
Heat transfer to a viscous reacting
fluid injected into a heated planar slot

Item Type text; Thesis-Reproduction (electronic)

Authors Kuo, Chi-Jui, 1962-

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 16/05/2023 14:18:25

Link to Item http://hdl.handle.net/10150/277953

http://hdl.handle.net/10150/277953


INFORMATION TO USERS 

This manuscript has been reproduced from the microfilm master. UMI 

films the text directly from the original or copy submitted. Thus, some 

thesis and dissertation copies are in typewriter face, while others may 

be from any type of computer printer. 

The quality of this reproduction is dependent upon the quality of the 
copy submitted. Broken or indistinct print, colored or poor quality 

illustrations and photographs, print bleedthrough, substandard margins, 

and improper alignment can adversely affect reproduction. 

In the unlikely event that the author did not send UMI a complete 

manuscript and there are missing pages, these will be noted. Also, if 

unauthorized copyright material had to be removed, a note will indicate 

the deletion. 

Oversize materials (e.g., maps, drawings, charts) are reproduced by 

sectioning the original, beginning at the upper left-hand corner and 

continuing from left to right in equal sections with small overlaps. Each 

original is also photographed in one exposure and is included in 

reduced form at the back of the book. 

Photographs included in the original manuscript have been reproduced 
xerographically in this copy. Higher quality 6" x 9" black and white 
photographic prints are available for any photographs or illustrations 

appearing in this copy for an additional charge. Contact UMI directly 

to order. 

University Microfilms International 
. A Bell & Howell Information Company 

300 North Zeeb Road. Ann Arbor, Ml 48106-1346 USA 
313/761-4700 800/521-0600 





Order Number 1345431 

Heat transfer to a viscous reacting fluid injected into a heated 
planar slot 

Kuo, Chi-Jui, M.S. 

The University of Arizona, 1991 

U-M-I 
300 N. Zecb Rd. 
Ann Arbor, MI 48106 





HEAT TRANSFER TO A VISCOUS REACTING FLUID 

INJECTED INTO A HEATED PLANAR SLOT 

by 

Chi-Jui Kuo 

A Thesis Submitted to the Faculty of the 

DEPARTMENT OF AEROSPACE AND MECHANICAL ENGINEERING 

In Partial Fulfillment of the R.ecpiireineiits 
For the Degree of 

MASTER OF SCIENCE 

WITH A MAJOR IN MECHANICAL ENGINEERING 

In the Graduate College 

THE UNIVERSITY OF ARIZONA 

19 9 1 



2 

STATEMENT BY AUTHOR 

This thesis has been submitted in partial fulfillment of requirements for an 
advanced degree at The University of Arizona and is deposited in the University 
Library to be made available to borrowers under rules of the library. 

Brief quotations from this thesis are allowable without special permission, 
provided that accurate acknowledgement of source is made. Requests for permission 
for extended quotation from or reproduction of this manuscript in whole or in part 
may be granted by the head of the major department or the Dean of the Graduate 
College when in his or her judgment the proposed use of the material is in the 
interests of scholarship. In all other instances, however, permission must be obtained 
from the author. 

SIGNED: 

APPROVAL BY THESIS DIRECTOR 

This thesis has been approved on the date shown below: 

1991 
^ A. Ortega Date 

Professor of Aerospace and Mechanical Engineering 



3 

ACKNOWLEDGEMENTS 

I would like to take this opportunity to express my deepest appreciation 

to Professor A. Ortega, my thesis advisor, for his encouragement and advice to

ward the research. Special thanks go to Professor C. L. Chan for his numerous 

constructive discussions and many valuable comments and suggestions. This work 

was supported by Sandia National Laboratories, Albuquerque, New Mexico, under 

contract number 75-7729. We would like to thank Mr. Dave W. Glowka, contract 

manager, for his support. Finally, I thank my parents for their love, understanding, 

encouragement and support throughout my M.S. degree. 



4 

TABLE OF CONTENTS 

ABSTRACT 11 

§1.0 INTRODUCTION 12 

§1.1 Motivation . 12 

§1.2 Objectives 12 

§1.3 Similarity to Injection Molding Process . 13 

§1.4 Discussion of the Characteristics of the Injection-Molding-Like 
Problem 16 

§1.5 Survey of Previous Research in Injection Molding 19 

§2.0 DEVELOPMENT OF MATHEMATICAL AND PHYSICAL 
MODEL 23 

§2.1 General Form of Governing Equations 23 

§2.2 Properties of the Injected Fluid 24 

§2.3 Difficulties of Solving the Present Conjugated Non-linear 
Problem 26 

§2.4 Qualitive Discussion of the Occurance of Premature Gelation . . 27 

§2.5 Discussion of Characteristic Time Scales 31 

§2.6 Possible Simplification of the Problem 32 

§2.7 Methodology for Solving Problem 34 

§3.0 ANALYSIS OF THE FIRST ORDER APPROXIMATION . 37 

§3.1 Cases of Study for First Phase of Research 38 

§3.2 Formulation and Analysis 39 

§3.3 Results and Discussion 50 



5 

TABLE OF CONTENTS — continued 

§4.0 VALIDATION OF SIMPLE SCHEME 59 

§4.1 Test Cases for Validation of SIMPLE Scheme 60 

§4.2 Formulation and Analysis . 61 

§4.3 Results of Simulation 63 

§5.0 ANALYSIS OF THE FULL TWO-DIMENSIONAL CASE . 81 

§5.1 Description of the Problem 81 

§5.2 Mathematical Model of the Problem 84 

§5.3 Non-dimensional Form 85 

§5.4 The MAC Algorithm 88 

§5.5 Treatment of the Free Surface Boundary Conditions 89 

§5.6 Treatment of the Moving Contact Line and Slip Condition ... 92 

§5.7 Numerical Simulation 94 

§5.8 Results and Discussion 97 

§5.9 Comments and Suggestions 101 

§6.0 CONCLUSIONS 118 

NOMENCLATURE 119 

REFERENCES 125 



6 

LIST OF ILLUSTRATIONS 

Schematics page 
Schematic 2.1 Formation of gellation crust, characteristic streamlines 

and moving leading front . 36 

Schematic 3.1 Initial condition setup for first order approximation and 
represented characteristic pressure distribution in entry 
and main flow regions at time equal zero 52 

Schematic 3.2 Nomenclature for first order approximation and characteristic 
pressure distribution in entry and main flow regions for time 
greater than zero 53 

Schematic 3.3 Characteristic velocity and temperature distribution ... 54 

Schematic 4.1 Geometry and boundary conditions for test cases of 
SIMPLE scheme 65 

Schematic 5.1 Cell flags and treatment of free surface 103 

Schematic 5.2 Velocity extrapolation for surface cells 104 

Schematic 5.3 Treatment of moving contact line and slip condition 
at wall 105 



7 

LIST OF ILLUSTRATIONS — continued 

Figures page 
Figure 3.1 Dimensionless marching length, velocity and acceleration 

versus time for Rea = 8 (for first-order approximation without 
formation of gelation crust, without chemical reaction and 
constant properties) 55 

Figure 3.2 Dimensionless marching length versus time for different 
Reynolds numbers (for first-order approximation without 
formation of gelation crust, without chemical reaction and 
constant properties) 56 

Figure 3.3 Dimensionless marching velocity versus time for different 
Reynolds numbers (for first-order approximation without 
formation of gelation crust, without chemical reaction and 
constant properties) 57 

Figure 3.4 Dimensionless marching acceleration versus time for different 
Reynolds numbers (for first-order approximation without 
formation of gelation crust, without chemical reaction and 
constant properties) 58 

Figure 4.1 Re • fx versus x+ for different Reynolds numbers 
— solution for hydrodynamic developing flow 66 

Figure 4.2 velocity profiles of v* at different cross-sections 
— solution for hydrodynamic developing flow 67 

Figure 4.3 Independence of solution on grid's size for the case of 
NuXih versus x+ for constant heat flux at both sides 
(based on fully developed parabolic velocity profile) 
— solution for thermal developing flow 68 

Figure 4.4 Independence of solution on grid's size for the case of 
NUXiT versus x+ for constant wall temperature at both sides 
(based on fully developed parabolic velocity profile) 
— solution for thermal developing flow 69 



LIST OF ILLUSTRATIONS — continued 

8 

Figures page 
Figure 4.5 Effects of streamwise diffusion and viscous dissipation 

on the thermal developing region for the case of 
Nux,t versus for constant wall temperature at both sides 
(based on steady developing velocity field) 
— solution for simultaneously developing flow 70 

Figure 4.6 Effects of streamwise diffusion and viscous dissipation 
on the thermal developing region for the case of 
NuXih versus x+ for constant heat flux at both sides 
(based on steady developing velocity field) 
— solution for simultaneously developing flow ....... 71 

Figure 4.7 q*" versus x+ for constant heat transfer coefficient at both sides 
(based on steady developing velocity field) 
— solution for simultaneously developing flow 72 

Figure 4.8 N u X t T  v e r s u s  x +  at constant temperature side and 
NuXtR versus x+ at constant heat flux side 
(based on steady developing velocity field) 
— solution for simultaneously developing flow 73 

Figure 4.9 N u X t n  v e r s u s  x +  at constant heat flux side and 
q* versus at constant heat transfer coefficient side 
(based on steady developing velocity field) 
— solution for simultaneously developing flow 74 

Figure 4.10 N u X t T  v e r s u s  x +  at constant temperature side and 
q* versus x+ at constant heat transfer coefficient side 
(based on steady developing velocity field) 
— solution for simultaneously developing flow 75 

Figure 4.11 Transient N u X } t  v e r s u s  x +  

(based on steady developing velocity field) 
— solution of simultaneously developing flow 76 

Figure 4.12 Flow visualization by pathlines of maker and 
block-off area by specifying very large viscosity 77 

Figure 4.13 velocity profiles of v* at different vertical cross-sections of 
Fig. 4.12 78 



9 

LIST OF ILLUSTRATIONS — continued 

Figures page 
Figure 4.14 velocity profiles of v* at different horizontal cross-sections of 

Fig. 4.12 79 

Figure 4.15 Velocity vector field of Fig. 4.12 80 

Figure 5.1 The material/time lines and free surface shape for 
the test case of vanishing shear stress at free surface, 
no-slip at walls and moving contact line 
(low Reynolds number flow) 106 

Figure 5.2 The material/time lines and free surface shape for 
the test case of vanishing shear stress at free surface, 
no-slip at walls and free slip at moving contact line 
(low Reynolds number flow) 107 

Figure 5.3 The material/time lines and free surface shape for the test 
case of vanishing shear stress at free surface and slip condition 
— contactfiag = 2 (low Reynolds number flow) . 108 

Figure 5.4 The material/time lines and free surface shape for the test 
case of vanishing shear stress at free surface and slip condition 
— contactfiag — 3 (low Reynolds number flow) 109 

Figure 5.5 The material/time lines and free surface shape for the test 
case of vajiishing shear stress at free surface and slip condition 
— contactfiag = 4 (low Reynolds number flow) 110 

Figure 5.6 The material/time lines and free surface shape for the test 
case of vanishing shear stress at free surface and free slip at 
w a l l s  a n d  m o v i n g  c o n t a c t  l i n e  ( l o w  R e y n o l d s  n u m b e r  f l o w )  .  .  I l l  

Figure 5.7 The material/time lines and free surface shape for the test 
case of vanishing shear stress at free surface and slip condition 
— contact fiag = 4 (high Reynolds number flow) 112 

Figure 5.8 The material/time lines and free surface shape for the test 
case of free slip at free surface and slip condition 
— contactfiag — 4 (low Reynolds number flow) 113 

Figure 5.9 fx versus x* at different time of Fig. 5.5 114 



10 

LIST OF ILLUSTRATIONS — continued 

Figures page 
Figure 5.10 versus x* for different Eckert number and thermal 

boundary conditions at free surface 115 

Figure 5.11 q*" versus x* for different Eckert number and thermal 
boundary conditions at free surface 116 

Figure 5.12 N u x  v e r s u s  x * for different Eckert number and thermal 
boundary conditions at free surface 117 



11 

ABSTRACT 

The present study formulates the mathematical model for analyzing the pen

etration length and transport phenomena of a viscous reacting fluid injected into 

a heated slot. A methodology and a general-purpose computer code based upon 

the SIMPLE and MAC schemes, which is capable of simulating a moving free 

surface boundary at the leading front with constant volumetric flow rate at the 

inlet has been developed. The code allows various thermal (constant tempera

ture/heat flux/heat transfer coefficient) and hydrodynamic (no-slip/slip/vanishing 

shear stress) boundary conditions and initial conditions to be specified and includes 

variable transport properties and exothermic chemical heat generation associated 

with polymerization phase change. The 2-D channel flow is unsteady in both the 

Eulerian and Lagrangian sense and the transport phenomena are highly non-linear. 

Constitutive and kinetic equations for a fluid similar to a RIM (Reacting 

Injection Molding) type material are used to perform the simulation. Special at

tention is placed on the kinematics of fountain flow and the effects of hydrodynamic 

boundary conditions on the overall hydrodynamic phenomena. The effect of gela

tion crust, which will form on the fracture walls simultaneously during flow injection 

is not included in this thesis; Nevertheless, it is discussed briefly and will be the 

next topic of research. 
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§1.0 INTRODUCTION 

§1.1 Motivation 

Current practice in recovery of lost circulation during geothermal drilling is 

limitted to setting cement plugs in the damaged region and drilling through after 

the plug has set. The practice is time consuming and expensive, especially if multi

ple plugs are required. The most promising alternative is injection of a fast-setting 

cementing fluid directly through the bit into the damaged zone. Ideally, such a fluid 

will flow into formation fractures and voids and set quickly. However, the material 

may potentially set in the tubing, causing plugging, or in the tube-borehole annulus, 

where it may permanently "stick" the pipe. There is little or no previous experi

ence with pumpable, fast-setting materials and therefore no practical guidelines for 

their use. In order to accelerate the adoption of this promising technology and the 

developement of new fast-setting cementing fluid (cement or epoxy type material), 

it is necessary to perform experiments and develop a simulation code to validate 

the new material and process before pratical engineering application. New material 

development and experimentation (rheology and transport property measurement) 

will be done by Sandia National Laboratories Simulation code development is the 

motivation for the present work.f 

§1.2 Objectives 

Research is proposed with the following objectives : 

1.) To predict how far an injected material can flow into a two-dimensional fracture 

before setting. 

2.) To predict what the material strength is after occlusion occurs and flow ceases 

because of gelation crust growth. 

t Refer to [1] for a detailed description of the problem of lost circulation. 
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3.) To determine controllable parameters which dominate the process ; For exam

ple, chemical rate is influenced by additive, pre-heating and mixing process, 

injected pressure/velocity, initial temperature and the content of the applied 

fluid. 

4.) To develope analytical/numerical models of the coupled thermal, hydro-

dynamic, and chemical kinetic phenomena during injection and solidifica

tion/gelation of cementitious mud in geothermal wellbores and lost circulation 

regions. 

5.) To identify, through sensitivity analysis, the most important physical properties 

(for instance rheology, transport properties, chemical kinetic parameters) that 

should be measured for candidate setting fluids. 

§1.3 Similarity to Injection Molding Process 

After an initial literature search it was found that the present problem can 

be described as one with a moving free surface boundary at flow hading front with 

constant pressure inlet (or constant volumetric flow rate inlet)y with variable prop

erties and exothermic chemical heat generation associated with solidification phase 

change. It is unsteady in both the Eulerian and Lagrangian sense. It is closely 

related to the solidification/melting problems and the analysis is very similar to 

that used for injection molding process (RIM - Reaction Injection Molding or TIM 

- Thermoplastic Injection Molding), especially with the former. 

In polymer processing, transport phenomena usually occur simultaneously. For 

example, solidification/melting (thermosetting), chemical reaction (polymerization) 

and pressurization (fluid flow) frequently occur simultaneously. Moreover, because 

of the high temperature and conversion dependent viscosity of polymer melts, their 

flow in processing equipment is non-isothermal, necessitating the simultaneous solu

tion of flow and heat transfer. Finally, in certain processing operations that involve 

the incorporation of certain additives, all three transfer operations (mass, momen

tum, and heat) take place in the same conduit [2], 
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The reacting injection molding process can be divided into four stages — mix

ing, filling, packing and curing (cooling). Two or more low viscosity liquid streams, 

which become reactive and polymerized into a high molecular weight polymer when 

brought together, are mixed prior to being injected into the mold. Some of the 

polymerization reaction occurs during the filling stage, but typically, the bulk of 

the reaction takes place during the following packing and curing stage and even 

after removal from the mold [12]. 

