
Correlation filters for time domain signal processing

Item Type text; Thesis-Reproduction (electronic)

Authors Orcutt, Edward Kerry, 1964-

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 16/05/2023 14:07:35

Link to Item http://hdl.handle.net/10150/277215

http://hdl.handle.net/10150/277215


INFORMATION TO USERS 

The most advanced technology has been used to photo
graph and reproduce this manuscript from the microfilm 
master. UMI films the text directly from the original or 
copy submitted. Thus, some thesis and dissertation copies 
are in typewriter face, while others may be from any type 
of computer printer. 

The quality of this reproduction is dependent upon the 
quality of the copy submitted. Broken or indistinct print, 
colored or poor quality illustrations and photographs, 
print bleedthrough, substandard margins, and improper 
alignment can adversely affect reproduction. 

In the unlikely event that the author did not send UMI a 
complete manuscript and there are missing pages, these 
will be noted. Also, if unauthorized copyright material 
had to be removed, a note will indicate the deletion. 

Oversize materials (e.g., maps, drawings, charts) are re
produced by sectioning the original, beginning at the 
upper left-hand corner and continuing from left to right in 
equal sections with small overlaps. Each original is also 
photographed in one exposure and is included in reduced 
form at the back of the book. These are also available as 
one exposure on a standard 35mm slide or as a 17" x 23" 
black and white photographic print for an additional 
charge. 

Photographs included in the original manuscript have 
been reproduced xerographically in this copy. Higher 
quality 6" x 9" black and white photographic prints are 
available for any photographs or illustrations appearing 
in this copy for an additional charge. Contact UMI directly 
to order. 

University Microfilms International 
A Bell & Howell Information Company 

300 North Zeeb Road, Ann Arbor, Ml 48106-1346 USA 
313/761-4700 800/521-0600 





Order Number 1339222 

Correlation filters for time domain signal processing 

Orcutt, Edward Kerry, M.S. 

The University of Arizona, 1989 

U M I  
300 N. Zeeb Rd. 
Ann Arbor, MI 48106 





1 

CORRELATION FILTERS FOR TIME DOMAIN 

SIGNAL PROCESSING 

by 

Edward Kerry Orcutt 

A Thesis Submitted to the Faculty of the 

DEPARTMENT OF ELECTRICAL AND COMPUTER ENGINEERING 

In Partial Fulfillment of the Requirements 
For the Degree of 

MASTER OF SCIENCE 

WITH A MAJOR IN ELECTRICAL ENGINEERING 

In the Graduate College 

THE UNIVERSITY OF ARIZONA 

19 8 9 



2 

STATEMENT BY AUTHOR 

This thesis has been submitted in partial fulfillment of requirements for an 
advanced degree at the University of Arizona and is deposited in the University 
Library to be made available to borrowers under the rules of the library. 

Brief quotations from this thesis are allowable without special permission, 
provided that accurate acknowledgment of source is made. Requests for permission 
for extended quotation from or reproduction of this manuscript in whole or in 
part may be granted by the head of the major department or the Dean of the 
Graduate College when in his or her judgement the proposed use of the material is 
in the interested of scholarship. In all other instances, however, permission must be 
obtained by the author. 

SIGNED: 

APPROVAL BY THESIS DIRECTOR 

This thesis has been approved on the date shown below: 

i-lhhonl- Mrihnfo 
Dr. A. Mahalanobis 

Assistant Professor of Electrical E Assistant Professor of Electrical Engineering 



3 

TABLE OF CONTENTS 

page 

LIST OF FIGURES 4 

ABSTRACT 6 

CHAPTER 

1. INTRODUCTION 7 

1.1 Early Communications 7 

1.2 Matched Filter 8 

1.3 Digital Communications 12 

1.4 Synthetic Discriminant Functions 19 

2. SYNTHETIC DISCRIMINANT FUNCTIONS 20 

2.1 MACE Filter 21 

2.2 Other SDF's 28 

3. SIGNAL DETECTION USING MACE FILTERS 30 

.. 3.1 MACE Filter Architectures 31 

3.2 Synchronization 42 

3.3 Signal Selection 46 

4. RESULTS 51 

4.1 Signal Selection 51 

4.2 One - Filter Scheme 58 

4.3 M - Filter Scheme 67 

4.4 Hybrid Filter Scheme 79 

4.5 ICMACE Filter Scheme 88 

4.6 Noise Performance 96 

5. CONCLUSIONS 103 

APPENDIX A: PROOF THAT V IS REAL-VALUED 105 

APPENDIX B: INVERSION ALGORITHM FOR LARGE MATRICES 108 

SELECTED BIBLIOGRAPHY 110 



LIST OF FIGURES 

4 

Figure 
1.1 
3.1 
3.2 
3.3 
3.4 
3.5 
3.6 
4.1.1 
4.1.2 
4.1.3 
4.1.4 
4.1.5 
4.1.6 
4.1.7 
4.1.8 
4.2.1 
4.2.2 
4.2.3 
4.2.4 
4.2.5 
4.2.6 
4.2.7 
4.2.8 
4.2.9 
4.2.10 
4.3.1 
4.3.2 
4.3.3 
4.3.4 
4.3.5 
4.3.6 
4.3.7 
4.3.8 
4.3.9 
4.3.10 
4.3.11 
4.3.12 
4.3.13 
4.3.14 
4.3.15 
4.3.16 
4.4.1 
4.4.2 
4.4.3 

page 
Correlator 11 
One-filter scheme 32 
M-filter scheme 34 
Hybrid filter scheme 36 
ICMACE filter scheme 41 
One-shot synchronization approach 43 
Continuous synchronization approach 44 
Arbitrary signal 1 (xi) 54 
Arbitrary signal 2 (£2) 54 
Arbitrary signal 3 (13) 55 
Arbitrary signal 4 (24)  55 
Orthogonal signal 1 (xi) 56 
Orthogonal signal 2 (x2) 56 
Orthogonal signal 3 (£3)  57 
Orthogonal signal 4 (14) 57 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 
Correlation plo 

xi ® h 62 
X2 ®h 62 
X3 ® h 63 
X4 ® h 63 
xa®h 64 
x\®h 64 
&2®h 65 
X3 ®h 65 
X4 ® h 66 
x5 ® h 66 
xi®hi 71 
X2 ® hi 71 
x3  ® A3 72 
X4 ® h4  72 

®fci 73 
®h2  73 

74 
_ ® hi 74 

xi ® /»x .75 
®2 ® §2 75 
®3 ® hi 76 
£4 ® j»4 76 
xa<B)hi 77 
xa  ® hi 77 
z„® fa 78 
xa®hi 78 
X\ ® hi2 82 
X2 ® h\2 82 
X3 ® /134 83 

x« 
xa  

Xa 

xa  



5 

4.4.4 Correlation plot x< 0 A34 83 
4.4.5 Correlation plot x„ 0 &12 84 
4.4.6 Correlation plot xa  0 ft34 84 
4.4.7 Correlation plot Xi 0 A12 85 
4.4.8 Correlation plot x2 0 Z»i2 85 
4.4.9 Correlation plot £3 0 A34 86 
4.4.10 Correlation plot £4 0 /134 86 
4.4.11 Correlation plot xa 0 A12 87 
4.4.12 Correlation plot x« 0 /134 87 
4.5.1 Correlation plot x} 0 fo 91 
4.5.2 Correlation plot x2 0 h 91 
4.5.3 Correlation plot X3 0 h 92 
4.5.4 Correlation plot X4 0 h 92 
4.5.5 Correlation plot x„ 0 h 93 
4.5.6 Correlation plot Xi 0 h 93 
4.5.7 Correlation plot X2 0 h 94 
4.5.8 Correlation plot 13 0 h 94 
4.5.9 Correlation plot X4 0 h 95 
4.5.10 Correlation plot xQ 0 h 95 



ABSTRACT 

6 

This study proposes employing new filters in various configurations for use in digital 

communication systems. We believe that significant improvements in such perfor

mance areas as transmission rate and synchrnonization may be achieved by incor

porating these filters into digital communications receivers. Recently reported in 

the literature, these filters may offer advantages over the matched filter which allow 

enhancements in data rates, ISI tolerance, and synchronization. To make full use of 

the benefits of these filters, we introduce the concept of parallel signal transmission 

over a single channel. We also examine the effects of signal set selection and noise 

on performance. 
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CHAPTER 1 

INTRODUCTION 

1.1 Early Communications 

With the discovery of electricity, man's prospects for efficient long distance commu

nication took a great leap forward. The simultaneous development of the telegraph 

in both the United States and Europe in the eaxly 1800's sent communications into 

a new era. In fact, one could argue that the telegraph spawned some of the first 

problems in detection theory and coding theory. The widespread use of the Morse 

code and its binary signal set proved to be a precursor of communication schemes 

used almost 150 years later. 

In 1876, Mr. Alexander Graham Bell's invention of the telephone provided 

yet another giant stride forward in the development of long-distance communica

tions. With the advent of the telephone, a new age of communications as a science 

dawned. It was in this era of the 1930's and 40's when researchers began to de

velop detection and estimation theory using statistical methods to handle the basic 

problems of detecting and estimating signals in the presence of noise. However, this 

research was by no means confined to applications using the telephone. In reality, 

the great effort that was directed in these areas was primarily the result of World 

War II and the pursuit to develop effective radar systems. Many of the technologi

cal advances resulting from radar's growth were directly applicable to non-military 

problems in communications. One such advancement which has proven to be of con

siderable importance is the matched filter. It was in 1943 when Dwight O. North 

first described this filter in terms of its transfer function in a classified report for 

RCA Laboratories. Later, Zadeh and Ragazzini generalized North's work and that 
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of Van Vleck and Middleton to obtain the form which is mentioned in almost every 

text on communications today'3!. 

1.2 Matched Filter 

The matched filter maximizes the signal-to-noise ratio (SNR) at the output of the 

filter at a specific time T in the presence of additive white gaussian noise (AWGN). 

For a given deterministic signal, s(t), the matched filter used to detect s(t) takes 

the form 

/Wd,ed(*) = c">(r-<) (1.1) 

where a is any arbritrary constant. The matched filter as shown above assumes a 

binary detection problem in which either s(t) or no signal at all will be received. 

In a more general case in which either «i(t) or S2(t) is expected the filter simply 

becomes 

/WchedW = S2(T -  t) - « j(T - <). (1.2) 

The usefulness of the matched filter extends beyond simply maximizing the SNR 

at the output. Additionally, for the case of AWGN, it minimizes the probability of 

error (Pe) according to Bayes rule. To fully appreciate the benefits of the matched 

filter, it is instructive to discuss various strategies involving the described detection 

problem. 

There exist several strategies to detect a known signal embedded in AWGN. 

Some try to minimize the probability of error, some try to minimize the maximum 

possible error, some assign risk functions to certain types of errors and then at

tempt to minimize the risk, and others use variations and combinations of these 

themes. One particularly intuitively satisfying strategy is known as the Maximum 

A Posteriori (MAP) criterion. In this scheme, one tries to maximize the probability 

that given the received signal r(t), s,(<) was the signal sent. In the binary detection 

problem, this translates to 

P{s2(<) | r(<)} > P{si(<) | r(/)} announce 52 



P{s2(<) | r(/)} < P{ai(t) | r(<)} announce 
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(1.3) 

Dividing the left-hand side (L.H.S.) by the right-hand side (R.H.S.) and using Bayes 

rule while assuming that the probabilities Si(<) and s2(<) are sent axe equally likely, 

this may be rewritten as 

P(r(t) I s2(t)) 
P(r(f) | Sl(t)) 

P(r(t) 1 s2«)) 
P(r(t) |  S l(t)) 

> 1 announce s2  

< 1 announce (1-4) 

Converting the probabilities above into density functions and realizing that the con

ditional densities fz(z | s,(<)) are distributed normally with mean /x,- and identical 

variance crz
2 (equal to the variance of the noise process), the log of the result is 

taken, and the following is obtained after a little algebraic manipulation. 

u,\ *4" z/j 
z > — announce s2 

z 

^ ^1+^2 (, -x z < —-— announce Si (1-5) 
z 

Here z is the random variable representing the received signal at the output of the 

system filter at time T and fi{ is the value of the filter output when just the signal 

Si is input, i.e. 

H i =  f  3i(T)h(t -  r)dr. (1.6) 
Jo 

It can be shown that the probability of error is given by Q((fi2 — A*i)/2<Tz) where 

 ̂ (1'7) 

As the argument of Q(x) becomes larger, the associated probability of error be

comes smaller. Thus, the ratio, ((/i2 — ni)/2cz), should be maximized. Maximizing 

this quantity is equivalent to maximizing (/i2 — (ii)2/az
2. The SNR at the output of 

the filter at time T for input signal s2(<) — Si(i) can be calculated as signal power 
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/ noise power where 

signal power = (amplitude of signal)2 (1.8) 

- l f< 
2 

(1.9) (s2(<) — s\{t))h{T — t)dt 
Jo 

= 0*2-/ll)2 (1.10) 

noise power = noise variance (1.11) 

= cr*2 (1.12) 

Thus, the SNR is (/z2 — fii)2/<r z
2  which is exactly the quantity which we wish to 

maximize. We may also represent the SNR as 

SNR-  f S S \ B W f d f  

where the capital letters indicate the Fourier representations of the signals and 

filter, and N0/2 is the expression for the two-sided power spectral density of the 

noise process. By Cauchy-Schwarz we see 

I f+0°(S2(f) -  S1(f))H(f)e^Tdf\2  < /+°° |  H(f) \2df /+°° |  S2(f) -  S1(f) 12df 
\J— oo I J—oo J—oo 

(1.14) 

with equality if and only if (iff) H { f )  = a(5|(/) — S{{f))e~^ iT  where a is an 

arbitrary real constant. Hence, in order to maximize the SNR we should indeed 

choose 

B<J) = «(«(/) - W)Ki!*/T (1.18) 

such that the equality in equation 1.14 will hold. This gives us the frequency 

domain expression of the matched filter introduced in 1.2 where the asterisk signifies 

complex conjugation. Taking the inverse Fourier transform and remembering that 

we are working on the time interval (0, T), we see 

m= { ° W T ' »  ( i . i 6 )  
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which is the time domain expression of the matched filter as was presented in 

equation 1.2. 

