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ABSTRACT 

This study presents an integrated approach using experimental high resolution 

electron microscopy, computer simulations and theoretical analysis, to provide a 

thorough atomic level investigation of grain boundaries. Examined here, are specific 

cases of pure aluminum grain boundaries. Energy calculations for the S3 perfect 

twin, in a range of linear translational states, show that both the shape and location 

of the interfacial surface are important considerations. 

An investigation of quasiperiodic interfaces is also presented. The example 

of a 45° [100] twist plus 17.44° [Oil]||[001] tilt grain boundary is used. It is found 

that this and other quasiperiodic boundaries can be described using a structural unit 

model. For the above case, two delimiting structural units, corresponding to tilt 

angles of 13.29° and 19.47°, respectively, are shown to completely characterize the 

boundary. 
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CHAPTER ONE: INTRODUCTION 

This thesis is part of a larger research effort directed toward the advancement 

of knowledge concerning atomic grain boundary structures and their behavior in 

metals. Two main areas of research, experiment and computer simulation, 

complement one another to achieve a more complete understanding of the grain 

boundaries studied. Experimental techniques involve the fabrication of special 

precision aligned grain boundaries in metallic samples. This is followed by 

preparation for, and examination with, a high resolution electron microscope 

(HREM). Grain boundaries, which are structurally equivalent to those observed in 

metallic samples, are also simulated by computer. Computer simulations provide 

three dimensional dynamical information about the nature of the interface. This 

thesis focusses on specific grain boundaries in pure aluminum. The results of 

computer simulations are compared with known theories and experimental findings; 

what follows is an introduction to the current atomic level theories of interfacial 

structures, illustrated with examples. 

A single crystal is a lattice of atoms. A polycrystalline material is composed 

of many arbitrarily oriented small single crystals called grains; within each grain, the 

integrity of the lattice is conserved. The interface where two misoriented grains meet 

in a polycrystalline material is called a grain boundary. The study of grain 

boundaries is important because many characteristics of a material can be inferred 
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from the number and type of grain boundaries it contains. This thesis is concerned 

primarily with the atomistic structure of grain boundaries in aluminum; that is, the 

examination of grain boundaries with atomic resolution. 

In examining a grain boundary, it is instructive to construct one illustratively, 

using two idealized grains. Taking the interface to be planar, there are nine 

geometrical parameters required to determine the interface uniquely. Three angular 

variables specify the rigid body rotational misorientation R between the grains. 

Three additional variables describe any relative rigid body translation T between the 

grains. The remaining three variables specify the exact orientation n and location, 

% of the plane of the interface (n is a unit vector normal to the boundary plane). 

To begin construction, take two (here structurally identical) grains, one with 

atoms designated black, the other with white. Superimpose the lattices so that all 

atomic sites of the white lattice coincide with those of the black. Now arbitrarily 

impose a rigid body rotation on the white lattice, followed by a relative rigid body 

translation. The resulting structure of interpenetrating crystals is called the 

dichromatic pattern (DCP).1 Once the DCP is created, a planar interface may be 

inserted wherever desired. Atoms of a different color may then be 'removed' from 

either side of the interface; i.e. black from one side and white from the other. The 

resulting structure is called a bicrystal (it has two grains), and the plane where the 

grains meet is the grain boundary. 



From the dichromatic pattern, come many geometric models of grain 

boundaries. The atomic sites where both a black and a white atom reside in the 

DCP are called coincident sites. Grain boundaries are often described by how many 

coincident sites exist versus the total number of atomic sites. The reciprocal of this 

number is given as 2. Figure 1.1 is the DCP representation of an a =70.52° rotation 

about the [110] direction, between two face centered cubic grains of pure aluminum. 

Here, Z=3 (also written S3), because there is one coincident site for every three 

atomic sites. This is easily seen by inspection of the pattern, which has the 

interesting feature of one set of atomic planes in coincidence for every two sets of 

atomic planes not in coincidence. The network of coincident sites is called the 

coincident site lattice (CSL).2 Vectors between CSL points are called CSL lattice 

vectors. Relative translation of a sublattice (black or white) by a CSL lattice vector 

yields the original DCP; i.e. the DCP is invariant under translations by a CSL lattice 

vector. This may be demonstrated in figure 1.1 by moving the black lattice by the 

CSL vector, a. 

A superset of the CSL is the O-lattice. Unlike the CSL, however, the O-

lattice is described by a lattice of spatial points, not atomic sites. It is defined as the 

array of points in space whose internal unit cell coordinates are the same for both 

the white and black lattices; i.e. the array of points in space that are invariant under 

the transformation matrix describing the relative orientation between the two 

crystals.3 O-lattice points that are also atomic sites are coincident points in the DCP, 
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Figure 1.1 Dichromatic pattern of a [110]/(111) misorientation between two face 
centered cubic lattices. The rotation angle between the lattices is 
70.52°, corresponding to 2 = 3. The vector a is a CSL lattice vector. 
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and belong to the CSL. like the CSL, the set of O-lattice points is not unique; there 

are many possible O-lattices for any given DCP. 

Another model commonly used to study grain boundaries is the displacement 

shift complete lattice (DSC). The DSC lattice is defined as the coarsest lattice that 

contains both colored crystal lattices as superlattices.4 More illuminating is that it 

consists of all relative rigid body vector displacements that conserve the dichromatic 

pattern; i.e. translation by a DSC lattice vector yields the same DCP. The entire 

pattern may be shifted spatially, however, with respect to the original DCP. Thus, 

the CSL lattice vectors are a special subset of the DSC lattice vectors, where no 

pattern shift occurs with translation. 

The above geometrical models describe rigid perfect crystal lattices after some 

relative rotation and translation. But real lattices are not perfect, and usually contain 

dislocations. Additionally, lattices are discontinuous across a grain boundary, 

creating more dislocations. A dislocation is a line defect in a crystal resulting from 

atomic lattice distortions centered about a line.5 A closed atomic loop may be drawn 

around a dislocation. If the same loop is drawn in a perfect reference crystal without 

the dislocation, a gap is formed. This gap or closure failure is called the Burgers 

vector, b. The atomic loop is called the Burgers circuit. 

Another type of circuit used predominately for bicrystals is called a Frank 

circuit. Instead of taking a perfect crystal as a reference, a closed atomic loop is 

drawn in a perfect bicrystal. Figure 1.2a shows such a circuit drawn around a 
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Figure 1.2 A Frank circuit drawn about a region of a 23 perfect twin grain 
boundary, (a) The circuit closes indicating the absence of 
secondary grain boundary dislocations, (b) The circuit does 
not close, indicating the presence of a secondary grain boundary 
dislocation.33 
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bicrystal region with a (Z3) perfect twin grain boundary. Here, the circuit closes. A 

Frank circuit drawn around the boundary in figure 1.2b, however, does not close. 

This closure failure indicates the presence of a dislocation, called a secondary grain 

boundary dislocation (SGBD). The closure failure is known as the Burgers vector 

of the SGBD. A SGBD can only exist within a grain boundary, while a primary 

dislocation can exist by itself in a crystal. Across the grain boundary, atomic planes 

are discontinuous. Thus, for each plane, there exists a primary dislocation. A grain 

boundary may, therefore, be thought of as an array of primary dislocations. The 

Burgers vector closure failure contains all of the information necessary to describe 

the boundary in terms of primary and secondary dislocations. 

Another informative approach for examining and classifying interfaces is the 

use of symmetry point and space groups. Structures that belong to the same groups 

share many properties, including anisotropic properties that vary with crystallographic 

direction. Symmetry also shows the effect structural changes have on the energy of 

the crystal or the interface. 

Real crystals are often represented mathematically as idealized infinite perfect 

three-dimensional structures in an n-dimensional Euclidean space. This n-

dimensional space is known as point space, direct space or crystal space.6 Operations 

of symmetry are those operations which map an object (such as a crystal lattice) in 

a given point space onto itself. There are three types of classical symmetry 

operations: translation, rotation and inversion (also called reflection). A symmetry 



15 

group is then defined as that set of symmetry operations which exist for an object. 

When the object is a crystal pattern, the symmetry group is referred to as the space 

group of the crystal. Each space group may be uniquely represented by the number 

and direction of the operations of symmetry. 

Another group of symmetry for crystal structures is the ill-named point group. 

The point group is actually related to the vector space of a crystal, and not the point 

space. It is defined as that group of linear mappings containing the set of vector face 

normals of the crystal.6 A vector face normal is defined as a vector which is normal 

to the face of the (macroscopic perfect) crystal. There exist thirty-two basic 

crystallographic point groups that may be used to represent an infinite periodic 

lattice. These groups correspond to the fourteen Bravais (space) lattices. Arranged 

into six systems and listed in order of increasing symmetry, they are: triclinic, 

monoclinic, orthorhombic, tetragonal, hexagonal and cubic.7 

Determining the symmetry of an interface is a much more complicated task 

than for an infinite perfect crystal. Perhaps the best way to begin is by finding the 

symmetry of the dichromatic pattern. Two different methods, one developed by 

Gratias,8 the other by Kalonji and Cahn,9 do just this. After the DCF is created, the 

classical operations of symmetry, described above for crystal lattices, may be 

employed. The classical symmetry of the DCP is given by the intersection of the 

classical symmetry groups of the two interpenetrated crystals. To give a complete 

analysis of the dichromatic pattern, however, it is also necessary to identify colored 
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operations of symmetry. A colored operation of symmetry is defined as a classical 

operation of symmetry followed by a color inversion; that is, a motion which maps 

a crystal lattice of one color onto the crystal lattice of the other color in the DCP.9 

With this, the total symmetry of the DCP may be found. An interface may now be 

inserted to create a biciystal (as described above). The location and orientation at 

which the interface is inserted will determine its symmetry. The symmetry of the 

resulting bicrystal is then given by the intersection of symmetries of the DCP and the 

planar interface. 

A more general and powerful way of determining bicrystal symmetry was 

introduced by Gratias and Thalal.10 Using two three-dimensional cubic sublattices, 

the separate crystallographic structures define a basis for a six-dimensional 

hypercubic lattice. This six-dimensional space is independent of the relative 

orientation between the two sublattices. The symmetries of the sublattices are 

subgroups of the higher hypercube symmetry. A bicrystal is obtained in six-

dimensions by using a three-dimensional interface. This may be thought of as 

making a slice in six-dimensional space, matching three-dimensional faces from each 

crystal to either side of the slice. The corresponding physical space (3-D) bicrystal 

is then created by projecting one side of the six-dimensional slice along the three-

dimensional face corresponding to crystal 1, and the other side of the slice along the 

face corresponding to crystal 2. 
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There is no need to describe the crystals in terms of colors, since the 

construction of a DCP is bypassed by going directly from a six-dimensional to a 

three-dimensional bicrystal. The symmetry of the resulting bicrystal is a subgroup of 

the six-dimensional hypercrystal, given uniquely by the long range symmetry of the 

two sublattices. The misorientation is recovered through a projection matrix, which 

acts as a bicrystal symmetry 'filter' from six to three dimensions. That is, the degree 

of symmetry retained in three dimensions is dependent upon the choice of the 

relative misorientation. A four-dimensional to two-dimensional example is given in 

Chapter four. 