When the cavity is filled, the cooling cycle begins. The polymer solidifies, its 

density increases slightly, causing a decrease in volume and shrinkage of the article. 

Because of the non-isothermal character of the mold filling and differing thicknesses 

of the cavity, the melt will cool at different rates leading to different degree of 

shrinkage (dimension change) and warpage (shape change). Thus, as the shrinkage 

is in progress, more melt flows into the cavity under pressure in order to maintain 

the shape and constant volume. This packing stage continues until the gate freezes 

solid [11]. 

For a constant injection rate of material the pressure at the nozzle (inlet posi

tion of the runner) rises gradually and very slowly as the filling proceeds. During 

the packing, little flow occurs but the mold is maintained at a very high pressure 

to compensate for the shrinkage and finally, during the cooling stage, the pressure 

decrease slowly to zero. The filling stage is usually short as compared with the total 

cycle. 

In the analysis (and simulation) of plastic injection molding, the objective 

is to predict and therefore minimize the influence of shrinkage and warpage. It 

is desired to increase the production speed as long as premature gelation ("short 

shot") can be prevented. Short shot means the applied polymer material gels before 

the entire mold is filled. Prom analysis, the moldability diagram of a particular 

system can be found and the thermal effects on microstructure, mechanical strength 

and properties of the final product can be investigated. More attention is put on 

the filling and curing stages. The mixing stage is not well understood, therefore 

reasonable assumptions axe made. The mixing stage is one of the most critical parts 

of the RIM process. Common assumptions include : full mixing, no severe chemical 
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reactions, fully developed laminar flow at the inlet during the filling stage. In order 

to get the optimum process, the following important factors are controlled : 

1.) Content of applied polymer This is already decided by considering the features 

of the final product. A typical material for RIM is polyurethane. This factor 

will decide the kinetics and constitutive equation. 

2.) Inlet temperature of the polvmer Ti This will decide how soon the chemical 

reaction will begin. 

3.) Inlet velocity V; Most injection molding units are equipped with gear driver 

pump, hence the inlet average velocity can be considered as constant [8],[14], 

4.) Total filling time tf This is closely related to Vj. 

5.) Mold wall temperature T,„ If chemical reaction rate is very rapid, heat diffusion 

into the wall is negligible as compared with the heat generation and viscous 

heating, therefore Tw will be a weak factor. The adiabatic wall boundary 

condition will be a good approximation under this circumstance. 

In the present problem, the process can be distinguished into three stages as 

well : (1.) Fluid mixing inside tool, (2.) Material filling associated with curing 

inside the fracture during injection, (3.) Material curing after flow ceases. For 

simplying the problem, again, attention is placed on the later two stages only. The 

initial conditions of the second stage come from the. analysis of the mixing stage, or 

by some resonable assumptions regarding the products after mixing. The present 

problem is very similar to the RIM process except for the following differences : 

1.) The termination of the filling stage in the RIM process is due to the finite depth 

of the mold, except in the situation in which the "short shot" occurs. In the 

present problem, termination of the filling stage will result from the blockage 

or "occlusion" occuring inside the fracture. 

2.) The filling associated with the curing stage is probably the longest stage in the 

present problem as opposed to being the shortest in the RIM process. 

3.) It is usual to treat the RIM process as a constant volumetric flow. In the 

present problem, constant pressure at the inlet is more appropriate. 
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4.) The kinetics and constitutive equation are most likely different from those used 

with the RIM process. 

5.) In the present problem, the parameters that can be controlled are the inlet 

conditions Ti, P; (or Vi) and the content of the injected fluid. The temperature 

of the fracture walls and hence the heat flux from wall are uncontrollable. 

6.) The fluid at the interface is underground water instead of air in RIM. 

Before the exact fluid is given for the geothermal application, the applied fluid 

will be assumed to be a polymer-like fluid in order to discuss the possible influence 

of the above factors. The possible flow situations in the actual application may 

be : (1.) Circular tube-annuli subjected to uniform but different temperatures on 

each wall, (2.) Circular tube subjected to uniform wall temperature, (3.) Radial 

fracture subjected to uniform wall temperature, (4.) Radial injection into infinite 

porous medium subjected to initial uniform temperature.f The present work has 

been limited to the planar flow only. 

§1.4 Discussion of the Characteristics of 

the Injection-Molding-Like Problem 

In developing the mathematical and physical model of the injection-molding

like problem, some simplifications and the criteria associated have been studied. 

Simplification of the model should depend on whether the criteria can be satisfied 

or not. These criteria are related to the value of characteristic dimensionless param

eters. It is useful to develope a dimensionless form of mathematical model. From the 

basic physical understanding and review of the previous research on the RIM/TIM 

process, the following phenomena can affect the mathematical and physical model 

of injection-molding-like problems : 

1.) Laminar flow — Injection is usually at modest mass flow rate to insure smooth 

laminar filling and to avoid fingering instability [3],[8]. 

f Please refer [1]. 
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Creeping flow — Polymer processing flows are generally creeping flows. A 

creeping flow is one in which viscous forces predominate over inertial force. 

Classical examples of such flows include those treated by the hydrodynamic 

theory of lubrication, Hele-Shaw flows, and the flow of very viscous fluids past 

immersed bodies. The equation of motion can be reduced to the following form 

[2!: 
dV _ . i 

p - f t = - V P - [ V - z ] + p g  

Negligible mass diffusion —: The criterion is that the rate of mass diffusion is 

much less than the rate of chemical reaction in the filling stage. 

Non-isothermal — The reasons for the non-isothermal character of the mold 

filling are the following : 

a.) The mold surfaces which are the flow boundaries are not at the same tem

perature as the melt. This is due to the difficulty of making temperature 

uniform throughout the block. 

b.) The spatial variation of the time varying temperature due to the cyclic 

nature of the injection molding process makes the heat transfer in the 

mold block an unsteady, non-isothermal phenomenon. 

c.) The combination of highly viscous flow and a small channel leads to viscous 

heating and temperature rise of the melt as it proceeds into the cavity [11], 

d.) Exothermic heat generation In the RIM process, the polymers will react 

to produce significant exothermic energy. 

The above factors will promote or demote the gelation crust growth near the 

mold wall. Consequently, the principal effect of this boundary gelation crust is 

the constriction of the flow path which lead to a large pressure drop increase. 

In the worst case, freezing can occur in the runner ("short shot"). 

Negigible free convection — This will be true if the height of the channel is 

small as compared with its own width and depth. 

Heat conduction in transverse direction is negligible — This will be true if the 

height of the channel is small compared with its own width and depth. 
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Adiabatic filling — Adiabatic filling means that the reaction rate is so fast that 

before gelation no apparent heat transfer occurs between wall and polymer. It 

is resonable to assume adiabatic botuidary condition at wall for fast reaction 

rate. 

a.) Most of systems used in RIM process are rapid and highly exothermic such 

that a widely used procedure for measuring reaction kinetics for fast RIM 

system is the adiabatic method which is based on analyzing the tempera

ture rise during an adiabatic reaction [16]. 

b.) The adiabatic reaction will be true if the height of the mold channel is 

large as compared to its own width and depth. If the height of the mold 

channel is small, heat conduction in the transverse direction will become 

important, and the adiabatic assumption will fail [12]. 

Perfect mixing of reactants and no mixing activation before the beginning of 

the filling stage — As an example, the criterion for full impingement mixing 

for cross-linking polyurethane system is the inlet Reynold number of the most 

viscous component (Re = ^hiAT-)) raus^ exceed about 250 in order to obtain 

satisfactory mixing [12]. 

Neglegible foaming — When flow into a mold cavity is too rapid, large air 

bubbles will be entrained by the leading front. 

Negligible surface tension — Typically, RIM/TIM material is very viscous, 

hence the surface tension is negligible as compared with the shear stress. 

Effect of the fountain flow near the leading front —• 

a.) In the injection-molding-like process, neglecting hydrodynamic entrance 

region effects, the material particles during the filling of a narrow gap 

mold can be considered to have straight path lines, except in the vincity 

of the flow leading front where the flow is of a spreading or smearing nature 

("fountain flow" behavior — the flow front is nearly perpendicular to the 

flow direction and moves with the pump flow rate). This flow front region 

constitutes a small portion of the flow field except at the begining of the 

filling process. The pressure drops across the flow front is therefore negli

gible as compared with that in the main flow. Thus, when analyzing the 
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filling stage for nonreactive material with a uniform temperature field, the 

flow front can be neglected. For reactive material or when non-isothermal 

effects axe important, the flow front must be considered because it governs 

final location of each material element. Hence, it affects how the gelation 

crust grows as well [9]. 

b.) It has been found that variation of assumed qualitative streamline pattern 

used in fountain flow region will not cause any noticeable difference in the 

resulting temperature and conversion profile after cavity filling. This indi

cates that an exact solution of the fountain flow is probably not required 

for moldability analysis as long as it is considered [8]. A typical streamline 

pattern of the fountain flow and a typical characteristic velocity profile 

relative to a moving coordinate system can be found in Fig. 2 of [8] and 

Fig. 3 of [4] respectively. 

§1.5 Survey of Previous Research in Injection Molding 

Riccardi and Vazquez [14] solved the unidirectional tube flow of a particulate-filled 

thermoseting polymer, including the influence of the wall slip boundary conditions 

(resulting from the addition of external lubricant), under laminar and adiabatic 

wall conditions with constant volumetric flow rate. They used the critical radii as 

the parameters to define the processability limits : 

a.) Thermal degradation — The lower limit is the value of the radius where an 

undesirable advance in the reaction extent takes place at the wall or where 

viscous heating leads to degradation. 

b.) Short shot — The upper critical radius is the radius where wall velocity is low 

and gelation takes place. 

Riccardi and Vazquez concluded that : 

a.) The processability is determined from the behavior at the wall. Hence, in any 

case, when analyzing a particular system, the most important effect to focus 

on is to determinate the constitutive equation for the slip condition at the wall. 
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b.) Increasing wall slip velocity or filler fraction and decreasing inlet temperature 

or tube length amplify the processability zone. 

Manas-Zloczower and Macosko [12] performed a simplified analytical approach to 

obtain moldability diagrams for a polyurethane cross-linking RIM system by assum

ing adiabatic filling. The agreement between analytical and experimental results 

was satisfactory. They observed that : 

a.) In the filling stage, the moldability area is defined by four curves drawn on the 

frame of initial material temperature, T,-, and filling time, tf. The four curves 

represent the criteria of poor mixing, short shot (due to excessive reaction during 

filling), thermal degradation (due to too high exothermic temperature) and flow 

instability (due to turbulence) respectively. 

b.) In curing stage, the moldability area is defined by three curves drawn on the 

frame of mold wall temperature and demold time. The three curves represent 

the criteria of surface degradation, slow production and torn plaque. 

Reboredo and Rojas [13] considered a model for the molding by reactive injection 

of reinforced plastics for systems in which fiber glass reinforcements are placed into 

the molds by assuming diffusional mass transfer is negligible as compared with 

convective transfer. Their important conclusions are : 

a.) Many dimensionless parameters were derived. Among them, the most impor

tant parameters axe Ge = t,me at r,- = and J = 21^11 (Where 

Xg is the gel conversion.) 

b.) The temperature difference (T,- — T w )  should be small in order to obtain uniform 

temperature and conversion profile and avoid the emergence of residence of 

residual stresses. 

c.) Increase in T< will increase the reaction rate and hence will reduce the mold-

ability areas. 

d.) The relationship between pressure drop and flow rate (see Fig. 6 in [13]) — 

i.) For higher flow rate, the pressure loss is mostly due to large velocity gra

dients. 
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ii.) For lower flow rate, the pressure loss is mostly due to increase in viscosity 

which due to high conversion levels. 

Manzione [8] investigated the temperature, viscosity, velocity and conversion profile 

during the cavity filling and curing stages with general representive reactive fluids 

injected into a rectangular cross section cavity and the subsequent curing stage in 

the mold based on initial conditions derived from the filling analysis under the two 

dimensional laminar flow with constant volumetric flow rate. The analysis must 

solve the concentration field with momentum and energy equations simultaneously 

because the form of the chemical reaction rate that was used. The analysis also 

computed the temperature distribution in the mold wall where the convection heat 

transfer coefficient at the interface between mold wall and mixed polymer material 

is found from simple heated tube flow experiments. The important conclusions are 

a.) The conversion of the fluid near the centerline of cavity increases down the 

length of cavity but the higher conversion fluid is not located at the leading 

flow front, (see Fig. 7 in [8]) 

b.) The oldest, most viscous fluid is located at the wall somewhere in the length of 

the cavity (see Fig. 7 and 9 in [8]) This results from the "fountain flow" effect. 

c.) According to the empirical expression of viscosity and chemical reaction rate 

i.) The viscosity decreases with temperature and increases with conversion. 

(See Fig. 5 in. [8] for the 3-D represention.) 

ii.) The chemical reaction rate increases with temperature and decreases with 

conversion. (See Fig. 4 in [8] for the 3-D represention.) 

iii.) The paper discusses the temperature and chemical conversion dependence 

of the rheology and kinetics of the mixed material and the effects on the 

position of the high conversion region after filling. 

d.) Even though a region of high conversion will usually develop at the wall some

where down the length of the cavity, premature gelation will not occur there 

due to the relatively fresh, low temperature field in the center of the channel 
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at that axial position (see Fig. 8 in [8]). The flow will be halted only when 

gelation occurs at the front since this the oldest central fluid. 

e.) Although the flow will not seize at the high conversion area, a growing gel layer 

at the wall may cause a flow nozzle and a jet flow into the cavity (see Fig. 10 

in [8]). 

f.) During curing, the gate region is usually the last to reach full conversion. 

g.) During curing, full conversion is reached first at the center of the mold due to 

the near adiabatic condition present there — this verifies the common adiabatic 

assumption that used in the analysis of RIM. 

In summary, the goals of the analysis of injection-molding process are : 

1.) To obtain optimum operation conditions. 

2.) To avoid premature gelation ("short shot") during the filling stage. 

3.) To avoid high exothermic temperature which can result in polymer degradation 

or damage to an encapsulated electronic device. 

4.) To get uniform temperature and conversion profiles during curing stage to avoid 

the emergence of residual stress. 

5.) To reduce the operation cycle time — by promoting conversion by increasing 

the initial material temperature or mold wall temperature during filling stage 

as long as premature gelation can be avoided. 

6.) To keep the injection pressure low so that low pressure RIM equipment can be 

used. 

In summary, the objectives of the analysis of the injection-molding process are : 

1.) The analysis of the influence of material and processing parameters on depen

dent variables : conversion, temperature and pressure. 

2.) The moldability diagram. 

3.) Conversion and temperature profile during the filling and curing stages for 

different mold temperature Tw and inlet temperature of the mixture T,-. 

4.) Relationship between injection pressure drop and flow rate. 

5.) Discussion of the "fountain flow" effect on the leading flow front. 
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§2.0 DEVELOPEMENT OF MATHEMATICAL AND PHYSICAL MODEL 

§2.1 General Form of Governing Equations 

The problem shown in Schematic 2.1 is governed by the following general form 

of the governing partial differential equations for transport phenomena involving 

fluid flow, heat transfer, and diffusion in a multi-component system, and the as

sociated initial conditions, boundary conditions, constitutive and chemical kinetic 

equations. 

Equation of Continuity : 

^  = "KV 'v )  (2 .1 .1 )  

Equation of Momentum : 

Dv 
P^  =  -VP~[S7 -Z]+ PS  (2 -1 .2 )  

Equation of Energy : 

p^ = -(V • q) - -P(V * v) - (z : Vv) + s (2.1.3) 

Equation of Continuity for Binary Mixture : 

DCA 

Dt 
=  D a b - V  C A +  R a  (2.1.4) 

Where : 

r is stress tensor. 

Ca is the molar concentration of species A. 

Ra is the molar rate of production of A per unit volume (for instance by 

chemical reaction). 
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§2.2 Properties of the Injected Fluid 

Because the exact injected fluid is not known, we will assume the following 

constitutive and kinetic equations and transport and thermodynamic properties for 

the fluid.f 

Transport and thermodynamic properties 

1.) Constant properties : fc, cp, exothermic heat of reaction AH 

2.) Incompressible fluid : p=constant, V ' v = 0 

Constitutive equations and assumptions 

1.) Fourier conduction law is applicable. 

2.) Assume a generalized Newtonian fluid. Viscosity (x can be defined by r,j = 

for compressible fluid and T{j ~ for incompressible fluid. 

3.) Viscosity of fluid is independent of molecular weight of fluid and strain history 

and can be represented well with a Arrhenius equation as follows : 

H  =  A „  •  g ( X )  •  e x p  { 2 . 2 . 1 )  

Where : 

* Tij is the stress component in the j's direction on the surface with outward 

normal in i's direction. 

