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ABSTRACT 

We study the problem of wave propagation in a parallel plate waveguide with 

an iris. We use Green's function techniques to model the field behavior inside 

the waveguide. We formulate an integral equation whose solution will allow us to 

solve for the fields everywhere within the guide. We solve the integral equation 

by employing both the method of moments and a low-frequency approxiamation. 

We next develop a power balance theorem which relates the modal coefficients 

of the propagating modes in an exact relation. Prom the numerical solution, we 

can generate numerical approximations to the modal coefficients. We investigate 

if and when our numerical approximations to the modal coefficients satisfy the 

power balance theorem. Finally, we derive a generalized power balance theorem 

for scattering by obstacles and junctions inside a waveguide of arbitrary, uniform 

cross-sectional area. 
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CHAPTER 1 

Introduction 

The numerical solution of scattering problems is one of the major areas of 

research in electromagnetics. Often, the scattering phenomenon can be described 

by the equation 

where L is a linear integral, differential, or integrodifferential operator, / is a forcing 

term, and u is the solution which describes the behavior of certain electromagnetic 

fields. A popular method for solving (1-1) is the method of moments (Harrington, 

1968), which transforms Lu = / into a matrix equation 

where A is a coefficient matrix, b is a forcing vector, and a: is an unknown vec

tor we wish to determine. This vector x, if it can be determined, is then used 

to generate a numerical approximation (which we refer to as the "result") to the 

solution it. PVom a mathematical perspective, however, one can easily dispute the 

worth of many method of moments (MoM) results, because of the lack of conver

gence proofs which link the numerical approximation to the solution (Dudley, 1985). 

Therefore, as mentioned by Dudley (1985), many numerical researchers rely on two 

non-rigorous procedures to judge their results: the numerical convergence of the 

method of moments result as the matrix size is increased, and a comparison of the 

result to analytical solutions for simplified problems. However, neither of these pro

cedures offers any mathematical information relating the numerical approximation 

to the solution of our scattering problem. 

Lu = f (1-1)  

Ax = b ( 1 - 2 )  
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Another tool used by researchers to evaluate the results from the method of 

moments is to subject the results to various physical laws in electromagnetics. The 

method of moments has been shown to generate numerical approximations which 

satisfy the reciprocity theorem (Jones, 1956) and also has been shown under certain 

conditions to satisfy conservation of power (Amitay and Galindo, 1969). However, 

the use of the conservation of power to analyze results generated by the method 

of moments has not received much attention since the Amitay and Galindo paper 

(1963). 

In this thesis, we derive a new power balance theorem. In consultation with 

De Hoop (1990), we find that our power balance theorem is the interior equivalent to 

his extinction theorem (De Hoop, 1959) for scattering problems. Our application 

of the power balance theorem is to the numerical approximations to the modal 

coefficients which are generated by the MoM. Specifically, we examine if and when 

the numerical approximations to the modal coefficients satisfy the power balance 

theorem. As a special case of our analysis, we verify the well-known result (Amitay 

and Galindo, 1969), that for a general scattering problem, the Ritz-Galerkin method 

satisfies the conservation of energy. 

To test our theorem, we examine the numerical solution of a scattering problem 

involving an iris inside a parallel plate waveguide. The presence of an iris inside 

a waveguide has been thoroughly studied by Marcuvitz (1951). However, it is not 

the goal of this thesis to re-examine this problem, but rather to use this problem 

as a benchmark to examine a new power balance theorem. By subjecting the fields 

inside the waveguide to the conservation of energy, we develop a new power balance 

theorem which relates the modal coefficients of the propagating modes in an exact 

relation. 



In chapter two, we present the geometry of our test problem. Starting with 

Maxwell's equations, we develop a partial differential equation from which the field 

components can be determined. We develop a partial differential equation for both 

the TMX and TEZ modes separately. To solve these equations, we employ the 

Green's function method. The application of appropriate boundary conditions leads 

to the generation of two integral equations, one for each set of modes. The fields 

everywhere inside the waveguide can be described by the solution to these integral 

equations. 

The numerical solution of our integral equations is presented in the third chap

ter. We first perform a low-frequency analysis to determine the general effect of the 

iris inside the waveguide. The singularities of the integrands are examined, ELS well 

as the convergence rates of the infinite summations. To speed the convergence of 

these sums, we employ two asymptotic methods, and discuss the regions for which 

each of these methods is best suited. Finally, the method of moments is used to 

transform the integral equation into a matrix equation, and the numerical results 

are presented. 

We analyze the results from the method of moments in chapter four. To per

form the analysis, we subject our fields to the conservation of power and develop a 

theorem for the modal coefficients of the propagating modes. Since the MoM results 

generate numerical approximations to the modal coefficients, we examine when our 

modal coefficient approximations satisfy the power balance theorem exactly. We 

next present some examples and analysis of the MoM approximations which do not 

satisfy the power balance theorem. 

In the fifth chapter we reconsider our MoM solution to the integral equations 

for schemes which do not satisfy the power balance theorem. Instead of inverting 
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the resulting matrix to determine the expansion coefficients, we formulate an opti

mization problem to determine the expansion coefficients using the power balance 

theorem as a constraint. Thus, we are forcing our results to satisfy the power bal

ance theorem, even though our MoM scheme alone would not satisfy the theorem. 

We present an optimization method for both a 1-term and a multi-term expansion 

of our unknown quantity, and comment on our results. 

In chapter six, we summarize our conclusions concerning the relationship be

tween the conservation of power and the numerical solution of integral equations. 

We also propose some future work for this problem. Finally, in the appendix, we 

derive a general power balance theorem for scattering by obstacles and junctions in 

a waveguide of arbitrary, uniform cross-sectional area. 



CHAPTER 2 

15 

Problem Formulation 

In this chapter, we formulate the problem of wave propagation inside a parallel 

plate waveguide with an iris. Our goal is to find the fields everywhere inside the 

waveguide. We find that the fields decouple into the TMZ and the TEZ modes. 

Both sets of modes can be described by partial differential equations. To solve 

these partial differential equations, we employ the Green's function method. This 

method allows us to formulate a governing integral equation for both sets of modes. 

The fields inside the waveguide can be expressed in terms of these integral equations. 

The geometry of our problem is shown in Figure (2-1). Two perfectly conduct

ing plates lie parallel to the y — z plane. The plates extend to infinity in both 

the y— and z— directions, and axe separated a distance a. In the plane z = 0, an 

infinitesimally thin, perfectly conducting iris extends from x = b to x = a. The iris 

has a length d = a — b and extends to infinity in the y— direction. Our source for 

the fields lies in the z < 0 region of the waveguide. Finally, we assume free space 

exists inside the guide, with permeability fiQ and permittivity eo. 

If we assume an e J w t  time dependence in our fields, the differential forms of 

Maxwell's equations are: 

where E is the vector electric field in volts/meter, H is the vector magnetic field in 

amperes/meter, J is the electric current density in amperes per square meter, and 

M is the magnetic current density in volts per square meter. 

V x £  =  —ju>nH — M 

V x H = jueE + J 

( 2 -1 )  

( 2 - 2 )  



source 

d 

b 

X 

Figure 2-1: Parallel Plate \Vaveguide with an Iris. 

16 

--.z 



17 

For our problem, we assume there is no y— dependence in the fields. Therefore, 

in (2-1) and (2-2) we set d/dy = 0. This simplification of the problem allows us to 

decouple the fields into the familiar TMZ modes and the TEZ modes. At this point, 

we now consider Maxwell's equation for each of the modes separately. 

2.1 TMZ  Modes 

We choose as our source for the TMZ  modes a y— directed current source, M y .  

This choice allows the TMZ modes of (2-1) and (2-2) to be written as: 

fr -11 = <2-3> 

E, = ~^S<L (2-4) 
jue oz 

Ez = rL<My (2-5) 
jwe ox 

Taking the d/dz of (2-4) and the d/dx of (2-5), substituting these results into 

(2-3), and multiplying the resulting equation by —juie yields the following equation: 

(V2« + k2)H v  = jueMy (2 - 6) 

where 

V2 =£. + £.  ,2-7) 
"  dx1  dz1  '  

k2  = u2 / ie (2 — 8) 

Equation (2-6) gives us a partial differential equation for H y  in terms of our 

source My. Once this equation is solved, we can substitute the answer for Hy into 

(2-4) and (2-5) and obtain the complete TMZ fields inside the waveguide. To solve 
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(2-6), we need the boundary conditions for H y  in our domain of interest. If we 

assume a small amount of loss in our waveguide system, our fields vanish at infinity, 

so that 

lim H y  = 0 (2-9) 
*-•±00 * ' 

Next, the tangential electric field must vanish on all metallic surfaces. From 

(2-4) and (2-5), we know the relations between Hy and the tangential electric field. 

Therefore, this boundary condition yields 

dH v  E z  *=0 — 0 =• O 
1=0 ox 

,=o =0 (2 -  10) 

E x  -0 ^ z=0 — u => —Z— 
b<x<a OZ 

isa 

= 0  ( 2 - 1 1 )  
b<x<a 

Eq. (2-10) forces the tangential electric field to vanish on the plates of the waveg

uide, while (2-11) forces the tangential electric field to vanish on the iris. 

To solve the partial differential equation for H y  in (2-6), with the above bound

ary conditions, we use the Green's function method (Stakgold, 1979). We start by 

dividing the waveguide into two regions: Region 1 is z < 0 (which contains the 

source), and Region 2 is z > 0 (which is source free). Our procedure will be to solve 

(2-6) in each of these regions, and then invoke continuity of Hy in the aperture to 

obtain the solution for all of the waveguide interior. Writing (2-6) for each of these 

regions, we have: 

(V2
Z* + k2)H y X  = jueMy (2 - 12) 

( 'V2zz + k2)H y 2=0 (2-13) 

We first consider region 1. Let us define the Green's function for region 1 as 

gi, described by the following partial differential equation: 

(V2** + k2)gi = -S(x -  x')6(z -  z') (2 —14) 
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Since we are free to choose the boundary conditions for g\ , let us choose them to 

mimic those for Hy\ except in the aperture: 

lim gi = 0 (2 — 15) 
Z—•—00 

f r-Lo = 0 (2-16) 
OZ \x=a 

7p-|  »o =0 (2-17) 
OX l0<®<o 

Notice that in (2-17), we have chosen a boundary condition for g\ to extend over 

both the aperture and the iris in order to isolate region 1 from region 2. Equations 

(2-14) through (2-17) describe our associated Green's function problem. The phys

ical interpretation for this is given in Figure (2-2). Essentially, the Green's function 

g\ is the y— component of the magnetic field in a closed trough due to a line source 

located at (x',z'). 

We define an inner product in the following manner: 

(X, Y) =  J Js XY ds ( 2 - 1 8 )  

where the surface 5 is composed of the walls of the waveguide, the plane 2 = 0 and 

the plane at z = —oo. We form the inner product of the Green's function g\ with 

LHyi, where L = (V2
XZ + k2), and perform an integration by parts twice to obtain: 

(g\,LH y \)  = (Lg\,H y \)  + JJ^(giVH y i  -  H y \*7g\) -ds (2 - 19) 

where ds is the vector normal to the surface boundaries, and points into the interior 

of the guide. Over our surface, we note dg\/dn = 0 (where d/dn refers to the normal 
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! 

to z= - 00 (x\z ')  

Figure 2-2: The Geometry Describing the Green's Function Problem for the 
TMX Modes, Region 1. 



21 

derivative), and dHyi /dn = 0 except for 0 < x < 6 on the z = 0 plane. In addition, 

we use (2-12) and (2-14) to substitute for LH y \  and Lg\ to obtain: 

/•& 

{gi,j<jjeM y) = (~6(x -  x')6(z -  z'),H y i)  + I giVH y \  • (-£) dx (2-20)  
Jo 

If we write out the inner products, and presuppose that the Green's function is 

symmetric, the above equation becomes: 

H y i(x,z) = —jue f  gi(x,z\x' ,z ' ) M y (x' ,z ')dx'dz'+  f  gi(x,  z\x ,  dx'  
Jsource J0 &z 

(2 -21)  

From (2-4) we know dH y \ /dz = —ju>eE x i. Substituting into (2-21), we have 

H y i(x,z) = —jue J gi(x,z\x' ,z r )My(x' ,z ')dx'dz'  
Jsource 

,b 
—ju>e I gi(x,  z\x' ,Q)E x i(x' ,0)dx'  (2 — 22) 

Jo 

This equation gives H y \  in terms of an integral over the source and an integral over 

the aperture. The problem now is to solve the associated Green's function problem 

for g\, which is done in the next section. 

We now turn our attention to region 2. The partial differential which describes 

the field behavior of Hy in this region is given by (2-13). Recalling this equation, 

we have: 

(V 2xz + k2)H y 2  = 0 

To solve the above equation, consider the following differential equation: 

(V 2xz + k2)g2 = — S(x — x')6(z — z')  (2 - 23) 
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As with our solution for region 1, we are free to pick the boundary conditions on 

<72- We choose them to mimic those for H y2' 

l im =0 (2-24) 
Z—*+00 

7pL=o=0 (2-25) 
OZ \x=a 

«o = 0  ( 2 -26) 
ox io<z<« 

Equations (2-23) through (2-26) describe our associated Green's function problem 

for region 2. The physical interpretation is given in Figure (2-3). Essentially, the 

Green's function <72 is the y— component of the magnetic field inside a closed trough 

due to a line source that extends to infinity in the y—direction, located at  (x' ,z ') .  

This formulation is symmetric about the x— axis to the formulation for region 1. 

Therefore, we simply substitute —z' for z' in the Green's function for region 1 to 

obtain the Green's function for region 2. 

Continuing with our solution for H y2, we form the inner product of <72 with LH y i  

( where L = + k2, and the inner product is defined in (2-18)), and perform 

integration by parts twice to obtain: 

(02, LH y2) = (Lg2, Hyi) + JJ^(<72Vffy2 - H y2Vg2) •ds (2 - 27) 

where S is the walls of the waveguide, the plane z = 0, and the plane at z = +00, 

and ds is the unit vector normal to the surface boundaries, and points into the 

interior of the guide. Over this surface, we note dg2 /dn = 0 everywhere, and 

dHyt/dn = 0 everywhere except for 0 < x < b on the 2 = 0 plane. We use this 

information, along with (2-13) and (2-23) for LHy2 and Lg2 respectively, to simplify 
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t 

(x\z') to z = + <*> 

Figure 2-3: The Geometry Describing the Green's Function Problem for the 
TMT Modes, Region 2. 
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(2-27) as follows: 

{92,0) = (-6(x-x')6(z-z') ,H y2}+ f g2VHy2-zds (2-28) 
Jo 

We write out the inner products and presuppose the Green's function is symmetric 

to obtain: 

HV2(1, z)  = jut f  g2(x, z\x' ,  Z')EX2(X\ 0)dx'  (2 - 29) 
Jo 

Note that in (2-29) the upper limit of the integration over the iris is now 6, as the 

electric field EX2(x' ,  0) is tangent to the iris and must vanish from b < x' < a. 

2.1.1 Green's Function Determination For Region 1 

Our next task is to find the Green's function for region 1. Recall our associated 

Green's function problem, given in equations (2-14) through (2-17): 

(V2« + k2)g 1 = -6(x -  x')S(z -  z') 

lim <71 = 0 
z—*—00 

dgi 
OZ lx=a 

x=0 — 0 

dg\ I 
IT" =° ox U=o 

To solve this problem, we first expand g\ in a Fourier cosine series. We choose 

a cosine series since this is the proper spectral representation for 8(x — x') with the 

given the boundary conditions. We write: 

gi(x,z\x,z) = \[^-Cn(x,  z,  z)  cos (2-30) 
a 
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where 

en 
_ f 1, if n = 0; 
— \ 2, if n > 0. (2-31) 

Substituting this representation into (2-14) and performing some algebraic manip-

ultion, we obtain 

S Jp" + cos = ~
6

(
x 

~  
x

' )
6

(
z 

~  
2>) (2 - 32) 

n=0 J * 

where the propagation constant is defined as 

A» — \jk2 - (^7, Im /3„ < 0 (2 - 33) 

The restriction on the imaginary part of /?„ is chosen to complete its definition. 

We next multiply both sides of (2-32) by y/en /aCn  cos and integrate over 

the range 0 < x < a. Using the orthogonality of the cosines, we obtain: 

—+/»2  

dz2 + Pn 

l^n nirx' c, , 
/R =  —4/ — COS 0 ( 2  —  2 )  

V a a 
(2 - 34) 

Let us define 

Bn(z,z ')  = 
Cn  

cos a a 
(2 - 35) 

Our problem then becomes: 

Bn  = -6(2 -  z') (2 - 36) 

Since Bn  represents the z— dependence of gi,  the boundary conditions on Bn  

are the same as the boundary conditions for the z— dependence of <71, namely: 

lim Bn  = 0 
*-•—00 (2 - 37) 
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(2 - 38) 
dz 12=0 

For z z', (2-36) becomes a homogeneous equation for Bn. We express Bn in a 

mixed form to satisfy the above boundary conditions and write the solution to the 

homogeneous equation as: 

s  _[ a! e j 0 n Z ,  z  < z'\  
n  \  hi cos f inz,  z>z' .  

(2 - 39) 

where a' and 6' are unknown coefficients. Enforcing continuity at z = z' gives 

a! e*^nZ = b' cos finz' (2 - 40) 

The jump condition at z = z' gives 

—b' fin sin finz - a! j fine*P"2 = — 1 

Solving for the coefficients yields the following solution for Bn: 

_ cos f inz'^-,  z<z'  
n ~ ' a j*3"'' / 

COS finZ Z-a , Z > Z 

(2-41) 

(2 - 42) 

We can now write down the Green's function for region 1, using the relation between 

Bn and Cn, and (2-31), viz: 

gi(x,z\x ,z  ) = < 
£ *5 COS A,COS 2  ̂COS z<z'\  

»=0 

£ $ cos fi„z*i!j£-cos Zf!-cos szz, z>z' 
, n=0 

(2 - 43) 

We note the Green's function for region 1 is symmetric. 
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2.1.2 Green's Function Determination for Region 2 

We can now write down the Green's function for region 2, simply by substituting 

-z' for z' in (2-43), viz: 

g2(x,z\x ,z  ) = < , f2"4 4) 
£ ̂  COS COS 2^003 ,̂ Z > Z' 

, n=0 

Again, we note that the Green's function for region 2 is symmetric. 