The matched filter is generally implemented using a correlation structure 

whereby the incoming signal is multiplied by a reference signal identical to the 

signal to be detected. This can be written as 

/+oo 
r(r)h(t — r)dr (1-17) 

•OO 

where denotes the convolution operation. Since the filter is assumed to be 

causal and we are only interested in i > 0, equation 1.17 may be expressed as 

z(t) = [ r(r)h(t — r)dr. (1-18) 
Jo 

Substituting the expression for the matched filter into h leads to 

z(t) = / r(r)s(T — t + r)dr. (1-19) 
Jo 

Letting t = T it is seen 

z(T)  — f  r(r)s(r)dr (1.20) 
Jo 

which is known as the correlation receiver. Thus, the matched filter can be im

plemented as a correlation receiver with reference signal proportional to the signal 

to be detected. The matched filter is still used in many detection problems today 

Correlator 

X r(u) du 

s(u) 

Figure 1.1 



because it is the optimal filter with respect to SNR for all noise cases and yields 

the minimum Pc for AWGN. While a generalized matched filter designed for cases 

of colored noise has been developed, it is less often used than the ordinary matched 

filter. This is because of the difficulty in exactly calculating the covariance matrices 

for cases of colored noise. Because of this, in some cases where colored noise is 

encountered, the ordinary matched filter is employed anyway. A few more points 

should also be discussed. First, since we axe only interested in the output of the 

filter at a particular instant in time T, it is assumed that the receiver and trans

mitter are perfectly synchronized. Second, thus far the binary detection problem is 

the only one that has been discussed. The matched filter can be used with equal 

effect in the case of the m-ary detection problem. If the m signals are part of a 

one-dimensional signal space (i.e. a,-(<) = where t/>(i) is the basis function for 

the signal set), then only one matched filter is required and the output is checked 

against m — 1 threshold values. If the m signals are chosen so as to form an or

thogonal m-dimensional signal set with the energies of the signals being equal (i.e. 

m basis functions rj>i(t), then m matched filters are implemented in the detection 

scheme. Each of the filters has one of the m signals as its reference signal, and the 

signal assumed to have been sent corresponds to the filter with the greatest value 

at the output at time T. Finally, it should be realized that, in general, a detection 

scheme incorporating matched filters in its design detects only one of two signals 

at a time. To detect m linearly independent signals with a matched filter system 

requires m filters incorporating m basis functions. This renders the decision making 

scheme at the output of each filter quite cumbersome, in general. The exception 

occurs when the signal set to be detected is itself an orthogonal set. 

1.3 Digital Communications 

With the great evolution of digital computers which has taken place in the last 

twenty-five years or so, it is hardly surprising that a significant interest has been 
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placed on the development of digital communication systems. Ever increasing 

amounts of data being processed by computers and the exchange of information 

between them has necessitated the growth of reliable digital data communications. 

However, digital communications have not been confined solely to computer in

terests. Telephony, certain applications in audio and video processing, and radar 

processing are among other areas in which digital principles have been success

fully incorporated. We will now review some of the more important techniques in 

digital communications for future reference. Like analog communications, digital 

communications can be separated into two main areas: baseband and bandpass. 

1.3.1 Baseband TVansmission 

Baseband signals are signals whose spectrums extend from approximately dc to 

some finite frequency. For baseband transmission, they are formatted so as to be 

represented by digital symbols which are in turn represented by pulsed waveforms 

which axe sent through the transmission medium. Baseband systems are found pri

marily in cases where the tranmission medium is some type of wire or cable. Hence, 

computer communication systems and some audio and video systems use baseband 

transmission. Digital baseband transmission can be classified into two major types: 

pulse amplitude modulation (PAM) and pulse code modulation (PCM). 

Pulse Amplitude Modulation (PAM) 

In a strict sense, it may be difficult to associate PAM with digital concepts with 

which most people are familiar. In this method, an analog signal is sampled at a 

frequency greater than or equal to the Nyquist sampling rate. This rate is equal 

to twice the value of the highest frequency component of the original analog sig

nal. These sampled values are then used to modulate a given pulse train, thereby 

adjusting the amplitudes of the individual pulses in the train to be proportional 

with the sampled values. The useable bandwidth of the channel is factored into 

the decision to determine the width, or time duration, of the pulses. A channel 
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bandwidth of B hertz can support a pulse duration cf Tp  > 1/(2B) seconds. These 

pulses are then sent through the tranmission channel to the receiver. To recover the 

original analog waveform, the receiver directs the pulsed waveform through a very 

high-Q, low-pass filter. There is no coding of data involved with this method. Es

sentially, the analog waveform is sent via discrete values. The advantage of sending 

information in this manner as opposed to simply sending the analog signal itself is 

the ability to perform time-division multiplexing. This allows more than one signal 

to be sent simultaneously by interleaving the modulated pulses corresponding to 

different analog signals. Naturally, limits exist as to the number of signals which 

may be multiplexed. The number of signals multiplied by the time duration of the 

pulses used must be less than the inverse of the sampling frequency. Thus, both 

channel bandwidth and the sampling rate affect the degree to which multiplexing 

may be utilized. 

Pulse Code Modulation (PCM) 

PCM incorporates to a greater degree of familiarity the principles of digital commu

nications. After the analog signal has been sampled at a rate greater than or equal 

to the Nyquist requirement, each sampled value is quantized to one of L levels. 

These L levels are in turn coded into / bits where L = 2'. The resulting bit stream 

is then encoded into sequences of m-ary symbols by grouping k bits together at 

a time and where m = 2*. There is no particular relationship betweeen I and k. 

When choosing the number of symbols, m, to be included in the symbol set, one 

must factor in the tradeoff between increased data rate and increased probability 

of error which result from larger values of m (assuming fixed average energy levels 

for the symbols). Also, the threshold detector needed to distinguish between m — 1 

values becomes more complex as m increases. The channel bandwidth must be de

termined to decide on the proper symbol time Tt. A channel of bandwidth B hertz 

can support a symbol time of T, > 1/(2B), or equivalently, a data rate of 2B sym

bols/sec. Time-division multiplexing can also be incorporated with PCM. However, 
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assuming p users, to achieve the same data rate for all p users as was achieved with 

only one user, then p times the channel bandwidth is required. If bandwidth is held 

constant, then the data rate for each of the p signals will decrease to 1/p of that 

realized with only one user. As fax as the receiver is concerned, only one matched 

filter is needed to detect the m symbols since they are part of a one-dimensional 

signal space with the only difference between data signals being the amplitude. Of 

course, the necessary decoding of the data must take place after the detection stage, 

but the details of this are not particularly germane to the problems addressed in 

our work. 

1.3.2 Bandpass Transmission 

When the medium through which the information is to be sent is space, baseband 

transmission no longer becomes even remotely practicle. When transmitting EM 

waves through space using antennas, effective coupling of the EM energy requires the 

antenna aperature to be at least as large as the wavelength being transmitted. For 

the case when the baseband signal is limited to 20 kHz, the resultant EM wavelength 

is approximately 15 km. An antenna of such dimension would be more than a little 

cumbersome to mount on the average automobile. Hence, a carrier frequency is 

incorporated to reduce the dimension of the required antenna aperature to a more 

manageble size. Also, p carriers can be selected to allow p users to simultaneously 

use the same channel. This is known as frequency division multiplexing. The general 

form of the carrier wave for a digital bandpass modulation scheme is given by: 

s(<) = A(i) coa[27r/0< + <£(<)] (1.21) 

where: 

A(t) = amplitude of wave 

fo = carrier frequency 

4(t) = phase angle of wave. 
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Basically, any one or combination of the amplitude, frequency, or phase angle of 

the carrier wave can be varied to represent the information to be sent. While many 

different techniques have been created to do this, the basic three methods are am

plitude shift keying (ASK), phase shift keying (PSK), and frequency shift keying 

(FSK). Essentially, digital modulation/demodulation schemes can be categorized 

into two types: coherent detection and noncoherent detection. In coherent detec

tion, the receiver uses knowledge of the phase angle of the carrier wave to detect the 

signal being transmitted. Noncoherent detection does not involve knowledge of the 

carrier wave's phase angle. Since it is not the intent here to try to examine every 

detail of modern digital communications, only a cursory explanation will be given 

of the major techniques that have been put to use. However, we believe this to be 

sufficient to permit a basis for comparison of our ideas developed in Chapter 3. 

Amplitude Shift Keying (ASK) 

The waveforms used in ASK are of the form: 

where i = 1,2,..., m and Ei represents the energy in the ith signal. This set of 

signals forms a one-dimensional signal space, and thus detection can be performed 

using a correlation receiver with one reference signal of the form cos[27r/0< 4- <f\. 

The output is then checked against a set of m — 1 threshold values to determine 

the most likely signal sent. This assumes knowledge of the phase constant tf>. In 

the case of noncoherent detection, the receiver becomes slightly more complicated, 

and because this method is rarely used anymore, it will not be discussed in further 

detail. 

(1.22) 
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Phase Shift Keying (PSK) 

The general form of a waveform used in PSK is: 

I or 
Si(t) = w — COS[2TT/O< + &(*)] 0 < t < T (1.23) 

where E represents the energy in each signal, <£,(<) is the phase angle corresponding 

to the ith, signal and i = 1,2,Typically, <f>i = 2ni/m. Regardless of the 

value of m, the resulting signal set is two-dimensional. For coherent detection, the 

received signal is multiplied by the two basis functions of the signal set which axe 

of the form: /? cos 2nf0t and /? sin 2itf0t. The random variables X and Y are then 

formed by integrating the products as shown below: 

tT 

X — I r(t)/3cos2irfot dt 
Jo 
rT 

Y = I r(2)/?sin27r/o< dt. (1-24) 
Jo 

The estimate of the phase angle <j> is computed as 

Y 
<t> = arctan —. (1.25) 

JL 

Then the quantities | <f>i — <j> | are computed. The signal corresponding to the 

smallest of these is chosen as that most likely transmitted. The probability of error 

can be approximated as: 

p
E*2Q(J(1.26) 

where N0/2 is the variance of the AWGN. It would seem strange to talk about 

noncoherent PSK since the phase is the very parameter which is conveying the 

information with which one is concerned. However, a form of noncoherent PSK 

exists known as differential PSK (DPSK) in which a random phase is assumed to 

be present in the received signal. Methods have been developed to noncoherently 

detect these signals, but the details of this extend beyond the scope of our work. 
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Frequency Shift Keying (FSK) 

Waveforms used in FSK axe of the form 

Joe 
*i(t) = J— cos[27r/,< + 4] 0 < t < T (1.27) 

where /< is the frequency corresponding to the i t h  signal and t = 1,2,..., m. The fre

quencies fi are usually chosen such that the resultant signals form an m-dimensional 

orthogonal set. For coherent detection of FSK, the received signal r(t) is multipled 

by each of the basis functions «/>,(<) where 

rpi(t) — fi c°s[27r/;t] (1.28) 

and /? is a constant generally chosen such that the basis functions form an orthonor-

mal set. Random varibles Ui are then formed by integrating the products as shown 

below: 

Ui = f r(t)ipi(t)dt (1-29) 
Jo 

The most likely signal transmitted is determined to be that which corresponds to 

the largest Ui. The exact probability of error for this method cannot be calculated 

in closed form, however upper bounds have been computed. 

2exp{-fcln2(^f^ - 2)/2} Inm < E/4N0  

Pe-*> r r— Ml (L30) 

2exp |-fcv1n2 ~ J) } E/4N0  < Inm < E/AN0  

For noncoherent detection, the decision variables Uk are formed as 

Uk  = f r(t)y/2/Tcos2irfktj + r(t)yj2/Tsm2nfktj 

The probability of error can be calculated as 

(1.31) 

PB = E(-l)n+' ( MN 1 ) "PM/W" + 1)] (1.32) 
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where 

(m — 1 — n)!n!" 
(m -1)! 

(1.33) 

The descriptions of these methods are by no means complete. However, enough 

information has been presented to hopefully provide some basis for comparison 

with the methods we have developed. 

1.4 Synthetic Discriminant Functions (SDF's) 

As the research in radar sytems continued into the 1960's, scientists were no longer 

content to work in just one dimension. Two-dimensional pattern recognition be

came of interest. One of the great tools in this area has been the linear discriminant 

function (LDF). LDF's are either linear in the data of the problem or linear in func

tions of the data. They form piecewise linear boundaries used in the classification of 

unknown data. An important subclass of LDF's is synthetic discriminant functions 

SDF's have been used in pattern recognition problems which are underspeci-

fied in nature; i.e. there are more degrees of freedom than constraints. An attractive 

feature of SDF's are their usefulness in multiclass problems. Essentially, an SDF 

maps an N dimensional data vector into a scalar. Classification is then based upon 

the scalar value, rather than on the entire data vector. 

Thus far, SDF's have been used only for two-dimensional problems. It is 

our belief that we can apply a particular subclass of SDF's, the MACE filter, to 

the one-dimensional signal detection problem found in communications issues. We 

contend that many of the attractive features of the MACE filter in two-dimensions 

will be equally beneficial in one-dimension as well. 

(SDF's). 
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CHAPTER 2 

SYNTHETIC DISCRIMINANT FUNCTIONS (SDF'S) 

As mentioned in Chapter 1, SDF's have been particularly useful in m-ary detection 

problems involving 2-dimensional images. They are designed such that the cross-

correlation between the SDF, or filter h, and a given deterministic signal x,- is 

some specified value u,- at the origin of the cross-correlation. Here, h and x, are 

d-dimensional vectors where x,- is assumed to be a vector representation of a 2-

dimensional digitized image. Thus, while SDF's have been traditionally used for 

2-dimensional signal detection, a 1-dimensional vector representation has been used 

for the purposes of filter synthesis. It then seems reasonable to expect that SDF's 

can be useful for 1-dimensional signal detection as well. For the case of m signals 

to be detected, the problem may be formulated as 

and X,- represents a time domain signal vector, u,- is the corresponding filter output, 

and superscript H denotes the hermitian transpose operation. Because this is an 

underdetermined system, there exists an infinite set of solutions. The most general 

solution to equation 2.1 is 

XHh = u (2.1) 

where 

U ~ [tii, t<2, • • •, Um] 

h = [XHX]-'Xu+ [l-X[X"X]-,X"] i (2.2) 
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where 

I = d by d identity matrix 

z = any d dimensional vector. 

