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ABSTRACT 

This work deals with the problem of determining the tire-road interaction forces for 

vehicle dynamic simulations. The work is an attempt to develope a numerical scheme 

that is universally applicable to all possible running conditions. The tire-road contact 

patch is approximated as a two-dimensional array of nodal points. Properties such as dis

tribution of normal pressure, deflection and stresses over the contact patch are expressed 

as sets of the respective nodal values rather than analytical functions. Such a 

representation enables the treatment of any arbitrary, two-dimensional variation of con

tact patch properties. The representation of non-rectangular contact patch shapes and 

trapezoidal pressure distributions is also discussed. For steady state running conditions 

the performance of the scheme is compared with that of an existing analytical model. 

The applicability of the scheme to transient running conditions is also shown. 
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CHAPTER 1 

INTRODUCTION 

Numerical simulation of multibody dynamics serves as an important tool for the 

analysis of design of multibody systems. One of its important applications is the simulation 

of vehicle dynamics. It serves as an important "analysis" tool in the design of suspension 

systems, anti-lock braking systems and 4-wheel steering systems. Multibody dynamic 

simulation programs require the initial configuration of the vehicle and the external forces 

acting on the vehicle. The principal external forces acting on a vehicle are the tire-road 

interaction forces. Thus performing vehicle dynamic simulations essentially boils down to 

the task of determining the tire-road interaction forces. This is basically the subject of 

interest in this study. 

Dynamic simulation involves the integration of the equations of motion to determine 

the time response of the system. Real time simulation capability has always been a desirable 

goal for research in this area. Until recently Cartesian coordinates were used as the unknown 

variables for dynamic simulation. Recently Kane's method and the Joint coordinate method 

have been developed to minimize the number of equations and unknowns. These schemes 

use a different set of variables as unknowns. Methods are also being devised to linearize 

the equations of motion for certain conditions. In keeping with this goal to achieve high 

efficiency simulation capabilities, it is important to devise efficient means of determining 

tire-road interaction forces. At the same time in order to be of practical significance, the 

determined forces should conform to reasonable levels of accuracy. An ideal force model 

should strike a good balance between accuracy and computational efficiency. 
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A force model for tire-road interaction should essentially provide us with the six 

components of the equivalent force/moment acting at a point on the contact patch between 

the tire and the road. Tire running conditions can vary over a wide range, from conditions 

of pure longitudinal or lateral slip to a combination of longitudinal slip, lateral slip and a 

nonzero camber angle. One method of determining tire forces would be to postulate 

force-slip relationships based on experimental observations. However experiments will 

have to be conducted over a wide range of conditions and for a wide range of tire types. On 

the other hand an ideal approach would be to understand the physics of tire deformation and 

based on the understanding develop a "purely analytical" force model. Such a model, if 

successfully devised, would require only the physical properties of the tire component 

materials and no other experimental data. It would be a far more generic model than those 

available at present. 

1.1 Review of past work on dynamic properties of tires 

Past work on the dynamic properties of tires can be classified as experimental, theo

retical or a combination of the two. Early experimental work was carried out by Bradley 

and Allen(1931) (cf. [5]) on the dynamic properties of vehicles. Koesler and Klaue(1937) 

(cf. [5]) showed how braking force is a function of longitudinal slip. Nordeen and Corte-

se(1963) [1], Krempel (cf. [5]) and Henker (cf. [5]) showed by experiments the effect of 

braking force on the cornering properties of tires. Wilkinson (1953) (cf. [5]) and 

Schallamach(1958) (cf. [5]) showed that the friction coefficient of rubber generally takes a 

maximum value at a certain slip velocity. 

Theoretical work essentially began with the modeling of the cornering characteristics 

of tires. Fromm(1952) (cf. [9]) explained the tire characteristics by assuming a rigid carcass 

and taking into consideration only the flexibilities of the tread elements. Fiala(1954) (cf. 
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[5]) modelled the carcass as a beam resting on an elastic foundation and subjected to a 

concentrated load. Frank(1965) (cf. [9]) assumed the carcass to be a stretched beam with 

a distributed lateral load. He introduced the idea of following the path of a material point 

on the tire through the contact patch. 

Livingston and Brown (1970) [1-3] adopted Fromm's model of a rigid carcass and a 

flexible tread element to model traction, braking, cornering, a combination of traction and 

braking and the effect of camber angle on the lateral slip. Pacejka (cf. [9]) modeled the 

phenomenon of combined traction and braking by assuming a stretched string model for 

the tire carcass. Gim and Nikravesh(1989) [12-14] derived a whole set of closed form 

expressions for the tire forces for conditions of pure and combined slips with non-zero 

camber angles. They used the Fromm's model of arigid carcass. Sakai (1981) [5-8] used 

theoretical and experimental findings to iteratively compute the tire forces for various 

running conditions and arrived at very close agreement to experimental results. 

1.2 Motivation for present work 

MBOSS [18] is a dynamic simulation program for spatial multibody systems. For 

Vehicle Dynamic Simulations MBOSS uses a tire model that was developed by Gim and 

Nikravesh [12-14]. The subject of scrutiny in the present study is this tire model Which 

shall be referred to as "Gim's model." In Gim's model tire forces are expressed as closed 

form expressions in terms of the parameters representing the running conditions of the tire. 

The derivation of such closed form expressions requires that several assumptions be made 

for the sake of mathematical simplicity. Some of them are listed below: 

1. The contact patch is rectangular which is not necessarily the case. 

2. The pressure distribution is parabolic along the length of the contact patch. 
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3. The deflection distribution due to camber angle is parabolic. 

4. The relative velocity ( of a point on the contact patch with respect to the ground) across 

the contact patch is a constant and it is equal to the relative velocity at the center of 

contact patch. 

5. In considering combinations of longitudinal slip, lateral slip and a nonzero camber angle 

the relevant algebraic expressions are approximated in order to determine the size of the 

adhesion region. 

6. The line of separation between the adhesion and sliding regions is assumed to be parallel 

to the wheel axis. 

7. Gim's model is a model for steady state running conditions. Parameters such as slip 

ratio, slip angle and camber angle are essentially parameters describing the steady state 

running conditions of the tire. It is assumed that during the time a point moves from one 

end of the contact patch to the other end, the running conditions do not change. 

8. Although a rectangular contact patch is used it is not "truly two-dimensional" in the sense 

that it does not allow for a two-dimensional variation of contact patch parameters. 

Parameters are assumed to be invariant along the width of the contact patch. 

9. The coefficient of friction between the tire and road is assumed to be a function of slip 

parameters rather than the sliding velocity of the tire at the point under consideration. 

The following are the main objectives of this study: 

1. To devise a numerical scheme to analyze contact patch properties and determine tire 

forces. The scheme should be suitable for implementation in a dynamic simulation 

program like MBOSS. 
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2. To make use of the flexibility offered by the numerical scheme to obviate some of the 

assumptions in MBOSS/TIRE mentioned above. 

3. To study the effectiveness of such a scheme in comparison with MBOSS/TIRE. 

1.3 Thesis Overview 

Chapter 2 discusses the mechanics of tire-road interaction. The mechanics of tire-road 

interaction is discussed based on a simplified physical model of the tire which is also 

presented. A simple "brush model" is used. Such a model will form the basis of the present 

work. A method to determine the position and shape of the contact patch from the tire 

position and orientation is presented. The shape of the contact patch can be rectangular or 

non-rectangular depending on the curvature of the tire surface. An approximate method to 

determine the shape of the contact patch from the tire deformation and geometry is discussed. 

