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ABSTRACT 

Typically, the problem of a plate on an elastic foundation has 

been approached by assuming that the foundation modulus (or 

modulus of subgrade reaction for a soil) remains constant as 

the plate deforms the foundation. If one were dealing with 

soil as the foundation material, it can be seen from a load-

deformation plot for a particular soil, that this modulus 

would not be constant but would decrease as the deformations 

increase. The purpose of this thesis is to obtain an accurate 

solution that uses a more realistic model for the effect of 

the foundation behavior in the problem. When larger 

deflections of the plate are encountered, the results of the 

analysis using a non-linear model for the foundation differ 

substantially when compared to results using a linear model. 
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CHAPTER 1 

INTRODUCTION 

This thesis discusses the analysis of a uniformly loaded 

circular plate resting on a non-linear elastic foundation 

accounting for moderately large deflections. 

Work concerning the circular plate on an elastic foundation 

has been done by Bolton1, Sinha8, Kamal and Durvasula5, and 

Hassan and Nassar4, to name a few. Previous analyses have 

considered: non-linear plate theory with linear foundation 

behavior; linear plate theory with linear foundation behavior; 

and linear plate theory with non-linear foundation behavior. 

The purpose of this thesis is to incorporate non-linear 

foundation behavior into a sufficiently accurate non-linear 

plate theory for moderately large deflections of the plate. 

The solution procedure in this analysis is formulated as a two 

point boundary value problem and involves making use of the 

symmetry in the plate with respect to: geometry, loading, and 

boundary support. Relationships from strain/displacement, 

stress/strain, and equilibrium are used to reduce the problem 

to a system of six first order differential equations 

defining: 1) Lateral displacement, 2) Radial displacement, 
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3) Rotation of the tangent to the deformed surface, 4) Radial 

bending moment, 5) Radial axial force, and 6) Shear. From the 

solution of these equations, it is then possible to determine 

values for the deformations, strains, axial forces, bending 

moments, surface curvatures, and rotations in the radial and 

circumferential directions. 

At best, exact analytic solutions of the differential 

equations would be extremely difficult to obtain, therefore a 

numerical technique is used to integrate the equations. To 

solve the equations, a four point Runge-Kutta method was used 

for the numerical integration along with a Newton-Raphson root 

finding scheme to fit the numerical solution to the boundary 

conditions. 



1.1 Notation 

9 

w Lateral deflection of middle surface 

q> Rotation of tangent to the middle surface 

r Radius of plate 

a Radius at edge of plate 

£r Radial strain 

et Tangential strain 

rt Radius of curvature in tangential direction 

rr Radius of curvature in radial direction 

Np Axial force in radial direction 

Nt Axial force in tangential direction 

Mp Bending moment in radial direction 

Mt Bending moment in tangential direction 

D Flexural rigidity of plate 

E Modulus of Elasticity 

Q Radial shear force 

X Uniform lateral load 

fF Foundation resistance pressure 

v Poisson's Ratio 

h Plate thickness 

u Radial displacement 
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CHAPTER 2 

GOVERNING EQUATIONS 

The governing equations for a plate with moderately large 

deflections are derived with the aid of the assumption that 

the rotations of the tangent to the deformed surface are small 

compared to unity so that second order approximations to the 

trigonometric functions 2.1 - 2.3 are adequate. 

r 
+w 

w 

Figure 1 

From Figure 1, it is seen that 

2.1 

sintp » tanq> « <p 

cos(p « 

2 . 2  

2.3 
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Referring to Timoshenko and Woinowsky-Kreiger9, from the 

strain/displacement relationships, using only terms that are 

accurate to the second order in w, values are derived for 

radial and tangential strain (cr, et), and the curvatures in 

the radial and tangential direction (l/rr, l/rt) 

=r = + l<p2 
r dr 2 

€t = u 

1 
r-

& 
r 

1 _ _ d2w 
r dr'' 

2.4 

2.5 

2 . 6  

2.7 

From the stress/strain relationships, we get values for the 

radial and tangential forces (Nr, Nt) and moments (Mr, Mt) 

"•'
= (6*+V€e> 

2 . 8  

2.9 

2.10 

2.11 



where, D is the flexural rigidity of the plate. 

