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ABSTRACT 

The problem of electromagnetic scattering by a sphere on a layered substrate is 

treated and numerical results are presented. 

Initially, the Rayleigh limit, where the sphere radius is small compared to the 

wavelength, is considered. Closed-form expressions for the far-zone scattered fields 

are derived from the radiation of the induced dipoles in the sphere in the presence 

of the substrate, and these incorporate in a rather explicit manner the various 

parameters of the problem. 

The general case, where the ratio sphere radius/wavelength is arbitrary, is also 

considered. A rigorous formulation is used based on the Mie solution for the scat

tering by a sphere in a homogeneous medium and an extension of Weyl's method 

for dipole radiation in the presence of a flat surface. 

Numerical results obtained using the rigorous formulation for electrically small 

spheres are in very good agreement with those obtained using the Rayleigh approx

imate method. 
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CHAPTER 1 

INTRODUCTION 

The problem of electromagnetic wave scattering by a sphere on a layered substrate 

arises during inspection of semiconductor wafers for particle contamination. Sur

face microcontamination detection is commonly achieved using a scanning device 

referred to as a wafer scanner [l]. In particular, the theoretical models developed 

in the present thesis can be used to improve the wafer scanning analysis. Wafer 

scanners use a light source, a detector and associated optics, as shown in Figure 

1.1. The system is configured such that the detector rejects the specularly reflected 

beam and measures the amount of light scattered. The detection process is based 

on comparing this measurement with experimental data available for some specific 

spheres with known parameters in free-space. Current wafer scanners lack the sup

port of an exact theoretical model which has the flexibility of generating data for a 

large variety of particles of different sizes and material characteristics, while at the 

same time accounting for the effects of the layered substrate. Actually, the availabil

ity of such a model would permit an efficient parametric study where the effects of 

the various parameters (wavelength and angle of incidence of the incident radiation, 

dimension and properties of the particle, geometry and properties of the substrate) 

on the amount of light scattered would be evaluated, and ways for improving the 

effectiveness of the detection method would be identified. 

The geometry of the problem including the source is shown in Figure 1.2 and is 
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Figure 1.1: Schematic of a wafer scanner. 
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N-1 
M<N-1»eN-1'<*N-1 

Figure 1.2: Plane wave incident on a sphere over an iV-layered substrate. 
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described as follows. A sphere of permittivity ea, permeability fia and conductivity 

aa is located in free-space over an JV-layered substrate (N > 1). The tth layer 

(»' = 1 to N — 1) has permittivity e,-, permeability m, conductivity Oi and thickness 

while the iVth layer extends to infinity and has permittivity eN, permeability 

[mn and conductivity oN. A plane wave is incident on this system from free-space. 

The objective is to calculate the electromagnetic fields scattered by the sphere in 

the region above the substrate and outside the sphere. 

The interface between the substrate and free-space as well as the interfaces be

tween the substrate layers (if there's more than one layer) are all assumed to be 

planes parallel to the xy-plane. Throughout the thesis, a time dependence e+jwt is 

assumed and the M.K.S. system of units is employed. 

In Chapter 2, the problem is considered in the Rayleigh limit, where the radius 

of the sphere is small compared to the wavelength. In this approximation, the 

effect of the presence of the particle is described in terms of the induced dipoles 

inside the sphere. Closed-form expressions for the scattered fields in the far-zone are 

derived from the radiation of the induced dipoles in the presence of the substrate. 

These expressions incorporate in a rather explicit form the various parameters of 

the problem, thus allowing for an efficient parametric study. 

In Chapter 3, the general case where the ratio sphere radius/wavelength is ar

bitrary is also considered. The problem is formulated in an operator sense after 

Bobbert and Vlieger [2], based on the classical Mie solution [3] for the diffraction of 
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a plane wave by a homogeneous sphere in a homogeneous medium and an extension 

of Weyl's method [4] for the calculation of dipole radiation in the presence of a 

planar interface. Two operators are defined: operator M describing Mie scattering 

by a sphere in a homogeneous medium, and operator P describing the reflection 

of spherical waves by a layered substrate. In addition, matrix representations for 

these operators are formulated. 

In Chapter 4, the numerical issues involved in the calculation of the scattered 

fields in the general case are considered. The truncation of the infinite vectors 

and matrices associated with the spherical wave representations of the incident and 

scattered fields and the matrix representations of M and P are discussed. Simplified 

expressions for the far-zone scattered fields above the substrate are derived and 

numerical restilts are presented. Furthermore, the Rayleigh limit for the scattering 

by spheres on layered substrates is quantified. Numerical results obtained using the 

rigorous formulation for electricially small spheres are shown to be in very good 

agreement with those obtained using the Rayleigh limit approximation. 

In Chapter 5, the techniques used in this analysis are summarized and some of 

the results are discussed further. Finally, possible extensions of the present analysis 

to the problem of scattering by particles of arbitrary shape as well as the problem of 

scattering by a collection of spherical particles on a planar interface are suggested. 
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CHAPTER 2 

SOLUTION OF THE PROBLEM IN THE RAYLEIGH LIMIT 

Consider a sphere having constitutive parameters e«,/xa,<ja and located in free-

space over an iV-layered substrate as shown in Figure 2.1. The tth layer (t = 1 to 

N — 1) has thickness li and constitutive parameters while the Nth. layer 

extends to infinity with constitutive parameters ew, pN, aH. A plane wave is incident 

on this system at an angle of incidence 0X with xz being the plane of incidence. 

The sphere is assumed to be in the Rayleigh limit defined by [5]: 

« « A  ( 2 . 1 )  

where a is the radius of the sphere and A is wavelength in the medium surrounding 

the sphere. We shall call a sphere satisfying relation (2.1) a "Rayleigh sphere." 

The total electromagnetic fields E* and H*, at any point P above the substrate 

and outside the sphere, are equal to the sum of the primary fields and the scattered 

fields: 
E' = W + E°, 

(2.2) 
v. . H* = Hp + Ha 

where the primary fields Ep and Hp are defined as the superposition of the incident 

and reflected fields in the absence of the sphere, and the scattered fields E* and H" 

are defined as the fields due to the interaction of the sphere with the primary fields 

in the presence of the substrate. 
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N-1 

M - N « e N »  a N  

Figure 2.1: Plane wave incident on a Rayleigh sphere over an JV-layered substrate. 
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The objective is to calculate the fields Ea and H* scattered by the Rayleigh sphere 

on the layered substrate, at any point P in the far-zone r » A and z » a of the 

upper half-space. 

2.1 Electric and Magnetic Dipole Moments for a' Rayleigh 
Sphere on a Layered Substrate 

In the Rayleigh limit, a sphere on a substrate has a radius much smaller than 

the period of the primary fields, so that these fields are almost uniform in the 

neighborhood of the sphere. It is well known [6] that in the presence of uniform fields 

W and Hp, a sphere of radius a, permittivity e«, permiability na and conductivity 

oa induces the following dipoles: 

1. An electric dipole of moment 

p = 4TTC0O3 6A 60 W (2.3a) 
c« — ]-£ + 2c0 

where u = 2irc/\, e being the speed of light in free-space, and 

2. A magnetic dipole of moment 

m = 4TTO3 ~ %0 Hp. (2.3b) 
Ha + 2fi0 

v  

For a perfectly conducting sphere, the electric dipole moment is given by: 

p = 47rcoo3Ep. (2.3C) 

Note that the electric and magnetic dipole moments are proportional to the volume 

of the scatterer. 
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Thus in the Rayleigh limit, the problem reduces to electric and magnetic dipole 

radiation in the presence of the substrate. For the purpose of detecting microcon-

taminants on wafers using light scattering, the magnetic dipoles are absent since at 

such optical frequencies /*« = Mo-

2.2 Radiation Fields of VED, HED, VMD and HMD above a 
Layered Substrate 

Consider a vertical electrical dipole (VED) of moment p  located in free-space 

(z > 0) at height a above an JV-layered substrate (z < 0) as shown in Figure 

2.2. Let be an observation point in free-space. The time factor e+30j t  is 

assumed. 

For r » and a » a, the fields due to the VED are [7]: 

Ee ~ ~P4*' C ,*r \?¥ikaco'e + R\\[8)e-ikaco'e] sin6, 

Hj, ~ Ee/rjo (2.4b) 

(2.4a) 

where 

k — 27r/A = w-y/MoCo, (2.5) 

ij o = y/no! to. (2.6) 

In equation (2.4a), i?y(tf) is the reflection coefficient for a Transverse Magnetic 

(TM) plane wave (TM means the incident magnetic field is perpendicular to the 

plane of incidence of the plane wave) incident from free-space on the layered sub-
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z 

A 

N-1 

M - N »  e N >  a N  

Figure 2.2: VED located at height a above an N-layered substrate. 
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strate at an angle 0. i?|| (0) can be calculated using transmission line concepts. The 

equivalent circuit is shown in Figure 2.3a. The tth layer of thickness £i, for t = 0 

to N, has a characteristic impedence Ki and a propagation constant u, given by: 

Ui = j(kj — k2 sin2 9)^, iZe(ut) > 0 (2.7) 

Ki = (2.8) 
Oi + jwe< 

where 

kf = -jum{pi + ju)£i). (2.9) 

The iVth layer has an input impedance given by: 

Zn = Kn (2-10) 

and the tth layer, for t = N — 1 to 1, has an input impedance given by: 

„ „ (Z.-+1 + Ki) + (Zj+i -
' " ' (Zi+1 + Ki) -(Zi+, - ' l ) 

Then the TM reflection coefficient is given by: 

*»<«>=Hrf- (212) 

Next consider a horizontal electric dipole (HED) of moment p located at height 

a above the layered substrate and pointing in the +x direction. For r » £ and 
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U o  » K o  U o . N o  

U1 ,Ki 

i 

h 
f U1 ,Ni 

U2 ,K2 

1 

y 
'2 

r U2 .N2 

U j  , K j  U j  , N j  

UN-1 .Kn-1 'N-1 
UN-1'NN-

N -"N 

Figure 2.3: (a) Equivalent transmission-line circuit for a TM plane wave 
incident on an JV-layered substrate. 
(b) Equivalent transmission line-circuit for a TE plane wave 
incident on an iV-layered substrate. 
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z a, the fields due to the HED are: 

Ee ~ p 6 ^ [e+yfcaC08fl - i2ii(0)c-^aco8<'] coaO coa<f>, 
4ttco r L 11 J 

E, ~ -p *2 6 J*r [e+jfcacosfl + JE_L(0)e->fcoco"'l sin^, 
^ 47T€o r 

~ -E^/rjo, 

(2.13a) 

(2.13b) 

(2.13c) 

~ Eg/rio- (2.13d) 

In equation (2.13b), i2j_(0) is the reflection coefficient for a Transverse Electric (TE) 

plane wave incident from free-space on the layered substrate at an angle 0. J2||(0) 

can be calculated from the equivalent circuit shown in Figure 2.3b. The tth layer 

of thickness ti, for t = 0 to N, has a propagation constant u,- and a characteristic 

admittance Ni given by: 

Ui = j(fc2 - k2 sin2 a) i, Re(ui) > 0 (2.14) 

(2.15) 

The JVth layer has an input admittance given by: 

YN = NN (2.16) 

and the tth layer, for t = N — 1 to 1, has an input admittance given by: 

„ „ ff-H + Ni) + (Yi+l -
• • (y;+I+JV() - (y;+, - &)*->*'•' 

(2.17) 

Then the TE reflection coeffecient is given by: 

(2.18) 
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Next consider a vertical magnetic dipole (VMD) of moment m located at height 

a above the layered substrate. For r » £ and z » <z, the fields due to the VMD 

are; 2 f 

Eg ~ [e+jkacone + R ^)e-jkacos0] s in( )  

4jt r L 1 (2.19) 

Finally consider a horizontal magnetic dipole (HMD) of moment m located at 

height a above the layered substrate and pointing in the +x direction. For r » — 

and z~> a, the fields due to the HMD are: 

He ~ m—^—— \e+3kaco'6 - R±{0)e->kac°Bd] cos0cos<j>, 
4JT r L J 

s* ~ -mTTT- + 
(220) 

Ee ~ rioHj, 

E$ ~ —rjoHg. 