Contact patch shape for a non-zero camber angle is also discussed. A scheme to model 

pressure distribution realistically is explained. Velocity distributions over the area of the 

contact patch for typical running conditions are presented. It is seen how the relative velocity 

distribution is not necessarily constant over the area of the contact patch but could vary 

along the length as well as the breadth of the contact patch. The concept of deflection of a 

point on the contact patch is explained based on the assumed brush model. Concepts of 

stress at a point on the contact patch and its classification as a point of adhesion or sliding 

is also discussed. 

Chapter 3 presents a numerical scheme to determine tire forces and moments and explains 

its implementation in MBOSS. Determination of contact patch position and orientation 

from the position and orientation of the wheel is explained. The numerical scheme involves 

discretization of the contact patch. A procedure to discretize the contact patch is presented. 

Implementation of a non-parabolic pressure distribution (explained in chapter 2) into the 
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discretized contact patch is discussed. A scheme to determine this pressure distribution 

from the normal tire force is explained. The important task is to determine the distribution 

of deflection over the contact patch. A scheme to determine the deflection at each nodal 

point is presented. "Stick-slip" classification of each nodal point is discussed and typical 

shapes of adhesion and sliding regions are presented. Forces are to computed by integrating 

the stresses over the contact patch area. A numerical scheme for integration over a general 

non-rectangular contact patch is presented. 

Chapter 4 discusses simulations used to compare the performance of the numerical 

scheme with that of Gim's model. Simulation results are compared and discussed. Chapter 

5 summarizes the work, draws conclusions and suggests directions that future work could 

take. 
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CHAPTER 2 

MECHANICS OF THE TIRE-ROAD INTERACTION 

The principal function of a tire is to bear the weight of the vehicle and maintain a 

nearly constant elevation for the vehicle. In addition, being the only contact between the 

vehicle and the ground it transmits the forces of traction, braking and steering of the vehicle 

from the ground. It also cushions the vehicle against the effect of local terrain irregularities. 

Thus the pneumatic tire must have large overall stiffnesses in the radial, longitudinal and 

lateral directions in order to maintain a more or less constant shape and at the same time 

withstand the application of large radial, longitudinal and lateral forces. On the other hand 

it must have a relatively low "tread-level" stiffness in order to be able to envelope over and 

accommodate small terrain irregularities. This is made possible by the special structure of 

the pneumatic tire. A pneumatic tire is essentially a thin shell structure of double curvature 

mounted on a circular steel rim. Figure 2.1 shows a typical cross-section of a pneumatic 

tire. The shell consists of the carcass and tire-tread. The carcass consists of flexible high 

modulus cords embedded in a low modulus matrix. The high modulus cords are essentially 

strands of very thin fibres of glass, steel or composite materials. The matrix is made of 

rubber or rubber-like materials. The tire tread consists of rubber blocks. 

Given such a complex structure for the tire, it is not possible to derive a completely 

descriptive analytical model. Assumptions will have to be made to simplify the tire structure 

which would enable us to easily derive an analytical model. 
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Figure 2.1 Cross-section of a Pneumatic Tire, 
from Sakai [6] 
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2.1 Simplified Tire Structure 

In order to determine the tire-road interaction force, the physics of the tire deformation 

must be understood. Based on this understanding a simplified physical model has to be 

built. This model should incorporate the basic mechanical behavior of the real tire. The 

model thus built should serve as the basis for tire force calculations. The approximations 

made in building such a model would directly affect the accuracy of the calculated force. 

Figure 2.2 shows a simplified tire structure used by Fiala (cf. [5]). It consists of a rigid disk 

A at the center corresponding to the wheel rim. The carcass and tread are represented as 

arrays of springs B and C as shown. The circle D corresponds to the breaker. Although the 

springs are drawn radially they represent stiffnesses in radial, longitudinal and lateral 

directions. The breaker or tire tread base can be assumed to be a cylindrical beam resting 

on an elastic foundation which is the carcass. The springs representing the carcass are much 

stiffer than those comprising the tire tread. 

In this study we use a model which is even more simplified in comparison to the model 

described above. The breaker and the springs representing the carcass and tire tread are 

replaced by an array of equivalent springs. The carcass and the tread are treated as one 

single entity. It should be noted that this differs from the brush model proposed by Fromm 

(cf. [9]). In the brush model the carcass and the breaker are assumed to be rigid and only 

the tread is considered as an array of springs. 

2.2 Contact Patch 

The contact patch is the area of contact between the deformed tire and the ground. 

The shape of the contact patch depends on the deformation and geometry of the tire. If the 

cuter surface of the tire is cylindrical, then the contact patch is rectangular. However, the 

tire surface is normally one of double curvature as shown in Fig. 2.3, where r, and r2 represent 
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Rim 

Tire tread 

Breaker 

Tire carcass 

Figure 2.2 Simplified Tire Structure 

Figure 2.3 Radii of Curvature of a Tire Surface 
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the radii of curvature in the two directions. If the tire surface is cylindrical the length of 

the contact patch, lcpy can be determined as shown in Fig. 2.4(a) [12], 

= Vr? - Of+S.!- 2r,8,) 

= V2r,8,-5; (2.1) 

/t, = 2V2r,5,"6; 

8, is the vertical deflection of the tire center. For small 5It 2^8,» 8? 

;cp=2V2rA 

(2-2) 

It is assumed that the deformed tire has the same shape as a tire submerged into the ground 

by a length 5(. Thus the lateral bulge of the tire and the ensuing increase in contact patch 

length and breadth are neglected. 

For a general surface of double curvature, it can be assumed that the shape of the 

resulting contact patch is an ellipse. The major and minor diameter of the ellipse can be 

determined by considering the two surface curvatures separately. Thus we have two 

cylindrical surfaces Cj and c2 with their axes at right angles to each other as shown in Fig. 

2.4(a). The two diameters bcp and lcp can be expressed as 

' „  =  V ( 2 - 3 )  

8rA (2.4) 

Normally r2 is larger than r,. Therefore b c p  is larger than l c p .  However the width of the 

contact patch is limited by the width of the tire, w. Thus the resulting shape of the contact 

patch is truncated as shown in Fig. 2.4(b). 
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(a) 

(b) 

Figure 2.4 Tire Contact Patch Shape Parameters 
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Shape and position of the contact patch depend upon the tire running conditions. For 

a static tire shape of the contact patch is symmetric about the midplane. However experi

ments show that for a tire under traction the patch shifts forward and for a tine subjected to 

braking it shifts backward [9]. 

2.2.1 Case of non zero camber angle 

For the case of a cylindrical tire with nonzero camber angle the contact patch ceases 

to be rectangular. As shown in Fig. 2.5 the area of the patch is a part of the ellipse formed 

by the intersection of the cylindrical surface of the tire and a plane (the ground) intersecting 

it at an angle 7 the angle of camber. The semi-major and semi-minor axes of the ellipse can 

be defined as 

It may be noted that the contact patch does not lie at the center of the ellipse but is shifted 

to one side. So much so the length of the contact patch on one side, BD is larger than the 

length on the other side, AC. 

The equations of the leading and trailing edges of the contact patch, AB and CD can 

be determined from the equation of the ellipse. Let us consider a coordinate system x-y 

fixed to the center of the ellipse and a contact patch coordinate system a - p. Then 

a = 
tan 7 

(2.5) 

(2.6) 

V tan y) 

The equation of the ellipse can be written as 

of O x = p+ a (2.7) 
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Figure 2.5 Contact Patch for Non-zero Camber Angle 
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^,2 ^2 

— +^-= l 
a2  b2  

(2.8) 

The equation of the curve AB is given by y,  where 

2 l2| y = b  l-: 

a 
(2.9) 

Thus the variation of the length of the contact patch can be given by 

(2.10) 

where 

x = (3 + a 
5, 

tany, 

By substituting w/2 and -w/2 for P, lengths AC and BD can be determined. 

