratio, the HPOMF offers 

a better correlation peak intensity and light efficiency while for a given correlation 

peak intensity or light efficiency, the HPOMF has a better noise performance. It 

can also be seen that the HPOMF offers signal-to-noise ratios unattainable by the 

OPOF. For example, a signal-to-noise ratio of 0.9 can never be achieved by the 

OPOF for any correlation peak intensity or light efficiency (Figs. 3.5 and 3.6). Fur

ther, the HPOMF can offer signal-to-noise ratios anywhere from the signal-to-noise 

ratio of the CMF to that of the POF. 

Example 2: Cosinusoidal signal spectrum 

The amplitude of the signal spectrum shown in Fig. 3.7 is defined as 

As before, the three performance measures are computed as a function of Uh/uf 

and then plotted in Figs. 3.8-3.12. 

Similar to the example of the triangular signal spectrum, the signal-to-noise 

ratio, correlation peak intensity and light efficiency of the HPOMF for the cosinu

soidal signal spectrum is always greater than or equal to that of the OPOF. 

OPOF. 

if |u| < uf, 

otherwise, 
(3.13) 
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Fig. 3.4 Light efficiency versus Uh/v,f (Triangialax signal spectrum) 
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Fig. 3.5 SignaJ-to-noise ratio versus Correlation peak intensity 
(Triangular signal spectrum) 
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Fig. 3.6 Signal-to-noise ratio versus Light efficiency 
(Triangular signal spectrum) 
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Fig. 3.7 Cosinusoidal signal spectrum 
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Fig. 3.8 Signal-to-noise ratio versus ut,/uf (Cosinusoidal signal spectrum) 
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Fig. 3.9 Correlation peak intensity versus u}juf (Cosinusoidal signal spectrum) 
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Fig. 3.10 Light efficiency versus Uk/uf (Cosinusoidal signal spectrum) 
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Fig. 3.11 Signal-to-noise ratio versus Correlation peak intensity 
(Cosinusoidal signal spectrum) 
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Fig. 3.12 Signal-to-noise ratio versus Light efficiency 
(Cosinusoidal signal spectrum) 
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Figs. 3.10 and 3.11 show that, for a given signal-to-noise ratio, the HPOMF offers 

greater correlation peak intensity and light efficiency and for a given correlation 

peak intensity or light efficiency, the HPOMF offers better noise performance. 

Example 3: Exponential signal spectrum 

The amplitude of the signal spectrum shown in Fig. 3.13 is defined as 

The various quantities are then computed and the graphs plotted in Figs. 3.14-3.18. 

(a has been arbitrarily chosen to be unity) 

It is seen from Figs. 3.14-3.16 that the signal-to-noise ratio, correlation peak 

intensity and light efficiency of the HPOMF is always greater than or equal to that 

of the OPOF. Also, Fig. 3.17 and 3.18 show that, for a given signal-to-noise ratio 

the HPOMF offers higher correlation peak intensity and light efficiency than the 

OPOF and vice versa. 

The graph of signal-to-noise ratio versus ith/uf in each of the three cases for 

the OPOF show how the signal-to-noise ratio varies with respect to the filter band

width. It is seen that the signal-to-noise ratio reaches a maximum at Uh,0pt• In the 

case of the HPOMF, the filter bandwidth is the same as the signal bandwidth but 

the regions where the filter assumes the phase-only matched filter characteristics 

and the classical matched filter characteristics varies and hence the signal-to-noise 

ratio also varies. It is seen that the signal-to-noise ratio of the HPOMF is always 

greater than or equal to that of the OPOF. Similarly the correlation peak inten

sity and the light efficiency of the HPOMF is greater than or equal to that of the 

OPOF. The graphs of signal-to-noise ratio versus correlation peak intensity (or 

light efficiency) show that for a given correlation peak intensity (or light efficiency) 

the HPOMF has a better signal to noise ratio and similarly for a given signal-to-

noise ratio the HPOMF has a better correlation peak intensity (or light efficiency). 

It is also seen from the plots that the HPOMF reduces to the CMF when uu = 0 

and it reduces to the POF when Uh = «/. 

if |w| <Uf\ 

otherwise, 
(3.14) 
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3.5 Synthesis Algorithm For 2D Signals 

Previously the performance of the hybrid phase-only matched filter was 

evaluated for ID signals. However, it was assumed that the magnitude of the 

signal Fourier transform is monotonically decreasing. Further, the proper choice of 

Uh for the hybrid phase-only matched filter was not discussed. In this section, the 

synthesis of the hybrid phase-only matched filter for 2D signals will be discussed. 

