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One would like to evaluate and compare complex digital communication sys

tems based upon their overall bit error rate. Unfortunately, analytical expressions 

for bit error rate for even simple communication systems are notoriously difficult to 

evaluate accurately. Therefore, communication engineers often resort to simulation 

techniques to evaluate these error probabilities. In this thesis importance sampling 

techniques (variations of standard Monte Carlo methods) are studied in relation to 

both linear and non-linear detectors. Quick simulation, an importance sampling 

method based upon the asymptotics of the error estimator, is studied in detail. 

The simulated error probabilities are compared to values obtained by numerically 

inverting Laplace Transform expressions for these quantities.

Keywords: B it e rro r ra te , Digital communication system , Im portance 

sampling, Laplace transform , M onte Carlo, Quick sim ulation, Large de

viation theory
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IN TRO D U CTIO N

“Attention, the Universe! By kingdoms, right wheel!” This message rep

resented a historic moment in the development of electrical communications. In 

1858, Samuel F.B. Morse transmitted this phrase over a line that was over 14 

Km long. With that, he introduced a new idea in the field of communications. 

During antiquity, the most common method of long-distance communications was 

the primitive way: sequences of smoke signals. Ancient Greeks also employed fire 

torches that transmitted messages via code. These simplistic methods of sending 

signals marked the beginning of long-distance communication systems.

The advent of electricity caused a broad range of signals to become the most 

practical means of describing human experiences. Signals became an essential way 

for us to see, hear, feel, act, and also allowed development of command systems 

to guide aircraft, spacecraft, and many other automatically controlled systems. 

Advanced communication and control systems process messages and transmit them 

over many miles using various analog and digital equipment. Such systems include 

transatlantic cables, communication satellites, and fiber optics; other sophisticated 

systems, such as radar, can detect and identify objects of interest by utilizing 

high-energy microwave pulses.

An electrical engineer with a primary interest in communications will be 

concerned with signals with widely differing time and frequency spans. These time 

varying voltage or current signals are often discrete functions of time. The conver

sion of a continuous-time signal to a discrete-time version is done with an analog to 

digital (A/D) encoder. In recent years, the thrust of applied physics and electrical 

engineering has been toward digital systems. These systems play more important 

roles and have greater practical impact upon communication engineering than the



old analog methods. There are many reasons why digital communications are supe

rior to their analog counterparts. The primary advantage is that the digital pulse 

is “reborn” very easily. Digital circuits are also more reliable and can be produced 

at a lower cost than analog circuits. The time-divisicn multiplexing executed by 

digital systems is simpler than the execution of frequency-division multiplexing 

by analog systems. Digital signals can also be protected against interference and 

jamming, providing enhanced privacy.

Over the years, numerous analog and Digital Communication Systems 

(DCS) have been designed and their performance analyzed. Assessment of these 

complex DCS has been based upon their complete Symbol or Bit Error Rate (BER) 

often via computer simulation implementing standard Monte Carlo (MC) tech

niques. The receiver that is studied in this thesis uses a sampled approach to 

approximate the continous-time detector. For simulating a performance criterion, 

the original analog signal is sampled via the Nyquist sampling theorem. This re

quires sampling a bandlimited signal with no frequency component above f m Hz 

at a rate /* >  2 • f m ; i.e., T, < 1/2/ m where Ta is the sampling interval (1). This 

uniform sampling theorem is the backbone of digital communication systems.

Based upon sampled values of the captured information, a decision process 

reconstructs the digital data encoded by the transmitter. One possible criterion 

used in the decision process is the principal of Maximum A Posteriori (MAP) 

hypothesis testing. Our study will not explore this Bayesian approach, and no 

attempt will be made to present a detailed study of hypothesis testing. Sufficient 

information will be provided to make a connection to the statistical evaluation of 

optimal detectors in communication systems.

In connection with statistical communication theory, there are instances 

when signals are mixed with noise; for example, an antenna probing the sky for a 

desired signal persistently picks up the thermal energy from the sun or from other 

heavenly bodies. Thus, it is common for the desired signal to be embedded in a
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noisy environment. Given T seconds of sampled data, a detector decides whether 

the received signal is the desired signal or a pure random noise signal.

In this study, and usually in practice, this pure random noise is modeled 

as a Gaussian stochastic process. Therefore, for the case of an elementary binary 

DCS the de*~ctor must decide if the received signal is a digital 0 signal when signal 

and noise is present, or a  digital 1 signal when noise alone is present.

In the absence of a priori information on the probability of digital 0 and 1, 

it is desirable that an optimal detector maximize the probability of signal detection 

while minimizing the probability of false alarm. In practice, these two conditions 

will not occur simultaneously. However, the Neyman-Pearson criterion fixes the 

probability of false alarm ( P f ) at some acceptable level and maximizes the proba

bility of detection ( P d ) without assuming any a priori probabilities. The Neyman- 

Pearson detector implements a Likelihood Ratio Test (LRT) whose threshold is set 

by the desired level of false alarm probability.

Another popular criterion for selecting the threshold level for the binary 

detector is based upon minimizing the probability of error. From a design per

spective, the probability of error is minimized to achieve the smallest number of 

mistakes in the long rim. Because the hypothesis “signal present” (denoted H\)  

and the hypothesis “signal absent” (denoted H2) are mutually exclusive events, 

optimal design investigation makes use of the principle of total probability. This 

leads to a LRT. Therefore,

=  T r f i T T  1 7  ( i . i )f (z \s2) H,

where z is the test observation, /(s |.9j) is the conditional probability density func

tion of Si under hypothesis Hi, and 7 is the detection threshold.

The threshold is a function of signal energies and their a priori probabilities. 

This ratio test of binary communication systems assumes the binary digits 0 and 

1 are transformed to analog signals Sj(t) and s2(t), respectively, for transmission.
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The optimal detector with the above likelihood ratio tert decides si(f) present 

under hypothesis H\ or s2(t) present under hypothesis H2. The probabilistic be

havior of the likelihood ratio test is governed by Gaussian statistics. The likelihood 

ratio test is an important factor for the data processing algorthim in terms of the 

conditional statistics of the observable quantity.

This thesis analyzes a radiometer receiver in the presence of additive Gaus

sian noise and to a lesser extent the linear correlation type receiver. It is known 

that the outcome of the linear filter operation on the Gaussian stochastic process 

is still a Gaussian random process. The binary optimal linear receiver consists of 

an integrator (correlator), or a matched filter followed by a threshold detector.

The test statistic, z(T), is formed by sampling the output of the matched 

filter at t =  T, the symbol time. This discussion with regard to a linear filter can 

be summarized in Figure J .1

The performance of this linear system is a function of an optimum thresh

old and the maximum signal-to-noise ratio (SNR). A matched filter produces the 

maximum SNR. The following formula has been developed for a binary optimum 

detector with the minimum probability of bit error [1]:

( i -2»

where

E& is the difference of two signals (Si —S2) and N 0/2 is the two-sided power spectral 

density of normally distributed zero-mean noise.

In this thesis we evaluate the false alarm error probability of a non-linear 

receiver (a radiometer) by conventional Monte Carlo simulation and Importance 

Sampling (IS) techniques. Several IS techniques are examined. A major portion 

of this study evaluates so-called “speed-up” techniques based upon a branch of
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probability theory known as large deviation theory (LDT). We will begin with 

some exposition on the radiometer.

The radiometer detects signals based upon their energy content rather than 

their exact shapes. The radiometer is a passive gauging instrument employed 

to detect the presence of self-emitted or reflected radiation of an object in the 

thermodynamic equilibrium state. Most practical communication receivers depend 

upon some sort of manmade hardware for conveying signal energy. The radiometer 

is a passive receiver that differs in two main respects from linear correlation type 

communication receivers.

First, most common digital communication receivers are coherent devices, 

employing known signals to transmit digital information. Local frequency oscilla

tors in conjunction with matched filters provide the necessary demodulation. Con

versely, the radiometer detects non-coherent unknown signals modelled as stochas

tic processes.

Second, in linear correlation receivers the SNR, which means the relative 

strength of signal energy to noise power, requires values significantly greater than 

1 for low error signal detection. In contrast, this notion is uncommon for the 

radiometers. In fact, the signal power at the input of the radiometer is considerably 

less than the noise power. It is because of this fact that radiometers are designed 

and tuned to a high level of precision for detecting small input signals.

Common problems encountered in communication engineering are detection 

and estimation of signal parameters in the presence of various additive noises. For 

the radiometer receiver as a digital communication system, we study its perfor

mance in the presence of colored noise having a Gaussian density distribution. 

Noise can enter the desired signal path in a communication system in many places 

and devices. One unavoidable cause of noise is the thermal motion of electrons in 

wires or resistors. The thermal motion of electrons in the conductive materials axe
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responsible for conveying charges throughout the materials as well as producing 

thermal noise.

In the radiometer, colored noise could arise from pre-detection processing 

by bandlimited filters or a non-white atmospheric noise model. Not only does the 

complexity of additive noise make system performance evaluation imperative, but 

evaluation of this DCS over a bandlimited medium is non-trivial as well. The 

non-linearity of this bandlimited system is a major factor in this rather difficult 

analysis.

In this thesis the additive colored noise is modeled by a first-order difference 

equation. Given a sequence of i.i.d. Gaussian random variables {At}, form a new 

sequence {Ft} such that F* = a pFfc-i + A*. {Y*} is a first-order Markov chain.

The assessment of BER performance of the radiometer by an exact ana

lytical expression is achievable although cumbersome. In this study, we present 

the evaluation of the radiometer in the presence of white noise by a Chi-squared 

stochastic model and, in the presence of colored noise, by analytical expressions in

volving inverse Laplace transforms. These transforms are inverted by approximate 

asymptotic methods and contour integration techniques.

Monte Carlo is a classical computer simulation method for problems which 

may be too complex for an exact mathematical analysis. This thesis will exam

ine the radiometer from the point of view of its key performance criterion, BER. 

This study examines a variation of MC simulation techniques known as importance 

sampling. Several importance sampling methods are compared and contrasted, in

cluding one technique, quick simulation, based upon the theory of large deviations.

Other important concerns of this study include the evaluation and opti- 

miziation of non-linear receivers in the presence of non-white additive noise by 

importance sampling, which is a motive for mean biased and scaled variance op

timization schemes. Furthermore, each optimization technique is supported by 

computer simulation with freedom of selection of different statistical parameters.
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1.1 O utline o f Thesis

Chapter 1 highlighted some ideas about communication systems and in

cluded a few introductory remarks on the performance of DCS via the BER crite

rion. In conjunction with such an evaluation, it is essential to borrow some tools 

from the theory of statistics. The intent was to forge a link to hypotheses testing, 

a tool of probability theory, and the probability of bit error in detection theory.

The radiometer will be evaluated in the presence of several different types 

of noises. For the purpose of this thesis, these noises are assumed to be described 

by first-order Markov chains with both Gaussian and non-Gaussian distributions. 

A Laplacian distribution is used to illustrate the non-Gaussian case.

IS methods yield one class of techniques for DCS performance evaluation. 

These methods alter the mean and the variance of the noise signal distribution. 

Chapter 2 discusses the idea of variance optimization in conjunction with IS tech

niques. The IS modifies the MC simulation for efficient use of high speed digital 

computers. IS is the motive for the mean biased and the scaled variance optimiza

tion schemes for radiometer evaluation.

This chapter examines variance optimization of the estimator for the mean 

biased and scaled variance methods. Certain facts concerning the derivation of a 

weight factor which reflects the true relative frequency of events for a Gaussian 

auto regressive (AR) time series are discussed for the non-linear detector.

The aim of Chapter 3 is to provide theoretical discussion of quick simulation 

techniques based upon LDT. LDT extends the notion of the Weak Law of Large 

numbers (WLLN) and allows computation of the exponential rate of convergence 

of probabilities to zero. This chapter develops key ideas concerning LDT for the 

evaluation of the radiometer. Rate function, speed-up factor, convex function, and 

moment generating function are just a few key issues covered in this chapter.

Also in this chapter is a qualitative comparison of variance optimization 

based upon IS simulation and quick simulation. The results of quick simulation
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shows that these estimators have variances orders of magnitude smaller than esti

mators based upon their importance sampling methods. Furthermore, Chapter 3 

explores quick simulation techniques applied to non-linear systems (radiometer) in 

the presence of non-white Gaussian noise.

We would like to extend the approach of quick simulation to non-Gaussian 

stochastics. This extension is examined in Chapter 5 by considering Laplacian 

additive noise.