Translation of either side of the 6-D slice by a hypercubic lattice vector leads 

to an identical structure. Therefore, projection of the hypercubic lattice vectors leads 

to the familiar DSC lattice vectors of the physical 3-D bicrystal. Sutton has 

generalized the above concepts of hyper-dimensional lattices for heterophase 

interfaces.11 

To fully realize the implications of the structure of an interface, it is often 

necessary to use both geometrical and symmetry group descriptions. The geometrical 

models described above, however, suffer from severe limitations. Looking first at the 

CSL> it is apparent from the DCP that only special rotations will create a practical 

CSL. While an infinite number of CSLs can be found at any rotation angle, the 

smallest CSL is usually the most advantageous for analysis. For most rotations 

though, even the smallest CSL lattice vectors are too large to be of practical use. 
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Figure 1.3 Dichromatic pattern of a 45'[100] rotation between two FCC crystal 
lattices, indicated as black and white. The view of the pattern is along 
the [100] direction. 



As the CSL lattice vectors increase in magnitude (increasing 2), the DSC 

lattice vectors decrease in magnitude. A point is quickly reached where neither 

lattice description is useful. Take the case of a [100]45 "rotation between two FCC 

crystals. Note that there is only one set of coincidence points, collinear with the axis 

of rotation. In two-dimensions, this reduces to one point (see figure 1.3). With no 

other coincidence points, the CSL lattice vectors become infinitely large. 

Correspondingly, the DSC lattice vectors become effectively zero. Thus, for this and 

other non-special orientations, the DSC and CSL concepts are inadequate models for 

analysis. This is due largely to the fact that the DSC and CSL are periodic 

constructs. Boundaries in general, however, are not necessarily periodic, as is 

demonstrated by the above example. Another reason that these geometrical models 

are often inaccurate, is that they describe the interface in terms of (ideal) rigid 

constructions. With most real boundaries, relaxation of the atoms near the interface 

occurs, leading to structures that differ from the atomically rigid models. 

A different type of geometrical model, the structural unit model, was first 

introduced by Bishop and Chalmers.12 Sutton and Vitek further solidified the model 

by performing computer simulations for many periodic grain boundaries in metals.13 

The thrust of the model is that any long period boundary may be constructed using 

a combined sequence of units derived from shorter period boundaries. The short 

period boundaries are the delimiting boundaries, and fix the limits on the range of 
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local misorientation. Rules for the sequencing of structural units along the boundary 

have also been developed by Sutton and Vitek.13 

There are two distinct advantages of this model over other geometrical 

models. The first advantage is that the structural units can describe a relaxed grain 

boundary structure. Thus, the model is equivalent to using primary and secondary 

grain boundary dislocation descriptions, which account for deviations from an 

ordered interface.14 The second advantage is the ability to describe long period 

boundaries in terms of recognizable shorter period boundaries. Not only does this 

make the description easier, but it links misorientations in a given class of boundaries 

with delimiting orientations. 

The structural unit model may also be used where other geometrical models 

are not applicable, namely for describing nonperiodic or quasiperiodic interfaces. A 

quasiperiodic pattern is created at the limit of a series of periodic patterns with ever 

increasing period length. Thus, they are special patterns which possess no periodicity. 

The concept of quasiperiodicity at interfaces was first introduced by Rivier.15 Sutton 

built upon this, using the structural unit model to describe irrational tilt grain 

boundaries as one dimensional quasicrystals.16 He also showed that the strip and 

projection method for generating quasiperiodic lattices17 produces sequences of 

structural units identical to the algorithm introduced in reference 13. 

While the description of quasiperiodic interfaces with the structural unit 

model is not new, it has not been extensively investigated. Moreover, very few 
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experimental examples of quasiperiodic interfaces have been examined with HREM 

and this analytical model. Yet, quasiperiodic interfaces may provide a link between 

simple periodic grain boundaries and the most general ones. From a recent 

experimental study and original computer simulations, one of the goals of this thesis 

is to investigate quasiperiodic grain boundaries in the framework of the structural 

unit model. 

The organization of this thesis is as follows. Chapter two describes in detail 

the methods, assumptions and parameters used for the atomic level computer 

simulations of the grain boundaries. Chapter three reports results of static energy 

calculations in the simulation of a s = 3 perfect twin grain boundary, in various 

translational states. The results are compared with experimental HREM 

micrographs, and discussions are given about the bicrystal symmetry. Chapter four 

describes in detail, the concepts of quasiperiodicity and quasiperiodic interfaces. A 

structural unit model is also used to analyze HREM micrographs of aluminum, 

containing quasiperiodic grain boundaries. Lastly, Chapter five describes the 

computer simulation of two quasiperiodic complex grain boundaries. The results are 

again discussed in relation to the experimental HREM findings. 
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CHAPTER TWO: COMPUTATIONAL MODELLING 

Computer simulations of a material can provide information that conventional 

experimental procedures cannot. For example, while HREM resolves only a two 

dimensional image of a structure, computer simulations offer the advantage of being 

able to determine exact three dimensional structures. Simulations also provide the 

ability to unambiguously specify point defects, make precision orientations between 

crystals and simulate perfect crystals. This is neither easy nor often possible in 

experimental research. Another advantage of simulations is that all external 

parameters such as temperature, pressure and composition, are easily controlled and 

monitored. Additional information such as thermodynamic properties may also be 

calculated. 

There are many methods used for computer simulation; one of the most 

popular is Molecular Dynamics. Molecular Dynamics (MD) derives positions and 

trajectories by numerically solving the Lagrangian equations of motion for each of 

the simulated particles. The Lagrangian of the system is found from realistic 

interatomic potential expressions which describe particle interaction. The Lagrange 

equations of motion are then determined by differentiation. Finally, initial boundary 

conditions are used to solve the differential equations. 

To obtain the best results, a system being simulated should have dimensions 

on the order of a real macroscopic sample. Furthermore, to avoid possible unwanted 
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surface effects that plague real samples, a simulated system should ideally be infinite. 

An infinite system, however, has an infinite number of particles and correspondingly 

an infinite number of equations of motion to solve. Fortunately, there is another way 

to solve the problem of surfaces. 

Infinite periodic structures may be represented with a system containing a 

small number of particles (N ~ 103), repeated infinitely in three dimensions. This 

small system contains all of the particles used for simulation, and is called the 

simulation cell. The simulation cell is surrounded in three dimensions by twenty-six 

image cells. Each image cell contains a duplication of the particles found in the 

simulation cell with respect to particle type, position and velocity. When a particle's 

trajectory causes it to leave the simulation cell, a corresponding image particle from 

a surrounding image cell will enter. The image particle enters with a velocity 

identical to the exiting particle, but from a position on the opposite side of the 

simulation cell. This 'wrap around' effect conserves the number of particles in the 

simulation cell, and is known as periodic boundary conditions (PBC). 

By using PBC, the simulated system behaves as if it were embedded in an 

infinite bulk. This means that surface effects are eliminated. It does not mean, 

however, that an infinite structure is being simulated. Indeed, the total number of 

particles being simulated (N) is finite. Therefore, the simulated system is also finite. 

For phenomena with short wavelengths, this is not a problem. For properties with 

wavelengths greater than one half the shortest edge of the simulation cell, however, 



24 

physical results cannot be calculated. Thus, PBC should be used with caution. 

Depending upon the system, modifications may also be necessary, as will be seen 

later. 

The use of periodic boundary conditions intuitively dictates a constant volume 

simulation, where the walls of the simulation cell are fixed. In real experiments, 

however, volume is often allowed to change. In 1981, Parrinello and Rahman 

introduced a new Lagrangian that could be used for PBC molecular dynamics 

simulations under conditions of constant stress, instead of constant volume.18 The 

advantage of such a system is that the size and shape of the simulation cell is 

permitted to change as the simulation progresses. This allows structural 

transformations, volume expansion and general atomic relaxations to occur more 

freely. 

The Lagrangian of a system of N classically interacting particles is given by 

N 

L -ViY, w(/)v2(0 - Vi J2 *(rm (2.1) 
«-i u 

V(0 - r(ij) -  lr(i) - r(j)\ (2.2) 
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Here, r(i) is the position of particle i in three-dimensional Euclidean space, while <p 

is the potential energy. This simple potential is only a function of the separation 

between particles i and /, r(ij). 

Parrinello and Rahman rewrote these equations in a reduced coordinate 

system, with the positions of the particles written as s(i). In the new units, 

|s(i)| < 1, and is found through the relation 

The h matrix defines the shape and size of the simulation cell, whose edges are given 

by the vectors a, b and c. The volume of the cell may be written as 

these variables instead of ?(/), the simulation cell is allowed to change shape and size 

freely. 

Changing to tensor notation and Einstein summation convention, equations 

(2.3) and (2.1) may be written as 

r(i) -  h~s(i) (2.3) 

(2.4) 

n = a (b x c) = det h. Both s(i) and h are time dependent variables. By using 

r«(0 " hab st(0 (2.5) 
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L - V2 £ m(i)ta(i)ta(i) - V* £ 0(r(iy» . (2.6) 
«' V 

Equation (2.6) may now be rewritten in terms of the s and h to give 

M 
Lpr - Vz £ w(/)^/»flC Jc(*K(0 + ScbKhab 

(2.7) 

- Vi J) 0(1^^07)1) -/>n 
ij 

where 

" E m(*)Sc(t)Sb(0 (2-8) 
i 

and where the thermodynamic work term, />n, has been added. The first term in 

equation (2.7) represents the kinetic energy of the particles, the second is the kinetic 

energy of the simulation cell walls, and the third term is the total potential energy 

function. The quantity Mw acts as the mass of the walls. Here, the approximation 

has been made that all of the walls of the simulation cell are of equal mass.18 Thus, 

Mw is arbitrary, effecting only the wall oscillation frequency, and not the time average 

properties calculated in the simulation. For the simulations in this thesis, Mw is set 

to the mass of one particle. By doing this, the response of the simulation cell walls 

is on the order of the response of the particles. 