However no assumption of monotonicity on the magnitude of the signal Fourier 

transform is made. The steps involved in making a suitable choice of Uh is also 

discussed. 

The choice of Uh basically decides the frequency region where the hybrid 

phase-only matched filter follows the phase-only matched filter and the region where 

it assumes a characteristic similar to that of the classical matched filter. Thus, the 

choice of Uh decides the signal-to-noise ratio and the correlation peals intensity at 

the output plane. The light intensity at the origin in the correlation plane and the 

minimum signal-to-noise ratio acceptable in an optical pattern recognition system 

depends mainly on the individual application. In a portable or airborne type of 

application where the light power is limited, the correlation peak intensity is more 

important. 

The basic steps involved in making a choice for u h is to decide the quan

tity of importance (viz. either correlation peak intensity or signal-to-noise ratio) 

depending on the application and the value of this constraint. Uh is then chosen 

such that it satisfies the constraint and also maximizes the other quantity. 

The steps involved in synthesizing the filter for the two dimensional case is 

outlined below. This approach is similar to that adopted by Kumar and Bahri [24, 

25, 26] for the design of optimal phase-only filter. 

[1] In the first step the samples of the signal Fourier transform is reordered as 

follows, 

\F(1)\ > |F(2)| >••• 1^(^)1, (3.15) 
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where d  is the total number of samples in the signal discrete Fourier trans

fo rm F ( k ) .  

[2] Depending upon the application, it is then decided as to which measure is 

to be constrained, i.e. , If noise performance is crucial, the output signal-

to-noise ratio is constrained or if the light power at the correlation point 

is important, the correlation peak intensity is constrained. Having decided 

the quantity to be constrained, the value it has to be constrained to is then 

decided. Thus there are now two cases. 

[2. A] Correlation peak intensity constraint: 

The correlation peak intensity of the filter can be specified as a frac

tion of that of the phase-only matched filter whose light efficiency and 

the correlation peak intensity is a maximum. Therefore the value of 

the correlation peak intensity for the hybrid phase-only matched filter 

can be written as 

CPhpomf = kCPpof 

d 
= K EI*wi 

Lfc=i 

(3.16) 

where ^ |F(A;)| is the correlation peak intensity of the phase-
k=l J 

only matched filter for the discrete case and k can take any value 

from 0 to 1. 

The correlation peak intensity of the hybrid phase-only matched filter 

for the discrete case can be written as 

CPhpomf = |EI*wi + E I*WI !  

.£=1 k=m+1 

From equation (3.16) and equation (3.17), 

(3.17) 
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EI-fwih- E MWI5 

Lfc=l k=m+1 

= K Emwi 
Lfc=l 

(3.18) 

The above equation is solved for m. This has to be done numerically 

by computing the correlation peak intensity for the hybrid phase-

only matched filter using equation (3.17) for different choice of m 

and then picking those values of m which satisfy the right hand side 

of equation (3.18). 

[2.B] Signal-to-noise ratio constraint: 

In this scheme, the output signal-to-noise ratio of the hybrid phase-

only matched filter is set to be some fraction k of the output signal-

to-noise ratio of the classical matched filter (which is known to be a 

maximum). Thus 

SNRhpomf — kSNRcmf 

E I*WI! 
k 

iVo U-=l 

(3.19) 

where k can take any value from 0 to 1 and No is the power spectral 

density of the white noise. 

The signal-to-noise ratio for the hybrid phase-only matched filter for 

the 2D discrete samples can be written as 

SNRhpomf = 

e i m \ +  E  \ m \ 2  

k=1 fc=m+l 

N 0  m + E  |F(fc)|2 

fc=i 

(3.20) 

Equating equation (3.19) with equation (3.20), 
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m d 

z \m\+ e im? 
fc= 1 fc=m+l 

N0 m +  £  | F ( f c ) l 2  

fc=i 

K  
ivo £ I*wi2 

Lfc=l 
(3.21) 

The above equation is solved for m. This, again, has to be done 

numerically by computing the values of signal-to-noise ratio for dif

ferent values m and then picking those values that satisfy the right 

hand side of equation (3.21). 