For a surface of double curvature the geometry becomes much more complicated. 

However, based on our findings for the cases of zero camber angle and nonzero camber 

angles for cylindrical surfaces we can make suitable assumptions. We find that the effect 

of double curvature is to shorten length AC and shorten or enlarge length BD. Thus we 

could express lengths AC and BD for a non-zero camber angle as 

l e  — I 
AC lAC 

1-^1 
, rV 

l+jr2 

(2.11) 

(2.12) 

where l^c and /#D correspond to the lengths and lBD for the case of non-zero camber angle. 



25 

2.3 Contact Patch Pressure Distribution 

The principal function of a tire is to bear the weight of the vehicle. Thus each tire is 

subjected to a vertical force which deforms the tire. The contact patch is the area of contact 

between the deformed tire and the ground. The normal force between the tire and road 

manifests itself as a pressure distribution over the contact patch area. It is important to 

model this pressure distribution accurately as it affects the maximum force of static friction 

between the tire and road. 

Pressure distribution along the length of the contact patch normally has a trapezoidal 

shape. It rises sharply at the front end of the contact patch, reaches a plateau and falls steeply 

at the end of the contact patch. However along the left and right flanks of the contact patch 

the rise and fall is less steep. Fig. 2.6 shows the variation of the normal force on a tread 

rubber block as it traverses the contact patch [from Sakai , Part 2]. This is obtained by 

integrating pressure distribution over the length of the rubber block. In the discretized 

contact patch approach, which will be explained in the next section, each nodal point can 

be associated with a tread rubber block. Thus a varying pressure distribution around each 

nodal point can be replaced by a constant pressure distribution given by the integral of the 

distribution over the area. Thus it would be appropriate to use the force distribution curve 

in place of the pressure distribution curve to suit the numerical method we are going to use. 

The curves corresponding to the pressure distribution have to be mathematically 

defined. Let us consider a typical pressure distribution curve shown in Fig. 2.7. Parts AB 

and CD can be modeled as cubic polynomials with zero slopes at the two ends; BC can be 

modeled as a straight line; au b and a2 are lengths of sections AB, BC and CD of the 

distribution curve; h, and /ij are values of pressure at B and C. When and /ij are unequal, 

the derivatives at B and C are discontinuous. Nevertheless it models the pressure distribution 
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Figure 2.6 Typical Contact Patch Pressure Distribution, 
from Sakai, Part 2 [6] 
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Figure 2.7 Pressure Distribution Model 
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with a sufficient degree of accuracy. Intuitively, we can derive the equation of a cubic 

curve segment extending over a span a and height h and having zero slopes at its ends. 

Such a curve has a general equation as given below. 

' 2 1 ax x 6h 
y=T> 

1 

+ C (2.13) 

Where x = 0.0 at the start point of the segment. For a point lying on curve AB we have 

_6fti 
yAB — 3 

atx2 x3 

(2.14) 

where x - 0.0 at A. For a point lying on segment CD we have 

6h 2 f a 2 x 2  x 3 >  

where x = 0.0 at C. For a point lying on segment BC we have 

i ysc = th + 

where x = 0.0 at B. 

(2.15) 

(2.3.4) 

Using the method described above we can define a wide variety of pressure distribution 

curves by just altering values of au b, a2, and /i2. Thus in accordance with Fig. 2.6, the 

distribution curve at the flanks would have smaller values of b in comparison to the ones at 

the center. 

The area integral of the pressure distribution over the contact patch should be equal 

to the tire vertical force. We need to calculate the pressure distribution from the tire vertical 

force. The pressure distribution curve described above has the advantage that its integral 

can be expressed as a simple expression. Let us consider the line integral of a typical 

distribution curve described above. As can be seen in Fig. 2.8, the area under the curve AB 
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is the same as the area of the triangle ABE. Similarly the area under the curve CD is the 

same as the area of triangle CFD. So the line integral of the pressure distribution curve is 

given by the area of the trapezium ABCD. 

The area of trapezium ABCD is given by the sum of the areas of triangles ABE and 

CDF and area under the trapezium BCFE. This is given by 

A =^alh,+^b(.h, + h2)+ja2h! (2.17) 

If ax = a2 = a then 

= 1^  +  ̂ (0+b)  

= hav(a + b) (2.18) 

A| 
where hav = —. 

It should be mentioned here that Sakai [6] models the pressure distribution using 

exponential curves for AB and CD and a straight line for BC. The curve AB has zero slope 

at B but a non-zero slope at A. In Gim's model, ABCD is represented as a parabola. 

2.4 Relative Velocity Distribution 

Figure 2.9 shows a typical deformed tire. Point, O is the center of the circle, AB is 

the length of the contactpatch, P is a typical point on the contactpatch, v is the linear velocity 

of point O and co is the angular velocity of the tire. The relative velocity of P is defined as 

the velocity (with respect to the ground) of an imaginary point P' coinciding with P and 

rigidly attached to the rim of the wheel. It can be expressed as 
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Figure 2.8 Area Under Pressure Distribution Curve 
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Figure 2.9 Relative Velocity of a Point on the Contact Patch 
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v r p  =  v  +  ( Q ) x r )  ( 2 . 1 9 )  

where r is the vector from O to P. Sliding Velocity, v, of a point P is defined as the velocity 

of the "real" point P with respect to the ground. 

Figures 2.10 (a-e) show some typical contact patch relative velocity distributions. The 

arrows represent the relative velocity vector in the contact patch coordinate system. The 

a—p coordinate system of the contact patch is also shown. Under pure traction, braking 

and constant steering angle the relative velocity field is constant across the patch. While 

the relative velocity vectors are in opposite directions along the length of the contact patch 

for braking and traction, they are parallel to the axis of the wheel under a constant non-zero 

steering angle. Figure 2.10(a) shows the relative velocity distribution for pure traction. The 

direction of the relative velocity field is in the direction of positive a. Figure 2.10(b) shows 

the distribution for combined traction and a constant steering angle. The velocity field is 

the resultant of the velocity fields due to traction and steering. Figure 2.10(c) shows the 

case of a non zero camber angle, where the distance from the axis of the wheel to a point P 

on the contact patch varies across the width of the contact patch. This explains the non zero 

relative velocity in the x direction. There is also a non zero component in the y direction 

that is due to the non zero component of the angular velocity in the z direction. A combination 

of traction and nonzero slip angle or traction and camber angle would require a vectorial 

addition of the corresponding velocity fields. Figure 2.10(d) shows the relative velocity 

distribution for the case of combined camber and traction. It can be seen that the velocity 

components in the a direction get cancelled out in the regions of positive p and get added 

up in the area of negative p. Figure 2.10(e) shows the case of combined camber and constant 

steering angle. It can be seen that the velocity components in the p direction get added up 

in the regions of positive a and get cancelled in the regions of negative a. The combination 
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Figure 2.10(a) Distribution of Relative Velocity for 
Pure Traction 

Figure 2.10(b) Distribution of Relative Velocity for 
Combined Traction and Constant Steering Angle 
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Figure 2.10(c) Distribution of Relative Velocity for 
Pure Camber 

Figure 2.10(d) Distribution of Relative Velocity for 
Combined Camber and Traction 
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Figure 2.10(e) Distribution of Relative Velocity for 
Combined Camber and Constant Steering Angle 
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Fig 2.10(f) Distribution of Relative Velocity for 
Combined Camber, Constant Steering Angle and Traction 
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of the effects observed in Figures 2.10(d) and 2.10(e) can be seen in Fig. 2.10(f) which 

corresponds to the case of combined traction, constant steering angle and nonzero camber 

angle. 

