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ABSTRACT 

In this thesis we determine the electromagnetic fields of a current 

distribution located, in free space, above a perfectly conducting plane 

earth. Then we consider the inverse problem of determining the source 

distribution from the fields. 

Formulae are obtained for the volume integral (dipole moment) of 

the current density of a small current source in terms of the fields and 

known functions. If field data are measured (from lightning over sea 

water for example) the dipole moment of the current density producing 

the fields may be found. The validity of the small source approximation 

used in this work is also established. 

Finally, a method is developed for determining the average current 

at points on a vertical line current source, a common model for a 

lightning return stroke. We treat the source as a string of dipoles 

and apply a method of constrained inversion. 
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CHAPTER 1 

INTRODUCTION 

The purpose of this thesis is to provide two new methods for deter

mining characteristics of the current density of a current source 

(specifically lightning) from measurements of the electromagnetic field 

that source produces. 

Attempts to deduce characteristics of lightning return stroke* 

currents from electromagnetic field data go back at least as far as 

Bruce and Golde2 who developed a simple but useful model for the return 

stroke current based on measurements of lightning return stroke current 

waveforms at the ground. They then checked their results by calculating 

approximate electric and magnetic field waveforms and comparing those 

with measured ones. Later Dennis and Pierce3 and Uman and McLain4/5 

carried out similar studies but with more sophisticated transmission 

line models for return stroke and stepped leader1 currents. Uman and 

McLain also used the exact expression for the magnetic field of a ver

tical line current source above a flat, perfectly conducting, earth in 

their work. 

Starting in 1970 steps were taken toward using electromagnetic 

field data to determine lightning current distributions directly without 

the use of waveform models and adjustable parameters. Uman and McLain6, 

Uman, McLain, Fisher, and Krider7'8, and Lin, Uman, and Standler9 

developed a method which allowed electromagnetic field waveforms 

measured far from a lightning return stroke to dictate the shape of the 

return stroke current profile. Unfortunately it was necessary to make 
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some rather restrictive assumptions and to deal with one remaining 

adjustable parameter. It was necessary to assume that the earth was 

flat and perfectly conducting, that the lightning return stroke was a 

vertical line current source, and that the current obeyed a Bruce-Golde 

or transmission line model with a constant propagation velocity. The 

value of the propagation velocity was fixed by requiring that electro

magnetic fields determined from the current model match experimentally 

measured field waveforms. 

The calculations in this thesis constitute a new attempt to deter

mine the currents in lightning discharges from field data without the 

use of models for the current. 

In chapter two a method is developed for determining the volume 

integral (dipole moment) of the current density of a small current 

source located above a flat, perfectly conducting, earth. Once the 

location of the source and the electromagnetic fields it produces at a 

point on the earth are specified the d.ipole moment follows. There are 

no adjustable parameters. In chapter three the small source approxima

tion, which was used in chapter two, is examined and conditions for its 

validity are established. 

Finally in chapter four a method is outlined for extending the work 

of chapter two to a current source which is not small. The current 

source is chosen to be a vertical line source and, again, the source is 

located above a flat, perfectly conducting, earth. By breaking the line 

current source up into a number of short segments and treating each 

segment as a small source equations are developed which express the 

electromagnetic field of the entire line source as a linear combination 
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of the dipole moments of (or average currents on) the individual 

segments. These equations are difficult to solve and an analysis of the 

causes of the trouble is provided. It turns out that the same troubles 

are encountered in atmospheric remote sensing and methods for overcoming 

them in that area may be applied to the lightning problem also. In 

particular a method of constrained inversion is set up for obtaining 

the segment averaged currents from the field data. So far as we know 

this use of inversion methods for remote sensing problems to solve a 

problem in lightning research has not been done before. 

Because of the lack of restrictions on the form and location of the 

current source the results of chapter two might be applicable to intra-

cloud, intercloud, and cloud-to-air* as well as cloud-to-ground 

lightning discharges. However, the opposite is true of the results of 

chapter four. There the choice of a vertical line source for the 

current source restricts the applicability of that work to the analysis 

of leaders and return strokes of cloud-to-ground discharges which are 

vertical and have no branches. The work of chapter four is limited in 

other ways as well. The use of constrained inversion implies that 

equations of constraint must be written for the segment averaged 

currents. This in turn may entail the introduction of adjustable para

meters back into the problem. The choice of constraints should be made 

to avoid the use of adjustable parameters or, if this is not possible, 

constraints should be chosen which use parameters for which values may 

be determined experimentally. Then the values of the adjustable para

meters (if any) may be fixed for each discharge for which field data are 

taken and the analysis of the field data can be done without a trial and 
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error correction procedure. 

There are a number of factors which affect the relationship between 

the current density in a lightning discharge and the electromagnetic 

field produced by that current at an observation point which have not 

been touched on yet. Some of them are the shape of the current channel 

(tortuosity and branching), the reflection of the fields off of the 

ionosphere (and the effect of this sky wave at the observation point), 

and the propagation of the fields over a spherical earth which has a 

conductivity which depends on position, and which may have a rough 

surface. The effects of these factors are discussed briefly here, but 

are ignored in the body of the thesis. 

The paths which lightning current flow follows through the air in 

the course of forming the leaders and return strokes of cloud-to-ground 

discharges are usually very erratic*. The twists in the current channel 

may occur over distances of meters*® or kilometers**'*2 and there is no 

reason to believe that the current paths in intracloud, intercloud, and 

cloud-to-air discharges are any less erratic. This behavior may invali

date the methods presented in this thesis since the tortuosity of a 

current channel may very well affect the electromagnetic fields radiated 

by that current**'*3. For the results of chapter two to apply the small 

source approximation must hold and, unfortunately, this is not likely 

(see condition (3.22) of chapter three which is the appropriate con

dition if the lightning current path is erratic). Even if the small 

source approximation is valid under a wider range of conditions than 

condition (3.22) would allow (this may be indicated by the results of 

the test of the conditions at the end of chapter three) it is still 
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unlikely that the small source approximation holds for lightning 

discharges with long erratic paths. 

The method of chapter four may also be of questionable use since it 

is based on the assumption that the lightning current channel can be 

represented as a vertical line current source or as a string of small 

current sources which are laid out in a vertical column one above 

another (each of the small sources has a vertical dipole moment as 

well). Unless the lightning discharge current channel can be described 

in the same way (implying that the tortuosity is small, that there are 

no branches in the current path, and that the entire channel is nearly 

vertical) the method of chapter four does not apply either. 

Another factor which may affect attempts to deduce the current 

distribution of a lightning discharge from electromagnetic field data is 

the presence of the ionosphere. The formulae for electric and magnetic 

fields which are used in this thesis are for fields which travel from 

the source to an observation point in the presence of a perfectly con

ducting, plane, earth (ground wave fields). They do not include the 

effect of fields which propagate outward from the source, reflect off of 

the ionosphere, and return to,the ground (first hop sky wave fields). 

Nor do they include the fields which propagate outward from the source 

and bounce between the ionosphere and the earth a number of times before 

arriving at the observation point (multiple hop sky wave fields). 

Fortunately the complications caused by sky wave fields do not 

usually affect the analysis of the early portions of lightning electro

magnetic field records because the sky wave fields take longer to reach 

the observation point than do the ground wave fields and the interesting 
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portions of the discharge ground wave fields appear before the sky wave 

fields arrive. For example, in a crude model of a lightning return 

stroke, the earth, and the ionosphere, the return stroke is treated as a 

point source on the ground and the ground and ionosphere are treated as 

perfect plane conductors. The sky wave fields from the return stroke 

undergo specular reflection at the ionosphere boundary (see Figure 1.1) 

and the delay time between the arrival of the ground wave and the 

arrival of the first hop sky wave is 

Here d is the distance from the return stroke to the observation point 

over the ground, a is the altitude of the ionosphere, and c is the speed 

of light in vacuum. If d is 130 km and a is 80 km then** the delay*5 is 

254 fis. 

Other major factors which affect the electromagnetic field of a 

lightning discharge (but which are ignored in the thesis) are the finite 

conductivity of the ground over which the fields propagate, the 

variation of the conductivity along the path of propagation, the 

curvature of the earth's surface, and the roughness of the surface. 

The electromagnetic fields of lightning discharges are profoundly 

affected by propagation over poorly conducting ground16. Examples of 

the change in shape of the vertical electric field waveforms of 

lightning return strokes after propagation over 200 km of land are given 

by Uman, Swanberg, Tiller, and Lin*1*. The figures show a decrease in 

the amplitudes and an increase in the rise times of the signals which 

( 1 . 1 )  
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Figure 1.1 Ground Wave and First Hop Sky Wave Paths. 
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would not be present if the earth were perfectly conducting. Similarly 

Weidman and Krider18 report an average rise time of 90 ns for the fast 

portions of lightning return stroke electric fields after propagation 

over 50 km or less of sea water. This increases to 201 ns if the 

propagation is over 10 to 35 km of sea water and 3 km of land. Cooray 

and Lundquist*9 and Cooray20 applied the results of Wait21'22 to assess 

the effect of propagation over ground of finite conductivity for this 

and other data. They treated the return stroke as a short vertical 

current source (current dipole) located on the surface of a flat earth 

of finite conductivity. Then they used an approximate form of the 

attenuation function of Sommerfeld and Norton23'24 as developed for the 

time domain by Wait21'22 to describe the effect of propagation on an 

(initially specified) vertical electric field waveform (the initial 

field waveform was either obtained experimentally or made up to look 

like experimentally determined waveforms). Thus Cooray and Lundquist 

(and Cooray again later) were able to explain changes in experimentally 

observed vertical electric field waveforms from lightning return strokes 

with distance as due to the propagation of the return stroke electro

magnetic field over an earth with finite conductivity. Other authors, 

for example, Johler and Lilley15 and Gardner25 have done sophisticated 

analyses of propagation as well. 

The above discussion makes it clear that the finite conductivity of 

the earth is an important effect when analyzing lightning discharge 

electromagnetic fields. Naturally the question arises as to whether the 

work in this thesis (which does not include this effect) is of any use. 

Fortunately the answer is yes. 
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To see this one starts by considering the problem of finding the 

vertical electric field of an infinitesimal line current source (current 

dipole) which is located on the surface of a plane earth of finite con

ductivity and oriented perpendicular to it. Then one specializes the 

results to the case of propagation over the sea (a good conductor). 

At a distant point on the earth's surface the vertical component of the 

electric field of the current dipole is given by2*'22 

Ez(s) = E„(s)F(p(s)) (1.2) 

in the complex frequency domain of the Laplace transform. Here E0(s) is 

the vertical electric field which would be present if the earth were a 

perfect conductor21'22 (see equations (2.27) and (2.31) of chapter two 

with h = 0 and Ma(s) = zMaz(s)). 

-sd/c 

E - ( s ) " " ^  [ '  *  ( I s ) *  ( i & )  ]  I  H « < s )  « • * >  

where is the permeability of free space, 4ir*10-7 henry/meter, c is 

the speed of light in vacuum, d is the distance from the current dipole 

to the observation point, and Ma(s) = zMaz(s) is the Laplace transform 

of the dipole moment m-,(t) = zmaz(t) of the dipole current source22. 

The function F(p(s)) is an attenuation function. Clearly if F(p(s)) * 1 

for all values of s for which E0(s) is large then the fields for a good 

conductor and a perfect conductor are nearly identical. In the time 

domain this translates into the requirement that f(t) (the inverse 

Laplace transform of F(p(s))) must look like 6(t), a Dirac delta func

tion, that is, a unit area pulse which is narrow when compared to any 
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variation in e0(t) (the inverse Laplace transform of E0(s)). 

The values which s may have are determined by the contour of 

integration for the inverse Laplace transform which determines ez(t) 

(the inverse Laplace transform of Ez(s)). According to Wait22 s may 

take the form, s = b + jw where b is any fixed number larger than zero, 

j is the square root of -1, and u may range from -<» to ®. In particular 

b may be taken to be as small (> 0) as one wishes. Thus s * jw. The 

range of w may be limited to the range of frequencies found in real 

lightning fields. One may pick -o>hiax * w * "toax where u^ax = 4rr«107 

radians/second since real lightning return stroke electric field spectra 

are effectively zero26 at frequencies larger or equal to 20 MHz (also 

see the definition of u^ax "in chapter three). 

Now, for sea water, the conductivity a is 4 mhos/meter, the per

meability m is 4n*10-7 henry/meter (= (i0)» and the permitivity is e = 

80«eo = 80/(UoC2) farads/meter where c0 is the permitivity of free 

space. Then the ratio of displacement to conduction current has a 

maximum value of ewmax/a = 0.02 which is negligible. Therefore only 

conduction currents are important in sea water and one has22 

p(s) = - s2d (1.4) 
2an0c3  

When equation (1.4) holds (displacement currents are negligible) 

Wait2*'22 has found a solution for the inverse Laplace transform of 

F(p(s)) which leads to 

f(t) = d_ [1 - exp(-(t/2o)2)]u(t). (1.6) 
dt 
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This is 

f(t) = t_ [exp(-(t/2a)2)]u(t) (1.6) 
2az 

where u(t) is the unit step function (u(t) = 0 for t < 0, u(0) = and 

u(t) = 1 for t > 0) and a2 = d/{2ou0c3). If displacement currents are 

not negligible correction terms must be added to equations (1.5) and 

(1.6)21/22. The fun width at half maximum of the pulse given by 

equation (1.6) is about 2a which is 27 ns for a distance d of 50 km. 

This is one-half period of an 18 MHz sine wave so one finds that f(t) is 

indeed narrow when compared to all but the fastest variations in the 

electric field e0(t). On the other hand if d = 100 km then 2a = 38 ns 

which is one-half period of a 13 MHz sine wave and f{t) may not be 

narrow when compared to the fastest variations in e0(t). This leads to 

the conclusion that electric fields from lightning discharges which 

propagate over distances of 50 km or less of sea water are almost 

unaffected by the finite conductivity of the water. They behave as if 

the water were a perfect conductor. For such fields the results of this 

thesis may prove useful. 

So far in the discussion of the effects of an earth of finite con

ductivity on propagation it has been assumed that the fields of the 

lightning discharge travel over an earth of uniform conductivity until 

they reach the point of observation. If this is not the case then the 

propagation formulae have to be modified to take into account propaga

tion over regions of different conductivity27'28'22. 

Two other factors which affect the determination of lightning 

discharge currents through the use of field data are the curvature of 
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the earth and the roughness of the surface. The effect of the curvature 

of the earth on propagation is not as easy to deal with as the effect of 

finite ground conductivity. However, for an infinitesimal line current 

source (current dipole) which is located at the surface of a spherical 

earth and oriented radially (so it is perpendicular to the surface) one 

may write the vertical electric field at a distant point on the earth's 

surface in the form 

Er(s) = E0(s)W(s) (1.7) 

again29»21,22> Here E0(s) is given by equation (1.3) and W(s) is a new 

attenuation function. According to Wait29 one has W(s) * 1 for frequen

cies in the range 20 kHz to 1 MHz provided the distance d from the 

source to an observation point on the earth as measured along the sur

face of the earth is in the range from 8 km to 80 km and provided the 

field propagates over sea water. The behavior of W(s) for higher fre

quencies is not given but there is reason to believe that W(s) will not 

be one at these frequencies. W represents the diffraction of the source 

electric field by the spherical earth and if the observation point is 

far enough away from the source on the surface of the earth and the fre

quency is high enough then the observation point will be in the shadow 

region (W = 0). For each frequency a) there is some range of distances d 

and for each distance d there is some range of frequencies w (s » ju) 

outside of which W(s) diverges more and more from 1. As d increases the 

effect of diffraction at low frequencies decreases and the effect of 

diffraction at high frequencies increases and as d decreases the effect 

of diffraction at low frequencies increases and the effect of diffrac
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tion at high frequencies decreases. It may very well be that diffrac

tion influences the higher frequency components of the electromagnetic 

fields of lightning discharges even at such short distances as 50 km and 

diffraction should certainly affect the low frequency components of the 

fields. For example, if d = 8 km then components with frequencies in 

the range 0-20 kHz are affected while if d = 50 km the range is 0 - 2 

kHz. 

The effect of diffraction (earth curvature) may undermine the use

fulness of the results of chapter two. In that chapter a small source 

approximation is used which may be invalidated under some circumstances 

(see the conditions (3.22) and (3.23) of chapter three) if the current 

source and the observation point are too close together. It may not be 

possible to satisfy the condition that the current source be close 

enough to the observation point that the effect of the curvature of the 

earth on the electromagnetic field is negligible at high frequencies and 

yet far enough away that the small source approximation applies. 

Finally there is the matter of the roughness of the earth's surface 

to be dealt with. It was pointed out above that the conductivity of sea 

water is so high that it behaves almost like a perfect conductor as far 

as the propagation of the electromagnetic fields of lightning 

discharges is concerned. However, the sea also has a rough surface and 

this roughness affects propagation. Barrick3® has studied the effect of 

ocean roughness on propagation and his work indicates that the atte

nuation of an electromagnetic field by a rough sea surface is rather 

small for distances out to 50 km or so and frequencies up to around 10 

MHz (although the effect of roughness on the phase of the propagating 
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field is not discussed). The attenuation then increases at longer 

distances and higher frequencies. This suggests that the higher fre

quency components of lightning discharges may be attenuated somewhat 

from propagation over the sea and that the fields may be somewhat 

distorted. 

It is clear from the above discussion that any analysis of 

lightning current distributions through the use of electromagnetic field 

data must take into account a number of effects if the high frequency 

components of the current distributions are to be accurately modeled. 

This thesis does not include these effects but it does provide a basic 

framework to which they may be added. 
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CHAPTER 2 

DETERMINATION OF THE VOLUME INTEGRAL OF THE CURRENT 
DENSITY (DIPOLE MOMENT) OF A SMALL CURRENT SOURCE 

In this chapter expressions are developed for the volume integral 

of the current density ia(r,t) (or dipole moment3*) of a small current 

source in terms of the electric and magnetic fields which the source 

generates (r is a position vector and t is time). The only assumptions 

that are made about the current distribution are that it is small in 

size, that current may start to flow as early as the time t = 0, that 

the current density waveform is a differentiable function of time, and 

that current flow may be present only for times t < T where 0 < T < oo. 

Therefore ja(r,t) may be non-zero only in a small region of space and 

over the time interval 0 ̂  t ^ T. In addition, the conservation of 

charge (appendix A, equation (A.5)) implies that charge builds up at the 

points at which current flow stops. These restrictions are applied in 

order to guarantee the convergence of the expressions for the electric 

and magnetic fields and to guarantee the existence of the Laplace trans

forms of the fields. Nonetheless they are so mild that the results of 

this chapter should still be applicable to all types of lightning 

(intracloud, intercloud, cloud-to-air, and cloud-to-ground) discharges1. 

The specific model to be considered starts with a flat, perfectly 

conducting, earth with empty space above it as shown in Figure 2.1. A 

right handed cartesian coordinate system (x,y,z) with unit vectors x, y, 

and z is introduced so that its z axis is perpendicular to the earth and 

the earth's surface lies in the z = 0 plane. The region z > 0 is to be 

the region of free space above the earth and the region z < o is to be 
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Figure 2.1 Free Space Above a Flat, Perfectly Conducting, Earth. 
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the perfectly conducting earth. 