[3] Step [2] gives the values of m which satisfies the constraint. There may 

be more than one solution for m. In this step, one picks that value of m 

which maximizes the signal-to-noise ratio for the correlation peak intensity 

constraint case or that value of m which maximizes the correlation peak 

intensity for the signal-to-noise ratio constraint case. 

[4] In this step, the coefficients of the filter function |£T(fc)|, {A; = 1,2,...,m}, 

is set to unity and the rest are left unchanged. 

I*™ = { 1* (3.22) 
for k = 1,2,... ,m; 

|F(fc)| for k  =  m  + l,m + 2,... , d .  

This is the hybrid phase-only matched filter. Further, it is also seen that 

the filter is not necessarily a low pass filter. It could be a high pass, low 

pass or band pass depending on the signal Fourier transform. 

3.6 Performance Evaluation Using 2D Signals 

The new hybrid phase-only matched filter is synthesized to detect a par

ticular pattern in the input plane. The reference pattern (Fig. 3.19) used in the 

simulations is a simple rectangle block padded with zeroes to form an image of size 

128 by 128. The image contains 128 by 128 pixels with the pixel values coded to 

two levels, a zero and a one. Input images axe subjected to various levels of noise. 



Fig. 3.19 Reference Pattern 



59 

The noise used are zero-mean, Gaussian white noise of variances 0, 1, 2.25, 4. The 

simulations were performed on a VAX 8700. The correlations were performed using 

two dimensional FFTs of size 128 by 128. IMSL [28] routines were used for the 

correlations. The simulations were also performed for the other filters discussed 

viz. classical matched filter, phase-only matched filter, optimal phase-only filter for 

comparison. The filter bandwidth for the optimal phase-only filter was computed as 

discussed in section (2.3). The unity transmittance region of the hybrid phase-only 

matched filter was chosen to be the same as the filter bandwidth of the optimal 

phase-only filter. However, in real applications, the procedure discussed in the 

preceding section could be adopted. On performing the computations, the filter 

bandwidth of the optimal phase-only filter consisted of a mere 185 pixels of the 

total 16384 pixels. The filters used in the simulations are as given below, 

1. Classical Matched Filter. 

\ H ( k ) \  =  \ F ( k ) \  for k  =  1, 2 , . . . ,  16384. (3.23) 

2. Phase-Only Matched Filter. 

\ H ( k ) \  = 1 for k  = 1,2,..., 16384. (3.24) 

3. Optimal Phase-Only Filter. 

f 1 for k = 1,2,...,185; 
Itf(fc) = { (3.25) 
1 Wl lO for k = 186,187,..., 16384. v 

4. Hybrid Phase-Only Matched Filter. 

( 1  for k  =  1 , 2 , ,  185; 
\ H ( k ) \  =  1  ,  ,  „  (3.26) 
1 V n \|F(Jfe)| for k = 186,187,..., 16384. V ' 

The correlation plane computations were performed and the correlation peak inten

sities for various filters and different noise cases were computed. The source code 

for the correlation plane computations and the plotting of the correlation plane 

are available from the author. The correlation plane intensities are normalized by 

those of the phase-only matched filter and the results shown in Table 3.1. As 



Classical 
Maiched Filter 

Phase-Only 
Matched Filter 

Optimal 
Phase-Only 

Filter 

Hybrid 
Phase-Only 

Matched Filter 

N(0,0) 
(No Noise) 

0.0614 1.0000 0.0774 0.1130 

N(0,1) 0.0502 1.0000 0.0633 0.0901 

N(0,2.25) 0.0406 1.0000 0.0532 0.0720 

N(0,4) 0.0311 1.0000 0.0431 0.0564 

Table 3.1 Correlation peak intensities 

Note: All values have been normalized to those of the Phase-Only Matched 
Filter 
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expected, for all noise variance cases, the phase-only matched filter offers the best 

correlation peak intensities. Among the optimal phase-only filter and the hybrid 

phase-only matched filter, it is seen that the latter has superior correlation peaks. 

It must be realized that the correlation peak intensity is of extreme importance 

in certain space type of applications where the light power is limited. Hence the 

significant gain in this value is a positive point. Similarly the signal-to-noise ratios 

were computed and the results are shown in Table 3.2. The equation used to 

compute the signal-to-noise ratio is given by 

E  \ F ( k ) \ \ H ( k ) \  
k = 1  

2 

d  
N o  £ l#(fc)l2 

t = i  

As expected, the classical matched filter offers the best signal-to-noise ratios for 

various noise cases. Further, it is also noted that the hybrid phase-only matched 

filter performs better in the presence of noise as compared to the optimal phase-

only filter. The gain in the signal-to-noise ratio is of importance, particularly in 

cases where the possibility of false peak detection is imminent in the presence of 

noise. 