In Chapter 4 the error probability of a radiometer is expressed as a certain 

inverse Laplace Transform (LT). The resulting contour integral is evaluated by 

direct integration and saddlepoint techniques. Simulation results are compared to 

these more “analytic” methods.

Chapter 6 develops algorithms and computer routines written in the C lan

guage from the vantage point of being fast, high level routines that are capable of 

interacting with system hardware. Also for the simulation aspects of this study, it 

was needed to interface from the C environment to a series of FORTRAN codes 

for generating random numbers and optimization routines from the IMSL library. 

IMSL is a widely used package of numerical and applied mathematics routines.

Chapter 6 concludes with simulation results and compares these with the 

error probability of the radiometer determined by means of contour integration and 

saddlepoint approximation methods. Results are tabulated and graphic displays 

are provided.
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t=T

1=1,2

Matched to Z(t)= 
s t (t)-s2 (*) a ((t)«n0tM

TXMR

F ig . i . i :  Matched Filter
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C H A PTER  TW O 

IM PORTANCE SAM PLING TECHN IQUES

Importance sampling is designed to increase the efficiency of a Monte Carlo 

simulation applied here for the evaluation of BER of a DCS. The Monte Carlo 

simulation method has applications in almost any field related to probabilistic phe

nomena. Historically, about 1940, the Monte Carlo method became famous when 

it was applied toward the evaluation of the number pi (ir). Subsequently, the work 

of Von-Neumann and Ulam for improving the direct simulation of random motions 

of neutrons in fissile material showed the Monte Carlo computational method to 

be an aid to variance reduction techniques.

2.1 O utline of the  C hapter

The materials in this chapter are presented as a background for the further 

study of the various DCS discussed in subsequent chapters. In this chapter Monte 

Carlo techniques are introduced. An important “speed-up” technique known as 

importance sampling is discussed. Two approaches to importance sampling, mean 

biased and scaled variance are applied to a non-linear detector as well as a linear 

detector. Optimized variance for the scaled method is demonstrated for the non

linear detector.

In addition, a complete result of the mean biased method for a linear de

tector is presented and a partial solution of this method is given for a non-linear 

detector. Throughout this thesis we deal only with the false alarm probability of 

the detectors; i.e., analysis is performed in the presence of noise only.

2.2 Conventional M onte Carlo M ethod

Monte Carlo analysis is an effective procedure that enables one to solve 

many problems too complex for an exact mathematical analysis. One disadvantage



of Monte Carlo analysis is the need for large sample size to accurately estimate the 

desired quantities. A major portion of this thesis deals with techniques to reduce 

this large sample size.

This thesis applies Monte Carlo methods to estimate the probability dis

tribution of a random variable say X ,  or the probability that X  exceeds some 

threshold; for example,

00

P({X  > T}) =  j  f x (x)dz (2.1)
T

where fx ( ' )  is the probability density function of X .

By introducing the set indicator function for the random variable, the latter 

problem is transformed as follows. The set indicator function is expressed by:

! . h i l e  <2-2>

where At  — {x > T).

Combining equation (2.1) and (2.2) results in

+0O

Pe = P({X > T}) =  J  Ur(x) fx (x )dx  =  E\ \A t{X)}. (2.3)
—oo

P({X > T}) will be the probability of false alarm for DCS, hence the notation Pe.

It is suitable to estimate Pe by the sample mean

_  1 N
(2.5)

1=1

where {X, } are i.i.d. random variables with common density /*(•)•

The Monte Carlo simulation provides a probability estimate Pe of the true 

bit error rate for systems where signal and noise parameters are statistically spec

ified. This estimate is given as:



20

where Ar is total number of trials and n is total number of false alarms: i.e. a false 

alarm occurs whenever the test statistic A' exceeds T  with noise alone present. In 

common language, a “h it” occurs whenever the DCS threshold is exceeded.

The variance of the Monte Carlo method is the difference between the second 

moment and the square of the expected value.

/ + O O  yO C

[Ia t (x )}2 f x ( x ) d x  =  /  f x ( x ) d x  , ( 2 .6 )

■oo Jt

and may also be represented by

var[lAl.(X)| =  P({X > T})[1 -  P({X > T})] =  Pe(l -  Pe). (2.7)

The Monte Carlo estimation of the bit error probability for the radiometer 

is given by the equation (2.8)

_  1 K
P " -  k E W I ' /  ^ ‘ ) (2-3)

k = l

where the set At  is defined as

At ^ { ( x „ x 2>. -  y ' ( ® j)2 > r } .  (2.9)n 'i=i

{A’,} is a set of i.i.d. random variables used to generate {Y, } which are coupled 

to the radiometer as shown in Fig. 2.1. Also, n is the number of sample points 

used by the radiometer and K is the number of simulation runs. P "  converges in 

probability to P n as I\ goes to  infinity.

Recently, the idea of the Monte Carlo simulation has been directed toward 

the computation of the bit error probability of a DCS. BER performance is used 

for evaluation of DCS via computer simulation and is a very important parameter 

for evaluating system performance.

It is easy to compute the BER criterion for a DCS that operates over a linear 

AWGN channel with an unrestricted bandwidth. However, bandlimited channels
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introduce ISI, and non-linearities inherent to the DCS generate a non-Gaussian 

noise component at the receiver output. These factors pose some difficulty for 

analytical evaluation. Performance evaluation of such DCS by means of the Monte 

Carlo simulation in its basic form may place excessive demands on the computer’s 

random number generator.

In order to achieve reasonable results and time for an error probability on 

the order of 10-6 , it requires IQ7 sample points per simulation run by the direct 

Monte Carlo simulation method [2]. Importance sampling techniques alter the 

underlying probability distributions to make rare events, namely a false alarm, 

occur more frequently. Consequently, the required sample size is reduced and thus 

lowering the computation costs for accurate estimates via Monte Carlo simulation. 

This technique is based on the asymptotic approximation of the tail probabilities 

of the Gaussian distribution. This technique alters the distribution of rare events 

such that more samples from tails of the noise process are used in the simulation 

to obtain a better estimate of the error count.

Importance sampling modifies the probability distribution of the underly

ing random processes so that the probability of a false alarm is higher. Then, 

the probability of all events is compensated by a weight factor to reflect the true 

probability of infrequent events. For a fixed sample size, the importance sam

pling method yields a smaller variance of the estimator compared to the variance 

obtained from the unaltered noise processes.

Let f*(x) be an altered density function for X, then

(2.10a)

/•+oo
/  l AT( x ) - W ( x ) - r ( x ) d x (2.106)

where W(x ) =  is the weight factor.
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The ratio - j ^  was originally introduced for the evaluation of the bit er

ror probability in digital communication systems by Shanmugan and Balaban [3]. 

Equation 2.10b is identical to

P ({*  > T)) = E*[lAT(X)  • W{X)\ (2.11)

where E* is the expectation operator with respect to the modified probability 

density function /*(•)•

The estimated value of P({X  > T}) is obtained by the sample mean

f t < X > T } ) - £  £ > , ( * , ) - H W  (2.12)
1 = 1

Equations (2.12) and (2.5) are Monte Carlo and modified Monte Carlo estimators.

There are a number of distinct criteria for selecting the weight function W. 

We use three specific simulation methods for the linear detectors and the non-linear 

detectors in this chapter. They are the Monte Carlo method, the scaled variance 

method proposed by Hahn and Jeruchim [4] and the mean biased method proposed 

by Lu and Yao [2]. The rest of this chapter will contain some expository materials 

for the scaled variance and the mean biased simulation methods.

2.3 The Scaled Variance Method

The scaled variance method is one variation of importance sampling tech

niques. In this technique the variance of the simulation random variables {Y*} for 

the radiometer (see eq. (2.8)) are increased to effect an increase in the number of

hit or “false alarms”. This idea is depicted in Fig. 2.2. The overall Pe estimate is

then “unbiased” by use of the weight function W. Assuming that the input random 

variables are i.i.d. Gaussian, the output of the non-linear detector is Chi-squared 

distributed [5] with

fy(v)  = 2f . r (? ) ; . i r ' * f  • . * £  o (2.13)
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and Y  =  X 2, where Xi are i.i.d. Gaussian random variables and T is the

Gamma function.

Below we develop a closed form expression for the estimator variance as a 

function of IS method. For concreteness, we establish a closed form solution for 

n =  4. This solution can be shown to be true for arbitrary even n.

The following equation is obtained when n =  4 is applied to equation (2.13)

M y )  = (2-16)

Define the set indicator function and the modified set indicator function for 

the original and the altered distribution by equations (2.17), (2.18) respectively.

Y  = g(Xu X 2y- - - ,X n). (2.17a)

1 **
fl(*i»*2r  ••>*») =  ” 53*? (2.176)

i=l
R,  =  U r (Y) (2.17c)

where {X„} have the original unsealed distribution. Now define

a ;  = w ( W ) .  (2. i8)

In the above equation the variance of X n is scaled by £2. Clearly

Pe = £*[/*;] = E[R,\. (2.19)

The variance of Pt for K  simulation runs is denoted by:

Var[P;]* = -^rVar(i2:]. (2.20)

We develop below the mean and the second moment of R9 and R* to calculate the 

estimator Pe variance.

/+oo
lA , (Y ) M v )d y  (2.21a)

■oc
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= /  fv(y)dy. (2.216)
JnT

For the biased distribution the modified indicator function is used and its expected 

value is represented by

E[R'a) =  E[1A t (Y) ■ W y (Y )}  = l Ar(y) • W ( y ) m y)dy (2.22a)
7 — 00

<•+00r-t-oo
= /  fv(y)dy  (2.226)

Jn T

where /y(-) is the scaled probability distribution function, and Wy{-) is the weight 

factor.

The error probability for n =  4 is given by

/+oo
U t W y W v (2.23a)

■oo

+ y*-foo
= 7  /  y e ^ d y  (2.236)

4 74T
and hence

Pe = P ( { Y > 4 T } )  = j[4 + 8T}e~2T. (2.24)

Using the same procedure for n = 6, Pe is expressed in the following form

Pe =  ^ ({F  > 6T}) =  ^[2 (6T )2 +  8(6T) + 16]e"3T. (2.25)

By a careful examination of equations (2.24) and (2.25), it is possible to present a 

general solution for even values of n.

E[R.\ = P , = P ( { Y >  nT)) =  e=P  (2-26)
i= 0

where L = —1 + f .
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The variance of the scaled estimator is now computed. By introducing a 

scale factor £2 to the variance of the input sequence {.¥*.}, the scaled version of 

the probability distribution function of the test statistic F  is [6]

I H y )  =  ( W ’ r f T( f ) l," + * “ P ( 2( W ? ) '  y - ° -  (227)

We construct the weight factor as the ratio of unsealed probability distribution 

function to the scaled probability distribution function [2]. Denote the weight 

factor for the Chi-square with n degrees of freedom by

W H V) -  M l  m

= r e x  p ^ ( l - l ) ^ .  (2.286)

It follows from equations (2.28) and (2.18) that the second moment is given by

E[ ( R: f )  = E [ l \ T{Y)  • W 2{Y)\ = / +°° W 2(y) • f Y{y)dy.  (2.29)
J nT

Therefore, the second moment becomes

m  = 3 %  j C ” »‘" +1 i ^ ( t (S -  ,2'30)

The evaluation of the equation (2.30) is accomplished by using the same procedure 

for evaluating equation (2.23), and is summarized in the following form

T  1 nT
E[(R;)2] =  P ( Y  > nT)  =  C  ■ ^  — ^ 31)

• „  l - 1= 0

where ^ =  2 -  j?,  and L =  —1 +  f .

Recall that the estimator variance is defined by equation (2.32). Knowing 

that =  E[RS] for the unbiased estimator results in

(2.32)
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Insertion of equations (2.26) and (2.29) in (2.32) results in

L

VarfiZ*] =  C  • £ (  • ( ^ )' ~  e ~ " T {
i=0 ^

P C s ) - ( f > il, +  t E < 5 ) - ( f > ' - (? ) - (T :>'}- ,2 '33>'=0 i * j

The estimator variance for K simulation runs is

Var[iZ:]A- =  1  • Var[iZ*]. (2.34)

This variance is minimized by selecting the optimum value of the scale factor. 

Now let us focus our attention o n n  =  4 and then give the general result for even 

n to obtain a general analytical result. Applying n =  4 to the equation (2.33) 

indicates that

Var[R’a] = ^ e ^ r ( u 2 +  2uT) -  e~2»(l  + 2T). (2.35)

The derivative of the above equation with respect to the scale value £ is

4 v a r [ i? :]  = e ^ i u 2 + 2hT)(4£ 3 +  £4( - 2 T ) ( ^ ) )  +  ^(2uu' +  2u'T)e^L (2.36)
e

where u' = 3, 2 1 2 and v is defined as before.N c2 ‘
For general even value of n, the optimum value of scale variance is formed 

by setting (2.36) to 0 and numerically solving for £.