Then the small current source is introduced into the free space 

above the perfectly conducting plane and placed on the +z axis of the 

coordinate system at a height h (> 0) above the ground as shown in 

Figure 2.2. Strictly speaking the height h of the current distribution 

is somewhat ambiguous since ia(r,t) may occupy a volume of space and 

this volume may change in size, shape, and (to a limited extent) loca

tion with time. Even relativistic velocities and rapid changes in 

velocity are allowed to the charges making up ia(r,t) since Maxwell's 

equations describe the fields radiated by charges in any state of motion 

provided only that the fields and the current density are measured in 

the same reference frame3̂ . What is desired here is that ja should 

occupy a small enough region that the electric and magnetic fields 

determined from ja equal the electric and magnetic fields determined 

from jg when it is treated as a point source located at (0,0,h). 

The problem of determining the integral 

ma(t) = ia(£»t)dV (2,1) 

all space 

for the small current source was initially formulated in the frequency 

domain by Wait31 and he has obtained results for the special case of a 

vertically oriented current density ia(£,t) = zjaz(r,t) located on the 

surface of the earth (h = 0)33 which are identical to equations (2.73) 

through (2.79) of this thesis. 

In the present, more general, calculation it is convenient to use 

two-sided Laplace transforms3^'3®. A brief discussion of this 
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Figure 2.2 Current Source With Current Density Distribution iafr^t). 
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transform and an electromagnetic field calculation using it are provided 

in appendix A. The Laplace transform of a function f(t) which is zero 

for all times t < 0 is given by 

f 00 F(s) = f(t) exp(-st) dt (2.2) 
J 0 

(see relations (A.11) through (A.15) of appendix A) and application of 

this to the current density 

ia(£'t) = ^Jaxd't) + yjaytl't) + zjazte'*)' (2-3) 

the electric field 

e(r,t) = xex(r,t) + yey(r,t) + zez(rft), (2.4) 

and the magnetic field 

h(£,t) = xhx(r,t) + yhy(r,t) + zhz(r,t), (2.5) 

(see appendix A for notation) leads to corresponding equations in the 

transform domain. 

Ja(r,s) = xJax(r,s) + yJay(r,s) + zJaz(rfs) (2.6) 

E(r,s) = xEx(r,s) + yEy(r,s) + zEz(r,s) (2.7) 

and 

H(r,s) = xHx(r,s) + yHy(r,s) + zHz(rfs) (2.8) 

in which Ja|(£rS) is the transform of ja|(r,t)f E|(r,s) is the transform 

of ej(r,t), and Hj(r,s) is the transform of hjj(r,t) for each index 1, I 

= x or y or z. It is indeed appropriate to transform the functions 

ia(rft), e(r,t), and h(rft) using equation (2.2) as each function is 

zero for all times t < 0, jg is assumed to be so and e and h are driven 
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by ia so they are also zero for all times t < 0 as well. 

Now that the notation for the transforms of the current density and 

the fields has been established the equations relating the fields to the 

current density may be written out. If Ja(r,s) is the two-sided Laplace 

transform of the current density ia(r,t) then the fields are given by 

equations (A.53), (A.54), and (A.46) through (A.51) of appendix A. 

H(r,s) = - l_ 
4n (Vk) 

all space 

-sR/c 

e R x Uadl1'*) + JitE'/SHdV' 

R R 
(2.9) 

E(r,s) = - MoS 
\(l - R R\ + /c_ + c£_\ (l _ 3R R\1 e 
IV v~)  \sR s'RVV "R7"/] R 

-sR/c 

all space 

•Uadl'.s) + (2 .10)  

Ja(r's) ~ Jat(n's) + JWC'S) 

Jat(E's) = XJax(C's) + yJay(£'s) 

2?an(n»s) = zJaz(C's) 

(2.11) 

( 2 . 1 2 )  

(2.13) 

J,(r,s) • J,t(£»s) + Jin(r,s) (2.14) 

and 

J,t(H's) = J,t(x»y.z,s) = - jat(x»y'-2's) 

Jin(r,s) » J,n(x,y,z,s) = Jan (x,y,-z,s) 

(2.15) 

(2 .16 )  

In these equations r and r1 are position vectors, r = xx + yy + zz and 

r1 » xx1 + yy1 + zz1. R = r-r1,R-|R| = [(x-x1 )2 + (y-y1 )2 + 

(z-z')2]^» and the integrals are over r1. r and r1 are measured in 
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meters, s is a complex frequency variable, s = Re(s) + jlm(s) in which 

Im(s), the angular frequency, has units of radians/second and Re(s) has 

units of inverse seconds, j is the square root of -1, t is time in 

seconds, n is 3.14159..., c is the speed of light in vacuum in 

meters/second, is the permeability of free space in henrys/meter, and 

£ is the unit dyad xx + yy + zz. 

The integrals in equations (2.9) and (2.10) may be simplified con

siderably if ia(r,t) occupies a small volume of space centered on the 

point (0,0,h) and if the fields are to be evaluated on the surface of 

the earth (z = 0). Then the non-zero components of the fields become 

Hx(x,y,0,s) = 

Hy(x,y,0,s) 

- May 
2n 

+ "ax 

(§. + e_ 
\c Ro J Ro 

-sRfi/c 

.(S'fe) 
-sRp/c 
e h 

- Maz 
2 n 

+ Maz 
2rT 

/s + 1_\ e_ 
\c Ro/ Ro2 

-sRo/c 
y 

( 2 .  

(? * t) 
and 

Ez(x,y,0,s) = - MoSMgx 

~zn 

3c + 3c2 

sre s2Ro2 )hxe 
Ro3 

•sRo/c 

H0sMay /l + 3c_ + 3c2 \ hye 
2n l\ sR0 s2R02 J Ro3 

^sMaz A + c_ + c2 \ e_ 
2jt L\ sR . s2Ro2  J Ro 

~ (l + 3c_ + 3c2 \ h2e 
\ sR0 s2R02/ Ro3 

-sRo/c 

sR0/c 

-sRo/c 

-sRo/c 
e x 
Ro2 

( 2 .  

7) 

8 )  

(2.19) 

where Max, May and Maz are functions of s defined through 
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[ JaiOV 

J all sp< 

Mai(s) = I Jai(n's)dV (2.20) 

space 

for i = x or y or z and Re = (x2 + y2 + h2)5*. x, y, h, and R0 all have 

the units of meters. Then 

Ma(s) = f Ja(r,s)dV = *Max(s) + yMay(s) + zMaz(s) (2.21) 

J all space 

defines M^s) and 

J,(r,s)dV = -xMax(s) - yMay(s) + zMaz(s). (2.22) 

all space 

Now in the time domain equation (2.1) is 

ma(t) = f ia(l'*)dv = xmax(t) + ymay(t) + zmaz(t) (2.23) 

J all space 

where 

I*) = f Jalte'1 

J all sp« 

= | jaitll'tJdV (2.24) 

space 

for i = x or y or z. But according to equations (2.21), (2.23), (2.3), 

and (2.6) m^t) is just the inverse Laplace transform of Ma(s) (and 

majj(t) is just the inverse Laplace transform of Maj(s)) for J = x or y 

or z so if M^s) is known m^t) may be determined. Equations (2.17), 

(2.18), and (2.19) provide the necessary means for determining M^s). 

At this point the calculation could go in any of several direc

tions. If closely synchronized magnetic field data were available from 

two separate stations then it would be appropriate to set up equations 

like (2.17) and (2.18) for each station (for a total of four equations 
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in the three unknowns Max, May, and Maz), After dropping one of the 

equations the remaining three could be solved for Max, May, and Maz in 

terms of the field components. Then the shifting theorem and the con

volution theorem for the two-sided Laplace transform could be used to 

obtain max(t), may(t), and maz(t) as sums of convolutions of known func

tions with the magnetic field components in the time domain. 

Similarly if closely synchronized electric field data were 

available from three separate stations then it would be appropriate to 

set up an equation like (2.19) for each station. Then those three 

equations could be solved for Max, May, and Maz in terms of the fields 

Ez(r,s) at the three stations. Again the shifting theorem and the con

volution theorem for the two-sided Laplace transform could be used to 

obtain max(t)' ̂ ayf*)' ancl maz('t) but th"'s time as sums of convolutions 

of known functions with the vertical electric fields at the stations in 

the time domain. 

For this thesis it was decided to treat the simplest and probably 

most useful case, that in which both magnetic and electric field data 

are available at a single station. This case is considered to be the 

most useful one because it is probably easier to synchronize data 

recording within a single station than to synchronize it at several 

separated stations. In this case all three equations (2.17), (2.18), 

and (2.19) are useful and there is an added benefit of further simplifi

cation of the expressions. 

In setting up the cartesian coordinate system (x,y,z) the plane z = 

0 was located at the surface of the earth, the +z axis was oriented to 

point into the free space above the earth, and the current density 
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ja(r,t) was located on the +z axis of the system. Nothing was said 

about the orientation of the x and y axes in the plane z = 0. By 

properly choosing this orientation equations (2.17) through (2.19) may 

be simplified. In particular if the coordinate system is oriented so 

that the field measurements are done at the point (0,d,0) on the +y axis 

of the system (d > 0) then equations (2.17) through (2.19) simplify to 

Hx(0,d,0,s) = aMaz(s) + /3May(s) (2.25) 

Hy(0,d,0,s) = rMax(s) (2.26) 

and 

Ez(0,d,0,s) = 6Maz(s) + nMay(s) (2.27) 

where 

( 2 . 2 8 )  

(2.29) 

(2.30) 

-sR0/c -sRo/c 
6 = - MoS 

~zn 
(2.31) 

-SRo/C 

~2ff \ sR0 saR0 v Ro3 

and 

(2.32) 

R0 • (d2 + h2)* (2.33) 
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Equations (2.25), (2.26), and (2.27) may be solved for Max, May and 

Maz to yield 

Max(s) = 1 Hy(0,d,0,s) (2.34) 
y 

May(s) = -6Hx(0,d,0,s) + aEz(0,d,0,s) (2.35) 

on - 6/3 

and 

Maz(s) = r?Hx(0,d,0,s) - /3Ez(0,d,0,s) (2.36) 

art ~ 6/3 

in which 

-2sR0/c 
an - 6/3 = |i0h (s + c_\z e (2.37) 

2nzR04s 

/s + c_V 
\  R «/  

If equations (2.28) through (2.33) and (2.37) are inserted into 

equations (2.34), (2.35), and (2.36) then the following expressions 

result. 

sR0/c 
Max(s) = Kxh(s) [e Hy(0,d,0,s)] (2.38) 

sR /c sRo/c 
May(s) = Kyh(s)[e Hx(0,d,0,s)] + Kye(s)[e Ez(0,d,0,s)] (2.39) 

and 

sR0/c sRo/c 
Haz(s) = Kzh(s)[e Hx(0,d,0,s)] + Kze(s)[e Ez(0,d,0,s)] (2.40) 

where 

Kxh(s) = 2ttcR0
2 (2.41) 
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Kyh(s) = nRod2 + nRo2c (df_ - 2^ + "d2c2 

~fr~ h(s ' hR,(s + R:)' 

(2.42) 

Kye(S) = _ 7TdR02 + rrdRo (2.43) 

MoCh Moh/s + c_\ 
k  *o )  

Kzh(s) = - fdRo - ndc _ ndca (2.44) 

(* * k) (s * ft)' 

and 

Kze(s) = "Ro2 - "R. (2-45) 

MoC |io/S + c_\ 
v r»; 

The only unusual features in the derivation of these equations are the 

replacement of the ratio h2/R8z with the term l-(dz/R02) in the 

equations and the use of the partial fraction expansions 

/s2 + 3cs + 3cf\ 
\ R0 Roa) = i + c + cf 
/s + c_y Ro/s + c_\ R0Z /s + c_\2 

Raj \ Ro J \ R.) 

and 

s • = 1 - c_ 

(s * It) Rf * «:) 

The final step in the calculation is the inverse transformation of 

equations (2.38) through (2.45) into the time domain. 

In the problem being considered here the applied (source) current 

density ia(r,t) is located at the point (0,0,h) above the conducting 
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earth and the fields are evaluated at the point (0,d,0) on the ground. 

Therefore the minimum distance between the points is (d2 + h2)3* (= R0). 

The medium between the points is free space and the current first starts 

to flow at the time t = 0 so the fields first become non-zero at the 

point (0,d,0) at the later time t = R0/c > 0. If f(t) represents a 

field component so f(t) = 0 for all times t < R0/c and if f(t) has the 

Laplace transform F(s) given by equations (2.2) then one may write 

F+(s) = f ( t  + (R0/c)) exp(-st) dr 
0 

(2.46) 

or 

F+(s) f ( t  + (R0/c)) exp(-ST)  dT 

-(Ro/c) 

00 SR 0 /C 
f(t) exp(-s(t - (R0/c))) dt = e F(s) 
0 

(2.47) 

If the convolution theorem for the Laplace transform and equations 

like (2.46) and (2.47) for the field components are applied to equations 

(2.38), (2.39), and (2.40) the desired equations for the components of 

mgft) are obtained. 

f°° 
•"axU) = kxh(t-T)hy(0,d,0,T + (R0/c))dT 

f°0 
may(t) = jkyh(t-T)hx(0,d,0,T + (R0/c))dT 

(2.48) 

+ jk y e ( t -T)ez(0,d,0,T  + (R0/c))dT (2.49) 
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and 

(oo 

"•azt*) = kzh(t-T)hx(0fd,0,r + (R»/c))dT 
JO 

fo° 
+ kze(t-T)ez(0,d,0fT + (R0/c))dT (2.50 

JO 

ma(t) may then be constructed from its components according to equation 

(2.23). The quantities kxfo, kyh, kye, kzh, and kze appearing in these 

equations are just the inverse Laplace transforms of Kx̂ (s), Kŷ (s), 

Kye(s), Kzh(s), and Kze(s) given by equations (2.41) through (2.45) but 

shifted in time by t. They are obtained from a table of two-sided 

Laplace transform pairs®®. 

-ct/Ro 
kxh(t) = 2ncR02e u(t) (2.51) 

h 

-ct/R -ct/Ro 
kyh(t) = 7rR0d26(t) + rrR02c/di_ - 2\e u(t) + t e u(t) 

hR (2.52) TT 

-ct/ R o  

kye(t) = _ rrdR0*6(t) + ndR0 e u(t) (2.53) 

HoCh Moh 

-ct/R -ct/Ro 
kzh(t) = - ndR06(t) - ndce u(t) - itdca t e u(t) 

Ra 
(2.54) 

and 

-ct/R 
kze(t) = "Ro26(t) - nR0e u(t) (2.55) 

6(t) is the Dirac delta or unit area impulse function and u(t) is the 
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unit step function. u(t) = 0 for t < 0, u(t) = % for t = 0 and u(t) = 1 

for t > 0. 

Equations (2.23) and (2.48) through (2.55) constitute the main 

results of this chapter however there are two special cases which are 

quite useful in their own right and deserve attention here. In the 

first case the applied current density ia(r,t) is located at the point 

(0,0,h) as before but current flow is assumed to be vertical (ia(r,t) = 

zjaz^H't))• In the second case the current flow is again vertical but 

the current source is located on the conducting earth i.e. h goes to 0. 

In the first special case ia(£»t) = zjaz(E#t) so 

Ea(t) 

Ma(s) 

zjaz(r,t)dy = zmaz(t) (2.56) 

all space 

zjaz(£»s)dv = zMaz(s) (2.57) 
all space 

J,(r,s)dV = zMaz(s) (2.58) 

Jail space 

Hx(0,d,0,s) = oMaz(s) ( 2 . 5 9 )  

H y ( 0,d, 0,s) = 0  ( 2 . 6 0 )  

and 

Ez(0,d,0,s) = 6Maz(s) (2.61) 

Then according to equations (2.35) and (2.36) or (2.59) and (2.61) 

sR0/c 
Maz(s) = 1 Hx(0,d,0,s) = Kzhl(s)[e Hx(0,d,0,s)] (2.62) 

a 
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and 

sR0/c 
Maz(s) = 1 Ez(0,d,0,s) = Kzei(s)[e Ez(0,d,0,s)] (2.63) 

6 

when 

Kzhl(s) = - 2ttcR02 (2.64) 

d(s * k) 
and 

Kzei(s) = _ 27rsR03 

Upd8/s2 + c_ fi - 2hj\s + ca A _ 2hz\\ 

i Ro I d»/ Ro2 \ d'll 

Another expression for Kzê (s) is 

Kzel(s) = _ 2rrR03 [ s ,  _  s 2  j (2.65) 

ji0dz (s , -s 2 )  l (s -s , )  (s -s 2 ) j  

in which 

s,„ = - _c_ (i- 2j2±\ ± c_ /_ 3 + hi + hl\H (2.66) 
2R0 \ d2/ Ro \ 4 d2 d4/ 

The only unusual feature about the derivation of this equation is the 

use of the partial fraction expansion 

s - 1 f s, s, 1 
(s -s , ) (s -s 2 )  (s^s- , )  [ (s -s , )  (s -s 2 )J  

As before the final step in the calculation is the inverse trans

formation of equations (2.62) through (2.65) into the time domain. If 

the convolution theorem for Laplace transform and equations like (2.46) 

and (2.47) for the field components are applied to equations (2.62) and 

(2.63) then the desired equations for the z component of ma(t) are 
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obtained. 

•6 maz(t) = jkZ h l ( t-T)hx(0,d,0,T + (R0/c))dT (2.67) 

and 

f°0 
ma2(t) = kzei(t-T)ez(0,d,0,T + (R0/c))dT (2.68) 

JO 

in which 

-ct/R0 
^hl^ T )  = " 2ttcR 0

2 e u(t) (2.69) 

~a— 

and 

kzel(t) = " 2nRo3 [sies,t - s2eSf:t] u(t) (2.70) 

Mod2(s,-s2) 

Finally m^t) may be constructed from equation (2.56). The expressions 

f°r kẑ i(t) and kzej(t) are just the inverse Laplace transforms of 

Kzhi(s) and KZEJ(s) given by equations (2.64) and (2.65) and are found 

from the table of transform pairs36 as before. Equations (2.56) and 

(2.66) through (2.70) are the results for the first special case. 

In the second special case Ja(r,t) = zjaz(r,t) as in the previous 

case but now h is allowed to go to zero. Equations (2.56) through 

(2.70) apply to this case as well and are even simpler. In particular 

R0 = d (2.71) 

[iafE'1 

Jail sf 

• liafil't)^ " ZMazl*) (2.72) 

space 
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maz(t) = jkzh2(t-T)hx(0,d,0,T + (d/c))dr (2.73) 

• I  •"az^) 55 kze2(t-T)ez(0,d,0ft + (d/c) )dT (2.74) 

-ct/d 
kZh2(t) = - 2ncd e u(t) (2.75) 

and 

-ct/2d 
kze2(t) = - 2nde jcos (/3 • ct ̂ - 1_ sin f/3 • ct^|u(t) 

Mo 
(2.76) 

1 / \ 
( c o s  / •  c t  j -  1 _  s i n  / / 3  •  c t \ | u ( t ]  
I \ 2d / yf$~ \ 2d/ J  

These follow from the simpler expressions for s, and s2 

s, = . c_ + j/3 • c_ (2.77) 
2d 2d 

c _ j/3 • c_ 
2d 2d 

s2 = _ c_ _ j/3 • c_ (2.78) 

and 

5,-Sg = j^3 c/d (2.79) 

The results presented as equations (2.73) through (2.79) were 

derived independently by Wait33 and along with equation (2.72) are 

the results for the second special case. 