The Z D  plots of the correlation plane output for various filters under differ

ent noise conditions are shown in Figs. 3.20-3.27 and Figs. 3.31-3.34. In all these 

plots the correlation peak intensities are normalized to unity. Figs. 3.28-3.30 show 

the plots of the correlation plane outputs for the classical matched filter, optimal 

phase-only filter and hybrid phase-only matched filter respectively for unit noise 

variance. These plots show the relative sharpness and heights of the correlation 

peaks. 

Finally, it must be stressed again that the unit transmittance region of the 

hybrid phase-only matched filter was chosen to be the same as that of the filter 

bandwidth of the optimal phase-only filter. It is, however, unnecessary. One could 

choose a different passband for the hybrid phase-only matched filter depending 



Input 
SNR 

Classical 
Matched Filter 

Phase-Only 
Matched Filter 

Optimal 
Phase-Only 

Filter 

Hybrid 
Phase-Only 

Matched Filter 

N(0,0) 
(No Noise) - - - - -

N(0,1) 44.08 64.19 54.26 62.62 63.73 

N(0,2.25) 37.04 60.66 50.74 59.10 60.21 

N(0,4) 32.04 58.17 48.24 56.60 57.71 

Table 3.2 Signal-to-noise ratio (in dB) 



Fig. 3.20 Classical matched filter response (No noise case) 

Fig. 3.21 Phase-only matched filter response (No noise case) 



Fig. 3.22 Optimal phase-only filter response (No noise case) 

Fig. 3.23 Hybrid phase-only matched filter response (No noise case) 



Fig. 3.24 Classical matched filter response 
(Zero-mean white gaussian noise with unit variance) 
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Fig. 3.25 Phase-only matched filter response 
(Zero-mean white gaussian noise with unit variance) 



Fig. 3.26 Optimal phase-only filter response 
(Zero-mean white gaussian noise with unit variance) 

Fig. 3.27 Hybrid phase-only matched filter response 
(Zero-mean white gaussian noise with unit variance) 



Fig. 3.28 Classical matched filter response 
(Zero-mean white gaussian noise with unit variance) 

Fig. 3.29 Optimal phase-only filter response 
(Zero-mean white gaussian noise with unit variance) 



Fig. 3.30 Hybrid phase-only matched filter response 
(Zero-mean white gaussian noise with unit variance) 



Fig. 3.31 Classical matched filter response 
(Zero-mean white gaussian noise with a variance of 2.25) 

Fig. 3.32 Phase-only matched filter response 
(Zero-mean white gaussian noise with a variance of 2.25) 



Fig. 3.33 Optimal phase-only filter response 
(Zero-mean white gaussian noise with a variance of 2.25) 

WW 

Fig. 3.34 Hybrid phase-only matched filter response 
(Zero-mean white gaussian noise with a variance of 2.25) 
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on the application and get different signal-to-noise ratios and correlation pealc in

tensities. It is possible to get improved correlation peak intensity with a lower 

signal-to-noise ratio, or an improved signal-to-noise ratio with a less sharper cor

relation peak. 
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CHAPTER 4 

NEURAL APPROACH TO THE DESIGN OF BINARY-FILTERS 

FOR PATTERN RECOGNITION 

4.1 Introduction 

The phase-only matched filter function is a continuous-valued function. The 

magnitude of this filter function is always unity but the phase function can take 

any value from 0 to 2n. This requires a recording process and material which can 

accurately reproduce this continuous function. However, shortly after this filter 

was proposed, a simplification of this filter was proposed independently by two 

researchers. The filter function in both the cases were restricted to binary values. 

Psaltis, et al, [29] showed experimental results of the binary version of the phase-

only matched filter. They wrote the binary phase functions, i.e. , e-,7r and ej0 or 

—1 and +1 on a binary spatial light modulator (SLM). The test signal they used 

were symmetric. Horner and Leger [30] proposed a brute force binarizing procedure 

of the phase function of signals with no symmetry. They followed the following rule 

for the binarization, 
x r°° Fr(u)>0; , , 

$(u) = \ n 
V ' (4.1) 

1180° jPr(u) < 0, 

where Fr(u) stands for the real part of the Fourier transform. 