T v » r m  -
i= 0

— n T
e +

l w n nT.

1 = 0

(2.37)

The optimum scale factor £ minimizes the variance in equation (2.33) and 

concludes the scaled variance method for the radiometer without a memorv in the
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presence of white noise. Various optimum scale factors are obtained by implement'

ing the optimization routine of IMSL and are presented in Thble 2.A. The value 

n =  10 is assumed for data in Table 2.A. The graph of a particular threshold is 

provided in Fig. 2.3. Next, we study another variation of IS, the mean biased 

technique.

2.4 The Mean Biased Method

First, the principal idea of the mean biased method is applied to the linear 

filter (integrate and dump) and a general closed form solution for the minimum 

variance is exhibited. The minimum variance is obtained by seeking an optimum 

shifting factor.

Second, we proceed with the mean biased technique for the radiometer in 

the presence of white noise. Unfortunately, the analysis of the mean bias technique 

is cumbersome for the radiometer since one needs to evaluate a (—1 + y) Bessel 

function of the first kind.

The mean biased method suggested by Lu and Yao [2] increases the mean 

of the random variables {Yj} by a constant value of C to effect an increase in the 

number of hits or “false alarms.” As before, the input to the detector is a sequence 

of i.i.d. zero-mean and unit variance Gaussian random variables. A new sequence 

of random variables is defined by translating the mean of the original sequence by 

a constant C. Then f x ( x ) =  f x ( x — C), when fx{ ')  is the original distribution of 

{JYj}. Now, the infrequent events greater than some threshold T will be sampled. 

The idea is depicted in Fig. 2.4.

It is well known that the stun of i.i.d. Gaussian random variables is Gaussian 

with the probability distribution function

(2.38)
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The sum of i.i.d. random variables serves quite well in the analysis of a 

linear filter with equal weights when the output of the filter is compared with a 

threshold value of T. Let Y  denote the test statistic for the linear detector. Define

Y  = g(Xu X 2, - - - ,X n) (2.39 a)

where
1 "

••>*») =  -  (2.396)
i = l

and X n have the original Gaussian distribution. Now, the random variables are

Rm = w r )  (2.40)

JC  =  W Y ) . W ( F ) .  (2.41)

The expected value of R m and the second moment of R ^  are obtained to be

E[Rn 1 =  q ( H I )  (2.42)

E [ R ' m \ * = t * ‘ Q ( Z - ± 2 £ y  (2.43)

Knowing the second moment for a general case of n sample points used by 

the linear detector allows one to compute the optimum variance. It is an easy 

task to calculate the optimum value of the constant C  for minimizing the improved 

importance sampling variance. Fig. 2.5 shows the occurrence of the minimum 

variance at C = 0.237. However, this minimum value improves as the value of C 

increases.

The variance of the mean biased method for a single simulation run is

Var[H^] =  exp(nC2) • ~  (2M )

We proceed with a mean stretching technique for the radiometer. Recall 

that the output has a Chi-squared distribution when fed with a sequence of i.i.d.
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Gaussian random variables. The mean bias importance sampling is accomplished 

by altering the mean of the input random variables {A',} from zero to C. The 

distribution of the test statistic Y  is given by [6]

f v i y )  =  j r ) 1"*22 cxp( — 2— ) • I -  1+j ( V . s ) ,  ! / > 0  (2.45)

By definition, the non-central parameter of the Chi-square distribution is

s2 =  n ■ C 2.

I - i+a( . )  is the ( — 1 + f )  order modified Bessel function of the first kind.

This Bessel function is normally represented by an infinite series of the form

» * " .  C2.46)

Referring to equations (2.17) and (2.18) we form the mean of these random 

variables as in equation (2.26). The modified probability density function and the 

weight factor are given by

< ^ )
=  ^ ( 7^ 2 )  ~exP( + * ( y / ny - C)  (2.47)

and

r2AS)

respectively. The above elements enable us to express the second moment in the 

following form

/ -foe

l Ar(y)W(y) fy(y)dy  (2.49a)

•OO

-I.
+0° FTTfFy(" 2>exP ( - 2/)

nT ' CXP< ~("Cj -±i/- )  • I - i+j^iy/ny-C)

? n  n /  n  \2 _

---------------------------------------dy. (2.496)

Since the above equation can not be simplified, we choose to leave the second 

moment in that form.
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This chapter concentrated on the Monte Carlo simulation technique and op

timizing the importance sampling performance for the linear and non-linear filters. 

We exhibited some analytical results in order to shed some light on the analysis of 

non-linear detectors in the presence of colored noise. Complete simulation results 

for importance sampling methods of this chapter are included in Chapter 6.

We introduce the preliminary materials needed for the quick simulation of 

a radiometer in Chapter 3. In that chapter, the law of large numbers will figure 

prominently in the quick simulation technique.



First Order

Recursive V V J?
* *

Fig. 2.1: Radiometer

v?
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Fig. 2.2: Scaled variance m ethod

NON-LINEAR DETECTOR
ap=0, SCALED VARIANCE METKO

© 53.1742
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w  32.4171O
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2.051.451.15

Fig. 2.3: Optimum Variance
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f ( x ) - ^ i

Fig. 2.4: Mean biased method

UNEAR DETECTOR
ap=0 , MEAN BIASED METHOD

o 19.7701

Threshold T = 2.9, Decree of freedom N»10

44310

2.7040

0.0000
0.00000.0300 0.0700 0.1100 04060 04970 02370 02760 02160 02860 02900

SHIFT VALUE SCL 

Flf. 22: Optimum Variance



Table 2.A
Non-Linear Detector Optimum Variance

T Vermin

oII***

Varrae
2.50 1.6275 0.12786 xlO"5 0.53169 xlO"2
2.75 1.7013 0.24251 xlO-4 0.21648 xlO"2
3.00 1.7721 0.42830 xlO-4 0.85591 xlO"3
3.25 1.8399 0.71231 xlO'® 0.33029 xlO“3
3.50 1.9061 0.11253 xlO"6 0.12485 x lO '3
3.75 1.9697 0.17005 xlO"7 0.46357 xlO"4
4.00 2.0317 0.24722 xlO"8 0.16944 x lO '4
4.25 2.0919 0.34733 xlO"9 0.61081 x lO '4
4.50 2.1508 0.47343 xlO“10 0.21747 x lO '4
4.75 2.2075 0.62809 xlO“11 0.76571 xlO"®
5.00 2.2621 0.81325 xlO“ li 0.26691 xlO~*
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ASYMPTOTIC RATES FOR IS TECHNIQUES

In this chapter we examine the choice of IS techniques from an asymptotic 

point of view. The variance of the estimator P"  introduced in Chapter 2 decreases 

exponentially fast as n approaches infinity. By employing results from large de

viation theory, the precise rate at which the estimator variance vanishes may be 

calculated. Various IS techniques can then be compared based upon this criterion 

under the assumption that faster exponential decay rates give better estimators. 

Developments of optimal IS techniques from this vantage point have resulted in 

quick simulation methodologies.

Below, the exponential rates of decay are computed for straight Monte Carlo 

simulation, the mean bias IS method, and the variance scaling technique. The quick 

simulation technique is introduced and shown to have a faster rate of decay than 

the other methods. Indeed, computer simulation shows that the quick simulation 

methodology produces orders of magnitude improvement for the estimator vari

ances.

In digital communication systems design or analysis, the probability of error 

decreases as a function of increasing signal power. In general an error probability 

in the range of 10-5 to 10-6 is the result of the rare events, “false alarms”, in 

a DCS [4]. Digital communication systems with a non-linear detector require a 

communication systems analyst to simulate the system’s operation in order to 

obtain an estimate of the error probability. A probability of error in the vicinity of 

10-6 requires an excessive number of simulation runs; hence, the idea of importance 

sampling from operational research (queuing networks) is used to reduce these 

severe demands for estimating the error probability. This concept was adequately 

explored in Chapter 2. In addition, the exponential reduction of estimator variance
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as a function of sample size for a digital non-linear and linear receiver is represented 

by equation (2.33) and (2.44), respectively.

3.1 Outline of the  Chapter

This chapter begins with a description of the DCS (radiometer), the prin

cipal element of this research. Introductory information on the Markov stochastic 

process modelling the additive noise is presented. We then briefly discuss the 

Chemoff bound and its relationship to the quick simulation methodology.

Central to our effort will be the discussion of asymptotic techniques for 

the radiometer and comparison of asymptotic variance decrease for the straight 

Monte Carlo method and other importance sampling techniques, emphasizing that 

quick simulation maximizes this rate of exponential decay. In addition, this chap

ter discusses rate functions for the Monte Carlo importance sampling methods 

and develops the idea of speed-up factors. Finally, we will present rate functions 

and constants for a special candidate from a class of first-order Markov transition 

distributions of which one will be the optimal choice for the radiometer simulation.

The large deviation theorems in this chapter are found in [7]. These theo

rems are employed to analyze the radiometer error probability and the IS estimators 

variance.

3.2 Additive Noise Model

The DCS that we analyze in this thesis is depicted in figure 3.1. The receiver 

(a radiometer) consists of a square-law non-linearity in conjunction with a summer 

(integrate and dump) and a comparator. The added noise will be modeled by 

a first-order Markov chain {!*}. {It} is given by the first-order autoregressive 

equation

Yk = a p - Y k - i + X k
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where {Xk} is a sequence of independent identically distributed Gaussian random 

variables and

0 < ap < 1.

One may think of the noise model as consisting of an input i.i.d. sequence {Jf*} 

applied to a first-order recursive filter which gives an output {%} which is then 

sent to the radiometer. The first-order recursive filter is depicted in figure 3.2. 

When dp =  0 the test statistic, Zn, is Chi-squared distributed with n degrees 

of freedom. The analysis of this distribution for the radiometer was presented in 

Chapter 2. In this chapter we assume a p > 0 and estimate the error probability 

Pe" =  P{Zn > T } via computer simulation.

A first order Markov chain is a stochastic process which is defined by the 

requirement that

/(yn |y«-i, y«-2, • • •, y i, yo) = /(yn|y».-i) (3.1)

for every choice of the nonnegative integer n. The conditional probability density 

function /(y n|yn- i)  is the transition probability of the chain.

The estimated probability of error for the Monte Carlo method is defined

by

P? = -j? E W l f ’. l f V  ".I',!*’) (3.2)

where K  is the number of times that n random numbers are generated and \ at is 

the indicator function of the following set

At  ±  {(*i,*2, •••,*„) :  - f > < ) 2 > T}. (3.3)
n 7?x

Note that a weight factor of 1 is associated with the Monte Carlo method in 

equation (3.1).

Importance sampling techniques attempt to overcome the inefficiency of 

the Monte Carlo method by biasing the input random sequence {A-*} so that the
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probability of a false alarm is higher. That is, the occurrence of the event {Zn > T )  

is higher in K  trials. As before, the estimated probability of error is constructed 

in the following equation [7]

(3.4)
k=l

W(") is a weight factor for compensating the true probability of infrequent events. 

W  is simply the ratio of the unbiased to the biased distribution of {y„}. There is no 

unique version of this weight factor and its form relies on the choice of importance 

sampling technique.

Two approaches to importance sampling, so-called mean bias techniques 

proposed by Lu and Yao [2] and scale variance techniques proposed by Hahn and 

Jeruchim [4], are considered for derivation of weight factors. In addition to these, a 

weight factor for a Markov chain {!*} distribution will be derived when parameter 

ap and the variance of the input random sequence {A*} is changed.

The distribution of {!*} is now derived assuming {X*} is a sequence of 

i.i.d. random variables drawn from a Gaussian distribution with mean // =  0 and 

variance ap2. Choose 0 < ap < 1 to ensure stability of the chain. The filter output 

{n}  will become stationary after transient effects have died out.

Consider the auto-correlation of the Markov chain

R y (n)=:E[Yk -Yn+k]. (3.5)

fly(O) = E[Yt] = E[{apYk- , + X kf ]

= +  2a , m - i  • X k] +  E[Xl]

= a2pR{ 0) +  <rj. (3.6)

Var(yj) = 72y(0) = -—
1 - a *

(3.7)
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In the above, transient effects are neglected; hence the chain is in steady 

state, that is

E[Yk] =  £ [n - i ] .