From the Lagrangian of equation (2.7), the equations of motion may be 
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found. For the particles, 

mWW - -£ 7W) w{h(k) - ,'0>) 
(29) 

where G6c = haJt^.. The equations of motion for h are written more simply by 

defining an internal stress tensor as 

n ** " E m^)hsb **(i)Ktk^) ~ Vl E X(ij)rs(ij)rM (2*10) 

where 

*(</) - J_ (2.11) 
r(/>) ar(i;) 

The equations of motion for the simulation cell walls are then 

(2-12) 

The two equations of motion, (2.9) and (2.12), are coupled. The acceleration 

of the cell walls, h s l ,  is driven by the imbalance between the external pressure, p6x ,  

and the internal stress, irx. From equation (2.10), the internal stress tensor has two 

components: the kinetic contribution of the particles (the first term) and the 

pressure generated by the ion-ion potential (the second term). In equation (2.9), the 

acceleration of the particles, s, has the usual force term, (d<p/dr), and an extra term, 



G2G&, which couples the particle movement to the simulation cell dynamics. 

The Parrinello and Rahman system works quite well with periodic structures. 

Difficulties arise, however, when PBC are used for an inhomogeneous system. A 

bicrystal, for example, does not have the same structural repetition in the direction 

perpendicular to the grain boundary plane (namely because of the existence the 

boundary). Since PBC duplicates the simulation cell in all directions, a second 

opposing grain boundary will be created at the borders of the simulation cell which 

are parallel to the boundary plane (see figure 2.1). This creates a multi-layer 

structure, with alternately oriented boundaries where the layers meet. The presence 

of the second boundary can introduce artificial stress in the simulated bicrystal as 

compared to a real bicrystal. At an atomic level, these stresses may affect the atoms 

near the central grain boundary, and prevent full relaxation as the simulation 

progresses. 

To address this problem of artificially imposed stress, Lutsko et al., introduced 

a modification known as the t-vector.19 With this modification, the position of a 
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Figure 2.1 Periodic boundary conditions creates a second boundary at the top and 
bottom borders of the simulation cell (dotted region), with an 
orientation opposite to that of the central boundary. The result is a 
layered type structure. 



30 

particle is rewritten as 

ra(j) - habsb(0 + hab *b (2-13) 

where the variables h, s and t are all functions of time. The t-vector separates out 

the translational movement of the particles (thus its name) from the other motions. 

The Parrinello and Rahman Lagrangian may now be rewritten as 

LPR " ** 52 m(0Gbc + V2 S m<i)Gbc h K 

(2.14) 

+ hab hob - V2 E *ij (lhab (Sb(ti)+ X ('»/, )')" Pn 

L ij 

where 

sb(ij) - ̂ (0 - sb(j) • (2-15) 

The quantity is the potential, and is a function of the quantity in parenthesis. 

The transformation of 

- sb(iJ)+ x - ^07) (2-16) 

permits the pair potential between any two particles, i and j, to be altered. This 

introduces an extra degree of freedom into the Lagrangian in the form of the 

function x(ij). 

Given the new Lagrangian, there are also new equations of motion, including 

the additional t-vector equation of motion. Making the substitution, s -*• s, the 
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equations of motion for s keep the form 

m(k)S„(k) - - £ m)hW) - m(.k)(Giy Gctic(k) (2.17) 
j 

where X-*X. The equations of motion for t are 

Mrh - - *4 £ X(ij){?»(.')) * *©)<») »(0) - mJgJ-'Guic (2.18) 
ij 

Note that the two equations, (2.17) and (2.18), have similar forms, as the two 

variables are both position descriptions. The last set of equations of motion are for 

h. As before, a stress tensor may be defined as 

njrsc " £ w(0h* X(ij) r' sQj) r'c(ij) (2-19) 
«' v 

where 

ra(tf) " hat (^(v)+ x(fj')tb) • (2-20^ 
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The equations of motion for h are now written as 

MWhclKt "  n  (** ~ PSsc ) +  m TK  h K t k  
(2.21) 

The purpose of the t-vector is to minimize the forces across the borders of the 

simulation cell by adjusting the pair potential (described below) of particles near the 

cell borders. This is done in a self-consistent manner, since the equations of motion 

for t and s are coupled. For bicrystals, coupling is defined through the function A(//'), 

given by 

Particle i is taken to be in the simulation cell and j in an image cell, while above and 

below refer to directions normal to the grain boundary plane. Thus, a(ij)tb imposes 

an additional force on particles near the top and bottom borders, which allows them 

to relax. This relieves stress across the borders and obscures the second grain 

boundary originally created by PBC. The particles at the core of the central grain 

boundary are now able to relax, free from PBC side effects. 

The t-vector is only applied to the borders where PBC creates an extra grain 

boundary. The component of force perpendicular to the grain boundary is set to 

zero, restricting perturbations to those parallel to the grain boundary plane. It 

should be noted that because of the limited range of interaction of the interatomic 

+1 if j is above the simulation cell 

X (ij) - • 0 if j is inside the simulation cell 

-1 if j is below the simulation cell 

(2.22) 
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potential (see below), only particles near the simulation cell borders will be directly 

affected by the t-vector. 

A final modification to the boundary conditions has been made by Weinberg 

et al.20 In looking at equation (2.21), the last term couples t and h. The implications 

of such a coupling are not immediately apparent. If the value of the t-vector changes 

rapidly (i.e. t large), then the second term in equation (2.21) can grow to be of the 

same order as the mrsc term. This can cause the value of the h matrix and n to grow 

arbitrarily large, eventually ending in a volume explosion. 

There are two ways to deal with this problem. The t-vector is very sensitive 

to the movement of particles; even a small number of particles moving toward or 

away from the border region can cause drastic changes in the value of t. Thus, one 

way to keep t small is to make the arbitrary mass of the t-vector (.M,) large. With 

Mt large, fluctuations in t will occur slowly, insuring a small t. This solution causes 

additional problems however. First, the slow response of t means the system will 

take much longer to reach equilibrium. Second, in looking at equation (2.21), 

increasing M, may still increase the second term, even though the squared t 

dependence is lowered. Additionally, requiring a large M, links it to the value ofMw, 

the mass of the simulation cell walls. This quantity, however, has been assumed to 

be arbitrary. 

A better solution is to decouple the motion of h from the motion of t. This 

is done by removing the second term in equation (2.21), leaving the original 
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Parrinello and Rahman equation, 

M w K t K t  -  n  ( * *  ~  P  S s c  )  < 2 - 2 3 )  

The initial presence of the last term in equation (2.21) is merely an artifact of the 

Lagrangian, and has no physical significance. The purpose of the t-vector is to 

minimize forces across the boundary by perturbation of the pair potential. This is 

accomplished through an adjustment of the separation between particles seen by the 

potential. Thus, the magnitude of the t-vector is the only important quantity. 

The above modification is named the decoupled t-vector, because it decouples 

the motion of the t-vector from that of the simulation cell walls. An attempt to work 

backwards from this equation and find a new Lagrangian has not been made due to 

the complexity of calculation and ambiguity of a solution. 

For the remainder of the text, the three types of boundary conditions will be 

referred to as: periodic boundary conditions (PBC), t-vector conditions and 

decoupled t-vector conditions. Chapter three shows results using PBC, while all three 

types of boundary conditions have been investigated in chapter five. 

With the boundary conditions established, the last step before solving the 

equations of motion is to define the interatomic potential, <p. Finding a realistic 

model for the potential is one of the most controversial and difficult aspects of 

computer simulation. In metals, the potential is actually dependent upon the volume. 

While the s and t equations will remain the same, the h equations of motion will 

change with the introduction of a volume dependent potential. This potential can 
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be written in the form 

t̂otal - E(n ) + Mj2</>(rq,n ) (2.24) 

where E(n) is a volume dependent energy term. The internal stress matrix now 

becomes 

-E md)hsb X(ij)rs(ij)rc(ij) 
ij ij 

- „ V4 £ 0 > 
n an 

(2.25) 

with the new h equations given by 

Mwhcthst - n <2-26> 

The volume dependence of the potential is found by examining its relation to 

the electron density. In simple metals such as aluminum, the electrons may be 

approximated by a free electron system, with valence electrons interacting weakly 

with the ion cores. Using this approximation, the total potential energy per atom in 

a metal may be derived with pseudopotentials and second order perturbations.21"23 

Doing this yields 
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+ Vi <p (r-0, n )+.^L £ 0 (r.., n ) (2.27) 

The first term, ZD^ describes the energy of the free electron gas. The 

general form may be found in Solid State Physics, by N.W. Ashcroft and N.D. 

Mermin, while a more complete derivation can be found in M.A. Ward's 

dissertation,24 giving 

The first term in equation (2.28) is simply the repulsive coulombic interaction and 

kinetic energy of the electrons, while the second term represents electron exchange 

interaction. The exchange term is a mathematical result of the Pauli exclusion 

principle, insuring that no single electron occupies the same state as another electron. 

Together, these two terms are the result of the well known Hartree-Fock 

approximation. In this approximation, however, the wave function of an JV-electron 

system is calculated as a single electron wave function multiplied N times. The more 

fundamental requirement of the Pauli principle is antisymmetry of the N-electron 

wave function. This is recovered by adding the correlation energy, given by the 

remaining terms in equation (2.28). These terms are merely correction terms to the 

first order Hartree approximation; the correlation energy by itself has no physical 

meaning. 

r. 
-0.155+ 0.313 lnrf (2.28) 

S 
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The second term in equation (2.27) is associated with the electron gas 

compressibility at the long wavelength limit, and may be compared to the PdV term 

for an ideal gas. This term has been added by Finnis to complete the total energy 

expression.22 

The third term in equation (2.27) represents the effect of the ionic potential 

on the electron energy. When the ionic lattice is introduced into the electron gas, 

the total energy of the gas changes due to the presence of the ionic potential. The 

form of the electron-ion interaction is given by 

W(r) -

-A.... Ze2 
core _ r < R 
R. 

-Ze2 

(2.29) 

r > R. core 

This expression was taken from a bare ion pseudopotential model developed by 

Abarenkov and Heine. At distances greater than the core radius, the 

pseudopotential is coulombic, while inside the core, the potential is constant (see 

figure 2.2). 

The fourth term in equation (2.27) is a modified ionic pair potential. To find 

a true expression for the ionic potential, the effects of electron screening must be 

considered. When the ionic lattice is emerged in the (uniform) free electron gas, 

electrons will accumulate around the ions. Their negative charge will alter the 



Figure 2.2 Form of the Abarenkov-Heine potential used for the electron-ion 
interaction. 
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potential felt between ions, screening the previous 3+-3+ interaction (for Al3+ here). 

This screening effect is a function of the electron density, and is introduced into the 

equations through a density dependent dielectric term. The resulting potential is the 

only term in equation (2.27) that is dependent upon the structure. 