In the next section, we shall use the results in equations (2.4), (2.13), (2.19) and 

(2.20) for the calculation of the far-field scattered by a Rayleigh sphere on a layered 

substrate illuminated by a plane wave. 

2.3 Scattering of a Plane Wave by a Rayleigh Sphere on a Layered 
Substrate 

Consider a Rayleigh sphere of characteristics eB,n8,aa located in free-space over 

an iV-layered substrate illuminated by a plane wave incident at an angle 0* as 

shown in Figure 2.1. The objective is to calculate the fields E* and H" scattered 
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by the sphere at any point P(r, 0,4>) in the far-zone r » A and z » a of the upper 

half-space. 

First consider a TMXM polarized wave, where the incident magnetic field is per

pendicular to the plane of incidence xz. In this case, the primary fields are for z > 0 

El = -T)oHocoa0ie-jkxe'm6i - J2(| (^<)E-YFCAR C°8 E<] , (2.21) 

E% = — rjo sin 0*2?* 

where -R||(0*) is given by (2.12), and Ho is the amplitude of the incident magnetic 

field. Since the sphere is assumed to be small compared to the wavelength, the 

primary fields are almost uniform in the neighborhood of the sphere and thus can 

be approximated by their values E° and Hc at the center of the sphere. From 

equations (2.21), we have: 

In the presence of these uniform fields, the following dipoles are induced in the 

sphere: 

1. a HMD pointing in the {/-direction and whose moment is given by: 

[8]: 

E% = -noHo cos EI [e+Jfcoc°8 9' - (0*>-^° co" , (2.22) 

E% = —r/0sin 6IHY. 

my = 47TO' »J±z£Lm nfl f*U TTC 
t*a + 2n0 

y' 
(2.23) 
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2. a HED pointing in the x-direction and whose moment is given by: 

p , = t e e 0 » 3 E l ,  ( 2 . 2 4 )  

3. a VED pointing in the z-direction and whose moment is given by: 

P. = (2.25) 
-3~£ + 260 

The radiation fields from these dipoles in the presence of the substrate constitute 

the scattered fields E* and H*. Using equations (2.4), (2.13), (2.20) and (2.22) thru 

(2.25), we obtain the scattered fields in the case of a TM-polarized wave: 

E$ ~ 4»/oflofc203—~~[p(ca ~j~> € O) (W'W) -  0^)0^0)  COS <J>) 

+p{(i» ,Ho)Hm [ex)Hm (0) cos$, 

r u) 

- P(M«, A»o) Hm (0'1) Gm (0) ] sin <l> 

H'e ~ -E;/n0 

H% ~ E'e/no 

where 

. . a- ao 
p(a'0°) = STSw 

(2.26a) 

(2.26b) 

(2.26c) 

(2.26d) 

(2.27) 
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Fe(a) = J sin a [e+>'fco c°8 a + JFZ,| {a)e~jka c°8 a], (2.28a) 

GE(A) = -COBA [e+J'fcaC08a - J2tj(a)e->fcac08a] , (2.28b) 
MT 

He(a) = i [e+J'fcacOBQ + JE±(a)e->fcoc080!], (2.28c) 
« 

6m(a) = J cos a [e+J'*aco8Q - Rj_(a)c->kacOBa], (2.28d) 
It 

#m(a) = \ [e+ikacoBa + J2||(a)e-J'fcac°8a]. (2.28e) 

In the case of a TEXA polarized wave, where the incident electric field is perpen

dicular to the plane of incidence xzy the primary fields are for z > 0 [8]: 

El = E0e~3kxBm9' |e+Jcos "' + R±(#*')e-'kmcoa 6'] , 

HI = ^ cos 0*e~3kxsin [e+jfcircoa5< - i2J_(0,')e"-'**coa'<] , (2.29) 

HI = — sin^JEtf 
Vo 

where R±.{9%) is given by (2.18), and EQ is the amplitude of the incident electric 

field. From equations (2.29), the fields at the center of the sphere are: 

E° = E0 [e+jfca cosfli + R± (0*)e~jfcacoB e<] , 

Hc
x = ^ cos 0* [e

+jkacOB6i - R±(0*)e~jka COB ] , (2.30) 

H% = — sin AVE' 
1o y 

In the presence of these uniform fields, the following dipoles are induced in the 

sphere: 

1. a HED pointing in the y-direction and whose moment is given by: 

a o p„ = 4jrg0a J" , " (2.31) 
- 3 w + *eo 
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2. a HMD pointing in the z-direction and whose moment is given by: 

ms = W ~M° gg, (2.32) 
M- + 2M0 s V ' 

3. a VMD pointing in the z-direction and whose moment is given by: 

TO, = 4ira3 ~ (2.33) 
M. + 2M0 * 1 ' 

Using equations (2.13), (2.19), (2.20) and (2.30) thru (2.33), we obtain the scattered 

fields in the case of a TEl-polarized wave: 

E% ~ 4£0AV—[p(ea -i^,c0)He(^)Ge(tf) r w 

- p(M.,Mo)Gm(«')ffm(®)] s»n0, 
(2.34a) 

£71 ~ 4E0k2a3-—-{p{ea-j^,t0)He{Ox)He{e)c°B<l> 
T <JJ 

+ P(M«jMo) (^(n^mW - Gm(J')Gm(J) cos^)] 
(2.34b) 

H$ ~ —E^/rjo 

(2.34c) 

HI ~ 

(2.34d) 

where 

1 . 
2SU 

and the functions Ge,He, Gm,Hm have been defined previously in equations (2.28). 

Fm(a) = i sin a [e+>'fcac°801 + J2j_(a)e->'fcoc080t] . (2.35) 
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2.4 Discussion 

In the last section, we derived closed-form expressions for the far-zone scattered 

fields from the radiation of the induced dipoles in the presence of the substrate. 

The various parameters of the problem, 

(a) angle of incidence and wavelength of the plane wave, 

(b) radius and electromagnetic properties of the sphere, 

(c) electromagnetic and geometric properties of the substrate, 

(d) angles of observation, 

appear explicitly in these closed-form expressions, allowing for an efficient paramet

ric study. 

From eqs. (2.26) and (2.34), it is observed that the study of the scattered fields 

can be done by studying the functions FC(Q), Gt{0) and 2?e(0). 

Numerical results for the patterns of Fe(0), Ge(0) and He(0) are generated for 

the following geometry (see Figure 2.4): 

First case 

i\ = 0, lz = OO, £2r — 11-7, H2r = 1, 02 — 0. 
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z 

Figure 2.4: Plane wave incident on a Rayleigh sphere over a two-layered 
substrate. 
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Second case 

h = 2A, £ir = 4, Hir = 1, <TX = 0, 

i2 = oo, €2r = 11.7, M2r = 1, <T2 = 0. 

where A is the wavelength in free-space. The radius of the sphere takes the values 

a = A/100 and A/10. 

The plots of 1-2^(0)1) |G>(0)| and \He{8)\ are shown in Figures 2.5 thru 2.10. 

From Figures 2.5, 2.7 and 2.9, it is apparent that when the substrate is a half-space 

{h = 0): 

(a) |.Fe(0)| first increases with $ and then after some angle QQ that 
depends on the refractive index of the lower half-space, de
creases with 8, 

(b) |Ge(0)| and \He(6)\ decrease with 9. 

From the same Figures, it is apparent that for l\ ^ 0, the main beams in the plots 

of |.Fe(0)|, |Ge(0)| and \He(0)\ split. Actually, further numerical experimentation 

showed that the number of beams increases as the ratio £i/A increases. From 

Figures 2.6, 2.8 and 2.10, we see that as a/A varies 

(a) |Fe(d)| does not change much with a/A, 

(b) |Ge(0)| and \He(9)\ vary with a/A in a rather complicated manner. 

Numerical results for the scattered fields will be given in section 4.6. Finally, it 
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is noted that the results given here are meaningful only for values of 6 not too near 

grazing (that is, not near 90°). 
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0 0.6 0.4 0.2 

Figure 2.5: Polar plots of |.Fa(#)| generated for the geometry of Figure 2.4 
with layer thickness — 0, 2A and distance a = A/10. 
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0.6 

a/X = 0.01 

0.4 
a A = 0.1 

0.6 0.4 0.2 

Figure 2.6: Polar plots of |-F«(#)| corresponding to the geometry of Figure 
2.4 with layer thickness = 2A and distance « = A/100, A/10. 



34 

0.6 

0.4 

0.2 
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Figure 2.7: Polar plots of |<?«(#)| generated for the geometry of Figure 2.4 
with layer thickness = 0, 2A and distance a = A/10. 
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0.6 0.4 0.2 

Figure 2.8: Polar plots of |6,(f)| generated for the geometry of Figure 2.4 
with layer thickness t\ = 2A and distance « = A/100, A/10. 
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Figure 2.9: Polar plots of |27c(#)| generated for the geometry of Figure 
with layer thickness It = 0, 2A and distance « = A/10. 
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Figure 2.10: Polar plots of |1TC(#)| generated for the geometry of Figure 2.4 
with layer thickness t\ = 2A and distance a = A/100, A/10. 



38 

CHAPTER 3 

RIGOROUS SOLUTION OF THE PROBLEM 

Consider a sphere of radius a located in free-space over an iV-layered substrate 

and a plane wave incident on this system as shown in Figure 1.2. The objective 

is to calculate the electric field scattered by the sphere at any point taken above 

the substrate and outside the sphere, for the general case where the ratio of sphere 

radius to illuminating wavelength is arbitrary. 

The problem is formulated after Bobbert and Vlieger [2], based on two operators: 

operator M describing the scattering by a sphere in a homogeneous medium, and 

operator P describing the reflection of spherical waves by a layered substrate. Op

erator M will be derived from the classical Mie theory. Operator P will be derived 

by means of a generalization of an integral expression first used by Weyl [4]. 

3.1 Field Equations and Debye Potentials 

Consider a linear, homogeneous, isotropic and source-free region D exterior to a 

sphere of radius rj and extending to infinity. 

Maxwell's equations for a time dependence e+JW* are: 
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V x E = —jufiH., 

V x H = (or + jue)E, 
(3.1) 

V • E = 0, 

V • H = 0. 