12 

D = 2 12 
I2<l-v2) 2,12 

To derive the equations of equilibrium, an element from the 

deformed plate is considered as shown in Figures 2 ,  3, 4, 5. 

Ntdr 

Figure 2 - Plate Element 

(rN^dG 

N.dr 

Mtdr M.dr 

(rNr) 2d0 
(rMr)zd0 

Figure 3 - Axial Forces 
on Element 

Figure 4 - Moments on 
Element 



13 

(rNr)td0 

(rNr)2d6 

(rQ) 2d0 

(rQ^dQ fFrd0dr 

Figure 5 - Deformed Element 

Referring to Figure 5 it is assumed that, when summing forces 

in the radial direction, $ is small enough so that the 

horizontal contribution from the shear term Q is considered to 

be negligible compared to the horizontal contribution from the 

force Nr. Also, the undeformed radius r, is considered to be 

indistinguishable from the deformed radius. Thus, for the 

purpose of dealing with the equilibrium equations, to obtain 

equations that are accurate to the second order in w, we use 

the approximations 

sin <p « <p 

and 

cos 9 « 1 



14 

From Figures 2, 3, 4, and 5, we can sum forces in the radial 

and lateral directions, sum moments, and use the assumptions 

stated previously so that the approximate equations of 

equilibrium become 

•4- UN.) - Nt = 0 2.13 
dx * c 

(rMr) - Mt + TQ = 0 2 .14 

•^(rO) + ~(rNx<p) = (X-fF) r 2.15 

Equations 2.1 - 2.15 can now be combined to obtain a reduced 

set of first order differential equations as follows: 

dw 
dr 

du 
dr 

dr 

= -<p 

( 2 r ) Eh 1 

_ V<P + 

dr r \dr r I 

_ I Eh \( 1 du_ u + <p2 \ 
dr ~~\l+vj[rdr r

2 2r) 

dQ 
dr 

-cp^£ - Hd. 
v dr 1 dr r 

£ * a-fj 

2.16 

2.17 

2.18 

2.19 

2.20 

2.21 
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Equations 2.16 - 2.21 are the governing equations to be solved 

for w, u, <p, Mp, Nr, and Q. After obtaining the solution to 

these equations, one can easily make the appropriate 

substitutions into Equations 2.4, 2.5, 2.6, 2.7, and 2.11 to 

determine values for the strains (er, et) and curvatures (l/rr, 

l/rt) as well as the tangential axial force (Nt) and moment 

(M t) .  

As stated previously, at best, the analytic solution to 

Equations 2.16 - 2.21 would be difficult to obtain, therefore 

a numerical scheme is necessary. A particular solution 

depends on the boundary conditions at the edge of the plate. 

For this research, four different boundary supports were 

considered: 

(1) Clamped, immovable radially 

(2) Simple, immovable radially 

(3) Simple, movable radially 

(4) Clamped, movable radially 

To outline the numerical procedure, which is an application of 

the general procedure described in the work done by Qashu and 

DaDeppo6, a plate under a uniform load with a clamped, 

immovable support will be used as an example, as shown in 

Figure 6. 
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r=0 
X 

1 L 1 

* • ' 
t t t 

r=a 

t t 
fE 

Wo=-
U<=0 
<PO

=0 

M =? 
N =*•> 
"ro * 

.Qo~° 

t t 

Wa~0 
Ua=0 
«p =0 
M =? ra _ 
Nra=? 
Qo=? 

Figure 6 - Plate with Clamped Immovable Supports 

Because of the symmetry involved in the problem, the 

integration of Equations 2.16 - 2.21 can be started at r=0 and 

the solution will be valid for 0 < 8 < 2ir and 0 < r < a (See 

Figure 2) . To employ the Runge-Kutta numerical integration 

scheme for Equations 2.16 - 2.21, correct initial values for 

w, u, <p, Mr, Nr, and Q are necessary for the correct solution. 

Referring to Figure 6 it is seen that at r=0 three of six 

values are known (u0 = - Q0 = 0). Also, at the boundary, 

r=a, three of six values are known from the boundary 

conditions (w0 = ua = q>a = 0). The solution scheme centers on 

finding correct values for the unknown initial values (w0, Mro, 

Nro) at r=0 so that the integrals of Equations 2.16 - 2.21 will 

yield the correct prescribed values (wa, u0, q>0) at r=a, and 

thereby produce correct values for the unknown reactions 
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(Mra' Nra' Qa) at the support. 