In addition,

s [ n - i  •**]=<),

since Yt-i  depends only on X*_i, X k - 2, •••, and X* is uncorrelated with these 

earlier input samples.

In the mean bias method, steady state variance is used. This method in

creases the error “hit” probability by translating the input random variables {X*} 

by a small constant value £.

3.3 M ean Bias W eight Function

A derivation of the weight factor for the mean bias assumes Yo =  0 as an 

initial condition and the chain is in steady state. Hence, the Markov chain is given 

by

Ki = arpYo + X\  = X\.  (3.8)

Since the input noise signal {X*} is assumed Gaussian the probability density 

function of this Markov signal is

Each consecutive member of the chain is correlated through the ap coefficient 

with its prior member. Hence, >2 =  apY  + X2, and the “randomness” left in Y2 

arises from X 2 only. Thus,

/ ( j s l s i )  =  / ( i f !  -  “ pUl l (3.10)
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and the transition density function becomes

\2

/ (w lsn )  U e x p f - i l gs-  a * 1-1- ]. (3.11)2 a

The joint density of the first two members of the Markov chain is

f ( y 2 , y i )  =  f ( y i ) J { v i  -<*Pyi )  =

lA  ^  1 f - l r(1 - a p)yi + (V2 -  OlpVl)2^
— t— ?r-------------------------- »■ (3.12)

After a small value (, is added to random variables {X*} the additive noise 

becomes

Yk+i =  OpYk +  (X t+ i  +  £)• (3.13)

The expected value of this random variable is

£[Vk+1] =  a pE[Yk] + £[X fc+1j + £. (3.14)

The steady state mean becomes

£[r,] =  - r - L -  (3.i5)
1 — «p

where, as before, this follows by assuming

E[Yk) =  E[Yk+i). (3.16)

Denote the new first-order density function by f*(yi)  where

f ' (Vl)  =  -  r - ^ - ) 2). (3.17)crpy/2n 2 <r‘ 1 -  ap

Now apply the same approach used to find (3.11) to conclude

f*(yi\yi) = f*{y 2 -  «Pyi -  0  (3.18a)
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where

/*(y2 -  <*Py\ -  0  =  e x p [ ^ (y 2 -  a pyx -  {)*]. (3.186)

The weight factor defined as the ratio of unbiased probability density to the biased 

density for n sample points is expressed by

W(yu  y2, • • •, yn) =  exP [ ^ ( f r ^ ) ] x 

e x p ( '5 l2 ’ { ( 1 +  a r ) w  +  S ( ^ + 1  “  t trVi -  o ) } ] -  ( 3 -1 9 )
i=i z

3.4 Scale Variance Weight Function

We now derive the weight factor for the scale variance method proposed 

by Hahn and Jeruchim [4]. This approach seeks to increase the occurrence of 

{Zn > T } by multiplying the variance of the input random sequence {X*} by a 

scale factor ( 2. We return to the Markov chain and assume the additive noise
o1signal is in steady state with Var(Ki) = Knowing that k =  0 and the initial

condition of Y0 = 0, the first-order steady state density function is

ti s ( ! - “ £)* r~l/(yi)   ------y§=- exp[~5--------~2 — ]• (3.20)opV 2tt 2 Op

Adopting the same reasoning as in the derivation of equation (3.10) we have

/(yalyi) =  f (y 2 -  <*Pyi) =  exP[~T • ] (3.21)Op\pht

and

/ (y 2 ,y i )  =  / (y 2 |y i ) . / ( y i )  =

/I 1

(<r v S ) 2  CXP  ̂2 ^ f  ̂  +  ^  +  y * ~  2 a * y m ^ ’ ( 3 ‘2 2 )
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The modified probability density function for the scale variance method is given 

by

f x M = i z m ' expli n l— } ( 3 ' 2 3 )

and thus the second order density becomes

r ( y 2,yi) =  /*(y2|y1) .r (y i)  =

Thus the weight function for n sample points is expressed as 

W(yx, y2, • • •, y„) =  C  ~ ^ ) ( (*  ~ <*l)v i + £ (y .'+ i -  « Py.)2)]- (3.25)

3.5 Quick Simulation Weight Function

The quick simulation methodology deals with a different weight function 

than we have so far considered. We present the generic form of this weight function 

next and its unique form will be discussed later.

The validity of the quick simulation technique is based upon the asymptotic 

behavior of P? as (n —*■ oo) under fixed K. It can be shown that the variance of the 

Monte Carlo and importance sampling estimators diminishes exponentially fast as 

n —» oo. The principles of LDT provide the exact exponential rate of decay for 

the estimators’ variances in (3.4). The Markov chain {%} is adjusted to maximize 

this rate decay.

Now, a new weight function is derived which incorporates changes in both 

the parameter a p and the variance of the input sequence {Xk}. We proceed with
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steps involved in the scale variance method to obtain the weight function with 

these altered elements. The resulting weight function is

l - o ? '

exp

where

-  T,)„? -  i  ( t ,  »?+1 -  T jy? ) - ( ^  - (3.26)

p ?
and

(3.27a)

T2 =  "T -  -7 - (3.276)
<72 <7?

The o g and are the modified Markov chain parameter and variance of the input 

sequence {Xt}, respectively. They will be designed to maximize the exponential 

rate of decrease of the estimator variance. The weight function in (3.26) will 

reappear in a different form when we derive the speed-up factor (SF) for the quick 

simulation technique.

3.6 Quick Simulation

The quick simulation technique is based upon a branch of probability theory 

known as large deviation theory which involves the stun of sample observations. 

Assume X \ , X2, • • •, X k is a series of i.i.d. real valued random variables with com

mon finite mean and variance. Denote the common mean by F[X] = mp. The sum 

of this sequence has a sample average

<3-28)
k=1
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By the weak law of large numbers, the arithmetic mean, 5„, converges in probability 

to the common mean value mp; i.e.,

Urn P{\Sn -  m„| > e} = 0 (3.29)
Tl »OQ

where e is any positive number. Under quite general conditions the probability 

in (3.29) diminishes exponentially fast as the number of sample points, n, tends 

toward infinity. In fact, a classic result of Cramer [8] shows that

P{|S„ -  mp| > e} < exp(nAf) (3.30)

where M  < 0 and n is a large positive number. The upper bound in (3.30) is a 

simplified version of the Chemoff bound when its moment generating function has 

a finite value of 1. In general,

P{|Sn -  mp| > e} < C(0)exp(nAf) (3.31)

where C(6) is the finite moment generating function [7]. The precise rate of expo

nential decay guaranteed by Cramer’s theorem is given by [8]

lim — logP{|S„ -  mp| > e} =  -/(e ) . (3.32)n—*oo n

/(•) is the so-called rate function and is given as the Legendre/Fenchel transform 

of the moment generating function; that is,

I(x) = sup{0x -  C{9)} (3.33)
9

where C(0), the moment generating function, is defined as [8]

C{9) ±  lim ilog£{exp(0X n)}. (3.34)n—*30 Tl

We now highlight some properties of the rate function [8].

1) I(x) is convex.



2) I(x) obtains its minimum at E { X j} =  mp and J(mp) =  0.
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The implication of LDT for importance sampling relies on the key idea 

of the rate function. The variance of the importance sampling estimator decays 

exponentially with rate given by the rate function. We now derive the rate function 

for arbitrary weight functions and then examine optimal choices for W{-).

Let {Yfc} be real random variables with common density function /(•). Now, 

consider a test statistic Zn =  £ 5Zi=i(^*)2 f°r estimating the probability of the set 

to which Zn belongs:

Pn ±  P{Zn > T}. (3.35)

For the radiometer depicted in figure 3.1 an estimate for P„ is made by generating 

K independent realizations of (Y\ , Y2, • • •, Yn) represented by

K

*=1

where {In**} is a sequence of Gaussian random variables. Applying the IS method

ology, assume this sequence of independent random observations has distribution 

q(-) instead of the true distribution /(•)• The importance sampling Monte Carlo 

estimator becomes

y<*i ?<!>7 (3,36)fe=l 3V*1 )

where, as before, ^(-) is the weight function and K  is the number of simulation runs. 

Expectation of the estimator in (3.36) with respect to the density q(-) is simply P„. 

Hence, the estimator is unbiased; i.e., £[P„] =  P„. A simple computation gives 

the variance of Pn as

VM[P„| =  i [ ^ r ( , ) - P n2l (3.37)
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where rfAT{-) is the second moment having the following form

v a t =  f  — — r] q ( y t , y 2 , ’ " , y n )dy idy2 " - d y n . (3.38)

Clearly, the selected simulation distribution q(<) influences implicitly the estima

tor’s variance through t]at • By employing Jensen’s inequality, one can show that [7]

VAT{q) > {J U r(yi»y2,---,yn) q ( y i , y 2 , ‘,yn

q(yi,y2,--,yn)dyidy2-"dyn}2 = Pi- (3.39)

The above inequality becomes an equality, jjat =  P%, iff I at ' {(') remains 

constant with respect to the simulation distribution q(-). Therefore, the optimal 

choice for the simulation distribution is given by

.. .. \ i^ 7*(yi’y2i "■ >y») */(yi»y2»*■ ■ >y») ^  ^q m ,y 2 , - " , y n )   --------------------- =---------------------- . (3.40)
M l

This selection of density function q(-) has a disadvantage in that it is in

versely proportional to the probability of false alarm, Pn, the exact quantity to 

be estimated. Now, let us focus our attention on a good choice of probability dis

tribution <7(-)’s that minimizes the estimator variance. Since the additive noise is 

modeled by a first-order stationary Markov chain, we focus our attention on q(-)'s 

that are first-order Markov chains.

The procedure we follow will be the analysis of (3.35), (3.36), (3.37) utilizing 

some of the large deviation theorems found as statements in [7].

The input {Y*} to the radiometer has transition density function /(y|ar) and 

steady state first-order density /(•). The principles of large deviation theory are 

now applied to the test statistic {Zn}. Utilizing the application of large deviation 

theory it is shown that the probability of false alarm, Pn, diminishes exponentially
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fast as the number of sampling points approaches infinity (n —* oo). The rate 

function theorem states the exponential rate of decay for Pn is given by

lim -  log P{Zn > T }  = - I (T ) (3.41)n—»oo D

where T  is the threshold for the test statistic.

Theorem A: [7]

The rate function is

I(T) 4  sup{0T -  log A(0)} (3.42)
e

where I(T)  may be found by setting the derivative of 9T — log \(0) to zero.

V(0) (3.43)
6 = « o

Since I  assumes its supremum we have

J(T) = 0or-lo g A (0 o). (3.44)

A(8) in (3.41) is the largest eigenvalue of the integral operator defined as

Ge(g) = /  exp(0y2)y(x)/(y|x)dy (3.45)
J— OO

where g(-) is a function defined on the interval (—oo,+oo).

It is important to note that the estimator variance in (3.37) also satisfies 

a large deviation principle. The exponential decaying of the estimator variance is 

the chief objective of the quick simulation technique. Now, we need to explore how 

quickly the estimator variance vanishes. Equation (3.37) is reorganized for this 

matter as follows

lAriq) =  P% +  K  • Var[P„). (3.46)



48

The insertion of /(y |x) =  g(y|x) in (3.38) confirms that the direct Monte Carlo 

estimator variance is

Var[Pn] =  - i p n( l - P n). (3.47)

The estimator variance in (3.47) diminishes at the same rate as P„ stated in (3.43). 

In general, one tries to find the greatest possible rate of convergence for the Var[P„] 

when the transition probability density function g(y|x) is selected from a class of 

good candidates.

tjat can vanish no faster than its largest, term K  • Var[P„]. The exponential 

rate of decay for the variance of P„ is embodied in the so-called “speed-up” factor, 

defined as

SF(Pn) ±  lim -  log(Jf • Var{P„}). (3.48)n »oo fl

The above figure of merit can be obtained since Var{P„} > 0. The identity in 

(3.46) satisfies the inequality

lim - l o g ^ T(q) > 2  lim - lo g P n. (3.49)n—»oo n n— oo n

By the large deviation theorem, the right hand side of the inequality is two times 

the rate function for the probability of false alarm. Note that the more negative 

5F  is, the faster Var[PB] vanishes.

The maximum value that we can expect is

lim -  logT]AT(q) =  -2  ■ I{T). (3.50)
FI—■♦OO X X

The SF  is maximized by an optimum choice of transition density g(y|x). A simu

lating transition density that achieves this optimal rate (3.50) is termed efficient.