The electromagnetic fields in D are completely determined by two scalar functions 

r/>e(r) and iph(r) called electric and magnetic Debye potentials. The electric and 

magnetic fields can be derived from these potentials by means of [9]: 

E = -V x (rV>fe) + (<? + ju/e)~1V x V x (rV>e), 
(3.2) 

H = V x (rr/>e) + (jw/x) 'VxVx (rV>A). 

These potentials are called electric and magnetic because the corresponding fields 

have vanishing magnetic and electric radial components respectively. The Debye 

potentials satisfy the scalar Helmholtz equation: 

(V2 + Jfc2)V>* = 0 q = e,h. (3.3) 

For the case where the fields in D are the result of currents i(r) flowing in the 

spherical region 0 < r < ri, the Debye potentials have the expansions [10]: 

NR) = £  E xticm, 
n=l m=—n 

v.*(r) = f; jr *<nr(r), 
n=l m=—n 

(3.4) 
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where 

n?(r) = *?>(feW(M). (3.S) 

and w™ are coefficients determined by the currents i(r). Ineq. (3.5), hn^ (fcr) 

is the spherical Hankel function of the second kind, of order n, and Y™(0,<f>) is the 

spherical harmonic of order m and degree n: 

<3'6> 

where P™(x) is the associated Legendre polynomial, 

/  i \ m  ,  J n + n  
= 1)n (m-0)-

p „ " M = ( m  <  o > .  

(3.7a) 

(3.7b) 

For the case where the fields in D are the result of currents i(r) flowing at infinity, 

the Debye potentials have the expansions: 

= f ;  E  '<*?(')• 
n=lm=—n 

(3.8) 

w = EE *<ccw 
n=l m=—n 
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where 

W(r)=jn(kr)Y"(6,<f>), (3.9) 

and ev™,hv™ are coeffecients determined by the currents i(r). In eq. (3.9), jn{kr) 

is the spherical Bessel function of the first kind, of order n. 

The Debye potentials are, except for the addition of the n = 0 terms, uniquely 

determined by the electromagnetic fields E and H. Inserting 11° or in equation 

(3.2) gives E = 0 and H = 0. We shall always take the n = 0 coeffecients equal to 

zero. 

Any electromagnetic field in D is completely determined by the coeffecients ev™, 

kv™,ew™ and htv™. These coeffecients can be considered as the elements of two 

infinite vectors V and W. An electromagnetic field in D caused by currents flowing 

within the sphere of radius ri is described by a vector W; an electromegnetic field 

in D caused by currents flowing at infinity is described by a vector V. This notation 

will be used throughout the thesis. 

3.2 Debye Potentials of a Plane Wave 

Consider a plane wave propagating in free-space in the +z direction of our co

ordinate system, with the electric vector in the ^-direction and with amplitude 

|E| = EQ. In this case, we have 



42 

E = xE0e-'k', 

H = y—t 
Vo 

-Eo - jt, <3 l°) 

where k = Wy/noeo and rio = y/Ho/eo. Upon expanding equations (3.2) 

E' = v^rA^+e)r*'' (3-lla) 

E> sin« a$ + \b + jwt)T drdt^'^' '3'Ub' 

E* ae + (a-\-jm)rsm«drd^T^' '311c' 

H*= + iniiW1)* {3-lle) sin0 d<f> jufir or do 

H* = + • X- ./Li*), (3.11f) 
^ do jufjir sm 0 drdtp 

we observe that the electric Debye potential ipe can be obtained from Er, and the 

magnetic Debye potential iph can be obtained from Hr. The radial components of 

B and H are: 
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Er = E x sin. 0 ays <f> — EoBmOe *krcoaecoa<f>, 

Hr — Hy sin 0 sin (f> = — sin Qc~*kr co* 6 sin <f>. 
*lo 

Using the relation [9] 

BMOE->K R C O 'E  = X)(-j)n+1(2n + l)^^P^(cosd), (3.12) 
n=l 

the previous equations can be written as 

Er = Eo £(—i)n+1(2n + 1) (cos 6) cos (3.13a) 
n=l 

*, = — E(-i)"+'(2» + l) (3.13b) 
^ ̂  kT 

Noting the form of Er and Hr, the Debye potentials can be constructed as 

__ oo 
= — Y] anjn{kr)Pn (cos 0) cos <t>, (3.14a) 

OO 
rj)h = E0 *njn{kr)P*(cos 6) sin<f>, (3.14b) 

n=l 

where an is to be determined. Substituting the values of Er and V*e from equations 

(3.13a) and (3.14a) in equation (3.11a), and making use of the fact that rjn(kr) 

satisfies the differential equation 

(Si + k') rj"{kr) = <315' 
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the coefficients a n  are determined as 

— w>-;$3ir <3-w» 

By means of the relations: 

Pi (cos ») cos * = K (»,*) - Y~ l  (» ,«)] ,  

(3.17) 

P„I(coo«)sin^= [y„'(«,0) + y„ '(«,^)], 

equations (3.14) can be rewritten as: 

V* = Eo WW + *»'W] 

(3.18) 

where the function ^JJ*(r) is given by equation (3.9). 

For the case of a plane wave propagating in the +z direction of our coordinate 

system, with the electric vector in the y-direction and with amplitude |E| = Eo, we 

have 
B = yE0e~3 , 

H = -A->» (319) 

*?o 
and a similar analysis shows that the corresponding Debye potentials are: 

^B->r+y^ww+^w], 

(3.20) 

** = -Eo WW - W] • 
n=l 
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To calculate the Debye potentials of a plane wave propagating in a direction 

other than the z-direction, we need to express the spherical harmonics in a rotated 

coordinate system (r, 0<j>') in terms of those in the coordinate system (r, 0, <j>). Let 

/3, a, 7 be the Euler's angles through which we must rotate the coordinate system 

(r, 0, <f>) to obtain the coordinate system (r,6', <£'). These angles are defined by 

performing this rotation in three steps. First a rotation about the z-axis through 

an angle /?, then a rotation about the new y-axis through an angle a and finally a 

rotation about the new 2-axis through an angle 7. The spherical harmonic of order 

m' and degree n in the rotated coordinate system (r, <?',<£') can be expressed in 

terms of the spherical harmonics in the original coordinate system using the result 

by Rose [11]: 

y? («',*')= £ !%.»•&». (3.21) 
m=—n 

where 

= [(" + ">')!(« - + m)!(n - m)1]i 

(cos g)a"+m'-m-2t 
sin g)m-m'+2ft (3.33) 

X ™ (n — m — fc)!(n + m' — k) i (k  +  m — m')!fc! 

where the sum is over the values of the integer k for which the factorial arguments 

are greater than or equal to zero. It can be shown that the coefficients 

(3.22) 
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have the following properties: 

^m',m(a) = m,—m'(a)» 
(3.24) 

Now for a plane wave propagating in the +z' direction of some rotated coordinate 

system (x',y',z') with the electric vector in the z'-direction and with amplitude 

|E| = E0, the Debye potentials are: 

(3.25) 

rl>h = E0 £ [^(r') + ̂ _1(r')] • 

From equations (3.9) and (3.21), we can write: 

$U*') = ]C 2?m,x09.o.Tf)^» W. 
m=-n 

(3.26) 

m=—n 

Substituting the expressions of V£(r') and V*"1^') from equations (3.26) into equa

tions (3.25) yields: 
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E  ( " W ^ S r i f ° M ) ] « • ( * ) .  
' n=l m=—n V *• ' 

(3.27) 

#' = «.£ £ (-y)"+1 (r). 
n=l m=-n T * ' 

Similarly, for the case of a plane wave propagating in the +z' direction of some 

rotated coordinate system (x',y',z') with the electric vector in the y'-direction and 

with amplitude |£| = E0, the Debye potentials are: 

n=l m=—n V » ' 

(3.28) 

^ = -Eof; £ «,-»)] iCM-
n=lm=—n V '  

3.3 Formal Solution of the Scattering by a Sphere on a Layered 

Substrate. 

Consider a sphere on an N-layered substrate as shown in Figure 1.2. In an operator 

sense, the mathematical formulation of the problem of scattering of a plane wave 

by a sphere in the presence of the substrate is as follows [2]. Let V* be the incident 

wave. If the sphere were absent, a reflected wave "VIR would occur due to the 

specular reflection from the interface between free-space and the layered substrate. 

In the presence of the sphere, there will be an additional wave Ws caused by the 
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induced currents in the sphere. This wave will also be reflected by the substrate 

and will give rise to a wave "VSR. "VSR and W5 are linearly related by the operator 

P describing the reflection of spherical waves by the layered substrate, 

VSR = P • Ws. (3.29) 

The scattering by the sphere is described by the Mie operator M which relates the 

tota l  waves  incident  on  the  sphere  (V 7  + ~V I R  + V S R )  to  the  scat tered wave W s :  

W s  = M • (V 1  + V I R  + V S R ) .  (3.30) 

From equations (3.29) and (3.30), W s  can be solved in terms of V7 and V I R ,  

giving 

W s  = (I-M-P)-1-M-(V /+V /h). (3.31) 

The total scattered wave is the sum of W s  and \SR given by equations (3.31) and 

(3.29). The following sections will be concerned with the calculation of the matrix 

representations of the operators M and P. 

3.4 Mie Scattering by a Sphere in a Homogeneous Medium: Operator M 

Consider a wave V, e.g. a plane wave, incident on a sphere in free-space, the 

sphere having characteristics ea,iia,oa, radius a, and being centered at the origin of 

the coordinate system. The sphere will interact with the incident wave V, resulting 

in a scattered wave W. 
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Let an incident plane wave be propagating in the +z' direction of some rotated 

coordinate system (x'jy'ja'), which may be obtained from the original coordinate 

system (x,y,z) by a rotation through the Euler angles (3, <*,1, with the electric 

vector in the x'-direction and with amplitude |E| = Eo. The Debye potentials for 

the incident plane wave are given by equations (3.27): 

[ C m , « , - . ) ]  
1 n=l m=—n f v ' 

xy»(b)C(«,A 

(3.32) 

<l>< = f; £ W)"+1\/̂ T (̂/».«. i) + OS.,-
n=l m=—n V ' 

The fields scattered by the sphere will be generated by Debye potentials 

of the same form as the incident field with jn(kr) replaced by hl?\fcr) for proper 

behaviour at infinity. Hence the Debye potentials for the scattered wave can be 

written as 

' n=lm=—n f 1 ' 

(3.33) 

= -Bo E £ + •D-.-lW.«.-')] 
n=l m=—n V » ' 
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where an and bn are coefficients to be determined. The fields internal to the sphere 

are finite at the origin. Hence they are specified by the Debye potentials 

' n=l m=—n I v ' 

x jn(ker)Y™(0,<f>), 

(3.34) 

= -Eo E £ 7)] 
n=l m=—n V * ' 

xi»MC(W) 

where k, = u>\/fia(E, —jca/u) and cn,dn are coefficients to be determined. Outside 

the sphere (r > a), the total potentials are the sum of the incident and scattered 

potentials: 

n=l m=—n T v ' 

(3.35) 

E + *C,-l(0, «,•»)] 

x [in(fcr) +6„fe^)(fcr)]y^n(tf,^). 

