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III. Abstract 

When applied to radio astronomy instrumentation, practical limitations on circuitry 

restrict digital correlators to extremely coarse quantization. This paper examines non-linear 

effects of modified two-bit quantization on astronomical correlators. Equations are presented 

to correct quantization bias in estimates. The degradation due to quantization is given and 

plotted. The necessary tolerance in threshold levels is established to avoid systematic errors 

in power spectrum measurement. An alternative method of measuring power is derived that 

reduces parameter sensitivity. 
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IV. Introduction 

The science of radio astronomy involves the analysis of radio frequency waves from 

non-terrestrial sources. Many different experiments are performed on the received radiation. 

The choice of the instrument will depend on the goal of the study. This thesis will examine 

some properties of one type of astronomical instrument designated a digital correlator. As the 

name implies, this instrument works on digital data, therefore the astronomical signal must 

be quantized and sampled. The effects of these non-linear operators are examined. The goal 

is not a comprehensive study. Instead, this thesis will examine a specific case, the modified 

two-bit quantization scheme. 

Digital correlators are the foundation of many different measurements in radio 

astronomy. Two common experiments performed by this class of instrument are spectroscopy 

and imaging. Spectroscopy involves estimating the power spectral density of the detected 

signal. This information can be used to deduce the presence of emission and absorption lines 

from astronomical molecules. Another important observation made by astronomers involves 

"mapping" or "imaging" a source. The source could be a super nova remnant or newly forming 

galaxy. The goal of imaging is to derive spatial information by producing a two dimensional 

or three dimensional plot of intensity. This type of astronomical observation corresponds to 

the optical astronomy procedure of taking a photograph of an astronomical source. 

Astronomical radio sources are very weak and require large telescopes to focus the 

received energy. After collecting sufficient astronomical radiation with a radio telescope, the 

signal is passed to a digital correlator. Figure 1 gives a block diagram of a general digital 

correlator. The operations that are performed on the input signal are quantize, sample, delay, 

multiply and add. 
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Figure 1 - General digital correlator 

All of the original correlators built for radio astronomy were analog devices. 

However, with the many advances in technology since the mid 1960's, virtually all recent 

correlators have been built using digital logic. The first application of this new technique was 

by Weinreb [8] at the Massachusetts Institute of Technology. The change to digital techniques 

was done for many reasons. The primary advantage was the absolute stability of operations 

when data reaches the digital domain. Stability is a primary consideration in the construction 

of an astronomical instrument. This concern is created by the extremely low signal-to-noise 

ratios that are obtainable from astronomical sources. It is not uncommon for the noise to be 

many thousands of times greater than the astronomical signal of interest. 

In order for a digital correlator to produce an estimate of spectral density, both inputs 

of the correlator must be connected to the same signal. The result is an estimate of the input 

autocorrelation function. From the autocorrelation it is possible to apply the Wiener-

Khinchin relationship to get power spectral density. 
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Power Spectral Density - ̂ *{J?x(t)} (1) 

where Rx(r) = autocorrelation of random process X. 

Similarly, connecting the inputs of a digital correlator to different signals produces 

estimates of cross correlations. With additional signal processing it is possible to convert these 

measurements into a map. Thompson [4] gives a detailed discussion of the signal processing 

for imaging. 

In both cases the measured correlation is an estimate of true input correlation function. 

Normal astronomical observations will average the results of millions of samples. Even if the 

input signal is ergodic and measured for an infinite time, the measured correlation function 

would show a slight error. The general digital correlator is a biased estimator because of 

effects in the sampler and quantization circuitry. This thesis will examine these problems, 

and produce formulas to convert the output of a digital correlator into an unbiased estimator 

of input correlation function. Also, some work will be done to check the tolerance required 

by the quantization circuitry to avoid systematic errors. 

IV.a. Noise model 

A completely general solution to the effects of quantization is not possible. Therefore, 

it is necessary to examine the specific environment and model it. The signals that are available 

to astronomical correlators have extremely poor signal-to-noise ratios. For radio telescopes 

most of the noise is due to thermal motion in the detector and atmospheric instabilities. The 

thermal noise is produced because astronomical signals are very weak and require enormous 

amplification. The amplification is so large, thermal motion in the detectors is significant. 
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Modern radio astronomy receivers employ cryogenic coolers to reduce thermal motion. Even 

with receivers cooled to 4 Kelvin, the thermal noise is still orders of magnitude stronger than 

the astronomical signal. On the other hand, the thermal noise has the nice property that it can 

be easily modeled by Gaussian white noise. 

Atmospheric noise is more difficult to characterize. It contains two components of 

interest. First, a thermal element, which will behave like the receiver noise term. This noise 

term will be additive and indistinguishable from the receiver Gaussian white noise signal. It 

is generated by attenuation in the atmosphere and the finite temperature of the atmosphere. 

The second atmospheric component is more difficult to model and contains non-

stationary properties. At this point in receiver development, the combined thermal noise of 

the receiver and atmosphere is stronger than the non-stationary atmospheric effects (during 

good"weather conditions). Therefore, atmospheric effects of the second type will be ignored 

for this discussion. However, advances in receiver technology will eventually decrease 

thermal noise. It is possible that in the near future, non-stationary, non-white atmospheric 

noise may overtake thermal noise as the dominate noise component. Also, if observations 

must be done during poor weather conditions, the unpleasant atmospheric effects will become 

more significant. 

IV.b. One-bit correlator 

The first digital astronomical correlator was built by Weinreb [8] at MIT in the early 

1960's. This original correlator used an extremely coarse quantization of the input signal. 

One-bit (two states) of information was taken from the received signal. Thus, the sampler 

circuit was constructed with a single level detector, that indicated if the input waveform was 

either positive or negative. At first appearance the extreme quantization seems quite 
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unusable. However, Cooper [6] showed analytically that one bit digital correlators with input 

waveforms consist of extremely small deterministic signals buried in Gaussian white noise 

have a remarkable 64% efficiency. The efficiency is relative to an ideal many-bit1 digital 

correlator. Experimently, Weinreb found efficiency to be slightly larger than the theoretical 

value. Thus, even extremely coarse quantization can be used to build a astronomical 

correlator. But why tolerate an efficiency of 64%, if it is not necessary? 

The justification for such coarse quantization lies in the huge savings in hardware that 

can be achieved by reducing quantization levels. The reduction of digital gates results in a 

correlator that is simpler, smaller and cheaper than a many-bit system. The savings is 

manifested in both the sampler circuitry and the multiplier circuitry. The original Weinreb 

one-bit correlator used 4 sampler and 84 multiplier circuits. With the level of integration 

available in the 1960's, this simple instrument required 3 full electronic racks. A many-bit 

solution would have been much bigger and more expensive. Modern correlators use thousands 

of multipliers and dozens of samplers. For array telescopes there are operational digital 

correlators that have tens of thousands of multipliers. The number of multipliers is normally 

constrained by the scientific considerations of resolution (spatial or frequency). 

Consequently, the savings by applying coarse quantization can be quite large. 

During the 1970's and early 1980's most astronomical correlators added another 

quantization level to Weinreb's original one bit design. This "three-state" design had an 

efficiency of 81 %. By adding extra bits, more hardware is required, but the gain in efficiency 

translates into more effective observation time. This increase in quantization levels is made 

possible by the progress in digital technology. Now, it appears that astronomy instrumentation 

is ready to make another advance by moving to "four-state" (two-bit) correlators. 

1 "Many-bit" is a term that indicates a digital sample with so many-

quantization levels, that all quantization effects can be ignored. 
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IV.c. The Albert Bos corrrelator chip 

One of the first advocates of the new "four-state" correlators was Dr. Albert Bos at the 

Netherlands Foundation for Radio Astronomy at Dwingeloo, Netherlands. He recognized that 

advances in chip technology made it practical to create a gate array correlator chip that 

incorporated four-state multipliers. The chip incorporates modified two-bit data handling. 

The term "modified" refers to a slight change in the multiplication table. A detailed 

discussion of this scheme is presented in Chapter V. To increase density, the "Bos correlator 

chip" was designed with 16 multipliers in a single integrated circuit. The success of the Bos 

correlator chip can be established by the large number of institutes that incorporate it into 

astronomical instrumentation. To date, there are at least six astronomical instruments being 

constructed with the Bos correlator chip. This includes design efforts at the Netherlands 

Foundation for Radio Astronomy (NFRA), Onsala Space Observatory in Onsala Sweden, Five 

Colleges Radio Observatory at the University of Massachusetts, and Institut de Radio 

Astronomie Millimetrique in Grenobe, France (IRAM). 

IV.d. Onsala Space Observatory hybrid spectrometer 

This work was initiated in cooperation with the Onsala Space Observatory in Onsala, 

Sweden. They are presently constructing a correlator based on the Bos correlator chip. The 

instrument they are building is called a hybrid spectrometer. It will produce estimates of 

power spectral density. All specific information in this thesis pertains directly to this 

instrument. However, many of the results can be applied to any correlator based on the Bos 

chip. 

One of the topics that pertains specifically to a hybrid spectrometer is a section that 
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covers a type of systematic error called "platforming". This problem is unique to hybrid 

spectrometers. Therefore, a brief discussion of this technology is needed to introduce this 

section. A detailed discussion of this instrument is given by Weinreb [11]. 

A hybrid spectrometer fuses two methods of spectroscopy into a single instrument. 

The first method is a digital correlator. However, instead of directly sampling the input 

signal, it is divided into many frequency bands with a filter bank. The filter bank is simply 

a collection of equal bandwidth analog filters with each center frequency offset across a wide 

frequency band. In a hybrid spectrometer the output of each filter is processed by a separate 

digital correlator. The digital correlators produce many separate estimatesjif power spectral 

density. By combining all the separate pieces, an extremely wide bandwidth contiguous power 

spectrum is created. This method takes advantages from both techniques. From the filter 

bank it takes the nice feature of very wide bandwidths. From the digital correlator it gets 

reduced cost, greater stability and higher resolution. The tradeoff that must be accepted is 

the systematic error of "platforming". Platforming is caused when the separate pieces of 

spectrum do not match up properly. 
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Figure 2 - Block diagram of hybrid spectrometer 

IV.e. Organization and scope 

The thesis is organized roughly into three segments. First, a detailed examination of 

the statistical properties of the zerolag correlation is carried out in chapters V - VI. The 

zerolag refers to the first correlation, which is measured with no delay between the inputs 

data streams. Input power is an especially important parameter to hybrid spectrometers. It 

must be used to connect sections of the power spectrum from separate filter channels. 

Significant errors in power measurement produce a fatal systematic error, "platforming." 

The Onsala hybrid spectrometer will use the zerolag to measure input power. 

Therefore, a formula is given to convert the measured zerolag into an estimator of input noise 

power. The practicality of this estimator is examined by comparing the noise of the zerolag 

power estimation versus an ideal square law device. The resulting comparison is given as a 

degradation function. The degradation function can also be used to optimize sampler 
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threshold levels for minimum quantization loss. Most of this work was adapted from an 

internal memo by D'Addario [12]. He derived similar formulas for the closely-related case 

of three-level sampling. 

Chapters VIII - IX provide a description of the statistical properties of any given lag 

produced by a.Bos correlator. In particular, the quantization correction is presented. This 

correction converts the correlation estimate produced by a modified two-bit correlator into 

an unbiased estimate of input correlation function. The formula for quantization correction 

of a modified two-bit correlation was originally derived by Cooper [6], Latter, Hagen and 

Farley [1] found a simpler equation, which is presented by this thesis. 

The quantization correction found by Hagen and Farley [1] is not a closed-form 

solution. Therefore, to code this routine for use in digital computers, it is necessary to derive 

a fitted polynomial. The fit generated by this paper is original work. To make it easier to 

apply, the polynomial fit is demonstrated with a "C" computer program. 

The validity of the corrected correlation is examined with a degradation factor. This 

degradation factor gives an indication of quantization loss. The degradation of the correlation 

estimator was plotted by Thompson [4] and Cooper [6], but the equation was not given by 

either paper. This thesis presents the degradation equation and the degradation plot. 