2.5 Tire-Road Friction 

The points on the tire contact patch are constrained, to some extent, to remain "stuck" 

to the road. This is the primary cause for the tire to defomi. The constraining force is the 

force of friction between the tire and the road at the point under consideration. Friction 

force at a point can be expressed as frictional stress which is the frictional force per unit 

area of the contact patch. Thus if p. is the friction coefficient at the point under consideration, 

frictional stress ay can be expressed as 

where PP is the normal pressure at the point P. A typical point, P can be slipping or sticking 

on the road. The sticking phenomenon is associated with zero sliding velocity and the 

corresponding coefficient of friction is equal to the coefficient of static friction. Slipping 

is associated with a nonzero sliding velocity and the corresponding coefficient of friction 

is equal to the coefficient of dynamic friction. The dynamic friction coefficient between 

the tire and the road is assumed to decrease linearly with increase in relative sliding velocity 

[10], vx. At zero relative sliding velocity is equal to the coefficient of static friction p., 

(See Fig 2.11). Thus 

= |i, when v, = 0. (2.21) 

Gf=\lPp (2.20) 

= ji/1 - kvs) when v, * 0.0 (2.22) 
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where v, is the magnitude of v,. v, is equal to zero for points that are sticking and 

approximated to be equal to relative velocity \r P for points that are sliding. K is the rate of 

change of coefficient of dynamic friction, 11^ with respect to sliding velocity. 

2.6 Tire Deformation 

The effect of braking, traction or steering on a tire is the tiie deformation. The deformed 

tire transmits forces of traction, braking and steering from the ground on to the vehicle. 

Therefore determination of these forces would require determination of tire deformation 

from the running conditions. In general by running conditions we mean the orientation and 

velocity of the tire and vehicle as a whole. We shall assume that the tire deforms only at 

the contact patch and remains undeformed elsewhere. Essentially tire deformation occurs 

because the tire contact patch surface is constrained to 'stick* to the ground ( we shall see 

that this is however not always the case). One way of quantifying tire deformation is to 

compare the actual position of each point on the contact patch to its position if the tire were 

not constrained by the road. Thus under any given running condition, each point on the 

contact patch can be associated with a virtual deformation given by the above definition. 

We thus have a deformation field over the contact patch area. 

Deformation of the kind mentioned above occurs whenever there is a relative velocity 

between the contact patch and the ground. Deformation also depends upon the frictional 

stress between the ground and the tire surface. 

2.6.1 Deformation of a Point on the Contact Patch 

The deformation at a point P on the contact patch can be defined as the difference in 

the positions of the real point P on the contact patch and the imaginary point P' coinciding 

with P at the leading edge but rigidly fixed to the rim of the wheel. Thus for any point, P 
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on the contact patch the deflection can be determined by integrating the relative velocity of 

the point under consideration with respect to time as it moves from the front end of the 

contact patch to the rear end. This is based on the assumption that a point just entering the 

contact patch at the front end has zero deformation. The deformation at point P is defined 

as 

In Fig. 2.12 Pt is the position of point P as it enters the front end of the contact path and 

vr(t) is the relative velocity of poin t P as a function of elapsed time, tP( and tP are the respective 

time instances when the point is at P, and at P. It may be noted that the vertical deflection 

over the tire contact patch can be expressed as a function of the vertical deflection 6, of the 

tire center. For a constant 8„ distribution of vertical deformation is a constant. Thus we do 

not have to use the above integration formula for the vertical deformation distribution. Thus 

vr and 5/. are just vectors of size two, having components in lateral and longitudinal directions. 

In order to physically interpret the deformation of a point P on the contact patch, we 

can assume the tire carcass to be a "brush" composed of an array of thin bristles extending 

from the central rim to the tire surface. As shown in Fig. 2.13, O'P can be assumed to be 

a bristle. Point O is the centcr of the wheel, P' is the point on the outer surface of the tire 

that coincided with P at the leading edge, O' is the point on the rim where OP* intersects 

and P" is the point where OP' intersects the ground. The segment O'P is the actual deformed 

shape of the bristle and O'P' is the undeformed and unconstrained shape of the bristle. P'P 

is the deformation of the tip of the bristle. The component P'P' * is caused by the vertical 

deflection 5t. PP" is the deformation due to the relative velocity and is the deformation of 

relevance to us in determining the lateral and longitudinal forces of the tire. 

(2.23) 
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Figure 2.11 Variation of Friction Coefficirent with 
Respet to Sliding Velocity 

0 

Figure 2.12 Path of a Point P on the Contact Patch 
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Figure 2.13 Deflection of a Point on the Contact Patch 
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2.6.2 Stress at a Point on the Contact Patch 

As described in the previous sections, each point on the contact patch can be associated 

with a cantilever beam extending radially from the rim up to the point. The deformation of 

each beam can be determined knowing the relative velocity of the point as it traverses the 

contact patch. The force required to deflect the beam is provided by the friction between 

the tine and the ground. We define stress at a point on the contact patch as the force required 

to deform a unit area of the contact patch at that point. Thus if SP is the vector of horizontal 

deformation of the point and aP is the stress vector, then 

aP=khP (2.24) 

where k is the stiffness in the direction of 8. 

2.6.3 Adhesion and Sliding Regions 

Stress at a point on the contact patch was defined as the force required to deflect unit 

area of the contact patch at the point. In equation 2.23 the deflection 8P was calculated by 

integrating relative velocity of the point as it traverses the contact patch. We refer to this 

stress as the elastic stress, at. It may however be noted that deflection 8P is limited by the 

magnitude of the frictional stress cy at the point, given by equation 2.20, where |i in this 

case is the coefficient of static friction. Thus if cyim„ < at, then S will have to be scaled 

down so that 

Jc 8p — 

where a is the actual stress at the point. In such a situation the point corresponding to the 

tip of the cantilever no longer sticks to the road but begins to slip. Cy Is calculated using 

coefficient of dynamic friction which is always less than the coefficient of static friction. 

We refer to the area of contact patch having "sticky" points as adhesion region, that is, where 
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a/nuI > a,» and the area having sliding points as the sliding region. 

It may be noted from equation 2.20 that the frictional stress is proportional to the 

normal pressure. Thus the deformation distribution in the sliding region is proportional to 

the normal pressure distribution. In other words the deformation distribution in the sliding 

region has a shape similar to the pressure distribution. On the other hand the deflection 

distribution in the adhesion region is governed by the integral equation 2.23. Hence the 

deflection distribution increases as one goes from the front end of the contact patch to the 

rear end and then decreases in proportion to the normal pressure. The line of intersection 

between these two surfaces is the line of demarcation between the adhesion and sliding 

regions. 

2.7 Forces and Moments 

As explained in the previous sections, each point on the contact patch can be associated 

with a stress given by the force required to deflect unit area of the contact patch at the point. 

These point stresses can be replaced by an equivalent force and a moment acting at the center 

of the contact patch. The force is given by the integral of the stresses and the moment is 

given by the integral of the moments of these forces about the contact patch center. If F 

and M are the force and moment respectively, then 

(2.25) 

cp 

(2.26) 
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CHAPTER 3 

A NUMERICAL PROCEDURE FOR CALCULATION OF TIRE 

FORCES 

In chapter 2 a tire model, to be used for the computation of tire-road interaction force, 

is presented. A simplified tire structure and the physics of its interaction with the road is 

also dealt with. Models for contact patch shapes, normal pressure distribution, tire road 

friction, tire deformation, contact patch stresses and tire forces and moments are also 

described. 