The derivation of the expressions for terms three and four is lengthy. Details 

may be found in Ward's23 or Campos'24 dissertation, while the results are given here 

as 

z v . 6  
Vi«(r-0,11) -±-?-iY,Dnq„ 

n-1 
Kl-Aeoref-^--- ^ 

QnRcore (qnRcore) 

(2.30) 

+ I 
qmR, " tn c 

exP(2iq Rcore) 

2ZV 3 
<t>(ripn) - —-£^»C0S(Vv+aJexP(-'ci»ri/) • (231) 

% «-l 

Equation (2.30) contains the terms Dn and qn, which are the complex roots of the 

reduced matrix element M(q), given by 

M(q)- (l~Acore )cos(qRcore )+-=—sin(qRcore ) 
Q core 

(2.32) 
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This expression may be found through the Fourier transform of the above 

Abarenkov-Heine potential. 

The four parameters of equation (2.31), An, kn, an, and K„, are all functions 

of r„ with p as the electron density, given by 

e - I*/-,5 (2.33) 

The parameters are also determined by Dn, qn and M(q). To avoid calculating the 

roots of M(q) each time the density changes, the four parameters have been 

precalculated for a range of density values. The results were then fit to a sum of 

Chebyshev polynomials, to obtain an analytical expression. 

The remaining parameters, Acore and Rcore, have been determined by running 

small system FCC structure test simulations, fitting values to experimental data. The 

final values used for the simulations performed in this thesis were Acore = 0.40 and 

RCore - 1-392 Bohr radii (1 Bohr radii = 0.529 A), at a pressure of one atmosphere. 

Details may again be found in Campos' dissertation.24 

The resulting pair potential of equation (2.31) is shown in figure 2.3. At short 

distances the potential is repulsive, while at long distances it exhibits a damped 

oscillatory behavior known as Freidel Oscillations. Thus, the effect of the potential 

weakens as the distance between atoms increases. Eventually there is a point 

reached where the potential interaction is negligible. To simplify calculations, the 

interatomic potential is therefore truncated, including interactions between seventh 
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Figure 2.3 Final ionic pair potential used for aluminum simulations. The damped 
oscillatory behavior is known as Freidel Oscillations. A cut off range 
of interaction for the potential is defined between the seventh and 
eighth nearest neighbors at 14.8 Bohr radii. 



nearest neighbor particles, but not eighth. This defines the range of interaction for 

the potential (/?, = 14.8 Bohr radii). 

With the range of interaction specified, it is now possible to define a minimum 

simulation cell size. The first consideration is to make the smallest side of the 

simulation cell greater than twice the range of interaction. Doing this insures that 

the distance between a particle and any one of its image particles is greater than the 

range of interaction. Thus, the particle will not interact with its image (or itself) 

directly through the potential. Such interaction would yield an inaccurate physical 

description. 

For bicrystals, another consideration is the second boundary created by PBC. 

To avoid direct interaction between the two boundaries, a minimum cell size of four 

times the range of interaction is required in the direction normal to the boundary. 

Note that this must be true even with the t-vector and decoupled t-vector boundary 

conditions. The reason for this is the need for the central boundary to act as if there 

were semi-infinite grains on either side of it. If the cell size normal to the boundary 

is too small, the central boundary will feel the effects of the second boundary at the 

borders. With the t-vector, the particles that formerly comprised the second 

boundary are in nonphysical states. Thus, direct interaction of the central boundary 

atoms with these particles would give non-physical results. 

Because of the t-vector perturbation, particles near the borders may also not 

have a realistic energy value. If the above cell size constraints are followed, the 
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deviation is small enough as to not effect the simulation dynamics. It is, however, 

large enough to give erroneous energy values for the bicrystal. Since the main goal 

is to investigate the properties of the bicrystal with reference to a perfect crystal, 

calculations for quantities such as energy may be performed on a smaller region of 

the bicrystal, near the central boundary. For the purpose of this study, a slab is 

defined in s coordinates as that central half of the simulation cell containing the 

entire grain boundary plane. Calculations referred to as slab calculations are 

performed with particles belonging to the slab at the start of the simulation. 

With all of the terms and conditions defined, the three sets of equations of 

motion may now be solved. There are 3N coupled differential equations for the 

particles, three equations for the t-vector, and nine for the h matrix. Using a finite 

difference scheme, the equations are solved each time period with the Euler method. 

The time period or integration step is set to At = 2.53xl0"is seconds, which is about 

two orders of magnitude smaller than the time required for one atomic vibration. 

The specific value for the time step may be chosen arbitrarily. If the step is too 

large, however, accuracy in describing the trajectories will suffer. Conversely, as the 

step becomes smaller, the equations of motion are solved more frequently, requiring 

more (computer) time. The above value was chosen as a happy medium. 

Initial conditions for the equations are given by the starting structural 

configuration and random velocity assignments. The random velocities are scaled 

such that the total momentum of the system is zero, and so that the starting 
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temperature is correct. As the simulation progresses, an isothermal condition is 

maintained by rescaling the velocities (momentum) every few steps (the frequency 

with which this is done has been adjusted from simulation to simulation). The result 

is the simulation of a system in contact with a heat bath. Some simulations were also 

run with conditions of constant energy instead of temperature, and did not require 

momentum rescaling. Where this was done is noted in the text. 
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CHAPTER THREE: THE PERFECT TWIN 

The material used for investigation throughout this thesis is pure aluminum. 

To date, the atomic structure and interfacial energy of just a small number of specific 

grain boundaries in aluminum have been determined. With high resolution electron 

microscopy, direct lattice imaging of only a few low angle grain boundaries,25*26 a 

coherent twin boundary27 and some high angle grain boundaries28,29 have been 

resolved. Moreover, only the [110] and [100] symmetrical tilt boundaries in 

aluminum have had their interfacial energies systematically measured.30 

By using analytical electron microscopy, Pond provided experimental evidence 

for the existence of two degenerate rigid body translational states of a Z3(l2l) 

boundary in aluminum.31 Pond and Vitek have introduced the concept of partial 

grain boundary DSC (Displacement Shift Complete lattice) dislocations.32 These 

partial dislocations separate grain boundary domains which are in different 

translational states. The Burgers vector of a partial DSC dislocation is defined as the 

difference between the translations; consequently it is smaller than any DSC lattice 

vector. Partial DSC dislocations have also been reported by Pond and Vitek at 

junctions between inclined facets.32 In such a case, the Burgers vector of the partial 

dislocation is the difference in translation of the adjoining facets. 

This chapter presents a study of translational states along the [112] direction 

of a S3[110]/(lll) coherent twin grain boundary in aluminum. High resolution 
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electron microscopy has been performed by M. Shamsuzzoha and D J. Smith, as part 

of an integrated research venture. Details regarding imaging and sample preparation 

may be found elsewhere.26 Below is a detailed description of the micrographs taken. 

Symmetry arguments are also employed to locate extrema in energy, and to speculate 

on the topology of the bicrystal energy with respect to translation. Finally, 

calculations of the complete variation in energy of the boundary with respect to rigid 

body translation are reported. The calculations have been accomplished by using the 

MD computer simulation routines described in the previous Chapter. The results of 

these theoretical calculations are discussed in relation to the experimentally observed 

grain boundary structures. 

HREM images with simultaneous lattice imaging conditions in adjacent grains 

of a Z3[il0]/(lll) twin boundary in aluminum are shown in figures 3.1, 3.2 and 3.4. 

Each of these pictures represents successive segments of the same boundary along 

the [112] direction. The atomic columns appear black, and the grain boundary 

structure is clearly resolvable. 

On the left side of figure 3.1, the image consists of a perfect twin boundary 

structure in which all atomic sites across the interface are coincident. In this region, 

two DSC lattice units (labelled as A) are superimposed onto the projected point 

pattern of the boundary. This perfect twin region of the micrograph is schematically 

represented by figure 3.3a. The DSC lattice vectors of the (S = 3) misorientation 

are = V6 [112], 52 = J/6 [2ll] and 53 = V3 [111]. Both and 52 are located 
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Figure 3.1 
HREM image of a 23[ll0]/(lll) grain boundary taken near optimum 
defocus. The atomic columns appear black. A Frank circuit drawn 
around the grain boundary exhibits a closure failure of half the DSC 
lattice vector indicating the presence of a partial DSC dislocation. 
Two DSC lattices superposed onto the image on either side of the 
partial dislocation, contrast the structural difference between the S3 
perfect twin boundary (A), and the S3 grain boundary translational 

state t = Vzbl (B). 
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on the twinning plane, while b3 lies along the twin boundary normal.33 

Moving along the grain boundary plane from left to right, the (111) planes of 

each crystal are continuously displaced over a length of approximately 60 A. A 

Frank circuit drawn around this region gives a closure failure 5 « Vz 5X. This 

indicates the presence of a partial DSC lattice dislocation separating two translational 

states of the twin; here the two states are T = 0 and T = Vi bx. The structural 

difference between these two states is best contrasted by comparing their respective 

DSC lattice projected patterns labelled A and B in figure 3.1 (Pattern B is also 

depicted in figure 3.3b). 

Structural changes taking place further along the [112] direction are shown in 

the HREM pictures of figures 3.2 and 3.4. These changes are associated with grain 

boundary relocations. To describe the migration of the grain boundary plane, plane 

Pj is taken as a reference (see figure 3.3). The first transformation in figure 3.2 is 

from pattern B to C. It is characterized by a relocation of the boundary plane from 

Px to P2 as shown in figure 3.3c. This relocation produces the single step, Sx. The 

next transformation is from pattern C to D, and also features a relocation of the 

boundary from plane P2 to P3 (figure 3.3d). An inspection of the image reveals 

additional relaxations parallel and perpendicular to the grain boundary plane. 

Further along the boundary, a double step forms (S2). This step is characterized by 

a displacement of the boundary plane from P3 to P5 (see figure 3.3e). 
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Figure 3.2 HREM image of the S3 biciystal in the t = V2b1 translational state. 
Sj and S2 indicate the location of a step and double step, respectively. 
TTie difference in grain boundary structure is best seen in the DSC 
lattices, B, C, D, and E, superposed onto the image. See text for more details. 
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C112) 

Figure 3.3 Schematic representation of the grain boundary structural changes 
observed in the HREM images of the S3 bicrystal. The large and 
small dots represent two successive (110) planes. See text for details. 
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Frank circuits drawn around steps St and S2 do in fact close, indicating the 

absence of secondary grain boundary dislocations. The formation of the double step 

results in a fault in the stacking sequence of the (111) planes of the lower crystal in 

the vicinity of the boundary. The faulty plane is indicated by/in figure 3.3e, and is 

related to perfect (111) stacking through a translation V* [110]. The HREM image 

exhibits poor atomic column resolution in the region adjacent to the fault, which may 

indicate that atomic relaxation along the [110] direction has occurred. The lower 

crystal seems to recover from this distortion after a few tens of Angstroms along the 

boundary, and the region of poor atomic contrast disappears. 

