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ABSTRACT 

In this study, a set of rules is established, which when implemented in the modeling of 

dilatant soils, within the framework of associative plasticity, enables very successful shear 

and dilatancy predictions. The proposed approach is based on a number of principles, the 

most important of which are: 

(1) The plasticity model must have a loading surface that hardens kinematically, and 

a failure surface that is perfectly plastic. 

(2) Experimental evidence shows that uniformly deformed sand samples dilate with 

a constant rate when they reach their ultimate strength value, while critical state 

is only achieved at very large strains. There is a unique point A on the loading 

surface, that corresponds to the experimentally observed dilatation rate. The 

hardening rule must; therefore, ensure that the stress point approaches A as it 

approaches the failure surface. 

These principles are implemented in a plasticity model and compared to numerous 

published monotonic and cyclic tests, with varied stress paths, performed on a true triaxial 

apparatus. The agreement between experimental data and theoretical predictions is excellent. 
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1. INTRODUCTION 

Development of constitutive models and relations for engineering materials are usually 

based on a framework of the theory of elasticity and/or the theory of plasticity. For example, 

Hooke's law, one of the simplest constitutive laws used in engineering, is based on the theory 

of elastcity. The theory of plasticity provides an essential extension of the theory of elasticity 

and is concerned with the analysis of stresses and strains of the materials in the plastic 

(irrecoverable deformations) as well as the elastic ranges. Both theories are phenomenological 

in nature and are the formalization of experimental observations of the macroscopic behavior 

of the materials (Chen and Han, 1988). Although experimentally observed behavior is 

influenced by microstructural processes, a macroscopic description of material behavior i? 

often adequate and convenient for engineering use and application (Somasundaram, 1986). 

The linear constitutive laws such as Hooke's law are valid for a very limited class of 

materials since most engineering systems are nonlinear and complex. The theory of plasticity 

has been developed to a large extent on the basis of observed behavior of metallic materials; 

therefore, several modifications and extensions have to be incorporated in the classical 

plasticity theory before it can be used for frictional materials (soils, rock, concrete and 

ceramics). The primary differences between frictional materials and metals, which are 

summarized by Lade (1987), are the presence or absence of voids and the tendency to change 

or maintain constant volume during compression or shear. Varadarajan et al. (1980) showed 

that the stress-strain volume change relationships of a river sand are "very much" a function 

of stress-paths. Desai and Siriwardane (1984) presented the above factors and some additional 

factors that influence modeling the frictional materials such as: state of stress, residual or 

initial stress, inherent and induced anisotropy, and change in physical state. Most of these 

differences and factors should be recognized in order to develop reasonable constitutive 

models for geological materials (soils and rock). 

The development and implementation of constitutive relations involves the following steps 

(Desai and Siriwardane, 1984): 
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1. Mathematical formulation based on the principles of mechanics. 

2. Identification of significant parameters and their determination from laboratory tests. 

3. Successful prediction of observed data from which the parameters were determined, 

and of other test data under different stress paths. 

4. Implementation of the model within Finite Element codes for the solution of general 

two- and three-dimensional problems. 

The model should have the capability to simulate, qualitatively and quantitatively to some 

extent, observed experimental trends in material behavior. Also, the model should be simple 

to use and should have relatively small number of significant parameters. These parameters 

should be determined from a few simple laboratory tests. In other words, the model should 

have a balance between theoretical complexity and application simplicity. 

Modeling of dilatant soils, such as medium to dense sands, is of significant interest to 

geotechnical engineers. The theory of plasticity has been used in sand modeling. Some of these 

models are indicated in chapter 3 of this thesis. While modeling of the shear behavior is 

handled reasonably well by most existing model, matching dilatation has proved to be a more 

difficult task. Efforts to improve modeling of dilation behavior have been mainly directed 

toward the use of non-associative plasticity. These models are reasonably successful in 

describing generalized stress-strain relations of soils; however, they are not easy to develop 

and suffer from certain theoretical drawbacks (Chen and Han, 1988, and Molenkamp and van 

Ommen, 1987). Furthermore, they generate a non-symmetric incremental constitutive matrix 

DeP : 

da = DeP de (1.1) 

where, da is an increment of the stress tensor, and de is the corresponding increment of the 

strain tensor. This creates serious time and memory storage problems in the usage of non-

associative plasticity in Finite Element codes, as it results in a non-symmetric stiffness matrix 

K: 

K d q  =  d R  ( 1 . 2 )  

where, dq is the vector of incremental generalized nodal displacements, and dR is the 

corresponding vector of incremental nodal forces. 
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In this study, a new formulation in the context of associative plasticity is presented which 

successfully models both shear and dilatant behavior of soils. Furthermore, the model retains 

the computational and modeling simplicity of associative plasticity. The main objectives of 

this thesis are to provide the formulation of the proposed constitutive model, determine the 

model parameters, and verify the model using laboratory test data. 
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2. SCOPE"AND OBJECTIVES OF PRESENT STUDY 

This work deals with the formulation, parameters determination and verfication of a 

generalized constitutive model using associative plasticity for soils. The discussion in this 

thesis is formulated for dilatant sands only. The objectives of this study are summarized as 

follows: 

1. To develop a constitutive model, using associative plasticity, which is capable of 

simulating the behavior of dilatant soils under monotonic and cyclic loading. The first 

stage involves development of a basic model under monotonic loading conditions. The 

second stage involves modifications and extensions of the basic model to simulate 

cyclic loading behavior. 

2. To develop a method to determine the material parameters of the model using simple 

laboratory test results. 

3. To verify the proposed constitutive model using published data of laboratory tests on 

Leighton Buzzard (LB) sand samples subjected to various stress paths (Hashmi, 1986). 

A general review of some existing plasticity constitutive models for soils is provided in 

chapter 3. 

A review of some basic fundamentals in the development of the theory of plasticity is 

presented in chapter 4. 

Chapter 5 is devoted to the formulation and development of the proposed constitutive 

model. A fair amount of work and analysis is provided in the case of cyclic loading; however, 

more concentration and detailed work is presented for the monotonic loading paths. 

Chapter 6 describes various steps that are involved in evaluating the material parameters. 

Verification of the model with respect to laboratory test data subjected to a variety of 

stress paths is presented in chapter 7. 
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Finally, an overall view of the current work and the conclusions reached in this study 

along with recommendations for other extensions and modifications are presented in chapter 

8. 
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3. REVIEW OF THE LITERATURE 

This chapter is divided into two sections. The first part of this chapter contains an overall 

review of the mechanical properties of geological materials, especially sands. The second part 

of this chapter contains a review of some of the recent work carried out in the field of 

constitutive modeling for geological materials. 

3.1 Experimental Observations 

The theory of plasticity has provided the basis for a number of constitutive models for 

geological materials developed in recent years. Since the theory of plasticity was originally 

developed on the basis of observed behavior of metals, several modifications and extensions 

have to be added to the classical theory before it can be used for geological materials. 

Geological materials (soils and rock) have special features that require extra attention in 

constitutive modeling such as: 

1. Soils are three-phase materials. Applied total stresses for saturated soils are carried by 

the solid phase (effective stress) and the pore fluid (pore pressure). Frictional 

materials deform and fail in response to changes in effective stresses. Thus 

deformation and failure modeling of such materials should be based on effective 

stresses rather than total stresses. The concept of total stresses is adequate when 

modeling metals. The concept of total stresses is suitable sometimes for simplified 

analysis of soil mechanics problems such as rapidly loaded foundations on saturated 

clays. 

2. Geological materials are frictional; their behavior depends on the mean effective 

pressure. Stiffness and strength increase with mean effective pressure, while stiffness 

and strength are independent of mean normal stress in the case of metals (Lade, 

1987). 

3. Failure of frictional materials is stress path dependent. For example, for the same 

mean effective pressure, the failure stresses of a sample in compression are different 

than the failure stresses of an identical sample in extension. The compressive strength 
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is greater than the tensile strength for most frictional materials. 

4. Granular materials exhibit significant volume changes during shear. In general, for the 

same mean effective pressure, dense sands and over consolidated clays tend to dilate 

more than loose sands and normally consolidated clays. Furthermore, for a specific 

density, soil samples under large mean effective pressure conditions tend to dilate less 

than samples under low mean effective pressures. However, for the case of metals, 

volume remains constant during shearing. 

The above features of geological materials need to be considered when modeling 

geological materials. Additional features can be found in Lade (1987). Plasticity is a branch of 

the constitutive modeling theory which describes the time independent non-linear and 

inelastic behavior of materials. The performance of a constitutive model is highly dependent 

upon the values of material constants or model parameters. Appropriate laboratory tests are 

required to obtain these material constants. 

In 1885, Reynolds made the earliest demonstration of volume changes accompanying shear 

deformations in sand. He showed that dense sand dilates when sheared. In 1936, Casagrande 

showed that whereas dense sands dilate during shear and exhibit a high angle of friction, loose 

sands compress during shear and develop a smaller angle of friction. 

Lee et al. (1967) performed drained triaxial tests on samples of four initial densities. They 

found that an increasing confining pressure has three effects on dense sands: it reduces the 

brittle characteristics of the stress-strain curve, it increases the strain to failure, and it 

decreases the tendency to dilate (figure (3.1)). For loose sands, they observed that the 

tendency for dilation is not as strong as in the case of dense sands at low pressures. However, 

at high pressures, the tendency for compression is greater. 

Hettler and Vardoulakis (1984) presented experimental data of a sand tested in a triaxial 

apparatus which accommodates large samples with lubricated ends and showed that for 

uniformly deforming samples, a constant ultimate dilatation angle was achieved for states 

beyond the failure (peak strength) state (figure (3.2)). They also observed that very little 

softening occurs and dilation is at constant rate. This opposes Lee's findings who found 
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intense softening accompanied by critical state. Hettler and Vardoulakis (1984) used lubricated 

ends and large-size samples which allowed deformation uniformity even at relatively large 

strains. Tendencies of zero volumetric strain rates were observed during non-uniform 

deformation tests leading either to bulging or shear band development. In such cases, the 

deformation of the sample concentrates in thin zones and thus the volumetric strain 

measurements are not accurate. It can be concluded that critical state, described by zero 

volumetric strain rate at constant shear stress, is not achievable within the usual ranges of 

strains (less than 30 %). Of course, examples of very large strains, where critical state is 

achievable, such as land slides, can also be found in nature. 
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Figure 3.2 - Experimental Behavior of Dilatant Soils, After Hettler and Vardoulakis (1984) 

Varadarajan et al. (1980) performed a series of experiments to examine the effect of 

stress-path on the stress-strain volume change relationships of a river sand. They concluded 

that these relationships depend "very much" on the stress-paths. Young's modulus values were 

evaluated for different stress-paths and relationships between stress-paths and modulus values 

were established. 

In recent years, a number of constitutive models were developed for geological materials 

using the theory of plasticity. These materials require special attention in constitutive 

modeling since they are three-phase, frictional, stress path dependent materials. Only some of 

the constitutive models are mentioned in this review; however, extensive reviews on the 

subject can be found in Desai and Siriwardane (1984), Scott (1985) and in the proceedings of 

several conferences and workshops dealing with the subject, such as the proceedings of the 

Second International Conference on Constitutive Laws for Engineering Materials (Desai et al., 

1987). 

3.2 Plasticity Models for Geological Materials 
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Perhaps the first reference in the history of plasticity can be attributed to Coulomb 

(1773), who suggested a failure criterion for solids. Later, Rankine (1853) applied Coulomb's 

concept to calculate earth pressures on retaining walls. However, Tresca is regarded as the 

first one to perform a scientific study of the plasticity of metals. He published the results on 

punching and extrusion of metals in 1864 and formulated his famous yield criterion. In 1987, 

Saint-Venant applied Tresca's yield criterion to determine stresses in a partly plastic cylinder 

subjected to torsion or bending. Levy, in 1871, proposed a three-dimensional relationship 

between stress and plastic strain rate. In 1913, von Mises, who independently proposed 

equations similar to Levy's, suggested a yield criterion on the basis of mathematical 

considerations. Reuss, in 1930, made an allowance for elastic strains following an earlier 

suggestion by Prandtl. A unified theory began to evolve only around 1945. Some of famous 

plasticity models are discussed briefly in this section. 