Since then, there have been various binary filters proposed depending on 

the thresholding angle and other criterions. A review article by Flannery and 

Horner [31] gives a brief discussion on these filters. There are several advantages 

for restricting the filter function to binary values: 1) A binary process is easier to 

control, and the two-phase levels can be set very accurately. 2) Some spatial light 

modulators work well in a binary phase-only mode. 3) The vast majority of VLSI 

technology has been developed for binary patterns. The resolution of the VLSI 

mask makers are excellent and improving all the time. 

In this chapter, a different approach is taken for the design of the binary 

filters. The design procedure takes advantage of the similarity in the structure 
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of the energy function of the Hopfield Neural Model. It must be noted that the 

technique investigated here is for the filter function binarized in the space domain. 

4.2 Discrete-Valued Hopfield Model 

Artificial neural network models have been studied for many years in the 

hope of achieving human-like performance in the fields of speech and image recogni

tion. These models attempt to achieve good performance via dense interconnection 

of simple computational elements. Computational elements or nodes used in the 

models are nonlinear. The simplest node sums various weighted inputs and passes 

the result through a nonlinearity (Fig. 4.1). The node is characterized by an inter

nal threshold or offset I and by the type of nonlinearity. References [32] and [33] 

provide a good review of neural networks. 

The Hopfield Neural Model was proposed in 1982 by J. J. Hopfield. Hop-

field's promulgation to a large audience of the capabilities of this neural model 

initiated much of the recent interest in the field of Artificial Neural Systems. There 

are various versions of the Hopfield Neural Model [34, 35, 36], These models can 

be used as an associative memory or to solve optimization problems. One discrete 

version of this model [34] which can be used to solve optimization problems will be 

used here. 

The discrete-valued Hopfield Neural Model consists of two-state threshold 

neurons. Each model neuron i has two states, characterized by the output VJ of 

the neuron having the values V/1 or Vj1. The input of each neuron comes from 

two sources, external inputs Ii and inputs from other neurons. The total input to 

neuron i is then, 

Input to neuron i = X{ = ^T{;jVj + Ii. (4-2) 

Each neuron samples its input and changes the value of its output or leaves it fixed 

according to a threshold rule with thresholds Ui. 
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X .  

Fig. 4.1 A Neural Model 
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V; :V,° if Y,T'jVi + Ii < Ui 

v;1 if J2Tiivi + Ii >Ui- (4-3) 

It can be shown [34] that the neuron adaptation rule minimizes a function (Lya-

punov function) of the following form 

E = E E T>iv'vi - E w+E u>v>- (4-4) 

j#' » « 

The change, AS, in E due to changing the state of neuron i by AVi is given by 

A E = - Y^TijVj + Ii-Ui 
-j¥« 

AVi. (4.5) 

Any change in V leads to a negative change in E under this algorithm. E is 

bounded, and hence the iteration of the algorithm must lead to stable states that 

do not further change with time. 

In matrix-vector notation, the function given by equation (4.4) can be writ

ten as 

E = -1v'Tv - v'i + u'i, (4.6) 

where v = (V'i, V2,...)', T = matrix with elements Tij, i = (I\, I2,...)' and u = 

(Ui, U'i-,The matrix T is restricted to have zero diagonal elements (i.e. , 

T{j = 0 V i = j). However it has been shown recently by McEliece, et al, [37] and 

Gindi, Gmitro & Parthasarathy [38] that this restriction can be relaxed. 

Assuming the threshold Ui = 0, for reasons that will be clear later on, the 

Lyapunov function reduces to the form 

E = -^v'Tv-v'i. (4.7) 

This form of the energy function will be used in section 4.3.2 for the design of 

space-domain binary filters. 
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4.3 Space-Domain Binary Filter Synthesis 

In this section the synthesis of space-domain binary filter for pattern recog

nition applications is approached from a linear algebra point of view. Frequent 

use of matrix-vector notations is made. The problem can be formulated as follows. 

Given one or more reference signals from different classes, it is desired to synthe

size a filter such that the correlation of this filter with an input signal produces a 

desired output value at the origin in the correlation plane. In the following section 

the problem in formulated as an optimization problem. The optimization problem 

could be solved using classical techniques. However since binary solutions are re

quired, a neural approach to the solution of this optimization problem is proposed 

in this thesis. 