Figure 3.4 represents the structure of the twin boundary further along [112], 

away from the double step. On the left side of the image, atomic columns belonging 

to both crystals are well resolved. In the absence of any other supportive evidence, 

it is tentatively assumed that the fault originating at the double step has been fully 

relaxed here, and that the lower crystal has recovered its perfect structure. This 

portion of the grain boundary is structurally equivalent to figure 3.3c. At its right 

side, figure 3.4 clearly displays a continuous displacement of atoms in a single (111) 

plane adjacent to the grain boundary. This displacement leads to a grain boundary 

plane relocation, and gives birth to another grain boundary step labelled S3. 

All of the structural transformations examined in figures 3.1 through 3.4 have 

been described in terms of atomic displacement and grain boundary plane relocation. 

But a change in the boundary location is equivalent to a change in the 
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Figure 3.4 HREM image of the 23, T = Vi bx bicrystal, showing the formation of 
a grain boundary step, S3, by displacement along the [112] direction of 
atoms in a (111) plane adjacent to the grain boundary. 



rigid body translation vector, t, with a fixed boundary location. Therefore, the 

energy of the observed grain boundary structures can be understood by considering 

only changes in T. Such changes are illustrated in figure 3.5, where the perfect twin 

has been taken as a reference state for translation (i.e. T = 0). With this, the 

translational state t = bj (figure 3.5.4) is equivalent to the reference convention of 

symmetrical tilt boundaries introduced by Pond and Bollman.34 

The translational states with some of the highest symmetry, t = 0, V2 bj, -V2 bx 

and bj, have been chosen for examination. The bicrystal symmetry may be 

determined by inspection. For the t = 0 case, the DCP is depicted in figure 1.1. 

Choosing an interface along a coincident plane, the resulting bicrystal is shown in 

figure 3.5.1. In this crystal, the (coincident) boundary plane is a colored mirror plane, 

with a two-fold colored axis of rotation lying in the [110] direction. There is also a 

classical mirror plane parallel to the (110) plane. Thus, the symmetry of the perfect 

twin t = 0 state is p2' m' m, where the primes indicate colored operations of 

symmetry. Using the same approach, the symmetries of the T = V2 T = -V2 bx and 

t = bj states (figures 3.5.2, 3.5.3 and 3.5.4) are pm, p21'b'm and p2/m'm, 

respectively. 

In figures 3.5.3 and 3.5.4, the grain boundary plane resides on a colored mirror 

plane. Thus, these translations correspond to symmetry dictated extrema in energy. 

Curiously, the perfect twin in figure 3.5.1 does not correspond to a symmetry dictated 

extremum in energy. The reason for this is that the boundary 
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Figure 3.5 23 translational states. The structures 1, 2, 3, and 4 represent the 
translational states T = 0, Vz bj, - Vi bx and 5lt respectively. The 
boundary plane is represented by a thin horizontal line. Large and 
small dots represent atoms in successive (110) planes. 
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plane about which the translation occurs is not located on the colored mirror plane. 

Ideally, the translation plane should reside on the twinning plane (i.e. the colored 

mirror plane). However, because the coincident atoms cannot be split during 

translation, the plane of translation must be just above or below the twinning plane. 

To restore symmetry during translation, a nonplanar boundary may be 

introduced. This surface may be visualized as a sinusoidal interface which alternately 

assigns coincident boundary atoms to the upper and lower crystals. These different 

atomic sites are labelled a and p in figure 3.5.1. The result is two crystals which are 

atomically jagged, fit together like a jigsaw puzzle. This allows translation of one 

grain with respect to the other about the colored mirror plane of the structure; 

therefore, energy varies symmetrically with translation parallel to [112]. When 

considering this second type of interface, another symmetry dictated extremum is 

found at T = 3/2 bj. 

While symmetry analysis gives the locations of energy extrema, it does not 

provide information about the nature of the extrema. To identify an extremum as 

a maximum, minimum or saddle point, energy calculations must be performed. To 

calculate the energies of the S3[110]/(lll) aluminum bicrystals in their various 

translational states, the MD routines described in the previous Chapter were used. 

The parameters for simulation were 300 K, one atmosphere, periodic boundary 

conditions, and three time steps for all cases. The near zero number of time steps 

indicates that the energy calculations were performed for rigid structures, disallowing 
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any atomic relaxation. Energies for a full range of translational states were 

calculated, from T = - 2 bj to 6 bx, in increments of 0.05 5j. Here, translation has 

been defined in a positive sense as the displacement of the bottom crystal to the right 

(with respect to the top), in the [112] direction. 

Figure 3.6 shows the results of the potential energy calculations for two types 

of interfaces. Both types used the perfect twin T = 0 state as a reference; 

subsequently they gave the same energy value in this state. Curve (a) was generated 

by using the aforementioned jagged boundary. Curve (b) was generated by assigning 

the boundary plane of translation to lie just below the twinning plane; this creates 

an asymmetric boundary. In both cases, the energy was calculated as follows. First, 

the total potential energy for the slab (see chapter two) of the bicrystal was 

calculated. Next, the energy of a perfect crystal containing the same number of 

particles as the slab was calculated. The perfect crystal energy was taken from an 

expression in Campos' dissertation,24 based on 256 particle FCC molecular dynamics 

simulations. The simulations were run for aluminum at one atmosphere and a range 

of temperatures. The corresponding enthalpies were calculated and fit to the 

expression 

Hjcc (T) = V2 (3.122 x lO"9) T2 + 1.950 x 10*5 T - 4.152 . 
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Figure 3.6 Potential energy versus rigid body translation. The dashed curve (a) 
and continuous curve (b) correspond to translation of a jagged bicrystal 
and the translation of figure 3.5, respectively. Curve (a) has a 
maximum in energy at T = which is not shown in the figure. 
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At 300 K, this gives - 4.146 Rydbergs per particle. Multiplying this by the number 

of particles in the slab, then subtracting the result from the slab potential energy, 

gives the energy of the interface. This energy was converted to milli-Joules and 

divided by the area of the planar interface, yielding the energy of the interface per 

unit area. It is this quantity that is plotted with respect to the rigid body translation 

vector in figure 3.6. 

As predicted above, curve (a) is symmetric with respect to translation about 

the T = 0 state. It contains two symmetrical extrema in energy, a minimum at T = 0 

and a maximum at t = 3/2 bj. The calculated minimum has a value of about 

83 mJ/m2, which agrees well with the experimental energy value for a perfect twin 

of 75 mJ/m2.35 The maximum of curve (a) is orders of magnitude greater than that 

of the perfect twin. On this basis, curve (b) is taken as the most probable variation 

in interfacial energy with respect to rigid body translation. Curve (b) has symmetrical 

extrema at t = and - Vi b^ with two additional extrema at t = 0 and t = 2bj. 

From this curve, the energies of the translational states t = 0, Vz blt - V2 b^ bj and V2 

bx are 83, 273, 129, 517 and 273 mJ/m2, respectively. All of the above values 

correspond to a reasonable range of energies for naturally occurring grain boundaries 

in aluminum. Reference 35, for example, cites an average experimental measure of 

grain boundary energies in aluminum as 325 mJ/m2. 

The t = V2bt translational state bicrystal depicted in figure 3.3e contains a 

stacking fault in the Yi [110] direction of a (111) plane near the grain boundary. This 
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fault is associated with the S2 double step described earlier. Rigid energy 

calculations for this faulted biciystal show an excess energy of about 400 mJ/m2 as 

compared to an unfaulted bicrystal in the same Vi bx translational state. If relaxed 

configurations are considered, the interfacial energy may be significantly reduced. 

Thus, while a fault in the stacking is energetically unfavorable in the aluminum 

sample, it is not energetically impossible. 

To summarize, numerous grain boundary structures in a S3[110]/(lll) 

aluminum bicrystal were examined. High resolution electron micrographs showing 

two translational states, t = 0 and t = ¥2. bl5 were described in detail. A partial 

grain boundary dislocation, with Burgers vector b « V2 bj, separates these two 

nonequivalent translational states. Symmetry arguments and static numerical 

calculations of grain boundary energies indicate that the translational state *t = V2 b} 

does not correspond to a local minimum in energy; rather, it is approximately three 

times more energetic than the perfect twin. The occurrence of such a high energy 

state may be explained by the drastic processing conditions used for preparation of 

the bicrystal.26 

The E3[I10]/(lll) bicrystal also possesses two symmetry related extrema at 

t = - V2 bx and t = bj. It has been found that both of these states are maxima, with 

the 1 = 5! state approximately five times more energetic than the t = - Vi 5! state. 

A third extremum is a minimum at the perfect twin, t = 0. All of the calculated 

grain boundary static energies vary within the interval [83-517] mJ/m2. When atomic 
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relaxation is considered, these values may be lowered. Thus, all of the grain 

boundary structures that have been observed by HREM are confirmed energetically 

possible, when compared to the static computer simulation energy calculations. 
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CHAPTER FOUR: QUASIPERIODICITY 

The previous chapter investigated various translational states of a simple 

periodic boundary. In this chapter, quasiperiodicity and quasiperiodic boundaries are 

examined, using the framework of the structural unit model (chapter one). While the 

theoretical basis for quasiperiodic interfaces is well established, there are limited 

experimental examples to confirm it. Recently, experimental evidence has been 

presented for the support of a structural unit model in an aperiodic grain boundary 

in aluminum.36 The misorientation of the bicrystal was characterized by a [100]45° 

rotation followed by a 17.5° rotation about a <011> and <001> direction common 

to the two abutting crystals. The structure of the grain boundary in the 17.5 ° rotated 

bicrystal was described in terms of a mixture of two basic structural units 

corresponding to the delimiting misorientations of 13.79° and 19.47°. An 

experimental example of the more simple [100]45 ° twist grain boundary is also now 

available.37 This chapter reviews the ideas of quasiperiodicity, and presents 

experimental illustrations which favor the concept of structural units in quasiperiodic 

grain boundaries. 

Before looking at the double rotation (twist plus tilt) boundaries, a single 

rotation boundary is examined. As was seen in chapter one, a [100]45° rotation 

leads to an aperiodic dichromatic pattern. This pattern, as viewed along the [100] 

rotation axis, is shown in figures 1.4 and 4.1a. A view of this same DCP along the 
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common [Oil] direction of crystal 1 (black atoms) and [001] direction of crystal 2 

(white atoms) is given in figure 4.1b. 