Use of an efficient transition density tends to prevent exponential growth in 

the number of simulation trials required to estimate P„ to a pre-assigned relative 

precision. Let relative precision be defined as and also define K n(q) as the
•  n

number of simulation runs required to estimate P„ to a given precision. It may be
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shown that K n(q) ~  exp(P • n) (R  =  lim„_oo ^ fog^nfa)) for R > 0, and the rate 

is given by [7]

R  — lina log{Kn(q)) =  21(T) +  lim - lo g (^ T(9)). (3.51)
n ^ o o  n  »oo n

Assuming the simulation density g(y|x) is efficient, then R  becomes zero and ex

ponential growth is avoided.

The exponential rate of decrease for Var{Pn} is provided by Theorem B for 

a transition density y(y|x).

Theorem B:

Assume y(-) is integrable and define a positive operator

G«(g) = J  exp($y2) g ( y ) ^ ^ - d y .  (3.52)

Let A?(0), (0 < A?(0) < oo) be the largest eigenvalue of the positive operator G$. 

The rate function of q{y\x) is expressed by

Iq(x) =  sup{0x — logA,(0)}. (3.53)
0

For the radiometer we have the following rate function

- / , (T )  = lim -log»MT(y). (3.54)n—*oo n

Iq(T) may be found by solving

(3.5o|
0 = 0 O

and then setting

Iq(T) = 80T - l o g  \ q(80) (3.56)

where J?(T) is the exponential rate of decay for t)at ■ Note that (3.52) reduces to 

(3.45) upon setting g(y|x) =  /(y|x).
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The kernel of G® in (3.52) is in place of /(y |z), but the similarity of

rate functions are confirmed by comparing (3.56) with (3.44).

Theorems A and B provide the asymptotic rate of decrease for rjAT(q), 

but no information can be extracted about selecting a quick simulating Markov 

transition density function from a set of first-order Markov candidates. Now let us 

determine q(y|z) such that the rate function /(•) is maximized. Denote r(x; a) as 

the eigenfunction of the positive operator G® in (3.45) when 6 =  a .

Theorem C:

A quick simulation transition density function is defined by

, I x exp(0oy2) r(x-,e0) „  , ^

where 0o, a positive constant, solves

m = m  
A/W ®=®.

with Aq(8) the largest eigenvalue of G® in (3.45). Then,

(3.58)

lim -  logru T(q,») = - 2  • I(T) (3.59)n—*oo ft

and the estimator variance exponential rate of decay is

lim -  log(A' • Var{/•„}) = -2  ■ I(T). (3.60)n—>oo n

qq„(y\x) is the unique first-order Markov efficient distribution.

Theorem C propositions we:

S F ( f ) =  -J(T ). (3.61)

5F(9, s) = -2 -/(T ). (3.62)
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Mean bias and sc alt variance methods are other potential candidates among 

first-order Markov transition densities; however, the rates of these methods are 

smaller than for the quick simulation technique. The quality of the estimator 

variance is verified by numerical computation and the comparison of these figures 

of merit are immediate.

3.7 Speed-up Factor for Monte Carlo Im portance Sampling

Four different Monte Carlo importance sampling schemes 1 ) direct Monte Carlo, 

2) mean bias, 3) scale variance, and 4) quick simulation are now compared for 

assessment of BER for the radiometer.

The asymptotic rate of variance decrease for each method is the key element 

for adopting one method over the others. We now compare and contrast the speed

up factor of these sampling methods and, in particular, indicate why the quick 

simulation method is preferred.

The rate function for the straight Monte Carlo estimator is denoted by I(T)  

and 2-I(T)  is the rate function for the quick simulation estimator. Let I,,m( T ) and 

Iqv( T ) denote the rate functions for the mean bias and the scale variance first-order 

Markov distributions respectively. There is no closed form solution for Iq(T)  and 

one must resort to an iterative computer solution. The rate functions for these 

simulation techniques have been computed [7]. The result of these computations, 

in conjunction with propositions of Theorem C, yield

I(T) < Iq(T) < IqJ T )  =  2 • I{T).  (3.63)

where Iq(-) represents Iqm or Iqv. Now, the rate function for the mean bias tech

nique will be computed.
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3.7.1 Speed-up Factor for the Mean Biased M ethod

The first-order Markov transition density q m { y \ x )  results from shifting the 

mean of the input sequence random variables {AC*} by £. Therefore, the additive 

noise has the following transition density

9 m(y|z) =  — ^== exp(——— ^ — — ). (3.64)
apy/2it 2 <r*

The probability false alarm  estimator in (3.4) utilizes the mean bias weight function 

of (3.19). The rate function Iqm(T)  is obtained by applying Theorem B. Specifi

cally, Iqm(T)  is characterized as a function of mean translation factor £. \{0)  and 

integrable function g solve

Ge( f )  =  \ (0) -g .  (3.65)

The kernal of (3.52) becomes

f ( y \x )2 1 r - 1 ' , A
i m = ^  eKPl^ <!' ■ + 0  !' exp(? i )' (M6)

A solution to (3.65) is obtained by “guessing” an eigenfunction of the form

r{y\0) -  exp(amy: - b my), (3.67)

inserting (3.66) in G® and solving for the constants am and bm. These constant 

are [7]

«m =  -  a 2p -  2a 10 -  0 1 - 0 2 - 2 (7 ^ - 8 0 ^  (3.68a)

and
- 2  OLPt - { 0 +  a m ) 

b-  -  \  - a p - 2 g g ( f l  +  q m ) ' ( 3 '6S,,)

The eigenvalue of G® for the mean bias case is given by

Xm{6) =       exp
s j  l - 2 a l ( 6  +  a m ) _2(7pV ( l - a p - 2 a j ( 0  +  a t n ) ) 2 i

(3.69)
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The rate function for the mean bias method is found by maximizing 0T — log Am(ff) 

which defines 0O from the following relationship

2 V y / ( \ - a l - 2 a j 9 ) 2 -8al<Tj9J

(  a P_________  i £ 2 q  _  \2 1 - 2 ( 7 p ( 0  +  « m )  +  Q p  \

\ 1  -  2*1(9 +  am) + 5 < ( l - 2 * j ( 9  +  arn) - a p)3 )  0=6o'

Therefore, the rate function for the mean bias transition density is

(3.70)

W r )  = 0oT -lo g A m(0o), (3'71)

in which 6Q solves (3.70). Assuming a p =  0.25 and *2 =  1.0. Table 3.A contains 

Iqm for several values of threshold T  and shifting value £.

3.7.2 Speed-up Factor for the  Scale Variance M ethod

We now carry out the above procedures for the scale variance importance 

sampling technique. Here the variance of the input random variables {AT} are 

multiplied by a  factor of £ 2 and the radiometer is simulated under a new sequence

Fit =  4 - £ • A'*,. The weight function constructed in (3.25) utilizes these

altered random variables. The convex rate function of this altered distribution 

Iqv(T)  is a function of scale factor £, and application of Theorem B results in the 

rate function. Referring to the positive operator G® in (3.65) one searches for A,,(0) 

with the kernel

A ^ r 4 - =  — ~ a Px2)}- (3-72)
q(y\x) *pv 2 n  *;  2£2

A solution for the positive operator is expressed by guessing an eigenfunction of 

the form

r ( y ; d )  =  e x p ( d vy 2 +  bvy) .  ( 3. 73 )



54

Substituting (3.73) in G# yields constant parameters av and b„ [7]

1 ( „ .  1
a” = 4^2 ( 2^  -  2^ ) ^ '  -  a P> -  

2d  -  2^ ) d  - « ? )  -  2°}«)2 -  16(1 -  ^ ° ^ « )  )  (3.74)

and

bv =  0. (3.75)

The corresponding eigenvalue is

A „(fl) =  - —  -  >-.....       (3.76)
v / 2 ( l - ^ ) - 2 < T 2 ( 0  +  fl„)

One seeks a solution for the Iqv(T)  by maximizing BT -  log \ V(B) to obtain an 

optimum value for 6 =  0 O with

+  l  +
0

y j ( l  - a j  - S a j a j B

*1x ■----------
l -2<r*J6 +  av)

(3.77
9 - 9 0

and thus

J7„(r) = 0or - io g A r(0o). (3-7S)

Table 3.B gives several results for the scale variance rate function when different

'}values of T  and £ are considered and assuming a p =  0.25 and cr* =  1.0

3.7.3 Speed-up Factor for the Quick Simulation M ethod

We claimed from the outset that the large deviation theory provides the 

essential tools for devising a quick simulation distribution qq3{y\x). The speed

up factor Iqs is 21(T)  when I(T)  is the asymptotic rate of decay for the direct 

Monte Carlo simulation (3.69) with translating factor of £ =  0. Assuming the
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variance scale factor of £ =  1 in (3.76) also yields I(T).  For the quick simulating 

distribution, let us consider

/(v l* ) =  — l i = exP ( ^  - ( y - a Px )2) (3.79a)<7p\/27r 2 a *

with eigenfunction of the form

r(i;0 o ) =  exp(ax2). (3.796)

The eigenvalue of Gg(-) in Theorem C is given by

\ (0)  =  l- (3.79c)
y f l - 2  ol(a + 9)

where

a = 4a2 (* ~ a P ~ 2<tv9 ~ ^  ~ (3-79d)
p

The quick simulation distribution becomes

1 , -1
lqs(y\x) =  F = exP ( r r ( ! /  -  a nsx) )■ (3.80a)

<r«t V2x 2o
Ky — u 7Sj;'2'

'7sV^/l qs

The optimized param eters for the Markov chain become

a2 ^** i - o a2{eo + a)

and
Of*)

( 3 .806 )

(3.80c)
7J 1 - 2 ^ 0  + a)'

Recall the weight function designed in (3.26) of this chapter. A new version 

of that weight function is formulated for the quick simulating distribution qqs{y\x). 

The cross term in (3.26) vanishes when a qs and cr2s are inserted.

o„ n / l  — ot ̂  
W ( y l t y2, -- - , yn)  =  ( — ) ■ \

°v V 1 “



where Ti and Y2 are defined in (3.26a) and (3.26b). Therefore, the quick simula

tion estimation adopted for analysis of the radiometer has the modified first-order 

difference equation

Yk =  a „ Y k- l + X k (3.82)

where {-Yjt} are i.i.d. zero mean Gaussian random variables with variance cr2qa.

The asymptotic rates for simulating under (3.81) are summarized in Ta

ble 3.C for different thresholds, assuming o p =  0.25 and variance of a* =  1 .0 . 

Having tabulated some values for the rate functions of the mean bias, scale vari

ance, and quick simulation methods enables us to compare and contrast these 

various techniques. It is seen that quick simulation has the best figure of merit as 

regards speed-up factor. We simulated our DCS depicted in figure (3.1) via these 

four methods to gain an understanding of the concepts behind each technique. The 

discussion of simulation results are given in Chapter 6 .
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Table 3.A 

Rates for the Mean Bias Method

T 3.5 4.0 4.5 5.0 5.5 6.0
£ Im(T)

0 . 0 0 0.431 0.554 0.682 0.812 0.944 1.077
0.05 0.421 0.542 0.667 0.795 0.924 1.054
0 . 1 0 0.394 0.511 0.632 0.755 0.879 1.006
0.15 0.357 0.469 0.584 0.702 0.823 0.944
0 . 2 0 0.312 0.419 0.529 0.642 0.758 0.875
0.25 0.261 0.362 0.467 0.575 0 . 6 8 6 0.799
0.30 0.204 0.299 0.400 0.503 0.610 0.718
0.35 0.142 0.232 0.328 0.427 0.529 0.633

Table 3.B 

Rates for the Scale Variance Method

T 3.5 4.0 4.5 5.0 5.5 6 . 0

£ Iv(T)
1.000 0.431 0.554 0.682 0.812 0.944 1.077
1 . 1 0 0 0.566 0.717 0.870 1.026 1.184 1.342
1 . 2 0 0 0.651 0.821 0.995 1.170 1.347 1.524
1.300 0.702 0 . 8 8 8 1.076 1.267 1.458 1.651
1.400 0.731 0.929 1.129 1.331 1.535 1.739
1.500 0.744 0.952 1.162 1.374 1.587 1.801
1.577 0.747 0.961 1.177 1.395 1.532 1.834
1.664 0.744 0.964 1.186 1.410 1.635 1.861
1.747 0.737 0.962 1.189 1.417 1.647 1.878
1.826 0.727 0.956 1.187 1.419 1.653 1 .S8 8

1.901 0.715 0.947 1.182 1.418 1.655 1.S93
1.975 0.702 0.937 1.174 1.413 1.653 1.894



Table 3.C
Asymptotic Rates for Quick Simulation Technique

T 3.5 4.0 4.5 5.0 5.5 6.0
0.8610 1.109 1.364 1.624 1.887 2.154
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CHAPTER FOUR 

BER ASSESSMENT OF THE RADIOM ETER BY 

INVERSE LAPLACE TRANSFORM METHODS

In the previous chapter, a probability estimator Pen was designed to estimate 

the radiometer probability of false alarm by sampling n i.i.d. random observations 

from a noise signal having a Gaussian distribution with zero-mean and unit vari

ance. The computation of this error probability was speeded-up by various modified 

distributions; among them an optimum Gauss-Markov distribution, whose design 

was based upon large deviation theory, was shown to have orders of magnitude 

performance improvement.