To arrive at the appropriate values for w0, Mro, and Nro, we 

treat the variables w, u, <j>, Mr, Nr, and Q as functions of r, 

with w0, Mro, Nro, and A as parameters so that 

w(r) = w(r; wo, Mpo, Nro; X) 2.22 

u(r) = u(r; w0, Mro, Nro; X) 2.23 

<p(r) = <p(r; wQ, Mro, Nro; X) 2.24 

Mr(r) = Mr(r; w0, Mro, Nf0; X) 2.25 

Nr(r) = Nr(r; w0, Mro, Nro; X) 2.26 

Q(r) = Q(r; w0, Mro, Nro; X) 2.27 

where, by construction, the functions u(r), q>(r), and Q(r) 

satisfy the condition that u(0) = <p(0) = Q(0) = 0, and w(0) = 

"<>' Mro(°> = Mro' and Nr(°> = Nro* 

It is observed that although the functions in Equations 2.22 -

2.27 are not available, they can be evaluated by numerical 

integration (here, using a Runge-Kutta method) for any 

assignment of w 0, M r o, N p o  and A. For a  prescribed value of X, 

the values wQ, Mro, and Nro, for which the functions in 

Equations 2.22 - 2.27 represent the solution of the boundary 

value problem, satisfy the boundary conditions 
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w(a) = w(a; w0, Mro, Nro; A.) = 0 2.28 

u(a) = u(a; w0, Mro, Npo; X) = 0 2.29 

<p(a) = q>(a; w0, Mro, Nro; A) = 0 2.30 

If the functions in Equations 2.22 - 2.27 were known, 

Equations 2.28 - 2.30 could be solved with the aid of the 

Newton-Raphson procedure. The Newton-Raphson procedure, as it 

applies to the problem at hand, is described in the following 

section. 
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CHAPTER 3 

NEWTON-RAPHSON PROCEDURE 

For a given load, A, it is desired to find the correct values 

of w0, Mro, and Nro for the functions in Equations 2.22 - 2.27 

that will satisfy the boundary conditions (Equations 2.28 -

2.30). If wMro*f and Nro* are approximations to the correct 

values of w0, Mro, and Nro, corrections Aw0*, AMro*, and ANro* may 

be introduced such that 

w„ = w * + Aw/ 
0 0 o 

M = M * + AM * ro ro ro 

N = N * + AN..* ro ro ro 

3.1 

3.2 

3.3 

With approximate values w0*, Mro*, and Nro* (for a fixed k) the 

boundary values become 

w*(a) = w(a; wo\ Mr0*, Nro\- A) 3.4 

u*(a) = u(a; w0*, Mro*, Nro*; A) 3.5 

<p*(a) = <p(a; wQ*, Mpo\ Nro*; A) 3.6 

Since w0*, M
r0*r ar»d Nro* are only approximations, the 

corrections Aw0*, AMro*, and ANro* that will produce the desired 

boundary values w(a), u(a), and q>(a) must satisfy 
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w(a) = w(a; w0'+Aw0*, Mro*+AMro*, Nro*+ANro*; X) = 0 3.7 

u(a) = u(a; w0*+Aw0*, Mro*+AMro*, Nro*+ANro*; X) = 0 3.8 

9 (a) = <P(a; wo*+Awo*, Mf0*+AMr0*, Nro#+ANro\- X) = 0 3.9 

Equations 3.7 - 3.9 cannot be solved analytically for AwQ*, 

AMro*, and ANro*; however, if v*, Mro*, and Nro* are close 

approximations to w0, Mro, and Nro, we can expand Equations 3.7 

- 3.9 in a Taylor's series about w(a), u(a), and <p{a) and, 

neglecting terms higher than the first order, come up with 

first order approximations to Aw0*, AMro*, and ANro*. This gives 

*l£L*v *(£!>• »•" 

where tfw0*r SKr*, and 6Nro* are first order approximations to 

Aw0\ AMr0\ and ANpo*. 
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To solve Equations 3.10 - 3.12 for 6w*, $Mro", and $Nro*, values 