According to Mohr-Coulomb failure criterion, the shear strength increases linearly with 

increasing normal stress on the failure plane: 

r  =  c  +  a t a n $  ( 3 . 1 )  

where, r is the shear stress on the failure plane, c is the cohesion of the material, a is the 

normal effective stress on the failure surface, and <j> is the effective angle of internal friction. 

Mohr-Coulomb criterion represents an irregular hexagonal pyramid in the stress space and 

thus assumes that the yield strength in compression is higher than that in extension. This 

shows the dependence of the behavior on the third invariant of the deviatoric stress tensor. 

Description of the Mohr-Coulomb criterion in terms of conventional forms of stress invariants 

is difficult since the criterion is expressed in terms of maximum and minimum principal 

stresses and does not include the effects of the intermediate principal stress. 

A generalization to consider the effects of all principal stresses was suggested by Drucker 

and Prager (1952) by using the invariants of the stress tensor. The generalized criterion can be 

written as: 

f = - a Ji - K = 0 (3.2) 

where, a and it are positive material parameters, Jx is the first invariant of the stress tensor, 

and J2d is the second invariant of the deviatoric stress tensor. In three-dimensional stress 

space, the criterion plots as a right circular cone, and the projection on the II-plane is a circle 
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centered at the origin. According to this criterion, a state of stress outside the failure surface 

is not stable. Also, the material could undergo plastic deformation while the stress point 

translating on the failure surface. 

The work of Druker, Gibson and Henkel (1957) on strain hardening theories of plasticity 

led to the development of critical state models by Roscoe, Schofield and Wroth (1958). The 

concept of critical state is that the material will reach a state in which the arrangement of the 

particles is such that no volume change takes place during constant shear stress. Also, for a 

soil with a void ratio lower than the critical value, the soil deforms in such a manner to 

increase its volume. However, for soils at void ratio higher than the critical value, the 

deformation will decrease the volume. Some of the important parameters used in the 

development of critical state models were p, q and e. These parameters are defined for 

conventional triaxial compression (CTC) test as: 

<7j + 2 (7« J, 
P - 1 

3 
3 = y (3.3) 

q = <7i - CT3 = V3 J2d (3.4) 

and e is the void ratio. DiMaggio and Sandler (1971) proposed the cap model which is very 

similar conceptually to the critical state model. The cap models are based on the concept of 

continuous yielding of soils, they are expressed in terms of three-dimensional state of stress, 

and they are formulated on the basis of consistent mechanics principles (Desai and 

Siriwardane, 1984). Further modifications on the cap model can be found in Baron et al. 

(1973). 

Mroz (1967) and Iwan (1967) developed, independently, models based on the concept of 

nested yield surfaces by generalizing the kinematic hardening rules introduced by Ishlinski 

(1954) and Prager (1956) for nonlinear strain hardening. The model was originally developed 

for metals by Mroz (1967). In the model by Mroz, it is assumed that there exists, in the 

domain of interest from the initial state, f0, to the limit, ultimate, or bounding state, fn, a 

series of yielding surfaces, each defining a specific part of the domain in the stress space. 

With deformation, the surface translates in the stress space and as soon as surface f; touches 

the next surface fi+i. they both move together until they touch *"i+2 and then the three 

surfaces move together and so on. In this criterion, the surfaces touch each other tangentially 
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and are not permitted to intersect each other. Prevost (1977) used the concept of nested 

surfaces to develop a model for clay under undrained conditions and later Prevost (1978 and 

1979) modified and extended the model to account for the drained behavior of soils as well. 

Dafalias and co-authors (1975, 1976 and 1977) and Krieg (1975) introduced and 

developed the concept of bounding surface models. A model for soil mechanics problems was 

developed by Mroz, Norris and Zienkiewicz (1978, 1979 and 1981) using the same approach. 

The bounding surface was developed for clays and involves associative plasticity in the 

formulation. The model uses two surfaces: a loading surface and a bounding or limiting 

surface. The parameters required to describe the elasto-plastic deformation behavior are 

obtained by defining expressions that among other factors depend on the two surfaces. 

Consequently, the model is considerably simplified compared to the nested surface model. 

Also, in this model, the plastic moduli vary smoothly during shearing. Dafalias and co-authors 

(1977 and 1982) have also extended the model and applied it for cyclic loading. 

Early plasticity models were provided in terms of the first invariant of stress tensor and 

the second invariant of deviatoric stress tensor J2tj. Such models were not able to simulate the 

stress path dependent failure characteristics of soils. To accomodate this, the shape of the 

yield surface on the octahedral plane had to be modified to non-circular shapes. Therefore, 

the third invariant of the deviatoric stress tensor, J3d, or the Lode angle, 6, was introduced in 

the formulation of the model. Models that include Jx, J2cj, and J3d invariants were proposed 

by Lade and Duncan (1975), Davis and Mullenger (1979), Desai et al. (1986) and others. 

Models that can simulate induced anisotropy were developed because the soil behavior is 

significantly affected by the degree of anisotropy induced from consolidation. Models for 

induced anisotropy have been proposed by a number of researchers such as Prevost (1977 and 

1978), Pietruszczak and Mroz (1979), Desai et al. (1986) and others. 

Many of the models described previously are suitable for rocks. A number of researchers 

have developed models especially for rocks (Zienkiewicz and Pande, 1977; Sture and Ko, 

1978; and Richter et al., 1981). 
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The previous models are only some of the models which are found in literature. However, 

various other models and reviews can be found in the proceedings of several related 

conferences and workshops. 
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4. FUNDAMENTALS OF THE THEORY OF PLASTICITY 

This chapter contains a review of some fundamentals of the theory of elasto-plasticity. 

Some basic theoretical requirements of a constitutive model are also discussed in the context 

of the theory of plasticity. The following discussion is restricted to small deformations only. 

Four different components are involved in the formulation of a constitutive law based on the 

theory of plasticity: 

1. Yield criterion 

2. Stress-elastic strain relationship 

3. Flow rule and the consistency equation 

4. Evolution or hardening rule 

These are briefly discussed in the following: 

4.1 Yield Criterion 

The concept of a yield surface, yield criterion or yield function, F, is central to the 

plasticity theory. A material is said to yield at a point where a scalar condition, expressed as a 

function of stress and other variables, signifies initiation of irreversible response. 

In case of a material subjected to uniaxial state of stress (figure (4.1)), the yield function 

can be expressed as: 

F = a - ay = 0 (4.1) 

where, a is the present state of stress and ay is the stress level where initiation of yielding 

takes place. From equation (4.1), if a = ay, F = 0, and the material is undergoing plastic 

strains. If a < ay, F < 0, the material behavior is elastic. 

For a multiaxial state of stress, nine components of stress are involved at a material point. 

Consequently, construction of a yield function for a multiaxial state of stress should include 

all nine components of stress given by the stress tensor a. In general, a yield function F may 

be expressed as: 

F = F (a, q) = 0 (4.2) 
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where, q signifies some suitable set of internal parameters. 

Yield stress 

Plastic strain 
o 

Elastic strain 

u 
CO 

a y 

e 
£ 

Strain £ 

Figure 4.1 - Typical Uniaxial Stress-Strain Response in Elastoplastic Deformation 

If a material is assumed to be homogeneous, a yield function is valid everywhere in a 

material. Equation (4.2) can be expressed in terms of the principal stresses and their 

directions, so equation (4.2) becomes 

F = F (ax, a2, as, nu n2, n3, q) = 0 (4.3) 

where, <7lt a2 and cr3 are the principal stresses, and nx, n2 and n3 are their direction cosines. 

If the material is assumed to be isotropic, then it does not have any preferred directions. 

Therefore, the yield criterion in equation (4.3) can be expressed independent of directions; 
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that is, for an isotropic material: 

F = F (ctj, a2, a3, q) = 0 (4.4) 

The principal stresses are physical quantities whose values do not depend on the coordinate 

system in which the components of stress were initially given. 

Historically, one of the first yield criterion for a combined state of stress for metals was 

that proposed in 1864 by Tresca, who suggested that yielding would occur when the 

maximum shearing stress at a point reaches a critical value K. The mathematical expression of 

Tresca's model is given by: 

Maximum ^ K - o2), | (ct2 - a3), | (ct3 - oj j = /c (4.5) 

where, cx, a2 and o3 are the principal stresses and /c, material constant, may be determined 

from the simple uniaxial tension test to be: 

(4.6) 

where, ay is the yield stress in uniaxial tension test. 

Equation (4.4) can be conveniently expressed in terms of the invariants of stress as 

F = F (Ji, J2, J3, q) = 0 (4.7) 

where, Jj, J2 and J3 are the first, second and third invariants of stress tensor, respectively, 

and are given by: 

h = °ii 

J2 = \ % (4-8) 

J3 - I ay <7jk 

The Einstein summation convention over repeated indices is assumed. 

An initially isotropic material, during the process of plastic deformation, develops induced 

anisotropy. To include such induced anisotropy into the formulation, the approach of 

kinematic hardening (Section (4.4.1.2)) is used, which is simulated by the movement of the 

yield surface in the stress space. The subsequent yield surfaces are called loading surfaces. 
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4.2 Stress-Elastic Strain Relationships 

Under the assumption of infinitesimal strains, total incremental strain at any stage of the 

deformation process may be linearly separated into elastic and plastic components as: 

dc = dce + deP (4.9) 

where, de, dce and dcP are the total, elastic and plastic incremental strain components, 

respectively. The elastic strain increment may be related to the stress increment da through 

the generalized Hooke's law as: 

da = C dee (4.10) 

where, C is the elastic constitutive tensor. Using equations (4.9) and (4.10), the incremental 

stress da can be expressed as: 

da = C (dc - dcP) (4.11) 

equation (4.11) is the basis for explicit development of the stress-strain relations. 

4.3 Flow Rule and the Consistency Equation 

The incremental plastic strains dcP are evaluated based on the yield function F and the 

plastic potential function Q, using the following equation (Hill, 1950): 

dcP - k dA 
da 

where, dA is a proportionality constant (dA > 0). 

k = 1 
if F = 0 and da > 0 (hardening) 

do 

if F = 0 and da = 0 (perfect plasticity) 
do 

k = 0 otherwise 

dF = 0 during plastic flow 

(4.12) 

(4.13a) 

(4.13b) 

(4.14) 

Equation (4.12) is known as the flow rule, often called normality rule in the case of 

associative plasticity, and defines the magnitude and direction of the incremental plastic 

strain, dcP. The direction of dcP coincides with the gradient to the yield/loading surface at the 

particular state of stress and is given by dQ/da. The magnitude of d£P is governed by the 
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proportionality constant dA (dA > 0). 

Equation (4.13a) and equation (4.13b) is the load-unload criterion. They specify plastic 

loading to occur when the stress point lies on the boundary of F (F = 0), and the stress 

increment is directed outside surface F, i.e. (3FIda da > 0), or in the case of perfect 

plasticity, where the stress increment moves tangent to the loading surface F, i.e. (8F/da da -

0). The value of dcP is given by equation (4.12) with k = 1, equation (4.13a), when the above 

conditions are satisfied. However, if these conditions are not met, k = 0, equation (4.13b), no 

plastic strains occur and the behavior of the material is purely elastic. 

Equation (4.14) is commonly referred to as the consistency condition. It is the 

mathematical statement of the fact that during plastic flow, the state of stress a always lies on 

the boundaries of surface F. Whenever plastic flow occurs, F expands, translates and/or 

distorts in such a manner that a remains on F. This behavior is referred to as hardening 

(Section (4.4)). 

If the plastic potential function Q = F, the plastic flow is said to to be associative; when 

Q * F, the flow rule is non-associative. From the viewpoint of computational ease and 

stability requirements, the associative flow rule posses a number of attractive features. The 

resulting elastoplastic constitutive tensor DeP is symmetric. As a result, the stiffness matrix is 

symmetric when the constitutive model is used in a Finite Element scheme. A symmetric 

stiffness matrix requires less storage and less computational effort to solve than a non-

symmetric matrix. On the other hand, although non-associative plasticity generates a non-

symmetric incremental constitutive matrix D«p which results in a non-symmetric stiffness 

matrix, it models dilatant material behavior more effectively. 