*  X  =  C b qC  is the conversion (extent of reaction). 

*  C 0  is the initial molar concentration of particular reactive species, say, 

s p e c i e s  A .  

*  X g e i  is the value of X  when gelation occurs. 

* Aft is the Arrhenius pre-exponential factor for the viscosity expression. 

[ A „ ]  =  [ p ]  

f The different models of constitutive and kinetic equation can be found in 

[2],[3j,[6j,[7j,[8],[9],[12],[13j,[15j,[16],[17]. 
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*  g { X ) is the conversion function in the viscosity expression. g ( X )  must 

satisfy X > Xgei as fi —• oo. It is assumed that g(X) has the form : 

y- Cl-f C2X 
g(X) = ( *"' ) 

•X-gel — A 

* Eft is the activation energy of viscosity. 

* Cl, C2 axe experimental parameters. 

*  R  is the universal constant. 

Note : 

i) It may be argued that EC1, C2 and AM can be functions of T and X. 

I t  i s  p r e d i c t e d  t h a t  c o n s t a n t  v a l u e s  o f  c o n s t i t u t i v e  p a r a m e t e r s  E C l ,  C 2  

and fit the phenomenological expression well for most fluids. 

ii) g ( X )  may have other forms determined by the reology of the actual fluid. 

iii) Note : The viscosity increases with the extent of reaction X and decreases 

with temperature. (X | orT | /x T)- When X = Xgei, the viscosity 

goes to infinity and the fluid becomes gel. 

Kinetics equation 

1.) Assume that the chemical reaction rate equation can be determined from the 

adiabatic method and can be represented well with an Arrhenius temperature 

dependence expression as follows : 

DX dX 
Rx Dt dt = •'*>>(-w) <2-2-2> 

Where : 

* Rx is the rate of conversion. 

* Ex is the activation energy of chemical reaction. 

* Ax is the Arrhenius pre-exponential factor for chemical reaction. [Ax] = 

see-1 

*  f ( X )  is conversion function in the kinetic expression. f ( X )  must satisfy 

Rx —> Rx,max as X —* 0 and Rx —• 0 as X —> 1. We further assume the 

fluid has the kinetics of step-growth polymerization such that f(X) has 

the simple nth-order reaction form : f(X) = (1 — X)n and n = 2. 
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2.) The rate of exothermic chemical heat generation S can be represented as 

S  =  C o  - & H - R x  (2.2.3) 

Where : 

* ah is the heat of reaction per unit mole — p Cp£T'"t determined from the 

"adiabatic method". 

* ATad = total adiabatic temperature rise determined from the "adiabatic 

method". 

Note : 

i) It may be argued that those kinetics parameters Ax and Ex can be func

tions of T and X. 

ii) f ( X )  can have other forms determined by the kinetics of the actual fluid, 

iii) Note : The rate of reaction increases with temperature and decreases with 

the extent of reaction. (X j orT | =*• Rx T)- As X goes to one, the 

chemical reaction rate goes to zero. As X is zero, chemical reaction rate 

is the largest. 

§2.3 Difficulties of Solving the Present Conjugated Non-linear Problem 

The injection process which is to be modeled is a conjugated one with gelation 

crust formation, curing (thermosetting), and polymerization (chemical reaction) oc-

curing simultaneously while the fluid is being injected into the fracture. Injection 

and setting may be : (1.) chemical reaction (polymerization) dominated, (2.) heat 

transfer (thermosetting) dominated, (3.) and, the viscous dissipation may be im

portant. Since the exact fluid is unknown in advance, a general simulation code 

capable of handling all possible situations was developed. 

Non-linearities coupling non-linear factors can be summarized as follows : 

1.) Temperature and conversion (extent of reaction) dependence of viscosity — 

couples the velocity and temperature field. 



27 

2.) Temperature and conversion dependence of chemical reaction rate — couples 

the temperature and extent of reaction field. 

3.) Crust shape — couples the conjugated solid and fluid domain and hence affects 

the velocity, temperature and extent of reaction field and the free surface shape. 

4.) Fountain flow region — is a very complicated flow pattern at the free surface 

which will affect the final position of the fluid particle and hence the shape of 

the crust. 

5.) Free surface — Couples the conjugated applied fluid and underground fluid 

domain and will strengthen the coupling between vx and v- momentum equa

tions. Furthermore, A Lagrangian description will be necessary to track the 

free surface position. 

6.) Since the position of the moving free surface at the interface of fluids and the 

growing gelation crust will change with time, the solution domain will vary 

with time. The whole process is inherently transient. 

Since the type of fluid was not known in advance, the mechanisms for mov

ing contact line region and velocity boundary condition at the walls and gelation 

crust shape are ambiguous. A sensitity analysis must be performed to include the 

following situations : 

1.) Moving contact line — There exists a small region of moving contact line region 

which will affect the shape of free surface and hence the fountain flow field. 

2.) Slip conditions — The no-slip velocity boundary condition at walls and gelation 

crust is probaly not valid because of additives or lubricants participating in the 

flow and/or the presence of a "gelling phase" at the interface of gelation crust 

and the main flow. 

§2.4 Qualitive Discussion of the Occurence of Premature gelation 

Case 1. Tl- < T,„ : 

When the fluid is injected into a higher temperature empty channel, it becomes 

reactive and its temperature increases. The temperature field in the fluid may 
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be very complicated to compute, as is its effect because of both, temperature and 

conversion dependence of viscosity and chemical reaction rate and movement of 

the fluid particle. If uni-directional flow assumption is valid, it is less difficult to 

compute the temperature and conversion distributions along any streamline and at 

any cross section. 

If the fountain flow effect and viscous dissipation are weak, the fluid behaves 

like a uni-directional flow except at the entry region. The mixing-cup tempera

ture at different cross sections will increase in the downstream direction because of 

heat transfer from the wall, internal viscous dissipation, and exothermic chemical 

heat generation. Since the chemical reaction rate increases with temperature, the 

mixing-cup conversion will also increase downstream. Observing the temperature 

and conversion distributions at any cross section, the lowest temperature and con

version will almost always be found at the center of the channel because fluid near 

the wall will be the first to gain the diffusive heat transfer from the wall. The higher 

is the temperature of the fluid near the wall, the more severe will be its chemical 

reaction and hence the higher will be its extent of reaction and rate of chemical 

heat generation. Hence, the fluid flowing in the central region should always be at 

the lowest temperature and have the lowest extent of reaction at any cross section. 

Under these circumstances, the "short shot" can only happen when the gelation 

crust grows and meets at the center. 

If the fountain flow effect is apparent, the fluid traveling at the central core 

will tumble to the near wall region when it reaches the leading front and will mixe 

with fluid of higher temperature and conversion than itself. The result is that the 

fountain flow effect will "cool down" the temperature and conversion fields near the 

wall in the fountain flow region through the advection mechanism. Nevertheless 

the lowest temperature and conversion fluid at the cross section near the leading 

front will still be located at the central core. Because of the fountain flow effect, the 

highest temperature and the highest conversion fluid will very possibly no longer be 

located near the leading front but instead near the middle of the penetrated length. 

Case 2. Ti > T„. : 
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A similar argument as above can be reversed to apply to the case of Tj > tw. 

If t{ > tw and the fountain flow effect and viscous dissipation axe not important, 

the highest temperature and conversion should occur at the central core at each 

cross section. Under this situation, the "short shot" can only happen when the 

fluid located at the central portion near the leading front gels. 

On the other hand, if the fountain flow effect is apparent, the fluid traveling at 

the central core will tumble to the near wall region when it arrives at the leading 

front and will mix with fluid of lower temperature and conversion than itself. The 

fountain flow effect results in "heat up" of the temperature and conversion fields 

near the wall in the fountain flow region through advection mechanism. The highest 

temperature and conversion fluid at the cross sections near the leading front should 

be located at the central core. Because of the fountain flow effect, the highest 

temperature and conversion fluid will very possibly be no longer located near the 

leading front but located at the middle of the penetrated length. 

From the above discussion, a "short shot" can only occur under two situations 

: cass (i) The gelation crust grows and meets at the center of channel first because 

of the high wall temperature resulting in severe chemical reaction or because of the 

fountain flow effect tumbling the oldest fluid from the central core to near the wall, 

case (ii) The fluid located at the central portion near the leading front gels first if 

the crust shape grows very slowly because of low wall temperature or in the case of 

large channel height with weak fountain flow effects and weak viscous dissipation. 

The limiting case occurs when the fluid flowing at the central core reacts under 

isothermal temperature T;. The elapsed time for the "short shot" to occur under 

this limiting case is called the isothermal gelling time tg. Note, tg is the longest 

possible elapsed time for "short shot" to occur for tw > t{ in case (ii) and the 

shortest possible elapsed time for "short shot" to occur for tw < T,- in case (ii). 

The conclusion of the argument here is "which front should be traced — the 

flow leading front or the gelation crust front to find the elapsed time when short 

shot occurs." The answer will depend on which time scale in case (i) and (ii) is the 

smallest. 
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Case 3. Chemical reaction dominate ; 

There exists a limiting case, call it case (iii), for which the chemical reaction 

is much larger than the thermal diffusion. The chemical reaction time scale is 

much less than the thermal diffusion time scale. In this case the thermal boundary 

condition at wall becomes trivial and can be replaced with an adiabatic wall without 

losing accuracy. Under this circumstance, the constant conversion and isothermal 

lines will coincide with the time lines. One portion of the oldest applied fluid will be 

always located at the central core near the flow leading front because the centerline 

of the channel is always the streamline at any time. It is necessary only to trace 

the flow leading front to get the elapsed time when "short shot" occurs in case (iii). 

Here, the elapsed time is called the adiabatic gel time ta. 

Since the impact of T and X on internal heat generation terms, exothermic 

chemical heat generation and viscous dissipation, is reversed (X f orT j =4> /x | 

and Rx !), if the viscous dissipation term dominates, the entire process will change 

dramatically. 

For the application of injection of a setting fluid into a fracture, the situation 

is much like the case of Tw > T{. Hence, not only is it necessary to trace the flow 

leading front but also to focus on how the thickest point of the crust grows from 

the fracture wall and perhaps how this particular point moves along the streamwise 

direction as time elapses. 

By intuition, the location of the thickest crust can occur at near the inlet in 

the case of high wall temperature or large viscous dissipation resulting in extremely 

large chemical reaction rate. Even without large viscous dissipation near inlet, the 

thickest crust can occur at near the inlet because the no slip condition at the wall 

will be valid near the inlet and far from the moving contact line region. Fluid 

particles will accumulate at the wall near the inlet as soon as they come in contact 

with the wall or gelation crust for small advection if the no slip condition at the 

wall is a proper model. The crust growth rate at this particular cross section can 

be approximated as stationary fluid of temperature T,- inside a parallel plate of 

constant wall temperature Tw. 
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§2.5 Discussion of Characteristic Time Scales 

If the exact elapsed time for premature gelation, is known, the penetration length can 

be evaluated as V0 times the elapsed time. Hence, knowing the order of magnitude 

of the most significant time scale can provide information necessary to estimate the 

order of magnitude of the penetration length. Time scales for five limiting cases are 

discussed next. 

1.) Chemical reaction may occur isothermally without flow reactants are put into 

a container and the reaction proceeds isothermally at temperature T0(= T,) by 

extracting the chemical exothermic heat from the container. The elapsed time 

for the material to become gel is the isothermal setting time t9 (in RIM this is 

called the isothermal gel time tg) at T0. It may be derived as follows : 

^ = A*(l - X)"exp{- J^) (2.5.1) 

tx'*1 dX f*' Ex 
integrating : j _ „ = J^ Axexp(—^r)dt-, n € N (2.5.2) 

^[(1 - - 1J = i. • Axexpi-jgr) (2.5.3) 

for n = 2 : t3 = (2.5.4) 

Here, t3 is the time scale of the limiting case of case (ii) in section §2.4 and can 

be recognized as the characteristic time scale of the extent of reaction. 

2.) The chemical reaction rate equation and energy equations will collapse into an 

identical form if the order of magnitude of the exothermic chemical heat gen

eration is much larger than thermal diffusion. The gelling time ta for material, 

with initial temperature T„, inside a container can be evaluated as followingf : 

^7 = C1 - X) exP(-R(T*ATad + yo)) (2'5'5) 

f The situation is like a lump of material reacting adiabatically inside a very 

small container with an insulated wall. 
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Here, t * = t - A x ,  T *  =  gg. 

integrating : t* = J —^ ^ dX (2.5.6) 

ia is the time scale discussed in case (iii) in §2.4. It is called the "adiabatic gel 

time". 

In the case of a "simple" fluid injected into a planar channel of finite depth 

isothermally without reaction in the flow, one can obtain the transit time of 

the oldest fluid inside the fracture i.e. the residence time in the fracture tr (in 

R I M  i t  i s  c a l l e d  t h e  f i l l i n g  t i m e  t f )  :  

tr = (2.5.7) 
* o 

tr can be recognized as the characteristic time scale for the flow field. This is 

similar to the usual way in which time is non-dimensionalized : t* = in 

most fluid mechanics problems for the advection is an important mechanism. 

In the case of a "simple" solidification/melting problem with/without flow, the 

thermal diffusion time scale is given by : 

H2 

td = — (2.5.8) 
a 

td can be recognized as the characteristic time scale for the temperature field. 

Here, -q is the Fourier number and is the usual way in which the time scale in 

the pure conduction or solidification/melting problems is non-dimensionalized. 

If the materialof initial temperature Ta reacts within a parallel plate channel of 

constant wall temperature Tw, the elapsed time for all the material to become 

gel can be recognized as the possible time scale for the case (i) in §2.4. 

§2.6 Possible Simplification of the Problem 

In this section several simplifications to the actual problem are considered. 
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1.) The problem can be solved by matching three regions : entry region -f main flow 

region + fountain flow region. Prom the previous paper survey, it was found 

that almost ail the RIM analysis neglect the entry region and the treatment of 

fountain flow region is simply replaced by assuming a reasonable characteristic 

flow pattern [4],[6],[8]. Moreover, if both the fountain flow and entry region are 

neglected, then, a unidirectional flow approach becomes proper. 

2.) If the free surface shape is known or guessed in advance, (for instance say 

parabolic or flat), the kinematic boundary condition at the free surface can be 

neglected. It will be possible to solve the problem by an Eulerian description 

with moving mesh coordinates [9]. 

3.) If it is possible to guess a characteristic gelation crust shape by experiment or 

some other means, then it will be possible to decouple the conjugated solid and 

fluid space domain [4],[31]. 

4.) If the exact properties of the fluid in the applied situation were known — more 

simplifications can be made, such as the following : 

a.) If the order of magnitude of the height of fracture is very small as compared 

with that of the width and depth of fracture, the diffusion terms in the 

flow direction and advection terms in the transverse direction in energy 

and mole balance equations can be neglected and uni-directional flow is 

proper for the momentum equation. [2],[3],[6],[9],[14]. 

b.) For low Reynolds number, the following may apply : 

i) Lubrication approximation. [2],[3],[5],[6],[8],[9],[14]. 

ii) Quasi-steady assumption (in Eulerian sense) to simplify the problem. 

[2], [3], [4], [5], [8], [9], [14]. 

c.) If chemical reaction is so fast that the characteristic time scale of chemical 

reaction, i3, is much smaller than the characteristic time scales of velocity 

advection and thermal diffusion, tr and tj, respectively (ta -C td\ ts <C tr), 

the effects of fountain flow and thermal boundary condition at wall will 

not be apparent. Because gelation occurs near the leading front region 

before the fluid at the central core is tumbled to the near wall region, the 

fountain flow effect can be neglected under this circumstance. Because the 
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chemical reaction is so fast that the heat loss from the wall will not be 

significant during the filling and curing stage, the thermal wall boundary 

condition can be replaced with the adiabatic condition without losing ac

curacy. Then, the equations of energy and mole balance may be written 

in a Lagrangian frame together with simplification (a) and (b). It will be 

very easy to solve [3],[12]. 

§2.7 Methodology for Solving Problem 

In the first phase of research, simplifications was made to make the governing 

transport equation more tractable — here the goal was to identify limiting trends. 

By formulating the problem with 1-D slug flow approach the partial differential 

equations (2.1.1) ~ (2.1.4) can be reduced to ordinary differential equations at the 

cost of less detail information and more assumptions. The objective of this phase of 

research was to provide a quick look at the behavior of the flow with/without chem

ical reactant participating in the computation, which is one of the limiting cases. As 

demonstrated in many previous fluid mechanics and heat transfer studies, the inte

gral method oftent can predict correct "bulk" flow behavior with minimum effort by 

suitable guessing of unknown variables' characteristic patterns. This approach may 

be useful with less computational cost if one can understand or guess the character

istics of fountain flow, gelation growth and velocity and temperature distribution 

in advance. All of these must come from further investigation and results from 

experiments and simulation. 