Finally, a little effort is focused on the tolerances required of the quantizer circuit in 

chapters XI - XIII. The first segment of this paper examined the use of the zerolag to 

measure input power. This final section will check the sensitivity of the power measurement 

to some real world problems. Several papers exist [7,15] that examine the effects of parameter 

errors on the correlation function. However, this thesis is the only work I am aware of that 

deals with the effects on power measurement using the zerolag correlation. 

To introduce this section, a criteria is presented that quantifies "platforming" errors. 

Threshold errors are separated into two distinct types: offset and symmetric. The sensitivity 



16 

of the zerolag power estimator to these two threshold errors is derived. An alternate method 

of measuring input power is derived. This method of measuring input power will be called 

"state counting". The quantization loss of this new method is examined in this thesis by 

deriving the degradation loss. Application of the state counting method would require 

additional hardware compared to the zerolag method, which uses measurements which are 

naturally produced by the Bos correlator chip. 

IV.f. Nomenclature and definitions 

The error function is used extensively by this thesis. Unfortunately, there are several 

definitions which are used in literature. They are all similar, but differ by scale factors. For 

the sake of consistency, this thesis will use the most prevalent seen in literature. The 

definition, as stated, was taken from Numerical Recipes p. 163 [10]. 

X 

V o 
e r f c  (x) - 1-erjf (x) 

(2)  

In all other ways, this thesis will follow the syntax of Papoulis [9]. For example, 

random variables will be shown with bold fonts and estimates with carats. The expectation 

operator will be indicated by E{}. 
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V. Quantization and multiplication scheme 

To initiate the discussion, it is necessary to present some rudimentary information 

concerning the implementation of the quantizer and multiplier circuits. This information is 

provided for reference during some of the forthcoming analysis. 

In the modified two-bit correlator, the quantization is performed with only three 

threshold levels. The resulting sample can have only four possible states, which can be 

represented by two bits. Consequently, this type of quantization is called "full two-bit" 

sampling. The term "full" refers to the fact that all 4 possible states are used to represent 

distinct conditions. Some correlators2 use only three states from the four available. That 

alternate scheme requires 2 bits for storage, but is not a full 2 bit representation of the data. 

Figure 3 gives a sketch of the full two-bit quantization function: g(x). The three 

thresholds that determine output states are respectively: v0", v0° (=0) and v0
+. This scheme 

requires three comparators to quantize the input signal. Table 1 gives a list of the state 

description. It indicates the relationship between the binary representation (digital) and the 

input signal level. 

2 For example, the National Radio Astronomy Observatory correlator for the 

Very Large Array in Soccoro, New Mexico. 
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Figure 3 - 2 bit Quantization Function: g(x) 

X> v0
+ 0 > X > v0

+ v0" > X > 0 X < v0" 

+N +1 -1 -N 

01 00 10 11 

Table 1 - Raw sampler output, state description 

After quantization, the bit stream is sampled and correlated. This correlation is 

performed with the NFRA correlator chip, which was designed by Albert Bos of NFRA. For 

simplicity, this chip will be referred to as the Bos correlator. Most of the information in this 

initial discussion is taken from a NFRA technical note [3]. As indicated before, the 

multiplication by the Bos correlator chip is not a full 2-bit implementation. Therefore, some 

clarification is necessary to indicate the form of the multiplication. Table 2 is taken directly 

from the NFRA technical report and describes the raw digital results of the "Bos" 
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multiplication. 

+N (01) + 1 (00) -1(10) "N (11) 

+N (01) 6 4 2 0 

+ 1 (00) 4 3 3 2 

-1 (10) 2 3 3 4 

-N (11) 0 2 4 6 

Table 2 represents the actual electronic numbers that are produced by the Bos 

correlator chip. However, the resulting autocorrelation function is unnecessarily difficult to 

apply directly. The nature of this table was designed to optimize gates, not statistical 

calculations. Therefore, a normalization should be applied to convert the result into a more 

conventional form. The expression of this normalization is given by equation 3. This 

normalization must be applied by the signal processing program in the spectrometer. Please 

note, all calculations will assume this normalization for the remainder of this thesis. 

. 3 RB(nT) n R ( n T )  9  (3) 

where 
Na is the number of samples, 
RB(nT) is the raw autocorrelation calculated by the Bos chips 
R(nT) is the normalized autocorrelation. 

The effects of this normalization can be expressed with an equivalent multiplication table. 

Table 3 gives this effective multiplication table. The resulting effective multiplication table 
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is very close to a full 2-bit multiplication with N=3. However, the inner terms have been 

forced to zero. Possible, confusion could arise between the "Bos" multiplication and the usual 

multiplication operator. Therefore, the symbol will represent a "Bos" modified 2 bit 

multiply in this discussion. 

+N (01) + 1 (00) -1 (10) -N (ID 

+N (01) 9 3 -3 -9 

+1 (00) 3 0 0 -3 

-1 (10) -3 0 0 3 

-N(il) -9 -3 3 9 

Table 3 - Normalized Bos multiplication table 

In other papers, this multiplication scheme has been called "incomplete multiplication 

of the inner products" (see Cooper [6]) and also "modified two-bit" (see Hagan and Farley [I]). 

For simplicity the name "Bos" multiplication will be used in this document. 

VI. Converting the measured zerolag into an unbiased estimator of input power 

An astronomical hybrid spectrometer requires an accurate measure of input noise 

power. A measure of input power is required from every analog filter channel. By 

definition, a noise power is proportional to the autocorrelation at zero delay time. The Bos 
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correlator chip makes a calculation of zero delay autocorrelation (of simply "zerolag"). 

However, the effects of quantization make this value a terrible estimate of input power. It 

is necessary to correct the raw zerolag produced by the Bos correlator chip to produce a 

reasonable estimate of input noise power. From the statistical point of view, the goal is to 

produce an unbiased estimator of input power from the raw zerolag. 

The first step to creating an estimate of input power, is to calculate the expected value 

of the measured zerolag. This expression will indicate the relationship between input power 

and the actual input noise power. Using the expectation expression it is possible to create an 

equation that converts the measured zerolag into an unbiased estimate of input power. The 

quality of this estimate will be examined in chapter VII by calculating the variance of the 

power estimate. 

The first step is to create a model of the processing that occurs to obtain the raw 

zerolag from the input signal. For the zerolag, the autocorrelation is performed at zero delay, 

so it can be replaced by a simple square (Bos type) of the sampled value. 

2 bit 
Quantizer Autocorrelation Integration 

X 

/ 1 

Zl M2 Z2 

- T, Ns *-> VJ 
- T, Ns *-> 

Figure 4 - Zero delay correlation (Zerolag) model 

For this analysis, the input will be assumed a bandlimited Gaussian noise source: X. 
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The normal assumption for radio astronomy is to ignore any deterministic signal, because it 

will be very small compared to the Gaussian noise term. The signal is sampled at twice the 

maximum frequency, which is the minimum Nyquist Rate. 

The model of the zerolag gives the following steps to consider: 

1. Quantization 

Vt) -S-UU)] (4) 

2. Multiplication 

where ZA(t) e {-3,-1,1,3} and g() is the quantization function 

z 2 ( c )  - z . t t )  (5) 

where Z2(t) e {0,9} and • is a Bos multiplication 

3. Time Averaging (or Integration) 

C-l 

( 6 )  

where 0 < Z(t) < 9 and Ns is the number of samples. 

In step two, allowances must be made for the Bos multiplication scheme that nulls the 

inner products. Thus, the autocorrelation reduces to a modified two-bit square function. To 

simplify the mathematical model, it is possible to write the consequences of the zerolag 

processing in a single equation. 

Wst-1 
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Take the expectation: 

i 
Ete}--^££{sr[.3r(t)] •flrtXtt)!} 

N S C -1  ( 8 )  
~ - ± - N a E { g ( X )  

IV 
-£fgr(J0 * f f ( X ) }  

The random variable Z (zerolag) must be separated into the possible results of the Bos 

multiplication. 

E&l-£lcr(X) »g-(X) jJO Vo)f( JO v£) 
+ E l g ( X )  ' f f ( X ) \ vZ hX & V q}P{v14Xi, v„) 
+ E * g ( X )  ' f f ( X )  \ X <  V o ) P ( X <  V o )  

The conditional expectations can be replaced with values taken from the Bos multiplication 

table. 

(10) 
Etri-9P(X>Vo) +9P(Jf< Vq) 

The probability expressions can be replaced by the cumulative distribution functions (Fx()) 

of the input random signal X. 

Eiz1-9 [Fx(») -Fx{,v*o) +FX{ vj) ] <1:L> 

It should be noted that the incomplete multiplication table employed by the Bos chip, 

effectively reduces the quantization of the zerolag to only 3 levels. This is because the only 
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terms that matter in the generation of the zerolag are on the diagonal of the multiplication 

table. The two inner products on the diagonal have been forced to zero. 

Now, since input function is assumed a Gaussian random process, the cumulative 

distribution functions can be replaced with expressions for the error function. 

ax
2 is the variance of input signal (ie, the input power), 
is the mean of the input signal. 

At this point, the derived expression is quite general. To complete the solution 

requires a few additional assumptions. First, assume the input Gaussian random process has 

zero mean, (rjx = 0). Second, assume the positive and negative thresholds have equal 

magnitudes. These assumptions allow us to combine terms and get the following result: 

(12) 

where 

(13) 

Using the definition of complementary error function reduces it a bit further. 

(14) 

This expression indicates that the normalized zerolag produced by the Bos correlation 

chip is a biased estimator of the input power (oc ax
2). From this expression, it is possible to 



25 

make a formula that converts the measured zerolag into an unbiased estimator. To the first 

order, this is simply the inverted expression. 

?"~r—"° >z\v (15) 

In general, simply inverting the expected value expression does not automatically give 

an unbiased estimate. The validity of this simplification deserves some discussion. Consider 

the degenerate case where Z is not a random variable. In such a case, equations 14 and 15 are 

simply inverses of each other, a reasonable solution for well-behaved functions. It would be 

possible to assume Z is not random if its variance (and higher order moments) is very small. 

In the next chapter, an equation for the variance of Z is given (equation 36). Although it is 

not obvious that the result is small, the variance of Z is inversely proportional to the 

integration time. In radio astronomy applications, extremely long integrations times are 

necessary to overcome the noise. Consequently, the variance of Z will be very small for 

normal radio astronomy applications. The higher order moments will likewise be small by 

considering the central limit theorem. 

Thus, it seems reasonable that the approximation used to find input noise power is 

valid for long integration times. This argument is quantified by equation 86, chapter Xll.a. 

It gives a Taylor series expansion that indicates the relationship between the statistics of a 

random variable, and the expected value after the random variable is passed through an 

operator: g(). The first term of the series expansion is the only term which is significant 

under the assumption of very long integration time. This approximation to the series 

expansion will be used in several other locations in this thesis. It will be referred to as a first 
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order approximation. 

Expression 15 was found without any assumptions about the correlation between 

samples. Thus, this expression holds regardless of the sample rate or the shape of the 

passband filter. The same cannot be said of several other values calculated by this thesis. 

In summary, a Bos type correlator will produce a zerolag which must be normalized 

by equation 3, to give Z. The resulting Z can be converted into an estimate of input noise 

power by applying expression 15. The only variable is the threshold level v0 used by the 

quantizing circuit. Therefore, to obtain an absolute measure of input noise power, requires 

an accurate measure of the threshold voltage. 