2.1.3 The Source 

In this section, we specialize the source for the TMZ fields. The source is located 

in region 1 by definition. Let us choose a magnetic sheet source to generate the 

fields: 

My = M06(z -  z') (2 - 45) 

The magnitude of the source Mo is arbitrary. To choose a magnitude, we substitute 

this source into (2-21) and obtain 

H y i(x,z) = -jue / gi(x,z\x' ,d)Modx' 
Jo 

f h  

—jue I gi(x,z\x' ,Q)E x i(x' ,Q)dx' (2 — 46) 
Jo 

Consider the source integral. Substituting (2-43) into the source integral and car

rying out the integration, we obtain: 

'source + «-'•"] (2-47) 
2rje*kd 
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where /source is the source integral, and rj is the free-space impedence. We choose a 

specific Mo to launch a unit forward and backward travelling wave, viz: 

M0 = -2e»w (2 - 48) 

Let us now summarize the expressions for the magnetic field in each region, 

with the source specified by (2-45) and (2-48). We have 

2 
Hyi = — cos kz — jue I gi(x,  z\x'  ,0)E x i(x' ,  0)dx' (2 — 49) 

V Jo 

fb  

HV2 = jwe I g2(x, z\x ,0)Ex2(x' ,0)dx (2 — 50) 
Jo 

2.1.4 Formation of the TMZ  Integral Equation 

In this section, we apply our last boundary condition at the aperture. This 

generates a governing integral equation for the electric field in the aperture. All 

of the TMZ field components can be expressed in terms of this unknown electric 

aperture field. 

Since there is no electric current present in the aperture, the tangential mag

netic field must be continuous through the aperture. Therefore, our last boundary 

condition is: 

H y i \  = Hy21 at z = 0 (2 — 51) y lo<i<4 v lo<x<4 v ' 

Applying this condition to (2-49) and (2-50), we obtain: 

2 f b  t h  

jwe I gi(x,Q\x' ,Q)E x i(x' ,0)dx'  = jue I g2(x,0\x' ,0)EX2(x' ,Q)dx (2-52) 
V Jo Jo 



29 

We note in the aperture that the tangential electric field is continuous, so we write 

EXi = EX2 = EA(X'). Therefore, the above equation can be written as; 

Evaluating the Green's functions at z = 0 and z'  = 0, and substituting the results 

into (2-53), we obtain 

The above equation is the governing integral equation for the TMZ  modes. 

In this section, we summarize the results concerning the TMG  fields. The trans

verse magnetic field for each region of the waveguide is given by (2-49) and (2-50). 

We substitute in the appropriate Green's function defined by (2-43) and (2-44) into 

these field expressions. Due to the self-adjointness of the integral operator, we can 

move the integral inside the summation. This allows us to write (2-49) and (2-50) 

in the following manner: 

(2 - 53) 

nirx nirx 
(2-54) 

2.1.5 Summary of the TMZ  Fields 

nirx 
(2 - 55) 

nirx 
(2 - 56) 

where the modal coefficients AN  are defined as: 

nirx 
(2 - 57) 
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Prom the relation given by (2-5), we can write down the transverse component of 

the electric field in each region as follows: 

E x i(x,  z) = — e? k z  + e * k x  -f ^ enAne^^n Z  cos (2 — 58) 
n=o a 

EX2(X ,z)  = T eNAne cos^^- (2 — 59) 
a 

The modal coefficients AN  are determined by solving the integral equation (2-54) 

for the electric field in the aperture, repeated here for convenience: 

,  th  Cn k riTrn nirx'  
1=1 > —— cos cos EA(X')<IX' 

Our task now is to solve the integral equation of (2-54). Once this is accom-

pished, we know the TMZ fields everywhere inside the guide. The solution of this 

integral equation is outlined in the next chapter. 

2.2 TEZ  Modes 

In this section, we derive the field expression for the TEZ  modes. We choose 

as our source for the TEZ fields at/— directed electric current source. This choice 

allows the TEZ modes of (2-1) and (2-2) to be written as follows: 

tST-TT-*•*+*. <2-60> 
H z  = -,1  (2-61) 

J W f i  o x  



H x =  1 d^y  (2-62) 
jojfi  oz 

Taking the d/dx of (2-61), and taking the d/dz of (2-62), substituting these results 

into (2-60), and multiplying both sides of the equation by juipi yields the following 

result: 

(VL + k2)Ey = jlOfiJy (2 — 63) 

where V2
Z is defined in (2-7), and k2 is defined in (2-8). 

Equation (2-63) gives us a partial differential equation for Ey  in terms of our 

source Jy. Once this equation is solved for Ey, the result can be substituted into 

(2-61) and (2-62) to obtain the if-field componants of the TEZ fields inside the 

waveguide. Though the procedure to solving the TEZ modes is similar to the pro

cedure used for the TMZ modes, we start a different way. Instead of solving (2-63) 

for the geometry of Figure (2-1), we solve (2-63) for an alternate geometry given in 

Figure (2-4). This system has two parallel, perfectly conducting plates, which lie 

in and parallel to the x— plane and are separated a distance a. The plates extend 

to infinity in both the y— and z— directions. An iris made of perfectly conducting 

material extends from z = —AT/2 to z = AT/2, and has a height d. The total 

thickness of the iris is thus AT. Again, there is no variation in the y— direction. 

This geometry is similar to that of Figure (2-1), except now the iris extends up from 

the bottom plate and has a finite thickness. Our method will be to solve (2-63) for 

this geometry, and then allow AT —> 0 to recover the problem of interest, where the 

iris has zero thickness. 

We now proceed with solving (2-63) for the geometry of Figure (2-4). Assuming 

a small amount of loss in our system, our fields will vanish at infinity. Therefore, 
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Figure 2-4: Parallel Plate vVaveguide with an Iris of Finite Thickness. 
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the radiation condition can be written as: 

a  E y=0 (2 -  64) 

Next, the tangential electric field must vanish on all conducting surfaces. This 

boundary condition can be expressed as 

£J, |R =O=0 (2-65) 
lx—a 

E, 

= 0 <2 " 66> 

0<x< d 

,=« =0 (2 -  67) 

Equation (2-65) forces the field to vanish on the plates of the guide, while (2-66) 

and (2-67) force the field to vanish on the iris. 

Proceeding with our solution, we use the Green's function method to solve our 

partial differential equation in (2-63) for Ey. We define the Green's function for our 

system as g, described by the following partial differential equation: 

(VL + k2)g = -S(x -  x')S(z -  z') (2 - 68) 

Let us pick the boundary conditions for our Green's function to mimic those for E y: 

lim 5 = 0 (2 — 69) 
Z—>±00 

sL=o=0 (2-70) 
Ixssa 

Equations (2-68) though (2-70) describe our associated Green's function prob

lem. The physical interpretation of our Green's function problem is given in Figure 
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(2-5). Essentially, our Green's function g is the y— component of the electric field 

in a parallel  plate waveguide due to a y— directed line source located at  («' ,  z') .  

Using the definition of the inner product in (2-18), we form the inner product 

of g with LEy, where L — + k2, perform integration by parts twice, to obtain: 

{g, LE y) = (Lg, E v) + JJj^gVEy — E yVg) • ds (2 — 71) 

where the surface 5 is the walls of the guide, the planes at z = ±oo, and the surface 

of the iris, and ds is the unit normal vector for the surface boundaries which points 

into the interior of the guide. Over this surface, the boundary conditions tell us 

Ev = 0 everywhere, and g = 0 everywhere except on the iris. In addition, we use 

(2-63) and (2-68) to substitute for LEy and Lg in eq (2-71) to obtain: 

(g,jupJy) = (—6(x — x')6(z -  z')) + f [  gVEy • hds (2 — 72) 
J Jitis 

where n is the unit vector normal to each of the three sides of the iris which points 

into the guide. If we write out the inner products, and presuppose the Green's 

function is symmetric, the above equation becomes: 

E y(x,z) = —jwft I I  g(x,z\x' ,z ' ) J y (x' ,z ')dx'dz'  
J ./source 

- w f  9 { x , z \ x ' , - ^ - ) H x { x ' , - ^ - ) d x '  

r^r 
-  juf* /  g(x,  z\d,  z ')H z(d, z ')dz'  

J-4f 

+ jf* g(x, z\x' ,  ~)H x(x' ,  ̂ )dx'  (2 - 73) 
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Figure 2-5: The Geometry Describing the Green's Function Problem for the 
TEX Modes. 
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2.2.1 Green's Function Determination 

In this section, we solve the Green's function problem as posed in equations 

(2-68) through (2-70). We repeat these equations below: 

(Vl z  + k2)g = -6(x-x')6(z-z')  

lim g = 0 
2—>±00 

x=0 = 0 
x — a  

To solve the above problem, we first expand the x— dependence of g using a Fourier 

sine series. We choose a Fourier sine series as this is the proper spectral represen

tation of 6(x — x') for the given boundary conditions. Therefore, we write 

g(x,z\x' ,z) = \I^-Cn{z, x'  ,z ')  sin (2 - 74) 
V a  a  

Substituting this into (2-68), and performing some algebraic manipulation, we ob

tain: 

 ̂J? + "̂1 ]/^Cn sin = ~8<<x ~ x'^z ~ ̂  ~ 75̂  n=l •* 

where the propogation constant j3n is defined in (2-33). 

Taking advantage of the orthogonality of sine functions, we multiply both sides 

of (2-75) by sin and integrate the x— dependence from x = 0 to x = a, to 

give 

dz2  »_2 
„ 12 .  nitx'  e .  / N  Cn  = — y — sin S(z — z ) (2 — 76) 
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Let us define a new variable Dn ,  such that: 

Dn(z,z ')  = 
Cn  (2 - 77) 

Our problem can then be written as: 

£_ 
dz2  +/£ D. = -S(z -  z') (2 - 78) 

Since Bn  represents the z— dependence of our Green's function g, the boundary 

conditions on Bn are as follows: 

lim Dn  = 0 
Z—± 00 

(2 - 79) 

For z ^  z' ,  (2-79) becomes a homogeneous equation for Dn .  By applying the 

boundary conditions, we can write the solution to the homogeneous equation as: 

=  z<z'\  
n .  \  be iPn Z ,  z  > z1 .  

(2 - 80) 

where a and b are unknown coefficients. Enforcing continuity at z = z' gives 

ae?*3"*' = be*13"2' ( 2 - 8 1 )  

The jump condition yields 

= -1 (2 - 82) 

Thus, we have two equations for a and 6. Solving (2-81) and (2-82) for these 

coefficients yields the solution for D„: 

Dn(z,  z ')  = * 
z < z  

(2 - 83) 
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We can now write down our Green's function, using the relations between Dn ,  Cn ,  

and g given by (2-74) and (2-77): 

g(x, z\x' ,  z ')  =  Y " *  - r j — I  s i n  s j n  
nirx (2 — 84) 

n^i3^na a a 

Note our Green's function is symmetric. 

2.2.2 The Source 

In this section, we specialize the source for the TEZ  fields. By definition, the 

source is located in the z < 0 region of our waveguide. We choose the following 

sheet source of electric current,  located at  z'  = —£: 

J y(x\ z)  = Jo sin —-6(z'  +1) (2 — 85) 
a 

To choose Jo, we substitute the Green's function given by (2-84) and the source 

given by (2-85), into the source integral of (2-73): 

T f 1 -i3„\z+a • n1TX • n7rx> T • 7r®' . I ^source = —jw/x / ) —3—e JPn' ' sm sm Jo sin dx (2 — 86) 
Jo ^JPna a a a 

We bring the integral operator inside the summation and carry out the integration. 

Due to the orthogonality of the sine functions, however, only the first term in the 

summation will remain: 

/source = - Jo^e"'*^ sin— (2 - 87) 
2 pi a 

We choose Jo to give us an incident electric field with unit magnitude: 

Jo = (2 - 88) 
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Let us now summarize the expression for E y  throughout the waveguide. With the 

source specialized by (2-88), our field Ey given in eq (2-73) becomes: 

In this section, we perform a number of operations. First, we recover our 

problem of interest by allowing Ar —• 0 in eq (2-89). Next, we apply our last 

boundary condition, by forcing the tangential electric field to be zero on the iris. 

The application of this boundary condition leads to an integral equation, whose 

solution can be used to determine the TEZ fields everywhere inside the guide. 

To recover the problem of wave propagation in a parallel plate waveguide with 

an iris, we simply let AT —• 0 in (2-89) and obtain: 

+ jun (2 - 89) 

2.2.3 Formation of the Integral Equation 

(2 - 90) 

We combine the last two integrals of (2-90) to obtain 

+ jU)fi  
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Let us consider the term [H x{x' ,  0+) — H x(x' ,  0-)]. The boundary condition for 

the magnetic field at the interface of a perfect conductor can be expressed as 

n x H  =  J  (2-92) 

where n is the vector normal to the conductor (which points into the region of 

interest), H is the magnetic field incident on the conductor, and J is the current 

which flows on the surface of the conductor. We apply the above equation to both 

sides of the iris and obtain: 

Ey(x,  z) = - sin + ju/x f g(x, z\x' ,  0) [J+ (x') + J~(a:')] dx' (2 - 93) 
° Jo 

Let us define the total surface current JA(X') by 

JA(X') = J+(x') + J;(x')  (2 - 94) 

If we substitute this definition, our field expression for E y  in (2-93) becomes: 

E y(x,  z) = — sin— E~^L Z  + jufi  f g(x,z\x ,0)JA(X')CIX' (2 — 95) 
a Jo 

We now apply our last boundary condition. Over the iris, Ey  must be zero. 

Applying this condition to (2-95) gives the following: 

sin—= jufi I g(x,Q\x' ,0)JA(x')dx'  (2 — 96) 
a Jo 

Substituting (2-84) for the Green's function, we can write down the governing TEZ 

integral equation: 

.  irx fd  1 .  nirx .  nirx'  _ .  
sin—=ufi I > —r-sin sm JA(x )dx (2-97) a Jo a a J v ' 
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2.2.4 Summary of the TEZ  fields 

In this section, we summarize the results thus far concerning the TEZ  fields. 

The transverse electric field is given by (2-95). We substitute the Green's function 

given by (2-84) into (2-95) and obtain 

E~(x,z) = — sin —e~^n Z  + V ̂ -e^n ZBn  sin VOIL (2 — 98) 
a n^\Pn a 

E+(x, z) = -  sin —e~ j 0 n Z  + V ̂ e-^n ZBn  sin — (2 - 99) 
° n^l P" a 

where E~ refers to the electric field in the region z < 0, Ey refers to the electric 

field in the region z > 0, and the modal coefficients Bn axe given by 

1 TV7TX*' 
Bn  = - I sin JA(x)dx' (2 — 100) 

a Jo o, 

From the relation given in (2-62), we can write down the transverse component of 

the magnetic field for the region z < 0 and z > 0 as follows: 

H~(x, z) = — sin —e~^ l Z  + V] e?^n Z l3n  sin (2 - 101) 
(jju a a 

n=l 

Hg (x,  z) — —— sin e~^n ZBn  sin (2 — 102) 
UJU a a n=l 

The modal coefficients are a fimction of the iris surface current, JA(X'),  which is 

found by solving the integral equation of (2-97), repeated here for convenience: 

.<£00 .  , 
. vx 1 1 . n7rx . niTx _ . / \ v 1 

sin—= UIU I Y ——- sin sin JA(X )dx 
a Jo ^[al3n a a 

Our task now is to solve the integral equation of (2-97). The solution is pre

sented in the next chapter. 
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CHAPTER 3 

Solution to the Integral Equations 

In this chapter, we present the solution to the governing integral equations for 

both the TMg modes and the TEZ modes. First, the singularities of the integrals 

are explored. Second, a low-frequency approximation is made to examine the gen

eral effect of the iris inside the waveguide. The Method of Moments (MoM) is 

then used to numerically solve the integral equations. Various asymptotic methods 

are employed to speed the convergence of the infinite summations present in our 

formulation. Finally, the results from the MoM are presented. 

Before we attempt the task of solving the integral equations for the TMZ  and 

TEZ modes, we must investigate the behavior of the integral kernels. In these 

integral equations, as x —• x', the kernel becomes singular. We now consider the 

kernels of the TMZ and TEZ integral equations. 

We first consider the integral equation which governs the behavior of the TMZ  

modes, as given in (2-54): 

3.1 Integral Singularities 

3.1.1 TMZ  kernel 

nitx nirx 

The kernel of the above equation is defined as 
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where we have separated the first term from the series. We shall demonstrate that 

the summation becomes singular as x —» x'. We start by considering the large 

argument behavior of the kernel. As n becomes large, 0n —> and we have: 

2 k nirx nirx' n large . 2 f nirx nirx' ,n —— cos cos —• j—kcos cos (3 — 2) 
a pn a a nir a a 

We add and subtract this asymptotic form: 

1 00 

K(X,X') = -+J2 2k 
a »=i 

i_ 
a/3n nir 

nirx nirx 
cos cos 

a a 

00 Of I 

E2k nirx nirx _s — cos cos (3 — 3) 
nir a a n=l 

The first summation in (3-3) converges quickly. This convergence is due to the 

presence of the difference term, which goes to zero as the original series approaches 

its asymptotic form. Let us define S\ as the second summation in (3-3): 

00 Of I _ . 2k nirx nirx 
5i =-7z^^cos~T"cos~r" (3~4) *•—i nir a a >1=1 

We rewrite Si using a trigonometric identity, and the resulting summation can be 

evaluated in closed form. The result is (Gradshteyn and Ryzhik, 1980) 

Si = — ~ hn4 + in(i _ cos—|x — x' |)  + ln(l  — cos— \x + i'|)| (3 — 5) 
2ir L a a J 

As x —• i', we note that the logarithmic term in Si containing (x — x') becomes 

singular. Therefore, as x —* x\ our kernel K(x, x') is also logarithmically singular. 
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3.1.2 TEz Kernel 

The analysis of the kernel for the TEX  integral equation is similar to the above 

TMZ case. The integral equation which governs the TEZ modes is given by 

. irx 1 . ™rx . rnrx' _ . /N , . 
sin—= UJA I > —rr-sin sin JA\X )dx 

a h a a 

Again, we wish to explore the behavior of the kernel as x —• x ' .  The kernel for the 

above equation, K(x,x'), is defined as: 

.... ap 1 . rnrx . nirx' ,n 
K(x, x )= 2J ~~o~ sin ~~~ sin ~~1 (3-6) 

^ ap„ a a 

The large argument behavior for K(x, x')  is similar to that of (3-1). As n becomes 

large, /?„ —*• —j^, and we obtain 

E°° 1 . rnrx . mrx' n large. 2 . mrx . rnrx' /n 
-r- sin sin —> 1 — sin sin (3 — 7) 
apn a a rnr a a n=l 

We add and subtract this asymptotic form to (3-6) and obtain 

j  00 r> / rst is « T 1 j • nirx • nitx . z . rnrx . mrx K (x,x ' ) = Y  2  — — sin sin +3 > —sin sin (3-8) 
*—( apn rnr a a rnr a a n=l n=l 

The first summation in (3-8) converges quickly. Let us define S2 as the second 

summation in (3-8): 

_ . 2 . rnrx . rnrx' _ 
S2 = 3 } — sm sin (3 - 9) 

; rnr a a 
n—1 

We rewrite S2 using a trigonometric identity, and the resulting summation can be 

done in closed form. The result is: 

S2 = ̂ £ln^2(l — cos^(x + ®'))J — lnj^2(l — cos— (x — ®'))]j  (3 — 10) 
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As x —• x ' ,  the logarithmic term of 52 containing (x — x')  becomes singular. There

fore, K(x,x') is also logarithmically singular. 