The goal now is to find the solution which best satisfies the specifications of the 

problem. For the case of the MACE filter, we desire the solution which minimizes the 

"average" correlation energy in the output. For the "minimum variance synthetic 

discriminant function" (MVSDF), the desired solution minimizes only the noise 

variance in the filter output. Other meaningful characteristics which are functions 

of the filter coefficients h may also be mimimized or maximized resulting in yet 

different solutions. 

2.1 MACE Filter'10' 

We now review the derivation of the MACE filter. As stated previously, the MACE 

filter is synthesized to yield the minimum average correlation energy over all signals 

desired to be detected. The motivation to do this stems from wanting to design 

a correlation filter which will result in sharp, easily detectable correlation peaks 

of specified value when one of the m desired signals is input to the filter. This 

corresponds to attempting to minimize the correlation values at all points in the 

output subject to maintaining a specified value at the origin. Before progressing 

any further, the notation used in the derivation of the MACE filter will be outlined. 

2.1.1 Notation 

The i t h  input signal is described as a sequence x,(n) of length d which is assumed to 

have been sampled from the continuous time signal x,(<) at a frequency greater than 

or equal to the Nyquist rate. The discrete Fourier transform of a?,-(n) is denoted by 

Xi(k). The vector representations of i,(n) and X{(k) are denoted, respectively, by 
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Xi and X,-. Thus, 

Xj = [xf(0) , z j (l) , . . . , x j (<i-l)]r (2.3) 

Xi = [Jr,(0),X,(l),...,X,(d-l)]T (2.4) 

where the superscript T indicates the transpose operation. A superscript of H, ex. 

Xf*, denotes the hermitian transpose of the vector or matrix. We also define a 

matrix whose columns are the frequency domain signal vectors X,-, as 

X = [X1,X2,...,Xm]. (2.5) 

Vectors in the time domain are described as boldface lowercase characters, while 

frequency domain vectors are denoted by boldface uppercase letters. Matrices, 

which will be in the frequency domain unless otherwise stated, will be denoted 

by underscored boldface, uppercase characters. The vector h represents the filter 

coefficients in the time domain while H denotes them in the frequency domain. The 

correlation of a signal a:t(n) with the filter h(n) is represented by 

®,(n) ® h(n). 

2.1.2 Filter Synthesis 

Because this is a correlation filter, the output due to the i t h  signal input evaluated 

at discrete time n can be represented as 

gi(n) = Xi(n) ® h(n) = + n). (2.6) 
1=0 

Therefore, the value at the origin, <7;(0), can be represented as 

<7,(0) = h"x, = hrXi = x f h  (2.7) 

since both x,- and h are assumed to be real-valued. Using Parseval's identity, the 

energy in the output due to the ith signal can be written as 

£. = EISi(") |2. (2.S) 
n » u.n 
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Remembering that 

Gi(k) = Xi(k)H(k) (2.9) 

and substituting this into equation 2.8, we have 

I Wl'l *(*)!'• (210) 
" fc=0 

This may be written as a quadratic form 

Ei = (2.11) 

where Ui is a diagonal matrix of dimensions d x d with diagonal elements corre

sponding to the magnitudes squared of the Xt- such that 

D<(M) = | X,-(Jfc) |2. (2.12) 

The goal is to minimize the average energy of the filter output subject to constraints 

specified at the origin. Again, the motivation for doing this is to create a sharp peak 

at the origin to hopefully make detection more reliable. These constraints can be 

written as 

?<(0) = ix?H = Ui (2.13) 

or equivalently as 

Si(0) = iHHXi = ui (2.14) 

where i = 1,2,..., m. Combining these into matrix form for all i leads to 

= u. (2.15) 

While it would be desirable to minimis the energy in the output for each of the 

signals individually, this is obviously not possible. However, we can minimize the 

average energy associated with all m signals. The average energy can be written as 
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More conveniently, it may be rewritten as 

(GL!.) H. (2.17) 

Now, we may define C as 

12= EC. (2.18) 
«=i 

and rewrite equation 2.16 as 

Eav = (2.19) 

The problem may now be restated as minimizing the function HWDH (the 1 /dm 

term in 2.19 is simply a constant) subject to the the linear constraints XWH = u. 

(NOTE: The constraint vector u has now been assumed to be d times its value 

specified in equation 2.15.) The method of Lagrange multipliers is used to solve 

for the frequency domain filter coefficients, H. A function to be minimized, <fr, is 

defined as 

* = HhJQH - 2A1(HhX1 - «x) - ... - 2A!(HHXm - um). (2.20) 

Here the i i h  column of the data matrix X> or the i t h  frequency domain training 

signal, is denoted by X,-, and u,- represents the ith element of the constraint vector 

u. Taking the gradient of «& with respect to the vector H and setting it equal to 

the zero vector we see 

Vtf* = 2I2H - 2AxXi - 2AmXm = 0. (2.21) 

This may be rewritten as 

fiH =s AiXi + ... + AmXm. (2.22) 

Since 12. is invertible, we may write 

H = nr1 
(2.23) I>x, 

.1=1 
= CXA (2.24) 
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where 

Substituting equation 2.24 into the linear constraint equation 

(2.25) 

X"H = u, (2.26) 

the constraint equation becomes 

= a. (2.27) 

The vector A of Lagrange multipliers may then be solved as 

(2.28) 

This expression for A is then substituted into equation 2.24 to obtain the final 

expression for the filter coefficients 

The solution H both minimizes the average correlation energy HWDH and satisfies 

A brief comment should be made concerning the choice of the threshold 

values u,-. While the designer is free to choose the specific values he desires, it has 

been our experience that he cannot be cavalier in his selections. If a compaxitively 

large threshold value is chosen to correspond to a signal with relatively low energy, 

the outputs for the other signals to be detected will tend not to have nice peak 

structures. This phenomenon can be explained in terms of a filter gain. By choosing 

a high threshold value for a low energy signal, a high gain is built into the filter 

coefficients. This gain subsequently causes the outputs for other higher energy 

signals to be quite jagged in appearance, effectively nullifying the MACE algorithm's 

effort to create sharp peaks. As a rule of thumb, we observe the following relation: 

h=ir1x(x"ir1xr,u. (2.29) 

the linear constraint XWH. 

(2.30) 
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where E{ represents the energy of the i th  training signal. This has the effect of 

compensating for abnormal gain in the filter. It should also be mentioned that while 

the algorithm to compute the filter coefficients is discrete in nature, implementation 

of the filtering process must be done in a continuous domain. A discrete, or digital, 

implementation would prove to impractical in achieving high data rates as each 

symbol of time duration T would need to be sampled d times. 

2.1.3 Properties of the MACE Filter 

There axe a few interesting properties of the MACE filter as it was developed here 

that bear mentioning. They are explained in detail below. 

Assumptions of Periodicity 

As was previously mentioned, the MACE filter was originally developed for use 

in 2-dimensional pattern recognition problems. Unfortunately, frequency domain 

implementation of a 1-dimensional time domain filter is considerably more difficult 

than that of the frequency domain implementation of the 2-dimensional spatial 

filter. Hence, real-time 1-dimensional filtering in the frequency domain is rather 

impractical, and the process is subsequently implemented in the continuous time 

domain. Thus, the subtle changes in the mathematics which occur due to the need 

to use the FFT and IFFT to compute the DFT and ID FT of the various sequences 

in the filter synthesis algorithm have a definite impact on the hardware selected to 

implement the filtering process. 

The /-point DFT and IDFT assume that the sequences transformed are peri

odic with length I. Thus, the correlation between the incoming signal sequence and 

the sequence of filter coefficents is circular in nature, not linear. Since correlations 

actually performed with hardware are of the linear type, a method must be devised 

to allow the circular correlation to be mimicked correctly by linear correlation. An 

easy solution to this problem exists by extending the defined length of both the 

signal sequence and filter sequence to a value equal to 2 x 1—1 by zero padding each 



to that length. The linear and ciroilar correlations of the two extended sequences 

are then the same. Another way in which the difference between linear and circular 

correlation can be resolved is to concern oneself only with the value at the origin. 

This one point in the output is the same whether the resulting correlation is per

formed linearly or circularly. Perhaps the best method to reconcile this problem is 

to use a MACE filter synthesized in the time domain. In such a case, the resulting 

correlation is indeed a linear correlation. 

Linearity 

The convolution of an incoming signal sequence with the sequence of filter coeffi

cients is a linear operation. This fact allows for the possibility of detecting multiple 

signals simultaneously. Suppose, for example, that a MACE filter is synthesized to 

detect three signals Sj, s2, and s3. The filter is designed such that 

go = r(n) ® h(n) = t = 1,2,3 (2.31) 

where r(n) € {•s,(n)}. Now letting r(n) = «i(n) + s2(n) + s3(n), the filter output is 

observed as 

0(0) = [sin + s2(n) + a3(n)] ® h(n) (2.32) 

= ai(n)®fc(n) + 52(n)®/»(n) + s3(n)® h(n) (2.33) 

= «i + u2 + U3. (2.34) 

Thus, by incorporating some detection scheme to differentiate between the eight 

possible values observed at the output, any combination of zero, one, two, or three 

of the signals input to the filter may be detected. This, of course, assumes that no 

signals other than the three specified will enter the system. 

Shift-Invariant 

The MACE filter is also shift-invariant, meaning that if x(n) ® h(n) = g(n), then 

x(n — /) ® h(n) = g(n — /). This property may be exploited by using shifted versions 
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of the training signals when synthesizing the filter to create peaks in the output 

correlation at points other than the origin. This can be useful in detecting multiple 

signals received simultaneously by assigning peaks to occur at different points in 

the output corresponding to different signals. 

Offline Synthesis 

The coeflScients for the MACE filter are computed offline. Thus, the computation 

time of the filter coefficients is not of major concern. 

2.2 Other SDF's 

The MACE filter is only one member of the family of SDF's. Many other SDF's 

exist as well. Two of them will be briefly described below. 

2.2.1 Conventional SDF 

The aim of this SDF is to satisfy the amplitude constraints 

XTh = u. (2.35) 

without explicitly optimizing any performance criteria. The filter coefficients axe 

assumed to be a linear combination of the training data. Notationally, this is 

expressed as 

h=Xa. (2.36) 

Substituting equation 2.36 into 2.35 yields 

XTXa = u. (2.37) 

Here, the matrix X has the vectors x,- representing the time domain training signals 

as its columns while a is the coefficient vector. Assuming that the columns of X 

are linearly independent so that X7X is invertible, the vector a can be solved as 

a = (XT1L)~1u. (2.38) 
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Substituting this expression back into equation 2.36 delivers the final expression 

for the filter coefficients as 

h=X(XTX)-1u. (2.39) 

2.2.2 MVSDFl"! 

A minimum variance SDF (MVSDF) has been developed which minimizes the vari

ance at the output of the filter. It can be shown that the variance at the output of 

a filter is given by 

o\ = h"Qh (2.40) 

where £ is the covariance matrix of the system noise. The constraint equation in 

this problem is quite similar to that of the MACE problem and is given by 

XHh = u. (2.41) 

where the matrix X has as its columns the training vectors x,-. The only difference 

between this constraint equation and that obtained for the MACE filter is that 

in this problem the vectors representing both the training vectors and the filter 

coefficients are in the time domain. Mimicking the same Lagrange multiplier method 

as was invoked for the MACE problem, the filter coefficients ran be computed as 

h = fiXOFfi-1*)-1 u. (2.42) 

This expression is of identical form as that found in equation 2.29 for the MACE 

filter. 

2.2.3 Conclusion 

The three examples of SDF's just presented by no means encompass the entire SDF 

family. While these three have thus far been found to be most useful, in effect, there 

are an infinite number of variations of the SDF. However, it is the MACE filter which 

we believe can be most effective in making improvements in the communications 

field. 
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CHAPTER 3 

SIGNAL DETECTION USING MACE FILTERS 

The primary advantage of SDF's, and hence the MACE filter, over the conventional 

matched filter is the ability to detect the presence of multiple signals more easily. 

This property lends itself quite nicely to the detection of several known deterministic 

signals, which could be beneficial in a variety of detection problems. We feel that 

SDF's may find important applications in digital communication systems. 

In recent years, significant attention has been directed towards various 

schemes to transmit data serially using binary symbols to represent the original 

information. These types of digital communication systems have been popular for 

several reasons including greater ease of signal regeneration and less vulnerability 

to interference and distortion relative to its analog counterpart. However, a greater 

system bandwidth is generally required for transmission of digital signals, and as

suming m bits per word and a binary signal set, m clock cycles are needed to 

transmit each word. FVirthermore, system synchonization is required. 

We believe that a somewhat different signal processing strategy may be im

plemented using MACE filters for signal detection which retains many of the ad

vantages of existing communication schemes while diminishing some of their short

comings. Specifically, we believe that higher data rates with less system bandwidth 

and a decreased need for system synchronization can be achieved without a sig

nificant loss in the noise performance of the system. We also believe that other 

system design considerations such as error correction coding, data encryption, and 

multiplexing can be enhanced using our MACE filter based architectures. 
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The underlying premise of our new schemes is that a MACE filter or block of MACE 

filters can be designed to detect any combination of m signals sent simultaneously. 