The next chapter will examine the quantization loss and its relationship to the 

threshold level. Also, chapter IX of this thesis will examine systematic errors that can be 

caused by threshold errors. Figure 5 gives a plot of the power conversion relationship 

indicated by Equation 15. Typically, a hybrid spectrometer will operate with a power level 

of about one (normalized to the square of the threshold level). The nominal power level is 

indicated in the plot. This plot will be required in latter chapters to determine the form of 

the conversion equation. Two properties of the conversion equation are of importance. First, 

the conversion is not very linear. Second the curve is smooth, with no discontinuites. 
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Figure 5 - Plot of zerolag correlation versus input noise power for v0 = 1.0 

VII. Degradation factor of the zerolag power estimate 

Equation 15 describes the conversion from zerolag correlation to an estimator of input 

power. To the first order, this estimator is unbiased. Therefore, at infinite integration time 

the estimate will equal the input power. Naturally, a real correlator does not have infinite 

integration time. Therefore, if the zerolag estimate approaches the actual value very slowly, 

the required integration time to achieve a given noise level would be longer. An unbiased 

estimator does not guarantee that the zerolag/correction method is a useful measurement 

technique. 

As a basis for comparison, this thesis will contrast the zerolag power estimator 

(corrected zerolag) to an ideal square law device. The goal of this chapter is to derive a 

degradation factor that compares the quantized Bos estimator to an ideal square law. The 

basis for this work was an internal National Radio Astronomy Observatory memo by Dr. 
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Larry D'Addario [12]. It was his intention to examine the validity of using a zerolag power 

estimate for the National Radio Astronomy Observatory 12 meter hybrid spectrometer. His 

results will be re-worked and expanded for the Onsala hybrid spectrometer. 

As a basis of comparison, a definition of a suitable degradation factor is needed. This 

degradation measure should compare the signal-to-noise ratio (SNR) of a quantizing zerolag, 

to an ideal square law device. 

The first step requires calculating the SNR of an ideal square law device. This is a 

well known result and could be stated directly. However, to insure the model is identical to 

the case of the Bos correlator, the ideal case will be derived. To calculate the SNR requires 

two values, the expected value and the standard deviation. 

A suitable model of an ideal square law device is required. It is reasonable to assume 

the ideal square law device is essentially identical to the Bos correlator with infinite 

quantization. Therefore, the ideal square law device can be modeled by replacing the Bos 

multiplication with a standard multi-bit multiplication operator. 

p m 1JI1A u vX M y CO llQ c 
s SNR Ideal Square Law Device 

SNR Zerolag estimate (16) 

SNR Ideal Square Law Device-
°p 

(17) 

(18) 

Taking the expectation. 
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£{p}-^-T) £ir( t)2} 
ya t-i 

-rf-T2} 

(19) 

Now, since X is assumed to be a zero mean Gaussian, this expression can be stated directly. 

(20) 

The denominator of the SNR expression requires the standard deviation of an ideal 

square law detector. The variance expression can be defined and solved. 

al-EiP*}-EApI2 

- jEf-P2} - ct£ 

(21) 

Subsituting the definition of P, 

(22)  

The summation can be expanded into two terms. The first term includes all products where 

i=j. The second term contains all remaining products. 

£x(t)4 + ££;r(t)2.r(g)2 

\™g) [ c»i e-i q»c 

(23) 

The first expression is simply the fourth moment of the input Gaussian, which can be can be 

taken from Papoulis [9]. 
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£ir"}-30x (24) 

The second term of the summation can be simplified by assuming the input samples are 

independent (ie rectangular bandpass, exact Nyquist sampling). This allows separating the 

expectation operator. 

Etz( fc) 2JT(g) 2}-£tar(t)2} £{*(<?) 2} (25) 
- o X 

Combining terms produces a reduced expression. 

[3WsoJ+Wj(Ws-l) (26) 

Substition into (21) yields: 

C27) 

The result is an expression for the SNR of an ideal sampling square law detector, that has 

been defined according to equation 17. 

SNR Ideal Square Law Device- °x 

2 

^aX 

fs. 
2 

(28) 
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This concludes the analysis for the ideal case. Next comes the estimator which is 

available from a real Bos correlator. The obvious path is to examine the signal-to-noise ratio 

of the zerolag from a Bos type correlator. This translates into converting equation 17 into an 

equivalent form with quantization. However, the degradation of the zerolag is not of interest. 

Instead, the degradation to the power estimator must be found. In the ideal case this was not 

an issue, because the zerolag itself was the estimator of power. However in the Bos case, the 

conversion equation 15 is applied to measure input power. Thus the random variable of 

interest is P, the estimate of power. 

To begin the analysis, state the goal, which is to find the signal-to-noise ratio of the 

Bos correlator zerolag power estimator. 

SNR Zerolag Power Estimator - (29) <jp 

To calculate the denominator requires finding the variance of Z (the zerolag correlation). 

After deriving the appropriate statistical information on the zerolag, work can proceed on the 

statistics demanded by equation 29. Start with the variance expression: 

(30) 

The model for the zerolag random variable (Z) was given in Chapter III. Likewise, its 

expectation was stated by equation 14. The square term indicated in the variance expression 

has not been found and must be derived from the definition. 

E { Z Z ) -  E  g [ x (  t) ] *g[x( t) ] SrWtf) 1 •?[•*(<?) ] 
^sc-1 arcr-1 

<31) 
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To attack this expression, it helps to separate the summations into all terms where t=q, and 

another that includes all remaining terms. 

Mz2) 

-(*)" 

[sr[X(t)l -sr[x(t)l]2 + 5i^[g[jr(t)] •sr[*(t)]][gr[jr(g)] •sr[ar (qr) ]  ]  
c-i q+c 

Nt Na 

£  S f l f e r t X t t )  ]  • £ T [ J T ( t ) ] ] 2 }  +  5 2 ^ £ { [ s r [ j : ( t ) ]  • ? [ ! ( « ] ]  [ f f  [ * ( $ ) ]  ' f f [ X ( q )  ]  
t'l C-l q+ C 

(32) 

The second term can be further reduced by assuming a rectangular bandpass and exact 

Nyquist sampling. These restrictions will make samples independent, thereby allowing 

separation of the expectation operator. 

£tzaJ"(-]^)V»fi([Sr<J0 •S'(JD]2} + ^<Wa-l)£{g-(X) •g-U))2] 

- [gr(X) «sr(Z) 1 J) + | l  - (X) •flr(X) J2 (33) 

fi([sr(X) •SrU)]2> + (l--iW}2 

The second term is given by equation 14. While the first term must be calculated with a 

process similar to equation 9. This involves separating the expression into conditional 

expectations and probabilities. 
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£f -ffU) ] a)-£{ [g{Xi *g(X) ]2\X>vl)p(X> vj) 
+£([g-<JSl »ff(X) ]2| vi}p(vo£i"svo) 
+£{[gr{X) ' c r ( X )  ] 2|X< Vo)P(X< vS) 

(34) 

This can be solved by inserting the proper values from the Bos multiplication table for the 

conditional expectations. The probabilities can be solved by using the distribution function 

of the input signal X, which has been assumed to be a white Gaussian random process. The 

middle term disappears because the inner products of the Bos multiplication table are null. 

£<[5r(50'ff{X)]2}-81P(X>v;) + 81 P(JST< Vq) 

The result is an expression for the expectation and the variance of the zerolag random 

variable. However, the goal is to describe the power estimator. This requires consideration 

of the correction which was given by equation 15. The power correction to the zerolag is 

non-linear and is being applied to a non-Gaussian distribution. To solve this problem, 

requires an approximation that can be found in Papoulis p. 152 [9]. The only restriction on 

this approximation is that the function be reasonably smooth in the area of the mean value. 

(35) 

combining terms: 

Os-£te2}+E(z)z 

(36) 



As demonstrated by Figure 5, this condition appears to be satisfied. 
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(37) 

In this application, f(y) is the conversion equation 15. This expression must be differentiated, 

then solved at the mean value of the random variable Z. Start by recalling the conversion 

formula 15. 

p -  f( z )  (38) 

The statistics of random variable Z have been found and are restated. 

e r f  

ol-VAR{zl-4rerfc 
Na 

vn 

^az) 
1  -  e r f .  

(39) 

Next take the derivative of f(z). 

-f f (z) —f dz dz 
vS 

18 

e x f c - M | )  

e r f c ' 1  ( - j )  

(40) 

3expj 
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To complete the calculation of (37), the resulting equation is evaluated at the mean of the 

random variable. (In this case Z, the zerolag). The expected value of the zerolag is given by 

equation 14. 

v/20x 

-3 

exp (41) 

Finally, combine expressions (36),(37) and (41) into the approximation to give an estimate of 

the variance in the power estimator P. 

o|- •Kl V2ax 

exp 1  -  e r f  a  —  C42) 

The goal of this work is to calculate the degradation factor. This requires one additional term 

which is the expected value of the power estimate. The purpose of chapter III was to create 

an unbiased estimator of input noise power. Therefore, its expectation should equal the input 

power. 

Likewise, assume the threshold voltage level is known precisely. Combining terms from the 

ideal case gives the following expression for the degradation factor of the zerolag power 

estimator: 
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(44) 

The derived expression is an indication of the quantization noise of a Bos correlator 

relative to an ideal square law device. This degradation is strongly dependent on the threshold 

value (normalized to input noise power). The noise of a power estimate will decrease with 

integration time, but the degradation factor is not dependent on integration time. Therefore, 

the Bos correlator approaches the true power with the same rate as the ideal square law device 

(but with a larger variance at any given time). 

A plot of the degradation function is given in Figure 8, section VII. This plot has two 

curves. The degradation of the power estimator is a dotted line. It reaches a maximum for 

a relative threshold of 1.4, with a degradation of about 81%. The other curve indicated in 

Figure 8 will be discussed in Section VII. 

VIII. Correlation considerations 

So far, this paper has examined the statistical properties of the zerolag correlation. 

The goal was to create an estimate of input noise power. A viable instrument must also 

measure the correlation coefficient (px(r)) of the input waveform. This section will examine 

the effects of coarse quantization on this measurement. 

The correlation coefficient is a normalized version of the correlation function (see 
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equation 56). The structure of a digital correlator tends to produce estimates of the 

correlation function. However, most papers on this subject examine the correlation 

coefficient, which has advantages in terms of interpretation. To remain consistant with other 

papers [6,1,13], this thesis will also work with the correlation coefficient. There is an 

additional advantage to working with the correlation coefficient that relates to the power 

level. This will be described during the forthcoming analysis. 

The first step is to find an expression that converts the correlation function produced 

by a Bos correlator into an unbiased estimator of the input correlation coefficient. The 

correction must be integrated into the spectrometer signal processing. This signal processing 

step is termed quantization correction. This work is a review and elaboration of the original 

work done by Hagen [1], Cooper [6], Van VIeck [13] plus Kulkarni and Heiles [14]. 

To apply the quantization correction to measured correlation functions requires a form 

of the equation that can be coded into a computer. Section Via describes a polynomial fit to 

the quantization correction. Some work has been done to create a polynomial fit to three-

level quantization, but this is the first presentation of a modified two-bit quantization 

correction. The fit is designed to adapt to the input power level, which can vary in a real 

measurement environment. 

The next step is to check the viability of the given estimate of input correlation 

function. This work is presented in Section VII by calculating an expression for the 

degradation of the autocorrelation estimate relative to an ideal non-quantizing autocorrelator. 

The quantization correction can make an unbiased estimator from the raw correlation, but the 

quantization still reduces the efficiency of the estimate. Thus, an expression is found to 

quantify the quantization loss(degradation) as a function of threshold level. Using the 

degradation curve and the one presented for the power estimator, it is possible to select a 

threshold voltage to optimize the overall quantization loss. The resulting degradation formula 
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has not been presented before, but the analysis follows the work of Thompson [4] very closely. 

Thompson found the very similar case of standard two-bit quantization. 

IX. Converting the measured correlation into an unbiased estimator of input correlation 

coefficient (quantization correction) 

The autocorrelation of a stationary random signal is a function of delay time. A Bos 

correlator estimates the autocorrelation function by multiplying delayed samples of the input 

waveform. Like the zerolag, this estimate is not completely unbiased. Therefore, it is 

necessary to perform an additional processing step on the raw correlations to produce a true 

measure of the input autocorrelation function. 

The first step in creating an unbiased estimator is to derive the expected value of the 

output produced by the Bos correlator. The model of a Bos correlator is shown in Figure 6. 