The DCP exhibits an 8'/m 2/m 2'/m' point group symmetry, where the 

operations of symmetry indicated with a prime are colored operations. The eight

fold colored axis is parallel to the rotation axis with a mirror plane parallel to the 

(100) plane. Three mirror planes perpendicular to two-fold axes are coplanar with 

the {110} and {100} planes common to both lattices. The unit vector 

u - 1 -
-1/2 0 

ft -1 

1 

and its symmetry related counterparts (as referred to the lattice of crystal 1) are 

parallel and perpendicular to colored two-fold axes and colored mirror planes. 

The [100]45° DCP is periodic along the rotation axis. However, the 

octahedral symmetry of the two-dimensional projection of the DCP onto the (100) 

plane is inconsistent with periodicity within that plane. The coincident site lattice, 

displacement shift complete lattice and 0-lattice, therefore become unsuitable for the 

geometrical characterization. For this rotation, the reciprocal of the density of 

coincident points, s, assumes an infinite value, while the DSC lattice vectors become 

infinitely small. 
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Figure 4.1a A 45° [100] dichromatic pattern as viewed along the [100] 
direction. The filled and unfilled circles correspond to lattices 
1 and 2, respectively. 
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Figure 4.1b A 45° [100] dichromatic pattern viewed along [001]2 or [01 l]x. 
The filled and unfilled circles and triangles represent successive 
(001)2 and (011)x planes. 
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Despite the lack of periodicity, the [100]45 ° DCP does possess some useful 

properties. Defining r1{x1,.y1} as a site in the (100) plane of lattice 1, the site r2{x2,y2} 

in the (100) plane of lattice 2 transforms to 

after a 45 ° rotation with respect to lattice 1. As stated in chapter one, aside from 

the origin, the distance between any two oppositely colored lattice points of the DCP 

is strictly greater than zero (i.e. there is no other coincident point). However, for any 

interpenetrated crystals, such that their distance is less than some positive number 

arbitrarily small. This is characteristic of a quasiperiodic lattice. For example, 

consider the one-dimensional case along the [001] direction of lattice 1. The lattice 

sites r2{x1,y2}: (1.5, 1.5); (3.5,3.5); (5,5); (7,7); (8.5,8.5)... are all within c = 0.15 of 

lattice 1 sites: (0,2); (0,5); (0,7), (0,9), (0,12) .... Thus, the 45° [100] DCP is not 

periodic because c is always a nonzero number. The pattern is, however, 

quasiperiodic in nature,38 and as such is compatible with the octahedral symmetry. 

A two-dimensional quasiperiodic lattice with symmetry 8m can be constructed 

by projecting a four dimensional hypercubic lattice onto a two dimensional plane?9 

The two-dimensional plane is filled by a set of two unit cells (or tiles), a square and 

a rhombus, with matching edges (see figure 4.2). The number of squares to 

given e > 0, there exist a set of lattice translations, T, within the (100) plane of 

lattice 1 such that |r2' - T\ < e; that is, one can always find two sites in the two 
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rhombuses in this tiling exists in the irrational ratio of (/2 + 1):1, where Jl + 1 is 

the solution to the polynomial equation x2 - 2c -1 - 0. This construction is similar 

to the Penrose quasiperiodic tiling of a plane with five-fold symmetry.41 Here, 

however, the tiling possesses octahedral symmetry. Therefore, positions in the tiling 

may be represented by eight unit vectors. These positions can be written with a set 

of vectors, xh such that = x^.38 Here m runs over all integers and w, are unit 

vectors along the axes of a regular octahedron. Two of these unit vectors delimiting 

the lower octant of the plane are: 

Each unit vector has indices which are in an irrational ratio of (Jl + 1):1 . 

The quasiperiodic vertices are defined along each axis of the octahedron by 

a quasiperiodic series of two incommensurate intervals, Lx and L2. The intervals L1 

and L2 are defined respectively as the major and minor body axis length of the 

rhombus tile. Their ratio also yields the irrational number, LJL2 = 72 + 1. 

-1/2 

and 

1 l~1/2r 1 
i - 4 =  [ - 1 / 2 + 1 . 1 ]  

1/2 



Figure 4.2 Octahedral quasiperiodic tiling of a plane with square and rhombus 
unit cells. 
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The sequence of intervals along each axis is characterized by a substitution 

law L\ = MyLj where i,j = 1,2. The substitution matrix is given by 

["#]-
2 1 

1 0 

The substitution of intervals L[ and L'2 for segments 2L1 + L2 and Llt allows the 

creation of another quasiperiodic tiling with larger unit cells. The new tiling retains 

all of the same properties of the old one, including the same symmetry and interval 

ratio, L[/L'2 =72 + 1. The number of squares to rhombuses also stays the same 

for the larger tiling. This process of substitution resulting in larger unit cells is 

known as inflation. 

The atomic positions of the two-dimensional quasiperiodic lattice may be 

found by following the procedure of Gratias and Thalal10 (outlined in chapter one). 

Starting with a four-dimensional lattice with a natural basis Ex = (1,0,0,0), 

E2 = (0,1,0,0), E3 = (0,0,1,0) and E4 = (0,0,0,1), the two-dimensional quasiperiodic 

lattice is obtained by multiplying by the projection matrix: 

1 

& 

1 0 _ 

0 1 

1_ 

$ 
_1_ 

& 

& 
1 

& 
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The projection matrix dictates the resulting symmetiy of the pattern. Multiplying by 

the above projection matrix results in a pattern which is a monochromic equivalent 

of the DCP of figure 4.1a. Thus, the above projection matrix yields a lattice with 

symmetry 8m, and is equivalent to (the (100) 2-D projection of) a 45° [100] rotation 

between two colored FCC sublattices. 

As seen from the inflation rule, the (100) plane can be quasiperiodically filled 

by tiles of any size. The most productive choice, however, is to use the quasiperiodic 

tiling as a reference frame for the DCP. This requires that a relationship be 

established between the octahedral quasiperiodic tiling and the 45° [100] DCP. To 

achieve this goal, the square and rhombus tiles are superimposed onto the DCP, such 

that all of their edges are parallel to the colored mirror planes (figure 4.3). A 

constraint on the size of the tiles is also introduced, requiring that every tile possess 

two opposite vertices lying between two differently colored lattice sites. Thus, the 

minimum length of the edges of the tiling unit cells in figure 4.3 is 

where a is the lattice parameter. 
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Figure 4.3 Superposition of the quasiperiodic tiling onto the 45'[100] rotation 
dichromatic pattern. The octants Qlf Q2, Q3 and Q4 correspond to 
successive applications of the inflation rule of quasiperiodic lattices. 
The intervals 1^ and I^ are the major and minor two-dimensional body 
lengths of the rhombus tile. 
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With this imposed relationship, opposite vertices of inflated unit cells also 

mark midpoints between oppositely colored atomic sites. The pairs of colored atomic 

sites located at tile vertices of the quasiperiodic lattice show a higher degree of 

coincidence upon subsequent inflation (i.e. the sites are closer together). This 

property may be illustrated by the variation in the degree of coincidence along the 

[001] direction of crystal lattice 1. The distance between oppositely colored atoms 

located about the vertex of the first rhombus (from the origin in figure 4.3) measures 

17% of one atomic spacing. Upon successive inflation, the vertex of the first 

rhombus falls between pairs of oppositely colored atoms separated by 7%, 2.94%,... 

of one atomic spacing. 

Repeating the inflation rule to infinity leads to almost perfect coincidence 

between atoms at an infinite distance from the origin. The chosen quasiperiodic 

octahedral lattice dictates an upper limit for the separation between two oppositely 

colored atoms. That is, as the tiles get bigger, the possible degree of coincidence at 

the vertices get higher. This provides a one to one mapping of the inflation size to 

the degree of coincidence, with the degree of coincidence increasing as inflation 

increases (see figure 4.3). 

Parallel to the inflation rule is the approximation of the irrational number 

Jl + 1, by a sequence of rational numbers. These rational numbers correspond to 

successive periodic approximations of the exact quasiperiodic 45°[100] 

misorientation. The approximations may be found as follows. 
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All coincident site lattices formed by a rotation, a, about [100] may be 

obtained from the generating functions: 

The rational sequence r/s = 2/1, 5/2, 12/5, 29/12, ... approximates Ji + 1. From 

above, this corresponds equivalently to the series s = 5(a = 36.869°), 

S = 29(a = 43.600°), S = 169(a = 44.780°), E = 985(a = 44.959°), ... 

approximating the 2 = oo(a = 45 °) misorientation. This sequence 2 = 5, 29, 169, 

985, ... , constitutes a series of delimiting misorientations of ever decreasing range 

centered on the 450 rotation angle. 

The concept of sequential rational approximations to the irrational 

misorientation is elucidated by examining the plane spacings in figure 4.4. Figure 4.4 

shows a HREM image of a 45 ° (± 1.5 °) [100] misoriented aluminum biciystal, with 

a grain boundary approximately parallel to the (111) plane of crystal 1 (see reference 

26 for sample preparation). As anticipated, the bicrystal exhibits continuity of the 

(010)2 and (011)! crystal planes. In the vicinity of the grain boundary core, the (010)2 

and (011)j planes match every 2 and 3 respective interplanar spacings. This matching 

s - r2 + s2 when r2 + s2 is an odd number 

2 - V2 (r2 + s2) when r2 + s2 is an even number 

and 

a - 2 tan"1 
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is representative of the rational number 3/2, which is an approximation to the 

irrational number Jl. Comparing the plane spacings of crystals 1 and 2 away from 

the boundary, the ratio between them is actually Jl. This ratio can also be seen in 

figure 4.3. Looking along the [001] direction of the pattern, pairs of oppositely 

colored atoms with an increasing degree of coincidence may be found at tile vertices. 

Defining the linear spacing between successive black atoms along this direction as 

d v  a n d  t h e  w h i t e  a t o m  s p a c i n g  a s  d 2 ,  t h e  s p a c i n g  r a t i o  i s  g i v e n  b y  d 2 / d 1  =  J l .  

The sequence of rational approximations to J l  is given by w f b  = l/i, 3/2, 7/5, 

17/12, ... (where the values of w and b are the numbers of white and black spacings, 

respectively). The first three approximations can be seen in figure 4.3. Again 

looking along the [001] direction, a tile vertex is found at the second approximation, 

between three white spacings and two black spacings from the origin. Note that as 

the tiles are inflated, the first vertex from the origin lies at successively better 

approximations in the sequence; i.e. the first vertex of the smallest tiling lies between 

one white interval and one black, with the next size tiling between three white and 

two black intervals, and so on. 