3.2 Low Frequency Approximation 

In this section, we use a low frequency approximation to solve the integral 

equations (2-54) and (2-97). The solutions are used to determine the general effect 

of the iris inside the waveguide. The low frequency approximation allows us to also 

check our formulation against the results in Maxcuvitz, (1951). 

We start once again with the governing integral equation for the TMZ  modes, 

given in (2-54). To apply the low frequency approximation, we assume the frequency 

is low enough so that only the lowest order mode can propagate inside the guide. 

The lowest order TMZ mode is the TEM mode. In (2-54), we approximate the 

unknown electric field in the aperture by a constant, viz: 

We will refer to this inner product as the 6-inner product. Let us also define a 

weighting function, w(x) as follows: 

3.2.1 TMg  Low Frequency Approximation 

EA(X') = CI (3-11) 

Let us define an inner product in the following way: 

XYdx (3-12) 

(3-13) 
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which is a ^-function weight applied at the center of the aperture. We form the 

6-inner product of (2-54) with the weighting function in (3-13). This analysis gen

erates an equation for our unknown, C\. After some algebraic manipulation, the 

result is 

Ci = s (3-14) 

n=l 

Using this value for the electric field, we can determine the impedence of the 

iris. This impedence is related to the lowest order modal coefficient. Far away 

from the obstacle, the higher order modes generated from the discontinuity will 

have attenuated, and only the TEM mode will be propagating. Therefore, we can 

identify a reflection coefficient in terms of the lowest order modal coefficient. We 

evaluate the modal coefficient in terms of C\, by using (2-57) and obtain 

AQ = Ci- (3 - 15) 
a 

Substituting (3-14) into (3-15), we obtain 

Aq — * . (3 - 16) 
l + j a  

where a is purely real, and defined as 

OO 

E2 k nvb . nirb 
• cos —— sin (3-17) 

„in" _ e 2 a  « 

FVom (2-60), the reflection coefficient T can be written as 

r  = Ao -  1 (3-18) 

With the reflection coefficient evaluated, we consider an equivalent circuit for 

our system, which is represented in Figure (3-1). Essentially, we represent the 
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Figure 3-1: Equivalent Circuit for the Parcillel Plate Waveguide with an Iris. 
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input admittance to our system as an admittance due to the iris in parallel with the 

characteristic admittance of the medium. The input admittance is defined as the 

ratio of the transverse magnetic field to the transverse electric field. Since we are 

far away from the obstacle, only the propagating modes need be considered. Using 

(2-55) and (2-58), we can express the input admittance as: 

(3"19) 

FVom our equivalent circuit the admittance of the iris Ijns can be written as: 

yixia = Yin-Yo (3-20) 

After substituting equations (3-16) through (3-19) into (3-20), and normalizing to 

the characteristic admittance of the medium Yo, we find the normalized admittance 

of the iris t/ins can be written as : 

J/iris = i2o: (3 — 21) 

Thus, the iris admittance is purely susceptive. Our last task is to determine 

whether a is positive or negative. If we assume a is dominated by the first term of 

its series in (3-17), then indeed a is positive. Therefore, the admittance of the iris 

has a positive imaginary value, which means the iris is purely capacitive. In Figure 

(3-2), we present a comparison of the admittance as a function of aperture length 

to results given by Marcuvitz, (1951). Our results appear to be in agreement. 

3.2.2 TEZ  Low Frequency Approximation 

We now perform a similar analysis on the governing integral equation for the 

TEZ modes. We assume that only the TE\ mode is propagating. We apply a low 
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Figure 3-2: Susceptance of a Capacitive Iris vs. Aperture Length, a/A = 0.01. 
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frequency approximation to the integral equation in (2-97), by letting the unknown 

surface current be approximated by a constant, viz: 

JA(X ') = D\ (3 - 22) 

Let us define an inner product as: 

(X,Y)d = [d 

Jo 
XYdx (3 - 23A) 

We will refer to this inner product as the d-inner product. Forming the d-inner 

product of (2-97) with a ^-function weight applied to the center of the iris generates 

an equation for our unknown D\. Solving for D\, we obtain: 

Using this value for the surface current, we can determine the impedence of the 

iris for TEZ propagation. Far away from the obstacle, the higher order modes will 

have decayed, and only the TE\ mode will be present. We can identify a reflection 

coefficient in terms of the lowest order modal coefficient, B\. We evaluate the modal 

coefficient for the reflected mode in terms of D\, where the modal coefficients are 

defined in (2-100): 

From (2-101), the reflection coefficient T can be written in terms of this modal 

coefficient as 

Di = (3 - 23) 

(3 - 24) 

(3 - 25) 
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With the reflection coefficient evaluated, we consider the equivalent circuit in 

Figure (3-1). Again, we represent the input admittance of our system as an admit

tance due to the iris in parallel with the characteristic admittance for the waveguide. 

For TE\ propagation, we define Y\ as the admittance of the lowest order mode: 

Yi=^- (3 - 26) 
U J f i  

We write the input impedence using (2-98) and (2-101) as 

s'to = —fir <3 ~ 27> w/z i + r 

The admittance for the iris is given in (3-20). Through substitution and algebraic 

manipulation, the admittance of the iris normalized to the modal admittance be

comes 

2 
1/iris = ~j (3 — 27) 

a 

where 
00 

( 3 - 2 8 >  

Again, we find the iris admittance to be purely susceptive. Our last task is to 

determine whether a is positive or negative. If we assume a is dominated by the 

first term in its series, then indeed a is positive. Therefore, the admittance of the 

iris has a negative imaginary value, which means the iris is purely inductive for the 

TEZ modes. In Figure (3-3), we compare the value of the admittance as a function 

of iris length to the results from Marcuvitz, (1951). Our results are similar to the 

results in Marcuvitz, (1951). We do not expect our results to agree exactly to the 

results in Marcuvitz, (1951), since there is an inherent flaw in our low frequency 
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Figure 3-3: Susceptance of an Inductive Iris vs. Iris Length, a/A = 0.51. 
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approximation. For TEZ propagation, we note that in the expression for our propa

gation constant given in (2-33) the lowest order mode (n = 1) is below cutoff when 

k < IT/a. Therefore, we cannot drive the frequency of operation below a/A < 0.5. 

Thus, the wavelength of operation can never become large compared to the electri

cal height of the guide. This lower bound on the frequency of operation prohibits 

us from operating the waveguide at "low" frequencies with TEZ polarization. 

3.3 The Method of Moments 

In this section, we use the Method of Moments (MoM) to transform the integral 

equations for the TMZ and TEG modes into matrix equations (Harrington, 1968). 

This is accomplished by expanding the unknown in the integral equation into a 

finite series of known expansion functions with unknown coefiicients. The unknown 

coefficients axe then determined by solving a matrix equation. 

3.3.1 MoM Applied to the TMZ Modes 

We first apply the MoM to the TMT modes. To solve the TMZ integral equation 

of (2-54), we first approximate the unknown aperture electric field, EA(X'), by a 

finite series of expansion functions, viz: 

N 

EA(x') = Y,ajP>(x') (3"29) 
J=I 

where the aj's are unknown coefiicients and the Pj(x'ys are known expansion func

tions. We interchange the summation and integration and obtain 

N oo , , 

1 = T cij ~~a~ cos """""" / cos -~—Pj(x')dx' (3 — 30) 
U H"/*" a J" a 
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Let us define a set of weighting functions as wm(x), where m € [1, N]. If we form 

the 6-inner product of (3-30) with our weighting function wm(x) we obtain 

N oo , fb fb i 
/-. / SV e» « / nirx , \ , I n7r® T\ / l\ 1 I /r% \ (l,u;m(a:))ft = > a, > —— / cos wm(x)dx I cos Pdx)dx (3 — 31) 

n^o a P* ° a 

Therefore, we have transformed our integral equation into a matrix equation for the 

unknown coefficient's ay. 

f = Ya (3 - 32) 

where 

f = [ wm(x)dx (3 - 33) 
Jo 

•t, cn k fb mrx ... fb nirx' 
Yjm = y —— I cos wm(x)dx / cos Pj( x ) d x  (3 — 34) 

^ a pn Jo a Jo a 

If Y is nonsingular, the unknown coefficients can be found, viz: 

a = Y~1l (3-35) 

Once the coefficients atj axe determined, they can be subtituted into (3-29) to give 

an approximation to the electric field distribution in the aperture. 

We next consider three specific choices for expansion functions and weighting 

functions. Our first choice is to subdivide the aperture into N equally-spaced pulses, 

each with a height of unity. The spacing for each pulse is A, where 

A = | (3-36) 

Each pulse has support only over its subinterval. For our weighting function, we 

apply a ^-function to the center of each of these pulses. This discretization scheme 
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PV(X'^ = J if 
V ~ 

1^A < x' 
^ \ 0, elsewhere. 

m(*) = & (x - A(m - |)^ 

<i A; 

to, 

(3 - 37) 

(3 - 38) 

where the superscript U refers to the use of uniformly spaced pulses. We now 

substitute (3-37) and (3-38) into (3-31), and perform the integration. We utilize 

trigonometric identities and write our matrix equation as 

N 

1 = Ea> 
i=i 

00 k 1 at sin nQf o * k l at sin i 
aN + ^ /?„ IT n n=l c=l 

(3 - 39) 

where 

0 1 = s ; ( , ' - m + 5)  

&2 = Ta( j + m- l )  

04 = lKJ'+m~i) 
<71 = Ol = 1 

(73 = (74 = —1 

(3-40) 

(3 - 41) 

(3 - 42) 

(3 - 43) 

(3-44) 

(3-45) 

Our second choice for expansion functions and weighting functions is a modifi

cation of the uniform pulse spacing approach. In the vicinity of the iris edge, which 

is located at x = b, we expect the electric field to become singular. Therefore, 
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Figure 3-4: Method of Moments Uniform Pulse Expansion Scheme. 
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we wish to construct a pulse expansion scheme which offers greater resolution in 

the vicinity of the iris edge, yet which also does not over-sample the region away 

from the edge. To accomplish this, we use a discretization scheme of non-uniformly 

spaced pulses. The pulse at the x = 0 end of the aperture has a length A. As 

we move closer towards the iris edge, the pulse intervals are scaled in a geometric 

progression from AT to ArN_1, where 0 < r < 1, a technique suggested by Butler 

(1984). Since r is less than 1, the intervals become smaller as we approach the end 

of the aperture. For the weighting function, we again apply a ^-function weight to 

the center of each pulse. This scheme is graphically represented in Figure (3-5). 

Mathematically, we have 

TJ—1 . for A^^i1 < x' < A^j , 
otherwise. 

(3 - 46) 

W>mU(s) = A 
r Tm-1 _ 1 rm—1 

r — 1 
(3 - 47) 

A = b- T — 1 
(3 - 48) > N - l  

where the superscripts NU refer to the use of non-uniformally spaced pulses. We 

now substitute our formulation into (3-31), and perform the integrations. We utilize 

trigonometric identities to write our matrix equation as 

>=i 

00 1 k v—> <71 sin nQ( A RJ — RJ 1 K ^ 

7 t
~
1 n 

(3 - 49) 

where at is defined in (3-44) and (3-45), and 

ttA (T j — rm_1 rm-1\ 
01=—(,-rri —) (3 - 50) 
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Figure 3-5: Method of Moments Non-Uniform Expansion Scheme. 
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02 

»-•» 

Our final choice for expansion functions and testing functions is a departure 

from the sub-domain to the use of whole-domain expansion functions. Our mo

tivation for this procedure comes about as follows. In the aperture, we have an 

electric field in the presence of a sharp edge. From Mittra and Lee, (1971), this 

phenomenon produces a singularity in the electric field near this edge. Indeed, we 

utilized a non-uniform pulse expansion to resolve this singularity. However, we now 

wish to quantitatively build the singularity into our solution. From Mittra and Lee, 

(1971), we find that the field singularity for our geometry takes on the profile of 

x~7. We therefore write our unknown aperture electric field as follows: 

EaW) = ,g°(r,) . (3 - 54) 

vM*) 
We replace our unknown electric field by a new unknown field, Eo(x'), which is a 

smooth function. The square root function in the denominator becomes singular as 

as we approach the edge of the iris with the proper form. 

Since we know Eo(x') is a smooth, non-singular function, we choose smooth, 

non-singular whole-domain functions as expansion functions for this new unknown. 

We note that the Chebyshev polynomials are integrable in the presence of our 

square root singularity. Therefore, we choose to expand J5fo(s') using whole-domain 
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Chebyshev polynomials, Tj(®'). We next change our integral equation (2-54) to 

exist on a symmetric domain about the origin by using image theory. We note that 

the x1 dependence in the kernel of (2-54) is a cosine function, which is symmetric 

about the origin. Also, the unknown aperture field is also symmetric about the 

x = 0 plane. Therefore, we can extend the domain of the integral equation to exist 

over the limits —b<x'< b, and multiply the new equation by 1/2 to recover the 

correct answer. Our integral equation (2-54) is then transformed to one that exists 

over a domain that is symmetric about the origin, viz: 

As a result of this transformation, we also note that the odd Chebyshev polynomials 

are not required in our expansion of Eo(x'), since an odd function integrated over 

even limits is zero. Therefore, we expand EQ(X') as follows: 

where T^j are the even Chebyshev polynomials. We substitute (3-56) into (3-55), 

and interchange the integration and summation to obtain the following equation: 

For our weighting functions, we also choose the even Chebyshev polynomials. 

This method of choosing identical expansion functions and weighting functions is 

known as the Ritz-Galerkin method. Proceeding, we define our general weighting 

nirx mrx 
(3 - 55) 

(3 - 56) 

nirx i 
717TX 

(3-57) 
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function, wm(x), as: 

wm(x) = T2m (|) , m G [0, N] (3 - 58) 

Let us further define a new inner product, to reflect the extended domain of the 

integral equation in (3-55): 

/b yv 
—f== (3 - 59) 

'FW 
We will refer to this inner product as the i-inner product Forming the dinner 

product of (3-57) with wm(x), and subtituting u = x/b and v! = x'/b, we obtain 

our matrix equation for the unknown coefficients, atj's: 

f T2m(") , b ^—\ P F J  k f T2M(U) COS 

L TTT*' = -J,L vT^u 

* T2J(«')COS^ r Tovlu'Jcos21225- , 

/- * (3-60) 

In the above matrix equation, the integrals involving the Chebyshev polynomials 

have closed form expressions which are given in Gradshteyn &: Ryzhik, (1980). 

Using the formulas 7.343.1 and 7.355.1 in the aforementioned text, we can write the 

matrix equation as follows: 

N 

ai 
j=o 

(3 - 61) 

where 

*»={o; oi^L01 <»-«> 
and (sf^) and 32m i2^) are Bessel functions. 
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The matrix equations of (3-39), (3-49), and (3-61) are analyzed and solved in 

the next two sections. 

3.3.2 MoM Applied to the TEZ Modes 

We now apply the MoM to the governing integral equation for the TEz modes. 

To solve the integral equation of (2-97), we expand the unknown surface current on 

the iris by a finite series of expansion functions , viz: 

N 

^(*') = J>;P;(*') (3-63) 
>=i 

where the ay's are the unknown coefficients, and the Pj(x'ys axe known expansion 

functions. Substituting this expansion into (2-97) and interchanging the summation 

and integration, we have: 

N oo .j i . TTX IJJU . nirx / . TITTX _ / , v f i 
sin— = ) aj y -r- sin / sin Pj(x )dx (3 — 64) 

« a Jo a n v ' 

As with the TMg integral equation, let us define a set of weighting functions wm(x), 

where m € [1, N]. If we form the d-inner product of (3-63) with our weighting 

function wm(x) we obtain 

d N oo ,d i 
• n X  I V *  ^  / •  n l r x  , u I • nvx r> / hj I sin— w m ( x ) d x  =  y  a t j  )  — —  J  s i n  w m ( x ) d x  I  s i n  P j ( x ) d x  

a aPn Jo a Jo a 

(3 - 65) 

As with the TMX integral equation, we have transformed the TEZ integral equation 

i n t o  a  m a t r i x  e q u a t i o n  f o r  t h e  u n k n o w n  e x p a n s i o n  c o e f f i c i e n t s ,  a j :  

f = Ya (3 - 66) 

L 
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where 

TTX 
' sin—wm (x)dx (3 — 67) 
o a 

OO *(2 / 
WXi- / . U7TX , . . / . n7TX « / #v , # 

Yjm=y —— I  sin wm (x)dx / sin Pj(x )dx (3 — 68) 
Jo a Jo a 

If y is non-singular, we can use (3-35) to determine the unknown expansion coef

ficients. Once these coefficients are found, they can be substituted into (3-63) to 

determine the surface current on the iris. 

We consider three different sets of expansion functions. The first two choices 

are the uniform and non-uniform pulse schemes given by (3-37) and (3-46). For 

these expansion function, we again choose the ^-function weights as outlined in (3-

38) and (3-47). Concerning the uniform pulse expansion first, the only difference 

from the TMZ analysis is the variable A. For the TEZ expansion scheme, . 

