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ABSTRACT 

The hydrodynamic stability of a plane, two-dimensional, incompressible wall 

jet subjected to small disturbances is investigated by direct numerical integration 

of the complete Navier-Stokes equations. The numerical model allows growing or 

decaying of disturbances in the downstream direction as in physical experiments. In 

the past, various numerical investigations were published using the linear stability 

theory for the case of temporally growing disturbances. In this work, the investiga

tions are made for the case of spatially growing disturbances. The neutral curves 

of the linear stability theory are displayed, and in addition, the downstream devel

opment of spatial growing disturbances is provided by using the complete Navier-

Stokes equations. It is shown that the behavior of the disturbances is as predicted 

by the linear stability theory for a certain frequency using small disturbances. The 

changes in the downstream development of the flow subjected to large disturbances 

compared to the results using small disturbances is discussed. For large disturbance 

amplitudes, it was found that for the frequency of the disturbance waves used in 

the investigations the boundary layer mode clearly dominates the hydrodynamic 

stability. 
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A wall jet is a thin jet of fluid blown tangentially along the wall. In this 

work we consider the surrounding fluid to be at rest and the ambient fluid has the 

same properties as the issuing fluid. The wall jet is usually thought of as a two-layer 

shear flow consisting of an inner region, where the flow resembles the conventional 

wall boundary layer, and an outer region, where the flow is like a free shear layer. 

The wall jet flows are of considerable technological importance. These flows occur 

at air foils with slotted flaps or at air foils with blowing through slots at the upper 

boundary to increase the lift. Laminar wall jets, moving parallel to a flat surface, 

were treated theoretically by Tetervin [15] (1948) and Glauert [7] (1956). Similarity 

solutions for wall jets flowing along curved surfaces were obtained by Wygnanski 

and Champagne [18] (1968), Parks and Petersen [14] (1968), Lindow and Greber [11] 

(1968) and Mon [12] (1970) Similarity solutions for wall jets subjected to blowing 

and suction were obtained by Cohen, Amitay and Bayly [4] (1989). Experimental 

studies of laminar wall jets were conducted by Bajura and Szewczyk [1] (1970) for 

flow along a plane surface and by Newman [13] (1961) for flow along a cylindrical 

surface. 

The stability characteristics of the plane wall jet were numerically investi

gated by Chun and Schwarz [3] (1967), for the case of temporally growing distur



bances. They determined the critical Reynolds number to be 57. The wall jet 

profile can be viewed as composed of two distinct flow regions, namely, an inner 

region that corresponds to a zero pressure gradient flow over a flat plate and an 

outer region that corresponds to a plane free jet. Chun and Schwarz obtained from 

their investigation that disturbances in the outer region of the streamwise velocity 

profile near the inflexion point exhibited the greatest growth. The experimental re

sults of Bajura and Szewczyk [1] (1970) are in good agreement with the predictions 

of linear stability theory given by Chun and Schwarz. However, the disturbances 

which are observed in the laboratory are spatially growing in contrast to the tem

porally growing disturbances considered by Chun and Schwarz [3] (1967). Gaster 

has shown that if the wave speed varies with the wave number significant errors can 

occur in comparing results obtained by linear stability theory based on the temporal 

approach with experimental results, except for the neutral stability points. 

The present study is based on the complete Navier-Stokes equations. The 

Navier-Stokes equations are solved directly using an accurate numerical procedure. 

In particular, our model is a spatial one which allows direct calculations of the 

spatial downstream development of the disturbance waves as observed in laboratory 

experiments. 

In the present thesis a derivation of the similarity solution analogous to 



Glauert [7] (1956) is presented, however using a scaling different from that used by 

Glauert. After the derivation of the similarity solution the numerical model based on 

the Navier-Stokes equations is discussed. The numerical calculations are split into 

two parts, namely, the baseflow calculations and the disturbance flow calculations. 

For the baseflow calculations an ADI method (Alternating Directions Implicit) in 

A formulation is used. The unsteady flow is calculated by using an time-accurate 

explicit numerical scheme for the Navier-Stokes equations in perturbation formu

lation. The initial and boundary conditions for the different numerical procedures 

are discussed. The disturbance waves are generated by a small blowing and suction 

strip at the wall. The spatial downstream development of the disturbance waves is 

shown for the case of a certain frequency. The results of investigations for small and 

large amplitudes of the disturbance waves are discussed. All the calculations were 

made on a CONVEX supercomputer with an accuracy of 51 bits per mantissa. In 

addition to the Navier-Stokes calculations, results from linear stability theory based 

on the spatial approach are presented. 
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2 STEADY FLOW COMPUTATIONS 

The mean flow field of a laminar two-dimensional incompressible jet flowing 

over a plane wall is considered. The pressure is assumed to be constant far away 

from the wall. 

2.1 Similarity Solution 

Based on the boundary layer approximation, the simplified momentum equa

tion is 

_du _du d 2 u 
a di  + *Ty = "W ' (1> 

where x  and y  are the coordinates parallel and normal to the surface respectively, 

u and v the corresponding velocity components, and v the kinematic viscosity. The 

pressure is assumed to be uniform everywhere. The equation of continuity is given 

by 

du dv  

d i  +  d§~ ^  

and is satisfied by a stream function chosen such that 

-  A -  a\ u = — and „ = . (3) 

With a stream function as defined above, the momentum equation can be written 
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as 

dii> d24> diĵ d2̂  _ d3rj> 

dy  dxdy  dx  dy 2  V  dxdy  

In search for similarity solutions, the jet streamwise velocity u and jet displacement 

thickness 6 are assumed to vary in a power law with the downstream distance, and 

consequently, the stream function has the form (see Glauert [7]) 

$ = i'Re i f^y  f(r j )  , (5) 

where 

"  =  4\L  
. (6) 

The Reynolds number Re is defined as Re = ^, using a constant reference velocity 

U and a constant reference length scale L. After calculating all the derivatives of 

rp with respect to x and y, we can substitute them into the momentum equation. 