Inside the sphere (r < a), the total potentials are equal to the transmitted potentials 

given by equations (3.34). The boundary conditions, that the tangential fields 

Ee,E<f„He and H# must be continuous at r = o, are then enforced for determining 
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the unknown coeffecients an,bntcn and dn. From equations (3.11), we note that 

the boundary conditions will be satisfied if we let 

be continuous at r = a. Applying these conditions yields the four algebraic equa

tions: 

jn(ka) + anh^ (ka) = cnjn(k,a), 

Jn(ka) + bnh£\ka) = dnjn(kea), 

(j'wco)"1 

(3.36a) 

(3.36b) 

dW)ikaMka))+ 

= (^a+jo;€<,)-1cn ;{kaajn(kaa)), 

(jW/io) -x 

d(kBa) 

i(L) ( * « » < * « » + ( * ^ 2 ) m ) ]  

= (j W/i*) ~ldn j,f \ (k«ajn (*•«))• 

(3.36c) 

(3.36d) 
d(k,a) 

Solving equations (3.36a) and (3.36c) simultaneously yields the values of an and cn, 

while solving equations (3.36b) and (3.36d) simultaneously yields the values of bn 

and dn: 

a, 
^Narp'n(x)^n{Nax) - il>n{x)il>'n(Nex) 

bn = 
1f:N»ll>n{x)ll>'n(NeX)-lJ>'n{x)ll>n(Nex) 

%Na{nWn(Naz) - &(z)MNa*) ' 

Gn 
-jg*? 

%Na?n{x)MNsx) - U*)<l>'n{Nax)' 

(3.37a) 

(3.37b) 

(3.37c) 



dn = 
jNa 

%N9tn(*)K(Nsx) ~ t'n(*)MNs*) 
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(3.37d) 

where x is the size parameter defined by: 

x = 2ira/\, 

and Ng is the refractive index of the sphere given by: 

1/2 

(3.38) 

Ns = (c« -j<Ta/w)' 

t*o *0 
, (Im(Na)< 0). (3.39) 

(3.40) 

In equations (3.37), ipn(z) and £n(z) are the Riccati-Bessel functions defined by: 

*J>n(z) = zjn{z), 

6n(z) = zh^{z). 

The presence of a prime in these functions denotes differentiation with respect to 

their argument. 

From equations (3.32), the Debye potentials of the incident plane wave can be 

written as: 

« = E  E  ' C W M .  
n=l m——n 

4 t - ±  E  ' « ( ' ]  
n=l m=—n 

where 

(3.41) 
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(3.42) 

"C = Eo (-i)n+Iy^^^ [D",1 (".«••i) + 0£,-i<ft«v1)1> 

while from equations (3.33), the Debye potentials of the scattered wave W can be 

written as: f 

«"-£ £ ''<'ns'W. 
(343) 

' = £ £ ''"C'HS'M 
n'=l m'=—n' 

where 

(3.44) 

k'«C* = SoM-J)n'+1/v(n^1
1)1 + Dm',-i(A«.-»)] • 

It follows from equations (3.42) and (3.44) that each element e tuJJ) or & u>™ of W 

can be written as a linear combination of the elements ev™ and hv™ of V: 
oo +w 

et0™ = ̂  ] y*l + Mn'.m'.e'jn.m.fc wn )> 
n=l m=—it (3 45) 

oo +» v 

h w™ (M.nitm',h'in,m,eevT ~t~M.n',m',h'in,m,hhvli) 
n=l m=—n 

where 
Mn»im',e';n,m,e = "n^iwi^mm') 

,m',h'-,n,m,h ~ j (3.46) 

M*',m'c'-.n.m.h = Mn> m»,h':n,m,e = 0. 



54 

In equations (3.46), 6nnt is the Kronecker delta defined by 

/I n = »', 
®nn' = S _ , , 

I. 0 n »' 

Thus the scattered wave W and the incident wave V are linearly related by the 

matrix M given by eqs. (3.46): 

W = M • V. (3.47) 

3.5 Reflection of Spherical Waves by a Layered Substrate: Operator P. 

In this section, we derive the matrix representation of the operator P which was 

defined in section 3.3 as the operator describing the reflection of the wave scattered 

by the sphere from the air/substrate interface. In the previous section, we expressed 

the wave scattered by the sphere in terms of spherical waves making use of the 

Debye potentials. Therefore it is apparent that the operator P will be constructed 

by considering the reflection of spherical waves by a planar air/substrate interface. 

The following procedure will be followed. Each of the spherical waves in the 

expressions for the Debye potentials of the scattered wave W5 will be expressed as 

an integral over plane waves. Standard Fresnel reflection theory is then applied to 

each one of the plane waves in the above integral representation, and the reflected 

wave is constructed as an integral over all the reflected plane waves. 

The coordinate system is chosen as indicated in Figure 1.2. The Debye potentials 
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of Ws are given by: 

*•(') "E E WW « = «.*• (3-48) 
n=l m=—n 

In his paper about the propagation of dipole radiation along a flat surface [4], 

Weyl derived a formula expressing the spherical wave as an integral over 

plane waves traveling in various directions, 

S - 'Pw 
[ hJo*So+3°°e~lkrco"7sinadctd/3 (z > 0), (3-49) 

= v^Fng(r) = < , . . 
v 5* Jo ' It 3°° e 3krco9',Bin.OLdad/3 (z < 0) 

in which 7 is the angle between the position vector 

r = xr sin 0 cos <j> + yr sin 0 sin $ + zr cos 9 

and the wave vector 

k = xfcsinacos/? + y&sinasin/? + zfccosa 

as indicated in Figure 3.1, and is given by 

]c • r 
cosTf = —— = cos 0 cos a + sin# sin a cos (<^ — /?). (3.50) 

KT 

In equations (3.49), the integrals over a are along paths in the complex plane as 

indicated in Figure 3.2. With the help of equations (3.49), Weyl was able to calculate 

the reflected wave by applying Fresnel reflection theory to each plane wave. 
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Z 

X 

Figure 3.1: 
A 

Angles a and (3 that define the wave normal k of each elemen
tary plane wave. 
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lm(<x) 

z > 0  

• Re (a) 7c/2 

z < 0  

Figure 3.2: Path in the complex plane along which the integration over the 
angle a is performed. 
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Since we want to calculate the reflection of spherical waves of higher order, we 

need a generalization of equation (3.49). This generalization is derived in Appendix 

A and is: 

fcS?>(*r)ir(M)=II™(r) 

f £ /<?* !t'°° '~ik' P) sin "dad/3 (z> 0) 
= (3.51) 

-  £ S o " ' ~ i k r f > ) s t a a i a i f >  ( » < < • )  

As seen from equations (3.2), the Debye potentials have to be multiplied by the 

position vector r before they can be used in the expressions for the electric and 

magnetic fields. But the vectors rip* and riph do not satisfy the vector Helmholtz 

equation. Indeed it is easy to verify that 

(V2 + k2)rrpq = r (VV + fc V) + 2V^« 
(3.52) 

= 2 Vtf«. 

The consequence of this is that Weyl's method cannot be applied - by means of 

equations (3.51) - directly to the Debye potentials themselves since the integrand 

would not correspond to physical plane waves, to which Fresnel reflection could be 

applied. 

Therefore, other potentials, the so-called Hertz vectors, will be introduced. Just 

like the Debye potentials, there are two Hertz vectors, an electric Hertz vector 

IIe(r) and a magnetic Hertz vector nfc(r). In a source-free region, the electric and 

magnetic fields can be derived from these vectors by means of [9]: 

E(r) = -V x nfc(r) + {a + jue)~lV x V x IIe(r), (3.53a) 

H(r) = V x He(r) + (JU;M)"1V X V X IIfc(r). (3.53b) 
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The relationships between the Hertz vectors and the Debye potentials introduced 

earlier have been derived in [2] and are 

n*(r) = r^'(r) + iv [V • (r*«(r)) - 4^(r)], 
k, (3-54) 

n"(r) = rVfc(r) + pV[V-W(r)) - 40*(r)l. 

It can be verified easily that the Hertz vectors given by equations (3.54) do satisfy 

the vector Helmholtz equation. After some straightforward algebraic manipulations, 

equations (3.54) can be rewritten as 

n •(r) = »0«(r) + £iW(r). 
k

r % (3.55) 
nfc(r) = Ttf)h{r) + ^v^ f c(r) .  

By means of equations (3.55), the Hertz vectors Tlq,q = e,h, corresponding to the 

Debye potential given by equation (3.48) take the form 

nJ = E E {r[^2)(fcr) + hW"(kr)]Bm0cos<t>Y™(0,4>) 
n=l m=—n 

+ r( ' | |cos«cos^V™(»,^) 

sb>* a 
sin Q d<}> 

n=l m=—n 

+r (rin ,}*T )  )  ( c o s 6 s i n ( * »*) 3̂'56̂  
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nS = E E '"CM'tf't*'-) + *S?>"(MI c°s«y,r(M) 

where g — e,h, and the prime denotes differentiation with respect to the argument 

of the spherical Hankel function. The components of these Hertz vectors can be 

expressed in terms of the functions TIJJl(r) by means of the following recurrence 

relations [12]: 

cos <?Yn
m(M) =1 

'(n — m + 1)(» + m + l) 
(2n + l) (2n + 3) 1(«.« 

+ ./hzi 
V (2n — 

— m)(n + m) 
(3.57a) 

l)(2n + l) 

. » ^ 1, /(fi + m+ lj(n + m + 2) +1 

= j[ •- y (2ft + l)(2re + 3) ^ ̂  

. I(n ~ m)(» ~ m - !) vm+Wa jl\ 
+ V (2n— l)(2n +1) Y«~' (M) 

. I(n-m + l)(n - m + 2) ^ 
+ V (2»+l)(2n + 3) y"+1 ("' *' 

"V (2» — l)(2»i + 1) Y»~l (M)] 

(3.57b) 



swain^nM)=-|i - \Z X ;j 

+ 
/(n — m)(n — i 

y (2» — l)(2n 
— m — 1) 
+i) 

- /  
(n -m + l)(n-m + 2) vm_x 

(2 n + l)(2n + 3) 
[n+l (M) 

. I(n + m){n + m- l)vm_X/il 
+ V (2n — l)(2n + 1) r-» 
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(3.57c) 

r[fam(fcr) + k<?>V)] = i n(« - i)h-S^l + 2fcJ2,(tr) 

1 
/k 

(n + l)(n + 2)kn^ - 2h%}_x{kr) 

(h£\kr)\ _ 1 
^ kr ) ~ k 

(»-l) 
hP(kr) 

~hnli{kr) 

1 
& 

kr 

^n+2)!^!jM+hmi{kr] 

sin#£*•(#.« = - (»+1 

(3.58) 

(3.59) 

(3.60) 
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coS«co.•iiriM-gHsjiw.*, 

I (n - m +1) (n - m + 2) vm_1/A ^ 
~ "V (2m + l)(2n + 3) y"+1 *> 

/_ . ^ l{n + m-l){n + m)„m_lfa M 

~(n + 1)V (2n — l)(2n +1) y"-' (M)1' 

cos « sin ̂  7™ (», #) + (M) 

(3.61a) 