This ability to more easily simultaneously detect multiple signals is what differen

tiates our MACE filter based designs from those traditionally used. This comes 

as a direct result of the MACE filter bang a linear filter which is synthesized to 

output a specified constraint value at the origin of the output correlation for the 

input of each member of the signal set with which it is designed. This allows the 

presence of a particular signal to indicate the state (or value) of a corresponding 

bit, making it possible to use m signals to represent m bits. These m signals can 

then be superposed in all combinations to represent the 2m possibilities existing in 

an m bit codeword. Thus, in effect, by using superposition, parallel transmission of 

the m bits is achieved. We should mention that in this text we are assuming a base

band channel. Although the principles we present for digital communications using 

MACE filters can be extended to bandpass applications as well, we will constrain 

ourselves to the baseband case for now. We now present various different architec

tures we have devised which make use of one or more MACE filters to detect any 

combination of m signals sent simultaneously. 

3.1.1 One - Filter Scheme 

The first architecture attempts to make full use of the MACE filter's ability to 

detect multiple signals by using one filter to detect all m signals s,(n). The filter is 

synthesized according to the following relation: 

g(0) = r(n) ® h(n) = a,- for r(n) = «,(n) (3.1) 

where r(n) represents the received signal and 0 represents the correlation opera

tion as defined in chapter 2. As described previously, the MACE filter is a linear 
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filter; thus the output due to multiple simultaneous incoming signals is equal to 

the superpositon of the corresponding outputs for the signals inputted individually. 

Hence, 2m possible outputs exist, necessitating a threshold detector capable of dif

ferentiating between 2m — 1 possible levels. While clever choices for the constraint 

values could somewhat simplify this task, the fact remains that this scheme offers 

little benefit over a conventional PCM system which groups m bits of the original 

binary data together and sends a pulse having one of 2m amplitudes. One possible 

benefit could result by using signals having bandwidths significantly less than the 

bandwidth of the pulse used to transmit the data in the PCM system. However, 

it is questionable whether the amount of bandwidth conserved would warrant the 

use of the significantly more complex design using the MACE filter. Also, system 

synchronization would still be required as it would be crucial to ensure that it was 

indeed the value of the correlation at the origin which was input to the threshold 

detector. 
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3.1.2 M - Filter Scheme 

The second architecture incorporates the use of m filters. Each filter is designed to 

detect the presence of only one of the possible m signals received. This is achieved 

by specifying the correlation values at the origin between a given filter and the m 

different signals. These are set such that the correlation value is set to a specific 

threshold for one of the signals and zero fof all others. This may be expressed as: 

The question may arise as to whether any real advantage exists with this scheme 

over a similar bank of matched filters. While it is true that the same number of 

filters are required for both cases, one must not neglect that each MACE filter allows 

controlled correlations with all m signals. This feature of the MACE filter plays 

an important role when several bits in the original digital message are high (as is 

usually the case). For example, suppose the first, third, and fifth bits of the original 

digital word were high; meaning the received signal consists of the superposition 

of signals 01,03, and 05. For filter hi, the resulting output would be <*i since the 

presence of the other signals have been designed to result in outputs of zero. For 

a matched filter scheme, the siumultaneous detection of arbritrary signals becomes 

most difficult because there is no way to ensure that hmatckeji(n) ® 5,-(n) = 0 for 

j i. An exception to this fact can be found in the case where the signal set used 

to represent the bits is an orthogonal set. The selection of signals and its effect on 

(3.2) 

where: 

5,(0) = output correlation at origin of filter i and incoming signal 

hi = filter designed to detect signal s,-

Sj = signal representing the j th  bit 

a,- = constraint value specified for Si. (3.3) 
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performance is a topic in itself and will be discussed in section 3.3. 
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Figure 3.2 

This m - MACE filter architecture makes the detection of the signals rela

tively easy in that one need only check the output correlation at the origin for each 

filter to see if the correct constraint value for that corresponding signal has been 

achieved. Yet at the same time, this architecture allows parallel transmission of bits 

which is more cumbersome using the matched filter. Also, assuming that the other 

points in the correlation output have values significantly less than the correlation at 

the origin, system synchronization can be achieved without an external clock linked 

to the transmitter. Under this assumption, whenever a value equal to a particular 

constraint value is detected, it is assumed to have occured at the origin, and hence 

the corresponding signal is declared to be present. Whether or not the assumption 

just mentioned is a good one depends upon the signals used to represent the bits 

and the properties of the resulting filters. The MACE filter only ensures that the 

overall correlation energy will be minimized subject to the specified constraints. It 
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does not guarantee that all points in the output will have values of lesser magnitude 

compared to the correlation at the origin. However, clever choices of signals and 

constraint values can greatly enhance the chances of obtaining a distinct peak at 

the origin, thus eliminating the need for an external clock linked to the transmitter 

to achieve system synchrnonization. In practice, one needs to actually test the filter 

performance to see if the assumption is indeed valid. The topic of system synchro

nization will be discussed in greater detail in section 3.2. This past consideration 

aside, the obvious shortcoming of this architecture is that m MACE filters must be 

synthesized, thereby making it somewhat hardware intensive. 

3.1.3 Hybrid Filter Scheme 

In an effort to reduce the number of filters used in the previous scheme, a type of 

hybrid design can be used incorporating ideas from both of the previous two schemes 

discussed. As was shown in section 3.1.1, MACE filters can by synthesized to 

simultaneously detect multiple signals. However, this requires a threshold detector 

capable of differentiating between 2k — 1 different values where k represents the 

number of signals the filter is designed to simultaneously detect. For small values 

of k, this need not be a major concern. But as k grows larger, the corresponding 

probability of error increases. To decrease the number of filters used in the second 

scheme by a factor of two, each filter in the new scheme is synthesized to recognize 

two of the m signals. Thus the filter intended to recognize signal a, and Sj is denoted 

as hij. It is synthesized to function as follows: 

or,- k = i 
ctj k = j 
0 

(3.4) 
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Assuming that m is divisible by two, oow only m/2 MACE filters need be synthe-
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sized. Of course, a price must be paid in that the threshold detector at the output 

of each MACE filter must differentiate between three levels as opposed to the one 

level required in the previous scheme. Assuming fixed energies for the signals, the 

probability of error increases. However, the marginal increase in probability of error 

resultant from the greater number of levels to distinguish may be more than offset 

by the reduction in hardware achieved by halving the number of MACE filters. 

One could further reduce the number of MACE filters required by specifying 

that each one recognize a greater number of signals. Again, this results in a greater 

number of possible output values of the MACE filters. Fbr p additional signals 

to be recognized by the MACE filters, the number of values which each threshold 

detector must distinguish is increased by 2m(2p — 1). The optimal balance between 

number of MACE filters and threshold detector complexity is certainly not a clear-

cut issue. Several factors including hardware costs, physical size requirements, and 
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energy available to transmit signals enter in to the design equation, and the point 

of balance depends upon the specific application. 

3.1.4 Phase-shifted Filter Scheme 

The next scheme was developed in another effort to reduce the hardware require

ments associated with the scheme outlined in section 3.1.2, while simultaneously 

avoiding the need to distinguish between several different constraint values as re

quired in the scheme described in section 3.1.1. Unlike the schemes presented thus 

far, this scheme requires that the correlation be observed at TO different points in

stead of just the origin. Although m sets of filter coefficients must be synthesized 

to implement the phase-shifted scheme, these m sets are manipulated to form one 

filter to minimize hardware costs. 

Because the MACE filters are synthesized in the frequency domain, multi

plying these coefficients by a linear phase term shifts the correlation output in time. 

It is this fact which is useful for this scheme. The origin of the correlation function 

for the signal representing the lowest order bit is left as originally defined, at zero. 

However, the location of the peaks corresponding to the remaining filters are shifted 

by varying amounts in an attempt to differentiate the correlation peak for each of 

the m filters from all others. The m sets of filter coefficients are then added together 

to form one filter with, in effect, m different peak locations corresponding to the TO 

different signals s.'s. This may be expressed as: 

F(k) = £*(k)e-™< (3.5) 

where: 

Fi(k) = I th  filter synthesized in section 3.1.2 (frequency domain) 

7i = desired peak location corresponding to ith signal. 

The problem with this scheme occurs when the sum of multiple signals is input to 

the filter. In such cases, the resulting output correlation is equal to the sum of the 
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correlations obtained in response to the individual signals. While the output due 

to the ith signal at the Ith peak location 7,- will be the prescribed on, there will be 

added to this the outputs of the other signals present which will all presumably be 

nonzero. Notationally, this may be shown as: 

0(7.) = r(n) ® h(n)\n^. (3.6) 

£>,(n) ® a,(n)6r(n) (3.7) 
. i 

= 10,9i(~ti) where: (3.8) 
i 

9i(li) = a, and (3.9) 

Siiti) = unknown. (3.10) 

The obvious problem here is that the correlation values corresponding to other 

signals sj are unspecified at time 7,-. Thus, a type of intersymbol interference occurs 

when multiple signals are received, resulting in the correlation values at the desired 

peak locations being degraded from their desired constraints. In effect, this renders 

the detection of multiple signals unreliable at best and potentially impossible. This 

problem has led to the development of the next architecture. 

3.1.5 Interference Compensated MACE Filter 

In the phase shifted filter scheme, the underlying problem was that the correlation 

values at time 7,- for all signals other than were unspecified. If we require that 

the correlations of signals a, at time 7,- be zero for » ^ j, intersymbol interference 

(ISI) would be zero, and the resultant value at time 74 would indeed be the desired 

constraint. To achieve this, the MACE filter algorithm must be modified by adding 

an extra set of constraints. This modified algorithm results in the Interference Com

pensated Mininum Average Correlation Energy (ICMACE) filter. The derivation is 

given below. 



The goal is to design a filter such that the following is true: 

Si(7i) = «i ffa(7i) = 0 ... ffm(Tx) = 0 
ffi(7a) = 0 02(73) = o2 ... $*,(72) = 0 

• • • • 
• • • • 

Si(7m) = 0 = ® • • • ffm(7m) ~ ®m 
where: 

5.(7,) = «.(«) 0 M»)ln«v 

It may be shown that <7,(7, ) may also be expressed as 

<7.(7;) = l£X,(k) 
a fc=i 

- 3H"*< 

where 

and is a diagonal matrix of the form: 

1  0  . . .  0  
0 gj2*fj/d 0 
• • • • * 

0 0 . . .  c , a ( < ^" 1 )*'T> / , '  

Using the notation just described and the method of Lagrange multipliers to mini

mize the energy in the correlation, Hff£H, subject to the constraints placed at the 

origins, the function $ to be minimized is given by 

*= H"22H -2A„(H"Xi - «„) -... - 2Alm(H*Xm - ulm) (3.16) 

—2Aai(HwXi - «ai) -... - 2AJm(H*Xm - U2m) (3.17) 

: (3.18) 

—2Aml(HwXi - uml) -... - 2Amm(H»Xm - umm) (3.19) 

Taking the gradient of $ with respect to the vector H and setting the result equal 

to zero, the following is obtained: 

VH* = 2£H - 2XAj - 2XA3 - ... - 2XAm (3.20) 

(3.11) 

(3-12) 

(3.13) 

(3.14) 

(3.15) 



which leads to: 

where 

DlH = JA, +IA2 + ... + XAm 

A, — [A,i, A,a, •••) A,m] 
1i .Hi Ti "N , 
X = [Xi,X2,...,Xm] 

Since £ is invertible, the filter can be found as 

It is also known that 

H = i^dUx +JA 2  +. . .  +XA r o ) .  

-Tiff 
X H = u, for i = 1,... ,m. 
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(3.21) 

(3.22) 

(3.23) 

(3-24) 

(3.25) 

Inserting equation 3.24 into the equation above for all i = 1,..., m the following is 

observed: 

-n ^ ,  ,in. -Ym. „ 
X£",(XA1 + ...+XAm) = Ux 

Xi2-1(XAl + ...+XAm) = "2 

7m_ _ i  .11 . v 
XJ2 l(XAi + ...+XAm) = um 

This set of m equations may be formulated into the matrix product 

XA = u 

where 
U*_ ,  TI T1W_ -  T2 
X ZTX X 
•»*_ ,"Ti _ ,*ra 
X £ X X J2 X 

,*n ,19 
. X £X X £X 

Tl . 7m 1 
xxr 'x 1  

"B1* ,7m 
X 22TX 

X H X 

(3.26) 

(3.27) 

(3.28) 

A = [Air, Ajr,..., Am
T]T (3.29) 
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u = [u!T, u2
r,..., ur]r. (3.30) 

At this juncture, the m3 X m3 matrix seems somewhat ominous. At first glance, 

it would appear to be complex-valued, thus making the computation of the inverse 

a more difficult problem relative to the real-valued case. However, it can be shown 
TJ 

(see Appendix A) that each element £ H-1 X is indeed real-valued, and thus finding 

the inverse is not a difficult task. If the value of m3 becomes so large as to make 

finding YT1 a computational problem, a method of partitioning the matrix into 

smaller, computationally acceptable submatrices may be used. This is discussed in 

Appendix B. Assuming that X'1 has been found, then the vector A may be found 

as: 

A=Y~ ln. (3.31) 

Now the m2 x 1 vector A must be broken into its m, m x 1 subvectors A,- where 

i = 1,2,The A,- are then substituted back into equation 3.24 to actually 

solve for the filter coefficients in the frequency domain. 

ICMACE filter schema 

r<n) h(n) 

thro hold 
(fctretor 

Ml, Ml, Mt» 

Figure 3.4 

The ICMACE filter has been synthesized to detect any combination of the 

m possible signals Sj sent simultaneously by creating a peak of a specified value at a 

point in the correlation 7,- corresponding to the presence of each signal However, 

we now observe m values of the correlation output as opposed to just one as was the 
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case in previous schemes. This implies that system synchronization is inherently 

required in this scheme. Synchronization could be achieved in a variety of ways 

involving varying degrees of cleverness and complexity. Synchronization concepts 

are discussed in the following section. 