A = | (3-69) 

With this change, we can substitute (3-37) and (3-38) into (3-65), and perform the 

integrations. We utilize trigonometric identities to write our matrix equation as 

.  ird (  1\ v—^ OJ/JL 1 <7/sin n©< , 
- n : ( — (  '  

where at is given by (3-44) and (3-45), and 

6 l  =  ̂ ( r a _ i + l )  ( 3 - 7 1 )  

e2 = ̂ (m+j-|) (3 - 72) 
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03 

( » • + ; - 5 )  (3-74) 

(3 - 73) 

We expect the surface current to become singular at the tip of the iris. There

fore, we again use non-uniform pulse spacing to adequately resolve the surface cur

rent distribution in the vicinity of the iris edge. Concerning the use of non-uniform 

pulse expansion functions, the only difference from the TMZ analysis is again in the 

variable A. For the TEZ scheme of non-uniform pulses, 

With this change, we substitute (3-46) and (3-47) into (3-65), and perform the 

integrations. Using trigonometric identities, our matrix equation becomes: 

(3-75) 

sin ( a T — 1 2 
)  =  y > ; v T ( 3 - 7 6 )  

where erg is given by (3-44) and (3-45), and 

7rA rm_1 — 1 rm_1 rJ — 1 
(3 - 77) 

(3 - 78) 

(3 - 79) 

(3 - 80) 
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Our final choice for expansion functions is Chebyshev polynomials. We choose 

these expansion functions for the same reason as presented in section 3.3.1. From 

Mittra and Lee, (1971), we know the surface current is singular at the end of the 

iris, and we extract the form of the singularity from the unknown surface current, 

viz: 

JAW) = .lo(x,) (3 - 81) 

In the above equation, Jo(x') is our new unknown surface current, which is non-

singular. The square root function in the denominator accounts for the proper form 

of the singularity. 

We next transform our integral equation of (2-97) to be symmetric about the 

origin. Again, we can perform this transformation by using symmetry. The x' de

pendence of the kernel in (2-97) is a sine function, which is anti-symmetric about 

the origin. In (3-81), the square root function is symmetric about the origin. There

fore, to extend (2-97) to exist over symmetric limits, we choose the odd Chebyshev 

polynomials. Our integral equation of (2-97) then becomes: 

sin—= i — sin^ dx' (3-82) 
« <• » L _ 

where 

N / !  \  

JbW'E'iTw. h (3-83) 
j=0 \ ' 

Concerning the weighting functions, we again choose Chebyshev polynomials, con

s i s t e n t  w i t h  t h e  R i t z - G a l e r k i n  m e t h o d .  W e  d e f i n e  o u r  w e i g h t i n g  f u n c t i o n ,  w m ( x )  
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as 

wm(x) = T2m+1 (3 84) 

Forming the t-inner product of (3-81) with wm(x), and substituting u = x/d and 

u' = x'/d, we obtain our matrix equation for the unknown expansion coefficients, 

aj's: 

f1 T2m+i(u) sin ~ _ d u>fi f1 T2m+i(tQ sin ~~ 

J- i \/l - u2 2 J ^ a/?„ J-1 \/l - u2 

The goal of the above formulation was to generate integrals which have closed form 

expressions. Using formula 7.355.2 in Gradshteyn & Ryzhik, (1971), the above 

matrix eqaution can be written as: 

'» (t) =fj> (=?)*« (TO (3-3a) 

where ftm+i and hj+l (^) are Bessel functions. 

The matrix equations of (3-70), (3-76), and (3-86) are analyzed and solved in 

the next two sections. 

3.3 Convergence 

In each of the six matrix equations of 3.2.1 and 3.2.2, we must evaluate one 

or more infinite sums to calculate the Y matrix. The evaluation of these sums can 

consume an enormous amount of computational time. Our goal therefore is to speed 
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up the convergence of these sums and reduce the computation time. We accomplish 

this by considering the asymptotic forms for each of the sums. 

In the matrix equations of (3-39) and (3-49), each of the infinite sums are of 

the form 

S,  =  (3-87)  

As n gets large, /?„ —* — Substituting this into the above equation, we find the 

behavior of St for large n: 

„ n large . ̂  ka sin nQ( 
$ —• (3-88) 

nssl 

We add and subtract this asymptotic form to (3-87) to obtain: 

00 00 ^ K 1 . FL ] <7<sinn0/ . SUSIUTO< . . 
-  - T -  - J —  + J  y - j  2  (3-89) 

' it pn nir n *—i ir' rr n=l L n=l 

The difference term becomes small quite quickly, as the summation approaches its 

asymptotic form; hence, the first summation will converge quicker than the original. 

The second summation is a form of Clausen's integral, which can be expressed as 

(Abramowitz and Stegun, 1972): 

00 

p.*,, 
n=l q=1 v ' 

where Biq are the even Bernoulli numbers (Zhang and Dudley, 1987) and 

®<>»' ( 3" 9 1 >  

The new infinite series over q converges very quickly due to the presence of both 

the factorial and the fast decrease in the Bernoulli numbers. Hence, by adding and 
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subtracting the asymptotic forms, we have created a new series which converges 

more quickly than the original. 

Concerning the sum in (3-87), we perform a substitution to obtain a slightly 

different series. In (3-87), we let l/n/3n = f}a/(nj3\j). Substituting this into (3-87), 

and performing some algebraic manipulation, we obtain: 

s ,  =  J « y k  s'n"e' (3-92) h n « 2 - ( ¥ )  

We now perform the asymptotic analysis on eq (3-92). Substituting the behavior 

of /3n for large n, we can find the large n behavior of (3-92): 

c, n large . ka y^ smnQf /  ^ 
S e  

—* 
( }  

n  »=in  (T) 

We again add and subtract this asymptotic form to (3-92) to create a new series 

kct2 00 ^ KG- ^ PN , ,7T anno/ , sinno< s ' = — ( 3 - 9 4 )  

The first summation in the above expression will converge quickly due to the differ

ence term. The second summation can be evaluated by contour integration (Collin, 

1960). The result is 

V !*=% = £ (1 - taaWw)) + f tanh(,„)Sin(':-e')" 
^ n 2 -  v 2  ± - t q 2 - v 2 K  v "  2 v  sin7ru n=l 9=1 1 

where v = 2ir/A and p is a parameter chosen for optimal convergence (Collin, 1960; 

Nabulsi, 1984; Spring, 1990). 

sin n&e . ka sin nQi 



We have developed the two different forms for SG in (3-89) and (3-94) for a prac

tical reason. The summations in (3-90) and (3-95) will converge faster depending on 

the value of 0/. Indeed, (3-90) will converge to an accuracy of 10~7 on the interval 

[0,27r] within fourteen terms. The sum in (3-95) will converge within twenty terms. 

However, by choosing between these two summations, no more than 5 terms are 

required for convergence (Spring, 1990). Therefore, depending on the value of 0*, 

we choose either (3-89) or (3-94) to compute the sum for Se. 

We now turn our attention to the infinite sums in (3-70) and (3-76), generated 

from applying the MoM to the TEZ integral equation. Aside from some constants, 

these sums are identical to the sums in (3-39) and (3-49). Therefore, the analysis 

we performed on (3-39) and (3-49) is also valid for (3-70) and (3-76). We utilize 

the asymptotic form of Abramowitz and Stegun, (1972), to write the sums in (3-70) 

and (3-76) as 

OO 
e i ja sin nvyi .^vfiasmnyyt ( x 
5' = ^2? 7»-~« (3_96) 

n=l 

1 ja 

ftn 
sin n&( i ^ ufia sin nQg 

n=l 

Again, the first summation in the above series will converge quickly, due to the 

difference term, while the second summation is a form of Clausen's integral. From 

Collin, (1960), the summations in (3-70) and (3-76) become: 

0 < j j n a 2 ^ ( p n  , ,t t \ sinn®e , .uspa ̂  sinrc©* 
=  ( 3 '9 7 )  

The second summation in the above series can be evaluated using contour integra

tion as before. 

Finally, we consider the infinite summations in (3-61) and (3-86). Again, the 

analysis performed on (3-39) and (3-49) is also valid for these two summations. 
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In addition, however, we need to consider the behavior of the Bessel functions for 

large arguments. From Harrington, (1967), the large argument behavior for Bessel 

functions is: 

Jim J.(m) = ("T - f - y) <3 - 98> 

By considering the large argument behavior for 0n, we can generate two different 

series for both (3-61) and (3-86). We first present the results of analyzing (3-61). 

The summation below contains the summation form of Clausen's integral, the first 

series we generate from asymptotic analysis: 

M2?) 
*SL 

n27r 

. 2nirb 
1 + sin 

+ i 
akir aksinn^ji 
T + 7l^T" n=l 

(3 - 99) 

The other series results from the asymptotic analysis given below, and contains a 

term which can be evaluated using (3-95): 

c T i, Pn T (nirb\ •, (n*b\ k a r, , • 27I7T6,' 
5< = E [ •- {—)  ̂  {—) -  +sm—1 

.ka F  F  A 2  T T A  , 1  ^ sin1  ,o +'T{ti?-nco,H+S^(w} ( ' 
Lastly, we present the results from the asymptotic analysis of (3-86). The first 

series we generate contains a summation form of Clausen's integral, and is given by 
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*-(-tf55{^(=rM=: n7rrf^ 

. i( 
+ ,<_1) 7*2 

1 oo . 2jr<i 7T sinn^-p 
T ~ ^  n 2  

(3 - 101) 
n—1 

The second series we generate contains a summation which can be evaluated using 

(3-95), and is 

* =(-iy-| J (=r) (=?) 
.aw#io(-i)0-™) r . 27r<f| 1 

+ *—TT — „ 2 1 ~ sin n ^ 
*2d n2 _ (2^)2 [ a J J 

. .  ,m2u/^ar ( A2 7rA N ^ sinrc^ 
+ «(-l) —s-- I t-s- - — cot fca ) — y —s 

7T2 2 [ \8a2 4a J ^ n2 _ (2f )2 
(3 - 102) 

We have shown, then, how asymptotic forms can be used to generate new series 

which should converge faster than the original. Indeed, the use of asymptotics does 

allow the series to converge faster than the original as demonstrated by Spring, 

(1990). 

3.4 Numerical Results 

In this section, we present the solutions to the matrix equations developed in 

section 3.2. The computations were performed on a SUN workstation, using 32-bit, 

single precision arithmetic. A wide variety of supplementary software was accessed: 



LINPACK for matrix operations, RJBESL math library for Bessel functions (from 

Argonne National Laboratories), and PV~WAVE™ and CricketGraph graphics 

packages for all plotting routines. This manuscript was prepared using TgK software 

on a Macintosh personal computer. All other software was created for this thesis. 

3.4.1 TMZ Numerical Results 

In this section, we present the results for the MoM calculations in (3-38), (3-

48), and (3-60), which give the approximations to the aperture electric field. The 

MoM calculation is dependent on two main parameters: the frequency of operation 

and the iris length. Concerning the frequency of operation, we only present the 

results for a/A = 0.01. This operating frequency corresponds to single mode prop

agation. Our goal is to understand the general effect of the iris inside the guide, 

and the examination of single mode proagation is the most straight forward way of 

accomplishing this task. 

The length of the iris must also be addressed in making the calculations. We 

find a large iris, which corresponds to a small aperture, generates an aperture field 

of high magnitude and a strong singular profile. However, we find a small iris gener

ates an aperture field which is fairly uniform throughout most of the aperture, and 

the singularity is present in close vicinity to the iris edge. Therefore, we present the 

results for an iris whose length is 40% the height of the guide, as an intermediary 

between the two extremes. We start with the uniform pulse expansion, which gener

ates the matrix equation in (3-38). Figure (3-6) shows the magnitude of the aperture 

field distribution as a function of position in the aperture using 40 uniformly spaced 

pulses. In this figure, note that the field is relatively uniform throughout a large 

portion of the aperture, and the singular field behavior is apparent near the vicinity 
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Figure 3-6: Aperture Field Distribution, EA(J-), for 40 Uniform Pulses, b/a = 
0.6, a/A = 0.01. 



of the iris edge (where x'/b —* 1). 

Since the field is relatively uniform throughout much of the aperture, we should 

be able to resolve this behavior with a small number of pulses. A small number of 

pulses would also reduce the computation time of the matrix coefficients. However, 

a small number of wide pulses will not give an accurate representation of the field 

singularity. This dilemma is resolved by using the non-uniform pulse expansion 

scheme, given in (3-48). Using non-uniform pulses introduces another parameter, 

the scaling factor r. We choose a value of r = 0.8, as discussed by Spring, (1990). 

Figure (3-7) shows a comparison between the field distribution as determined by 40 

uniform pulses, and by 10 non-uniform pulses. The frequency of operation is again 

a/A = 0.01. By using a non-uniform pulse scheme, we can resolve the singularity 

to a degree which takes a uniform scheme four times as many pulses. To further 

emphasize the benefit of non-uniform pulses, we compare the field distributions of 

40 uniform pulses to 30 non-uniform pulses in Figure (3-8). As this figure shows, 

the non-uniform pulse scheme has resolved the singularity to almost two orders of 

magnitude over the uniform scheme, while still using fewer total pulses, and hence 

less computation time. Though the non-uniform expansion scheme can resolve the 

singularity to a greater extent them the uniform scheme, we have no bearing on 

which scheme is "more correct". This issue is discussed in the next paragraph. 

We now consider our last expansion scheme of Chebyshev polynomials, which 

generated the matrix equation in (3-60). Since we have analytically extracted the 

singularity, we expect the aperture field can be resolved using relatively few pulses. 

Indeed, this is the case. Figure (3-9) compares the field distribution of 30 non

uniform pulses to 2 Chebyshev polynomials. To the limits of graphical accuracy, 

there is no difference in the computation of the aperture field. However, the use of 

2 Chebyshev polynomials is computationally much faster than 30 non-uniform 
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Figure 3-7: Aperture Field Distribution, EA(T)> f°r 40 Uniform Pulses vs. 10 
Non-Uniform Pulses, r = 0.8, b/a = 0.6, a/A = 0.01. 
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Figure 3-8: Aperture Field Distribution, 2?/i(^-), for 40 Uniform Pulses vs. 30 
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Figure 3-9: Aperture Field Distribution, EA(Y)> f°r 30 Non-Uniform Pulses 
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pulses. To support the claims of our qualitative argument, we present a quantitative 

comparison between Chebyshev polynomials an both uniform and non-uniform pulse 

expansions. In Figure (3-10), we present the magnitude of the difference in the field 

calculation between 5 Chebyshev polynomials and 40 uniform pulses as a function 

of position in the aperture, normalized to the Chebyshev polynomial results. We 

note that the difference is less than 5% at all locations in the aperture except the 

point closest to the iris edge. We expect the difference to be most significant at 

this location, as the Chebyshev expansion has the exact form of the singularity 

built into its solution, while the uniform scheme does not. In Figure (3-11), we 

present the difference in the field calculation between 5 Chebyshev polynomials 

and 30 non-uniform pulses as a function of position in the aperture, normalized to 

the Chebyshev polynomial result. We note this difference is less than 5% at all 

locations in the iris except the location closest to the iris edge, for the same reason 

as stated earlier. In addition, we note the difference in the field calculation between 

the non-uniform scheme and the Chebyshev scheme given in Figure (3-10) is less 

than the difference for the uniform scheme given in Figure (3-11) throughout the 

aperture. Therefore, we assert that the non-uniform expansion scheme is better 

than the uniform expansion scheme at resolving the field profile, while using fewer 

pulses and hence less computation time. 

Another difference between the results for non-uniform pulses and Chebyshev 

polynomials is in the modal coefficients. In multi-mode propagation, as we will 

show in later chapters, these modal coefficients are dramatically different. 

3.4.2 TEZ  Numerical Results 

In this section, we present the results for the MoM calculations in (3-69), (3-75), 



Figure 3-10: Magnitude of the Difference in the Aperture Field Calculation 
between 5 Chebyshev Polynomials and 40 Uniform Pulses, bfa = 0.6, a/A = 0.01. 
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between 5 Chebyshev Polynomials and 30 Non-uniform Pulses, r = 0.8, b/a = 0.6, 
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and (3-86), which give approximations to the iris surface current. Again, the MoM 

is dependent on two parameters: the frequency of operation, and the iris length. 

Concerning the frequency of operation, we present the results for a/A = 0.75. This 

frequency corresponds to TE\ propagation, the lowest propagating TEZ mode. Our 

goal is to understand the general form of the iris surface current. The examination of 

single mode propagation allows for this understanding in the most straightforward 

manner. 

We first present the results for an iris whose length is 45% the height of the 

guide. The surface current which flows on this iris is characteristic for other iris 

lengths. We start by considering the uniform pulse expansion, which generates the 

matrix equation in (3-69). Figure (3-12) shows the magnitude of the iris surface 

current as a function of iris position. In this figure, we notice the surface current 

is nearly linear along most of the iris, and near the end of the iris (x'/d —+ 1) the 

current becomes singular. 

Since the current changes most dramatically near the iris end, we use the non

uniform pulse expansion of (3-70) to give greater resolution near the edge of the iris, 

while avoiding a large number of pulses in the region where the field is well-behaved 

(x'/d —+ 0). We again choose our scaling factor as r = 0.8 from the analysis by 

Spring, (1990). Figure (3-13) shows the comparison between the surface current as 

calculated by 40 uniform pulses, and 10 non-uniform pulses. We note that the non

uniform scheme can resolve the current to the same degree as the uniform scheme 

with one-quarter of the pulses. To further emphasize the advantage of a non-uniform 

pulse scheme, in Figure (3-14) we compare the surface current as determined by 40 

uniform pulses to 30 non-uniform pulses. Though the non-uniform scheme can 

resolve the singularity to a greater extent than the uniform scheme while using 
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Figure 3-12: Iris Surface Current, 7^(y), 40 Uniform Pulses, d/a = 0.45, 
a/A = 0.75. 
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84 

0.30 

5 0.25 

« 0.20 

0.10 

ao 
£ 0.05 

0.00 
0.6 O.B 1.0 

x'/d 

•A Non-uniform Pulses 

o Uniform Pulses 
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fewer pulses (hence less computation time), we do not have a bearing on which 

scheme is "more correct". This issue is discussed briefly. 

For iris lengths less than one-half the waveguide height, the surface current 

profile is similar to that presented above. Therefore, a non-uniform pulse expansion 

will resolve the surface current better than a uniform pulse scheme. However, as the 

iris length increases, the surface current profile changes. Figure (3-15) shows the 

surface current for an iris whose length is d = 0.75 x a as determined by 40 uniform 

pulses. We note that the surface current takes on a sinusiodal profile along the iris, 

with the singularity showing an effect closer to the iris end than in Figure (3-12). 

The appearance of this oscillation can be attributed to the physical properties of the 

waveguide. Namely, the lowest order TEZ mode in the waveguide has a sinusoidal 

profile in the a:—direction. When the iris length is greater than one-half the height 

of the guide, this spacial profile can be resolved. 

As the iris length approaches the height of the guide, the sinusoidal profile of 

the surface current will nullify the singularity, as shown in Figure (3-16). This figure 

shows the iris surface current for an iris whose length is d = 0.995 x a as determined 

by 40 uniform pulses. For this iris length, the singularity is non-existent. To 

analytically show the singularity is nullified, consider (3-81). Let us consider the 

behavior of the kernel in (3-81) as x' —• a and d —• a. Since the singularity has 

been removed from the unknown surface current, Jo(x') is non-singular as x' —• d. 