Drucker (1951) formulated the material stability definition in terms of work by the stress 

increments on the plastic deformation increments. There are two major consequences of 

Drucker's stability postulates. They are: 

1. The yield surface, when plotted in the stress hyper space, must be of a convex hyper 

surface (figure (4.2)). 
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2. The incremental plastic strain deP should be normal to the yield surface at the loading 

point (figure (4.2)). 

The proof of these consequences can be found in Desai and Siriwardane (1984). 

Yield/Loading Surface 

Figure 4.2 - Schematic of the Incremental Stress and the Incremental Plastic Strain 

Vectors in the Hyper Stress Space 
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4.4 Evolution or Hardening Rules 

Most materials exhibit an increase of strength beyond the elastic limit except for the 

perfectly plastic materials. This phenomenon is called work or strain hardening. Hardening 

rules or evolution rules are intended to define the process of strength gain in a material due to 

permanent straining. Some materials also show loss in strength during the deformation process. 

This is called strain softening behavior. This is caused by disruption in the internal 

constitution of the material due to formation of discontinuities such as macrocracks, fractures 

and voids. Since softening of the material is caused by disruption in the orientation and in the 

structure of particles, the data obtained from laboratory experiments during softening should 

be used and considered carefully. 

4.4.1 Classification of Hardening Rules 

In the theory of plasticity, there are three common types of hardening rules: 

1. Isotropic hardening 

2. Kinematic hardening 

3. Anisotropic hardening 

4.4.1.1 Isotropic Hardening 

In this hardening process, it is assumed that the yield surface expands uniformly about the 

center of the stress space. There is no rigid body rotation or translation of the yield surface. 

Figure (4.3) shows the isotropic hardening process for a material subjected to a uniaxial state 

of stress. 

The point A on the stress-strain curve represents the elastic limit. Any stress increment 

will not cause plastic strain unless the stress reaches the yield surface F0 corresponding to 

point A. Further application of stress will cause A to move to B, causing the yield surface F0 

to expand to Fj about the origin O. Upon unloading from point B, and continued in the 

reverse direction, the material point behaves elastically until it reaches point C. The 

magnitude of aB is equal to the magnitude of ac (i.e. | aB I = I °c I)- From point C to point 
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D, plastic deformation again sets in, and the yield surface expand to F2. This continuous 

loading and unloading increases the elastic limit. Most real materials; however, start yielding 

in the reverse loading before point C is reached. Thus the isotropic hardening rule neglects 

completely the Bauschinger effect, as it assumes that a raised yield point in tension carries 

over equally in compression. 

o (Yield stress) 

Figure 4.3 - Schematic of the Isotropic Hardening Rule for Uniaxial Stress-Strain 

Response 
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4.4.1.2 Kinematic Hardening 

Ishlinski (1954) and Prager (1955 & 1956) introduced the kinematic hardening rule. It is 

assumed that the yield surface translates in the stress space as a rigid body during plastic 

deformation. Figure (4.4) shows the kinematic hardening process for a material subjected to a 

uniaxial state of stress. For a uniaxial stress-strain case, with kinematic hardening, initial 

yielding starts when the stress reaches point A and the corresponding yield surface position is 

F0". With increase of stress from A to B, the yield surface moves along its new position Fa. 

Upon unloading from point B, the deformation is elastic until the stress point reaches point C, 

which is diametrically opposite to the point B. In this case, | ac \ < | aB |. Further reverse 

loading from point C causes the yield surface to translate along with the stress point to its new 

location, F2, causing further plastic strain. Although the kinematic hardening rule considers 

the Baushinger effect, the yielding in the reverse loading starts too soon, which may not be 

the case with some real materials. 

D 

W <0 01 
U 

2 

Scrain* £ 

D D 

Figure 4.4 - Schematic of the Kinematic Hardening Rule for Uniaxial Stress-Strain 

Response 
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4.4.1.3 Anisotropic Hardening 

A yield surface can experience a combination of isotropic and kinematic hardening, 

which can be termed as anisotropic hardening. Here, it is assumed that the yield surface 

expands and translates simultaneously with the shape remaining the same (Mroz, 1967). Figure 

(4.5) shows the uniaxial representation of an anisotropic hardening rule. Point A on the stress-

strain curve represents the elastic limit and the corresponding yield surface F0. Upon loading 

from A to B, the yield surface translates to its new position B and becomes Fj. The radius of 

the surface also changes from R0 to Rj. Unloading from point B produces no further plastic 

strain until the stress point reaches point C, corresponding to the yield surface Fa, which is 

diametrically opposite to point B. Further reverse loading to point D will cause the yield 

surface to expand and, at the same time, translates downward. Anisotropic hardening rule is 

found to take the Baushinger effect into account better than kinematic hardening rule. 

Anisotropic hardening rule is more difficult to formulate theoretically than the above 

hardening rules. 

D 

u 

B CO B 

Strain, e 

D D 

Figure 4.5 - Schematic of the Anisotropic Hardening Rule for Uniaxial Stress-

Strain Response 
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5. DEVELOPMENT OF THE PROPOSED MODEL 

In recent years, there has been a great deal of progress made in the development and 

understanding of the constitutive relations for geological materials. Most of this has been 

concentrated in the experimental and theoretical areas of geological materials. Also, 

modifications and extensions have been made on the existing models to improve their 

prediction of observed behavior. Moreover, a number of new plasticity models have been 

developed for frictional materials. Most of the successful existing models for soils are based 

on the concept of critical state. In addition, most successful constitutive models for dilatant 

soils use nonassociative plasticity in their formulation. 

The first part of this chapter discusses the basic principles that were considered in the 

development of the proposed model. The second part of this chapter is devoted to the 

development of the proposed model in the case of monotonic paths. The final part discusses 

the necessary modifications and extensions to the proposed model in order to successfully 

predict observed behavior in the case of cyclic loading. 

5.1 Principles for Model Development 

The proposed approach is based on a number of principles that aim to satisfy the material 

behavior, both under shear and volumetric deformation. These are listed as follows: 

1. The behavior of soils is elastoplastic even at very small deformations. Thus the role of 

the loading function as a surface that envelops the elastic behavior is not so important. 

The potential function g is sought instead, and used as a yield/loading surface to 

satisfy the associative flow rule requirements. 

2. The plastic hardening modulus H is decreasing with increasing shearing, and 

increasing with increasing confinement of the soil. These well known facts should be 

directly included in the modeling of H. 

3. The dilatancy rate of the specimen rj> - dlj / dVl^, where Ix is the first invariant of 

the strain tensor and I2d is the second invariant of the deviatoric strain tensor, has a 

loose dependence on Lode's angle (i.e. stress path on the octahedral plane), but has a 
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stronger dependence on the stress path of the J2 - plane (i.e. dVT^ / dJj ratio). 

This is not a fact that has been discussed very much in the literature, but is verified 

by the published data that are reviewed and demonstrated here. 

4. Critical state, described by zero volumetric strain rate, is not achievable within the 

practical ranges of strains. Hettler and Vardoulakis (1984) showed that for uniformly 

deforming samples, a constant ultimate dilatation angle was achieved for states beyond 

the failure (peak strength) state (figure (3.2)). On the other hand, tendencies of zero 

volumetric strain rates were observed during non-uniform deformation tests leading 

either to bulging or shear band development. Similar observations have been made by 

Varadarajan et al. (1980) and Salahuddin (1988). 

5. There is a unique point on the loading surface g, for which the ultimate dilatancy rate 

(dlj / d\/TJ7) can be obtained (path dependent). This point on g must be the ultimate 

destination of stress path as it approaches failure. 

6. Implementation of (5) for any arbitrary stress path can be made possible only through 

the use of kinematic hardening rule. 

A. Loading Surface 

Pressure sensitive materials such as dry cohesionless soils (sands) derive most of their 

shear strength from the applied mean effective pressure; therefore, the yield criteria for such 

materials should include the first invariant of the stress tensor. In associative plasticity, the 

potential function g is identical to the yield/loading surface. For an initially isotropic material, 

the potential function g can be expressed in terms of the first invariant of stress tensor Jj and 

the second invariant of the stress deviator tensor J2d. Mathematically, 

5.2 Implementation of the Model Principles for Monotonic Paths 

g = g ( Ji , J2d ) = o 

where, Ji is the sum of the diagonal terms of axj, or 

Ji = ctu 

J2d is given by the following: 

(5.1) 

(5.2) 

J2d - 2 SU SJ> (5.3) 
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Sjj is the deviatoric part of the stress tensor ai} , which can be expressed as: 

sy = ay - | tfkk 5;j (5.4) 

5jj is the Kronecker's delta, defined as: 

^ = 1 if i = j 

Sy = 0 if i * j 

The loading surface g in this model is an ellipse on the Jj - space and given as: 

8= K+ 1 =° <5-5> 
r» ^ 

where, ca and c2 are the two axes of the ellipse, 

is the first invariant of the "local" stress 9, and 

J2d is the second invariant of the deviatoric "local" stress. 

is the stress measured from the center of the ellipse: 

O = a - a (5.6) 

where, a is the back-stress tensor (i.e. the coordinates of the center of the ellipse). 

B. Failure Surface 

To implement the model, a failure surface f is defined. It is well established in the 

literature that soil failure depends on Lode's angle 6 (Lade and Duncan, 1975; Desai et al., 

1986; and Hashmi, 1986). The failure surface should include this well documented fact. It is 

chosen here to adapt the ultimate surface proposed by Hashmi (1986): 

f = - a Jj - k = 0 (5.7) 

where, K, a and ft are material parameters such that 

K expresses cohesion ( = 0 for sands) 

a expresses the effects of confinement on soil strength, and 

P expresses the effect of Lode's angle, indirectly included in equation (5.7) through Sr, 

Sr = (5.8) 
r J2d3/2 

and is the third invariant of the deviatoric stress tensor, defined as: 

J3d = | Sjj sjk Ski <5-9) 
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C. Flow (Normality Rule) 

The plastic strain increment deP is perpendicular to the loading surface g (since associative 

plasticity is assumed) and is given as: 

deP = dA |S- (5.10) 
ao 

The normality can be expressed also by: 

d£P= (eTda)e 
H 

where, e is the unit vector along the line of action of deP or normal unit vector to g: 

e = 
§&. 
da 

ag. 
da da 

where, 

3gT 

da 

T 
da 

dp, dR dg. 2 dR 2 dR 
da n da22 da<g dr12 dr23 drsi 

dR dR dR dR dR dR 
d a d a 2 2  d a 3 3  d r 1 2  3 r 2 3  d r 3 1  

, and 

H is the plastic hardening modulus. 

(5.11) 

(5.12) 

D. Back-Stress Evolution 

The translation of the loading surface g is expressed by incremental movement of its 

center 

da = |a - a - | I j d/i (5.13) 

where, d/i is a proportionality coefficient. The geometric interpretation of equation (5.13) is 

presented in figure (5.1). 

Equation (5.13) deviates from the classical Ziegler kinematic hardening rule (Ziegler, 

1959) in that the center of movement is not the center of the ellipse, but a point on its 

horizontal axis at a distance x from the center. This deviation is very important for the 

present study, and constitutes the cornerstone of good dilatation prediction. This forces the 
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stress a to position on any desired point of the ellipse and thus enforces the experimentally 

observed dilatation. This is demonstrated and discussed subsequently in the model 

development. The vector I is defined as: 

IT = [ 1 1 1 0 0 0 ] (5.14) 

direction of 
translation 

Figure 5.1 - Movement of the Loading Surface 

To determine the proportionality coefficient d/x, da is projected along the gradient vector 

e. The projection of da is proportional to deP through another proportionality coefficient r?, 

which is proved subsequently to be equal to the plastic hardening modulus H: 

rj deP = daT da 

|3§I §S. 

da da 

§& 
da (5.15) 

da da 

Substituting the flow rule, equation (5.10), into the left side term of equation (5.15) to obtain: 

Lr |&] §& 
[ daJ da 

aaT dz 

da da 

(5.16) 
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Substituting of equation (5.13) into equation (S.16) results in: 

d/x (°T - °T " 3 IT] ! 
dR 

3a 

Thus 

d/i = 
n dA 

d£L 3g. 
3a 3CT 

all 3& 
3a 3CT 

(»T - °T - 5 P] i 

Expression (5.17) can also be expressed in terms of e as: 

v eT da d/i = 

H eT ^ a - a - * I j 
where, 

gT = [ all a22 °33 r12 T23 t31 1 
£T = [ €11 e22 e33 ^12 ^23 "*31 ] 

aT = [ Qjj a22 <233 a12 q23 a3i ] 

3gT _ 
3a ~ 

3|I = 
da 

_3&_ _3g_ _3g_ 2_3g. 2_3f> 2_3g. 
3a 1 j da*}*} d(7ii dr •>22 33 '12 3r23 3r31 

3g 3g 3g 3g 3g 3g 
3an 3ov>-> 3c7<i3 3r,, 3r. 22 33 '12 '23 3r. 31 

(5.17) 

(5.18) 

E. Consistency Equation 

The consistency equation expresses the fact that during plastic loading, the stress tensor 

remains on the loading surface g, thus 
q_T n_T 

(5.19) 

Because g = g (a,a) = g (a - a), it can easily be proven that 

I - - I  < " » )  
Since 

dg (a,a) = 0 or da + da = 0 
ao oot 
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§SL= do__ d£ 
do dff 

and 

dg. _ dg. da __ _dg 
da ~ da ~ dfr 

where, if = a - a, equation (5.20) is obtained. 