are needed for the appropriate partial derivatives. To obtain 

these values, one can consider Equations 2.16 - 2.21 as 

functions of r, with wQ, Mro, Nro and X as parameters and write 

the equations in the form 

~ = gwir}wolMXa,Nxj\) = gjr) 3.13 

du ££ = ffu(r;wotMXglNZg;k) = gru ( r )  3.14 

= g9(r;w0,MTolNIoik) = gv(r) 3.15 

dM, 
of = 9 Hr(r;w0,Mrg,NXo;X) = gHJr) 3.16 

dN, 
-gj = 9Nr(riw0,MIgfNXg;k) = gNi(r) 3.17 

= 9(>(rt wo'MXgtNZgiX) - g0(r) 3.18 

With r, wQ, Mro, and Nro as independent variables, the partial 

derivatives of Equations 2.16 - 2.21 with respect to w0 can be 

expressed as 
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d I dy\ _ _d_( dw \ _ dffv(z) 
dw0\drf 3r^3v0J 3 w0 

d I du\ _ 3 f du \ _ dffu(x) 
dw0\dr) " dwQ 

d I dtp \ = d f 0<p ) = Bgm (x) 
dw0\dz) 3r(3w0J " dw0 

d ( 6iO = 8 f SNX\ = dgr„r(r) 

dwQ{ dr ) ar^3hr0J " dwa 

a ldQ\ 
dwQ\drl 

=  J L  ( J o )  
3r( dw0j 

dg0(r) 

dwn 

Twelve similar expressions may be written for the partial 

derivatives of Equations 2.16 - 2.21 with respect to Mro and 

Nro. This produces eighteen additional equations that can be 

integrated numerically along with Equations 2.16 - 2.21 to 

obtain numerical values for the functions w, u, 9, Mr, Nr, Q 

and their partial derivatives with respect to w0, Mro, and Npo. 
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Thus, for a particular X, with close approximations w0*, Mro*, 

and Nro*, Equations 2.16 - 2.21 along with the eighteen 

additional equations can be integrated numerically to produce 

the values for the partial derivatives necessary to solve 

Equations 3.10 - 3.12 for SwQ*, 5Mro*, and 6Ur*. From this we 

can come up with improved approximations for w0*, Mro*, and Nro*. 

The scheme is repeated until wc" * Wo' Mro* ~ Mro' and Nro* ~ Nro' 

initial values that, with integration of Equations 2.16 -

2.21, will produce a solution that satisfies the boundary 

conditions, w(a) = u(a) = <p(a) = 0. 
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CHAPTER 4 

INCREMENTAL LOADING 

In the previous section, it was shown how to refine 

approximations v*, Mro*, and Nro* so that they converge to the 

values wo, Mro, and Nro necessary to satisfy the boundary 

conditions for a particular loading, X. With w0, Mro, and Nro 

known, for a given X, Equations 2.16 - 2.21 can be integrated 

and the solution to the plate problem will be known for one 

loading case. It is now desirable to find out how a change in 

loading, AX, will affect the initial values wQ, Mro, and Nro, 

and, ultimately, the solution of Equations 2.16 - 2.21 for a 

new load, X+AX. 

For any load X, the boundary conditions (of the plate in 

Figure 6) require that (from Equations 2.28 - 2.30) 

w(a) = w(a? w0, Mro, Nro; A) = 0 4.1 

u(a) = u(a; w0, Mro, Nro; X) = 0 4.2 

9(a) = <p(a? w0, Mro, Nro; X) = 0 4.3 

and for an increment in X equal to AX that produces changes in 

w0, Mro, and Nro equal to Aw0, AMro, and ANro, such that the 

boundary conditions are satisfied, we must have 
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w(a) = w(a; w0+Aw0, Mro+AMro, Nro+ANro; A+AA) = 0 