Taking the limits, we have 

where we have used L'Hospital's rule to derive the limit. Therefore, for iris lengths 

which approach the height of the guide, the singularity in the surface current is 

(3 - 103) 
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Figure 3-16: Iris Surface Current, JA(J-), 40 Uniform Pulses, d/a = 0.995, 
a/A = 0.75. 



nullified, and the current takes on a sinusoidal profile characteristic of the lowest 

order TEZ mode in the structure. 

We now consider the Chebyshev polynomial expansion scheme. This expansion 

scheme generates identical results to those presented above. However, by removing 

the singularity, the Chebyshev expansion can resolve the current using a relatively 

few number of polynomials. In Figure (3-17), we compare the surface current as 

determined by 30 non-uniform pulses to 2 Chebyshev polynomials, for an iris length 

which is half the waveguide height. To the limits of graphical accuracy, these two 

schemes produce identical results. However, the use of 2 Chebyshev polynomials 

is computationally much faster than 30 non-uniform pulses. To substantiate this 

qualitative result, we again form a quantitative comparison of the field calculations. 

In Figure (3-18), we present the difference in the calculation of the iris surface 

current between 5 Chebyshev polynomials and 40 uniform pulses as a function 

of position in the aperture, normalized to the Chebyshev polynomial calculation. 

The frequency of operation is a/A = 0.75. We note the difference is less than 

10% at all locations in the iris except the position closest to the iris edge. Again, 

we expect the difference at this location to be greatest as the Chebyshev scheme 

incorporates the exact form of the singularity, whereas the uniform scheme has 

no mechanism to resolve this singularity exactly. In Figure (3-19), we present the 

difference in the surface current determination between 5 Chebyshev polynomials 

and 30 non-uniform pulses as a function of position in the aperture, normalized to 

the Chebyshev calculation. The frequency is again a/A = 0.75. Note the difference 

is less than 12% at all positions in the aperture except the position closest to the iris 

edge. Again, this is expected, for the same reason as stated earlier. In addition, we 

note that near the iris edge, the difference in the non-uniform scheme is less than 

the difference in the uniform scheme. As a result, we conclude the non-uniform 
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pulse scheme is better than the uniform scheme at resolving the singularity in the 

surface current while using fewer pulses. 

As stated earlier, another difference between the results from non-uniform pulses 

and Chebyshev polynomials is in the modal coefficients. In multi-mode propagation, 

these modal coefficients are dramatically different. 
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Figure 3-18: Magnitude of the Difference in the Iris Surface Current Calculation 
between 5 Chebyshev Polynomials and 40 Uniform Pulses, d/a = 0.45, a/A = 0.75. 
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between 5 Chebyshev Polynomials and 30 Non-uniform Pulses, r = 0.8, d/a = 0.45, 
a/A = 0.75. 
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CHAPTER 4 

The Power Balance Theorem 

In this chapter, the MoM calculations are examined. By subjecting the fields 

inside the waveguide to conservation of power, we develop a power balance theorem 

for the modal coefficients. We investigate if and when the approximations satisfy 

the power balance theorem. 

4.1 Derivation of The Power Balance Theorem 

We develop the power balance theorem by starting with the conservation equa

tion. Assuming a source-free region, the conservation of total power is (Harrington, 

1961) 

j> £• ds + jpd + - We) = 0 (4-1)  

where § is the Poynting vector, pd is the time-average dissipated power, u> is the 

operating frequency, WM is the amount of time-average energy stored in the mag

netic field, and WE is the amount of time-average energy stored in the electric field. 

Taking the real part of the above equation, and noting pd = 0, we obtain: 

Re = 0 (4-2)  

We apply (4-2) over the closed surface given in Figure (4-1). This surface is com

prised of the plates of the waveguide, the planes z = ±c, the planes y = 0 and 

y = 1, and the iris. The iris is located in the center of the volume. Since our fields 

do not vary in the y— direction, we choose to go a unit distance in this direction. 
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Figure 4-1: Closed Surface for the Application of the Conservation of Total 
Power. 
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However, this choice is arbitrary, and choosing another distance will not effect the 

result. We now apply (4-2) to the TMZ and TEZ modes separately. 

4.1.1 TMZ  Power Balance Theroem 

The field expressions for the TMZ  modes are given by equations (2-55) through 

(2-59). To subject these fields to (4-2), we need to evaluate the power flow through 

the closed surface boundaries.  Since the TMZ  modes are comprised of E x ,  E z ,  

and Hy, the Poynting vector will only have a component in the z—direction and 

the x—direction. We note the power flow in the z—direction is perpendicular to the 

surface normals of the waveguide plates, and the planes y = 0 and y = 1. Therefore, 

along these portions of the surface the scalar product of the z-directed Poynting 

vector with the surface normal is always zero, indicating there is no z—directed 

power flow through these surfaces. In addition, the x—directed power flow through 

the waveguide plates located at x = 0 and x = a is zero, as the tangential electric 

field on these plates must be zero. Through the y = 0 and y = 1 planes and the 

planes z = ±c, there is no x—directed power flow as the surface normal to these 

planes is perpendicular to the direction of power flow. Thus, the only contribution 

to the left side of (4-2) will come from the z—directed power flow through the planes 

z = ±c. As a result, (4-2) reduces to: 

Poynting vector evaluated at the z = +c plane. 

Considering the z = — c plane, we have two fields present: an incident field and 

a reflected field. Evaluating the Poynting vector for these fields, and performing 

Re (4-3)  

where § is the Poynting vector evaluated at the z = — c plane and is the 
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the integration, we obtain the power flow through this plane: 

1 /»a 

J f  J 0 Jo 
£>~ • z dxdy = —• 

/o Jo 277 

00 

1 - \ A 0 -  l \ 2 - - 2 j 2 \ A n \ 2 4 ; 1 t ~ i ( f i " ~ f i * > e  

n=l 
(4-4)  

Over the z = +c plane, we have the power flow due to the transmitted field. 

Therefore, 

f f  Jo Jo 

pl /"° . a 
S • —z dxdy = —— 

lo Jo 2t/ 

00 

|A0|2 + 2^3 |A„|2—e 
n=l Pn 

2jL f i-Mn-fc)c (4-5)  

Substituting these results into (4-3), and performing some algebraic manipulation, 

we obtain the following: 

|Ao|2 + Re 
.n=l 

= Re [u4o] (4-6)  

The above equation is the power balance theorem for the TMZ  modes. The 

theorem gives an exact relation for the modal coefficients. The propagation constant 

/?„ is either purely real (corresponding to a propagating mode), or purely imaginary 

(corresponding to an attenuating mode). Therefore, the power balance theorem 

relates only the modal coefficients of the propagating modes. We axe interested in 

two special cases of the power balance relation: TEM propagation, and TEM, TM\ 

propagation. For TEM propagation, fin is imaginary for n > 1, and (4-6) reduces 

to: 

|Ao|2 = Re (4-7) 

For TEM, TM\ propagation, ftn is imaginary for n > 2, and (4-6) reduces to: 

iV + j jMiP-R* [4>] (4-8)  
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The power balance theorem is an exact relation for the modal coefficients of the 

propagating modes. Our goal now is see whether or not the MoM approximations 

from Chapter 3 satisfy the power balance theorem. 

In this section, we apply (4-2) to the field expressions for the TEZ  modes as 

given by (2-98) through (2-102). To evaluate (4-2), we need to determine the power 

flow through the surface of Figure (4-1). Since the TEZ modes axe comprised of 

the field quantities Hx, Hz, and Ey, there will be power flow in the z—direction 

and the a;—direction. For the same reason as stated for the TMZ modes, the only 

power flow out of the surface will come from the z—directed power through the 

planes z = ±c. Therefore, (4-2) reduces to (4-3) for the TEZ modes. Considering 

the z = — c plane, we again have two fields present: an incident field and a reflected 

field. Evaluating the Poynting vector for each of these fields, and performing the 

integration, we obtain the power flow through this plane: 

Over the z = +c plane, we have the power flow due from the transmitted field: 

Substituting (4-9) and (4-10) into (4-2), and performing some algebraic manipula

tion, we obtain the following: 

4.1.2 TEZ  Power Balance Theorem 

(4-9)  

f  f  g* .  —z dxdy = -IB- + f W + B,] - f £ (4 - 10) 
nssl 

00 

Re (4-11) 
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The above equation is the power balance theorem for the TEZ modes in terms 

of the modal coefficients. Again, the propagation constant is either purely real (for 

a propagating mode) or purely imaginary (for an attenuating mode). Therefore, 

the power balance theorem gives an exact relation for the modal coefficients of the 

propagating modes. Two important cases are TE\ propagation and TE\, TE2 

propagation. For TE\ propagation, only /?i is real, and (4-11) reduces to: 

^|Sl|2 = Re[B,] (4-12) 

For TE\, TEI propagation, only /?i and fa are real, and (4-11) reduces to: 

^|B,|2 + ^|S2|2 = Re[B,] (4-13) 

4.2 The Power Balance Theorem Applied to the MoM Results 

In this section, we subject the MoM results from Chapter 3 to the power balance 

theorem. We wish to discover analytically if and when the approximations satisfy 

conservation of power. Again, we consider the results for the TMZ and TEZ modes 

separately, also distinguishing between pure mode and multi-mode propagation. 

4.2.1 TMG Results 

To determine analytically if the MoM approximations satisfy the power balance 

theorem, we start with a one-term approximation to the field. Rather than use a 

specific expansion function, we expand the unknown aperture field of (2-54) using 

a single, general expansion function $(a:') 

EA(X') = <*i$(x') (4-14) 
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where ai is an arbitrary constant we need to evaluate. Let us further define a 

general weighting function as rv(x). The only restrictions we place on $(x') and 

w(x) is that they be real functions. Forming the 5-inner product of (2-54) with 

w(x) we obtain an equation for <*i: 

a ,  =-5;  (4-15) 

n=0 

With this result, we have a general expression for our one-term approximation 

in terms of known quantities. Notice the frequency dependence of this result enters 

in a simple manner through the term k//3„. Therefore, we can separately consider 

TEM propagation, and TEM, TM\ propagation. 

4.2.1.1 TEM Propagation 

We first assume the frequency of operation is below cutoff for the first higher 

order mode. The power balance theorem for TEM propagation gives a relation for 

the lowest order modal coefficient, Ao. Using (2-57) and (4-15), we can determine 

AQ in terms of our known expansion function and weighting function. After some 

involved algebraic manipulation, we can write Ao as follows: 

h J 
AQ = t—2 = -A- (4 - 16) 

± + j B  1 + 3 1  

where I\, B, and 7 are purely real constants. Substituting the above form of AQ 

into (4-7), we find the TEM power balance theorem is satisfied exactly. Therefore, 

we conclude for a one-term MoM approximation, using any real expansion function 

$(z') and any real weighting function w(x) generates an AQ which satisfies the 

TEM power balance relation. 
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We next wish to know if this result remains the same for an n-term MoM 

approximation. To accomplish this, we perform the same type of analysis as above, 

using a two-term expansion for our unknown aperture field. We begin by expanding 

our unknown aperture field by a series of two known, general expansion functions 

with unknown coefficients, viz: 

2 

EA(x')  = J^a j$ j(x')  (4-17) 
j=i 

For our weighting function, we again use a general function wm(x),  m £ [1,2]. 

The only restrictions we place on $j(x') and wm(x) is that they be real valued 

functions. Continuing, we subtitute (4-17) into our integral equation (2-54), take 

the inner product with wm(x) as defined in (3-12), and obtain the following matrix 

equation: 

J wm(x)dx = ^2 ai ~^~jf JQ 
cos ~^~wm(x)dx 

00 , i. rb 

f n1TX' / >\J I I cos 9j(x )dx 
Jo a 

(4-18) 

We divide through by the left hand side of the equation and separate the first term 

from the infinite series to obtain 

i=i 

+  ̂ ,2  k /„ co»^u,.(x)rfx f  

»= i a ^ n  f o w m( x )  J °  °  

(4 - 19) 

In the above expression we note that the first term in the brackets is a purely real 

number, while the infinite summation is purely imaginary for TEM propagation. 
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Therefore, we can cast the above matrix equation in the following form: 

T ' '•i+jBi \ ' i+iBj'  " a i "  

1 . ̂ + jB-l % + j B k .a2. 

(4-20) 

where I\,  I2, B\, B%, and B$ are purely real quantities. We solve the above matrix 

equation for our unknown expansion coefficients, and obtain 

<*1 = 

a2 = 

j{Bz - B2) 
A 

j{Bi -  B2) 

(4 - 21) 

(4 - 22) 

where the determinant A is given by 

A = B\- BxB3  + j (bA + B3- -  B2- ~ B2-) 
\  a a a a J 

(4 - 23) 

Next, we use (2-57) and the above expressions for our expansion coefficents to de

termine the lowest order modal coefficient, AQ. After some algebraic manipulation, 

we obtain 

Ao = 
Lb, + fo, - LB, - $B,\ 

(4 - 24) 

In a simpler fashion, we write 

AO = (4-25) 
1 + j i  

where 7' is a purely real number. We note (4-25) is in the same form as (4-16). 

Therefore, (4-25) satisfies the TEM power balance relation exactly. This result 
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signifies that a two-term MoM approximation using any real set of expansion func

tions and any real set of weighting functions wm(x) will generate an Ao which 

satisfies the TEM power balance relation. 

In an attempt to generalize our result, we perform a similar analysis using a 

three-term expansion for our unknown aperture field. We find that using any set of 

real expansion functions and real weighting functions generates a modal coefficient 

Ao which satisfies the TEM power balance theorem. Therefore, we postulate that 

any n— term expansion of the aperture field with sets of real expansion functions 

and real weighting functions will generate a modal coefficient which satisfies the 

TEM power balance theorem exactly. 

This result is extremely useful. For TEM propagation, we now know the ap

proximation to the lowest order modal coefficient must satisfy the TEM power bal

ance theorem exactly. Therefore, if the numerical results do not satisfy the power 

balance theorem, we know our computations are in error. Such criteria for MoM 

calculations are extremely scarce. However, the power balance theorem cannot be 

used to determine the "correctness" of our solution, as we do not use the phase of 

the modal coefficients when developing the power balance theorem. Throughout 

the aperture, there are many different ways to distribute the phase of the aperture 

field without affecting the magnitude of the field. Nonetheless, the power balance 

theorem is a useful tool for judging the correctness of our numerical calculations. 

4.2.1.2 TEM, TM\ Propagation 

Secondly, we consider the frequency of operation such that we have TEM, TM\ 

propagation. For this situation, the power balance theorem of (4-8) relates the 

modal coefficients Ao and A\. We start by considering the one-term expansion for 
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the unknown aperture field, as presented in (4-14) and (4-15). Since the formulation 

of these two equations was independent of frequency, we can use them for this 

analysis. However, we rewrite (4-15) in a manner which is more suitable for our 

needs: 

= 

£ + ^7T Jo w(x)cosITdx Jo $(®')cos ^Tdx' + iB 
(4 - 26) 

where 

f  
I = I w(x)dx 

Jo 

fb  

= / *(x')dx' 
Jo 

(4-27) 

(4-28) 

B = — 2k 1 f  w(x)cos^^-dx [ $(x')cos^-^-dx' (4 — 29) 

We note that B is a purely real number. From (2-59), the modal coefficients AQ 

and A\ generated from this general expansion axe 

^ * AO = — 
a 

i + Jo w(x)cos  T~dx Jo ®(x')cos  *7rdx' - jb 

D 
(4 - 30) 

A 1  f b  **'*/  l \J  I A\ — — I cos $(2: )dx 
a Jo a 

£ + TO Jo w(x) cos ¥dx Jo $(x')cos - i B  

D 

(4 - 31) 

where the denominator D is given by 

D={^jr~j£hLw[x) 005 ̂ ix I Vx,) cos ̂ rix')+B* (4_ 32) 
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If we substitute these expressions into the power balance theorem for TEM, TM\ 

propagation (4-8), we find the theorem is satisfied only if ii = I2, or 

rb rb 
I  w(x)dx = I $(x ' )dx '  (4 — 33) 

Jo J0 

Therefore, the power balance theorem is satisfied only if the expansion functions 

and weighting functions are identical. 

Again, we wish to extend the validity of our result to an n-term expansion for 

the unknown aperture field. We therefore consider a two-term expansion for. the 

unknown aperture field, which was developed in (4-17) through (4-19). Again, the 

formulation of these equations was independent of frequency, so we can use them 

for this situation. We start by separating out the first two terms in the infinite 

summation in (4-19), and write our. matrix equation for the expansion coefficients 

as 

4  , N J /  ,  2 k  Jq cos^-wm (x)dx Jq cos^-^j (x ' )dx '  

b 

00 

f 0  Wm(x)dx 

2k fp cos  2^wm (x)dx J'p6 cos ŝ -̂ j(x ' )dx '  
(4 - 34) 

»=2 J* Wm(x)dx 

Let us define the following variables: 

^ 2k fo cos  ̂ w^dxfo cos  ̂ ^ (x^dx '  / A  o r ,  

Bn = 2^ 7K TTTT^Z ~~ (4 ~ 35) 
n=2 

„ ^ iK j0 ws —u/U^;ui Jo tus—;oi /A 
Bu = l TTTT^Z (4~36)  

ns=2 

d JO cu»—w2^;u*- Jo )"* ,A orn 
Bil = Is : rTTZTZ (4 * 37) 

n=2 

afin Jo v>i(x)dx 

2k Jo cos 2?W l (x)dxfZ cos *f* 2{x ' )dx '  

af ln  Jo w \ (x)dx 

2k jjf COS 2f£ iU2(x)dx JQ cos 2~-$i(x ' )dx '  

Q-Pn Jo w2{x)dx 
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„ ^  2k cos *?wi(x)dx j* cos 
^ /i/9_ f6 / N . (4 - dBJ 
n=2 

fl̂ n /(J W 2 (x)dx 

Iwi = f wi(x)dx (4-39) 
J o  

Iw2 =  f  W 2 (x)dx (4 — 40) 
J  0  

/$i = f $i(x')dx' (4 - 41) 
J o  

h2 = f $2(x')dx' (4 - 42) 
J o  

7TX 
Awi = J cos—w\(x)dx (4_43) 

TTX 
AW2 = J cos —W2(x)dx (4 — 44) 

7rx' 
A$i = J cos-^-$i (x')dx' (4 — 45) 

/ TTic' 
= / cos $2(x')dx' 

Jo a 
(4-•46) 

s
 If II (4- 47) 

~ Au)iA$i 
0,1 = (4- 48) 

Q _ AwIA$2 
Iwl 

(4- 49) 

~ AW2A$X fc)2i = -
iw2 

(4- 50) 
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(4-51) 

where all the variables in (4-33) through (4-51) are real. With these variables, we 

can write our matrix equation as 

(4 - 52) 

We solve the above matrix equation for our unkown expansion coefficents, and 

obtain: 

+ c0n + j Bn + c0i2 + jBn  

l H
 

a 
1 

" l '  

. ̂  + c@21 + jB21 ^  + C022 + jB2 2 ,  _<*2_ 1_ 

a i = 

a2 = 

c(022 - 012) +j(Bl2 -  Bu) 

c(011 — 021) + j(Bn -  B21) 

(4-53) 

(4 - 54) 

where 

A = B21B12-B11B22 + -[i$1022 + 2011 - ̂$1012 - i$202l] 
a 

+C2[0H022 ~ 021012] 

+j [c(0„522 + 022-^11 — 012-^21 — 021-^12) 

+-(/$! £22 + I92B11 — /$1 i?12 — i$2-B2l)J (4 — 55) 

Prom (2-59), we can determine the modal coefficients Ao and A\ in terms of our 

expansion coefficients, and obtain 

i4o = -[ai/(H + <*21*2] 
a 

Ai = — [aiA$i + a2A$2] 
a 

(4 - 56) 

(4-57) 
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We substitute these modal coefficients into the TEM, TM\ power balance theorem 

of (4-8). After performing the algebra, we find the theorem will only be satisfied if 

I*i=Iwi  (4-58) 

At«i = A$i (4 — 59) 

1$ 2 — Iw2 (4 — 60) 

Ato2 = A$2 (4 — 61) 

or, using (4-43) through (4-46) 

f w\(x)cos——dx= f $i(x')cos—-dx',  n = 0,1 (4 — 62) 
Jo a Jo a  

W2(x) cos dx = f $2(a:') cos ^^•dx',  n = 0,1 (4 — 63) 
a Jo a 

In other words, for our 2-term expansion the power balance will only be satisfied if 

the expansion functions and weighting functions are identical. 