This yields the following nonlinear third order ordinary differential equation 

f"' + f"f + 2f'2 = 0 . (7) 

The physical boundary conditions are 

u(0) = 0, u(oo) = 0 and u(0) = 0 . (8) 

With 

and 

U = \ u f (  § ) " *  ( 9 )  

8 = OTSe-*(!)"' (|,/'(,)-j/(>))) (10) 
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the boundary conditions for / are 

/'(0) = 0, /'(oo)=0 and /(0) = 0 . (11) 

The analytic solution to equation (7) subjected to the boundary conditions 

(11) is in form of an implicit equation which has to be solved by a Newton-Raphson 

iteration. From the implicit formula of the analytic solution we can derive analyti

cally another boundary condition, namely 

f"(  0)  = 5 • (12) 

so that equation (7) transformed to 

zi' = *2 , (13) 

*2' = Z3 , (14) 

Z3 =  —Z1Z3 — Iz - i  , (15) 

with Z\  =  f ,  z 2  = / ' ,  z 3  = f"  and boundary conditions zi(0) = 0, 22(0) = 0, 

23(0) = | is an initial value problem which was integrated by a fourth order Runge-

Kutta method. The numerical solution with an explicit scheme is very fast and 

was sufficient accurate for our purposes. The variations of /,/' and f" with 77 are 

illustrated in figure 1. The maximum value of /' is 2~t; which was obtained from 

the analytic solution (see Glauert [7] (1956)). 
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After introducing dimensionless variables as follows 

u v  i x  v i xb  u  = v = —Rei ,  x  =  y =  —Re*,  =  ~  ,  (16) 

equation (1) can be written as 

du du  d 2 u 
U d ^ + Vd^~d^ (17) 

with the boundary conditions 

u(0) = 0, u(oo) = 0 and v(0) = 0 . (18) 

According to the scaling described above, the equations for u and v  become 

u = (19) 

and 

v = x * ( jvf ' iv)  ~ \ f (v))  • (20) 

The derivative of u with respect to y  gives us the vorticity 

du 1 3. ... , „ 

lhj = TEx if ' (21) 

where the (dimensionless) vorticity u is defined as 

du 1  dv  
U ~~dy~ fe lh  '  ^  

with 

u)L ,  „ 
u = TWr • <23 

ReiU 
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In equation (22) the term is small relative to the |j| term and is therefore 

neglected in our calculations. Now the similarity solution for it, v and u> is given 

for all values of x and y. 

2.2 Displacement Thickness 

To define a boundary layer thickness, we used the displacement effect of 

the wall jet. The displacement thickness of the wall jet velocity profiles (shown in 

figure 2) is given by 

'max' 
(24) 

With 

1 _i i  
u = —x 2/'(? / )  and  dy  =  4x*dr )  (25) 

it follows that 

4ljmax(3') jo 
(26) 

The integral 

(27) 

has a finite value. Thus 6(x )  can be expressed as 
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Now if 

•max 
4 

(29) 

6 becomes 

S = 12.6984 a* . (30) 

The displacement thickness identifies the y-location in dependence on x for 

which the u-velocity profile of the wall jet boundary layer has the same displacement 

effect as an inviscid flow with a rectangular velocity profile of umax and 6 as the 

height of the inviscid profile. In the literature the boundary layer thickness based on 

the half-width, which means the y location above the maximum of the u velocity, 

where u is exactly half of umax, is often used. With the introduced scaling this 

comes out to be approximately 

In the present work the displacement thickness is used in order to get a phys

ical estimate how big with respect to y the integration domain is in the numerical 

simulations. With the dimensional displacement thickness 

Si/2 ~ 15 x 4 (31) 

x ^ d 1 o  =  —Re 2  

J j  
(32) 

we can define a local Reynolds number as 

v 
(33) 
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so that at a certain x location, and with the global Reynolds number Re, the local 

Reynolds number is given by 

Res — 12.6984 x* Re2 . (34) 

The variations with x of the local Reynolds number Res is illustrated in 

figure 3. Figure 3 includes also the local Reynolds number of a flat plate boundary 

layer defined in the same way as described above (Res = 1.72077 12 Re?). The 

Reynolds number Re was chosen as 105. 

2.3 Normal Velocity at the Upper Boundary 

In figure 4 a sketch of the wall jet flow including the displacement thickness 

6 is shown. The conservation of mass in the small strip of length dx (see figure 4) 

yields the following equation 

rhi — m2 -{• rh3 . (35) 

With the assumption 

dmi ,  .  .  .  
77i2 ~ —:—dx + m 1 (36) 

dx 

and 

v dx = m3 , (37) 
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we get a relationship to calculate the u-velocity, 

drhi , x 

"-E- • (38> 

The length in the direction normal to the x — y plane is set to 1. 

With the displacement thickness it is possible to get an expression for the 

change in mass as follows 

C , drill dS 1 cdumax / n n \  
rill — '* j — "Umax » "I" ^ 

ax ax ax 

That leads to the following equation 

• («) 

With the equation (29) and (30) we get 

v(x) = —0.25 x « . (41) 

This can be also derived with the relationship for the u-velocity (20) obtained from 

the similarity solution. There, however, it is necessary to assume that the limit of 

vf'iv) g°es to zero as t) goes to infinity. 

The derived formula can be used for a comparison of the v-velocity at the 

upper boundary of the integration domain of the Navier-Stokes calculations with 

the similarity solution (shown in figure 5). 
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2.4 Navier-Stokes Solution 

An important part of the present work was to obtain a steady state solution 

for a wall jet boundary layer using the complete Navier-Stokes equations for two-

dimensional incompressible flows. 

2.4.1 Governing Equations 

In our investigations the Navier-Stokes equations are used in a vorticity-

velocity formulation with the vorticity transport equation 

dui d d . . 1 d2us d2u> 

~dt + dx^ + dy^ = Itelh? + dy2 ' ^ * 

The time variable t is scaled as 

t = jU , (43) 

where t is dimensionless. 

In vorticity-velocity formulation we also get two equations for the two veloc

ity components u and v in the x and y directions, respectively 

d2v 1 d2v du} 

~ ~~dx 

— = d*V 

dx 2  dxdy  '  1 '  
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The equations are obtained by differentiating the definition of vorticity 

du  1  dv  
U ~ ~ d y ~  t e f a  (  )  

and using the continuity equation 

d u d v  

d x  +  d y ~  '  *  *  

All quantities are scaled as shown in equation (16). 

The governing equations (42) - (45) are solved numerically in a rectangular 

domain shown schematically in figure 5. A set of boundary conditions and initial 

conditions is required for the solution of this system of equations. 