The objective of the second phase of research was to develop a full model of 

transient setting with a minimum of simplifying assumptions. The partial differen

tial governing equations (2.1.1) ~ (2.1.4) associated with equations of constitution 

and kinetics and proper initial conditions and boundary conditions were solved nu

merically. Suitable numerical techniques were developed. Two important feature 

of the numerical model are are : (1.) It must be able to track the transient growth 
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of the injected plug flow, especially the leading front and gelation crust front posi

tions. (2.) It must be able to handle elliptic and hyperbolic type partial differential 

equations. 

Previous investigation have used the following mathematical tools to analyze 

the injection molding process : (1.) Analytic solution — Restricted to simplified 

problem under some assumptions [4],[7],[9],[12]. (2.) Numerical solution — Most 

have used MAC (Marker And Cell) or SMAC (Simplified Marker And Cell) scheme 

to deal with the moving boundary condition of free surface at the fluid leading front 

[8], [10]. 

In the present work the MAC scheme was used but the SIMPLE or SIMPLER 

scheme was adopted as the elliptic solver at every time step to solve the instanta

neous Eulerian space domain. The SIMPLE scheme was chosen as the elliptic solver 

because it has become a popular and standard elliptic solver since introduced in the 

1970's. The SIMPLE scheme has been used to solve many kind of problems includ

ing incompressible/compressible, laminar/turbulent flow, forced/natural convection 

problems, solidification/phase change problems etc. [18],[19],[20],[21],[22],[23],[24]. 

The concepts to incorporate SIMPLE (or SIMPLER) scheme and MAC (or 

SMAC) scheme are the following : 

1.) Eulerian Description : 

By giving correct boundary conditions (possibly varying with time) and initial 

condition (from the previous time step) with proper governing equations, the 

solution of a "field" at any instant time t can be solved. A set of fixed cells 

will represent the Eulerian space domain. 

2.) Lagrangian Description : 

As long as the position of a fluid particle at time = t and the velocity vector 

of the fluid particle from time = t to time = t + At are known, it is possible to 

integrate to obtain the location of the particle at time = 14- At, As a numerical 

approximation, first order forward finite difference with respect to time may 

be used to compute the particle displacement Ai; = u; • At. In other words, 

a quasi-steady assumption is made during each time increment (in Lagrangian 

sense ). A set of moving markers will represent the fluid particles. 
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Schematic 2.1 

Formation of gellation crust, characteristic streamlines and moving leading front 

hiding front ooaltlon at ntkt ttma step 

Hiding front position it tlmt • t 

hydrodynimlc 
' ~ entry region 

roonttm flow 
region main flow region 
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where : moving contact line 
Is the possible growth direction of gelation crust 
end the heat transfer direction 
Is the Instantaneous streamline 

The other possible shapes of free surface are the following : 

( 1 )  (2) (J) (4) 

The other possible gelation crust shapes are the following 
Note : portion of the oldest fluid always exists at the 
Intersection of the free surface and the center line 

( I )  T h i c k e s t  a t  
the beginning 

(2) Thickest at (3) even thickness (4) Thickest at 
the middle the leading front 
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§3.0 ANALYSIS OF THE FIRST ORDER APPROXIMATION 

The hydrodynamic and the thermal entry regions are short for low Reynolds 

number flow. The fountain flow effect is very weak if slip at the walls (because of 

addition of external lubricant) or slip at the gelation crusts (because of gelation 

phase) is true. Under the above circumstances, the influences of the entry and the 

fountain flow regions on the main flow are negligible. The complicated velocity, 

temperature and conversion fields can be considerly simplified to fields for the main 

flow region only. Certainly, this situation can hardly occur at the very beginning 

of the injection process. In the case that the entry and the fountain flow regions 

axe not negligible, for instance, viscous dissipation is extremly large in the hydro-

dynamic entry region and more accurate and detailed information about velocity, 

temperature and conversion distributions in these regions must be given or solved 

in order to compute the advection, diffusion, viscous dissipation and exothermic 

chemical heat generation terms. As a first order approximation, the cases with 

minimum effects from entry and fountain flow regions are modeled. 

If the velocity, temperature, conversion profiles and gelation crust shape are 

self-similar in the main flow region at different times, functional forms of charac

teristic patterns of velocity, temperature, conversion profiles, formation of gelation 

crust and heat transfer from fracture wall through gelation medium to the flow can 

be assumed in order to decouple and minimize the conjugated non-linearities. With 

this approach the conjugated coupling non-linearities among temperature, velocity, 

conversion fields, boundary conditions and geometry may be eliminated through 

the implicit phenomenological prediction of characteristic patterns. 

The basic concept of this first order approximation is encouraged by the previ

ous success of integral method and "front tracking" method used in previous fluid 

mechanics, heat transfer and solidification/melting problems. The existence of sim

ilar distributions with respect to time and the correctness of the guessed functional 

forms of characteristic patterns of velocity, temperature, conversion and crust shape, 

will be critical for the success of using the 1-D slug flow approach. The analysis 



38 

is included in this report to show possible simplifications for later reference and 

comparison to the full solution. 

§3.1 Cases of Study for First Phase of Research 

Schematic 3.1 shows the situation modeled using the simplified one-dimensional 

approach. The following physics are considered : 

* The applied fluid is injected into an empty parallel plate channel ( W  »  H )  

subjected to constant pressure in the inlet Pj.f 

* Formation of gelation crust. 

* Chemical heat generation. 

* Viscous dissipation. 

* Negligible surface tension. 

* The fluid behavior in the "fountain flow" and entry regions are neglected. 

* Constant properties of k, p, cp 

* Temperature and conversion dependence of viscosity : 

^ A * - s W - e X p ( ¥ ) = A * - ( x ^ c )  • exp(^} 

fx0 = A^exp 's viscosity at time equal to 0. 

* Rate of chemical reaction : 

R x  =  A x  •  f ( X )  •  e x p  =  A x  •  ( I -  X ) 2  •  e x p  

Assumptions : 

1.) Assume Pr 3> 1 then the thermal entrance length -C hydrodynamic entrance 

length. 

f For the case of constant velocity inlet, the solution of velocity is already given 

as : V = V0 = constant. It is not necessary to consider momentum balance. 
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2.) The gelation crust shape is smooth and similar to parallel plate configuration 

all the time. 

3.) During the entire transient process, the gelation crust is thin as compared 

with its extension in the direction of flow so that the heat conduction in the 

streamwise direction is negligible all the time. 

4.) The fountain flow effect is very weak. 

5.) "Quasi-steady" in the Eulerian sense. 

6.) The pressure is uniform throughout any cross section and the pressure drop is 

negligible in the "fountain flow" region : Pl ~ Poo 

7.) Uni-directional laminar flow. 

8.) The affects on the local flow field will not come from down-stream. 

9.) Assume there exist similar patterns of characteristic velocity, temperature, con

version distributions and growth of gelation crust in main flow region at any 

instant time. 

§3.2 Formulation and Analysis 

Relate P^e — Pl to K, L and AL : 

The hydrodynamic entry length Le(t) is expressed in terms of the inlet 

Reynolds number Re and hydraulic diameter Dh [32] by : 

i > 0 : Le(t) = 0.02768 • Re • £>/, (3.2.0-1) 

t = 0 : Le„ = 0.02768 - Re0 • Dho (3.2.0 - 2) 

The pressure drop from the inlet to the position x in the planar flow,P,- — Pr, is 

represented as [32] : 

4-^ =  ( f t i R t )  •  (*»+) + K ( x )  (3.2.0 - 3) 
\pV2 

Where : 
* T+ _ J • ftp _ PDh V . + — Lfl 

X  ~ DHREI •N 'E  ~ #1 '  O DH ARE0  
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*  f / d  is the fanning friction factor for fully developed flow, ffd • R e  = 24 for 

parallel plate channel flow. 

*  K { x )  is referred to as the pressure defect. K(x)'jpV2 means the pressure drop 

due to momentum change and accumulated increment in wall shear between 

developing flow and developed flow. K(x) increasees monotonically from x = 0 

to a constant value in the fully developed flow region. K{x) is designated as 

K(x —+ oo) in the fully developed region. There is no experimental value of 

K(x —* oo) for truly parallel plate channel flow. The numerical solution of 

K(x —*• oo) is about 0.6 ~ 0.7 for constant volumetric uniform velocity inlet. 

Here we use K(x —* oo) = 0.674. 

The pressure drop from inlet to the leading front position,Pt* — PL, is fixed since 

the fluid is injected subjected to constant pressure drop. P,- — P^ can be evaluated 

by using equation (3.2.0-3) with initial conditions : L = L0,V — Va. (refer to 

Schematic 3.1 ) : 

Pi - Put) =pi- Pi. = ' Uf* •t + K(x -> »)] (3-2-0 " 4) 

At time > 0, the pressure drop in the main flow region, Pie — Pi, can be 

expressed as (refer to Schematic 3.2) : 

PLC -PL = [Pi -PL- \K{X -> oo)pV2] • (3.2.0 - 5) 

If there is gelation crust formation, the average velocity along the channel is 

no longer constant since the channel geometry configuration is not parallel any 

more. For simplifying the problem, the definitions of "effective" hydraulic diameter 

and Reynolds number is simply based on the height of channel at a particular 

chosen cross section. For instance, this particular cross section could be chosen 

at x = Le, at x = L or at the narrowest throat. Another definition for Dh and 

V is Dh = jl A^X and V = -£ fo
L V'dx. The value of K(x —+ oo) 

must be modified to validate the equation (3.2.0-5) as well. As an approximation, 

Dh = 2Hi, V = VL are used to define Reynolds number and K(x —+ oo) is still 

assumed equal to 0.674 to continue the following formulation in this chapter. 
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By substituting equation (3.2.0-4) into equation (3.2.0-5), the expression for 

PLc — Pl in terms of p, Vot L01 Dh0 = 2h, Re0 = pD*°^ and Vl, L, AL at time > 

0 is : 

Pu -Pl = j/jK2 0 .674 . | l - ( | ) 2 ) + 96 .^  
A L 

(3.2.0 - 6) 

Where : 

* Le(i) is the position of the hydrodynamic entry length at time t. It decreases 

with time. 

* L(t) is the position of the flow leading front at time t. It increases with time. 

* AL(t) = L(t) - Le(t) 

* PLe is the pressure at x = Le at time t. It will decrease with time. 

* Pi is the pressure at x = L at time t. It is fixed. 

Functional forms of velocity, temperature, conversion distretstributions 

and growth of gelation crust : 

1.) Functional form for instantaneous crust shape along the fracture wall [4],[31] : 

a.) In case that the location of the thickest crust is near the inlet, crust shape 

is represented as : 

H \ x , t )  ,  /  H u ( t y  

h 
1 -

X 

ml 
(3.2.0 - T) 

Where : = H ' { x  = 0, t )  is the gelation crust thickness near the 

inlet. and L{i) are stretching factors. 

b.) In case that the location of the thickest crust is near the flow leading front, 

the crust shape is represented as : 

H ' ( L - x , t )  / HL(t)\ 
h V h ) 

1 -
L — x 

~w\ 
(3.2.0-8) 

Where ^fi(i) = H ' ( L ( t ) )  is the gelation crust thickness near the leading 

front. and L(t) Eire stretching factors. 

The crust profiles given by equations (3.2.0-7) and (3.2.0-8) span the entire 

range of physically possible profiles. Here, a(0<a<l)isan adjustable parameter 
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we can play with : (i.) If a = 0 =£• gelation crust grows uniformly (ii.) If a = 1 => 

The represented profiles for equation (3.2.0-7) and (3.2.0-8) can be found in Fig. 2 

of [31]. 

The crust shape with respect to time and space depends on how the gelling fluid 

particle deposits on the crust. Because of the continuous nature of the temperature, 

conversion and laminar flow fields, the deposition mechanism should be continuous 

with respect to time and space as well. The crust shape is predicted to be smooth 

at all time. It is reasonable to guess that there exists a similar functional form of 

crust shape. At any instantaneous time, the thickest point along the crust shape, 

H'(x,t) and the fluid penetration length L(t) are served as stretched factors in 

the functional form of the crust shape. As long as the expression of ff'(x,£) in 

terms of coordinates and time is obtained, the crust shape can be easily obtained 

by substituting of H'(xyt) into equations (3.17) or (3.18). One of the conjugated 

non-linearities which comes from crust shape growth can be simplified to trace 

this particular point H'(x,t). The thickest crust can occur near the inlet, near 

the leading front or at the middle length between the inlet and the flow leading 

front depending on the deposition mechanism. Further investigation on deposition 

mechanism from numerical simulation or experimental results is necessary in order 

to get HLe(i), H^t) or Hmiddle(t) accurately. 

2.) Assumption of a fully developed velocity distribution in main flow region (refer 

to Schematic 3.3) : 

a.) without gelation crust : 

gelation crust grows linearly (iii.) If a = \ =>• gelation crust has square root profiles. 

v t( z )  =  \ v  1  -  (^ )  ;  w  =o  (3.2.0 - 9) 

b.) with gelation crust : 

= 1  - ( | ^ )  ;  ™ =  o  (3.2.0 - 10) 

V' = -jj7 //* vxdz, and are stretching factors. 
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3.) Shear stress in the x-direction at walls or gelation crusts : 

a.) without gelation crust : 

h 
(3.2.0 -11) 

b.) with gelation cruat : 

i _ dvx _ 
"5C ~ dz z_n.< ~~ H' 

Z~ 2 
(3.2.0 - 12) 

From continuity : V'H' = VH r'gc = —• trie?, h \2 

4.) Temperature and conversion distributions (refer to Schematic 3.3) : 

If viscous dissipation and chemical reaction terms are negligible, it is reason

able to assume fully developed parabolic temperature distribution in planar 

flow subjected to constant wall temperature. Since these terms should not be 

neglected for the present problem, it is very difficult to guess any reasonable 

functional forms of the temperature and conversion distribution at this time. 

The time clock is set to equal zero while the average fluid velocity and the 

position of the fluid leading front are V0 and L0 respectively. It is assumed that 

the gelation crust has not formed yet at time equal to zero. L0 is long enough so 

that the velocity profile can be assumed to be fully developed for x > Le0 (refer to 

Schematic 3.1). As time proceeds, the fluid moves forward inside the channel and 

the gelation crust begins to form continuously. A momentum balance is applied to 

a deformable global control volume between the position of entry length Le(t) and 

the position of the leading front L(t) (refer to Schematic 3.2). As time proceeds, 

the extension of the main flow region results in "pushing" the fountain flow region 

to move forward and "shortening" the hydro dynamic entry region. 

Momentum balance : 

The momentum balance for the differential-integral control volume shown in 

Schematic 3.1 is given by : 
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dV' 
(.pA'cdx)— = dP'A'c - r^pcfc (3.2.1) 

From continuity V'-ff' = VlHl = constant, (/?j4(.c£e)-^ = (/?J4C£ofc)^L- can be 

derived by assuming ~ 0 or V'^- <§C or ~ Also, 

T'gc = ( h^)2 fr°m equation (3.12). 