The formulae (2.48), (2.49), (2.50), (2.67), (2.68), (2.73), and 

(2.74) indicate that the volume integral of the current density (dipole 

moment) of a small current source may be obtained directly from field 

measurements provided the appropriate Laplace transforms and inverse 
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Laplace transforms exist. A discussion of conditions for the existence 

of the two-sided Laplace transform integral pair is provided in appendix 

A (surrounding equations (A.11) through (A.15)) and forms the basis for 

the following remarks. To start with ia(r,t) and Ja(r,s), h(r,t) and 

H(r,s), e(r,t) and E(r,s), kxh(t) and Kxh(s), kyh(t) and Kyh(s), kye(t) 

and Kye(s), k2h(t) and Kzh(s), kze(t) and Kze(s), kzhl(t) and Kzhl(s), 

and finally, kzej(t) and Kzej{s) must form transform pairs (kẑ 2 is a 

special case of k^^, kze2 is a special case of kzê , Kẑ 2 is a special 

case of Kzhi, and Kze2 is a special case of Kzei so they need not be 

discussed). ia(r,t) is assumed to be a differentiable function of time 

and to be zero for t < 0 and for t > T and application of the relations 

(A.13) through (A.15) of appendix A to each component of ia(r,t) 

indicates that ia(r,t) and Ja(r,s) form a transform pair for any finite 

value of Re(s). Similarly application of (A.13) through (A.15) to each 

component of ia(r,t - (R/c)), (dja/dt)(r,t - (R/c)), and 

t - (R/c) 
ie^r/TjdT 

, -00 

indicates that h(r,t) and H(r,s) form a transform pair for any finite 

value of Re(s) while e(r,t) and E(r,s) form a transform pair only for 

values of Re(s) such that Re(s) > 0 unless 

T 
isi^TjdT = 0 

. 0 

(see equations (A.56) and (A.57) of appendix A). Turning to a table of 

two-sided Laplace transform pairs36 one finds that kx̂ (t) and Kxh(s), 

kyh(t) and Kyh(s), kye(t) and Kye(s), kzh(t) and Kzh(s), kze(t) and 
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Kze(s)» and kZhj(t) and Kzhj(s) form transform pairs for Re(s) > - c/R, 

(there is a misprint in the table). kzei(t) and K2ej(s) form a trans

form pair provided Re(s) > Re(s,) and Re(s) > Re(s2). 

As an aside one should note that strictly speaking the Riemann 

integral 

A(s) = 
00 
6(t) exp(-st) dt 

-00 

does not exist37. Either the integral must be treated as a Stieltjes 

integral or the delta function must be replaced by a new function 6(t,A) 

which is highly peaked about t = 0 and negligible outside some small 

interval centered on t = 0. Specifically 6(t,A) should be an even func

tion of time which reaches its maximum value at t = 0. 6(t,A) should 

also be differentiable in time as many times as necessary to be useful 

(in the present case 6(t,A) should be a continuous function of time). 

6(t,A) should have unit area under it when integrated in time and should 

fall off rapidly toward zero as |t| increases. Finally as A increases 

to infinity 6(0,A) should increase to infinity while the interval about 

t = 0 over which 6(t,A) is non-negligible should shrink to zero. Then 

6(t,A) and 

A(s,A) = 
00 

6(t,A) exp(-st) dt 

-00 

form a Laplace transform pair for all finite values of Re(s) (from the 

relations (A.13) through (A.15) of appendix A) provided that A is large 

enough. As A goes to infinity 6(t,A) approaches 6(t) and A(s,A) 

approaches 1. One ends up treating 6(t) and 1 as a transform pair for 

any finite value of Re(s). 
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Upon studying the allowed ranges of Re(s) for Kx̂ (s) and H(r,s) it 

is clear that max(t) and Max(s) from equations (2.48) and (2.38) form a 

Laplace transform pair provided Re(s) > - c/R0. Similarly, if one exa

mines the allowed ranges of Re(s) for Kŷ (s), H(r,s )/ Kye(s), E(r,s), 

Kzh(s), and Kze(s) one may conclude that may(t) and May(s) from 

equations (2.49) and (2.39) and maz(t) and Maz(s) from equations (2.50) 

and (2.40) form transform pairs provided Re(s) > 0. Finally if the 

allowed ranges of Re(s) for K2(1j(s)f H(r,s), Kzei(s) and E(r,s) are 

inspected one finds that maz(t) and Maz(s) from equations (2.67) and 

(2.62) form a transform pair for Re(s) > - c/R0 and maz(t) and Maz(s) 

from equations (2.68) and (2.63) form a transform pair for Re(s) > 

max(Re(s,), Re(s2), 0). Thus in each case a range of Re(s) has been 

found such that if in the inverse Laplace transform (equation (A. 12) 

of appendix A) is set equal to a value in that range the inverse Laplace 

transform exists. Therefore equations (2.48), (2.49), (2.50), (2.67), 

and (2.68) (and hence (2.73) and (2.74) also) are legitimate inverse 

Laplace transforms. 
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CHAPTER 3 

VALIDITY OF THE SMALL SOURCE APPROXIMATION 

In chapter two use was made of a small source approximation to 

simplify the equations for the fields. The applied (source) current 

density ia(r,t) was assumed to occupy a small volume of space at or near 

the point (0,0,h) above the perfectly conducting, flat, earth and the 

field equations were simplified accordingly. This chapter provides a 

discussion of the conditions under which this approximation is valid. 

The issue of the validity of the small source approximation is cer

tainly important because use of the approximation helps simplify the 

field equations but it is important for another reason as well. As 

pointed out by Wait 8̂ if conditions are such that the small source 

approximation is valid then it is the volume integral of the current 

density that drives the fields. The fine spatial structure of the 

current density distribution is averaged out and does not affect the 

fields. Thus the field data contains no information about the fine 

scale structure of the current distribution and cannot be used to deter

mine parameters of current models which describe this fine structure. 

This is the second and more important reason for studying the conditions 

of validity of the small source approximation. 

In the present discussion use is made of the Fourier transform as 

defined through equations (A.58) and (A.59) of appendix A. The Fourier 

transform of a function f(t) which is zero for all times t < 0 is 

00 

F(jw) = ' f(t) exp(-jwt) dt (3.1) 

0 
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according to equation (A.58). If equation (3.1) is applied to the 

current density 

ia(E't) = *jax(j:rt) + yjay(r,t) + zjaz(r,t), (3.2) 

the electric field 

e(r,t) = xex(r,t) + yey(r,t) + zez(r,t), (3.3) 

and the magnetic field 

h(r,t) = xhx(r,t) + yhy(r,t) + zh2(r,t) (3.4) 

one obtains the corresponding relations in the transform domain. 

JatE'jw) = ><Jax(£Jw) + yJay(£'Ju) + zJaz(£'Jw)' O-5) 

E(r,j«) = xEx(r,jw) + yEy(r,jw) + zE2(r,jw), (3.6) 

and 

H(r,jw) = xHx(r,ju) + yHy(r,jw) + zHz(r,jw) (3.7) 

In these equations Jai(£»j«) is the Fourier transform of jai(r,t), 

Ei(r,jw) is the Fourier transform of ejj(r,t), and Hj(r,jw) is the 

Fourier transform of hjj(r,t) for each index i, 1 = x or y or z. The use 

of equation (3.1) with its lower limit of zero for Ja(r,jw), E(r,jw), 

and H(r,jw) is correct as ia(r,t) is assumed to be zero for all times t 

< 0, and ja drives the fields. With this notation established the 

analysis of the small source approximation can continue. 

If Ja(r,jw) is the Fourier transform of the current density ja(r,t) 

lying in the free space above a perfectly conducting flat earth at z = 0 

then the fields which Ja drives above and on the surface of the earth 

are given by equations (A.68), (A.69), and (A.61) through (A.66) of 

appendix A. 



44 

H(r,ju) = - _i 
An 

-jwR/C 
/jw + 1\ e R 
\ c R/ R-R 
all space 

x [Ja(r'j«) + J,(ri,jw)]dV' (3.8) 

I(£jw) 

- Mojw K
n. v V -1 -jwR/C 

I - R R \ + / C + c2 \ /I - 3 R R \ le 
" -Jl) \jwR (jo)R )>)\- rT-^JR 

all space 

•tia^'jw) + Jw)]dV1 (3.9) 

Ja(£'Jw) = iat(H'jw) + Jan(£'Jw) • (3.10) 

iat(£»Jw) = xJax(r,ju) + yJay(r,jw) (3.11) 

Jan(£'Jw) = zJaz(H'jw) (3.12) 

J,(r,jw) = J,t(£'jw) + iin(£'Jw) (3.13) 

J,t(£'jw) = J,t(x'V'z'J") = -Jat(x'y'~z'jw> (3.14) 

and 

iin(H'jw) = Jin(x'y'z'Ju) = ian(x'y'-z'Jw) (3.15) 

In these equations r and r1 are position vectors, r = xx + yy + zz 

and r' = xx 1  + yy 1  + zz 1. R = r - r 1, R = | r| = [(x-x 1) 2  + ( y - y 1 ) 2  +  

(z-z1)2]5*, and the integrals are over r1. r and r1 are measured in 

meters, w is a complex frequency variable, u = Re(«) + jlm(w) in which 

Re(u), the angular frequency, has units of radians/second, and Im(<i>) has 

units of inverse seconds, j is the square root of -1, t is time in 

seconds, n is 3.14159..., c is the speed of light in vacuum in 
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meters/second, |i0 is the permeability of free space in henrys/meter, and 

I is the unit dyad xx + yy + zz. Equations (3.8) through (3.15) are 

the same as equations (2.9) through (2.16) of chapter two except that ju 

replaces s. 

If the small source approximation is applied to the expressions for 

the fields, then the following equations result 

H(r,ju) = - . 

-jwRg/c 
e Ra x Ja(r',ju)dV' 

RaRa 
all space 

-jwR,/c • 

x iitn1.jw)dV' 

,all space 

(3.16) 

and 

I(r,ju) = - Hojw 
~w IP-•*)•(• jwRa (j«Ra)2 

c + ci 

-jwRa/c 
• ia(£,'jw)dv 

, all space 

e 

-j«R,/c 

e 
R 

• J,(r'fjw)dV^ 

. all space 

(3.17) 

Here £3 = xx + yy + z(z-h), Ra = [x2 + y2 + (z-h)2]**, R, = xx + yy + 

z(z+h), and R, = [x2 + y2 + (z+h)2]5* (the small source is located at 

0 , 0 , h ) ) .  
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For these equations to be valid it is clear that the following 

eight conditions must be satisfied. The terms with Ja in them give rise 

to the conditions |R - Ra|/Ra « l and |R - Ra|/Ra « 1 fop all r» such 

that J^r^jw) * 0, and |Re(co) 11R - Ra|/c « 1 and |Im(o>) 11R - Ra|/c « 

1 for all r1 such that JgtrSjw) * 0 and for suitable values of |Re(u)j 

and |lm((i>)|. The terms with J, in them imply the additional conditions 

that |R - R,|/R, « l and |r - R,|/R, « 1 for all r1 such that 

jMn'/jw) * 0, and |Re(w)||R - R,|/c « 1 and |lm(u)||R - R,|/c « 1 for 

all r1 such that J^rSjw) * 0 and for suitable values of |Re(«)| and 

|lm(w)|. 

The choice of an appropriate value for |Im(a>)| is limited to these 

values of Im(w) for which the transform integrals for Ja(£»jw)f 

H(r,j«), and E(r,j<i>) (and the inverse transform integrals for 

ia(£»*)» ii(£»*)/ h(r,t), and e(r,t)) converge and form transform pairs 

(see equations (A.58) and (A.59) of appendix A). Within this range of 

allowed values Im(w) should be chosen to make |lm(c<>)| as small as 

possible (|lm(w)| = 0 if possible) so that the conditions |Im(co)||R -

Ral/C K< 1 f°r a11 £' such that Ja(£1»jw) * 0 and |Im(<*>) 11R - R,j/c « 1 

for all r1 such that J^r1 ,j&>) * 0 are easily satisfied. If the choice 

for |lm(w)| is denoted by um̂ n then c*>m-jn is real and greater or equal to 

zero. The appropriate choice for |Re(<o)| is the smallest real number 

^ax (> °) for which Ja(£,jw), Ji(£>j«)» I(£»j«)» and H(r,jw) are negli

gible for |Re(ci>)| > wmax* Then inverse transforms (appendix A, 

equation (A.59)) for ia(r,t), i,(£,t), e(r,t), and h(£,t) may have their 

range of integration restricted to (-U|nax - %ax - j«M without the 

introduction of significant error. Larger values of |Re(o>)] do not 



47 

contribute to the integrals so the conditions |Re(o>)||R - Ra|/c « l for 

all r1 such that JgfrSjw) * 0 and |Re(co) | |R - R,|/c « 1 for all r1 such 

that * 0 must be satisfied only for |Re(u){ as large as umax. 

The conditions involving |Re(u)| and |lm((n))| may then be recast into the 

following forms 

lR " Ral « min 
Ra 

In / c c \ 

\wm i n^a wmaxRa/ 

for all r1 such that Jg^r'.jw) * 0 and 

lR ~ Ri1 « mi 
R, 

in /—2 » _c \ 

y^min^i wmaxRi/ 

for all r1 such that J^rSjw) * 0. 

If one defines Ara = R - Ra = - xx1 - yy1 - z(z1-h), Ar, = R - R, 

= - xx' - yy1 - z(z'+h), Ara = |Ara|, and Ar, = |Ar,| then the entire set 

of conditions may be rewritten. One has Ara/Ra « 1 for all r1 such 

that Jj^r1,jco) * 0, 

t x 2Ra-Ara + /Ara\ 

Ra2 \ Ra/ 
- 1 << mi n (l, c c \ 

\ uminRa wmaxRa / 

for all r1 such that J^r'.jw) * 0, Ar,/R, « 1 for all r1 such that 

jMH1»Ju) * 2' and 

1 + 
2R I'Ar, + /Ar, \ 

R,« \ R,/ 
- 1 « min l\, c c \ 

\ wminRi wmaxR, / 
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for all r1 such that J^rSjw) * 0. 

In the worst case Ara could be parallel or antiparallel to Ra for 

all r1 such that JatuSjw) * 0 and Ar, could be parallel or antiparallel 

to R, for all r1 such that Ji(r1,jw) * 0 then the conditions become 

Ar a « mi in A' —5 » —2 \ 
\ wminRa wmaxRa/ 

(3.18) 

for all r1 such that J^M.jw) * 0 and 

Ar i << mi n ^> (3.19) 
wminRi umaxRi 

for all r1 such that J, (r^jw) * 0. This is not the last word on these 

inequalities, however, for it may happen that Ara is perpendicular or 

nearly perpendicular to Rg for all r1 such that Ja(£'»jw) * 0 and Ar, 

is perpendicular or nearly perpendicular to R, for all r1 such that 

iitil'fjw) * 0- I" this case |Ara«Ra| « (Ara)2 and |Ar,*R,| « (Ar,)2 

and conditions (3.18) and (3.19) may be replaced by 

Ara « mi 
rr 

n fl, [ 2c 

\ lwminF 
2c 

wmaxRa n (3.20) 

for all r1 such that Jj^r'.jw) * 0 and 

Ar, « mi in  A.  [2c ] * .[ 2c 1*\  
\ LwminRiJ l<,)maxRi i / 

(3.20) 

for all r1 such that J,(r'.ju) * 0. The new formulae are obtained by 

using the approximation (1 + x2)^ - 1 * x2/2. 
i 

The inequalities (3.18), (3.19), (3.20), and (3.21) may be 

simplified further as equations (3.10) through (3.15) imply that 



49 

Jj.-, (x1 ,y"» ,z^, jco) | = | Jafx1 ,y' ,-z1, ju) |. This means that if the trans

form integral for Ja and the inverse transform integral for ja con

verge and form a transform pair for some value or range of values of 

Im(u) then the transform integral for J, and the inverse transform 

integral for j, converge and form a transform pair for the same value 

or range of values of Im(u). Therefore the definition of w^in becomes 

simpler. is the smallest value of |lm(u)| for those values of 

Im(u) such that the transform integrals for Ja(r,ju), H(r,ju), and 

E(£,j«) and the inverse transform integrals for ia(r,t), h(r,t), and 

e(r,t) converge and form transform pairs. J, and ji, need not be men

tioned in the definition. |J,(x1,y',zn,ju)| = |Ja(x1,-z1,ju) | also 

carries the implication that if J-, is negligible for |Re(u)| > "max t'ien 

J, is also negligible for |Re(o>) { £ Wn,ax ancj the definition of Umax "is 

also simplified. <o âx is chosen to be the smallest value of | Re (to) | 

(> 0) such that J^r.ju), H(r.,jto), and E(r.,j<*») are negligible for 

|Re(u)| > umax. Again J, need not be mentioned in the definition. 

Finally |J,(x1.y1,z',ju)| = |Jgfx1,y1,-z1,ju)| implies that if Armax is 

the largest value of Ara for which JgfrSju) * o then it is also the 

largest value of Ar, for which J^r1 ,jw) * 0 (for each point (x'.y'.z') 

at which Ja is non-zero there is a corresponding point (xSyS-z1) at 

which J, is non-zero). 

With these observations the inequalities (3.18) through (3.21) can 

be put in their final, strictest, form. The small source approximation 

will be valid if 

c + _c 

^in Siax 
(3.22) 
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where Armax is the largest value of Ara (= [(x1)2 + ( y 1 ) 2  + (z'-h)2]5*) 

for any point r1 (= xx1 + yy' + zz1) such that Jj^rSjw) * 0. Ra = [x2 

+ y2 + (z-h)2]5*. R, = [x2 + y2 + (z+h)2]5*. wmin is the smallest value 

of |lm(u)| for those values of Im{(i>) such that the transform integrals 

for Jar,ju), H(r,ju), and E(r,ja)) (and the inverse transform integrals 

for ia(£»*)» h(H»"t)» and e(r,t)) converge and form transform pairs, and 

Wmax is chosen to be the smallest value of |Re(o>)| (> 0) such that 

ia(£'jw)' and H(r,jw) are negligible for |Re(u)| > »max- The 

range of validity of the small source approximation is increased con

siderably if the current source is shaped so that lArg^Ral << (Ara)2 for 

all points r1 such that Ja(£1'jw) * Q and lA£t*Eil « (Ar,)2 for all 

points r' such that J^r'.jw) * 0. In this case the condition for vali-

The conditions (3.22) and (3.23) are the main results of this chapter. 

In order to examine these criteria a test was conducted. A current 

density distribution was chosen and Armax was fixed. Then the vertical 

electric field the current drives was evaluated at a number of distances 

from the source. The field was also determined at these distances in 

the small source approximation and a distance dmi-n was found beyond 

which the exact and small source fields were nearly identical (implying 

that the small source approximation is valid for distances larger than 

dity is 

(3.23) 



51 

or equal to dmi-n). Finally the structure of the current density distri

bution was examined and values for and were chosen. Once the 

values for Armax, dmi-n, co^in' and u^ax were prepared the condition 

(3.23) (the relevant inequality) was tested. 