It differs from the zerolag model, by the addition of a delay into the autocorrelation step. As 

before, care must be taken to distinguish between a Bos multiplication and the regular multi-

bit definition. 
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2 bit 
Quantizer Autocorrelation Integration 

X R 

Figure 6 - Model of autocorrelation function produced by Bos chip 

For this analysis, assume a bandlimited Gaussian noise input. Also, any deterministic 

component is small enough to ignore. The sampling rate will be exactly the Nyquist rate. The 

model gives us the following steps to consider; 

1. Quantization 

(45) 

where Rx(t) e {-3,-1,1,3} and g() is the quantization function 

2. Autocorrelation 

(46) 

where R2(t) G {-9,-3,0,3,9} and • is a Bos multiplication 

3. Time Averaging (or Integration ) 

i (47) 
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where -9 < R < 9 and Ns is the number of samples. 

All the steps in the model can be combined into a single expression. 

9"[jsrt 1 t+nT) ] 
* * 8  C - 1  

The expected value of the correlation estimating function R can be taken. 

££&• [ * (  fc>]  •ST[X( fc+J iT) ] }  (49)  

- ^ J ! x { t ) ]  t + n T )  ] }  

Simplification of this expression requires separating the terms into conditional expectations. 

E{g [ X( t )  ]  - g [ X( t + n T )  ] }  -
F{gr[X( t) ] [JC( t+nT) ] | X( t) > v£ f  X (  t+nT) > vj} f{x( fc) > vj, X (  t+nT) > vj) 

+ E\g[ x (  t) ] •sr[x( t+nT) 3 |  X (  t) > , o <:X( t+nT) 5 v£} f ( x {  t) > v$, 0£JT{ t+nT) £ v£) 
+ 

(50)  

Using the full expression is cumbersome. Thompson [4] adopted a shorthand notation to 

condense the resulting expressions. This short hand is based on the definition: 

Pxy-PiX( t )  is in state x AND X{t+nT) is in state y)  (51)  

The expression can be rewritten using this shorthand. To reduce further, values for the 

conditional expectations have been inserted. These have been taken from the Bos 
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multiplication table. 

EIR1-9P3  ,  + 3P, . -3P, . ,-9^3 
+3P1;3+op1;1+OP1;.1-3P1;_, (52) 

-3JP-I.3+0^-I.I + 0P-1.-I + 3P-I.-1 

-9^3,3-3P-3.I + 3P-3(-I + SP-3.-J 

Next, remove all null terms, which are caused by the modified Bos multiplication. The input 

is a zero mean Gaussian random noise signal. This creates some symmetries in the probability 

relationships. Using all the symmetries and combining terms produces the simplified 

expression: 

£tei-18P3 i 2-  18P3 i_3 + 12P l t3-12P1 (_3 C5 3)  

Evaluation of the four resulting probabilities requires the joint Gaussian distribution. 

Unlike the zerolag, this analysis must consider the correlation between delayed versions of the 

same input process. The assumption of independent samples in the analysis of the zerolag was 

really an approximation. The correlation between delayed versions of the input is very small, 

but not zero. For calculations on total power, the effects of the small correlation could safely 

be ignored. Their contribution is small compared to the total noise power. However, this 

very small correlation contains the very information which is to be measured by the 

instrument, the small determinsitic signal from the source. It also contains information on the 

shape of the telescope bandpass shape. An accurate measurement bandpass shape is necessary 

to provide "flat baselines". This term is an astronomical expression relating to the flatness of 

the noise spectrum. By accurately measuring the bandpass shape, it can be corrected during 

calibration. 

Therefore, the analysis from this point on will make the assumption that there exists 



42 

correlation between delayed samples of input noise. However, this correlation is very small 

compared to the total noise power. Equation 54 gives an expression for one of the four 

required joint Gaussian equations. 

The variable used to indicate the input correlation function is the correlation 

coefficient px(r). In general, /)x(r) will vary with delay time r. In this case, the delay time 

equals an integral number of delays imposed by the digital correlator: r=nT. The measured 

correlation function R(nT) will also vary with delay. In general, R(nT) the measured 

correlation function, will be a function of the input correlation coefficient from all delay 

times. However, by considering equation 54 and 52, it can be seen that the expected value 

of R(nT) is only related to the input correlation at the same delay time. Therefore, it is 

possible to drop the (nT) notation to simplify the expressions. Unless otherwise indicated, the 

input and measured correlation will be assumed at the same delay time. Note, this 

simplification only holds when X(t) is jointly gaussian with a delayed version of itself, 

X(t+nT). 

Evaluating the four joint distributions will complete the problem. However, Hagan 

and Farley [1] suggest a simpler method which comes from applying Price's Theorem [9] for 

Gaussian random variables. They have even worked out the details for the specific case of 

the Bos multiplication scheme. The results are now quoted directly from Hagan and Farley 

[1] .  
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This expression relates the expected value of the correlation generated by a quantizing 

correlator, as a function of the input correlation coefficient at that lag. It is simpler to 

compare the input correlation coefficient to an equivalent expression. Therefore, an 

additional step is used to normalize the raw correlation produced by the Bos correlator into 

a value which is related to the correlation coefficient. In general the correlation coefficient 

for a random variable is defined as follows: 

Corrx(r) 
Px(T) 2 ^ ^ 

ax 

Therefore, it seems reasonable that an estimate of correlation coefficient can be found by 

using the ratio of the measured autocorrelation and zerolag. This gives a normalized quantity 

that will be between -1 and 1. Converting this into an estimate of the input correlation 

coefficient requires a formula that will be called the quantization correction (or QC). 

P l-0C(|)  (57) 

Where 
R = raw (normalized) measured autocorrelation 
Z = The raw (normalized) measured zerolag. 
QC = Quantization Correction 

To determine the quantization correction requires the expected value of R/Z. By 

assuming R and Z are uncorrected. Since the zerolag is directly related to the input noise 
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power, and the correlation is related to the astronomical signal and bandpass shape, this 

assumption is plausible. This gives a unified expression for the expected value of R/Z. The 

approximation given by equation 58 applies the first order assumption possible for long 

integration times. 

_ £[£ (58) 
\ z ]  m  

The result is an expression that relates the expected value of the measured input quantity 

(R/Z) and the input noise statistic, px(r). 
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2 o l ( l - y 2 )  
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( 5 9 )  

As in the case of the zerolag, inverting this expression produces a first order 

conversion of the raw correlation coefficient (R/Z) to the true input correlation coefficient. 

Inverting equation 59 cannot be performed directly, but must be performed numerically. 

The quantization correction must be coded and applied to all correlations produced 

by the correlation hardware. For small values of px (input correlation), a simple polynomial 

fit works very well, but for larger values, a reasonable fit is more difficult. It should be noted 

that the results of the quantization correction give a function which has been normalized in 

power. This occurs because the correlation coefficient at zero delay will always be 1. This 

explains the necessity for a separate processing path to calculate total power. If the 

correlation function was not normalized, the resulting expression would have power 
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proportional to the raw zerolag. As shown in Section 3, the raw zerolag is not a good 

estimator of total power and must be corrected. Therefore, the loss of power information in 

the quantization correction is not a major problem. 

The quantization correction does not lend itself to a simple expression, therefore a list 

of values is given in Appendix B. The correction is dependent on the threshold, so the table 

is given for 3 possible values of threshold level. Also, a plot is presented in Figure 7 for two 

different values of threshold level. The results indicate a weak, but not insignificant 

dependence on the relative threshold level. 

Actual 
correlation 
coefficient 

(P*> 

0 . 2  0 . 4  0 . 6  0 . 8  

Measured correlation coefficent (R/Z) 

Figure 7 - Quantization correction (dash line v0/crx = 0.9 and solid line v0/<rx =1.2) 

IX.a. Polynomial fit to quantization correction 

The derived equation for quantization correction must be applied to all correlations 

produced by the Bos correlator. The correction is specific for the Bos correlator and is 

dependent on the relative threshold level (relative compared to the input power). Because the 
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quantization correction is not a simple equation, it is normally implemented with a polynomial 

fit. Great effort has been made to obtain a good fit for 3 level correlators [2,7]. The Bos chip 

has not seen the same effort. This thesis will supply a polynomial fit to the quantization 

correction for the Bos correlator. 

The relationship for quantization correction has two input variables, the relative 

threshold level (v0/<7x) and the raw correlation coefficient (R/Z) produced by the correlator 

hardware. The raw correlation coefficient is simply the number produced by the correlator 

divided by the zerolag (both numbers should be normalized by equation 3). The relative 

threshold level can be calculated from the zerolag. The formulation is identical to the steps 

for converting zerolag to an estimate of power. 

-^-/2 erfc-1^) (60) 

A polynomial fit to the quantization correction requires two input variables. Instead 

of trying to solve the full problem in a single step, some simplifications can be used to make 

the problem more tractable. First, instead of performing a single fit over the entire 

correlation space, it can be divided into regions. For the problem at hand, the raw correlation 

coefficient will be divided into 3 possible regions: (0 < R/Z < 0.25, 0.25 < R/Z < 0.6, 0.6 < 

R/Z < 1.0 ). Each region will have an independent polynomial fit. The signal processing 

software will have to direct the correction to three separate polynomial equations. This 

simplification greatly increases the accuracy of the fit for low correlation values, where it will 

be applied most often in practical astronomical correlator applications. 

It should also be noted that the quantization correction is an odd function. This can 

be deduced from equation 55. Therefore, the fit is applied to positive values, only. Negative 
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values of raw correlation coefficient can be found by using the even nature of the function. 

Another simplification can be made by performing the fit in two steps. The first step 

is to hold the relative threshold level (v0/ax) to a fixed value, and perform a polynomial fit 

which converts the measured correlation coefficient into a corrected value. A reasonably good 

fit could be made with 7 terms in the polynomial. However, the fit produced by this process 

is only applicable to a single value of relative threshold level. Therefore, it is not particularly 

useful for a practical instrument. 

(>,-«*• <,(!)' • <,(!)' • .(if • mr • *^(f <6l) 

Repeating this fit for other values of thresholds, creates a set of polynomial fits. The 

coefficients of these fits are dependent on the threshold level and are well behaved. 

Therefore, it is possible to make a polynomial fit to the coefficients from equation 61. These 

coefficients are functions of relative threshold level. Thus the purpose of the second fitting 

is to adjust the coefficients in equation 61 to account for the relative threshold level. 

(62 )  

Thus calculating the corrected correlation coefficient requires a two step process. The 

first step takes the relative threshold level calculated by equation 60 and the k-values, which 
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are tabulated in the appendix to solve equation 62. Next take the resulting 7 c-values and 

insert them in equation 61 along with the measured correlation coefficient to produce a 

corrected correlation coefficient. 

The computer time necessary to apply this fitted quantization correction seems 

excessive. However, several coding tricks can be used to save calculation time. First, a single 

spectrum may contain hundreds of correlations, but only a single zerolag. Therefore, the set 

of seven equations (62) that are used to produce the c-values must only be applied once for 

a given spectra. Thus for a given spectra, equations 62 only needs be performed 3 times (once 

for each range of raw correlation coefficient). The resulting coefficients are then used 

repeatedly in equation 61 for all the values in the spectra. Also, for most practical 

astronomical spectrometers, the high range will virtually never occur (0.6 < R/Z < 1.0). 

Consequently, the calculation of c-values for the high range can be performed only when 

needed. 

The fit was made, and the results are available in the Appendices in two forms. 

Appendix D gives a program listing of the the fitted correction written in the "C" 

programming language. All the programming tricks mentioned were applied by this software 

package. Appendix C is a listing of the coefficients k, which are required for equation 62. 

The computed k-values contain more significant digits than are necessary. However, 

since the values were generated by computer, then ported directly into the program for 

coding, there was no inherent saving by trimming unnecessary digits. Therefore, all values 

that might be significant were kept. 
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The quantization correction will convert the autocorrelation into an unbiased estimate 

of the input correlation coefficient. A degradation factor is needed to examine the validity 

of this estimate. A degradation factor of the correlation estimate has long been used to 

optimize the value of the sampling threshold. Thus, the primary criteria for setting the 

sampler threshold has, in the past, been the value which minimizes quantization noise. 