4.3.1 Introduction 

Let xj be a column vector whose elements consist of samples of a given 

signal Xi(n), {n = 1,2,...,d), in the space domain, where d is the number of 

signal samples. Let {i = 1,2,..., N} be the distorted versions of a signal from class 

ft;. Similarly let yj be the column vector whose elements consists of samples of 

another signal yj(n), {« = 1,2,..., d}, in the space domain. Let {j? = 1,2,..., M} 

be the distorted versions of a signal from class Qj. Let h be a filter column vector 

whose elements consists of coefficients of a filter h(n), {n = 1,2,..., d}, in the 

space domain. The purpose of the endeavor is to design a binary filter h that 

discriminates signals from class with that of signals from class flj. 

The cross-correlation of a discrete signal sequence x(n) with the filter se

quence h(n) can be written as 

g(m) = x(m) * h(m) 
d 

(4.8) 
n=l 
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The correlation value at the origin can be found by setting m = 0 in the above 

equation. Equation (4.8) can be written as 

d 

= 53 x(
n

)
h

(
n

) -  (4-9) 
n=l 

In vector notation equation (4.9) can be written as 

g (  0) = x'h. (4.10) 

The problem now reduces to designing a filter vector h of length d  such that the 

correlation of the signals Xi and yj with the filter h at the origin is some given 

vector g. The elements of the column vector g consists of correlation values of the 

(N + M) signals at the origin. The g vector will thus be a vector of (N + M) 

elements. 

In matrix-vector notation the correlation values of the (N + M) signals can 

be written as 

f  s i q - )  xi(2) . xi(d) } 

x n (  1 )  XN( 2) . . xiv(d) 

S/it1) Vi (2) • •  y i ( d )  

WM1) v m (  2) • • VM(d) J 

/ K i ) \  
h{ 2) 

W 

( flf(0) 

9%(0) 
am 

V M ( d ) /  \  h ( d )  /  \ g y
M ( 0 ) }  

or equivalently 

(4.11) Fh = g, 

where F is a (d)-by-(AT + M) matrix whose rows are the training signal vectors x; 

and yj, h= (h(l),..., h(d))' and g = (gf (0),... ,^(0)^1(0),. • • ,^(0))'. 

If F is a nonsingular matrix, one can write h = F-1g and obtain a formal 

solution at once. However, F is rectangular with more rows than columns. When 

there are more equations than unknowns, h is overdetermined, and hence no exact 

solution exists. One can seek a filter vector h that minimizes some function of the 

error between Fh and g. If the error vector e is defined by 

e = Fh - g, (4.12) 
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where e = (ei,..., e(jv+j^))',then one approach is to try to minimize the squared 

length of the error vector. This is equivalent to minimizing the criterion function, 

J(h) = ||Fh-g||2. (4.13) 

The problem of minimizing the sum of squared errors is a classical one. The 

gradient search procedure is one method of solving this problem [39]. 

4.3.2 Binary-Filter Synthesis Using The Hopfield Neural Model 

In this section, it is shown how the Hopfield Neural Model can be used for 

synthesizing space-domain binary filters. 

The minimum squared error criterion in equation (4.13) can be expanded 

as 

J(h) = (Fh-g)'(Fh-g) 

= (h'F' — g')(Fh — g) 

= h'F'Fh - 2h'F'g + g'g. (4.14) 

Rearranging the terms and dropping the constant term g'g, 

J(h) = 2[—(l/2)(—h'F'Fh) - h'F'g]. (4.15a) 

Comparing equation (4.7) with equation (4.15a) it is seen that the equations are 

similar with the following correspondences of the quantities in the equations 

E = J( h)/2 

i = F'g 

v = h and 

T = —F'F. (4.156) 

It is seen that the states of the neurons axe the filter coefficients in the 

space domain. Since there are only two states, the filter coefficients can take only 
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two values and hence, the filter is binary. The total number of neurons equals 

d. The T matrix and the i vector is computed from the training signal matrix 

F and the desired correlation values given by the column vector g. The Hopfield 

Neural Model then iterates until the energy function is the minimum. The filter 

coefficients (states of the neurons) thus obtained at the end of the iteration are the 

optimum binary values that the Hopfield Neural Model can produce. The choice 

o f  t h e  v e c t o r  g  c o u l d  b e  m a d e  a r b i t r a r i l y ,  e .  g .  g f ( 0 )  =  1 ,  { z  =  1 , 2 , f o r  

class Hi and g'j(0) = 0, {j — 1,2,..., M}, for class Qj, or some criterion could be 

decided [39] 