/(n - m + l)(n - m + 2) vm_1#11 ^ 
+ "V (2n+ l)(2nH-3) y»+l ^ 

l (n + m-l){n + rn)„m_Ua M 

+ (n + 1)V (2n — l)(2n +1) 
(3.61b) 

Using eq. (3.57) through (3.61) in eq. (3.56), we obtain 
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"2-1 £- < » +  
n=l f7i=—n » 

i r,i i l(n~m + l)(n - m + 2) t 
+ (n + 2) V (2n + l)(2n + 3) n*+1 (r) 

/„ ^ l(n + m- l)(n + m)„m_w_,n 

~ (W " X)V (2n — l)(2n + 1) n»"1 (r)1}' 

m — Vs V*' 9««mr~J r _ („ _i_ o'i. /(* + m + l)(w + m + 2)nm+1M 
ny-2^ 2^ ^ 2Jb ^ (n + 2)V (2n + l)(2n + 3) n+1^ 

n=lm=-n ' v 'v ' 

. , x l(n — m — l)(n — m) rTm+1/_x 

V <*-i><*+» n-'(r) (3.62b) 

(r) 
(3.62c) 

n f l  ?  a  m f 1  f / ,  ,  « \  l [ n - m  +  l)(n + m + 1) r 
n" " 2^ 2^ l(n + 2)V (2» + l)(2» + 3) H" 

n=l m=—n > v 'v ' 

/ x In — m)(n + m) „m - xr, , 
+ - ''V (2n-l)(2n + l)n—1''">•« = 

By means of equations (3.51) and (3.62), the Hertz vector corresponding to the 

wave Ws can be written as an integral over plane waves: 
00 +n f I /»2ir r~~joo 

=  E E ' <  s i  I  t - ' k ' " " ^ c , a ) B m a d a i H  
n=lm=—n L 

TV = ( * < ° )  

(3.63) 
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where cos'y is defined by equation (3.50) and w(a,/3) has components 7Ty, 7rz 

given by: 

-=^ " <»+V (np^')(^)+2>y-'(a-g) 

V M (3.64a) 
. ^ /(n-m + l)(»-m + 2) lf . 
+ (n + 2)V (2n + l)(2n + 3) V»+' (a'"> 

. l(n + m-l)(n + m)^m_u_ 
+ ("_l)V (2tt — l)(2n + 1) r-> (a',3)l' 

V 1 (3.64b) 
/_ , «\ /(n - m + l)(n - m + 2) rm_lf 

" (" + 2)V (2n + l)(2n + 3) *»+' (a'") 

-^-^V (2n-l)(2n + l) y-> (a>/3)]' 

i r  -^Nfn I «v / ( f l - m + 1 ) ( f l  + m  + 1 )y m  / a .  f l i  
*- - —I(w + 2)V (2n + l)(2n + 3) W".*) 

(3.64c) 
/_ ^ I (»-m)(n + m) 

" (W ~ (2n-l)(2« + l)r«-l(a'/?)]-

Consider next the plane wave in the integrand (3.63) characterized by the angles a 

and /? that the wave vector Is. = xk sin a cos /? + yfc sin a sin 0 + zk cos a makes with 
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the z axis and x axis respectively, and amplitude *r(a,/?). The electric field E of 

this plane wave is calculated by means of eq. (3.53a). We obtain for q = e: 

Ex = juno [7rx(sin2 a cos2 /3 — l) + irv sin2 a sin (3 cos /? 

+7T, sin a cos a cos /?] t~'kr COB 7, 

Ey = [?Tx sin2 a sin/? cos /? + iry (sin2 a sin2 0 — 1) (3.65a) 

+irg sin a cos a sin /?] e~* kr co"7, 

EM = JUFIO (7rx sin a cos a cos /? + IRV sin a cos a sin/? — jt, sin2 fcr cos 7 

and for q = h: 

Ex = j'A;(—7Ty cos a + 7r, sin a sin /3)e~3kr cos 7, 

= jk(—irM sin a cos (J + irx cos a)e~jkr COB 7, (3.65b) 

2£a = jk(—7rzsinasin/? + 7ry sinacos/?)e-,7*rcos7. 

Corresponding to this plane wave, we introduce a coordinate system (x\ y', z') in 

such a way that z' is the direction of propagation of the plane wave, x' is parallel to 

the plane of incidence and y' is normal to the plane of incidence (see Figure 3.3a). 

Obviously, the coordinate system (x',y',z') can be obtained from the coordinate 

system (x,y, z) by a rotation through the Euler angles (/?,a,0): 

x' = xcos a cos/? + y cos a sin /? — 5 sin a, 

y' = —xs'mfl + y coe (3, (3.66) 

z' = x sin a cos /3 + y sin a sin /3 + z cos a. 
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r 

Layered Substrate 

(a) 

Layered Substrate 

(b) 

Figure 3.3: (a) Coordinate system (x', y', z') corresponding to each inci
dent plane wave in the integral (3.63). 
(b) Coordinate system (x", y", z") corresponding to each re
flected plane wave. 
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Using equations (3.64), (3.65) and (3.66), the x' and y' components of the electric 

field of this plane wave can be calculated. We obtain for g = c: 

and for q = h: 

E
*' 

= a)ejm^e_jfcrco87, 

Ey, = y^C(cos aymf)e-ikr c°8 7 

Ex. = T™ (cos a) e?mPe~*kr C0B 7, 

£„/ = —X™ (cos a)ejm^e~jkr cos 7 

(3.67a) 

(3.67b) 

where 

2 V 47r (n + m)! 

x [(n-m + l)(n + m)P™-1 (cos a) - P™+1(cosa)] , 

(3.68) 

r^fcosa) = + 1 '"-mI 
n v ' 2 Y 47T (n + m)! 

x [P-+V(cos a) + (n - m + l)(n - m + 2)P^T1
1 (cos a)] . 

The reflected plane wave can be calculated using the Fresnel reflection coefiecients 

i2||(7r — a) and Itj_(7r — a) given by equations (3.12) and (2.18). 

In order to facilitate the calculation of the reflected plane wave, we introduce a 

coordinate system [x", y", z") in such a way that a" is the direction of propaga

tion of the reflected plane wave, x" is parallel to the plane of incidence and y" is 

normal to the plane of incidence (see Figure 3.3b). Obviously, the coordinate sys

tem (s", y", z") can be calculated from the coordinate system (x, y, z) by a rotation 
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through the Euler angles (0,ir — a,0): 

x" = —x cos a cos j3 — ycosasin/? — 2 sin a, 

y" = — 1 sin/? + y cos/?, (3.69) 

z" = x sin a cos /? + y sin a sin /? — z cos a. 

In this coordinate system, the electric field Er of the reflected plane wave has x" 

and y" components: 

ER
X„ = R\\(7T - COS^-A)^,? 

(3.70) 
ER

Y„ = JRX(T - A)E~J2K^+^CO^W-^EY>. 

By means of equations (3.27), (2.28) and (3.70), the Debye potentials corresponding 

to the reflected plane wave are, for q = e : 

n'=l m'=—n' V * ' 

x { (/?, ir-a,0) - £>£/,_!(/?, ?r - a, 0)] (TT - a)*™(cos a) 

- J [-Dm',1 (0» JT - a, 0) + (0, * - a, 0)] 

JRJ.(TT - A)T?(cos a)} V#' (r), (3.71a) 

n'—l m'——n' V * ' 

x *7o {y [#mM (£>*"- «»°) + vH'.-iiP,* - a.0)] -R||(^ - a)X™(coaa) 

+ «>0) - _!(/?,*- a,0)j 

R±(IR - A)T™(cos a)} (3.71b) 
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and for q = h, 

n'=l m'=—n' V v ' 

x — { [z?S.'/,x(/?,?r - O,0) - D*pt_x(fair- ".0)1 JE||(*r - a)r^(cosa) 
»7o *•L J 

+ J - a»°) + Dm>,~M*- «.0)] 

R±(ir - a)^(cos a)} (3.71c) 

n'=l m'=—n' 1 v 7 

X {j [-Dm'.lGM - «»°) + ̂ m'.-iOM - «.°)] fl||(* - a)r̂ (cosa) 

- «»0) - •Dm',-l(^'7r - a'°)] 

iEj.(7T - a)X™(cos a)} #?>)• (3.71d) 

The subscripts a and @ indicate that these Debye potentials correspond to the plane 

wave characterized by these angles. To obtain the Debye potentials V*6' and rjjh> for 

the reflected wave VsR, we need to integrate equations (3,71) over all angles a and 

/3 and sum them up over all m and n. From equation (3.22), we have 

ZC'.,±,(/3, *-«,0) = ,±1 (* - a). (3.72) 

By means of eq. (3.72), the integration over /? is performed: 

h C e~i{m~m')PdP = 6mm', (3-73) 

and we are left with an integration over a. Finally, performing the sum over all m 
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and n, we obtain for q = e: 

V*6 — X/ X* ^ Pn'.m'.e'jn.m.e'wJT^ V*™ (r)> 
n'=l m'=—n' \n=lm=—n / 

«"-£ E (E E 
n'=l m'=—n' \n=l m=—n / 

(3.74a) 

and for q = h: 

n'=l m'——n' \n=l m=—n / 

n'=l m'=—n' Vn=l m=—n / 

(3.74b) 

where 

T» _/ -\n' /»r(2n# + 1) r 
—1~j) \/ n/(n/ _j_ jJ ®mm' 

/

W°° , 
K»',- (* - «)^|| (t - at)X™(cos a) (3.75a) 

- Jd-m'.+i* ~ a)R±{* ~ <*)T?(cos a)] 

x e>2fcac080Isinada, 

/ W /T(2n' + 1). 
Fn'.m'.Afjri.m.e - ~ (~j) y n'(n' + 1) mm' 

XTl°f3 [irf<+('r ~ "W*" - «W(C<>S«) (3.75b) 

+dm',-(7r ~ a)R±{ir - a)T^(cosa)] 

x e,'2fcaco8asinada, 
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, *»' M 2n' + l)c 
n',m',e';n,m,fc —I y n'(n' + l) m' 

1 rf-joo r f 

X — J |C',- (* - A)I2|| (T - OT)T™(cos a) (3.75c) 

+idm',+(T - a)-R±(»r - a)X^(cos a)] 

x e>2kacoaa am ada, 

„ / .\n' /*(2»# + l)c 
Pn',m',fc';ntm,fc - ( j) W n#jn# + ̂  * mm' 

J 3 [i^m',+(«- - a)i2|| (t - a)r^(cos a) (3.75d) 

-d<-(T - a)12j.(?r - a)X™(cos a)] 

x e>2kaco°c'sin ada 

with the abbreviations: 

d£,f_(7r - a) = rf^»ti(7r - a) - d£»,_i(7r - a), 

<£>',+(*• - a) = («r - a) + ~ a)* 
(3.76) 

From equations (3.74), the Debye potentials for the reflected wave \SR can be 

written as: 

(3.77) 

n'=l m'=—n' 
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where 

oo +» 
vn' = } - y • (Pn'.m'.e'jn.m.e Wn + Pn',m',e';n,m,fc )» 

n=lm=—n 
oo +n 

wn» = (P»',m',V;n,mfeeu,n* + P»',ro',V;»,mffc **"«*)> 
ns=l m=—n 

L' Equations (3.78) show that each element e v™ or h v™ of VSR is a linear com

bination of the elements ew™ and hw™ of Ws. Thus VSR and Ws are linearly 

related by the matrix P given by eqs. (3.75): 

V S R  = P • W s .  (3.79) 

From eqs. (3.75) we note that P is diagonal with respect to the index m, just as 

the matrix M. This is a consequence of the rotational symmetry about the 2-axis. 
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CHAPTER 4 

COMPUTATIONAL ISSUES INVOLVED IN THE RIGOROUS 

FORMULATION 

In this chapter, the computational issues involved in the rigorous formulation 

of the problem will be considered. These include the truncation of vectors and 

matrices, the numerical evaluation of the operators M and P, the inversion of 

the operator (I — M • P), the derivation of simplified expressions for the far-zone 

scattered field and numerical results. 