The current density distribution was chosen to be 

iafil't) = ialX'V'2'*) = zi(z,t)6(x)6(y) (3.24) 

in which i(z,t) has the units of amperes and 6(x) and 6(y) are Dirac 

delta or unit area impulse functions. A specific form for i(z,t) was 

chosen as follows. 

i(z,t) = 0 for z < 0, z > H, and t < 0 

i(z,t) = i,(t-(z/v)) for 0 < z < H, and t > 0 

I , ( T )  =  0 for T  <  0. 

i ,  CO 

i, (T )  

i, (T) =0 for T > T, + T;, 

1 + cos /n(T-T,) \ 

\ ~ / 

1 + COS /7f (T~T, ) \ 

\ ~ j 

for 0 <  T  <  T ,  

for T, < T < T,  + Tj,  

(3.25) 

(3.26) 

(3.27) 

(3.28) 

(3.29) 

(3.30) 

Equations (3.24) through (3.30) describe a traveling wave model of a 

lightning return stroke. They describe a line current source which 

extends vertically upward from the point (0,0,0) on the surface of the 

earth to the point (0,0,H) at a height H above the ground. H is set to 

8*10s m. The current starts to flow at time zero and is in the form of 
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a pulse which travels up the channel at the speed v. v is set to 8*107 

m/s. At any fixed position on the source the current rises from zero 

to a peak value of ip in T, seconds, ip is set to 104 amperes and T, is 

set to 2.5«10-7 s which is probably a little longer than the actual time 

for rise to peak of real lightning return strokes. Then the current 

falls back to zero in T2 seconds. T2 -js set to 2.5*10-B s. 

The electric field at the surface of the earth due to a current 

source obeying equations (3.24) and (3.25) (but not necessarily 

equations (3.26) through (3.30)) is vertical and is given by39'40 

e(r,t) = zez(x,y,0,t) where 

e2(x,y,0,t) = Hoc2 

2 n 

H 
(2 _ 3d2 \ 1 
\ R2 / R3 

t - (R/c) 

i ( z 1
f T ) d T d z 1  

0 

+ M«c 

~2n 
(2 _ Mi\l_ i (z1 ,t - (R/c) )dz' 
\ R2 / R2 

- Mo 

2rr 

fH  
df.\ 1 " (R/c))dz' 

R dt 
(3.31) 

The magnetic field due to a current source obeying equations (3.24) and 

(3.25) (but not necessarily equations (3.26) through (3.30)) is azmuthal 

and is given by h(r,t) = $h4,(x,y,0,t) where 

fH  

l\j,(x,y,0,t) = I 
2 n 

1_ Kz'.t - (R/cJJdz1 1_ 
V R /  R 2  
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+ i_ 
2ir 

/d\l_ aifz'.t 
V R / cR at 

(R/c)Jdz1 (3.32) 

In these formulae d = [x2 + y2]^, R = [x2 + y2 + (z1)2]5*, the azmuthal 

angle 4> is measured about the z axis from the +x axis around toward the 

+y axis (see Figure 2.2 of chapter 2), and ^ is a unit vector in the 

direction of increasing <f>. The relation n0ee = i/c2 is also used. The 

formulae (equations (3.31) and (3.32)) may be obtained from the fre

quency domain analysis of appendix A by inserting the current density 

distribution ia(r,t) of equations (3.24) and (3.25) into equations 

(A.40) through (A.45) (to find an expression for i,(r,t)) and inserting 

the results into the field equations (A.57) and (A.56). If these 

expressions are evaluated at the point (x,y,0) equations (3.31) and 

(3.32) are obtained. 

Under the small source approximation the source is considered to be 

located near or at the point (0,0,h) above the perfectly conducting 

earth. If one picks h = 0 then in the small source approximation R = d 

and equation (3.31) becomes 

ez(x,y,0,t) = - MoC2 
fH 

2nd3 

ft - (d/c) 
i (z1 ̂ JdTdz1 

fH 
- JioC 

2nd2 
ifz'.t - (d/c))dz' 
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H 
- Mo 
2wa 

- (d/c))dz1 

at 
(3.33) 

0 

Equations (3.31) and (3.33) were solved using the current of 

equations (3.25) through (3.30) for a number of distances d. Some of 

the results are shown in Figures 3.1 through 3.3. Figure 3.1 is a plot 

of the vertical electric field against time according to the exact 

equation (3.31) and the approximate equation (3.33) for a distance d of 

100 km. The two curves are nearly identical except for the location of 

the second peak in the field (at around 435 microseconds). The peak 

determined from the exact field equation is delayed by about 1.07 micro

seconds with respect to that determined from the approximate equation. 

This delay comes from the use of the longer propagation time R/c in the 

exact equation and the shorter propagation time d/c in the approximate 

equation. Aside from this difference the curves are nearly the same and 

the small source approximation was considered to be valid at d = 100 km. 

A contrasting situation is shown in Figures 3.2 and 3.3. Figure 3.2 is 

a plot of the vertical electric field against time according to the 

exact and approximate equations again but this time for a distance of 50 

km. In this case the curves are rather different and the small source 

aproximation was considered to break down. In Figure 3.3 the 

disagreement is even worse. At a distance of 25 km the exact and 

approximate equations for the vertical electric field give very dif

ferent results. 

These results indicated that for distances greater or equal to 

about 100 km the small source approximation for the fields was accep-
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Ez vs. Time at 100 km 
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Figure 3.1 Vertical Electric Field versus Time from the 
Exact Equation (3.31) and the Approximate 
(Dipole Moment) Equation (3.33) for a Distance 
of 100 km. 
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Ez vs. Time at 50 km 
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Figure 3.2 Vertical Electric Field versus Time from the 
Exact Equation (3.31) and the Approximate 
(Dipole Moment) Equation (3.33) for a Distance 
of 50 km. 
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Ez vs. Time at 25 km 
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Figure 3.3 Vertical Electric Field versus Time from the 
Exact Equation (3.31) and the Approximate 
(Dipole Moment) Equation (3.33) for a Distance 
of 25 km. 
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table and dm̂ n was taken to be 100 km or 105 m. 

In the test case the fields were evaluated at the earth's surface 

(z = 0) and the small source was assumed to lie there also (h = 0). 

source had zero extent in the x and y directions and ranged from 0 to H 

products Ra'Arg and Ri*Ar, are both zero for all points on the source 

(this is the major reason for choosing h = 0 in the first place) so the 

condition (3.23) was the appropriate validity condition to use. This 

condition becomes 

The next step in the evaluation of the validity criterion for the 

small source approximation was the determination of u^-jn and u^ax* "tain 

is the smallest value of |lm((i>)| for those values of Im((<>) such that the 

transform integrals for Ja(r,j(<)), H(r,jw), and E(r,jw) (and the inverse 

transform integrals for and §(£»*)) converge and form 

transform pairs. ia(r,t) and Ja(r,j(i>) (as defined through equations 

(3.24) through (3.30) of this chapter and equations (A.58) and (A.59) of 

appendix A) form a transform pair for all finite values of Im(«) because 

i(z,t) satisfies the three condition for the existance of the transform 

pair for that range of Im((<)) (the conditions are discussed below 

equations (A.12) and (A.59) in appendix A). In particular 

Then Ra = xx + yy = R, and Ra = [x* + y2]5* = R, = d. In addition the 

in z so A£g = -zz1 = Ar,, Ara = |z'| = Ar,, and Armax = H. Finally the 

(3.34) 

00 

|i(z,t)| exp(Im(w)t) dt < oo 

-00 
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for all finite values of Im(u). In equation (A.59) i|/0 may be any finite 

real number. Similarly h<j,(x,y,0,t) and H^x.y.O,ju) (as defined through 

equations (3.24) through (3.30) and (3.32) of this chapter and equations 

(A.58) and (A.59) of appendix A) also form a transform pair for all 

finite values of Im(w) because both i(z,t - (R/c)) and (8i/dt)(z,t -

(R/c)) satisfy the conditions for the existence of the transform pair 

for that range of Im(w). In particular 

*00 

|i(z,t - (R/c))| exp(Im(w)t) dt < oo 

-00 

and 

00 

jft 2̂'* ~ R̂/|,ĉ | exp(Im(ci>)t) dt < oo 

-00 

for all finite values of Im(w). In this case also iir0 in equation (A.59) 

may be any finite real number. Finally ez(x,y,0,t) and Ez(x,y,0,jw) (as 

defined through equations (3.24) through (3.31) of this chapter and 

equations (A.58) and (A.59)) form a transform pair but only for values 

of Im(u) less than zero. i(z,t - (R/c)) and (di/dt)(z,t - (R/c)) obey 

all three conditions for the existence of the transform pair for all 

finite values of Im(<i>) and 

t - (R/c) 

i(z, T ) d T  

-00 

obeys the first two conditions for the existance of the transform pair. 

However 
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*00 t - (R/c) 

i(Z,T)dT 

-00 -00 

exp(Im(w)t) dt < oo 

only for Im(w) < 0 and <|/c is restricted to the range «f/0 > 0. umin is 

then the smallest value of |Im(a))| for those values of Im(«) such that 

Im(b>) < 0. In the present case w^in was chosen so that 0 < <i>m<in < wmax 

and c n̂ax was chosen to be greater than zero. This meant that 

[acdm-jn/wto-jn]5* was larger than [2cdn,in/«max]3i and the condition (3.34) 

could be reduced to 

or 

and 

H « min /dm . j n ,  

« 1 
••mm 

H2 < <  
2c*min "max 

2cd, min 

^nax 

(3.35) 

(3.36) 

(3.37) 

In order to determine u^ax the following argument was used. The 

most rapid variation in the model current i(z,t) specified by equations 

(3.25) through (3.30) (at a fixed value of z) is the rise from zero to 

104 amperes in 2.5*10-7 seconds. This corresponds to \ period of a sine 

wave of angular frequency « = 4n*10« radians/second and implies that 

frequency components of i(z,t) near u = 4ir*10# radians/second are impor

tant but that Ja(r,jw) falls off at higher frequencies. These obser

vations suggested putting equal to several times 4it*10# 

radians/second so that Jgtr/ju), E(r,jw), and H(r,jw) would be negli-
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gible for frequencies u such that |Re(w)| £ u âx (as required by the 

definition), was chosen to be 4ir«107 radians/second. 

With the determination of all of the parameters needed for the 

testing of the validity condition (3.35) for the small source approxima

tion had been found and condition (3.35) became 

This suggests that at least in the test case the condition (3.34) for 

the validity of the small source approximation may be too strong and, if 

generalization is permitted, that condition (3.22) and (3.23) may be 

overly restrictive as well. 

The condition (3.35) or the equivalent conditions (3.36) and (3.37) 

for the validity of the small source approximation in the case of a ver

tical line current source are not new. They were derived by McLain and 

Uman in 197141 using an analysis in the time domain. The present 

frequency domain analysis compliments their work by indicating how the 

frequency content of the current density Ja(£»j«) of the applied current 

source affects the validity of the small source approximation. In 

addition criteria were obtained (conditions (3.22) and (3.23)) for the 

validity of the small source approximation for the case in which the 

current source is fitft necessarily a vertical line source. This is a 

significant extension of the work of McLain and Uman. Finally the pre

sent work illustrates exactly how the small source approximation 

(equation (3.33)) and the exact expression (equation (3.31)) for the 

vertical electric field diverge from each other as the distance from the 

source to the observer decreases for a particular current source model. 
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CHAPTER 4 

DETERMINATION OF THE STRUCTURE OF AN 
EXTENDED CURRENT SOURCE 

In this chapter an attempt is made to extend the results of chapter 

two to the case of a current source which is not infinitesimally small. 

This extension is necessary as there are many situations in which the 

small source approximation is not valid. An illustration of this 

failure was provided in chapter three. There it was shown that the 

vertical electric field calculated from a model of a lightning return 

stroke current distribution disagrees with the vertical electric field 

calculated from the same distribution in the small source approximation 

at a distance of 25 km (see Figure 3.3). This means that if one 

attempts to use the method of chapter two on the field of the return 

stroke to find the volume integral (dipole moment) of the current den

sity one will obtain incorrect results. One must find ways of analyzing 

extended sources and one possible approach is developed in this chapter. 

This time the current source is chosen to be a line source 

extending from the coordinate origin (0,0,0) on the surface of the flat, 

perfectly conducting, earth to the point (0,0,H) at a height H above the 

earth. The applied current density distribution has the form 

iafc't) = iatX'V'Z't) = zi(z,t)6(x)6(y) (4.1) 

in which 6(x) and £(y) are Dirac delta or unit area impulse functions 

and i(z,t) has the units of amperes. i(z,t) is also assumed to satisfy 

the condition 

i(z,t) = 0 for z < 0, z > H, t < 0, and t > T (4.2) 
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(this definition of ia(r,t) is slightly different from that of j.a(r,t) 

in chapter two. In that chapter ia(r,t) was allowed to be non-zero over 

the range 0 * t * T. Here may be non-zero over the range 0 < t 

< T). 

This model for the current density is particularly useful as an 

idealized version of a lightning return stroke current channel without 

tortuosity or branches. At time zero there is no unneutralized charge 

anywhere. Then the current starts to flow and this may cause a charge 

separation along the current channel. By time T the current flow has 

stopped everywhere on the channel leaving an amount of charge 

between the points z, and z2 (z2 > z,) on the channel according to the 

conservation of charge. In particular charge may accumulate at the ends 

of the channel, that is, 

when e is an infinitesimally small distance (e > 0). The line current 

source model is shown in Figure 4.1. 

The Fourier transform of equation (4.1) is 

q ( z , , z 2 )  =  t i(z, , T )  -  i ( Z 2 , T ) ]  d T  

Jo  

q(-e,e) = - i(e, T )  d T  

Jo  

and 

T 

q(H - e, H + e) = i(H - e,t) d T  

. 0 

Ja^'J") = Ja(x»y»z, jw) = zl(z,jw)6(x)6(y) (4.3) 
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+2 

__ (0 ,0 ,H)  

Free Space 

e = e0  

M = Mo 

<7 = 0 i(z»t) 

Earth 
o = oo 

(0 ,0 ,0)  z = 0 
plane 

Figure 4.1 Vertical Line Current Source Extending from the 
Origin (0,0,0) to the Point (0,0,H) on the +z Axis 
of the Coordinate System. 
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where 

I(Zrj«) 
f°o 

jw) = i (z, 
J O  

t) exp(-jwt) dt (4.4) 

and the Fourier transform relations are defined through equations (A.58) 

and (A.59) of appendix A. If this current density distribution is 

inserted into the field equations (3.8) through (3.15) of chapter three 

(that is, equations (A.68), (A.69), and (A.61) through (A.66) of appen

dix A) and if the equations are evaluated at the point (x,y,0) on the 

surface of the earth then the fields are given by 

H(x,y,0,jw) = ^(x.y.OJu) 

and 

2tt 

-jwR/c 
/ji«» + l\ e_d I(z1,jw)dz1 

\c Ry Rz 
(4.5) 

E(x,y,0,jw) = zEz(x,y,0,jw) 

zMojw 

2tT 
f~ 
LRS 

-juR/c 

+ /_£_ + c2 

y jwR (j«R): 
I(z1,jw)dz1 

(4.6) 

when d = [x2 + y2]^, R = xx + yy - zz1, R = [x2 + y2 + (z1)2]5* = [d2 + 

(z1)2]5*, <#> is a unit vector in the direction of increasing and the 

azmuthal angle <f> is measured about the z axis from the +x axis around 

toward the +y axis (see Figure 2.2 of chapter two). 

in equation (4.5) turns out to be the Fourier transform o.f h^ in 

equation (3.32) of chapter three and Ez in equation (4.6) turns out to 
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be the Fourier transform of ez in equation (3.31) of chapter three pro

vided the transform pairs exist, (see the discussion below equations 

(A.12) and (A.59) of appendix A). This should not be surprising since 

equations (3.24) and (4.1) have the same form, the conditions (3.25) and 

(4.2) are nearly the same, and equations (3.26) through (3.30) are not 

used in deriving (3.31) and (3.32) (currents which obey the condition 

(4.2) are a subset of those which obey the condition (3.25)). 

The next step in the calculation is to break the interval [0,H] up 

into M segments so that segment m is of length Am (> 0) and 

M 
I  Ai = H 
i=l  

One also introduces the notations 

S0 = 0, (4.7) 

m 
Sm = I Ai (4.8) 

i=l  

(so SM = H), 

fS, m 
i(z',t)dz\ (4.9) 

sm-l 

imtt) = L-

and the Fourier transform of this (see equation (A.58) of appendix A) 

fSm  (<» 
^(jw) = i_ I(z\jw)dz' = Iim(t) exp(-jut) dt (4.10) 

 ̂Js,.! JO 

(i(z,t) - 0 for t < 0). 

In this notation equations (4.5) and (4.6) imply that 
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H^(x,y,0,ju) 

M 
= I i_ 

m=l 2tt 

fSm -jwR/c 
Jw + I\ §_d IU'JwJdz1 (m + I\ e_ 
\ c R/ R2 

sm-l 

(4.11) 

and 

Ez(x,y,0,jw) 

M 
= 1 - Mojw 

m=l ~~2̂ ~ 

-juR/c 
fd'wc i c 2  \ /3d 2  _ -Ale I(z 1, iwldz 1  

[R7 \3«rc TjwffT7] V"T^ JjR (4.12) 
sm-l 

Then if there are enough segments, that is, if M is large enough so that 

each segment is short, the small source or dipole approximation may be 

applied to each segment to yield 

H^(x,y,0,jw) 

M 
i 1_ /Jw + 1_\ 
m=l 2it \ c R mJ 

-jwRm/c 
e d Am Im(jw) (4.13) 

and 

Ez(x,y,0,ju) 

M 

' L, 
Mojto [df. + / c + c2 \ /3d2 _ 2\1 §_ 

2jt L̂ m2 \jû m (Ĵ m)2/\̂ ma /J 

-j«Rm/c' 
^(Jw) 

(4.14) 

In these equations Rm may be taken as Rm = [x2 + y2 + zm2]^ 

» [d2 + zm2]^ where 

m-1 
zm = sm-l + sm B I Ai + Am = sm-l + Am 

Z i=l 7~ tt 

for m = 1,2,...,M. zm is the midpoint of segment m. 

One may obtain a condition for validity of the small source 

(4.15) 
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approximation for each segment m from the work in chapter three. For 

segment m one makes the identification (0,0,h) = (0,0,zm) then Ra = xx + 

yy - zzm, R, = xx + yy + zzm, and Ra = R, = Rm = [x* + y* + zm2]^. One 

also has Ara = R - Ra = - z(z' - zm) for points (O.O.z1) on segment m 

(iatll1'^) * £ or>ly for points (0,0,z') on the +z axis) and Ar, = R -

R, = - z(z' + zm) for points (0,0^) on the image of segment m 

(J, (r.1 «• ju> * 0 only for points (0,0,z1) on the -z axis). Then | Ra • Ara| 

= zm |z1 - zm| £ (z1 - zm)2 = (Ara)2 for all z1 on segment m (Sm_i < z1 

Sm). Similarly |R, • Ar, | = zm | z' + zm | * (z1 + z„,)8 = (Ar,)® for 

all z1 on the image of segment m (-Sm < z1 * -Sm_i). These results 

imply that condition (3.22) is the correct one to use to express the 

condition for validity of the small source approximation for each 

s e g m e n t  m ,  m  =  1 , 2 , . . . , M .  

Armax <<: m"'n /Ra = ̂ m» £ > 9. » = Rm\ 
\ wmin "max / 

In this expression ti)m̂ n is the smallest value of |lm(u)| for those 

values of Im(w) such that the transform integrals for Ja(r,j«), H(r,jw), 

and E(r,ju) (and the inverse transform integrals for ja(r,t), h(r,t), 

and e(r,t)) converge and form transform pairs. If i(z,t) is differen

tiate in time and if i(z,t) may be non-zero only in a finite interval 

of time 0 < t < T then ja(£»t) (from equation (4.1)) and Ja(r,jw) (from 

equation (4.3)) form a transform pair for all finite values of Im(<<>). 