The momentum balance for the deformable global control volume is obtained by 

integrating equation (3.2.1) from Le{t) to Z(i) : 

(pHLhL)^ = •Pi.-ffn - Ptffj, - 12^- J (3.2.2) 

By defining mean viscosityf ji = J^L fi'gc(^-)2 dx and approximating PlcHlc. ~ 

PlHl as {Pie. — Pl)Hl equation (3.2.2) becomes : 

( P H l A L ) ^  =  ( P L e  -  P l ) H l  -  12^A L  (3.2.3) 

AL^- + A= Flc " Pl (3.2.4) 
dt2 pD\ p 

Dimensionless form for the momentum equation — 

Introduce dimensionless variables and parameters : 

j** ^ Le0 a VJ H L 
L ~ ~^7~' * If 

f>* dl vh n _ pdh0v0 fx 
CLt Vq f i o  l ^ o  

r*<PL* 48 ft* r + dL* 48 r„ tdL* * n nnfT f1 ,dL* .2. 
£ 5- + "^ ^L -r- = ^ ' (-T-) + 0.337 • [1 — (——) ] (3.2.5) 

dt*2 Re0 Hf dt* Rea ° ^ dt* J 1 v dt* ; 1 K 7 

If AL* = 0 then L*0 = Le*0 = 0.02768 • Rea 

f The idea of mean viscosity ft is similar to that of mean-heat transfer coefficient hi 

along a channel wall. 
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giving finally : 

L"l£ + = 0337 - °-̂ §r) (3.2.6) 
'Z, 

The initial condition is given by : 

t* =Q,V* = 1, L* = L*0 = Le*0 = a.02768tfeo 

Energy balance : 

By the Eulerian description, the energy balance for the differential control volume 

under quasi-steady, uni-directional flow, negligible streamwise diffusion, kinetic en

ergy and gravity potential terms is — 

in the flow region : 

Pcpvx^ = k^-+ ̂ ) +C.AIS, (3.2.7-a) 

with the boundary conditions given by : 

^L-=±r = l™±*- «• ^Utf' = MS, - r„)U±f- (3.2.7 - i) 

where h x  is the heat transfer coefficient between the gelation crust and main fluid. 

f^-=o=0 (3.2.7 -c) 

T\x=0=To (3.2.7 — d) 

in the gelation crust : 

82T 
k-^-f + C0AHRx = 0 (3.2.8 - a) 

with the boundary conditions given by : 

f )  7"1 r ) T  
k-gf\z=±r = ̂ \,=±r or T,|,=±f. = Ts\„±r (3.2.8 - b) 
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— Tw (3.2.8 c) 

Chemical reaction rate equations : 

By the Eulerian description, the chemical reaction rate equation for the differential 

control volume under quasi-steady and uni-directional flow is — 

in the flow region : 

R x  =  =  A x  •  ( 1 -  X ) 2  •  e x p  (-|f) (3.2.9 - a )  

with the boundary condition : Xjx=o = X0 = 0 (3.2.9 — b) 

in the gelation crust : 

X > Xgel] R x ~  0 (3.2.10) 

Equation sets (3.2.7) and (3.2.9) are integrated along the transverse direction to get 

the energy balance and conversion rate equations for the differential-integral control 

volume at each cross section in the flow field : 

/"£' dTf dTf [%' dvx 
2 • 

J ' - * • +  / * .  • > d z + C °*H / R x i * 
2 1 2 

(3.2.11 - a) 

f*' 
with the boundary condition : I Tr|I=o = Ta (3.2.11 — b) 

J-lv 

L\. v*i£dz=L'r ( i  • x f  •  e * p  i'M) d* (3-2-12 - a) 

/

jl> 
X\x=o =xo = 0 (3.2.12 - b) with the boundary condition 

Energy and conversion rate differential equations in terms of the mixing-

cup variables : 
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It is convenient to express the equations in term of mixing-cup variables. The 

analysis follows. 

In the Flow Region : 

Define the mixing-cup temperature Tm, mixing-cup conversion Xm and heat transfer 

coefficient hx based on temperature of gelation crust and mixing-cup temperature 

as follows : 

Where : Tgc = Tg\z=ji.' — Tj\z=ji' which is the temperature of the gelation crust. 

Define viscous dissipation and chemical reaction terms as follows : 

(3.2.13) 

(3.2.14) 

k Q* — 24w,x — 2hx(Tgc Tm) (3.2.15) 

Rxdz = C0 AH Ax 

S»= f '.M (3.2.17) 

s = s„ + s„ (3.2.18) 

Equation sets (3.2.11) and (3.2.12) can now be re-written as : 

p c p H ' V =  2 h t ( T s e  - T m )  +  S  (3.2.19 - a )  

with the boundary condition : Tm\x=Q = T0 (3.2.19 - b) 

(3.2.20 - a )  

with the boundary condition : Xm|x=o = X0 = 0 (3.2.20 - b) 
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Prom continuity V'H' — VlHl = constant, therefore equation sets (3.2.19) and 

(3.2.20) are re-written as : 

- dTL 
pcPHLVL-^ = 2hx(Tgc -Tm) + S (3.2.21 - a) 

with the boundary condition : Tm|I=o = T0 (3.2.21 — 6) 

<3-2-22-a> 
with the boundary condition : Xm|i=o = XQ = 0 (3.2.22 — b) 

In the Gelation Crust Region : 

The quasi-steady approach says that the temperature profile in the crust is linear. 

Equation sets (3.2.8) and (3.2,10) can be solved in terms of Tgc as : 

T
°  = 2^Hrz + HT

h~-H
T9C] f - |ar| - f (3-2"23) 

X > Xger, X ~ 1 (3.2.24) 

Dimensionless form for energy and conversion rate equations — 

Introduce dimensionless variables as : 

T — T0 m x „ 2 hx Nux Nuj T* = ̂ 7^, z* = —z* = —, Stx = 
&Tad ' Dho' Aio' x pCpVa PrRea Pe 

e *  =  _  $  T j *  = —  V *  =  Y k  H ' *  =  —  
pcpV0ATad VoCo&H' L H ' Vo' H 

In the Flow Region : 

- dT* 
= *St*(Tlc - + 25* = 4S,t,(3J! - T;) + 25; + 2s; (3.2.25 - a) 

iwit/i the boundary condition : T^j|x*=o = 0 (3.2.25 — b) 

(3-2.26 - a) 
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with the boundary condition : -X"m|r*=o = 0 (3.2.26 — b) 

In the Gelation Crust Region : 

rpm iji* H'*T* T* 
m* A SO w w 9° /o o 

9 ~ H'*~l H'* -1 (3.2.27) 

The expression of H' comes from equations (3.2.0-7) or (3.2.0-8) 

r/* b' 
H =h 

x* 
1 L* 

(3.2.28) 

By examing equation sets (3.2.25) and (3.2.26), it is found that dimension-

less temperature and conversion will have the same form if viscous dissipation 

is negligible and the thermal boundary condition at the fracture walls is re

placed by an adiabatic condition. As discussed before, adiabatic thermal bound

ary condition is a very good approximation for the case that the order of mag

nitude of the exothermic chemical heat generation is much greater than that of 

thermal diffusion. If the applied material is the kind of fluid that satisfies sit

uation (3) in §3.1, the thermal diffusion terms can be droped as well. Then 

equation (3.2.25) collapses into the same form of equation (3.2.26) : X = T*, 

Sc — C0AHAxH'(l — X)2 • exp ii(x&Tad+T0)) • Equations (3.2.6) and (3.2.26) 

can be solved simultaneously as long, as the penetration length is the only concern. 

The formulation presented in this section has not been completed. Stx, Sv 

and Sc terms remain unknown because the reasonable functional forms of the tem

perature and conversion distribution are not known at this point. At present, it is 

difficult to predict the functional forms of the temperature and conversion distribu

tion. The only comment that can be made here is that those important character

istic variables, for instance, Tm and H', must go into the expressions and serve as 

stretching factors. 

As long as the functional forms of temperature and conversion are known, 

equation (3.2.6) and (3.2.25) ~ (3.2.28) can be solved by using a O.D.E solution 

numerical scheme at each time step. The steps are as follows : 

0° Find expression of Hle(t*), H*l{t*) or &middie(t*) by some means. 
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1° Evaluate H' from equation (3.2.28) 

2° Solve equation (3.2.6) to get V£ and L* at time = t* 

3° Solve equation (3.2.25) and (3.2.26) to get the distribution of and Xm along 

x*. 

4° Use T^, Xm and H '* as stretching factors to get the temperature T*(x*,z*) 

and the conversion X(x*,z*) distributions along x. 

5° Evaluate S* and S* along x and ji" for next time step usage. 

6° Repeat. 

Only the momentum equation (3.2.6) was solved by considering the flow with 

constant properties of /*, cp, k and />, without formation of the gelation crust and 

chemical reaction participating in the flow. It is possible to include all factors into 

this one-dimensional approach as long as all the functional forms are known. 

§3.3 Results and Discussions 

Results : 

One of the results for the equation (3.2.6) with Rea = 8.00 is shown in Fig. 

3.1. Note, the marching length in all figures means L(t) — Le0. 

After the fluid is injected into the empty channel the fluid is decelerated because 

of friction on the fracture wall. The average velocity and deceleration both decrease 

with time and the marching length increases with time. The flow never stops 

because the driving pressure drop always exits. Realistically, the pressure drop can 

finally be balanced by the surface tension. 

With the re-scaling : • -ReOJ all the curves for different ReQ 

collapse into one curve. These are shown on Fig. 3.2 to 3.4. 

Discussion : 

The fluid behavior before the fluid leading front marches to the position Le0 

was not examined. By intuition, the flow behavior is very complicated just after it is 

suddently injected into an empty channel. For instance, the fluid is first accelerated 
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upon injection, then decelated due to the wall friction. There might exist reverse 

flow patterns near the inlet. 

Many analytical and numerical solutions exist for steady developing planar 

flow. Many fewer papers treat the solution for the injected flow. Here, the global 

integral momentum equation is solved first to obtain the penetrating length and the 

flow leading front average velocity in order to trace the flow leading front at each 

time step. Then the instantaneous space domain is frozen to solve the values of the 

other field variables, Tm, Xm, p.. A very critical assumption - quasi-steady in the 

Eulerian sense - has been made while solving Xm and Tm. This assumption is valid 

only if the time rate of change is negligible. The quasi-steady assumption is satisfied 

when the fluid leading front is far away from the inlet so that the downstream fluid 

behavior will not aifect the upstream fluid. It is unreasonable at the region near 

the inlet. For instance, the entrance length Le(t) = 0.02768 • Re is varying with 

time. To overcome this, the time clock is set to zero when the fluid leading front 

has marched to the position far from the Le0. 
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Schematic 3.1 

Initial condition setup for first order approximation and represented characteristic 

pressure distribution in entry and main flow regions at time equal zero 

hvdrodvnimlc entry region 

fountain flow region 

mitn flow region 

Lei 
mwrho *tr*cirto front' 

difctrnmbft global c. i/, 

X Le0 
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Schematic 3.2 

Nomenclature for first order approximation and characteristic pressure distribution 

in entry and main flow regions for time greater than zero 

hydrodyntmic entry region 
fountiln flow region 

miln flow region 

~gc 
H.CtJ ftx.t) 

Le(t) 

LCt) 

ffiaWna 'trie/« f«nr 
ikwl c.v. 

; friction Mt the gelttlon crust  

t/if possible growtn direction of gelation crust and the direction or fie it rlux 

A Pl P~*R : fixed 
R» LeCt) : decrease with time 

P, LCt) : increase wtth time 
slope : decrease with time 

Re — _ _ 

R. 

i 

i 
i 
i 
i 
I 
i 

Lett) LCt) 



Schematic 3.3 

Characteristic velocity and temperature distribution 

54 

fracture wall -M&2M 

related velocity profile temperature profile 
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Figure 3.1 

Dimensionlesg marching length, velocity and acceleration versus time for Rea = 8 

(for first-order approximation without formation of gelation crust, without chemical 

reaction and constant properties) 
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Figure 3.2 

Dimensionless marching length versus time for different Reynolds numbers (for first-

order approximation without formation of gelation crust, without chemical reaction 

and constant properties) 
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Figure 3.3 

Dimensionless marching velocity versus time for different Reynolds numbers (for 

first-order approximation without formation of gelation crust, without chemical 

reaction and constant properties) 
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Figure 3.4 

Dimensionless marching acceleration versus time for different Reynolds numbers 

(for first-order approximation without formation of gelation crust, without chemical 

reaction and constant properties) 
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§4.0 VALIDATION OF SIMPLE SCHEME 

It is necessary to validate the SIMPLE scheme, because it is the central part 

of computation in the simulation code for the second phase of the research. The 

SIMPLE scheme is a Semi-Implicit Pressure Linked Equations algorithm that is 

capable of solving a general elliptic convective-diffusive type equation. The general 

form of the governing differential equations for pratical situations involving fluid 

and heat and mass transfer which Eire governed by the principles of conservation of 

mass, momentum,energy, chemical species is represented as : 

$ : Dependent variable — For instance, the velocity component for momentum 

equation and the temperature for energy equation. 

F : Diffusion coefficient — which in conjunction with the gradient of the appro

priate variable leads to the diffusive flux such as a viscous stress or a heat 

p : Density. 

t : Time. 

A brief outline of the SIMPLE scheme is summarized as follows : 

* Finite difference control volume approach. 

* Primary dependent variables. 

* Staggered grid layout. 

* Iteration procedure takes care of non-linearities. 

* The up-wind scheme takes care of the advection term which inherits the "na

ture" of hyperbolic type partial differential equation. 

* The power-law scheme takes care of the combined effects of the advection and 

the diffusion terms. 

* Implicit in time. 

(4.0.1) 

flux. 

V{ : Velocity component in V t h  direction. 

s : Source terms. 
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§4.1 Test Cases for Validation of the SIMPLE Scheme 

Schematic 4.1 describes the geometry and boundary conditions used as test 

cases to validate the SIMPLE scheme. The fluid flows inside a two-dimensional pla

nar channel representing a fracture with negligible wall roughness. Either constant 

wall temperature, constant heat flux or constant heat transfer coefficient thermal 

boundary condition can be applied to either wall seperately. Computationally, the 

solution domain to be solved covers the hydrodynamic and the thermal entry regions 

without including the the fountain flow effects. 

Assumptions 

* 2-D planar channel flow. 

* Incompressible Newtonian fluid. 

* Constant properties of cp, p, fi and k. 

* No chemical reactant participating in the flow. 

* Including the hydrodynamic and the thermal entry regions. 

* Not including the fountain flow region. 

Initial conditions 

T =Ta ; vx = V0 ; vz = 0 

Boundary conditions 

* Far downstream flow behavior — no apparrent change of the temperature and 

the velocity along the streamwise direction = 0 and 4^- = 0). 

* At the outlet cross section — uniform pressure distribution (P = Poo)-

* At the inlet cross section — uniform velocity distribution (v£(z)i  = Vj = V0 

and v;  = 0), uniform inlet fluid temperature distribution (T, = T0). 

* At walls — The no-slip condition is valid (vx = 0, vz = 0) at both walls. 

Either constant wall temperature (TWtU,TWii), constant heat flux (q'w,ui Qw,i)i or 

constant heat transfer coefficient (hw<u, hWii) can apply to either wall seperately. 
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§4.2 Formulation and Analysis 

Governing partial differential equations for incompressible Newtonian 

fluid with constant properties 

Equation of Continuity : 

v • 0>v) = 0 (4.2.1) 

Equation of Momentum : 

= -V-P + /*V2v + PS (4.2.2) 

Equation of Energy : 
DT 1 

= *V T + f : i) (4.2.3) 

Dimensionless form of governing equations 

It is important to introduce a set of physical meaningful dimensionless vari

ables and parameters so that the mechanisms that dominate the overall behavior of 

the process can be understood from dimensional/scale analysis. The dimensionless 

parameters and variables should be made by dividing the variables with the proper 

characteristic scales. These characteristic scales can be decided according to which 

factor dominates the behavior of the fluid. Different dimensionless parameter group 

and governing equations are derived in the flowing sections depending on whether 

or not solidification occurs. 

Introducing the following dimensionless variables and parameters : 
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= T-rr _ . = ar 
^ — fj? rp * *WtX Qz* 

N l l , S k ^ ; E c =  V  
k ' Cp{T0 — Tr) 

Here, Tr ^ T0 is an effective constant reference temperature. 

* For constant wall temperature : 
a"* 

Tr = Tw, hx(Tw Tm) = q'w,! ~ k~£\at wall Q-Yld NuXtT — T^—T^ 

* For constant heat flux from wall : 

Tr = hx(Tw ~ Tm) = g»tI and Nux,H = 

* For constant heat transfer coefEcient from wall : 

T r  =  T f ,  hx ( T f  —  T w )  —  =  k - Q ^ \ a t  w a l l  Q > Y l d  N u X i h  —  r p .  — T ^  

The following dimensionless equations are derived : 

Equation of Continuity : 

f£+f£=° «4-2-4' 

Equation of Momentum : 

dv% dvlvl dvtv; dP- 3 1 ft>* a 1 3d-
dt* dx* dz* dx* dx* Red:r* dz* Re dz* 

dvt 9»;«; dv-zv; ap- a i dv; a i a>; 
9.-C* d.z* 0s'" dx* Re dx* dz* Re dz* 

Equation of Energy : 

dT* dv*xT* dv*T* = 

dt* dx* 52* 

a  .  i s r .  (  3  , - i  s r .  
v ti- \ r>- Q-.* /*•" dx* Pe dx* dz* Pe dz* 

2 2• 
+ (4.2.7) 

Jle \  I Sn* (8z'' . dx"' I ^ '  

§4.3 Results of Simulation 
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The purposes of the presentation are to show the capabilities of SIMPLE 

scheme and accuracy of the code. If not mentioned particularly, solutions are for 

the simultaneously developing flow with the parameters set to the following : 

Re = 20, Pr = 1.0, Ec = 4.0, 

T: = 1.0, T* = 0.0, = 1.0, NuXth = 5.0, T; = 0.0 

Criterion of convergence of local iteration : convergence = 10-6. 
Criterion of convergence of global iteration : accuracy = 10—5. 