In this case, the consistency equation (5.19) reduces to the much simpler expressions: 

dor - da = 0 ==> eT da - eT da = 0 (5.21) 

Substituting equations (5.13) and (5.18) for da and d/i, respectively, into equation (5.21) 

produces: 

eT da - eT \a - a - * il *^§1*7 _ Q 

or, after simplification: 

1 - JL = 0 ==> v = H (5.22) 

Substituting the equation of elasticity (da = E dee), the evolution of da and d/i, equations 

(5.13) and (5.17), respectively, into equation (5.19) yields: 

£»(*-«£)•£(•—i1] da da _ q 

(»t - °T - i *} % 
from which: 

a„T 
E de 3gl 

dA = ^ (5.23) 
d§T 

5 g l E a g . _ 3 g l f  x i ]  V  d a  d a  
da * da da [ 3 J 

l / T A  . f V l  . - I I  
da 

JaT _qT . X ij 3g. 

since , equation (5.23) becomes 

5gIE §K + r] §£L §&. 
da da ' da da 

Substituting equation (5.24) into equation (5.17) produces: 

&TEd£ 
dA = — — (5.24) 
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^"Ed£ 
d/i = 22 (525) 

Lt _ aT _ x il §E. 

fi 3gIE 3g.l i LJ_£L+ Lt  _ a T  _  x i] § & .  

[j? da. daJ ^gT ^ [ 3 J da 

da da 

F. Elastoplastic Constitutive Matrix 

The elastoplastic constitutive matrix is easily obtained by employing the consistency 

equation (equation (5.19)), the flow rule (equation (5.10)) and the elastic relation 

da = E dce (5.26) 

where, E is the elastic constitutive matrix, and dee is the increment of elastic strain. 

Equation (5.26) can be written as: 

da = E (de - deP) = E de - E dA (5.27) 
oo 

where, de is the increment of the total strain. 

Substituting equation (5.24) into equation (5.27) yields: 

£ 5g_ 

da = E dc da da dc (5.28) 
^sIe ^- + 7? §& 
da da da da 

or 

da = DeP dc 

where, 

E & ^IE 
DeP = E da_da ,5 2g\ 

d&L E §£. + „ §£L §Sl 
da da da da 

Equation (5.29) can be rewritten in terms of unit normal vector e as 

DeP = E - ^ leT E (5.30) 
eTEe + ij 

Similarity, substituting equation (5.25) into equation (5.13), the following is obtained 
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da = 
f1) *rE 

de 

1 §&LE & 
rt da da 

agl Sg. 
da da 

+ 1 ("T - °T - f «*] % 
or 

where, 

d:p = 

da = D®p dc 

('—f) 5gIE 
5cr 

i 3gIE ag. 
r? d<r da j 

dfP Sg. 
da da 

(°T " »T " 3 IT) I 

Further clarification on the symbols used in the model: 

Ji (<r) = 

1 
hd (a) ~ 2 su si» 

J3d (ff) = | sij sjk ski 

sij ~ aij ~ 3 ^ij ^1 

a- =(*ij ~ 3 Sij akk 

Ji = Jj(a - a) = CTU - Qu 

~J2d = J2d(a - «) = \ (Sij - °ij) (Sji - Qji) 

^3d = ^3d(ff " Q) = 3 (Sjj Qjj) (Sjk - Qjk) (Sjjj - Oki) 

dft, _ 2 djj + 1 53; 2d 
da Cj2 da c2

2 

= I 
da 

dl 2d. _ 
9a 

s - a 

(5.31) 

(5.32) 

(5.33) 
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G. Plastic Hardening Modulus r? 

The plastic modulus r) controls the shear behavior of the material during plastic 

deformation. To develop a reasonable expression for rj, one should consider the following two 

facts: 

1. Elastoplastic materials show less tendency to harden as they approach failure. This 

means that TJ should have a large value away from failure, and should approach zero, 

as the material comes closer to failure. 

2. Pressure sensitive materials such as soils, exhibit more intense hardening with larger 

confinement. 

The stress-strain relation of the material depends, of course, on the relative position of 

the stress on function g; it also depends on the "relative" distance of stress point from the 

failure surface. This concept was borrowed from the bounding surface model (Dafalias and 

Herrmann, 1982). The "relative" distance (RD) to failure is defined (figure 5.2) as: 

i VJZ t/\ -p S. 
RD = r=- = 1 —-——— (5.34) 

Lm aJi + t 

The plastic hardening modulus r? can be defined as: 

r) = RDhi © (J2) (5.35) 

The hardening modulus in the bounding surface model is defined as: 

H = H (6, Wp) 

where, 5 is the actual distance between the current state of stress position and the ultimate or 

bounding surface, and Wp is a function of the history of plastic strains. On the other hand, in 

the proposed model, j? is a function of a relative distance (RD), which is defined in figure 

(5.2). Also, f] is a function of the confinement J!. 

On a stress path from the hydrostatic axis, = 0, to the failure surface (figure 5.2), 

the value of RD decreases from 1 to 0. Thus h2 in equation (5.35) controls the rate of change 

of rj. Function 0 (Jx) ensures the dependence of r? on the confinement as was stated above in 

fact no. 2. Also, note that as rj becomes smaller, the projection of da on the gradient of g 

becomes smaller. At the limit (when t] -* 0), the projection of da on the gradient of g 
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becomes 0. Since da is not tangential to g, da approaches zero itself. In other words, the 

movement of g becomes slower as the state of stress approaches failure. 

RD 
'm 

m 

Figure 5.2 - Definition of Relative Distance 

To determine © (Jj), a material element under an isotropic state of stress is considered. 

For an isotropic compression stress path (J2j = 0), RD = 1; therefore, 

n = 0 (Ja) (5.36) 

The elastoplastic constitutive matrix will be obtained for these conditions. 

In the case of an isotropic state of stress, starting from (c^ = <r2 = a3 = 0) and ending to 

(cr, £7, <7), with back stress (a, a, a), the following is valid: 

= 3 (a - a) m Cl (5.37) 

where, cx is one half the length of the horizontal axis of the ellipse. 

da 
2 J -i-

Ci 
(5.38) 
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E = 

K + 

K -

K -

4 G K - 2 G K - 2 G 
3 

K -
3 

K -
3 

2 G K + 4 G K - 2 G 
3 

K + 
3 

K -
3 

2 G K - 2 G K - 4 G 
3 

K -
3 

K -
3 

where, K is the elastic bulk modulus of a material, defined as: 

i f  _  I  
3(1-2!/) 

and G is the shear modulus of a material, defined as: 

r - E 
2(1 + v) 

E and v are the modulus of elasticity and Poisson's ratio, respectively. 

a - a  - f I = ^ 
3 3 

E §&L £ _ 36 K2 

da da 

1 1 1 
1 1 1 
1 1 1 

3gT _ 36 K 
da ^ da Ci2 

dp dz 12 
da da cx

2 

Substituting equations (5.41), (5.42) and (5.43) into equation (5.28) results in: 

DeP = E -

1 1 1 
36 K2 1 1 1 
ci2 1 1 1 

3 6 K .  H j l  
r.2 /-»_ 2 

(5.39) 

(5.40) 

(5.41) 

(5.42) 

(5.43) 

so, 

DeP = E 

1 1 1 

K 1 1 1 K 
1 1 1 

1 + —2— 
3 K 

Now, note that for the isotropic compression loading path 

dJ, da1 = da2 = dcr3 = da = 

(5.44) 
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and 

dej = de2 = de3 = de = 

where, Ij is the first invariant of strain tensor. 

The elastoplastic increment relation is thus given by: 

da = (D®f + Dg + Djj) de 

or 

d"rirrVde <5-45) 

Equation (5.45) is also valid for the increments of the first invariants of stress and strain. 

Therefore, 

da 3 K r? (546) 

de dlj 3 K + ri ( ' 

let Ji be the derivative of Jx with respect to Ilt then: 

' dJ^ 3 K Tj (5 47) 
1 dlx 3K + ij ' 

solving equation (5.47) for r? gives: 

"= e ( J i ) -^r  < 5 - 4 8 )  

Experimental observations indicate that the isotropic compression can be modeled reasonably 

well by a semi-logarithmic strain-stress relation: 

Ii = Ci log (Jj + 1) (5.49) 

where, C; is the slope of the log (Jj + 1) - evoi curve for an isotropic compression test 

(assumed to be constant), and evoI is the volumetric strain corresponding to the isotropic 

confinement Jx . From equation (5.49), an experimentally appropriate relation for jj can be 

obtained as: 

J[ = (5.50) 

Substituting equation (5.50) into equation (5.48) produces: 

e^- 3yq- I - 1 ) 1  
( 5 - 5 1 )  

Equation (5.51) is valid when (3-K-Q) > (1 + Jj). However, as (1 + Jj) approaches 

(3-K-Q), © (Jx) and thus TJ become infinite, (equation 5.35); the material behavior becomes 

elastic, and the following holds: 
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Ix = Jj elastic condition (5.52) 

(1 + Jx) > (3 K Cj) is not allowed since this implies behavior stiffer than the elastic behavior 

which eventually results to dJj/dlj < 0 (increase of stresses that creates decreasing strains). 

Substituting equation (5.51) into equation (5.35) to obtain the plastic hardening modulus r?: 

H. Center of Kinematic Hardening x 

The parameter x controls the movement of the loading function g. Experimental 

observations show that as the material approaches failure, dilatation rate approaches a constant 

value (figure (3.2)). The value of ip depends on the stress path (on the Jj - space) as 

well as the confining pressure. Parameter x ensures that the ultimate dilatancy rate reaches the 

experimentally observed value ip^P. There is a unique point on g for which the plastic strain 

rate (due to normality) matches the experimentally observed value . 

The point on the ellipse corresponding to a specific dilatation rate during conventional 

triaxial compression (CTC) test is found as follows: 

d V 5 - i ( ^ - ^ ] d A  , 5 . 5 4 )  

dI'* 75 (5-55) 

J&.+ 2J& 
d(T j Sffg 

J_ (is.. is_l 
V3 [^°i &az J 

—5a—5a— (5.56) 
dV*2d 

The partial derivatives of g are listed below: 

3g_ = 2 Jj 

Ci2 

-28L. 1 
/» 2 c2 
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di1 _ dij 

do± da3 

d^2d 

= 1 

da<1 - 
si ~ Qi 

dl 2d _ 
don 

~ S3 " Q3 

Also, apply the following chain rule of the derivatives for k = 1 and 3: 

8r _ _9g_ dlt + dp. dj 2d 
d°k dl, 3<7k dl, 

dov 
(5.57) 

'1 UJ2d 
Substituting equation (5.57) and the above partial derivatives into equation (5.56) produces: 

Note that the sign of ip is the same as Jj . 

_  6 c ^  ~h (5.58) 

'2d 

Substituting for 

obtained: 

J2d from equation (5.5) and solving equation (5.58) for , the following is 

— sign (V>) J = 1 
1 6 c2 

1 (5.59) 

1 , 
tf2 36 c2

2 

Expression (5.59) gives the ultimate value of Jj that corresponds to the point on g which 

results in a given ip. The corresponding 
ult 

J2d can be obtained from equation (5.5) as: 

' ult 
'2d = ± C» i - K  (5.60) 

where, Jx in expression (5.60) is 1^ or J!*11' (expression (5.59)). 