This is because i(z,t) satisfies the three conditions for the existence 

of the transform pair for that range of Im(w) (as discussed below 

equations (A.12) and (A.59) of appendix A). In particular 
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00 
|i(z,t)| exp(Im(w)t) dt < oo 
-00 

for all finite values of Im(w). t|/0 in equation (A.59) may be any finite 

real number. Similarly h0(x,y,O,t) (from equation (3.32) of chapter 

three) and H^Xjy.O, jw) (from the transform equation (4.5)) also form a 

transform pair for all finite values of Im(u) because both i(z,t -

(R/c)) and (di/3t)(z,t - (R/c)) satisfy the conditions for'the existence 

of a transform pair for that range of Im(u>). In particular 

*00 
| i (z, t - (R/c))| exp(Im(«)t) dt < oo 

-00 

and 

'oo 
lai (z,t - (R/c))I exp(Im(w)t) dt < oo 
I at I 
-00 

for all finite values of Im(u). Again i|fc in equation (A.59) may be any 

finite real number. Finally ez(x,y,0,t) (from equation (3.31) of 

chapter three) and Ez(x,y,0,jw) (from the transform equation (4.6)) form 

a transform pair, but only for values of Im(<i>) less than zero. i(z,t -

(R/c)) and (di/at)(z,t - (R/c)) obey all of the conditions for the 

existence of the transform pair for all finite values of Im((i>) and 

ft - (R/c) 
i( z , T ) d T  

, 0 

would obey all of the conditions for the existence of the transform pair 

for all finite values of Im(<i>) except that 
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'oo t - (R/C) 
i(Z,T)dT 

-00 0 
exp(Im((d)t) dt < oo 

only for Im(w) < 0 (if i(z,t) is differentiable and i(z,t) is non-zero 

only over a finite time interval 0 < t < T then 

ft - (R/c) 
i(Z,T)dT 
0 

reaches a final value 

qf = 
T 
i(Z,T)dT 
0 

at time t = T + R/c and maintains that value for all times t > T + R/c. 

If qf * 0 (which is usually the case) 

exp(Im(u)t) dt 
00 t - (R/c) 

i(Z,T)dT 
-00 0 

diverges unless Im((i>) < 0). In this case «|/0 in equation (A.59) is 

restricted to the range > 0. Wmin is then the smallest value of 

|lm(c>))| for those values of Im((<)) such that Im(w) < 0 so wm̂ n may be 

chosen as small as one wishes so long as >0. A good choice for 

<i>min is any value such that 0 < u^n < (i^a* (which implies that Wmax > 

0). Then c/<i>m-jn > c/umax anc' *he condition for the validity of the 

small source approximation for each segment m becomes 

Armax « mi in /Rm, c \ 

y "max J 
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In this expression is chosen to be the smallest value of 

|Re(o>)| (> 0) such that Ja(r,jw), E(r,jw), and H(r,jw) are negligible 

for |Re(<i>)| £ «max. This means that the inverse Fourier transform 

integrals for ia(r,t), e(r,t), and h(r,t) are virtually unaffected if 

the range of integration is restricted to t-^ax " "max ~ J^o]. 

In the present application u^iax is chosen so that the Fourier transforms 

of the segment averaged currents Im(jw) and the fields Ez(x,y,0,jw) and 

H,j,(x,y,0,ju>) are negligible for |Re(w)| > ^max- Then the inverse 

Fourier transform integrals for the segment averaged currents im(t) and 

the fields ez(x,y,0,t) and h^(x,y,0,t) are virtually unaffected if the 

range of integration is restricted to [-Wfoax ~ .Wo/Wmax " .Mo]. This 

defines wmax. For segment m the largest Ara (= |z1 - zm| for Sm_i < z1 

< sm) or Ar, (= jz' + zm| for -Sm < z' * -S^i) can be is Armax = Sm -

zm = zm " sm-l = Am/2 so tlie condition for the validity of the small 

source approximation for segment m is 

for m = 1,...,M. If condition (4.16) is satisfied for each of the M 

segments then equations (4.13) and (4.14) are valid. 

These equations (4.13) and (4.14) may be used to set up a matrix 

equation for the fields in terms of the Fourier transforms Im(jw) of the 

segment averaged currents in the following way. Suppose that frequency 

domain magnetic field data are available from K stations located at the 

points (Xhl'Vhl) through (xhK'VhK) and that frequency domain electric 

field data are available from L stations located at the points (xei#yei) 

through (xe|_,ye|_). Of course some of these stations may be the same, 

(4.16) 
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that is, both types of the field data might be available from some 

stations. In any case one can form the field data vector 

£(jw) = H«|>(xhl'yhl'0,j<">) 

H<J>(xhK'YhK'0'Jw) 

Ez(xel'yel'0'Ju) 

^(xeL'yeL'OJ") 

(4.17) 

and the matrix equation 

£(JO) = Qh,, Qhi z QhiM I,(jw) 
: : : I2(j«) 
QhKi QhKz QhKM « 

Qei i Qei2 QeiM • 

•QeLi QeL2 QeLM. 

• 

IM(JW). 

(4.18) 

or 

E(j«) = Q I(j«) (4.19) 

F(jw) is a (K + L) X 1 vector. Q is a (K + L) X M matrix and I(ju) 

is a M X 1 vector. The magnetic field matrix elements are given by 

/ \ 
Qhkm = (J" + I \ e dhk 

2"\c Rhkm /  Rhkm 2  

-J^hkm/c 

Rhkm2 

(4.20) 

when dhk = [xhk2 + yhk2]*' Rhkm x txhk2 + Yhk2 + Zm2]* • tdhk2 + zm2]*, 

1 < k < K, and 1 < m < M. The electric field matrix elements in this 

equation are given by 

Qelm = " H.jw f dela + /_£. c* 

zit lRelmz jwReim (jwReim) elm' •XS& - 2)1 

-jwReim/c 
e— Am 
Reim 

(4.21) 



73 

in which deJ{ = [xei* + Veizl*> Reim - [*eia + yela + + 

zm2]5*, 1 < J < L, and 1 < m < M. Equation (4.19) expresses the field 

data in terms of the Fourier transforms of the segment averaged currents 

and if the matrix Q can be "inverted" in some way then the transforms 

of the segment averaged currents may be expressed in terms of the 

fields. 

This observation suggests the following procedure for determining 

the segment averaged currents from field data. 

1) Locate a lightning return stroke for which the current flow is ver

tical or nearly vertical and which has no branches. Then set up a 

rectangular coordinate system (x,y,z) so the earth's surface is the 

x-y plane, the +z axis lies in the free space above the earth's 

surface, and the origin (0,0,0) is at the base of the return 

stroke. In this system the return stroke current flow is along 

part of the +z axis of the coordinate system (or nearly so). 

2) Define the location (xhk,yhk) and the direction of the azmuthal 

angle unit vector £ for each of the K stations (k = 1,...,K) at 

which magnetic field data is collected. 

3) Obtain the azmuthal magnetic field data h^fxhk/yhk'0'*) at each 

station. 

4) Define the location (xej,yej) for each of the L stations (I = 

1,...,L) at which electric field data is collated. 

5) Obtain the vertical electric field data ez(xe|,ye|,0,t) at each 

station. 

6) Fourier transform the field data and obtain 
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H4>(Xhk'yhk'0'J") = 
f°0 
I h(j,(xhkf yhk,Oft) exp(-jut) dt (4.22) 

for k = 1 f  •  •  •  /  K and 

00 

Ez(xei'yei'°'Ju) = ez(xei,yei,0,t) exp(-jwt) dt 
. 0 

(4.23) 

for i = 1,...,L. The return stroke current i(z,t) starts to flow 

at a time t > 0 so one expects that h^(Xhk,yhk'°'t) 3 0 for * * 

dftk/c at each station k (k = 1,...,K) and ez(xe£,yei,0,t) = 0 for 

t $ deje/c at each station i (i = 

7) Form the (k + L) X 1 field data vector F(ju) according to equation 

(4.17). 

8) Evaluate the matrix elements Qh(<m and Qejm for k = 1,...,K, £ = 1, 

...,L, and m = 1,...,M using equations (4.20) and (4.21) and form 

the (k + L) X M matrix Q. 

9) Solve the matrix equation (4.19) 

F(jw) = Q I(jw) 

for the M X 1 vector I(jw) of transforms of segment averaged 

currents (see equation (4.10)). 

10) Find the inverse Fourier transforms of each current Iffl(j<<>) to 

obtain the segment averaged currents in the time domain (equation 

(A.59) of appendix A). 

im(t) • lim 1_ Im(j«) exp(jwt) dw = 1_ (z',t)dz' 
ri - oo 2it J-n-jI'o Am 

(4.24) 

for m = 1,...,M. The segment averaged currents may be determined 

'17+jfo 
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from field data by following this procedure. 

In order for this procedure to succeed in practice a number of 

issues must be dealt with. 

The first point (step 10) is that the procedure does not deliver 

the lightning current i(z,t) but only an average of it as equation 

(4.24) shows. Only if Am is so small for each segment that i(z,t) is 

constant or nearly constant over the segment length may one write 

fSn 
im(t) = L_ 

Am 

'm 
i(z\t)dz' * i (zm,t) 

,sm-l 

However this in turn may imply that M, the number of segments, must be 

very large. For example, if a lightning return stroke current pulse 

rises from zero to its peak value in 250 ns and the propagation velocity 

of the pulse is 8»107 m/s then the current rise to peak occurs over a 

distance of 20 m. If Am is chosen to be 5 m (« 20 m) for each segment 

so that i(z,t) is roughly constant on each segment and, if one intends 

to follow the return stroke current pulse over the full length of an 8 

km channel (H = 8 km), then M will be 1600. This is very large con

sidering the fact that field data will probably be gathered only at a 

few stations. K + L « M and the system of equations (4.19) is badly 

underdetermined. Even if the functions im(t) or Im(jw) can be properly 

constrained there will still be problems with computer storage and com

putation time if the inversion procedure is tried with so many segments. 

One must accept the idea that the inversion scheme outlined above may 

give only average currents (Am > 5 m) or one must restrict one's atten

tion to the first few microseconds of the return stroke (during which 
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time the length of the current channel is no more than a few hundred 

meters). 

Another concern (steps 3 and 5) is the synchronization of the field 

data records. All of the field data are measured on a common time scale. 

This means that the data taken at all of the stations must be synchro

nized. Synchronization guarantees that the Fourier transformed field 

data have the proper phase which in turn guarantees that the Fourier 

transformed segment averaged currents have the proper phase to add 

together and give the right currents in the time domain. A criterion 

for proper synchronization may be developed as follows. If the Fourier 

transform of f(t) is F(jw) (as in equations (A.58) of appendix A) then 

the Fourier transform of a delayed or advanced version of f(t), f(t-AT), 

is F(jw)•exp(-jwAT). In order for F(jw) and F(jw)*exp(-juAT) to have 

nearly the same phase one should make AT small enough so that 

wAT « 1 radian (4.25) 

at all frequencies w for which F(ju) contributes significantly to f(t). 

This restriction could be severe if rapid variations in f(t) are to be 

followed accurately. Specifically for the field data one wants UmaxAT 

« 1 (where is defined above the expression (4.16)) so that all of 

the frequency components of each transform Im(j(<>) are phased properly to 

give accurate representations of the segment averaged currents im(t) and 

the fields ez and h^. A good way to determine how much error in 

synchronization can be tolerated would be to set up the inversion proce

dure, generate artificial field data for two stations from a reasonable 

model of the lightning return stroke current pulse (using equations 



77 

(3.31) and (3.32) for example), apply the field data to the inversion 

scheme with various delays (or advances) AT, and compare the segment 

averaged currents generated by the inversion procedure with those calcu

lated directly from the model return stroke current pulse. 

A third important matter (steps 6 and 10) is the use of the 

discrete Fourier transform42. Field data are often collected using 

high-speed digitizers. This means that instead of a continuous time 

waveform f(t) (f(t) could be h^Xhk'Yhk'0-*) or ez(xeJj,yei,0,t) for k = 

1,...,K or i = 1,...,L) one ends up with a sampled version of this wave

form f(t0 + nTs) for n = 0,...,N-1 (f(t0 + nTs) could be 

( xhk'yhk'® +  nTg) or e z(Xgj,ygj,0,t o  + nTg) for k = 1,...,K or i -

1,...,L). Each station may have its own particular value for t0 and a 

particularly good choice for t0 is t0 = d/c for a station located at a 

point (x,y) where d = [x® + y2]^. With this choice the data collection 

begins just as the field from the lightning return stroke is reaching 

the station. One does not waste digitizer memory with leading zeroes. 

In addition, if data collection at each station lasts for the same 

amount of time ((N-l)TS) after starting, then the stations are measuring 

the fields arising from the same portion (roughly speaking) of the 

lightning return stroke current pulse (the portion appearing in the 

interval from time t = 0 through time t = (N-1)TS). This should facili

tate the inversion. For the field data ttyfXhk'Yhk'^ohk + nTs) t<>hk 

would be dhk/c and for the field data ez(xef,yej,0,toe£ + nTs) toej 

would be dej/c. 

To obtain an estimate of F(jw), the Fourier transform of f(t), 
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(F(jw) is related to f(t) through equations (A.58) and (A.59) of appen

dix A and could be H,j,(xhk,yhk'0'Jw) or Ez(xejj,yejj,0,jw) for k = 1,...,K 

or 1 = 1, ...,L) one may use the discrete Fourier transform. The trans

form relations are written as follows*3. 

If 

g(n) = Tsf(t0 + nTs) for n = (4.26) 

then 

N-1 -j2npn/N 
G(P) = I g(n)e for p = P,,...#Pj,f (4.27) 

n = 0 

P2 j2nnp/N 
g(n) = 1 i G(p)e for n = 0,...,N-lf (4.28) 

N P = P, 

and 

-j(2n/NTs)t0 
F /ju = j2np \ = e G(p) for p = P,,...,P2 (4.29) 

\ NTs/ 

If N is even P, = - (N/2)+l and P2 = N/2 and if N is odd P, = (-N+l)/2 

and P2 = (N-l)/2. n ranges over N values and p also ranges over N 

values. 

In order for equations (4.26) through (4.29) to hold several con

ditions must be satisfied. One condition is that f(t) must be zero or 

nearly zero for all times t < t8 and for all times t * t0 + T1 for some 

interval T1 > 0. The condition (4.2) on i(z,t) guarantees that 

h4»(xhk»yhk'°»t) = 0 for t « dhk/c and for t > T + [d^k2 + H2]tyc (t8 = 

d^k/c and T1 = T + [dhk2 + H2]tyc) for k = 1,...,K as h^ depends on 

i(z1,t - (R/c)) and (3i/3t)(z1,t - (R/c)) (see equation (3.32)). The 

condition (4.2) also guarantees that ez(xej,yej,0,t) = 0 for t < de$/c 
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(te = dejj/c) for I = lf...L. However, it does not guarantee that 

ei'0'*) = 0 'for t ^ T + [dejj2 + H2]tyc as ez depends on i(z',t -

(R/c)), (ai/dt)(z',t - (R/c)), and 

ft - (R/c) 
i(z1, T ) d T  

, 0 

(see equation (3.31)). The electric field may be non-zero even after 

current flow stops and, therefore, may violate the conditions for the 

use of the discrete Fourier transform. This point is discussed in 

detail below. It is best to define T1 to be the largest value of T + 

[d2 + H2]fyc for any station. Then the condition that f(t) is to be 

zero or nearly zero for all times t < t8 and for all times t > t0 + T1 

is satisfied at least by the magnetic field data from all of the 

stations. 

Another condition for the use of the discrete Fourier transform is 

that the angular frequency « must be real, that is, the discrete 

Fourier transform can be used to approximate the Fourier transform given 

by equations (A.58) and (A.59) of appendix A but only if « is real and 

i/»o is zero (from equation (4.29) one sees that the discrete Fourier 

transform gives values of F(jw) at the real angular frequencies u = 2TTP 
NTS 

for p = P,,...,P2). A condition is also placed on F(jw) that it must be 

zero or nearly zero for ]Re(<>>)| > si for some angular frequency Q > 0 (a 

good choice for (2 is since w^gx is defined to be the smallest value 

of |Re(u)| such that Im(jw), H(J>(xhi,y|li,0,jw), and E2(xeJ,ye4,0,jw) are 

negligible for |Re(o>)| > wmax for k = 1 = 1,...,L, and m = 

1,...,M). Finally conditions must be placed on Ts and N. 
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Ts < jt/G (4.30) 

guarantees that neighboring samples of f(t0 + nTs) are close enough 

together that all of the important structure in f(t) is present in g(n) 

(frequency components with angular frequencies less than ft are sampled 

more than twice per period so g(n) can follow variations in f(t) caused 

by such components and frequency components with angular frequencies 

greater than sl have small amplitudes). The condition 

2n < 7T_ (4.31) 
NTS T' 

or 

NTS > 2T1 (4.32) 

guarantees that neighboring frequencies at which F /jw = i2rrp \ 

v nt
s; 

is evaluated are close enough together that all of the important struc

ture in F(jw) is present in G(p) (a signal of duration T1 can display 

structures in its frequency spectrum which are separated by as little as 

n/T1 radians/second. One wants the separation between neighboring 

discrete Fourier transform frequencies 2n/NTs to be less than this). 

Equations (4.26) and (4.29) and the conditions (4.30) and (4.32) 

carry a number of important implications for the field data. The con

dition that f(t) must be zero or nearly zero for t < t0 implies that 

g(0) = Tsf(t0) is zero or nearly zero. The condition that f(t) must be 

zero or nearly zero for all times t > t0 + T1 along with equation (4.26) 

and the condition (4.32) imply that the integer N, (> 0), defined by 

N, < TVTS < N,+l, is less than N/2 and that g(n) = Tsf(t0 + nTs) is 

zero or nearly zero for n = N,+l,...,N-1. Equation (4.29), the values 

of P, and P2, the condition (4.30), and the condition that F(jw) is 
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zero or nearly zero for |Re(u)| > SI imply that w = 2nP, and w = 2nPz 

"n t ;  ~ht; 

fall near the limits of the range of Re(o) for which F(jw) is large. 

Thus G(p) is able to follow F(jo>) over the whole range |Re(u)| < ft, for 

which F(jw) is large. 

Equations (4.26), (4.27) and (4.29) indicate how the discrete 

Fourier transform may be used to determine approximate values of the 

Fourier transform of the field data at the N discrete frequencies w, « = 

2?rp for p = P1/...,P2 provided certain conditions are met. The trans-
NTS 

formed field data for each frequency may then be put into its own vector 

F(jw), the matrix Q can be set up for each frequency (Q depends on «) 

and a matrix equation like (4.19) can be prepared. Upon solving the 

matrix equation for Kjw) at each of the N frequencies one obtains the 

transforms of the segment averaged currents Im(jw) at o = 2irp for p = 
NTS 

P,...,Pa and for m = 1,...,M. One may again turn to the relations 

(4.26) through (4.32) to obtain the corresponding tranform relations for 

the segment averaged currents. 