u(a) = u(a; w0+Aw0, Mro+AMro, Nro+ANro; A+AA) = 0 

<p(a) = <p(a; w0+Aw0, Mro+AMro, Nro+ANro; A+AA) = 0 

4.4 

4.5 

4.6 

If w0, Mro, Nro, and A are knovm values that satisfy Equations 

4.1 - 4.3, then Equations 4.4 - 4.6 can be treated as a set of 

equations to be solved for Aw0, AMro/ and ANro for a prescribed 

analytically for Aw0, AMro, and ANpo, but, if AA is 

sufficiently small, close approximations to these values can 

be obtained by expanding Equations 4.4 - 4.6 in a Taylor's 

series about w(a) , u(a), and <p(a), and neglecting terras higher 

than the first order (if AA is small, the contribution from 

higher order terms in the series will be minimal) . This gives 

value of AA. Equations 4.4 - 4.6 cannot be solved 

• • * R) * (£.)"•• * «L" " 
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where 5w0, 6Mro, and 5Nro are first order approximations to Aw0, 

AML,, and ANpn. ro' ro 

To solve Equations 4.7 - 4.9 for fiw0, 5Mro, and 6Npo, for a 

given Lk, values are needed for the appropriate partial 

derivatives similar to Equations 3.10-3.12. In the previous 

section, it was shown that by treating Equations 2.16 - 2.21 

as functions of r, with w0, Mro, Nro, and A. as parameters, the 

partial derivatives of Equations 2.16 - 2.21 with respect to 

w0, Mro, and Nro/ could be obtained and integrated numerically 

along with Equations 2.16 - 2.21 to produce the partial 

derivatives necessary to solve Equations 3.10 - 3.12 for <Sw0*, 

6Mro*, and SNr0*. To solve Equations 4.7 - 4.9, values for the 

partial derivatives of Equations 2.16 - 2.21 with respect to 

k are also needed and can be obtained in the same manner as 

the partial derivatives with respect to w0, Mro, and Nro, as 

outlined in the previous section. 

Thus, for the purpose of employing the Newton-Raphson method, 

and for determining the effect of an increment in loading on 

the initial values w0, Mro, and Nro, we can obtain expressions 

for the partial derivatives of Equations 2.16 - 2.21 with 

respect to w0, Mro, Nro and k. This generates six additional 

equations to be integrated to determine the necessary partial 
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derivatives with respect to X, raising the number of 

differential equations to thirty. The Runge-Kutta scheme is 

then employed to integrate the thirty differential equations 

simultaneously to obtain numerical values for the functions w, 

u, <p, Mp, Np, Q, and their partial derivatives with respect to 

wn, Mpn, Nro and A. or rof ro 

With the ability to determine the necessary partial 

derivatives, Equations 4.7 - 4.9 can now be solved for Sw0, 

SMro, and 6Nro for a given AX. From this we now have good 

approximations for the corresponding changes in the initial 

values w0, Mro, and Nro for an increment in load AX. Thus we 

can write 

WgX*6X ± W(X + 4.10 

Af_ A+AA a Mt x + bMt 4.11 

N X+HX ± N X + AA 4 .12 
*n * o 

Since only first order terms were used in arriving at 

Equations 4.7 - 4.9, the values w0i+A1, Mr0x+Ax, and Nro*+Ai may not 

be sufficiently accurate approximations to the correct initial 

values necessary to satisfy the boundary conditions. If this 
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is the case, w01+iX, Mrox+u, and Nr0x+4x must be refined in order 

to satisfy the boundary conditions at r=a. To do this, we 

employ the Newton-Raphson procedure using the approximations 

w a+a*=w * m 1+a1=m *, and N X+AX=N_ * for the new load A+AA. The o o » ro ro ' ro ro 

values w0*f Mro% and Nro* are then corrected as outlined in 

Chapter 3 until they reach the values of wo, Mpo, and Nro 

necessary to satisfy the boundary conditions for the load, 

A+AA. 
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CHAPTER 5 

INTEGRATION OF GOVERNING EQUATIONS 

A key element in the application of the Runge-Kutta 

integration scheme to the problem at hand is that of 

establishing correct initial values for the functions to be 

determined. To make use of the Newton-Raphson procedure, 

initial values are needed for the functions in Equations 2.22 

- 2.27 as well as for the twenty four functions defining the 

partial derivatives as outlined in the previous section. 