With this result, we make a claim concerning an n— term approximation. We 

postulate that for an n—term expansion of the unknown aperture field, the MoM 

approximations to the modal coefficients for TEM, TM\ propagation will only 

satisfy the power balance theorem if the expansion functions and weighting functions 

are identical. 

This result for multi-mode propagation is very interesting. We now know that 

using either the uniform or non-uniform pulse expansion with ^-function weighting 

will not generate modal coefficients which satisfy the power balance theorem for 

TEM, TM\ propagation. However, the Ritz-Galerkin scheme using the Chebyshev 

polynomials will generate modal coefficients which satisfy the power balance theo

rem. This result is consistent with those of Amitay and Galindo, (1969), who found 

jf 



108 

the Ritz-Galerkin method to inherently satisfy conservation of energy for a general 

scattering problem. 

We next consider the error in the power balance theorem when a pulse ex

pansion, 6—function weight scheme is used. Recall the power balance theorem for 

TEM, TM\ propagation: 

iV + fiAf-R* [4>] 

In the formulation of the above equation, we find that the left hand side represents 

the power transmitted past the iris. Therefore, we can normalize the power balance 

theorem to the transmitted power, and define the error, e, in the following way: 

e = Re [i4p] 

In Figure (4-2), we show the magnitude of this error as a function of aperture length 

for a one-term pulse expansion with a ^-function weight applied to the center of the 

aperture. The figure shows the error for two different frequencies: a/ A = 0.51, which 

is just above cutoff for the TM\ mode, and for a/A = 0.99, which is just below cutoff 

for the TM2 mode. Notice the maximum error is approximately 13% normalized to 

the transmitted power. We expect the error to diminish as we increase the number 

of expansion functions. Indeed this is the case, as shown in Figure (4-3). This 

figure shows the error in the power balance theorem using 5 uniform pulses with 

^-function weights applied at the center. For 5 uniform pulses, the maximum error 

has been reduced to less than 0.5%. When we use 20 uniform pulses, as shown in 

Figure (4-4), the maximum error reduces even further to less than 0.02%. The error 

profile for the non-uniform expansion scheme is similar to the uniform scheme. 
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Figure 4-3: Error in the TMX  Power Balance Theorem vs. 
5-Term Pulse Expansion, a/A = 0.51, a/A = 0.99. 

b/a for 2 Frequencies, 
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This decrease in the error as the number of expansion functions increase is 

expected. As we increase the number of pulses, the width of each pulse becomes 

smaller. In a sense, the shrinking pulse width is approaching the definition of a 6 

function. Hence, our expansion functions are becoming more and more similar to 

our weighting functions, a condition we know satisfies the power balance theorem 

exactly. 

Now that we have examined the error in the power balance relation, we next 

compare the actual calculations of the aperture field using a pulse-expansion, 8-

weight scheme to the calculations using the Ritz-Galerkin method with Chebyshev 

polynomials. Examining the error in the power balance does not offer an insight as 

to how the calculations of the aperture field will differ. We can qualitatively answer 

this question by considering Figure (4-5). Here, we show the aperture field distribu

tion for an aperture whose length is 60% the height of the guide, as determined by 

20 non-uniform pulses, ^-function weights applied to the center, and 5 Chebyshev 

polynomials. To the limits of graphical accuracy, there appears to be no difference 

in the field calculations for this example. 

To form a quantitative comparison, we compute the root-mean-square (RMS) 

of the electric field in the aperture for both the non-uniform pulse expansion scheme 

and the Chebyshev polynomial expansion scheme. The non-uniform scheme com

putes the aperture field at the discrete locations of the 8—function weights. How

ever, the Chebyshev scheme computes the aperture field continuously throughout 

the aperture. Therefore, when forming the RMS of the field that is determined 

by the Chebyshev scheme, we choose only those field values at the location of the 

function weights used in the non-uniform scheme. By doing this, we are com

paring the fields at the same locations in space for the two expansion schemes. 
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In addition, we divide the aperture into 2 regions and make comparisons of the 

two schemes in each of these regions seperately. We define the first region for 0 < 

x' fb < 0.9, and the second region for 0.9 < x'/b < 1.0. In the first region, the field 

is non-singular, whereas the second region contains the singularity. By comparing 

the RMS values in these two regions, we can clearly see where the calculations 

differ. In Figure (4-6), we compare the RMS of the aperture field in region 1. The 

frequency is a/A = 0.51, and we compute the RMS field values for 20 different iris 

lengths. Notice there is very little difference between the calculations using the non

uniform pulse expansion and the Chebyshev polynomial approximation. For region 

2, as shown in Figure (4-7), the calculations are slightly different. These results are 

characteristic for the entire frequency range where TEM, TM\ propagation exists. 

Therefore, we conclude that even though the non-uniform pulse expansion scheme 

does not satisfy the power balance theorem exactly, the aperture field distribution 

is identical in form and nearly identical in magnitude to the calculations made using 

an expansion scheme which does satisfy the power balance relation exactly. 

4.2.2 TEg  Propagation 

In this section, we analyze the MoM results applied to the integral equation 

which governs TEZ propagation. This analysis is similar to that used to analyze 

the TMZ calculations. To determine analytically if the MoM results satisfy the 

TEZ power balance theorem, we start by considering a one-term expansion for the 

unknown surface current in our integral equation of (2-97). Rather than use a 

specific expansion function, however, we expand the surface current using a general 

expansion function &(x'): 

JA(x') = Di<b(x') (4-65) 
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where D\ is the unknown coefficient which must be evaluated. Let us define a 

general weighting function as v(x). The only restrictions we place on ^(x') and 

v(x) is they be real valued functions. Forming the d-inner product of (2-104) with 

v(x) we obtain an equation for D\: 

In the above equation, we have a general expression for our unknown expansion 

coefficient in terms of the known expansion and weighting functions. Notice the 

frequency dependence enters in a simple manner through the term Therefore, 

we can separately consider TE\ propagation, and TE\, TEa propagation. 

We first consider the case of TE\ propagation. The power balance theorem 

for TE\ gives a relation for the lowest order modal coefficient, B\. Using (2-100) 

and (4-66), we can determine B\ in terms of our known expansion and weighting 

functions. After some involved algebraic manipulation, we can write A\ in the 

following manner: 

where I\,  h,  B and 7 are purely real expressions. Substituting the above form for Ai 

into (4-12), we find that the power balance theorem is satisfied exactly. Therefore, 

we conclude for a one-term MoM approximation, using any real expansion function 

\&(:c') and any real weighting function v(x) will generate an B\ which satisfies the 

TE\ power balance theorem. 

Z?i = 
Jo' v(x)sm^-dx 

(4 - 66) 
£a/oV)sin^/0'*(*') 
n=l 

4.2.2.1 TE\ propagation 

(4-67) 
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Indeed, this result is identical to that for TEM propagation. However, we still 

wish to show that the result is valid for em n-term expansion of the surface current. 

To accomplish this, we again use a general two- and three-term expansion for the 

surface current, and perform an analysis similar to that for the one-term expansion. 

This analysis follows the TMZ case and the details are omitted. The result is that 

the conclusion made fode the one-term expansion is also true for both the two-

and three-term expansion. Therefore, we postulate for TE\ propagation, an n-term 

MoM approximation using any set of n real expansion functions and any set of 

n real weighting functions will generate an B\ which satisfies the power balance 

theorem. 

Thus, we have a criterion to determine if the calculations of the iris surface cur

rent are definetly in error. Again, we cannot use the power balance theorem to show 

the "correctness" of our solution, as we have not included any phase information in 

out theorem. 

4.2.2.2 TE\, TE2  propagation 

We now consider the case of TE\, TEi propagation. The power balance the

orem for this type of propagation in (4-13) gives a relation between the modal 

coefficients B\ and B2. Again, we wish to determine if or when the MoM calcu

lations satsify this theorem. We start by considering the one-term approximation. 

Using (2-97) and (4-66), we can develop expressions for B\ and £2 in terms of our 

known expansion and weighting functions. After substituting the results into (4-13), 

we find the power balance theorem is satisfied only if the expansion function and 

weighting function are identical. Performing a similar analysis for a two-term ex

pansion yields.the same result. Therefore, we conclude for TE\, TEi propagation, 
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an n-term MoM approximation will only be satisfied if the expansion functions and 

weighting functions are identical. Therefore, the pulse-expansion, ^-weight schemes 

will not satisfy the power balance theorem for TE\, TE2 propagation, whereas the 

Ritz-Galerkin scheme using Chebyshev polynomials will satisfy the power balance 

theorem. 

Consistent with the analysis in section 4.2.1.2, we examine the error in the 

power balance theorem when indeed a uniform pulse expansion, <5-weight scheme 

is employed. In the formulation of (4-13), we notice the left hand side of this 

equation represents the transmitted power. Therefore, we can normalize (4-13) to 

the transmitted power, and define the error, e, in the following manner: 

€ = 
x_ Re [ifr] 

SflftP + Sr\b*\ 
(4 - 68) 

In Figure (4-8), we show this error as a function of iris length for a one-term pulse 

approximation, with a 5-weight applied to the center of the pulse. The figure shows 

the error for two different frequencies, a/A = 1.01, which is just above cutoff for the 

TE2 mode, and a/A = 1.49, which is just below cutoff for the TEz mode. Notice 

the maximum error is around 60%. However, if we use 5 uniform pulses, as shown 

in Figure (4-9), the maximum error has reduced to less than 0.8%. For 10 pulses, 

the error is reduced even further to 0.2%, as shown in Figure (4-10). This reduction 

in error as the number of pulses is expected, for the same reasons as presented 

in the previous section. As the pulse width becomes smaller, the pulses begin 

to resemble ^-functions. Hence, the expansion functions and weighting functions 

become similar, a condition which will satisfy the power balance relation exactly. 

Continuing with the analysis, we wish to examine the difference in the surface 

current as determined by a pulse expansion, 6-weight scheme and a Ritz-Galerkin 
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scheme using Chebyshev polynomials. We qualitatively represent this difference in 

Figure (4-11). This figure shows the surface current for an iris whose length is 45% 

the height of the guide, as determined by 20 non-uniform pulses and 4 Chebyshev 

polynomials. The frequency of operation is a/A = 1.25. To the limits of graphical 

accuracy, these two expansion schemes generate identical results for the iris surface 

current. 

To form a quantitative comparison, we consider the RMS values of the two 

calculated surface currents. We use the same procedure as described in 4.2.1.2. 

For region 1, the results are shown in Figure (4-12). Notice there is only a slight 

difference in the RMS values of the surface current. The results for region 2, as 

shown in Figure (4-13), also suggest a slight difference in the RMS values of the 

surface current. These results are characteristic for the entire frequency range where 

TE\, TEh propagation exists. Therefore, we conclude even though the results from 

the pulse-expansion, ^-weight scheme do not satisfy the power balance theorem, they 

are identical in form and nearly identical in magnitude to the results as determined 

by the Chebyshev polynomial scheme which satisfies the power balance theorem. 

4.3 Summary of Power Balance Results 

In this section, we summarize the results developed in this chapter. For pure 

mode propagation, we found that any expansion scheme and weighting scheme 

used in the MoM will generate modal coefficients which satisfy the power balance 

theorem. Therefore, we have discovered a criterion to judge the numerical results 

for pure mode propagation. If our results do not satisfy the power balance theorem, 

we know the calculations are in error. However, we cannot use the power balance 

theorem to prove that our results are "correct", since the theorem does not account 
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If we have the pure mode and next higher mode propagating, however, the 

power balance theorem will only be satisfied if the expansion functions and weighting 

functions are identical. We then showed the error in the power balance theorem 

when a uniform pulse expansion, ^-function weight scheme was employed. This 

error was shown to decrease as the number of expansion functions increased. We 

also examind the RMS value of the fields, as determined by an expansion scheme 

which satisfied the power balance theorem, and a scheme which did not satisfy the 

theorem. These results showed the MoM calculations were identical in form, and 

nearly identical in magnitude. 

The result for multi-mode propagation poses an interesting idea: can we some

how force the modal coefficients to satisfy the power balance theorem when indeed 

the expansion functions and weighting functions are not identical? In other words, 

can we minimize the error between the approximation and the exact solution using 

the power balance theorem as a constraint? This is the motivation for the work 

presented in the next chapter. We attempt to transform a matrix equation for the 

unknown expansion coefficients into a constrained minimization problem. 
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CHAPTER 5 

Optimization 

In this chapter, we consider the error between the MoM approximation and the 

exact solution for multi-mode propagation. This error is a function of the unknown 

expansion coefficients. Therefore, we formulate the problem of minimizing this 

error with the power balance theorem as a constraint, when the expansion functions 

and weighting functions axe not identical. We consider the TMZ and TEZ modes 

separately. 

5.1 Optimization of the TMZ Integral Equation 

Let us consider once again the governing integral equation for the TMZ modes, 

as given in (2-54). Assuming TEM, TM\ propagation, we know from the previous 

chapter that the MoM solution to (2-54) will not satisfy the power balance theorem 

if the expansion functions are different from the weighting functions. This fact 

motivates us to develop the MoM in an alternate manner. Recalling (2-54), we 

have: 

1 = LEA (x') (5-1) 

where the integral operator L is defined as : 

J
fb  | t  f €  fc n7rx  nnx ,  \ i i 
' ZT cos ~T~ cos ——(•)dx (5-2) 
o n  Pn a a 

When applying the MoM to solve (5-1), we approximate the unknown aperture 

field by a finite series of known expansion functions and unknown coefficients, as 

in (3-29). In this same manner, we represent a general expansion of the unknown 
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aperture field as: 

N 

JM*') = £>*)(*') (5-3) 

where the ay's are the unknown expansion coefficients, and the $j(x')'s are the 

known expansion functions. The next step in the MoM was to substitute this ex

pansion into our integral equation, on the way to transforming the integral equation 

to a matrix equation. When making this substitution, however, we neglected the 

error, kept the equality sign, and noted our solution was an approximation. Let us 

no longer neglect the error and instead write: 

By considering the error as a viable quantity, we admit that our expansion is not 

exact. Continuing with the formulation, we move the integral operator inside the 

summation to obtain: 

N 

1 = ̂  ajL$j (x ' )  + (error) (5 — 5) 
i=i 

Let us define a general weighting function as w m (x ) ,  m  6 [1,N]. Taking the 6-inner 

product of (5-4) with wm(x) we obtain: 

where the error term is now different than the error term associated with (5-5). 

Subtracting the inner product from the right hand side of (5-6) will leave just the 

error term. We define the p=2 norm of this error (Stewart, 1973) as e, where 

N 

1 = L  ̂ 2  x ' )  + (error) 
j=1 

(5-4) 

(5-6) 

(5-7) 
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In the above equation, the only unknown's axe the expansion coefficients aj. 

Therefore, the error norm in our approximation is a function of these expansion co

efficients for a given set of expansion functions and weighting functions. By choosing 

different coefficients, we can change the approximation error. This poses an inter

esting problem: Can we minimize the error in (5-7), yet force the modal coefficients 

to satisfy the power balance theorem, when indeed the expansion functions and 

weighting functions axe not identical? In other words, our problem has now become 

an error minimization problem with the power balance theorem as a constraint. 

By using the power balance theorem as a constraint, we axe forcing the expansion 

coefficients to satisfy the power balance theorem in a least norm squared sense even 

though the expansion functions are different from the weighting functions. How

ever, we do not find the unknown coefficients from a matrix inversion. Instead, the 

coefficients are chosen to minimize the approximation error. 

We first attack our error minimization problem by minimizing the norm of the 

approximation error produced by a one-term pulse expansion for the aperture field. 

For this expansion, (5-3) reduces to: 

Let us define our weighting function as a ^-function applied to the center of the 

aperture, viz: 

Substituting (5-8) and (5-9) into (5-7), we obtain the norm of the approximation 

error, viz: 

Ea(X') = «i (5-8) 

(5-9) 

(5 -10) 
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Using (2-57), we find the modal coefficients in terms of the unknown expansion 

coefficient, a\: 

Note that in (5-11) Re[ai] and Im[ai] are independent. Thus, we can consider each 

as a separate variable. Our minimization problem is now defined mathematically: 

we wish to minimize the error in (5-10) using (5-11) as a constraint. 