G(p) * Im /ju = i2ffp\ for p = P,,...,P2f (4.33) 

V H J s )  

P2 j2nnp/N 
g(n) =12. G(P)e ôr n - 0,...fN-lf (4.34) 

N p - P, 

N-l -j2irpn/N 
G(p) = X 9(n)e for P = Pif....P8# (4.35) 

n • 0 

and 
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im(nTs) = g(n)/Ts for n = 0,...,N-1 (4.36) 

and m = 1,...,M. In these formulae t0 is set to zero as each of the m 

segment averaged currents im(t) is zero for all times t < tc = 0 (the 

lightning return stroke current starts to flow at a time t > 0). In 

order for equations (4.33) through (4.36) to hold each of the M currents 

im(t) must be zero or nearly zero for all times t < t0 = 0 and for all 

times t > T'. But this is guaranteed by condition (4.2) and the defini

tion of T1. In particular T1 is defined as the largest value of T + [d2 

+ Ha]fyc for any station (see the discussion below equation (4.29)). 

Therefore T' has the form T1 = T + [d2 + H2]fyc and T1 > T. (4.2) then 

guarantees that im(t) = 0 for all times t < 0 and for all times t £ T1 

for all m, m = 1,...,M. Again the angular frequency « must be real for 

the discrete Fourier transform to approximate the Fourier transform 

(according to equation (4.33)) and each of the M currents Im(jw) must be 

zero or nearly zero for |Re(o>)| > si (a good choice for ft is wmax as it 

includes the transformed segment averaged currents Im(j«) as well as the 

fields (see the discussion above equation (4.30))). Finally the 

validity of equations (4.33) through (4.36) requires that conditions 

(4.30), (4.31) and (4.32) be satisfied so that neighboring samples of 

im(nTs) are close enough together that all of the important structure in 

im(t) is present in g(n) for each segment m and so that neighboring fre

quencies at which Im/jw = i2np\ is evaluated are close enough together 

\ NTsj 

that all of the important structure in Im(j(i>) is present in G(p) for 

each segment m (m = 1,...,M). 

As in the case of the field data, equations (4.33) and (4.36) and 
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the conditions (4.30) and (4.32) carry a number of Implications for the 

segment averaged currents. The condition that im(t) must be zero or 

nearly zero for t $ t0 = 0 and for each m, m = 1,...M implies that g(0) 

= Tsim(0) is zero or nearly zero. The condition that im(t) must be zero 

or nearly zero for all times t > T1 and for each m, m = 1,...,M along 

with condition (4.32) imply that N, defined (as before) by N, < TVTS $ 

N,+l is less than N/2 and that g(n) = Tsim(nTs) is zero or nearly zero 

for n = N,+l,...,N-1. Equation (4.33), the values of P, and P2, the 

condition (4.30), and the condition that Im(j(o) must be zero or nearly 

zero for (Re(ci>) | £ si and for each m, m = 1,...,M, imply that u = 2HP, 

-ht; 

and w = 2nPz fall near the limits of the range of Re(w) for which each 

NT g 

function Im(jw) is large. For each m G(p) is able to follow Im(jw) over 

the whole range |Re(b>)| < si, for which Im(ju) is large. 

Equations (4.33), (4.34), and (4.36) indicate how the discrete 

Fourier transform may be used to obtain approximate values of the 

segment averaged currents at N discrete times t = nTs for n = 0,...,N-1. 

This completes the discussion of the use of the discrete Fourier 

transform to do Fourier transforms except for two points. The first 

point is that in the discussion below equation (4.15) i(z,t) was assumed 

to be differentlable in time and to be zero except, perhaps, in a finite 

time interval 0 < t < T. Under these conditions 

t - (R/c) 
i(z,r)dT 

reaches a final value 
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= 
T 
i ( z , T ) d r  
0 

at the time t = T + R/c and maintains that value for all times t > T + 

R/c. Unless qf is zero for each value of z such that 0 * z < H (which 

is not usually the case) ez(x,y,0,t) will be non-zero for all times t > 

T + [d2 + H2]Vc (see equation (3.31)). This violates one of the con

ditions for the use of the discrete Fourier transform for approximating 

Ez(xfy,0,j«), that e2(x,y,0,t) must be zero or nearly zero outside a 

finite time interval. This same difficulty shows up in another way 

also. Unless qf = 0 the condition 

00 •t - (R/c) 
i(z,r)dT 

-00 0 
exp(Im(<«))t) dt < oo 

cannot be satisfied unless Im((i>) < 0 so ez(x,y,0,t) and Ez(x,y,0,jw) 

form a transform pair under equations (A.58) and (A.59) of appendix A 

only for Im(«) < 0. «|/0 is restricted to the range > 0 (this point 

was discussed below equation (4.15)). This restriction also violates 

one of the conditions for the use of the discrete Fourier transform to 

approximate Ez(x,y,0, ju), namely that u must be real and i|»0 = 0 must be 

allowed. 

This problem might be solved by re-formulating the inversion 

problem to use (8ez/at)(x,y,Oft) data rather than ez(x,y,0,t) data. If 

i(z,t) is twice differentiable in time then equation (3.31) gives 

Mz(x,y,0,t) - MoC2 
dt 2;r-

H 

(2 - Uz'.t ~ (R/c)Jdz1 

\ R2 / R3 
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+ HoC 
2TT 

( 2  - MfA i_ iKz'.t 
V R2 / R2 at 

(R/cJJdz1 

Mo 
5W 

H 

(di) I 
VR V R 

a2 i(z1.t 
at2 

(R/c)Jdz1 (4.37) 

If i(z,t) is twice differentiable in time and i(z,t) is zero except, 

perhaps, in the time interval 0 < t < T then (aez/3t)(x,y,0,t) is zero 

for all times t * d/c and for all times t > T1 = T + [d2 + H2]tyc. in 

addition 

11 i (z,t - (R/c)) | exp(Im(w)t) dt < 00, 

and 

aj.(z,t 
I at 

- (R/c)) exp(Im(w)t) dt < 00, 

3£l(z,t - (R/c))I exp(Im(«)t) dt < » 
at2 

for all finite values of Im(w). (3ez/dt) (x,y,0,t) and jfa^E^x^O, ju) 

form a transform pair under equations (A.58) and (A.59) of appendix A 

for all finite values of Im(u). «|/e may be any real number and tjr, s 0 is 

allowed. Thus approximate values for ju*Ez(x,y,0,ju) may be obtained 

from (aez/3t)(x,y,0,t) data through use of the discrete Fourier trans

form. 

The reformulation of the inversion scheme to use (dez/dt)(x,y,0,t) 
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data implies the need for new matrix elements Qejm but these are just jw 

times the old elements from equation (4.21). One still uses equation 

(4.17) for F(jw) (except that jw*Ez (the Fourier transform of 8ez/8t) 

replaces Ez) and equations (4.18) and (4.19) (except that the matrix 

elements Qejm are jw times those of equation (4.21)). 

As an aside it is also worth pointing out that the inversion 

scheme may be reformulated to use (dh^dt)(x,y,0,t) data. In this case 

equation (3.32) implies that 

aju(x,y,0,t) 
at 

Ĵ _ 
2t t  

+ i_ 
2n 

/d\ 1_ dl(z,»t 
\R/ R2  at 

- (R/c))dz* 

(d\ 1_ 
\ r /  cr  

ai_i(z',t - (R/c))dz1 

at2 

If i(zft) is zero except, perhaps, in the interval 0 < t < T then 

(dh /̂at)(x,y,0,t) is zero for all times t < d/c and for all times t * T1 

= T + [d2 + H2]tyc. in addition (dh^/at)(x,y,0,t) and jU'H^fXfyfO,ju) 

form a transform pair under equations (A.58) and (A.59) of appendix A 

for all finite values of Im(<i>) so approximate values of 

j(<)«H^(x,y,0,(i>) may be obtained from (dh,j/at)(x,y,0,t) data through the 

use of the discrete Fourier transform. 

Again the reformulation of the inversion problem to use 

(ah(j/at)(x,y,Oft) data implies the need for new matrix elements. This 



87 

time new elements Q^m are needed but these are just jw times the old 

elements from equation (4.20). One still uses equation (4.17) for F(jw) 

(except that jW'H^ (the Fourier transform of dh^/dt) replaces H^) and 

equations (4.18) and (4.19) (except that the matrix elements Qhkm are ju 

times those of equation (4.20)). 

The second (and last) point to be discussed in connection with the 

use of the discrete Fourier transform is that complete records of 

lightning return stroke fields (dh^/dt or h^ and dez/3t or ez) may not 

be available. Data collection may stop before the return stroke current 

has stopped flowing and the fields may be left with non-zero final 

values (this is the case when one collects data during the first few 

microseconds of a return stroke to study the early portion of the stroke 

while its current channel is short (see the discussion below equation 

(4.24))). To deal with this problem one might window the field date*3 or 

extend the length of each field data record by adding extra fake "data" 

points which bring the waveform gently back to zero. 

The trouble with using procedures which modify the field data or 

add to it is that they may introduce inconsistent (physically meaning

less) "field data" into the inversion process which may, in turn, 

introduce non-physical structure into the segment averaged currents 

im^)-

The final concern (steps 8 and 9) to be discussed in connection 

with the inversion scheme is the solution of the matrix equation (4.19). 

In the inversion scheme a system of equations (4.18) is set up and 

solved for the tranforms of the segment averaged currents Im(j(<>) (where 
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m » 1,...,M) at each frequency « = 2rrp (where p = P,,...,Pa) at which 
NTS 

frequency domain field data are available. One obvious problem is that 

for zero frequency (« = 0 or p = 0) the electric field matrix elements 

Qeim (equation (4.21)) are undefined. This means that the currents 

Im(jw) cannot be computed for w = 0 using equation (4.19). According to 

equations (4.33), (4.34), and (4.36) this means that each segment 

averaged current value im(nTs) can only be determined up to an unknown 

additive constant Im(0) which depends on m but not on n. The best way 

"¥r7~ 

to overcome this problem is to throw out the values of and Ez for « = 

0, set Im(0) to zero for each m, m = 1,...,M, and proceed with the 

calculation of the values of the segment averaged currents im(nTs) for n 

= 0,...,N-1 and for m = 1,...,M. For each m the resulting values of 

im(nTs) (for n = 0,...,N-1) are wrong but they are all off by the same 

value. The condition that iro(0) must equal zero then fixes the value of 

the constant as -im(0) (= -im(0*Ts)). The values of the segment 

averaged currents im(nTs) are corrected by replacing im(nTs) with 

im(nTs) ~ ^(0) for each n» n = 0,...,N-1. The correction is done for 

each m, m = 1,...,M and the full set of segment averaged currents is 

then obtained without using values of Im(0). 

When the frequency (w or p) is not zero the matrix Q is well 

defined and the system of equations (4.18) applies. 

The fundamental problem one faces when attempting to solve equation 

(4.19) is that adjacent columns of Q are nearly scalar multiples of 

each other. In addition rows of Q may be made identical or may be made 

into scalar multiples of each other unless one is careful. 
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If a station at which both electric and magnetic field data are 

gathered is far from the lightning return stroke being measured the 

vertical electric field waveform and the azmuthal magnetic field wave

form are almost exactly scaled versions of each other (see equations 

(3.31) and (3.32) for the case where H « d so R * d). The rows of Q 

associated with this station are also nearly scalar multiples of each 

other. This may be seen from the following argument. Suppose both 

electric and magnetic field data are collected at a station (indexed by 

(k,i)) located at a point (x,y) such that d = [x2 + y2]3* » H. Then d 

» zm for all m, m = and according to equations (4.20) and 

(4.21) 

- jcod/c 
Qhkm * i_ /j<!> + l\ ®Am 

2tt \ c d J d 

and 
-jcod/c 

Qeim 01 " /I + -£_\ § Am 
~2r\ jwdy d 

so 

Qelm 01 " MoC 

Qhkm 

This is independent of m so the rows k and K+i of Q are nearly scalar 

multiples of each other. 

If two stations are nearly the same distance from the lightning 

return stroke any electric field data collected from the stroke at both 

stations will be nearly identical and any magnetic field data collected 

from the stroke at both stations will also be nearly identical. The 

rows of g associated with the same type of field for the two stations 

will be nearly identical. Suppose magnetic field data is collected at 
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stations k, (located at the point (x,,y,)) and k2 (located at the point 

(x2'Ya)) such that [x,2 + y,2]^ * [x22 + y22]^ * d then 

-j«Rm/c 
Qhk,m a'l_/iw + JL\e_dAm » Qhk2m 

2n ^ c Rm J Rm2 

where Rm = [d2 + zm2]fc and m = 1,...,M. Rows k, and k2 of Q are nearly 

identical. Similarly if it is electric field data, rather than magnetic 

field data, which is collected at the stations (now labeled i, and i2 

respectively) one has 

-jwRm/c 
Qei,m 81 "Mojw Id£_ + /_c_ + _cf \/3df. _ 2\] e ̂  « Qe. m 

27T VwRm (jwRmJVVRm2 )\ Rjjj 

for m = This time rows K+J, and K+i2 of Q are nearly iden

tical . 

Finally, if M, the number of segments the return stroke current 

path is broken up into, is large so that the length of each segment is 

small (Am is the length of segment m) then neighboring columns of Q are 

nearly scalar multiples of each other. Suppose a station is located at 

a point (x,y) and suppose that M is large so that d = [x2 + y2]3* » Am 

for m = 1,...,M. Then according to equations (4.8) and (4.15) 

Zm+i - zm B Am+l+Am « 1 and Rm+1 - [d2 + zm+12]* * Rm = [d2 + zm2]* - R. 

d 2d 

This means that 

-jwR/c 
Qhkm+1 - i_ (jw + l\§_d « Qhkm 
Am+1 2n \ c RJ R2 

and 
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Jiojw fdf. + / 
)  ( r  -  2 )1  

-jwR/c 

Qeim+1 " " ̂ ojw 
tT LR2 V 

c + c2 e * Qeim 
flm+l jwR (j«R)2 R m 

or 

Qhkm+1 * Qeim+l 31 A<n»i 
Qhkm Qeim Am 

which is independent of k and I (so columns m and m+1 of Q are nearly 

scalar multiples of each other). 

The problem of choosing M (that is, of choosing the lengths Am) is 

not an easy one. On the one hand M should be large and the lengths Am 

should be small to guarantee the validity of the small source approxima

tion, condition (4.16) (which was used to derive equation (4.18) in the 

first place) and to allow for better spatial resolution of the lightning 

current channel (see equation (4.9)). On the other hand M should be 

small and the lengths Am should be large to avoid near linear dependence 

in the columns of Q and to limit the number of unknowns to be solved 

for. These requirements are contradictory and there is no obvious way 

out of the impasse. The approach adopted here for resolving this 

problem is to choose M to be large enough that the small source approxi

mation is valid for all of the stations and then to find a way to 

circumvent the trouble caused by the near linear dependence of adjacent 

columns of Q. 

If the number of equations (K + L) in equation (4.19) is less than 

the number of unknowns (M) (K + L < M) then one might try the 

constrained minimum norm solution 

I(jw) = QH(QQH)_1 F(jw) (4.38) 
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although there is no guarantee that the minimum norm solution is the 

correct solution (the superscript H indicates the Hermitian transpose of 

a matrix). Unfortunately the near linear dependence of adjacent columns 

of Q makes the square matrix QQH ill-conditioned. (QQH)-1 has large 

entries which amplify errors in the frequency domain field data in F(jw) 

and render the solution vector I(j«) worthless44. If the number of 

equations equals the number of unknowns (K + L = M) then one has the 

solution 

However, the near linear dependence of adjacent columns of Q makes the 

square matrix Q ill-conditioned so Q-' has large entries which again 

amplify errors in the frequency domain field data F(jw) and again the 

solution I(ju>) is worthless44. Finally if the number of equations is 

greater than the number of unknowns (K + L > M) then one might try the 

least square error solution 

In this case also the near linear dependence of the columns of Q makes 

the square matrix gH Q ill-conditioned. (gH Q)"1 has large entries 

which amplify errors in the frequency domain field data and, in turn, 

make the solution I(jw) useless44. 

In order to overcome these problems one may try the method of 

constrained inversion45. In this scheme the matrix equation (4.19) is 

supplemented with an additional set of, say, Kc equations of constraint 

on the M currents Im(ju), m = 1,...,M. 

I(j«) = Q-iF(jw) (4.39) 

I(jw) = (QH Q)"1 QH £(jw) (4.40) 

9c I(j«) = EcU") (4.41) 
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is a system of Kc equations in the M unknowns Im(jfa>). The elements of 

the Kc X M matrix gc (gc may depend on w) and the elements of the Kc X 1 

vector FgUw) are to reflect any information which is known about the 

currents Im(j«) beyond the fact that they must satisfy equation (4.19). 

For example if it is believed that the lightning return stroke current 

pulse travels up the current channel without distortion and at a velo

city v, then one expects the current on segment m of the channel to be a 

delayed version of the current on segment m-1. One expects that 

*m(t) • im-l(t-(Vv)) 

for m = 2,...,M provided all of the segments have the same length A (Am 

= A). In the frequency domain this is 

-jwA/v 
Vjw) " Im-l(jw)e = 0 

for m = 2,...,M. This suggests the following choices for gc and Fq. 

One picks QCl1 = -exp(-jwA/v), QCl2 = 1, Qcmm-1 • -exp(-jwA/v) for m = 

2,...,M, Qcmm = 1 for m = and all other elements of Qc to be 

zero. In this example gc is a square M X M matrix (Kc = M). For Fc one 

picks the Kc X 1 {= M X 1) zero vector 0, Fc = 0. 

Once the matrix equation <4.41) has been set up one can attempt to 

solve the combined set of equations. 

Q I(jw) = £(ju) 

aQc a£c(ju) 

where a is a real non-negative constant which weighs the relative impor



94 

tance of the two systems of equations (4.19) and (4.41). 9 
aQc 

is a (K 

+ L + Kc) X M matrix. I(jw) is an M X 1 vector and F(ju) j is a (K + 

°£c(Jw)J 

L + Kc) X 1 vector. 

If the number of equations (K + L + Kc) is less than the number of 

unknowns (M) in the matrix equation (4.42) (K + L + Kc < M) then one 

might try the constrained minimum norm solution 

i ( jw)  = [q h ,aq chj  q  '  [q h ,aq c
h ] '  -  1 >( jw)  

aqc aec( jw)  

(4.43) 

although there is no guarantee that the minimum norm solution is the 

correct solution. 

If the number of equations equals the number of unknowns (k + L + 

kc = M) then one has the solution 

(4.44) 

Finally if the number of equations is greater than the number of 

unknowns (k + L + kc > M) one might try the least square error solution 

i ( j« )  = q  .1  
e( jw)  

o
 

Oi
l 

t) 

aec( jw)  

i ( j« )  = t§ h  q + a*g ch q c ]~ '  [q h  f ( jw)  f cu«) ]  ( 4 - 4 5> 

This last case is the usual one since (as in the example above) one 

often has Kc = M equations of constraint (4.41) and k + L + M > M. 
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Now that the details of the steps of the inversion procedure have 

been discussed the procedure may be restated. 

1) Same as before 

2) Same as before 

3) Obtain the azmuthal magnetic field data ^(xhk/Yhk'O'^hk + 

nTs) at each station (k = 1,..,K and n = Of...fN-l) when t0hk = dhk/° = 

E*hka + yhk2]Vc. 

4) Same as before 

5) Obtain the vertical electric field data e^XejjfyejjfOftoei + 

nTs) at each station (i = 1,...,L and n = 0,...,N-1) where toei = dej/c 

= C^ei2 + ye|slVc. 

6) Fourier transform the field data using the discrete Fourier 

transform (equations (4.26), (4.27), and (4.29)) to obtain 

H(J>fxhk'yhk'0' = 1 and Iz/Xei»yei'0'jw - 1 for k = 1,... ,K, i = 

1,...,L, and for p = P1,...,P2. The data may have to be windowed or 

extended as discussed earlier to make it suitable for use with the 

discrete Fourier transform. 