The correlation degradation factor in this thesis will be defined by the following 

expression: 

The denominator of this expression was given by Thompson [4] and restated in 

expression 64. The term "ideal" is meant to indicate a digital correlator with infinite 

quantization resolution. Therefore, this degradation function gives a measure of quantization 

loss. Note, expression 64 is an approximation. It is only valid for small values of correlation 

coefficients (px« 1). 

D _ SNR Quantized Correlation 
x SNR Ideal Correlation 

(63) 

SNR Ideal Correlation "pxJWg 

when px < 1 
(64) 

The quantized case requires a reasonable definition for signal-to-noise ratio. 

SNR Quantized Correlation - (65) 
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At this point it is necessary to make a simplification that was first applied by Cooper. 

Because, the quantization correction is close to linear for small correlation coefficients (see 

figure 7), it is possible to ignore its effect when considering degradation. This allows the 

derivation to ignore the quantization correction step. This differs from the zerolag case, 

where the correction was not very linear (see figure 5 versus figure 7). 

( 6 6 )  

Therefore, with statistics on the autocorrelation it is possible to infer the results for 

the related case of the correlation coefficient. This simplification is only applicable for small 

values of correlation coefficient. 

The expected value of the autocorrelation was calculated in the previous section. This 

expression is complicated, so a simplification will be used. To this point it has been assumed 

that the input is Gaussian, with independent samples. In such a case, all the correlation 

coefficients should have expected values of zero, when nT > 0. However, if it is assumed that 

the correlation coefficient is small, but not zero, the expected value expression can be 

reduced. This approximation allows simplification of equation 55. The integration in 

equation 55 is replaced by a rectangular approximation. 

exp 
/ \2 / \al 

2 + exp 
- ? ( J2ax) 

2 + exp 

(67) 

when pz << 1 
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The next step is to find the variance of the autocorrelation. 

(68)  

To find the square term, start from the definition and work through the summations. 

sta2} 
"*1 

i f .  
-A- £ sr[jr( t) ] *gr[jr( t+nr) ] 

3 1 
g [ X ( q )  ]  • g [ X { q + n T )  ]  

3 <7-l 

(69) 

Next, separate the summations-into terms where t=q and another that includes the rest. 

\2 m 
S t f f W t ) ]  ' g [ X { t + n T ) ] ] :  

£)5^[fftr(t)] •sr[z(t+j2l0]]ter[x(g)] -srUtg+JiD]] 
t-1 

(70) 

Using the assumption that samples are independent will allow separation of the 

expectation in the second term. This is an approximation, because the correlation coefficient 

is small, but not zero. 

"1 £ 1 *g]][?[•*(g) ] •j[I(g+nT}]] 
t-i <j»e 

w. (71) 
t+nr)]}K{g[*(<?)] •ffE*(Q'+JiT)]> 

C-l <t*t 
- N S { N S - 1 )  E f f i J 2  
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Now the first term in equation 70 needs to be addressed. This requires expanding into 

formulas for conditional expectation. Applying the shorthand notation that was described 

in the previous section produces the sixteen possible combinations: 

J5([ff(Jr(C) ) * g ( X ( t + n T ) ) ] 2 )  -  {9)  2P3 3 +  (3)  2P3 t +  (-3)^3,.!+ (-9) 2P3 _ 3  

+ (3) 2P1 ( 3  + (0)aP l f l+ (0)a i> l j .1+ (-3) 2P l t_3  (72) 
+ C~3)2P-i 3+ (0)^.! (OJ'P.J. _!+ (3)2P^ _3 

+ (-9>aJ?-,!3
+  t-3) zP.'3 ( 1+ (3) 2P.3 ( .1  + (9)2P_'3 <_3  

Null terms can be removed and symmetries applied to simplify the equation. 

-18 [  9P3 > 3  + 9P3 >+ 2P1 j 3  +2PX <_j ]  (73) 

To solve the probability expressions requires integrating the 2-dimensional Gaussian 

distribution as indicated by equation 54. However, this calculation can be simplified by using 

the stated assumption that the correlation coefficient is much less than 1. The resulting 

approximate formulas were given by Cooper [6]. 

when PjjCl 
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Combining and simplifying equations 74 and 73 produces an expression for the t=q summation 

term. Taking advantage of symmetries in the expression cancels all factors that contain the 

input correlation coefficient. 

Ei[g(x( t)) *sr(jr< c+jiD) ]z)-ai 

- 6 3  

erfc 

e r f <  

\ j 2 a x )  

•tell 
+ 18 

+ 18 

erfJi—^ 

{\/2o^J 

1 75) 

Now all the elements are in place to produce an expression for the variance of the measured 

autocorrelation estimate R. 

2  6 3  erfcf-^-1 
18 
N. 

e r f c  
6Px 
t iN, 

exp 

(76) 

Once again, apply the stated assumption that the correlation coefficient will be small. 

Therefore, the final term can be ignored, because it is multiplied by px. 

ai-il 
* N. 

(77) 

Finally, taking the results and inserting into the definition of degradation gives an equation 

indicating quantization loss. 
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D m ~ -

— exp| 
Tt ^ 

f \2 f \2l 
_ ° 2 + exp J ; -

<j2ax) 
2 + exp 

6 3  
N. 

e r f c  
iy/2ax 

18 
N. 

e z f c  — — — )  
k v^2CTx/ 

(78) 

when px « 1 

A plot of this function is given by Figure 8. The independent variable is relative threshold 

level (V0/CTX). The degradation factor for both the zerolag power estimator and the correlation 

function are plotted together. 

Degradation 
Factor 

Relative threshold level (V0/ITX) 

Figure 8 - Degradation factor of correlation versus threshold level 
Where 

Dashed line indicates degradation of zerolag power estimator. 
Solid Line indicates degradation of the correlations when px « 1. 
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The degradation plot indicates the optimum threshold to minimize quantization loss. 

The curve generated by the zerolag power estimator peaks at a threshold of around 1.4 with 

a resulting best case degradation factor of 0.8]. While the correlation degradation curve peaks 

at a threshold of 0.9 with a best case degradation of 0.87. Thus, the optimum threshold is 

different for the two estimators. In the past, thresholds have been chosen to minimize the loss 

to correlation. However, it is obvious a small increase in threshold level could improve the 

zerolag power estimate, with only a nominal decrease in the correlation degradation. A good 

tradeoff point might be a threshold of 1.0, which was the nominal value used to fit the 

quantization correction. Naturally, using a threshold other than 0.9 is only relevant if the 

zerolag is used for power measurement. 

XI. Design tolerance of quantizer parameters 

Throughout this thesis, the relative threshold level (V0/CTx) has been an integral part of 

every expression. In the previous section on degradation factor, the quantization loss was 

found to be strongly effected by threshold level. In that context, the threshold can be viewed 

as a parameter, which can be manipulated to optimize performance. However, the threshold 

will only behave as a nice benign parameter, if it satisfies certain requirements. The goal of 

this section is to examine the effects of non-ideal threshold levels and to consider systematic 

problems that can result from threshold errors. 

This work represents the first attempt to study the effects of threshold errors on 

systematic problems in hybrid spectrometers. The method used to measure power in most 

spectrometers is wideband noise diodes. The Onsala hybrid spectrometer is the first to use 

the zerolag as the primary means of measuring input power. The following section (IX - X) 



56 

represent new work. The goal is to examine the practicality of the zerolag as a power 

measurement technique. 

To evaluate systematic problems, it is important to define a measure that is 

appropriate to accurately represent the situation. The discussion so far has used an equivalent 

ideal model for comparison. Unfortunately, this method is not appropriate for this discussion. 

The old model was appropriate when dealing with quantization loss. This next step is 

concerned with systematic errors. Therefore, a new measure is required that represents the 

new situation. 

The proposed benchmark is based on a quantity called spectral variance. The spectral 

variance was calculated by Weinreb [8], It gives the variance that is inherent in measuring 

power spectra of noise processes by real world correlators. Systematic errors will always exist 

in actual instrumentation, but can be made very small. If the systematic errors can be made 

much smaller than the inherent spectral variance, they can be ignored. This gives a practical 

measure of the tolerable level of systematic errors. 

Weinreb [8] calculated a spectral variance that indicates the inherent measurement 

noise, (baseline noise). From that work it is possible to define an expression for the spectral 

SNR. The spectral SNR is simply the inverse of spectral variance. 
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Spectral SNR -

JtK? (79) 

-*F¥ 

Where 
T = Integration time (sec) 
Af = resolution of Spectral Estimate (Mhz) 
B = Bandwidth (Mhz) 
a = correction factor for windowing 
/? = correction factor for quantization loss 

In this case, Af/B is simply the inverse of the number of correlator lags. Since most 

observations involve hundreds of resolution points, this will be much smaller than 1 and can 

be ignored. The quantization loss is simply the inverse of the degradation factor. If the 

thresholds are optimum )3« 1/ 0.87 or 1.15. The windowing factor (a) equals unity for 

rectangular windows and is slightly higher for different window functions (Hanning, 

Hamming, etc). For the remainder of this discussion, this term will be set to one. This gives 

the simplified estimate of spectral SNR. 

Spectral SNR -0.87/fST (80) 

For this application, assume a typical frequency resolution (Af = 0.25Mhz). This value 

is appropriate for millimeter wave application, but should be made smaller for centimeter 

wave radio astronomy. Note, the spectral SNR increases with integration time. The 

systematic errors examined by this thesis will be constant with integration time. Therefore, 

the allowable systematic error will depend on integration time. The deeper the expected 

integration, the greater the necessity to hold down systematic errors. Also, decreasing 
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frequency resolution will tend to reduce the spectral variance. Therefore, any results derived 

in this thesis are underestimates for centimeter wave astronomy. 

XII. The effects of threshold error on power estimation 

The final spectrum produced by a hybrid spectrometer is constructed of many separate 

sub-bands of spectra. Each sub-band is produced by a separate correlator circuit, which 

hangs on the end of a separate analog filter. The final step in signal process is to combine 

the sub-bands into a single contiguous spectrum. An error in the total power between the 

separate analog filters can cause a discontinuity in the spectrum. This type of error is termed 

platforming. It derives its name from the way this error appears in the final spectrum (see 

Figure 9). A block of spectra associated with a single analog filter will be lifted above (or 

dropped below) the baseline of the spectra. Platforming is a fatal error that can severely limit 

the ability of a hybrid spectrometer to produce nice flat baselines. In general, systematic 

errors in power measurement are not reduced by integration time. Therefore, deeper 

integration will make the problem worse by reducing the variance of the baseline, while the 

power error stays relatively constant. 
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Figure 9 - A spectrum demonstrating a systematic error "platforming" 

The measurement of total power in a single analog filter is performed by a distinct 

operation in the signal processing. Several techniques have been used to perform this 

measurement. Some correlators use analog square law diodes. Section III of this thesis 

described a technique that uses the zerolag correlation. To avoid platforming problems 

requires some analysis of the power detection scheme. The goal of the next analysis is to 

examine the tolerance required to avoid platforming problems when the zerolag (or any other 

scheme) is used to measure total power. 

The first step is to develop a numeric definition for platforming. This thesis will 

assume platforming occurs when the errors in power overwhelm ambient measurement noise 

(baseline noise). The baseline noise can be taken from the spectral SNR which was discussed 

in Section VIII. An expression for the error in power due to threshold errors must be 
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defined. This method seems appropriate because the spectral estimate is multiplied by the 

power estimate. In general they will be uncorrected, so the total error should be roughly the 

quadratic sum of baseline error and the systematic error. 

A definition of the total power measurement SNR is required. It seems simple enough 

to define this function as the ratio of power over the error in estimating the power error. 