Vehicle dynamic simulations are carried out by considering the vehicle as a spatial 

multibody system and using a multibody dynamic simulation program. The dynamic 

response of a multibody system is due to the internal and external forces acting on the system. 

Tire forces and moments are the primary source of external forces on a vehicle system. This 

section shows how the tire model described in this thesis can be implemented into a dynamic 

simulation program in order to provide the tire forces and moments at any given time 

instance. This would essentially involve developing a workable scheme to determine the 

distribution of tire deformation and stresses at any given time instance. 

The numerical procedure adopted in this study essentially involves approximating the 

contact patch as a 2-dimensional array of points. Each point is associated with a bristle 

described in the brush model in Section 2.6. The distributions of relative velocity, normal 

pressure, deflection and stress are represented as sets of respective nodal quantities. Regions 

of adhesion and sliding are defined on the nodal level. Forces and moments are determined 
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by a numerical integration of the nodal stresses and moments of the stresses respectively. 

3.1 Need for a Numerical Solution 

The present study uses a numerical approach to compute tire forces and moments. A 

purely analytical method that would provide us with forces as closedform expressions would 

be ideal. However due to the complexity of the expressions involved, a purely analytical 

solution is nearly impossible. For example, in order to use equation 2.23 to determine the 

deflection at a point we need to know the relative velocity vr as a function of time from J>( 

to tP. Gim's model simplifies the integration process by assuming that the relative velocity 

between the point and the ground remains a constant as the point travels from point f,- to 

P. Also it is assumed that all such travelling points have the same relative velocity which 

is equal to the relative velocity at the center of the contact patch. These two assumptions 

limit the conditions under which the solution is valid. 

A more pressing reason that calls for a numerical solution is the integration of stresses 

over the contact patch area to give the tine forces and moments. Figure 3.1 shows a typical 

distribution of deflection over the adhesion and sliding regions. Gim [12] overcomes this 

problem by assuming that properties are constant along the width of the contact patch. This 

however is not true as will be shown later in the section. The integration would require, 

first of all, the determination of the curve of intersection of the distribution surfaces cor

responding to adhesion and sliding regions. Gim, in his assumption of a one-dimensional 

contact patch ends up with a line of intersection rather than a curve of intersection. 

3.2 Determination of Contact Patch Position and Orientation 

There is a need for a generalized scheme to determine the position and orientation of 

the contact patch from the position and orientation of the wheel. Figure 3.2 shows a typical 



Figure 3.1 Typical Distribution of Resultant Deflection 
over the Contact Patch 

Trailing Edge 

Leading Edge 

Figure 3.2 Tire Contact Patch Location and Orientation 
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wheel and its contact patch. The orientation of the wheel is given by its transformation 

matrix A. The columns of A correspond to the body fixed coordinate axes Tl and £ 

respectively [11]. Thus if A is given by 

\ 

A = 
ail al2 ai3 

^21 ^22 ^23 
^1 °32 °33 j 

(3.1) 

Then the vectors u^, and can be expressed as 

US = 
mi 12 

a 211 "n — <o.. 

a 31 j 

22 

32 

U; = S 
«l3l 

33 

(3.2) 

As shown in the figure, the contact patch coordinate system a — P is defined such that ua 

points to the direction of the trailing edge of the contact patch. up Is given by 

1̂  = 11, xua (3.3) 

Up lies in the direction parallel to the horizontal component of u,,. up can be expressed as 

^-(iViOu, U„ = : 
p |u„-(ivu,)uj 

Substituting for u,, and in equation 3.3 we have 

(3.4) 

up = 
a 12 

*221 (3.5) 

0 

From equation 3.3 we have 

U a - U p X U ?  
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Transformation matrix of the contact patch Aep relative to the global coordinate system is 

given by 

Acp = [110,11,5,11,] = 
^ O22 &12 ® 

— Q\2 <hi 0 

10 0 U 

(3.7) 

The vector rOQ which connects the center of the tire O to the center of the contact patch 

Q has a direction orthogonal to the vectors representing the tire heading direction and the 

tire axis. The vector representing the tire heading direction is the vector lying on the plane 

of the wheel and parallel to the ground. 

3.3 Discretization of the Contact Patch 

Figure 3.3(a) shows a discretized rectangular contact patch and Fig. 3.3(b) shows a 

discretized patch with curved edges. A standard discretization scheme is adopted for this 

study. The contact patch is represented by a set of nodes arranged in rows and columns. In 

this study, the contact patch is represented as 66 nodes arranged in 6 rows and 11 columns. 

The nodes comprising a row are rectilinear while those comprising a column are not nec

essarily so. The contact patch is assumed to have its sides straight and front and rear edges 

curved. The equations of the curved edges are determined as explained in section 2.2. The 

distance between two rows is equal to one fifths of the contact patch width while the distance 

between two columns depends on the row. The distance between columns is equal to one 

tenths the length of the row which can be determined from the equations of the front and 

rear edges. tj Axes represent the coordinate system assigned to the patch. 

So a contact patch and its discretization can be completely described by the following 

parameters: 

w: width of the contact patch. 
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Figure 3.3 Discretization of Contact Patch Shapes 
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l!ti — 1,6 : lengths of rows 1 to 6. 

y Is the distance between 2 rows of points and ^ is the distance between two columns of 

row i. 

3.4 Implementation of Pressure Distributions 

In section 2.3 pressure distribution along the length of the contact patch was modelled 

as trapezoidal shaped function. The pressure rise and fall at either ends of the contact patch 

were modelled as cubic polynomials with zero slopes at their two ends. The central portion 

was modeled as a straight line. As an approximation to a 3-dimensional distribution we can 

define different pressure distribution curves for each one of the three rows of the contact 

patch. The rows can have different values for the parameters alt 02, b,^ and 

Thus for a typical contact patch if h is the pressure at the center of the contact patch 

and /,• is the length of row i, values for au a2, b, hx and h2 can be assumed as shown in Table 

3.1. 

Table 3.1 Pressure Distribution Parameters 

Row# A. fh b <h 

1 h h 0.31, 0.4/f 0.3/,-

2 0.9 h 0.9 h 0.2/( 0.6/; 0.2/,-

3 h h 0.1/, 0.8/,. 0.1/, 

4 h h 0.1/, 0.8/; 0.1/,-

5 0.9 h 0.9/i 0.2/. 0.6/,- 0.2/,-

6 h h 0.3/; 0.4/. 0.3/; 
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By experiments [9] it has been shown that under conditions of traction or steering the 

pressure distribution is skewed forward [8]. This can be accounted for by increasing the 

value of /*2 and keeping hm constant. It has also been shown that the effect of lateral force 

is to skew the pressure distribution forward. Thus an empirical formula can be used to relate 

traction, braking and steering forces to skew the pressure distribution. Thus for any row, if 

h is the average pressure in the flat portion of the contact patch, hj and /z^ can be written as 

h ,  =  h{ \+w)  

h 2  = h( l  —w)  (3.8) 

where w can be expressed as 

w = kxFx + k2Fy (3.9) 

and Fx and Fy are the magnitudes of the longitudinal and lateral fores respectively. 