Criterion of convergence of steady : convergence3teady — 10-5. 

is defined as for the velocity field; is defined as Dh Pr for the tem

perature field. 

The effects of streamwise diffusion and viscous dissipation terms are controlled 

by flags set in the code by turning them on/off during the numerical simulation. 

The grid size for each case is shown on the top of the figure. Pig. 4.1 and 4.2 are 

the solution for the isothermal hydrodynamic developing flow including the effects 

of streamwise diffusion and viscous dissipation. Fig. 4.3 and 4.4 are the results for 

constant temperature and constant heat flux thermal boundary conditions at walls. 

In order to compare with the analytical solution represented by the curve of solid 

line in either figure the viscous dissipation is eliminated in the code. Fig. 4.5 to 

4.7 show the effects of viscous dissipation and streamwise diffusion at the thermal 

developing region for constant temperature, heat flux, heat transfer coefficient at 

the channel walls respectively. The results obviously show the viscous dissipation is 

important in the thermal developing region for these test cases. Fig. 4.8 to 4.10 are 

the results for apllying different thermal boundary conditions at either wall. For 

instance, constant temperature is specified at one wall and constant heat flux at 

the other wall in Fig. 4.8. Fig. 4.11 is the case for the wall temperaure suddenly 

change from the inlet fluid temperature T„ to Tw at time equal zero. Fig. 4.12 to 

Fig. 4.15 demonstrate how the SIMPLE scheme handles a irregular geometry by 

assigning a very large viscosity to those main grids located at the "block-off" area 

(square area inside the channel for the present case) to cease the flow. Some results 

for validation of the SIMPLE scheme are summarized as follows : 

1.) Accuracy of code : 
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* Fig. 4.1 shows the results of Refx versus = DHRC ^or = 

40. Refx does approach to the analytical solution Reffd = 24 for fully 

developed flow. The hydrodynamic entry length does match x+ = 0.02768 

of equation (3.2.0-1). 

* Fig. 4.2 v* shows the velocity profiles at different cross sections along 

the streamwise direction. The "over-shooting" flow behavior in the en

trance region is observed. This observation is consistent with the previous 

report, f 

* Fig. 4.3 NUx%H versus x+ = Dh^ePr ' It does approach to analytical value 

8.235. 

2.) Ability to handle non-uniform grid : 

* Fig. 4.4 NUXiT versus x+ : The AZ* for NuOl and Nu03 are 1/84 and 

1/244 respectively. In both cases, the x* interval is specified in a extremly 

non-uniform way — each interval between 10fc and 10fc_1 (k=3,2,...-3,-

4) is divided into 5 even sub-interval. Surprisingly good results are still 

obtained. All approach to the analytical value of 7.54. 

3.) Ability to handle different type boundary conditions : 

* Fig. 4.5 ~ 4.10 show the results for different wall thermal boundary con

ditions. 

4.) Convergence : 

* Fig, 4.11 Transient NUx<T versus x+ : It does approach to steady state 

solution. 

5.) Ability of handling complex geometry configuration — This feature is extremly 

important, since the code will encounter complex geometry resulting from the 

formation of gelation crust growth. 

* Fig. 4.12 show that how markers present the flow visualization. 

* Fig. 4.13, 4.14 : v* and u* velocity profiles at different cross sections. 

* Fig. 4.15 shows the velocity vector field.f 

f See [32] for detailed discussion of the "velocity over-shooting" behavior. 
f All fluid flow downstream. 
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The above test cases showed the abability of the SIMPLE scheme. It is ready 

to serve as a elliptic solver when incorporation with MAC scheme laterly. 

Schematic 4.1 

Geometry and boundary conditions for test cases of SIMPLE scheme 

• : u-veloclty node 
a : T,X-node 
a : w-veloclty node 

w , U  

Siffii fry# 

• A 

inlet cross-section outlet cross-section 
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Figure 4.1 

Re • fx versus x+ for different Reynolds numbers — solution for hydrodynamic 

developing flow 
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Figure 4.2 

velocity profiles of v* at different cross-sections — solution for hydrodynamic de

veloping flow 
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Figure 4.3 

Independence of solution on grid's size for the case of NVX ,H VERSUS x+ for constant 

heat flux at both sides (based on fully developed paxabolic velocity profile) — 

solution for thermal developing flow 
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Figure 4.4 

Independence of solutiol} on grid's size for the case of Nu X t T versus  x +  for constant 

wall temperatlire at both sides (based on fully developed parabolic velocity profile) 

— solution for thermal developing flow 
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Figure 4.5 

Effects of streamwise diffusion and viscous dissipation on the thermal developing 

region for the case of Nux,t versus x+ for constant wall temperature at both sides 

(based on steady developing velocity field) — solution for simultaneously developing 

flow 
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Figure 4.6 

Effects of streamwise diffusion and viscous dissipation on the thermal developing 

region for the case of NuXih versus x+ for constant heat flux at both sides (based 

on steady developing velocity field) — solution for simultaneously developing flow 
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Figure 4.7 

q* versus x+ for constant heat transfer coefficient at both sides (based on steady-

developing velocity field) — solution for simultaneously developing flow 
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Figure 4.8 

•Wux.r versus aj+ at constant temperature side and NuXih versus a?+ at constant 

heat flux side (based on steady developing velocity field) — solution for simultane

ously developing flow 
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Figure 4.9 

Nux,h versus x+ at constant heat flux side and q*' versus x+ at constant heat 

transfer coefficient side (based on steady developing velocity field) — solution for 

simultaneously developing flow 
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Figure 4.10 

Nux, t versus x+ at constant temperature side and q*" veraus x+ at constant heat 

transfer coefficient side (based on steady developing velocity field) — solution for 

simultaneously developing flow 
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Figure 4.11 

Transient Nux,t versus x+ (based on steady developing velocity field) — solution 

of simultaneously developing flow 
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Figure 4.12 

Flow visualization by pathline of makers and block-ofF area by specifying very 

viscosity 
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Figure 4.13 

velocity profiles of v* at different vertical cross-sections of Fig. 4.12 
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Figure 4.14 

velocity profiles of v* at different horizontal cross-sections of Fig. 4.12 
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Figure 4.15 

Velocity vector field of Fig. 4.12 
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§5.0 ANALYSIS OF THE FULL TWO-DIMENSIONAL CASE 

In the second phase of research, the analysis of the full two-dimensional case 

is try to simulate the continuously changing flow phenomena from the flow filling 

stage, gelation formation stage to the final setting stage by a single simulation code. 

At this point, the code is only capable of solving the filling stage excluding the 

conversion equation participating in the computation such that no result about the 

gelation formation is presented in this report. The section §5.1 describes which flow 

region and what kind of initial and boundary conditions that the code is capable 

of solving and lists the assumptions briefly. The following sections §5.2 and §5.3 

make the description of the problem into mathematical formulation. The equations 

are non-dimensionalized in section §5.3. The MAC scheme is briefly summarized 

in section §5.4. The numerical approximation of the vanishing shear stress and 

free-slip conditions at the interface are derived in section §5.5. Different treatments 

of the moving contact line region and the slip condition at the walls are proposed 

in section §5.6. Sections §5.7, §5.8 and §5.9 are simulation setup, flow chart of 

numerical scheme and some comments. 

§5.1 Description of the Problem 

The geommetry is shown in Schematic 2.1. Fluid is injected into a two-

dimensional channel representing a fracture with negligible wall roughness. Com

putationally, the solution domain to be solved covers the hydrodynamic and the 

thermal entry regions and includs the the fountain flow effects. The following as

sumptions are made : 

* 2-D flow (Vy ~ 0, ~ 0). 

* Constant properties of k,cp, p. 

* No latent of heat when phase change occurs. 

* Diffusional mass transfer is negligible (Dab ~ 0). 

* Natural convection is negligible. 
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* Gravity is negligible. 

* Non-equilibrium and non-uniform transport and thermodynamic properties of 

the moving fluid can be obtained from classical thermodynamic relations. 

* Surface tension is negligible. 

The initial conditions are specified as follows : 

* The injected fluid is fully mixed and no severe chemical reaction occurs. 

* It is assumed that the inlet temperature is uniform. 

* The inlet velocity can be specified according to the following : 

1.) For a sudden injected flow vr  = vs  = 0 (IC/iag = 0 in the code). 

2.) Assumed uniform velocity flow (I C f i a g  = 1 in the code). 

3.) Assumed fully developed parabolic velocity distribution flow (I C f [ a g  =  2 

in the code). 

Velocity boundary conditions at the inlet are specified as : 

1.) Assumed uniform velocity distribution inlet (inletj\ag = 1 in the code). 

2.) Assumed parabolic velocity distribution inlet (inletfiag = 2 in the code). 

The injected flow rate is subject to the type of the injection equipment used 

in the geothermal application. If it is constant volumetric flow rate at the inlet 

(Vi = V0 = constant and vz — 0), the inlet flow pressure, -Pi(i), varies with the 

time. If it is uniform pressure distribution at the inlet (Pi = constant), the average 

inlet flow velocity Vj(t) is function of the time and vz = 0. An additional global 

control volume momentum balance iteration procedure is necessary in the code 

while solving the flow field for the latter case. No result about uniform pressure 

inlet is presented in this report. 

To save computational time, the initial condition and the inlet boundary condi

tion of the velocity field axe assumed as a fully developed parabolic velocity profile. 

In other words, the hydrodynamic entry region is not included in the test cases. 

Nevertheless the code can handle cases including the hydrodynamic entry region. 
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Thermal boundary conditions at walls are specified as follows : 

1.) Constant fracture wall temperature (teTnpBCflai) = 1). 

2.) Constant heat flux at walls (tempBC}i„g ~ 2). 

3.) Constant heat transfer coefficient at walls (assign tempBC J t a a  = 3). 

The constant fracture wall temperature is the most reasonable assumption at 

the fracture walls in the geothermal application. 

Velocity boundary conditions along the walls : 

Different treatments of the moving contact line region and the slip condition 

will be used to perform the sensitivity analysis on the kinematics of the fountain 

flow and the overall flow fields. The different slip condition models along the 

walls are performed by specifying the parameter contactfiag as 0,1,2,3,4,10 in 

the code respectively. See §5.6 for more detailed description. 

Thermal boundary conditions at the interface of the moving flow leading front are 

specified as follows : 

1.) Constant fracture temperature (temp00/Ug = 1 in the code). 

2.) Constant heat flux (tempOQ/lag = 2 in the code). 

3.) Constant heat transfer coefficient (temp00/lag = 3 in the code). 

The constant heat transfer coefficient is the most reasonable assumption for the 

thermal boundary conditions at the free surface in the geothermal application. 

Velocity boundary conditions at the interface of the moving flow leading front are 

specified as follows : 

* No reaction and mass diffusion between the injectesd fluid and the underground 

water . = M. = o 

* Uniform pressure distribution : Pqq = constant 

* Vanishing tangential shear stress or free-slip condition : 

1.) vanishing shear stress (f r e e f i a g  —  0 in the code) 

T f l u i d  =  T u n d e r g r o u n d  w a t e r  
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i f  ( 1  » fiWater =» ( J~t) ~ 0 

2.) free-slip (freefiag = 1 in the code) 

0 -\ d r i j j  j l u i d  

§5.2 Mathematical Model of the Problem 

Equation of Continuity : 

= 0 (5-2-D 

Equation of Momentum : 

,dvx , dvx dvXx dP , d , ,dvx„ , dr  ,dvx^ fK n  

"(1T +'°-aT + aT> = ~aT + a! w aT)] + alw aT)J (5'2'2) 

du- 9P 9r  ,dvz  dr  ,dv. . , , 
p(~dt + Vx~fc + V*1h^ " ~ aJ + 5a: ̂  dx ^ + dz ̂  dz ^ (  ^ 

Equation of Energy : 

,dT dT dT. 
pc > i -d i +v'te+v*di)  = 

Fft'T1 cftl* Qtj ^ dv ^ dv dv ^ 
k +̂ ]̂ + 2"[̂  +c'-ah-r* <5-2-4) 

Equation of Continuity for Binary Mixture : 

SCA , dCA , dCA „ ,&CA . 8*Ca, , A ,r  „ 
^+v*-te+v>-5r = DAB<--dj- + - a s ) + R A  ( 5 - 2 - 5 )  

Kinetics of chemical reaction rate equationf : 

f For the case of negligible difFussional mass transfer, the equation of continuity 

for binary mixture and kinetics of chemical reaction rate equations collapse into one 

identical equation. 
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•  D X  d X  d X  d X  .  ,  E X s  f K  n  ̂  
= "dT = "aT + a7 = '/m' "^-r^ (5'2'6) 

Constitutive equation : 

ii = A .. • rt( • p^r.nl 
RT 

p  =  A „  •  g ( X )  -  e x p ( ^ )  (5.2.7) 

where : 

/(X) = (1 - X f ;  g ( X )  =  (  )  
~-&gcl 

C1+C2X 

Initial conditions : 

X j  —  X  f 0  —  0  v x  —  v x ^ z ^  

X = Xo = 0 T — Ta fi = (j,0 = A^exp(-^fr) 

Boundary conditions : 

x = 0 T = T0, X = X0 = 0 

x  = 0 v z  =  0, v x  =  v x ( z ) i  

/  , \  D x t  d x f  .  d x t  X  —  X f { Z , t )  D t  —  d t  + V Z  g z  

x  =  x f ( z , t )  P = P00, |^- = 0 

X  =  X f ( z ,  t ) -A: j£ = h^T - Too), % = % = 0 

2 = 0 vx = vs = 0, If = 0, 2§f 

z = y vx = vz  = 0, T = Tw 

Where : x f ( z , t )  is the x-coordinate of the flow leading front at time t. 

§5.3 Non-dimensional Form 

Introducing the following diraensionless parameters and variables 

T *  -  —  •  Z *  =  — •  t *  =  ^  

H ' H ' H 
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-P Pqo 
'i K ' * v0 '  ̂

i>r = ££•> . JU = £*1° . Pe = Jfep,. = M 
k fi0 a 

p. V? .. A, Yu ftooff 
Ec-7^£Z' a> - T 0>  j v"~- — 

p a  =  .  T . _  J'~T° 
or ATad 

The final fonn of dimensionless governing differential equations and associated 

initial and boundary conditions are derived as following : 

Initial conditions : 

*/ = *% «;=o «: = »;(**),• 

jy = = o T' = o 

Boundary conditions : 

T* = 0, X = = 0 

u! = 0, ^ = wS(^). 
Z)r" 3s* 
Z)t* — a<* ' vz dxm 

p* = p* =n = o 1 co u> dxT u 

9T ' ' 

= 0 

X* = 0 

s* 
**

-» 

II 
X* II 

X* = X*j-

z* = 0 

z* _ i 
~ 2 

dn l  =  N u a o (T*-T^) , ^  =  f£  =  0  

v x u z  u> u> 

?j* = u* = 0 T* =T* = °a: yz ~' ui J — ±w ~ AT.j 

Continuity : 
c?u! . 3u 
9a:* 02 

s-momentum : 

*  +  ̂ = 0  ( 5 . 3 . 1 )  

c?u* „ 3u* „ 9w* 
—- 4- v —- 4- -u —-
dr + 1 dx* + 

5P* d , 1 , .Eu N /v..5u* 

^e:cp^(T*Arad + r0)^ 
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z-momentum 

dz* ^ReA^6Xp^R(T*ATad+T0)^X^dzX^ 

dv* mdvt , mdv* —- 4- v —— + v —- = 
d i *  ^  X d x *  ^  ' d z *  

dp*+4tâ A>*P{ Afr. ,L ^^1+ dz* dx* Re M R(T*ATad + T0) dx 

9 (5.3.3) 

Energy 

d z * l R e  *  R ( T * A T a d  +  T 0 )  ,  d z  

QT* tdT* t d T * x q2T* Q2T* 

~dF + V*d^ + Vx~d^ ~ Te["E;p" + 1^]+ 

A *  f  B p  \  , Q v t \ 2 i  / ® v x  ® v * 2  

JfeAPexP( jl(rp*ATad + T0) + ̂ dz*^ +^dz* + dx* + 

T^eXp("~ R(T*ATad + T0)^X^ ^5'3'4) 

Extent of reaction : 

d X  * d X  m d X  D a  E x  , f , v ,  .  .  
d F  + V x d P  +  V z d F  ~  ~ p ^ e x p ( ~ R ( T * A T a d  +  T 0 ) ^  ^  (  ^  

For the purpose of solving the above partial differential equations subjected to 

a moving boundary, a incorporated scheme of MAC and SIMPLE is developed in 

the present work. A brief summary and the validation of SIMPLE schem were given 

in chapter 4 already. The following sections §5.4 and 5.5 (begines at the next page) 

will give a very brief description about the original MAC scheme and the treatment 

of the free surface in MAC scheme respectively. 
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§5.4 The MAC Algorithm — 

A finite difference method that is designed to calculate 

the incompressible viscous flow having a free surface 

In this section, only a very brief summarized concepts of the original MAC 

scheme is presented. It is suggested to refer [25],[26] and [28] for more detailed 

understanding. Schematic 5.1 shows the layout of the markers and the cells in a 

two-dimensional planar channel flow. 