2.4.2 Boundary and Initial Conditions for the Steady Flow Calculations 

The flow variables are specified in the entire integration domain at an initial 

time level to as 

u(x , y , t 0 )  =  u G i ( x , y )  ,  (48) 

v{x , y , t 0 )  =  v G i ( x , y )  , (49) 

u{x , y , t 0 )  =  u>ai ( x , y )  , (50) 

where the initial flow variables uqi, vqi and ujqi are obtained from the similarity 

solution derived by Glauert [7] (1956) (see section 2.1). The solution of equation 
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(7) is assumed to be constant for T) > 14.8 (see figure 1). Thus, for the initial values 

for every x location potential flow (constant values of /, /' and /") is assumed for 

y > 4 x 14.8 x x* (derived form equation 6). 

For the calculation of the steady flow at the inflow boundary A — D (x = 0) 

Glauert profiles are specified 

u(0,y) = ua i {0 , y )  ,  

u(0 , j / )  =  v G i ( 0 , y )  ,  

a;(0,y) = wGj(0,y) . 

For our purposes it was sufficient to calculate 

small and therefore negligible. 

ugi as Sgfli because 

(51) 

(52) 

(53) 

is very 

Along the wall on boundary A — B the boundary conditions are 

u(a:,0) = 0 

u(x,0) = 0 

du) _ d2v 

dx  

1 d2v 

x ,  0 x ,o  Q y 2  x ,o  R e d x 2  

At the outflow boundary B — C we use for the steady flow calculation 

d2u d2u 

dx 2  
x ,y  

= o, d2v 

dx 2  
= 0 and 

X,v  dx 2  
= 0 

x ,y  

(54) 

(55) 

(56) 

(57) 

The outflow boundary conditions are described in more detail by Kloker, Konzel-

mann and Fasel [8] (1991). 
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The potential flow boundary C — D is assumed to be far enough from the 

wall (typically 5 to 13 displacement thicknesses) that the assumption of an inviscid 

flow is justified. Therefore, for the steady calculations we are using the boundary 

conditions 

u(x,F) = 0 (58) 

= 0 (59) 
dv 

dy x ,Y  

u} ( x ,Y )  = 0 . (60) 

Now all the boundary and initial conditions are determined. 

2.4.3 Numerical Method 

The Navier-Stokes equations for the two-dimensional incompressible wall 

jet boundary layer flow is a system of partial differential equations (PDE's). In 

the unsteady vorticity-velocity formulation, the system contains a parabolic PDE 

(regarding the time variable t), the vorticity transport equation, and two elliptic 

equations (regarding the x and y directions), the Poisson equation for v and the 

equation for u. 

There are many possibilities to solve this kind of system numerically. An 

investigation of three different numerical methods for solving the vorticity transport 
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equation, namely a predictor-corrector method, an ADI method and a partially 

implicit scheme, showed that the partially implicit scheme converges faster than 

the others for our application. For an integration domain (65x202 points), the 

partially implicit scheme converged thirty times faster than the predictor-corrector 

method, and the ADI method in A-formulation converged twenty times faster than 

the  p red i c to r - co r r ec to r  me thod .  I n  add i t i on ,  c a l cu l a t i ons  fo r  s eve ra l  s t ep  s i ze s  i n  y -

direction (Ay) showed that for small step sizes Ay only the ADI method converged 

to the Navier-Stokes solution. In our case it was necessary to choose small step 

sizes Ay in order to get sufficiently accurate results to be used for the unsteady 

calculations which are presented in section 4 and section 5. 

Therefore we used the ADI method in A-formulation for the vorticity trans

port equation. The method is described in detail by Beam and Warming [2]. The 

application to the vorticity transport equation leads to the following scheme 

Au>'* + At tl* = —At et Y-Sweep , (61) 

Aw* + At = Aw1* X-Sweep (62) 

with 

1 d2Aut* 

Re  dx 2  

d2Aut 

Re  dx 2  dy 2  

1 <92o>' d2u>1 

(64) 

(65) 

(63) 
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and 

(66) 

where ex and ey contain the derivatives in x and y direction, respectively the deriva

tives in x and y direction are approximated with finite differences of fourth order 

accuracy. 

The problem of hand represents an initial value/boundary value problem. As 

discussed, as a start solution we use the similarity solution for the wall jet derived 

by Glauert [7] (1956). After solving the vorticity transport equation for a certain 

time level, we solve the equations (44) and (45). 

The values of vt+1 within the integration domain, described by the v Poisson 

equation 

are calculated with a vectorizable, stripe pattern, Gauss-Seidel-like line iteration 

method. The gradients of the v velocity in y direction is much bigger than the 

gradients of the v velocity in x direction. Thus the x direction is apparently the 

"stiff" direction. In order to always get diagonal dominant matrices, the solution 

algorithm, is organized such that the x direction is treated iteratively and the y 

direction directly. 

dV+1 i dv+1 _ dut+1 

dy 2  Re  dx 2  dx  
(67) 
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In this iteration method grid values on every third line are calculated parallel. 

That lead to three sweeps for every iteration step. For every line x = constant, a 

pentadiagonal system arises because of the finite differences of fourth order accuracy 

that are used. The method works faster with overrelaxation (extrapolation of the 

calculated values after every iteration step). It was not necessary to iterate the v 

velocity more than twice per time level because for the calculation of the steady 

state solution (baseflow), the time t can be considered as an artificial time. 

The differential equation of u) along the wall (y = 0) 

dut+1 

dx 

dV+1 

ar, 0 dy* 

1 dV+1 

a:,0 Re 9x2  x,0 
(68) 

is an initial value problem (ordinary differential equation first order). A solution for 

u) can be simply obtained by numerical integration method because the v velocity 

already has been calculated at the new time level, so the derivatives of the v velocity 

can be calculated as well. 

The values of ut+1 at the outflow boundary are calculated from 

d2ut+1 

dy* 

dut+l 

X,y  X , y  
(69) 

where is given from the solution of the vorticity transport equation. 

Then the values of ui+1 within the integration domain, described by the 
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equation for u 

d2u'+1 3V+1 

dx 2  ~  dxdy  '  *  '  

where is given, are calculated next. The solution is obtained directly along 

grid lines y = constant. Therefore, the second derivatives of u with respect to x 

are discretized using compact differences of fourth order accuracy. This result in 

tridiagonal systems of equations which can be solved directly. 