We now consider analytical approaches for evaluating the radiometer false 

alarm probability. The approaches we consider here are widely applicable to eval

uating the probability of error in radar signal processing. Oftentimes, in radar 

signal processing one is confronted with a large number of samples of the returned 

signals. An expression for the associated error probability may be obtained but 

requires numerical evaluation of an inverse Laplace transform.

Inverse Laplace transform methods are applied to analytically evaluate the 

radiometer false alarm probability. One such method is saddlepoint approximation. 

In addition, a more exact solution to error detection probability is achieved by 

numerical computation of a contour integral that involves the moment generating 

function.

The error probability performance analysis of the radiometer by the contour 

integral and the saddlepoint approximation techniques as alternative methods to 

Monte Carlo simulation are the subject of Chapter 4.



61

4.1 Outline of the Chapter

This chapter is devoted to development of an inverse Laplace integral which 

is implemented to calculate the radiometer false alarm probability and to the de

sign of optimal parameters useful for simulating the false alarm probabilities. The 

Laplace integrals are evaluated by the saddlepoint asymptotic expansion approxi

mation techniques. Such integrals have the following form [12]

f  h(a) exp[nf(s)]ds. (4.1)
J c

h(s) is the Laplace transform of a distribution function or the moment generating 

function of a random variable, C is the appropriate contour of integration, n is a 

large number, and f (s )  is a rational function.

Next we investigate the false alarm probability by the numerical evaluation 

of the inverse Laplace integral along an appropriate path of steepest descent when 

this path travels through some saddlepoint of the integrand. The numerical results 

are provided in tables for comparing the asymptotic expansion method and the 

contour integral method.

The inverse Laplace transform methods that are employed here to compute 

the radiometer false alarm probability and variance are derived form the Laplace 

transform techniques found in papers by C. W. Helstrom [12, 13, 14].

4.2 The Analytical Approach for the Radiometer BER Evaluation

For the BER evaluation of the radiometer under the false alarm condition a 

sequence of i.i.d. random variables {.Y*} is sampled from a Gaussian distribution 

with normalized parameters. The occurrence of {Zn > T} is increased when the 

variance of the input random variables is multiplied by a scale factor £2. The input 

noise to the radiometer is modeled by the first order Markov chain

Yk = a , Y k- 1 + X k (4.2)



62

where 0 < ap < 1. The estimator for the assessment of the BER performance that 

we assumed in Chapter 3 was given by

1 K
w t f ,  y},■ ■■, r ‘) ■ w t f ,  n*. • • •. y!) m

where K  is the number of simulation runs and n is the “length” of the radiometer. 

The set indicator function lr(*) is defined by

'  T '’ ( 4 4 )

A measure of performance for the estimator is expressed by its variance 

given by

V arfJ") =  i v a r f l r l y ,* , ! ? , • • • ,Y*) ■ ■■■,¥„*)} (4.5)

for K  simulation runs.

The estimator variance is optimum under certain weight and twisted prob

ability distribution functions. We seek to find these elements by the following 

analysis and once their final forms are obtained, the saddlepoint method is applied 

to solve the integral having exponential integrand.

4.3 Developments of the Estim ator Variance

The radiometer optimum estimator variance analysis begins with the test 

statistic Zn expressed by

z. ft i
k= 1

The probability of false alarm is thus

Pe = P({Zn >T}) .  (4.6)

Alternatively, the probability of error Pt can be recognized as
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£ l M l ri , - ^ W ( Y i , - - - , l r,.)]

= J  • • / Mlh» ' ■ i y n ) - W ( y u - - - , yn) - r ( y 1, - - - , y n)dyi - - -dyn (4.7)

where W(-) is the weight function and /* is the importance sampling density. A 

simple manipulation of (4.7) results in

£[1 t(-M -)1  =  J "  J  1T(yi’y2,---,yn)-/(yi,y2,---.yn)dt/idy2 ---dyr,. (4.8)

The above equation also can be realized as

P.  =  W .  > TJ) =  f z n(x)<k (4.9)

where f z n(-) is the probability distribution function of the test statistic Zn.

We implement the fundamental theorem of expectation to show that

Var[iT(r,, • ■ ■, l i T O  =  S W D ,  • • •, • • ■, r„)i-

(E[(lr(» ,  ■ • •. . • ■ ■, Y„))))2. (4.10)

The integration of the set indicator and the weight function product with respect 

to a new density /*(•) is expressed by

£[iT(i'1, - - . , r „ ) - » 'J(j'1,...,Y„)]

=  J  I l r *y i’ •■•>»«)• /*(»i > • • • > ’Jnjdy, • • • dyn (4.11)

where /*(•) is the Gaussian density with the altered variance. Let us put B- f ( - )  = 

W 2(■)/*(•) for a new n dimensional Gaussian joint density of F j, Y2, ■ • •, Yn with 

a constant factor of B. The modified Gaussian density will be shown to be a valid 

density in the sequel. Hence, a new form of (4.11) is defined as
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E [ i T i Y , , - , r . ) - w * ( r , , - , Y . ) ]  = bJ  -  J  ̂ Ry,,--,v»)dyu-dyn
=  B -  J  f i ( x ) d x  (4.12)

where fz( ' )  is the density function of the test statistic

2 ^ £ ( n ) !

and each Y t  is distributed according to B  • f ( y i , y 2 , * • • > J/n)- The product of the 

squared weight function and the modified probability distribution function /*(•) is 

simplified to

»*(»., v>, ••• ,*.)•/•(»! ■ m, ■• • •,».) =

=  B - f ( y i , y 2 , - - - , y n ) -  (4.13)

Because we modeled the noise at the input of the radiometer by the first-order 

Markov chain, the n dimensional noise signal distribution has the first-order Markov 

property and its joint statistic becomes

f ( y i , 2/2, • • • ,yn) = f ( y n \yn - \ ) • f ( y n - 1|y*-a) • • • / ( w | y i ) • / ( y i )• (4.14)

The Markov transition density function for a general case is given by

1 , -1/(y*lv*-i) =  — ^ = e x p (—^(yfc -  a py*_i)2). (4.15)
ffPV27r 2a ‘

If the receiver operates for a long time, then the noise signal will reach the steady 

state and the first-order density function will be

f(V\) =  — 7 =  exP(o^TVi) (4-16)
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where

=  7 ^ 1  (4-17)
p

is the steady state variance. The procedures for obtaining this variance were given 

in Chapter 3.

The importance sampling method that we utilize is based upon biasing the 

variance of the input sequence {Jft} by £2 such that the probability of false alarm 

detection is increased [4]. The modified distribution function is denoted by /*(•). 

The steady state one dimensional density for {F*} becomes

=  r  1 / o ~ exp(o?2^ r y») (4,18)f< 7 „ V  27T

and Lie transition density is

r(yk\yk~i)  =  -  ~ - exp(-^ ( y k - a p V k - i ) 2). (4.19)

The preceeding analysis helps to construct the importance sampling weight function 

given in (4.13). The steady state term of this function is

f 2( y i )  t  , -1  1 , 2,

/•(*.)

1 , " I
7 - —  * -  exp ( ( 4 - 2°)J 2 - j s  °ssV2n is

where

"  ( 2 - j t ) '

The “transition” term of the weight function is characterized as

/ 2(y*|y*-i) £ i  _/ - i  / \2\
f * ( y k \ y k - i )  '  ' * v ® F “ p ( » a ( y * a pVk~ l )  Y

(4.21)

(4.22)
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By the first-order Markov assumption, the n dimensional joint probability 

densities are expressed as the product of the transition probability densities (4.22) 

and the first-order term (4.20). Therefore,

/ 2( y t | y t - i ) / 2(yfc-i|yfc-2) • • • / 2(y i)  =  tn 
/ • ( y k |y * - i ) /* (y k - i |y t - 2 )* - - /* ( y i )  (2 -  ^ ) n/2

I f i[ i  i ^ exp(^ ( w '  )2) •

(4.23)
fc=2

The new n dimensional joint density for the first-order Markov chain assumes 

the driver (<r2) and the steady state (d2,) variances listed below

—.2
d2 = *

o*
=  t t s (4'24>1 p

A new representation of (4.12) becomes

£ [ l j - ( l ' i = B  r h ( x ) d x  =

, ,  ^ /  /*(*)<** (4-25)

when fz(-) is chosen for the probability density of the modified test statistic

i  -  \  f4'26)k=i

The real random sequence {Ffc} is again a first-order Markov chain. The

driving random sequence {AT*} is zero mean and has variance a1. Thus the new

Markov process becomes

Yk = otpYk-i +  Xk- (4.27)

We will show that the integral in (4.25) has the same exponential form 

of (4.1) and thus may be evaluated using saddlepoint methods. The following
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procedures for analysis of asymptotic integrals such as (4.25) is given in a paper 

by Helstrom [12].

Define

^ -  /  f z ( z )dx (4.28)
J t

where Z  is the test statistic in (4.26). Define a normalized version of Z  by

P  =  |  B n ) ! =  TT- (4.29)

The error probability <j> =  P({V  > T'}) can be calculated instead of P({Z > T})  

when T ’ is defined as

T  ±  ? y .  (4.30)

Therefore, we return to (4.28) and recognize it as

<j> =  P({V > T'}) = I "  f v (x)dx (4.31)
J t >

where fv(-) is the probability density function of the random variable V. The 

integral in (4.31) is put in the following form for evaluation by the saddlepoint 

method [13]:

[  fv(x)dx = ~ [  ( s ) " 1 h(s)e3T'ds. (4.32)
J t > 2 m  J c -

Note that when £ = 1 in equation (4.25) then the integral (4.32) is the probability

of false alarm. Define

k «  =  £{/„(•)> =  E ( e - V) (4.33)

where C is the Laplace transform operator and h(-) is the moment generating 

function of V. The contour C~ is taken along a line parallel to the imaginary axis 

of the complex S-plane and to the right of all singularities of the function h(-) on 

the real negative axis.
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The moment generating function of the random variable V in (4.29) can be 

formulated as [13]

h{s) =  [dct(I + sA))-1'2 (4.34)

where I  is the N  x N  identity matrix and A  is the covariance matrix of the sequence 

{ Y j t} .  The covariance matrix A exists since we assume {Y*} is in steady state and 

hence stationary. Denote the power s^-rcLum of autocorrelation function Ryk by 

S(w) which is expressed as [5]

5 <»>= L
* = - c

w~k —

2.2
- +  — 1— ] =  iT m  T *  2̂ ----------- <4-35)1 —otp'W w — ap —ap • w2 +• (1 + a*) • w — ap

where a2 and a2a are defined in (4.24). The poles of the autoregressive power 

spectrum in (4.35) are in the interior of the unit circle if ap < 1 and exterior to 

the unit circle if ap > 1. These poles are obtained by setting the denominator of 

(4.35) to zero. Therefore, /Ji =  -J— is the exterior pole and P2 =  ap is the interior
P

pole.

The moment generating function of (4.34) may be evaluated relatively sim

ply by a method suggested by Helstrom [13]. Let /?i and j32 be the real roots of 

the algebraic equation

1 + s ■ S(w) =  0. (4.36)

In fact 02(s) = and these roots become complex if

_  < s < _ Iz ® £ . (4.37)
1 — ttp 1 +  £*p

The moment generating function h(s) can also be represented by

(4.38)



where

= “ ' " S § $  < « • >

and i is the number of poles (in our case i =  2) which are obtained by solving the

denominator of (4.35).

The entries of the matrix Gn{s) are

f -S-22-  1 < j  < i , 1 < Jfe < 2i;
. ; i < i < 2i , r < k < 2,  « -4°>

Also, the entries of Go(s) are obtained by setting n =  0.

To present a useful form for D(s), (4.29) is normalized to yield

j i B W s n ) - { ! § ( £ ) ■  2  (4.4D

where a2 and a2„ are given in (4.24).

Therefore, ¥*• is a real random variable with unit variance and zero mean. 