As an example we can assign 

h x - \ . \ h  

^ = 0.9 h 

Making use of equation 2.18, the area integral of the normal pressure distribution over the 

entire contact patch for the set of parameters given by Table 3.1 can be expressed as 

JJ pdA = y [2A(0.8/+ 0.1/) +2(0.9/i) (0.6/+0.2/)+ 2A(0.3/+ 0.4/)] 

= y/i/[1.8+ 1.44+ 1.4] 

= y/l/(4.64) 

= Normal Force, Ft. 

The length / can be determined from the geometry, orientation and vertical deflection. Thus 
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h can be expressed as 

H (D (|) (4.64) 

Similar expressions for pressure distribution can be determined by following the above 

calculations. 

3.5 Determination of Tire Stiffness 

In section 2.6.2 the tire stiffness at a point P on the contact patch was defined as the 

force per unit area required to deflect the point by unit distance parallel to the contact patch 

area. One way of determining tire stiffness is to experimentally measure the force required 

to deflect the center of the tire by a unit distance keeping the base of the tire fixed. Stiffness 

in the x direction will be given by 

where Fx is the force acting at the center of the tire, 5 is the deflection of the tire center and 

A is the area of the contact patch. Figures 3.4(a) and 3.4(b) [9] show results obtained by 

such experiments for deflections in the longitudinal and lateral directions respectively. The 

approximate slopes of the respective curves can be taken to be the stiffnesses in the lateral 

and longitudinal directions. The stiffness thus obtained is the average stiffness over the 

entire contact patch. It should also be noted that this stiffness depends upon the normal 

force on the tire. 

For a typical tire the stiffness of the carcass is very large compared to the stiffness of 

the tire tread rubber block. The combined stiffness of the carcass and tread can be 

approximated to the stiffness of the tire tread. Thus a second method of obtaining tire 

stiffness would be to use the value of the tread rubber block stiffness. 

(3.10) 
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Gim's model uses longitudinal and lateral stiffnesses, C, and Ca based on slip ratio, s 

and slip angle a respectively. They are defined as: 

C.=£ (3.11) 

C-J~k (3-12) 

Assuming a parabolic pressure distribution Gim and Nikravesh [12] have arrived at the 

following relation ship between C, and kx. 

C..^f (3.13) 

I, the length of the contact patch depends upon the vertical force on the tire. Thus C, would 

also depend on the vertical force on the tire. 

3.6 Computation of Nodal Deflections 

In section 2.6.1 it was described how the deflection at a point can be determined by 

integrating over time the relative velocity of the point. This however cannot be practically 

applied to take care of any general velocity distribution. Therefore the need for a numerical 

method was realized. As an approximation, the deflection at a nodal point P at time ti+1 can 

be expressed as : 

d';+,=:d'1 
+ v<1

(r<'+i~'<) (3-14> 

where is the deflection of the point at tt and v,( is the relative velocity. This is a first order 

approximation. A second order approximation would be 

d',+i= d<<+ V'A +1 ~ r'-) + "2 (',+1 ~r,)2 (3'15) 

where a, is the relative acceleration at t{ and v,, and a,, are components parallel to the contact 
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patch surface. In this study the first order approximation is used. 

3.6.1 Relative Velocity and Deflection at Previous Time Step 

Figure 3.5 shows the contact patch at times t-t +, and tt respectively. In order to determine 

the deflection of a point P on the contact patch at time ti+u we need the deflection and 

relative velocity at time /f. The following steps can be followed. 

1. Determine the position of point P on the ground coordinate system at time Let the 

position of point P on the ground be P,t at time tt and P, at time /;+I. The displacement 

of the point from P, to />, can be expressed as: 

2. Knowing the position and orientation of the contact patch at time tit determine the 

coordinates of P,t in the contact patch coordinate system. If Q,t is the center of the contact 

patch at th r>( is the position of P,t in the global coordinate system and Acp is the trans

formation matrix of the contact patch coordinate system, then the position vector in the 

contact patch coordinate system is given by 

3. Knowing the distribution of relative velocity and deflection over the contact patch at t0, 

determine the relative velocity and deflection by interpolation. We may typically have 

the point P, lying in the contact patch between two rows and columns. For example it 

may lie between rows 2 and 3 and columns 3 and 4 as shown in Fig. 3.6. Thus in order 

to determine the value of a variable which could be relative velocity or deflection, 

we need to interpolate between the corresponding values of at points A, B, C and D. 

I Z1 j = V_ • (f; i i M '< '( +1 ' '( + ( 
(3.16) 

(3.17) 
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Figure 3.5 Contact Patches at times rf and fi+1 
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Figure 3.6 Method of Interpolation 
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Interpolation can be carried out in the following steps: XX' is a line parallel to the tj 

axis of the contact patch coordinate system. It intersects rows 2 and 3 at points R2 and 

/?3 respectively. Interpolate between nodes on rows 2 and 3 respectively to determine 

the values of (J) at R2 and R3 respectively. Interpolate between the values at Rz and /?3 

along XX' to get the value of cj) at P,. 

3.7 Typical Shapes of Adhesion and Sliding Regions 

Using the deformation determined from the method described in section 3.6 and 

knowing the tire stiffness, the elastic stress at each nodal point can be determined. From 

the normal pressure and friction coefficient at the point, the maximum possible stress, also 

referred to as fiictional stress, can also be determined. Stress at a nodal point is equal to 

the elastic stress if it is less in magnitude than the maximum possible stress. Otherwise the 

nodal stress is equal to the maximum possible stress. The nodal points on the contact patch 

corresponding to the former case are classified as points of adhesion. The points corre

sponding to the latter case are classified as points of sliding. Thus for the meshed contact 

patch used in the present study each nodal point can be classified as a point of adhesion or 

a point of sliding. 

Figures 3.7(a-d) show typical distributions of points of adhesion and sliding over the 

contact patch. The filled squares indicate nodal points of adhesion and the empty squares 

indicate nodal points of sliding. Figures 3.8(a-d) show variation of resultant stress over the 

contact patch area. In Figures 3.7(a) and (b) it can be seen that the length of the adhesion 

and sliding regions varies over the width of the contact patch. This can be explained by the 

variation of pressure distribution across the contact patch width. The accompanying vari

ation of resultant stress (that coincides with the variation of normal pressure in the sliding 

regions) is shown in Figures 3.8(a) and (b). Figures 3.7(c) and 3.8(c) correspond to the case 
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Figure 3.7(b) Adhesion and Sliding Regions for Pure Traction 
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Figure 3.7(c) Adhesion and Sliding Regions for Pure Camber 
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Figure 3.7(d) Adhesion and Sliding Regions for 
Combined Traction and Camber 



58 

Figure 3.8(a) Distribution of Resultant Stress for Pure Traction 

Figure 3.8(b) Distribution of Resultant Stress for Combined Traction and Steering 



Figure 3.8(c) Distribution of Resultant Stress for Pure Camber 

Figure 3.8(d) Distribution of Resultant Stress for Combined 
Camber and Traction 
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of non-zero camber angle. The resultant stress is larger at the periphery than at the midplane. 

The adhesion region is longer at the midplane than at the flanks. Such a phenomenon can 

be explained using Fig. 2.10(c) which shows therelative velocity distribution for pure camber 

angle. The relative velocity field is larger at the periphery than at the center. Figures 3.7(d) 

and 3.8(d) show the case of combined camber and traction. In the regions of negative p the 

relative velocities add up and in the region of positive P the relative velocities annul each 

other. As a result in the region of negative p the stress is higher and the adhesion region is 

shorter compared to the region of positive p. 