Unlike the previous discussion, this error is not a noise term but an offset due to systematic 

problems. Therefore, the error term can be expressed as the absolute difference between the 

power estimate with and without the systematic problem considered. This would produce the 

definition indicated by equation 81. 

SNR , — (81) 
<J(E(3 - dPttf 

Where 
E{P) = is the expected value of the power estimator 
E{P}C = is the expected value of the power if a small error term e is introduced. 

Unfortunately, this simple definition is not completely appropriate. Normal 

astronomical observations perform continuous calibrations to remove stable linear errors. The 

main calibration is applied to remove any bandpass shape in the detection system. This 

correction is called "signal minus reference over reference". This explicit terminology refers 

to the form of the correction. The signal refers to the astronomical signal of interest. The 

reference is an exact duplicate of the signal observation, with the astronomical source 

removed. It is normally produced by observing the sky next to the source of interest. This 

active calibration will tend to normalized any linear errors introduced in the measurement. 

The easiest method to compensate for the calibration is to redefine the SNR for 

systematic errors. This modified definition will only include terms that are not corrected. 
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To avoid confusion, this modified definition will be called SER, to differentiate it from a 

traditional SNR. A simple model for the erroneous power estimate is given by a linear 

function of the true power. 

£{.?}, - mE{$ + b <82) 

Assuming any threshold errors are stable between the "signal" observation and 

"reference" observation, then m (slope) and b (y-intercept) will not change. The measured 

powers are combined by a Signal - Reference/ Reference calibration. The results of the 

calibration are given as follows: 

S - R  _ +  m _ 1  (83) 

* ^ + i 

Thus, if the systematic errors are stable and b=0, then the slope term (m) produces no 

error. Therefore, a more appropriate error definition must not included any terms that are 

proportional to the desired value. This leads to the modified definition of power error SNR. 

SER - %2L 

£{$-
efii, y 

am, 

da% 

<84) 

This removes any proportional errors and focuses on the residual errors. This can be 

simplified by assuming the power estimator is unbiased. In this case, the expected value 
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becomes the desired quantity a2, the input noise power. 

SER -

1 -

3ai 

(85) 

Thus, the goal is to determine the SER and compare it to the spectral SNR. This 

method will give an indication of the severity of platforming errors introduced by the small 

systematic error e. 

XII.a. Symmetric errors in quantizer thresholds levels 

The first case to examine is symmetric errors in the expected levels of the sampler 

thresholds. Of primary concern is the power estimate, so determine the SER for the zerolag 

estimate of power when symmetric errors are introduced. Symmetric errors occur when both 

the positive and negative threshold are larger in magnitude than expected. To simplify the 

calculations, assume the threshold error is the same magnitude in both upper and lower 

threshold. Thus, the threshold that was assumed for equation 15 will not equal the actual 

threshold voltages in the instrument. 
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Figure 10 - Sketch of symmetric errors in threshold level 

To find an expression for the expected value of the power estimate, apply a series 

expansion. The truncation of a similar series was used tc estimate the variance. 

fi(n)B is the nth central moment of Z. 
is the mean value of Z. 

The first term of the series is found by inserting the expected value of the zerolag (E{ZJ = »?s) 

into the power conversion formula (15). However, for this analysis, the value of the actual 

physical threshold level will not be assumed identical to the value used by this conversion 

formula. This will model an error in the assumed threshold level. Thus, the power conversion 

equation 15 will use a threshold level (= v0), while the expected value expression will use a 

modifed threshold level (= v0+e). 

d g { z ) )  -  g [ x \ z )  + g " { T \ s ) ^ +  . . .  ( n * )  +  (86) 

where 
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2fx£c"M9eHi3)l 
( 8 7 )  

A small error has been inserted into the expression for threshold voltage. To the first 

order, this gives the following expected value for the power estimator. 

The resulting expression is the residual error that would remain after long integrations. 

The other terms in the series expansion are dependent on the variance term, which decreases 

rapidly with integration time. 

Inserting this definition into the SER expression gives the nice result that SER = 

infinity. This result is expected by the outcome of equation 88. Because the power estimator 

is proportional to the input noise power, all errors will be canceled during calibration. This 

does not mean symmetric threshold errors do not produce errors in the estimate of total 

power. However in the context of radio astronomy work, the error is not important because 

of active gain calibration that is performed. 

Xll.b. Offset errors in quantizer threshold levels 

The next parametric error does not disappear so easily. It involves an error in the 

threshold that is not symmetric about zero. This error would occur if both the thresholds have 

(88 )  
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an "offset" in the same direction. To simplify calculations, the magnitude of both positive and 

negative threshold errors will be made identical. The only difference between the symmetric 

case and the offset case is the sign of the error at one of the thresholds. Figure 11 gives a 

sketch of the offset error situation. The choice of equal magnitude offset and symmetric 

errors is convenient for analysis. But it is also useful, because any type of threshold error can 

be decomposed into components that are equal magnitude offset and symmetric. 
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Figure 11 - Sketch of offset errors in threshold level 

Formulating the consequences of this error is not straight forward. The first step is 

to apply the assumptions of the previous case and then approximate the expected output of 

the power estimator with the first term of the series. This approximation holds only for long 

integration time. The expression can be made by substitution of equation 12 into equation 

15, then simplifying. The offset error is indicated by e. 
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( 8 9 )  

Now to complete the calculation, requires taking the derivative in terms of a2
X, (the input 

power). 

d£tp). 

da2
x 

2\̂ 2aXt 

•ft) 
C"3exp (Q2) 

exp 
' vn M)1 'MHfejM) 

(90)  

where 

O-^erf  
2 /2° -I1--! *\ v°> 

+ ^erf  
2 (y/20: J M)1 (91)  

The full expression for the SER can be found by inserting equations 90 and 89 into 

the definition, equation 85. However, the resulting equation is unreasonably cumbersome and 

its expression provides no intuitive information. Therefore, the complete formulation will 

be omitted. 

To present the results of the SER calculation in a meaningful manner requires the 

spectral SNR. The goal was to determine when systematic errors, such as given by the SER, 
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overwhelm baseline noise, which is represented by the Spectral SNR. To properly present the 

information, a plot is given with integration time as the independent axis. The dependent 

variable is the threshold offset error. The plotted curve is the point where: SER = Spectral 

SNR. Thus, below the curve, the systematic error will be smaller than the baseline noise. 

0 . 0 2 i  

0 . 015 

Offset 

®r™r, 0.01 («/v0) 

0 .005n 

20000 40000 

Integration time (seconds) 

60000 

Figure 12 - Significant threshold offset error versus integration time (sec) (Resolution = 0.25 
Mhz) 

The plot of sensitivity to offset errors shows a few interesting effects. First, the plot 

is given for two threshold levels, (v0/ax) =0.9 and (v0/ax) =1.2. The lower threshold level 

shows less sensitivity to threshold offset errors. This effect is not huge, but significant. In 

the limit of infinite integration time, the allowable offset error becomes zero. However, for 

integration times normally used for radio astronomy, it appears a threshold offset error of 

0.5% (offset error voltage/threshold voltage) can be tolerated. This level is indicated in the 
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plot as a horizontal gray line. The figure has been plotted out to an integration time of 19 

hours. 

XIII. Alternate method of measuring input power 

The most obvious method of measuring input power with a hybrid spectrometer is to 

use the zerolag correlation. In order to apply the zerolag for power estimation, the offset 

errors in the threshold level must be held under 0.5%, as indicated by the previous analysis. 

This is a tight specification of threshold level. Note, that the actual level of the threshold is 

not critical, but the difference between the positive and negative threshold offset must satisfy 

the 0.5% criteria. 

To avoid such tight specifications, the spectrometer could make an active measurement 

of the threshold voltage and correct the power equations accordingly. However, it is possible 

to construct a simpler method that uses the quantized data stream and is not adversely affected 

by offset errors. This section will give a description of this alternate method, which will be 

called "state counting". The goal of this alternate method is to reduce sensitivity to threshold 

errors. However, it does have a distinct disadvantage. The zerolag is always produced by a 

spectrometer, so can be considered free (ie, not requiring additional hardware). However, the 

state counting method does require additional circuitry to implement. Also, this method does 

not correct for all possible sources of error. It simply attacks some of the most critical errors. 

To derive this method, start with the output of the quantizing circuit of a Bos 

correlator. More complicated methods are possible, but using the available digital information 

will limit the amount of extra circuitry necessary. The raw digital data stream from the 

quantizer consists of two-bit numbers, which represent the level of the input signal. There 

are four possible states in a two-bit system. The frequency of occurrence for a given state 
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is the number of times it occurs divided by the number of possible occurrences (Ns). The 

expected value of each is stated below. These expressions assume the input can be modeled 

with Gaussian noise. These expressions are very general and include all parameters that might 

be of interest. 

?{^} -Pis tate  +3) 1 - erf| < 9 2 )  

' p ( s t a t e  * l ) "  -  - § [ e r f ( ^  

-erf 
/ 

C 9 3 )  

yQ-*lx 
l/2o* J 

( 9 4 )  

-P(state -3) - Fjytj - erf  f Vb-TlxV 
l V2ox J 

( 9 5 )  

where Ny = the number of occurances of state y e {+3,+ 1,-1,-3} 

Measuring the occurrence of each state is fairly simple. The circuitry required is a 

comparator to detect the presence of a given state, and a counter to keep track of the total 

number of occurrences. Expressions 92-95 include all possible variables, including several 
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which were not considered before. For example, the mean value of the input Gaussian and 

central threshold. Both have been assumed zero to this point in the discussion. Extracting all 

possible information in the digital data stream produces several unknowns. First, there are 

the three threshold levels (v0
+,v0°,v0"). There are also the mean value of the input signal, and 

the input power (variance) for a total of 5 variables (unknowns). This is unfortunate, because 

there are only 4 equations, and only 3 are independent. The four equations are not 

independent, because the sum of state occurances must equal 1. Therefore, measuring all the 

state frequencies will not allow a complete solution to all unknown variables. 

There are several paths that can be used to estimate the input power. By adding the 

occurrence of state 3 and state -3, a method which is equivalent to zerolag estimation is 

created. A simple extension to the zerolag system could be made by measuring the occurrence 

of states 3 and -3, but instead of simply combining, correct them individually. The result will 

be two estimates of input power. Taking a simple average of the two values creates an 

estimator that uses essentially the same information as the zerolag estimator. However, the 

resulting estimator is proportional to threshold errors, both symmetric and offset. This allows 

state counting to be more tolerant of systematic threshold errors. The described method 

would only require one state counter. The second value can be calculated from the zerolag, 

which is produced by the Bos correlator, anyway. 

N t 2  -  Z -  (96) 

The power estimation formula for this method is given by equation 97. This equation is 

equivalent to equation 15, which was the power estimation formula for the zerolag. 



71 

*.-• 

vS 
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(97 )  

This method provides a certain insensitivity to threshold errors, and requires only one 

additional counter per sampler. However, this method is not useful, unless the quantization 

loss is small. A degradation function for the method given in equation 97 has been derived 

with the same methodology used in Section II. The only additional complication in the 

derivation is the power estimator is now dependent on two random variables (N+s and N_3 ), 

instead of one. Equation 98 is an expression for the quantization loss of the state counting 

method of measuring power. The degradation expression can be compared to the zerolag 

degradation factor, which is shown by equation 44. 

1S*A 
D s  
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vn  

^2ox < 9 8 )  

erfc  

The resulting degradation is plotted with the other degradation factors presented by 

this thesis. From the plot, the degradation due to the state counting method is similar to the 

zerolag method, but slightly more lossy. This is especially true when the relative threshold 

level is low. 
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Figure 13 - Plot of degradation factor versus threshold level (state counting method) 
Lower dashed line indicates degradation of the state counting power estimator. 
Upper dashed line indicates degradation of zerolag power estimator. 
Solid Line indicates degradation of the correlations when px « 1. 

Even more elaborate methods are possible with state counting. By using the inner 

states, it is possible to make first order corrections for non-zero mean gaussian inputs (DC 

offset). Of course, using these inner states will require more counters and more elaborate 

signal processing. But if DC offsets are a problem, these more complicated methods might 

be appropriate. 