After this normalization fi\ (s) and D(s) become

1 +  ap + s ( l  -  a 2p) +  ^1 + a j  +  s ( l -  a 2p) -  4 a j  
A(a) = -------------------------- -*-------------

2op

and

By comparing equations in (4.41) and (4.29), we can write the test statistic
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<j> = P({V > T'}) (4.44)

where

r  -  n r (^ ° ' ) t4-45)

and a2 is defined in (4.24) for the i.i.d. random variables X k.

It can be shown that the integrand in (4.32) is convex and it assumes a 

single minimum value, at so [12]. The integral

^00 = [  { - s ) ' 1 h(s)eaT> ds (4.47)
J c -

is considered for evaluation first by an asymptotic expansion approximation about 

the saddlepoint and then by a numerical integration method. The numerical in

tegration method gives quick evaluation of contour integral whereas the series ex

pansion, saddlepoint method produces better results as V  approaches infinity.

4.4 Saddlepoint Approxim ation M ethod

We put the integrand in the phase form

= ( -3)~1h(s)ear  (4.48)

and force the first derivative of the phase to zero to determine the saddlepoint. 

Thus,

* 'M  =  T - 5 T 5 $  +  r  <4'49>

where n
D(i) = C H ( s - ^ ) .  (4.50)

k=i

{sk} are the roots of polynominal D(s) and are obtained numerically by solving 

D(s) in (4.42).
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The derivative of the phase function in (4.49) can be also represented by

( 4 -5 1 )K=1

where s has a real value. We set $ '(s) =  0 to get the saddlepoint, $o, by root 

finding (Muller’s) methods of the IMSL package. The contour integral (4.47) can 

be reduced to a Gaussian integral, which is then evaluated to give the saddlepoint 

approximation [14]
« * ( * ( » . ) )  (4 5 2 )
y / 2 * 9 " ( 8 0) '

where

(4.53)
8=S0«2 2 t ^ i ( 9 ~ sk)

Therefore, by inserting ^"(s) in (4.32) and evaluating that equation for the scale 

factor £ =  1, the probability of error detection becomes

”  * exp(soT() (4.54)s0y/2ir y/D(so)̂ "{so)
where

T , l - « ; ) ( 2 - f t )

<=i
(4.55)

The second moment is given by

E [ lT (n .• • • , f . ) ■ W \ Y U-. . ? , ) ) »  -  (- 1
( 2 - J r  i/D (3,)f"(s<,)

exp(s0T')]. (4.56)

Combining the above, the variance becomes

V ar[lT( r ,  f i l l  =  -  Pi (4.57)

This variance is minimized as a function of £ by utilizing the IMSL optimization 

routines.
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The computed values for the error detection probability, Pe, Monte Carlo 

variance, and the minimum variance are provided in Table 4.A. These values are 

based upon asymptotic expansion techniques. Improvements may be obtained by 

adding correction terms provided by the asymptotic expansion [12]. We do not 

pursue these methods here.

Unlike the final result of the asymptotic expansion method which is an 

approximation to Pe, the following method provides a more exact solution to Pe.

4.5 Numerical Evaluation of an Inverse Laplace Transform

Now, we numerically evaluate the probability of false alarm for the radiome

ter along the path of steepest descent. The steepest descent method has wide ap

plication in mathematical physics and engineering where the asymptotic behavior 

of the function depends on the large value of the variable V . The contour of the in

verse Laplace integral is deformed such that the major contribution of the integral 

comes from a small region close to the real axis.

We proceed to recalculate the false alarm probability and the estimator vari

ance of the radiometer using numerical evaluation of the inverse Laplace transform

r —r f  ( - s )~ 1h(s)eT>ads. (4.58)
2^* Jc-

Note that the contour of integration is parallel to the imaginary axis of the complex 

S-plane and to the right of all singularities of h(s) on the real negative axis.

A more efficient method for evaluating (4.58) is to utilize a parabolic path

that crosses the saddlepoint instead of the simple straight line C~ [14]. Because the 

parabolic path is symmetric with respect to the real axis (4.58) may be simplified 

to

I exp(ty(s))ds =  —: Re /  exp('P(s))ds (4.59)
2irt Jc-  7ri J0
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where exp(4'(s)) is given by (4.48) and the imaginary part of the integral is zero 

by symmetry.

Parameterize the path of integration as follows

s(t) = 30 -  | t 2 +  it. (4.60)

Then,

I f  1  f ° °  CL

—  I exp($(s))rfs =  —Re /  exp(tf(s0 -  - t 2 + i t))(-at +  i)d< (4.61) litt j c - in Jo 2

where so is the saddlepoint and a is given by

3*"(s0) ' ( *

The proposed formula produces a low order approximation for the path of steepest 

descent and it reduces the number of steps required for integration.

To arrive at (4.62), expand the phase function in a Taylor’s series about the 

saddlepoint. Hence,

* (.) = * ( . , )  +  )2 + 5 * “ (»o)(* -  ao)1 +  • • • (4.63)

where s = x(y) +  iy and x is parameterized by y. The first derivative of 'I'(s) does 

not appear, since its value at the saddlepoint, sq, is zero. For the path of steepest 

descent method, the above equation remains real. This indicates the imaginary 

part of the phase function is zero. Therefore, solving the imaginary part results in

r(y) -  *"(*’) I ^ . / f  6* ',(io) 1 I y1 (4 64)
* '”(* ,)+  6 V V l2 * " ’(oo)

After expanding the square root term and evaluating it at y =  0, the above equation 

becomes

x(y) «  *o -  ^«y2 (4.65)
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where a = - 3^ 7̂ ,  justifying (4.62). Now, by a simple change of parameter y 

to t, the path of integration becomes

s(t) =  so -  +  *<• (4.67)

As before, we implemented the IMSL optimization routines to determine the min

imum variance. Numerical integration of (4.61) is tabulated in Table 4.B for com

paring the false alarm probability obtained from steepest descent method with the 

asymptotic expansion method.



75

Table 4.A

False Alarm Probability by Asymptotic Expansion Method

T Pe VarMC VarMi„
2.50 9.28354 xlO -3 9.19735 x lO "3 1.42680 xlO -3
2.75 4.46575 x lO "3 4.44580 x lO -3 4.67422 xlO -4
3.00 2.12948 x l0 ~ 3 2.12494 x lO "3 1.48105 xlO -4
3.25 1.00960 xlO -3 1.00858 x lO "3 4.57143 xlO-5
3.50 4.76991 x l0 ~ 4 4.76679 xlO -4 1.38161 xlO -5
3.75 2.24785 xlO-4 2.24735 xlO -4 4.10391 xlO ” '1
4.00 1.05827 xlO-4 1.05815 x lO "4 1.20145 xlO- '1
4.25 4.97987 xlO -5 4.97963 xlO -5 3.47390 xlO -7
4.50 2.34340 xlO-5 2.34334 xlO -5 9.93761 x lO "8
4.75 1.10310 xlO-5 1.10309 x lO "5 2.S1596 x lO "8

Table 4.B

False Alarm Probability by Numerical Integration Method

T Pe VarMC VarMin
2.50 2.09651 xlO-3 2.09212 x lO -3 7.74672 xlO -3
2.75 1.0987S x lO "3 1.09757 x lO -3 2.S9483 xlO -4
3.00 5.07896 xlO-4 5.78616 x lO "4 1.03202 xlO ~'
3.25 3.06042 xlO -4 3.05949 xlO “ 4 3.53648 x l0 ~ 5
3.50 1.61946 xlO-4 1.61920 x lO "4 1.17212 xlO -5
3.75 8.56122 xlO-5 S.56010 x lO “ 5 3.77704 xlO - '1
4.00 4.51519 x lO "5 4.51499 x lO "5 1.18801 x lO "6
4.25 2.36653 x lO "5 2.36647 x 10-5 3.65792 x lO "'
4.50 1.24154 x lO "5 1.24152 xlO ~5 1.10729 x lO "7
4.75 6.46578 xlO -6 6.46574 xIQ "6 3.29650 xlO -8
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RADIOMETER FALSE ALARM PROBABILITY
ASYMPTOTIC EXPANSION METHOD

49.4778

37.2041

0.1103
2JOO 2.723 2.990 3.178 3.400 3.090 4.079 4.300 4.020 4.780

TRESHOLD T

F1g.4.1
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RADIOMETER FALSE ALARM PROBABILITY
NUMERICAL INTEGRATION METHOD

20.1

6.3384

2.184t

2J00 2.728 2.280 3.178 3.400 3.629 3.680 4.078 4.300 4.828 4.780
TRESHOLD T  

ng.4^
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CHAPTER FIVE

RADIOMETER BER PERFORMANCE SIMULATION 

W ITH LAPLACE STATISTICS

We evaluated the false alarm probability for the radiometer assuming ad

ditive Gaussian noise modeled as a first-order Markov chain. The tools of large 

deviation theory provided an importance sampling technique which produced a 

weighted estimator with significantly smaller variance than estimators based upon 

other importance sampling techniques. The large deviation results explicitly as

sume Gaussian statistics. It is of interest to apply the same methodology found 

so efficient with Gaussian additive noise to a non-Gaussian problem. Here we 

study the BER performance of the radiometer assuming the additive noise is still 

a first-order Markov chain but having Laplacian densities {X*}.

5.1 Outline of the C hapter

In this chapter we apply the importance sampling methods of Gaussian 

quick simulation techniques to the Laplacian problem. We use the constants given 

in Chapter 3 for the Laplacian quick simulation strategy. Because the importance 

sampling methods involve Laplace densities, different weight functions are required. 

These weight functions are implemented in importance sampling estimators.

5.2 Laplace Im portance Sampling

The derivation of the quick simulation estimator in Chapter 3 depended 

heavily upon the Gaussian nature of the random variables involved. Without re

thinking these derivations, we simply apply the results derived there to the Lapla

cian case and carry out IS simulations of the false alarm probability. It is hoped 

that the quick simulation estimator will still have smaller variance than estimators 

based upon straight Monte Carlo, mean biased, and scaled variance techniques.



The Laplace density function is given by

/ x (x) = |e x p (-a |x |) ,  — oo < x < +00 (5.1)

where a > 0. The mean and the variance of the Laplace random variables are

H — 0

= 4 -  (5.2)a

Therefore, we represent the Laplace density as

/^ ( x) = ~ * ^ exP(“ ~ l I l)- (5-3)<7\/2 a

The assessment of the radiometer false alarm probability via computer sim

ulation assuming the additive noise has Laplace density begins with the estimator 

(3.4) introduced in Chapter 3. For the conventional Monte Carlo method the esti

mator weight function assumes a unit value and one uses a sequence of i.i.d. random 

variables generated from the Laplace density function with parameters /i =  0 and 

a1 =  1.

The Monte Carlo method is inefficient in the sense that many noise samples 

that are used have low probability of causing an error, an important event. There

fore, to increase the probability of “hit” we resort to importance sampling methods. 

The mean biased importance sampling method based upon a technique proposed 

by Lu and Yao [2] introduces a small shift value £ to the i.i.d. input sequence {X*} 

and this small value increases the error “hit” probability. The additive noise is 

modeled as

Yk =  apYk- X+ ( X k + 0  (5.4)

where 0 < ap < 1. The mean biased weight function for the estimator in (3.4) is 

expressed as
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W( y i , y 2, - - - , y n) =  exp( —— (1 -  a 2p)1/2( \ y i \ -  |yx -  - -  I)) x
\  <rp F 1 -  a p J

-  avViI -  |y*+i -  QpVi -  £I)J (5.5)

Alternatively, based upon the variance scaling method proposed by Hahn 

and Jeruchim [4], the variance of input noise signal is altered by multiplying each 

i.i.d. random variable by a scale factor £ in order to increase the error “hit” events. 

The weight function for this method is given by

=  £n e x p ^ - ^ ( l  - a j ) 1 /2 ( l  -  l / 0 | y i | ^ x  

exp ( ““ (1 _ 1/OX](|j/H-i “  W l ) )  (5-6)
'  i=i /

where <rp is the variance of the original sequence {.Y*}.