As a criterion used to stop the calculations when a sufficiently accurate 

steady state is reached, we used 

f x  = max 
/ v'+1 _ y'N 

V vgl ) n=l,...,NMAX 

with values of the v velocity at the upper boundary (y = Y) and 

(71) 

/2 = max 
/a;'*1 — aM 

\ UGL J 
(72) 

n=l,...,NMAX 

with values of the vorticity ui at the wall (y = 0). As soon as f\ and /2 are below 

10-8 in our case the program stops. 

Investigations showed that the continuity equation (47) and the definition 

of vorticity (46) are sufficiently satisfied in the entire integration domain. 

The parameters used for the baseflow calculations are summarized in table 1. 

The reference Reynolds number was Re = 105 with, for example, U = 30—, v — 
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RELV IVL  Ax Ay At Xo Res(xo) X Y 

1.7 2 0.0172 2.7934 5.504 3.3755 10000 5.3904 335.2 

Table 1: Parameters for the baseflow calculation. 

1.5 x 10_5£^ and L  = 0.05m. Parameter IVL  gives the number of iterations used 

for solving the v Poisson equation. RELV is the value of the relaxation parameter. 

Figure 6 shows a schematic diagram of the FORTRAN program for the 

steady baseflow calculations. The results of the Navier-Stokes solution are shown 

in figure 7 together with the similarity solution and experiments by Bajura and 

Szewczyk [1] (1970). A comparison of all flow profiles (u,v and u>) obtained from 

the Navier-Stokes calculations and from the similarity solution is shown in figure 8. 

The v velocity profiles at the upper boundary (y = Y) and the u> vorticity profiles 

at the wall (y = 0) of the Navier-Stokes solution and the similarity solution are 

compared in figure 9. Figures 10 and 11 show the flow quantities u,v and ui in three 

dimensional surface plots over the whole integration domain. 
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3 DISTURBANCE FLOW COMPUTATIONS 

The flow field of the disturbances u', v' and u' of a laminar two-dimensional, 

incompressible jet flowing over a plane wall, obtained from the Navier-Stokes equa

tions in perturbation formulation, is considered. 

3.1 Navier-Stokes Solution 

The Navier-Stokes equations in perturbation formulation used to calculate 

the unsteady flow field. The major difference between the numerical solution of the 

disturbance flow and that of the baseflow is the numerical procedure for the inte

gration in time. For the disturbance flow calculations accuracy in time is required. 

In contrast, for the steady state baseflow solution we could use an artificial time 

integration. 

3.1.1 Governing Equations 

In our investigations we defined the flow quantities as follows 

u u' + ub , (73) 

v v' + Vg , (74) 

b>' + , (75) 
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where ub,vb and u>b are the baseflow components (equations (44) and (45)) and u', 

v' and d' are the disturbance flow components. 

With "the flow quantities defined as above we can write the Navier-Stokes 

equations in perturbation formulation. The vorticity transport equation is then 

duj' d , , , , d , , , , 1 d2u:' d2u)' 
_ + + v b u + v u , b )  =  —— +  - -  (76)  

and the two equations for u' and v' are 

d2v' 1 d2v' 

dy 2  Re  dx 2  

d2u' 

dx 2  

These equations are the same as for the baseflow quantities. 

da/ 

dx 
d2v' 

dxdy  

(77) 

(78) 

3.1.2 Boundary and Initial Conditions for the Unsteady Flow Calcula

tions 

For the calculation of the unsteady boundary layer disturbance flow, an 

initial condition at t = 0 is required. The flow variables are specified in the entire 

integration domain at the initial time as 

u ' ( x , y , t 0 )  =  0 , (79) 

v ' ( x , y , t 0 )  =  0 , (80) 

w'(a:,j/,<0) = 0 . (81) 
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At the inflow boundary A — D at x = 0 the disturbance quantities are specified as 

u ' (0 , y , t )  = 0 , (82) 

v'(0,y,t) = 0 , (83) 

u ' (0 , y , t )  = 0 . (84) 

Along the wall at the boundary A — B the boundary conditions are 

u'(x,0,<) = 0 , (85) 

i/(a:,0, t )  =  F(x , t )  , (86) 

<*£. = r87) 

9x i,o,! ay'' i,o,< Re 8x1 i,o, ( 

The condition for the vorticity is obtained from the Poisson equation (77) for the 

v' velocity. 

Thus, at the wall we have no slip, but we assume a permeable wall to allow 

for a time-dependent localized blowing and suction to generate Tollmien-Schlichting 

waves. For example, for the results presented in this thesis we used 

f ( x , t )  =  f ( x ) s in ( /3 t )  , (88) 

where 0 is the disturbance frequency, and / is given by 

f = 15.1875 £5 - 35.4375 £4 + 20.25 £3 , (89) 



38 

with 

(90) 

Now the v' velocity distribution at the wall is 

v ' ( x , 0 , t )  — F (x , t )  =  -
A  Re2 f ( x )  sin(/?i) if X\  <  x  <  X2  

(91) 

0 if x < Xi or x > X2 . 

The v' velocity distribution is illustrated in figure 12. This distribution produced 

clean localized vorticity disturbances and caused negligible time dependent changes 

of the mean flow in the case of a flat plate boundary layer (see Konzelmann, Rist 

and Fasel [10]). 

At the outflow boundary B — C we use, 

where a is the local wave number of the disturbance waves, a = (A is the wave

length). The values of a are taken from the local solution of the Orr-Sommerfeld 

equation. For our calculations a re-laminarization zone is introduced at a distance 

of three to four wavelengths from the outflow boundary in upstream direction. The 

zone is two wavelengths long. The disturbance vorticity u' is gradually suppressed 

(92) 

(93) 

(94) 
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within this zone by means of a weighting function. This technique causes only 

a negligible upstream efFect. The 'relaminarized' boundary layer flow then passes 

through the outflow boundary without reflections. Outflow boundary conditions 

are described in more detail by Kloker, Konzelmann and Fasel [8] (1991). 

At the free-stream boundary C — D, the disturbance velocity components 

are assumed to decay exponentially and the vorticity vanishes 

= y) , (95) 
Re* 

= -JT A* ,Y )  . (96) 
Re 2 

= 0 . (97) 

As for the outflow conditions (93) - (94), for the present calculations the 

values of a in (95) - (97) are also taken from the Orr-Sommerfeld solution. 