To force the stress point to lay on the ellipse coordinates presented by equations (5.59) 

and (5.60), the ultimate value of x (noted as x) is given by: 

-—ult 
J2d 

X = J ult 
dv^/dJi 

(5.61) 
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The ratio dVJ2d/dJ1 is the instantaneous tangent of the stress path. To aid the control of the 

movement of g, the instantaneous value of x is defined as: 

x = x + Cj RDh2 (5.62) 

where, h2 assists in controlling the rate of movement of the ellipse toward positioning the 

stress point on the ultimate location that corresponds to • An illustration of kinematic 

hardening of g is shown in figure (5.1). 

I. Yield Surface Drift Correction 

Using finite increments of stress rather than infinitesimal quantities, as required by the 

formulation developed here, results in certain computational inaccuracies. In other words, a 

computational problem is created from the fact that the (finite) incremental relation: 

A a = Dep Ae 

is used rather than equation (5.28). Use of the above expression is the only realistic 

implementation of equation (5.28), since it is computationally impossible to accumulate a 

stress a through the use of infinitesimal increments d<7. This approach results in stiffer a - e 

curves since it uses the initial tangent Dep for an increment A a. It also results in great 

inaccuracies and instabilities due to the fact that it fails to maintain the stress point on the 

loading surface, thus there exists a loading surface drift that is to be corrected based on a 

technique presented in this section. 

Figure (5.3) shows the space of Jx - f°r three different states of stress. The 

correction approach presented here is developed for the analysis of triaxial tests, where the 

value of stress is known. Therefore, a correction is introduced on the value of the back stress 

a only. 

An increment of stress A a from state of stress at A produces an increment of back stress 

Act and a new state (CTb, a8), which lies outside the loading surface g. Mathematically, 

g (aB, ofi) > 0 

However, the "correct" solution involves aB and oc for which: 

g (aB, ac) = 0 

where, ac is found from aB through the correction Sac 
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g (aB, aB + 6a) = 0 

where, 6a is the "distance" between aB and ac in figure (5.3). 

(5.63) 

X3 
CV2 

•-3 

Direction of ellipse 
movement 

Initial State (g = 0) 

Uncorrected back 
stress (g > 0) 

Corrected back 
stress (g = 0) 

dl 

Figure 5.3 - Yield Surface Drift Correction 

By using the linear Taylor expansion approximation on equation (5.63), the following is 

obtained 

g (aB, aB) + 5a fS- (aB, aB) = 0 (5.64) 
OOL 

From equation (5.20), 

8R _ dR 
da ' da 

Also, let us assume that the correction of a is along the direction of Aa, or 

5a = A Aa 

where, A is a proportionality factor. Thus, 
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g (aB, ob) - A Aa |S- (aB, aB) = 0 
o(J 

—> A = (5.65) 

Therefore, 

aB <— oB + A Aa (5.66) 

The approach must be applied iteratively until the new value of aB results in 

|g(«7B,aB)| < tolerance, where, tolerance is sufficiently small number. 

J. Elastic and Plastic Computation 

If the stress point lies on the loading surface (gold = 0), a subsequent stress increment may 

lead to elastic unloading or plastic loading depending on the value of (eT da). If (eT da) > 0, 

plastic flow occurs. However, if (eT da) < 0, elastic behavior is obtained. 

When the stress point lies inside the loading surface g (gold < 0), a subsequent stress 

increment may result in elastic loading or a partly elastic and partly plastic loading depending 

on the value of da. If gnew < 0, elastic deformation occurs. However, if gnew > 0, both elastic 

deformation and plastic flow occur. 

These possibilities are considered in the following: 

1. The stress path and the stress increment are such that a stress point on the loading surface g 

has moved to a point outside the loading surface g. Mathematically, 

convex loading surface, this may happen only if (eT da) > 0 and. constitutes plastic loading. 

/  o i a o i a  v  A  g (a , a ) = 0 

where, aold and aoId correspond to the initial state of a stress increment, and 
/  n e w o l d  \  n  g (a , a ) > 0 

anew and aold represent the state of stress after the application of the stress increment. For a 

2. The stress path and the stress increment are such that a stress point on the loading surface g 
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has moved to a point inside the loading surface g. Mathematically, 
, old old N n g (a , a ) = 0 

and 
, new old > . n g (a , a ) < 0 

This case is purely elastic, where the total strains are equal to the elastic strains and no plastic 

deformation occurs since (eT da) < 0. 

3. The stress path and the stress increment are such that a stress point inside the loading 

surface g has moved to a point inside the loading surface g. Mathematically, 
, old old \ n g (a , a ) < 0 

and 
, new new x ^ A g (a , a ) < 0 

This case is similar to case 2 above, where no plastic flow occurs and the total strains are 

equal to the elastic strains. 

4. The stress point and the stress increment are such that a stress point inside the loading 

surface g has moved to a point outside the loading surface g. Mathematically, 
, old old v n g (a , a ) < 0 

and 
z new new x n g (a , a ) > 0 

In this case, the condition is called mixed behavior. During mixed condition, part of the stress 

increment causes elastic deformation, while the remainder of the stress increment causes 

elastoplastic deformation. However, the point where plastic flow starts to occur must be found 

exactly. This will be discussed later in this chapter. 

5.3 Extensions of the Monotonic Model for Cyclic Paths 

To extend the monotonic model to make it capable of simulating the observed behavior 

during cyclic loading, the principles listed in section (5.1) should be considered as well as the 

following principles: 



56 

During unloading tests, deviatoric stress changes cause plastic volumetric compression 

while spherical stress (hydrostatic stress) changes cause elastic volumetric expansion. 

This becomes clear when observing the TC, IPS, and TE tests when unloading 

involves only deviatoric stress change and plastic volumetric compression. On the 

other hand, unloading of CTC test involves both elastic expansion (due to spherical 

stress change) and plastic compression (due to deviatoric stress change). Having a 

stationary loading surface during elastic unloading would result the plastic flow to 

start at point E (figure (5.4)) during CTC test and point F during TC test. These 

points would cause plastic dilatation, which is not observed experimentally. Therefore, 

the starting position should be in the fourth quadrant of - J2d space. This means 
N 

that the loading surface g has to translate during elastic deformation. A point B as 

shown in figure (5.4) should be the start of the plastic flow during unloading. This 

point is stress path dependent and it is selected here to be the point where maximum 

plastic volumetric compression occurs. The location of this point is subjected to 

certain restrictions to avoid entering elastic behavior again. 

\p2d AE: CTC TEST STRESS PATH 

AF: TC TEST STRESS PATH 

Figure 5.4 - Starting Position of Plastic Flow During Unloading 
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2. The relative distance concept has to be extended for unloading, reverse loading and 

reloading paths. Maintaining an unchanged definition of plastic modulus H during 

unloading would cause H to increase continuously from the value that it had at the 

point of reverse loading. This would cause a concave downward stress-strain curve 

during unloading which is incompatible with the experimental observation, and the 

physical understanding of material behavior to shear loading. 

A. Evaluation of anew during elastic deformation 

To implement principle 1 above, the loading surface must translate during elastic loading. 

This movement is assumed here to be isotropic. In other words, the deviatoric components of 

da are equal to zero, and 

da = dax = da2 = da3 

This part is devoted to the calculation of the incremental movement of the loading surface 

g during elastic loading (danew). In this case: 
new elastic old . elastic /c a = a + da (5.67) 

where, aold is the old coordinates of the center of the loading surface g before applying stress 

increment da and daela3tlc is the change in the coordinates of the center of the loading surface 

g due to the stress increment da during elastic loading. 

In figure (5.5), point A is the end of loading, point O is the coordinates of the center of 

the loading surface g, and point B' is the point where plastic flow should start from. B and B' 

are equivalent in terms of local coordinates of the ellipse. The loading surface has to move 

isotropically (horizontally) during elastic unloading, so that the stress point would end up at B' 

before any plastic deformation occurs. This horizontal movement dadait,c (OO' = BB') is 

divided into two parts. The first part is I (see figure (5.4)) and the second part is (f-AJj), 

where AJa is the change of J2 during elastic loading (i.e. from A to B') and £ is just a factor 

which is stress path dependent. If £ = I, then C is the symmetric point of A on the ellipse. 

Based on the interpretation of figure (5.5), the following is postulated: 
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A 

Stress Path 

da 
elastic 

= 00'  = ® + (2 

Figure 5.5 - Evaluation of da' elastic 

da"""1- (5.68) 

where, dJ: is the increment of the first invariant of the stress tensor, or 

dJ: = d<7a + d a2 + da3 (5.69) 

and dVT^ is the increment of the square root of the second invariant of deviatoric stress 

tensor, defined mathematically as 

dv^7=—^=sTds (5.70) 
^ * J2d 

where, 

s = a - I (5.71) 

ds = da - I ^ (5.72) 

IT = [ 1 1 1 0 0 0] 

and the values of I and J in expression (5.68) depend on the value of i> and the stress path 
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during loading, unloading and reloading (figure 5.5). The value of £ is stress path dependent 

and is discussed in chapter 6 (figure 6.10). 

In figure (5.6), during initial loading, the stress point starts from a point with coordinates 

(c^ 0). This initial loading moves on the ellipse from this point to point A 

* 1
 
>
 

3 A 
Ji • 

> 

J2d 

During unloading, the stress point moves inside the ellipse (causing elastic behavior) from 
B ' 

. At B, plastic flow initiates. This point is stress path point A to point B J B Ji > '2d 

dependent on Jj - V7^7 space and its determination is discussed in section (6B). I and J are 

defined in this case as: 

(5.73) I = JiB " JxA 

J = 
'2d '2d (5.74) 

Figure 5.6 - Starting Position of Plastic Flow During Unloading and Reloading 
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1 o
 

-*
/ 

- c _ 

•*1 * J2d 
> 

During unloading, point B moves from its position on the ellipse to point C 

During reloading, the stress point moves inside the ellipse from point C to point A causing 

elastic behavior. At A, plastic flow occurs. I and J are defined, in this case, as: 

(5.75) I = JiA-jiC 

J = 
'2d '2d (5.76) 

Point A moves toward point D 

' D ' 
T ^ ji » J2d during plastic flow. 

B. Evaluation of the point where Plastic flow starts 

For a stress increment that starts inside the loading surface g and ends outside it, both 

elastic and plastic behavior occur. To find the exact point on the ellipse where elastic behavior 

ends and plastic flow starts, the following scheme is used: 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

, old old x /\ g (a , a ) < 0 
, new new elastic, „ g (a , a ) > 0 

new new . a «— a - da 
new new , elastic a <— a - da 

da da 
2 

new 

T/» / new If g (a , a 

«— a 

new • < a + da 
new elastic 

+ da 
elastic 

) > 0 then 

a 
new 

new . a - da 
new . elastic a - da 

GO TO 4 
TP , new new elastic» A ,, If g (a , a ) < 0 then 

Calculate elastic strains and total strains corresponding to the stress increment 

Go TO 5 
,c / new new elastic. A If g (a , a ) = 0 

End the elastic behavior and start calculating plastic deformation 
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This is one of the methods to find the exact point where plastic flow starts. Another 

method is illustrated in figure (5.7). Mathematically, 

X A a _ Act ^ ^ gpid 
Sold Sold ~ Snew Sold " Snew 

This equation must be applied iteratively, much like the secant method to find the root of a 

non-linear equation. 

ACT 

X ACT 

new 

Figure 5.7 - A Scheme to Evaluate the Starting Point of Plastic Flow 

Another method is described in the following: 
, old old i n g (a , a ) < 0 

, old . old A V n g (a + A a, a + Aa) > 0 

Let 6a and 5a be the increments for which 

g(ffold + 6a, aeold + 6a) = 0 (5.77) 

Also, let 6a = A Act and from equation (5.68), the following is obtained: 

6a = -6VJ^ Jj + e- ^ (5.78) 

where, SJX and sVJ^ correspond to So, or 
s A AJj and SVJ2D — A 
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where AJj and A\/J^ correspond to Aa. Substituting of the above relations in equation (5.78) 

yields: 

5a = A Aa 

Then the linear approximation of expression (5.77) produces: 

g (aold, aold) + 5a* §8. + SaT |S- = 0 
aa aa 

g (aold, aold) + (SaT _ fiaT) |fL = 0 

g (aold, aold) + A (AaT - Aa^) |S- = 0 
do 

, old oldv 
==> \ = s ( *  )  

(AaT - Aa"1) 

The above equation is applied iteratively, much like the Newton-Raphson technique, until the 

appropriate 5a and 5a are found (i.e. until expression (5.77) is satisfied). 