The introducion of the markers in the MAC scheme is only for the purposes 

of indicating fluid configuration, especially at the free surface, and showing the flow 

visualization while performing a numerical simulation. They do not participate 

in the calculation while solving the governing equations of the transport process. 

The usage of the marker in the numerical simulation is just like aluminum dust 

or hydrogen bubbles are used in an actual laboratory experiment to show the flow 

behavior. As a numerical simulation, the original MAC scheme is designed by 

using finite number of markers in a code to simulate the flow behavior of infinite 

number of fluid particles in a realistic experiment. 

The positions of the cell are fixed and spread among the interested space do

main. Depending on how the markers occupy the space of a cell, each cell is flagged 

to denote whether it is an empty cell (E), a surface cell (S) or a full cell (F) at each 

time step. A scan procedure in the code is needed to serve this purpose. The cells 

outside and on the geometry boundary is flagged as a wall cell (W). 

During each time step, the surface, full and wall cells are discretized into stag

gered grids and the governing equations of the transport process is applied to those 

grids then solved by a control volume finite difference approach. The boundary con

dition at the free surface is approximated by applying a extrapolation procedure 

on the velocity components at the surface cells during each iteration. After the 

solution at the present time step is obtained, a weighting interpolation procedure is 

performed to calculate the velocity vector with which a marker should move and a 

new space domain for the next time step can be decided. Since the MAC scheme 

is explicit in time, the time step should be small in order to obtain a reasonable 
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solution. Logic in the code is nesecary to prevent markers from crossing the walls 

as well. The more detailed description of the extropolation approximation for the 

boundary condition at the free surface will be shown at the next section. 

§5.5 Treatment of the Free Surface Boundary Conditions 

The numerical approximation of the vanishing tangential stress condition at 

the "Surface" cell is performed to satisfy the following two conditions as accurate 

as possible (refer to Schematic 5.2) : 

1.) Fluid incompressibility in surface cells must always be satisfied to insure con

vergence of the numerical scheme and a physical meaningful solution : 

 ̂+  ̂= ° ("-1) 
2.) The shear stress along the free surface depends on not only the velocity gradi

ent, the fluid viscosity but also the orientation of the free surface. The equation 

for vanishing of shear stress along the free surface can be written as : 

sinM(tf-§r>+cos2'<tf + lf> = 0 <5-52> 

Where, 6 is the angle between the outward normal direction of the free surface 

and the streamwise direction. 

In the original MAC scheme, the normal stress condition is treated by assigning 

the surface pressure P00 to the main grid of "Surface" cellf and equation (5.5.2) 

is approximated with using vanishing of the normal derivative of the fluid velocity 

tangential to the surface. Then, equation (5.5.2) is simplified to 

dv~ dvx , . 
a f - a f  =  °  < 5 - 5 - 3 '  

Many subsequent papers have discussed and improved the MAC scheme with 

more accurate free surface boundary conditions [27],[29]. For uniform interval grid 

f This is only correct in the limit of zero viscosity. 
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layout, a easy numerical extrapolation formulation becomes possible to approximate 

equation (5.5.1) and (5.5.2) simultaneously during each iteration procedure. 

1.) If the shape of free surface inside the "Surface" cells ( i , j )  and (i+2, j) is approx

imately horizontal or vertical (refer to case (i) in Schematic 5.2). The equation 

(5.5.2) can be simplified as ~ 0. As a numerical approximation we 

have — 

a.) satisfication of continuity : 

wi,j+i = wi,j-i + ui+i,j ~ (5.5.4) 

U>i+2,J+1 = + «i+3,j — «i+l,j (5.5.5) 

b.) satisfication of vanishing of shear stress : 

Ui+i,i+2 = + Wi+2,j+i ~ ̂ i.j+1 (5.5.6) 

2.) If the shape of free surface is approximately slanted with 6 = 45°, 135°, 225° 

or 315° inside the "Surface" cell (i,j) (refer case (ii) in Schematic 5.2). The 

equation (5.5.2) can be simplified as = 0. Numerical extrapolations 

««+i,j = Ui-U (5.5.7) 

w.-.j-H = j_i (5.5.8) 

can satisfy both the continuity and the vanishing of shear stress. 

The thick solid lines shown in case (i) and (ii) of Schematic 5.2 represent the 

free surface shape according to the above approximations. 

3.) More correct surface pressure can be improved by a interpolation procedure 

to evaluate the pressure at the correct free surface location [29]. Since both 

MAC and SIMPLE schemes are control volume finite difference approachs, it 

is less difficult to formulate the finite difference equations at the partial control 

volumes (cells) near the free surface. What is required is to track the free 

surface location so that the area and boundary length of "Surface" cellsf can 

\ Assume 2-D. 
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be adjusted correctly. A surprisingly good result can often be obtained from 

a rather crude representation of the boundary which is approximated by a 

series of rectangular control volumesf. The main grid interpolation procedure 

is not included in the code to save some computational time. The vanishing 

tangential stress condition at the free surface is included in the code in order 

to simulate the fountain flow behavior correctly. 

For the purpose of comparing the different effects on the fountain flow behavior 

between the free slip boundary condition and the vanishing shear stress boundary 

condition at the free surface, the numerical approximation of the free slip condition 

at free surface is formulated as follows : 

1.) If the shape of free surface is approximately horizontal or vertical : 

a.) satisflcation of continuity : 

Wij+1 = wij-i + ui+ij - u,-i,y (5.5.9) 

«M-2,j+i = w i + 2 , j - i  + u»+3,j - Ui+ij (5.5.10) 

b.) satisflcation of free slip : 

";+i,j+2 = ui+i,j (5.5.11) 

2.) If the shape of free surface is approximately slanted with 9 = 45°, 135°, 225° or 

315°. Then, equation (5.5.2) can be simplified as : — 4^- = 0. Numerical 

extrapolations : 

"«+i,i = (5.5.12) 

Wj+i = Wij-i (5.5.13) 

can satisfy both continuity and free slip condition. Moreover, Equations (5.5.9) 

~ (5.5.13) can apply to non-uniform grid layout unlike that equations (5.5.4) ~ 

(5.5.8) are restricted to apply to uniform grid layout only. The main difference 

f from the comment of [19]. 
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between "vanishing shear stress" and "free slip" approximations is merely the 

discrepancy between equation (5.5.6) and (5.5.11). 

Logic in the code will ensure that those cells near the walls are designated to 

correct cell patterns such that more correct free surface shapes can be obtained 

and vice versa. A parameter called margine is setup in the code as the criterion 

for distinction of Full and Surface cell of those near the walls. Any cell which has 

markers located a distance away from the wall less than margine will be treated as 

Full cell otherwise Surface or Empty cell, (refer to Schematic 5.1) 

§5.6 Treatment of the Moving Contact Line and Slip Condition 

The usual velocity boundary conditions at walls are no penetration and no 

slip. The validation of no slip is the fact that the length scale of the "free slip" 

mechanism in most fluid mechanics problem is too small to be noticed and affective 

in view of macroscopic phenomena. In the present problem, there always exists a 

small area of moving contact line region which is located at the neighborhood of the 

intersection between the free surface and the fracture wall. The no-slip condition can 

never match the moving contact line phenomenon. Previous investigations of the 

moving contact line problem found that a singularity exists in the moving contact 

line region. Dussan [30] solved the moving contact line problem in the planar flow 

channel by a perturbation method. By comparing the results for different assumed 

velocity pattern along the wall, it was concluded that the assumed velocity patterns 

will not affect the overall results as long as they satisfy : 

Moreover, the no slip condition at the gelation crusts is questionable after the 

gelation forms at walls. Even without formation of the gelation crust, the no slip 

f r e e  s l z j )  • Um 1Lin ter face  ^  ^  0  (5.6.1) 

no slip : uw —• 0 as s —*• oo (5.6.2) 
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condition may fail because of additional lubricants participating in the flow. There

fore, the combined flow phenomena of the slip condition and the moving contact 

line may be too complicated to deal with. Different velocity patterns along the wall 

are assumed to represent the combined effect of the slip boundary condition and 

the moving contact line and are used in numerical simulation to present a compar

ison of the sensitivity of the slip boundary condition and the moving contact line. 

If different mechanisms will change the overall flow behavior dramatically, these 

mechanism must be carefully investigated in later experiments. 

Six test model of the slip boundary condition at walls and the moving contact 

line region are proposed as follows (refer to Schematic 5.3) : 

1.) No-slip at walls and the moving contact line region. 

(contactfiag = 0 in the code) 

2.) No-slip at walls and one node of free-slip condition at the moving contact line 

region. 

(contactfiag = 1 in the code) 

3.) Uu(s) = Uin ter face  '  (1 77^ 

(contactfiag = 2 in the code) 

4.) Uui(s) = ^interface ' Y+J 

(contactfiag = 3 in the code) 

5.) Uio(s) = Winier/ace * ( l-f-a ) > ^ = 2 

(contactfiag = 4 in the code) 

6.) Free-slip at walls and the moving contact line region. 

(contactfiag = 10 in the code) 

The sensitivity parameter b in the model 5 defines the strength of the slip 

condition and the range of the moving contact line region. If b is equal to zero, 

model 5 becomes the exact free-slip model. If b is specified as 1, model 5 has 

the same form as the model 4. If b is specified to a very large number, model 5 is 

equivalent to model 2. The larger value of b, the more severe is the no-slip condition 

and the smaller is the moving contact line region. These extrapolation formulations 

will be evaluated during each iteration procedure. 
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§5.7 Numerical Simulation 

Basical Comments : 

In the present work, the following "sensitive factors" Eire performed to test the 

simulation code : 

1.) Treatment of the moving contact line and the slip condition at walls. 

2.) Value of Re. 

3.) Treatment of the free surface boundary condition. 

Prom qualitative discussion of the simulation results of these test cases the 

goal is to determine whether a different mathematical and physical model of above 

factors will affect the solution of the flow field and cause divergence of the code. 

First, it is necessary to set x*jQ ^ 0 in order to remove the singularity at time = 

0. Since it is impossible to setup a correct space domain and velocity distribution 

initiallyf without advanced computation, the code is allowed to proceed based on 

the given unrealistic velocity flow to seek a more correct and realistic "initial" flow 

field and a free surface shape from dimensionless time equal to zero to t*Uady. 

From dimensionless time im
steady to t* = oo, the computations of temperature and 

conversion field are turned on and material lines are tracked to examine how the 

fluid element is deformed by the flow field near the fountain flow region.^ 

The basic parameters are specified as the following : 

At* = 0.025, As' = 0.1, Az* = 0.1, A<arter = 0.003125, Az^arker = 0.003125 

x}0 = 0.5, t*Uady = 3.0, Re = 10, Pr = 100, T0 = 300 

A Tad = 100, I? = 0, T* = 1.0, |=5x 102, A* = 0.3* 

Xg ti = 0.8, CI = 3.5, C2 = -2.0, X0 = 0, = 5 x 103 

f The only possible situation that the initial velocity field can be specified cor

rectly is a sudden injection flow resulting from a flat shaped membrane, which kept 

the flow stationary before time equal to zero and ruptured at time equal to zero, 
t There are output data files to record the history of each marker. The history of 

the temperature, conversion and location of any particular marker that be examined. 
j. The correct value should be equal to 0.188875. 
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Nu00 = 1.0, q'£ - 0.0, Too = 1.0, Da = 1010, Ec = 5x 10~s  

The criterion for convergence in each global/local iteration loop is set to equal 10-3. 

To observe how the fluid element is deformed as time proceeds, three material lines 

is set at time equal to t*teady- Material # 1 is set at x* = 1.5; material # 2 

is set at x* = 2.0; Material # 3 at x* — 2.5. The initial and the inlet velocity-

distribution both are assumed as the fully developed parabolic profile of the planar 

flow. The free surface boundary condition is assumed as vanishing of shear stress 

condition.The slip condition along the walls and at the moving contact line region 

is using the model 5 in section §5.6 (contactfiag = 4 : uw(s) = Uinter/ace • (l+7)& 

with 6 = 2). 

All the parameters and most of variables and arrays in the code are input and 

transfered among subroutines by an "include" file. To simulate injection flow of 

constant properties without chemical reaction and heat transfer participating in 

computation, the computations of the temperature and the conversion axe turned 

off by assigning tfiag = 0 and Cfiag = 0 in the code such that T = T0, X = 0 and 

Apexp(jgp) = l.Of. Any time, it is necessary to compute the temperature or the 

conversion fields, assign tf(ag = I or Cjiag = 1. To test the effect of terms related to 

viscosity, change the values of E^, ATad or the form of g(X). To change the order 

of magnitude of the exothermic chemical heat generation, change the values of Ex, 

ATad, Da or the form of g(X). The flow chart of the simulation is described at the 

next page. 

f Note : According to the definition of A* = the value of A* has been 
• E decided implicitly by the values of E f l  and Ta. Since fi0 = A f texp(-j^fr), A* is 

actually defined as A* = exp(-^-)j 
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Scan cells for discrepancies F, S, E or W 
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time= t + At 
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§5.8 Results and Discussion : 

Hydro dynamic velocity flow field only — 

1.) The effects of different initial and inlet guessed velocity distributions : 

Any initial velocity distribution may be specified as long as it satisfies mass 

conservation. A unrealistic or poor guess will increases computational time to allow 

the code change the "pseudo" velocity to a "true" one. The present test cases all 

assume a fully developed parabolic velocity profile. Physically, this implies that the 

entry region has been neglected. 

2.) The effects of different treatment of the moving contact line and the slip condi

tion : 

Since the fracture wall is not smooth in an actual situation and the charac

teristic length scale of the moving contact line region might be much smaller than 

the roughness of the fracture wall, it seems that the effect of this small region can 

be neglected and will not greatly affect the final simulation solution. To validate 

the above argument, six different cases are simulated and presented in Fig. 5.1 ~ 

5.6. The different treatment of the moving contact line and the free slip condition 
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at walls indeed affect the velocity field in the fountain flow region apparently for a 

smooth fracture wall. 

To show how the flow field seeks a balance between the shear stress and the 

driving force from the up-stream direction, three material/time lines and free surface 

shape at different time frame are plotted at Fig. 5.1 ~ 5.6 for each test case. The 

arrows •" drawn by hand show how fluid elements are pushed to deform. The 

final free surface shape will be decided by the balance of the shear stress at the 

interface and the driving force from up-stream direction. It is observed that the 

free surface shape and the velocity distribution (not shown) will approach a final 

steady state as observed from a moving coordinate system. Those fluid elements 

which are deformed through the fountain flow effects are highlighted by the dotted 

circles in Fig. 5.1 to 5.6. 

Fig. 5.1 is the result for the injected flow subjected to the no slip condition 

at the walls and the moving contact line region. The tumbling flow behavior near 

the leading front observed with the no slip condition can never match the moving 

contact line phenomena. The first frame from bottom shows the unreasonable gap 

between the fluid and the wall as the time proceeds. The flow at the very near the 

leading front (material # 3 is the representative) behaves like a slug flow because of 

the existence of the gap. The flow behavior near the leading front .has a reverse flow 

field of the developing flow region. The profile of the streamwise velocity changes 

from the parabolic to the uniform distribution gradually as the flow travels to the 

leading front. It is observed that the relative distance of the locations of the severe 

"tumbling" to the leading front is almost fixed. 

Fig. 5.2 is the result for the injected flow subjected to the slip model 2 of section 

§5.6. In this model, the moving contact line phenomena is replaced by a very small 

area of free slip condition. By specifying the free slip condition at one node of the 

moving contact line region, the singularity is removed and the unreasonable gap 

shown in Fig. 5.1 disappears. It is clearly observed that how the sub-material lines 

change their shapes from | to > through the fountain flow effect in the different time 

frame of Fig. 5.2. This observation is qualitatively consistent with other previous 

investigations. Since the profile of the streamwise velocity changes from parabolic 
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to uniform as it travels from the central core to the near leading front, the flow of 

the central core must turn around to the near walls in order to satisfy continuity. 