The quick simulation methodology utilizes a modified Markov chain distri

bution where the first-order parameter a p and the variance of the Laplace density 

function are altered. The quick simulation weight function is expresses as

' ffQ±\n ( ^ ~

If

.,2

exp (  -  v 5 { ( h _ ^ ) '/*  -  |)  x
\  ap '

x p f -  -  !m -i (57)
V j_i av /

aqB and crqa are the a  parameter and the variance of the twisted random vari

ables designed for the first-order autoregressive process. Their rates were given in 

Chapter 3.
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For the quick simulation strategy with Laplace density, we implement the 

equations (3.79b) and (3.79c) given in Chapter 3. The result of the quick simu

lation technique with the results of other importance sampling methodologies axe 

organized in tables given in Chapter 6.
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SIMULATION RESULTS AND CONCLUSIONS

6.1 Simulation Results

In this thesis the false alarm probability of a non-linear digital communi

cation system was estimated. Importance sampling techniques were employed to 

increase the precision of the estimate by reducing estimator variance. In general, 

complex non-linear digital communication systems pose difficulty for evaluating the 

system performance by a closed form expression. In our case, we analyzed a ra

diometer in the presence of additive noise modelled as first-order Markov stochastic 

process with Gaussian or Laplacian statistics.

In Chapter 2 of this thesis we assumed the memory (ap) of the Markov 

process to be zero. This resulted in a test statistic, Zn, having Chi-squared dis

tribution when the input to the first-order filter is a sequence of i.i.d. Gaussian 

random variables. Under this condition, the radiometer BER performance was 

simulated via a VAX 8700 digital computer. We found a closed form solution for 

the radiometer error probability (2.26) and the estimator variance (2.33) when this 

DCS is analyzed by the scaling variance importance sampling method. This system 

was simulated with 50,000 trials, a threshold of T  — 3.5, and n =  10 degrees of 

freedom. The simulation results are provided in Table 6.A. All the tables in this 

chapter contain the information about the estimated error probability, the vari

ance of the estimator, and the number of hits (“success”) out of total simulation 

runs. The selected threshold for the system simulation is T = 3.5 for all the data 

in these tables. Table 6.A shows the results for conventional Monte Carlo with 

£ =  1.0 and the estimator optimum variance at £ =  1.9. The estimated error 

probability was evaluated by equation (2.26) and its value is pe =  1.249 x 10“4. A 

comparisor of data in Table 6.A with Table 2.A points out a small error for the
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estimated error probability and the estimator optimum variance. Hence, there is a 

good correspondence between theory and practice.

For the mean biased method we were unable to obtain a closed form solution 

for the error probability and estimator variance and were forced to obtain these 

quantities by computer simulation. Simulation results are collected in Table 6.B 

assuming the same parameters as for the scaling variance method. This contains 

the results of the direct Monte Carlo method with £ =  0. We can not compare 

the results of this method with any theoretical value. However, the scale variance 

method is more favorable for the simulation of the radiometer. The scale variance 

technique strikes rare events more frc r-.ently than the mean biased method.

In Chapter 5 we evaluated the BER performance of this radiometer in the 

presence of Laplacian noise via computer simulation. We studied the error perfor

mance of this system with ap =  0 and a non-zero ap. The simulation results for 

scaling variance and mean biased importance sampling techniques with parameters 

Qfp = 0, T  = 3.5, n =  10, and k =  50,000 simulation runs are organized in Table 

6.C and 6.D respectively. Table 6.C indicates the results of straight Monte Carlo 

with £ = 1.0. The selected threshold sets the system error probability on the order 

of 10-2 , which is relatively large. The optimum variance occurred at £ = 1.5. The 

results of the mean biased method are summarized in Table 6.D. This table has 

the simulation results for the Monte Carlo method when £ =  0.

All of the relevant developments concerning the simulation techniques for 

the radiometer false alarm performance for a non-zero parameter value ap were 

established in Chapter 3 for Gaussian statistics.

In general, importance sampling techniques are implemented to reduce the 

number of simulation runs. However, the accuracy of results obtained from these 

techniques were not verified. To address this issue, in Chapter 4 we developed 

theoretical approaches based upon saddlepoint approximation and numerical eval- 

ua- ion of an inverse Laplace transform for the scaling variance importance sampling
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method. We assumed a Markov process with Gaussian statistic for this develop

ment. Tables 4.A and 4.B highlight results of these theoretical schemes for param

eters ap = 0.25, and n =  10. Entries in these tables are organized under threshold, 

error probability, Monte Carlo variance, and the minimum variance.

The simulation results of Chapter 3 for direct Monte Carlo, scaling variance, 

mean biased, and quick simulation methods are tabulated in Table 6.E, 6.F, and 

6.G. For the scaling variance method, the minimum variance occurs at £ = 1.7, 

as shown in Table 6.E, and this variance is within 9.8% error of the theoretical 

minimum value occuring at £ = 1.59 in Table 4.A. There is relatively an acceptable 

difference between theoretical and simulated result.

By comapring data in these tables, it is evident that the quick simulation 

methodology produced the estimator with smallest variance. The variance is about 

two orders of magnitude smaller than the mean biased scheme and almost one order 

of magnitude smaller than the scaled variance technique.

The radiometer simulation results with input i.i.d. Laplacian random vari

ables and ap =  0.25 are listed in Tables 6.H, 6.1, and 6 .J. Table 6.H indicates that 

the minimum variance occurs at £ = 1.7 for the scaling variance. £ =  1.0 shows the 

estimator error probability and the system variance for the straight Monte Carlo 

method. The mean biased method results are organized in Table 6.1. The minimum 

variance occurs at £ =  0.05. This method has fewer “successes” than the scaled 

variance method.

It is claimed that the Laplacian statistics perhaps do not have integral oper

ators with a closed form solutions for their eigenfunctions. Therefore, the Gaussian 

quick simulation technique is implemented on the Laplacian random process via 

computer simulation. Table 6.J contains these simulation results. The estimator 

variance is two orders of magnitude smaller than the importance sampling schemes.
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6.2 Conclusions

In this thesis we have analyzed a radiometer when the noise inputs to this 

system were purely Gaussian or Laplacian random processes with mean zero and 

variance <jp =  1. The simulation and the theoretical results for the radiometer 

error probability and the minimum variance were very satisfactory. Next, we con

sidered additive noise modelled as a first-order autoregressive process and simulated 

the error probability by four different methods: 1) Monte Carlo, 2) mean biased, 

3) scaled variance, 4) quick simulation. For fixed value of radiometer length, n. 

the quick simulation method requires fewer number of simulation runs than the 

other Monte Carlo importance sampling techniques for an a priori relative error. 

The extension of this Gaussian quick simulation design to the Laplacian additive 

noise also indicates tha t the quick simulation technique produces lower estimator 

variance than the mean and variance biased schemes.

We hope that there will be more research in the area of quick simulation 

design for various system test statistics and system performance simulation.
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Table 6.A

Scale Variance Technique With Gaussian Statistic

ap =  0.0, T =  3.5

£ Pe Var Success
1.0 2.400 x lO "4 2.399 x lO "4 12
l . i 9 .805xl0"5 1.008 XlO"5 51
1.2 1.244xlO-4 2.674 x l0 " ti 330
1.3 1.264 x lO "4 8.877x10"’ 1163
1.4 1.273 x lO "4 4.091 x lO "7 2933
1.5 1.251 x lO "4 2.406x10"’ 5684
1.6 1.236 x lO "4 1.656x10"' 9390
1.7 1.255 x lO "4 1.307x10"' 13736
1.8 1.238xl0"4 1.170x10"' 18453
1.9 1.222 x lO "4 1.100x10"' 23066
2.0 1.255xlO"4 1.175x10"' 27509

Table 6.B

Mean Biased Technique W ith Gaussian Statistic 

ap =  0.0. T  =  3.5

£ Pe Var Success
0.00 2.400 x lO "4 2.399xl0"4 12
0.05 2.119 x 10"4 3.148xl0"4 8
0.10 1.625xl0"4 3.073 x lO "4 6
0.15 2 .112x l0"4 6.893xl0"4 7
0.20 2.242 x lO "4 1.510xl0"3 6
0.25 4.388 x lO "5 2.624x10"° 5
0.30 4.283x 10"5 1.966 x lO "5 10
0.35 3 .618x l0"5 1.372x10"° 15
0.40 4 .568x l0"3 1.947x10"° 26
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Table 6.C

Scale Variance Technique With Laplacian Statistic

ap = 0.0, T = 3.5

Pe Var Success
1.0 1.048xl0-2 1.037xl0-2 524
i .i 1.070xl0"2 5.015xl0~3 1185
1.2 1.069x10“ ^ 2.969x10"* 2276
1.3 1.029xl0-2 1.981X10"3 3781
1.4 1.004xl0-2 1.530xl0-3 5763
1.5 9.962xl0-3 1.341 x lO "3 8107
1.6 1.023 xlO -2 1.401x10-* 10954
1.7 1.015xl0-2 1.466x10-* 13894
1.8 1.013xl0-2 1.512x10-* 16876
1.9 l.O lSxlO-2 1.534x10-* 19988
2.0 1.025 xlO -2 1.602x10-* 22974

Table 6.D

Mean Biased Technique With Laplacian Statistic 

ap =  0.0. T =  3.5

£ Pe Var Success
0.00 1.048xl0-2 1.037x10-* 524
0.05 1.081 x 10"2 1.140x10-* 535
0.10 L llO xlO -2 1.3S5xlO-2 542
0.15 1.129xl0"2 1.812x10-* 559
0.20 1.161xl0-2 2.624x10--' 589
0.25 1.199xl0-2 4.382x10--' 616
0.30 1.218xl0-2 7.992x10-* 648
0.35 1.313x10"-' 1.774x10-* 700
0.40 1.434 x lO "2 4.450x10"* 774
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Table 6.E

Scale Variance Technique W ith Gaussian Statistic

a p =  0.25, T = 3.5

£ Pe Var Success
1.0 7.600xl0“ 4 7.594 xlO -4 38
1.1 7.291 x lO "4 1.370xl0“ 4 216
1.2 7.491 xlO -4 5.081 xlO ” 5 792
1.3 7.734xl0-4 2.759 x lO "5 2119
1.4 7.690xl0“ 4 1.737xl0-5 4396
1.5 7.926xl0“ 4 1.600xl0-5 7655
1.6 7.768x10“ “* 1.350x10"° 11873
1.7 7.488 xlO “ 4 1.258x10“ ° 16475
1.8 8.122xl0-4 1.569xl0“ 5 21231
1.9 7.554xl0“ 4 1.589xl0“ 5 25497
2.0 7.596 x lO "4 l.S34xlO“ ° 26760

Table 6.F

Mean Biased Technique With Gaussian Statistic 

a p =  0.25, T =  3.5

£ Pe Var Success
0.00 6 .600xl0“ 4 6.596x 10“ 4 33
0.05 6.107xl0“4 6.406 x lO -4 33
0.10 8.403xl0“4 1.522xl0“ 3 53
0.15 8.190xl0“4 1.554X10"3 76
0.20 6.853xl0“4 2 018x 10“ 3 90
0.25 4.095xl0“ 4 2.301 x l0 “ 4 123
0.30 6.461 xlO “4 8.022xl0“ 4 205
0.35 6.965xl0“4 1.410xl0“ 3 310



Table 6.G

Quick Simulation Technique With Gaussian Statistic

ap =  0.25, T = 3.5

Pe Var Success
7.848 x lO "4 4.816 xlO-6 19813

Table 6.H

Scale Variance Technique W ith Laplacian Statistic 

a p =  0.25. T =  3.5

£ Pe Var Success
1.0 1.486xl0-2 1.464 x lO "2 743
1.1 1 .487xl0"2 7 .190xl0-3 1585
1.2 1.470xl0-2 4.458xl0-3 2836
1.3 1 .441xl0"2 3.076xl0-3 4653
1.4 1.462xl0-2 2.590xl0-3 6914
1.5 1.478xl0-2 2.386x10-* 9581
1.6 1.471 xlO -2 2.326xl0-3 12517
1.7 1.450xl0-2 2.265 x 10- * 15429
l.S 1.465 x lO "2 2.565xl0-3 18791
1.9 1.509 xlO -2 3.005xl0-3 21999
2.0 1.426xl0-2 2.763x10-* 24754
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Table 6.1

Mean Biased Technique With Laplacian Statistic

ctp —  0.25, T —  3.5

( Pe Var Success
0.0 1.440xl0“2 1.419x10"* 720

0.05 1.383 x 10-2 1.414xl0"2 710
0.10 1.419xl0“z 1.742X10"2 734
0.15 1.465xl0-2 2.086xl0~2 828
0.20 1.496xl0-2 3.436x10"* 893
0.25 1.525xl0-2 4.330x10“* 1029
0.30 1.181 xlO" 2 2.651x10"* 1061
0.35 1.488xl0-2 6.230x10"* 1254

Table 6.J

Quick Simulation Technique With Laplacian Statistic 

ap = 0.25, T  = 3.5

P« Var Success
2.389 xlO-3 6.747xl0“4 18408

[
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