4.1 Truncation of Vectors and Matrices 

The vectors and matrices of section 3.3 are of infinite dimension. Their numerical 

computation requires truncation to a finite number N > n of spherical waves used in 

the spherical wave representations of the fields. Wiscombe [13], in his Mie scattering 

calculations, determined N for a wide range of size parameters (0.1 < x < 20000) 

and refractive indices (1.05 < Re(Na) < 2.50, 0 < Im(Na) < 1) and found that 

N a x  +  4 x 3 +  2  ( 4 . 1 )  

where x is the size parameter given by eq. (3.38). Extensive numerical experimen

tation showed that this value of N was also adequate for our case, at least for spheres 

of radius smaller than the wavelength. Note that after truncation, the vectors and 
N 

matrices will be of dimension 2 ^2 i^n + *) = 2N ( N  + 2). 
n= 1 
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As seen from eqs. (3.46), M is a diagonal matrix whose diagonal elements are the 

Mie scattering coefficients an and bn. The form (3.37a) and (3.37b) of the scattering 

coefficients is not the best one suited for computations. Substituting the values of 

ip'n(x) and (n(x) from the recurrence relations 

*!>'n(x) = + *l>n-l( z ) t  
X 

(4.2) 

&(*) = ~£»(*) + £»-l(*) 

into eqs. (3.37), yields a more computationally suitable form for an and 6n: 

On = 

4«M + 3. 

bn 

where 

[^N»AM + x] ^n(«) ~ 

[%NsAn(z) + =•] £n(x) - &i-l(s) 

z = JV«x, 

(4.3) 

An(z) = 
1>n{z) 

(4.4) 

(4.5) 

The Riccati-Bessel functions ipn (x) and £»(x) can be calculated by up-recurrence 

[14] 

1 >n+l( x )  = 2 n + 1 f J ) n { x )  ~ l/>n-l{ x ) ,  

£n+l(x) = ^-^Cn(x) - £»-l(x), 
X 

(4.6) 
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rj> o(x) = sinx, 

- COS X, 

(4.7) 

i / \ suia: 
WllXj = COS I, 

X 

£o(*) = je~3X, 

The rj)n up-recurrence is numerically unstable [15]. However, when using computer 

precision of at least 14 significant digits, up-recurrence has an acceptable error for 

n < x [13]. 

For small Im(z), An(z) can be calculated by up-recurrence [14] 

An{z) = + n 2 7Z\ (n = 2, • • •»N) (4-8) 
z j-An-ilZ) 

with initial value 

A T \ 1 4311 Z F.~\ Ax{z) = — + T7 7 -  (4.9) 
z i tan 2 - 1 

For significant Im(z), the An up-recurrence is unstable and the down-recurrence 

= I" fTXW • (4-10) 

which is always stable, can be used as an alternative [16]. Wiscombe [13] determined 

the smallest values of Im(z) such that up-recuxrence on An failed, for the range 

1 < x < 10000, 1.05 < Re(Na) < 2.50. He concluded that up-recurrence may be 

used for An if 

(-4.il) 
X 
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where 

/(a) = 16.35a2 + 8.42a - 15.04 (4.12) 

otherwise, down-recurrence should be used. The An down-recurrence is preferably 

initialized by calculating An(z) using Lentz Method [17]. The standard contin

ued fraction representation of AN, which follows directly from the down-recurrence 

(4.10), is 

A f f ( z )  =  lim [oi,o2,...,a*] (4-13) 
i—*oo 

where 

[oi,a2,...,o»] =oi H —> (4-14) 
a2 + . . . +at-

ai = (JV + l)/*, (4.15a) 

a{ = (-1),+1 (2N + 2» - 1 )/z (» = 2,3,...). (4.15b) 

Many terms are frequently required for convergence of the continued fraction (4.14) 

and recursive computation is impossible since [aj,..., at'+i] is not simply related to 

a few prior values of [oi,...,a<], but must be computed completely new. 

Lentz discovered a product representation of eq. (4.14) which can be computed 

recursively: 
i 

[ai,...,af] = JJlk (4.16) 
fc=i 

where 

Tk ~ { Nk/Dk k > 1 (4-17) 
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Nk = [ofc,...,ai], (4.18a) 

-D* = [ofc,...,o2] (4.18b) 

and where, by definition, 

[ofc.ofc] = «*:• (4.19) 

Eq. (4.16) is well suited to recursive computation in that 

[®i> ®t] = [®i> ®i—1]2» (4-20) 

and both the numerator and denominator of 2\ follow immediately from the nu

merator and denominator, respectively, of Tt_i 

" < = 0 i + « b  

(4.21) 

1 
Di = ai + ——. 

JJi-l 

Convergence occurs when T,- = 1 to a certain degree of accuracy, i.e., when 

|jKe(T<) - 1| < € and |/m(r,)| < G (4.22) 

In the rare case where a particular value of N{ or D{ might be zero to the accuracy 

of the computer, the ill-conditioning can be side-stepped by striding two iterations 

instead of one; i.e., one goes immediately to 

[®IJ • • • >®*+I] = [°I> • • • > ®T—(4.23) 
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where 

TiTi+1 = |i, (4.24) 
Z2 

£i = l + ai+iNi, 
(4.25) 

£2 = 1 + ai+iDi. 

Unlike the ratios Tt- or Tt+i individually, their product (4.24) is well-conditioned. 

The next term T,+2 is obtained without requiring the ill-conditioned result N{+i or 

Di+i by using eq. (4.21) twice 

1 _ . Ni r/i+2 = a,+2 H —j- = a,+2 + —, 
®»'+i + 7H « 

(4.26) 

n ^ Di Ui+2 = <*»+2 + 

It is necessary to compute the small particle case x —* 0 separately, not only 

because 1/x occurs in the scattering coefficients formulae, but also because the 

upward-recurrence for rpn(x), the upward-recurrence for An(z) and the substraction 

in the numerator of bn all become ill-conditioned as x —> 0. The x —• 0 formulae 

are also faster to compute. 

The asymptotic values as x -*• 0 for the Riccati-Bessel functions and their deriva-
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tives are [15] 

^n(z) ~ 
zn+i 

(2n +1)!!' 

, ,(2n— 1)!! 
f«W~J s. • 

(4.27) 

t-t /_i • (2*> 1)1! 
{„(*) ~ -J" z„+l • 

In eqs. (4.27), the notation (2n ± 1)!! denotes the product of all odd integers less 

than or equal to (2n± 1). Using eqs. (4.27) in eqs. (3.37a) and (3.37b), we obtain 

the asymptotic values as x —• 0 for the scattering coefficients: 

( n  + *)  °  /  2w+l  

(2n - 1)!!(2» + 1)!! + l) n + l] 

(ST^ ~ !) 

T ' 
(4.28) 

(n+1)  (g - 1 )  

(2n - l)!!(2n + 1)!! Jm£(„ + l) + n] 

From eqs. (4.28), it is noted that «i and bi are 0(z3), az and 62 are 0(x5), and 

the remaining values of an and 6n are 0(x7)or higher. If |x| is so small that all 

powers above the fifth can be neglected, only the first four coefficients need to be 

considered. 

Higher approximation will now be obtained by expanding the numerators and 
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denominators of the first four coefficients in powers of the size parameter x ,  and 

retaining only the first few terms. The power series expansions for the Riccati-Bessel 

functions axe [15] 

^n(z) = 
,n+1 

(2n + l)H 
1-

(4) (*)' 
l!(2» + 3) 2!(2n + 3)(2» + 5) (4.29a) 

»n+l 

(2 n + 1)!! 
1-

(4) 
+ 

(4)2 

l!(2n + 3) 2!(2n + 3)(2n + 5) 

+ J 
.(2n — 1)!! 

1-
(*) (*)' 

(4.29b) l!(l — 2n) 2!(1 — 2n)(3 — 2n) 

Substituting the Riccati-Bessel functions in eqs. (3.37a) and (3.37b) by the first 

lower order terms in their expansion (4.29) yield approximations for the first four 

coefficients 

.2 3 Ni 
ai = "'I* 5T» (4.30a) 

* • f.N- -1+ 53 [-£** +:2 i1~ f) N- +1) •12 

+ iko [6TT.N- + (28^7 -1S) N' + (1557 "28) N- "5]x< + 

D' - +s+s [-£"* ~ (*?.+4)N-+ 1 0 ] + y !  { f . N i  - 0x* 

a> [f.N-+ 2 (7%+3)N'+7 (l5S -8)N- -70]14 + 280 

+ j ̂ [ _ ^ +
2 ( 1 _ ^ ) ^  +  1 ] I B + 0 ( I « ) ,  
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h = (4.30b) 

+ I35o [5 (»£ -0 *+28 (£.- 0 N- +"(f.~ 3)]x< + 0(l6)' 

+ 4 [- + 0 N-+14 («£ -0N-+ 35 (2S -s)]14 

+'h[(
1-2^)"M2-;:)]iS+0(A 

fl2 = —J 
r»  f f - f l ? -1  +A [~3^W« +5(1-^)  +  3]  x»  + o(x') 

15 + 3 - i [2gWJ + 5N? - 7] x2 + 0(x<) ' (4.30c) 

.  . x ' S - 1 + S[5-3^+(3-5^)^]^  +  0M 
&2 ? 1 r / \ n • (4.30d) 

15 3S2+2 + i^_(2 + 5^)jV|]x2 + 0(x<) 

In order to retain 6 digit accuracy in the results, the small-particle formulae (4.30) 

are to be used whenever [13] 

|iVax| < 0.1 (4.31) 

4.3 Numerical Evaluation of the Operator P 

The elements in the P matrix (3.75) involve an integral of the form 

J e,2fcaco8a/(cos a) sin ada 

where /(cos a) is a rather complicated function. Making a change of variable to 
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t = —j2ka(coa a + 1) and integrating along the real axis, this integral becomes 

g— }2ka foo 

j2ka 

An integral of this type can be approximated most efficiently using Laguerre inte

gration [15] 

f e~xg(x)dx = V Wigfa) + Rn (4.32) 
Jo .=i 

where n is the »th zero of the Laguerre polynomial Ln(x) defned by: 

(4-33» 

Wi are the weight factors given by 

w< = (n + l)2[in+i(Xi)]2 (4-34) 

and Rn is the remainder given by 

Rn = (0 < f < oo). (4.35) 

Our calculations showed that using n = 15 guarantees sufficient accuracy for a < 2A. 