6a) Choose an appropriate, real, non-negative value for a. If a 

new value of a is to be chosen for each frequency then this step 6a 

should be dropped and a step 8b should be set up instead (see below). 

Then at each frequency « = 2wp except for « = 0 carry out steps 7 
NTS 

through 9. 

7) Form the (K + L) X 1 field data vector F(jw) according to 

equation (4.17). 

8) Evaluate the matrix elements and Qejm for k = 1,...,K, 1 = 



96 

1,...,L, and m = using equations (4.20) and (4.21) and form the 

(k + L) X M matrix Q. 

8a) Set up the Kc equations of constraint (equation (4.41)) and 

determine the kc X 1 column vector Fc(j<«>) and the Kc X M matrix Qc. 

8b) Choose an appropriate, real, non-negative value for a. If the 

same value of a is to be used at all frequencies then this step 8b 

should be dropped and step 6a should be set up instead (as above). 

9) Solve the matrix equation (4.42) for the M X 1 vector i(jw) of 

transformed segment averaged currents Im(ju). The solution is given by 

equation (4.43) or (4.44) or (4.45). 

Continue steps 7 through 9 for all frequencies w = 2t tp  (except w = 
NTS 

0 or p = 0) for p = P1,...,P2. 

9a) Set Im(ju = 0) (= Im(0)) equal to zero for each m, m * 

1,...,M. 

10) Find the inverse Fourier transform of each of the Im(jw) 

using the inverse discrete Fourier transform (equations (4.33), (4.34), 

and (4.36)) to obtain the segment averaged currents im(nTs) for m = 

1,...,M and for n » 0,...,N-1. 

10a) Finally correct the segment averaged currents to make im(0) 

equal to zero for each m by subtracting off im(0) (= im(°*Ts))' 0ne 

forms the new segment averaged currents im(nTs) = im n̂Ts) " ""m 0̂) *or n 

= 0,...,N-1 and m » 1,...,M. This is the full inversion procedure. 

At this point one is left with the problem of choosing a45. On 

the one hand a should be small enough (> 0) that l(j(*>) satisfies the 

field equations (4.19). On the other hand a should be large enough that 
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I(j«) satisfies the equations of constraint (4.41). In addition a 

should be large enough that the appropriate matrix 

9 

aQc 

[QH,aQcH] or Q 

aQc 

or [gH Q + a2QcH gc] 

(corresponding to equation (4.43), (4.44), or (4.45) respectively) is 

not ill-conditioned. Then the elements of the corresponding inverse 

matrix are not too large, errors in the field data F(j«) are not 

amplified too much, and the solution I(jw) becomes physically meaningful. 

A strategy for choosing o is to fix it so the segment averaged 

currents im(nTs) (for n = 0,...,N-1 and m = 1,...,M) clearly obey the 

time domain versions of the equations of constraint and generate 

estimates of the magnetic and electric fields (h^Xhj^yhk'Oftohk + nTŝ  

and ez(xej,yef,0,toei + nTs)) at each station (k = l...,K and i = 

1,...,L) which lie within the errors of measurement of the measured 

fields at each time (n = 0,...,N-1). In order to obtain these field 

estimates from the segment averaged currents one could follow parts of 

the inversion procedure backwards. Starting with the segment averaged 

currents im(nTs) for m * 1,...,M and n = 0,...,N-1 one could use the 

discrete Fourier transform (equations (4.36), (4.35) and (4.33)) to 

obtain the currents Im/ju = i2wp\ for m = and p = P,,...,P2. 

V NV 

The matrix g and the estimate for the field vector F could be determined 

for each frequency via equations (4.20), (4.21), and (4.19). Then the 

inverse discrete Fourier transform (equations (4.29), (4.28), and 

(4.26)) could be applied to the frequency domain field data for each 
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station, IWxhi^yhk.O, ju = i2np \ and Ez/xeje,yejt,0, ju = i2np \ for k = 
{  N T s j  [  m s )  

1,...,K, t = and p = P,,...,P2 to find the estimates for the 

time domain fields h^Xhk'yhk'O'^hk + nTs) and ez(xeJj,yel,Oftoei + nTs) 

for k = 1,...,K, I = 1,...,L, and n = 0,...,N-1. As part of this pro

cess equation (4.29) may be rewritten in the following forms. 

G(p) = ej(2n/NTs)t,,hk H,|,/xhk,yhkf0,ju = i2ffp\ 
v nts; 

for k = 1,... ,K and p = P.jf...,P., and 

G(p) = e"'(27r/NTs)toeiEz/xeje yejj,0,jw = i2wp\ 

V NV 

for i = 1,...,L and p = P,,...,P2. In these expressions the times t0hk 

and toei are t̂ ie same as the times *ohk and *oel (perhaps dh|</c and 

dejj/c respectively) which the stations were assigned in the inversion 

process. 

This completes the discussion of the steps of the suggested inver

sion procedure to determine lightning return stroke current profiles 

from field data and so ends this chapter. 
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CHAPTER 5 

CONCLUSIONS AND FUTURE WORK 

The main thrust of this thesis has been to illustrate two ways to 

deduce information about the distribution of current in a lightning 

discharge or other current source from measurements of the 

electromagnetic field produced by that discharge. 

In chapter one it was pointed out that a number of effects must be 

considered if an accurate picture of the current flow is to be obtained. 

In particular, important effects stem from the tortuosity and branching 

of the lightning current channel11'*3, the presence of the ionosphere15, 

the finite conductivity of the earth, the variation of this conductivity 

with location on the earth, the curvature of the earth's surface, and 

finally, the roughness of the earth's surface22. 

The effect of tortuosity and branching may be lessened by choosing 

lightning discharges with straight and unbranched current channels for 

analysis, and the effect of the ionosphere may be ignored when analyzing 

the early portions of the discharge fields before the sky waves arrive. 

The effect of the finite conductivity of the earth may be kept small 

(except at high frequencies) and the variation of the conductivity with 

position may be kept small if the fields are measured rather close to 

the discharge and if they propagate over a uniform, highly conducting 

medium such as sea water. Finally, the effect of the curvature of the 

earth may be limited (except at very low frequencies) and the effect of 

the roughness of the sea surface may be limited (except at high frequen

cies) if the fields are measured rather close to the discharge. 
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On this basis it was concluded that in a first approximation these 

effects could be ignored but that a truly accurate analysis of 

lightning current distributions from electromagnetic field data should 

include them. 

In chapter two it was shown that the volume integral of the current 

density (dipole moment) of a small current source may be recovered from 

electromagnetic field data provided that the earth below the current 

source is flat, smooth, and perfectly conducting. More work on this 

problem is needed to build in the effects of a spherical earth with 

finite conductivity22. 

In chapter three conditions were developed which, if satisfied, 

guarantee the validity of the small source approximation used in chapter 

two. However, the test of condition (3.23) indicates that it (and the 

condition (3.22) as well) may be too strict. A more detailed analysis 

of the approximation should be made. One could start with a 

three-dimensional Taylor series expansions46 of the factors 

appearing in equations (3.8) and (3.9) about the points x1 = 0, y1 = 0, 

z1 = ±h. 

and 

Fjjtx.yjZ.x1 ,y' ,z') 
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Fjtx^.z.x'.y^z1) = F*(x,y,z,0,0,h) + Rj,(x,y,z,x'.y'.z1,h) (5.1) 

and 

Fj^x.y.z.x^y'.z1) = Fjfx.y, z,0,0,-h) + Rj,(x,y,zfx',y'.z1,-h) 

(5.2) 

when R|, is the first order remainder term for the Taylor series and 4 

is 1 or 2. Then instead of using F,(x,y,z,0,0,h), F,(x,y,z,0,0,-h), 

F2(x,y,z,0,0,h), and F2(x,y,z,0,0,-h) in equations (3.8) and (3.9) 

(which is how equations (3.16) and (3.17) are obtained) one ccu'ld 

include the remainder terms Rjj, (x.yjZ.x1 ,y' ,z1 ,h) and 

Rjh (x^.ZfX1 jy1 ,z' ,-h) as well. By studying the size of the new terms 

one could determine the accuracy of equations (3.16) and (3.17) more 

quantitatively. 

Another implication of the work of chapter three is that if con

ditions are such that the small source approximation is valid then it is 

the volume integral of the current density that drives the fields. The 

fine spatial structure of the current density distribution is averaged 

out and does not affect the fields. Thus the field data contains no 

information about the fine scale structure of the current distribution 

and cannot be used to determine parameters of current models which 

describe this fine structure. 

In chapter four a method was outlined for determining spatially 

averaged values of the current density at points along a vertical line 

current source from electromagnetic field data. The line source was 

located above a flat, perfectly conducting, earth and was treated as a 

string of small current sources each having a vertically directed 

current density. The results of this chapter might be useful as they 
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stand for the analysis of vertical, unbranched, return strokes from, 

for example, rocket triggered lightning discharges. Of course the 

lightning electromagnetic field must propagate over sea water from the 

discharge to the observer. 

This work could be extended in a number of ways. One extension 

would be to treat the earth as a sphere with a finite conductivity and 

find expressions analogous to equations (4.19) in the presence of such 

an earth. Another extension would be to allow the small current 

sources, which together make up the total applied current source, to 

have arbitrary locations above the earth and arbitrary current density 

distributions. With this more general choice for the small sources 

large current distributions other than line current sources could be 

handled after the appropriate analogs of equations (4.19) have been 

found. In particular one might hope to use stereoscopic camera data and 

electromagnetic field data to deduce the spatially averaged current 

density at points along a tortuous lightning return stroke current chan

nel. For really accurate current analysis both of these extensions 

should be carried out. 

Obviously there is much work to be done in the area of determining 

the current density distribution in a lightning discharge from electro

magnetic field data but we believe there are no great obstacles in the 

way of such research. Any large current source, such as a lightning 

return stroke, may be broken up into a number of small sources and 

expressions are available (or can be derived) for the electric and 

magnetic fields of a small current source (current dipole) in the pre

sence of a sphere of finite conductivity. Therefore equations like 



103 

(4.19) can be formed for this new problem as well. Then the use of a 

constrained inversion method should allow the determination of the 

volume integrals (dipole moments) of the current densities of the small 

sources and a picture of how the current flows in the large source (the 

lightning discharge) should emerge. 
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APPENDIX A 

BACKGROUND CALCULATIONS 

In this appendix we develop expressions for the electric and magne

tic fields of a current distribution located in free space above a per

fectly conducting plane. In the derivation the current distribution is 

assumed to appear at time t = 0 and to be of finite spatial extent. The 

starting point is the set of Maxwell equations for the time domain and 

in the subsequent derivation use is made of the two-sided Laplace 

transform. 

In SI units Maxwell's equations for a current source in free space 

may be written as47 

V • d(r,t) = pa(r,t) (A.1) 

V • b(r,t) = 0 (A.2) 

V X e(r,t) = _ 3g(r,t) (A.3) 

at 

and 

V X h(r,t) = ia(r,t) + dg(r,t) (A.4) 

at 

d(r,t) is the electric displacement density in coulombs/meter2. 

pa(r,t) is the free charge density in coulombs/meter3. It is driven by 

the applied current density ia(r,t) (see below) and will be zero 

except, perhaps, in the region occupied by the current density 

(see equation (A.5)). 

b(r,t) is the magnetic flux density in teslas or equivalently 

volt-seconds/meter2. 
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e(rft) is the electric field strength in volts/meter. 

h(r,t) is the magnetic field strength in amperes/meter. 

ia(r,t) is the applied current density in amperes/meter2. 

r is the position vector from the origin to any point in (three dimen

sional) space measured in meters and t is the time in seconds. 

An immediate consequence of equations (A.4) and (A.l) is the 

conservation of charge 

v • ia(£'t) = - lPa(r,t) (A.5) 
a t  

which follows from the vector indentity V • (V X h) = 0 for any function 

which has continuous second derivatives48. This places a constraint 

on the charge and current densities. 

In free space there are simple constitutive relations which relate 

d to e and b to h. 

d(r,t) = e0e(r,t) (A.6) 

and 

b(r,t) = Moh(r,t) (A.7) 

when e0 (> 0) is the permitivity of free space in farads/meter (mho-

seconds/meter) and |i0 (> 0) is the permeability of free space in 

henrys/meter (ohm-seconds/meter). = 4rr*10-7 henrys/meter and e0 = 

l/(MoCz) where c is the speed of light in vacuum in meters/second. 

Taken together equations (A.l) through (A.7) describe the fields of a 

current source in free space. 

The manipulation of the equations starts with the introduction of 

the vector potential a(r,t) with units of volt-seconds/meter such that 
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b(r,t) = V X a(r,t) (A.8) 

Then equation (A.2) is automatically satisfied as V»(V X a) =0 for any 

function which has continuous second derivatives48. Next the scalar 

potential «J>(r,t) is introduced with units of volts such that 

e(r,t) = - df(£rt) - V<J>(r,t) (A.9) 
at 

Then equation (A.3) is automatically satisfied as V X V<J> = 0 for any 

function which has continuous second derivatives48. Finally the 

Lorentz condition is placed on the divergence of a 

V • a(r,t) = - n0€0 (A.10) 
3t 

Equations (A.8) and (A.10) are not contradictory since both the 

divergence and the curl of a vector field are needed to determine it 

uniquely49. 

The two-sided Laplace transform34'35 is introduced through the 

pair of integrals 

F(s) = 

00 

f(t) exp(-st) dt (A.11) 

-00 

and (the inversion integral) 

f(t) = lim 1 
I) -» 00 2lTj 

^o+jn 
F(s) exp(st) ds (A.12) 

I'o-jn 

In the integrals s is a complex frequency variable, s « Re(s) + jlm(s). 

The units of Re(s) (the real part of s) are inverse seconds and the 
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units of Im(s) (the imaginary part of s) are radians/second. Im(s) is 

an angular frequency, j is the square root of -1, n is 3.14159..., and 

i^o determines the path of integration for the inversion integral in 

accordance with condition 3) below. Both t|f0 and n are real numbers. 

For these integrals to constitute a transform pair it is sufficient 

that the function f(t) satisfy the following three conditions. 

1) f(t) may be continuous or discontinuous but if it is discontinuous 

at any point tc then it must satisfy the condition 

1 im 

t - t 0  
+  

f(t) + lint f(t) 

t - t " 
f(t„) 

(A.13) 

This is the condition that f(t) must equal its mean everywhere (at a 

point of continuity f(t) satisfies this condition automatically). 

2) For any finite open interval (a,b) and partition (t0,t,,...,tn) of 

the interval such that a = t0 < t, < ... < tn = b (n is arbitrary, n > 

1) the sum 

I  | f ( t m )  "  f ( ^ m - l ) I  
m=l 

(A.14) 

must have an upper bound which is independent of n. This is the con

dition that f(t) must have limited total fluctuation in any finite 

interval. 

3) f(t) must be well enough behaved that 

|f {t) | exp(-Re(s)t) dt < oo (A.15) 

for some value i|r, of Re(s) or over some range °f Re(s) where 

<\fz < Re(s) < tj/3 (ip,, t|r2, and i|/3 are real numbers). If f(t) satisfies 
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conditions 1) and 2) and satisfies condition 3) for the single value 

Re(s) = if/, then the integral (A.11) will converge for Re(s) = and 

equations (A. 11) and (A. 12) will form a transform pair provided (//„ (in 

equation (A.12)) is put equal to iji,. On the other hand if f (t) satis

fies conditions 1) and 2) and satisfies condition 3) for the range of 

values iJ/2 < Re(s) < then the integral (A.11) will converge for ij;2 < 

Re(s) < ̂ 3 ancj equations (A.11) and (A.12) will form a transform pair 

provided ip0 (in equation (A.12)) is restricted to the range «J;2 < ij>0 < 4*3• 

At this point the Laplace transforms of equations (A.l) through 

(A.10) may be written out and the manipulation of the equations can con

tinue. 

v • D(r,s) = Pa(r,s) (A.16) 

V • B(r,s) = 0 (A.17) 

V X E(r,s) = - sB(r,s) (A.16) 

V X H(r,s) = + s2(£'s) (A.19) 

v • Ja(£'s) = _ sPa(r,s) (A.20) 

D(r,s) = e0E(r,s) (A.21) 

B(r,s) «= |icH(r,s) (A.22) 

B(r,s) = V X A(r,s) (A.23) 

E(rfs) = - sA(r,s) - V4(r,s) (A.24) 

and 
' * A(r,s) = - M,e0s4(r,s) (A.25) 

where D(r,s), Pa(rfs), B(r,s), E(r,s), H(r,s), Ja(r,s), A(rfs) and 

*(r,s) are the Laplace transforms of the corresponding time domain quan

tities d(r,t), pa(r,t), b(r,t), e(r,t), h(r,t), ia(r,t), a(r,t), and 
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•KH't) and the domain quantities are all zero prior to time t = 0 

(d(r,t), Pa(r,t), b(r,t), e(r,t), h(r,t), a(r,t) and 4»{r,t) are all 

driven by the applied (source) current density ia(r,t) and ja(r,t) is 

zero prior to time zero). 

The substitution of equation (A.25) into equation (A.24) leads to 

an equation for E which involves only the vector potential A. 

E = - sA + V(V*A) = - sA + caV(V«A) (A.26) 

Moe0s s 

as n 0 e 0  = 1/c2. Then the multiplication of equation (A.19) by p0 and 

the substitution of equations (A.22), (A.23), (A.21), and (A.26) into 

the result leads to an equation for the vector potential in terms of the 

applied (source) current density Ja(r,s). 

V X V X A + h0€0s2A - V(V«A) = |i„Ja 

This can be written in terms of the Laplacian operator operating on a 

vector*® as 

V2A - |i0e0saA = - ji0Ja (A.27) 

If the vectors A and Ja are written out in terms of their components in 

a cartesian coordinate system (x,y,z) for which the unit vectors x, y, 

and z are independent of position and time then equation (A.27) breaks 

up into three equations of the form 

V2Aj - |i0eos2A| = - MoJai (A.28) 

in which V2 is the usual Laplacian operator for scalar functions and I 
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stands for an index x, or y, or z. 

This equation may be solved by a modification of the method of 

Green's functions50'51. The method starts by introducing the Green 

function G(r,r',s) with the requirement that it satisfy the equation 

VrzG - MoC0s2G = - 6(r - r1) (A.29) 

where Vr denotes differentiation with respect to the components of the 

vector variable r. The Dirac delta or unit area impulse function 6 is 

spherically symmetric about the point r = r1 so one expects G to be 

spherically symmetric about r1 also and to depend on the distance R = | r 

- r1 | between the points r and r1 and not on the relative orientation 

of the points. Then equation (A.29) becomes 

VR«G - Mo£oS2G = - 6(R) 

where R = r - r1, R = |R| = |r - r1|, and G = G(R,s) (each of the six 

position coordinate variables (three in r and three in r1) is indepen

dent of the others so 

Vrf = VRf (A.30) 

for any differentiable function f). 

If the Laplacian operator Vr2 is written out in spherical coordinates 

which are centered on the point r1 and the relation n0e0 = l/c2 is used 

then the differential equation for G(R,s) becomes 

1 3fJRG) _ s£ G = - 6(R) 
R 3R2 c® 

This has the general solution 
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sR/c -sR/c 
G(r,r1,s) = ge + §e 

R R 
(A.31) 

for all points r except the point r = r.1 at which 6 is singular. 