3.2 Synchronization 

The extent to which synchronization is required is dependent upon the architecture 

of the communication system. In the schemes described in sections 3.1.1, 3.1.2, 

3.1.3, the origin is the only point in the correlation output observed. Hence, it is 

imperative that the output is sampled at that point and not one nearby. If the 

structure of the output correlation is such that the peak at the origin is sharp and 

easily distinguished from the rest of the output, then in theory the transmitter 

need not do anything to aid the receiver in detecting the proper message. A priori, 

whether the output falls into this category is not known, and testing of the actual 

filters is required to make this determination. There is a definite probability, how

ever, that the correlation observed will not fall into this category. In such cases, the 

transmitter will need to somehow aid the receiver in detection. 
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3.2.1 One-Shot Approach 

Oni-shot synchronization approach 

r(n) 

* output 

Figure 3.5 

The most elementary way for the transmitter to aid the receiver is to send a startup 

signal immediately prior to the actual data tranmission. Upon detection of the 

startup signal, the receiver would know that data follows and could use its own clock 

to determine, if not precisely then very closely, the point at which the output should 

be sampled. The receiver would then continue to monitor its clock to determine 

when the output for the next message sent should occur. For the ICMACE filter 

scheme described in section 3.1.5, this method would prove to be somewhat tedious. 

Because the output correlation is observed at m points in time, and these points 

are not necessarily spaced equally apart; the algorithm to keep track of the clock at 

the receiver necessarily becomes more complex, though presumably possible. This 

scheme introduces negligible overhead in terms of transmission rate, and could be 

implemented by designing a separate MACE filter outputting a prescribed value 

for the detection of the startup signal, and zero for all data signals. In theory, this 

should work fine so long as the startup signal is correctly detected and the data 

stream is not somehow delayed. Unfortunately, ours is not a perfect world, and 

the errors which could result due to the open-loop nature of this scheme would 

be potentially deleterious, even with error correction. We believe a better solution 
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exists. 

3.2.2 Continuous Approach 

Continuous synchronization approach 

r(n)- hj(n) K , 
threihold 

hj(n) 
detector 

r»e»iver 
y 

output 

Figure 3.6 

An attractive method for achieving synchronization between transmitter and re

ceiver which would introduce no additional overhead in terms of time and which 

would also perform quite well for any of the schemes discussed thus far likewise 

involves the introduction of an extra signal, or pilot signal, by the transmitter. 

However, in this topology, this pilot signal is superposed on top of every message 

signal sent. Hence, in essence, synchronization is confirmed for every message sent. 

The receiver consists of a separate MACE filter to detect the pilot signal coupled 

with any of the MACE filter based schemes discussed earlier in this chapter. The 

instant the pilot signal is detected indicates that the correlation output of the other 

filters) should be immediately sampled at the appropriate point(s). 

The MACE filter detecting the pilot signal is designed to output some 

nonzero value for the presence of the pilot signal and output zero for the intro

duction of any of the data signals. The MACE filters) used to detect the data 

signals must be modified slightly so that the pilot signal is not perceived as noise. 

This is easily accomplished by specifying that a value of zero be output for the pres
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ence of the pilot signal. This added constraint will tend to broaden the correlation 

peak, but this should prove to be of little consequence since the synchronization 

achieved through the introduction of the pilot signal enables the output correlation 

to be sampled at only the predefined points. This essentially diminishes the need 

for the narrow peak structure strived for by the MACE filter in the message signal 

detection scheme and instead concentrates on only those points in time at which 

the peaks should be at their specified maximum. Thus, the receiver uses the pilot 

signal to synchronize its internal clock to ensure the outputs are observed at the 

proper instant of time. 

This scheme obviously requires that the pilot signal's peak maximum be 

detected exactly or else synchronization will not be perfect. In the absense of noise, 

this would pose no problem. However, noise will definitely find its way into any 

system, and thus proper detection of the pilot signal in time is crucial. Without 

delving into great detail of possible detection schemes, one particular solution seems 

quite workable. In synthesizing the filter to detect the pilot signal, it may be wise to 

use an ICMACE design to create a very sharp peak at one point in the correlation 

output. This would be achieved by specifying the output to have a nonzero value 

at some particular point in response to the presence of the pilot signal. On either 

side of this point on the time axis, a small set of adjacent points would be specified 

to have outputs with values equal to zero. Thus, a sharp spike would be created in 

the output which could be easily detected using some derivative scheme. Assuming 

that with this method the pilot signal is indeed detected correctly, then the only 

errors which should occur in detecting the message signal would result from noise, 

not problems with synchronization. Also, because this entire scheme results in 

synchronization being reset with each message sent, there should be no propagation 

of errors due to temporary loss of synchronization during one message transmission. 

For even if during a given message the peak associated with the pilot signal is not 

detected at the correct instant in time, this will have no effect on the next message 

sent. 
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3.3 Signal Selection 

As was hinted earlier in this chapter, the performance of the system is not indepen

dent of the signals with which it is designed. With the matched filter, it was stated 

that, in general, it is cumbersome for a bank of matched filters to simultaneously 

detect multiple signals. It was noted that an exception exists when the signal set 

chosen is an orthogonal set; i.e. 

(Si,Sj) = 8i(t)sj(t)dt = ^ ^ ^ ^ ^ (3.32) 

where ($,•, Sj) represents the inner product between s, and Sj and the signal set is 

real and defined on the interval (0,T). This exception results because the matched 

filter for any real signal s<(<) defined for times (0, T) is of the form s,(T — t). The 

output of the filter, z(<), for input 3j(<) is 

* (<)  =  Sj(t) * Sj(<) = / 5j(T)si(t — T + r)dr. (3.33) 
Jo 

At t = T, this degenerates to 

z(T)= [ Sj^SiWdT (3.34) 
Jo 

which is exactly the inner product between Sj and &j defined in 3.32 to be zero. 

Thus, the matched filter designed to detect Si(t) is oblivious to all nign«.1s &j(t) 

(j ^ t). This, in effect, eliminates intersignal interference and thus allows for much 

easier detection than for the case when the signals are not orthogonal. For the 

ith signal, only the output of the t'* filter need be examined to determine whether 

or not it was sent. Fbr a nonorthogonal set, the outputs of all m filters would 

need to be checked to determine if the itk signal was sent. For multiple signals 

sent simulataneously, determining precisely which ones were transmitted becomes 

very difficult, superposition of the signals which is necessary for their simultaneous 

detection. 

A similar phenomenon exists in the choice of a signal set for MACE and 

ICMACE filters. While in theory, simultaneous detection of multiple signals should 
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be possible regardless of those signals chosen, the quality of outputs realized is most 

definitely dependent upon what signals are to be detected. A variety of parame

ters affect the quality of the output; i.e. the structure of the correlation peaks. 

Such parameters include, the number of samples making up each signal (which ul

timately leads to this question of filter length), the spectral composition, relative 

energy levels between signals, and functional relationships existing between signals. 

One particularly interesting relationship involves the choice of a generalized orthog

onal signal set. A generalized orthogonal set is a set which is orthogonal under a 

transformation matrix. By choosing a signal set which satisfies such a relation, the 

expressions for the filter coefficients and energy in the output degenerate to much 

simpler forms which may lead to improved performance. 

Suppose that we could select our signals such that: 

(3.35) 

where a is a scalar constant and I is the identity matrix of dimension m, where m 

is the number of signals in the set. Remembering the expression for the frequency 

domain MACE filter coefficients as 

H=ir  (3.36)  

we see that for this type of signal set the expression degenerates to 

H = ^ir^u. (3.37) 

For a correlation filter, the output due to an input signal x,(n) at any time 

n can be described as 

9i(n) = (3.38) 
ak*o 

= Xi(k)H*(k)e?2wnkld. (3.39) 
fc=0 
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If we again define En as 

1 0 
0 e

i3™,d 
0 
0 

... eiW-W 

(3.40) 

then we may write 

».(») = ix?a,H (3.41) 

where <7,(n) is the value of the sequence gi at some time n. Substituting in 

H=ir,x[x"ir,x]-iu 

we can then finally express equation 3.39 as 

ff.(n) = ixfiur'xK"!*-'*]-1!!. 

The energy (E) in the output at time n is 

(3.42) 

(3.43) 

E = | g{(n) |2 (3.44) 

= ^XfEnIi~1X[X//li~1X]~1uuw[XHI2"IX]~1Xi/D_1E„Xi. (3.45) 

Now let X be a matrix representing an arbitrary signal set and let X be a matrix 
~ H ~ 

symbolizing a generalized orthogonal set such that again [X CA]"1 = aj. We 

also require that the energies for the corresponding signals in each of the two sets 

to have the same energy; i.e. 

|X,'|=|X,-| for all i = 1,2,...,m. 

Additionally, define Uj as 

Uj = [0,0,... ,0,Uj,0,... ,0]r. 

We would like to show that: 

]£ I &(») I2 < SI 9i(n) |2 * ^ j. 
nsO tisO 

(3.46) 

(3.47) 

(3.48) 
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In other words we wish to prove that the energy in the output for x;(n) input of 

the generalized orthogonal set is less than that for x,(n) input of the arbritrary set 

(t ?£ j). Fbr the generalized orthogonal set the energy expression in equation 3.45 

simplifies to 

I »(») |j = (3.49) 

Thus, we would like to prove 

£ (3.50) 
u=0 2 

is less than or equal to 

E ;jjx?Enir,X[X*ir,X]-luiuf [X^XIX^IT^X,- (3.51) 
n=0 

for i zfc j. Letting a = 1 this inequality may be rewritten as 

rN-i 
*? EfcAA" Xi<xr EE.fiyE? 

Ln=0 Ln=0 

•N-l 

X, t ^ j. (3.52) 

where 

Aj = JQ^XuiufX^n"1 (3.53) 

Bi = n-'xix^-^i-'uiufix^-'xi-^^n-1. (3.54) 

Thus far, we have been unable to prove this inequality. We should also mention 

the difficulty in obtaining such a set. Because the set is a generalized orthogonal 

set, and not simply orthogonal, the Gram-Schmidt orthogonalization process offers 

no help. What makes matters particularly difficult is that the signal set must 

be orthogonal under a transformation which is dependent upon the signal vectors 

themselves. This dependence renders the creation of such a set most difficult. We 

are currently working on a method which uses an optimization algorithm to create a 

generalized orthogonal set of dimension m+1 given an arbritraxy set of m realizable 

signals. 
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If we stray a bit from the requirements of the generalized orthogonal set and 

instead require that the D matrix be equal to the identity matrix, then another 

set of interesting results evolves. The expression for the MACE filter coefficients 

degenerates to 

H = X(X"X)_1u. (3.55) 

which is identical to that derived for the conventional SDF in chapter 2. It is also 

identical to that of the MVSDF for the case of the covariance matrix of the noise 

process equal to the identity matrix; i.e. for the case of white noise. If we also 

require that the signals be orthogonal, i.e. Xf*Xj = 0 for i ^ j, then it is easily 

shown that 

H = Xa (3.56) 

where 
ui u2 u„ 

" u x . r i x , ! 1  |X„|2J • (3-57) 

Finally, if one further imposes the constraint that only one of the Uj be nonzero, 

then the expression further reduces to 

H =lfp  (3'58) 

which is simply a generalization of the matched filter. Thus, we observe some 

interesting relations among all these filters which result from signal sets and filter 

parameters which satisfy certain requirements. In the results which follow in the 

next chapter, these relations are shown to affect performance dramatically in one 

highly specialized case. 
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CHAPTER 4 

RESULTS 

As was described in chapter 3, we have conceptually devised some communica

tions schemes that make use of MACE filters in performing detection. With the 

exception of the scheme discussed in section 3.1.4, we submit that our designs do 

hold promise in becoming legitimate alternatives to traditional baseband commu

nication architectures. We now offer results achieved via computer simulation to 

provide quantitative data to support our contention. Section 4.1 specifies the signals 

which encompass the signal sets we used in obtaining our results. Sections 4.2 - 4.5 

present the results in both quantitative terms and by means of plots of the output 

correlations obtained for the one-filter scheme, m-filter scheme, hybrid scheme, and 

ICMACE scheme, respectively. Finally, section 4.6 presents results involving noise 

performance. 

4.1 Signal Selection 

The results which follow were obtained for the case where four signals were to be 

detected simultaneously, corresponding to sending four bits at a time. As was noted 

in chapter 3, the number of signals with which the MACE filter is designed plays 

a role in the quality of output correlations observed (i.e. the peak structure). In 

fact, it can be shown that a delta function results in the circular correlation output 

for the case when the MACE filter is synthesized with only one signal, and that 

signal is subsequently input to the filter. In general, as a greater number of signals 

are incorporated into the MACE design algorithm, the structure of the peak in the 

output tends to broaden. This, however, does not necessarily imply that a filter 
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designed with say four signals will perform better than one with eight. The types 

of signals, as was also mentioned in chapter 3, also play a large role in the outcome, 

as the correlation plots in the following sections indicate. We used 505 samples per 

signal. While this may seem a rather strange number to choose, it was convenient 

to use this number for reasons relating to the formation of the highly specialized 

signal set which was mentioned in section 3.3. Since these signals were synthesized 

in the frequency domain, they needed to display conjugate symmetry so that their 

time domain versions would be real-valued. An odd number of samples made this 

a much easier task. It should be mentioned that in general the greater the number 

of samples that make up each signal in the training set, the better the performance 

observed. The explanation for this is essentially that more samples provide a greater 

number of degrees of freedom with which the Lagrange multiplier method performs 

its minimization of correlation energy. 

Two different signal sets were chosen. The first set was chosen, for the most 

part, arbitrarily. The idealized signals in this set may not be indicative of the types 

of signals encountered in a real world situation, but they are easy to generate on a 

computer. The signals in this set will henceforth be referred to as the "arbitrary 

set" and will be denoted by x,. They are pictured in figures 4.1.1 - 4.1.4. The 

second set was chosen to be a specialized set consisting of orthogonal signals which 

also form a £ matrix equal to the identity matrix. They were generated in the 

frequency domain such that the required relationships were satisfied. In order to 

do accomplish this in a simple manner, the signals are such that at each value of k 

Xi(k) is either equal to one or zero. Also, if = 1 then Xj(k) = 0 for t ^ j. 