For spheres of radius a > 2A, n needs to be increased. It was found that n = 50 

guarantees accuracy up to a = 4A. 

The functions X™(cosa) and T™(cos a) involved in the expressions of the P 

matrix elements were defined in terms of the associated Legendre polynomials 

P™(cos a). P™(u) can be calculated from an upward-recurrence on n, which is 

stable [18] 

CM = 7———y [(21 - -(» + "•- 1)P™_ ,(«)], (4.36) 
(n — m) 
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(4.38) 

(4.39) 

with the starting values 

P£(u) = (—l)m(2m - 1)!!(1 - u2)m/2, 
(4.37) 

P£+1(u) = (2m + l)uP£(u). 

Next, it is shown that the elements of the P matrix need to be calculated only for 

nonnegative m. This results in significant computational labor savings in P matrix 

calculations. From eqs. (3.24a) and (3.24b), one gets 

From eqs. (3.76) and (4.38), the following relations are obtained 

= (-i 

<e'm,+ = (-i )m+,<+. 
Also, from eq. (3.7b), one has 

p-t—•)(„)= 

From eqs. (3.68) and (4.40), the following relations are obtained 
x--(u) = (-l)-X-(tt), 

(4.41) 
T"m(u) = (-l)m+1T^(u). 

Finally, from the definition (3.75) of the P matrix elements and the relations (4.39) 

and (4.41), it follows that: 

I* n' ,—m' ,e'',n,—m,e = n',m',e';n,m,e> 

(4.42) 
Pn'.-m'.e'jn.-m.fc = ~Pn',m',e'jn,m,fc> 

Pn' ,—m' .h'm.—m.h ~ 

(4.40) 
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4.4 Inversion of the Operator (I — M • P) 

Inversion of the matrix (I — M • P) becomes computationally tedious for large 

spheres. As an alternative to matrix inversion, a series expansion can be used: 

(I-MP)"1 = I + MP+MPMP +••• (4.43) 

The convergence of the series expansion (4.43) can be argued in a physical sense 

since it describes the multiple reflections between the sphere and the substrate. 

Indeed, the first term in the expansion describes the wave scattered by the sphere 

in free-space. The second term describes the wave first scattered by the sphere, 

then reflected by the substrate and finally rescattered by the sphere. And so on. 

In the Rayleigh limit, only the first term in expansion (4.43) need to be kept. 

In the general case, more terms need to be included. This fact is supported by 

numerical experiments given in section 4.6. 

4.5 Simplified Expression for the Far-Away Scattered Field 

In most practical situations we are interested in the scattered electric field at 

large distances r » ^ and r » a. Above the substrate (d < ^), there are two 

contributions to the scattered field: the contribution of Ws and that of VsR (see 

section 3.3). 

First consider W5. The Debye potentials of W5 are given by eqs. (3.4) 
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*•=£: E 
n=lm=—n V v ' 

(4.44) 

^ = E E  k w * \ l \Vtl'Sh"){kr)p
"

(CM,)e""' n=lm=—n V * ' 

where and are found from eq. (3.31). The electric field of W5 can 

be obtained by substituting the Debye potentials from eq. (4.44) into eq. (3.11a) 

through (3.11c) 

E ' ~ \  E  1 "  ( n  +  m ) !  ^ + * J r k »  ( f c r )  
n=l m=—n T v / L \  /  

x -P™(cos0)ejm^, 

_ /2» + l (n — m)!.'it;™ 1 <f . , f2w, %\ m/ „x 
Eg = > > \ —r—i nl-r-2—3-(rfc?} (Ar))r™(cos0) 

 ̂ *-** V 47R (n + m)! JWCO r drv 
n=l i7>=—fi f 

-ifcu;^42)(fcr)C(cosd)]^, (3.45) 

oo +n I 
= E E / 

n=l m=—n T 

2n + 1 (n — m)! 
4jt (n + m)l U>£Q r ar 

+hwZhW (kr)r?(cos 0)] e>m<t>. 

where 
m/ mPn (cos 6) <(«*»)= v, 

r™(cos9) d 

Alternative expressions for the angular functions 7r™(cos0) and r™(cos<?) 

(4.46) 

sure 



86 

C(COB0) = -^[(n - m + l)(n + m)P^~1( coaO) + P^+^cos tf)] 

+ m sin OP™ (cos 0), 

C(costf) = i[P^+1(costf) - {n - m + 1)(» + m)P?~l(costf) 
A 

Eqs. (4.47) were obtained from eqs. (4.46) and the relations [6]: 

FnJn = "^r[(n -*» + !)(» + m)P^~l{co8e) + P™+1(cos0)] 
sin a zm 

+ sin 0P™(cos 8), 

(4.47) 

(4.48) 

±P?(cos*) = |[P„m+1(cos«) -(a-m + lJfn + mJPr-'tcosO)]. 

For r » we have [15] 

hn ) (kr) ~ Jn+1^JT". (4-49a) 
- j kr  

(4.49b) 
(£ + *3) rh{V(hr) = 5l2±iik(?)(*r) ~ j"+'n(n + 1) ^ 

£(*?(*)) = kH?lt{kr) - y»(kr) ~r^. (4.49c) 

Inserting eqs. (4.49) into eqs. (4.45), the following asymptotic formulae are obtained 
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Er ~ 0, 

r» - lin + 1 (» - m)! c~fkr 

V 4* (» + ">)' kr n=l m=—n T v ' 
x [-J»7oet«^C(cos 6) + hw^{cos 0)\e?m*, (4.50) 

Y~* n / 2n + 1 (n — m)! e-,fcr 

* ~ E  E  ̂" V  47t (n + m)! ~fcr~ n=l m=—n T v 7 

x [»7oeu;™?C(cos0) + jhw™T™(cos 0)]ejfm* 

where only the terms that vary like 1/r have been retained. 

In order to calculate the electric field corresponding to the reflection of Ws by 

the layered substrate at a point P(r,0,<f>) (0 < £), the image point P'(r',0', 4>) of 

P(r, 6, <f>) is introduced (see Figure 4.1). The electric field corresponding to the wave 

W5 can be expressed as an integral over plane waves. The electric field correspond

ing to the reflection of Ws then becomes the sum of an integral over parallel - and 

an integral over perpendicular-polarized plane waves, each wave multiplied by its 

corresponding Fresnel factor. At large distances r » only the reflected waves 

of the plane waves propagating in directions within a small solid angle about the 

r'-direction will contribute to the integrals [7], Because the Fresnel factors occur

ring in these integrals will vary slowly within this solid angle, they can be replaced 

by the Fresnel factors corresponding to the r'-direction. So at large distances, the 

9- and <j>- components of the reflected wave are 

JSftr.M) ~ *||0r - e')Ee(r',0',4>), 
(4.51) 

£J(r,M) ~ R±(* - e')Et(r'J'.t) 
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Layered Substrate 

Figure 4.1: Image point P'(r',0',<f>) of point P{r,6,4>) introduced for the 
calculation of the scattered wave after its reflection by the lay
ered substrate. 
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where 

r' = Vr2 + 4 ar cos 0 + 4a2, (4.52) 

(4-53) 

and i2|| and R± are given by eqs. (2.12) and (2.18). If in addition to r » we 

have r cos 0 » a, then eqs. (4.52) and (4.53) become 

r' ~ r + 2acos 0, (4.54) 

9' ~ir-0 (4.55) 

and eqs. (4.51) become: 

(4.56) 
Ee{r,0,<f>) ~ 22||((?)jB®(r + 2acos0,?r — 9,<f>), 

+ 2acos0,7r — 0,$). 

From eqs. (4.50), we have: 

E$(r + 2acoB0,7r — 0,$ = e~32kacoe0Ee(r,ir — 0,$, 
(4.57) 

2fy(r + 2acos0,7r — 0,<f>) = e '2kacoaeE<f,(r,ir — 0,$. 

Using eqs. (4.57) in eqs. (4.56), we obtain: 

BJfr.M) ~ - M), 
(4.58) 

The total scattered field at the point P(r,0,^) is obtained by adding eqs. (4.50) 

and (4.58). 
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4.6 Numerical Examples 

The normalized components of the far-away scattered electric field axe defined as 

follows: 

(a) For a TM-polarized incident wave: 

ESJ6,4,) = kre+''"-^r, 

"t <«•> 

where k = Uy/fioeo = 2ir/\, 170 = vVoAo and Ho is the amplitude of the incident 

magnetic field, 

(b) For a l\E-polarized incident wave: 
Tpe 

El(e,4,)=kre+>k'-?-, 
° (4.60) 

E}je,4,) = kr,*'k'^ 

where EQ is the amplitude of the incident electric field. 

Numerical results for E$n ($, <j>) and E^n (0, <f>) are generated for the following ge

ometry (see Figure 4.2): 

Incident Plane Wave: polarization = TM,  TE , 0 X  = 45°, 

Two-Laver Substrate: li = 2A, eiP = 4, n\r = 1, <j\ = 0, 
£2 = 00, 62r = 11.7, H2r = 1, <72 = 0, 

Dielectric Sphere: ear = 4,(iar = l,<ra = 0, varying radius a. 

The magnitudes of Egn[9,<f> = 90°) and E n̂(0ttf> = 0 or 90°) were computed for 

a = A/10 using two different methods: 
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>X 

Figure 4.2: Plane wave incident on a sphere over a two-layered substrate. 
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(a) Rayleigh approximation with no reflections between the sphere and 
the substrate, 

(b) Mie formulation with infinite reflections between the sphere and the 
substrate 

and the results are plotted in figures 4.3 through 4.6. From these" figures, it is 

observed that method (a) yields results that are in very good agreement with those 

obtained from method (b). It is also noted that method (b) yields for most angles 

of observation slightly smaller field magnitudes than method 

(a). This is because method (b) accounts for multiple reflections between tne spneie 

and the substrate thus predicting more accurately the energy transmitted in the 

substrate. Even though method (a) is less accurate than method (b), it is much 

easier to compute and it can predict how the various parameters affect the scattering 

response in the Rayleigh limit. Figure 4.3 also shows results obtained using two 

other methods: 

(c) Mie formulation with no reflections between the sphere and the sub
strate, 

(d) Mie formulation with one reflection between the sphere and the sub
strate. 