3.1.3 Numerical Method 

An explicit Runge-Kutta method of fourth order accuracy in time was used 

for solving the vorticity transport equations. 

du' 

dy 

di/ 

dy 

x ,Y  

x ,Y  

u i { x ,Y )  

After solving the vorticity-transport equation at the new time level t +1, the 

v' Poisson equation and the partial differential equation for u' (equations 77 and 



78) are solved. For the solution of the v' Poisson equation a multigrid method is 

employed. Multigrid methods converge much faster than other iteration methods. 

The u' equation and the wall vorticity u>' was solved analogously as described 

in section 2.4.3. The major difference between the two numerical procedures (for 

the baseflow and disturbance flow) is the treatment of the v or v' Poisson equation. 

For the disturbance flow computations, the v' Poisson equation is solved "exactly" 

(iteration loop until the error is smaller than a defined value for each time level). 

In contrast, time accuracy is not required for the baseflow computations; therefore, 

only one or two iteration steps in the algorithm for solving the v Poisson equation are 

sufficient. The latest version of the program for the disturbance flow computations 

was developed by Kloker [9] (1991). 
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4 NUMERICAL RESULTS FOR SMALL DIS

TURBANCES 

Numerical results of the unsteady Navier-Stokes calculations for small dis

turbances are presented. For the selection of the disturbance frequency and of the 

location of the integration domain, the results of linear stability theory calculations 

were used which were obtained by Wernz [17] (1991). His results are shown in form 

of a diagram in figure 13 which includes also the calculation case chosen for the 

Navier-Stokes calculations. A case was selected to show the behavior of Tollmien-

Schlichting waves traveling in downstream direction. An interesting phenomenon of 

the laminar plane wall jet is that there is a stable region within the unstable region 

inside the neutral curve. Tsuji, Morikawa, Nagatani and Sakou [16] (1977) found 

this phenomenon with spatial stability analysis based on the linear theory. In fig

ure 13 the neutral curve is displayed in the stability diagram with the dimensionless 

frequency parameter F versus x. F is defined as 

is the dimensionless frequency. The horizontal bar in figure 13 indicates the calcula

tion case. The beginning and end of the bar identify the actual location of the inflow 

(98) 

where 

(99) 



and outflow boundary, respectively, of the integration domain used in the numerical 

simulation. Thus, for this calculation with frequency parameter F x 104 = 0.022, 

disturbances should be amplified at first when proceeding in the downstream di

rection and then, after leaving the unstable region, disturbances should be damped 

again. The parameters used for the calculation are summarized in table 2. For this 

ca se  t he  r e f e r ence  Reyno lds  number  was  Re  =  10 s  wi th ,  f o r  example ,  U =  30y ,  

v = 1.5 x 10-5— and L = 0.05m. 
S 

As mentioned in section 3.1.2, the value of a in the boundary conditions 

(93) - (94) and (95) - (97) is taken from the Orr-Sommerfeld solution (a = 13.03). 

The amplitude parameter A in equation (91) was chosen to be sufficiently small 

that no nonlinear effects occur. This was verified with various test calculations 

with different amplitudes. For small amplitudes the upstream effect of the outflow 

conditions (93) - (94) is also small, so approximate values from the Orr-Sommerfeld 

solution are accurate enough. 

The amplitude parameter A of the disturbances was chosen to be A = 

0.00001. Hence, it follows the maximum of the v' velocity distribution at the wall 

over the blowing and suction strip was v'max = 0.003162 with Re = 10s (v'max is 

approximately 2% of the baseflow v velocity at the same x location). 
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F x 104 Ax Ay At Xo ilefi(a:o) X Y 

0.022 0.0172 2.7934 0.4087 3.3755 10000 5.3904 335.2 

Table 2: Parameters for the disturbance flow calculation. 

Figures 14 and 15 show the instantaneous disturbance quantities u',v' and 

w' in the entire (x,y) integration domain at a time level after which the distur

bances have propagated through the entire integration domain and a time-periodic 

state is reached everywhere in the domain. The disturbance quantities are shown 

in perspective representation with respect to x,y. In addition, the disturbance 

quantities are presented in contour plots of lines u' = constant, v' = constant and 

u= constant in the (x, j/)-plane (figures 16-18). These plots indicate already, at 

least in a qualitative manner, the stability behavior for this case. It is also obvious 

that the flow field has a double-vortex structure (see figure 18). Regions of instabil

ity (growth of the disturbances) and regions of stability (decay of the disturbances) 

can be clearly observed. The instantaneous data fields as displayed in figure 14 

and 15 are Fourier analyzed to allow quantitative comparison with theoretical and 

experimental results. 

The Fourier analysis in time for every x and y location is based on the 
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formula 

k 

u ' ( x , y , t )  =  u 0 ( x , y )  +  J2 u i ( x , y ) cos ( i / 3 t  +  Q U i )  ,  (100) 
«=i 

where uo(x , y )  is the change of the mean flow. Analogously this is done for v '  and 

u>'. The first harmonic (or fundamental) can be written as 

u \ ( x , y , t )  =  u i ( x , y ) cos ( /3 t  +  Q U l ( x , y )) , (101) 

the second harmonic as 

u '2{x , y , t )  =  u 2 ( x , y ) cos (2 /3 t  +e u 2 ( x , y ) )  , (102) 

and the third harmonic as 

"'3(3:, y ,  t )  =  u 3 ( x ,  y )  cos(3f i t  + 0U3 (a:, y ) )  (103) 

and so on. Figures 19, 20, 21, 22 and 23 show the results of such a Fourier analysis 

for our calculation case. The Fourier amplitudes are plotted with respect to x,y in 

perspective representation as in figure 14. From the amplitude distributions for all 

x locations, as shown in figure 19, it is now easy to distinguish between the region 

of instability and the region of stability. 

4.1 Amplitude Distributions 

Fourier amplitudes of the disturbance quantities it' and v '  are plotted versus 

y (distance from the wall) in figures 24, 25 and 26. The Fourier amplitudes of the 
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disturbance quantities u' and u/ are shown in figures 27, 28 and 29. These amplitude 

distributions can be directly compared with the eigenfunctions obtained from the 

linear stability theory. In addition, the u velocity profile is plotted to show that the 

second maximum of the eigenfunctions is at the same y location as the inflection 

point of the profile. The amplitudes are normalized such that the first maxima of 

u' are equal to 1. The actual amplitudes are related to the normalized ones shown 

in figures 24-29 such that 

= JT" d04) 
u max 

v' l 
= Re2 (105) 

^ max 

= . (ice) 
u max 

where the denotes the normalized quantities. 