Therefore, 

Jt i(k)X j(k) = 0 for all i = 0,1,..., rf — 1. (4.1) 

It is this fact which leads to some interesting, though trivial results. These signals 

have not been traditionally chosen to transmit information nor should they, but 

serve to illustrate how a highly specialized orthogonal signal set leads to degenerative 

results. These signals mil be referred to as the "orthogonal set" for the sake of 



53 

brevity and are denoted by They are illustrated in figures 4.1.5 - 4.1.8. Also, 

the signals in each set have been normalized such that the Euclidean norms of the 

corresponding signals in each set are equal; i.e. | x,- |=| |. This permits valid 

comparisons of the results between the two sets. The energies of the signals are as 

follows: 

|xi|2=|*i|J = £i = 2514.8 

| x2|2 =| i2|2 = E2 = 2495.0 

| x3|2 =| x3\2 = Es - 2495.0 

| x4\2 =| x4\2 = E4 = 2495.0 

Ei is slightly larger than the other three energy values as a result of the algorithm 

used to derive the orthogonal set. (Figures 4.1.1 - 4.1.8 follow.) 



amplifutle cmpliliidp 

2 



Figure 4.1.3 

x3 
6 

4 

2 

0 

O 

0 100 300 200 400 500 600 

time 

4 • 

3 • 

2 • 

1 -

0 • 

-1 -

-2 • 

-3 • 

-4 • 

Figure 4.1.4 

x4 

100 200 300 400 500 600 

time 



Figure 4.1.5 

Xl 

30 

25 

20 

15 

10 

5 -

0 

-10| | | | | | 
0 100 200 300 400 500 600 

—1D| 

time 

Figure 4.1.6 

x2 

300 400 500 eoo 

time 



Figure 4.1.7 

x3 

30 

20 

10 

-10 

-20 

500 600 200 300 400 0 100 

time 

Figure 4.1.8 

x4 
30 

20 

10 

0 

-10 

-20 

-30 
0 100 200 300 400 500 600 

-1 

time 



58 

4.2 One - Filter Scheme 

In this section, we assume a design incorporating only one filter which is capable of 

detecting all m signals. This scheme, explained in section 3.1.1, entails synthesizing 

just one MACE filter as a function of all four signals of the signal set in an effort 

to minimize hardware. The superposition principle is implicitly invoked here to 

determine which signals were transmitted by the value of the output correlation at 

the origin. Since m = 4, there exist 2* = 16 different permissible output values 

at the origin. Each permissible value is simply equal to the sum of the constraint 

values a,- of the signals which were simultaneously transmitted. When the values 

for the four constraints a,- were selected, they were done so that any combination of 

signals sent would result in a unique value at the origin of the output correlation. 

In other words, we wanted to make sure that the sixteen possible correlation values 

at the origin were unique. Towards this end, the ajs were specified as: 

Oj = .5 

Ck2 = 1-0 

03 = 2.0 

04 = 4.0. 

The algorithm used for these values is easy to distinguish: (a,- = 2'~2). This method 

was selected to satisfy the requirement that all sixteen combinations be unique while 

also trying to maintain a reasonable value for the minimum distance of the signal 

constellation. Additionally, we wanted to keep them of relatively small magnitude in 

order to adhere to the rule of thumb recommended in equation 2.30 while also trying 

to conserve transmitter energy. Recall that in order to compensate for abnormal 

filter gain, we recommended that ( a,/£J, & <*>/•£> )• If the values were chosen too 

large, then the signals would need to be scaled accordingly, which would require the 

transmitter to consume greater energy. With the constraints as given above, the 
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signals were scaled as follows: 

*1 = *!• *1 = 

x2 = y/2x%, x2 = y/2x2. 
®3 — 2X3* ®3 = 2X3. 
x4 = 2y/2x4. x4 = 2y/2x4» 

where the in the subscript simply refers to the signals as originally defined in 

section 4.1. Figures 4.2.1 - 4.2.5 are plots of output correlations as obtained via 

computer simulation. They represent the following: 

Relation Energy 
Figure 4.2.1 a?i(n) 0 h(n) 92.439 
Figure 4.2.2 Xj(n) 0 h(n) 66.430 
Figure 4.2.3 13(11) 0 h(n) 243.849 
Figure 4.2.4 £<(n) 0 h(n) 79.480 
Figure 4.2.5 0 A(n) 536.195 (4,3) 
Figure 4.2.6 ®i(n) 0 h(n) 0.994 
Figure 4.2.7 ®a(n) 0 h(n) 4.008 
Figure 4.2.8 £3(71) 0 h(n) 16.032 
Figure 4.2.9 x«(n) 0 h(n) 64.126 
Figure 4.2.10 x,(n) 0 h(n) 85.160 

where h(n) represents the MACE filter designed to detect all members of (x,(n)} 

and h(n) is the MACE filter synthesized to detect all members of {x,(n)}. We have 

also included the energy in the correlation output for each figure to help provide a 

measurement upon which comparisons between schemes and between signal sets can 

be made. We should mention that in this section, and in the sections which follow, 

we have not provided plots of the outputs for all combinations of signals input to all 

filters. This would be rather redundant, and thus we have instead chosen to display 

those outputs which we feel convey the most information about the performance 

of each scheme. (NOTE: Due to the limitations of the software package used to 

generate the plots in this chapter, characters which should appear as subscripts of 

V and uhn are instead located directly adjacent to them. Also, the 'subscript' "a" 

connected with "x" in some of the figures is meant to indicate the sum of all signals 

in that respective signal set.) 
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As is indicated above, figures 4.2.1 - 4.2.5 are plots of the results for the 

arbritrary signal set. While the values at the origins (i.e. time = 0) are indeed 

equal to those specified; with the exceptions of figures 4.2.4 and 4.2.5, it would be 

difficult to say that a distinct peak is created. Thus, the receiver would need to be 

perfectly synchronized with the transmitter so that the location of the origin was 

always known, and an ordinaxy threshold detector would be invoked to make the 

decision on which signals were sent. 

Figures 4.2.6 - 4.2.10 illustrate the results obtained with the orthogonal 

set. It is observed that the energy values in these plots are lower than in the 

corresponding plots using the arbitrary signal set. While the total energy in the 

output fails to tell the whole story (it really provides only a partial measurement 

of peak quality); it does indicate that with the orthogonal signal set there was, in 

a sense, a more effective minimization of the correlation energy. Here a legitimate 

case can be made that a distinct peak is indeed created. To a great extent, this is 

due to the properties of the signals in this orthogonal set. Since the orthogonal set 

of signals were chosen such that they also resulted in a J2 equal to unity, the filter 

coefficients thus degenerate to 

H = Xa (4.4) 

where 

a = [ol, a2, a3, a4]T (4.5) 

and each 

"•=riir <4-6) 
(See section 3.3). The output correlation at any time n for signal input can be 

written as 

9i{n)  = ^ (4.7) 
"*=o 

= \ £ #(*)[fli*i(*) + a2X2(k) + a3X3(k) + mXtik)]***"". (4.8) 
0 
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Because the signals are such that Xi( k )Xj( k )  = 0 for i  ̂  j ,  then 

9i(n) = (4.9) 
° k=0 

= ^Eai\Mk)\2e»™k'd. (4.10) 
" k-o 

If we define G { ( k )  =| J?,(fc)|2, then £?,(&) will look like a scaled squared version of 

Xi(k). And since all nonzero values of X{(k) are equal to one, it will simply be a 

scaled version of Xi(k). Hence <7<(n) will be a scaled version of cci(n), and because all 

of these signals are of distinct structure themselves, the corresponding correlation 

outputs of these are of distinct nature. Using the principle of superposition discussed 

earlier, the output correlation for any combination of input to the filter will 

simply be a sum of scaled versions of the same X{. Thus, essentially what has been 

synthesized is a filter which acts as a type of amplifier, attenuating or amplifying 

each signal in accordance with the choice of each constraint value a,-. This is quite 

interesting, but not very useful. 

With the emergence of a distinct peak, we believe that a more elaborate 

decision making scheme may be possible which would make use of the information 

of the peak structure to lower the probability of error relative to that using ordi

nary threshold detection. Also, it may be possible that the peak structure provides 

enough information such that synchronization is easily obtained between the trans

mitter and receiver. The receiver would assume that a signal was sent if and only 

if a distinct peak was detected, with the magnitude of the peak indicating which 

particular signal was transmitted. However, with the results obtained with this 

scheme, it seems somewhat doubtful that a distinct peak would be obtained, at 

least for the case of a signal set yielding nontrivial results. 
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4.3 M-Filter Scheme 

The m-filter scheme discussed in section 3.1.2 calls for the design of a MACE filter 

to detect each signal in the signal set. By synthesizing a filter to detect each signal 

individually, we hope to make the detection of this signal more reliable by reducing 

the effects which the other signals present have on the output. From the point of 

view of each filter, this essentially permits a greater minimum distance between the 

signals with less average signal energy than what is achievable with the one-filter 

case. Of course, approximately four times more hardware is necessary. Thus, with 

m = 4 we synthesized four filters for each of the two signal sets x and x. The filters 

are as follows: 

hi output 1 at origin for xx input 
h2 output 1 at origin for x2 input 
hz output 1 at origin for X3 input 
hi output 1 at origin for x4 input 
hi output 1 at origin for xx input 
h.2 output 1 at origin for x? input 
h3 output 1 at origin for £3 input 
J14 output 1 at origin for £4 input 

zero for x,-, i ^ 1 
zero for x,-, i ^ 2 
zero for x,-, i ̂  3 
zero for x,-, i ^ 4 
zero for x,-, i ^ 1 (^-H) 

zero for x», z 5^ 2 
zero for x,-, i ^ 3 
zero for x,-, i ^ 4. 

Since the thresholds are all set equal to one, and the energies of the signals originally 

described in section 4.1 are roughly equivalent, these are used without any need for 

scaling (i.e. x,- = x,-„, x; = x,-.). Figures 4.3.1 - 4.3.16 plot the output correlations 
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of the following: 
Relation Energy 

Figure 4.3.1 xi ® h\ 1.620 
Figure 4.3.2 X2 ® hi 8.456 
Figure 4.3.3 X3 ® A3 46.084 
Figure 4.3.4 x4 ® h4 1.571 
Figure 4.3.5 ® hi 2.371 
Figure 4.3.6 £<=1 x,- ® hi 14.938 
Figure 4.3.7 x% ® A3 93.090 
Figure 4.3.8 x,- ® h4 2.118 
Figure 4.3.9 xi ® hi 3.976 
Figure 4.3.10 X2 ® h2 4.008 
Figure 4.3.11 X3 ® h3 4.008 
Figure 4.3.12 x4 ® h4 4.008 
Figure 4.3.13 £<=i x,- ® Aj 3.976 
Figure 4.3.14 £f=i x,-4.008 
Figure 4.3.15 J2i=i4.008 
Figure 4.3.16 £<=1 x< 4.008 

1 

(4.12) 

The results for the arbitrary signal set are somewhat better with this scheme in

corporating four MACE filters than those of the previous section using only one 

MACE filter. With the exception of the plots involving the filter /13 designed to 

detect the sinusoidal pulse X3, we observe peaks that are at least distinct over a 

small range about the origin of the correlation sequence, with some distinct over 

the entire sequence. This is not particularly surprising given the motivation for us

ing the m-filter scheme. Each filter is designed to output a nonzero constraint value 

for only one of the signals making up the signal set. All other signals input result in 

a zero output at the origin. This serves to eliminate interference from these other 

signals at the origin. We believe that since the filter is asked to minimize the sum 

of the correlation energies subject to only one nonzero constraint at the origin, this 

may in fact lead to filter coefficients which result in a lower correlation energy for 

the case when only the nonzero threshold signal is input. This essentially illustrates 

that the quality of the peak obtained is dependent upon not only the signals with 

which the filter is designed, but also on the constraint values specified for each sig-
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nal. Recently, there has been research work directed towards finding an optimum 

set of constraints for SDF's given an arbitrary set of signals^. While a few of the 

plots fail to produce distinct peaks, this may not be so much a shortcoming of the 

filters as it is a poor choice of signals. Signals which have a considerable number of 

zero values in the frequency domain tend to lead to poor correlation peak quality. 

The sinusoidal pulse 13 and, to a lesser extent, the triangular pulse X2 fall into 

this category (see figures 4.1.3 and 4.1.2). With a more suitable selection of signals 

for this arbitrary set, better performance could be predicted. With the results as 

given here, it would appear that near perfect synchronization between tranmitter 

and the MACE based receiver would be necessary. However, since the peaks are 

distinct over at least a small region about the origin of the correlation sequence, a 

derivative decision making scheme may still be beneficial in determining whether a 

given signal x,- was transmitted. This is quite important since we believe that such 

a scheme may improve noise performance. 

The results for the orthogonal signal set again degenerate to a trivial form. 