XIV. Conclusion 

Statistical calculations on the zerolag correlation generated by a modified two-bit 

correlator indicate it is a biased estimator of input noise power. However, a simple expression 

(equation 15) can be used to realize a first order correction of the bias. Further analysis on 
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the resulting power measurement scheme was performed to determine degradation relative to 

an ideal square law device. The resulting degradation factor was dependent on the threshold 

levels and input power. At the optimum threshold level, a modified two-bit quantizer 

achieves a degradation factor of 81%. This means the quantized estimate has 19% more noise 

at any point in the integration versus the benchmark system of an ideal square law device. 

This seems like a tolerable loss, especially since the zerolag is automatically produced by the 

correlation circuitry. However, calculations on the parameter tolerances indicates the zerolag 

power estimation is susceptible to threshold level errors. For astronomical work, it is 

necessary to hold threshold errors (offset type) to a fairly tight 0.5%. If this tolerance is too 

tight, an alternate method is possible. It involves measuring the probability of different states 

in the 4 state system created by a two-bit quantizer. This alternative method can be made 

insensitive to threshold errors. However, this method would require additional hardware 

compared to the zerolag method. 

The ability of the Bos correlator chip to measure input correlation functions can be 

improved by applying a quantization correction. The correction function is necessary to 

remove non-linear effects of quantization. The resulting correction is dependent on the 

threshold level and input power level. Whereas, holding the threshold levels to tight 

specification might be possible, it seems unlikely that input power can be controlled to the 

necessary tolerance. The noise power will be affected by such uncontrollable parameters as 

atomspheric opacity. Therefore, the quantization correction must be adjusted by using the 

measured zerolag as an indicator of the input power level. A polynomial fit was produced 

for this quantization correction. It works for any value of correlation, but has a limited power 

range. It is designed for a nominal relative threshold level of 1.0. If another operating point 

is needed, this fit should be recalculated at the new operating point. 
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Appendix A. Glossary 

ns  - Number of samples. 

n+3 - Number of occurrences of state +3, during n, samples. 

n+l - Number of occurrences of state +1, during ns  samples. 

n-! - Number of occurrences of state - I, during samples. 

n-3 - Number of occurrences of state -3, during n8  samples. 

nT - Refers to an integer number of delay times n = integer number of delays, T 
= sample period. 

P - Estimate of Input Total Power. This estimate is used to correct the level of 
the autocorrelation estimate after the quantization correction normalizes the 
power term. 

R - Measured Correlation. The Random Variable measured by a Bos type 
correlation chip. In general this should be shown as R(r), but for simplicity 
the delay time is implied. 

px - Correlation Coefficient. The statistics of the input noise signal. In general, 
it is a function of delay time, but the (r) is normally implied. 

v0 - Threshold voltage level of quantizer. This designation is used when v0+ and v0_ are 
assumed equal. 

v0
+ - The positive threshold voltage level of the quantizer. (See Figure 3) 

v0° - The zero threshold voltage level of the quantizer. Normally this value is assumed 
equal to zero. 

v0" - The negative threshold voltage level of the quantizer. (See Figure 3) 

X - Input Noise Signal. For this thesis, the input is an random process with 
white gaussian statistics, which is bandlimited by a ideal rectangular filter. 
Buried in the random process is a very faint deterministic signal, the 
astronomical source. 

Z - Zerolag. The random variable measured by a Bos type correlation chip at 
zero time delay: Z = R(r=0) 
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Appendix B. Table of quantization correction values 

This table provides a listing of the quantization correction necessary to convert the 

output of a Bos correlator into an unbiased estimator of input correlation. The table is given 

for three values of threshold voltage. These values can be found by inverting equation 59, 

The quantization correction is an odd function of R/Z thus QC(-R/Z) = -QC(R/Z). 

Table 4 - Quantization correction for three value of threshold level 

v0/(Tx = 0.9 

o
 

ii b* o
 

v0 /cx= 1.2 
Measured R/Z Corrected px Corrected px  Corrected p. 

0.01 0.00975214 0.00945823 0.0089597 
0.02 0.0195041 0.0189165 0.0179196 
0.03 0.0292559 0.0283747 0.02688 
0.04 0.0390071 0.0378329 0.0358411 
0.05 0.0487579 0.0472912 0.044803 
0.06 0.0585079 0.0567494 0.0537662 
0.07 0.0682571 0.0662077 0.0627307 
0.08 0.0780054 0.0756659 0.0716968 
0.09 0.0877525 0.0851242 0.0806648 
0.1 0.0974984 0.0945826 0.0896348 
0.11 0.107243 0.104041 0.0986072 
0.12 0.116986 0.113499 0.107582 
0.13 0.126727 0.122958 0.11656 
0.14 0.136467 0.132417 0.125541 
0.15 0.146205 0.141875 0.134525 
0.16 0.155941 0.151334 0.143513 
0.17 0.165674 0.160793 0.152505 
0.18 0.175406 0.170253 0.161501 
0.19 0.185135 0.179712 0.170502 
0.2 0.194862 0.189172 0.179508 
0.21 0.204586 0.198633 0.188518 
0.22 0.214308 0.208093 0.197534 
0.23 0.224027 0.217555 0.206556 
0.24 0.233744 0.227017 0.215584 
0.25 0.243457 0.23648 0.224618 
0.26 0.253168 0.245943 0.23366 



0.27 0.262876 0.255407 0.242708 
0.28 0.272581 0.264873 0.251765 
0.29 0.282283 0.274339 0.260829 
0.3 0.291982 0.283807 0.269902 
0.31 0.301677 0.293277 0.278984 
0.32 0.31137 0.302747 0.288075 
0.33 0.32106 0.31222 0.297176 
0.34 0.330747 0.321695 0.306288 
0.35 0.34043 0.331172 0.315411 
0.36 0.350111 0.340651 0.324545 
0.37 0.359789 0.350133 0.333692 
0.38 0.369464 0.359618 0.342851 
0.39 0.379136 0.369106 0.352024 
0.4 0.388806 0.378598 0.361211 
0.41 0.398473 0.388094 0.370413 
0.42 0.408138 0.397594 0.379631 
0.43 0.417801 0.407098 0.388866 
0.44 0.427462 0.416608 0.398117 
0.45 0.437121 0.426123 0.407388 
0.46 0.446779 0.435645 0.416677 
0.47 0.456435 0.445172 0.425987 
0.48 0.466091 0.454707 0.435319 
0.49 0.475746 0.46425 0.444673 
0.5 0.485401 0.473801 0.454051 
0.51 0.495056 0.483361 0.463455 
0.52 0.504713 0.4892932 0.472885 
0.53 0.51437 0.502513 0.482344 
0.54 0.524029 0.512106 0.491832 
0.55 0.533691 0.521711 0.501353 
0.56 0.543356 0.53133 0.510907 
0.57 0.553026 0.540964 0.520497 
0.58 0.5627 0.550615 0.530125 
0.59 0.57238 0.560283 0.539793 
0.6 0.582067 0.56997 0.549505 
0.61 0.591761 0.579678 0.559263 
0.62 0.601466 0.589409 0.56907 
0.63 0.611181 0.599164 0.578929 
0.64 0.620908 0.608946 0.588845 
0.65 0.630649 0.618757 0.598821 
0.66 0.640406 0.628599 0.608862 
0.67 0.650181 0.638477 0.618973 
0.68 0.659976 0.648393 0.62916 
0.69 0.669794 0.65835 0.639429 
0.7 0.679638 0.668353 0.649787 
0.71 0.689512 0.678406 0.660242 
0.72 0.699418 0.688514 0.670801 
0.73 0.709361 0.698683 0.681477 
0.74 0.719347 0.70892 0.692279 
0.75 0.729379 0.719232 0.703221 



0.76 0.739466 0.729627 0.714318 
0.77 0.749613 0.740116 0.725586 
0.78 0.759829 0.75071 0.737047 
0.79 0.770124 0.761422 0.748723 
0.8 0.780509 0.772267 0.760643 
0.81 0.790999 0.783266 0.772838 
0.82 0.801609 0.794439 0.785349 
0.83 0.812358 0.805814 0.798221 
0.84 0.823271 0.817424 0.811508 
0.85 0.834378 0.829308 0.825276 
0.86 0.845714 0.841516 0.839595 
0.87 0.857327 0.854111 0.85454 
0.88 0.869274 0.867166 0.870164 
0.89 0.881631 0.88077 0.88646 
0.9 0.89449 0.895016 0.903265 
0.91 0.90796 0.909964 0.920142 
0.92 0.922133 0.925539 0.93637 
0.93 0.93698 0.941313 0.951195 
0.94 0.952064 0.956356 0.964163 
0.95 0.966274 0.969622 0.975133 
0.96 0.978369 0.980551 0.984096 
0.97 0.987828 0.98906 0.991059 
0.98 0.994589 1.0 1.0 
0.99 1.0 1.0 1.0 
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Appendix C. Coefficients for polynomial fit to quantization correction 

This table gives coefficients that must be inserted into equation 62 to create a 

polynomial fit to the quantization correction function. 

Table 5 - Coefficients for polynomial fit to quantization correction 

Low correlation fit. Accuracy approximately 1*10"10 over the region 
Fit for 0 < R/Z < 0.25 and 0.9 < v0/ax <1.1 

kr.l kr,2 kr,3 

k l c  
k2,c 

k3'c 
4,c 

k5,c 
k6,c 
k7,c 

0 
0 
0 
0 
0 
0 
0 

1.567897076332429 
-1.232657200580434 
0.9834944713893492 

-0.5153146288739663 
0.1836247338196699 

-0.04784516117524618 
0.006623877098490993 

0.000009937623478795295 
-0.00006156553849235441 • 
0.0001557004802664602 

-0.0002031656250870428 
0.0001521174172463141 

-0.00005792784341401847 
0.00001082155533895478 

kr.4 kr.S 

k1,C 
k2,c 
k3,c 

fc 
k6,c 
k7.c 

-0.6467098110639338 
I.556101676759425 

-1.721200993759737 
1.295668275549531 

-0.6650634182861381 
0.2109681588731007 

-0.02989846692450371 

0.00201618601676512 
-0.01280342452966998 
0.0329886259628438 

-0.04245601787761899 
0.0310919054371368 

-0.01126325858593979 
0.001847703161807601 

kr,6 kr,7 

kl c 
k 

k 'C 
3,c 

k ,c 
k6,c 
k7,c 

0.07352027875473155 
-0.2755428008753427 
0.4319031350562454 

-0.293728019790592 
0.07369185186311711 
0.01383058759591904 

-0.008043767862842444 

0.02056066504833609 
-0.1388099057994907 
0.3808430853256937 

-0.4964126528866473, 
0.3636627563930119 

-0.1303005918957609 
0.01946195778925386 



Middle correlation fit. Accuracy approximately lxlO"6 over the region 
Fit for 0.25 < R/Z < 0.60 and 0.9 < v0/ax <1.1 

kr,l kr,2 

k l c  

k 2,c 
k3  e  

k k4,c 

kS,c 
k6,c 
k7,c 

0.005736174426585916031 
-0.03767146434249379894 
0.1032444131408905008 

-0.1511458713755722272 
0.1251923920550588321 

-0.05571334133794714205 
0.01114793611288256159 

1.487081074744992293 
-0.6993010713486000895 
-0.4843929512226168299 
1.639201523872543476, 

-1.603323452987751807 
0.7441875611557406955 

-0.1509844702015925577 

kr,3 kr.4 

kl,c 
k2,c 
k3,c 

^4 c 
k 5,c 
k0,c 
k7,c 

0.468560215636998123 
-3.112053292633277124 
8.61355775648485178 

-12.69071452922298704 
10.55578166637701543 
-4.665148622514948329 
0.9232812768633493761 