Thus, for the set of thirty equations to be integrated, the 

initial conditions for any value of X are written as (from the 

requirements in the construction of the functions in Equations 

2.22 - 2.27) 



<Px-o = <Po = 0 Mr = Mr 

(&.L • • 

[dMr 
\ W 

f-^-1 KJ 
(tL 

= 0 

= 0 

= 0 

{a".L„ 
= 0 

dMx 
~dM\ 

dM„ 

r I dMr °/r-D r 

dMr 
~dNl 

(t) 

= 0 

'r-o 

= 0 
r-0 

Nz = N, ZI-0 1 

(a.. 

dMr \ *oJX-Q 

= 0 

= 0 

' dNry 

dNr 
\ o/r»o 

8Nr 

~dNl 
= 1 

Oz-o ~ 0o o 

K) V °/r-o 

fje.) 
I dM, 
\ °/r-0 

= 0 

V rf/r-0 
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To start the integration scheme, the plate is first assumed to 

be in the undeformed state (A=0). For this case it is known 

that at any location in the plate 

w = u = <p'=Mr = Nr = Q= 0 

Thus, the initial values at r=0 become 

- u„ = q> = Mpn = Nrn = Q„ = 0 o o T o ro ro *o 

With these initial values and X=0, assuming the foundation 

behavior fF is known, Equations 2.16 - 2.21, along with the 

equations defining the partial derivatives, can be integrated 

numerically to produce values at r=a for the functions w, u, 

q>, Mr, Nr, Q and their partial derivatives with respect to w0, 

Mro, Nro, and X, Thus, the solution for one loading case (A=0) 

is known and we have the necessary values for the partial 

derivatives at r-a. With these values we can now increment 

the loading a small amount, AX (as outlined in Chapter 4), to 

produce a sufficiently small incremental deflection 5w0, at 

the center of the plate. This provides us with approximations 

w0*, Mro*, and Nro* for the new load which we can refine by using 

the Newton-Raphson scheme, and obtain a solution to Equations 

2.16 - 2.21 for a new value of X .  
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These steps are repeated as required to generate a solution to 

Equations 2.16 - 2.21 to a desired load level. 

5.1 Starting the Integration 

When employing a numerical integration scheme to integrate 

Equations 2.16 - 2.21 and their partial derivatives, a problem 

is encountered when starting the integration at r=0. Since 

several equations involve division by r, singularities will 

develop in the solution. 

The numerical procedure used solves for correct values of w0, 

Mro, and Nro at r-0, but the Runge-Kutta scheme cannot be 

started at r=0 for the reasons already stated. Therefore, it 

is necessary to start the integration at a value of r slightly 

greater than zero, or r=0+. The initial values for w, u, <p, 

Mr, Nr, Q and their partial derivatives with respect to w0, Mro, 

Nro, and X must then be adjusted from their values at r=0 to 

values at r=0+. This adjustment was made by considering an 

element of the plate centered on r=0 and subjected to loading 

as shown in Figure 7. 
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Figure 7 - Circular Plate Subjected to Axisymmetric Bending 
and Stretching 

Since r=0+ is very close to r=0 it is assumed that 

M* ~ M„ ~ M_ ? N + « N « N ; and er = e. ro ro r ro ro r r t 

With these assumptions, small deformation theory for a plate 

subjected to bending and stretching can be used to find the 

following adjusted initial values at r=0+: 

"r0<jO2 w = w — 
21>(l+v) 

dw \ _ Mro(r0 ) 

dMr . Z)(l+v) 
raj . 

Nx (1-v) , 
U° ° Eh Zr 

( du \ „ (1-v) „ + KJ - » ° 



34 

and from statics 

M:*o © = 2 
Vo D(l+V) 

( dtp ) _ _£ol 
[dMrJ r. 1+V 

Mr * « Af_ *o zo 

~ Nr 

= a - fF) rQ* 
n 

(d£\  _ _V 
(aA/r;" 2 

All other initial values remain unchanged from r=0 to r=0+. 
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CHAPTER 6 

NON-LINEAR FOUNDATION 

For a linear foundation, the reaction pressure is determined 

from the modulus of subgrade reaction, ka, which is computed 

as a tangent or secant modulus from a load-deformation curve 

obtained from a plate-load test on a particular soil. Figure 

8 is a reproduction of an experimentally determined load-

deformation relationship for a particular soil, obtained from 

Bowles2, and shows clearly that the response is non-linear. 