The correlation outputs are again of the form of scaled versions of the Because 

of the special nature of the orthogonal signal set chosen, it can be shown (see section 

3.3) that the expression for any filter Hi is of the form 

a — i f j r  ( « « >  

which is simply a version of the matched filter. Fbr any signal xj input to filter hi, 

the resulting correlation g at any time n can be represented as 

S(n) - (4.14) 
" k=o I •*M| 

= 0 (4.15) 

since Xj( k )Xi( k )  = 0 for j  ̂  *. In other words, zero energy is output. Using the 

same analysis as in section 4.2, it is easily seen that the output correlation sequence 

ffi(n) resulting from inputting £,• into filter hi is again simply a scaled version of 
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The amount of scaling can be controlled by adjusting the constraint values which 

hence affects the energy in the output. In the one-filter scheme, the constraints 

corresponding to each signal were adjusted so as to provide unique outputs at 

the origin for cases of multiple signals input to the filter. If we designate a,- as the 

specified constraint value for the ith signal of the one-filter scheme and a,- as the 

constraint value corresponding to the i*h signal for the m-filter scheme, then it is 

easily seen 

Ei= Ei (4.16) 

where Ei represents the correlation energy for x,- input to the m-filter scheme, and 

Ei denotes the same quantity realized with the 1-filter scheme. For simplicity's 

sake, we will designate the energy of a correlation of figure 4.x.y as £7(4.x.y). Using 

this notation, we observe 

£7( 4.3.9) = 4£7(4.2.6) (4.17) 

£7(4.3.10) = £(4.2.7) (4.18) 

£7(4.3.11) = 1/425(4.2.8) (4.19) 

£7(4.3.12) = 1/1625(4.2.9) (4.20) 

which compares the energy in the output between the one-filter scheme and m-filter 

scheme for the cases where only one signal is introduced to the filter. These results 

support the calculation in 4.16. Since the filter hi is simply a scaled version of 

Zj and since x, is orthogonal to all x,-, then the output of filter hi is the same for 

both the case when xt- is input, and for the case when £j=i £j is input. Thus, with 

this m-filter scheme and specialized signal set, we again find some mathematically 

interesting results which prove to be of little practical significance. 
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4.4 Hybrid Filter Scheme 

This scheme is a hybrid of the previous two which calls for designing two filters which 

detect two signals each. The motivation for doing this is to lessen the hardware 

requirements of the m-filter scheme by a factor of two while also decreasing the 

number of thresholds to be compared from fifteen to three. Again, as with the one-

filter case, more than one signal is to be detected simultaneously. This necessitates 

choosing constraint values such that all possible combinations of outputs at the 

origin are unique. This subsequently calls for scaling the training signals such that 

the recommended threshold-to-energy ratios discussed earlier are met. Thus, the 

same signals as chosed in the four-filter scheme in section 4.2 were used; i.e. 

X\ — Xi  =  

x2 = y/2x2, x2 = y/2x2m (4 21) 
x3 = 2x3. x3 = 2X3, 
X4 = 2\Z2x4, x4 = 2\/2x4,. 

The two filters for each set of signals were then synthesized as follows: 

h 12 output 0.5 at origin for Xi input 
output 1.0 at origin for x2 input 
output 0.0 at origin else 

/»34 output 0.5 at origin for x3 input 
output 1.0 at origin for x4 input 
output 0.0 at origin else 

h\2 output 0.5 at origin for £1 input 
output 1.0 at origin for x2 input 

h34 
output 0.0 at origin else 

h34 output 0.5 at origin for £3 input 
output 1.0 at origin for £4 input 
output 0.0 at origin else. 

(4.22) 

Figures 4.4.1 - 4.4.6 are correlation plots corresponding to the arbitrary signal set 

while figures 4.4.7 - 4.4.12 present results for the orthogonal set. They are as listed 
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below: 
Relation Energy 

Figure 4.4.1 xj ® hn 3.618 
Figure 4.4.2 x2 ® hu 14.246 
Figure 4.4.3 x3 ® ^ 16.319 
Figure 4.4.4 z4 ® /134 4.932 
Figure 4.4.5 J3?=i ®« ® ^12 23.496 
Figure 4.4.6 Y%=i xi ® ^34 32.938 
Figure 4.4.7 X\  ® 0.994 
Figure 4.4.8 £2 ® hu 4.008 
Figure 4.4.9 x3 ® 1.002 
Figure 4.4.10 x4 ® A34 4.008 
Figure 4.4.11 £?=1 ® ^12 5.002 
Figure 4.4.12 £?=1 x,- ® ^34 5.010. 

(4.23) 

While the peak structures of the plots for the arbitrary set are not necessarily 

distinct traversing over the entire correlation sequence, with the exception of figure 

4.4.3 (resulting from the sinusoidal pulse), the peaks do tend to be distinct over a 

small range about the origin. Thus, while these results tend to indicate that this 

hybrid scheme may not result in a system which is self-clodcing, the contention that 

a derivative decision scheme may be useful in determining whether a given signal 

Xi was transmitted remains intact. Again this is significant in that we believe a 

derivative decision making scheme may lead to improved noise performance. Hence, 

this hybrid scheme may be a useful compromise between the hardware conservation 

with degraded peak structure properties of the one-filter scheme and the improved 

peak structure at the expense of hardware consumption properties of the m-filter 

scheme. 

Because this hybrid scheme combines concepts from both the one-filter 

scheme and the m-filter scheme, the results in this section again are of a degen

erative nature. Using the same analysis as in section 4.2, it is easy to see that the 

filters will be such that 

H12 ~ fllXi + <*2^2 

H34 = O3X3 + <14X4 

(4.24) 

(4.25) 
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where 

i*f 
(4.26) 

Hence, again the output correlations are simply scaled versions of the signals input 

to the filter. Consequently, the energies resulting from this scheme will be linked 

to the energies of the other schemes by the square of the ratios of constraint val

ues. With the superscript h denoting quantities for this hybrid scheme, and the 

superscripts 1 and m representing quantities for the one-filter scheme and m-filter 

scheme, respectively, we discern: 

(4.27) 

This relationship can be observed in the data below: 

£(4.4.7) = £7(4.2.6) 

= 1/4^(4.3.9) 

£(4.4.8) = £7( 4.2.7) 

= £7(4.3.10) 

25(4.4.9) = 1/1625(4.2.8) 

= 1/425(4.3.11) 

£7(4.4.10) = 1/16£7(4.2.9) 

= £7(4.3.12). 

(4.28) 

(4.29) 

(4.30) 

(4.31) 

(4.32) 

(4.33) 

(4.34) 

(4.35) 

Yet again we see that the orthogonal set we have chosen leads to results which, 

while interesting, prove to be of little practical use. 
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4.5 ICMACE Filter Scheme 

As was expressed in section 3.1.5, the ICMACE filter was designed to simultaneously 

minimize hardware utilization and number of thresholds to distinguish. The price 

that is paid is that the output correlation must be observed at m points rather 

than just one, the origin, as was the case with the other three designs. Since the 

peal: corresponding to the detection of each signal is located at a different point in 

the output, there is no particular need for clever selection of thresholds. Thus, we 

have chosen to use the original signals as specified in section 4.1 without scaling, 

specifying the constraint value corresponding to each of these signals to value one. 

We also chose, primarily for aesthetic reasons, the points n = 100,200,300,400 to 

be those points at which the peaks occur for the detection of the four signals. Thus, 

the filters were synthesized such that: 

7 = 100 7 = 200 7 = 300 7 = 400 

a;,(n) ® 1 t = 1; 0 else 1 t = 2; 0 else 1 i  — 3; 0 else 1 i  = 4; 0 else 

x,(n) ® ^(n)|n_7 1 t = 1; 0 else 1 i  = 2; 0 else 1 i  = 3; 0 else 1 i  = 4; 0 else 
(4.36) 

The results of this section are summarized in the plots described below: 

Figure 4.5.1 xi ® h 25.325 
Figure 4.5.2 X2®h 16.290 
Figure 4.5.3 x3 ® h 18.458 
Figure 4.5.4 x4®h 9.962 
Figure 4.5.5 n®h 49.767 
Figure 4.5.6 x,®& 3.978 (4l37) 
Figure 4.5.7 £2 ® h 4.008 
Figure 4.5.8 X3 ® h 4.008 
Figure 4.5.9 £4 ® h 4.008 
Figure 4.5.10 xx®h 10.992 

Figures 4.5.1 - 4.5.4 illustrate the results for inputting only one of x; into the 

ICMACE filter. For these cases of only one signal input, the results are fairly good. 

In all four cases, a fairly well-defined peak is attained. However, as is shown in figure 
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4.5.5, when all the members of x; are superposed and introduced to the ICMACE 

filter, the peak structures are, to a great extent lost. The value of the points 

in the output correlaton n = 100,200,300,400 are all equal to one, as specified. 

However, there is so much "clutter" surrounding these points that absolutely perfect 

synchronization would be necessary to extract the information. Also, since peaks are 

not well-defined even on small regions about the 7,-, it is doubtful that a derivative 

decision making scheme would be of any real benefit in determining whether a signal 

Xi was transmitted. Hence, it appears that the ICMACE scheme is not a very good 

option, at least for an arbitrary signal set. Perhaps a signal set could be developed 

which would improve performance such that this scheme would prove to be useful. 

Again, the results for the orthogonal signal set are of a degenerative nature. 

That this would occur is not immediately obvious, even given the results of the 

other schemes, since the algorithm for the ICMACE filter varies significantly from 

that of an ordinary MACE filter. Referring back to section 3.1.5 we see the filter 

H is calculated as: 

H = IT'dUi + XA2 + XA3 + XA4) (4.38) 

where the A,'s are vectors of Lagrange multipliers. (Note: To avoid clutter, we will 

abandon the tilde notation for the orthogonal set for the remainder of this section) 

With A representing the concatenation of all of the A,'s and u representing the 

concatenation of the u,'s, we saw 

A = Y_1u. (4.39) 

With the filter parameters as described (see 4.36) it is easy to see that Ui will have 

as its ith element a value of one with the remaining elements equal to zero. Now 

realizing that because Xj(k)Xi(k) = 0 for all k (j -fc »), the V matrix is Toeplitz 

with only every fourth subdiagonal nonzero. It can be shown that the inverse of 

such a matrix will be of exactly the same form; i.e. again Toeplitz with only every 

fourth subdiagonal nonzero. Thus, it is easy to see that each A,- will have every 
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element equal to zero except for the i th  element which will have some value a,-. 

Along with the fact that £ is the identity matrix, we can can then see that the 

filter degenerates to the form 

Thus, for any combination of signals «,• input, the output correlation will simply be 

the sum of scaled versions of ®,- circularly shifted by 7,-. Because of this, the energies 

in the output correlations for this ICMACE scheme for the cases of only one signal 

input will again be linked to the energies of the other schemes by the ratios of the 

constraint values. We illustrate this fact with comparisons of energies for only the 

m-filter case, but it can be easily seen that these relationships hold for the hybrid 

and one-filter schemes as well by looking at the energy values for the corresponding 

plots in those sections. 

The results obtained here for this ICMACE scheme show just how degenerative 

the orthogonal signal set we have have chosen is. While the ICMACE filter differs 

significantly from the ordinary MACE filter, the results for corresponding cases 

were, to a scalar multiple, identical. 

„ ;ri 73 *T4 
H = a\ Xi +aj Xj +03 X3 X4 (4.40) 

£7(4.5.6) = £7(4.3.9) 

£7(4.5.7) = £7(4.3.10) 

£7(4.5.8) = £7(4.3.11) 

£7(4.5.9) = £7(4.3.12). 

(4.41) 

(4.42) 

(4.43) 

(4.44) 
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4.6 Noise Performance 

In this section we give a cursory analysis of the noise performance of the MACE 

filter. Obviously, the probability of error of any communication system is dependent 

upon how the signals are detected. In the cases of correlation filter based designs, 

some parameter of the output correlation must be used to make a decision on which 

signal was sent. For the matched filter, the output is sampled at a time T, and the 

decision is based upon this value. As described in chapter 1, the decision scheme 

involves making one decision if this value, a random variable when noise is added 

to the system, is greater than a certain threshold value and the alternative decision 

if it is less. This of course presumes that only one signal is sent at a time and the 

noise is AWGN. 

At this juncture in our research work, it is difficult for us to paint a clear 

picture of the noise performajice of our MACE filter based architectures. This is 

because we have not yet devised a decision scheme which makes use of the physical 

structure of the output peak, assuming that the peak is indeed realized. We have 

projected that some sort of derivative scheme may prove useful in lowering probabil

ity of error, but have yet to develop such a scheme in a concrete manner. Thus, the 

best we can do to provide any measure of noise performance at the present time is 

to use a scheme almost identical to that invoked by matched filtering. Specifically, 

we choose our random variable z to be the sampled value at the origin of the output 

correlation. Since a matched filter is typically used to distinguish between only one 

of two signals, we will presume our MACE filter is designed to recognize two signals, 

as well. The threshold fi against which the random variable z is compared is, as 

with the case of the matched filter, calculated as: 

" " where (4.45) 
(4.46) 
(4.47) 

ai = constraint value specified for Si 

a2 = constraint value specified for s2 
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The variance of z  can be calculated as: 

<<-i 
= iES„(t)|ff(<0r (4-48) 

" fc=0 

= (4.49) 
a 

= (4.50) 

where 

S x x  = spectral density of input to filter (4.51) 

= spectral density in matrix form (4.52) 

Q = covariance matrix of input. (4.53) 

Assuming the noise is a discrete time independent identically distributed (i.i.d.) 

sequence with power spectral density equal to No/2, equations 4.48 - 4.50 may be 

rewritten as: 

a 2  -  RFELFFWF ( 4 - 5 4 )  
M 4=0 

= ^H"H (4.55) 

= ^h»h. (4.56) 

It can be shown that the probability of error P e  for this binary detection problem 

is given as 

P e  = q((«1^2)) (4.57) 

where Q(x)  represents the complementary error function (as defined in chapter 1) 

evaluated at x. We chose to compare a MACE filter synthesized to detect two 

signals versus a matched filter designed to detect the same two signals. By choosing 

both of the signals to be detected to have equal energy, then ati = —a2 for the 

matched filter case. The matched filter coefficients were scaled so that | a\ |= 1. 

The constraints corresponding to the two signals to be detected for the MACE filter 
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were then specified to have these same values. We also compared results for the 

arbitrary set versus those observed for the orthogonal set. 