As is readily apparent, the rational approximation sequence for J l  is 

essentially equivalent to that for 72+1. Thus, the approximation 3/2 corresponds 

to the ratio 5/2 in the r/s sequence. This means that the observed match between 

the (010)2 and (Oil)! planes in figure 4.4, is representative of a 
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r- * v 

Figure 4.4 HREM micrograph of a segment of a 45 *[100] bicrystal. The grain 
boundary segment is parallel to the (111) plane. The lines show 
continuity of the (010)2 and (011)i planes across the interface. 
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2 = 29 (a = 43.600°) structural unit composition of the irrational interface. The 

45° [100] grain boundary cannot be constructed with 2 = 29 units alone, however, 

since 3/2 is only an approximation to Jl. It is hypothesized that the grain boundary 

should also contain other short length structural units. A good candidate for this is 

the s = 5 unit,14 corresponding to the ratio r/s = 2/1. While the investigation is still 

in progress, such a unit has not yet been identified in the HREM image of the 45 ° 

twist grain boundary (figure 4.4). 

Having looked at the 45 ° [100] twist, the effect of an additional rotation about 

the [011]! ||[001]2 axes is now considered. Figure 4.5 shows a high resolution electron 

micrograph of a 45 "[100] twist plus 6 = 17.44° tilt grain boundary in aluminum. 

The asymmetric grain boundary is parallel to the (010)2 or (499)j planes. The 

introduction of the additional rotation results in a decrease of the DCP group 

symmetry from 8'/m 2'/m' 2/m to 2'/m' 2'/m' 2/m. This supplemental 

rotation also destroys the periodicity of the DCP along the [100] axis. By inspection, 

special rotations may be found that refer to quasiperiodic lattices with small 

dimension unit cells (or tiles). The case of 0 = 13.290 is used as an example. This 

rotation aligns the (010) plane of crystal 2 with the (133) plane of crystal 1. 

For the sake of simplicity, the analysis is done in one dimension. To construct 

a one-dimensional DCP from the three-dimensional one, the (133)x and (010)2 planes 

are first superimposed onto a single plane, producing a two-dimensional DCP. The 

atomic content of the two-dimensional DCP is then projected onto the line [3il]j (or 



Figure 4.5 HREM micrograph of 45° [100] plus 6 « 17.5° [001]2||[011]i. 
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[100]2). The resulting one-dimensional DCP is characteristic of the atomic matching 

along the grain boundary plane. The spacing between black atoms in this pattern is 

defined as dv while the spacing between white atoms is d2. Their ratio, d1/d2, is 

given by the irrational value yi9/2. The analysis is similar to that of the pure twist 

case. 

The quasiperiodic one-dimensional DCP is characterized within a one-

dimensional quasiperiodic lattice constituted of two incommensurate intervals. All 

lattice points fall midway between two differently colored atomic sites. The lengths 

of the two intervals, Ll and L2, are in the irrational ratio of yi9/2 + 3. This ratio 

(Lj/Lj) satisfies the second order polynomial equation 2x2 - 12x -1 = 0, which yields 

the recurring scheme for successive approximations (to LJL2 of) an and att+1: 

1 , 
tf—i - + 6 . 
" 1 2a 

The sequence of rational numbers 6/1, 73/12, 444/73, approximates the 

irrational number y 19/2 + 3. Similarly, the ratio djd2, is approximated by 3/1,37/12, 

225/73,..., corresponding to increasingly better degrees of coincidence along the one-

dimensional DCP. Some other rotation values of 8 and their corresponding djd2 

first approximations are listed in the table below. 
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GB 
Plane 8 djd2 LJL2 

2nd Order 
Polynomial 

Rational Sequence 
djd2 

(133) 13.29° Jt9/ 2 Ji9/2 + 3 2x* - 12x -1 = 0 3/1, 37/12, 225/73,... 

(499) 17.44° 2J&9 2JK9 + 18 x2 - 36x - 32 = 0 18/1, 170/9, ... 

(122) 19.47° 3J2 3j2 + 4 x2 - 8x - 2 = 0 4/1, 17/4, 140/33,... 

(I'll) 35.26° J* 76 + 2 x2 - 4x - 2 = 0 2/1, 5/2, 22/9, ... 

Returning to the more complicated case of 8 - 17.44°, the quasiperiodic 

lattice characteristics are djd2 = 2/89", with LJL2 = 2(789" + 9) as the solutions 

to the second order polynomial equation x2, - 36x - 32 = 0. The ratio of djd2 is 

approximated by the sequence of rational numbers: 18/1, 170/9, ... . 

The large first approximation ratio of 18/1 demonstrates the long quasiperiodic 

nature of the DCP along the [944]! and [010]2 directions. Figure 4.6 represents a 

possible atomic arrangement in the grain boundary core, drawn from the micrograph 

of figure 4.5. The grain boundary appears to be composed of a mixture of two types 

of short structural units, corresponding to the 6 = 13.29 ° (3/l) and 8 = 19.470 (4/i) 

first approximations. The proximity of 8 = 17.44 ° to the 19.47 ° rotation, imposes 

a greater frequency of (4/1) structural units than (3/1) units. The algorithm of Sutton16 

or Sutton and Vitek13 may be used to determine the sequence of structural units in 

the quasiperiodic interface. The first rational approximation to the 
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Figure 4.6 Schematic representation of the grain boundary of figure 4.5. o, 
a" are atoms in successive planes. 
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djd2 ratio is 18/1. This may be obtained by using two (3/1) units and three (4/1) 

units; i.e. 2(3/1) + 3(4/1) = 18/1. Defining A = (3/1) and B = (4/1), the sequence 

will have 2 A units and 3 B units. 

Since 1/2 < 2/3 < 1/1, the boundary is constituted of longer units C = ABB 

and D = AB in the ratio 1/1. The corresponding boundary is then described 

periodically by repeating the sequence ...ABBAB .... A better approximation for the 

quasiperiodic grain boundary may be generated by considering the sequence of 36 A 

units and 143 B units, corresponding to the next rational approximation, 

djd2 = 170/9. Since 1/4 < 36/143 < 1/3, the boundary is composed of a sequence of 

C = ABBBB and D = ABBB units. Here the C and D units are in a ratio of 35 to 

1. The complete quasiperiodic sequence of units may be produced at the limit of the 

rational series. At that point, however, the number of units becomes impractical for 

use. 

Unfortunately, the segment of grain boundary resolvable in the high resolution 

electron micrograph is too limited in size to allow a definitive conclusion about the 

irrational sequence of structural units. 

As a final note, the structural units used to describe a quasiperiodic interface 

need not be delimiting. The table above shows that a 6 = 35.26° misorientation 

may be constructed with two short length structural units, namely (2/1) and (5/2) 

units. Contrary to the case of B = 17.44°, these two units are not delimiting units. 
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This chapter has discussed an application of the structural unit model of grain 

boundaries to quasiperiodic interfaces. A quasiperiodic tiling representation for 

aperiodic grain boundaries offers a suitable frame for the geometrical description of 

such boundaries. The size of the tiles is constrained by a simple relationship 

between the quasiperiodic lattice and quasiperiodic DCP. Experimental evidence for 

the relaxation of quasiperiodic grain boundaries into short period structural units has 

also been provided. From observations, it appears that long quasiperiod boundaries 

may be constituted of a mixture of short length structural units. The short length 

units are representative structural units of short period or quasiperiodic delimiting 

grain boundaries. 

The structural unit model of a grain boundary requires that there exist an 

infinite number of structurally similar regions susceptible to relaxation into the 

structural units. While periodicity is a sufficient condition to support a structural unit 

model, it is in no way obvious that quasiperiodic boundaries may be described in 

those terms. Central to this point is the property of local pattern density in 

quasiperiodic tiling. Sutton has recognized that the local pattern density (or local 

isomorphism) at quasiperiodic interfaces is similar to the property of translational 

invariance at periodic interfaces.11 

The local isomorphism property of quasiperiodic lattices17,41 states that any 

finite patch of tiles that belongs to the quasiperiodic lattice appears infinitely many 

times. It is important to consider how far apart two identical patches are in a 
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particular quasiperiodic lattice. If d is the diameter of a given patch, then 2d 

represents an upper bound for the distance at which an identical patch may be 

found.42 This holds true, however, only if the irrational number is an algebraic 

number. The exceptions are the Louiville numbers, for which the distance may grow 

arbitrarily quickly.17 The property of local pattern duplication makes the 

representation of the infinite period 45° [100] twist plus tilt boundaries in terms of 

short period structural units a viable concept. Indeed, all the grain boundaries 

discussed in this chapter correspond to algebraic quadratic irrational numbers. 

From an energetic point of view, the inflation rule/degree of coincidence 

property of the quasiperiodic lattice and 450 [100] DCP allows a quantitative measure 

of atomic displacement necessary for the relaxation to shorter period structural units. 

However, the description of a 450 [100] twist quasiperiodic boundary in terms of any 

one of the short period boundaries will depend upon the details of interatomic 

forces. 

The following chapter provides additional support for the structural unit 

model of quasiperiodic grain boundaries. The results of molecular dynamics 

computer simulations are reported for the two delimiting boundaries of the 45 * [100] 

twist plus 17.44 ° tilt Disorientation in aluminum. 
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CHAPTER FIVE: SIMULATIONS OF QUASIPERIODIC INTERFACES 

The experimental example of the last chapter illustrated that a [100] 45 * twist 

plus 17.44° tilt grain boundary in aluminum may be described using a structural unit 

model. Only two types of units, denoted A and B are necessary to detail the 

boundary. If the tilt angle of the boundaiy is changed from 5 = 17.44° to 5 = 13.29°, 

the boundary can be described with a single structural unit, A. Similarly, if the tilt 

angle is 5 = 19.47 °, the boundary is completely characterized by a unit B. Thus, 

5 = 13.29° and 5 = 19.47° are the delimiting boundaries of the 5 = 17.44° boundary; 

e.g., the 17.44 ° boundaiy is composed of A and B structural units in an approximate 

ratio of 1:4. 

Through the use of molecular dynamics simulations, this chapter provides 

additional information in support of a structural unit model for quasiperiodic grain 

boundaries. To complement the experimental results of the last chapter, the 

aluminum [100] 45° twist plus 17.44° tilt boundary is again used as an example. 

Since computer simulations offer the advantage of specifying exact three-dimensional 

structures, the more basic delimiting boundaries of the above case have been chosen 

for analysis. By looking at the two delimiting boundaries, a more general study of 

boundaries with a [100] 45° twist plus 13.29° < 5 < 19.47° tilt, is possible. 

As discussed in chapter four, the two delimiting boundaries are quasiperiodic. 