Before we attack the minimization problem, let us first look at the constraint 

equation. The constraint equation is often written in the manner g = 0, where g 

is the constraint function. In Figure (5-1), we plot g for our problem as a function 

of the real part of ai and the imaginary part of c*i. The iris length is one-half 

the height of the guide, and the frequency of operation is a/A = 0.75. We also 

identify the contour where the constraint function is zero. The constraint equation 

defines an ellipse, symmetric about the real part of c*i. Therefore, only the upper 

half of the ellipse is shown. In theory, the minimization procedure will determine 

the approximation error around the ellipse, and then locate the reed and imaginary 

parts of c*i which generate the minimum error. 

To numerically perform the minimization, we employ the method of Lagrange 

multipliers (Anton, 1984). The basis behind Lagrange multipliers is that an ex-

tremum of a functional with a constraint will occur where the gradient of the func

tional is parallel to the gradient of the constraint. Mathematically, we have: 

(1 + Ci)(Re2[«i] + Im2[ai]) - C2Re [«i] = 0 (5 - 11) 

where 

(5 — 12) 

(5-13) 

Vf = AVg (5 - 14) 
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Figure 5-1: Constraint FVtnction g vs. Re[oi], Im[ori], b/a = 0.5, a/A = 0.8. 
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where f is the functional to minimize, A is the Lagrange multiplier, and g is the 

constraint equation, written in the form g = 0. Before we begin our computations, 

let us define the following variables to simplify the bookeeping: 

x = Re [ai] (5 — 15) 

y = Im [ai] (5 — 16) 

b 2k 1 7r6 . 7r6 ^ 2A: 1 nirb .  nirb 
A = —h -z—cos —sin h > -x cos——sin —— (5 — 17) 

a /?i ir 2a a /?„ rnr 2 a a n—l 

<ri = Re [A] (5 - 18) 

<T2 = Im'[A] (5 — 19) 

Using these substitutions, our function to minimize in (5-10) becomes 

f = yjl + (x2  + y2)|-A|2 - 2X<TI + 2y<r2 (5 - 20) 

Also, our constraint equation in (5-11) becomes 

(1 + Ci)(a;2 + y2) — Cix — 0 (5-21) 

We now subject (5-20) and (5-21) to (5-14), and solve for the unknown expan

sion coefficient ari = x +jy. The gradient of (5-20) can be expressed as 

|A|2a; — <7i „ \A\2y + <T2 -
Vf = J-L-j -x + 1 1 y y (5 - 22) 

where x is the unit vector in the x— direction, and y is the unit vector in the in

direction. The gradient of our constraint function g is 

Vg = [2(1 + Ci )x -C2]x + [2(1 + Ci )y] y (5 - 23) 
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We substitute these gradients into (5-14) and equate the x and y components to 

solve for A. Equating the x components, we obtain 

A = (5 - 24) 
f [2(1 + Ci)x — Ci) 

Equating the y components we obtain 

x _ \A\2y + *2 , _ 25, 
A"f [2(1+ C,)y] (5 25) 

Since A is the same variable in both (5-24) and (5-25), we can equate the right hand 

sides of these two equations, and produce the following relation 

\A^x - a\ \A\2y + ay 
f [2(1 + C\)x — C2] ~ f [2(1 + C\)y) 

(5 - 26) 

We solve the above equation for y, and we write 

y = S[2{l + Ci)x-C2] (5-27) 

where 

S =C2 |A|2-2ff1( l  + C7i)  ( 5"2 8 )  

We substitute this result into our constraint equation (5-11), and use the quadratic 

formula to solve for x: 

-C2 ± J(2 — 4ClC3 

Xi  ( 5 " 2 9 )  

where 

Ci = (1 + Ci) + 4(1 + CifS2  (5 - 30) 

C2 = -C2  - 4C252(1 + Ci f (5 - 31) 
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C3 = C2
2(1 + C!)52 (5-32) 

The optimization procedure thus generates 2 expansion coefficients. One of these 

coefficients minimizes the error norm, while the other maximizes the error norm. 

In figures (5-2) and (5-3), we present the results of this minimization for an 

iris whose length is one-half the height of the guide and a frequency of operation 

a/A = 0.75. Figure (5-2) shows the constraint ellipse and the location of the two 

expansion coefficients as determined by the optimization procedure. In addition, 

we show the expansion coefficient as determined by a one-term MoM with a 6-

function weight applied to the center. This coefficient does not lie on the ellipse, 

reflecting that the calculation does not satisfy the power balance theorem. Figure 

(5-3) examines the norm of the approximation error around the ellipse, for the 

same parameters as Figure (5-2). The ordinate of Figure (5-3) is labeled as the 

angle around the root contour. To make a complete revolution around the root 

contour requires only ir radians. Traversing from 7r radians to 2ir radians completes 

another revolution around the root contour, and hence the same error norm profile. 

In addition, the error norms produced by the optimization coeffients are identified. 

Clearly, one optimization coefficient creates a minimum error norm, while the other 

creates a maximim error norm. 

An obvious question which comes out of the optimization analysis is, what is 

the difference in the fields as determined by optimization and a one-term MoM 

approximation? The differences are shown in figures (5-4) through (5-6). In Figure 

(5-4), we present the magnitude of the aperture field as determined by the optimiza

tion procedure and the one-term MoM. The frequency of operation is a/A = 0.51, 

and the results are presented for 20 iris lengths. The difference in the two curves is 

normalized to the one-term MoM results, and the maximum difference is pre-
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sented. In Figure (5-5), the frequency of operation is a/A = 0.75, and in Figure 

(5-6) the frequency is a/A = 0.99. Notice the maximum difference decreases as 

the frequency increases. This result is consistent with Figure (4-1), which states 

the error in the power balance for a one-term approximation will decrease as the 

frequency increases. 

There is also another relationship between the maximum difference and Figure 

(4-1). For a/A = 0.51, the maximum difference is on the same order of magnitude 

as the maximum error in the power balance for the corresponding frequency. The 

same is true for a/A = 0.99. Therefore, the magnitude of the field as determined by 

optimization is different than the one-term MoM result by a factor which is related 

to the error in the power balance theorem. This leads us to make the following 

claim: An optimization method used for a multi-term expansion of the aperture 

field will generate a field which is at most different from the MoM results by a 

factor which is on the order of the maximum error in the power balance theorem. 

For example, a 20-term uniform pulse expansion, ^-weight scheme has a maximum 

error in the power balance theorem of approximately 0.02%, as shown in Figure (4-

3). Therefore, we predict that using an optimization method for a 20-term expansion 

will generate an aperture field which is at most 0.02% different than the field as 

determined by the MoM matrix inversion. Obviously, this is an extremely small 

difference, and is evidence against using an optimization procedure over the MoM. 

5.2 Optimization of the TEZ Integral Equation 

In this section, we form an optimization problem for the TEX integral equation. 

Consider the governing integral equation for the TEZ modes, as given in (2-97). We 

assume our operating frequency is such that there is only TE\, TE2 propagation. 
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Recalling (2-97), we have: 

irx 
sin — = L J a( X ' )  (5-33) 

a 

where the integral operator L is defined as: 

, ,  V WU .  TITTX . nirx '  . . .  
L(') = / ^-r-sin —sin—(-)dx (5-34) 

Jo a"n a. a 

When applying the MoM to solve (5-33), we expanded the unknown surface current 

by a finite series of expansion functions and unknown coefficients as in (3-62). In 

the same manner, we define a general expansion of the surface current as: 

N 

JA(*') =:£«,•*/(*') (5-35) 
i=i 

where the ay's are the unknown coefficients, and the ^y(x')'s are the known ba

sis functions. We subsitute this approximation into (5-33), and assume the error 

introduced by the approximation is not negligible, to obtain: 

N 

sin — = ^ ajL^j(x') + (error) (5 — 36) 
a i=1 

Notice we have interchanged the summation and the integration. We define a gen

eral weighting function as vm(x), m 6 [1,NJ. Using a similar procedure to that 

presented in section 5.1, we develop an expression for the norm of the approxima

tion error, c: 

e = i rx  /  N  \  
(sin — , v m (x ) )d  -  (  T  ajL^j^x ' ) ,  v m (x )  )  

a \ >=i ' 
(5 - 37) 
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where the cf-inner product is defined by (3-23A). The above error norm is the func

tional we wish to minimise, using the power balance theorem as a constraint. Again, 

we wish to minimize (5-37) when the expansion functions axe different than the 

weighting functions. 

We start by minimizing the norm of the approximation error for a one-term 

pulse expansion of the iris surface current: 

Let us define our weighting function as a ^-function applied to the center of the iris, 

viz: 

Substituting (5-20) and (5-21) into (5-19), we obtain an expression for the norm of 

the approximation error, viz: 

We use (2-100) to determine the modal coefficients in terms of the unknown expan

sion coefficient, and write the power balance theorem in (4-13) as: 

JA ( X )  =  ai  (5 - 38) 

(5 - 39) 

(5 - 40) 

.Di(Re2[cKi] + Im2[ai]) — D2 Re [c*i] = 0 (5-41) 

where 

(5 - 42) 

D 2  = 
1-cosg 

(5-43) 
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Before we solve the minimization problem, we first examine the constraint equa

tion. We plot the constraint function, g, as a function of the real part of <*i and 

the imaginary part of a\, as shown in Figure (5-7). In this figure, the iris length 

is one-half the height of the guide, and the frequency of operation is j = 1.25. 

We also identify the contour where g = 0. This contour is an ellipse, symmetric 

about the real part of a\. As a result, only the upper half of the contour is shown. 

Therefore, we will investigate the error around this ellipse, and determine the real 

and imaginary parts of ai which generate the minimum error norm. 

To numerically perform the minimization, we again employ Lagrange multi

pliers. We use (5-14) to generate two equations for our two unknows, Refatj] and 

Im[ai]. One of these equations is quadratic, resulting in the determination of two 

coefficients. Due to the similarity to the TMZ case, the solution is omitted. How

ever, the results are presented in figures (5-8) and (5-9). Figure (5-8) shows the 

constraint ellipse for an iris whose length is one-half the height of the guide, and the 

frequency of operation as a/A = 1.25. In this figure, we locate the two expansion 

coefficients as determined by the optimization procedure. In addition, we locate the 

coefficient as determined by a one-term MoM calculation with a ^-function weight 

applied at the center of the iris. This coefficient does not lie on the ellipse, reflecting 

that the calculation does not satisfy the power balance theorem. In Figure (5-9), we 

examine the error norm around the ellipse, for the same parameters as Figure (5-8). 

The ordinate of Figure (5-9) is labled as the angle around the root contour. Again, 

a complete revolution around the contour only requires ir radians. In addition, the 

error norms introduced by the optimization coefficents are presented. Clearly, one 

coefficient creates the minimum error norm, while the other creates the maximum 

error norm. 
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Figure 5-7: Constraint Function g vs. Re(o1], Ixn[oJ], d/a = 0.5, a/A.= 1.25. 
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Now we examine the difference in the surface current calculation, between the 

optimization procedure and the one-term MoM. Figures (5-10) through (5-12) dis

play this difference. In Figure (5-10), we present the magnitude of the iris surface 

current as determined by the optimization procedure and the one-term MoM. The 

frequency of operation is a/A = 1.01, and the comparison is made for 20 iris lengths. 

The difference in the two curves is normalized to the MoM calculation, and the 

maximum difference is presented. In Figure (5-11), the frequency of operation is 

a/A = 1.25, and in Figure (5-12) the frequency of operation is a/A = 1.49. Notice 

the maximum difference decreases as the frequency increases. This result is con

sistent with Figure (4-7), which implies that the error in the power balance for a 

one-term expansion will decrease as the frequency increases. 

The maximum difference in figures (5-10) through (5-12) is again on the same 

order of magnitude as the maximum error in the power balance relation of Figure 

(4-7). Therefore, consistent with the TMX results, we claim an optimization method 

used with an n-term expansion of the surface current will generate a current which 

is at most different from the MoM calculation with the same n-term expansion, 

by a factor related to the error in the power balance theorem. For example, we 

predict that using an optimization procedure for a 10-term expansion will generate 

a surface current which is at most around 0.2% different than the surface current 

as determined by the matrix inversion. 

5.3 Optimization Using Multiple Expansion Functions 

At the end of sections 5.1 and 5.2, we proposed that performing an optimization 

method on an n-term expansion would generate a result which is different than the 

MoM result by a factor related to the error in the power balance theorem, when 
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the expansion functions and weighting functions are different. In this section, we 

attempt to investigate the validity of this hypothesis. Specifically, we will attempt 

to optimize (5-7) for an n-term expansion of the unknown aperture field. 

For this optimization, we do not use the method of Lagrange Multipliers, as 

the algebra involved is extremely complicated even for a 2-term expansion. Instead, 

we use an optimization scheme proposed by Kleinmann, (1991). This method is an 

iterative scheme, and is based on the following argument. Define fn as the residual 

error vector between the approximation and the exact solution for the nth iteration, 

viz: 

f„ = w — tyan (5 - 44) 

where 

w = (1, wm(x))i, (5-45) 

= ( S anjL^j(x'), wm(x)^ (5 - 46) 

In the above and subsequent expressions, n refers to the iteration step, N is the 

number of expansion functions $(x') which are used, and (v)& denotes the 6-inner 

product as defined in (3-12). The vector an is the expansion coefficient vector at 

the nth iteration, and is updated by the following scheme 

a„ = a„_i + 7„f„_i (5 - 47) 

where jn is a complex number. To find yn, we minimize the following expression: 

||ii> - i - 7B$fn_i||2 + i/C(a„_i + 7„f„_i) (5 - 48) 

where v  is a penalty value which amplifies the cost function C, given below: 
- o 2k \ - i2  

C(a„_i +7 nr„_i) = |(a„_i +7 „r„_i) • $o| +-^|(a„-i +7nrn-i) • ^i| 

- Re [(a„_i + 7 „f„_i) • <j>0] (5 - 49) 



153 

In the above expression, 

a Jo 
(5 - 50) 

= j— J $j(®')cos^~-cia:'j (5-51) 

where { } denotes a vector quantity of length N. 

For our specific choice of expansion functions and weighting functions, we use 

the uniform pulse expansion, 8—function weight as defined in (3-36) and (3-37). 

where oy is defined in (3-43) and (3-44), 0/ is defined in (3-39) to (3-42), and the 

brackets {•}„=! imply a vector quantity of length N. 

For our specific choice of expansion and weighting functions, the iteration step 

is given by (5-47), and the funciton to minimize for in (5-48) becomes: 

||u> - i - Tn^fn_i||2 + i/C(an_i +7„f„_i) = 

Substituting this scheme into (5-44), the nth residual can be expressed as: 

r  N  r ,  oof 1 4  
ri I N I ® 1 V* sm I 

(5 - 53) 
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where T denotes the transpose of a vector. 

We start the procedure for determining our expansion coefficient vector 

with an initial guess of zero for each coefficient. Then, we generate a residual vector, 

and find the 7„ which minimizes (5-53). Next, we update our expansion coefficient 

vector by (5-47), and repeat the process until the coefficients numerically converge 

within some specified tolerance. 

The results obtained from this method are shown in Figures (5-13) to (5-17). 

Here, we attempted to determine the expansion coefficients for an 8-term pulse ex

pansion, with 6—function weights applied to the center of each pulse. The frequency 

of operation is a/A = 0.51, and the iris length is one-half the height of the guide. 

We compare the calculation of the electric field at different iterations to the field 

as calculated by the MoM. We note the solution from the optimization method 

neither follows in shape nor matches in magnitude the MoM solution. Indeed, after 

8 iterations, the optimization solution converges numerically to set of values which 

does not match those obtained with the MoM solution. The reasons for the failure 

of the optimization method have not been determined. 
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Figure 5-13: Comparison of the Aperture Field Distribution vs. x'/b between 
MoM and Optimization, b/a = 0.5, a/A = 0.51, v — 10, Iteration 1. 
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Figure 5-14: Comparison of the Aperture Field Distribution vs. x'/b between 
MoM and Optimization, b/a = 0.5, a/A = 0.51, v — 10, Iteration 2. 
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Figure 5-15: Comparison of the Aperture Field Distribution vs. x'/b between 
MoM and Optimization, b/a = 0.5, a/A = 0.51, u = 10, Iteration 5. 
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Figure 5-16: Comparison of the Aperture Field Distribution vs. x' fb between 
MoM and Optimization, b/a = 0.5, a/A = 0.51, v = 10, Iteration 10. 
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Optimization 

MoM, 8 term pulse expansion, 5 -weight 

Figure 5-17: Comparison of the Aperture Field Distribution vs. x'/b between 
MoM and Optimization, b/a = 0.5, a/A = 0.51, v = 10, Iteration 11. 



160 

CHAPTER 6 

Conclusions 

In this thesis, we have examined wave propagation in a parallel plate waveguide 

with an iris using integral equation and optimization techniques. Because of the 

geometry of the problem, the fields inside the guide decoupled into the familiar 

TMZ and TEZ modes. For the TMg modes, we developed a partial differential 

equation for the magnetic field component on both sides of the iris. However, we 

utilized a different approach for the TEZ modes and developed a single partial 

differential equation for the electric field everywhere inside the guide. Associated 

Green's function problems were defined for both sets of modes. Green's theorem 

and the boundary conditions allowed for the creation of integral equations in the 

plane of the discontinuity. The TMZ modes were governed by an integral equation 

for the electric field in the aperture, while the TEZ modes were governed by an 

integral equation for the surface current on the iris. The field quantities for each of 

the modes were written in terms of the unknown quantities in the integral equation. 

Before solving the integral equations, the singularities of the kernels were exam

ined. We found the kernels for both integral equations were logarithmically singular 

as x —• x'. Since logarithmic singularities are integrable, however, this result did 

not present a problem. The next step was to utilize a low-frequency approximation 

to determine the general effect of the iris inside the waveguide. Essentially, the 

unknown quantities in the integral equations were approximated by a constant. An 

equivalent circuit was then used to determine the admittance of the iris in terms of 

this constant. For the TMX modes, we found the iris is capacitive in nature, while 

for the TEz modes the iris acts as an inductor. We then compared our low-frequency 
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approximation for the capacitance and the inductance against the results in Marcu-

vitz, (1951). We found the susceptance of the capacitive iris agreed quite well with 

the results in Marcuvitz, (1951) for low frequencies. However, the susceptance of 

the inductive iris as determined by the low frequency approximation did not agree 

to Marcvitz, (1951) as well as the previous case. This result comes about since 

TEZ propagation cannot exist below a/A = 0.5. Hence, the frequency can never be 

driven down low to the point where the wavelength is large compared to the height 

of the guide. This lower bound on the frequency of operation then restricts us from 

operating the waveguide at low frequencies compared to the electrical size of our 

domain. Therefore, our low frequency approximation is inherently poor. However, 

this was not a major concern, since the goal of the low frequency approximation 

was to determine the general effect of the iris inside the waveguide, as well as test 

the results generated with our approach against known results. 