-2.077946283903031599 
11.13951764260309574 

-28.443712340379534 
40.86531299364560255 

-33.72554689753269486 
14.79881575086619705 
-2.902141955157333086 

kr,5 kr,6 

k l c  
k k2,c 

k3,c 
k4 c 
k 5,c 
k6,c 
k7,c 

2.434430994229501266 
-16.46936187807386887 
46.36323563044788898 

-69.07610398039651045 
58.06096089776110602 

-25.60929559293253988 
5.017756317319481241 

-2.113696238050465581 
14.72061987189317733 

-42.31915920117535279 
63.8818804527290922 

-54.28426220575420302 
24.01239258954137767 
-4.688587607725821726 



kr.7 

kl,c 
k2, 
k 3,c 

^4 c 
Kc 
k6,c 
k7,c 

0.8378377584550094071 
-5.84211962520976158 
16.91688001586226164 
-25.53436855882137024 
21.76080470517990761 
-9.592117724339004781 
1.855314826720928068 

Upper correlation fit. Accuracy approximately lxlO"3 over the fit region, 
fit for 0.60 < R/Z < 0.98 and 0.9 < v0/crx <1.1 

kr.l kr,2 

k1,C 
2,c 

k" k4 e 
k 5,c 
kG,c 
k7,c 

-19247.14993288196274 
119290.1435932092136 

-303534.541593845468 
402439.0960071603768 

-289309.1780601255596 
104946.4125660636928 
-14679.49282704325742 

150704.8133655844722 
-936759.3201809069142 
2391868.098605431616 

-3184585.375625826418 
2301310.882077995688 
-840571.7381702382117 
118789.9791887560859 

kr.3 kr,4 

k" 2,c 
k3,c 

k4"C 

k5'C 
6,c 

k7(c 

-489184.4603978400119 
3048930.786663159728 

-7809766.72195520252 
10437778.19124940038 
-7577812.289238899946 
2784500.931388176978 
-396950.6689914222807 

842821.4337311247364 
-5266117.20038934797 
13528402.16948436201 

-18143320.1835154891 
13226517.22438743711 
-4885546.676430478692 

701641.6210161708295 



kr.5 kr.6 

k l c  
k 2,c 
k3,c 
k 4 c  
k 
ks,c 

6,c . 
k7.c 

-813087.3475392097608 
5091979.850026354194 

-13115964.87643301487 
17645304.25877484679 

-12910754.81202337146 
4790524.75968144834 
-692323.0936820078641 

416529.8654575725086 
-2614022.696964971721 
6749615.151635237038 

-9106154.912848085166 
6684502.3184447214 

-2489977.550802856684 
361758.6687000421807 

kr,7 

k j c  
k 
k 'C 

k ' C  

k 'C 
5,c 

k6,c 
k7.c 

-88539.79292323417031 
556721.3621349837631 

-1440678.618818771094 
1948618.743578270078 

-1434511.530109951273 
536144.275500270538 
-78239.75882085424382 
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Appendix D. "C" program to perforin fitted quantization correction 

This subroutine will perform the polynomial fit to the quantization correction 

described in Section Via. The coding language is "C". It has been written with execution 

speed as the primary goal. Execution of this function requires a routine to find the inverse 

complementary error function, as described by equation 2. D'Addario [7] gives a good 

approximation to this function. 

j* * 

* Quantization Correction -
* 

* This routine will convert a normalized correlation function 
* and convert to a measure of the input correlation coefficient 
* This routine has been defined for an A. Bos type correlator 
* that uses 4 level incomplete multiplication. 
* 

* The polynomial fit is only optimized for input threshold levels 
* from 0.9 < (vO/sx) < 1.1 
* 

* */ 

#include <math.h> 
#define SPERR OK 
#define SPERR_POWER_ERROR -1 
I*  + 
* Declare subroutines 
• —v 
#define SQRT_TWO 1.414213562 
SPERR SP_quantization_correct(double *,int); 
double inverse_erfc(double); /*— inverse complementary error —*/ 

Quantization Correction function 
Input 

raw_data - a pointer to a double precision correlation 
array. The first value must be the zerolag autocorrelation 
the rest may be in any order. 

data length - integer which indicates the number of 
data points in raw_data array. This count should 
include the zerolag. 

Output - Integer which indicates error status 
SPERR OK - conversion was done without error. 
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* SPERR_POWER_ERROR - The input power was outside the 
* region for which this routine is optimum 
* (conversion is still performed) 
* 

* */ 

int SP_quantization_correct(raw_data,data_length) 
double *raw_data; 
int data__length; 
{ 
/*— Constants for fit 0.9<t<l.l and 0 < (r/z) < 0.25 —*/ 
static double kcof[3][7][7] = 
{ 

{ 
{0,0,0,0,0,0,0}, 
{ 

1.567897076332429,-1.237.657200580434,0.9834944713893492, 
-0.5153146288739663,0.1836247338196699,-0.04784516117524618, 

0.006623877098490993 

0.000009937623478795295,-0.00006156553849235441, 0.0001557004802664602, 
-0.0002031656250870428,0.0001521174172463141,-0.00005792784341401847, 
0.00001082155533895478 

-0.6467098110639338, 1.556101676759425, -1.721200993759737, 
1.295668275549531 ,-0.6650634182861381,0.2109681588731007, 
-0.02989846692450371 

0.00201618601676512, -0.01280342452966998,0.0329886259628438, 
-0.04245601787761899,0.0310919054371368,-0.01126325858593979, 
0.001847703161807601 

0.07352027875473155, -0.2755428008753427,0.4319031350562454, 
-0.293728019790592, 0.07369185186311711,0.01383058759591904, 
-0.008043767862842444 

0.02056066504833609,-0.1388099057994907,0.3808430853256937, 
-0.4964126528866473,0.3636627563930119,-0.1303005918957609, 
0.01946195778925386 

} 
}, 

/*— Constants for fit 0.9<t<l.l and 0.25 < (r/z) < 0.6 —*/ 
{ 

( 
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0.005736174426585916031, -0.03767146434249379894,0.1032444131408905008, 
-0.15114587137557222720.1251923920550588321 ,-0.05571334133794714205, 
0.01114793611288256159 

}. 
( 

1.487081074744992293, -0.6993010713486000895,-0.4843929512226168299, 
1.639201523872543476,-1.603323452987751807, 0.7441875611557406955, 
-0.1509844702015925577 

}, 
( 

0.468560215636998123, -3.112053292633277124,8.61355775648485178, 
-12.69071452922298704,10.55578166637701543, -4.665148622514948329, 
0.9232812768633493761 

}, 
{ 

-2.077946283903031599, 11.13951764260309574,-28.443712340379534, 
40.86531299364560255,-33.72554689753269486,14.79881575086619705, 
-2.902141955157333086 

}, 
{ 

2.434430994229501266, -16.46936187807386887, 46.36323563044788898, 
-69.07610398039651045, 58.06096089776110602, -25.60929559293253988, 
5.017756317319481241 

}. 
{ 

-2.113696238050465581, 14.72061987189317733,-42.31915920117535279, 
63.88188045272909221,-54.28426220575420302, 24.01239258954137767, 
-4.688587607725821726 

}. 
{ 

0.8378377584550094071, -5.84211962520976158, 16.91688001586226164, 
-25.53436855882137024,21.76080470517990761, -9.592117724339004781, 
1.855314826720928068 

} 
> ,  

/*— Constants for fit 0.9<t< 1.1 and 0.6 < (r/z) < 0.99 —*/ 
{ 

{ 
-19247.14993288196274, 119290.1435932092136, -303534.541593845468, 
402439.0960071603768, -289309.1780601255596, 104946.4125660636928, 

-14679.49282704325742 
}, 
{ 

150704.8133655844722, -936759.3201809069142,2391868.098605431616, 
-3184585.375625826418, 2301310.882077995688, -840571.7381702382117, 

118789.9791887560859 
), 
{ 

-489184.4603978400119, 3048930.786663159728,-7809766.72195520252, 
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10437778.19124940038,-7577812.289238899946, 2784500.931388176978, 
-396950.6689914222807 

}, 
{ 

842821.4337311247364, -5266117.20038934797,13528402.16948436201, 
-18143320.1835154891,13226517.22438743711 ,-4885546.676430478692, 
701641.6210161708295 

}, 

t 
-813087.3475392097608,5091979.850026354194,-13115964.87643301487, 
17645304.25877484679,-12910754.81202337146,4790524.75968144834, 
-692323.0936820078641 

}> 
{ 

416529.8654575725086, -2614022.696964971721,6749615.151635237038, 
-9106154.912848085166,6684502.3184447214, -2489977.550802856684, 
361758.6687000421807 

}, 
{ 

-88539.79292323417031, 556721.36213498376311440678.618818771094, 
1948618.743578270078,-1434511.530109951273, 536144.275500270538, 
-78239.75882085424382 

) 

double cof[3][7]; 

int loop,kloop; 
double thr,ziag,corr; 
int high_done; 

double sign_flag; 

high done = NO; 
zlag = raw_data[0]; 

First take zerolag and convert into an estimate ofthreshold v/s */ 
thr = SQRT_T\VO * inverse_erfc(z!ag/9); 

Now use estimate of threshold to calculate coefficients */ 
Initially only do this for the first two regions, only do the last if necessary */ 

for(loop=0; loop<7; Ioop++) 
( 

cof[0][loop] = kcof[0][loop][0] + thr * (kcof[0][loop][l] + 
thr *(kcof[0][loop][2] + thr *(kcof[0][loop][3] + 
thr *(kcof[0][Ioop][4] + thr *(kcof[0][loop][5] + 
thr *kcof[0][loop][6] ))))); 

cof[l][!oop] = kcof[I][loop][0] + thr * (kcof[l][loop][l] + 

/*— Correction Coefficients generated with threshold 

/*— fiagS if the high corr range has been calculated 
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thr *(kcof[l][loop][2] + thr *{kcof[l][loop][3] + 
thr *(kcof[l][loop][4] + thr *{kcof[l][loop][5] + 
thr *kcof[l][loop][6] ))))); 

/* Finally take the resulting coefficients and correct the input correlations, after 
normalization */ 

for(kloop=l; kloop<data_Iength; kloop++) 
{ 

corr = raw data[kloop]/zlag; 
if( corr < 0 ) 
{ 

sign_f lag = -1.0; 
corr *= sign_flag; 

} else 
( 

sign_flag = 1.0; 
} 
if( corr < 0.25 ) 
{ 

corr = cof[0][0] + corr * (cof[0][l] + 
corr *(cof[0][2] + corr *(cof[0][3] + 
corr *(cof[0][4] + corr *(cof[0][5] + 
corr *cof[0][6] ))))); 

} 
else if( corr < 0.6 ) 
{ 

corr = cof[l][0] + corr * (cof[l][l] + 
corr *(cof[l][2] + corr *(cof[l][3] + 
corr *(cof[l][4] + corr *(cof[l][5] + 
corr *cof[l][6] ))))); 

} 
else if( high_done == YES ) 
{ 

corr = cof[2][0] + corr * (cof[2][l] + 
corr *(cof[2][2] + corr *(cof[2][3] + 
corr *(cof[2][4] + corr *(cof[2][5] + 
corr *cof[2][6]))))); 

) 
else 
{ 

for(loop=0; loop<7; loop++) 
{ 

cof[2][loop] = kcoft2][loop][0] + thr * (kcofI2][loop][l] + 
thr *(kcof[2][loop][2] + thr *(kcof[2][loop][3] + 
thr *(kcof[2][loopj[4] + thr *(kcof[2][loop][5] + 
thr *kcof[2][Ioop][6]))))); 

} 
high_done = YES; 
corr = cof[2][0] + corr * (cof[2][l] + 



corr *(cof[2][2] + corr *(cof[2][3] 
corr *(cof[2][4] + corr *(cof[2][5] 
corr *cof[2][6]))))); 

} 
raw_data[kloop] = sign_flag * corr; 

} 
raw_data[0] = 1.0; 
if( thr > 1.1 || thr < 0.9) 

return(SPERR_POWER_ERROR); 
return(SPERR_OK); 
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