From figure 24 one can observe that with changing x location not only are the 

locations of the maxima shifted away from the wall, but in addition and in spite of 

the normalization, the amplitudes can vary considerably with y. This is particularly 

true for the v' distributions. There the second maximum almost disappears at x 

locations further downstream. 

The magnitude of the first harmonics for the maximum compared to the 

maximum u velocity of the baseflow profile is approximately 0.4%, of the second 

harmonics 0.0008% and of the third harmonics 0.000004%. Thus it is justified to 

(Jj 
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assume that the linear stability theory is valid for these calculations. In addition, 

calculations were made with a larger amplitude parameter A (10 times larger) and 

with a smaller amplitude parameter A (10 times smaller). The shape of the ampli

tude distributions and the development in downstream direction were not affected 

by these changes. 

4.2 Phase Distributions 

The Phases of the disturbance quantities u' and v' as obtained from the 

Fourier analysis are plotted versus y in figures 30 and 31. In addition, the phase 

difference between u' and v' is displayed. The arrangements and rotation of "vor

tices" (see figure 18) produce a somewhat complex pattern of phase distribution 

across the boundary layer, as shown for example in figure 30 at the x = 5.94 lo

cation. Other flows, such as the flat plate boundary layer, have single rows of 

"vortices" in their linear regions. Therefore, the phase of disturbance velocities 

in such flows changes by 7r radians across the "vortex" center. This is shown in 

figures 32 and 33 for the case of the flat plate boundary layer by introducing small 

disturbances. The input parameters and the boundary conditions for these calcula

tions are described in detail in Fasel and Konzelmann [5] (1990). In the case of the 

wall jet with double vortex rows, it changes by ^ radians, as shown in figure 34 for 



the u' velocity phase distribution between f = 0 and % = 2. In this figure the results 

of the linear stability theory based on the temporal approach obtained by Tsuji, 

Morikawa, Nagatani and Sakou [16] (1977) are compared with our Navier-Stokes 

calculations for small disturbances. Both results qualitatively show the same shape 

for the amplitude distributions. In addition, figure 35 displays the phase distribu

tions of the u' disturbances for the case of the flat plate boundary layer and the 

wall jet boundary layer. 

5 NUMERICAL RESULTS FOR LARGE DIS

TURBANCES 

The numerical results of the unsteady Navier-Stokes calculations for large 

disturbances are presented. The same calculation case as for the small disturbance 

calculations is selected (see figure 13 and discussion in section 4). Now the amplitude 

parameter A in equation (91) is chosen to be much larger. All other parameters are 

the same as described in section 4. Two cases with different amplitude parameters 

A are investigated. The amplitude parameter A for the disturbances was chosen to 

be A = 0.0005 in one case and to be A = 0.001 in another case. Hence, it follows 

that the maximum of the v' velocity distribution at the wall over the blowing and 



suction strip was v'max — 0.1581 for the case of A = 0.0005 (approximately 100% of 

the baseflow v velocity) and v'max = 0.3162 for the case of A = 0.001 (approximately 

200% of the baseflow v velocity). 

Figures 36, 37 and 38 show the instantaneous disturbance quantities u',v' and 

u>' in the entire (x,y) integration domain at a time level after which the disturbances 

have propagated through the entire integration domain and a time-periodic state 

has been reached everywhere in the domain. The disturbance quantities are shown 

in perspective representation with respect to x, y. In addition, the disturbance 

quantities are presented in contour plots of lines u' = constant, v' = constant and 

u' = constant in the (x, ?/)-plane (figures 39-44). The plots indicate already, at 

least in a qualitative manner, that the amplification of the disturbances is much 

higher after the blowing and suction strip then for the previous "linear" case. It is 

also obvious that the damping of the disturbances is not as severe as before. Now 

regions of instability (growth of the disturbances) and regions of saturation can be 

clearly observed. The contour plots show that the double-vortex structure as seen 

in the linear case disappears further downstream. The instantaneous data fields 

as displayed in figures 36-38 are Fourier analyzed in the same way as described in 

section 4 using equations (100) - (103). Figures 45, 46, 47, 48, 49 and 50 show the 

results of such a Fourier analysis for our chosen cases with amplitude parameters 

A = 0.0005 and A = 0.001. The Fourier amplitudes are plotted with respect to 



x, y in perspective representation as in figure 36. From the amplitude distributions 

for all x locations, as shown in figure 45, it is now easy to distinguish between the 

region of instability and the region of saturation. 

5.1 Amplitude Distributions 

Fundamental Fourier amplitudes of the disturbance quantities u' and v' are 

plotted versus y (distance from the wall) in figure 51 for the calculation with am

plitude parameter A = 0.0005 and in figure 52 for the calculation with amplitude 

parameter A = 0.001. The Fourier amplitudes of the disturbance quantities u' and 

u>' are shown in figures 53 and 54. In addition, the u velocity profile of the baseflow 

is plotted to show qualitatively the y location of the inflection point of the profile. 

The amplitudes are normalized as shown in equations (105) - (106). 

From these plots for the u' disturbances one can observe that with changing 

x location not only are the locations of the first maxima shifted away from the wall, 

but also the second and the third maxima are merging. For the v' disturbances 

the second maxima vanishes totally. The same behavior as for the u' disturbances 

can be observed for the u>' disturbances. At the x location x = 8.52, the amplitude 

distributions look very similar to the amplitude distributions obtained for the flat 

plate boundary layer forced by small disturbances (see Fasel and Konzelmann [5] 
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(1990)). 

The magnitude of the higher harmonics relative to the baseflow profiles is 

displayed in figures 55 - 58 for various x locations. These plots clearly show that in 

the amplified region the first maxima grows much faster than the second maxima 

as the amplitude parameter A is increased. Another interesting phenomenon in the 

region of saturation the second and third maxima are merging as the first maxima 

decreases. This observation is true for both cases (A = 0.0005 and A = 0.001). 

In figures 59 - 60 the baseflow profiles of the u velocity for the three calcula

tions (A = 0.00001, .4 = 0.0005 and A = 0.001) are plotted for various x locations. 