Thus, modifications to the structures must be made so that periodic boundary 
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conditions may be used for simulation. In the directions parallel to the boundary 

plane, the structures have been compressed to be periodic. For the rest of this 

chapter, the grain boundary plane is taken to lie parallel to the xz plane. The top 

crystal refers to that half of the bicrystal whose particles have a y coordinate greater 

than that of the grain boundary plane, while the remainder is the bottom crystal. 

The details of bicrystal construction are as follows. 

The initial structure of the 45° twist plus 13.29° tilt, is characterized by a 

boundary composed of four^4 structural units (see figure 5.1a). Looking along the 

boundary in the x direction, there is only one true coincident point (P), and three 

pseudocoincident points. The pseudocoincident points are represented by atoms 

belonging to the lower crystal, whose positions are very close to the atomic sites of 

an extended upper crystal. 

Because of the misorientation between them, the two crystals are 

incommensurate. Thus, periodic boundary conditions (PBC) cannot be employed 

without some constraints. A further complication in the x direction is that the choice 

of a simulation cell to periodically match the upper crystal, results in a plane 

mismatch for the lower crystal. Thus, a yz (001) plane in the lower crystal has been 

removed, with the remaining planes proportionally spaced to fill the void. 

For the 6 = 19.47° case, a good match can be made without removing or 

adding any planes. The lower crystal yz (001) planes have a spacing of Vz a (where 

a is the lattice parameter). The pseudocoincident points of the extended upper 
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Figure 5.1a An xy projection of the initial structure of the 6 = 13.29 ° 
bicrystal. 
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Figure 5.1b An xy projection of the initial structure of the 0 = 19.47° 
bicrystal. 



crystal have a linear x direction spacing of 3/2 JT a. This gives a spacing ratio along 

the boundary of 3/2". Since the ratio is not an integer, an exact match for PBC 

cannot be made in the x direction. A good approximation, however, is to use thirty-

four lower crystal yz (001) planes, yielding a near integer ratio of 0.9983. The 

resulting bicrystal is characterized by eight fi-type structural units (figure 5.1b). As 

with the 13.29° case, there is only one true coincident point (P), and several 

pseudocoincident points along the boundary. 

In the z direction, the 6 = 13.29° and 6 = 19.47° cases are identical. The ratio 

of plane spacings for the upper crystal (110) versus the lower crystal (100) planes is 

Vi J2. Again, an exact match for PBC cannot be made. A good approximation is 

obtained by using tenxy (110) planes in the upper crystal and seventy (100) planes 

in the lower crystal. This yields a near integer plane spacing ratio of 1.0101 (figures 

5.2a and 5.2b). 

The final consideration for bicrystal construction is the second boundary 

created by PBC at they borders of the simulation cell. As mentioned in chapter two, 

direct interaction between the two boundaries must be avoided. Thus, a minimum 

cell size of four times the range of interaction (i.e. 4 x 14.8) is required in the y 

direction. With all of the above taken into account, the initial dimensions of the 

simulation cell for the 45° twist plus 13.29° tilt were x = 47.17,y = 108.79, andz = 

54.10 Bohr radii. The 45° twist plus 19.47° tilt dimensions were x = 129.85, y -

87.99 and z = 54.10. This yields 2404 and 5338 particles in the simulation cells of 
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Figure 5.2a A zy projection of the initial structure of the 6 = 13.29 * bicrystal. 



Figure 5.2b 



the 8 = 13.29° and 9 = 19.47° bicrystals respectively. 

After adjusting the temperature to near 300 K, the 45 ° twist plus 13.29 * tilt 

was simulated with PBC at constant energy for 7000 time steps. The resulting 

equilibrium temperature was 301 K. Because of its larger size, the 9 = 19.47° case 

could only be run (at constant T = 300 K) for 2000 time steps. The average 

structures after equilibration are shown in figures 5.3 and 5.4. 

Following the PBC simulations, the final structure of the 6 = 13.290 bicrystal 

was simulated using the t-vector boundary conditions. As mentioned previously, the 

purpose of the t-vector is to reduce the forces across the top and bottom borders of 

the simulation cell. In this way, the central boundary atoms are allowed to relax 

without artificial PBC effects. For a few thousand time steps, the simulation was 

uneventful. Near 2700 time steps, however, the simulation cell exploded. The cause 

of this stems from the discussion in chapter two. Because the structure started far 

from equilibrium, the value of the t-vector was large at times, as the atoms moved 

to rearrange. The trouble occurs when the value of t fluctuates too rapidly, and its 

kinetic energy becomes high. As was seen in chapter two, this leads to an abrupt 

increase in the value of the h matrix. The h matrix does not readjust, because its 

value is coupled to the t-vector kinetic energy. Thus, h keeps increasing, and the 

volume ( = det h ) explodes. This simulation and other test simulations led to the 

notion of decoupled t-vector boundary conditions. 

Starting from the final PBC simulation structures, both bicrystals were 
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resimulated using decoupled t-vector boundary conditions. Under the constraints of 

300 K and one atmosphere, the 0 = 13.29# case was run for 3700 time steps, while the 

6 = 19.470 case was run for 2000 time steps. 

An examination of figures 5.3a and 5.3b demonstrates that the structural units 

of the boundaries remain intact. There are no fundamental changes in the interfaces, 

such as disordering or restructuring. Only local relaxation in the vicinity of the grain 

boundaries occurs. Simulation with the decoupled t-vector has also shown no 

fundamental changes in the boundaiy structures. While the decoupled t-vector allows 

translational relaxation of the boundary, none was observed. This indicates that the 

quasiperiodic interfaces are in their lowest energy state with respect to translation 

parallel to the boundary. 

Using the bicrystal slab, energy calculations for the central interface indicate 

structural stability. An average enthalpy per particle was calculated over the final 

5000 and 1500 time steps, for the 9 = 13.29° and 19.47° cases, respectively. From 

these values, the enthalpy per particle of a perfect crystal was subtracted (see chapter 

three). The remaining values were divided by the area of the grain boundary 

interface (i.e. x x z, the area of the base plane of the simulation cell). The resulting 

values are the excess enthalpies of the interfaces, given by 711 mJ/m2 for e = 13.29°, 

and 528 mJ/m2 for 0 = 19.47°. While a bit high, these are reasonable values for 

grain boundaries in aluminum, and indicate their possible existence in real samples. 
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Figure 5.3a An xy projection of the relaxed equilibrium grain boundary 
structure in the 5 = 13.29° bicrystal. 
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Figure 5.3b An xy projection of the relaxed equilibrium grain boundary 
structure in the $ = 19.47° bicrystal. 



It may also be noted that stability is determined by the free energy and not the 

enthalpy. The addition of the negative term (-TAScxccss) to the enthalpy, will lower 

the value of the excess free energy. Another factor making the excess free energy 

artificially high is the presence of elastic energy. This arises due to the stress field 

imposed by PBC on an aperiodic system; i.e. the fact that a quasiperiodic boundary 

has been compressed to fit periodicity. If this is accounted for, the excess free energy 

is lowered even further, increasing the likelihood of a more stable boundary. This 

may be particularly true in the case of the higher stress 6 = 13.29 ° bicrystal. All in 

all, the stability of the structural units in the simulated quasiperiodic interfaces 

validates the applicability of the model for aluminum boundaries in the range of a 

450 twist plus 13.29 ° < d < 19.470 tilt. 

Comparing figures 5.3a and 5.3b to the micrograph of figure 4.5, relaxations 

along the boundary appear to be similar. In all three cases, the (111) planes of the 

upper crystal and the (010) planes of the lower crystal, appear to bend and align with 

each other near the boundary. This relaxation results in a minimization of empty 

space (or excess volume) in the grain boundary core. The relaxation is more 

pronounced in the case of the longer structural unit, B. 

Figures 5.4a and 5.4b reveal the third dimension of the structures. Plane 

matching between the two crystals in ratios of 1:1 and 3:2 can be seen. These ratios 

are the first two rational approximations to the actual irrational plane spacing ratio 

of Ji. This is in agreement with the experimental and theoretical findings of the 
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Figure 5.4a A zy projection of the relaxed equilibrium grain boundary 
structure in the 6 = 13.29° bicrystal. 
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Figure 5.4b A zy projection of the relaxed equilibrium grain boundary 
structure in the 0 = 19.47° bicrystal. 
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previous chapter, where it was shown that in a 45 ° [100] twist boundary, the (010)2 

and (Oli)j planes match each other after 2 and 3 respective plane spacings (figure 

4.5). Thus, the argument for using a structural unit model to describe quasiperiodic 

boundaries is well founded in theory, experiment and computer simulation. 
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CONCLUSIONS 

Interfaces in materials extend over only a few atomic layers. Thus, their study 

necessitates techniques capable of atomic level resolution. Atomic level simulation 

methods have been extensively used to investigate the structure, energy and other 

properties of internal interfaces. The limitations of simulation techniques are well 

known, but not always fully understood. Caution must be used in choosing boundary 

conditions and other computational considerations, such as interatomic potentials, 

integration time steps and simulation period (time). A proper choice of boundary 

conditions is particularly important when aperiodic bicrystals are being simulated. 

Atomic level experimental techniques, such as high resolution electron 

microscopy, provide a wealth of information concerning the structure of interfaces. 

Severe constraints, however, limit the applicability of HREM to the resolution of low 

index planes. Moreover, successful imaging of the interface structure imposes 

stringent requirements on the alignment precision of these planes. This also places 

restrictions on the grain boundary plane inclination. Lastly, HREM provides only 

two-dimensional projections of the interfacial structures. 

In view of the advantages and limitations of computer simulation and atomic 

level experimental techniques, a joint approach combining both methods offers great 

value for progress in interfacial research. This thesis is an example of such an 

approach. It is hoped that this thesis demonstrates the benefits of using molecular 
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dynamics computer simulations as a companion to theoretical analysis and HREM, 

in the study of grain boundary structures. 

With regard to the future focus of interfacial research, efforts should be 

directed away from special periodic orientations, and towards more general 

interfaces; this is even more appropriate when one considers that experimental 

research has shown that more than 90% of all interfaces are general. Quasiperiodic 

interfaces provide a bridge between the most special and completely aperiodic 

interfaces. This work and other research has shown that the structural unit model 

provides a good geometrical tool for analyzing quasiperiodic grain boundary 

structures. The only way to find stable units, however, is through experimental 

observation. From there, computer simulations can be used to determine boundary 

energy and stability. Knowing the types of stable structural units also permits the 

simulation of interfaces not resolvable by HREM. Thus, both approaches are 

essential. Furthermore, the theoretical methods of Gratias and Thalal,10 Sutton,11 

and Gratias and Cahn,39 all provide a general approach to bicrystal analysis. By 

using all three types of analyses, experimental, theoretical and numerical (computer 

simulation), a more complete understanding of any type of boundary can be 

achieved. 
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