Fig. 5.3 is the result for the injected flow subjected to the slip model 3 of 

section §5.6. In this model, the velocity at the walls changes linearly from, zero at 

the inlet to the free slip condition at the moving contact line region. In contrast 

to that of model 2 having a sudden jump at the moving contact line region, the 

velocity distribution along the wall is continuous in this model. No severe tumbling 

flow behavior is observed. The flow behavior is smoother as compared with those 

in Fig. 5.1 and 5.2. It is observed that the shear stress slightly "pushes down" the 

fluid toward the central core at the area near the leading front. 

Fig. 5.4 is the result for the injected flow subjected to the slip model 4 of section 

§5.6. In this model, the velocity distribution along the walls has a sudden jump 

at the inlet, eapecially during the early injection. The larger distance between the 

inlet and the leading front, the weaker is the discontinuity of velocity. A moderate 

tumbling flow behavior is observed. The effects of the shear stress near the leading 

front is to push the fluid to the near wall. By comparing the difference among the 

results of Fig. 5.2, 5.3 and 5.4, it seems that the fountain flow behavior partly 

comes from the discontinuity of velocity at the walls. 

Fig. 5.5 is the result for the injected flow subjected to the slip model 5 of 

section §5.6. This model is a general description for the slip condition and the 

moving contact line region. The sensitivity parameter b in this model defines the 

strength of the slip condition and the range of the moving contact line region. If 

b is equal to zero, this model becomes the exact free-slip model. If b is specified 

as 1, this model has the same form as the model 4. If b is specified to a very large 

number, this model is equivalent to model 2. The larger the value of b, the weaker 

is the free slip condition and the smaller is the moving contact line region. A more 

severe tumbling flow is observed in this case (b=2) as compared with the moderate 

one in Fig. 5.4 (b=l). The value of parameter b can be used as the index for the 

strength of the fountain flow and the range of the moving contact line region. 

Fig. 5.6 is the result for the injected flow subjected to the slip model 6 of 

section §5.6. The flow behaves like a slug flow for this exact free slip condition. 
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Fig. 5.9 shows the local fanning friction factor fx along the wall of Fig. 5.5. It 

can be seen that most of the flow field is fully developed flow region. Here, fx ~ 25 

subjected to the slip mechanism at walls is very close to the value of 24 which is 

equal to that of f/d for a 2-D planar channel fully developed flow subjected to the 

no-slip at walls. The fountain flow region, where fx drops from 25 to zero at the 

moving contact line, is only a thin region for low Reynolds flow. Note, the reason 

that there exists a sudden jump of fx near the inlet is because the specified inlet 

velocity profile is always subjected to no slip at the wall. Hence there exists a 

discontinuity of velocity distribution along the wall right at the inlet. The further 

is the moving contact line region from the inlet, the weaker is the discontinuity 

because of the way that the velocity pattern is specified along the wall. 

The most important conclusion is that the fountain flow behavior is mostly 

decided by the boundary condition at the wall and the moving contact line region. 

The stronger is the no-slip condition, the more severe is the tumbling flow behavior. 

It is possible to improve the slip condition and hence the processability of the 

process by adding extra lubricant agent [14]. From the discussion in §2.5, it is 

already understood that the kinetics of the constitutive equations will change the 

flow behavior dramatically. Here, the importance of the hydrodynamic boundary 

condition Eire further pointed out. The investigation of constitution and kinetics of 

the injected fluid is one of the most important phases of this research. 

3.) The effects of different value of Reynolds number : 

For larger Reynolds number flow, the inertia term increases in importance. The 

curvature of the free surface shape has a larger value. It will take more time for the 

simulation to approach a steady velocity field and interface shape observed from 

a moving coordinate system. The simulation for larger Reynolds number flow was 

not too successful (see Fig. 5.7). The reasons might be (1.) the grid is too rough. 

(2.) the inertia term is so large that the free slip condition along the wall and the 

moving contact line are too weak to match it. 

4.) The effects of different treatment of the free surface boundary condition : 
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Fig. 5.8 shows that flow behavior for the case of the free slip at free surface. The 

flow field is very similar to that in the case of the vanishing shear stress (Fig. 5.5) 

such that free slip boundary condition at the free surface is a good approximation 

to a vanishing shear stress boundary condition for a low viscous flow qualitatively. 

Including the thermal field — 

Figures 5.10 through 5.12 show the effects of the viscous dissipation and the 

thermal boundary condition at the free surface. The effects of the thermal boundary 

condition at the free surface without viscous dissipation are shown by those curves 

with Ec = 0. The viscous dissipation effect is shown by the curve with Ec = 

10. Note, the tendency of and the dimensionless heat Q.ux/Nux is opposite in 

order to satisfy the global energy conservation. All cases show that the fountain 

flow region is thin but is not trivial. For instance, increases dramatically by 

increaseing Ec — 0 to Ec = 10 in the fountain flow region but only slightly increases 

in the main flow region for the case of insulated boundary condition at the leading 

front (Fig. 5.11). Since the exact value of the parameters is not available right now, 

the simulation results presented here is only to show the capability of the code. 

§5.9 Comments and Suggestions 

To this point, the simulation code has been developing as general as possible 

to handle all the possible situations which might occur from the filling stage to the 

curing stage for the flow injected into a 2-D planar channel.f The computational 

f The code has included all subroutines which are necessary to perform the 

simulation including the conversion field such that we may see how the gelation 

crust growth cease the flow and the fluid cures in the fracture. Unfortunely, it still 

exists some bugs in those subroutines involving the evaluation of the exponent type 

exthermic heat generation term. 
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cost! for simulation of fully governing differential equations is very expensive and 

time consuming. The central part of next phase of simulation work should focus on 

how to improve the computational speed. 

Because the problem was formulated as generally as possible every term in 

the equations is computed even though their order-of-magnitude may be very small 

in the actual application. The present problem may be simplified to make the 

code more efficient. If the constitution of the injected fluid and the enviroment 

are specified one can perform dimensionless analysis to some trivial terms and flow 

region in the mathematical model. 

Any solver can be incorporated with the MAC scheme concept to make the 

numerical scheme more efficient. Nevertheless, the staggered grid layout and control 

volume finite difference approach make it much easier in dealing with the free surface 

boundary boundary condition. 

Non-uniform cell layout can save computational time as demonstrated in Fig 

4.4. What is required is to find out how to deal with the free surface boundary 

condition under non-uniform grid situation numerically. One possibility is to replace 

the vanishing shear stress boundary condition with free slip. In that case, the 

numerical formulation is given in §5.5. 

| Most cases presented in §5.7 need about 10 to 20 hour cpu time running in mini-

supercomputer CONVEX 240 with automatical vectorization and parallization by 

factory-supplied fortran compiler. 
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Schematic 5.1 

Cell flags and treatment of free surface 

mnvlna markers 

W 
Int 

: Hi 



Schematic 5.2 
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Schematic 5.3 

Treatment of moving contact line and slip condition at wall 
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Figure 5.1 

The material/time lines and free surface shape for the test case of vanishing shear 

stress at free surface, no-slip at walls and moving contact line (low Reynolds number 

flow) 

The material/time line and free surface shape 
The material lines are put at x= 1.5,2.0,3.0 when time = 3.0 

Flags : free=l; IC=2; inlefc=2; contact^O 
space interval=0.1; time 3tep=0,05 

The material lines are put at x= 1.5,2.0,3.0 when time = 3.0' 
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Figure 5.2 

The material/time lines and free surface shape for the test case of vanishing shear 

stress at free surface, no-slip at walls and free slip at moving contact line (low 

Reynolds number flow) 

The material/time line and free surface shape 
The material lines are put at *r= 1.5,2.0,3.0 when time = 3.0 

Flags : free=l; IC=2; inleb=2; contacted 
space interval=0.1; time step=0.05 

time = 0.0 
Initial setup: 
Parabolic velocity 
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Figure 5.3 

The material/time lines and free surface shape for the test case of vanishing shear 

stress at free surface and slip condition — contactfiag = 2 (low Reynolds number 

flow) 

The material/time line and free surface shape 
The material lines are put at x= 1.5,2.0,3.0 when time = 3.0 

Flags : free=l; 1C=2; inlefc=2; contacts 
space interval=0.1; time step=0.05 
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Figure 5.4 

The material/time lines and free surface shape for the test case of vanishing shear 

stress at free surface and slip condition — contactfiag = 3 (low Reynolds number 

flow) 

The material/time line and free surface shape 
The material lines are put at x=> 1.5,2.0,3.0 when time = 3.0 

Flags: " : free=l; IC=2; lnlefc=2; contacb=3 
space interval=0.1; time step=0.05 
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Figure 5.5 

The material/time lines and free surface shape for the test case of vanishing shear 

stress at free surface and slip condition — contact fiag = 4 (low Reynolds number 

flow) 

The  ̂material/time line and free surface shape 
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Figure 5.6 

The material/time lines and free surface shape for the test case of vanishing shear 

stress at free surface and free slip at walls and moving contact line (low Reynolds 

number flow) 

The material/time line and free surface shape 
The material hnes are put at x=> 1.5,2.0,3.0 when time =» 3.0 

Flag3 : free=l; IC=2; inlet=2; contacfc=10 
space interval=0.1; time 3tep=0.05 

time = 0.0 
Initial setup: 
Parabolic velocity 
Flat free surface 

time = 3.0 
setup material lines 

time = 6.0 

•tew 
rface shaDe 
0BIIH3EI.WE3 I41UM.4 U TP Jt • A—i.L/ 

time = 9.0 

time = 12.0 

time = 16.0 

rr 

t * 

0.0 
I— 

2.0 4.0 6.0 a.O 10.0 12.0 

dimensionless x 
M.O 10.0 2C 



112 

Figure 5.7 

The material/time lines and free surface shape for the test case of vanishing shear 

stress at free surface and slip condition — contactfiag = 4 (high Reynolds number 

flow) 

The material/time line and free surface shape 
The material lines are put at x= 1.5,2.0,3.0 when time - 3.0 

FIag3 : free=l; IC=2; inlefc=2; contact=4; b=2; Re=100 
space interval=0.1; time step=0.05 
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Figure 5.8 

The material/time lines and free surface shape for the test case of free slip at free 

surface and slip condition — contactftag — 4 (low Reynolds number flow) 

The  ̂material/time line and free surface shape 
1=3; inleb=2; contacfc=4: b=2 

The material lines are put at x= 1.5,2.0,3.0 when time = 3.0 
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Figure 5.9 

fx versus x* at different time of Fig. 5.5 
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Figure 5.10 

versus x* for different Eckert number and thermal boundary conditions at free 

surface 

Dimensionless Mixing—cup temperature v.s. x 
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Figure 5.11 

g* versus x" for different Eckert number and thermal boundary conditions at free 

surface 

Dimensionless heat flux v.s. x 
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Figure 5.12 

N u s  v e r s u s  x *  for different Eckert number and thermal boundaxy conditions at free 

surface 
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§6.0 CONCLUSIONS 

A simulation code that incorporates SIMPLE and MAC schemes has been 

developed and used to solve the present conjugated non-linear problem. From sim

ulation results and a survey of previous work, it was found that thermal conditions, 

hydrodynamic conditions, chemical kinetics, or rheology of fluid can change the 

transport phenomena dramatically. The most interesting (and unsolved in this the

sis) phenomenon is the linked relation between the gelation crust shape and the 

hydrodynamic fountain flow behavior. Nevertheless, from the simulation results of 

Chapter 5, the following conclusions has been found : 

(1.) The fountain flow behavior is mostly decided by the boundary condition at 

wall and moving contact line region. The stronger no slip condition, the more severe 

tumbling flow behavior is observed. (2.) It is possible to improve the injection of 

the process (to get longer penetration length of the injected fluid before flow ceases) 

by adding extra lubricant agent to promote slip condition along the fracture wall 

or gelation crust. Furthermore, from qualitive discussion, chemical kinetics and 

rheology of applied fluid can change the flow behavior dramatically. It appears 

that the investigation of constitution and kinetics of apllied fluid may be the most 

important aspects of work to be done. 



NOMENCLATURE 

c specific heat 

k themal conductivity 

P density of fluid 

t* dynamic viscosity 

T viscous stress of fluid 

T stress tensor 

Ta stress component 

t travelling time of the leading front 

x , y , z  Cartesian coordinates 

Le hydro dynamic entrance length 

L position of the fluid leading front 

W width of fracture 

H height of fracture 

P wetting perimeter of the fracture 

Dh hydraulic diameter 

Ac cross-section of the fracture 

V velocity 

V velocity vector 

V mean velocity of cross section 

S gravity vector 

P pressure 
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T 

Tr 

=  u { z ) T { x ,  z ) d z  
2 

h  

q 

q" 

$ 

r 

Vi 

x f { z , t )  

Q 

t g  =  t g  

t r  =  t f  

ia 

U 

A 

D 

temperature 

effective reference temperature 

mixing-cup temperature 

heat transfer coefficient 

heat flux vector 

heat flux 

dependent variable in equation (4.0.1) 

diffusion coefficient in equation (4.0.1) 

velocity component in i's direction 

the position of the flow leading front at time t 

volumetric flow rate 

isothermal setting time / isothermal gelling time 

fluid residence time / fluid filling time 

adiabatic gelling time 

thermal diffusion time scale 

time step / space interval 

material (total) derivative 
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C molar concentration of reactive species 

C0 initial molar concentration of reactive species 

X = C"qo
G extent of chemical reaction; conversion 

Xgei the value of X when gelation occur 

Ca molar concentration of species A 

Dab diffusivity 

RA molar rate of production of A per unit volume 

Rx rate of conversion 

Ap Arrhenius pre-exponential factor for viscosity expression 

Ax Arrhenius pre-exponential factor for chemical reaction expression 

En activation energy for viscosity expression 

Ex activation energy for chemical reaction expression 

CI, C2 experimental parameters for chemical reaction expression 

S internal heat generation source terms 

ATad total adiabatic temperature rise determined from "adiabatic method 

AH = pcp£Tad heat of reaction per unit mole determined from "adiabatic method" 

R universal constant. 

g ( X ) conversion function in viscosity expression 

f ( X )  conversion function in chemical reaction rate expression 

a  power in equation (3.2.0-7) and (3.2.0-8) 



Subscripts 

0 at time equal to zero 

x Cartesian coordinates in stream direction 

L leading front 

Le hydrodynamic entry length 

w fracture wall 

1 at inlet cross section / coordinates index / ith marker 

j coordinates index 

oo environments in fracture 

m mixing-cup mean value 

g gelation 

c cross section / chemical reaction 

gc gelation crust 

v viscous dissipation 

/ fluid / fusion / interface of applied fluid and under

ground water / filling 
T constant wall temperature 

H constant heat flux 

h  constant heat transfer coefficient 

Superscripts 

/ 

* 

mean value 

x : between Le and L 

dimensionless 



Dimensionless variables and parameters : 

t* = or dimensionless traveling time 

x* = -jF^- or -jj dimensionless x 

z* = or -fj dimensionless z 
x+ = Dh RePr dimensionless streamwise distance when look

ing at thermal field 
x+ = „ dimensionless streamwise distance when look-Dh Re 

ing at velocity field 

H'* = dimensionless fracture height 

L* — "^e" dimensionless marching length of the leading 

front 

V£ = dimensionless mean velocity of the leading 

front 
u* = dimensionless velocity component in x direc

tion 
u* = dimensionless velocity component in z direc-

" o 
tion 

= Ppf^2nn dimensionless pressure 

K ( x )  pressure defect coefficient 

K ( x  —*  oo) value of K ( x )  in the fully developed flow region 

f — ...Tr, 
Jx JpV* 

f f d  

local fanning friction factor 

fanning friction factor for fully developed flow 
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A* = dimensionless form of An 

T* = r
Ay° dimensionless temperature 

S" = —„s. „ dimensionless source term 
r  ̂  U  J  f l u  r g U g f a J i l  

p.* = -&• dimensionless mean viscosity in first phase of 

research 

dimensio 

Pr = Prandtle number; ratio of the momentum and 

thermal diffusivities 

Re = pD* V" or pHV<1 Reynold number of leading front at time equal Mo Mo 
to zero 

Pe = RePr — ft or Peclect number; dimensionless independent 

heat transfer parameter 
Nux = or Nusselt number along gelation crust; dimen

sionless temperature at the surface 
Nuqq = Nusselt number at the interface between ap

plied fluid and underground wate 
Stx = Stanton number; modified Nusselt number 

Ec = Cp£?Tad or cp(T0
n-Tr) Eckert number; kinetic energy of the flow rel

ative to the exothermic chemical heat genera

tion 

Da = A*ah or Damkohler number; ratio of heat production 

by chemical reaction to heat transport by con

duction 
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