The profiles are normalized by the maximum of the u velocity of the linear case 

(A — 0.00001). It can be clearly observed that the location of the maximum ve

locity and the location of the inflection point are shifted further away from the 

wall with increasing amplitude parameter A. The shear stress at the wall decreases 

using higher amplitude parameters. From the investigations of Tsuji, Morikawa, 

Nagatani and Sakou [16] (1977) we know that the turbulent wall jet profiles have 

much higher shear stress at the wall than the laminar wall jet profiles. This leads to 

the assumption that three dimensional effects are very important in the transition 

process from laminar to turbulent of a wall jet flow. 



5.2 Phase Distributions 

Phases of the disturbance quantities u' and v' obtained from Fourier analysis 

are plotted versus y in figures 61 - 64 for the calculations with amplitude parameters 

A = 0.0005 and A = 0.00001. In addition the phase difference between u' and v' is 

displayed. From these phase distributions, it is now obvious that the second phase 

jump, which is connected with the transition from the second to the third maximum 

in the amplitude distributions, vanishes in downstream direction. 

The arrangements and rotation of "vortices" (see figure 44) change strongly 

in downstream direction for the calculations with amplitude parameter A = 0.0005 

and A = 0.001. These changes from double "vortex" rows with two phase jumps of 

radians in the sum to single "vortex" rows with a phase jump of ir radians are 

obvious from the plots. There is again a similarity between the results presented 

here for large disturbances at x locations far downstream and the results obtained 

for the flat plate boundary layer forced by small disturbances. 
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6 CONCLUSIONS 

A numerical investigation of the hydrodynamic stability of a wall jet bound

ary layer flow was undertaken. The numerical method is based on the complete 

Navier-Stokes equations for two-dimensional flows and allows for the spatial ampli

fication of disturbance waves in a non-parallel baseflow. For the numerical method 

finite-differences are used in the streamwise and wall normal directions. The sta

bility of the flow was studied using two-dimensional single-frequency disturbances. 

For small amplitudes the disturbance behavior was as predicted by the linear sta

bility theory. The investigations with small disturbances also indicated that the 

disturbance flow is composed of two modes, a "boundary layer" mode and a "shear 

layer" mode. Investigations with large disturbances indicate that the "boundary 

layer" mode eventually dominates. 

Future investigations of the spatial disturbance development should concen

trate on several points. More calculations should be made with small disturbances 

to see the flow behavior in other regions of the linear stability theory diagram. 

A quantitative investigation of the eigenfunctions obtained by the linear stability 

theory (spatial approach) and the eigenfunctions given by direct numerical simula

tions should give further insight into the composition of the disturbance flow field 

("boundary layer" mode/"shear layer" mode). The nonlinear interaction of the two 
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modes should be examined in more detail by using larger disturbance amplitudes 

for calculations at other frequencies as well. Also, investigation of three-dimensional 

disturbance development and in particular the interaction between two-dimensional 

and three-dimensional disturbance waves should give new insight into the transition 

process of the wall jet boundary layer. 
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Figure 26: Third harmonic Fourier amplitudes (normalized by the maximum of u') 
versus y of the u'- and ^'-disturbances for various downstream locations x. 



79 

220 

200 

180 

160 

140 

120 

100 

LAMINAR WALL JET 
U-VELOCITY AT X=8.52 (...) 
1 . HARMONIC AT X=5.94 ( ) 

X-6.80 (+++) 
X=7.66 (***) 
X=8.52 (ooo) 

220 

.2 .3 .4 .5 
- U' / U'HAX 

.9 1.0 1.1 

ONEGA'* • ONEGA' / U'HAX 

Figure 27: Fundamental Fourier amplitudes (normalized by the maximum of u') 
versus y of the u'- and (^'-disturbances for various downstream locations x. 



80 

160 

140 

120 

100 

LAMINAR WALL JET 
U-VELOCITY AT X=8.52 
2. HARMONIC AT X=5.94 

X=6.80 
X=7.66 
X=8.52 

(+++) 

*** 

ooo) 

160 

140 

120 

100 

.3 .4 
/ U'NAX 

1 . 0  1 . 1  £ 5 £ R R 8 8 
ONECA'« > MEG*' / U'NAX 
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Figure 30: Fundamental Fourier phases versus y of u'- and ^'-disturbances for x 
locations x = 5.94 and x = 6.80 (wall jet boundary layer). In addition the phase 

difference u' — v' is plotted. 
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Figure 31: Fundamental Fourier phases versus y of u'- and u'-disturbances for a; 
locations x = 7.66 and x = 8.52 (wall jet boundary layer). In addition the phase 
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Figure 32: Fundamental Fourier phases versus y of u'- and v'-disturbances for x 
locations x = 1.91 and x = 2.60 (flat plate boundary layer). In addition the phase 