Somewhat of a peculiarity occurs with the noise performance of the MACE 

filter. As was pointed out earlier, the structure of the peak tends to broaden as 

the number of signals with which the filter is synthesized increases. In this respect, 

the performance degrades as more signals are included in the design. However, the 

noise performance may tend to improve as the number of signals incorporated into 

the filter synthesis increases. This is not particularly difficult to understand if the 

expression for the MACE filter coefficients is examined closely. As equation 4.56 

shows, for the case of AWGN the variance in the output of a filter is a linear function 

of the energy of the filter coefficients. Hence, less energy in the filter coefficients 

implies lower output variance, and thus improved noise performance. In the case of 

the MACE filter, the coefficients (frequency domain) are calculated as 

h=jr1x(x"ir1xr1u (4.58) 

where the matrix J2 is a diagonal matrix with its diagonal elements 

D{k ,k )  = jr , \X i (k ) \ 2 .  (4.59) 
i=i 

Since the filter coefficients are dependent on fi"1, it is imperative that no zeros 

occur along the diagonal of H- If zeros were encountered, the matrix would be 

singular which precludes the calculation of the filter coefficients as one or more of 

the coefficients would tends toward infinity. Taking this analysis a bit further, the 

conjecture that small values along the diagonal of JQ may lead to inordinately large 

filter coefficients is justifiable. As more signals are included in the filter synthesis, 

the chances of D(k, k) becoming small are less likely. Thus, the corresponding filter 

coefficients will tend to have smaller magnitudes which, of course, leads to decreased 

filter energy. 

Given this relation, the MACE filters used in the results given in 4.62 -

4.65 each had four signals incorporated into their design. However, we chose the 



1 i = 3 
-1 i = 2 (4.60) 

0 * = 1,4 

1 t = 3 
-1 i = 2 (4.61) 

0 • = 1,4 
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constraints to be nonzero only for xj and X3 (and for x2 and £3). They were designed 

to satisfy the following: 

Xt(n) ® ^n|n—0 = 

Xi(n) ® ̂ nln-o = 

Setting No/2 = 100, we observed the following: 

pEmatchci = Q ((1QO)(7.973 x 10"4)1/2) ^4'62  ̂
« Q(3.542) « 2.129 x 10~4 

PEmacc = Q ((xooxise.ioi)1/2) ^4"63^ 

« Q(0.008) « 0.4968 

Q ((100)(8.016 x lO"4)1^) ^4-64) 

« Q(3.532) « 2.208 x 10"4 

^GNA" =  ̂((100)(8.016 x lO-4)1^) (4'65^ 

« Q(3.532) « 2.208 x 10-4 

For the arbitrary signal set, the MACE filter performed much more poorly than the 

matched filter. The energy contained in the filter coefficients for this case was much 

too large to result in good noise performance. The orthogonal signal set, however, 

resulted in the synthesis of a MACE filter which was able to theoretically equal the 

noise performance obtained with the matched filter. Of course, this should not be a 

surprise since we have shown that for this orthogonal signal set the filter takes the 

form of a linear combination of the signals. With this particular case with o3 = 1 

and a2 = —1, the MACE filter becomes 
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which is precisely how the matched filter was synthesized. Of course, with the 

filter as designed, detection of both £3 and £j is not possible since the sum of their 

thresholds equals zero. However, by synthesizing a new filter such that: 

we can now essentially recognize four different possibilities. If we assign the presence 

of x2 to indicate bit bo high and £3 to represent bit 61 high, then this filter can detect 

the four two bit outcomes 00,01,10,11 which correspond to values at the origin of 

the correlation equal to 0,1,2,3, respectively. We can calculate the probability of 

error as 

It is easy to see that the distributions for the different outcomes all have the same 

variance and differ only in the mean. With the distances between adjacent possible 

outcomes all equal to one, we choose the thresholds forming the decision regions 

of the outcomes to be the midpoints between them. We also see that for the cases 

of 00 sent and 11 sent, we can make an error only in one direction, whereas for 01 

and 10 sent we can make an error in both directions. Because of the symmetry of 

the problem, we can see that the probability of making any one error is equal to 

the probability of making any other error. Thus, the probability of making any one 

error is 

With the resultant filter energy equal to 2.004 x 10~3 and assuming all outcomes 

are equally likely, we calculate the probability of error as 

2 » = 3 
1 » = 2 
0 t = l,4 

(4.67) 

P(e) = P(e | 00 sent)P(00 sent) + P(e | 01 sent)P(01 sent) (4.68) 

+P(e 110 sent)P(10 sent) + P(e 111 sent)P(ll sent). (4.69) 

(4.70) 

2 V((100)(2.004 x 10-3))1/2 

(4.71) 

(4.72) 

(4.73) « Q(2.495) w 0.0063. 
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This is obviously worse than that obtained for the case when only two signals were 

able to be detected, but this is expected ranee then minimum distance of the signal 

constellation has been lowered. It is probable that by adjusting the threshold values 

carefully, the minimum distance could be increased without too great of an increase 

in the energy of the filter coefficients such that the noise performance could be 

improved^. However, this manipulation is, at the present time, somewhat outside 

the scope of our work. Hence, we will end discussion on such matters at this point. 

Very recently, we have discovered that the noise performance of the MACB 

filter can be improved dramatically by slightly adjusting the alogorithm which cal

culates the coefficients. Originally, we wished to minimize the correlation energy 

due to the signals to be detected. This quantity was expressed as l/dHwDH. We 

have also seen that the variance in the output, or the energy due to noise, can be 

expressed as \fdRHSnH. where j£n is the power spectral density matrix of the noise 

process. If we instead minimize the correlation energy due to both the signals and 

the noise subject to the constraints placed at the origin, it seems reasonable that the 

noise performance can be improved. Of course, the improved noise performance will 

be realized at some cost. This cost will take the form of a larger average correlation 

energy over all m signals. Thus, we minimize the following: 

H"EH + HFF£,H = H"[I2+&JH (4.74) 

subject to the same constraints at the origin as specified before. Preliminary results 

suggest that the noise performance of the MACE filters can be improved dramati

cally while the average correlation energy over all m signals increases only slightly. 

To state tins in another way, the noise performance can be improved greatly with 

only a small degradation in peak quality. More work needs to be done in this area, 

but the possiblities look very promising. 

Using the modified MACE algorithm outlined above, and given the right 

signal set with which to work along with optimum constraint value choices, we 

believe that noise performance comparable to that attained by the matched filter 
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is achievable. If well defined peaks can be realized in the output, we believe that 

we can use the structure of the peak to develop a detection scheme superior to the 

simple threshold method assumed here. Well defined peaks may also, as mentioned 

previously, lead to much simpler synchronization schemes relative to that which is 

required by the matched filter. This may render the MACE filter an attractive 

alternative to the matched filter. 
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CHAPTER 5 

CONCLUSIONS 

We believe that we have shown that communication schemes based on detection 

with the MACE filter do show great promise. The ability to detect multiple signals 

sent simultaneously with greater ease may render the MACE filter an attractive 

alternative to the matched filter. For the case when a matched filter scheme is used 

to perform m-ary detection, it needs m filters to do so. And unless the signal set 

is orthogonal, the decision making algorithm to determine which signals were sent 

becomes rather cumbersome. This is because the outputs of all m filters must be 

observed to determine whether any single signal was sent. In general, a scheme 

based on the MACE filter does not necessarily require m filters or a specialized 

signal set. Also, the presence of any one signal can be determined by observing 

the output of only one of the filters in the scheme. Additionally, the potential to 

create a distinct peak in the output lends itself to designing a system which may 

achieve symbol synchronization in a more simple fashion than that of the matched 

filter. However, additional work must be performed in a variety of areas before a 

functional system can be put in use. 

Such work can begin in searching for signal sets which result in well-defined 

correlation peaks. Of course, these sets must be physically realizable and conform 

to the bandwidth requirements placed on them by the transmission medium. Also, 

assuming that a distinct peak can indeed be realized in the output correlation, a 

decision making scheme making use of the peak structure needs to be developed to 

help improve performance. Additionally, a precise synchronization scheme must be 

developed which makes use of the sharp peaks created. Continued effort also needs 
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to be directed towards developing additional filter schemes in search of one which 

results in the best use of the multiple signal detection ability of the MACE filter. 

Perhaps the final barrier which must be hurdled is the issue of implementation. In 

order to achieve acceptable data rates, the filter must be implemented in continuous 

time. Assuming a symbol time of T seconds, an achievable data rate is on the order 

of 1/T Hz, ignoring improvement by signal superposition. With a MACE filter of 

length d implemented in the discrete domain, the imcoming signal would need to 

be sampled d times in T seconds. This results in the need for a sampling rate of 

d/T samples/sec which places a severe hardware constraint on the A/D converter. 

Thus, a method of transforming the filter in the discrete domain to the continous 

domain must be discovered. We believe that continued research in these areas will 

enable a MACE based communication system to become a reality. 

In summary, we hope to achieve a system which, when compared with sys

tems using the matched filter, achieves higher data rates with less complex synchro

nization in exhange for a small increase in probablity of error. 
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APPENDIX A 

PROOF THAT V IS REAL-VALUED 

In the derivation of the ICMACE filter is section 3.5, the following was encountered: 

VA = u (A.l) 

where 

V = 

71 H 71 71 H 72 

X R  X  X  R  X  
7," ,71 72* .75 

X R  X  X £ X 

71 J/ 7m 

X 22_1X 
75 7m 

7m J/ 171 7m-- 1 .... , .... 

X R X  X R X  • • • X R  X  J 
We claimed that the matrix V was real-valued, rendering its inversion a somewhat 

simpler task than if it was complex valued. We now prove our claim. 

Any block element of V is of the form: 

H 132 

X R  X  

7m" __17tn 

(A.2) 

7m H 71 

x n-1x 

Thus, any single element of V is of the form: 

7m H 71 

x, Xj 

This may be rewritten as 

d—1 7m 71 

x"IT1 X,= £ (fc)d(fc) (fc) 
*=0 

where d(k) = D~1(k,k). Remembering that 

X,=^X,-

(A.3) 

(A.4) 

(A.5) 

(A.6) 
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where is a diagonal matrix of the form: 

n o ... o 
0 ej^,/d ... 0 

(A.7) 

0  0  . . .  

we may express equation A.5 as 

Y,k = 0d-1Xi(k)e>2^mk'dd(k)Xj(k)e>2*vk'd. (A.8) 

Remembering that Xi (k )  may be written in terms of the DFT of Xi(n) we may 

rewrite A.8 as 

d-1 
l x i (n )e - j 2 ' n k / d d(k )X j (k )e j 2 *-" k ' d  (A.9) 

k=0 n=0 

l x i (n )e -> 2 m k t d d(k )X j (k )e i 2 ^ , k / d  (A.10) 
n=0 k=0  

= IJxi(n)E^(fc)d(fc)el"2'rMn"(7m+7')1/d- (A.11) 
n=0 k=0 

Now we make use of symmetry properties of the DFT to prove that the scalar 

quantity which results in A.11 is indeed real. Because we assume that Xj(n) is 

real  in  the t ime domain,  i t  i s  Hermit ian in  the frequency domain,  i .e .  Xj (k )  =  

Xj((—k)mod(d)). Also, we know D(k,k) = I JT,(fc)|2. Because each X;(fc) 

is Hermitian, then a sequence Pi(k) =| X,(fc)|2 is Hermitian. Thus, a sequence 

Pi(k) = P,rl(k) is also Hermitian. Finally, d(k) = D(k, k) may also be expressed as 

M 
d{k )  =  Y ,P i (k ) .  (A.12) 

f 

Hence, since d(k )  is a sum of sequences all of which are Hermitian, then d(k )  itself 

is Hermitian (and in fact real symmetric). Therefore, we may define a new sequence 

Zj(k) = d(k)Xj(k) which is Hermitian. Equation A.ll can thus be rewritten as: 

E *••(") £ [Z;(*)e[+2**(n-(^'>1/''] \ (A.13) 
n=0 fc=0 
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The expression inside the braces may be recognized as a scaled IDFT of Zj ( k )  

multiplied by a linear phase term. Hence, equation A.13 may be expressed as 

d 22 ®i(»)*j(n - (7m + 7/)) (A.14) 
n=0 

which is just a scaled version of the circular convolution, evaluated at the origin, of 

the two sequences x;(n) and Zj(n—(7m+7/))- However, since we have already proven 

Zj(k) is Hermitian, then we know Zj(n) is a real-valued sequence and the conjugate 

symbol in equation A. 14 can be removed. Finally, we know that the circular 

correlation evaluated at any point of two real-valued sequences is real-valued. Hence, 

we have proven that any element of the matrix V is indeed real-valued. 
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APPENDIX B 

INVERSION ALGORITHM FOR LARGE MATRICES 

Suppose the inverse of matrix V is desired, but the dimensions of the matrix for 

some reason make it impossible to do so with the software package used. It is then 

possible to partition the matrix into smaller, more manageable submatrices and find 

their inverses. The algorithm is as follows. 

Break V into four smaller square submatrices, all of the same dimension; i.e. 

V = A £ 
£ I> 

(B.l) 

Now reformulate the inverse problem as: 

A B W X I 0 
c n 

X 
X Z l  0 I 

(B.2) 

where W, X, X, and 21 are of the same dimensions as A> IJ, C, and £)• Now four 

equations can be written: 

AW -4- BY 

AX + BZ 

CW + DY 

CX + DZ 

I 

0 

0 

I. 

(B.3) 

(B.4) 

(B.5) 

(B.6) 

Assuming that A, £, and fi are all invertible we may write 

X = —A-'BZ 

W = -C-'DY. 

(B.7) 

(B.8) 
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Now inserting B.7 into B.6 and B.8 into B.3 we find 

Z = [D - CA_1B]_1 

X = [E-Afi-'n]"1. 

(B.9) 

(B.10) 

Equation B.9 can be substituted back into B.7 and equation B.10 into B.8 to 

obtain 

Thus, assuming all the necessary quantities above are invertible, we can now find 

the inverse of V as just derived. If the partitioned matrices A, fi, Q, and 12 are still 

too large to be inverted, this algorithm may again be invoked to find expressions 

for the inverses of these matrices. Of course, this algorithm suffers from a severe 

limitation in that the dimension of any matrix partioned must be a multiple of four. 

However, under cases when this limitation is met, and all the terms needed to be 

invertible are invertible, this provides a method to compute the inverse of a large 

matrix. 

X = —A-1B[D - CA^B]-1 

W = -C^DpB - AC~1D]~1 

(B.ll) 

(B.12) 
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