3.8 Case of Non-zero Camber Angle 

One of the salient features of the scheme described above is that it is generic. It is 

applicable to any given running condition including the case of non-zero camber angle. In 

Gim's model non-zero cambcr is taken care of by superimposing the deflection due to non 

zero camber over the deflection due to lateral and longitudinal slips. This is a primary cause 

for the "unwieldy" nature of the expressions involved in cases of comprehensive slips with 

non-zero camber. The deflection due to camber is determined by comparing the path of a 

particle for zero camber with that for nonzero camber. Figure 3.9 shows a tire at a camber 

angle y. ACB is the path of a point at the midplane cf the tire if the tire were not constrained 

by the road. Line AB is the actual path of the point. This difference between AB and ACB 

is the tire deflection due to camber. The numerical scheme described above obviates the 

need for a case-wise compulation of deflection. It does not even require the computation 

of parameters such as cambcr angle or slip angle. From Fig. 2.10(c) it can be seen that the 

relative velocity distribution has a component along the P axis. This component is due to 

the z-component of the angular velocity vector and it is maximum at the leading and trailing 
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Road Surface 

Figure 3.9 Deflection due to Camber Angle 
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edges and zero at the center. The integration of this component with respect to time for a 

point moving from the leading edge to the trailing edge automatically takes care of situations 

of non-zero camber angle. 

3.9 Computation of Forccs and Moments 

The determination of lire forces and moments involves integration of contact patch 

stresses. The discretized contact patch used in the present study requires a numerical 

integration. It is not possible to use 112-dimensionaI integration scheme because the columns 

of points are not parallel to eiich other, but only the rows of points are parallel to each other. 

Integrals over each one of the 6 rows of points can be carried out separately and then summed 

up to get the total integral. The width of rows 2, 3,4 and 5 is j while the width of rows 1 

and 6 is ̂  where wis the width of the contact patch. If/i,/2,/3,/„,/5 and/6 are the integrals 

along the rows 1, 2, 3, 4, 5 and 6 respectively, then the integral over the area can be 

approximated as 

The integral /f can be found by using extended Simpson's rule over the nodes lying on row 

i. Thus for row 1 the integral /, can be expressed as: 

(3.18) 

(3.19) 

where /, is the length of row I. 
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CHAPTER 4 

COMPARISON WITH GIM'S MODEL 

Chapter 3 described a numerical scheme to determine tire forces for vehicle dynamic 

simulations. The scheme was based on the use of a discretized truly two-dimensional contact 

patch that allowed a two-dimensional variation of contact patch variables such as normal 

pressure, deflection and stresses. The scheme was also a generic scheme that would take 

care of a wide range of running conditions. On the other hand Gim's model uses analytically 

derived expressions for {lie force components. Derivation of closed form expressions 

required that assumptions be innde lo simplify the mathematical expressions involved. This 

was a constraint on the amount of flexibility the model could offer. Nevertheless results 

obtained from Gim's model are in close agreement with those of experiments [Nordeen and 

Cortese], particularly so for the case of pure slips in the lateral and longitudinal directions. 

The essential motive behind (his work is to study the possibility of improving upon Gim's 

model by using a numerical scheme. In this chapter the results obtained from the proposed 

methodology will be compared with that obtained from Gim's model. 

4.1 Steady State Running Condition 

The dynamic characteristics of tires are usually determined by studying the per

formance of tires under steady state running conditions. The time invariant forces are 

measured and plotted against parameters defining steady state running conditions. 

Traditionally dynamic properties of tires are described by the following relationships: 
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1. Longitudinal force-slip ratio relationships for the tire subjected to pure traction or 

braking. 

2. Lateral force-slip angle relationships for the case of pure lateral slips. 

3. Lateral force-longitudinal force and self aligning torque-longitudinal force relationships 

for the case of combined lateral and longitudinal slips at constant slip angle. 

Slip ratio, slip angle and camhcr angle are typical parameters that define the steady 

state running condition of the lire. Slip ratio is defined by 

v,-vc 
s = for pure traction 

Vc 

v — V 
= — for pure braking (4.1) 

V* 

where vc is the circumferential velocity of the center of the contact patch and v, is the velocity 

of the wheel center. Thus v,: - vt is the relative velocity of the contact patch center. ve Is 

given by 

vc=|<*)xr | 

where 0) is the angular velocity of tlu*. wheel and r is the effective rolling radius of the tire. 

For the purpose of simulation a simple vehicle model as shown in Fig. 4.1 was used. The 

model consists of a single wheel/tire, a knuckle and a chassis. In order to keep the system 

vertical during simulation, the £ axis of the chassis is constrained to remain parallel to the 

global Z axis. The revolutc joint axis can be either parallel to the ground or inclined at an 

angle equal to the camber angle y. To simulate steady state running conditions in which the 

tire is required to maintain a constant slip ratio, slip angle or camber angle the required 

forces and moments are applied to the chassis to annul the effect of tire forces on vehicle 

motion. 
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Figure 4.1 A Simple Vehicle Model 
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Figure 4.2 shows a comparison of braking force variation with slip ratio. Figure 4.3 

shows the comparison of steering force variation with slip angle. It was explained in Chapter 

3 how the parameters hu h2, <ilt b and a2 to be described in order to define the trapezoidal 

pressure distribution. Gim's model on theotherhand assumes aparabolic distribution. This 

means for the presented model it takes a larger slip ratio or slip angle for complete sliding 

to be attained. The curve corresponding to the present model reaches amaximum at a slower 

rate than that corresponding to G im's model. In part BC of the curves, the slopes are different 

because the variation of friction coefficient with slip velocity is not the same in the two 

models. While in Gim's model, coefficient of friction (I varies as a linear function of slip 

ratio, in the model presented here it varies as a linear function of sliding velocity of the point 

under consideration. Table 4.1 shows the set of values of hu h2t du b and a2 that were used 

for the six rows of thecontacl patch. These were obtained by trial and error until the behavior 

came close to that of Gim's model. Figure 4.4 shows the variation of braking force with 

respect to slip ratio for different values of normal force. Figure 4.5 shows the variation of 

self-aligning torque with respect to slip angle. The wheel was constrained to remain at a 

constant slip angle and the lateral force and self aligning torque were determined. Exper

imental findings [8] have shown that at high slip angles the self-aligning torque takes a 

negative value that tends to turn the lire in the direction of increasing slip angle (self aligning 

torque is assumed to be positive in the positive direction of global z-axis). In the numerical 

scheme presented here such a behavior can be realized by assuming a pressure distribution 

which is skewed forward in proportion to the magnitude of the tire lateral force. Thus in 

defining the parameters /i, and h7, a weighting factor w was defined as 
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w = k l F x  +  k l \ F y \  

Self aligning torque-slip angle relationships were plotted for different sets of values for kt 

and &2. The results shown in Fig. 4.5 were obtained for ^ = 0.0 and #2 = 0.0. Figure 4.6 

shows the case where kx — £2 — 55^55. *3°r numerical scheme presented here the self 

aligning torque goes below zero for slip angles greater than 0.9 radian. 

Table 4.1 Values of Pressure Distribution Parameters 
used for simulation. 

Row # h2 «i b <h 

1 h h 0.3 5/; 0.3/; 0.35/; 

2 0.9 h 0.9 h 0.3/, 0.4/; 0.3/, 

3 h h 0.25/,- 0.5/,- 0.25/; 

4 h h 0.25 /; 0.5/,- 0.25/; 

5 0.9 h 0.9/2 0.3/; 0.4/,- 0.3/; 

6 h h 0.35/, 0.3/; 0.35/; 

Figure 4.7 shows a comparison of variation of lateral force with respect to longitudinal 

force for the case of combined longitudinal and lateral slips. The tire is constrained to 

maintain a constant slip angle and at the same time a constant value of longitudinal slip. 