difference u' — v' is plotted. 
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Figure 33: Fundamental Fourier phases versus y of u'- and ^'-disturbances for x 
locations x = 3.29 and x = 3.98 (flat plate boundary layer). In addition the phase 
difference it' — v' is plotted. 
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Figure 34: Fundamental Fourier phases versus | of u'-disturbances for the x loca
tion x = 5.94 obtained by the Navier-Stokes calculations. In addition the results 
obtained by the linear stability theory based on the temporal approach are plotted. 
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Figure 35: Fundamental Fourier phases versus y of u'- and v'-disturbances for the x 
location x = 2.60 (flat plate boundary layer) and for the x location x = 5.94 (wall 
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Figure 36: Instantaneous disturbance velocities v! versus x and y (in perspective 
representation) at t/At = 4202 for the entire integration domain after a time peri
odic state was reached for two cases with different amplitude parameter. 
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Figure 37: Instantaneous disturbance velocities v' versus x and y (in perspective 
representation) at t / A t  =  4202 for the entire integration domain after a time peri
odic state was reached for two cases with different amplitude parameter. 
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Figure 38: Instantaneous disturbance velocities u/ versus x and y (in perspective 
representation) at t / A t  =  4202 for the entire integration domain after a time peri
odic state was reached for two cases with different amplitude parameter. 
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Figure 39: Isolines of disturbance velocity u' in the (re, j/)-plane of the entire inte
gration domain at t/At = 4202 after the time periodic state was reached for the 
case A = 0.0005. Regions of negative u' are enclosed by dashed lines. The labels 
have to be multiplied with 10"5 to get the original values. 
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Figure 40: Isolines of disturbance velocity u' in the (x,t/)-plane of the entire inte
gration domain at t/At = 4202 after the time periodic state was reached for the 
case A = 0.001. Regions of negative u' are enclosed by dashed lines. The labels 
have to be multiplied with 10"5 to get the original values. 
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Figure 41: Isolines of disturbance velocity v' in the (x, t/)-plane of the entire inte
gration domain at t / A t  = 4202 after the time periodic state was reached for the 
case A = 0.0005. Regions of negative v' are enclosed by dashed lines. 
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Figure 42: Isolines of disturbance velocity v' in the (x, y)-plane of the entire inte
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Figure 43: Isolines of disturbance vorticity u/ in the (x, ?/)-plane of the entire in
tegration domain at t/At = 4202 after the time periodic state was reached for the 
case A = 0.0005. Regions of negative u' are enclosed by dashed lines. The labels 
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Figure 44: Isolines of disturbance vorticity u>' in the (a:, y)-plane of the entire in
tegration domain at t/At = 4202 after the time periodic state was reached for the 
case A = 0.001. Regions of negative ui' are enclosed by dashed lines. The labels 
have to be multiplied with 10-5 to get the original values. 
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Figure 45: Fundamental Fourier amplitudes of the u'-disturbances versus x and y 
(in perspective representation) for the entire integration domain for two cases with 
different amplitude parameter. 
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Figure 46: Fundamental Fourier amplitudes of the u'-disturbances versus x and y 
(in perspective representation) for the entire integration domain for two cases with 
different amplitude parameter. 
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Figure 47: Fundamental Fourier amplitudes of the ^'-disturbances versus x and y 
(in perspective representation) for the entire integration domain for two cases with 
different amplitude parameter. 
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Figure 48: Second harmonic Fourier amplitudes of the u'-disturbances versus x and 
y (in perspective representation) for the entire integration domain for two cases 
with different amplitude parameter. 
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Figure 49: Second harmonic Fourier amplitudes of the ^'-disturbances versus x and 
y (in perspective representation) for the entire integration domain for two cases 
with different amplitude parameter. 
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Figure 50: Second harmonic Fourier amplitudes of the w'-disturbances versus x and 
y (in perspective representation) for the entire integration domain for two cases 
with different amplitude parameter. 
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Figure 51: Fundamental Fourier amplitudes (normalized by the maximum of it') 
versus y of the u'- and ^'-disturbances for various downstream locations x for the 
case with amplitude parameter A = 0.0005. 
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Figure 52: Fundamental Fourier amplitudes (normalized by the maximum of u') 
versus y of the u'- and ^'-disturbances for various downstream locations x for the 
case with amplitude parameter A = 0.0005. 
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Figure 53: Fundamental Fourier amplitudes (normcilized by the maximum of u') 
versus y of the u'- and ^'-disturbances for various downstream locations x for the 
case with amplitude parameter A — 0.001. 
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Figure 54: Fundamental Fourier amplitudes (normalized by the maximum of u') 
versus y of the u'- and w'-disturbances for various downstream locations x for the 
case with amplitude parameter A = 0.001. 
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Figure 55: Fourier amplitudes versus y of the u'-disturbances in percentage of the 
maximum of the u velocity at the downstream locations x = 5.94 and x = 6.80 for 
the case with amplitude parameter A = 0.0005. The scale of the u velocity baseflow 
profile is on top of the plots. 
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Figure 56: Fourier amplitudes versus y of the u'-disturbances in percentage of the 
maximum of the u velocity at the downstream locations x = 7.66 and x — 8.52 for 
the case with amplitude parameter A = 0.0005. The scale of the u velocity baseflow 

profile is on top of the plots. 
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Figure 57: Fourier amplitudes versus y of the u'-disturbances in percentage of the 
maximum of the u velocity at the downstream locations x = 5.94 and x = 6.80 for 
the case with amplitude parameter A = 0.001. The scale of the u velocity baseflow 
profile is on top of the plots. 
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Figure 58: Fourier amplitudes versus y of the u'-disturbances in percentage of the 
maximum of the u velocity at the downstream locations x = 7.66 and x = 8.52 for 
the case with amplitude parameter A = 0.001. The scale of the u velocity baseflow 
profile is on top of the plots. 
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Figure 59: Baseflow profiles of the u velocity versus y at the downstream locations 
x = 5.94 and x = 6.80 for the cases with amplitude parameter A -• 0.00001 (linear 
case), A = 0.0005 (nonlinear case 1) and A = 0.001 (nonlinear case 2). 
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Figure 60: Baseflow profiles of the u velocity versus y at the downstream locations 
x — 7.66 and x = 8.52 for the cases with amplitude parameter A = 0.00001 (linear 
case), A = 0.0005 (nonlinear case 1) and A = 0.001 (nonlinear case 2). 
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Figure 61: Fundamental Fourier phases versus y of u'- and ^'-disturbances at x 
locations x = 5.94 and x = 6.80 for the case with amplitude parameter A = 0.0005. 
In addition the phase difference v! — v' is plotted. 
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Figure 62: Fundamental Fourier phases versus y of u'- and ^'-disturbances at x 
locations x = 7.66 and x = 8.52 for the case with amplitude parameter A = 0.0005. 
In addition the phase difference u' — v' is plotted. 
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Figure 63: Fundamental Fourier phases versus y of u'- and ^'-disturbances at x 
locations x = 5.94 and x = 6.80 for the case with amplitude parameter A = 0.001. 
In addition the phase difference v! — v' is plotted. 
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Figure 64: Fundamental Fourier phases versus y of u'- and ^'-disturbances at x 
locations x = 7.66 and x = 8.52 for the case with amplitude parameter A = 0.001. 
In addition the phase difference u' — v' is plotted. 
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A VARIABLES, SUBSCRIPTS AND SUPER
SCRIPTS 

Variables 

x — streamwise coordinate 
y — platenormal coordinate 
L — reference length 
U — reference velocity 
Re — Reynolds number 
t — time coordinate 
u — streamwise velocity 
v — normal velocity 
lu — vorticity 
v — kinematic viscosity 
$ — stream function 
r) — similarity coordinate 
8 — displacement thickness 
/? — disturbance frequency 
a — local wave number 
A — wave length 
F — dimensionless frequency parameter 
A — dimensionless amplitude parameter 
0 — phase of disturbances 
m — mass flux 

Subscripts and Superscripts 
Shown for u: 

u — dimensional value 
ugi — Glauert solution 
u' — pertubation value 
ub — baseflow value 
u* — normalized value 
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