From Figure 4.3, it is observed that methods (a) and (c) yield results that are very 

close to each other. The small difference between the two results is due to the fact 

that method (a) does not take into account the variation of the field distribution 

within the sphere while method (c) does. From Figure 4.3, it is also observed that 

methods (b) and (d) yield almost identical results, which means that in the Rayleigh 

limit the first reflection is important and needs to be accounted for. 
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Results for a — A/2 and A were also obtained using method (a), method (b) and 

the Mie formulation with multiple reflections between the sphere and the substrate, 

and these are shown in Figures 4.7 through 4.18. From these figures, we observe 

the extreme variation in the magnitude of the scattered field as a function of the 

ratio sphere radius/wavelength. Figures 4.7 and 4.11 show the multiple reflection 

effects to be important for spheres of dimension comparable to the wavelength. 
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0.12 — Een(0» 0 = 90°) | 

Rayleigh (no reflections) 

Mie (no reflections) 

Mie (oo reflections) 

Mie 
(1 reflection) 

0.09 — 

Figure 4.3: Polar plots of |J5£b(#,^ = 90°) I generated for the geometry of 
Figure 4.2 with sphere radius « = A/10 and TM-polarization. 
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0.12 

Rayleigh (no reflections) 

0.09 
Mie (oo reflections) 

0.06 

0.03 

0.09 0.12 0.06 0.03 

Figure 4.4: Polar plots of = 90°)| generated for the geometry of 
Figure 4.2 with sphere radius a = A/10 and TM-polarization. 
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0.12 

Rayleigh (no reflections) 
0.09 

Mie (oo reflections) 

0.06 

0.03 

0.09 0.12 0.06 0.03 

Figure 4.5: Polar plots of |= 90°)| generated for the geometry of 
Figure 4.2 with sphere radius « = A/10 and TE-polarization. 
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E^(0.+ -<ni 

0.12 — 

0.09 — 

0.06 

0.03 

Rayleigh (no reflections) 

Mie 
(oo reflections) 

Figure 4.6: Polar plots of = 0°)| generated for the geometry of 
Figure 4.2 with sphere radius « = A/10 and TE-polarization. 
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E|n(0, (|) = 90°)| 

Mie (1 reflection) 

Mie (2 reflections) 

Mie (oo reflections) 

Mie (no reflections) 

Figure 4.7: Polar plots of [«;.(«.+=w)i generated for the geometry of 
Figure 4.2 with sphere radius a = A/2 and TM-polarization. 
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3 

Mie (oo reflections) 

2 

0 

Figure 4.8: Polar plot of = 90°)| generated for the geometry of 
Figure 4.2 with sphere radius a = A/2 and TM-polarization. 
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2 

Mie (oo reflections) 

1 

o 

Figure 4.9: Polar plot of |£>^(#>^ = 90°)| generated for the geometry 
Figure 4.2 with sphere radius a = A/2 and TE-polarization. 
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6 

Mie (oo reflections) 

4 

2 

0 

Figure 4.10: Polar plot of = 0°)| generated for the geometry of 
Figure 4.2 with sphere radius a = A/2 and TE-polarization. 
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|Een(0»<l> = 90°) | 

Mie (1 reflection) 

- Mie (oo reflections) 

Mie (2 reflections) 

Mie (no reflections) 

Figure 4.11: Polar plots of = 90°)( generated for the geometry of 
Figure 4.2 with sphere radius a = A and TM-polarization. 
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6 

4 

Mie (oo reflections) 

2 

o 

Figure 4.12: Polar plot of = 90°) | generated for the geometry of 
Figure 4.2 with sphere radius a = A and TM-poIarization. 
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6 

4 

Mie (oo reflections) 

2 

0 

Figure 4.13: Polar plot of |£fa(#f 4 — 90°)| generated for the geometry of 
Figure 4.2 with sphere radius a = A and TE-polarization. 
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15 

Mie (oo reflections) 

10 

5 

0 

Figure 4.14: Polar plot of = 0°)| generated for the geometry of 
Figure 4.2 with sphere radius a = A and TE-polarization. 
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|E|n(0= 60°,(|))| 

4 — 

Mie (oo reflections) 

Figure 4.15: Polar plot of |£^(# = 60°>^)| generated for the geometry of 
Figure 4.2 with sphere radius a = A and TM-polarization. 
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E®n(0=6O°f(J))| 

Mie (oo reflections) 

4-1-

Figure 4.16: Polar plot of generated for the geometry of 
Figure 4.2 with sphere radius a = X and TM-polarization. 
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|Ee
s
n(0=6O°,<|))| 

4-r 

Mie (oo reflections) •• 

2— 

Figure 4.17: Polar plot of |£^(# = 60°t^)| generated for the geometry of 
Figure 4.2 with sphere radius « = A and TE-polarization. 
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|Ejn(0~ 60°, (|))| 

8 ~r 

Mie (oo reflections) " 

\ 4— 

4 - -

Figure 4.18: Polar plot of generated for the geometry of 
Figure 4.2 with sphere radius a = A and TE-poIarization. 
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CHAPTER 5 

CONCLUSIONS 

The problem of electromagnetic wave scattering by a sphere on a layered substrate 

has been formulated and analyzed both in the Rayleigh limit, where the radius of 

the sphere is small compared to the wavelength, and in the general case where the 

ratio of sphere radius to wavelength is arbitrary. The theoretical models presented 

in this thesis can be used to improve the wafer scanning analysis for the detection 

of microcontaminants on wafer surfaces. 

In the Rayleigh limit, the effect of the presence of the sphere is accurately de

scribed in terms of the induced dipoles inside the sphere. Closed-form expressions 

for the scattered fields in the far-zone are derived from the radiation of the induced 

dipoles in the presence of the substrate, and these provide us with valuable infor

mation on how the various parameters of the problem (wavelength and angle of 

incidence of the incident radiation, dimension and properties of the sphere, geomet

ric and properties of the substrate and angles of observation) affect the scattered 

fields. It is shown that in the Rayleigh limit spheres of equal size and different 

material characteristics scatter light similarily. 

In the general case, where the ratio of sphere radius to wavelength is arbitrary, 

it is shown that the problem reduces to the problem of scattering by a sphere in 

a homogeneous medium coupled with the problem of reflection of spherical waves 

by a layered substrate. Following the formulation in [2], the first problem is solved 
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using the Mie theory [3], while for the reflection of spherical waves by a layered 

substrate an extension of Weyl's method [4] for dipole radiation in the presence of 

a flat surface is used. This formulation is rigorous. 

We have discussed a number of computational issues involved in the rigorous 

formulation. The infinite vectors and matrices appearing in the final system for 

the calculation of the coefficients in the spherical wave expansion of the unknown 

scattered fields had to be truncated at a certain finite value obtained from Mie 

scattering calculations. 

The elements in the matrix representation of the operator P describing the re

flection of spherical waves by a planar multi-layered substrate were expressed as 

integrals over plane waves, with weighing factors that involve the proper Fresnel re

flection coefficient for each angle of incidence and polarization, and the amplitude of 

the incident plane wave as found from the plane wave decomposition of the specific 

incident spherical wave. An appropriate change of variables was used to facilitate 

the numerical evaluation of these integrals. 

The key point in the numerical calculation of the coefficients in the spherical wave 

representation of the scattered fields is the inversion of the matrix (I —M-P) which 

involves the Mie matrix M and the P matrix described above. Since the dimension 

of this matrix increases rapidly with the ratio sphere radius/wavelength, a series 

expansion of the inverse was considered as an alternative to matrix inversion. The 

terms in this series expansion can be identified as the terms describing the multiple 
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reflections between the sphere and the substrate. Numerical experiments given in 

section 4.6 show the series to be convergent and that the Rayleigh limit solution is 

recovered by keeping only the first term in the series expansion. 

Numerical results have been generated using the Rayleigh approximate method, 

and the Mie formulation taking into account the multiple reflections between the 

sphere and the substrate. Numerical results obtained using the rigorous formulation 

for electrically small spheres are in very good agreement with those obtained using 

the Rayleigh approximate method. Excellent numerical results were obtained from 

the Mie formulation when the first reflection was taken into account for spheres in 

the Rayleigh limit, while for spheres of dimension comparable to the wavelength 

when multiple reflections were taken into account. 

These models can be applied to the case of a sphere suspended in the air above 

a layered substrate. The only needed change is to replace, in relevant expressions, 

the radius of the sphere by the distance between the center of the sphere and the 

air/substrate interface. 

These models can also be extended to particles of other shapes. In the Rayleigh 

approximate method, the dipole moments for the sphere have to be replaced by 

the ones corresponding to those particular shapes. In the rigorous formulation, the 

Mie operator M has to be derived for those particular, shapes. For such cases, a 

finite-element formulation of the problem using the unimoment method [19] would 

be the natural choice. 
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These models can also be extended to the problem of scattering by a collection 

of spheres on a layered substrate. Assuming that the spheres are of the same size, 

and that the distances between them are much larger than their radius so that the 

interactions between the spheres can be neglected, the information for the scattered 

field pattern for a single sphere could be used in conjunction with the equivalent to 

an array factor to predict the total scattered field. 
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APPENDIX A 

DERIVATION OF AN INTEGRAL REPRESENTATION FOR /i&°(fcr)Yn
m(M) 

Consider the integral representation of h£\kr) [6]: 

[ & for Io+i°° e~ikr C°8^n(cos 7) sin adadp (z > 0) 
hn>(fcr) = { (A-1) 

I 2* C Ik ~,0° e~jkT C°" (cos l) sin (z < 0) 

in which 7 is the angle between the wave vector 

k = xfcsin acos/3 + yfcsinasin/? + zk cos a 

and the position vector 

r = xr sin 0 cos + j/rsin0 sin^ + zr cos 6 

and is given by 

k • r 
cos 7 = —— = sin 0 sin a cos(<£ — /?) + cos 0 cos a. (A.2) 

9CT 

The integral f da in eq. (A.l) is along a path in the complex plane as indicated in 

Figure 3.2. 

To obtain an integral representation of hffi (kr)Y™ (0,<f>), we will make use of the 

addition theorem for spherical harmonics: 

P»(cos'») = 2^1 £ Y?'V,t)Y?(a,0). (A.3) 
m=—» 

For the special case 7 = 0, eq. (A.3) gives 

1 = 2̂ TT 2 (A.l) 
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Substituting the expressions of Pn(cos7) from eq. (A.3) into eq. (A.l), and multi

plying the left side of eq. (A.l) by the value of 1 from eq. (A.4), we obtain: 

4?»(*>•) £ r»m(M)ir'(M) (a.5) 
m=—n 

g Y?'(O, < f >)Y™(a,(3) B )nadad0 ( z >  0) 
^ m=—n 

£f?ftiO°<-ikrC0"< £ yn
m*(^^)iT(a,/?)sinad^ (z < 0) 

^ m=—n 
Equation (A.5) can be rearranged as: 

£ y~-(M)[fc(?>(*r)rnM)] (A.6) 
m=—n 

E V™*(« ,* )  [ £ /o ' e ~ y f c r C O B ^n" 1  (« , / ? ) s inadadp] (z > 0)  
171=—n 

E *nm*(M fe /o */rf"y°° e-^rco"'yn
m(a,/3) sinadad/?] (2 < 0) 

\ m=—n "• 

The series on both sides of eq. (A.6) are equal if and only if their coefficients are 

equal. Hence, we find 

hW(kr)Y?(6,<f>) (A.7) 

' £lo'/c?+JO°^krcoe^(a,p)sinadadfi (z > 0) 

> £ Jo * ^krcoB^(a^) sinadad/3 (z < 0) 

Equation (A.7) gives an integral representation for the function hf£\kr)Y™(0,4>). 

For the special case n  = 0 and m = 0, equation (A.7) reduces to Weyl's represen

tation for the zeroth order spherical wave, 

-itr ( & ft !o+i" '-''""•"'amadadll (z > 0) 
ko2'(*r) = 3jir = { (A-8) 

JL f2* Jf -3 00 e-3kr cos sin adadp (2 < Q). 
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