Under these conditions the tire lateral and longitudinal forces need to be computed. Keeping 

the slip angle constant the longitudinal slip is varied in order to plot the lateral and longi

tudinal forces. Figure 4.8 shows the variation of lateral force with longitudinal force for 

different slip angles using the scheme presented here. Figure 4.9 shows the variation of 
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self-aligning torque with respect to longitudinal force under conditions of combined lateral 

and longitudinal slips. The solid line corresponding to the present numerical scheme shows 

the same tendency as experimental results [Sakai, Part 4]. In the plot shown, the abscissa 

of the experimental results have been scaled down by a factor of ten in order to compare its 

tendency with that of the present scheme. 

4.2 Transient Running Condition 

One primary shortcoming of Gim's model is that it requires parameters that describe 

steady state running conditions, such as slip ratio, slip angle and camber angle in order to 

determine the tire forces and moments. These parameters do not describe running conditions 

when the tire forces undergo continuous changes with time. However the model presented 

in this study takes care of any general situation including the case of time varying forces. 

One such case is the response to a step change in tire slip. Figure 4.10 shows the variation 

of longitudinal force when there is a step increase in the longitudinal slip ratio. Such a 

situation could occur when the tire has a non-zero slip velocity at the start of a simulation. 

While the response corresponding to Gim's model rises abruptly, that corresponding to the 

present scheme rises gradually. 

Gim's model requires that the tire has a non zero linear velocity and circumferential 

velocity. This is because of the fact that the slip ratio and the slip angle are defined only 

for non-zero velocities. When the velocities are zero the slip ratio is assigned values of zero 

or 1, Thus Gim's model cannot handle a case where the tire has only a non-zero z-directional 

angular velocity. Figure 4.11 shows the variation of self-aligning moment obtained from 

the present model. Gim's model failed to provide a non-zero value for the self-aligning 

torque. The z-directional angular velocity was taken to be 0.05 radian/second. 
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4.3 Implementation into Simulation of a Model of a Jeep 

To verify the applicability of the scheme to problems of practical significance it is 

implemented into the simulation of a simplified physical model of a M151-A2 1/4 ton truck 

(henceforth referred to as a jeep). Technical data for the jeep has been obtained from [17]. 

The simplified model consisted of a chassis, double A-arm suspensions in the front and 

single A-arm suspensions at the rear. It consisted of a total of 13 bodies with a total of 16 

degrees of freedom. The jeep was given an initial velocity of 18 mph and subjected to a 

steering input of 0-5 degrees over a period of 3 seconds. The steering angle was maintained 

constant at 5 degrees there after. Figure 4.12 shows the path of the jeep on the X-Y coordinate 

system on the ground. The jeep starts at the origin x = 0.0 and y = 0.0. Figure 4.13 shows 

a comparison of speed v of the vehicle and its components vx and vy in the X and Y directions 

respectively. It can only be concluded that the results obtained from the presented scheme 

agree with those obtained from Gim's model. In the absence of results from field test runs 

it is not possible to draw any conclusion about the validity of either model for such simu

lations. 
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CHAPTER 5 

THESIS SUMMARY AND CONCLUSIONS 

An important task in vehicle dynamic simulation is the determination of tire-road 

interaction forces at each .simulation time step. Tire-road interaction forces are the principal 

external forces acting on a vehicle. In keeping with the goal to achieve real-time simulation 

capabilities it is important to devise efficient schemes to determine tire forces without 

compromising on the accuracy or ihe results. 

MBOSS is a multibody dynamic simulation program. Gim's model is the tire model 

incorporated in MBOSS. In (Jim's model, tire forces are expressed as closed form 

expressions. To enable the derivation of closed form expressions several assumptions had 

to be made in the tire-road interaction model. The goal of this study was to devise a numerical 

scheme that would make some of the assumptions redundant and thus produce a more 

realistic model. 

A simplified physical model of ihe tire has been described. Based on this physical 

model the tire-road interaction is described. The determination of the contact patch shape 

is based on the following assumptions: the generalized tire surface is assumed to be a surface 

of double curvature; the leading and trailing edges of the contact patch are assumed to be 

elliptical. The position and oriental ion of the contact patch is determined from the orientation 

and position of the tire. The normal pressure distribution over the area of the contact patch 

is modelled as a trapezoidal distribution. The rise and fall of pressure at the leading and 

trailing edges of the contact patch are modelled as cubic curves. A scheme to determine 

the pressure distribution from Ihe lire normal force is explained. The distribution of relative 
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velocity of the contact patch points is studied. Tire deformation is explained by modelling 

the carcass as a "brush." The deflection at each point on the contact patch has been viewed 

as the deflection of a "bristle" of (lie brush. Based on this the stiffness, ftictional stresses 

and elastic stresses at a point on the contact patch have been defined and the point has been 

classified as sticking or sliding. Based on the distribution of sticking and sliding points 

regions of adhesion and sliding have been defined. The distribution of stresses and adhesion 

and sliding regions for typical running conditions have been presented. 

A generalized method lias been presented todiscretize the contact patch. A numerical 

scheme has been presented to determine the deflection of each nodal point of the contact 

patch from its deflection and relative velocity in the previous time instance. A method to 

numerically integrate the nod;il stresses to determine tire forces and moments has been 

presented. Finally, the performance of the presented numerical scheme is compared with 

that of Gim's model for steady state running conditions, transient running conditions and 

for the case of the model of a jeep. 

The proposed method has several advantages. It offers a method to deal with non-

rectangular contact patches. It opens possibilities for contact patch shapes that vary with 

the tire lateral force. It can cope with transient behavior in the sense that it takes into account 

the state of a point (deflection and relative velocity) in the previous time step in order to 

determine its deflection in the present lime step. The proposed scheme also offers a pressure 

distribution function which is basically trapezoidal but can accomodate variations such as 

a skewed distribution or variation of magnitude across the width of the contact patch. The 

scheme thus offers scope for a distribution that would vary depending upon the lateral force 

or the longitudinal force. The force-dependent skewing of pressure distribution has already 
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been incorporated. The proposed sthenic is generic in that it is applicable to all possible 

running conditions. No special consideration need be given to the condition of non-zero 

camber angle or conditions of comprehensive slips. 

The proposed scheme also has some limitations. Being a numerical scheme there is 

a limit to its accuracy. Only a finite number of points on the contact patch are taken into 

consideration. For the case of a non-zero camber angle, because of numerical errors a 

consistent deflection distribution is noi obtained even though the camber angle is not con

stant. This causes a fluctuation of the force values which in turn slows down the integration. 

The scheme involves more compulations than Gim's model or any other model that 

incorporates an analytical method. I lowever the fact that its response to a step change in 

slip values is gradual rather than abrupt makes it advantageous for such problems. For a 

tire rolling forward and for the points at the front extremity of the contact patch it is not 

possible to determine the relative velocity and deflection at the previous time step because 

the points lie outside the contact patch of the previous time step. The values are taken to 

be zero. 

It is evident that the present work is far from complete. The model is based on the 

assumption that stiffness of the tirc at a point on the contact patch is available. A viable 

analytical method that can he used to determine stiffness from the physical properties of the 

tirc is required. Deformation of a point can be in any direction, especially for comprehensive 

slips. Stiffness in any given direction must be derivable from the stiffnesses along the 

orthogonal directions. Thea* should be a precise scheme to determine pressure distribution 

parameters from the contact patch dymimics. The method should be extended to consider 

the effect of carcass bending wherein lies the key to a more accurate modelling of tire 

dynamics. 
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