Another method is to use very small increments of stress to find exactly where g = 0. In 

this model, the first method was implemented. 

C. Relative Distance Concept 

In the monotonic loading (figure 5.8), relative distance at point A is defined as: 

RD _ _L_ _ <»' Ji - (Signv/J^") ($J9) 

a' Jx + aup Jj 

where, a' is the slope of the failure line and defined as 

a' = 2 (5.80) 

VI - fi Sr 

Also, Jx is the current value of the first invariant of the stress tensor and J2d is the second 

invariant of the deviatoric stress tensor. SignVJ^ is the sign of (either positive or 

negative). The value of aup is defined as the absolute value of the minimum algebraically 

(sign\/I^7 • V^2d/Ji)that is encountered in the entire loading history up to the present point. 

During unloading, figure (5.9), from point D to point A, the relative distance at any point 

on the stress path DCBA is defined as: 
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RD = a' Jj + (sign\/J^[) 

down 

, j down T a Ji +a Jj 

where, a is the slope of the line OD, or 

down ,, a = Max 

(5.81) 

(5.80) 

T « dOWIl  ̂
In other words, a is the maximum value of (signVJjd ' vJ2d/Ji) that is encountered for 

the entire loading history up to the present point. Equation (5.80) is valid in the region R2 

(figure (5.8)). This region corresponds to unloading and reverse loading. However, in the 

loading region R1, 

a' Jj - (signv/J^) RD = 
a' J2 + aup Ja 

(5.81) 

Failure Line 

Stress Path 

Figure 5.8 - Definition of Relative Distance During Monotonic Loading 
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Failure Line 

Failure Line 

DCBA: Stress Path 
up 

OA: (a ) Line 
down 

OD: (a ) Line 

up 
Rj : Loading Region ( Use a. ) 

down 
R 2: Unloading & Reverse Loading Region ( Use a ) 

Figure 5.9 - Definition of Relative Distance During Unloading 

During reloading, figure (5.10), from point A to point D, the relative distance at any 

point on the stress path ABCD is defined as: 

a' Jx - (signVI^) 
RD = 

a' Jx + aup J2 

where, aup is the slope of the line OA, or 

aup = Max 
v^2d 

(5.82) 

(5.83) 

In other words, aup is the absolute value of the maximum (signv/J2d • \/J2d /Jj) that is 

encountered for the entire loading history up to present point. Equation (5.82) is valid in the 

region R2 (figure (5.9)). This region corresponds to unloading. However, in the loading 
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region Rlt 

RD = 
a' Jx + (signv/j^") VJ^ 

, , down . a J, + a J, 
(5.84) 

'2d 

0 

-\ J  '2d 

Failure Line 

y r2 
B/ 

ABCD: Stress Path 
up 

OA: ( « ) Line 

OD: (ad°Wn) Line 

/ J1 

. Ri 

Failure Line——N. 

down 
R j :  L o a d i n g  R e g i o n  (  U s e  a  )  

up 
R g :  U n l o a d i n g  R e g i o n  (  U s e  a  )  

Figure 5.10 - Definition of Relative Distance During Reloading 

The values of aup and adown are not just bases of measurements of relative distances; they 

also affect the initiation of intense nonlinearity since the value of RD* (relative distance 

where the slope of VJ^d - becomes obviously non-linear), varies along with aup and 

adown (see chapter 6). 
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6. DETERMINATION OF MATERIAL PARAMETERS 

A. Monotonic Loading 

The material constants associated with this model can be grouped or classified into the 

following categories: 

1. Elastic Parameters: E and v 

2. Failure Surface Parameters: a, f) and /c 

3. Loading Surface Parameters: cx and c2 

4. Hardening Parameter hx, h2, Q and 0exp 

A description of the methods to obtain these parameters is presented in the following: 

1. Elastic Parameters: 

There are two independent constants for linear isotropic elasticity: Young's modulus E and 

Poisson's ratio v. Instead of E and i>, the elastic parameters can be expressed also through the 

bulk modulus K and the shear modulus G. They are defined in terms of E and v as follows: 

K • nr̂  (61> 
G - 2TTTT) <6'2) 

Usually, E and v are obtained from the initial unloading of a conventional triaxial 

compression (CTC) test. The CTC test data are plotted as (al - a3) vs. and vs. 

The slope of initial unloading portion of the first curve gives E and 2G for the second curve. 

If more than one test is available, E and v are evaluated for each test and then averaged. 

2. Failure Surface Parameters: 

Finding the failure surface parameters is discussed extensively by Hashmi (1986). 

However, a brief presentation is given here for completeness. For sandy soils, cohesive 

strength is negligible and thus /c = 0. To obtain a and p, failure stress states for at least two 
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different Lode's angles are needed. These could be a conventional triaxial compression (CTC) 
CTC 

test and a triaxial extension (TE) test. Each test has a constant value of Sr, i.e. Sr and 
TE Sr . If the failure values of Jx, J2d and the values of Sr for each test are substituted in 

equation (5.7), a system of two equations in a and p is produced, which can be solved for 

their values. Many geotechnical laboratories do not have the means of performing tests other 

than the CTC tests. In this case, the parameters a and f3 can not be determined. However, the 

combined parameters: 

a' = a (6.3) 
VI - fi Sr 

can be obtained as: 

a = (6.4) 
failure Jl 

In this case, use of a simpler form of equation (5.7) can be made, which ignores Lode's angle 

effect to the failure envelope: 

f = - a' Ja = 0 (6.5) 

Although equation (6.5) is less accurate than equation (5.7), it can still provide reasonably 

good results. 

3. Loading Surface Parameters: 

A parametric study on c2 and c2 shows that only their ratio is important, as long as c: is 

small compared to the smallest value of J^. Extremely small values of cx and c2 are not 

recommended since they might create numerical instabilities in a Finite Element 

implementation. Value for cl5 approximately equal to 1/50 of the expected minimum value of 

Jj is recommended. The ratio of c2/c1 controls the change fromwnosnpressive to dilatant 

behavior during shear deformation. Figure (6.1) is provided to determine the appropriate ratio 

of Cj/Cj based on conventional triaxial tests. Curves are provided for the more common range 

of shear strength expressed in terms of the failure surface parameter a', for ultimate dilatation 

ratio ip = - 2/3. The values of RD shown on figure (6.1) are the ones obtained at the instance 

of change of the material behavior from compressive to dilatant. To obtain the values of c2/cx 

for V1 other than - 2/3, the following correction equation is provided: 
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£z 
Cl 

= £2. 
ci ( n i - I) = - 2/3 

where, slope is given by the following least squares equation: 

slope = - 0.24 + 4.156 a' 

slope (6.6) 

(6.7) 
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Figure 6.1 - Plot for Determination of c2/ci Ratio 
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4. Hardening Parameters: 

Parameter h: is obtained from conventional triaxial compression (CTC) test data through 

the following expression: 

log 

hi = 

2 defdaa 

3 (def)2 + (de?)2 - 2 dcfde? 
+ log f S K C , - 1 , - 1 1  

[ 3K(1+JJ) J 

log 1 -
-A3) VI - 0.3849 /? 

,Q (£Tj + 2 tr3) + K 

The derivation of expression (6.8) is presented in the following: 

Using the flow rule 

(6.8) 

deP= (eT da) e 
1 

with 

results in: 

e = deP 

Jd£PT deP 

dePT 
d£P = 

Solving equation (6.9) for rj, the following is obtained: 

dfrT 
V = 

dep d a 

dcpT d£p 

(6.9) 

(6.10) 

For CTC test, da2 = dcr3 = 0 and dep = def = (dep
ol - def )/2 for an isotropic material. Thus 

equation (6.10) becomes: 

n = 
2 defdj! 

3 (def)2 + (d£P )2 - 2 defd£P 

Using equation (5.53) and equation (6.11), the following is obtained: 

2 dffdax 1 = 

3 (d£p)2 + (d£P)2 - 2 d£fd£p 

HL 3 K (1 + JI) 
"RD 3 K CJ - 1 - JJ 

(6.11) 

(6.12) 

For the CTC test, the following is valid: 
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gi + 2 az 

v^2d ~ (ffi " °s) 

Sr = 0.3849 

Substituting equations (6.13) through (6.15) into equation (5.34): 

RD = 1 
-L(0l-a3)V1 - 0.3849 0 

(6.13) 

(6.14) 

(6.15) 

(6.16) a (ax + 2 a3) + K 

Substituting equation (6.16) into equation (6.12) and subsequently talking the logarithm of 

both sides of the resulting equation yields the expression for hx as: 

2 dffd?! 
log 

h1 = 

3 (def)2 + (de*)2 - 2 defde? 
+ log f3 K Q - Jj - 1 

[ 3 K ( 1 + Jj) 

log 1 -
^(ax -C73)^l - 0.3849)9 

(6.8) 

a (<rx + 2 cr3) + K 

As seen in equation (5.62), the center of translation of the loading surface g becomes 

equal to x when RD = 0. The closer x is to X, the faster the ellipse is moving toward 

positioning the stress point on the ultimate location (the one that corresponds to tpuit). The 

role of parameter h2 is to control this movement. However, this movement is controlled also 

by c2/ci ratio. To simplify the model, h2 is thus eliminated as a variable parameter and 

assumes a constant value. A parametric study shows that values in the vicinity of 4 allow 

easier control of the model behavior through the value of c2/cj. Thus h2 = 4 is used in model. 

The values of the ratio of c2/c1 presented in figure (6.1) are obtained using this value of h2. 

The last parameters to be evaluated are Q and The value of Q is obtained from an 

isotropic compression test from the curve of cvoi- log (Jx + 1) and it is assumed to be constant 

for monotonic paths. Usually two values of Cj , one for virgin loading and one for 

unloading/reloading to maximum pre-compression, are needed. 

The value of \&exp is the ultimate slope of the volumetric versus shear deformation of the 

soil i.e. ilf** = (dli/dvl̂ " )** j. 
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To illustrate the performance of the proposed model, a series of true triaxial results on 

Leighton Buzzard (LB) sand reported by Hashmi (1986) are used. The variety of stress paths 

used in these tests make them an excellent data set against which to measure the performance 

of a model (chapter 7). The material parameters of the model are determined from two 

conventional triaxial compression CTC tests (figure (6.2 (a,b)) and figure (6.3 (a,b)) with 

confining pressures 5 psi (34.45 kpa) and 13 psi (89.57 kpa), respectively, and one isotropic 

compression (IC) test (figure 6.4). As discussed previously, use of CTC tests can only provide 

the value of a' (equation (6.3)). To explore full potential of the model, limited use of other 

test results is made to obtain the parameters a and p. A list of all material parameters found, 

based on the experimental results are listed in tables (6.1) and (6.2). 

Table 6.1: Material Parameters 

Elastic and Hardening parameters 

Parameter E V Q V-

Test CTC CTC CTC HC CTC 

TC 

Units psi psi"1 

Value 11500 0.29 t 0.011 tt 

t Use of equation (6.8) produces the h1 variation shown in figure (6.5) 

tt ip = -0.67 for CTC and V = -0.91 for TC test. Due to lack of additional experimental data with different 

dJj/dv^j paths, V is modeled as shown in figure (6.6). This change of value of V reflects principle 

3 of section (5.1) 



Experimental data 

Experimental Data 

Figure 6.2 - (a) Shear Response & (b) Volumetric Response for CTC Test 

(ac = 5 psi) on Leighton Buzzard (LB) Sand 



Experimental Data 

Experimental Data 

Figure 6.3 - (a) Shear Response & (b) Volumetric Response for CTC Test 

(ac = 13 psi) on Leighton Buzzard (LB) Sand 
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Figure 6.4 - Isotropic Compression (IC) Test Results on Leighton Buzzard (LB) 

Sand 
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Figure 6.6 - Modeling of ip Variation with Stress Path dJ^dy/i^ 

The value of relative distance at which h2 becomes constant is defined as the relative 

distance where the slope of VJ^7 vs vIm becomes obviously nonlinear (RD*). RD* is found to 

be equal to 0.37 from CTC tests. 