Clearly this G obeys the relation 

The next step in the calculation is to set up the volume V as shown 

in Figure A.l and apply Green's theorem to it. The volume V is taken to 

be the region between the two concentric spheres Sa (of radius a) and Sfc 

(of radius b » a) which are centered on the point r1. Then Green's 

theorem is applied50 to the functions G and A x ,  or G and A y ,  or G and A z  

over V (G, Ax, Ay, and Az have continuous second derivatives at 

all points in V). The result is 

I (Aj(r,s) [V2rG(r,r1 ,s) - HoGoS^tr.r1 ,s)] 
J v  

- GtrfM.sHVpAjjfr.s) - |i0€oSaAj(r,s)]dV 

In the integrals the point r varies and the point r1 is fixed. Further

more if r lies on the sphere Sa then R = |r - r1|= a and if r lies on 

the sphere Sj, then R » |r - r1|= b as both spheres are centered on the 

& { r , r \ s )  =  G f r ' ^ s )  (A.32)  

+ [Ajjtr^VpGfr.r'.s) - G(r,r1 ,s)VrAj(r,s)] 

, S b  

[Ajj(r,s)VrG(r,r1 ,s) - G(r,r',s)VrA|(r,s)]* 
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Sb 

Figure A.l The Volume V Enclosed by the Concentric 
Spheres Sa and S^. 
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point r1. Thus at each point r on Sa -(R/R) = - R/a is a unit vector 

which points out of the volume V and is perpendicular to the surface Sa 

and similarly at each point r on R/R = R/b is a unit vector which 

points out of the volume V and is perpendicular to the surface S^. This 

means that -R/a and R/b are useful as outward pointing normals for the 

surfaces Sa and respectively. Finally the subscript 1 stands for the 

index x, or y, or z. 

This equation can be simplified by applying equations (A.28) 

through (A.31) and noting that the point r1 is not in V or on Sa or on 

Sfc. Further simplification occurs if the radius a of the smaller sphere 

is allowed to approach zero and the function Aj(r,s) is assumed to be 

continuous at the point r = r1. Then the vector potential may be 

reconstructed from its cartesian components with the result that 

A(r1,s) 
47r(a+/3) 

sR/c -sR/c 
ae • fie 
R R 

Ja(r,s)dV 

4n(cc+/3) 
A(r,s) 

sb/c 
I a/s- l\e - 0 /s + l\ e 
I ^c b) b \c b/ b 

-sb/c 

4>T r on Sb 

b2dfi 

4n(a+0) 

sb/c -sb/c 
ae + §e 
b b 

4n 

^ (r,s)l b®dQ 
8R I 

r on Si, 

(A.33) 

The last two terms arise from the surface integral on the sphere when 

that integral is converted into an integral over solid angle (0) and 
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equation (A.30) is applied. 

In order to fix values for a and 0 the expression for afr'.t) from 

the time domain may be used. According to equation (A.12) this is 

If equation (A.33) is inserted into this expression then a(r1,t) appears 

as the sum of six terms each of which contains one of the factors 

a»exp(jlm(s)(t + R/c)), 0»exp(jlm(s)(t - R/c))f a«exp(jlm(s)(t + b/c)), 

or 0«exp (jlm(s)(t - b/c)). Each of the terms with |S»exp(jlm(s)(t -

R/c)) or 0*exp(jlm(s)(t - b/c)) in it represents a superposition of tra

veling waves traveling away from the sources Ja(£rS), A(r,s), and 

(dA/<)R)(r,s) and each of the terms with a*exp(jlm(s)(t + R/c)) or a*exp 

(jlm(s)(t + b/c)) in it represents a superposition of traveling waves 

traveling toward those sources. In a causal system sources are thought 

of as generating waves which travel away from them rather than as 

generating waves which travel toward them so it seems proper to set a 

equal to zero in order to preserve causality. Then 

a(r<,t) = 1|m im 1 
i j  -» oo 2rfj 

<l>o + jn 

A(r',s) exp(st) ds 

Vo - jn 

(A.34) 

-sR/c -sb/c 
A(r\s) = fJt0 e 

m R 

V 4n r on Sj, 

-sb/c 
+ 1_ e a^(r,s) b®dn 

3R I 
p on S|j 

(A.35) 
4?r b 

4rr 
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/3 cancels out of the equation and does not have to be determined here 

(equation (A.29), equation (A.31) and the condition a = 0 determine5! 

the value of /3). 

The final step in the calculation of the vector potential is to let 

the radius b of the large sphere S5 go to infinity. Then the volume 

integral in equation (A.35) becomes an integral over all space and the 

surface integrals become zero. Further changes are made to equation 

(A.35) by interchanging the notations for r and r1 and applying equation 

(A.32) to obtain 

A(r,s) = u 0  

sii 

-sR/c 
Ja(r1,s)e dV1 (A.36) 

R 
all space 

The reasoning behind the disappearance of the surface integral 

terms is slightly involved and is as follows. The applied current 

distribution is of finite extent so Ja(r,s) occupies a finite region of 

space. As the radius b of the sphere S5 increases a value b0 is reached 

at which all of Ja lies in V and there are no sources of current outside 

of V to drive the vector potential. Then for any value of b larger than 

or equal to b0 the vector potential A(r,s) and the surface "sources" 

A(r,s) and (dA/3R)(r,s) (for r on S|j) arise only from the current den

sity ia lying in V. Turning to the time domain the applied current 

density ia(r,t) is zero everywhere in space for all times t < 0 so the 

vector potential a(r,t) and its derivatives (3a/dt)(r,t) and (da/8R) 

(r,t) must also be zero everywhere in space for all times t < 0 as they 

are driven by ja. These results are now applied to the time domain 

version of equation (A.35). 
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If equation (A.35) is inserted into equation (A.34) and the 

shifting property of the Laplace transform is used then the surface 

terms take the form 

1_ f  |  1  da ( r , T ) |  \  I  b 2 dft  
\b 3R | / | 

J 4n t  = t - b/c r on 

Then as b increases to infinity t  = t - b/c becomes negative for all 

finite times t and (da/dt)(r,t = t - b/c), a(r,t - b/c), and (8a/3R)(r,t 

- b/c) become zero for all finite times t. The surface integrals become 

zero in the time domain and (by equation (A.11)) in the complex fre

quency domain also. Thus the vector potential of an applied (source) 

current density Ja(r,s) located in free space is given by equation 

(A.36). 

The next stage of the calculation is to apply this result to the 

situation in which the current density Ja is located in free space above 

a perfectly conducting plane rather than in free space alone. The 

starting point is the setting up of a right handed cartesian coordinate 

system (x,y,z) which is oriented so the conducting plane is the plane z 

= 0 and the free space above the plane is the region z > 0. Then the 

origin of the coordinate system is placed on the plane somewhere under 

the current distribution so that Ja(£»s) is non-zero only over a range 

of x, y, and z near (0,0,h) where h > 0. 

1 b*dfl 

and 
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In the presence of the perfectly conducting plane the vector poten

tial takes on the form 

A(r,s) = Aa(r,s) + A,(r,s) 

for points above or on the plane. The first term represents the direct 

effect of Ja(H's) (equation (A.36)) and the second represents the 

influence of the plane. While a formula for A(r,s) has not yet been 

written it is known that the fields produced by the vector potential 

A(r,s) at points above or on the conducting plane must satisfy the boun

dary conditions 

x«E(r,s)| = 0 (A.37) 
z=0 

y*E(r,s)| = 0 (A.38) 
z=0 

and 

z*H(r,s)| = 0 (A.39) 
z=0 

on the surface of the conductor where x# y, and z are the unit vectors 

of the coordinate system (x,y,z). 

To obtain expressions for the vector potential and the fields the 

method of images may be used52. If a charge +q is placed at the 

point (x,y,z) and another charge -q is placed at the point (x,y,-z) in 

otherwise empty space then the x and y components of the electric field 

will be zero at all points on the plane z = 0. This is the same boun

dary condition that is satisfied by the field of the charge +q if the 

charge -q is replaced by a perfectly conducting plane at z = 0. 
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Furthermore the condition can be preserved even if the charge +q is 

moved for if +q is moved to the point (x+Ax,y+Ay,z+Az) then moving -q to 

(x+Ax,y+Ay,-z-Az) will again leave the x and y components of the 

electric field equal to zero on the z = 0 plane. 

All of this suggests that in the region z > 0 above or on the per

fectly conducting plane at z = 0 the fields (which are driven by the 

current density ia(£,t) located above the conducting plane) may be the 

same as the fields arising from two current density distributions 

iatll't) ancl ii(£»t) (the "image" of j.a(£,t)) located in free space with 

no conducting plane present. Here ia(£,t) is the applied current den

sity, it is the same whether the conducting plane is present or not, 

and it is non-zero only in the region z > 0. ia(£#t) may be written in 

the form 

ia(£'t) = iat(£»t) + ian<£»t) (A.40) 

where 

iat(£'*) = xjax(£,t) + yjay(£,t) (A.41) 

and 

ian(£'*) • zJaz(£'t) (A.42) 

in order to help with the definition of jt(£,t). The "image" current 

density distribution j.,(r,t) appears in the problem only when the 

perfectly conducting plane is absent and may be defined through the 

relation 

ji (£»"t) a iitte't) + imte'*) (A.43) 
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where 

iitte't) = iit(x'y»z»t) = - iat(x»y,-z.t) (a.44) 

and 

iinte't) " im(x,y,z, t )  = 2an(x,y,-z, t )  (A.45)  

Then i,(r,t) is non-zero only for z < 0. 

In terms of Laplace transforms equations (A.40) through (A.45) may 

be rewritten as 

Ja(E's) = iat(H's) + ian(H's) (A.46) 

Jat(£'s) ° xJax(r,s) + yJay(£»s) (A.47) 

ian(£'s) s zJaz(£'s> (A.46) 

Ji(£'s) = iit(£'s) + iin(£'s) (A.49) 

iit(£'s) = J,t(x,yfz,s) = - Jat(x,y,-z,s) (A.50) 

and 

iin(£'s> = Jm(x,y,z,s) = Jan(x,y,-z,s) (A.51) 

Then the vector potential arising from the two current distribu

tions in free space is given by 

A(r,s) = Mo 

T t t  

-sR/c 
[Ja(r',s) + J,(r',s)]e dV' (A.52) 

R 
all space 

according to equation (A.36) and the fields follow from equations 

(A.22), (A.23), and (A.26). 
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H(r,s) = Vr X A(r,s) 

1_ 
4 71 

-sR/c 
/ § + l\e R 

Vc R/R R 

and 

all space 

X tiad'-s) + J,(M,s)]dVi (A.53) 

E(r,s) = -sA(r,s) + c2Vr(Vr*A(r,s)) 

~s 

-sR/c 
uos 

~5ff 
(Y I-B R\ + (c_ + _ci_\ A  .  3 R  R  \le 
L \ ~ ~rW \sR s*R*}\- tt/IR 

all space 

• [Jadl'.s) + J,(M,s)]dV' ( A .54) 

The derivation is simplified when equation ( A . 3 0 )  is used. V R R  =  V rR  =  

R/R = (r - r1)/ | r - R1 | and 7RR = VrR = I the unit dyad xx + yy + zz. 

The final step in the calculation is to equate the fields in the 

region z > 0 above or on the-perfectly conducting plane due to the 

applied (source) current density ia(£»t) (also located above the per

fectly conducting plane) with the fields due to the two current den

sities ja(r,t) and i,(r,t) located in free space (equations (A.53) and 

(A.54)). The justification is provided by the uniqueness theorem for 

the electromagnetic field53. 

One statement of the uniqueness theorem is as follows53. If the 

following five conditions are satisfied then the electromagnetic field 

arising from two different arrangements of applied charges and current 
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sources will be the same at each point within or on the boundary surface 

S of a simply connected volume V (V is bounded by the closed surface S) 

for all times t > t0. 

1) Each arrangement of charge and current sources must satisfy the con

dition of charge conservation at all times (see equation (A.5)). 

2) Both arrangements of charge and current sources must have the same 

applied (source) current density ia(r,t) and associated charge density 

Pa(£»t) within V for all times (see equation (A.5)). 

3) Both arrangements of charge and current sources must give the same 

value of the electric field at each point in V at the time t0. 

4) Both arrangements of charge and current sources must give the same 

value of the magnetic field at each point, in V at the time t0. 

5) Both arrangements of charge and current sources must give the same 

value of the tangential component of the electric field at each point on 

S for all times t £ t0. 

This statement of the uniqueness theorem may be applied to justify the 

use of equations (A.53) and (A.54) to give the fields in the region z * 

0 above or on a perfectly conducting plane due to an applied (source) 

current density j.a(r,t) (also located above the perfectly conducting 

plane). 

Suppose a surface S, is defined to be a disk of (very large) radius 

b, which lies in the plane z = 0, and is centered on the coordinate ori

gin. Suppose also that a surface S2 is defined to be a hemispherical 

shell which is inverted over the z « 0 plane, has b as its radius of 

curvature, and has the surface S, as its base. Then the surface S s S, 

+ S2 is a closed surface which bounds a hemispherical volume V. V fills 
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part of the volume z > 0 and is rotationally symmetric about the +z 

axis. V is shown in Figure A.2. For the case of the current density 

distribution ja(r,t) located above the perfectly conducting plane at z = 

0 ia(r»t) 1-ies in v* The same "is true for the case of the two current 

density distributions ia(r,t) and j,(r,t) in free space. In both cases 

only j.a(r,t) is in V. ia(r,t) is zero at any time tc < 0 so the fields 

e(r,t) and h(r,t) are also zero throughout V at the time t0 for both 

cases. The next point is that the tangential component of the electric 

field is zero on the plane z = 0 (and hence on S,) for all time and for 

both cases either because the plane z = 0 is a perfect conductor or 

because j.,(r,t) is chosen to make the component zero (if i,(r,t) obeys 

equations (A.43) through (A.45) then the fields given by equations 

(A.54) and (A.53) obey the boundary conditions, equations (A.37) through 

(A.39)). Finally, the tangential component of the electric field can be 

made equal to zero on the rest of S (S2) for all finite times t and for 

both cases by choosing the radius b to be large enough. This follows 

from the finite speed of propagation of the fields and the condition 

that ja(r,t) must be zero for all times t < 0. Then the uniqueness 

theorem guarantees that the fields e(r,t) and h(r,t) generated in the 

two cases will be the same at all points in V and for all finite times. 

Thus, in the region z > 0 above or on the perfectly conducting plane at 

z = 0, the fields (which are driven by the current density distribution 

ja(r,t) located above the conducting plane) are the same as the fields 

arising from the two current density distributions j.a(r,t) and i,(r,t) 

(defined through equations (A.43) through (A.45)) located in free space 

with no conducting plane present. Both sets of fields are given by 



Figure A.2 The Volume V Bounded by the Surfaces S, and S2. 
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equations (A.53) and (A.54). 

Equations (A.53) and (A.54) are the desired expressions for the 

electric and magnetic fields at points r above or on a perfectly con

ducting plane due to an applied current density, ia(r,t) located in free 

space above the plane. It should be noted however that equations (A.52) 

through (A.54) are useful only if they are the Laplace transforms of the 

vector potential and fields in the time domain. These are given by the 

inverse Laplace transform as 

a(r,t) = Mo f [jatEM") • j^rST)] 

R 

dV1 

all space T = t - (R/c) (A.55) 

h(r,t) 

= - i_ 

4ir 

' 5_ X fl/<Ua(£1»T) + ai^rSrA i 
R2 lc Vat 3T /I 

all space 
T = t - (R/c) 

and 

e(H»t) 

+ I [ia(£1'T) + ii( £ 1 » T ) ]  
R 

dV1 

T  = t - (R/c)J 

Mo 

(A.56) 

all space T  = t - (R/c) 

+ ̂ 1 - 3SB J * Ua^1'*) + ii (£'.*)] j 

T = t - (R/C) 
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.(,-aj) 
c± 
R3 

t - (R/c) 

tia(£1'T) + iitl'rTjldr dV1 

(A.57) 

Equations (A.52), (A.53), and (A.54) are useful only if they form 

Laplace transform pairs with equations (A.55), (A.56), and (A.57) 

respectively. This means that the functions ia(r,t) and j-,{r,t) must 

be well enough behaved that a value (or a range of values) of <|/0 exists 

for which the integrals (A.11) and (A.12) converge and form a transform 

pair when applied to ia(£»t), i^rjt), and equations (A.55) through 

(A.57)54. 

Another useful set of formulae appears when s is replaced by a new 

complex frequency variable w. If one writes s = jw so Re(w) = Im(s) and 

Im(w) = - Re(s) then the relations (A.11), (A.12), and (A.15) become 

F(jw) = f(t) exp(-jut) dt 

and 

f(t) = lim 1_ 
17 -» oo 2tt 

*)- j<fro 
F (jco) exp(jwt) du 
-n-#. 

(A.58) 

(A.59) 

and 

| f (t) | exp(Im(w)t) dt < oo (A.60) 

Equation (A.13) and the sum (A.14) (which are also needed in discussions 

of the existence of the transform pair) remain unchanged. Now Re(a>) is 

the angular frequency and has units of radians/second and lm((i>) has 

units of inverse seconds. 



126 

If f(t) satisfies the three conditions involving the expressions 

(A.13), (A.14), and (A.15) (with (A.60) replacing (A.15)) for the single 

value Im(u) = -<!/, then the integral (A.58) will converge for Im(w) = -

and equations (A.58) and (A.59) will form a transform pair provided 

<fr0 (in equation (A.59)) is put equal to ijf,. On the other hand if f(t) 

satisfies the three conditions (with (A.60) replacing (A.15)) for the 

range of values - < Im(w) < - then the integral (A.58) will con

verge for - < Im(<i)) < - Vz and equations (A.58) and (A.59) will form 

a transform pair provided (in equation (A.59)) is restricted to the 

range < if/e < if»3. 

In this notation the current densities in equations (A.46) through 

(A.51) become 

Ja(£»jw) = Jat(E»Jw) * Jan (r,j«) (A.61) 

Jat(£'j<«>) = J<Jax(r,jG>) + yJay(r,j«) (A.62) 

iand'jw) = zJaz(£'jw) (A.63) 

Ji(£,jw) = Jit(£'Jw) + Jin(£'ju) (A.64) 

iit(£'Jw) = Jit(*'y'z'j«) a ~ Jat(x»y»~z'Jw) (A.65) 

and 

iin(E'jw) = Jin(x'y'z'JM) " ̂an(x»y»~z'Jw) (A.66) 

Finally, the vector potential and fields are written as 

A(r, jw) = ji0 

J n  

-juR/c 
[Jad:1 Jw) + dV' (A.67) 

R 
all space 
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H(r,ju) = - 1_ 
471 

/jw + 1 ) e R 

V C  /  R R 
all space 

-jwR/c 

x Uadl'.ju) + iitr'.jwJldV^ (A.68)  

and 

I(£»jw) 

= ~ Mojw [ /l - E £\ + / _C_ + _cj Wl.3RR\|s 
I \ R2 / (jwR)8/ \ Ra / JR 

•jwR/c 

all space 

'tia^'ju) + J, (r1, juJldV1 (A.69) 

Equations (A.58) and (A.59) indicate that Ja(£»jw)» ii(£»jw)» A(£»jw) r  

H(£fjw)» and E(r,j«) are the Fourier transforms of ia(£»t), i,(£,t), 

a(£ft), h(£#t), and e(£,t) respectively provided <o is understood to be 

complex. 
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