4.3.3 Binary-Filter Synthesis: Simulation Results 

In this section, the simulation results for the synthesis of a binary filter 

in the space domain using the Hopfield Neural Model is presented. For the sim

ulations, two one dimensional signals are used (Fig. 4.2 and Fig. 4.3). Each of 

the signals are of length 128. Following the notations used earlier the signals are 

x= (®(1),... ,x(128))' and y = (y(l),..., y(128))'. The subscripts on the x's and 

t/'s have been dropped since only one training signal in each class Qi and Qi is 

used. Hence N = 1, M = 1 and d = 128. The total energy of both training signals 

is normalized to unity, i. e. , x'x = 1 and y'y = 1. The output vector g is chosen 

arbitrarily to be g = (1,0)'. Let h = (/i(l),..., /i(128))' be a filter to be designed 

to discriminate between signals x and y. The filter coefficients are binary. 

The error vector e for the simulation can be written as 

The autocorrelation of the signal x (x*x) is shown in Fig. 4.4 and the cross 

correlation of signal x with signal y (x*y) is shown in Fig. 4.5. It is seen 

( k(l) \ 

\h(128) J 

(4.16) 

The squared error is given by 

«7( h) = e'e. (4.17) 
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from Figs. 4.4 and 4.5 that it is almost impossible to discriminate between the 

two signals from the correlation values at the origin. The purpose of this endeavor 

now is to design a filter h that is not only binary but which will also discriminate 

two look-alike signals. In other words, a filter that correlates well with signal x 

but not with signal y. Depending on the binary values the filter can assume, two 

simulations are performed; Case A and Case B. The source code listing of the 

neural network filter synthesis is available from the author. 

A. Case A: Arbitrary Filter Energy 

In case A, the state of the neurons are chosen arbitrarily to be +1 and 

—1. This implies that the filter coefficients can be a +1 or a —1. The energy 

of the filter function is not normalized, i. e. , h'h 1. The T matrix and the 

i vector are computed according to equation (4.15b). T is a symmetrical matrix 

but has non-zero diagonal elements. The diagonal elements of the T matrix are 

ignored in the Hopfield Neural Model, even though they are non-zero. The filter 

so designed is shown in Fig. 4.6. The correlation of the filter with the signals, 

x-kh and y *h are shown in Figs. 4.7 and 4.8. The output vector obtained after 

the correlations is g = (1.000054,0.000089)'. It is seen that the output values are 

very close to that given by the vector g = (1,0)'. The final minimum squared 

error is J(h) = 1.09 X 10-8. However, it is also noticed that the correlation plane 

structure seems extremely noisy although the correlation values at the origin takes 

on a value close to that specified in the output vector. This poor structure of the 

correlation plane output is due to the fact that the energy of the filter function is 

not normalized to unity. 

B. Case B: Filter Energy Normalized To Unity 

The simulation is repeated with the filter energy normalized to unity. It is 

seen that, in this specific example, if the states of the neurons are chosen to be 

+l/y/l28 and — l/y/128 then the filter energy is normalized to unity i. e. , h'h = 1. 

The output vector g is chosen to be the same as in case A. The filter so obtained 
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is shown in Fig. 4.9. The correlation of this filter with the signals, x * h and y-kh 

are shown in Figs. 4.10 and 4.11 respectively. The output vector obtained after 

the correlations is g = (0.307545,0.108499)'. The final minimum squared error 

is J(h) = 0.4912658. It is seen that, in this case, the minimum squared error is 

appreciably large but the correlation plane outputs are more structured and strong 

differences in the correlation plane outputs are noticeable. This was however not 

the case for the cross correlation of x with y, (x * y), and autocorrelation of x, 

(a; *x). 

4.4 Space-Domain Binary Filter Synthesis For Signals Corrupted By 

Noise 

In the previous section, the filter synthesis was investigated for signals in 

the absence of noise. In this section, it is assumed that the signal being tested 

is one of the training signals corrupted by a zero-mean, additive, stationary noise 

vector n. Let x be a training signal vector. 

In the absence of noise x'h is equal to gx(0). However because of the input 

noise, there is an additional term n'h. Denoting this term by z, one can easily 

show 

E(z) = 0 (4.18) 

and 

Var[z] = £?[h'nn'h] 

= h'E [nn'] h 

= h'Ch, (4.19) 

where £?[•] and Var[-] denote the expected value and the variance, respectively, and 

C is the d by d covariance matrix of the noise vector n. For the particular case of 

white noise, C is given by a scalar times the identity matrix. 
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It is now desirable to design a binary filter that not only minimizes the 

minimum squared error criterion given by equation (4.14) but also minimizes the 

noise variance given by equation (4.19). 