Table 6.2: Material Parameters 

Failure and Loading Surface Parameters 

Parameter a K Ci C2 

Test CTC 

TE 

CTC 

TE 

CTC tt CTC 

Units psi psi psi 

Value 0.303 1.25 0.0 0.30 0.72 

ft is calculated as approximately 1/50 of the expected lowest = IS 

A variety of stress path testing is reported by Hashmi (1986). Comparisons of the 

experimental results with the model predictions are presented in chapter 7 of this thesis. The 

stress paths examined in this thesis are explained in table (6.3). During unloading on any of 
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these stress paths, the signs of AA1( Acr2, and ACT3 are simply reversed. 

Table 6.3: Stress Paths of the True Triaxial Tests 

Used in This Study 

Test Acronym CTC TC IPS TE 

Test Full name Conventional Triaxial Incremental Triaxial 

Triaxial Compression Plane Stress Extension 

Compression 

Stress path > 0 

Ac72=Acr3=0 

> 0 

ACT. 
Act2=ACT3=-

A > 0 

Aa2=0 

A<73=-Act1 

A a1 < 0 

ACT. 
ACT2=ACT3=- — 

B. Cyclic Loading 

The material constants associated with this loading are the same as the one used for 

monotonic loading. There are some additional parameters that were used for the cyclic 

loading. 

As was discussed in section (5.3), the location of point B in figure (6.7) is stress path 

dependent. At point B, the maximum plastic volumetric strains should be obtained. Since 

d£P= (eTda)e 
XT 

P . the following is valid for dc^ 

d p (eT dg) e • I 
UCVOl 

So, if 7 is defined to be the angle of the stress path with respect to horizontal, or 

7 = tan"1 

dJi 
(6.17) 

and a is defined to be the angle between da and e, then (180 - w - 7) is the angle between I 

and e. Thus 
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d£voi= ^eT
H

dg) • cos (180 - w - 7) 

de™i = " ^T
H

d^ * cos (w + 7) 

dfyol= - lel jjdgl • cos U> • cos (cl> + 7) 

*D CN 

-J 

da "D 
CN 

Figure 6,7 - Evaluation of Maximum Plastic Volumetric Strain Point 

p 
For a specific state of stress and a specific stress increment, d£vo) becomes maximum when 

(cos oi • cos (w + 7)) becomes maximum. To maximize this, the following is obtained: 

(cos (w + 7) • cos w) = 0 (6.18) 

Using the product rule of derivatives, equation (6.18) becomes: 

- sin (w + 7) • cos w - cos (w + 7) • sin w = 0 (6.19) 

Using trigonometric rules, equation (6.19) simplifies to: 

sin (7 + 2 ui) - 0 (6.20) 
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Solving equation (6.20) for one value of w in terms of K gives: 

(6.21) 

To find the maximum point on the ellipse that corresponds to this value of w, the following 

approach is adapted: 

a 

'2d 
= tan (90 - w) (6.22) 

dJ, 

where, w is the angle (in degrees) from equation (6.21). From expression (6.22), the following 

is obtained: 

= tan (90 - w) = cot w (6.23) 

c2 

-fef 
Ja2 

Solving equation (6.23) for Jx yields: 

h" 
c2 • cot OJ 

(6.24) 

cot2 01 + fc] 
and 

^2d - " c2 1 - A. 
ci2 

(6.25) 

Using equation (S.S8) and using the values of ?! and 

respectively, produces: 

B = 6cl_ Jj_ 
c2 — ci 

'2d 

j2a from equations (6.24) and (6.25), 

(6.26) 
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From expression (6.22), the value of ui is being calculated; however, this derivative has to 

checked against the stress path slope 7. Mathematically, 

dJ, 
= tan 7 (6.27) 

Substitution for dJJ2d /dJj from equations (6.22) and (6.23) in equation (6.27) and then 

solving for yields: 

c2 • tan 7 J, = (6.28) 

cot2 7 + 

and 

J2d c' 
"7 C1 

Using equation (5.58) and using the values of Ji and 

respectively, produces: 

inf = 6c|_ 3a 

2 
Cl 

(6.29) 

J2d from equations (6.28) and (6.29), 

(6.30) 

'2d 
where, inf r(> is pronounced infimum of the greatest lowest bound of i>. 

If the magnitude (absolute value) of V calculated from expression (6.26) is larger than 

the magnitude of inf rf>, then ipB = inf ip. This is done to avoid entering elastic region again 

during unloading or reloading. In figure (6.8), for a specific stress path, ipT = inf V1-

Therefore, point P can not be used as a start of plastic flow since a stress increment on this 

stress path yields elastic behavior again. However, Point B is allowed to be used as a start of 

plastic flow since no elastic deformation occurs due to the same stress increment. 

The value of the center of kinematic hardening x can not be to the right of point D 

during unloading (see figure (6.9)) since this causes the loading surface g to move in the 

opposite direction to point E. Also, during reloading, x can not be greater than the 
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coordinates of point C to make certain that the loading surface g moves toward point F. 

At P, Elastic Behavior Occurs 

At B, Plastic Flow Occurs ( 

T is the Tangent Point ( inf ^ ) 

Figure 6.8 - Restriction on the value of V> 

, 

' \ |  
J2d 

A s- DB: Stress 

rF  
CA: Stress 

c/ 1 

0 D 
X X / 

/ Jl 

E 

Figure 6.9 - Center of Kinematic Hardening x During Unloading & Reloading 
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The value of £ in equation (5.68) is dependent on the stress path (dVI^ /dJj or 

dJx/dVJ^). In this model, a constant value of one was used for £ throughout the cyclic 

loading. The value of £ can be modeled as a function of the stress path as shown in figure 

(6.10). 

1 - -

dJ 

Figure 6.10 - Possible Model of £ as a Function of Stress Path 

Figure (6.11) shows the experimentally obtained variation of h2 versus relative distance, as 

well as its theoretical simplification for its adoption to the model. The elastic parameters used 

are: E = 30,000 and u = 0. The theoretical variation of h2 is being plotted again in figure 
* 

(6.12) for three different cases: loading, unloading and reloading. At RD < RD, the value of 
* 

h: is constant (= 1.35). The value of RD is defined as the relative distance where the slope 

of V5j7 vs vl^" becomes obviously nonlinear. In figure (6.13(a)), line OB is defined as a 
OB constant relative distance line (RD ). This relative distance corresponds to initiation of 

OB * intense non-linearity. Therefore, RD = RD . The loading continues to point C. During 

unloading from point C to point A, same variation of hj is used as in the case of loading 
* 

(figure (6.12)). During reloading from point A to point D, figure (6.13(b)), the value of RD 
oc 

has been upgraded to the value of RD , i.e. it corresponds to the minimum RD achieved 
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during previous loading. The variation of hx versus relative distance is shown in figure (6.12) 
* 

in the case of reloading. The upgrade of the value of RD is justified by experimental 

observations, where the point of initiation of intense non-linearity occurs at higher stresses 

compared to the initial loading case. 
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Figure 6.11 - Variation of hx with Relative Distance 
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Figure 6.13 - Definition of RD During (a) Loading & (b) Reloading 
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The modulus of elasticity E and Poisson's ratio v were found to be different from the 

results presented by Hashmi (1986). This is probably because of the different interpretation of 

the experimental observation. In Hashmi's work, unloading is assumed elastic, thus E and v 

are the average values observed during unloading. In the present work, the unloading is 

assumed to be elastoplastic; therefore, the values of E and v are calculated from the first 

unloading stress increment A a. The model predictions using the E and v values suggested by 

Hashmi, and the E and v evaluated here were found to be almost identical. The parameters 

used to predict the behavior of (LB) sands during cyclic loading are presented in table (6.4). 

Table 6.4: Material Parameters 

Elastic and Hardening parameters 

Parameter E V hi Q Qr 

Test CTC CTC CTC HC HC 

Units psi psi-1 psi-1 

Value 30000 0.0 t 0.011 5.4e-3 

Use of equation (6.8) produces the hj variation shown in figure (6.11) 
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7. VERIFICATION OF THE MODEL 

The experimental data used in the content of this thesis were obtained from Hashmi 

(1986). The apparatus used to conduct the experiments is a true triaxial apparatus. Detailed 

discussion of the testing equipment can be found in Strue and Desai (1979) and Desai et al. 

(1982). For detailed description of the testing program and procedures, the reader is referred 

to Hashmi (1986). 

This chapter is devoted to comparing the experimental data versus the theoretical 

prediction from the proposed model. The material constants of Leighton Buzzard (LB) sand 

that were used in the model are provided in chapter 6 of this thesis. Also, the stress paths of 

true triaxial tests used in this study are described in table (6.3). This chapter is divided into 

three sections: 

1. The first part of this chapter presents the comparison between observed data and 

model predictions during monotonic loading. 

2. The second part shows the comparison between experimental data and the theoretical 

predictions in the case of cyclic loading. 

3. A brief discussion on the comparison between observed data and model prediction is 

provided at the end of this chapter. 

7.1 Monotonic Paths 

Figures (7.1) through (7.4) show the comparison of the shear behavior 

curves) and volumetric responses (Ij - Vl^ curves) for two conventional triaxial compression 

(CTC) tests. The initial confining pressure ac for these tests are 5 psi (34.45 kpa) and 13 psi 

(89.57 kpa), respectively. 

Figures (7.5) through (7.8) show the comparison of the shear behavior (VJ  ̂ - Vljd 

curves) and volumetric responses (Ix - Vl̂  curves) for two incremental plane stress (IPS) 

tests. The initial confining pressure CTc for these tests are 13 psi (89.57 kpa) and 20 psi 
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(137.8 kpa), respectively. 

Figures (7.9) through (7.12) show the comparison of the shear behavior (Vjgd " ^2d 

curves) and volumetric responses (Ix - curves) for two triaxial compression (TC) tests. 

The initial confining pressure ac for these tests are 13 psi (89.57 kpa) and 20 psi (137.8 kpa), 

respectively. 

Figures (7.13) through (7.16) show the comparison of the shear behavior (VJ2d -

curves) and volumetric responses (Ix - Vl^ curves) for two triaxial extension (TE) tests. The 

initial confining pressure ac for these tests are 13 psi (89.57 kpa) and 20 psi (137.8 kpa), 

respectively. 
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Figure 7.1 - Comparison of Experimental and Theoretical Shear Behavior of CTC 

Test (ae = S psi) on Leighton Buzzard (LB) Sand (Monotonic Loading) 
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Figure 7.2 - Comparison of Experimental and Theoretical Volumetric Response of 

CTC Test (trc = 5 psi) on Leighton Buzzard (LB) Sand (Monotonic Loading) 
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Figure 7.4 - Comparison of Experimental and Theoretical Volumetric Response of 

CTC Test (CTc = 13 psi) on Leighton Buzzard (LB) Sand (Monotonic Loading) 
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Figure 7.5 - Comparison of Experimental and Theoretical Shear Behavior of IPS 

Test (tTc = 13 psi) on Leighton Buzzard (LB) Sand (Monotonia Loading) 
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Figure 7.6 - Comparison of Experimental and Theoretical Volumetric Response of 

IPS Test (ae = 13 psi) on Leighton Buzzard (LB) Sand (Monotonic Loading) 
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Figure 7.7 - Comparison of Experimental and Theoretical Shear Behavior of IPS 

Test (<rc = 20 psi) on Leighton Buzzard (LB) Sand (Monotonic Loading) 
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Figure 7.8 - Comparison of Experimental and Theoretical Volumetric Response of 

IPS Test (<rc • 20 psi) on Leighton Buzzard (LB) Sand (Monotonic Loading) 
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Figure 7.10 - Comparison of Experimental and Theoretical Volumetric Response of 

TC Test (erc = 13 psi) on Leighton Buzzard (LB) Sand (Monotonic Loading) 
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Figure 7.11 - Comparison of Experimental and Theoretical Shear Behavior of TC 

Test (<7C = 20 psi) on Leighton Buzzard (LB) Sand (Monotonic Loading) 
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Figure 7.13 - Comparison of Experimental and Theoretical Shear Behavior of TE 

Test (ac = 13 psi) on Leighton Buzzard (LB) Sand (Monotonic Loading) 
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TE Test (ffc = 

Comparison of Experimental and Theoretical Volumetric Response of 

13 psi) on Leighton Buzzard (LB) Sand (Monotonic Loading) 
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Figure 7.16 - Comparison of Experimental and Theoretical Volumetric Response of 

TE Test (ac = 20 psi) on Leighton Buzzard (LB) Sand (Monotonic Loading) 
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7.2 Cyclic Loading 

Figures (7.17) through (7.20) show the comparison of the shear behavior (VJ^ - VT^ 

curves) and volumetric responses (I2 - VT^ curves) for two conventional triaxial compression 

(CTC) tests. The initial confining pressure ae for these tests are 5 psi (34.45 kpa) and 13 psi 

(89.57 kpa), respectively. 