Unit 
Load 
psi 

-f 1 1 1 1 1 1 
0.0 0.1 0.2 0.3 0.4 0.5 0.S 0.7 

Settlement, inches 

Figure 8 - Plate-Load Test 

In the analysis of the plate problem, for small deformations 

of the foundation, the results derived on the basis of a 
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linear soil model (kg = constant) will not differ 

significantly from a non-linear model. However, when w 

becomes large, the reaction pressure produced by the 

foundation for a given displacement will be lower in the non

linear model when compared to the linear model. The 

foundation reaction term fF appears in Equation 2.21 as 

M = -tp^ - Nz-^- -  ̂  - i? + U-fp 2.21 
dr ^ dr z dr r r F 

where fF is a function of w(r) . For a linear-elastic 

foundation 

fF = k8w(r) 

As a satisfactory approximation to the problem using a non

linear elastic foundation, fF becomes a higher order function 

of w(r) that is fitted to experimentally determined load-

deformation data as shown in Figure 8. A load-deformation 

curve for a particular soil is obtained by the Richard7 

Equation curve fitting procedure as follows. 
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R o 

W 

Figure 9 

Referring to Figure 9, for given plate-load test data, an 

approximate equation defining the load-deformation curve is 

written as 

fp ~ 
<ks " *p> w 

/ 

1 + 
(kg-kp) w n

s 

^ • 

k Ro / 

7 + kpw 

where 

-In 2 n = 

-
l n  1  - 1 "  -k F̂pl 
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CHAPTER 7 

RESULTS 

For the purpose of generating numerical results, the governing 

equations and the equations defining the partial derivatives, 

the values w, u, <p, Mr, Nr, and Q are non-dimensionalized and 

expressed as 

W, u, q>, Mr, Nr, Q 

with dimensionless quantities defined as 

1?= Jf 
a 

u = 2 
a 

N ~ — —N 
Eh r 

Q = a2 

A non-dimensional radius, p, and loading are introduced as 

T = a3 1 
ZJ(l-v) 
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and non-dimensional foundation term as 

7P = K fF(w) 

where 

* -  a *  
D(l-V) 

To verify that a properly functioning FORTRAN computer program 

was written for the solution procedure used in this thesis, 

the problem was solved for a plate with no foundation, using 

the four different boundary supports as mentioned earlier. 

For the clamped, immovable support, the solution was compared 

to that obtained by Timoshenko and Woinowsky-Kreiger9, with 

results shown in Figures 10a, b, and c. Results were also 

compared with those obtained by Way10. Values for these 

comparisons were obtained from graphical presentations of the 

solutions, thus some discrepancy was expected in the 

comparisons due to the coarseness of obtaining values 

graphically. However, results for the load-deflection, and 

the bending moments agreed very well, with the axial forces 

showing some deviations. 

Solutions for the simple-immovable? simple-movable? and 

clamped-movable supports were also obtained (with no 
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1 . 5  0.5 1.0 0.0 
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1.5 1.0 0.0 0.5 

h h 

(a )  ( b )  

i n  

a  

o 

a 
a  

X 

Figure 10 

Moments, Axial Forces, and Deflections for a Circular Plate 
with a Clamped, Radially Immovable Support 

Timoshenko and Woinowsky-Kreiger 

Elliott 
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foundation) and compared with results obtained by Bolton1, and 

chia3. Again comparisons were made to values obtained 

graphically. The solutions agreed very well for all three 

support cases, however, significant deviations occurred when 

the deflections became greater than the thickness of the 

plate, particularly with the results obtained by Chia3.An 

examination of the solution schemes used by Bolton1 and Chia3 

shows that both deal with the same governing equations as 

outlined in this thesis. However, both used approximate 

techniques to solve the equations. Bolton1, applying 

Galerkin's method, used an approximate series carried out to 

three terms, and Chia3 used an approximate perturbation series 

carried out to only two terms. When using only a few terms in 

these series, significant errors can result when the 

deflections become large and the contribution from higher 

order terms cannot be neglected. In principal, the scheme 

outlined in this thesis provides an exact solution, within the 

limits of the numerical integration, to the governing 

equations. Thus, the scheme used here provides improved 

accuracy to the solution of the problem when compared to the 

solutions outlined by Bolton1 and Chia3, with the procedure 

developed herein offering much greater flexibility in the 

treatment of the foundation. 