We next turned our attention to solving the two integral equations by the 

Method of Moments (MoM). We employed three expansion schemes to approximate 

the unknown quantities and transform the integral equations into matrix equations. 

The first two were pulse expansions, with ^-function weights applied to the center 

of each pulse. One pulse scheme had uniform spacing, while the other scheme 

had non-uniform spacing. This non-uniform scheme was employed to resolve the 

singularities near the tip of the iris, while not over sampling the smooth behavior of 

the aperture field and the surface current away from the tip of the iris. The third 

expansion scheme utilized analytical knowledge to remove the singularity from the 

unknown field and current in its proper form, leaving a new unknown which was 

nonsingular. This new unknown was then expanded using whole domain Chebyshev 

polynomials. The same polynomials were also used as weighting functions, thus 

defining a Ritz-Galerkin scheme. From the Green's functions, up to four infinite 
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summations were present in the resulting matrix equations. The convergence of 

these summations was greatly increased by considering their asymptotic forms. 

Next, the solutions to the MoM were presented. The solutions not only approxi

mated the unknown quantities of the integral equation, they also approximated the 

modal coefficients for higher order modes generated by the discontinuity. These 

modal coefficients were subsequently analyzed. By applying the conservation of 

total power, a power balance theorem for the modal coefficients of the propagating 

modes was developed. There were separate theorems developed for TMZ and TEZ 

propagation. Each of these theorems gave an exact relation between the modal 

coefficients of the propagating modes. We then determined if our MoM approxi

mations to the modal coefficients satisfied the power balance theorems. For pure 

mode propagation, we found the MoM results satisfy the theorem regardless of the 

expansion functions or weighting functions used, so long as they are real functions. 

As a result, our pure mode propagation calculations would be in error if they did 

not satisfy the power balance theorem. However, we cannot use the power bal

ance theorem to prove our solution is "correct", since the development of the power 

balance theorem did not yield any phase information. 

Concerning mulit-mode propagation, we found the power balance theorem is 

only satisfied if the expansion functions and the weighting functions are identical. 

We then proceeded to examine the error in the power balance relation, normalized to 

the transmitted power, for a MoM scheme of uniform pulse expansion, ^-function 

weight. We found the error decreased as the number of pulses increased. For 

both the TMt and the TEZ theorems, the error was extremely small for a realistic 

expansion scheme. Similarly, the RMS of the aperture field and the surface current 

were not significantly different when determined by a scheme which satisfies the 

power balance theorem, and a scheme which does not. 
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Our final task was to consider a constrained optimization method to solve the 

integral equations. As a result, we developed an expression for the norm of this 

approximation error. For a given set of expansion and weighting functions, we found 

the error to be directly related to the unknown expansion coefficients. Therefore, 

we posed the problem of minimizing this error for multi-mode propagation using the 

power balance theorem as a constraint, when the expansion functions are diiferent 

from the weighting functions. 

We first proceeded to solve the optimization problem for a one-term expansion of 

the integral unknowns. We compared the solution from this optimization procedure 

to the one-term MoM solution developed earlier. We found the optimization solution 

to be greater than the MoM solution by a factor directly related to the error in the 

power balance theorem. Therefore, we postulated an optimization procedure for 

an n-term pulse expansion would generate a solution which was different than the 

MoM solution by a factor directly related to the error in the power balance theorem 

for the same number of pulses. 

To exaomine the validity of this hypothesis, we proposed a method to solve 

our constrained optimization problem for a multi-term expansion of the unknown 

quantity in the integral equations. However, the method we proposed did not 

adequately solve the problem. We did not investigate the reasons for the failure of 

this method. 

There are several possible extensions to this work. When subjecting the MoM 

calculations to the power balance theorem, we might wish to examine how the 

theorem behaves if complex expansion and weighting functions are employed. A 

second extension would be to examine the power balance theorem for pure mode 

propagation along with the next 2 higher order modes. An obvious extension would 

be to develop another optimization method for an n-term expansion of the unknown 
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in the integral equation. These results could then be used to support or reject the 

hypothesis presented in the previous paragraph. Finally, we might wish to examine 

the effect of partially filling the waveguide with a dielectric. 
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APPENDIX 

Derivation of a Generalized Power Balance Theorem 

In Chapter 4, we derived the a power balance theoren for a parallel plate wave

guide. However, the parallel-plate waveguide is only one type of waveguide, and 

the power balance theorem we derived is only specific to that geometry. We would 

like, then, to develop a power balance theorem for a general waveguide of arbitrary 

cross-sectional area.' In this Appendix, we present a power balance theorem for a 

waveguide of uniform, arbitrary cross-section. To begin, consider the waveguide as 

presented in Figure (A-l). This waveguide has a cross-sectional area A throughout 

the guide. We assume the wall of this guide is a perfectly conducting metal. At the 

location z = 0, we assume there is some sort of discontinuity (i.e. an obstacle or 

junction) which will scatter the fields inside the guide. 

To analyze the fields which can propagate in this structure, we utilize the work 

presented in Silver, (1951). We first begin by considering the TMZ and TEZ modes 

separately. 

To determine the TMZ modes inside our waveguide, we first assert the fields 

can be expressed in terms of some orthogonal modes $mn. These orthogonal modes 

satisfy the following orthogonality relationship over the cross-sectional area: 

A.l TMZ Modes 

for m = p, n = q. 
(4-1)  
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f - »  B -

cross-sectional area-A 

Figure A-1: Metallic Waveguide of Arbitrary, Uniform Cross-Sectional Area. 
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where /?mn is the propagation constant for the mnth mode, and 

Xmn= f |V$mn f dA (A- 2) 
Jca 

We launch a TMZ incident wave from the source region z < 0 towards the region 

z > 0. Then, using the approach in Silver, (1951), we can write the transverse fields 

inside the guide as: 

E{ = (V$oi)e-^°lZ {A — 3) 

Hi = x V$01 )e~^z (A - 4) 
Poi 

where the superscript I refers to the incident field, the subscript t refers to the 

transverse field, /?oi is the propagation constant, and z is the unit vector in the 

z—direction. Also, we note that the lowest order mode for this system is m,n = 0,1. 

Thus, our incident field is in the form of the lowest order mode. When this wave is 

incident upon the discontinuity at z = 0, a reflected and transmitted field can be 

defined. We write these fields as 

00 oo 

E* = £ E Bmn^mn^mnZ (A- 5) 
m=0 n=l 

00 00 

H* = - EE X (A - 6) 
m=0 n=l Pmn 

00 oo 

i ^ E E  A ™ ™ r n n e ~ j l i m n Z  ( A  -  7 )  
m=0 n=l 

00 00 

H* = E E 7T-A™(2 X V*ra,)e-^-« (A - 8) 
m=0 «=1 Pmn 

where R refers to the reflected fields, and T refers to the transmitted fields. 



168 

We now apply our boundary conditions. Due to the absence of sources at 

the discontinuity, the tangential electric and magnetic fields are continuous. The 

continuity of the tangential magnetic field at z = 0 produces 

xv«0,)-v£; x V«„.) = f~ T Am„-P-(z x V$m„) 
"01 m=On=l ^mn m=On=l ^mn 

( A -  9) 

To determine a relation between Amn and Bmn, we utilize the orthogonality property 

of the modes. We dot multiply each side of (A-9) by z x V$P9, and integrate over 

the cross-sectional area to obtain 

f  (z x V$p,).(l x V$oi )dA- f ] f ]Bmn-P~ f( z x  V $ p q )  •  ( z  x  V $ m n ) d A  
P01 Jcs m=0 n=1 Pmn Jcs 

= £  £  Amn~zr~ •  ( 5  x  V$mn)dA (A - 10) 
m=0 n=l Pmn Jca 

We can simplify the cross and dot products using vector identities, to obtain 

(Z X * (•£ X V$mn) = Z ' (V$mn X Z X V$pg) 

= V*mn-V$P9 (A-11) 

Prom Silver, (1951), we have 

0, for m ̂  qp,n ^ q\ 

Xmn, for m = p,n — q. 

We can use (A-ll) and (A-12) to write (A-10) as 

- r 0, for m ^ qp, n ̂  q\ 
/  V $ r o „ V * M =  ̂  U - 1 2 )  
^ I Xm„, for m = p,n = g. 

^XoiBn = ̂ -Xoi A01 (A - 13) 
P01 P01 P01 

—XmnBmn — — XmnAmn (m,n) ^ (0,1) (A — 14) 
Pmn Pmn 
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These two expressions reduce to 

-001 = 1 — Aoi (A -15) 

Bmn — Amn (m,n) ^ (0,1) (A - 16) 

At this point, we could enforce the boundary condition on the electric field, 

and solve for our unknown modal expansion coefficients, Amn. However, let us 

instead leave the fields in their present form, and consider the power flow inside the 

guide. Far away from the discontinuity, the evanescent modes will have decayed 

away. Therefore, if we take the real part of the conservation of power equation 

(Harrington, 1961) we have 

where S is the total power, and the closed surface of integration includes the walls 

of the guide and the planes z = +c and z = —c. Since there is no power flow 

through the perfectly conducting walls of the waveguide, (A-17) reduces to 

(A -17) 

(A - 18) 

where dA is the unit normal for the planes z = ±c and 

5/ = incident Poynting vector = ]-E{ X H{* (A — 19) 
z 

SR = reflected Poynting vector = ^EJ1 x H^* (A — 20) 
A 

•» 1 rp fp 
ST == transmitted Poynting vector — -Ei x H{ 

In the above expressions, (*) denotes a complex conjugation. 

(A-21)  
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We now calculate the three Poynting vectors given above. If we substitue in our 

field expressions from (A-3) to (A-8), and the relation between the modal coefficients 

given by (A-15) and (A-16), we obtain 

& = x 5 x V$oi] (A - 22) 

SR = "I j l 1  -  4OI|2-^V$OI x Z X V$oi 

- (1 - A*01)^f-(z x $oi)^°lc AmnV$m„e-^mnC 

/?01 

+ (1 - 4oi)V$oie-^°lC x££ A^n^r-(z X $m„)e^"c 

m n 

+  E  E  * E E  A'mnjir-(t * " 23) 
m n m n "mn J 

St = 2 

J r OO OO 

AmnV$mne-jl}mnC 

m=0 n=l 

X J2 * V^rnn)ei0'm' 
P\ m=0 nssi 

(i4 - 24) 

In (A-23), the summations are over ail of the modes except the (m, n) = (0,1) mode. 

To signifiy this, the summation index is given as m or n, which is a departure from 

the conventional notation. Therefore, any summation whose indices are of the form 

Hn Sm indicates the summation excludes the (m, n) = (0,1) term. 

We next perform the integration of the Poynting vectors to determine the power 

flow of the incident, reflected, and transmitted modes. First, we must explicilty 

define our unit normal dA: 

{+zdA, for z = —c; 
(A - 25) 

—zdA, for z = +c. 
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In other words, the unit normal points into the guide at the planes z = ±c. With 

this definition, the power flow for the incident, reflected, and transmitted modes is 

(A - 26) 

PR = 
u>e 

2#oi 
l l -Aoil 2  f |V$oi \2dA 

Jcs 

S* EES-M-r* 
2 f,—j(0mn—0t '™)c f |V*mn|5 

Jcs 
dA ( A - 2 7 )  

Pr - w,]Amf IjVin[2dA 

-5R e  |V«„f  
L m n Pmn J™ 

dA (.A - 28) 

We can now add these power expressions to obtain our general power balance rela

tion 

ue 

2/3oi 
JjV$oi\2dA--^\l-Aoi\2  J |V*oi|2dA 

-He [££|Amn|2^e-^™-^ f |V$mB|2dA 
L m n Pmn Jcs 

(A - 29) 

We divide through by the first term; with some algebraic manipulation, we obtain 

|Aoi|2 + Re EEw 2 A)1 Xmn 
mn | n *r 

Pmn A 01 
= Re [Aoi] (A - 30) 
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where (m, n) ^ (0,1) and 

xm liv^„|Va mn_01, ,, ... 
Jf0I ~ /JV401|2<U m»n - 0,1)2,... ( 31< 

Thus, the power balance theorem given above is a relation between the modal 

coefficients of the propagating modes in a waveguide of arbitrary cross-sectional 

area. To recover the special case of the parallel-plate waveguide, we note 

Aoi —* Ao (A — 32) 

^m» * Am (A — 33) 

001 —* k (A — 34) 

A»» - A, = \jk2 - (^) (A - 35) 

Xm„ Tpcos^lVx „ 
2 {A

~
36) 

Therefore, the power balance relation for the parallel-plate wavguide is 

|4o|2 + Re 
0 0  2 k , .  , 2  Ef|A 

.171=1 

m| 
m 

= Re [Ao] (A - 37) 

We note (A-37) is identical to the expression (4-6) we derived in section 4.1.1. 

To determine the modal coefficients Amn in (A-30), we apply our last boundary 

condition on the tangential electric field. We assume that we can determine the 

tangential field in the plane of the discontinuity by some other method, i.e. and 

integral equation. Let us therefore define the tangential field at z = 0 as EA- Then, 

using the expression for the transmitted field (A-7) we write 

00 oo 

EA = EE ̂nwV$mn (A — 38) 
m=0 n=l 
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We dot multiply each side by V$p? and integrate over the cross-section to obtain 

r oo oo . 
I Ea • V<bpqdA — EE Amn / V$ro„-V$OT<fA {A — 40) 

JcB m=0 n=l Jcs 

By orthogonality, we have 

Apg = LEA -^pqdA ^A _ 41) 

JLpq 

Finally, if we change the index we find the modal coefficients in terms of the electric 

field in the plane of the discontinuity 

EA 
(A.i2) 

^mn 

A.2 TEZ Modes 

In this section, we derive a general power balance theorem for the TEZ modes. 

First, we assert the TEZ fields inside the guide can be expressed in terms of a set 

of orthogonal modes, ^mn. Over the cross-sectional area of the guide, these modes 

satisfy the following orthogonality relationship: 

L 
0, for m ^ p,n ^ q; 

^mn^JpqdA — \ (A — 43) 
[*K for m = p, n = q. 
V Pmn 

where /?mn is the propagation constant for the mnth mode, and 

mn = f \V*mn\2dA (>1-44) 
Jcs 

w, 
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We launch a TEZ wave of lowest order from the source region z < 0 towards 

the region z > 0. Again, based on an approach from Silver, (1951), we write the 

transverse fields inside the guide as 

Ej = (Vtfoi x z) e~jl3oiZ (A - 45) 
Poi 

Hi = (V^oi)e"^012 (A - 46) 

where the superscript I refers to the incident field, the subscript t refers to the 

transverse fields, /?oi is the propagation constant, and z is the unit vector in the 

z— direction. We also note the lowest order mode for this system is (m, n) = (0,1). 

When this wave is incident upon the discontinuity, higher order modes will be 

generated in the reflected and transmitted fields. We write these fields as 

E* = E £ v$mn x z)^mnt (A - 47) 
ini Pmn m=U nssl 

OO OO 

H* = - E £ (A - 48) 
m=0 n=l 

E? = E E X z)e~^ (A - 49) 
m=0 n=l Pmn 

OO OO H*R = E E B™V*mne-jlSmnZ (A - 50) 
m=0n=l 

where R refers to the reflected fields and T refers to the transmitted fields. 

To determine the power balance theorem for the TEX modes, we follow the 

procedure used for the TMt modes. If we apply the boundary condition that the 

electric field must be continuous in the plane z = 0, we find a relation between Bmn 

and Cmn, namely 

Coi = Boi - 1 (A - 51) 
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Cmn = Bmn, (m,n) ± (0,1) {A —§2) 

We next subject the fields to the conservation of total power in (A-17), at the planes 

z = ±c far away from the discontinuity. Since there can be no power flow through 

the perfectly conducting walls of the guide, we can use (A-18) to determine the 

power flow through the planes z = ±c, with the Poynting vectors given by (A-19) 

through (A-21). Writing out these Poynting vectors for the TEZ modes, we have 

x z x Vtfoi] (A - 53) 

(B01 - l)(I?o*i - x iV*oi S* — \  

+ (B01 - l)^e"^c(V^oi x z) x £ ̂  S;nV$roB^»c 

+EE Bmn _ (V'J'rnn X £)e i&mnC x (5qj — 1)V$0lC''^0lC 

m n /?mn 

Pmn ^ „ m n 

(A - 54) 

^ _ 1 
2 

OO OO 

Pmn ,m=0 n=l m=0 n=l 

(A - 55) 

We next perform the integration of the Poynting vectors over the cross-sectional 

area of the guide. We use the definitions for dA as given in (A-25) to obtain the 

incident, reflected, and transmitted power flows: 

<A~56> 
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PR = 
~wt

W<>11'*" '2 + 1 " 2Re [50lll 
- ̂  ( E E \Bmn\2^e-^~^Wmn) (A - 57) 

I m n ZPmn J 

Pp =  ̂
2/?01 

\B0i\2W01 - Ee { 5: j: |5mn|2-^-e-^-^)Wmn) (>1-58) 
*• m n ZPmn > 

We now combine these according to the conservation of total power in (A-18), and 

obtain the generalized power balance theorem for the TEZ modes: 

m=un=l 

where 

_ Jca | 12dA  ̂
Woi /cs|V*oi|2<M 

To recover the special case of the parallel-plate waveguide, we note the following: 

Bmn —* Bn n = 1,2,... (.A — 61) 

An. ->A» = "(!^)2 (A-62) 

Wm» W, 
W n ^ W - 1  { A

~
6Z) 

With these specializations, the TEZ power balance theorem for a parallel plate 

waveguide reduces to 

Re < y. -FW } = Re [Bi] (A -  64) 

We note this is identical to the expression (4-11) we derived in section 4.1.2. 
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To determine the modal coeffients Bmn in (A-59), we need to apply the bound

ary condition on the tangential magnetic field in the plane of the discontinuity. For 

example, let us define the tangential magnetic field at z = 0 as HA. Then, using 

the expression for the transmitted field (A-50), we write 

00 00 

Bmn V'J'nifi (.A — 65) 
m=0 n=l 

We dot multiply each side by V\&P9 and integrate over the cross-sectional area to 

obtain 

r oo oo . 
I HA •  V % , d A  = £ £  B m n  /  V $ p q  •  V V m n d A  (A - 66) 

Jca m=0 n=l Jca 

By orthogonality, we have 

Bpq — — (A — 67) 
PQ 

Lastly, we change the index, and obtain an expression for the modal coefficients in 

terms of the magnetic field in the aperture 

5^ = L£A_VVA 
wmn 
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