Figures (7.21) through (7.24) show the comparison of the shear behavior - VT^d 

curves) and volumetric responses (Ij - curves) for two incremental plane stress (IPS) 

tests. The initial confining pressure ac for these tests are 13 psi (89.57 kpa) and 20 psi 

(137.8 kpa), respectively. 

Figures (7.25) through (7.28) show the comparison of the shear behavior (VI^ 

curves) and volumetric responses (Ij - curves) for two triaxial compression (TC) tests. 

The initial confining pressure ac for these tests are 13 psi (89.57 kpa) and 20 psi (137.8 kpa), 

respectively. 

Figures (7.29) through (7.32) show the comparison of the shear behavior 

curves) and volumetric responses (Ij - curves) for two triaxial extension (TE) tests. The 

initial confining pressure ac for these tests are 13 psi (89.57 kpa) and 20 psi (137.8 kpa), 

respectively. 
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Figure 7.17 - Comparison of Experimental and Theoretical Shear Behavior of CTC 

Test (CTc = 5 psi) on Leighton Buzzard (LB) Sand (Cyclic Loading) 
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Figure 7.18 - Comparison of Experimental and Theoretical Volumetric Response of 

CTC Test (CTc = 5 psi) on Leighton Buzzard (LB) Sand (Cyclic Loading) 
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Figure 7.19 - Comparison of Experimental and Theoretical Shear Behavior of CTC 

Test (<7C = 13 psi) on Leighton Buzzard (LB) Sand (Cyclic Loading) 
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Figure 7.20 - Comparison of Experimental and Theoretical Volumetric Response of 

CTC Test (<rc = 13 psi) on Leighton Buzzard (LB) Sand (Cyclic Loading) 
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Figure 7.21 - Comparison of Experimental and Theoretical Shear Behavior of IPS 

Test (ae = 13 psi) on Leighton Buzzard (LB) Sand (Cyclic Loading) 
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Figure 7.22 -
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Comparison of Experimental and Theoretical Volumetric Response of 
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Figure 7.23 - Comparison of Experimental and Theoretical Shear Behavior of IPS 

Test (ac = 20 psi) on Leighton Buzzard (LB) Sand (Cyclic Loading) 
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Figure 7.24 - Comparison of Experimental and Theoretical Volumetric Response of 

IPS Test (<7C = 20 psi) on Leighton Buzzard (LB) Sand (Cyclic Loading) 
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Figure 7.25 - Comparison of Experimental and Theoretical Shear Behavior of TC 

Test (ac = 13 psi) on Leighton Buzzard (LB) Sand (Cyclic Loading) 
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Figure 7.26 -
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Comparison of Experimental and Theoretical Volumetric Response of 

13 psi) on Leighton Buzzard (LB) Sand (Cyclic Loading) 
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Figure 7.27 - Comparison of Experimental and Theoretical Shear Behavior of TC 

Test (oc = 20 psi) on Leighton Buzzard (LB) Sand (Cyclic Loading) 
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Figure 7.28 - Comparison of Experimental and Theoretical Volumetric Response of 

TC Test (ac = 20 psi) on Leighton Buzzard (LB) Sand (Cyclic Loading) 
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Figure 7.29 - Comparison of Experimental and Theoretical Shear Behavior of TE 

Test (ae = 13 psi) on Leighton Buzzard (LB) Sand (Cyclic Loading) 
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Figure 7.30 - Comparison of Experimental and Theoretical Volumetric Response of 

TE Test (ac = 13 psi) on Leighton Buzzard (LB) Sand (Cyclic Loading) 
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Figure 7.31 - Comparison of Experimental and Theoretical Shear Behavior of TE 

Test (pc = 20 psi) on Leighton Buzzard (LB) Sand (Cyclic Loading) 
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Figure 7.32 -

TE Test (CTc =s: 
Comparison of Experimental and Theoretical Volumetric Response of 

20 psi) on Leighton Buzzard (LB) Sand (Cyclic Loading) 
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7.3 Discussion on the Comparison 

The overall prediction of shear behavior is very good, although there is some discrepancy 

in the CTC results for <7C = 13 psi (figures (7.3) and (7.19)). However, this is due to the fact 

that this specific sample failed at a stress significantly lower than the failure envelope 

suggested by most other test results. The difference is thus contributed mainly to the 

experimental error. The most impressive performance of the current model is observed in the 

dilatation predictions, considering the difficulties that have been widely reported for 

associative plasticity models. In most cases, the comparisons prove to be excellent. In cyclic 

loading, during unloading and reloading for the CTC tests (figure (7.16) and (7.20)), a smaller 

loop is obtained from the model predictions compared to the one from experimental data. 

This is because of using a constant value for the modulus of elasticity E throughout the 

model. From experimental observations, the unloading modulus of elasticity E is 

approximately two times larger than the reloading modulus of elasticity. However, E was 

assumed to have a constant value for simplicity even though it can be regarded as a function 

of mean pressure as indicated by Duncan and Chang (1970) and Vardarajan et al. (1980). 

In an attempt to show the model usefulness versus other simpler models, comparisons of 

experimental results, versus the present model predictions and the Cam-clay model predictions 

are demonstrated in figures (7.33) and (7.34) for a CTC test (ac = 5 psi). Based on the 

experimental data, the material parameters for Cam-clay model are calculated to be A (slope 

of the consolidation line) = 0.00497 and K (slope of the swelling line) = 0.00325. From Stroud 

(1971), the effective angle of friction <j> = 35°.The superiority of the predictions of the present 

model does not need further discussion. 
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Figure 7.33 - Comparison of Experimental and Theoretical Shear Behavior of CTC 

Test (ae = 5 psi) on Leighton Buzzard (LB) Sand 



124 

0.2 

o Experimental Data 

- Present Model Prediction 

-x Cam-clay Model Prediction 

0.2 

0.1 

0.0 

0.0 

-0.1 

-0.1 

-0.2 

-0.2 -

-0.3 

-0.3 

-0.4 
0.8 0.6 0.4 0.2 0.0 

SQRT ( 12d ) 

Figure 7.34 - Comparison of Experimental and Theoretical Volumetric Response of 
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8. DISCUSSION AND CONCLUSIONS 

This chapter is divided into two sections. The first part is devoted to discussing other 

kinematic hardening plasticity models and comparing their approach to the one presented 

here. The second part presents some recommendation for further improvement along with 

some concluding remarks about the proposed model. 

8.1 Discussion 

Kinematic hardening plasticity models have been presented in the literature quite early. 

Some of these models bare certain similarities with the present approach. Thus it is considered 

appropriate to present a small discussion on these works and show how they are different 

from the proposed here model. 

The loading surface translation law presented here (equation (5.13)) is based on the work 

presented by Ziegler (1959). Ziegler's equation is expressed as follows: 

da = (a - at) d/i (8.1) 

The present work differs from equation (8.1) due to the introduction of the isotropic stress 

shift (I • x/3). As was discussed in sections (5.2D) and (5.2H), the purpose of this shift is to 

allow control of the value of ultimate dilatation rate. Of course, Ziegler did not intend to 

develop a specific constitutive model in his work. Thus, he never proposed an approach to 

evaluate the plastic modulus rj that is needed for the evaluation of dn in equation (8.1). 

The bounding surface model (Dafalias et al., 1975, 1976 and 1977) uses certain concepts 

similar to the present work. For example, the plastic modulus is considered to be a function of 

the "distance" of the stress point from failure. Nevertheless, the bounding surface model is a 

critical state model with the critical state to coincide with the "zero distance" from failure. 

Clearly, capturing of the dilatational phenomena observed in sands was not the purpose of 

that model. 
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The hierarchical approach for constitutive modeling of geological materials developed by 

Desai and co-workers (Desai et al., 1980, 1984 and 1986) includes a kinematic hardening 

component (Somasundaram, 1986), which uses nonassociative plasticity to incorporate initial 

and induced anisotropy. This is known as the S2 model. A specific form of yield surface F is 

adopted in this model and may written as: 

F = J2d - Fb F. = 0 (8.2) 

where, Fb is a basic function, defined as: 

Fb = (- q J,11 + 7 Ji2) (8.3) 

Fs is a shape function, defined as: 

F„ = (l - 0 S r y 1 / 2  (8.4) 

where, a is the growth function and chosen to be dependent on the deformation history, 

whereas, n, 7, are treated as material constants. 7 and p are determined from the ultimate 

envelope for the material. Parameter n is determined on the basis of the zero volume change 

state. 

The potential function Q is chosen to have the same shape as F and is assumed to remain 

unchanged in shape, size and orientation. Q is assumed to be identical to the initial yield 

surface F0. Thus the expression for Q takes the same form as F, but in terms of a constant 

value for hardening parameter and a modified "stress" tensor By given by: 

®ij = *ij " aij (8-5) 

where, ay serves as the tensor valued state variable that affects the development and evolution 

of induced anisotropy. Therefore, Q can be expressed as: 

Q = J2d - Fb F, = 0 (8.6) 

where, 

Fb = (-Oo 3? +7 J?) (8.7) 

Fs = (l -/9S,)"172 (8.8) 

5 , - r ^ T  ( 8 - 9 >  
J2d 

is the first invariant of fry, 

J2d and are the second and third invariants of the deviatoric part of By, 

n, 7 and /9 have the same values as in equation (8.2), and 
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Og is constant and corresponds to the hardening parameter of initial yield surface F0. 

The hierarchical model S 2  is based on the co-existence of a translation potential surface Q 

and an infinite number of yield functions F, bounded by FmMf, which is defined as the yield 

function F corresponding to the "maximum" stress imposed on the material. The hardening 

here is controlled by the variation of the value of a (see equation (8.2)). During virgin 

loading, there is very little similarity between the kinematic (S2) model and the present model. 

However, during unloading and reloading, hardening is controlled by the distance of the 

stress point from its conjugate on Fmax, which is conceptually similar to the hardening method 

presented in the proposed model. Nevertheless, the similarities are limited since the "distance" 

to failure definitions of the two models differ significantly. Also, the control of dilation in the 

hierarchical model is only implicit while it is explicit in the present model. 

The discussion presented here is very brief about some of the concepts in the above 

models; however, detailed work and description regarding a specific model can be found in 

the literature (see list of references). 

8.2 Conclusions 

The behavior of geological materials is nonlinear, inelastic and affected by factors such as 

state of stress, deformation history, stress path and others. The above factors should be 

considered carefully when modeling frictional materials. The model should have the capability 

to simulate, qualitatively and quantitatively to some extent, observed experimental trends in 

material behavior. The model should also have a balance between formulation complexity and 

simple adoption. In summary, the model must be simple with a relatively small number of 

significant parameters that can be found from a few simple laboratory tests. 

In this thesis, a new model in the context of associative plasticity is presented which 

successfully predicts both shear and dilatant behavior of soils. Yet, the model retains the 

computational and modeling simplicity of associative plasticity. 
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In evaluating the performance of the model, the following conclusions are made: 

1. The overall prediction of the shear and volumetric behavior for dense sands is very 

good. 

2. The dilatation predictions are most impressive, considering the difficulties that have 

been widely reported for associative plasticity. 

Further improvements on the present model, should include cyclic load predictions with 

reverse loading and extensions to treat cemented sands. Initial work in these directions is 

already underway, but is out of the scope of the present thesis. 
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