42 

Solutions were then obtained using a linear foundation model 

and compared with the results obtained by Bolton1. Again the 

comparisons agreed fairly well, with deviations becoming 

prominent as the deflections increased, particularly in the 

values obtained for the bending moments. These deviations 

were attributed to the same reasons stated above. 

After ascertaining that the solution procedure was correct, it 

was then desired to compare the solutions of the problem using 

a linear foundation model to those using a non-linear 

foundation model. To do this, a sample plate-load test curve 

was used from Bowles2 (Figure 8) and an approximate curve was 

fit to the data using the Richard7 Equation. From the data, 

the following values were obtained to employ the curve fitting 

procedure for the non-linear foundation model. 

ks = 85 lb/in3 

kp = 2.7 lb/in3 

R0 = 27.2 lb/in2 

R1 = 20 lb/in2 

For the linear model, the value kfl = 85 lb/in3 was used as the 

modulus of subgrade reaction. 
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Using a plate with a radius of 100 inches; a thickness of 2 

inches; a modulus of elasticity of 30 x io6 psi; and Poisson's 

ratio equal to 0.3, solutions were obtained for both linear 

and non-linear foundation models using the four different 

boundary supports, with results shown in Figures 11, 12, and 

13. It is seen in these figures that in all cases, the 

results using a non-linear foundation model differ 

considerably from those for the linear model. For a given 

foundation material, these differences depend on how the load-

deformation curve deviates from true linear behavior. 

The accuracy of the solution scheme presented here is 

dependent upon the assumptions made when deriving the 

governing equations, equations which in theory can be solved 

exactly by numerical integration. More accurate governing 

equations can be obtained by reducing the number of 

approximations used in the derivation of the equations. 

However, because of the nature of the problem, the work 

involved in obtaining and solving more accurate governing 

equations would not be worth the effort. When considering 

soil as the foundation material, at best, only approximate 

models can be used to define the load-deformation behavior for 

a particular soil, with the approximations entering into the 

governing equations for the plate on an elastic foundation. 



44 

For this thesis, the foundation load-deformation behavior was 

assumed to be uniform over the entire plate area, however in 

actuality, this would not be the case. It is expected that 

the soil near the center of the plate would be confined in the 

lateral direction more so than the soil toward the edge of the 

plate. Thus the soil near the center would exhibit strain-

stiffening load-deformation behavior and the soil near the 

edge would exhibit strain-softening behavior. To account for 

this, the foundation term fF would be expressed as a function 

of the deflection w, and the radius r. 

In considering the foundation behavior, the procedure used 

herein provides an improved approximation to the actual 

behavior of a soil foundation when compared to the 

approximation assuming linear behavior. 
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Figure 11 

Center Deflection of Circular Plate on Elastic Foundation 

Linear Foundation 

Non-Linear Foundation 
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Dimensionless Bending Moments in Circular Plate 
on Elastic Foundation 

Linear Foundation 

Non-Linear Foundation 
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Dimensionless Axial Forces in Circular Plate 
on Elastic Foundation 

Linear Foundation 

Non-Linear Foundation 
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CHAPTER 8 

CONCLUSION 

When considering large deflections of a plate on an elastic 

foundation, the procedure used herein offers a contribution in 

the approach to the problem of employing non-linear plate 

theory while accounting for non-linearity in the foundation. 

By using the Richard7 Equation to define the load-deformation 

relationship for a given foundation material the analysis can 

be extended to include models for materials that exhibit 

strain-hardening and strain-softening load-deformation 

behavior, as well as a model where a gap exists between the 

bottom of the plate and the foundation, with the foundation 

producing no reaction until a specified plate deflection is 

reached. 

While the previously cited analyses fail to account for non

linear foundation behavior when using non-linear plate bending 

theory, Figures 11, 12, and 13 show the importance of 

considering the non-linear behavior of the foundation when 

deflections become large. Bending moments and deflections for 

a given load change considerably when the non-linear 

foundation is introduced into the analysis. The scheme 

presented in this thesis now offers a way of dealing with this 

foundation behavior in a relatively convenient manner. 
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