Combining these two criterions, 

Jn{ h) = J(h) + h'Ch 

= h'F'Fh - 2h'F'g + g'g + h'Ch. (4.20) 

Rearranging the terms and dropping the constant term g'g one gets 

Jn{h) = 2[-(l/2)(h'(-F'F - C)h) - h'F'g]. (4.21a) 

Comparing equation (4.6) with (4.21a) it is seen that the equations are identical 

with the following correspondences of the quantities in the equations, 

E = J„( h)/2 

i = F'g 

v = h and 

T = —F'F - C. (4.216) 

It is seen that the above equation is the same as equation (4.15b) except for 

the additional matrix C in the last term of equation (4.21b). Thus, by changing 

the T matrix in the Hopfield Neural Model, the filter designed satisfies the linear 

constraint and also minimizes the noise variance. However, now there axe additional 

restrains on the choice of the states of the neurons. If the states of the neuron are 

bipolar viz. +a, —a, a closer look at the noise variance term shows it to be 

a constant and independent of whether the state of the neuron is +a or — a. 

Hence, for the noise variance term to be effective in the minimization criterion the 

absolute value of the states must be unequal. Hence, the absolute values of the 

filter coefficients are unequal. 

The problem often encountered in the case with the noise constraint is the 

system becoming unstable. It must be realized that for the Hopfield Neural Model, 
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symmetric T matrix with zero diagonal elements guarantees convergence to stable 

states. 

4.5 Filter Implementation In An Optical System 

Since the filter design has been in the space domain one could implement it 

in real time as a Joint Transform Correlator (JTC). This correlator would however 

have the disadvantages mentioned earlier in chapter 1, such as sharing of the space-

bandwidth product at the input plane and low diffraction efficiency. 
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CHAPTER 5 

SUMMARY 

A modified version of the matched filter, the hybrid phase-only matched 

filter, is examined. The performance characteristics of the proposed filter is a 

compromise between the noise performance of the classical matched filter and the 

light efficiency performance of the phase-only matched filter. The filter performance 

is evaluated on the basis of three performance measures, namely, signal-to-noise 

ratio, correlation peak intensity and light efficiency. The filter is tested using three 

one dimensional numerical examples. The proposed filter outperforms the optimal 

phase-only filter in all three aspects. 

A two dimensional example is also used to evaluate the performance of the 

hybrid phase-only matched filter. The filter is synthesized to detect a particular 

pattern in the input plane. The reference pattern used in the computer simulations 

is a simple rectangle block padded with zeroes to form an image of size 128 by 128. 

The image contains 128 by 128 pixels with the pixel values coded to two levels, 

a zero and a one. The input images are subjected to various levels of noise. The 

noise used are zero-mean, Gaussian white noise of variances 0, 1, 2.25, and 4. The 

simulations axe also performed for the other filters discussed viz. classical matched 

filter, phase-only matched filter, optimal phase-only filter. It is seen that, for 

all the noise variances, the phase-only matched filter offers the best correlation 

peak intensity and the classical matched filter has the best signal-to-noise ratio 

as expected. Of the optimal phase-only filter and the hybrid phase-only matched 

filter, it is seen that the latter has superior signal-to-noise ratio and correlation 

peak intensity. 

The performance of the hybrid phase-only matched filter with respect to 

scale and rotation sensitivities needs to be investigated. Another topic that needs 

to be investigated is the real time implementation of the proposed filter. A probable 

solution is to use photorefractive crystals as the holographic medium for writing 

the filter function in real time. 
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A neural approach to the design of space-domain binary filter for pattern 

recognition applications is developed. The proposed method takes advantage of the 

similarity in the structure of the minimum squared error criterion for the construc

tion of linear discriminant functions and the Lyapunov function of the Hopfield 

Neural Model. The filter synthesis is also performed using the proposed method. 

The reference signals are one dimensional and of length 128. The results of the filter 

synthesis are encouraging considering the fact that the signals used are extremely 

alike. The form of the energy function of the Hopfield Neural Model permits the 

introduction of an additional constraint, namely, the noise variance. However sta

bility problems arise if the additional constraint is introduced. Further research in 

this direction is in progress. 
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